Sciences de
I'Homme et de la
» Societe
o
o

I oles o= UNIVERSITE
Doctorales &t DE REIMS
UNIVERSITE DE REIMS CHAMPAGNE-ARDENNE CHAMEGRE-ARIENNE

ECOLE DOCTORALE SCIENCES TECHNOLOGIE SANTE (547)

THESE

Pour obtenir le grade de
DOCTEUR DE L’UNIVERSITE DE REIMS CHAMPAGNE-ARDENNE

Discipline : MATHEMATIQUES

Présentée et soutenue publiquement par

Manuel Jair MEDINA LUNA

Le 26 janvier 2016

OPERATEUR DE RANKIN-COHEN ET MATRICE DE FUSION

Thése dirigée par Michael PEVZNER

JURY
M. Valentin OVSIENKO, , Directeur de Recherche, a I'Université de Reims Champagne-Ardenne, , Président
M. Pierre BIELIAVSKY, , Professeur, a I’'Université catholique de Louvain, , Rapporteur
M. Frangois DUMAS, , Professeur, a I'Université de Clermont Ferrand 2 Blaise Pas, , Rapporteur
M. Philippe BONNEAU, , Maitre de Conférences HDR,  a I’Université de Nancy Lorraine, , Examinateur
M. Michael PEVZNER, , Professeur, a I’'Université de Reims Champagne-Ardenne, , Examinateur

a\VZ

»—



Résumé

Ce travail est consacré a I’étude des déformations équivariantes des orbites co-adjointes du
groupe de Lie SL(2,R). Nous établissons un lien entre des méthodes de quantification ba-
sées sur les crochets de Rankin-Cohen et les matrices de fusion pour les modules de Verma.
Par ailleurs nous formalisons et étudions la notion associée d’algebre de Rankin-Cohen qui

controle l'associativité de ces déformations.
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Crochets de Rankin-Cohen, Quantification, Star-produits, Dualité de Shapovalov, Matrices

de Fusion, Théorie d’algebres et groupes de Lie.

Abstract

This work is devoted to the study of equivariant star-product on coadjoint orbits of the Lie
group SL(2,R). We establish a correspondence between two quantization methods. The first
is based on the Rankin-Cohen brackets and the second is based in the canonical element
associate to the Shapovalov form and fusion matrices for Verma modules. Furthermore we
formalize and study the associated notion of non-commutative algebra that controls the as-

sociativity of these deformations.
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Rankin-Cohen brackets, Quantization, Star-products, Shapovalov form, Fusion matrix, Lie

algebras and Lie groups Theory.
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Introduction

Par quantification on entend le formalisme mathématique sous-jacent a la mécanique quan-

tique.

La formulation hamiltonienne associe a un systéme mécanique une variété symplectique M
vue comme l’espace de phase de ce dernier. Les observables du systeme sont les fonctions
régulieres f € C°°(M) sur la variété M. Si f est une observable, son évolution dans le temps

est déterminée par ’équation de Hamilton :

d
SH(0) = —{H. 1},

ou H est une fonction réguliere de M appelée hamiltonien du systeme et { , } est le crochet

de Poisson associé a la structure symplectique de M.

La mécanique quantique, en sa formulation due & Heisenberg, associe a un systeme quantique
un espace de Hilbert .77 vu comme ’espace de phase de ce dernier. Les observables du systeme
sont des opérateurs auto-adjoints dans 7. La dynamique du systeme est définie en termes
du hamiltonien H du systéme. Si f est une observable dans 7, I'évolution de f dans le

temps est donnée par 1’équation de Hamilton :

ou h dénote la constante de Planck et |, | le crochet d’opérateurs.

De point de vue mathématique [Dird7, Wey50, vN55], la quantification est une correspon-

dance Q : f — f entre les observables de chaque systéme telle que

Q) =id et [Q(f), Qg =1nQ({f g}).

Sous certaines conditions d’irréductibilité il est bien connu qu’une telle application Q n’existe
pas. Néanmoins, il existe plusieurs méthodes pour faire face a ce probleme. D’abord, il est
clair que les systemes mécaniques classiques sont décrits par des algebres commutatives

(typiquement algebres de fonctions régulieres sur M). Par contre, les systémes mécaniques
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quantiques sont décrits par des algebres non commutatives (algebres d’opérateurs dans un
espace de Hilbert J#). Dans notre travail, nous étudierons suivant [BFF78, Dri86, Fed94,
UU96, Gutll] principalement quatre méthodes qui nous permettent d’établir un passage

entre une algebre commutative et une série d’algebres non commutatives, a savoir,

a) Drinfeld twist.
b) Calcul symbolique équivariant.
¢) Quantification par déformation.

d) Quantification géométrique.

L’étude des quantifications qui respectent des symétries (quantifications équivariantes) fait
appel a la théorie des représentations des groupes de Lie. Le but principal de ce travail est
d’étudier et de comparer différentes constructions de quantifications équivariantes sur les
orbites co-adjointes du groupe de Lie G = SL(2,R). D’apres les résultats de Gutt et Fedosov
entre autres [Fed94, BBG9S], il est bien connu qu’il n’existe qu’'une seule classe d’équivalence
de déformations (équivariantes ou pas) sur les orbites co-adjointes de ce groupe. Toutefois, il
existe plusieurs méthodes principalement différentes de construction de telles déformations
équivariantes. Nous nous intéressons et comparons deux d’entre elles. La premiére quantifica-
tion de l'orbite co-adjointe SL(2,R)/SO(1, 1) est basée sur la théorie classique et quantique
des équations dynamiques de Yang-Baxter [GN84, EV99, ESO1] et plus précisément elle est
déterminée par 1’élément canonique F) associé a la dualité de Shapovalov ( , ), entre les
modules de Verma correspondants. Cette déformation utilise les idées de Drinfeld sur les
déformations formelles sur les groupes de Lie-Poisson, exprimées en termes de ’équation de

Yang-Baxter. En 2005 Alekseev et Lachowska [ALO5] ont donné une construction générale

d’une telle déformation pour une large classe d’orbites co-adjointes.

La deuxieme déformation formelle est déterminée par les crochets de Rankin-Cohen (RC).
Les crochets de RC ont été introduits par D. Zagier suivant les travaux de Rankin et Cohen
[Ran57, Coh75, Zag94] comme la solution & la question suivante : quels sont les opérateurs
différentiels qui préservent ’ensemble des formes modulaires 7 En théorie des représentations
les crochets de RC peuvent étre également vus comment des opérateurs de brisure de symé-

trie d'un produit tensoriel entre deux représentations irréductibles [DvP07, KP15a, KP15b].
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En 1996 P. Cohen, Y. Manin, et D. Zagier [CMZ97] montrent que la série formelle 3, RC,, A"

définit un produit associatif sur ’espace des formes modulaires de poids arbitraire.

Ces dernieres années, les opérateurs de Rankin-Cohen ont été largement étudiés. Ceci est
principalement di au fait que ces opérateurs bi-différentiels ont des applications impor-
tantes dans plusieurs domaines de recherche. On peut citer la théorie des formes modu-
laires, formes quasimodulaires, équations différentielles de Ramanujan et Chazy [DR14,
CL11, MRO09, Zag94|, quantification équivariante [BTY07, CMZ97, CM04, DvP07, OS00,
ORO03, Pevl2, Pev08, UU96| et structures d’anneau dans les espaces de représentations

[CM04, Zag94, DvP07].

Ces deux constructions sont différentes. Cependant, nous établissons un lien explicite entre
ces deux méthodes (Théoreme 4.85). Pour cela nous utilisons les matrices de fusion ([EV99,
ES01]) et les résultats de A. Unterberger et J. Unterberger [UU96] sur I'interprétation des
crochets de RC sur I'espace de Bergman en termes d’un calcul symbolique covariant sur

I’espace de Lobachevsky imaginaire.

Par ailleurs, nous mettons en évidence comment les propriétés combinatoires des algebres de

Rankin-Cohen controlent I'associativité de tels produits formels (Proposition 3.17).

La structure de cette theése est la suivante.

Le premier chapitre de cette these contient une introduction des objets et notions nécessaires
pour la suite. Nous faisons un bref rappel sur les algebres de Hopf, groupes et algebres de

Lie ainsi que la théorie de représentations de ces derniers.

Dans le deuxieme chapitre nous rappelons trois différentes méthodes de quantification. La
quantification géométrique comme généralisation du calcul de Weyl. La quantification par
déformation comme généralisation du star-produit de Moyal. La théorie de Drinfeld des dé-

formations formelles basée sur les solutions a I’équation de Yang-Baxter.
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Comme une généralisation de ’algebre des formes modulaires de poids arbitraire, nous in-
troduisons et développons dans le troisieme chapitre la notion d’algebre de Rankin-Cohen.
Cette notion differe de celle que Zagier a introduite dans [Zag94]. Nous dirons qu’une algebre
commutative et associative A munie d’une dérivation X est une algebre de Rankin-Cohen
si elle a une décomposition Z-graduée A = @,, A, en des représentations irréductibles du
groupe de Lie SL(2,R) telle que les crochets de Rankin-Cohen définis par :

RCi(a,0) = 3 (—1)i<a“ +jk’ - 1) (0“’ *f - 1>Xi(a) X, (ab) € A, x Au, (1)

i+j=k

forment une déformation formelle et SL(2, R)-invariante

Y RCyHF, (2)

dans 'anneau A[[%]] des séries formelles a coefficients dans A et en I'indéterminée h. Nous
introduisons aussi la notion de “twist” de Rankin-Cohen. Le twist ¢ est un objet combinatoire
qui nous indique le degré de “déformation” de (2), c’est-a-dire, ¢ est un “twist” de A si le
produit défini par 3, t,RCLhF, est encore une déformation formelle et SL(2, R)-invariante

dans A[[h]]. On sait (voir [CMZ97]) que l'application ¢* : N* — C définie par

. ' i
ti.d) = (=3) ZO<2T> <_@_;> <_j—;> <k+z’+j—§>' )
r r
est un twist pour l'algebre des formes modulaires de poids arbitraire. Sous certains conditions
sur I'algebre A, nous retrouvons des conditions nécessaires et suffisantes pour qu’une fonction
t soit un twist de A (Théoreme 3.21). De cette facon nous arrivons au résultat principal du
chapitre (Théoréme 3.41). Considérons I'espace .77*(I1) de Bergman de poids n, i.e. 'espace
de Hilbert des fonctions holomorphes sur le demi-plan de Poincaré 1T ~ SL(2,R)/SO(2) qui

sont de carré intégrables par rapport a la mesure
dun(z) = y" 2dady (z=x+1y).

La formule

az+b
cz+d

(0a(r ) (E) = (e + d) ( ) L GeILfea (= (2}) Q)
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définit une représentation irréductible de G dans #7*(II). Si (™, h,e™) est la base standard
de l'algebre de Lie g de G, 'action infinitésimal (dp,(e™), dp,(h),dp,(e™)) de g dans 727*(11)

munit espace " = @,,cn 2 (I1) d'une dérivation invariante

0

X =dpp(e”) = 5

On définit dans 7" les crochets de RC comme dans I’équation (1). On a

Théoréme. Pour tout k € C la fonction t* : N* — C définit en (3) est un twist de S+ En

particuliere, si k = % ou K = % nous retrouvons la déformation SL(2,R)-covariante
frrcg =Y RCi(f, 9)h" (f,g€ A7)
keN

Autrement dit l’espace F€+ est une algébre de Rankin-Cohen.

L’objectif du quatrieme chapitre est d’établir un lien entre les déformation %o et celle don-
née par Alekseev et Lachowska que I'on note x5. Considérons A € C tel que la dualité de
Shapovalov ( , ) : U(n_) x U(n,) — C soit non singuliére. L’objet fondamental pour la
construction de *g est I’élément canonique F) associée a (, ). Si (e, h,e') est une sly-triple
de g, alors F) est donné explicitement par

R X s LA ) o (Y Cao
F\ = kEZN <<€_>’€7 (e—i—)k))\ N eN k! )\()\ —1) - ()\ —(k — 1))7

qui appartient & U(n_) ® U(ny) une complétion du produit tensoriel U(n_) ® U(n,). Dans
la proposition 4.27 nous exposons résultats précis a propos de F\. Nous montrons de fa-
con détaillée que I'élément F)y satisfait les conditions d’associativité et unicité de Drinfeld,

(Proposition 4.47), ¢’est-a-dire
Théoréme. Si la forme Shapovalov { , ), est non singuliére, nous avons que

(ider ®id) (A @ id)F\(Fy @ 1) =(id @7 @ id) (id @A) Fy (1 ® F))

(e®id)F\=1= (id®e)Fy

dans Un_)®(U(g)/U(g) - ) @ U(ny). Ici, € dénote la counité dans U(g) et m : U(g) —
U(g)/U(g) - b est la projection naturelle de U(g) vers l'idéal a gauche engendré par b.
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La fonction A — F) est méromorphe en C et holomorphe a l'infini (Proposition 4.27).
Par conséquence, si h est dans un voisinage de zéro, alors Fj-1 admet un développement

asymptotique de la forme
Fy1 = ag 4+ ath+ agh® + -+ + aph" + - - (a; € Un_) @ U(ny))*

Autrement dit, Fj,-1 est bien un élément dans U(n_)®@U (n)[[h]] 'anneau des séries formelles

a coefficients dans U(n_) ® U(n, ) en l'indéterminée h. Alors

Théoréme ([AL05]). L’élément (m @ m)(Fy-1) est inversible dans

(U(g)/U(g)b@U(9)/U(g) h))"[[]

et satisfait les conditions d’associativité et unicité de la proposition 4.47. De plus, l'opérateur

bi-différentiel x5 associé a cet élément est un star-produit G-invariant sur l’orbite co-adjointe

SL(2,R)/SO(1, 1).

Dans la Proposition 4.49, nous décrivons explicitement les éléments a,, du développement

asymptotique de Fj-1 et précisons le résultats d’Alekseev et Lachowska.

Par la suite nous donnons une “réalisation” du star-produit x5. Pour cela, nous étudions
le calcul symbolique d’Unterberger [UU96] sur 1'espace de Lobachevsky imaginaire I1; ~
SL(2,R)/SO(1,1). Considérons l'espace de Hilbert L?(Ily,duz) des fonctions de carré inté-

grable sur Il par rapport a la mesure invariante
dpr(s,t) = (s —t) *dsdt.

L’action quasi-réguliere

as+b at+b
cs+d ct+d)’

(6Dt =1 ( ((5,) €T, f € L(Ty), 7 = (1) € G)

détermine une représentation de G sur L*(Il;,duz). La décomposition de L*(TIy) [Str73,
Far79] en espaces invariants sous l'action quasi-réguliere de G est donnée par la décomposi-
tion spectral de I'opérateur de Laplace-Beltrami

92

O=06-0"55

Le spectre de [ consiste en une partie continue ainsi qu’une partie discrete. La partie discrete

est donnée par E_,(,11)(0) les espaces propres de [ avec valeur propre —n(n + 1), n € N.
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Si ¢ appartient a IT le demi-plan de Poincaré, alors la partie “anti-holomorphe” ET est un

G-module irréductible. I1 est donné par

E, = Spanc(y-XZ 0|7 € G),

ott X¢ ik : II — C est défini par

n B 1 1 . .
Xeip(s:t) = GO O + =0 O (1eN,0<Ek<i, (s,t) €Ilp).

Nous utilisons les fonctions X¢ ;x) : I — C comme un outil pour exprimer la base totale

{vnx|k € N} de E;f (Proposition 4.66) ainsi que le produit dans A = @,,cy £, des fonctions

Up,iUm,;j (Lemme 4.71 et Proposition 4.72.)

Le résultat principal de cette these (Théoréme 4.85) exprime les crochets de Rankin-Cohen
en termes des matrices de fusion (Proposition 4.82). Alors la condition d’associativité de F

codifie I'associativité du produit 3, RCA*. Nous avons,

Théoreme. Soient My et M, deux modules de Verma de plus bas poids A et de plus bas

poids pu. St —pu ¢ N et —pu— X ¢ N, alors

Jt O)(u®v,)=F_(u®uv,) = RCy(vy ®v,)h",

M7, M
AR neN

ot u est donné par u =Y,y Un(A, p)R" = ZneN(—l)”(“+"_1)(e+)”v;h” e M;.

n
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Notations and conventions
If A, B and C are expressions or symbols, for convenience we use the following convention
A*=B+£C7
to describe the following relations:
a) AT=B+C~ by A-=B-CT
Unless otherwise indicated, along this dissertation we use the following notations:

e N denote the set of non-negatives integers {0,1,2,...}, Z the set of integers, R the

field of real numbers and C the field of complex numbers.

If X is aset and 0 € X, we denote X* = X ~ {0}. For instance, N* is the set of

positive integers {1,2,...}.

o i=/1.

k denote a commutative field and K denote a commutative ring.

G denote a group (a topological group in the most cases). If X is a set and G acts on

X (i.e. X is a G-module) we denote, g - x the action of g € G on z € X.

A@D(V; W) denote the vector space of skew-symmetric i-multilinear mappings on V

with values in W/ =W x W x -+ x W (j times).

(Z) denotes w if ze Cand k € N.

Also if there is no confusion, we say vector space, algebra, morphism, ... instead k-vector
space, k-algebra, k-morphism, ... and we denote Hom(V, W), VW | ... instead Homy (V, W),
Ve W...



CHAPTER 1

Preliminaries

Dans ce chapitre nous faisons un bref rappel des objets et notions nécessaires pour la suite.

1.1

1.2

1.5

Algébres de Hopf. Une algébre de Hopf est une bigebre (Définition 1.8) qui posséde
un antipode (endomorphisme qui généralise la notion de passage da l'inverse dans un
groupe). Depuis de l'introduction des groupes quantiques par Drinfeld et Jimbo dans
les années 80, les algebres de Hopf ont été intensivement étudiées par mathématiciens
et physiciens avec divers intéréts et horizons. Leur structure, qui peut étre considé-
rée comme une généralisation de la structure du groupe, est sous-jacente a des diffé-
rentes domaines mathématiques. Les algebres de Hopf quasi-triangulaires apparaissent
comme un instrument adapté pour construire des solutions a l’équation quantique de
Yang-Bazter et servent a la renormalisation en théorie quantique de champs, en topo-
logie, elles sont liées a la construction des invariants de neeuds et 3-variétés, etc. La

littérature sur des différents aspects de la théorie des groupes quantiques est abondante.

Groupes de Lie. Un groupe de Lie est un groupe doté d’une structure de variété dif-
férentielle de dimension finie tel que les opérations du groupe soient différentiables.
C’est un outil indispensable a de nombreur domaines de recherche en mathématiques,
ainsi qu’en physique théorique. Nous nous intéressons principalement au groupe de Lie

simple SL(2,R), qui nous sert de modéle.

Algeébres de Lie. Une algébre de Lie est un espace vectoriel muni d’une application
bilinéaire antisymétrique que satisfait l'identité de Jacobi (Eq. 1.5). Les catégories des
groupes et algebres de Lie sont étroitement liées. Tout groupe de Lie détermine une
unique algebre de Lie. La réciproque est vraie pour un certain type des groupes de Lie.

Les représentations linéaires d’une algébre de Lie nous aide a connaitre la structure
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de l'algebre. Finalement, nous introduisons la notion de bigebre de Lie, fondamentale

pour trouver des déformations de l'algébre enveloppente d’une algébre de Lie.

In this chapter we introduce and recall some notions and results that we use throughout this

dissertation.

1.1 Hopf algebras

In this section we discuss the notion of a Hopf algebra. Our main reference is [DNRO1].

1.1.1 Algebras and coalgebras

1.1 Definition. A K-algebra is a pair (A, m), where A is a K-module and m: A® A — A
is a K-morphism, called the multiplication map. We say that the algebra (A, m) is a unital
associative algebra if there exists a K-morphism u : K — A, called the unity map, such that

the following diagrams commute:

a) Associativity: b) Unity:
d Avded d ®d/'A i A‘\d®
m®7 *@m uRaA 10 A QU
A®A AA  KoA m A®K
) \ /

A

We say that the algebra (A, m) is commutative if m o 7 = m. Here 7 denotes the flip map:
T(a®b) =b®a. (1.1)
By inverting the morphism in the above diagrams we get the dual notion:

1.2 Definition. A K-coalgebra is a pair (C, A), where C'is a K-module and A : C' — C®C
is a K-morphism, called the comultiplication map. We say that the coalgebra (C,A) is a
counital coassociative coalgebra if there exists a K-morphism ¢ : C' — K, the counit map,

such that the following diagrams commute:
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a) Coassociativity: b) Counity:
% ¢ K / ¢ \
Cel CeC Ce®K A KeC
A®b~ %@A idc‘@k A;idc
CeCeC cCeoC

The coalgebra (C, A) is cocommutative if 70 A = A.

1.3 Notation (Sweedler’s Notation). Let (C, A, €) be a coalgebra. For any ¢ € C, the element
Ac) = Y61, ® g in C ® C is denoted by:

A(C) = C1) ® C(2)- (1.2)
In particular, the coassocitivity is given by

(cay) ) ® (c))2) ® c2) = ey ® (c2)) ) @ (c2))2)-

Then according the Sweedler’s notation we write ¢(1)®c2) ®@c(s) instead of (cq)) 1)@ (cay)2)®
c@) or ¢y @ (c@)) ) @ (c@) @)

1.4 Definition. i) Let (A, ma,u4) and (B, mp,up) be two unital associative K-algebras.
A morphism of K-modules f : A — B is a morphism of algebras if the following diagrams

commute:

a) b)

AoA L peB

mJ Jm AN

A

f
i1) Let (C, A, ec) and (D, Ap,ep) be two counital coassociative K-coalgebras. A morphism

of K-modules ¢g : C' — D is a morphism of coalgebras if the following diagrams commute:
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1.5 Definition. i) Let (A, m,u) a unital associative K-algebra. A left A-module is a pair
(M, p), where M is a K-module and p: A® M — M is a morphism of K-modules such that

the following diagrams commute:

a) b)
dap Ao M —L2—~ M
ARARM —— AR M &
m®id s P u®id s
A M M KoM

The map p is called the action map of the A-module M.

i1) Let (C, A, ¢) be a counital coassociative K-coalgebra. A right C-comodule is a pair (M, p),
where M is a K-module and p : M — M ® C' is a morphism of K-modules such that the

following diagrams commute:

a) b)
M p M®C M"p M®C
p p®id id®e
M®CT®A’M®C®C MoK

The map p is called the coaction map of the C-comodule M.

1.1.2 Representations of Hopf algebras

1.6 Proposition. Let (A, m,u) be a unital associative algebra and (A, A, e) be a counital

coassociative coalgebra. Then the following assertions are equivalent:
i) The linear maps m and w are morphisms of coalgebras.
it) The linear maps A and & are morphisms of algebras.

Proof. See [DNRO1, Proposition 4.1.1]. O
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1.7 Remark. In Sweedler’s notations, the condition (i7) is given by

(zy) ) ® (2Y)2) = T)¥0) © T)Y(2),
e(zy) = e(z) e(y),

for any =,y € A.

1.8 Definition. A K-bialgebra is a quintuple (A, m,u, A, &) where (A, m,u) is an alge-
bra, (A, A, ¢) is a coalgebra such that m and u are morphisms of coalgebras (and then by

Proposition 1.6 it follows that A and e are the morphisms of algebras).

1.9 Definition. Let (A,m,u, A, e), (A',m’ v, A’ ") be two bialgebras. A linear map f :
A — A’ is a morphism of bialgebras if f : (A, m,u) — (A’,m’,«') is a morphism of algebras
and f:(A,Ae) = (A, A’,¢’) is a morphism of coalgebras.

Let (C,A,¢e) be a K-coalgebra and (A, m,u) be a K-algebra. The ring Homg(C, A) has a

K-algebra structure with the convolution product given by
frg=m(f®g)A (f g€ Hom(C,A)).
Indeed, let f,g,h € Hom(C, A) and ¢ € C the following equations

((f * g) = N)(e)

= (f*9)(c)hlce)

= f((cqy)@)g((ca))@)hlce)
= Jlew)g((c@)m)h((c@)@)
= fle)(g = h)(c)

= (f* (g% h))(c),

show that the convolution product is associative.

1.10 Remark. The element ue € Homg(C, A) is the identity element of the convolution

product.
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1.11 Definition (Hopf Algebra). Let A a K-bialgebra. We say that A is a Hopf algebra
over K if there exists a morphism of K-modules S : A — A, called the antipode, which is

the inverse element of the convolution product. In this case the following diagram commutes:

Antipode: ‘
A 2 A S®id A 2 A
7’ y
A - - K - - A
N P
A®A id®S A®A

In Sweedler’s notation the antipode condition is expressed by:
S(aw)ae) =¢c(a)la =aw)S(ae) (a€A).

1.12 Lemma. Let (A,S), (A',S") be two Hopf algebras. If f : A — A’ is a morphism of

bialgebras, then f preserves the antipode condition, i.e. for any a € A we have that

f(S(a)) = 5'(f(a)).
Proof. See [DNRO1, Proposition 4.2.5]. ]
1.13 Remark. We give some examples of Hopf algebras. Here k denote a commutative field.

