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Abstract
This work comes from the necessity of having a reliable numerical tool for finding
macroscopic properties of porous media. The implementation of a Lattice Boltz-
mann method (LBM) developed for the solution of the Incompressible Navier-
Stokes equations showed the importance for a numerical scheme to satisfy an
entropy condition. A novel kinetic scheme satisfying the entropy condition is
developed, tested and implemented for the simulation of practical problems.

We first recall the basic properties of the Boltzmann equation and show the
importance of satisfying an entropy condition when we aim to solve a hyperbolic
system.

Then, the construction of this new entropic scheme is presented. A classical
hyperbolic system is approximated by a discrete velocity vector kinetic scheme
(with the simplified BGK collisional operator), but applied to an inviscid com-
pressible gas dynamics system with a small Mach number parameter, according
to the approach of Carfora and Natalini (2008). This parameter and the time step
of the scheme tend to zero simultaneously. The numerical viscosity is controlled,
and tends to the physical viscosity of the Navier-Stokes system. The proposed
numerical scheme is analyzed and formulated as an explicit finite volume flux
vector splitting (FVS) scheme that is very easy to implement. It is close in spirit
to Lattice Boltzmann schemes, but it has the advantage to satisfy a discrete en-
tropy inequality under a CFL condition and a subcharacteristic stability condition
involving a cell Reynolds number. The new scheme, called BGK-FVS, is proved
to be second-order accurate in space if the parameters are chosen according to
several conditions: this is the case in particular for the Lax-Friedrichs scheme.
We show the efficiency of the method in terms of accuracy and robustness on a
variety of classical benchmark tests.

Some physical problems have been studied in order to show the usefulness of
both schemes. The LB code was successfully used to determine the longitudinal
dispersion of metallic foams, with the use of a novel indicator. The entropic
code was used to determine the permeability tensor of various porous media,
from the Fontainebleau sandstone (low porosity) to a redwood tree sample (high
porosity). These results are pretty accurate. Finally, the entropic framework is
applied to the advection-diffusion equation as a passive scalar.

Keywords : vector BGK schemes, flux vector splitting, incompressible Navier-
Stokes equations, low Mach number limit, discrete entropy inequality, cell Reynolds
number, lattice Boltzmann schemes, longitudinal dispersion, permeability tensor

3





Remerciements
Que de parcours effectué durant cette thèse !

Je remercier en premier lieu René Occelli, sans qui cette thèse n’aurait jamais
vu le jour et qui a su me motiver au moment le plus opportun, et Irina Graour
Martin pour sa présence et son regard critique sur mes différentes rédactions
indispensable à leur améliorations.

Ensuite, je voudrais particulièrement remercier Vincent Pavan pour ses cours
particuliers en mathématique égrainés tout au long de cette thèse et sa patience
lors de ses explications, Frédéric Topin pour les discutions souvent musclées, mais
indéniablement constructives, pas seulement cantonnées aux milieux poreux,
Roberto Natalini pour les échanges déterminant et les encouragement en début
de thèse, François Bouchut, qui a insufflé un élan considérable lors de cette fin de
thèse, et Fabrice Rigollet, qui a enduré mes longs monologues lors de nos trajets
quotidiens.

Finalement je remercie infiniment ma femme Crystel, qui m’a encouragé et
supporté tout au long de ce travail, spécialement à la fin.

5





Contents

Contents

Abstract 3

Remerciements 5

Résumé 11
I Introduction 11
II Méthode numérique 11
III Applications 15

III.1 Détermination de la perméabilité 15
III.2 Résolution de l’équation d’advection-diffusion par l’approche

BGK-FVS 16
III.3 Détermination de la dispersion longitudinale 16

IV Conclusion 19

Introduction 21

1 Kinetic theory and entropy conditions 27
1.1 Boltzmann equation 28

1.1.1 Local conservation laws 31
1.1.2 Entropy, H theorem, equilibrium distribution 34
1.1.3 Hydrodynamic limits 37
1.1.4 BGK 38

1.2 Entropy considerations for hyperbolic problems 39
1.2.1 Introduction to characteristics 41
1.2.2 Linear case 42
1.2.3 Non linear case 43
1.2.4 Weak solution and non uniqueness 45
1.2.5 Shock speed and entropy condition 47

1.3 Conclusion 49

2 Kinetic formulation 51
2.1 Construction of the proposed numerical scheme 52

2.1.1 From Hyperbolic equations to hydrodynamic systems 52
2.1.2 Getting hyperbolic moment equation from kinetic equations 57
2.1.3 Entropy consideration for the kinetic equation 60
2.1.4 Time discretization: transport projection algorithm 64
2.1.5 Finite volume projection 70
2.1.6 Velocity discretization 72
2.1.7 Flux vector splitting presentation 75
2.1.8 The multidimensional Lax-Friedrichs scheme 78

7



Contents

2.1.9 Stability to Incompressible Euler Equation 79
2.1.10 Consistency and accuracy of the FVS scheme for the INSE 83
2.1.11 Application to the Lax-Friedrichs scheme 86

2.2 Comparison of the present approach with the LB method 87
2.2.1 Collision step 88
2.2.2 Convection step 89
2.2.3 Construction of the moment matrix M 90
2.2.4 Equilibrium function 91
2.2.5 Recovering the Navier-Stokes equations 92
2.2.6 Concluding remarks 93

2.3 Conclusion 94

3 Numerical implementation 97
3.1 Introduction 98
3.2 Numerical settings 99

3.2.1 General scheme 99
3.2.2 Stability and parameter settings 101
3.2.3 Generality on the boundary conditions 103

3.3 Diagnostics 104
3.4 Numerical results 105

3.4.1 2D verifications 106
3.4.2 Optimization considerations 113
3.4.3 2D validations 117
3.4.4 3D flow around complex object 126

3.5 Non-standard consideration: velocity in moment equations 131
3.5.1 Backward facing step 131
3.5.2 Laminar flow past a square cylinder 132

3.6 Conclusion 134

4 Applications 137
4.1 Introduction 138
4.2 Permeability 139

4.2.1 Permeability tensor determination 140
4.2.2 Real foam samples of high porosity 142
4.2.3 Real low porosity sample 145
4.2.4 Application to anisotropic media (orthotropic case) 148
4.2.5 Complex geometries: wood study 150
4.2.6 Conclusion 162

4.3 Entropic passive scalar advection-diffusion treatment 163
4.3.1 Pure diffusion case 163
4.3.2 Uniform velocity field 164
4.3.3 Non uniform velocity field 166
4.3.4 Conclusion 168

8



Contents

4.4 Maxwellian indicator: towards dispersion determination 169
4.4.1 Definitions 171
4.4.2 Main results on the moment problem 172
4.4.3 Definition of the Discrete Maxwellian Index 173
4.4.4 Expansion of ξξξ (M (1 + εg)) 174
4.4.5 Error analysis in the determination of Maxwellian parameters176
4.4.6 Numerical Efficiency 177
4.4.7 Recovering the Maxwellian parameter 178

4.5 Dispersion determination 179
4.5.1 Using the NDMI to compute dispersion 179
4.5.2 Validation on Taylor dispersion 180
4.5.3 Application on porous media, Kelvin foam 183
4.5.4 Conclusion 185

Conclusion and perspectives 187

Bibliography 191

ANNEXES 201
A Drag/lift coefficients determination 201

A.1 Problem formulation 201
A.2 Derivative’s determination 202
A.3 Truncation error 203
A.4 Boundary 204

B Normalized Discrete Maxwellian Index 207

9





I. Introduction

Résumé

I. Introduction
Les phénomènes de transport en milieux poreux sont étudiés depuis près de deux
siècles, cependant les travaux concernant les milieux fortement poreux sont en-
core relativement peu nombreux. Les modèles couramment utilisés pour les
poreux classiques (lits de grains par exemple) sont peu applicables pour les mi-
lieux fortement poreux (les mousses par exemple), un certain nombre d’études
ont été entreprises pour combler ce manque. Néanmoins, les résultats expéri-
mentaux et numériques caractérisant les pertes de charge dans les mousses sont
fortement dispersés. Du fait des progrès de l’imagerie 3D, une tendance émer-
gente est la détermination des paramètres des lois d’écoulement à partir de simu-
lations directes sur des géométries reconstruites. Nous présentons ici l’utilisation
d’une nouvelle approche cinétique pour résoudre localement les équations de
Navier-Stokes et déterminer les propriétés d’écoulement (perméabilité, disper-
sion, . . . ).

II. Méthode numérique
Nous cherchons à résoudre les équations de Navier-Stokes incompressible. Pour
cela, on propose dans un premier temps de résoudre un système de loi de con-
servation hyperbolique de la forme (avec la notation ∂t = ∂/∂t et ∂xj = ∂/∂xj)
:

∂tW +
D∑
j=1

∂xjFj(W) = 0, (I)

D est la dimension de l’espace, W est le vecteur des moments, et les Fj sont les
flux associés. Ces deux dernières variables sont des quantités vectorielles, cor-
respondant aux inconnues du système que l’on cherche à résoudre, i.e. Navier
Stokes Incompressible. Il est classique de faire un changement de variable dit
parabolique sur le système (I) de sorte que ces variables soit ajustées pour cor-
respondre à la solution des équations d’Euler incompressible. Nous verrons par
la suite comment ajouter les termes visqueux manquant.

Nous avons choisi de résoudre (I) avec un schéma cinétique de type BGK vec-
toriel. Cette méthode est issue d’une utilisation rigoureuse de la théorie cinétique
[80]. Elle est basée sur des opérateurs collisionnels de type BGK [95], et est de
la forme suivante :

∂f
∂t

+ 1
εadv

v(ξ) ·∇xf = 1
εcoll

(M[Wf ]− f) , (II)

11



II. Méthode numérique

f est une fonction de densité de probabilités (pdf), v(ξ) est une vitesse de l’espace
des vitesses Ξ (ξ ∈ Ξ), εadv et εcoll sont des petits paramètres que l’on fera tendre
vers zéro (correspondant au changement de variable), et M est la maxwellienne
que l’on définira par la suite. Cette équation a 7 variables indépendantes : le
temps, 3 variables dans l’espace moléculaires ξ et 3 dans l’espace physique (si
le problème considéré est 3D). Afin que le schéma cinétique (II) soit consistant
avec (I), il faut les conditions suivantes :∫

M[W](ξ)dξ = W,
∫
vj(ξ)M[W](ξ)dξ = Fj(W), ∀W, j ∈ [1, D]. (III)

Les conditions (III) sont simplement la conservation des moments et des flux.
Il est facile d’associer une entropie η à un système de loi de conservation hyper-

bolique. Il est par contre plus compliqué de conserver cette entropie au niveau
du schéma cinétique continu, ainsi qu’au niveau du schéma numérique discret.
Le but de la construction de cette méthode numérique est justement de conserver
cette entropie. Au niveau continu, on relie la conservation de l’entropie au carac-
tère monotone de la maxwellienne par rapport à η. Plusieurs théorèmes proposés
par Francois Bouchut ([18]) nous permettent de transformer cette condition de
monotonie en une condition de positivité sur les valeurs propres de la matrice
issue de la dérivée de la maxwellienne par rapport à W. Cette condition sera
appelée condition sous caractéristique. Elle est élégante dans la mesure ou elle
ne fait pas référence à l’entropie η, mais juste aux dérivées de la maxwellienne,
que nous pouvons calculer explicitement.

Il reste donc à expliciter la forme de la maxwellienne M. Conformément à
[80], nous avons choisi une forme linéaire suivant W et Fj :

∀W, a.e. ξ ∈ Ξ, M[W](ξ) = a(ξ)W +
D∑
j=1

bj(ξ)Fj(W). (IV)

Il faut maintenant discrétiser l’ensemble des espaces : le temps, l’espace des
vitesses, et l’espace physique.

La discrétisation en temps est assurée par un algorithme dit de transport-
projection. L’idée est que, dans (II), le paramètre εcoll (supposé petit) force f
à tendre vers M[W]. On peut alors considérer le terme de collision comme nul,
sauf à quelques instants correspondant aux temps discrétisés. On projette alors
la solution de cette équation sur la maxwellienne à ces temps précis. Le princi-
pal avantage de cet algorithme est de conserver l’entropie. De plus, F. Bouchut
a montré dans [19] qu’il y a équivalence entre un algorithme de transport-
projection avec une méthode de séparation de flux (Flux Vector Splitting), tout
en conservant l’entropie. On utilisera alors ce formalisme pour décrire le schéma
numérique.

La discrétisation physique est opérée comme suit : on décompose le domaine
de calcul en une grille uniforme, et on considère des fonctions continues sur les
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II. Méthode numérique

cellules composant cette grille. On procède de la même manière que les volumes
finis.

On choisit 2D nombre de vitesses discrètes par moment pour la discrétisation
de l’espace des vitesses.

v 1
v 2

v 3

v 4

v 2

v 3

v 1

v 6

v 4

v 5

Figure I.: Vitesse discrètes en 2D,
pour chaque moment

Figure II.: Vitesse discrètes en 3D,
pour chaque moment

La décomposition des flux prend alors la forme suivante sur chaque direction
:

Fj (W) = F+
j (W) + F−j (W) , j ∈ [1, D].

En revenant à (I), nous cherchons sa limite, quand dans un premier temps on
fait tendre εcoll vers zéro, en fixant εadv ≈

√
εcoll (voir [58]), ce qui donne de

manière simplifiée :

∂tρ+∇x · (ρu) = 0,

∂t(ρu) +∇x ·
(
ρu⊗ u + P (ρ)

ε2
I
)

= 0.

On remplacera désormais εcoll par ε. Le nombre de Mach est alors de l’ordre de
ε, (limite à bas nombre de Mach). Par passage à la limite on peut écrire :

P (ρ)− P (ρ)
ε2

→ ρP, (V)

P est la pression physique, et ρ est la densité de référence (=1). On choisira
P (ρ) = c2

sρ, cs vitesse du son. En faisant tendre ε vers 0, on obtient alors le
système des équations d’Euler incompressible. L’approximation de la pression
d’ordre 2, ce qui donne celle de l’incompressibilité, qui est aussi d’ordre 2.

Le schéma écrit sous la forme de la décomposition de flux est alors, en tenant
compte du changement d’échelle :

Wn+1
i −Wn

i + ∆t
ε∆x

D∑
j=1

(
Fn

i+ej/2 − Fn
i−ej/2

)
= 0, (VI)
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Fn
i+ej/2 = F+

j (Wn
i ) + F−j (Wn

i+ej),

ej étant un vecteur de la base canonique (ej = (0, ..., 1, ..., 0) à la position j).
Il reste à ajouter le terme diffusif. Pour ce faire, l’idée est de définir parfaite-

ment la diffusion numérique issue du schéma de la résolution discrète de (VI),
et de fixer en conséquence les paramètres libres du schéma actuel à la diffusion
physique que l’on souhaite. Il en résulte la formule suivante :

ε = c∆x
2ν , (VII)

avec c > 0 la vitesse isentropique et ν la viscosité physique. Comme le schéma
est explicite en temps, nous avons la CFL suivante :

2Dν∆t
∆x2 ≤ 1. (VIII)

Finalement, nous pouvons réécrire le schéma directement sous la forme des
moments, après avoir choisi la décomposition de Lax-Friedrichs, qui est :

F+
j (W) = cW + Fj(W)

2 , F−j (W) = −cW + Fj(W)
2 ,

ce qui donne le schéma numérique suivant :

ρn+1
i =

(
1− 2Dν∆t

∆x2

)
ρni + ν∆t

∆x2

D∑
j=1

(
ρni−ej + ∆x

2ν (ρuj)ni−ej

+ ρni+ej −
∆x
2ν (ρuj)ni+ej

)
,

(ρu)n+1
i =

(
1− 2Dν∆t

∆x2

)
(ρu)ni

+ν∆t
∆x2

D∑
j=1

(
(ρu)ni−ej + ∆x

2ν (ρuju)ni−ej + 2ν
∆x

P (ρni−ej)
c2 ej

+ (ρu)ni+ej −
∆x
2ν (ρuju)ni+ej −

2ν
∆x

P (ρni+ej)
c2 ej

)
.

On remarque une somme de termes sur les directions de vitesses discrètes (sur
ej, i−ej, i+ej). Cela correspond à la projection de la pdf f sur la maxwellienne à
chaque pas de temps, deuxième étape de l’algorithme de transport-projection, ré-
écrit sur les moments. Finalement, la condition de stabilité sous-caractéristique
s’écrit alors :

cs
c
≤ 1− ∆x

2ν sup
i

max
j=1,...,D

|(uj)ni |. (IX)

La stratégie d’initialisation des paramètres est la suivante : on fixe ε = 1, ce
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paramètre n’ayant pas d’influence sur le schéma final, on fixe le rapport cs/c = 1,
les tests ayant montré que l’on a alors une bonne précision tout en conservant
l’entropie, et c provient de (VII) et cs du rapport précèdent.

Ce schéma est d’ordre 2 en précision en espace pour les vitesses et la pression,
et d’ordre 1 en temps. Ces résultats ont été validé extensivement en dimension
2D et 3D, en prenant bien le soin de vérifier la décroissance d’entropie au cours
du temps, propriété originale de ce schéma.

III. Applications
Cette méthode a été utilisé avec succès sur plusieurs types de problèmes. Nous
verrons en tant que première application la détermination de la perméabilité de
plusieurs types de matériaux poreux réels. Ensuite, nous utiliserons l’approche
décrite ci-dessus pour résoudre l’équation d’énergie. Enfin, nous développerons
un indice permettant de déterminer la dispersion longitudinale, utilisant des cal-
culs numériques obtenus avec une méthode de type Lattice Boltzmann, travaux
antérieur au développement de la méthode BGK-FVS, méthode présenté dans ce
travail.

III.1. Détermination de la perméabilité
Une approche 1D (par direction en espace physique) de la perte de charge est
adoptée à ce stade du travail. Nous utilisons des conditions aux limites péri-
odiques en vitesse avec gradient de pression imposé le long de l’axe d’écoulement
choisi et des conditions de symétrie sur les autres faces.

Bien que les effets inertiels puissent être significatifs dès les bas Reynolds dans
ce type de milieux, il est nécessaire de déterminer la perméabilité au sens de
Darcy [72] pour définir les lois d’écoulements de manière cohérente.

L’équation de Stokes peut être moyennée sur la phase fluide (en négligeant la
correction de Brinkman) pour obtenir la loi de Darcy :

− ¯̄KD ∇ < P >f= µf < V >,

où ∇ < P >f est le gradient de pression moyen sur la phase fluide, ¯̄KD est
le tenseur de perméabilité (D pour Darcy) et < V > est la vitesse moyenne du
fluide sur tout l’échantillon. Le gradient de pression moyen est la moyenne de
la différence de pression entre l’entrée et la sortie du domaine de calcul, ce qui
donne :

∇ < P >f= ∆P
L
,

où ∆P/L est la différence de pression imposée entre l’entrée et la sortie.
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On a appliqué cette méthodologie dans 3 directions orthogonales afin de quan-
tifier l’anisotropie d’un média par le calcul du tenseur de dispersion [13]. Le
système à inverser étant sur-déterminé, nous utilisons la méthode des moindres
carrées. Ce calcul permet de déterminer une perméabilité dans chaque direction
dans la base des vecteurs propres, pour peu que ceux-ci soit orthogonaux. Les
échantillons testés avec succès sont :

• mousse métallique de haute porosité,

• grès de fontainebleau (basse porosité),

• mousse de Kelvin idéalisée,

• bois de Séquoia.

Les deux premiers échantillons ont permit de valider la précision de la solu-
tion numérique obtenue par la méthode BGK-FVS, par comparaison de données
expérimentales issues de la littérature. Une étude plus approfondie a été effectué
sur un échantillon réel de bois de Séquoia. En conclusion, la méthode BGK-FVS
est parfaitement adaptée pour la détermination de la perméabilité de milieux
complexes.

III.2. Résolution de l’équation d’advection-diffusion par
l’approche BGK-FVS

Nous avons appliqué la méthode BGK-FVS à la résolution d’une équation d’advection-
diffusion de la forme :

∂tc (x, t) +∇x · (u (x, t) c (x, t)) = D∆xc (x, t) ,

c étant le champ scalaire de concentration à déterminer, u un champ de vitesses
données, t le temps et D la diffusivité (m2s−1). Cette étude de faisabilité a mon-
tré une précision d’ordre 2 dans des cas tests du type diffusion pure, d’advection-
diffusion dans une champ de vitesses uniformes et en rotation.

III.3. Détermination de la dispersion longitudinale
Depuis les premiers travaux de Taylor montrant des résultats asymptotiques (et
analytiques) concernant la dispersion d’un traceur entre deux plans parallèles
infinis, de nombreux résultats formels similaires dans les milieux poreux ont
été obtenus plus ou moins rigoureusement avec des hypothèses de géométries
souvent idéalisées. Nous nous intéressons ici à la dispersion longitudinale, qui
sera déterminée en ramenant un problème 3D à un problème 1D en moyennant
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III. Applications

le traceur sur les plans orthogonaux à la direction d’écoulement principale. Dans
ces conditions, le mélange du traceur avec le fluide environnant est donné par :

∂tC + u∂xC = Dl∂xxC,

Où u un champ de vitesses données, t le temps et Dl la dispersion longitudinale.
La solution asymptotique de cette équation est une maxwellienne qui s’écrit alors
:

C (x, t) = C (t) exp
(
−((x− x0)− ut)2

2 (σ +Dlt)2

)
, (X)

Où x0 est la position initiale de l’injection du traceur dans le domaine, et σ
l’écart-type. Malheureusement ce résultat n’est qu’asymptotique, et il faut faire
particulièrement attention à deux problèmes :

• Est-ce que le temps t est suffisamment grand pour que la solution soit
maxwellienne ?

• Comment, si t est suffisamment grand, déterminer Dl, avec si possible une
notion d’erreur sur le caractère asymptotique ?

Nous proposons une méthode pour répondre à ces questions. Celle-ci utilise
des résultats de la théorie cinétique. Nous montrons brièvement ici la construc-
tion de l’Indice Maxwellien Discret (IMD), permettant de tester la proximité d’un
échantillon avec une maxwellienne. On se donne une distribution de points fi,
qui est le profil de concentration moyenné sur des plans perpendiculaires à la
direction principal en fonction du temps, et qui a pour densité n, pour écart-type
σ, et pour moyenne x. On suppose, ce qui dans notre cas est toujours vrai pour
des raisons évidentes, que fi ≥ 0. Un résultat théorique nous assure alors qu’il
existe une unique maxwellienne discrète de la forme suivante :

Mi = ñ

(2πσ̃)d/2 exp
(
−(xi − x̃)2

2σ̃2

)
:=M(xi), (XI)

telle que ∑
i

{1,xi,x2
i }(fi −Mi)Vi = {0,0, 0}.

Nous cherchons alors à résoudre le problème de minimisation ci-dessus, i.e. trou-
ver la maxwellienne la plus proche de l’échantillon de points fi. Pour cela, on
résout par une méthode de Newton le système non linéaire suivant, avec pour
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III. Applications

inconnues (ñ, x̃, σ̃) :

∑
i

ñ exp

(
−(xi − x̃)2

2σ̃2

)
Vi = n,

∑
i

xiñ exp

(
−(xi − x̃)2

2σ̃2

)
Vi = nx,

∑
i

(xi − x)2

2 ñ exp

(
−(xi − x̃)2

2σ̃2

)
Vi = nσ2,

avec (n, x, σ) les moments de f . L’initialisation de la méthode de Newton se
fera par les moments de l’échantillon à mesurer, qui est apriori une assez bonne
approximation. Il ne faut en général que 3-4 itérations pour converger. Une fois
les moments de la maxwelliennes connus, on calcule l’information de Kullback
discrète, qui est défini par :

H(fi|Mi) =
∑
i

(
fi ln

(
fi
Mi

)
− (fi −Mi)

)
Vi ≥ 0.

On définit alors l’Indice Maxwellien Discret (DMI) par :

DMI(f) := H(fi|Mi).

On a le résultat important suivant :

H(fi|Mi) = 0⇔ fi =Mi[f ],
⇔ fi est une maxwellienne.

Enfin, nous pouvons normer l’indice suivant sa déviation à une maxwellienne
en posant fi =Mi(1 + εg), g étant alors la perturbation, et ε son amplitude. On
a le résultat suivant :

DMI(f) ' ε2

2 n.

On définit alors l’Indice Maxwellien Discret Normé (NDMI) par :

NDMI(f) :=
√

2 DMI(f)
n

.

En identifiant les termes de (X) et (XI), nous trouvons que x̃ = x0 + ut et
que σ̃ = σ + Dlt. Il est alors simple, en traçant ces valeurs au cours du temps,
de déterminer à la fois la vitesse de filtration u et la dispersion longitudinale
Dl, sans apriori, contrairement à d’autres méthodes (régression par exemple).
La valeur du NDMI détermine le caractère asymptotique de la solution obtenue.
Si le NDMI est petit, le temps simulé a alors atteint le temps d’établissement
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IV. Conclusion

nécessaire au retour maxwellien. De plus, la vitesse de filtration u est alors un
autre point de vérification, celle-ci étant connue (simulation numérique oblige).

Nous avons alors validé l’utilisation de cet indice pour déterminer la dispersion
longitudinale sur le cas de l’advection-diffusion d’un traceur entre deux plaques
dont la solution analytique donnée par Taylor est connue. On l’a ensuite appliqué
à une mousse réelle. Cet indice a montré une très grande précision dans la
détermination de la dispersion longitudinale.

IV. Conclusion
Le principal objectif de cette thèse a été de développer une nouvelle méthode
numérique afin de résoudre les équations de Navier-Stokes incompressibles, de
manière efficace pour des media homogènes ou hétérogènes. Cette méthode a
montré une bonne précision, ainsi qu’une caractéristique précieuse : le schéma
est entropique. On a appliqué ce schéma avec succès dans de nombreuses appli-
cations réelles, allant du calcul de perméabilité à la dispersion longitudinale.
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Introduction
From a historical point of view, the establishment of fluid motion science begins
with the work of Newton in 1687 in his famous work Philosophiae Naturalis Prin-
cipia Mathematica. He stated that, for a straight, parallel and uniform flow, the
shear stress between adjacent layers is proportional to the negative value of the
velocity gradient in the direction perpendicular to the layers, leading to Newton’s
law of viscosity. Later, with the development of mathematical tools, Bernouilli,
in his book Hydrodynamica (1738) proved that an increase in the speed of a fluid
occurs simultaneously with a decrease in pressure or a decrease in the fluid’s po-
tential energy. Following those works and the development of partial differential
equations, Euler wrote in his article [57] in 1757 the general form of the con-
tinuity and momentum equations, without the energy balance one, leading to
modeling non viscous incompressible fluid. Navier, in 1822, derived those equa-
tions for homogeneous incompressible fluids from a molecular argument, which
introduce the notion of viscosity. Using similar arguments, Poisson, in 1829, de-
rived those equations for a compressible fluid. Saint-Venant, who was a disciple
of Navier and Poisson, derived correctly the now called Navier-Stokes equations,
without Navier’s molecular approach, in 1843 [103], two years before Stokes’ fa-
mous paper [106]. However Stokes, in his article, gave some applications of his
equation. Those famous equations should be called Navier-Saint-Venant-Stokes
equations. Why Saint-Venant’s name never became associated with them is a
mystery ([83]).

From a mathematical point of view, the existence and uniqueness of classi-
cal solutions of the 3D Navier-Stokes (NS) equations is still an open problem
and is one of the seven "Clay Institute’s Millenium Problems" which offers a
US$1,000,000 prize to the first person providing a solution for a specific state-
ment of the problem:

Prove or give a counter-example of the following statement:
In three space dimensions and time, given an initial velocity field,
there exists a vector velocity and a scalar pressure field, which are both
smooth and globally defined, that solve the Navier–Stokes equations.

However, some partial results were established. In 1934, Jean Leray proved the
existence of so-called weak solutions to the NS equations, satisfying the equa-
tions in mean value, not pointwise. Moreover, since 1960, for a 2D NS problem,
there exist smooth and globally defined solutions.

From a numerical point of view, softwares solving the Incompressible Navier-
Stokes equations are well developed nowadays. The classical CFD (Computa-
tional Fluid Dynamics) methods are the Finite Difference, Finite Volume and
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Finite Element methods, and in some way, the spectral method. They are devel-
oped since the sixties. They usually treats the linear velocity-pressure coupling of
the equations by a Pressure correction approach using the following algorithms:

1. Marker and Cell (known as the MAC technique, by Harlow and Welch,
1965)

2. Projection method (Chorin and Temam, 1968)

3. Fractional step method (Kim and Moin, 1975)

4. SIMPLE, SIMPLER (Patankar, 1981)

There are numerous commercial softwares using those methods, as for instance
Starccm+, Ansys Fluent, Comsol, Pam flow, OpenFoam, ... These tools are ma-
ture, and developed since a long time. They are more some engineering tools
for industrial problems, meaning that a solution at first order is enough. Such
methods have some drawbacks, as for example, the numerical diffusion, leaving
some space to new numerical methods, namely kinetic method.

The kinetic method for the simulation of compressible flows has been intro-
duced in the eighties [97, 99, 82, 93, 46, 4]. The schemes were derived originally
by using the idea of the rescaled Boltzmann Equation (BE): the compressible Eu-
ler equations can be obtained as the hydrodynamic limit of the BE [33, 11].
These schemes are called either kinetic schemes, Boltzmann schemes, or BGK
schemes (for Bhatnagar–Gross–Krook). A strong property of these schemes is
that they are naturally compatible with the decrease of an entropy, ensuring its
robustness. The mathematical understanding of such approximations has been
developed in parallel to numerical methods, starting from scalar equations [25,
26, 94]. The general structure of kinetic schemes that enables entropy compati-
bility for systems of conservation laws has later been established [18], and their
equivalence with flux vector splitting schemes was proved in [19]. More gen-
eral relaxation approximations for hydrodynamic systems were proposed in [36],
which enable to avoid the problem of excessive diffusion on contact discontinu-
ities that are inherent to kinetic methods [60, 49]. Relaxation approximations
that well resolve contact discontinuities have been then developed, making the
link to approximate Riemann solvers [20, 21, 24]. The kinetic method is nev-
ertheless useful when approximate Riemann solvers are not available, which is
the case for example in large systems as in [8]. The use of kinetic schemes with
a finite number of velocities (velocities on a lattice in several dimensions), or
Lattice Boltzmann schemes have been considered for long, e.g. [15, 85, 63, 108,
46]. The application of the kinetic method to diffusive problems was developed
later [55, 67, 68, 23, 5, 43].

For incompressible Navier-Stokes equations, the kinetic method with a finite
number of velocities (or Lattice Boltzmann method, LBM) has been intensively
used [107]. In this case the issue of contact discontinuities no longer exists.
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It raises then a fundamental difficulty to analyze the accuracy of the LB scheme
[74], from the mathematical point of view.

Meanwhile, the simplicity of LBM has enabled it to be successfully applied to
a wide range of problems [37, 3]. A new challenge of its application in complex
geometries like foams [79] is of main concern. It also implies limitations to the
formalism:

1. There is an implicit relationship between fluid properties (diffusivity) and
discretization parameters (time step) leading to numerical instability at
lower viscosities [74].

2. In comparison to compressible flows, the hydrodynamic limit is superim-
posed to the low Mach number limit (or acoustic limit) [12]. Moreover, the
LBM models the NS equations in the near-incompressible limit. To min-
imize compressibility errors, and adhere to the small-velocity assumption
used in the Chapman-Enskog expansion, the computational Mach number
must be kept small (i.e. Ma�1).

3. In combination with the popular simple bounce-back boundary conditions,
a boundary position dependence on varying viscosity can be observed [88].

A lot of effort have been made to limit or solve these issues. For example, in or-
der to enhance the numerical stability of the LBM formalism, dubbed regularised
LBM has been developed by correcting the calculated properties proportional to
the unconserved, so-called ghost-modes [9, 107].
Finally, another tool for improving the accuracy is to find an alternative colli-
sion scheme. In particular, the multiple relaxation time (MRT) collision operator
improve the numerical stability by separating the relaxation rates of the hydrody-
namic (conserved) and non hydrodynamic (non-conserved) moments [46, 47].
Unfortunately, it destroys the entropy compatibility. The use of special veloc-
ity lattices [38] and particular Maxwellians that are not entropy compatible also
contribute to the loss of robustness. Indeed, as it was shown in [115], usual LBM
(as opposed to entropic LBM, see for instance [71, 109]) is not able to manage
with any entropy theorem, and the study of stability must be performed with
additional difficulties.

Since several years the "heat transfer group" at the IUSTI Laboratory is work-
ing in the field of heat and mass transfer, especially through porous media and
substantial expertise has been achieved in this domain. The research works are
oriented towards understanding the physical mechanisms, and focus around con-
trolled and increased head and mass transfers. Various studies carry on optimiz-
ing the topological and structural organization of cellular materials (metal foam)
at different scales: at millimeter scale for flows and transfers, at the micrometer
scale to the heat exchanges and at the nanoscale for catalysis. This geometric
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optimization aims to integrate these materials in multifunctional exchangers.

The study of foam properties are carried out int the frame of collaboration
with the LGC (Toulouse) Laboratory. It consists particularly in using a Lattice
Boltzmann in house code from LGC, named Porflow, developed by M. Clifton.
The important point is to study the flow properties in real 3D geometries, ob-
tained from high resolution microtomography images, and reconstructed with
the software iMorph, developed by J. Vicente at IUSTI. Porflow uses the multiple
relaxation time (MRT) version of the LBM scheme, in order to reduce the limita-
tions of the LBM enunciated above. This study leads to some publications, e.g.
[31].

Before working on this thesis, I used and improved Porflow. A parallel version
has been created, using a standard domain decomposition. The energy equation
has been added, using the Lattice Boltzmann scheme. This work opens a new
class of problems possible to investigate, as studying the thermal conductivity,
the dispersion, etc. Those developments led also to the creation of a new indica-
tor, which permits to determine precisely the longitudinal dispersion in porous
media (this part is developed in Chapter 3 of the present manuscript).

In this context, the purpose of this thesis is to find an alternative to Porflow
numerical approach, with the idea of developing a new scheme, which should
be entropy satisfying. Looking at the kinetic’s family scheme seemed natural. It
has good properties, for easy development and parallelism. This leads to the de-
velopment of a new scheme named BGK-FVS (for Bhatnagar Gross Krook, BGK,
and Flux Vector Spitting, FVS), with the leading idea to keep the entropy com-
patibility property.

This thesis is constructed in the following way:
In Chapter 1, after some recall of properties of the Boltzmann equation, the

roots of these methods, we will show the interest of keeping an entropy in a sim-
plified problem example: find the solution of a scalar hyperbolic conservation
law equation. This part is classic in the partial differential equation formalism,
but is not always known to the non mathematical community. We will show that
these hyperbolic systems can have multiple non physical solutions, and one way
of finding the physical one is to add a so-called entropy condition. In the scalar
case, this condition will lead to ensure the existence and uniqueness of the solu-
tion.

In Chapter 2, we will explain the main ideas of the BGK-FVS method, and
show how to keep the entropy at the discrete level, simplifying the accuracy
analysis of the scheme. Finally, we will explain roughly the construction’s differ-
ences between the LBM and the BGK-FVS schemes.
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In Chapter 3, we will validate the numerical solutions of the BGK-VFS scheme
on some standard benchmarks, and show the strength and weakness of this new
algorithm. We will also find some possible optimization settings, and compare
all these results to the literature.