1. Let G a group with identity element e. The group algebra over k is the vector space
k G of all linear combinations of finitely many elements of G with coefficients in k,

hence of all elements of the form
a1 g1 +asge + -+ Qp Gn,

where o; € k and g; € G for all i = 1, ..., n. This element can be denoted in general by

Z Qglg
geG

where it is assumed that o, = 0 for all but finitely many elements of g. kG is a Hopf

algebra with the following operations:

mu, @ up) = ugn,  u(l) = u,
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for any g, h € G.

2. Let GG a finite group with identity elemet e. We consider the unital associative com-

mutative algebra F (G, k) of functions from G to k. The map

F(G.k) ® F(G, k) = F(G x G,k)

f@h= foh=[(xy)— fx)hy)],

is an isomorphism of algebras. Then F(G, k) is a Hopf algebra, with

for any x,y € G, f € F(G,k).

3. Let g be a Lie algebra over k. The universal enveloping algebra! U(g) is a co-

commutative Hopf algebra
Alz)=z@1+1®z  ex)=0
S(z) = —z
for any = € g.
Finally we introduce the notion of action of a Hopf algebra over a unital commutative algebra.

1.14 Definition. Let A be a K-algebra and H be a K-bialgebra. We say that H acts on A
(or that A is a left H-module algebra) if the following conditions hold:

i) Ais a left H-module, with action

H®A—-A h®a—h-a.

ii) The multiplication map my4 : AQA — A, ma(a®b) = ab, and the unity map uy : K — A
of A are the morphisms of H-modules. Here, A ® A is the left H-module with action
h- (a ® b) = (h(1) . CL) & (h(2) : b).

! (Definition 1.16)
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1.15 Remark. In the Sweedler’s notation, the condition (i) is expressed by

h-(ab) = (hq)y - a)(he) - b),
h . <1A) = 8(h)1A,

for any h € H and a,b € A.

1.2 Lie groups

In this section we briefly introduce some notions and results from Lie theory. We use the

books [Hel78, Kna86, HT92] as references.
In this section k denote R the real number field or C the complex number field.

Let GG be a Lie group that is a group that is also a finite-dimensional smooth manifold with
the property that the group operations are compatible with the smooth structure, i.e. the
following map

G xG— G given by (z,y) — ay "

is a smooth map of the product manifold Gx G into G. We say that a smooth map v : G — H

between two Lie groups is a Lie group morphism if ¢ is also a group homomorphism.

1.2.1 Matrix groups

The group GL, (k) of n xn invertible matrices together with the operation of ordinary matrix
multiplication is a Lie group called the general linear group of degree n. A closed subgroup of
the general linear group GL, (k) is call a matrix group and this is one of the most important

source of examples of Lie groups.

We say that G is a linear connected reductive group if it is a closed connected subgroup of
GL, (k) which is stable under conjugate transpose. Then the inverse conjugate transpose O

is an automorphism of G called the Cartan involution (6% = 1). We consider the subgroup
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of G
K ={g € G|6(9) =g}
It is well-known that K is a maximal compact subgroup of G (see [Kna86, Section 1]).

A linear connected reductive group G is semisimple if in addition the center of G
Ze ={g9 € Glhg = gh Yh € G}

is finite. We say that a matrix group G is a linear simple Lie group if it is connected non-

abelian and G does not have nontrivial connected normal subgroups.

Throughout this dissertation we extensively use the particular exemple of such a group,

namely

SL(2,k) = {g € GLa(k)|det g = 1}.
If k = C we have that K = {g € G|O(g) = g} is isomorphic to

SU2,C) - ;_5 [0, BeC o+ (82 =1},

o

the special unitary group. Now, if k = R the maximal compact subgroup is isomorphic to

the group of rotations

a
SO(2,R) = la,beR,a®>+b* =1

1.2.2 Representations of Lie groups

A representation of G' (or G-module) is a pair (p, V) where V' is a topological vector space
over C and p : G — GL(V) is a group homomorphisms such that for every v € V' the map
g+ p(g)(v) = g - v is continuous. Here GL(V') denotes the group of invertible continuous

operators on V with continuous inverse.

If V is a Hilbert space, a very important class of representations are the unitary ones, that

is representations (p, V') such that for every g € G the map p(g) : v — g - v is an unitary

* *

operator on V: p(g) o p(g9)* = p(g)* o p(g) = id, where p(g)* is the corresponding adjoint

operator. Unitary one-dimensional representations G — C are called unitary characters.
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A continuous linear map 7' : V; — V5 between two G-modules (p1, V1), (p2,V2) is an in-
tertwining operator (or G-equivariant operator) if for any g € G the following diagram

commutes: .
Vi— V3

p1(g)l lpz(g)
Vi T> Va

We say that two representations (p1, V1), (p2, Va) of G are G-equivalents if there is a non-zero

intertwining operator 7' : V; — V5 which is a topological isomorphism.

A submodule of (p, V) is a closed subspace U of V' such that for every g € G p(g)(U) C U.
In particular V' and {0} are the submodules of V. A proper submodule of V' is a submodule
distinct from V' and {0}. One says that a representation (p, V') is simple (or irreducible) if

it has no proper submodules.

We say that a representation (p, V') has a direct sum decomposition if there exists a sequence

of G-submodules V; of V such that

V=V. (1.3)
If the number of summands is infinite, the sum is understood in a topological sense: the
algebraic sum should be dense in V. We say that (p, V') is completely reducible or semisim-

ple, if V' has a direct sum decomposition and the submodules V; in decomposition (1.3) are

irreducible.

Let (p, V') be a representation of G. We consider the topological dual space to V', V* = {f :

V — C|f is a continuous linear map}, and the action p* : G — GL(V*) is given by

p*(9) (W) v = v (p(g~ (v))).

The pair (p*,V*) is a representation of G called the contragredient representation to (p, V).

Let (p1, V1) and (p2, V2) be two finite dimensional representations of G. The tensor product
of V1 and V5 is also a representation of G: the action p; ® py of G on V; ® V5 is given by

(p1 ® p2)(g)(v1 ® v2) = p1(g)(v1) @ p2(g)(v2), (1.4)
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for any g € G and any (vy,v9) € Vi X Va. Moreover, if V| and V5 are Hilbert spaces, Vi ® V;

has an structure of pre-Hilbert space:
(V1 ® V2,01 ® Vg) = (v1,01)1(v2, D2)2.  (v1,02), (01, 02) € V1 X Va.

The topological completion V; @ Vs of V; ® V; is a representation of G with action given by
the formula (1.4). In both cases: Vi, V5 are finite dimensional or V;, V5 are Hilbert spaces,
we say that (p; ® pa, Vi ® Vi) or (p1 ® pa, Vi ® V3) is the tensor product representation of
(p1, V1) and (p2, V2).

1.3 Lie algebras

Let (g, [, |) be a Lie algebra over k, that is a k-vector space g together with an antisymmetric

bilinear map [, | : g x g — g which satisfied the Jacobi identity:
[z, [y, 2]] + [y, [z, 2]] + [z, [x,9]] =0  for any z,y,2 € g. (1.5)
The bilinear map [, | : g x g — g is called the Lie bracket of g. A linear map ¢ : g — b

between two Lie algebras is a morphism of Lie algebras if ¢ preserves the Lie brackets, i.e

Y([z,y]) = [¥(z), ¥ (y)] for any x,y € g.

Any associative algebra has also a Lie algebra structure with the so-called commutator Lie
bracket
[a,b] := ab — ba (a,b e A). (1.6)

In particular, the algebra gl(V)) = {f : V. — V/|f is a linear map} of endomorphisms of a

vector space V' is a Lie algebra with the commutator Lie bracket
(X, Y]=XoY -YoX (X,Y €g).

We say that a pair (p, V') is a representation of g (or a g-module) if V' is a vector space over

k and p: g — gl(V) is a morphism of Lie algebras.

1.16 Definition. The universal enveloping algebra U(g) of g is the associative k-algebra
T(g)/I where T(g) = D,cn 9°" is the tensor algebra of g and [ is the left ideal generated
by X®@Y —-Y ®X —[X,Y], with XY €g.
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A linear map T : V; — V5 between two g-modules (p1,V}), (p2,V2) is a morphism of g-

modules if for any X € g the following diagram commutes:

Vi —— W

Pl(X)l Jpz(X)

VlT>V2

We say that two representations (p1, V1), (p2, V2) of g are g-equivalents if there is a morphism

of g-modules T : V; — V5 which is a vector space isomorphism.

1.17 Remark. By [Dix96, Proposition 2.1.9 page 69| the canonical map g — U(g) is injective,
in other words, we can see the Lie algebra g included its universal enveloping algebra U(g).
Consequently and according to [Dix96, Corollary 2.2.2 page 70|, representations of g can be

extend to those of U(g) and are actually in 1-1 correspondence with representations of U(g).

A submodule of (p, V') is a subspace U of V' such that p(X)(U) C U for every X € g. In
particular V' and {0} are the submodules of V. A proper submodule of V' is a submodule
distinct from V' and {0}. One says that a representation (p,V’) is simple (or irreducible) if

it has no proper submodules.

We say that (p, V) is completely reducible or semisimple, if V" has a direct sum decomposition

of simple submodules, i.e. there exists a sequence V; of simple g-submodules of V' such that

V=@V

We say that (p,V') is decomposable if we can write V' as an algebraic direct sum of two

nontrivial g-invariant subspaces. Otherwise it is indecomposable.

The contragredient representation (p*, V*) to (p, V') is the representation p* : g — gl(V*)
given by

P (X)(v7) v = 0™ (p(=X)(v)).
Here V* denote the algebraic dual space of V.

Let (p1, V1) and (pg, Vo) be two representations of g. The tensor product representation of

(p1, V1) and (p2, V2) is the representation (p; ® pa, V1 ®@V5) with action p1®ps : g — gl(V1®@V5)
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given by
(P @ p2)(X)(v1 @ v2) = p1(X)(v1) ® vz + v1 @ pa(X)(v2), (1.7)

for any X € g and any (v1,vy) € Vi x V5.

Representations of a Lie group G give rise to representations of its Lie algebra g. Let (p, V)
a representation of G, we say that v € V' is a smooth vector for G if the map g — p(g)(v) is
a smooth function from G to V. The set V*° of smooth vectors for GG is a dense subspace of

V. The derived representation of p is the representation (dp, V>°) of g given by
d
dp(X)(v) = —|  plexp(tX))o, (1.8)
t=0

_ iy PLexp(tX))(v) — v
t—0 t ’

for X € gand v € V*°. Here exp : g — G denote the exponential map which allows us
to recapture the local group structure on G from the Lie algebra g. In particular, if G is a
matrix group the exponential map coincides with the matrix exponential of G and is given
by the ordinary series expansion:
XTL
exp(X)=e* =) — (1.9)

ey ™!
for any X € g C M, (k).
1.18 Remark. The exponential map is a diffeomorphism from some neighborhood of 0 € g
to a neighborhood of e € G with exp(0) = e. Besides, if (V, p) is representation of G the
formula (1.8) can be expressed by the following diagram commutative:

G —2— GL(V)

g — gl(V)
0

We empathized that a representation of g does not give necessarily rise to a representation

of G.

1.3.1 Polarized Lie algebras and Verma Modules

In this subsection we assume that g is a Z-graded Lie algebra, that is g has an algebraic sum

decomposition of vector spaces

g=@Dy (1.10)

€7
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such that for any (i, j) € Z x Z we have [g,, g,;] C g;, ;. We also assume that for any i € Z* the

component g; is finite dimensional. We denote ny = @,.09;, n- = D, 9; and p, = D;>0 9;;

p.=Di<09s

1.19 Definition. A Z-graded Lie algebra g is a polarized Lie algebra if on g, = § there is a
nonsingular character i.e. a character x : g, — C such that the bilinear map y : ny xn_ — C
given by (u,v) — x([u, v]op) is non-degenerate. Here x +— xy denotes the projection onto the

zero graded component g,.

1.20 Remark. Let g be a polarized Lie algebra. We consider the vector space (C; = Cu, of
dimension 1 span by the vector v,. The space (C; is actually a representation of p given by

x(z)v, ifxeb,
T-vy, =

0 ifxem_.

Mutatis mutandis, we consider C, = C v, the representation of p_ of dimension 1.

Some examples of polarized Lie algebras:

1. One of the most import examples for us is the case when g is a finite dimensional semi-
simple complex Lie algebra. To build a Z-gradation on g, we take h = Span(hy, ..., h,)
a Cartan subalgebra of g, Il = {ay,...,a,} a set of simple roots and Q = >, Z «; its
Z-lattice. Then we consider the principal gradation of g = @,z g;,

9; = @ glal,
a€Q ht(a)=i

with gla] .= {z € g|[h, 2] = a(h)z, for all h € h} the weight space a, and ht(}; ¢;a;) =
>, ¢; the height of a = Y, ¢;a; € Q. Thus all regular characters of b (i. e. x : h — C,
x(h;) # 0), determinate a non-degenerate bilinear map Y : ny xn_ — C. This con-

struction applies verbatim to any Kac-Moody algebra.

2. Another example is when g = §),, is the Heisenberg Lie algebra, that is, the Lie algebra

generated by ¢, p;,q;; ¢ = 1,...,n, with relations:

[67 C] = [07 pi] = [Ca Qi} =0, [Pi, C]j] = 5Z-jc.
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One can consider the gradation such that for all i € {1,--- ,n},

deg(p;) = —deg(q:) = 1, deg(c) = 0.

Then, as in the previous example, all regular characters of g, are the non-singular

characters.

3. Our last example is when g is the Virasoro algebra g = @,z 9, 8, = CL, if n €
Z~40} and g, = C Ly & Cec. The Lie bracket of g is given by:

2
-1
e = [e,Ln) = 0, [Lys Lin) = (n — m) Ly + 5n+m70"<”12)c.
So if x : gy, — C is a character such that x (Lo + ("22;1)0) = z € C~{0}, then for all

n # 0
X(Ln,L_p,) =2nz

define a non-degenerate bilinear map.
Shapovalov form. Let g be a polarized Lie algebra, we recall that U(g) the universal

enveloping algebra of g has a Hopf algebra structure with comultiplication A : U(g) —
U(g) ® U(g) and antipode S : U(g) — U(g) given in the part 3 of the Remark 1.13.

For each A € C, we consider M} the generalized g-Verma module of highest weight x, = A x,
and M the generalized g-Verma Module of lowest weight x» given by:

. U(g) ~
M)i = IndU(gi) (CX)\ — U(g) QU (py) CXA :

If there is no possible confusion, we denote M /\i and v, instead Mxi and vy, .

By Poincaré-Birkhoff-Witt theorem we know that the map = — x ® vy := zv) defines an
isomorphism of U(n_)-modules (resp. U(n,)-modules) between the vector spaces U(n_) and
Myt (resp. U(n,) and My ). Moreover, and also by P-B-W theorem, the algebra U(g) has a
vector space decomposition

U(g) = Ul(gy) ® N (1.11)

with N the bilateral ideal n_U(g) + U(g) n; of U(g). We denote HC : U(g) — U(g,) the
projection (Harish-Chandra projection) given by the decomposition (1.11).
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1.21 Definition. For any A € C, the map { , )g, : M¥ x M~, — C given by

(yox, zv_y) = xa(HC(S(2)y)),

defines a bilinear form called the Shapovalov form on M). By abuse of notations, we also call

Shapovalov form to the bilinear map (, ), : U(n_) x U(n;) — C induced by the equation

(y, T)x = (yvr, TV_)sn
where x € ny and y € n_.

1.22 Proposition. i) The Shapovalov form is U(g)-invariant that is for any (u,v) €
M x M~ and a € U(g) we have

(au,v)sn = (u, S(a)v)sh.

ii) The Verma modules My and M~ are irreducible if and only if the Shapovalov form is

non-degenerate.

Proof. See Section 3.1 in [ALO5]. O

1.3.2 Lie algebra Cohomology

Let g be a Lie algebra over k. Forany x € gand y; ® -+ @y € g®--- ® g (k times) the
Lie algebra g acts on the tensor product g®--- ® g (k times) in the following way:

x'(y1®"'®yk):adi(%@'“@yk)
:xy1®y2®...®yk++y1®y2®®xyk

=2y @Y QU+ F Y QY- ® [x, il

1.23 Definition. Let £ € N and (V,p) be a representation of g. The vector space of

skew-symmetric k-multilinear mappings on g with values in V/,
A*(g; V) = {u: g" = V|u is a skew-symmetric k-multilinear map},

is called the space of k-cochains on g with values in V. Here a 0-cochain is an element in V.
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1.24 Definition. The coboundary of a k-cochain u on g with values in V is the (k + 1)-

cochain Ogu, with values in V' defined by

Oru(zo, ... xr) = > (1) p(z;) (u((zo, . .- &4y . .. 1)) (1.12)

i=0
+ Z(—l)HJu([xi, l’j], oy .- - ,C/(\]i, N ,Ii‘j, PN l’k),
i<j
for xg, x1,... 2 € g, where Z; indicates that the element x; is omitted.
We obtain a sequence

LN AF(g; V) O, AR (g V) Ber1,

which satisfies the condition 0,00, = 0 for all k € N. Then for any £ € N, Im 0;_; C Ker 0.
A k-cochain u is called a k-cocycle on g with values in V if u € Kerd, C A¥(g; V), and
u is called a k-coboundary of g with values in V if u € Im9d,_; CA*(g;V). We de-
note Z¥(g; V) = Kerdj, the space of k-cocycles and B*(g;V) = Imdj;_; the space of k-

coboundaries.

The kth cohomology of g with values in a representation (p, V) of g is the space H*(g; V)

of k-cocycles modulo k-coboundaries:
H"g;V) = Z"(g;V)/B"(g; V). (1.13)

1.3.3 Lie bialgebras

In this section we review the notion of Lie bialgebra.

1.25 Definition. A Lie coalgebra of finite dimension over k is a vector space g of finite

dimension over k together with a linear map ¢ : g — g ® g such that
i) Tod = —9, where 7 is the flip (1.1).
i1) The transpose map 4 : g* ® g* — g* given by
5. g @g" — g°
f®g—=(f®g)0),

is a Lie bracket in g*.
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Now we can introduce the notion of Lie bialgebra.

1.26 Definition. A Lie bialgebra of finite dimension over k is a triple (g,[ , ],d) where
(g,[ , ]) is a Lie algebra and (g,d) is a Lie coalgebra such that ¢ is a 1-cocycle of g with
values in g ® g. In this case, we say that ¢ is the Lie cobracket of g.

Now, we consider g a Lie algebra with Lie bracket [ , | : g x g — g and U(g) its universal
enveloping algebra. Let r = r) ® r) be an element in g® g, written in the summation

convention. We denote

7”12:7’(1)®T(2)®1:T®1 Eg@g@g’ (1]‘4)
7“23:1@7“(1)@7’(2) :1®T€g®9®97

731 :7"(2)®1®7’(1) cgRERg,

and

[|r,7|] = [r12, T13] + [r12, T23] + [r13, 73]

1.27 Definition. We say that r € g® g is an r-matrix of g if it is a solution of the classical
Yang-Baxter equation (CYBE):

(112, T13) + [T12, 23] + [113, 23] = 0 in U(g). (CYBE)

1.28 Proposition. Let (g,[, |) be a finite-dimensional Lie algebra, v be an element in g ® g
and 0, : g — g® g be the map defined by 6,(x) = x -r. A necessary and sufficient condition

for (g,[, ],0,) to define a Lie bialgebra is that ri5 + 191 and [|r,r|] are ad-invariant.
Proof. See [KS97, Proposition page 17]. ]
In particular, if 7 is an anti-symmetric r-matrix (r19 = —7r9 ), we have that (g, [, |,9,) = (g,7)

is a Lie bialgebra. In this case we say that (g,r) is a triangular Lie bialgebra.



CHAPTER 2

Quantization

La quantification est le processus de formation d’un systéme mécanique quantique a partir

d’un systeme mécanique classique.

La formulation hamiltonienne associe a un systéme mécanique une variété symplectique M
vue comme l’espace de phase de ce dernier. Les observables du systéeme sont les fonctions
réguliéres f € C°°(M) sur la variété M. Si f est une observable, son évolution dans le temps

est déterminée par [’équation de Hamilton :

d

% (t) = _{H7f}7

ot H est une fonction réguliére de M appelée hamiltonien du systéme et { |, } est le crochet

de Poisson associé a la structure symplectique de M .

La mécanique quantique, en sa formulation due a Heisenberg, associe a un systéme quantique
un espace de Hilbert 7€ vu comme [’espace de phase de ce dernier. Les observables du systéme
sont des opérateurs auto-adjoints dans €. La dynamique du systéme est définie en termes
du hamiltonien H du systéme. Si f est une observable dans €, Uévolution de f dans le

temps est donnée par ’équation de Hamilton :
d - i~ -
—f(t)=<-[H
70y = S 7,

ou h dénote la constante de Planck et [ , | le crochet d’opérateurs.

De point de vue mathématique [Dirf7, Wey50, vN55], la quantification est une correspon-

dance Q : f — f entre les observables de chaque systéme telle que

Q1) =id et [Q(f), Qy)]=1nQ({/[,9})
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La formulation originale d’un systéme mécanique classique prend M = R" xR"™ comme
l’espace de phase. La formulation originale de quantification consiste a assigner aux fonctions
régulicres f en C°°(M), des opérateurs auto-adjoints Q; dans l'espace de Hilbert L?(R™) tels

que

(C1) La correspondance f — Q; est linéaire.

(C2) Q1 =id, ou 1 est ’élément unité dans C°(R" x R").

(C3) Pour toute fonction ¢ : R — R telle que Quor et ¢(Qy) sont bien définies, on a

Qgor = O(Qy).

(C4) Sip=(p1,---,Pn),q¢ = (q1,-.-,qn) sont des coordonnées dans R", les opérateurs Q,,

et Q,, correspondant da la coordonnée p;,q; (1 =1,...n) sont données par

.. 0
Qv =av,  Quv=-ihg

for any ¢ € L*(R", dq).

Ici h est un paramétre qui dépend de la quantification Q, il correspond a la constante

de Planck.

(C5) Pour tout f,g € C*(R" xR"), on a

Q1) Qo] =11 Qypgy

o

{f,9}= ; (8% Op;  Op; a%’)

est le crochet de Poisson.

Dans cette theses nous discutons trois différents quantifications :

2.1 Quantification géométrique. Dans cette section nous rappelons un type de quantification
due a A. Unterberger et J. Unterberger [UU96] qui utilisent les idées classiques de
quantification de a H. Weyl. Nous utilisons cette quantification dans le Chapitre 4,

section 4.2.
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2.2 Quantification par déformation. Motivée par le développement asymptotique du produit
de Moyal, nous donnons un bref rappel de la quantification par déformation introduit
par Bayen, Flato, Fronsdal, Lichnerowicz et Sternheimer [BEFT78]. L’idée est de rem-
placer le produit commutatif de 'algébre C>°(M), par une série formelle d’opérateurs
bi-différentiels déformant, d’une facon associative le produit usual par le crochet de

Poisson de M.

2.3 Groupes quantiques. Dans cette section nous sommes intéressés par la quantification dé-
finie par Drinfeld [Dri85] sur les groupes de Lie-Poisson, exprimée en termes de l’équa-
tion de Yang-Baxter. En 2005 Alekseev et Lachowska [AL05] ont donné une construc-

tion générale d’une telle déformation pour une large classe d’orbites co-adjointes.

In very vague terms quantization is the process of forming a quantum mechanical system
starting from a classical mechanical one. On the other side, if we start with a quantum
theory and go back to its classical counterpart, we talk about the process of dequantization.
The original mathematical formulation of quantization (due to Heisenberg, Dirac, Weyl,
von Neumann [Dird7, Wey50, vN55]) consists in assigning to the observables of a classical
mechanical system, which are real-valued functions on the space R" x R" (the phase space),

self-adjoint operators Q; on the Hilbert space L*(R") in such way that
(C1) The correspondence f +— Qy is linear.
(C2) Qp =id, where 1 is the unit element in the real-valued functions on R" x R".

(C3) For any function ¢ : R — R for which Qu.r and ¢(Qy) are well-defined, we have

Q¢>Of = ¢<Qf>

(C4) If p= (p1,---,Pn),q¢ = (qu,---,qn) are in R", the operators Q,, and Q,, corresponding
to the coordinate functions p;,¢; (i = 1,...n) are given by

oY
dq;

Quv =a),  Qui=-—ih for any ¢ € L*(R", dg),

where h is a parameter that depends on the quantization map Q, corresponding to the

Planck constant.
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(C5) For any f, g two observable functions we have that
(Qr, Qul = 11 Q1)

where

_~~(0f0g Of 89)
SR ; (a%’ dp;  Op; 0g;
is the Poisson bracket of f and g.

2.1 Remark. Unfortunately (or not), it is well-known that any three of the axioms (C1),
(C3), (C4) and (C5) are inconsistent (see [AE05, Section 1.2]). So there are two traditional
approaches to handle this situation. The first approach is to keep the four axioms (C1),
(C2), (C4) and (C5), but restrict the space of observables. In this way, the domain Dom(Q)
of definition of the mapping Q : f — Qy is called the space of quantizable observables.
Ideally, it should include at least the space C*(R*") of real-valued smooth functions on R*"

or some other convenient function space.

The second approach is to keep (C'1), (C2) and (C4), but change the condition (C5) to hold
only asymtotically as the Planck constant A tends to zero. This approach is the celebrated
Weyl calculus of pseudodifferential operators. Where the quantization map Q : LQ(RQ”) —

HS(L*(R™)) is given by

@@ =r ff () ew (2w e ueasam @)

for f € L*(R*"),u € L*(R") and = € R".

In this dissertation we discuss and use four different approaches to quantization:
a) Geometric quantization (orbit method, ...).

b) Deformation quantization (formal deformation, star products ...).

¢) Quantum groups (Drinfeld twist,...).

d) Symbolic Calculus

We take as reference [AE05, CKTBO05]
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2.1 Geometric quantization

Geometric quantization deals with the problem of construction of an explicit Hilbert space
and an algebra of operators on it. We start with a symplectic manifold (the phase space)
(M,w), i.e. a finite-dimensional smooth manifold M together with a closed 2-form w €
Q?(M) on M which is non-degenerate as a bilinear form on each tangent space. We denote
A = C>™(M) the algebra of real-valued smooth functions on M. For any function f € A,
the Hamiltonian vector field X is given by w(—, X;) = df and the Poisson bracket between
two elements f and g of A is defined by

{9} = —w(Xy, Xy). (2.2)

According to Definition 2.2, the space A together with the Poisson bracket { , } given in

(2.2) is a Poisson algebra.

The goal of geometric quantization is to assign to (M,w) a pair (Hys, Qpr) where Qpy @ f +—
Qn(f) is a map from Dom(Q,,) a convenient subalgebra of A of self-adjoint linear operators

on a convenient Hilbert space Hj; in such a way that
(Q1) The correspondence f +— Q/(f) is linear.
(Q2) Qu(1) =id, where 1 is the unit element in Dom(Q,,) C A.

(Q3) The correspondence is functorial, i.e. if (/V,v) is an other symplectic manifold with
quantization map Qy : f — Qun(f) and Hilbert space Hy, then for any ¢ : (M,w) —
(N, v) diffeomorphism (which send w into v) the composition with ¢ should map
Dom(Qy) into Dom(Q),) and there should be a unitary operator uy : Hy — Hy such
that

Qu(f o) =uy On(f)ug for all f €eDom(Qy).

,w) is ogether with its standard symplectic form, then the operators @, an

4) If (M, w) is R*" together with its standard symplectic f then th tors Q,, and
Q,, corresponding to the coordinate functions p;, ¢; of (p,q) = (P1, .-, Pn, Q1,1 qn) €
R"™ x R™ are given by

oY
dg;

Q. ¥ = ¢, Q,, v =—1ih for ¢ € L*(R", dq).
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(Q5) For all f,g € Dom(Qys) C A we have that

[Qu(f), Qu(9)] =i Qu({f, g})- (2.3)

Here i is a parameter that depends of the geometric quantization (Hy, Q).

2.1.1 Unterberger’s quantization

Now we briefly recall the classical approach to quantification procedure which comes from

fundamental construction due to H. Weyl.

Consider the map Q) : L*(M) — HS(L*(R)) defined by

(Qu(Fu)(s) = ex [ f (s.8)|s =77 (Bw) (t)a, (2.4)

where 6 is the convolution operator by the distribution that coincides on R* with the function

s+ cy|s|71A and

ey = ;(2@” lr(m) cosh <W;>]_l :

Notice that 6 is the so-called Knapp-Stein intertwining operator for the principal series

representations of SL(2,R). Therefore, the map Q, is equivariant with respect to this series

of representations:

m™(9) A)mlg™) = Q(flg™'0))  (9€G).
The composition of operators on L?(R") defines an associative and non-commutative product
on L*(M) by
AU(fi#tfo) = Qa(fi) o Qulfa)  (fi, fo € L*(M)). (2.5)

This algebraic structure plays a crucial role in the rest of our work.

2.2 Deformation quantization

Motivated by the asymptotic expansion for the Moyal product, we give a brief reminder on
the deformation quantization in the sense given by Bayen, Flato, Fronsdal, Lichnerowicz
and Sternheimer in [BFF*78]. The idea of the deformation quantization is to avoid difficul-

ties of geometric quantization by changing the formula (2.3) in the axiom (@3) to the formula
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(@Q'3) For all f,g € Dom(Qy/) C A we have that

[Om(f), Qui(9)] = iR Qu({f, g}) + O(R?). (2.6)

2.2.1 Formal deformation and Star products
Let A be an unital commutative algebra over the field k.

2.2 Definition. We say that A is a Poisson algebra if there exists a k-bilinear operator
{, } : Ax A — A which forms a Lie bracket on A and for any a € A the map {a,—}: A — A

is a k-derivation, i.e. for any z,y € A,

{a,2y} = {a, 2}y + 2{a, y}.
In this case, we say that {, } is a Poisson bracket of A.

Let (A, {, }4) and (B,{, }5) be two Poisson algebras over k. A k-linear map ¢ : A — B

which satisfies, for all a,b € A,
i) ¥(ab) = Y(a)ib(b),
i) Y{a,b}a = {¥(a), ¥ (b)} 5,

is called a morphism of Poisson algebras. A morphism ¢ : A — B of Poisson algebras is

called an isomorphism of Poisson algebras if v is also bijective.

2.3 Definition. Let A be a commutative algebra, A, = A[[A]] be the formal power series
in a variable A with coefficients in A and {II,, : A x A — A}, ey be a family of k-bilinear

operators. We say that the family I7 = (I1,,),en is a formal deformation if
i) Il is the original multiplication on A.
ii) {a,b} = 3(II1(a,b) — II,(b,a)) is a Poisson bracket of A.

i17) The A-linear! extension of the k-linear map

MT:A®A— AR (a®@b)— S I,(a,b)h". (2.7)

neN

is an associative product on the space A, = A[[h]].

LA k-linear map Q : Ay — By, is a h-linear if for any a € A and any n € N, Q(ah™) = Q(a)h".
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iv) The identity element 1 of A is the identity element of (A, IT).

2.4 Remark. (1) For short we write axb instead of I1(a,b).

(i7) If a group G acts on A and all IT,, : A x A — A are G-equivariant (i.e. I1,(g-a,g-b) =
g - II,(a,b) for any g € G, a,b € A and n € N), we say that IT = (II,) is a G-invariant

formal deformation.

(731) The product II : Ay x Ay — Aj defined in (2.7) is associative if and only if for any
a,b,c € A and any p € N the following condition holds
> Iy(a,II,(b,c) = > I,(IIn(a,b),c). (2.8)
n+m=p n+m=p
(iv) If A has a formal deformation then by condition (i7) in Definition 2.3 A has a structure
of a Poisson algebra. According to Kontsevich [Kon03], we know that the reciprocal is also
true: every smooth Poisson algebra admits a formal deformation IT = (II,,) such that Iy is

the original multiplication on A and % (I, (a,b) — II;(b,a)) is the original Poisson bracket of
A.

2.5 Definition. Let A, B be two k-algebras equipped with two formal deformations x4
and xp respectively. We say that x4 and *p are equivalents if there exists @ : (A, *4) —

(Bp,*p) an h-linear algebra isomorphism between the unital associative algebras (Ap,*4)

and (By, *p).

2.6 Proposition. Let A, B be two commutative k-algebras equipped respectively with two
formal deformations II = % and Il = %. The formal deformations x and * are equivalents if
and only if there exists a sequence {Q,, : A — B}uen of k-linear maps such that Qy : A — B
is a k-linear isomorphism and for any a,b € A, n € N the following condition holds

> Qb)) = > Hu(Qia), Q;(b)). (2.9)

i+j=n i+j+k=n

Proof. 1t is clear that @) : Ay, — By, is an h-linear isomorphism if and only if there exists a
sequence {Q,, : A — B},en of k-linear maps such that Q = ¥, .y @nhA" and Qy : A — B is

bijective. Now, we suppose that ) = >, cn @nh" is an A-linear map. For any a,b € A we
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have that
Qaxb) =Q (Z(Hl(a, b)hl)
= ZN (Z_ Qi(ﬂj(a,b))) n" (2.10)
and
Qa)*Q(b) = >~ I1(Q(a), Qb))
> ( > ﬁk@@-(a),Qj(b))) . (2.11)
From equations (2.10) and (2.11) we have that Q(axb) = Q(a)*Q(b) if and only if the
condition (2.9) holds. O

2.7 Remark. If x4 = * and xg = % are equivalents (Q : (A, *4) — (Bp, *p)), the equation
(2.9) for n = 0 and n = 1 implies that )y : A — B is an isomorphism between the Poisson
algebra A with bracket {aj,a2}4 = %(Hl(al,ag) — II1(ay,ay)) and the Poisson algebra B
with bracket {b1,bo}p = L(I1 (b1, by) — ITy (b2, by)).

Let Q = X, Quh" : (Ap,*a) — (B, *p) be an equivalence between two k-algebras A, B
equipped respectively with two equivalent formal deformations x4 and xg. If a group G acts
on A and B, we say that x4 and xg are G-equivalent if, in addition, for each n € N the map

@, : A — B is G-equivariant.

A particular example of such a construction is given by the space of smooth functions
on a symplectic manifold. More precisely, let (M,w) be a symplectic manifold, that is a
finite-dimensional smooth manifold M together a closed 2-form w € Q?(M) on M which is
non-degenerate as a bilinear form on each tangent space. Now, we consider the algebra of

real-valued smooth functions A = C°°(M). The bilinear map

{f, 9} = {(df ® dg),w)
defines a Poisson bracket on M.

2.8 Definition. Let (M,w) be a symplectic manifold. We say that a formal deformation
II = (II)nen of A = C°(M) is a star-product on M if for each n € N the bilinear map
II, : Ax A — A is a bidifferential operator on M.
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If IT is a star-product on (M, w), we denote
axb=1II(a,b) fora,be A.

The star commutator [a, b], is defined by a x b — b * a, which makes A; = A[[A]] into a Lie
algebra.

2.9 Definition. Two star products x and * on (M, w) are equivalent if there is a sequence
{Qn : A — A}, cnx of differential operators on A such that the series Q = id +Q1h'+Qoh? - - -
satisfies the relation:

Qaxb) = Qa) » Q(b),

for all a,b € A.

2.10 Remark. Then two star products x and x on (M,w) are equivalent if there is a formal
deformation equivalence Q = (@) : (An,x) — (An, %) between * and * such that for any

n € N* the operator ), : A — A is a differentiable map on M.

2.2.2 Hochschild Cohomology

Let (M,w) be a symplectic manifold and A = C*(M). For any k > 1, we say that C' is a
differential k-cochain (ou k-cochain) on A if C'is a k-multilinear map from A* to A such that
C is a differentiable operator on each argument. We denote C*(A, A) the space of differential
k-cochains on A. The kth Hochschild coboundary operator 9y : C*(A, A) — C*T1(A, A) is

the linear operator from k-cochains to (k + 1)-cochains defined by

(OLC)(ag, - ,ar) =apgCl(ay, -+ ,ar)+
k
Z(—l)rC(QO’ oty Qp—2, Ap—1Qpy Qpy 1y - ak)

r=1

+ (=D C(ag, - -+, ap_1)ax
where C' € C*(A, A) and (ag, - - - ,a;) € AL
A k-cochain C is called a k-cocycle if 0,C = 0, and a k-coboundary if there is a (k — 1)-

cochain B such that dy_1B = C. We denote Z*(A, A) the space of k-cocycles on A and
B¥(A, A) the space of k-coboundaries on A.
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2.11 Remark. One has that for any k € N, 9,1 09, = 0 so B¥(A, A) C Z*(A, A).

2.12 Definition. The kth differential Hochschild cohomology space of A is the space
HH*(A, A) of differential k-cocycles modulo differential k-coboundaries, i.e.

HH*(A,A) = Z*(A, A)/B*(A, A).

Let C be a k-cochain and B be a p-cochain. The tensor product C' ® B € C*P(A, A) is the
(k + p)-cochain defined by

(C@B)(ay, - apyp) = Clay, -+ ar) Blagsr, -+ rap)-

for any (ay, -+, agy,) € AP

2.3 Quantum groups
In this section, our aim is to introduce the notion of deformation on a particular class of Lie
algebras. We follow the books [Kas95, CP95] for our presentation.

Let k be a field and K be an unital associative and commutative ring.

2.3.1 Classical and Quantum Yang-Baxter equation

Let V be a k-vector space. We say that an automorphism ¢ € Aut(V ® V) is an R-matrix
of V if it is a solution to the quantum Yang-Baxter equation (QYBE):

2.3.1 Example. Let V be a vector space, the flip ryy : V®V — V @ V given by:

TV,VIV®V—>V®V

V1 & Vg = Uy & vy,
is a R-matrix. Indeed, it satisfies the Coxeter relation
(12)(23)(12) = (23)(12)(23),

in the symmetric group Ss.
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2.13 Definition. Let (A, m,u, A, ) be a bialgebra. We say that A is quasi-cocommutative
if there exists an invertible element R € A ® A, called a universal R-matrix, such that for
any x € A:

A(z) = RA(z)R™,

where A? := 174 4 0 A.

2.14 Notation. If R =3, R; ® R} € A® A, then we denote
Rmzzy%®m®1:3®1eA®A®A
R%221®&®MEJ®RGA®A®A

Ry=) RIQI®R, € A® A® A,

)

2.15 Definition. Let (A, m,u, A, &, R) be a quasi-cocommutative k-bialgebra. We say that

(A,m,u, A e, R) is braided if the universal R-matrix satisfies the following relations:
(A ®@ida)(R) = RizRas,
<1dA ®A) (R) == R13R12.

2.16 Proposition. Let (A, R) be a braided quasi-cocommutative bialgebra and V' be an A-

module. Then the automorphism
hy VRV VRV
v @ vy = Ty (R(v1 @ va)),
satisfies the quantum Yang-Baxter equation, i.e. c{f’v is a R-matriz of V.

Proof. Voir [Kas95, Proposition VIII.3.1 pg 178]. ]

2.3.2 Deformations of Hopf algebras

We consider K = k|[h]] the ring of formal power series in & with coefficients in the field k.

The ring K has a Banach structure with the norm:

27U i f#£0
171 = (2.12)

0 otherwise ;
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where f =3, cyan " € Kand w(f) =n if for any £k < n a; =0 and a,, # 0.

Let M be a K-module. For any n € N, we consider the submodule M,, = M/h" M of M

and p, : M,, — M,_, the canonical K-linear projection:
P My =M/R*"M — M,_y = M/h"" M.

We say that (M, p,)nen is a projective system of K-modules associated to M.

The projective limit
M= @ M, = {(Q;n)neN € H M,, pn(x,) =2, foralln € N}
neN
possesses a natural topology called the h-adic topology. It is obtained as follows. Put the
discrete topology on each submodule M,,. The projective topology on M is the restriction

of the direct product topology on [],eny M.

2.17 Remark. i) The k[[A]]-morphisms of M are continuous maps.

it) The family {h" M tnen of left ideals of M is a family of open neighbourhoods containing

0. Moreover,

M/ R M ~ M/ K" M.

i7i) The projections ¢, : M — M, induce a unique K-linear map ¢ : M — M such that
T, 0 q = q, for all n € N. Here 7, : M — M,, denotes the natural projection. The
kernel of ¢ is given by
Ker(q) = () A" M.

n>1
2.18 Definition. A k][[A]]-module M is separated if the map ¢ is injective and it is complete

if ¢ is surjective.

2.19 Remark. According to [Kas95, section XVI.2 page 388], if ¢ is bijective the topological
space M is complete in the sense of metric spaces. Indeed, if ¢ is surjective so M is a dense
subspace of M. Now, if Ker(q) = Np>1 A" M = {0} we defined the following norm on M. If
r € M, and x # 0, there exists i with z € A'M but x € I M; define ||z|| = 27¢, if x = 0,
define ||z|| = 0. It turns out that M is a completion of M, i.e. M is dense in M and every

Cauchy sequence in M converges in M. In this case, we say that Mis a h-completion of M.
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2.3.2 Example. Let V be a k-vector space. We consider the space V[[A]] of formal power

series in the indeterminate A with coefficients in V' is the space with elements of form

S v i € V][]

neN

with v,, € V and n € N.

We recall that a k[[A]]-module M is torsion free if im # 0 when m is any non zero element
of M. We say that M is topologically free if it is separated, complete and torsion-free
k[[A]]-module.

2.20 Proposition. The space V[[h]] is a topologically free K[[h]]-module.
Proof. Voir [Kas95, Proposition XVI.2.4 pg 390]. O

2.21 Definition. Let M and N be two k[[A]]-modules. The topological tensor product
M®N between M and N is defined by

o~

M®N = (M ®x N) = lim(M ®x N)/h"(M @x N). (2.13)
The topological tensor product & satisfies the following k[[A]]-linear isomorphisms

(M&N)®P ~ MB(NRP),
M®N ~ N M,

KM~ M~ MK,

If V' is a k-vector space finite-dimensional, then V[[h]] ~ V ®g K but if it is infinite-

dimensional, then the set V[[A]] is strictly bigger than V ®x K. However, we have that
VI[H] ~VexK.

If M and N are two topologically free k[[h]]-modules the topological tensor product M & N
is a h-adic completion of M ®x N. More precisely,

2.22 Proposition. If M and N are two topologically free k[[h]]-modules, then so is M&N.

In particular, if V and W are two vector spaces we have

V([RN@WIA] ~ (VeW)[[A]]
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Proof. See [Kas95, Proposition XVI.3.2 pg 391] ]
Let f: M — N and f': M" — N be two morphisms of k[[%]]-modules, the k[[A]]-linear map

fOf : MOM' — NN’ (2.14)
is the natural extension of the map f® f/: M ® M’ — N ® N’ such that the following

diagram commutes:
, fer ,
MM — N®N

MM’ = NN’

!

We want to extend the notion of Hopf algebra when the algebra has a topological structure.
Essentially we replace ® by ® in the associativity, coassociativity, unity, counity and antipode

definitions.

2.23 Definition. Let A, be a topological module over K = k[[A]]. We say that A is a

topological Hopf algebra over K if Aj, = Ay, and there exist K-morphisms (continuous)
mp,  Ap®A, = A, up K — Ay,
Ay Ay®A, — A, en A = K,
Sy A — Ay

such that, replacing ® by ®, the sextuple (Ay, myp, up, Ap, €4, Sy) satisfies the associativity,
coassociativity, unity, counity and antipode diagrams from the Hopf algebra definitions on

K (Definitions 1.1,1.2, 1.11).

2.24 Remark. A topological Hopf algebra Ay, is not a Hopf algebra, because A,®A} is not
equivalent to A, ® A,. We have that

An®A, ~ Ay @ Ay
if Ay is a topologically free K-module.
Let (Ap, mp, up, Ap, €n, Sp) and (A}, mj,, uj,, A}, £5,57) be two topological Hopf algebras over
K = k[[A]]. A K-morphism f : A, — A} is a morphism of topological Hopf algebras if
fomuy=mjo(f&f), [foun=u,
(f@f)o A=A of,  g,of =en,
foS,=8;0f.
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Finally, we introduce the notion of deformation of Hopf algebras.

2.25 Definition. Let (A,m,u, A, e,S) be a Hopf algebra over k. A deformation of A is a
topological Hopf algebra over K = k[[A]], (Ap, mp, un, Ap, ep, Sp), such that

i) There exists a isomorphism f : A, — A[[h]] between the k[[A]]-modules A, and A[[A]].

i7) The following diagrams commute:

a)

—

Ap@Ap RALR A, — Ap/hA,

] !

AR A - A

m

_ _ A
Ap®@An /hARRA), ~—— An/hA,

E

AR A < X A

fof

where f, my; and Ay, are the natural maps obtained from the maps f, m;, and Aj. In this

case, the condition (a) is written by m;, = m (mod h) and the condition (b) is written by

Ap = A (mod h).
Finally, we introduce the notion of deformation on a Lie bialgebra (Definition 1.26).

2.26 Definition. Let k a field, K = k[[A]] be the formal power series in h with coefficients
in k and (g,d) be a k-bialgebra. A deformation of the Lie bialgebra (g, ) is a deformation
(Un(g), mp, un, Ap, e, Sp) of k-Hopf algebra (U(g), m,u, A, e, S) such that for all z € g:

5(z) = 2l ;Azp(“) (mod A),

where a is an element in Uy (g) equivalent to  modulo A.

2.27 Proposition. Let g be a finite-dimensional real Lie algebra and let r € g g be a
skew-symmetric r-matriz of g, i.e. v is a skew-symmetric solution of the classical Yang-
Bazter equation (CYBE). Then, there exists a deformation Uy(g) of the universal enveloping
algebra U(g) whose classical limit is g with the Lie bialgebra structure defined by r. Moreover,

Un(g) is a triangular Hopf algebra and is isomorphic to U(g)[[h]] as an algebra over R[[A]].
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Proof. See [CP95, Theorem 6.2.9 page 183]. O

As a corollary we have

2.28 Theorem. Let G be a connected and simply-connected Lie group, g its Lie algebra and
U(g)[[R]] the space of formal power series in h with coefficients in the universal enveloping
algebra of g. A sufficient condition for the existence of an invariant star product on G is

that there is an element invertible F € U(g)[[h]|@U(g)[[R]] such that
i) Fr2(A®id) F = Fos(id®A) F,
i) (e®id) F=1=(id®e)F.

Proof. See [CP95, Lemma 6.2.10 page 184]. ]

2.3.3 Invariant star products on homogeneous spaces

In order to extend the Theorem 2.28 to homogeneous spaces, we recall the following defini-
tions. We say that M is a G-homogeneous space if M is a smooth manifold and G is a Lie
group which acts transitively and continuously on M. In this case, there exists H a closed
Lie subgroup such that M ~ G/H as smooth manifolds. Let A = C*(M) ~ C*(G/H) be
the algebra of real-valued smooth functions of M ~ G//H. The left action of G on A is given
by

(g- ()= flg™" - o) (feAgeGzeM).

A k-differential operator ¢ : A* — A on M is G-invariant if for all g € G, (f1,..., fr) € A*

g o(frsoo o ) =09 frio 9 fu)

Let us denote D% (M) the space of G-invariant k-differential operators on M ~ G/H.

Let g be the Lie algebra of G, h be the Lie algebra of H and U(g)h be the left ideal
generated by h C U(g). We consider ((U(g)/U(g) h)®*)" the subalgebra of (U(g)/U(g)h)=*
of invariants with respect to b, that is the elements (z; ® --- ® z) € (U(g)/U(g) h)®* with
x; € U(g)/U(g) b, which satisfied the condition

h-(x1® - Qup)=(h-210...0x,)+ -+ (x1®...0h-x) =0

for all h € h. We have
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2.29 Proposition. There is a natural bijection between

Dg(M) =~ ((U(9)/U(g) )"
Proof. See [AL05]. O
Finally, we obtain a result analogous to the Theorem 2.28.

2.30 Proposition. Let M ~ G/H be a G-homogeneous space. Then M admits an invariant
star product if there exists an invertible element F € (U(g)/U(g) h@U(g)/U(g) h)"[[1]] such
that

i) Fio(A®id) F = Fos(id @A) F,
i) (e®id) F=1=(id®e) F.

Proof. See [AL05]. O



CHAPTER 3

Rankin-Cohen algebras

Dans ce chapitre nous étudions les crochets de Rankin-Cohen (RC). Les crochets RC ont
été introduits par D. Zagier suivant les travauz de Rankin et Cohen [Ran57, Coh7’5, Zag94]
comme solution a la question suivante : quels sont les opérateurs bi-différentiels qui préservent
I’ensemble des formes modulaires ? En théorie des représentations les crochets RC peuvent
étre également vus comment des opérateurs de brisure de symétrie d’un produit tensoriel

entre deuzx représentations irréductibles [DvP07, KP15a, KP15b].

3.1 Algébres de Rankin-Cohen. Dans cette section nous commencons [’étude de [’algébre
des formes modulaires M.. En 1994 Zagier [Zag94] introduit la notion d’algébre de
Rankin-Cohen comme une généralisation de l'algébre M,. Dans la section 3.1.2 nous

introduisons une version d’algebre de RC' différente de celle donnée par Zagier.

3.1 Definition. Soit A = @,y A, une algebre commutative Z-graduée telle quelle
pour tout n € N (p,, A,,) soit une représentation irréductible de G = SL(2,R) et soit
X : A — A une Ap-dérivation de A (X (ab) = aX (b)+ X (a)b et X (apa) = apX(a) pour
tout a,b € A, ag € Ap) nous définissons 'opérateur bilinéaire
RCi(a,0) = 3 (—1)@‘(0‘“.’{_1) (“b%_l))ci(a) X7 (b),

itj=k J t
oua € A,,,be A, sont deux éléments homogenes et k est un entier naturel. Nous
disons que (A, X) est une algebre de Rankin-Cohen si le produit

RC(a,b) = > RCy(a, b)R"
keN

est associatif dans I'anneau A[[f]] des séries formelles sur A en une indéterminée A et

pour tout k € N il satisfait ’équation

RCk(p (1) (@): Py (V) (8) = Pay 40 (V) (RCi(a D) V(@) € Ag, X Auy,7 € G
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Autrement dit, (A, X) est une algebre de Rankin-Cohen si le produit RC est une

déformation formelle et G-invariante de A.