In Chapter 4, we will apply the developed tools, based on the LBM and the
BGK-FVS methods, to simulate real physical problems. The BGK-FVS code is used
to determine the permeability tensor of various real foams of different porosities.
Then, we will show some validations on the advection-diffusion equation, used
as a passive scalar, with the BGK-FVS framework, showing the modularity of the
method. Finally, the LBM code is used to determine the longitudinal dispersion,
with the help of a new reliable indicator.

Finally we will conclude by presenting the major findings in this thesis, and
will present the possible perspectives of this work.
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1. Kinetic theory and entropy conditions

1.Kinetic theory and entropy
conditions

Abstract

We will recall the basic properties of the Boltzmann equation, by showing roughly
the hypothesis and the construction of the collisional operator. Then we will
show how we can recover the local conservation laws, as well as some entropy
properties, the hydrodynamic limits and finally a simplified collisional operator
(BGK).

We then discuss the importance of satisfying an entropy condition when we
aim to solve an hyperbolic system, by considering a non linear Cauchy problem
which has an infinite number of solutions. Then we show that a way to find the
correct physical solution is to add a special entropy condition. This finding will
help to understand the major advantage of the BGK-VFS scheme compared to
classical kinetic approach, it’s robustness.
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1.1. Boltzmann equation

1.1. Boltzmann equation
The kinetic equation describes the behavior of diluted particle of gases at an in-
termediate scale between the microscopic and the hydrodynamical scale [102,
34]. As dilute gases, and by using the model of an ideal one, we consider a
system with a large number of particles, moving randomly, that don’t interact
themselves except when they collide. We can’t know in this description the po-
sition and velocity of each particle. However, we are interested in the statistical
behavior of those particles in a volume V, and we can determine the probability
of one particle to have a given position and a velocity.

We can group each probability associated with each particle in a distribution
function f(t, r,v). For the sake of simplicity, we will write f(r,v, t) = f . f is
a nonnegative function depending on the time: t ∈ R, the position: r ∈ RD, D
physical space dimension, and the velocity: v ∈ RD. f depends therefore on 7
variables.

We define dr a small element of volume, while dv is a small variation of the
velocity v. Then f(t, r,v)drdv represents the mean number of particles with a
velocity between v and dv, and in the neighbourhood of r (therefore between r
and dr) at time t.

The small volume elements dr are not to be taken literally as mathematical
infinitesimal quantities. They are finite elements which are large enough to con-
tain a very large number of particles, at a mesoscopic level, and yet smaller
compared to the macroscopic volume V. In order to give an example, under
standard conditions, using the ideal gas law, one can find that in a small cube of
1 cm3, there are more than 2.1019 particles.

The last important concept associated to this distribution function is the scalar
product. We define ϕ(v) a sufficiently smooth ordinary function, which is usually
called a test function. The scalar product in the whole physical space is then,
considering that v ∈ V:

Φ(t) =
∫
V

∫
V
f(r,v, t) ϕ(v) drdv. (1.1)

The corresponding local equation is:

Φ(r, t) =
∫
V
f(r,v, t) ϕ(v) dv. (1.2)

The test function can be a macroscopic quantity, such as density, momentum,
and energy linked to a particle of velocity v. This could be interpreted as the
mean values of the ϕ quantity with respect to f .

We have then showed the most important immediate properties of the distri-
bution function f . We will now arrive to the Boltzmann equation. It considers,
under certain hypothesis, the evolution’s equation of the distribution function f .

The basic idea is that, as we consider a diluted gas, one particle will never
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1.1. Boltzmann equation

interact with more than one another at a time. Therefore, a particle is moving
freely between collisions (freely means that the intermolecular forces can be
completely ignored).

For the time being, we will omit collisions. Therefore, following Newton’s
principle, between the time t and dt, each particle travels at constant velocity v
along a straight line and the position is r + vdt (and we assume the density is
constant), which means that we have: dr / dt = 0 and v / dt = 0. We can then
write f at time t+ dt in term of f at time t:

f(r,v, t+ dt) = f(r− vdt,v, t).

In other words, f is a weak solution to the transport equation of free transport:

∂f

∂t
+ v ·∇rf = 0. (1.3)

In some problem, we may consider an external force F (gravity for instance),
which is a function of r and t. By the Newton’s second law, we have:

d(mv)
dt

= F⇒ dv = F
m
dt.

We then have to modify (1.3) accordingly:

∂f

∂t
+ v ·∇rf + F ·∇vf = 0. (1.4)

The collisionless Boltzmann equation is often called the Vlasov equation.
We may now consider that the particles can collide, under some hypothesis.
Equation (1.4) is then:

∂f

∂t
+ v ·∇rf + F ·∇vf =

{
∂f

∂t

}
coll.

. (1.5)

Computing the collision term is very difficult, and we may have its explicit
form due to the following hypothesis:

I We only consider binary collisions. This means that 2 particles have their
trajectories which intersect at some point, and shortly after the collision,
those trajectories strongly deviate. As the gas is sufficiently diluted, we can
assume that only 2 particles collide simultaneous at a given location.

II These collisions are localized both in space and time, i.e. the duration of the
collision is very small compared to the time of the mean free path. By the
conservation of momentum, without external force, considering (va,vb) and
(v′a,v′b) respectively the velocity before and after the collision for particles
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1.1. Boltzmann equation

(a, b), we have:
mva +mvb = mv′a +mv′b.

III We consider homogeneous spheric particles, without internal structure, which
implies some elastic collisions. We then have the conservation of the kinetic
energy. With the same notation, we have:

1
2mv2

a + 1
2mv2

b = 1
2mv′2a + 1

2mv′2b .

IV There’s no chemical reaction, the total number of particles is conserved.

V The collisions are microreversible. At the microscopic level, the particles
dynamic is deterministic: the probability that velocities (v′a,v′b) are changed
into (va,vb) in a collision process is the same as the velocities (va,vb) are
changed into (v′a,v′b).

VI We assume a molecular chaos: the particle’s velocities before collision are
uncorrelated. However, the post-collisional velocities have to be correlated,
in order to have an irreversible process.

Under those assumptions, Boltzmann was able to derive a quadratic collision
operator explicitly, modeling the interaction effects on the distribution function
f : {

∂f

∂t

}
coll.

= Q(f, f) =
∫
dvb

∫
(f ′af ′b − fafb) B(va − vb,Ω)dΩ,

with B = |va − vb|Σ(va − vb,Ω).
(1.6)

We used here the standard notations: fa = f(r,va, t), f ′a = f(r,v′a, t), fb =
f(r,vb, t), f ′b = f(r,v′b, t). B(va−vb,Ω) is the Boltzmann collision kernel, Σ(va−
vb,Ω) is the cross section of the collision in which the relative momentum of the
colliding particles turns through an angle θ into the element of the solid angle
dΩ, due to the collision.

Most of the physics is contained in the collisional operator Q. It has some
important properties, linked to the collisional cross section (we can find more
development and mathematical formulations in these references: [114, 34]). For
example, the change of variables (va,vb) → (v′a,v′b) leaves the collision kernel
invariant, which mean that we have:

B(va − vb,Ω)dΩ = B(v′a − v′b,Ω)dΩ. (1.7)

We will now show a strong property of the collision operator, with a glimpse of
the proof. We will consider the following notations: ϕ = ϕ(r,v, t) = ϕa(r,va, t)
and ϕb = ϕb(r,vb, t). From equation (1.6), multiplying by ϕ and integrating over
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1.1. Boltzmann equation

the velocity, we can find some useful equivalent formulations. We have:∫
ϕa Q(f, f) dva =

∫
dva

∫
dvb

∫
(f ′af ′b − fafb) ϕaB(va − vb,Ω)dΩ.

We now change (va,vb)→ (v′a,v′b) into (vb,va)→ (v′b,v′a). We then have:∫
ϕa Q(f, f) dva =

∫
dva

∫
dvb

∫
(f ′af ′b − fafb) ϕbB(va − vb,Ω)dΩ.

By summing these 2 equations, we find:∫
ϕ Q(f, f) dv = 1

2

∫
dva

∫
dvb

∫
(f ′af ′b − fafb) (ϕa + ϕb)B(va − vb,Ω)dΩ. (1.8)

We now consider the inverse collision: (va,vb) → (v′a,v′b) into (v′a,v′b) →
(va,v′b). Using the following properties and with ϕ′a = ϕ′(r,v′, t) = ϕ′a(r,v′a, t)
and ϕ′b = ϕ′b(r,v′b, t):

• |va − vb| = |v′a − v′b|

• dvadvb = dv′adv′b
We find:∫
ϕ Q(f, f) dv = 1

4

∫
dva

∫
dvb

∫
B(va−vb,Ω)dΩ(f ′af ′b−fafb) (ϕa+ϕb−ϕ′a−ϕ′b).

(1.9)
Therefore we can show that

∫
ϕ Q(f, f) dv = 0, which mean that ϕ is a collisional

invariant, if:
ϕa + ϕb = ϕ′a + ϕ′b. (1.10)

There is a theorem stating that in this case:

ϕ = a+ b ·v + c|v|2 a, c ∈ R,b ∈ Rd. (1.11)

These invariants are merely linear combinations of these elementary collision
invariants. To conclude, if ϕ is a collision invariant, then:∫

ϕ Q(f, f) dv = 0 ∀f. (1.12)

1.1.1. Local conservation laws
It’s easy to recover the local conservation laws, as the mathematical background
considers only the integration by parts. First, we can define some moments of
the distribution function f . The first moment of this function is the density at
the time t, which can be determined with:

n(r, t) =
∫
V
f(r,v, t)dv. (1.13)
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1.1. Boltzmann equation

It’s a function of time and position. In order to have the total number N of
particles of the volume V, we must integrate the first moment over all the volume
elements, which lead to:

N =
∫
V
n(r, t)dr =

∫
V

∫
V
f(r,v, t)drdv.

The second moment is the local mean velocity of the particles:

u(r, t) =
∫
V f(r,v, t) v dv

n(r, t) .

We define the scalar product as follow:

< ϕ >= 1
n

∫
f(r,v, t) ϕ(v) dv. (1.14)

local mass balance We will now recover the local conservation laws. We
consider ϕ(v) as an invariant, therefore, as shown in the previous part, we have:∫

ϕ Q(f, f) dv = 0.

Using (1.5), we have:∫
ϕ
∂f

∂t
dv +

∫
ϕ v ·∇rfdv +

∫
ϕ F ·∇vfdv = 0. (1.15)

For the first term, using an integration by parts, and using the notation of (1.14)
for the scalar product, we have, as n is velocity independent:∫

ϕ
∂f

∂t
dv = ∂

∂t

∫
f ϕ dv−

∫
f
∂ϕ

∂t
dv,

= ∂

∂t
(n < ϕ >)− n < ∂ϕ

∂t
>,

= ∂

∂t
(< nϕ >)− n < ∂ϕ

∂t
> .

(1.16)

For the second term, using the same method:∫
ϕ v ·∇rfdv = ∇r · < nϕv > −n < v ·∇rϕ > . (1.17)

And the last one: ∫
ϕ F ·∇vfdv = −n < F ·∇vϕ > . (1.18)
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1.1. Boltzmann equation

Thus equation (1.15) becomes:

∂

∂t
(< nϕ >)− n < ∂ϕ

∂t
> +∇r · < nϕv > −n < v ·∇rϕ > −n < F ·∇vϕ >= 0.

(1.19)
Function ϕ is the collision invariant, and it takes its value in {1, vx, vy, vz, 1/2 |v|2}.

Let’s consider the first value, and take ϕ = m. First, we have ∂ϕ/∂t = 0 and
∇vϕ = 0, then from (1.19) we have:

∂

∂t
(< m n >) +∇r · < m n v >= 0. (1.20)

We can define the local mass density as ρ(r, t) = m n(r, t). Equation (1.20)
becomes:

∂ρ

∂t
+∇r ·(ρ u) = 0. (1.21)

It’s the local mass balance equation, in which mass is conserved. It’s also a
continuity equation, as there is no source term.

Local momentum balance We can perform the same calculations with ϕ =
m vi, which will give the local momentum balance for the ith direction of velocity
v. It is a little bit more difficult, as there is a small trick in order to show the
stress tensor. We still have ∂ϕ/∂t = 0 and ∇vϕ = 0, then (1.19) becomes:

∂

∂t
(< ρ vi >) +∇r · < ρ vi v > − ρ

m
Fi = 0. (1.22)

We will expand the scalar product, and then we have:

∂

∂t
(< ρ vi >) +

d∑
j=1

∂

∂xj
[ρ < vi vj >]− ρ

m
Fi = 0. (1.23)

By a little trick, we can show that we have:

< vi vj >=< (vi − ui)(vj − uj) > +uiuj := 1
ρ
Pij + uiuj, (1.24)

with P the stress tensor. Equation (1.23) becomes:

∂

∂t
(< ρ vi >) +

d∑
j=1

∂

∂xj
[Pij + ρuiuj]−

ρ

m
Fi = 0. (1.25)

And in another form:

∂

∂t
(ρu) +∇r ·(P + ρu⊗ u)− ρ

m
F = 0. (1.26)
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1.1. Boltzmann equation

This is the local momentum balance. We can obtain the local energy balance
(we can find this development in the short course notes of Noëlle Pottier, DEA
de physique des solides, p. 129), by taking ϕ = 1

2m(v− u(r, t))2.
We have shown that we can recover some local balance thanks to the kinetic

theory. The problem is that we can solve them only if we know the solution of
the Boltzmann equation, which is practically at least very difficult.

1.1.2. Entropy, H theorem, equilibrium distribution
There is one particular solution of the Boltzmann equation: the stationary state,
meaning that the solution is independent of time. From those states, we are
interested in a specific one: the equilibrium state. In order to describe them,
Boltzmann, in 1872, used a functional H (which is by definition a function from
a vector space into its underlying scalar field), defined by:

H(t) =
∫ ∫

f(r,v, t) log f(r,v, t) drdv. (1.27)

Later, in 1877, he also proposed a new definition of an entropy (which is
written on his grave!), in the statistical sense:

S = kB log W, (1.28)

with kB the Boltzmann constant, and W the number of ways to put a fixed num-
ber of particles in a discretized volume, compatible with a given thermodynamic
macro-state. It’s rather interesting to understand the link between the functional
H and the function S. We thus need to do some small combinatorics.

Let’s consider some disjoint boxes vi of the volume V , and some rational fre-
quencies, such that

∑
fi = 1. Let’s put N particles inside those boxes, n1 particles

for the box v1, n2 for the box v2, and so on with N = ∑
i ni. Therefore, the num-

ber of configuration such that ni/N = fi is given by:

W = N !∏
i ni!

. (1.29)

We must use the Stirling formula in order to approximate the factorials, and we
can find:

W ≈
(∏

i

(
N

ni

)ni/N)N
. (1.30)

Which leads to:
kB log W ≈ −kB N

∑
i

ni
N
log

[
ni
N

]
,

≈ −kB N
∑
i

fi log fi.
(1.31)
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1.1. Boltzmann equation

Therefore we find:
S(t) = −kB N H(t). (1.32)

We will now show a strong property of the functional, which is called the H
theorem. We are interested in the time derivative of H, under the assumption
that the monoparticular density vanishes at infinity for r and v:

dH

dt
=
∫ ∂

∂t
[f log f ] drdv. (1.33)

That is to say:
dH

dt
=
∫ ∂f

∂t
[1 + log f ] drdv. (1.34)

From (1.5), replacing ∂f/∂t by it’s value, we find that dH/dt has 3 contributions:

dH

dt
=
∫

[1 + log f ] (−v ·∇rf − F ·∇vf +Q(f, f)) drdv. (1.35)

First, we can see that: (1 + log f)∇r = ∇r(f log f) and by considering:

v ·∇r = vx
∂

∂x
+ vy

∂

∂y
+ vz

∂

∂z
. (1.36)

In 3D case, for the first term of (1.36), we have to expand the terms as follow:

−
∫
vx dv

∫
dydzdx

∂

∂x
(f log f) = −

∫
vx dv

∫
dydz[f log f ]x=+∞

x=−∞ = 0, (1.37)

It’s equal to zero because we assume that the monoatomic gaz density vanishes
at infinity for r. We can do the same reasoning for the other terms, and also for
the external force contribution. Therefore, we have from (1.35):

dH

dt
=
∫

[1 + log f ] Q(f, f) drdv. (1.38)

Using (1.6), we have:

dH

dt
=
∫
dvb

∫
B(va − vb,Ω)dΩ(f ′af ′b − fafb) [1 + log fa] drdv. (1.39)

We will do the same reasoning as (1.9). The indiscernibility of the incoming or
outgoing particles, which means that we change va ↔ vb and v′a ↔ v′b leaves
the integrand unchanged except for [1 + log fa] which becomes [1 + log fb]. By
summing (1.39) with the resulting formula, we find:

dH

dt
= 1

2

∫
dvb

∫
B(va − vb,Ω)dΩ(f ′af ′b − fafb) [2 + log fafb] drdv. (1.40)
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1.1. Boltzmann equation

We will now consider the inverse collision (va,vb)↔ (v′a,v′b). As said before, the
collision’s cross section does not change and as we have |va−vb| = |v′a−v′b| and
dvadvb = dv′adv′b, we can find:

dH

dt
= −1

4

∫
dvb

∫
B(va−vb,Ω)dΩ(f ′af ′b−fafb) [log f ′af ′b − log fafb] drdv. (1.41)

If x,y are positive or zero numbers, (x− y) is of the same sign as (log x− log y)
(because x ∈ R+ 7→ ln x ∈ R is an increasing function), therefore (f ′af ′b −
fafb) [log f ′af ′b − log fafb] ≥ 0, and finally, as the integrand of the right member
is the product of positive or null terms, we have the H theorem:

dH(t)
dt

≤ 0, (1.42)

and the fundamental result on the entropy S, from (1.32):

dS(t)
dt
≥ 0. (1.43)

This very important theorem can be seen as a validation of the second thermo-
dynamics principle, which says that each equilibrium change leads to an increase
of thermodynamic entropy. The proof of the H theorem shows us that the grow-
ing entropy comes from local collisions. As it is the molecular chaos, there’s no
correlations on the pre-collisional particles, but there is on the post-collisional
ones! We can call it one-sided molecular chaos. After some collisions for the
considered particles, those correlations will disappear. Time will be macroscop-
ically irreversible. It’s conceptually tricky: microscopic dynamic is invariant un-
der time reversal, but Boltzmann equation is not. Boltzmann had some great
difficulties to impose his theory.
The second implication of this theorem is the form of the Boltzmann solution
for the global equilibrium state, which means that δf/δt = δf/δr = 0. It can be
proved that the minimizers of (1.41) are Maxwellian densities, i.e. distribution
function of the following form:

Mρ,u,T (v) = ρ

(2πkBT/m)D/2
exp

(
−m|v− u|2

2kBT

)
, (1.44)

with ρ, T > 0, and D the space dimension. We then have as very strong result,
all the following properties are equivalent ([33]):

Q(f, f) = 0,
<Q(f, f) lnf > = 0,
f is a Maxwellian of the form (1.44).

(1.45)
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1.1. Boltzmann equation

All those results arise from the H theorem.

1.1.3. Hydrodynamic limits
We will connect here the Boltzmann Equation (BE) to the Incompressible Navier-
Stokes Equations (INSE). It’s a strong result. BE is designed to model gases,
that is to say compressible fluids. Modeling the INSE is therefore difficult to
apprehend. It has been proved in [33]. We will only show here the starting
point of the demonstration. We consider the following change of variables :

t′ = t

ε
x′ = x

ε2 , (1.46)

with ε is a small parameter, ε� 1. Which leads to the rescale of the BE:

∂f

∂t′
+ v
ε
∇x′f = 1

ε2Q(f, f). (1.47)

Considering a compressible fluid, we can introduce the Mach number Ma, and
link it with the Reynolds number Re and ε by: ε = Ma/Re. As ε is small, if the
Reynolds number is finite, in order to obtain a fluid dynamical limit, the Mach
number must be small too. This is the incompressible limit.
We are then considering a perturbation development (either Chapman-Enskog,
or moment or Hilbert expansion for incompressible flow around an absolute
Maxwellian, its moments (mass, velocity, energy) do not depend on space nor
times, and the function is only on microscopic velocity depending. We define:

f(r,v, t) =Mρ̄,u,T̄ (v)(1 + εg(r,v, t)), (1.48)

with g the perturbation function. M is of the form (1.44), which means that
(1.49) holds. Defining new moments ρ̃ and T̃ with:

ρ̄+ ερ̃(r, t) =
∫
f(r,v, t)dv,

ερ̄u(r, t) =
∫
f(r,v, t)vdv,

D

2 ρ̄
kBT̄

m
+ ε

D

2 ρ̄
kB
m
T̃ (r, t) =

∫ |v|2
2 f(r,v, t)dv.

(1.49)
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1.1. Boltzmann equation

Then the moments (ρ̃,u, T̃ ) satisfy at first order in ε the INSE as follow:

∇r ·u = 0, (1.50)

∇r

(
ρ̃

ρ̄
+ T̃

T̄

)
= 0, (1.51)

∂tu +∇r ·
(

u⊗ u + P (ρ̃)
ρ̄

I
)

= µ
ρ̄
∆u, (1.52)

∂tT̃ +∇r ·
(
uT̃

)
= κ∆T̃ . (1.53)

Therefore we recover the incompressibility condition (1.50), the Boussinesq ap-
proximation (1.51), the momentum balance equation (1.52) and finally the en-
ergy balance equation (1.53). From there, one can think that we can then use
those equations directly.

However, in order to recover the INSE, we have to solve the BE, which is
quite difficult, considering the collision operator Q(f, f) in order to determine
the transport coefficients. Moreover, ν, the kinematic viscosity, and κ, linked to
the pressure’s law, are not arbitrary since they derive from the specific shape of
Q(f, f), which fails to model liquids.

1.1.4. BGK
As seen previously, the collision operator makes the BE nearly impossible to
solve, or at least, only for some problems with strong hypothesis. In 1954, Bhat-
nagar, Gross and Krook ([95]) proposed a simplified collision operator. It is:

Q(f, f) ≈ 1
τ

(M[f ](v)− f(v)), (1.54)

where M[f ](v) is the Maxwellian distribution (1.44), and τ is the relaxation
parameter. The purpose was to simplify the solution of the BE, while keeping
some aspect of the qualitative behavior of what the exact solution would be. To
do so, the BGK solution must preserves the main characteristics of the original
equation, that is to say:

1. the Maxwellian has the same equilibrium function (1.44),

2. the collisional invariants (1.12) are preserved,

3. entropy inequality (1.43) holds.

This approximation of the Boltzmann collisional operator is used in many dif-
ferent domains, as it’s very simple and it models properly the main character-
istics of the original one. This will close the (fast) presentation of the kinetic
framework, which is the physical interpretation at the microscopic level.
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1.2. Entropy considerations for hyperbolic problems

1.2. Entropy considerations for hyperbolic
problems

We will now present the main reasons of keeping an entropy when we want to
solve an hyperbolic system. We will only show the scalar case, as it is enough for
understanding the problematic. The following developments are well known,
from the hyperbolic partial differential equations theory. However, introducing
its key elements will help to understand the originality of the construction of the
BGK-FVS method developed in this thesis, and its major advantage: its robust-
ness.
In a more general way, we will first show what type of system an hyperbolic
conservation laws can model:

∂u
∂t

(x, t) + ∂

∂x
(f(u(x, t))) = 0, (1.55)

with (x, t) ∈ RD × R+, while u, f(u) ∈ Rm, D space dimension and m being
the number of conservation quantities. If we take D = 1 and m = D + 2, we
obtain the 1D compressible Euler equations, considering that u = (ρ, ρv, E)> are
the conserved quantities (mass, momentum and energy) and f(u) = (ρv, ρv2 +
p, (E + p)v)> are the corresponding flux functions.

We will now consider the scalar case, obtained with D = 1, m = 1. In order
to see the link between (1.55) and a scalar law of conservation, let’s examine
a simple mass balance equation on a segment [x1, x2] during [t1, t2], with u(x, t)
the mass density, and F (xi, t), i ∈ {1, 2} its mass flux on boundaries at x1, x2.
Then, the density variation between [x1, x2] during [t1, t2] is equal to the mass
flux going in at x1, and out at x2, which is:∫ x2

x1
(u(l, t2)− u(l, t1))dl =

∫ t2

t1
(F (x1, s)− F (x2, s))ds, (1.56)

s being a section. It can be rewrite as:

1
x2 − x1

∫ x2

x1

u(l, t2)− u(l, t1)
t2 − t1

dl = −1
t2 − t1

∫ t2

t1

F (x1, s)− F (x2, s)
x1 − x2

ds. (1.57)

When (x2 − x1) and (t2 − t1) goes to zero, and u and F are smooth enough, we
find:

∂u

∂t
(x, t) + ∂F

∂x
(x, t) = 0. (1.58)

This is the wanted hyperbolic system we aim to solve. If the flux F is a function
of the density, we can write:

F (x, t) = f(u(x, t)). (1.59)
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1.2. Entropy considerations for hyperbolic problems

Therefore we recover (1.55), showing that this system can be viewed as a system
of conservation laws. We have written this hyperbolic equation in its conserva-
tive form. The non-conservative form is:

∂u

∂t
(x, t) + f ′(u)∂u

∂x
(x, t) = 0. (1.60)

We can also consider another type of flux, by adding a second order term in
(1.59):

F (x, t) = f(u(x, t))− ε∂u
∂x

(x, t). (1.61)

With ε a small strictly positive parameter. We can interpret physically this term,
by considering that the flux f(u) can be called "convective flux": it’s the quantity
of interest (mass, momentum, energy) transported by the "fluid particles" in the
macroscopic point of view.

It makes sense to add the second transport term: the diffusive one. In the
theory foundation to the thermodynamics of irreversible processes, such modes
of transport (related to microscopic agitations outside the average speed) are
proportional to the gradients, with positive coefficients (for entropy reasons).
This is why, even if one is interested in the convective transport, it is important
to add, even if it is asymptotic, a "diffusive" term as −ε∂xu . This form is called
the zero viscosity limit of the transport equations.
Thus (1.55) becomes:

∂uε
∂t

(x, t) + ∂

∂x
f(uε(x, t))− ε

∂2uε
∂x2 (x, t) = 0. (1.62)

The dependence of F on the gradient completely changes the character of the
equation and solution. The ε parameter can be seen as a physical viscosity. Equa-
tion (1.62) is called the advection-diffusion equation ([78]), which is parabolic.

The link between the parabolic equation (1.62) and the hyperbolic one (1.55)
is "simply" obtained by letting ε 7→ 0+ provided that we can prove a convergence
in some sense.

In general this convergence is obtained in the framework of distributions (and
not necessary in the classical framework of regular functions) will be done by
the notion of solution in the distribution sens (meaning we have a weak solution
with a C∞ test function with compact support). This will be developed further.
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1.2. Entropy considerations for hyperbolic problems

1.2.1. Introduction to characteristics
We are interested in solving the following scalar Cauchy problem, using the non-
conservative form:

∂u

∂t
(x, t) + c(u)∂u

∂x
(x, t) = 0, t > 0, x ∈ R,

u(x, 0) = ū(x), x ∈ R,
(1.63)

with c(u) = f ′(u), and ū(x) is a known function. First, we can explore the proper-
ties of a possible solution, as we are not sure at this point that there is a solution
for (1.63). The characteristics method will help to define those solutions.

Let’s first define (x0, t0) ∈ R × [0,+∞[, and (x, t) = (x(t), t) a curve in R ×
[0,+∞[ with:

dx

dt
(t) = c(u(x(t), t)),

x(t0) = x0.
(1.64)

(x0, t0) is the first point of this curve (see Figure 1.1). We can note that those
curves are in the x− t plane, and they are called "characteristics".

u
x0

Figure 1.1.: (x(t),t) in u, solution of the Cauchy problem

We can then differentiate u(x(t), t) with respect to t along this curve in order
to find the corresponding change of rate, which leads to, by definition of the
multi-variable differential operator:

d

dt
u(x(t), t) = ∂u

∂x
(x(t), t)dx

dt
(t) + ∂u

∂t
(x(t), t),

= 0.
(1.65)

Using (1.63), this quantity is null. That means that u(x(t), t) is constant along the
characteristic. Equation (1.64) and (1.65) are easy to solve. Let’s first consider
(1.64). We have:

x(t) = c(u)t+ c1, (1.66)

c1 being the integration’s constant. As x(t0) = x0, we have c1 = x0 − c(u)t0.
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1.2. Entropy considerations for hyperbolic problems

Therefore the equation of the characteristic is then:

x(t) = x0 + c(u(x0, t0))(t− t0). (1.67)

For (1.65), using the same method, we have:

d

dt
u(x(t), t) = 0⇒ u(x(t), t) = c2. (1.68)

As we have u(x, 0) = ū(x) = c2, using (1.67), we have the implicit form of the
solution u:

u(x, t) = ū(x− c(u(x, t))t). (1.69)

We can then calculate the value of u at any point (x,t), by finding the only one
characteristic passing through that point. We will now study some special cases
of c(u), and find the corresponding solutions by the characteristic method.

1.2.2. Linear case

−1 −0.5 0 0.5 1
0

0.5

1

−1.5 −1 −0.5 0 0.5 1 1.5
0

0.2

0.4

t

−1 −0.5 0 0.5 1
0

0.5

1

Figure 1.2.: top: initial solution u(x, 0) = exp(−16 ∗ x2), middle: corresponding
characteristics, down: solution of the linear system, c = 1, t = 0.5s
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1.2. Entropy considerations for hyperbolic problems

We consider that the flux is an affine function: F (u) = λu+ c, therefore equation
(1.60) reduces to:

∂u

∂t
+ λ

∂u

∂x
= 0. (1.70)

It’s the classical scalar transport equation. Using (1.67), the characteristic equa-
tion going through (x0, 0) is then:

x = x0 + λt. (1.71)

Using (1.69), we find the solution u:

u(x, t) = ū(x− λt). (1.72)

u has the form of a traveling wave, with speed λ (see figure 1.2). If ū is smooth
enough (C1), u(x, t) is a classical solution (which means that u solves (1.70) at
any (x, t) ∈ R× R+).

However, as the solution along the characteristic curve depends only on ū(x),
spatial smoothness is not mandatory for the construction of u. If ū(x) has a
singularity at some point x0, then the resulting u(x, t) will have a singularity of
the same order at the characteristic going through x0, but will be smooth else-
where.This is a property of linear hyperbolic equation: singularities propagate
only along characteristics. On the other hand, non linear hyperbolic equations
will exhibit totally different behavior.

1.2.3. Non linear case
As an example, we will consider the following non linear flux: F (u) = u2/2,
which leads to the hyperbolic system:

∂u

∂t
+ u

∂u

∂x
= 0,

u(x, 0) = ū(x).
(1.73)

It’s called the inviscid Burgers’ equation. It may looks like the advection equa-
tion, however the advection velocity u is equal to the value of the advected
quantity. We will apply the characteristic method in order to solve this equation.
The characteristic equation passing trough the point (ξ, 0) is:

x(t) = ξ + f ′(u(ξ, 0))t = ξ + ū(ξ)t. (1.74)

The solution is then, for t small enough (i.e. as long as no characteristic lines
intersect):

u(x, t) = ū(ξ) = ū(x− u(ξ)t). (1.75)
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As it is in Figure 1.3, the characteristic lines start to intersect at t > Tb. Let’s
define two characteristics crossing each other at Tb, called C1 and C2, from the
points (x1, 0) and (x2, 0). At the intersection point, u should take both values
ū(x1) and ū(x2). That means that the system (1.73) may not have an unique
solution: the solution u cannot be continuous for t > Tb, and (1.75) no longer
defines a single valued solution of the Cauchy problem. Physically, this is nor-
mally not acceptable: you can not have three different pressures or flow veloci-
ties at the same point. We can note that this phenomenon is independent of the
smoothness of ū(x).
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Figure 1.3.: top: initial solution u(x, 0) = exp(−16 ∗ x2), middle: corresponding
characteristics, down: solution of the burger’s problem, t = 0.4s

We will now define the time Tb at which the solution is no longer physical,
let’s call it the break time. In order to find it, let’s find t∗ the time at which
2 characteristics intersect, and we suppose that there exists x2 > x1 such that
ū(x1) > ū(x2). Therefore, the 2 equations of these 2 characteristics are:

x(t) = x1 + c(ū(x1))t,
x(t) = x2 + c(ū(x2))t.

(1.76)
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It’s easy to solve, using c̄(x) = c(ū(x)), we have then:

Tb = x2 − x1

ū(x1)− ū(x2) . (1.77)

Therefore, the break time is:

Tb = min
x1,x2

(
x2 − x1

ū(x1)− ū(x2)

)
= − 1

minx1,x2

(
ū(x2)−ū(x1)

x2−x1

) ,
= − 1

minx1,x2

(
1

x2−x1

∫ x2
x1
ū′(x)dx

) = − 1
minx ū′(x) .

(1.78)
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Figure 1.4.: Solutions found by the method of characteristics , they are non-physical
ones, as the function no longer defines a single valued solution for t > Tb

Finding the break point is important. If t < Tb, the characteristics do not
cross each other, meaning that we can find a classical solution. After t > Tb, the
solution is no longer physical, as it is a multi-valued function, defining what we
call a discontinuity. We do not have the right regularity assumption for u, we
then have to define another class of solution, which we will do now.

1.2.4. Weak solution and non uniqueness
As we have seen, the solution of a non linear problem may becomes discontinu-
ous within finite time. In order to construct solutions globally in time, we have
to introduce another type of solution, which work in a space of discontinuous
functions: weak solutions. Let u be a classical solution of (1.63) , and ϕ a test
function with compact support in R × [0,+∞[ (which means that ϕ is infinitely
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differentiable, and that the support is closed, and bounded). Then we should
have: ∫ +∞

t=0

∫ +∞

x=−∞

(
∂u

∂t
+ ∂

∂x
f(u)

)
ϕ dx dt = 0. (1.79)

Therefore, by integration by parts (using the fact that ϕ has compact support, all
boundary terms vanish, except for t = 0):

∫ +∞

t=0

∫ +∞

x=−∞

(
−u∂ϕ

∂t
− f(u)∂ϕ

∂x

)
dx dt−

∫ +∞

x=−∞
ū(x)ϕ(x, 0)dx = 0. (1.80)

The reciprocity is true. The main interest of this form is that it does not have an
explicit derivative of u. It’s valid even if u is not smooth, the only condition is that
u must be locally integrable (one principal interest of the notion of distributions
being precisely the fact that the operators needing first regularity are transferred
to the test functions which are very regular). u is a weak solution of the Cauchy
problem if (1.79) holds.
We will find some solution of the Burgers equation (1.73) with the following
initial condition:

ū(x) =
{

0 if x < 0,
1 if x > 1. (1.81)

This particular system is called a Riemann problem. By using the method of
characteristics, we can solve up to the time when the characteristics intersect.
The characteristic passing through (x0, 0) is given by:

x = x(x0, t) = x0 + tū(x0). (1.82)

So that

x(x0, t) =
{
x0 if x0 < 0,
x0 + t if x0 ≥ t > 1.