Dans la section 3.1.3 nous introduisons la notion de “twist”,

3.2 Definition. Soit A = @,y A, une algebre commutative Z-graduée telle quelle
pour tout n € N, A, soit une représentation irréductible de G = SL(2,R), soit X :
A — A une Ap-dérivation de A et soit ¢t : N x Z x Z — C une application que satisfait

les conditions suivantes :

pour tout oy, € Z, to(ay, ) =1, (C1)
pour tout aq, e € Z*, t1(aq,an) = z # 0, (C2)
pour tout k € N, ay, a0 € Z, tr(a, an) = tr(ag, aq). (C3)

Nous considérons I'application bilinéaire
tRCk(a,b) = ty(av, ap)RCk(a, b),

oua € A,,,b € A, sont deux éléments homogenes. Nous disons que ¢ est un RC

“twist” de (A, X) si le produit

tRC(a,b) = Y t(ct, ap)RCx(a, b)R*
keN

est associatif dans A[[A]] et satisfait I’équation

{RC(Pay (1)(@), Py (1) () = P +ap 1 (NIRCu(@,))  ¥(a,b) € Ag, X Any, 7 € G

Autrement dit, ¢ est un RC “twist” de (A, X) si le produit tRC est une déformation

formelle et G-invariante de A.

Dans [OCMZ97] les auteurs montrent que la fonction t* : N* — C donnée par

iy = (<2 s (¢ (?)(*””ﬁ)(;;ﬁ) |
v <4)’;<2T><ié)<j§><k+i+jg>

T T T

(3.2)

détermine (un twist) une déformation formelle et SL(2,R)-invariante 3", t,RCLH*, de
lalgébre des formes modulaires de poids arbitraire. Dans le Théoréeme 3.21 nous décri-

vons des conditions nécessaires et suffisantes pour qu’une telle fonction t soit un twist.
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Soit Q(ar,a0,04) (%, J; k, 7, 8) Uentier défini par :

(i (1A (e toa s bid g k=) itk
i k 1+7

ar+r+s—1\{fas+r+s—1
s r '

Considérons t - N* — C une application et Plor,as.08) (T, Y, 2) le nombre complexe défini
par :

Z tr+3(a17 Oéz)ti+j+k(0él + Q9 +Vr+57 a3)Q(a1,a2,a3) (’l, j, ]{Z, T, S), (33)
I(z,y,2)

ou I(x,y,z) est ’ensemble de 5-uplets (i, 7, k,r,s) tels quei+r=x, j+s=vy, k= z.
Nous dirons qu’une application t : N X Z x Z — C satisfait la condition (Ct) si pour

tout x,y,z € N el ay,as, ag € supp(A) C Z, on a

P(al,az,as)(xv Y, Z) = <_1>yp(a3,a2,a1)(27 Y, SE) (Ct>

Théoreme. Soit A = @,y An une algebre commutative Z-graduée telle que pour tout
n € N, A, soit une représentation irréductible de G = SL(2,R), soit X : A — A une
Ag-dérivation de A et soitt : N X Z x Z — C une application qui satisfait les conditions

suivantes :

pour tout ay,ay € Z, to(aq, az) =1, (C1)
pour tout oy, g € Z*, t1(a, ) = z # 0, (C2)
pour tout k € Ny, 9 € Z, tp(ar, an) = tr(ao, aq). (C3)

Soit {RCy : A x A — Alk € N} une famille de crochets de Rankin-Cohen d’ordre k
et degré v. Une condition suffisante pour que Uapplication t : N X Z x Z — C soit un

RC twist de (A, X) est donnée par

P(O¢1704270¢3)(x7 Y, Z) - (_1)yp(a37042,a1)(27 Y, I)? (Ct)

pour tout z,y,z € N et ay, an, a3 € supp(A) C Z.

3.2 L’algebre de Bergman. Dans cette section nous donnons un exemple d’une algebre de

Rankin-Cohen. Il s’agit de l’algébre de Bergman pondérée.
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Soientn € 2N, [l = {z =x+1iy € Cly > 0} le demi-plan de Poincaré et O(I1) = {f :

IT — C|f is holomorphic} l'espace de fonctions holomorphes dans I1. Nous considérons

22 (1) = LA(I1, dp,,) N O(I0)

n

I’espace de Hilbert des fonctions holomorphes de carré sommable dans I1 par rapport a
la mesure

dpin(2) =y 2dxdy (z=a+iyell)

Le produit scalaire dans 7(11) est donné par

0= [ FEE ().

Nous dirons que F*(I1) est l’espace de Bergman de poids n € 2N. Les représentations

de la série discréte holomorphe de G, (F>(11), p,) sont définies par

NG = (e k(D). (35)

pour tout z € I,y = (2%) € G.

Soit = B,y 22 (1) la somme directe de 2 (11) (A*(11) = C). On munit l'es-
pace de Hilbert 7€+ de laction p = @penpan (po est Uaction triviale dans C). Plus
précisément, si f = (fon)nen est un élément dans F+ avec f, € (1) alors pour
tout v € SL(2,R) la représentation p est donnée par p(v)(f) = (pan(fon))nen. Par
conséquence, p = (p, ") est une représentation unitaire de SL(2,R). En plus 7 est
une algebre commutative avec le produit usuel. Nous l’appelons l’algébre de Bergman a
I’espace F€.

Ensuite, nous montrons que pour tout k € C la fonction t* : N* — C est aussi un twist

pour l’algebre de Bergman :

Théoréme. Pour tout k € C la fonction t* : N* — C définie par Eq. (3.2) est un twist

de €. En particulier, si Kk = % ou K = % nous retrouvons la déformation SL(2,R)-

équivariante

frreg= > RCk(f, g)h* (f.g € 5.

keN

Autrement dit l’espace F+ est une algébre de Rankin-Cohen.
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The Rankin-Cohen bracket is a bidifferential operator that has been extensively studied in
recent years. It has many applications in various areas as theory of modular and quasi-
modular forms, Ramanujan and Chazy differentials equations [DR14, CL11, MR09, Zag94],
covariant quantization [BTYO07, CMZ97, DvP07, OS00, Pev12, Pev08, UU96].

Throughout this chapter, we assume that A is a complex associative and commutative algebra

with unity 1.

3.1 Rankin-Cohen algebras

In this chapter we study the notion of Rankin-Cohen algebra as a “generalization” of algebra
of modular forms. The definition of Rankin-Cohen algebra is different from the one given
by Zagier [Zag94], however as in Zagier’s definition the number of conditions is infinite (see

Definition 3.10).
We begin this chapter with the remainder on modular and quasimodular forms.

3.1.1 Modular and quasimodular forms

Consider the modular subgroup SL(2, Z) C SL(2, R) whose matrices entries are integers num-

bers and II the Poincaré upper half-plane
N={z=a2+iyeCly > 0}.

A modular form of weight £ € 2N, k > 4, is a holomorphic function on II satisfying

syt (E28) - 12

for any z € I and any v = (%) € SL(2,Z) and having Fourier expansion
fz)=> f(n)exp(2minz).
n>0

We denote by My, the finite dimensional space of modular forms of weight k. The algebra of

modular forms is defined as the graded algebra

M, = P My (3.6)

k>2
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We recall also the definition of Eisentsein series. For k > 2, even, the Eisentsein series of

weight k is given by

Ey(2) _1—— > op1(n)exp(2minz), (3.7)
k penx
where the rational numbers Bj, are defined by their exponential generating series
t
Bn = 7

and oy_; is the divisor function defined by

op1(n) = d"! (n € N™).
2

It is well-known (see [Zag94, DR14]) that the algebra of modular forms M, is an polynomial

algebra in the two algebraically independent Eisentsein series F; and Fj,
M, = C[Ey, Eg). (3.8)

Let X be the normalised complex derivation
10
2wioz’
The algebra M, is not stable under X. However, we can extend the notion of modular form
in such a way it becomes stable under complex derivation. More precisely, we consider the

algebra of quasimodular forms M=%, that is, the polynomial algebra generated by the three

algebraically independent Eisentsein series Fs, E4 and FEg:
M= = C|E,, Ey, Eg) = M,[E,]. (3.9)

The action of X on M=% is given by the Ramanujan differential equations:

1

12

1
X(Ey) = 3 (EyEy — Eg)

X(By) = — (B} - Ei),

1
X(Es) = 5 (EsEz — EY) .
Another way to avoid this problem consists in the change of differential operators. Let
f € My, g € My, be two modular forms and % be a positive integer. The Rankin-Cohen®
bracket RCy(f,g) of order k between f and g is given by
b 2n+k—1\[2m+k—1
RCk(f. 9) = Z(—l)r< by ) ( )f(” g*"), (3.10)

r=0 r

"'We also say the classical Rankin-Cohen bracket of order k.
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where () means X"(f).
Then, one may easily show that RCy(f, 9) € Mamim+r) is again a modular form.

3.1.2 Rankin-Cohen brackets

In this section, we will introduce a generalization of the Rankin-Cohen bracket given in Eq.

(3.10).
3.3 Definition. We say that (A, X) is a quasi-RC algebra if

i) Ais Z-graded, that is it has a sum direct decomposition of complex vector spaces
A= @ A, (3.11)
nez
such that for any (¢,j) € Z x Z, we have A;A; C A, ;. We denote by supp(A) = {n €
Z|A,, # 0} the support of A.

i1) each homogeneous component A, of decomposition Eq. (3.11) is an irreducible rep-
resentation of G = SL(2,R) denoted p,. Hence, p = @,enpn : G — GL(A) is a

representation of G.

i1i) X is a derivation, that is a linear map X : A — A such that for any a,b € A,

X(ab) = aX(b) + X (a)b.

iv) X :A— Aisan Ap-map, that is for any ag € Ag and a € A,

X(apa) = apX(a).

3.4 Remark. It is clear that Ag is a subalgebra of A. Besides, the derivation X : A — A is
an Ag-map if and only if Ay C Ker X.

3.5 Definition. Let £ € N and (A, X) be a quasi-RC algebra. The Rankin-Cohen bracket
of order k relative to (A, X) is the bilinear map RCy, : A x A — A defined by

] ]

RCi(a,b) = ) (—1)i<

itj=Fk

o + k — 1) (ab + k — 1) Xi(a) X (b), (3.12)
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where a,b € A are two homogeneous elements of degree? deg(a) = a, and deg(b) = ay

respectively.

We list some proprieties of the Rankin-Cohen bracket relative to (A, X) (or RC bracket if

there is no confusion).

3.6 Proposition. Let (A, X) be a quasi-RC algebra and RCy, : AX A — A be the RC bracket
defined in (3.12). We have that

i) RCy is the original multiplication on A.
ii) For all a,b € A, RCi(a,b) = (—1)* RCy(b,a). In particular,

{a,b} = ;(RCl(a, b) — RCy(b,a)) = RCy(a, b).

i1i) RCy : A x A — A is an Ap-bilinear map.
iv) For any x € A and k € N*, we have Ay C Ker RCy(z, —).

Proof. (i) and (ii) are evident. To show (iii) we take x, a homogeneous in A and ay € Ay,

then

RCu(z,a00) = 3 (—1)' (O‘” Tk 1) <0‘ - 1) X () X9 (aga)

i+j=k J t

—a Y (—1)1‘(“”” *j,k - 1) (O‘“ +f - 1))«‘(3;) X(a)
itj=k
= aoRCy(x, a).

Now, if we take a = 1 and k£ > 1 in the previous equation, we obtain

RCy(z,00) — 3 (-1)%’(‘“ TR 1) (’“ - 1>Xi(x) X (ao)

i+j=k J ¢
-1
= (" o
=0.
so we have (iv). O

2In general, we denote deg(z) = a, € Z the degree of x an non-zero homogeneous element of A, i.e.

x € A,
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3.7 Definition. Let (A, X) be a quasi-RC algebra and {RCj : A x A — A|k € N} be the
family of bilinear maps given by the Eq. (3.12).

i) We say that the RC bracket RCy, : A x A — A of order k is homogeneous of degree
v € N if for any a,b homogeneous in A, one has that RC(a,b) is also homogeneous

and

deg(RCk(a,b)) = deg(a) + deg(b) + v.

Here A® A = @, A, is provided with the Z-graduation A, = Ditj=nd; @ A;.

i1) We say that the homogeneous RC bracket RCy : A x A — A of order k and degree

v € N is G-equivariant if for any v € G and any a, b homogeneous in A, we have

Rck (paa (7) (CL), Py, (7) (b)) = Pag +ap i (7) (RCk<a’ b))

i1i) We say that the quasi-RC algebra (A, X) is G-homogeneous if for all £ € N the RC
bracket RCy, : Ax A — A of order k relative to (A, X) is G-equivariant and homogeneous

of degree v.

3.8 Proposition. Let (A, X) be a quasi-RC algebra. If the RC bracket RC; : Ax A — A
of order 1 relative to (A, X) is G-homogeneous, then

i) For allz € A, RCi(x,—) is a derivation.
i1) RCy satisfies the Jacobi identity.
In other words, RCy is a Poisson bracket on A (Definition 2.2).

Proof. Let x,aq,as2,a3 be elements homogeneous in A. For short we denote {a;,a2} =
RCy(ay,a2), X(a1) = a} and o, =, i = 1,2, 3.
We have

/ / / /
{z,a1a2} = a, zajas + o, xajay, — aq 'ajas — ag r'ajag (3.13)

={z,a1}as + a1{z,as},
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which implies {z, —} is a derivation. To show (ii), we take

1ot / /
{{a1, a2}, as} = e, a0y 01 @10503 — ey any 2 A 020
1ot "
—0103 10903 — (X3 A1A903
" 1l
+aoag aya2a3 + oz @043,
_ / / 1t
{{UJ?’ a3}7 al} = Qag,a3} 02 A1A203 — Q{ay,a3} 43 A1A203
1t "
—Q1Q2 A10905 — (109 A1G204

" ! !
‘o103 a1a5a3 + Q13 10505,
and

I [
{{as, a1}, a2} = qagaiy s @10503 — Ofay0y 1 ar1a505
1 I "
—Qa(3 G1A203 — Qa3 A1 A2a3

" / !/
+a1as a1a2a3 + Q1 A aoa5
The coefficient of term ajajal in the expression

{{ar, a2}, a3} + {{az, a3}, a1} + {{as, a1}, as} (3.14)

is given by a1 (0,00} = ¥fag,ar} + @3 — @2) = 0. Then the coefficient of term a,ajaj is zero.
Analogously, we can show that the coefficients of others terms in (3.14) are also zero. Thus

the G-homogeneous RC; bracket of order 1 satisfies the Jacobi identity. m

3.9 Remark. By proposition 3.8, we have that if (A, X) is a quasi-RC algebra and the RC
bracket RC; : A® A — A of order 1 relative to (A, X) is homogeneous (not necessarily G-
homogeneous), then (A, RCy) is a Poisson algebra. Thus, according to Kontsevich [Kon03],
we know that (A, RC;) admits a formal deformation IT = (II,) such that Il is the original
multiplication on A and II; = RC;. We can firstly ask if all I1,,, n € N, are G-equivariant ?.
Secondly, we ask if the map I1,, (n € N) and the RC bracket of order n are related in any
way 7

Aspirated in the Zagier’'s [Zag94] Rankin-Cohen algebra definition we introduce the next

notion.

3.10 Definition. Let (A, X) be a G-homogeneous quasi-RC algebra equipped with {RCy, |k €
N} the family of G-homogeneous RC brackets relatives to (A, X). We say that (A4, X) is a
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Rankin-Cohen algebra if

RC = Y RC
keN

is an associative product on A[[A]] the ring of formal power series in a variable A with

coefficients in A. In other words, RC defined a G-invariant formal deformation of A.

3.11 Remark. Let (A, X) be a quasi-RC algebra. If X is a Z-graded map of degree v
(X : A, — A,y,,) then the RC bracket RCy : A® A — A of order k relative to (A, X) is a
Z-graded map of degree v, = kv. If v = 2 and Ay = C, then A = @,,c7 A, is a particular case
of Zagier’s notion [Zag94] of a standard Rankin-Cohen algebra where each A,, is a G-module

irreducible.

3.1.3 Rankin-Cohen twist

From now on until the end of chapter we suppose that (A, X) is a quasi-RC algebra and
RCy is the RC bracket of order k relative to (A, X).

Let’s “deform” the Rankin-Cohen bracket definition. For that, we consider the following

function

t: NxZx7Z—=C

(ka aq, Oég) — tk(Oﬂ: 062),

which satisfies the following conditions

For all ay,as € Z, to(aq,an) =1, (C1)
For all ay,as € Z*, ti(aq,a0) = 2 # 0, (C2)
For all £ € N, o1, Qg € Z, tk<Oél,C(2) = tk(OéQ,Ckl). (CB)

3.12 Definition. Let (A, X) be a quasi-RC algebra and ¢ : Nx Z x Z — C be a function
which satisfies (C1)-(C3). The t-RC bracket of order k relative to (A, X,t) is the bilinear
map tRCy : A x A — A given by

tRCk(CL, b) = tk(aa, Oéb)RCk<CL, b), (316)

where a and b are homogeneous elements of degree «, and «,.
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3.13 Proposition. The t-RC bracket tRCy, : A x A — A of order k relative to (A, X,t)
defined in Eq. (3.16) satisfies the conditions (i) — (iv) of the Proposition 3.6. Moreover,
if the RC bracket of order k relative to (A, X) is G-homogeneous, then tRCy is also G-

homogeneous.
Proof. Straightforward. O

3.14 Proposition. Let (A, X) be a quasi-RC algebra. If the RC bracket of order 1 relative
to (A, X) is homogeneous, then the t-RC bracket tRCy : A x A — A of order 1 relative to
(A, X, t) is a Poisson bracket on A.

Proof. Straightforward. O

3.15 Definition. Let (A, X) be a G-homogeneous quasi-RC algebra and ¢t : Nx Z xZ — C
be a function which satisfies (C1)-(C3). We say (A, X,t) is a Rankin-Cohen twist algebra
(or t-RC algebra) if the family {tRCj : A x A — Alk € N} gives rise to a G-invariant formal
deformation of A. In this case, we say that ¢ : N x supp(A) x supp(A) — C is a RC twist
for (A, X).

3.16 Remark. We have that (A, X) is a RC algebra if and only if £ = 1 is a RC twist for
(A, X).

We want to interpret the fact that ¢ defines a RC twist in terms of combinatorial conditions.

Let (ay,a0,03) € Z*, (z,y,2) € N, (i,7,k,7,5) € N°, {1,}en be a sequence in Z and
t : NxZ xZ — C be a map which satisfies (C1)-(C3). We denote by Qa,,az,a4)(%, 7, k,7, 5)

the following integer

(_1)]- i+ j\(aatartrvstitj+k—1\{az+i+j+k—1
i k 1+

ap+r+s—1\[{fas+r+s—1
5 r ’

and by Pla,as,04)(, ¥, 2) the complex number

Z trys(on, ao)tipjin(ar + o +Vpys, 3) Qa1 ,00.05) (45 J, K,y 7, 8), (3.17)
I(z,y,2)

where I(z,y, z) is the set of 5-tuples (i, j,k,7,s) such that i +r =z, j+ s =y, k = z.
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3.17 Proposition. Let (A, X) be a G-homogeneous quasi-RC' algebra equipped with { RCY,
A x A — Alk € N} the family of Rankin-Cohen brackets of order k and degree vy. Then a
sufficient condition for a map t : N X Z x 7 — C which satisfies (C1)-(C3) to be a RC twist
for (A, X) is that for all x,y,z € N and a1, as, a3 € supp(A) C Z,

P(al,OéQ,as)(x7y7 Z) = (_1)yp(a3,0427a1)<27y7x)' (Ct>

Proof. For short we denote tRCj,(a,b) = ty(aq, ap) RCi(a,b) = ax,b and X(a) = a¥). We
have that the product 3, t RC},h* is associative if and only if for all a, b, c € A the following
condition holds
7 (axmb) k= D> aky(bxyc), (Vp € N) (3.18)
n+m=p n+m=p
In particular if a, b, ¢ are homogeneous in A we have that (a %, b) x, ¢ is
S (1) (s ) + s €0 Qg i s b 7, )BT+ o0
I(n,m)
where I(n,m) is the set of (4,7, k,7,s) € N° such that i +j +% = n and r + s = m. For any
p € N, one has 32, (@ %y, b) %, ¢ is

Z (_1)i+rp(aa,ab,ac)(i 4 T,j + s, k)a(iJrr)b(jJrs)c(k)
i+j+k+r+s=p

= Z (—1)xP(%,ab,aC)(m,y,z)a(x)b(y)c(z)

z+y+z=p
Analogously, for any p € N, one has 32,1, @ %n(b%m ¢) = X, ey (= 1) (A b) %y @ s
Z (_1)Hj+k+r+8(_1)kp(ac,ab,aa)(i + T,j + s, k)c(iJrr)b(jJrs)a(k)
i+jt+k+rts=p

= Z <_1)x+yp(ac,ab,aa)(zvy7$)a(x)b(y)c(z).
r+y+z=p

Now, it is clear that if ¢ satisfies the condition (Ct), then {tRCy : A x A — A}en given by

(3.16) is a G-invariant formal deformation of A. O
3.18 Remark. One may wonder if the reciprocal statement in Proposition 3.17 holds.

3.19 Definition. Let A be a complex associative and commutative Z-graded algebra with

unity 1,

A= A,

neL
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and let X be a derivation on A. We say that (A, X) satisfies the condition (CA) if for any
p € Nand any (ay, as, as) € supp(A)? there exist ay, as, a3 homogeneous in A of degree vy, a
and ag respectively such that the vector space generated by the set {agz)agy) agz) lz4+y+2z =p}

is of the maximal dimension, that is,

1 2
dime Span{a\”a”a? |z +y + z = p} = (p—i—)Q(p—l—) (CA)

3.20 Remark. It is clear that if (A, X) satisfies the condition (CA), then A is infinite di-
mensional. Moreover, if X is a homogeneous graded derivation (X : A, — A,,;) then each

homogeneous component A,, is infinite dimensional.

3.21 Theorem. Let (A, X) be a G-homogeneous quasi-RC' algebra with homogeneous com-
ponents of infinite dimension and {RC}, : Ax A — A|k € N} be the family of G-homogeneous
Rankin-Cohen brackets of order k and degree vy, relative to (A, X). If (A, X) satisfies the
condition (CA), then a sufficient and necessary condition for a map t : NxZ x7 — C
which satisfies (C1)-(C3) to be a RC twist for A is that for all z,y,z € N and oy, a9, a3 €
supp(4) CZ,

Plar,as,a) (@, 9, 2) = (1) Plag as,00) (2, 1, T).

Proof. It only remains to show the necessary condition. For short we denote tRCj(a,b) =
te(qa, ap) RCy(a,b) = a*, b and X'(a) = a®. Let p € N and (ay, ay, a3) € supp(A)?, hence
(A, X) satisfies the condition (CA) there is a;, as a3 homogeneous in A of degree a, s and
a3 respectively such that the vector space generated by the set {agx)agy)a;(f”x +y+2z=p}
is of the maximal dimension.
By Proposition 3.17 if the product ¥, tRCyhF is associative, then for any n € N and any
a, b, c homogeneous in A we have
Z (—=1)" Pl .y 00) (7, Y, Z)a(w)b(y)c(z) - Z (_1)x+yp(ac,ab,aa)(za v, x)a(w)b(y)c(z)’

T+y+z=n etytz=n

In particular, for p € N and (a4, as, a3) we have

Z (_1)mp(a1,a2,a3)(x7yv Z)a(lx)agy)ag’f) = Z (_1)x+yp(a3,a2,a1)(z7ya x)a(lz)agy)aéZ)7
T+y+z=p z+y+z=p

since the set {a§””>a§y) aéz)\x +y + 2 = p} is linearly independent, we have that

(_1)xp(a1,a2,a3)($v Y, z) = <_1)I+yp(as,a2,a1)(za Y, ).
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The following result is due to Cohen-Manin-Zagier [CMZ97].

3.22 Proposition. Let k € C and t* : N* — C the function defined by

) )C)

1\? 7
(i, 7)) =(—= : 3.19
n(,7) ( 4)%(27“) —i—% —j—% k+i+j—% ( )
r r r
Then the multiplication f *. g on M, defined by
freg= Z i (1, ) RCk(f, 9) (f € My, g € My)
keN

18 associative.
Proof. See [CMZ97, Theorem 1, page 10] ]

3.23 Corollary. For any k € C, the functions t" satisfy the (Ct) condition on M,.

Proof. We use the notations of Proposition 3.17. According to Proposition 3.22 t* gives rise
to an associative product on M,, then for any (a, b, c) € M, X My, X M, with aq, as, 3 € 2N

we have that f,(a,b,c) = 0, where

fp(a’ b’ C) - Z <_1>xp(a110127a3)($7 Y, Z)a(m)b(y)c(z)

T+y—+z=p

— Z (_1)z+yp(a3,ab,al)(z7y7x)a(w)b(y)c(z)'
r+y+z=p

We want to show that the coefficients of X*(a)X¥(b)X?(c) in the expansion of f,(a, b, c) equal
zero. We proceed by contradiction. We assume that there is (ag, by, co) € My, X My, X M,,
and (o, Yo, 20), (o + Yo + 20 = p), such that
P(Oél,OéQ,Oéfj)(l‘O? Yo, ZO) # P(Oz3,ocb,a1)(207 Yo, I‘O).

The functions ag, by, ¢y are invariant under the action of SL(2,7Z), then in a small open set
contained in the fundamental domain there is (a1, by, c1) € My, X My, X M,, such that

X" (ay) #0 if 0 <k <ux X®(a) =0 if k> xg

X®b)#£0 f0<k<y XBb)=0 ifk>y

X®e) 40 f0<k<z X®()=0 ifk> 2.
But

(ro)bgyo)

0= fp(ab b1, 01) = (P(al,cm,ag)(xﬂvy[]? Zo) - P(ag,ab,a1)<Z07y07$0)) a; (ZO)-

9]

This contradiction finishes the proof. m
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3.2 The Bergman algebra

In this section we give an explicit example of Rankin-Cohen algebra.

3.2.1 Reproducing kernel and weighted Bergman spaces

Let D be a domain (connected and open subset) in C" and #H(D) be the Hilbert space of

holomorphic functions on D, equipped with the standard scalar product

(o) = [ F@9Ednz)  (fg € HD))
where p denote the Lebesgue measure on C".

3.24 Definition. Let H be a closed linear subspace of H(D). A complex-valued function
K : D x D — C is a reproducing kernel for H if for any w € D the function K, : D — C
given by K, (z) = K(z,w) is a holomorphic on D and

f(w) = (f, Ku)
forall f € H and w € D.

3.25 Proposition. The Hilbert space H has a reproducing kernel K if and only if, for all
w € D, the linear map H — C given by f — f(w) is continuous on H. If it exists, the

reproducing kernel is unique.
Proof. See [FK94, Proposition IX.2.1 pag 164]. ]
Here we list some properties of the reproducing kernel.

3.26 Proposition. Let K : D x D — C be a reproducing kernel for H. Then

i) K(z,w) = K(w,z) and K(z,2) >0 forall zyw € D, K(z,z) = 0 if and only if f(z) =0
forall f € H.

it) Forall zy,...,z1€ D, ay,...,0q € C, we have

l
Z K(ZZ',ZJ') O[jOTZ‘ Z 0.

ij=1
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i1i) For any orthonormal basis {¢x} of H, we have

K(z,w) = > i(2)tn(w),

with the series convergent for every z,w € D. Here ¢;(w) means the complex conjugate

Yr(w).

iv) K(z,w) is holomorphic in z and antiholomorphic in w, in other words, the functions

holomorphic in z and w.
v) K(z,w) is uniquely determined by knowing K(z,z) for all z € D.
Proof. See [FK94, Proposition IX.2.2 pag 164]. ]

If a group G acts on D, we say that the reproducing kernel K : D x D — C for H is

G-invariant if for all g € G, (z,w) € D x D we have
K(g-z9 w)=K(z,w).

3.27 Definition. Let p be a measurable positive function on D. The weighted Bergman
space of D with weight p, or p-weighted Bergman space of D, denote by 7°(D), is the space

of holomorphic functions on D such that

112 = [ 1F)Pp()du(z) < oo.

That is
(D) = LA(D, pp) N H(D).

3.28 Remark. If p is bounded from below on any compact subset of D, then J2*(D) is

1
loc

continuously embedded in the space L;,.(D, pu) of locally integrable functions on D. Thus
by [FK94, Proposition IX.2.3 pag 166] we have that J#?(D) has a reproducing kernel and
H2(D) is a closed space of L*(D,ppu). The reproducing kernel K for #7*(D) is called the

p-weighted Bergman kernel of D.

3.2.2 The Bergman representation of weight 2n

Let I = {z = 2 +iy € Cly > 0} be the complex upper half-plane, O(II) = {f : II —
C|f is holomorphic} be the space of holomorphic functions on IT and O(II) = {f : II —
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C|f is anti-holomorphic} be the space of anti-holomorphic functions on II.

The group G = SL(2,R) acts on II by fractional linear transformations

az+b
cz+d

vz = (zellLy=(2%) €q). (3.20)

We denote J,(z) the Jacobian of the transformation z +— 7 -z,

_ 0 (az+b) _ det(y) _ det(y)
Jo(2) = 0z <cz+d> (cz+d)*  (5(2))*

Here j, denotes the map z — cz +dif y = (2}) € G.

We have that the Jacobian (and also the map j) satisfies the following 1-cocycle condition
Jya(2) = Jy(a-2)Jo(2) forall o,y € G,z €C.

The fractional linear action of G on II is transitive, so if K = Stabg(i) = {g € Glg - i = i}
denotes the isotropy group of i € II which is a maximal compact subgroup of GG, thus we

have a diffeomorphism

G/Stabg (i) = G/K ~1I.

On the complex upper half-plane we have a G-invariant measure given by the formula

dp(2) =y~ 2dxdy.

Then for each integer n > 2 we let

dpn(2) = y"du(z).

Now, according Remark 3.28 we can consider the weighted Bergman space of Il with weight

p(y) = y", that is the Hilbert space

A2 (1) = (1) = L(IL, dps,) N O(TD)

P

of holomorphic square-integrable functions on Il with respect to measure du,. The inner

product on s#*(II) is given by

w= [ FEGE ().

Now, if f € 2*(11), z € 11 the formula

az+b
cz+d

<%w1nx@=«z+@’v( ):MWAﬂww, (3.21)

give us a representation of G on the Hilbert space #>(II). Moreover
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3.29 Proposition. For alln > 2, the representation (p,, 7*(11)) given by (3.21) is unitary

and irreducible.
Proof. See [Lan85, Theorem 2, Theorem 3 pg 183-184] ]

Let g = sl3(R) be the Lie algebra of G = SL(2,R). We fix a basis of g

01 1 0 0 0
€+ — 5 h, — s 67 et
0 0 0 —1 10

with commutators relations®

[h,e*] = +2e* and [eT,e7] = h. (3.22)
Then if X isin g and f € #7*(II), the infinitesimal action of representation p,, is given by

Ipn(X)f = 5| pulesp(tX))1. (3.23)

so we have

(dpn(e?) f)(2) = =f'(2)
(dpn(h)f)(2) = =(nf(2) + 22f'(2))
(dpu(e™)f)(2) = nzf(z) + 2 f'(2)

Now we consider D = {w = u+iv € C||w| < 1} the open unit disk centred at the origin

and the Cayley matrix

1 (1 —i o
%\/5<i 1)(%) € SL(2,C).

The Cayley transform (z — % -z) is a biholomorphic equivalence between II and D. If

v € SL(2,R), then we denote ¥ = € v% "' the element in the group

SU(1,1) = €SL(2,R) €' = a,b € C,laf* = b)* =1

a
Thus the fractional linear action (3.20) induces a transitive action of SU(1,1) on D. Then

the formula

dit(w) = du(€~ " -w) = <2>2 dudv

1= w?

3In general a slp-triplet is a triple (e*,h,e™) of elements of a Lie algebra that satisfy the commutation

relations (3.22).
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provides on D an SU(1, 1)-invariant measure.

Let n > 2 be an integer, we set

djin (w) = (1 _2’“"2>n2 dudy = (1 _2|w|2>ndﬂ(w).

Similarly, we consider the Hilbert space 5£*(D) = L*(D, dji,)NO(D) of holomorphic square-

integrable functions on D with respect to measure dfi,,. The inner product on J£*(D) is
given by

(F)a = [ Fw)gw)dfin(w).
3.30 Lemma. Let w be an element in D. We have dpu, (¢~ -w) = |J2_ (w)|dfin(w)

Proof.

din (€7 w) = Im™(€ " w)du(€ " -w)
(A= fwP
(i) oo

1

~ 1zt (M) dato

3.31 Proposition. The map T, : (D) — *(I1) given by
T(f)(2) = 5" (2) (€ -2) (f € #2(D),z €10)
is a unitary transformation with inverse
T () (w) = gl (w) (6 w) (f e A1), w e D).

Proof. Let f,§ be two functions in (D) and let w = % -z. Then

(T D) T@)n = [ 37" (€ 20" (3 2)dpun(2)
= / (6 )| F(w)g(w)dpn (6 )
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3.32 Remark. SU(1,1) acts on 5£7(D) by p, given by
SL(2,R) —— GL(£*(IT))
() %—ll lTJl(—)Tn
SU(L,1) —— GL(AZ(D)
i.e. pn(3) = T, p(7)T, for any v € SL(2,R). Then by Proposition 3.29 for any integer
n > 2 the representation (p,, #°(D)) of SU(1,1) is unitary and irreducible. We say that

A2 (11) (respectively, #22(D)) is the n-weighted Bergman space on II (respectively, on D).

If X € sly(R), the element X = € X €' belongs to su(1,1) the Lie algebra of SU(1,1).

The infinitesimal action of p,, is given by
dpn(€ X €)= T,  dpn(X) T,

Thus in the basis {é*,h, &~} of su(1,1), we have

(@) P)w) = 2 ) + (w0 =) ()]
(dpn(R) ) (w) = =i [nwf(w) + (w? + 1) f (w)]
(@pn(e) P)(w) = 2= [nfw) + (w + 1) f'(w)]

for any f in 2#*(D) and w in D.
Now on s2(I1) we introduce the operators £, %, defined by

(£ ) = T ) + G+ )

(Lo N)(2) =i[n2f(2) + (2 + 1) f'(2)]
(Z-Nz) = 2 nf(2) + (= — 1) f(2)]

2
for f € #*(I1) and =z € II.
Similarly, on 2?(D) we consider the operators L. = T %, T, and Lo = T %0 T,,

1.€.

for f € #*(D) and w in D.
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3.33 Proposition. We have that the triple (£, %y, Z_) and (,,?Jr,gg,,,?_) are the

sly(R)-triples. Moreover, we have that
dpn(E1) = ; (Z.+2 +i%)
dpn(h) =i(Z. - 2)
dpn(e7) = ; (Z.+ 2. —i2)
Proof. The proof follows from the equations:

é+:1(6+—|—e*+ih)

2
ﬁ:1<e+—e )
é_:;<e++e_—ih>.

]

For all £ € N, we consider the holomorphic functions ¢, € J*(D) defined by ¥(w) =
(gli(l))(w) =n(n+1)(n+2)--- (n+k—1)w" = ph (n, k)w*, where ph (n, k) = k!(Nka_l)

is the (rising) Pochhammer symbol.

In addition the vectors ¢y € (D) and wi(n) = T, () € F*(11) satisfy the relations

Ly = —k(n+k — 1)y, L wg(n) = —k(n+k — Dwy_1(n)
Loy = —(n + 2k)y, Lowy(n) = —(n + 2k)wi(n)
Ly = by, L _wi(n) = w1 (n).

3.34 Proposition. For all k € N the holomorphic functions 1, are the eigenvectors on
K = SU(1), with character n + 2k. Consequently, we have that (D) = @yen Cy is an

orthogonal decomposition, with lowest weight vector g = 1, of weight n.
Proof. See [Lan85, Theorem 3]. O

3.35 Corollary. The holomorphic functions wi(n) = T,(vy) € F*(I1) are the eigenvec-
tors on K = SO(2), with character n + 2k and *(1) = @.cy Cwi(n) is an orthogonal

decomposition, with lowest weight vector wo(n) = 3", of weight n.
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3.36 Remark. We can extend the representation dp,, : slo(R) — gl(.72*(11)) to the Lie algebra
sly(C): If z € {eT, h,e”}, for all a,b € R we defined dp, ((a +ib)z) = a(dp(x)) + ib(dp(x)).
In this way dp, : slo(C) — gl(2>(I1)) is a complex representation of Lie algebra sly(C)
unitary and irreducible. Moreover, as { £, %o, Z_} is an sly(C)-triple then J22(I1) is a
generalized sly(C)-Verma module of highest weight —n.

3.2.3 The Bergman algebra

Let 7 = @,en 42 (11) be the direct sum of 72(I1) (s£*(I1) = C). We endow the
Hilbert space 2+ with the action p = @®nenpan (po is the trivial action on C). Precisely,
if f = (fon)nen is an element in 5 with f, € J£2(II) then for all v in SL(2,R) the
representation p is defined by p(7)(f) = (p2n(fon))nen. Then p = (p, F7) is an unitary
representation of SL(2,R). Moreover the s is a commutative algebra with the point-wise

multiplication. We call to 5" the Bergman algebra.

3.37 Lemma. For all f € *(11), the holomorphic function Of = %f belongs to the

weighted Bergman space S, ,(11). In other words, 0 : S€*(11) — 7 ,(11) is a homogeneous

n+2

map of degree 2.
Proof. Tt follows from Lemme 3.1 and Lemme 3.2 in [UU96]. O
3.38 Conjecture. The Bergman algebra € satisfies the condition (CA).

Let k € Nand f = (fo, f2,---, fis...) and ¢ = (9o, 92, - - -, G2, - . .) be two elements in 7.

We consider the following bilinear map

RCk(fa 9) = (p07 ey P2k—2,D2ks - - - 3 P2k+2n5 - - )

with po = ... = pa—2 = 0 and porion = X1 jon RCi(fai, g2;), for all n € N. Here RCy

denotes the “classical” Rankin-Cohen bracket given by

RCy(fai, 925) = i(—l)r <2i TR 1) <2j k- 1) " fa; 0" g;. (3.24)

= r kE—r

We have that

3.39 Proposition. The Rankin-Cohen bracket RCy, : (1) x (1) —

i+j+2k (H) is a

SL(2, R)-equivariant map, i.e. for all (f,g) € (1) x S*(I1) and v € SL(2,R) we have

RCx(pi(V) f, pi(7)g) = pivjrae(7)RCi(f, 9).



3.2. L’algebre de Bergman 74

Proof. See [UU96]. O
Then we have that following corollary of Proposition 3.39.

3.40 Proposition. For k € N, the map RCy, : 7 x 7+ — F°* is G-equivariant, i.e. for
any v € G, and any (f,g) € T x H" we have

RCk(p(N(f), p(7)(9)) = p(7)(RCk(f. 9))-
Proof. 1t follows by the Proposition 3.39. m
3.41 Theorem. For any k € C, let t* : N* — C be given by

1

i~ (_4)2‘;} <2ir> (_Z - ;> (_j - §> (k;+i+j - 3)

(3.25)

Then t* is a RC twist for 7.

Proof. According to proof of Proposition 3.17 the functions t* give rise to an associative
product if and only if for any p € Nand (a1, az, az) € 772 (I1) x 772 (I1) x 22 (1), a1, g, i3 €

2N, we have that f,(a1, a2, as) = 0, where

fp(al’ a2, a3) - Z (_1)xp(a1,a2,a3)(x7 Y, Z) (= )Cléy)af(ﬂ 2

T+y+z=p
- Z <_1)x+yp(0437042,041)(z’ Y, x) - )agy)ag )'
r+y+z=p

But by Proposition 3.22 we already know that that is true. Thus for any fi, fo, f5 € My, X
M,, x M,, and any p € N

Z (_1)zp(0é1,oc2,a3)(x Y,z )fl(m)fz(y)f(Z) Z ( 1)I+yp(oc3 ag,a1) (Z Yy, T )f(x)f y)f

T+y+z=p T+y+z=p
Now, by Corollary 3.23 we have that

(_1>xP(Dt1,0¢2,Dt3) (Iv Ys z) = (_1)x+yp(a3,a2,a1)(za Y, :E)
Thus Proposition 3.17 yields the result. O]

In particular if K = % or Kk = %, we have the following corollary of Theorem 3.41

3.42 Theorem. The product RC : €+ ® A — " given by RC = >, RC,A" is an
associative product SL(2,R)-equivariant on the ring " = H([h]] of formal power series

in the variable h over €.



CHAPTER 4
Two SL(2, R)-invariants deformations

on the imaginary Lobachevsky space

L objectif de ce chapitre est d’établir un lien explicite entre la déformation formelle de

Rankin-Cohen et celle donnée par Alekseev et Lachowska dans [AL05] que l'on note *g.

Nous notons k le corps C des nombres complexes ou le corps R des nombres réels et A\ un

élément dans C.

4.1 Star-produit invariant d’Alekseev-Lochowska. L’objet fondamental de la construction
de xg est U’élément canonique F\ associé a la dualité de Shapovalov { , ), : U(n_) X
U(ny) — C. Nous développons une construction détaillée de F\ pour le cas sly(R).

Nous fizons une base de g, = sly(k)

0 1 1 0 0 0
€+ — , h = , e =
00 0 —1 10
avec les relations de commutation suivantes :

[h,eF] = +2e* et [eT,e7] =h.

Dans la base {(e*)*}ren de Ualgébre enveloppante U(ny) la dualité de Shapovalov ( , )y
s’exprime par

((e7)" () )a = i (=)'l (N)s, (4.1)
ot (N); = AA—=1)--- (A=(i—1)) est le symbole de Pochhammer. Dans ce cas, l’élément
de Shapovalov est donné par

_ _ (=D )" @ ()"
h=2 (CRNCOLIN 2 KIAA=1)---(A=(k—1))

keN




76

ou X € C\Net (e, h,et) est unsly-triplet de sly(R). L’élément canonique Fy satisfait

les propriétés suivantes.
Théoréme. Soit F: C — U(n_)®U(ny) Uapplication donnée par
A= B
a) L’application F est méromorphe dans C et holomorphe a linfini. Les seuls pdles de

F sont d’ordre 1 et ils sont localisées en n € N.

b) Le résidu de F' en A = n est donné par

(D" ()@ ()

Resy, F) = .
A T T Sk — (n+ 1)

¢) Pour tout A\ € C*, tel que 1/ X ¢ N, on a

M) ® (eh)"]

Fip=1@1=Me @) = 2 i @A 1) (= DA —1)'

k>1

(4.2)

d) Pour tout \ € C\N, on a

k k—1 1

Z)\—l'

=0

d ki (60)" @ (€F)
ﬁFA:Z(_l) * Kl(\)k

En suivant Etingof et Schiffman [ES01], nous introduisons dans la section 4.1.5 la no-

tion de matrice de fusion Jyy .

Soient V., W deux représentations de g, formellement h-diagonalisables (Définition
4.32) tels que le produit tensoriel V@ W soit aussi formellement h-diagonalisable.
Soient (v,w) € V[A,] X W] une paire d’éléments h-homogénes de V et W (i.e.
h-v=Xveth- -w=pu,w). SiX\—py, et \— X\, —pip, sont dans C N, nous notons

oYY la composition de deux morphismes suivants :
M= My, W 22 Mt RVOW.

On note Jii (X (v @ w) Vunique élément dans V @ WX, +p) tel que

¢w,v _(beiw(A)(U@w)
AT A :
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De méme, si A, — X et A\, +iy — A sont dans C N, on introduit la composition ¢y"

par :

id ®¢

_ 9 X — Ay V@W@M)\if

My VoM, Mo -
On note Jy y(X) (v @ w) Vunique élément dans V @ W\, +p) telles que

¢v,w _¢J‘;W()\)(v®w)
A TP :

Théoréme (Définition). Soient V., W deux représentations de g, formellement h-
diagonalisables tels que le produit tensoriel VW soit aussi formellement h-diagonalisable

et soit Ay, Ay Uensemble des poids des représentations V et W.

i) SiA¢ Aw +Net A& Ay + Aw +N, alors il existe un endomorphisme de V@ W

donné par
JiwA) VW - VeWw
(v,w) = Jyw (A (v@w).

Plus précisément,

Fw N @ w) = Fi_., (0 © w)

= 7(_1)]6 e )ru et rw
- St oo e

it) De méme, si \ ¢ Ay — N et X ¢ Ay + Ay — N, alors il existe un endomorphisme
de VW donné par

JywA) VW - VoW
(v,w) = Jyw(N)(v @ w).
Plus précisément,
Frw N @ w) = B, (v 8 w)

= 7(_1)k e )@ (e rw
= L Ty e e

i) Les applications Jiy () et Jyy (X) sont appelées matrices de fusion de poids X,
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4.2

On wutilise les matrices de fusion pour montrer que F\ satisfait la condition d’associati-
vité de Drinfeld (Proposition 4.47). Ensuite, dans la Proposition 4.49, nous décrivons
explicitement les éléments a, du développement asymptotique de Fj-1 et précisons le

résultats d’Alekseev et Lachowska.

Calcul symbolique d’Unterberger. Dans cette section, nous considérons le calcul sym-
bolique #, d’Unterberger [UU96] dans l'algébre E = @, cn E;F des espaces propres EF
“anti-holomorphes” de valeur propre —n(n — 1) de l'opérateur de Laplace-Beltrami de
Uhyperboloide d une nappe SL(2,2,R)/SO(1,1) ~ I := {(s,t)|s,t € RU{oo}, s # t}.
Le produit # a une représentation intégrale (voir [UU94]). En effet, nous considérons

le rapport anharmonique de quatre points dans C = CU{oo} :

(s —y)(x —1t)

R e [FED)

Alors, le produit #, est donné par

(F#a0)(s.) = x| Fls.2)g(y. 09,287 P dus e, ).

L

. -1
(2m)i* {F(i A) cosh(“z—)‘)} et duy, est la mesure G-invariante dans I1;, donné

och:%

par

dpg(s,t) = (s —t) *dsdt.
Le calcul symbolique # est lié aux crochets de Rankin-Cohen (Proposition 4.77).

Théoréme. Soit A\ € R* et (f,g9) € Ef x E si le produit f#,\g s’exprime par

f#9=">_ Iy,
k>2
avec hy, € B . Alors il existe une suite {®y(n, m, )|k > 2} CC telle que pour tout
k>2
Qnimik(hi) = Pr(n, m, N)RCL(Qn(f), @m(9))-
Ici, Q, : E, — (1) est lisomorphisme d’espaces de Hilbert définie en [’équation
(4.69).

Nous conjecturons que les coefficients de Unterberger ®x(n,m,\) sont étroitement liés

au twist de Zagier t* (Conjecture 4.79).
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4.3 Crochets de Rankin-Cohen et matrices de fusion. Dans cette section nous établissons le
théoréme principal de cette thése (Théoréme 4.85) qui exprime les crochets de Rankin-
Cohen en termes des matrices de fusion (Proposition 4.82). Alors la condition d’asso-

ciativité de Fy codifie l’associativité du produit -, RCyh*. Nous avons,

Théoreme. Soient My et M, deux modules de Verma de plus bas poids A et de plus

bas poids p, respectivement. St —p ¢ N et —pp— A ¢ N, alors

JT 0)(u@wv,)=F_(u®uv,) =" RC,(vy @v,)h",

MM neN
ot u est donné par u =Y, cn Un (A, )" = ZneN(—l)"<“+2_1>(eﬂ"v;h” e M.

The purpose of this chapter is to compare three different approaches to the covariant quanti-
zation of coadjoint orbits of SL(2,R). The key ingredient of all constructions is the represen-

tation theory of this Lie group. Thus, we start by reviewing some fundamental facts about it.

Throughout this chapter k is C or R, G = SL(2,R) is the simple real Lie group of 2 x 2
matrices with determinant 1, g, = sly(R) be its Lie algebra, gc = gz ®r C = sl5(C) be the
complexification of g and finally let g = g, = sla(k). We refer to [HT92] and [UU96] for

more details.

4.1 Alekseev-Lochowska’s invariant x-product

In this first section we deal with an invariant x-product on a suitable coadjoint orbit. This
invariant star product introduced by Alekseev-Lochowska in the article [AL05] follows the

original construction by Etingof, Varchenko and Schiffmann [EV99, ES01].
4.1.1 Representation theory on SL(2,R)
We fix a basis of g, = sly(k)
et = , h= , e = (4.3)

with commutators relations

[h,ef] = £2e* and [eT,e”] = h. (4.4)
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We denote by H the following subgroup of G
H=exp(®h) ={(§,% )la e R},
and by K the maximal compact subgroup of G
K ={(2%m5)10 € R}.
The group G admits an Iwasawa decomposition
G = KAN,

where A = {(Oy,l)yERJF}CHandN {(§%),z € R}.

The element C of U(g,) defined by
C=h"+2(te” +ee") =h*+2h+4e e, (4.5)

is called the Casimir element of g,, it belongs and actually generates the center Z(g,) of U(g,).

We list some combinatorial proprieties of the Lie algebra sly(k).

4.1 Lemma. Leti,5,k € N, and aif be the element in U(sly(k)) defined' by
af =e et +(k+1)(h—k), ay =ete” —(k+1)(h+ k)

We have that

a) afa + ;ra and a;a; = aja;,

b) [h, (e%)"] = £2k(e*)",

¢) (€M) (e7) = a4 ("),

d) (e¥)(e7)* = (7)o,

e) In general,

'Here k € C means the element k - 1y(4) € U(g)
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and

(e")y™ (ﬁ ajk) ,oifj =i (4.8)
()(ety=24,, N
(T_[ a;k) (€)™, i< (4.9)

Proof. (a) is evident. The items (b), (c¢) and (d) are easily proved by induction on k. Now
for e), we assume that j > i. We fix j € N, and we proceed by induction on i. If i = 1, we

have

which is (d). Now we assume that for ¢ the formula (4.6) is true. Then

(e e =e((e")'(e7))

The proof of second condition in (e) goes along the same lines. O

4.2 Remark. We say that a basis (z_1,zg,21) of sly(k) is an sl(2)-triplet if it satisfies the

commutation relations:
(20, 241] = £2241 and  [z1,2_41] = z0. (4.10)

The Lemma 4.1 is also true if we replace (e~, h,e™) by any other sl(2)-triplet.