(1.83)

Hence, given a point (x, t), we can find the (backward) characteristic passing
through this point, and we can determine the corresponding point x0:

x0 =
{

0 if x < 0,
x− t if x > t > 1.

(1.84)

The method of characteristics enables us to determine the solution everywhere
except in the region 0 < x < t.

u(x, t) =
{
ū(x0) = 0 if x < 0,
ū(x0 = x− t) = 1 if x > t > 1.

(1.85)
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We can still find a first solution, which include this particular region:

u1(x, t) =
{

0 if x < t/2,
1 if x > t/2.

(1.86)

We can check that (1.86) is a solution of (1.79), and it is then a weak solution.
The problem is that we can find other weak solutions ! For example, let’s consider
the function v(x, t) = x/t. We have:

∂v

∂t
+ v

∂v

∂t
= − x

t2
+
(
x

t

)(1
t

)
= 0. (1.87)

v is then a classical solution of the Burgers’ equation, and the following function
is also a weak solution of the Riemann problem.

u2(x, t) =


0 if x < 0,
x/t if 0 < x < t,

1 if x > t.

(1.88)

As a matter of fact, we can construct an infinity of solutions. However, only one
is "physical". We need to add another criteria for their admissibility, which will
be called entropy condition.

1.2.5. Shock speed and entropy condition
Another interesting information to know is the shock speed. The speed of prop-
agation can be determined by using the conservation equation, and the Stokes
formula. This leads to the general form of the shock speed, considering ul the
left limit to u near the shock, and ur the right one:

s(ul − ur) = F (ul)− F (ur). (1.89)

It’s called the Rankine-Hugoniot jump condition. We can easily find:

• s = λ for the linear case.

• s = (ul + ur)/2 for the burgers’ equation.

Let’s take initial condition (1.81) as an example. In this particular case, s the
shock speed is: s = 1/2. The same discontinuity propagating at a different speed
would not be a weak solution. However, equation (1.89) cannot characterize a
particular solution.

In order to find a solution of the original Cauchy problem, we will add an
order 2 term to the flux (1.61), applied to (1.62), which will lead to the viscous
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Burgers’ equation written as:

∂uε
∂t

+ u
∂uε
∂x

= ε
∂2uε
∂x2 , (1.90)

ε∂2uε/∂x
2 is the diffusion term, and ε can be considered as the viscosity in fluid

mechanics. The new system has some smooth solutions, which can be calculated
explicitly in function of ε. We can solve the original Cauchy problem by finding
the limiting solution of this viscous equation as ε → 0, as uε → u with ε → 0 (in
the distribution sense). These solutions should be physical, as they are limits of
physical ones, even for very small viscosity. It’s not always an easy task. We want
to find simpler conditions, that assure the existence and uniqueness of the weak
solution. We will see these conditions, called entropy conditions:

• The first one is the simplest one: a discontinuity propagating with speed s
given by (1.89) satisfies the entropy condition if: F ′(ul) > s > F ′(ur). We
can note that F ′(u) is the characteristic speed. If F is convex, s must lies
between F ′(ul) and F ′(ur), so the new condition becomes:

F ′(ul) > F ′(ur),
ul > ur.

(1.91)

• The second one is the more interesting one, as it gives uniqueness. This
approach defines an entropy function η(u) for which an additional conser-
vation law holds for smooth solutions. This conservation law becomes an
inequality for discontinuous solutions:

∂η

∂t
(u) + ∂ψ

∂x
(u) ≤ 0, (1.92)

Suppose some function η(u) satisfies a conservation law of the form:

∂η

∂t
(u) + ∂ψ

∂x
(u) = 0, (1.93)

for some entropy flux ψ(u). Then, considering u as a smooth solution of the
Cauchy problem in the non-conservative form (1.60), multiplying it by η′(u)
gives:

η′(u)∂u
∂t

+ η′(u)f ′(u)∂u
∂x

= 0. (1.94)

Let us to note:
ψ′(u) = η′(u)f ′(u), (1.95)

then we have
η′(u)∂u

∂t
+ ψ′(u)∂u

∂x
= 0. (1.96)

48



1.3. Conclusion

The entropy η(u) is conserved for smooth solutions by its definition. For discon-
tinuous solutions, u does not in general satisfy (1.93) in the distribution sense
(the Rankine-Hugoniot jump condition is not satisfied along the discontinuity).
It’s then interesting to consider the viscous related problem, as the solution is al-
ways smooth, and will let the viscosity tends to zero. In this case, assuming that
η(u) is convex (which means that η′′(u) > 0), we can find the second entropy
condition: u is the entropy solution of (1.60) if, for all convex entropy functions
and corresponding entropy fluxes, the inequality (1.92) is satisfied in the weak
sense.

This formulation is also useful in analyzing numerical methods. If a discrete
form of this entropy inequality is known to hold for some numerical method,
then it can be shown that the method converges to the entropy solution.

This will be the leading idea of the construction of the proposed numerical
scheme. At each step, we will carefully analyze the entropic consequences, in
order to create the corresponding conditions.

1.3. Conclusion
In the general framework of kinetic schemes the entropy is a microscopic con-
cept. We will extend this and construct a numerical scheme that will respect a
macroscopic entropy condition. This latter will constitute the driving idea of the
construction of our numerical scheme.
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2. Kinetic formulation

2.Kinetic formulation

Abstract

We present in this chapter the formulation of BGK-FVS and its construction.
Our work takes its roots in [80] where a limited number of velocity directions

are used, in accordance with [19]. Even if we start from kinetic considerations,
we use the approach of [22] to write the scheme under the form of a simple
explicit finite volume/difference flux vector splitting scheme on the macroscopic
moments themselves, thus finally avoiding the kinetic aspects. It enables to ana-
lyze the accuracy in a more simple way.

We end up with a BGK-FVS method that is second-order accurate without any
special choice of the velocities and with standard forward Euler time stepping.
Indeed, it is just the Lax-Friedrichs scheme applied to a scaled compressible isen-
tropic system. It satisfies a discrete entropy inequality under a CFL (Courant
Friedrichs Lewy) condition involving only the viscosity, and a subcharacteristic
condition that can be interpreted as saying that a cell Reynolds number associ-
ated to the grid size is less than one.

We finally emphasize on the difference between our method and the classical
LBM, as they are closely related.

The material of this chapter as been presented in the following communica-
tions:

• Vincent Pavan, Yann Jobic and René Occelli."Vector based BGK model for the In-
compressible Navier-Stokes equations and convection-diffusion equation". DSFD
2014, July 2014, Paris

• Vincent Pavan, Yann Jobic and René Occelli."Vector based BGK model for the In-
compressible Navier-Stokes equations". ICMMES 2013, July 2013, Oxford, UK
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2.1. Construction of the proposed numerical scheme

2.1. Construction of the proposed numerical
scheme

We start from the original conserved hyperbolic equation written on W, using
∂t = ∂/∂t:

∂tW +
D∑
i=1

∂xiFi(W) = 0. (2.1)

We aim to solve the INSE with (2.1). To summarize, we will first show a sys-
tematic procedure which permits to find the right scaling of the wanted hydro-
dynamic system from a rescaled hyperbolic equation with rescaled variables.

The method chosen to solve (2.1) is a kinetic BGK scheme. The time discretiza-
tion will be done by a transport-projection algorithm applied to this kinetic BGK
scheme. The probability density function (pdf), solution of the transport equa-
tion with a nullified Right Hand Side (RHS), is projected to the Maxwellian. This
will lead to a scheme written over the moments, and hide the kinetic aspect. We
will show that this step is entropy satisfying.

This algorithm can be seen as a Flux Vector Splitting (FVS) scheme at the
macroscopic level, which also possess an entropy. The stability, consistency and
accuracy analysis will be done with the FVS framework.

2.1.1. From Hyperbolic equations to hydrodynamic systems
In classical kinetic theory one first starts with the kinetic equation then takes the
hydrodynamic limit. The BGK-FVS method proceeds the other way: it takes the
hyperbolic equation as the starting point and then produces a kinetic equation
that features the hyperbolic equation at stake in the hydrodynamic regime. It
was called a "kinetic formulation" (see [18]).

At first the BGK-FVS method is performed in order to solve a conserved hyper-
bolic equations. But it was proved by R. Natalini and M. Carfora ([80]) that the
so-called diffusive scaling on BGK-FVS formulation was able to drive the Incom-
pressible Navier-Stokes equations. We shall expose in detail how this is possible.
Namely, we will make the difference between the following two situations:

1. The first one is the Hydrodynamic BGK-FVS, that permits to recover the In-
compressible Euler system. The target is to be able to match the conserved
hyperbolic equation in some entropic way. This kind of scaling is known to
add numerical diffusion.

2. The second one is the Diffusive BGK-FVS. The interesting idea by R. Natal-
ini and F. Bouchut is to apply the BGK-FVS scheme to rescaled equations
and rescaled variables, and to control the numerical diffusion with a free
parameter of the scheme in order to match the wanted physical viscosity.
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2.1. Construction of the proposed numerical scheme

Therefore, from the conserved hyperbolic system that we are going to solve,
we will see how a rescaling of the original system can lead to other classes of
equations, which can be neither hyperbolic nor parabolic nor elliptic.

In particular, we are going to explain how to obtain the incompressible Euler
equations from asymptotic considerations on polytropic gases.

We consider a moment vector W = (W1, ...,Wp), and do a perturbation anal-
ysis around an absolute equilibrium W̄ (which does not depend on space nor
time) of a perturbation vector U ∈ Rp by the scaling matrix Sε:

W = W̄ + SεU. (2.2)

We will consider in the following:

1. The scaling matrix Sε is of dimension (p×p) and is diagonal with εσ(k), σ (k) ≥
0 on its kth diagonal term.

2. A matrix R, asymptotic limit of limε→0 Rε = R, which will be the wanted
matrix defining the aimed moment equations, of dimension (p× p).

3. The inverse matrix P−1
ε defined by P−1

ε Sε = Rε which is diagonal with
ε−π(k), π (k) ≥ 0 on its kth diagonal term.

4. The flux Φ defined by, (s a positive real, i ∈ [1, D]):

U ∈ Rp, lim
ε7→0

ε−sP−1
ε

[
Fi

(
W̄ + SεU

)
− Fi

(
W̄
)]

= Φi

[
W̄
]

(U) . (2.3)

We start from the original conserved hyperbolic equation:

∂tW +
D∑
i=1

∂xiFi(W) = 0. (2.4)

We have:
∂t
[
W− W̄

]
+
∑
i

∂xi
[
Fi (W)− Fi

(
W̄
)]

= 0. (2.5)

We perform a change of variable t ↔ t′/εs, on time only. We left multiply the
equation by P−1

ε . Letting ε→ 0 we obtain formally the following set of equations
on U as:

R∂t′U +
∑
i

∂xiΦi

[
W̄
]

(U) = 0. (2.6)

We can note that this new system is not hyperbolic. As we want for instance this
new system to be the incompressible Euler equations, we will remove the time
derivative contained in the density equation, changing the nature of the system.

As an example of such scaling, we will follow the presentation of V. Pavan
[92], and consider the following set of equations for the isentopic (but also gen-

53



2.1. Construction of the proposed numerical scheme

eral polytropic) gases:

∂tρ+∇x ·m = 0, (2.7)

∂tm +∇x ·
(

m⊗m
ρ

+ P (ρ) I
)

= 0, (2.8)

and P (ρ) = κργ taken as constitutive law for polytropic flows. We take W =
[ρ,m]T and consider any flux Fi (W) as given by:

W :=
[
ρ
m

]
, Fi (W) =

[
m : ei(

m⊗m
ρ

+ P (ρ) I
)

: ei

]
, (2.9)

where the symbol “:” stands for tensor contraction product (between tensors of
compatible dimension), ρ is a scalar and m is a vector (belonging to RD). The
vector ei (belonging to RD) is the ith direction of the physical space. As it is
well-known, the energy

η(ρ,m) = 1
2
|m|2

ρ
+ ρe(ρ), with

de

dρ
= P (ρ)

ρ2 , (2.10)

is a strictly convex entropy for the system, with entropy fluxes

ϑi(ρ,m) =
(

1
2
|m|2

ρ
+ ρe(ρ) + P (ρ)

)
mi

ρ
. (2.11)

Now we introduce the following matrices and absolute vector state:

Sε =
[
εσ(0) 0

0 εσ(1)Id

]
, P−1

ε =
[
ε−π(0) 0

0 ε−π(1)Id

]
, W̄ =

[
ρ̄
0

]
. (2.12)

We want to expand the following system, and to identify the power of ε for each
term, using U = [ρ̃, ρ̄u]T :

P−1
ε Sε∂t′U +

∑
i

∂xiε
−sP−1

ε

[
Fi (W)− Fi

(
W̄
)]

= 0. (2.13)

We need then to compute as a function of ε the difference, using the Taylor
formula with tensor notations:

P−1
ε

(
Fi

(
W̄ + SεU

)
− Fi

(
W̄
))

= P−1
ε

[
F′i
(
W̄
)

[SεU]

+ 1
2F′′i

(
W̄
)

[SεU,SεU] + · · ·+O (εr)
]
.

(2.14)

Knowing the fluxes (2.9) we can compute the derivatives. For the first order
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2.1. Construction of the proposed numerical scheme

there is:

F′i
(
W̄
)

[SεU] =
[

0 ( · ) ei : ( · )
P ′ (ρ̄) ei ( · ) 0 ( · )

] [
εσ(0)ρ̃
εσ(1)ρ̄u

]
,

=
[

εσ(1)ρ̄u : ei
εσ(0)P ′ (ρ̄) ρ̃ei

]
.

(2.15)

For the second derivative there holds:

F′′i
(
W̄
)

[SεU,SεU]
2 =

[
0 ( · , · ) 0 ( · , · ) 0 ( · , · )

P ′′(ρ̄)
2ρ̄ ( · , · ) ei 0 ( · , · ) ( · )⊗( · )

ρ̄
: ei

]  εσ(0)ρ̃, εσ(0)ρ̃
εσ(0)ρ̃, εσ(1)ρ̄u
εσ(1)ρ̄u, εσ(1)ρ̄u

 ,
=
[

0
ε2σ(0) P ′′(ρ̄)

2ρ̄ ei + ε2σ(1)ρ̄u⊗ u : ei

]
.

(2.16)
Finally, on can check that last one gives:

F′′′i
(
W̄
)

[SεU,SεU,SεU] =
[

0
O
(
ε2σ(1)+2σ(0) + ε3σ(0)

) ] . (2.17)

Now by summing on the index variable i, and by identifying each term with
(2.13) we can list the power of ε which appear in any of the term at stake:

term ∂tρ̃ ∂t (ρ̄u) ∇x · (ρ̄u)
power σ (0)− π (0) σ (1)− π (1) σ (1)− π (0)− s

term ∇x · (ρ̄u⊗ ρ̄u) ∇x (P ′ (ρ̄) ρ̃) ∇x
(
P ′′(ρ̄)

2ρ̄ ρ̃2
)

power 2σ (1)− π (1)− s σ (0)− π (1)− s 2σ (0)− π (1)− s

Table 2.1.: term and associated power of ε

We can name as ε-asymptotic reachable system any set of equations that can
be derived from the equation (2.4) in the limit ε 7→ 0 using a scaling given by a
triplet like {Sε,P−1

ε , s}. An important aspect of such a system is of course that
the term of remaining has a non negative power, which must even be as highest
as possible.

We can write as a matrix-vector system of the power of ε from Table 2.1, in a
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2.1. Construction of the proposed numerical scheme

non standard notation:

1 0 −1 0 0
0 1 0 −1 0
0 1 −1 0 −1
0 2 0 −1 −1
1 0 0 −1 −1





σ (0)
σ (1)
π (0)
π (1)
s


=



n1 7→ εn1∂tρ̃

n2 7→ εn2∂t (ρ̄u)
n3 7→ εn3∇x · (ρ̄u)

n4 7→ εn4∇x · (ρ̄u⊗ ρ̄u)
n5 7→ εn5∇x (P ′ (ρ̄) ρ̃)


, (2.18)

where the nk are the powers we want to have on the corresponding terms. We let
down the term ∇x

(
P ′′(ρ̄)

2ρ̄ ρ̃2
)

which is of minor importance and can be related to
the term ∇x (P ′ (ρ̄) ρ̃) if necessary (or even canceled when P ′′ (ρ̄) = 0), whatever
is its (non negative) power on its corresponding ε.

Given any value of [n1, n2, n3, n4, n5]T defining a regime of interest, one is able
to compute simply the corresponding [σ (0) , σ (1) , π (0) , π (1) , s]T by computing
the inverse of the former matrix:

σ (0)
σ (1)
π (0)
π (1)
s


= A−1



n1

n2

n3

n4

n5


⇔



σ (0)
σ (1)
π (0)
π (1)
s


= 1

2



2 −2 −2 2 0
1 −1 −1 2 −1
0 −2 −2 2 0
1 −3 −1 2 −1
1 1 −1 0 −1





n1

n2

n3

n4

n5


.

(2.19)
An ε asymptotic reachable system is a one for which we impose zero and positive
values on the ni (RHS vector) and have non negative values on the scaling and
recovering matrices coefficient (LHS vector), with σ (k) − π (k) ≥ 0 for any k
while the term of remaining needs to have positive exponent. Thus, we will
have the following methodology:

1. We want to solve (2.7) and (2.8). As we want it to be incompressible, we
will need a power of 2 for ε, penalizing the ∂tρ term. For all the other, we
will look at ε0, as we need them.

2. We want (n1, n2, n3, n4, n5)T = (2, 0, 0, 0, 0)T

3. using (2.19), we find (σ (0) , σ (1) , π (0) , π (1) , s)T = (2, 1, 0, 1, 1)T

Using (2.13), if we choose the so called isothermal gas (that is γ = 1 in the
polytropic gas so that P ′′ (ρ̄) = 0), then for U = (ρ̃, ρ̄u), with W̄ = (ρ̄,0), the
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2.1. Construction of the proposed numerical scheme

rescaled conserved hyperbolic equations reads as ε2 0
0 Id


 ∂tρ̃

∂tρ̄u

+

 ∇x · (ρ̄u)
∇x ·

(
1
ρ̄
ρ̄u⊗ ρ̄u + P ′ (ρ̄) ρ̃Id

)
 =

 0
O (ε5)

 . (2.20)

The impact on the rescaled variable W = W̄+SεU is then, for the incompressible
Euler equations:

Sε =

 ε2 0
0 εId

 ,W̄ =

 ρ̄

0

 , U =

 ρ̃

ρ̄u

⇒W =

 ρ̄+ ε2ρ̃

ερ̄u

 :=

 ρ

m

 .
(2.21)

The rescaled hyperbolic equation is then obtained by replacing the Fi by Fi/ε, as
in (2.13).
The VFS-BGK solves (2.4), and using a change of variable for the time, and the
above rescaling, we can find from the perturbed variables W the physical mo-
ments (ρ,u) corresponding to the incompressible Euler equations, in the limit
ε 7→ 0.

We can note that with the above methodology, we can easily penalize the
∇x · (ρ̄u⊗ ρ̄u) term, using n1 = n4 = 2, which leads to the Incompressible invis-
cid Stokes equations, showing the advantage of using this systematic coefficient
determination.

2.1.2. Getting hyperbolic moment equation from kinetic
equations

The aim is to solve the classical incompressible Navier-Stokes equations which
are:  ∇x ·u = 0,

∂tu +∇x

(
u⊗ u + P

ρ

)
= ν∆xu,

(2.22)

where ν stands for the kimenatic viscosity, P the physical pressure, ρ the refer-
ence’s density, u the velocity vector of dimension D, and x ∈ RD. This system is
neither parabolic nor hyperbolic. Our strategy is as follows:

1. First we are interested in solving the incompressible Euler equation as:

∇x ·u = 0,
∂tu +∇x

(
u⊗ u + P

ρ

)
= 0.

(2.23)

As this has been proved from the above developments, we are able to derive
from asymptotic considerations an hyperbolic conserved equations to this
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2.1. Construction of the proposed numerical scheme

system. This could be obtained by any scheme solving conserved hyperbolic
systems on rescaled variables.

2. Then we will explain in detail how to add the diffusive term ν∆xu in the
RHS of the velocity (moment) equation of (2.23).

The BGK-FVS starts first as a particular method to solve the following con-
served hyperbolic equation:

∂

∂t

(
W− W̄

)
+

D∑
j=1

∂

∂xj

(
Fj(W)− Fj(W̄

)
= 0, (2.24)

thanks to a so called kinetic formulation. This means that our aim is to solve
a kinetic equation so that the moment associated to integration of the resolved
pdf are moments which satisfy the conserved hyperbolic equation. These type of
constructions are explained by F. Bouchut in [18].

Consider namely the following kinetic equation on a (vector) pdf f(t,x, ξ) ∈
Rp:

∂f εcoll
∂t

+ v(ξ) ·∇xf εcoll = 1
εcoll

(M[Wf εcoll ]− f εcoll) , (2.25)

where Wf :=
∫

fdξ, introducing the new kinetic variable ξ, linked to the micro-
scopic velocities of the pdf, and εcoll is a small positive parameter that will tend
toward zero in a special way.

In the sequel we will drop the index f in the notation Wf (recalling it only
in case of necessity). The Maxwellian M [W] (ξ) is a kinetic function (that is a
function of the variable ξ) whose construction just depends on a given moment
variable W.

How to build this Maxwellian such that the underlying kinetic equation en-
sures desireful mathematical propreties is the main question to be answered.
The remarkable work by F. Bouchut is to have given systematic and computa-
tional way to construct such Maxwellians [18].

Assuming that εcoll is small enough, the solution of (2.25) remains bounded
if, at any time and any place, f is very close to its Maxwellian M [Wf ]. Then we
write in accordance:

f εcoll = M [W] (1 + εcollg) +O
(
ε2coll

)
. (2.26)

Rewriting the equation on f εcoll there holds:

∂tf εcoll + v(ξ) ·∇xf εcoll = 1
εcoll

[M [Wf εcoll ]− f εcoll ] , (2.27)

provided that the construction of f 7→ M [Wf ] has good properties. Then from
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classical Chapman-Enskog development there holds:

1
εcoll

[M [Wf εcoll ]− f εcoll ] = L (g) +O (εcoll) , (2.28)

where L is some operator acting as a kinetic function (depending on kinetic
velocity variable ξ) and whose exact expression only depends on the (εcoll) zero
order Maxwellian M [W]. An important aspect of this linearized operator is that
it satisfies the following:

∀g,
∫
L (g) dξ = 0. (2.29)

Then, just keeping the zero order for f εcoll in the equation (2.27) there holds:

∂tM [W] + v (ξ) ·∇xM [W] = L (g) +O (εcoll) . (2.30)

Assume then the following properties on the Maxwellian M [W]:∫
M[W](ξ)dξ = W,

∫
vj(ξ)M[W](ξ)dξ = Fj(W), ∀W. (2.31)

Then integration of equation (2.30) on ξ and taking into account the conserva-
tion property of L (g) (see 2.29) returns the following equation on the moment
W:

∂tW +
i=D∑
i=1

∂xiFi (W) = 0 +O (εcoll) . (2.32)

Rather than solving a conserved hyperbolic equation (2.24), we can solve
some rescaled kinetic equation (2.27). Then, after integrating the solution f εcoll (t,x, ξ)
to ξ, we obtain the moments W (x, t) which satisfy equation (2.24) up to a pre-
cision at order εcoll. One could ask what should be the interest of introducing
kinetic resolution, since they are reputed to have incredible high computational
costs. There are several way to answer this question:

1. First the set of discrete velocity Ξ can be reduced to a very minimal value
(in practice one can have \Ξ = D + 1 with D the physical dimension of the
problem).

2. The computation of the Maxwellian operator f 7→M [Wf ] (ξ) can be made
very easy.

3. In the kinetic formulation, the transport term v (ξ) ·∇xf occurs with a con-
stant velocity: this means that solutions to this transport equation are im-
mediate in terms of characteristic: this is a very important aspect of numer-
ical resolutions.

4. Finally we shall see that we will not even solve the kinetic level, but we will
use it in order to derive moment based algorithm in which the kinetic level
will be seen as a special way to compute fluxes in numerical schemes.
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These four points will constitute the specificities of the BGK-FVS approach.

2.1.3. Entropy consideration for the kinetic equation
In order to be well-posed, the kinetic equation

∂f
∂t

+ v(ξ) ·∇xf = 1
ε
(M[Wf ]− f),

with Wf (t,x) =
∫

Ξ
f(t,x, ξ)dξ,

(2.33)

needs to possess an entropy. Of course this depends on the way we construct
the Maxwellians. F. Bouchut theorized an easy way to build Maxwellians such
that the above equation should systematically possess an entropy. It consists in
"importing" the macroscopic entropy of the hyperbolic equation we want to solve
to the rescaled kinetic one.

So let us return back to the conservation equation on moments:

∂W
∂t

+
D∑
j=1

∂

∂xj
Fj(W) = 0. (2.34)

As described in the previous section, finding an entropy compatible solution to
(2.34) is critical to ensure the uniqueness of it. The goal will be to find an
entropy for the kinetic model, and keep it at each step of the construction of
the final scheme, which means that the kinetic entropy will still be valid at the
discrete level.

We are going to see how the kinetic entropy is derived from the macroscopic
entropy. Defining a real valued convex function W 7→ η(W), and the entropy
fluxes:

ϑ′j(W) = η′(W)F′j(W), ∀j = 1, .., D, ∀W. (2.35)

Then, as (1.92), an entropy solution to (2.34) is a weak solution to W that
satisfies:

∂η

∂t
(W) +

D∑
j=1

∂ϑ′j
∂xj

(W) ≤ 0. (2.36)

The derivatives, noted as ′, are against W. An equivalent entropy condition is
that the entropy η(W) satisfies:

∀j = 1, ..., D, ∀W,
(
F′j(W)

)>
η′′(W) is symmetric (2.37)

which enables the primitivation of entropy fluxes in (2.35), i.e. permits to find
the function ϑj (W). We have defined what we can call some hyperbolic entropy
conditions (defined by the entropy function η and its fluxes ϑ).

We shall now relate those entropy conditions to entropy in the kinetic equa-
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tion (2.33). In order to understand the construction of a kinetic entropy thanks
to the macroscopic entropy η, let us introduce the following definition (see [18]):

Theorem 1. Let η be a strict convex entropy to the moment equation. We say
that a Maxwellian:

M[W](ξ) is monotone relatively to η, (2.38)

if and only if there exists a kinetic entropy f 7→ H(f , ξ) satisfying 3 properties:

1. for any ξ the function H(f , ξ) is strictly convex with respect to f

2. H(f) :=
∫
H(f , ξ)dξ satisfies the entropy minimization principle: that is to

say there is a unique minimizer to the functional H (f) under the condition
that

∫
f = W where W is chosen on prescribed set (the stability domain of

the hyperbolic equation), and such a minimizer is noted as M[W].

3. There exists a constant c̄η such that for any W there holds

H(M[W]) = η(W) + c̄η =
∫
H (M (W) (ξ) , ξ) dξ, (2.39)

We need this monotonicity relatively to η for the Maxwellian, in order to define
correctly the entropy fluxes G associated to the kinetic BGK by:

∀ξ, G(W, ξ) := H(M[W](ξ), ξ) satisfies (2.40)
G′(W, ξ) = H ′ (M (W) (ξ) , ξ) M′ (W) (ξ) , (2.41)

where "prime" notation refers to differentiation against W. Then again, there
exists constants c̄η,j such that:∫

vj(ξ)G(W, ξ)dξ = ϑj(W) + c̄η,j, j = 1, ..., D, ∀W. (2.42)

The reader can find more detailed informations in the entropy compatibility
of the kinetic BGK models in [18].

This part is very important in the sense that it sorts of "import" the hyperbolic
entropy to the kinetic BGK, called H, which has the following property:
If the Maxwellian is monotone relatively to η then the kinetic BGK equation has
an entropy density H (f , ξ), i.e. there holds the following inequality:

∂

∂t

∫
H(f(t,x, ξ), ξ) dξ +

D∑
j=1

∂

∂xj

∫
vj(ξ)H(f(t,x, ξ), ξ) dξ ≤ 0. (2.43)
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We will see some elements of the demonstration of this result. Since H ( · , ξ)
is strictly convex, by integration on ξ, the function H ( · ) is also strictly convex.
Applying the sub-differential inequality, there holds (formally) for any functions
g1,g2:

∀g1,g2 H (g1)−H (g2) ≥ H′ (g2) (g1 − g2) . (2.44)

Applying this with g1 = M [W] and g2 = f there holds

H (M [W])−H (f) ≥ H′ (f) (M [W]− f ] . (2.45)

Since M [W] is the minimizer of H under the constraint W (such that W =
∫

f),
then there holds:

0 ≥ H (M [W])−H (f) , (2.46)

so that there is:
0 ≥ H′ (f) (M [W]− f) . (2.47)

From the definition of entropy H ( · ) to f there holds formally:

H (f) :=
∫
H (f (ξ) , ξ) dξ ⇒ ∀ξ, H′ (f) = H ′ (f (ξ) , ξ) . (2.48)

Then by multiplying the kinetic equation (2.33) by H′ (f) = H ′ (f (ξ) , ξ) and
integrating on ξ there holds:

∂

∂t
fH ′(f(t,x, ξ), ξ) +

D∑
j=1

∂

∂xj
vj(ξ)fH ′(f(t,x, ξ), ξ) = 1

ε
H ′ (f) (M [W]− f) ≤ 0,

(2.49)
which by the chain’s rule formula to composed functions is nothing but

∂tH(f(t,x, ξ), ξ) +
D∑
j=1

∂

∂xj
vjH(f(t,x, ξ), ξ) = 1

ε
H ′ (f) (M [W]− f) ≤ 0. (2.50)

Integrating on the variable ξ there remains finally the entropy decay which has
been assessed in (2.43).

Now we need a systematic way to recognize Maxwellians which are monotone
relative to η. This is given by the following important theorem one can find in
[18]:

Theorem 2. Let W be an open set (we may refer in the sequel as the set of
admissible moment). Assume that the map

W ∈ W 7→M [W] (ξ) , (2.51)

defines a C1-diffeomorphism from W onto the convex set Dξ ∈ Rp of kinetic
functions (which is the convex hull of M [W] ( · ) when W runs in W). Then
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the Maxwellian M [W] (ξ) is monotone relatively to η if and only if:

a.e ξ ∈ Ξ, (M′(W) (ξ))>η′′(W) is symmetric nonnegative. (2.52)

Moreover one can check that a Maxwellian M [W] (ξ) is monotone relatively to η
if and only if for any ξ, the eigenvalues of the matrix

M′
rs(W) (ξ) := ∂Mr (ξ) /∂Ws,∀{r, s} ∈ [1, p], (2.53)

are non negative.

Finally, the next step is the choice of the form of the Maxellians. The choice is
the one proposed in [18], which is to write a linear decomposition as:

∀W, a.e. ξ ∈ Ξ, M[W](ξ) = a(ξ)W +
D∑
j=1

bj(ξ)Fj(W). (2.54)

For which we add the following constraints on the fonctions a (ξ) , bj(ξ):

1. We can easily check that the moment relations (2.31) are correctly satisfied
provided that:∫

a(ξ) dξ = 1, ∀j ∈ [1, D] , ∀j ∈ [1, D]
∫
a(ξ)vj (ξ) dξ = 0, (2.55)

∀j ∈ [1, D]
∫
bj(ξ) dξ = 0, ∀ [i, j] ∈ [1, D]2

∫
bi(ξ)vj (ξ) dξ = δij. (2.56)

2. Since the macroscopic equation admits an entropy, then we know that:

[M′ [W] (ξ)]> η′′ (W) = a (ξ) η′′ (W) +
j=d∑
j=1

bj (ξ)
(
F′j (W)

)>
η′′ (W) , (2.57)

is symmetrical for any ξ

3. The entropy condition (2.38) reduces to then:

∀W, a.e. ξ ∈ Ξ, a(ξ)I +
D∑
j=1

bj(ξ)F′j(W) has non negative eigenvalues

(2.58)

4. If moreover we impose finally that the above eigenvalues are in fact posi-
tive, then the application W 7→ M [W] (ξ) is a C1-diffeomorphism and M
is then monotone relative to η.

A stability condition, called subcharacteristic condition, will come from the
entropy condition (2.58). It’s easy to evaluate, as it does not involve explicitly
the entropy η.
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All the present development are still in the continuous case, as we did not
limit Ξ. However, in order to have some numerical efficiency, we will define a
finite set of directions.

The minimal number of velocities (i.e. the number of elements in Ξ) necessary
to have solutions a(ξ), bj(ξ) to (2.55), (2.56) is D + 1, but for convenience one
can take more, as we shall see.

2.1.4. Time discretization: transport projection algorithm
In (2.33), the ε parameter in the RHS of the BGK forces the pdf f to tend to
a Maxwellian. As ε 7→ 0, we can interpret the rescaled collision operator as a
"projection" operator on the Maxwellian. It’s the idea of the transport-projection
algorithm: approximate the collision operator by zero, except for selected instant
(whose corresponding time step is aimed to tend to zero), which means that we
solve in successive time intervals:

∂f
∂t

+ v(ξ) ·∇xf = 0, for tn < t < tn+1, (2.59)

with the initial conditions:

∀x, Wn (x) given, (2.60)
f(tn,x, ξ) = fn(x, ξ) = M[Wn(x)](ξ), (2.61)

and final projection
Wn+1(x) = lim

t7→t−n+1

∫
f(t,x, ξ)dξ. (2.62)

If tn(n ∈ N) is a chosen set of selected times, this amounts to solve formally the
following system of equations at the kinetic level:

∂f
∂t

+ v(ξ) ·∇xf =
∑
n∈N

δ (t− tn) (M[Wn]− f) . (2.63)

The solution of (2.59) is given by, for t ∈]tn, tn+1[:

f(t,x, ξ) = M[Wn(x− (t− tn)v(ξ))](ξ). (2.64)

This solution can be found with the characteristic method described in paragraph
1.2.1. The projection step consists in projecting f to its Maxwellian at tn+1 with:

lim
t→t−n+1

f(t,x, ξ) = M[Wn(x− (tn+1 − tn)v(ξ))](ξ), (2.65)
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and then having:

Wn+1 (x) :=
∫

M[Wn(x− (tn+1 − tn)v(ξ))](ξ)dξ, (2.66)

Wn+1 7→M[Wn+1(x)](ξ). (2.67)

The important question is to know if the RHS of the new kinetic equation
(2.63) (which is referred as a transport projection equation) also satisfies some
H-theorem. To see that, multiply (2.63) by the density H ′ (f , ξ) and after inte-
gration over ξ, there holds:

∂t

∫
H (f , ξ) dξ +∇x ·

(∫
v (ξ)H (f , ξ) dξ

)
= S (f) , (2.68)

S (f) =
∫ ∑

n∈N
δ (t− tn) (M[Wn]− f) ·H ′ (f , ξ) dξ. (2.69)

But recalling that: for any given moments W, then M [W] is the unique min-
imizer of the H (g) function such that

∫
gdξ = W. At time tn we know that

M [Wn] and f (t−n ) have the same moments Wn. Then there holds necessary:

H (M [Wn])−H
(
f
(
t−n
))
≤ 0. (2.70)

Using after that the inequality for sub-differential there holds:

H (M [Wn])−H
(
f
(
t−n
))
≥ H′

(
f
(
t−n
)) (

M [Wn]− f
(
t−n
))
. (2.71)

Recalling that H′ (g) = H ′ (g, ξ) for any g we have accordingly:∫
H ′
(
f
(
t−n
)
, ξ
)
·
(
M [Wn]− f

(
t−n
))
dξ ≤ 0. (2.72)

So finally S (f) is zero on any (tn, tn+1) and is non positive at any tn, n ∈ N∗ so
proving the entropy inequality.
What is interesting in the transport-projection algorithm is that it goes from
Maxwellians to Maxwellians, and consequently from moment (Wn (x)) to mo-
ment (Wn+1 (x)). Then it makes sense to write that the transport-projection
algorithm is a moment based approximation of the kinetic equation !