4.1.1.1 Formal representations

Let V' be a representation of g, = sly(k) such that it admits a direct sum decomposition of

complex vector spaces

V=&V (4.11)
keZ

The algebraic product of the family {V;|k € Z}

H Vk7

kEZ
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is the space elements v which have a unique expression of the form
V= 2:1&
keZ
with vx € Vj (may have infinite length). It is also a representation of g,, indeed if = € g,
and v = Y,z vx the action of g, on [[cz Vi, is given by

x-v:Zx-vk.

kEZL

This representation is, in fact, a completion of V' in the sense of Section 2.3.2. Indeed for any
n € N, we take My, = @F_ Vi, Mopi1 = @7, Vi (M, CM,_,) and p, : M,, — M, _;

=—n—1

the natural projection, then

V:@anﬂvk.

keZ
4.3 Definition. We call V the formal representation of V' relative to the decomposition

(4.11).

4.4 Remark. We emphasize two particular cases. Firstly, if the decomposition (4.11) of V' is
trivial, i.e. V' = @z Vi with Vo = V and V, = {0} if k£ # 0, then for all n € N, M,, =V
and V = lim M, is isomorphic to V[[h]] the complete space of formal series with coefficients
in V and an indeterminate h.

Secondly, if V' is a module Z-graded, i.e. the decomposition (4.11) is compatible with decom-
position of g, (see Definition 4.17). Then we can see V= [Irez Vi as a proper submodule of
VI[A]].

Let V and W be two g,-modules. If V' = @5 Vi has an algebraic sum decomposition, the
completed tensor product (or formal tensor product) is given by

VW =]J[(VieW).

keZ

In particular, if W has also an algebraic sum decomposition, we have that
Vew = 1] View;.
ijez
In both cases the action of U(g,) on the formal tensor product V @ W is given by

r-vw=A(x)(vew), (x€eU(g.),veV,weW).

where A is the comultiplication of U(g,).
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4.1.1.2 The h-diagonalizable g.-modules

Let (p, V) be a complex representation of the Lie algebra g,. For each A € C, we consider

the generalized h-eigenspace of V:
VAl ={v e V|(3n e N)((h — Xid)"v = 0) }.
4.5 Definition. Let (p, V) be a complex representation of the Lie algebra g,.

a) The representation (p, V') is called h-admissible if

i) V has an algebraic sum decomposition
V=V,
AeC
i1) For all A € C the generalized h-eigenspace V)] in the decomposition (i) is finite

dimensional.
b) The representation (p, V) is called h-diagonalizable if
i) V has an algebraic sum decomposition

V=V, (4.12)
AEC
i1) For all A € C the eigenspace V[ in the decomposition (i) is a genuine eigenspace,
i.e.

VINl={veV]h-v=2Av}
c) We say that (p, V) is h-semisimple if it is h-admissible and h-diagonalizable.

d) The representation (p, V') is called quasisimple if the Casimir element C acts as a multiple

of the identity map on V.

4.6 Remark. 1) Let V be a representation of g, and A be the spectrum of the action h on
V.
A={XeC|(FveV~{0})(h-v=2Av)}. (4.13)
We say that A\ € A is a weight if V[\] # 0. The spectrum A is actually a lattice in C.
Thus, if V' is h-diagonalizable and

A ={\ |k € N}
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then the decomposition of Eq. (4.12) is given by

V= VN

keN

i1) Let V = @pen V[Ak] be a h-admissible g,-module. It is clear that the dual space

V* =Hom(V,C) = [T(V[\])*
keN
may not be h-admissible. To avoid this inconvenient we define the admissible dual V}; |

of V' by
atim = @(V[Ak])* = @ B)\ka

keN keN

where B,, is a finite-dimensional subspace of V*[— A;]. Here the action of U(g,) on V*

and is given respectively by

(x-v")(w) =v"(S(z) - w), (x e U(g,),v" € V5iweV)

where S denotes the antipode of U(g,).

Next we give some examples of a collection of isomorphism classes of indecomposable qua-

sisimple h-semisimple gz-modules.

4.7 Definition. Let g, be the Lie algebra sly(R).
i) (Lowest weight modules) For any A € C, we consider the complex vector space V,  with

basis® {v; |j € N}, and relations

h-vy = (A 2j5)v;, JjEeN,
e+~vj_:1)j_+1, JeN,
e vy =—j(A+j =1y, jeN”,
e vy =0,

C-v=AA\—2)v, veV, .

The element v, is called the lowest A-weight vector of the lowest weight module V.

+

. +
; instead of vy -

2Here, if there is no possible confusion, we denote v
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ii) (Highest weight modules) For any A € C, we consider the vector space V" with basis

{v;"]7 € N}, and relations

h-v = (A= 25/, JjEeN,
e v =vf, j €N,
et vl =j(A—j+ vl j e N,
et v =0,

C-v=AA+2)v, veVt

The element vy is called the highest A\-weight vector of the highest weight module V,F.

iii) (Lowest and highest weight modules) For any n € N, we consider the vector space V,,

with basis {v;|0 < j < n}, and relations

h-v; = (—n+2j)vj, 0<j<mn,

et v =4, 0<j<n,

6_-v0:0:€+-vn,

e vy =jn—7+1v;_1, 0<j<m,
C-v=n(n+2)v, veV,.

The element vy is a lowest n-weight vector and v,

(eT)™ - g is a highest n-weight.

iv) Let p, A\ be two complex numbers, we consider the vector space W (u,\) with basis

{v;|j € Z}, and relations

h-v; = (A+2j)v;, j€Z,
" v = v, J €L,
ey = L= (A2~ D — 200420~ 1)y, jez,

C-v=pv, ve W(p,N).

v) Let p, A be two complex numbers, we consider the vector space W (u, \) with basis {v;]j €
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Z}, and relations

h-vj = (A425);, J €L,
e U = Uj-1, Jj €L,
et 3y = L= 20+ 1) + 20420+ )7y jet,
C-v=puv, v e W(u,\).

vi) Let p*, = be two complex numbers, we consider the vector space U(u™, p~) with basis

{v;]j € Z}, and relations

hevj= (" —p~ +2j)v;, j €L,
e vy = (" 4 v, J €L,
e vy = (u" —J)vj-1, J€Z,

Cv=(u"+p )" +p =2, veU(p",u).

4.8 Remark. According to [Kir08, Lemma 4.4] any complex representation of sly(R) has a
unique structure of representation of sly(C) and for any V' and W representations of sly(R),

we have

Homgy, ) (V. W) = Homg, o) (V, W).

That is, the category of complex representations of sly(R) and the category of complex

representations of sly(C) are equivalents.

4.9 Definition. We say V is a standard module of sly(k) if V' is one of the sly(k)-modules
of Definition 4.7. According to structure Theorem [HT92, Theorem 1.3.1 page 64] any
indecomposable quasisimple, h-admissible, and h-semisimple module is isomorphic to some

indecomposable standard module.
4.10 Proposition. i) If A ¢ — N, then the lowest weight module V.~ is irreducible.
ii) If p ¢ N, then the highest weight module V| is irreducible.

i1i) For anyn € N the gy-module V,, is irreducible. Moreover if V' is an irreducible gz-module

of dimension n+ 1 then V is g-isomorphic to V,,.

Proof. See [HT92, Proposition 1.1.12 and 1.2.6]. O
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4.11 Proposition. Let u*, = € C and U(p™, u~) be the sla(R)-module defined in (4.7)-(iv).

We have that U(u™, =) is irreducible if neither of the u™ or p~ is an integer.
Proof. See [HT92, Proposition 1.2.9 pg 63]. O

4.12 Proposition. Let Vy~ = Span{v;|j € N} and V" = Span{?;|j € N} be two gz-
modules of lowest weight X\ and i, respectively. If A+p ¢ —N, we have

i) The tensor product Vy” ® V.~ has a direct sum decomposition

Vi @V, =@ Vy @V, [A4p+2n] ~ D Vatpuson (4.14)

neN neN

ii) The h-eigenspace Vy™ @ V."[A+pu+2n] of Vi” @ V7 with eigenvalue A\ +p + 2n is finite

dimensional with basis {v; ® 17;]2',]' €N,i+j=n}.

i1i) The element r, (A, u) =, given by

= (—1)i<A+7l._ 1) (“ﬂl_ 1>v; ®T; (4.15)

i+j=n J ¢

(A+n =1\ p+n—-1 P ;o
- e e w e ey
i+j=n

is a lowest A\ +p + 2n-weight vector, i.e. v, € Vi @ V.7 [A+u+2n] and e -1 = 0.

n

Proof. In [HT92, Proposition 2.1.1], the e~ -null vector of h-eigenvalue X\ +pu + 2n is given by

i+j=n J '(,u—i—j - 1)

It is easy to show that & +"71)7!L§“+"71)!Un =Tp- -

4.13 Remark. For consistency with the Rankin-Cohen elements of the Chapter 3, we keep

the notation r (\, pu) =, .

There is an analogous version for the case of highest weight modules.

4.14 Proposition. Let V)" = Span{v;|j € N} and V,/ = Span{t;|j € N} be two ge-

modules of highest weight A and p, respectively. If A\+u ¢ N, we have

i) The tensor product Vit @ V/j has a direct sum decomposition

VeV =@ Vi@V IA+u—2n] ~ P Viiuon (4.16)

neN neN
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i) The h-eigenspace Vi @ V.FIN+p — 2n] of ViF @ Vb with eigenvalue X\ +p — 2n is finite

dimensional with basis {v; @ ﬁ;-r]z',j €N,i+j=n}.

i1i) The element (A, u) = r given by

=D (—1)"<_A+.n_ 1) <_“+.n_ 1>v; ® o7 (4.17)

i+j=n J v

(= AH+n—=1\(—p+n—1 P P
O e | [ R Lty
i+j=n

is a highest A +p — 2n-weight vector, i.e. r;7 € V¥ @ VF[A 4+ — 2n] and e* - = 0.

Now the tensor product V)" ® V,, is not an h-admissible module. However, it has a Z-

graduation of h-eigenspaces. To see that, we consider the basis

éi:;(e++e_j:ih)

h =i (e+ — e‘)
of su(1,1) ~ sly(R) the Lie algebra of the Lie group

SU(1,1) = ¥SL(2,R) ¢ = a,beC, laf—[b> =1%,

where € denotes the Cayley matrix

- L' TN_@resiao
= —— = 6 3 .
V2 i1

Here, we recall® that if X € sly(R), the element X = € X €' belongs to su(1,1).

Let V) = Span{7y ;|j € N} and f/#* = Span{7, ;|7 € N} be two su(1, 1)-modules of highest
weight A and lowest weight y respect relatively to the basis {¢~, h,é"}. We recall that g
and v, ; are given by

o= @Y = E Yy (4.18)
By Remark 4.2 the action of su(1,1) ~ g, on V; and ‘7;; is given by (¢) and (i7) of Definition

4.7.
3See Remark 3.32
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4.15 Proposition. Consider V" an su(1,1)-module of highest weight A and ‘N/J an su(1,1)-
module of lowest weight p. Then for each o € C there is a unique (up to a scalar multiple)
formal h eigenvector in (V;)" (resp. (Vu_)v) which has eigenvalue oe. Moreover, if {0y ;|5 €

N} is a basis of h eigenvectors (as in Equation (4.18)) which spans V', then the formal

vectors
()" - (1)~
uit = Z 0T vik ul T = Z u U;k (4.19)
keN keN :
_ (—)F - D*.
uy =) Ll UAk u =2 Ll Uk (4.20)
keN : keN v

satisfy the relations:
et ufT=0=c¢ -ui", h-uyt=+IuyT, houlT = FAulT
Proof. See [HT92, Proposition 3.1.3 page 78]. ]

4.16 Proposition. Let Vit be a gz-module of highest weight X and V. = Span{v, ;|j € N}

be a gy-module of lowest weight .

i) The h-eigenspace V& ® V. [A+u + 2n] of eigenvalue N\ +p + 2n, n € Z, is spanned by

the set {Uj\rZ ® v — i =n} and it is infinite dimensional. Moreover, Vit @ V, has a

wild
h-decomposition

VeV, =@ VYoV, [Au+2n], (4.21)

neZ
such that

e V@V A pu+2n SV @V [N +pu+2(n —1)]
h-ViF@ VI IA+p+2n] CVY @V, [N +p + 20
e VIRV A+ 2n] SV @ VoA +p+ 2(n + 1)]

ii) Let {ty,]j € N} and {©,,;]j € N} be the h-basis in the spaces Vi and V" given in
Equation (4.18). Then the formal vector ut € V" @ V.= given by

vt =ulT @u, " (4.22)
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is the unique h eigenvector with eigenvalue pu — \ such that

et -ut=0.
Here we have written
Uni ® U
R\ )= > gl (4.23)
Jj—i=n J

iii) Let {0 ,j € N} and {0, ,]j € N} be the h-basis in the spaces Vit and V, given in
Equation (4.18). Then the formal vector u= € V" @ V.= given by

uw=ulT Qu, (4.24)

iv) Forn € Z and R,(\, 1) = R, as in Eq. (4.23), we have

e - Rn = _(M+TL — 1)Rn—17
h-R,=(A+p+2n)R,,
e"-R,=(A+n+1)R,;.

Therefore {R,(\,u)|n € Z} spans an sl(2) module of the type U(A+1,1 — u) (See
Definition (4.7)-(iv)).

Proof. The prove of all items (i) — (iv) can be found in [HT92, Sections 2.3, 3.1 and 3.2

pages 73-81]. O

4.1.2 Z-graded sly(k)-modules

We fix in g, = sly(k) the following Z-graduation (see Eq. (1.10)):

0= (8) 1@ (8)o @ ()1 =n_DShOny (4.25)
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where (g.)+1 = ny =ke® and (g.)o = h =kh.

If [Trez Vi is a representation of the Lie algebra g,, we say that it is compatible with the
graduation of g, if for any (7,7) € {—1,0,1} x N we have that (g.); - V; C Vi;.

4.17 Definition. A complex representation V' of the Lie algebra g, which has an algebraic
sum decomposition of complex vector spaces
V=V (4.26)
kez

is a Z-graded module if the decomposition (4.26) of V' is compatible with the graduation of
G-

Let V =Tliez Vi and W = [[.cz Wi be two representations of g, compatible with the grad-
uation of g,. A g,-morphism f : V — W is a graded morphism if for all £ € Z we have
f(Vi) C Wy

According to Definition 4.7, any standard module of sly(k) is A-semisimple and the weight
decomposition of h eigenvectors is a Z-graduation. By Propositions 4.12 and 4.14, we know
that V" @ V.5, ViF @ V! are also h-semisimple and their weight decompositions of h eigen-
vectors are Z-graduations. However, the tensor product Vit ® V, is not h-semisimple but it

is h-diagonalizable as show the following proposition.

4.18 Proposition. Let Vi' be a g.-module of highest weight X\ and V. be a g.-module
of lowest weight . Then the tensor product Vi& @ V, is diagonalizable such that its h-

decomposition is a Z-graduation.

Proof. By Proposition 4.16, we know that

V)\J’_ ® V/J'_ - @ V>\+ ® V,LL_[A _’_ILL + 2”]7

ne”

and {V;F @ V" [\+p + 2n]|n € Z} is indeed a Z-graduation of V. O

4.1.3 Verma modules and Shapovalov form on sly(k)

In preparation for the main result we review some properties of Verma modules.
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Let p., be the Lie subalgebra of g = sly(k) generated by h and e™. If z is a non zero complex
number, the linear map x : kh — C determined by h — z is a nonsingular character of
h =kh. Then g is a polarized Lie algebra (Definition 1.19) with direct sum decomposition
(4.25)

g=n_ohdn,.
For any A € C, x5 : b — C defined a character of h by x5(h) = Az := A. Then the space

Cy = Cvf (Remark 1.20) is a representation of p, given by

+ oyt L —
h-vy = Avy, and e -vy =0.

Correspondingly, we define the Lie subalgebra p_ C g generated by h and e™, and C := Cuo;y
the representation of dimension 1 of p_. The Verma module M of highest (resp. M of

lowest) weight with highest (resp. lowest) weight A is defined by
M5 = U(g) @upy) Cx -

According to Poincaré-Birkhoff-Witt Theorem Mj" is isomorphic as vector space to U(nz).
The isomorphism U(ns) — M is explicitly given by
U—>u® vf\c = uv/\i,

see for instance [Kir08, Proposition 8.14 page 168].

The space U(ny) has a vector space decomposition
Uny) =k@ke*@--- k()" @--- (4.27)
Then* {(e*)"},.en is a basis of the universal enveloping space U (ng.). We consider the vectors

1 1
v = () @ = ()i

which span the k-vector space M f
4.19 Proposition. The action of g on My in the k-basis (U;&k)keN is given by:
e - U;\r,k = (k+ 1)U;\r,k+17

e v, = (A —(k—=1)vf, .

4Here (e*)? = 1 is the unit element in U(n)
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and
e o = —(A+k = 1))vy,
Proof. Straightforward. O

4.20 Remark. In our particular setting, we have that V& ~ M; where the sl,(k)-isomorphism
is given by

1
(ex)kvf\[ — E(eﬂkvf.

We keep the notation ViF if the basis of h-eigenvectors is given by (e¥)*v3" and M if the

basis of h-eigenvectors is given by %(ﬁ)kv/\i.

We have that for each k € N, vy, € My [AF2k]. Namely, M;[AF2k] = kv},, because the
dimension of M{F[AF2k] is 1 (see [Kir08, Proposition 8.14 page 168]). Then Mj has an
h-decomposition

My = @ My [\ F2k) (4.28)
keN
which also is in this case a Z-graduation. Now by (4.28) it is clear that for any A € C the

Verma modules M f are h-semisimples Z-graded representations of g,.

Now we are ready to introduce the Shapovalov form (Definition 1.21) for the case sly(C).

We recall that the Shapovalov form ( , )g, : My x M~, — C is given by

(yox, zv_y) = xa(HC(S(2)y)),

where x € U(ny), y € Un_), HC : U(g) — U(g,) is the Harish-Chandra projection and
S :U(g) — U(g) is the antipode of U(g).

4.21 Proposition. Let M, and M~ , be the Verma modules of g = sly(C) of highest weight
A and lowest weight — X respectively. The Shapovalov bilinear form (, )g : My x M~, — C
in Definition 1.21 is given by

<U;‘rvi’ U:A’j>Sh = '<_1>i <2\> .

Where 6;; stands for the Kronecker symbol.
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Proof. Let N =n_U(g)+ U(g)ny be the bilateral ideal of U(g). By the Lemma 4.1 if i # 5
we have that (e*)’(e”)’ = 0 modulo N and

(eN*e )V =ag-ar--ap;.
if i = j = k. Here the a; elements are defined by
ap=e e+ (k+1)(h—k) keN.
Then modulo N,

(€)= h(h = 1)2(h =2)) - (k(h — (k= 1)))
= kh(h—1) - (h— (k — 1))

Now we have

O
4.22 Definition. For any A € C, we define a pairing ( , ), : U(n_) ® U(n,) — C given by
y@w = (y,2)n = (yof, 2vsy)_ = x;(HC(S(x)y)) (4.29)
By abuse of notations, we also call to the pairing (, ), the Shapovalov form.
4.23 Corollary. In the basis {(eX)*}ren of U(ny) the pairing { , ) is expressed by
(€Y (P = 85 (~ 1)), (430)

where (N); = A(A=1)--- (A—=(i — 1)) is the Pochhammer symbol (falling factorial).
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Proof. We have that
(™), (€M))a = xx(HC(S((e*)) (7))
=0 (=1)" AN =1) - (A =(i — 1))
= §i;(—1)"!(N),.
as we wanted to show. O

4.24 Proposition. For all A € C\ N, the pairing ( , ) : Un_-) @ U(ny) — C defined in

(4.29) is nonsingular.

Proof. Follows from equation (4.30). O

4.1.4 The canonical element F)
Throughout this section we fix A in C \ N such that the pairing
(U@ )@Umy) —»C

is nonsingular.

The universal enveloping algebra U(n_) is isomorphic to the polynomial algebra of k in the
indeterminate e, kle~]. If V' is a complex representation of g, the completed tensor product

U(n_)®V from Definition 2.21 is isomorphic to the formal representation:

Uln-)®V =lm(U(n-) @e-) V)/(e)"(U(n-) @) V)
~ [[(e)" V.

neN

That is, an element z in U(n_) ® V is the form

z=) (e7)" ® vy,

neN

with v, € V.

Similarly, we can consider the completed tensor product

Uny) @V =lm(U(n-) e+ V) /(€")"(Un-) @iy V)
~ [[(eH @ V.

neN
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Let
) GO (e
H{lem), (e (e (e T {(en)m (et)ma

be the dual basis of {(e™)"},eny C U(n_) relatively to the Shapovalov form ( , ),.

1

4.25 Definition. For any A\ € C \ N, we consider the element Fy in U(n_) ® U(n,) defined
by

(4.31)

The follow proposition (Prop. 4.26) show us that F) does not depend on the choice of a

basis. Then we call F) the canonical element corresponding to the Shapovalov form ( , ).

4.26 Proposition. Let A € C~N. The map

Y Um_)®U(ny) — End((U(ny)))

a®b— [c— (a,c)\b|
is an isomorphism of vector spaces such that Fy + id.
Proof. For each (i,j,k) € NxNxN, let a;;,b, € k. The expression of ¢ in the basis
{(e™)*}ren and {(e")*}ren of U(n_) and U(n,), respectively, is given by

Uy (Z a;j(e) ® (€+)j) (Z bk(€+)k) (4.32)

i,jEN keN

= > agb{(e7) (e )a(er)

1,5,k€N

=>. (Z(—l)ii!()\)ibiai,j> (et).

JEN \ieN
From the equation (4.32) we can directly conclude that 1 is an isomorphism and ¢, (F)) =

id. m
In the next proposition we list some proprieties of the canonical element F).
4.27 Proposition. Let F: C — U(n_)®U(ny) be the function defined by

/\)—>F/\.
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a) The function F is meromorphic on C and holomorphic at A\ = oco. The only poles of F

are of order one and are located at integers points n € N.

b) The residue of F' at A\ = n is given by

(=1 (e)®(eh)”
n =R E—(n+ 1)

Resy—, F\ =

¢) For any A € C*, such that 1/ X ¢ N one has

N(e)k @ (eh)"]
KO —D)2A—1) (k- 1)r-1)

Fipn=101-Xe @e") =)

k>1

(4.33)

d) For any A € C\N, we have that

e—)k ® (€+)k k—1 1
KN\ A=l

s
SR =Y (1)

=0

Proof. (a) For any A € C, it is clear that F) is a rational function with singularities in the
set N. Let n € N and W C C be an open neighbourhood of n such that W NN = {n}. We
consider the function f: W — U(n_) ® U(n,) given by

fO)=Ammb (4.34)
= ) ()\—n) - + (_1)n+1 —\n+1 n+1
_I;)(—l)k AR (€)@ (e )k+m(6 ) @ ()

P 3 (=1 (e @ (et)F

Mn S B A=+ 1)~ (A=(k=1))
Since the function f is holomorphic in W and f(n) is nonzero, then F' at A = n has a simple

pole.

(b) We take the limit of f as A tends to n in the formula (4.34),
' B . (6—)n+1 ® <€+)n+1 1 (_1)k (ef)k ® (e+)k
fim FO) = (=D e+ Dl agﬂ B (=1)(=2)--(n— (k—1))
(_1)n+1 (ef)k ® <€+)k

Y gk!(k—(n+1))!' (4.35)

In particular if n = 0 we have

()" ® (eh)*

RGS,\:()F,\:}\EI(I))\F)\:—Z k'(k—l)'

k>0



4.1. Star-produit invariant d’Alekseev-Lochowska 98

(¢) Replacing A — 1/ X in the equation (4.31) we obtain

Mle)r @ ()M
HO—D)@2A—1) (k- D)A—1)

Fipn=101-Xe ®@e")=>

k>1
Thus in particular we have that

d) Straightforward. O]
(d) g

Proposition 4.27 is a precise formulation of Proposition 3.2 in [AL05] for g = sly(C).
Similarly, if A € C~\ N, and V is a representation of g,, we can consider the completed tensor
product

MV = [[ob, V.

neN

Thus we can consider the following element.

4.28 Definition. For any A € C\ N, we define F\ = F\(v§ ® v=,) € My ® M_, the

canonical element corresponding to the Shapovalov form ( , ), . It is given by

Fxr=F\(v} ®@vZ,) (4.36)
U)tk QD U_y\ g

+ —
keN <U,\,k> U—)\,k>

Sh

A -1
= Z(—l)k<k> ’U;tk®'l]:)\7k-

keN

We have a corollary of Proposition 4.26.

4.29 Corollary. Let A € C~\N. The map
M &M=, — End((M-,)")
a®b—[c— (a,c)g, bl
is an isomorphism of vector space such that Fy — id.

Proof. 1t follows from the Proposition 4.26. m

4.30 Proposition. Let A € C~\N. Then, the canonical element Fy is U(sly(C))-invariant,
i.e. for any x € sly(C)
X - .F)\ =0.
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Proof. Straightforward. O]
4.31 Remark. We define
a) The “residue” of F at A =n by

Resy—, F» = Resy—,, F,\(U;r ® vy )

n k —
= (=)™ (n+1) Z (n N 1)1}/{} @V )\

k>n

In particular if n = 0 we have

Resy—o F) = — Z k(U)tk ® U:)\,k)'

k>0
b) For any A € C*, we have that
Fin = Fin(of ®@vy) (4.37)
= vl @uy — Mot ®vyy)
> A'H [, @ vy 4]
S A=DR2A=1) - ((k—1)A—1) M7 AT
c) For any A € C\ N, we define
d d _
ﬁ]:)‘ = ﬂF)\<U;\r ®vy)
+ - k-1
Unge @UV_xp 1
=Y (1) k= ’ :
k§>:0 (A ; A=l

4.1.5 Fusion Matrix

In this section we introduce, according to Etingof and Schiffman [ES01], the notion of a
fusion matrix which is a key object in the construction of a certain kind of invariant star

products done in [ALO05, EV99].

If V is a g-module, we denote V'® the subspace of invariants with respect to g, ¢.e. the sub-
space of all elements v such that z-v =0 for any z € g. If v € V¢ by abuse of notations we
also denote v the g-homomorphism v : 1 — v between the trivial g-module C and the space

of invariants V9.
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Throughout this section we assume that ¥ the formal representation of V' is either V[[A]] if
the decomposition of V' (maybe a trivial one) is not compatible with decomposition of g, or

V= [Tiez Vi if V' is a Z-graded module (see Remark 4.4).

4.32 Definition. We say that V is formally h-diagonalizable if the formal representation 1%

admits an algebraic product decomposition

V=TV,
keN

where A = {\;|k € N} is the spectrum of the action h on V' and V'[\;] is a genuine eigenspace

of h with eigenvalue ;.

4.33 Proposition. If the representation V' is h-diagonalizable, then V' is formally h-diago-

nalizable.
Proof. 1t follows immediately from the definition. m

4.34 Proposition. Let A € C~\ N, 7 be the flip map (t(a ® b) = b® a) and V be a

representation of sla(k).
i) The map

(MY ®V)® = Homy(M~,,V)

w — W

s a vector space isomorphism. Here w denotes the composition map
({d®(, )g,) o (T(w) @id).
1) The map

(VR&M~,)9 — Homg(M;r, ‘7)

W W

s a vector space isomorphism. Here w denotes the composition map

((, ) ®@id) o (i[d@7(w)).
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Proof. Let w € (M ®V)®. The flip map is a g-homomorphism, thus 7(w) € (V & M;")e.
By Proposition 1.22 the Shapovalov form ( , ), is invariant, so @ = (id ® ( , ), )o(7(w)®id)
is actually an element in Homy(M~,, 17) Now, the map w +— w is clearly injective. For the

surjectivity, if ¢ € Homg (M, 17) it is easy to show that v{ ® ¢(v_,) is g-invariant and

¢ =0y @P(v7,) = (v @ P(v7})) .

The following theorem is a specific case sly(k), of Theorem 8 in [EV99] for sl (k).
4.35 Theorem. Let V be a formally h-diagonalizable representation of sly(k).

i) Let My and Mlj be two Verma modules of highest weight A\ and p, respectively. If le
is irreducible, then Homg(My, M@ V) and VI\—u] are isomorphic as vector spaces.

The isomorphism is given by
VA —p] = Homg (M, M @ V)
u— ¢,
where ¢ is defined by

Qﬁ(”i) = FM(’U; ® u).

i1) Let M, and M, be two Verma modules of lowest weight A and p, respectively. If M
is irreducible, then Homg(My ,V & M) and VI\—pu] are isomorphic as vector spaces.

The isomorphism is given by
VA —p] = Homy(My, V& M,))
u— 3,

where ¢Y is defined by
P (vy) = Fp(u®@u,).

Proof. According to the Frobenius reciprocity Theorem we have that
Homgy (M, M ® V) ~ Hom, (C{, M ®V).

Now, the space Hom, (CY, MF ® V) can be described as the space of all z € MF ® V such

that the p,-submodule of M j ®V generated by x is isomorphic to C{. After tensoring
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with C*, this submodule gives a trivial module. Thus the space Hom, (C{,M}®V) is
isomorphic to the space (M, ® V @ C*,)P+. By Proposition 4.34 we have that

(M,f®V ® C*,)P+ ~ Hom,, (M_,,V®CI,).

-

Again by Frobenius reciprocity Theorem, we have

Hom,, (M, V®Ch,) ~Homy(C_,,V®&C_,)~Homy(C_,®C,, V) ~ V[\—py.

4.36 Corollary. Let V' be a formally h-diagonalizable representation of sly(k) and u €
V[A—p] be a element h-homogeneous of V.

i) If M7 is irreducible, then the map ¢} of the Theorem 4.35-(i) is given by ¢y(vy,) =
2 ieN 'U;j_,i ® wi (1) with

min(z,k) i 1Vi—r ‘
ui (@) = Z ()m(e—)k—r(e—l—)z—ru.

r=0 r

it) If M, is irreducible, then the map ¢X of the Theorem 4.85-(ii) is given by (bg(v/(k) —
Dien Uik(p) ® U, with

min(i,k) y =7
' _ t (-1) eV (e )iy

Proof. Straightforward. O

4.37 Remark. a) By Proposition 4.33 if V' is h-diagonalizable then V is formally h-diagonalizable.
So Theorem 4.35 applies to any h-diagonalizable representation of g,. For instance, it is

true if V' is a standard module of Definition 4.7.

b) Let V be an h-diagonalizable Z-graded representation of sly(k). We assume that V is a
bounded from above, i.e. the graded component of V' corresponding to k is equal zero if
k > 0. In this case Theorem 8 in [EV99] can be applied. Then, for any v € VA —p], the
element ¢} (vy,) = Sien v, @ ui k(1) belongs, actually, to MF @ V.
Similarly, we have the same phenomenon (mutatis mutandis) if V' is bounded from below,

i.e. the graded component of V' corresponding to k equal zero if k < 0.
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Let V', W be two formally h-diagonalizable representations of g, such that the tensor product
V @ W is also formally h-diagonalizable. Let (v, w) € V[Ay] x W pe] be a couple of elements
h-homogeneous of V and W (i.e. h-v = A, v and h - w = pyw). If X —p, and A — A, —

are elements in C \ N, we denote ¢} the composition map

M2 ®WA$>M;AFM®V®W.

A —pw
We denote Jifyy,(A)(v ® w) the unique element in V' & W[\, +1,] such that

v w (A)( U®w)

Or =)
Similarly, if A\, — X and A, +p, — A are elements in C\ N, we denote ¢} the composition

map

- R BN

We denote Jy,yy (A)(v ® w) the unique element in V & W[\, +1,] such that

V w ()‘) U®w)

PN =)
4.38 Proposition-Definition. Let V', W be two formally h-diagonalizable representations

of g such that the tensor product V@ W is also formally h-diagonalizable and let Ay, Ay
be the set of weights of representation V- and W' respectively.

i) If A ¢ Aw +N and X ¢ Ay + Aw + N, then there is an endomorphism of V@ W given
by
SN VW - Vaw
(v, w) — J{;W(/\)(U ® w).
More precisely,
Jow N (v @ w) = Fy_y, (v©w)

= 7(_1)k e V@ (eNkw
_;CEZNM(A—Mw)k( Joe(e)

1) Similarly, if A\ ¢ Ay — N and X ¢ Ay + Ay — N, then there is an endomorphism of
V&W given by
JywA) VW VoW

(v, w) = Jyw (N (v @ w).
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More precisely,

Jyw N (v @w) = F\, ~\(v®@w)

= 7(_1)k e )rv eNkw
= L T, e e

i) Both maps Jiy (X) and Jyy (X) are called the A-fusion matriz between V- and W.
Proof. Straightforward. O

4.39 Remark. The condition A ¢ Ay + N in proposition 4.38 guarantees the existence of
Fy_»,(v®w) in V@ W. On the other hand, the condition A ¢ Ay + Ay + N is a condition
of unicity, that is if A ¢ Ay + N and XA ¢ Ay + Ay + N, the Verma module My, _, s

irreducible thus by Theorem 4.35 there exist an unique ¢ € Homg(My", MY, _, @V @W)

of the form

P(VY) = Vx5, @ Fr,—a(v@w) + -+
4.40 Proposition. The fusion matrix J%W(A) is of the form
Jiw(A) = id+N7,
where N* is an endomorphism of V@ W. In particular, we have that it is invertible and
(Jow(A)H=id=N*+ (N*)* — -
Proof. 1t follows immediately from the definition. O

4.41 Proposition. Let V., W be two representation of g, such that the completed tensor
product V@ W is formally h-diagonalizable

Vaw = Vawhl.

kEZ

If the product decomposition of V & W is compatible with the graduation of g,, i.e.
h-VOWNCVRWN], e - VOWNCVEW ], (VkeZ)
then the fusion matriz Jiy, (X) (if it exists) is a Z-graded morphism.

Proof. 1t follows immediately from the definition. O]
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4.42 Remark. Under assumptions of Theorem 8 in [EV99] (See Remark 4.37), according to
Lemma 11 in [EV99] the endomorphism N : V@ W — V & W of Proposition 4.40 is locally
nilpotent, that is for each v € V[\,] there exist n, € N such that

+ D +\k
FwNvew) =3 () v () w

=0 k?'(/\ _Nw)k
- NG (—1)* —\k Nk
W@ w) =2, g (e ve () e

Now, we consider the Verma module M of highest weight v and M ., of lowest weight
p. By Proposition 4.18 the tensor product M @ M ., 1s diagonalizable. Then under some

assumptions on A the A-fusion matrices do exist between these two modules. More precisely,

4.43 Proposition. Let \,v, i complex numbers. We have

i) If\—pu ¢ N and A\—p — v ¢ Z, then the \-fusion matrix JLij;()\) exist and
J]\J};,M; ()‘>(sz ®v, ;) = F/\fuﬂj(vii ® v, ), (4,7 €N).
it) If v = XN ¢ N and \—u — v ¢ Z, then the \-fusion matriz JJ\_U,M; (A) exist and
JA;ij;(A)(v:,A ®v,;) = Foa—2(v); @ v, ), (i,j € N).
Proof. 1t follows from Proposition 4.38. O

4.44 Remark. In particular, if we take A = 0, v = —p the condition » € C\ N guarantees

the existence of F), the canonical element corresponding to the Shapovalov form. We have
Fo=Tagz -, (0)(vy @ 07,).

However, it fails on the unicity condition. For instance, we consider ( € C* and the mor-

phisms ¢, ¢ € Homg (M, My & M} & M-,) given by

gb(var):Zka@uk and ¢(v§“)=2v{{k®d;€,
keN keN

where ug = g = F,, up = et F,, uy = ((eT - F,) and ugyq = Uy = % CF it k> 1.
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4.1.6 Alekseev-Lochowska’s invariant x-product

In all this section g, denotes the Lie algebra sly(k). Consider Wy = Cwy the trivial repre-
sentation of h =k h and let

W = Indgggf) W() = U(gc) ®U(I)) W() (438)
be the induced U(gc)-module generated by the vector w = 1 ® wy.

4.45 Lemma. The induced module W defined in (4.38) is isomorphic as a vector space to

Ulge)/U(ge) b ~Um_) @ U(ny).

Proof. We choice the order e= < et < h in the standard basis of the Lie algebra g,. By
Poincaré-Birkhoff-Witt Theorem we have that the elements

(e7)(et) n (i,7,k) e NxNxN

form a basis of the universal enveloping algebra U(g,). Since (e”) (e™)h* @ wy = 0if k # 0,
then there is an isomorphism between W and U(g,)/U(g.) h. Moreover, the map

Unho)@Umy) - W
(€)@ (e = (e7)' (") ®uwy
is an isomorphism of vector spaces. O

4.46 Remark. The action of g, on U(n_) ® U(n,) induced by the isomorphism U(n_) ®
U(ny) — W is given by

®
+
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—~
®
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~—
<
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—
ml
~—
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—~
®
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~—
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+
—
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Let W, be the vector space generated by the vectors {(e™) ® (eT)|j —i =1 € Z}, we have

e -W,CW,,
h-W CW,
@+‘I/I/ZQI/I/Z+1

Then, W = @,z W, is a Z-graded representation of sly (k).
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According to the above remark, we have that W = Indggfﬁ) W,y is isomorphic to the space
My ® My .
We use the following Proposition (see [AL05, Proposition 4.5]).

4.47 Proposition. Let A\ € C~\ N and p: U(g) — U(g)/U(g) - b be the natural projection
to the left ideal generated by . We have that

(idep®id) [(A®id)F\(F)® 1) = (i[dop @id) [(([d@A)F\(1 o F)] (4.39)

in Un_) ®&(U(g)/U(g) - h) @ U(ny).

Proof. Let A € C~ N such that the Shapovalov form ( , ), is nonsingular and let W be the
induced module defined in (4.38). Then the sly(k)-morphisms

My 2 4 P Mpe Mo, 28 My ew e Mo, (4.40)

and

ot
A
My 20 M Mo, S5 My ew e Mo, (4.41)

coincide. Indeed, firstly by definition of fusion matrix, we have that the composition map
Jym e O@wenT )
W®M

in (4.40) is ¢, . Secondly, in the basis {vif = (egl)kvolk € N} of M we have
that

S:A(U;j) = 0ok Fa = ¢8;(ka>~
Then the maps gZ)S:A and gbgi given in Eq. (4.40) and (4.41) factor through into the quotient
map C — My ® M~, defined by
1— F,.

+ ~
Thus we can see ¢* as a g-morphism between My and M, & M~,. Now by Proposition

4.18 the tensor product W @ M~, ~ My @ My ® M~, is diagonalizable and the element
w®v_, =v] ®@vy ®v_, has weight —\. Then by Theorem 4.35 the composition map

’U+ ~ ~
= (id@¢) o (dg") : My — My @ W ® M,
is determined by

Y(vg) = Fa(vy @ (w@v7,))

=0 @ (w®VI,) + (7)ol @ (e7) - (w@vIy) + -
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Consequently, 1 fixes the h-homogeneous element w ® v_, so ¥ = ¢,

Now if we write F in terms of F), we have that the composition in Eq. (4.40) is in fact the
product
(id®p®id) [(A ®id)F\(F\ ® 1)]

and the composition in Eq. (4.41) is
(dep®id) [(deA)R(1 e R,
inUn_®Ug/Ug-h®Un,, what concludes the proof. O

We recall the construction of the canonical element F) relative to the Shapovalov form. We

take A € C\ N, x a nonsingular character of h and set x, = Ax. The canonical element
Fy, = F\

is an invariant in the completed space U n_ @ U n,.. In particular, we can see F) as an element
in (Un_®Un,)9[[A, A1 the space of Laurent series with coefficients in (U n_ & U n,)? and
in the indeterminate A\. Now by Proposition 4.27, F) is holomorphic in A = 1/A at infinity,
this is the same as to say that the function Fj-1 is holomorphic at A = 0. Then, if A is in an

open neighbourhood of zero the canonical element Fj-1 is actually in
(Un_@Un)*[R]].

Then we have the following theorem which is, for the case g = sly(k), the key result in

[ALO5).

4.48 Theorem. Let m: U(g)®@U(g) — U(g)/U(g) hb@U(g)/U(g) b be the natural projection.

The element D = w(Fy-1) is invertible in

(U(9)/U(g) b ® Ul(g)/Ul(g) b))"[[7]]

and satisfies the associativity conditions of the Proposition 2.30. In other words, D is a

G-invariant star product on the space G/H ~ SL(2,R)/SO(1,1).

Proof. See [AL05, Theorem 4.9]. ]
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By [ALO5, Example 4.16], we have that the invariant star-product D of Theorem 4.48 is
given by
e~ ® et thrl (67)n+1 ® (€+>n+1

2 h+2(_1)n+1(n+1)! 2(z—h)...(z—nh) |’

n>1

D=1®1- (4.42)

More precisely,

4.49 Proposition. Let z € C* and {a,},>2 be the sequence in Un_) @ U(n,) given by

n—2 (ef)i+2 ® (e+)i+2 i+1 fn—l

", = S ) 4.43
= ;0 (i +2)! ,;( T (443)
We have that
- et
D=191- "2 S am (4.44)
< n>2

is an invariant x-product on the space G/H ~ SL(2,R)/SO(1,1).

Proof. We take Y = e~ ® e, x = h/z and

ny1 Y "
f@ = ) e [T =)

The rational polynomial (—1)"/[(1 — z)...(1 — nz)] has a partial-fraction decomposition

(=" _
(l—x)...(l—nm)_Z

where A, are following integers:

Ao = (1t = ()

forn > 1and 1 <k < n. Now for all z and k, we have that = belongs to U(g) ® U(g)

the completed space of U(g) ® U(g). Then
1

= Z ko,
l—kx [
Consequently,
n Yn+1
@)=Y Yy ot

n—2 —\i+2 +\i+2 i+1 n—1
(et 1tk Y S P
= (i+42)! = El(i+1—Fk)!
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Finally, it is clear that
D=1®1— (e ®@e)z+ f(x).

]

Let My be the Verma module of lowest weight A and M be the Verma module of lowest
weight u. We want to express the invariant star-product of Proposition 4.49 in the total

basis {v; ;|7 € N} of M and {v, ;|7 € N} of M.
4.50 Corollary. Under the assumptions of Proposition 4.49, we have

min(i—2,n—2) l+]+2> -

Pan(vy,Qu) = Y (=D (n)(A+i—1-2) --- (A —|—7J—1)<

=0

Uy ic1—2@Vy 1412

n—1
where ¢;(n) = Ziiﬁ(‘”km'

Proof. Straightforward. O
The fusion matrix J(\) is the key tool for an explicit construction of solutions to the quan-
tum dynamical Yang-Baxter equations (QDYB) (also known as the Gervais-Neveu-Felder

equations) which is a generalization of quantum Yang-Baxter equations (QYBE). We refer

the reader to [ABRRO8, EV99, ES01] for more details.

4.2 Unterberger’s Symbolic Calculus

Completely different approach to the quantization problem based on equivariant operator
calculus was developed by A. Unterberger and J. Unterberger. We follow their article [UU96]

in order to introduce such symbolic calculus on the imaginary Lobachevsky space.

4.2.1 The imaginary Lobachevsky space

Let I, = {(s,t)|s,t € RU{oo}, s # t} be the imaginary Lobachevsky space. The Lie group
G = SL(2,R) acts on II, by:

(5,1) as+b at+0b
(s —
T cs+d ct+d
a b
for v = € G, (s,t) € II. The formula
c d

dpr(s,t) = (s —t) " *dsdt (4.45)
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defines a G-invariant measure on IIj,.

The Lie group G acts on the Hilbert space L*(II;) = L2*(Ily,dur) of square-integrable

functions on Il (with respect to the measure uy) by

(N6 =0 N0 = F0r(s,1), (1€ G(s,1) €Ty, f € L(TLL)).

4.51 Proposition. Let (e*,h,e”) be the standard basis in sla(R) defined in the formula

(4.3). The infinitesimal action of the representation ¢

do(X)f = 2| plexp(tX))f, (4.46)
t=0
in the basis (e, h,e™) is given by
0 9,
(@plen) 5.0 =~ (G + 1) (1.47
(dp(h)f)(s,t) = =2 (sgi; + tg{) (4.48)
0 0
(dp(e™)f)(s,t) = <328‘£ + t2£> (4.49)
Proof. Direct computation. O]

4.52 Proposition. The Laplace-Beltrami operator on Il is given by

62

0= (s—t)Qasat.

Proof. We recall that the Casimir operator in sly(R) is given by
C=h"+2(te” +ee") =h*+2h+4e e’ (4.50)
Then after a simple computation we obtain that
C=h>+2(te” +e7eh)

2

0s0t

=—4 (52 — 2st + t2)
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The decomposition of L?(II;) under the action of G is given by the spectral decomposition
of the operator [J (see for example [Str73] or [Far79]). The spectrum of O consists of a

continuous part together with a discrete part. The discrete part is given by:

L(Qiiscr<HL) = @ E—n(n—1)<|:])7

n>1

where E_,,—1)(0) is the eigenspace of [J with eigenvalue —n(n — 1);

Eouinon(0) = {f € LX) O(f) = —n(n — 1)f}.

Let us fix an element ( in I = {z = z + iy € C|y > 0} the upper half-plane. For any

n € N*, we consider the square-integrable smooth function gf given by

£“”:<w—gg—oyz<@io‘@ioy{ 42

It belongs to the eigenspace E_,,_1)(d). Now, we can separate E_,,_1)(0) into two irre-

ducible G-modules the “anti-holomorphic” part and the “holomorphic” part (see Proposition

4.56).

4.53 Proposition. For all n € N*, we consider the spaces®

E = Spanc(g7|z € II) and E, = Spanc(g7|z € II).
Then the spaces Ef and E, are two irreducible G-modules and
E—n(n—l)(D> = E;f L, .
Proof. See for instance [UU96]. O

4.54 Remark. Here the action of G on each ¢ (n € N,z € II) is given by

—2n _n

797 = 0,(2) "9y .
where 7 -z is the transitive action of G on II given by

az+b a b
y=_2 1" II = G
E cz+d’ 2eih 7 <

and ), (z) = cz +d.

SHere X means the topological closure of X in L?(IIy).
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4.55 Proposition. Let n € N* and ¢ an element fix in 1. Then

E = Spang(y 98|y € G), B, =Spanc(y 9?| v € G).

Proof. The action of G on II is transitive, then for all g7, € E*

n

z' € 11, there exist v € G
and « € C such that a(y-g7) = g=. O

Now let us fix a pair (s,t) € II;, and ¢ € II. We consider the function

g"(s,t): Il = C

¢ g¢(s,t).

The smooth function ¢g"(s,t) is called the function associated to ¢g" in II. So, according to
Proposition 4.55 all functions in E (resp. E; ) can be considered as associated functions in

Il (resp. I ={z=xz+iy € Cly < 0}).

4.56 Proposition. We have that f € E! if and only if f € E_,q-1(0) and for all
(s,t) € Il the associated function f(s,t) : Il — C is antiholomorphic in 11. Similarly,
[ € E; if and only if f € E_,,—1)(0) and for all (s,t) € Il the associated function
f(s,t) : Il = C is holomorphic in II.

Proof. If f € E;f, there is a sequence {7, € G}reny and {ay € C}pen such that
f=2onlyg2),
keN
then the function associated to f in (s,t) € Il is f(s,t) = Y ey k(7y -9™(s,t)) which is a
antiholomorphic function in II. Conversely, if f € E_,;_1)(0J) we have two options either
f € Eror fe E,, thus the associated function f(s,t) is antiholomorphic or holomorphic.

The case f € E, is treated in a similar way. O

Let us consider the differential operators on II:

s = (5 + %),
D260 = =2 (6= OF + - 05 ).

01050 = (15 - 6P + - P 5F ).
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4.57 Proposition. For any ¢ € 11, the operators DZT, DY, D¢ are differentials operators on

EY which satisfy the sly relations:
(D¢, D] =+2DF  [D},D;]= D¢
That is, (D}, D2, D) is a sly(R)-triple (see Definition (4.10)).
Proof. Straightforward. O

One has that every g¢ is an anti-holomorphic function such that
Dgg7<1 =2ng; and D g =0.
In other words, we have that g is a highest weight vector of weight 2n in E}. We set,
Unk = (Dzr)kggZ

4.58 Proposition. The sly(R)-triple (DI, DY, D7) acts on the v, ;s vectors in the following
¢ ¢ ¢ )

way:
D?Un,k = Unk+1,
ngn,k = (2n + 2k)v, i,
Dg_vn,k = —k:(2n + (k’ - 1))1]”7]@_1.
Proof. Straightforward. O

Then, by Proposition 4.58 we have that (v, )ken is a total basis of £

E = Spang (v, x|k € N).

For all n > 1, we consider L,, = pn,1+D2L the differential operator on II;, where p,, ; : II, — C

denote the smooth function

1 1
Pra(s,t) =n (S —5+ t—f) :

Then by induction we define the functions p,,; : [, — C

Pno = 1 and Pnk+1 = LZ+1(1) = Ln(pn,k) = Pn1Pnk + szn,k
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4.59 Proposition. For alln € N*, k € N, we have that

Un,k = Un,0Pn,k- (452)

Proof. Let us fix n € N*. We will prove by induction on k. When k = 0 the formula (4.52)

is obvious. Assume that for £ the formula (4.52) works. Then

Un,k+1 = Dz_vn,k
- DZ’_ (Un,()pn,k’) = Un,1Pn,k + Un,ODZ_ (pn,k)
= Un,[)(pn,lpn,k + Dz (pn,k))

= Un,0Pn,k+1-

Now for any ¢ € II and ¢ € N, we consider the functions Xéf(@k) : II;, — C defined by

. 1 1 ,
Xim(s:t) = GO O + (s O (0<k<i, (s,t) ellg). (4.53)

If there is no danger of confusion, we denote ka instead X 2:(1 py and X instead X

Now, we list some proprieties of X Ci(i k-

4.60 Proposition. Let( € II, a € R™, i,i1,i0 € N, (0 < k < 1), (0 < ky <'iy), (0 < ky <ip)

we have that
i) Xgo =2 and X5, = 0.
i1) For every (s,t) € 11,

_ 1 1
XC,(l,O)(Sat) = gC(s7t) = =

(t=¢) (s=¢)

111) ka, = :l:Xi,ii_k, in other words for every (s,t) € 11,

)

Xi:,tk(sv t) = j:Xz%k@? 8)'

iv) X;'z’(i’k)(as, at) = %ng(i7k)(s,t), for every (s,t) € 1.