We are going to see how it is possible to analyze the equivalent moment equa-
tion which is provided by the transport-projection operator. The starting point of
this analyze is performed with the following change of variable, which is defined
implicitly by the equation:

f (x, ξ, t) := M (w (x, ξ, t) , ξ) , (2.73)

where f is given and w is the unknown. The question is then to write the equa-
tion satisfied by w (x, ξ, t) rather than f . We can now substitute (2.73) in (2.59).
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For the first term we have (using the chain rule formula to composed functions):

∂

∂t
M[w(t,x, ξ)](ξ) = M′[w](ξ) : ∂w

∂t
, (2.74)

here ”:” represents the contraction product as M′ is an order 2 tensor, and the
prim is, like before, representing a derivative over w. We have for the second
term:

v(ξ) ·∇xM[w(t,x, ξ)](ξ) = M′[w](ξ) : v(ξ) ·∇xw. (2.75)

Leading to:

M′[w](ξ) :
(
∂w
∂t

+ v(ξ) ·∇xw
)

= 0. (2.76)

M′[w](ξ) has the same properties of M′[W](ξ), which is, as expressed above, the
positivity of the eigenvalues for any fixed ξ. We thus deduce that M′[w](ξ) is
invertible, leading to:

∂w
∂t

+ v(ξ) ·∇xw = 0. (2.77)

This new system, expressed with the change of variables w, has the following
initial condition, describing the fact that the moments of w has the moments of
Wn:

∀ξ, w(tn,x, ξ) = Wn(x). (2.78)

Then following the method of characteristics, the solutions to the equations on
w on [tn, tn+1) reads as:

∀t ∈ [tn, tn+1), w(t,x, ξ) := Wn(x− (t− tn)v(ξ)), (2.79)

and then:
Wn+1 (x) =

∫
M [Wn(x− (tn+1 − tn)v(ξ))] (ξ) dξ. (2.80)

Which is exactly solving a transport projection algorithm on the moment variable
w (x, ξ, t), that is:

∂tw + v (ξ) ·∇xw =
∑
n∈N

δ (t− tn) (Wn −w) . (2.81)

Alternatively, one can recover the expression of this solution by formally invert-
ing the solution (2.64) thanks to the change of variable (2.73). The entropy
analysis on the moment equation needs to be done carefully, as it is not as easy
as the one conducted on the kinetic equation. To make this analysis clear, we
need first the following result, which has been derived from [19]:

Theorem 3. Let η be a macroscopic entropy to the conserved hyperbolic equation.
Assume that M is η-monotone. Then the entropy density H ( · , ξ) associated to
the BGK operator M [Wf ]− f is characterized by the following properties:
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1. there holds ∀ξ, ∀W [H (M [W] (ξ) , ξ)]′ = η′ (W) M′ [W] (ξ), where prime
notation refers to derivation related to W,

2. there holds ∀ξ, ∀W, η′ (W) ∈ ∂fH (M [W] , ξ) in the sense of subdifferential
(for the convex function f 7→ H (f , ξ)).

Proof. Assume that there holds

[H (M [W] (ξ) , ξ)]′ = η′ (W) M′ [W] (ξ) . (2.82)

Then performing integration on ξ there holds∫
[H (M [W] (ξ) , ξ)]′ dξ =

∫
η′ (W) M′ [W] (ξ) dξ. (2.83)

But differentiation (on W) the moment conservation of M [W] (ξ) there holds:∫
M [W] (ξ) dξ = W⇒

∫
M′ [W] (ξ) dξ = I. (2.84)

So we get straightforwards:∫
[H (M [W] (ξ) , ξ)]′ dξ = η′ (W) . (2.85)

Then by antidifferentiation there holds:∫
H (M [W] (ξ) , ξ) dξ = η (W) + K, (2.86)

and we can choose H in a unique way such that K = 0. Assume now that η′ (W)
belongs to the subdifferential ∂fH (M [W] , ξ), then following the subdifferential
inequality there holds for any f :

∀ξ, H (f , ξ)−H (M [W] , ξ) ≥ η′ (W) · (f −M [W]) . (2.87)

If f and M [W] have the same moments (i.e
∫

fdξ =
∫

M [W] dξ), then integrating
the above inequality over ξ yields to:

∀f such that
∫

f = W, H (f)−H (M [W]) ≥ 0. (2.88)

Then M [W] realizes the minimum of the entropy function upon the constraints
of imposed moments W. Now we need to prove the converse statement. Assume
that the function H ( · , ξ) satisfies the definition of M being η-monotone, for any g
defined by Wg =

∫
gdξ. Because entropy η is obtained by computing the function

H (2.39) on a Maxwellian, there holds

H (g)− η (Wg) = H (g)−H (M [Wg]) =
∫
H (g (ξ) , ξ) dξ − η (Wg) . (2.89)
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Thanks to the minimizer assumption (paragraph 2.1.3), we have obviously:

H (g)−H (M [Wg]) ≥ 0. (2.90)

So for any other W, we can choose H as in 2.86 as:

η (W) = H (M [W]) =
∫
H (M [W] (ξ) , ξ) dξ. (2.91)

Then we have:
H (g)−H (M [W])− η (Wg) + η (W) ≥ 0. (2.92)

Select now any f and define for any t ∈ (0, 1] let g = (1− t) M [W] + tf . It is very
clear that:

Wg =
∫

g dξ = (1− t) W + tWf . (2.93)

Then we have:

H ((1− t) M [W] + tf)−H (M [W]) ≥ η ((1− t) W + tWf )− η (W) . (2.94)

By the convexity of H we have:

H ((1− t) M [W] + tf) ≤ (1− t)H (M [W]) + tH (f) . (2.95)

From which we deduce:

t [H (f)−H (M [W])] ≥ η ((1− t) W + tWf )− η (W) . (2.96)

Dividing by t and letting t 7→ 0 there holds:

H (f)−H (M [W]) ≥ 1
t

[η ((1− t) W + tWf )− η (W)] . (2.97)

And the RHS satisfies:

lim
t7→0+

1
t

[η ((1− t) W + tWf )− η (W)] = η′ (W) · (Wf −W) . (2.98)

So there holds:

H (f)−H (M [W]) ≥ η′ (W) · [Wf −W] . (2.99)

Which can be written as:∫
[H (f , ξ)−H (M [W] , ξ)− η′ (W) · (f −M [W])] dξ ≥ 0. (2.100)

But the integral inequality implies that the integrand should be non negative
a.e. ξ ∈ Ξ, if for instance W is an open set which is one of the model assumption
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(see [18]) for more details about this technical assumption). Then we conclude
that:

a.e ξ, H (f , ξ)−H (M [W] , ξ)− η′ (W) · (f −M [W]) ≥ 0. (2.101)

Which is exactly saying that η′ (W) belongs to ∂fH (M [W] , ξ) for almost any ξ.
Finally we need to compute the derivative [H (M [W] , ξ)]′ (as usual with respect
to W). So let us apply the inequality (2.100) with f = M [V]. More precisely we
define the function:

a.e ξ φξ (V) := H (M [V] , ξ)−H (M [W] , ξ)− η′ (W) · (M [V]−M [W]) ,
(2.102)

then for any fixed ξ the function V ∈ W 7→ φ (V) is non negative, and is null at
V = W (so reaches its minimum). The function φ is C1 (see [18]) and when W is
open, we get by Euler characterization:

a.e ξ φ′ξ (W) = 0⇔ H ′ (M [W] , ξ) M′ [W]− η′ (W) = 0, (2.103)

then proving what we wanted to.

Now we can starts with entropy considerations on the moment equation. Mul-
tiplying (2.76) by:

G′ (w, ξ) = H ′ (M (w) , ξ) M′ (w) (ξ) . (2.104)

There holds then:

∂

∂t
G(w, ξ) + v(ξ) ·∇xG(w, ξ) =

+∞∑
n=0

δ(t− tn)(G(Wn, ξ)−G(w, ξ)). (2.105)

Integrating over ξ we get:

∂

∂t

∫
G(w, ξ)dξ +

D∑
j=1

∂

∂xj

∫
vj(ξ)G(w, ξ)dξ =

+∞∑
n=0

δ(t− tn)Sn, (2.106)

and this reads as:

∂tη (W) +
i=p∑
i=1

∂xiϑi (W) =
∑
n∈N∗

δ (t− tn)Sn, (2.107)

where we have defined:

Sn :=
∫

(G(Wn, ξ)−G(w (tn,x, ξ) , ξ))dξ. (2.108)
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We now use the fact that:∫
M [w (tn,x, ξ)] (ξ) dξ =

∫
M [Wn] (ξ) dξ, (2.109)

and η′ (Wn) does not depends on ξ to infer:∫
η′ (Wn) · (M [w (tn,x, ξ)] (ξ)−M [Wn] (ξ)) dξ = 0. (2.110)

We have then for Sn the following integral expression∫
G(Wn, ξ)−G(w (tn,x, ξ) , ξ)− η′ (Wn) · (M [w (tn,x, ξ)] (ξ)−M [Wn] (ξ)) dξ.

(2.111)
But we have seen by definition that: G (V, ξ) := H (M [V] , ξ) and by Theorem 3
there holds

a.e ξ ∈ Ξ, η′ (W) ∈ ∂fH (M [W] , ξ) , (2.112)

then there is certainly for a.e. ξ ∈ Ξ:

G(Wn, ξ)−G(w (tn,x, ξ) , ξ) + η′ (Wn) · (M [w (tn,x, ξ)] (ξ)−M [Wn] (ξ)) ≤ 0.
(2.113)

And after integration against ξ the entropy inequality is proved: there is Sn ≤ 0
for any n ∈ N∗.

We have proved that the time discretization done with a transport-projection
algorithm is entropic. As we have said already, this algorithm permits to write a
moment based new system (2.77).

2.1.5. Finite volume projection
We perform now the space discretization. This consists in handling piecewise
constant function on the space variable x. To do that, we consider a uniform
grid made by cells C (i) , i ∈ ZD, which volume is dxD. By ej where j ∈ [1, D] we
note the canonical vector of ZD which is 0 on each component except on its jth

where it is one. Then if f (x) is any function defined on the physical space, we
compute its projection on piecewise constant as follows:

f (x)→ [f ] (x) s.t. ,

 ∀x ∈ C
◦ (i)

∀i ∈ ZD
[f ] (x) = 1

dxD

∫
C(i)

f (x) dx := [f ] (i) .

(2.114)
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Let us return back to the kinetic equation, written using the "moment" change of
variable f (t,x, ξ) = M [w (t,x, ξ)] (ξ). There holds:

∂tM [w] +∇x ·v (ξ) M [w] = 0, (2.115)
a.e.ξ, w (tn,x, ξ) = Wn (x) . (2.116)

Assume at tn the initial data Wn (x) is piecewise constant, that is:

Wn (x) = [Wn] (x) , ∀x \
⋃
i
∂C (i) . (2.117)

For any t ∈ [tn, tn+1) there holds:

w (t,x, ξ) = [Wn] (x− v (ξ) (t− tn)) . (2.118)

Now let us integrate the equation (2.115) on [tn, tn+1] then on any C (i) and over
ξ ∈ Ξ, giving for the terms:

1. We have for the time derivative term ∂tM:∫ ∫
C(i)

(M [w (tn+1,x, ξ)] (ξ)−M [[Wn] (x)] (ξ)) dxdξ. (2.119)

Inverting space and velocity integration there holds:∫
(M [w (tn+1,x, ξ)] (ξ)−M [[Wn] (x)] (ξ)) dξ = Wn+1 (x)− [Wn] (x) .

(2.120)
Integrating on the cell C (i) we have finally∫

C(i)

(
Wn+1 (x)− [Wn] (x)

)
dx = dxD

([
Wn+1

]
(i)− [Wn] (i)

)
. (2.121)

2. The transport terms is (of course) more intricate to compute. From the
Stokes theorem, it reads as:∫ tn+1

tn

∫
y∈∂C(i)

∫
ξ∈Ξ

M [w (t,y, ξ)] (ξ) v (ξ) ·n (y) dydξdt. (2.122)

It’s the main idea of finite volume method that this term is linear with dt :=
tn+1−tn and can be expressed as an explicit function of the Wn [j] where j ∈ J (i)
is a set of topological nodes which is geometrically related to i.

It is the heart of the FVS-BGK method: the way of computing this flux term is
specific and does not collapse into some other known numerical scheme.

However, at this point, it seems too complicated to have an explicit formula-
tion of the fluxes for some or other set Ξ and velocity functions v (ξ): we need
to precise these aspects to control the expression of the flux.
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In fact the most simple choice is to consider that the velocities v (ξ) (which
are at any side of the boundaries) are colinear to the normal ej, j ∈ [1, D].

Then it becomes obvious from the formula (2.122) that the computation of
the flux is obtained by the sum, in all the different orthogonal directions, of a
one D problem which is discretized on a regular Cartesian grid.

2.1.6. Velocity discretization
For the velocity space discretization, associated with the kinetic variable ξ, we
now consider Ξ = {1, ..., 2D}, defining 2D discrete velocities, which gives, in
general D dimension:

ξ ∈ Ξ =
{

1, . . . , 2D
}
, dξ is the counting measure,

v(1) = λe1, v(2) = −λe1, . . . ,v(2D − 1) = λeD, v(2D) = −λeD,
(2.123)

or in short we have:

∀j ∈ [1, D] ,v (2j − 1) = λej, v (2j) = −λej, (2.124)

where ej denotes the jth basis vector for j = 1, . . . , D, and λ > 0 is a parameter
that will be precised further. There are two velocities per direction, a represen-
tation of these velocities in two and three dimensions is proposed on Figures 2.1
and 2.2. We recall that the counting measure is the measure for which an integral
in dξ means simply the sum over elements ξ ∈ Ξ.

v 1
v 2

v 3

v 4

v 2

v 3

v 1

v 6

v 4

v 5

Figure 2.1.: 2D discrete velocities,
one set of velocities for each moment

Figure 2.2.: 3D discrete velocities,
one set of velocities for each moment

Then we can now detail the computation of the fluxes and analyze its behavior.
As announced, it is enough to sum in all directions what happens in just a single
one. So we consider x (i) the center of the cell C (i). The contribution to (2.122)
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of the jth direction reads as:

dxD−1
∫ tn+1

tn

∑
r,s∈{−1,1}

M
[
[Wn]

(
x (i) + s

dx

2 − (t− tn) rλej
))

]
(

2j − 1 + r

2

)
rλ.

(2.125)
Then under the following important CFL condition:

λdt ≤ dx⇔ λdt

dx
≤ 1, (2.126)

there holds for any t ∈ (tn, tn+1)

s
dx

2 − (t− tn) rλ = dx

(
s

2 − αr
(
λdt

dx

))
, α ∈ (0, 1) . (2.127)

We have always
∣∣∣αr (λdt

dx

)∣∣∣ < 1. We can write:

∀t ∈ (tn, tn+1) , c (i) + dx

(
s

2 − rα
(
λdt

dx

))
ej ∈ C

(
i + s− r

2 ej
)
. (2.128)

We write finally for any s ∈ {−1, 1} and up to the factor dxd−1dt

F(i+ s
2 ej) = F+

i+ s
2 ej + F−i+ s

2 ej , (2.129)

F+
i+ s

2 ej = λM
[
[Wn]

(
i + s− 1

2 ej
)]

(2j − 1) , (2.130)

F−i+ s
2 ej = −λM

[
[Wn]

(
i + s+ 1

2 ej
)]

(2j) . (2.131)

Then the finite volume projection of the transport equation reads as:

[
Wn+1

]
(i) = [Wn] (i)− dt

dx

j=d∑
j=1

 ∑
s∈{−1,1}

(
F+

i+ s
2 ej + F−i+ s

2 ej

) . (2.132)

A decomposition of the flux like (2.129) is called a Flux-vector-Splitting (FVS in
short). Note that it reads as

F+
i+ s

2 ej = M ([Wn] (i)) (2j − 1) v (2j − 1) · ej, (2.133)
F−i+ s

2 ej = M ([Wn] (i + 1)) (2j − 1) v (2j) · ej. (2.134)

The superscript "+" refers to positive velocity (since v (2j − 1) · ej > 0) while the
superscript "−" refers to negative velocity (since v (2j) · ej ≤ 0).
We will now prove that the scheme is entropy satisfying. To do that, we start
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from the equation on G (w, ξ):

∂tG (w, ξ) +
j=D∑
j=1

∂xjϑj (w, ξ) =
∑
n∈N∗

δ (t− tn)Sn, (2.135)

Sn = G (Wn, ξ)−G (w (tn) , ξ) .