+ + + +
U) X X Xi1+i27k1+k2 + Xi1+i2,i1—k1+k2'

i1,k1 Mg ke T



4.2. Calcul symbolique d’Unterberger 116

vi) X

i1,k1

Xiz,k2 - Xi1+i27k1+k2 + Xi1+i2,i1—k1+k2'

vii) DEX = kX7 g + (0 — k)X
viii) Ln(Xij,Ek) =(n+i- k)X'j-:&-l,k: + (n+ k>Xi:‘—:&-1,k+1‘

)

Proof. Straightforward. O

4.61 Proposition. For alln € N* and i € N, we have

i

7!
Pni = 5 Z (i k) Xi ks (4.54)
k=0
where
n—1+k\/n—1+7—k
A(n,ik) = ( L > ( ik > (4.55)

Proof. Let us fix n € N*. The formula (4.54) is true when i = 0 because Xpo = 2. Now
first we will show by induction on ¢ > 1 that for all (n,7) € N* x N*|

Pni = (Z — 1)' Z a(n’ivk)(i — ]C)Xz,k (456)
k=0
When ¢ = 1 the formula (4.56) is true because a(,1,0) = n. Assume that for i the formula

(4.56) is valid. Then

Pni+1 = L, (pm)

= (Z — 1)' Z CL(nﬂ"k) (Z — k:)[(n + 7 — ]{I)XiJrLk + (n + k)Xi+1’k+1]
k=0

k=0

+ Z a(n,’i,ifk)k(n + Z — k)Xi+1,i—k+1
k=0

=q! Z a(n%k) (’I’L +17— k)Xi—l—l,k
k=0

i+1
=4l Z a(n,i+17k) (Z +1—- k)Xi—l-l,k-
k=0

Then, we know that a(,; k) = G(ni—k) and X, = X; i, so replacing k by (i — k) the formula
(4.56) becomes

Png = (i —1)! Z Ui k) K X k- (4.57)

k=0
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Thus, adding (4.56) + (4.57), we obtain the desired result:

7
2 =11 Qi) Xig

k=0
O
4.62 Corollary. For alln € N* and i € N, we have
i :
Un,i = Un,0Pn,i = §Un,0 Z a(n,i,k)Xi,k-
k=0
In particular, for n =1 we have
il
V1s = V10P1,i = 59{ Z Xi,k-
k=0
Proof. It follows of expression v, ; = v, 0p,; and the Proposition 4.61. O
4.63 Proposition. For all n,m € N* and k € N, we have
Ontmk _ g~ Und Uy (4.58)

! | !
k! i U gt

Proof. Let us fix n,m € N*. We proceed by induction on k. When k = 0 the result is

obvious. Assume that the formula (4.58) is true for a given k. Then,

Un+m,k+1 -

_ 1 +(Un+mk>
(k+1)!  (E+1)7¢\ &
1

Un.i Um.j
= DT i Zm.j
(k+1)"¢ (;k il ! )

1 1 1
= 1 Un,i+1Vm,j + 1 Un,iUn,j+1
(k+1) (Zék 15! J H;k ily! J )
1 1 1
— Z 7’071 iUm J -+ Z . Un,ivn,j
(k+1) (i+j:k+1 (i —1)lj! itj—kt1 "t il(j —1)! )

- ¥ Un,i Um,j

Il
itj=kt1 U

4.64 Lemma. For any n € N, we have that

1 n
O I =y ([ Xha wd 0 G-, a)
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Proof. a) For n =0 and n = 1 the Eq. (4.59) is true. Now we assume that equation is true

for n and we follow the proof by induction. Then

n 1< (n
(Xio) = X50= Z <k>X2tL,2k

k=0

o~ N
M= =
o [\

n
(k) (X320 + Xoniookial

n N n+1 n N
<k> Xontook T > (k B 1>X2n+2,2k]

k=1

o

n+1
k' >X2tL+2,2k'

= N= N =

3
IME -
VR

b) It follows immediately from the definition of X;;. O

4.65 Proposition. For any n € N, we set

min(r,n—r) ' _ 9
Doy = ., 2571 (;;) (n ‘7> (0<r<n) (4.60)

3=0 T
b mm@fr-n 22j< n ) <n —2j - 1) O0<r<n-—1) (4.61)
— | . <r<n-1). .
(n,2r+1) = 2j +1 r=1J
We have that
o 2n
a) U2n,0 = Z b(n,r)X;;z,r and b) Von+1,0 = Z[b(n,r) - b(ﬂﬂ"*l)}X{”"‘l’r'
r=0 !

Proof. a) Let n € N. By Binomial Theorem and Lemma 4.64, we have that
Von,0 = (XQ,O - X2,1)n

i Y vn—iyi
(1) ()X X3,

I

~
Il
o

]

I
L[~
i
o

—~

|

—_

~.

[\)

S,
L
VRS
<. 3
~—
R
3
NA
-~
~__—
2
S
%)
b
iy

1
[\")

NE
S
3
&
=
3
3

ﬂ
Il
=)

where

b(n,r) - Z ()én(i, l{?),

(3,k)el(n,r)

with o, (i, k) = (=1)271(7) (") and

In,r) ={(i,k)|0<i<n,0<k<n-—i2k+i=r}
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Now, it is clear that
min(r,n—r) min(r,n—r) .
. . ; n\{n-—2j
bn,2r = an<2jar_]) = 22]_1< )( . )
2 ;% ;% 25)\r—=13J
and
min(r,n—r—1) min(r,n—r—1) .
4 . ; n n—25—1
b(n2r+1) = an(2j+ 1,7 —j) = — 22]( ' >< ‘ )
(n2r+1) JZ:O jzo 27 +1 r—j
b) It follows from (a) and
V2n41,0 = V1,0V20,0 = X10U20.0-
O]

4.66 Proposition. Let i € N, a(,, k) be the integer given in Eq. (4.55) and b,y be the

integer given in Eq. (4.60). We have

a) For everyn > 1
2n+1

Vani = 11 Y a(n, ) X5, 00

1=0
with

min(z,2n,l,2n+i—1)

D

k=0

c(n, i)

b) For everyn >0
2n+1

D(n,i—k)C(2n,i,k)

Von+1,i = il Z 5l(na Z')X2_7~b+i+17la

=0

with
min(z,2n,l—1,2n+i—1)

D

k=0

6[(”7 Z) -
Proof. Straightforward.

We consider the spaces

[b(n,l—k) - b(n,l—k—l)]a(2n+1,i,k)-

A' = Spanc{X,5;|n >

and

2,0<i<n}®C.

A™ = Spanc{X,;[n > 1,0 <i < n}.

4.67 Proposition. We have that

and

A" =D Ey,

neN

A =D ES,.

neN
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4.68 Proposition. i) If f € A*, then for any (s,t) € 15, we have f(s,t) = f(t,s).
ii) If f € A7, then for any (s,t) € I, we have f(s,t) = —f(t,s).
iii) If f,g € A%, then fg € AT.
i) If f € AT and g € A then fge A™.
According to Propositions 4.67 and 4.68, we have that
A=Ato A =P E/, (4.62)
neN
is an algebra with the point-wise product. Here Ef = C.
4.69 Lemma. For any n,m € N* and i,j € N, we have that
iljl s N
Pn,iPm,j = 72 Z QA (n,i,k) A (m,g,0) Xi+j,r7 (4‘63)
r=0 \k+l=r
where an;ry is defined in Eq. (4.55).
Proof. By Proposition 4.61, we know that
it d jI L
Pni =75 > minXie and  pu; = 5 > agm X
k=0 1=0
Then
gl (& G
PniPm,j = e a(n,z’,k)Xi,k> (pm,j ) Za(m,j,l)Xj,l
k=0 1=0
gl (L
=0 > Wi ) W) [ Xt + Xigimh]
4 \iDiz
gl [
=5 ( Za(n,i,k)a(m,j,l)Xi+j,k+l>
k=0 1=0
=5 Ui k) A(mgl) | Xitjr
r=0 \k+i=r
O
4.70 Corollary. For anyi,7 € N, if 1 < j we have that
g | it N , I
PLiPLj = 5~ 2 E_:O(T + )X+ +1) ZXi+j,T (4.64)
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Proof. Tt follows from Lemma 4.69 and the fact that a(; ;4 =1 for any i and 0 < k <. [

4.71 Lemma. Let,j € N. Ifi < j we have

s + +
V1,01, = dlj! (Xi+j+2,0 - Xi+j+2,i+1) .

Proof. By Lemma 4.70, we have that

V1,4V1,5 = V2,0P1,iP1,5

i—1

ilj! . J
= %(Xzﬂ — X1 {2 D+ D)Xy + (i +1) > Xm‘,r}
r=0 r=tg
ilj! , .
= {2[Xitj420 — (0 4+ 1) Xigjyoi +iXitjr041]
+2(0 + 1) [Xitjroi — Xivjrait]}

= ilj! (Xi+j+2,0 - Xi+j+2,i+1) .

O

4.72 Proposition. For any n,m € N*, i,j € N, there is a sequence

{op0<Ek<n+m+i+j—-1}CQ
such that

n+m+i+j—1
Un,iUm,; = Z O Unpm4-it+j—k,k- (465)
k=0

Proof. 1t follows from Proposition 4.66. O

4.78 Remark. Under assumptions of Proposition 4.72, we have
i) If n+m is even and ¢ + j — k is odd, thus a4, = 0.

it) If n+m is odd and ¢ + j — k is even, thus oy = 0.

4.2.2 Unterberger’s symbolic calculus

In this section, we introduce a family of invariant symbolic calculi on the imaginary Lobachevsky

space according to [UU96].
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Let m; , be the unitary principal series representations of the Lie group G = SL(2,R), defined
for A € R by

(ma(v ) (s) = [1,()[ T Puly-s) (v € Gue LX(R),s €R)

Wherejv(s):chrdandV's:?g—is if v = ed.
c d

The Lobachevsky space 11, is isomorphic to G/H, where H is the subgroup SO(1,1). The
Lie group G acts on the Hilbert space L*(TI;) = L*(IIy, dur) of square-integrable functions

on II;, (with respect to the measure puy) by

(90(’771)f)(3’t) = (’771 -f)(S,t) = f(ﬁ)/'(sat))’ (7 € G> (S’t) € HLa f € L2(HL))'

Now, for any f € L*(TI;) and any A € R* we define the operator Op,(f) on the imaginary
Lobachevsky space G/H ~ 11}, given by:

(Op,(fHu)(s) =c_x /HL f(s,t)|s — t| 77 u(r)|r — t| 7 A drdt, (u € L*(R),s € R)
(4.66)

where ¢, is the normalizing constant
1 N
ey = = (2m)A [T(iA) cosh(—=-)| .
2 2
We have

4.74 Proposition. For all A € R*, the operator Op, : L*(I;) — HS(L*(R)) is an isom-
etry from the Hilbert space of square integrable functions L*(I11), called symbols, into the
space of Hilbert-Schmidt operators on the configuration space L?(R). Moreover, Op, respects

symmetries, that is, for any v € G, f € L*(Il;) we have

ia(7) OPA(f)mia(y™") = Ops(f oy 7).
Proof. See [UU96]. O

The usual composition of Hilbert-Schmidt operators gives rise to a natural associative non-

commutative product #, on the Hilbert space L*(II;) such that:

Op,\(f#29) = Op,(f) o Op,(9)- (4.67)
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The product #, has an integral representation (see [UU94]). To see that we consider the

cross- ratio of four points in C = CU{oo}:

_(s=ylz-1)
= )
Then, the product #), is given by
(f#29)(s,1) = CAC—A/HL fs,2)g(y, O[5, y, 2, 8|7 Hdpr (e, y). (4.68)

where dpuy, is the G-invariant measure on Il given in Eq. (4.45).

According to [UU96] the commutative and associative algebra

A=DE,,

neN

defined in Eq. (4.62), is also an algebra with associative product #,. Indeed,

4.75 Proposition. Let (n,m) € N* x N* and (f,g) € Ef x E.. The product f#g can be
written as a series Y ey Pk, hi € E;{+m+k+2 (convergent as a series of pairwise orthogonal

elements of L*(T1L)).

Proof. See [UU96, Theorem 3.6]. O

The elements hy in the Proposition 4.75 are given by the Rankin-Cohen brackets

k <2n+k—1><2m+k—1

RCu(f.g) = (1) o )3’“‘76’”9 (,9) € A2(11) x A2, (1T)

on the Bergman algebra S = @,y 2 (11) (see Section 3.2.2). To show that the authors

r

prove in [UU96] that each E is isometric to the Hilbert space ##,2(II). More precisely,

4.76 Proposition. Given n € N*, set

a, = 27201 (2(n - 1)>7T2.

n—1

and define the operator ), by

QuI=) =t [ Fls, g (s. s s.1). (4:69)

L

for every f € L*(I1), z € 1 and g as in Eq. (4.51). Then the operator ((2n—1) o, /47)/%Q,,
is an isometry from E onto S2(I1) . It acts as an intertwining operator between the quasi-
reqular representation of G in E (given by v-f = fo~v~') and the representation ps, (Eq.
(3.21)) of G in 22 (11). Its inverse is given by the formula

75,0 = 222 [ (Qu)(E)g2 (5, () (), (4.70)

4




4.2. Calcul symbolique d’Unterberger 124

Proof. See [UU96, Proposition 2.2]. O

According to Proposition 3.39, if f € s£2(1) and § € 2 (1), then the Rankin-Cohen

bracket RCy(f, §) actually belongs to the Bergman space 2 (IT) and

2(n+m-+k)

RCk(p2a(N) s p2m(7)3) = p2ttmen (1) (RC([, 7)),
for any v € SL(2,R).

4.77 Proposition. Let A € R* and (f,g) € Ef X EY such that the product f#\g is expressed

by
f#29 =" g,

k>2
where the hy’s elements are in E,7, .. Then, there is a sequence {®y(n,m,\)|k > 2} CC

such that for all k > 2

Qnimik(hi) = @u(n, m, N)RCu(Qn(f), Qm(9))- (4.71)
Proof. See [UU96, Proposition 3.6]. ]

4.78 Remark. According to [UU96, Theorem 4.2], the explicit expression for coefficients
Op(n,m, ) is

2n—D!2m —1l(n+m+k —3)!
(n—D!2m+k —3)!(2n+ 2m + 2k — 6)!
2 (k — 2) n+l-D!2n+2m+k—4+DT(n+1—iN(m—1i))

l;(_l)k_l l 2n+l—Dn+m—1+DT(n+m+1—iN(—i))

Dp(n,m,\) = 222

(4.72)

Here we replace n by m — 1, n by m — 1 and k by k — 2 in the expression given in [UU96,
Theorem 4.2].

By some computations in GP/PARI the coefficients ®;(n, m, \) are related to the coefficients
tr(i, j) defined in Eq. (3.25), in the follow way:
4.79 Conjecture. For anyn,m > 1, k > 2 and A € R*, we have that

Tin+1—iNT(m+1—i))
Tn+m+k—iAND(=i))

®p(n,m, \) = 4 M+ 1,m +1). (4.73)

We recall from Subsection 4.2.1 that {v, x|k € N} is a total basis of E. It is given by

Un,k = (Dz_)kgg
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4.80 Proposition. Let n,m > 1 and A\ € R*, we have

UmO#)\Um,O = (I)Q(n7 m, >\>Un+m,0-

Proof. See [UU96, Proposition 4.1]. O

4.3 Rankin-Cohen brackets and Fusion matrices

It is well-known [BBG98] that there is only one equivalence class of deformations (covari-
ant or not) on co-adjoint orbits of group G = SL(2,R). The orbits SL(2,R)/SO(1,1) and
SL(2,R)/SO(2) are quite different. However, we have find one relation between Rankin-

Cohen deformation and fusion matrices. We use as reference [EV99, ES01, Pev12].

Let My and M, be two Verma modules of lowest weight A and p. We recall the definition
(see Proposition 4.12) of r (A, ) the unique (up to constant multiples) e~ -null vector of h

eigenvalue A +p + 2n

O =3 (—1)%‘(A e 1) (“ e 1) (€M) vy @ (") vy

i+j=n J ?

We consider the the bilinear operator RC*) defined by
RO (vy @ v,) =1y (A, ).

If there is no confusion, we denote RC,, instead RC). We can considerer a morphism

between My .o, and My ® M. More precisely,

4.81 Proposition. In the basis {vy,, o, 1k € N} of My, .o, the map R : My, .o, —
My @ M, given by

B 1 _ 1 _ _
R(U/\+M+2n,k:) = 7l A(€+)k (A p) = 7l A(eﬂk RC,(v) ® vu),
s a g,-morphism.
Proof. Clear for the definition. O]

According to Theorem 4.35, we remark that
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4.82 Proposition. Let A\, be two complex numbers and n € N. If —u ¢ N, then we have
that

Fou(un ® U;) = R<U>T+u+2n) =71, (A ) = RCu(vy ® U;)a (4.74)

where Uy, = u, (A, 1) = (—1)”<“+"_1) (et)™vy .

n

Proof. 1t follows by Theorem 4.35 and the unicity of morphism. m

Now, we want express the Rankin-Cohen bracket RC,, as a fusion matrix. To see that, we

find the fusion matrix between two Verma modules.
4.83 Proposition. Let A\, v, be three complex numbers. We have

i) IfA=p & N and X\ —p— v ¢ N, then the A-fusion matriz J,

My (\) exist and
Tty MW ® 05) = Frpmzj (0,5 @ 0,5), (.5 €N)

:Zk!(

k=0 /\_M - 2])k

—\k,,— \k,,—
(6 )vu,i®(e ),Up,,j'

i) If\—p & Z and N\ —p — v ¢ Z, then the A-fusion matriz JA};7MII(>\) exist and
Tote g M ®0,5) = Fuoxg2i(v,; @ vy,5), (i,j € N)

_ d (_1)k —\k, — \k, —
_kgok‘!(y—)\—FQi)k(e V0 ® () 0

Proof. 1t follows from Proposition 4.38. O

In particular,

4.84 Proposition. Let A\, u be two complex numbers. If —pu ¢ N and —pu— X ¢ N, then the

A-fusion matriz JAJZ 0) exist and

IvMu_(
Jt (0)(un ® v, ;) = RCM (vy @ v, i),

My My,

where u, = u,(\, 1) = (—1)”(“+Zfl)(e+)"v)f. In particular, if j =0 we have

Jt (0)(un @v,) = RCy(vy @v,) =1, (A ).

My My

Proof. Tt follows from Proposition 4.83. m
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The Verma module M, is a Z-graded module, thus according to Subsection 4.1.1.1, we can

consider the completion

My = [] koanh",

neN

where {vy,|n € N} is the total basis of M. The completed tensor product My & M, is
given by

My @M, = My Qi) M, = [ (van @ wy)A",
neN

where w,, is an element in M "

4.85 Theorem. Let My and M, be two Verma modules of lowest weight A and lowest
weight p. If —p ¢ N and —p — X\ € N, then

Jt O)(u®v,)=F_(u®v,) =" RC(vy ®v,)h",

MM,
AR neN

where u is given by

u= 3wt = S (0 e e

neN neN n

Proof. 1t follows from Proposition 4.84. O]



Conclusions

Dans le troisieme chapitre, nous introduisons et développons la notion d’algebre de Rankin-
Cohen (Définition 3.10) comme une généralisation de ’algebre des formes modulaires de

poids arbitraire. Cette notion différe de celle que Zagier a introduite dans [Zag94].

En accord avec [CMZ97], on sait que I'application ¢" : N?® — C donnée par

T v ([ G I
1) = (=) T>o<zr><—z—><j 2><m+]_>

l\D\H

r
détermine une déformation formelle et SL(2,R)-invariante 3, t,RCrh¥, dans 'algebre des
formes modulaires de poids arbitraire. Etant donné une algeébre de RC (Définition 3.10), nous
dirons que 'application t : N> — C est une “twist” de Rankin-Cohen de A, si le produit

défini par 3", t, RCh¥, est encore une déformation formelle et SL(2, R)-invariante dans A[[A]].

Dans le théoréme principal du chapitre nous montrons que 'algebre de Bergman 5+ est une
algebre de RC. En plus, nous montrons que pour tout x € C I'application t* (Eq. 4.75) est
un twist de Z". Pour la démonstration, nous utilisions une condition combinatoire d’asso-
ciativité intrinsequement associée au twist et a ’algebre A. Nous décrivons cette condition.
Soit Q(ay,as,a9) (%, J, k, 7, ) Uentier

(i (A (ot aa v tidk g k=) fag it gk =]
5 k 1+

op+r+s—1\{fas+r+s—1
5 r '

Considérons t : N* — C une application et Play as,04) (T, Y, 2) le nombre complexe
Z tr+s(a1; a2)ti+j+k(a1 + (0% +V7’+su a3)Q(a1,o¢2,a3)(ia ja k7 T, S)’ (476)
I(z7y7z)
ou I(z,y,z) est 'ensemble de 5-tuples (i,j,k,7,s) telsque i +r =z, j+s =y, k = z.
Nous dirons qu'une application ¢ : N x Z x Z — C satisfasse la condition (Ct) si pour tout

x,y,z € Net ay,ay, a3 € supp(A) C Z, on a

P(04170627a3)(x7y7 Z) = (_1)yp(a3,a2,a1)<z7y>$)- (Ct)
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Le théoreme suivant est le résultat principal du troisieme chapitre.

Théoréme. Pour tout k € C la fonction t* : N* — C défini en (3) est un twist de *. En

particulier, si k = % ou K = % nous retrouvons la déformation SL(2, R)-équivariante
frrcg =Y RCi(f, 9)h" (f,g €.
keN

Autrement dit l’espace F€* est une algébre de Rankin-Cohen.

Dans le quatrieme chapitre nous établissons un lien entre les déformation formelle de Rankin-

Cohen et celle donnée par Alekseev et Lachowska que I'on note *g.

L’objet fondamental pour la construction de x5 est I’élément canonique F) associée a la
dualité de Shapovalov (, )\ : U(n_) x U(ny) — C (Définition 4.25). Ensuite, on utilise les
matrices de fusion (Définition 4.38) pour montrer que F) satisfasse la condition d’associati-
vité de Drinfeld (Proposition 4.47). Dans la Proposition 4.49, nous décrivons explicitement
les éléments a,, du développement asymptotique de Fj-1 et précisons le résultats d’Alekseev

et Lachowska.

Le calcul symbolique #, (Eq. 4.67) d’Unterberger est lié¢ aux crochets de Rankin-Cohen 4.77.
Nous conjecturons que les coefficients de Unterberger ®;(n, m,\) sont étroitement liés au

twist de Zagier t* (Conjecture 4.79).

Finalement, nous montrons le théoréme principal de cette these (Théoreme 4.85) qui exprime
les crochets de Rankin-Cohen en termes des matrices de fusion (Proposition 4.82). Alors la

condition d’associativité de F codifie I'associativité du produit 3, RC,A*.

Théoréme. Soient M, et M, deur modules de Verma de plus bas poids A et de plus bas
poids . Si —pu ¢ N et —u— X ¢ N, alors

Jt O(u®v,)=F_(u®v,) =Y RC,(vy ®uv,)h",

M M7
AT neN

ot u est donné par u =Y,y Un(A, )" = ZneN(—l)”(*ﬁZ*l)(6*)”?);7?7’ e M;.
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OPERATEURS DE RANKIN-COHEN ET MATRICES DE FUSION

Ce travail est consacré a I'étude des déformations équivariantes des orbites co-adjointes du
groupe de Lie SL(2,R). Nous établissons un lien entre des méthodes de quantification ba-
sées sur les crochets de Rankin-Cohen et les matrices de fusion pour les modules de Verma.
Par ailleurs nous formalisons et étudions la notion associée d’algebre de Rankin-Cohen qui

controle 'associativité de ces déformations.

Crochets de Rankin-Cohen, Quantification, Star-produits, Dualité de Shapovalov, Matrices de Fusion, Théorie d’algébres et groupes de Lie.

Titre en anglai

This work is devoted to the study of equivariant star-product on coadjoint orbits of the Lie
group SL(2,R). We establish a correspondence between two quantization methods. The first
is based on the Rankin-Cohen brackets and the second is based in the canonical element
associate to the Shapovalov form and fusion matrices for Verma modules. Furthermore we
formalize and study the associated notion of non-commutative algebra that controls the as-

sociativity of these deformations.

Rankin-Cohen brackets, Quantization, Star-products, Shapovalov form, Fusion matrix, Lie algebres and Lie group Theory.
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