Let us integrate (2.135) over [tn, tn+1), in Ξ and on C (i). This is done in two
steps:

1. First we work on the time derivative term. There holds then∫ tn+1

tn

∫
Ξ

∫
C(i)

∂tG (w, ξ) dtdxdξ =
∫

Ξ

∫
C(i)

G (w (tn+1) , ξ)−G ([Wn] , ξ) dξdx.
(2.136)

We write now:

G (w (tn+1) , ξ)−G ([Wn] , ξ) = A+B + C, (2.137)
A := G

([
Wn+1

]
, ξ
)
−G ([Wn] , ξ) , (2.138)

B := G (w (tn+1) , ξ)−G
(
Wn+1, ξ

)
, (2.139)

C := G
(
Wn+1, ξ

)
−G

([
Wn+1

]
, ξ
)
. (2.140)

We have for (2.138), using the definition of G and (2.39):∫
C(i)

∫
Ξ
A = η

([
Wn+1 (i)

])
− η ([Wn (i)]) . (2.141)

We have for (2.139), after integration, using the fact that M [w (tn+1,x, ξ)] (ξ)
and M [Wn+1 (x)] (ξ) have the same moment (after integration on ξ ∈ Ξ for
any x ∈ C (i)), there holds from the inequality (2.113) the following:

∀x ∈ C (i) ,
∫
ξ
Bdξ ≥ 0⇒

∫
C(i)

∫
Ξ
Bdξdx ≥ 0. (2.142)

We have for (2.140), recalling that: η (V) :=
∫

Ξ G (V, ξ) dξ is convex with
its argument V. As consequence, from the Jensen inequality for convex
function we have:∫

Wn+1 dx
dxd

=
[
Wn+1

]
(i)⇒ η

([
Wn+1

]
(i)
)
≤
∫
η
(
Wn+1 (x)

) dx
dxd

.

(2.143)
From which we deduce that:∫

C(i)

∫
Ξ
Cdξdx ≥ 0. (2.144)
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Finally we have:∫
C(i)

∫
Ξ

∫ tn+1

tn
∂tG (w, ξ) dtdξdx = η

([
Wn+1

]
(i)
)
− η ([Wn] (i)) +B + C,

(2.145)
where the remaining terms B,C are non negative.

2. Now we deal with the entropy fluxes. Integration over [tn, tn+1), in C (i)
and Ξ yields to

j=D∑
j=1

∫
Ξ

∫ tn+1

tn

∫
∂C(i)

ϑj (w (t,y, ξ) , ξ) ej ·n (y) dydξdt, (2.146)

where there holds

w (t,y, ξ) = [Wn] (y− (t− tn) v (ξ)) . (2.147)

Using the velocity discretization, it is possible to provide the same analysis
as the one done for the moment itself (see for instance formula (2.125)).
There holds for the entropy flux then straightforwards the analogous ex-
pression as the one in (2.132):

dxD−1
j=D∑
j=1

 ∑
s∈{−1,1}

(
ϑ+
j,i+ s

2 ej + ϑ−j,i+ s
2 ej

) , (2.148)

where there holds:

ϑ(j,i+ s
2 ej) = ϑ+

j,i+ s
2 ej + ϑ−j,i+ s

2 ej , (2.149)

ϑ+
j,i+ s

2 ej = λG
[
[Wn]

(
i + s− 1

2 ej
)]

(2j − 1) , (2.150)

ϑ−j,i+ s
2 ej = −λG

[
[Wn]

(
i + s+ 1

2 ej
)]

(2j) . (2.151)

Then the discrete entropy inequality holds:

η
([

Wn+1 (i)
])
− η ([Wn (i)]) +

j=D∑
j=1

∑
s∈{−1,1}

ϑ(j,i+ s
2 ej) = −B − C ≤ 0. (2.152)

2.1.7. Flux vector splitting presentation
In the previous section, we have seen that any Maxwellian construction which is
η-monotone enables to built a transport projection algorithm which has a natural
interpretation in terms of full moment algorithm satisfying entropy.
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The moment algorithm is then characterized by the computation of fluxes
thanks to the formula (2.129), that is: there exists some η-monotone Maxwellian
construction W ∈ W 7→ M∗ (W) (ξ∗), where Ξ∗ is a prescribed set of abstract
variable defining the corresponding velocities v∗ (ξ∗), such that in any direction
ej the flux at edge i + s/2 ej is given by

Fj

(
i + s

2ej
)

= F+
j

(
[Wn]

(
i + s− 1

2

))
+ F−j

(
[Wn]

(
i + s+ 1

2

))
, (2.153)

F+
j (Z) =

∫
v∗(ξ∗) · ej>0

M∗ (Z) (ξ) (v∗ (ξ∗) · ej) dξ∗, (2.154)

F−j (Z) =
∫

v∗(ξ∗) · ej<0
M∗ (Z) (ξ∗) (v∗ (ξ∗) · ej) dξ∗. (2.155)

The main interest of the Flux-vector Splitting presentation is that one can ob-
tain a characterization for the existence of some underlying Maxwellian M∗ (W) (ξ∗)
for the expressions (2.154) and (2.155), without being forced to give an explicit
construction of it, just checking a few properties on the fluxes F+

j ,F−j themselves.
In particular, if the expressions for F+

j ,F−j are obtained by straightforwards
consideration on the moment W and the fluxes Fj (W) themselves (as will be
the case further), then we do not need to prescribe an explicit construction for
M∗ (W) (ξ∗), even if this is always possible, as we shall see. In order to have
the precise vocabulary associated to the vector flux splitting presentation, let us
introduce the following notion

Definition 1. Let W ∈ W 7→ F (W) be a vector valued function and W ∈
W 7→ η (W) be a convex (entropy) function. We say that F is η-dissipative in W
whenever there holds:

1. for any W ∈ W, then (F′ (W))> η′′ (W) is a symetrical matrix, in which
case the function η′ (W) F′ (W) has a primitive (with respect to W) that we
note as G (W),

2. The so called elementary entropy dissipation:

D (U,V) := G (U)−G (V) + η′ (U) · (V−U) (2.156)

is non positive for any U,V ∈ W.

Now we can follow [19] in order to define what is a Flux vector splitting
associated to a conserved hyperbolic equation:

Definition 2. Let us consider some conserved hyperbolic equation reading as

∂tW +
j=D∑
j=1

∂xjFj (W) = 0, (2.157)
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then a flux vector splitting for this equation is any way to find a pair of function
W 7→ F+

j (W) ,F−j (W) such that

1. The compatibility condition holds, that is

∀W ∈ W , Fj (W) = F+
j (W) + F−j (W) , (2.158)

2. Any splitting term F+
j ,−F−j is η-dissipative.

In that case, thanks to (2.153), any flux vector splitting defines naturally a
numerical scheme for the conserved hyperbolic equation by equation (2.132).
Moreover, F. Bouchut has proved ([18]) that under the sharped CFL condition
that

∀j ∈ [1, D] , I− dt

dx

(
F+
j − F−j

)
, (2.159)

is η-dissipative, then the numerical scheme (2.132) is stable and admits the usual
pair (η, ϑj, j ∈ [1, D]) as discreet entropy. Importantly, note that any scheme de-
riving from a transport projection algorithm applied to some η-monotone Maxwellian
operator W 7→ M (W) (ξ) leads to a flux vector splitting (which is then η-
dissipative). Any flux vector splitting, which is characterized for its own, has
however a straightforward interpretation in term of explicit Maxwellian opera-
tor for kinetic consideration, as we did it in the previous section.
We are now going to explicit the Maxwellians. Assume a prescribed Flux vector
splitting F+

j F−j , and consider:

1. the set of abstract variable ξ ∈ {0, · · · , 2D},

2. the set of discrete veclocities v (ξ) , ξ ∈ Ξ such as (2.124) plus the rest
velocity v (0) = 0,

3. the Maxwellian M[W](ξ) thanks to:

M[W](0) = W−
D∑
j=1

F+
j (W)− F−j (W)

λ
, (2.160)

M[W](2j − 1) =
F+
j (W)
λ

, M[W](2j) = −
F−j (W)

λ
, j ∈ [1, D] , (2.161)

where λ is some fixed velocity magnitude whose value will be settled fur-
ther.

With these definitions it is straightforward to check that the moment relations
(2.31) hold. As we know M[W] under this decomposition, we can integrate
(2.59) in t,x, ξ over (tn, tn+1) × Ci × Ξ, meaning that we project the solution
obtained with the characteristic method by averaging it over each cell.
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This leads to the following scheme, written in terms of W, thanks to the
transport-projection algorithm, which is exactly the same as the one directly
taken from the FVS :

Wn+1
i −Wn

i + ∆t
∆x

D∑
j=1

(
Fn

i+ej/2 − Fn
i−ej/2

)
= 0, (2.162)

Fn
i+ej/2 = F+

j (Wn
i ) + F−j (Wn

i+ej). (2.163)

The main question is then: what happens to the entropy inequality ? We have
already said that entropy decay is satisfied whenever the Maxwellian construc-
tion is η-monotone. This is obtained under the conditions

F+
j and − F−j are monotone respectively to η for all j = 1, . . . , D, (2.164)

the eigenvalues of
D∑
j=1

(
F+
j − F−j

)′
are less than or equal to λ, (2.165)

λ∆t ≤ ∆x. (2.166)

Moreover, the numerical entropy fluxes take the form

ϑni+ej/2 = ϑ+
j (Wn

i ) + ϑ−j (Wn
i+ej), (2.167)

with
(ϑ+

j )′ = η′(F+
j )′, (ϑ−j )′ = η′(F−j )′. (2.168)

2.1.8. The multidimensional Lax-Friedrichs scheme
A particularly simple choice of flux vector splitting scheme for which the analysis
of the previous subsection applies is the Lax-Friedrichs scheme, for which one
chooses

F+
j (W) = cW + Fj(W)

2 , F−j (W) = −cW + Fj(W)
2 , (2.169)

for some constant c > 0. Then the consistency (2.158) obviously holds, and the
Maxwellian M[W](0) from (2.160) is just

M[W](0) =
(
1− Dc

λ

)
W. (2.170)

Since the symmetry condition (2.52) is automatically satisfied, the entropy sta-
bility reduces to the subcharacteristic condition

the eigenvalues of Fj
′ have absolute values less than or equal to c, (2.171)
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and the CFL condition
Dc

λ
≤ 1, λ∆t

∆x ≤ 1, (2.172)

We can remark that the parameter λ is somehow artificial since it does not ap-
pear in the scheme formulation (2.132). We can eliminate it from (2.165) and
(2.166), leading to the simplified CFL:

D
c∆t
∆x ≤ 1. (2.173)

The numerical entropy fluxes (2.167) can be explicited since (2.168) gives with
(2.169)

ϑ+
j (W) = c η(W) + ϑj(W)

2 , ϑ−j (W) = −c η(W) + ϑj(W)
2 , (2.174)

with ϑj(W) the entropy fluxes defined by (2.35).
We can remark that with the Lax-Friedrichs choice (2.169), the Maxwellians

(2.160), (2.161) take the particular form (2.54) with the coefficients

a(ξ) =


1− Dc

λ
if ξ = 0,

c

2λ otherwise.
bj(ξ) =



1
2λ if ξ = 2j − 1,

−1
2λ if ξ = 2j,

0 otherwise.

(2.175)

These satisfy the moment relations (2.55), (2.56). The particular choice λ = Dc
gives M[W](0) = 0 in (2.170). Thus in this case the model is indeed a 2D
velocity model (instead of 2D + 1).

2.1.9. Stability to Incompressible Euler Equation
We consider the following scaled general flux vector splitting schemes:

Wn+1
i −Wn

i + ∆t
ε∆x

D∑
j=1

(
Fn

i+ej/2 − Fn
i−ej/2

)
= 0, (2.176)

Fn
i+ej/2 = F+

j (Wn
i ) + F−j (Wn

i+ej). (2.177)

The parameter ε > 0 needs to be determined by consistency relations, but is any-
way of the order of ∆x.

For the Navier-Stokes system we take now for Fj the flux of the isentropic gas
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dynamics system, given by (2.9), and the variable W is written as

W = (ρ,m). (2.178)

In order to induce a scheme for Incompressible Euler equation, we consider
first the rescaled Euler equation for polytropic gas reading as:

∂tρ+ 1
ε
∇x ·m = 0, (2.179)

∂tm + 1
ε
∇x ·

(
m⊗m

ρ
+ P (ρ) I

)
= 0, (2.180)

where P (ρ) is some given law such that P ′ (ρ) > 0. An entropy pair η, ϑj, j ∈
[1, D] for the system is

η (ρ,m) = 1
2

m2

ρ
+ ρe (ρ) , de

dρ
= P (ρ)

ρ2 , (2.181)

∀j ∈ [1, D] , ϑj (ρ,m) =
(

1
2

m2

ρ
+ ρe (ρ) + P (ρ)

)
mj

ρ
. (2.182)

For the general conserved hyperbolic equation, consider the entropy inequality

∂tη (W) +
j=D∑
j=1

∂xjϑj (W) ≤ 0. (2.183)

We perform integration on space to obtain

d

dt

∫
Ω

[
η (W)− η

(
W̄
)]
dx +

∫
∂Ω

j=D∑
j=1

ϑj (W) ej ·n (y) dy ≤ 0. (2.184)

Assuming cancellation or good entropic behavior of the boundaries, there holds:

d

dt

∫
Ω

[
η (W)− η

(
W̄
)]
dx ≤ 0. (2.185)

Now take again the conserved hyperbolic equation, there holds for the absolute
state W̄ the following:

η′
(
W̄
)
·

∂t [W− W̄
]

+
j=D∑
j=1

∂xj
(
Fj (W)− Fj

(
W̄
)) = 0. (2.186)
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After integration on space there holds:

d

dt

∫
Ω
η′
(
W̄
)
·
[
W− W̄

]
dx+

∫
∂Ω

j=D∑
j=1

η′
(
W̄
)
·
(
Fj (W)− Fj

(
W̄
))

ej ·n (y) = 0.

(2.187)
If we assume that boundary terms cancel or have good (entropic) behavior there
remains:

d

dt

∫
Ω
η′
(
W̄
)
·
[
W− W̄

]
dx ≥ 0. (2.188)

Finally we get by conservation entropy and conservation properties (assuming
correct behavior at boundaries):

d

dt

∫
Ω
η (W)− η

(
W̄
)
− η′

(
W̄
)
·
(
W− W̄

)
dx ≤ 0. (2.189)

Applying this inequality to

W = (ρ,m) , W̄ = (ρ̄,0) , η (W) = 1
2

m2

ρ
+ ρe (ρ) , (2.190)

there just remains

d

dt

∫ (
1
2

m2

ρ
+ ρe (ρ)− ρ̄e (ρ̄)−

(
e (ρ̄) + P (ρ̄)

ρ̄

)
(ρ− ρ̄)

)
dx ≤ 0. (2.191)

Then, for any time t ≥ 0 there is:

∫ (
1
2

m2

ρ
+ ρe (ρ)− ρ̄e (ρ̄)−

(
e (ρ̄) + P (ρ̄)

ρ̄

)
(ρ− ρ̄)

)
≤ C (0) . (2.192)

On the other hand, the polytropic assumption implies that ρe (ρ) = ργ, γ ≥ 1 is
convex. We recognize then

ρe (ρ)− ρ̄e (ρ̄)−
(
e (ρ̄) + P (ρ̄)

ρ̄

)
(ρ− ρ̄) ≥ 0, (2.193)

since this is nothing but a subdifferential inequality. As a consequence we deduce
from the previous inequality and the special form polytropic gases that

∫
ρ,

∫ m2

ρ
are bounded. (2.194)

Assume now that we write m = ερu, and ρ (0) = ρ̄+O (ε2) as well as u (0) = O (1)
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then there holds:∫ (
1
2ρu

2 + 1
ε2

[
ρe (ρ)− ρ̄e (ρ̄)−

(
e (ρ̄) + P (ρ̄)

ρ̄

)
(ρ− ρ̄)

])
≤ C∗ (0) . (2.195)

In particular, this means that u (t) and [ρ (t)− ρ̄] /ε2 remain bounded, or, to say
it differently: assume that at t = 0 there holds m = ερu and ρ = ρ̄ + ε2ρ̃
are perturbation at order 1 and 2 in ε of the initial state ρ̄,0, then they remain
perturbation at order 1 and 2 in ε during all the transport process.

Therefore, the asymptotic analysis of Section 2.1.1 applies: if we perform the
change of variable t′ → t/ε, the variables ρ,u satisfies, in the limit ε 7→ 0 the
incompressible Euler equations. Finally any of these computations are available
at the discreet level, as this as been proved by F. Bouchut:

Proposition 1. Assume a decomposition of the isentropic fluxes (2.9) as (2.158),
with the property that

F+
j (W), −F−j (W), W− ∆t

ε∆x

D∑
j=1

(
F+
j (W)−F−j (W)

)
are η−dissipative in Wstab

(2.196)
for some set Wstab, where η is the entropy (2.10) of the isentropic system. Then
the scheme (2.176) and (3.7) satisfies the discrete entropy inequality

η(Wn+1
i )− η(Wn

i ) + ∆t
ε∆x

D∑
j=1

(
ϑni+ej/2 − ϑ

n
i−ej/2

)
≤ 0, (2.197)

with the numerical entropy fluxes

ϑni+ej/2 = ϑ+
j (Wn

i ) + ϑ−j (Wn
i+ej), (2.198)

with
(ϑ+

j )′ = η′(F+
j )′, (ϑ−j )′ = η′(F−j )′. (2.199)

It holds as soon as all the values Wn
i and Wn+1

i at time tn and tn+1 remain in
Wstab. In particular, summing (2.197) over the cells gives the a priori estimate:∑

i
(∆x)DEn+1

i ≤
∑

i
(∆x)DEn

i + boundary terms, (2.200)

with the relative energy defined by

En
i = η(Wn

i )− η(ρ, 0)− η′(ρ, 0)(Wn
i − (ρ, 0))

ε2

= ρni
|uni |2

2 + ρni e(ρni )− ρe(ρ)− (e(ρ) + P (ρ)/ρ)(ρni − ρ)
ε2

·
(2.201)
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The inequality (2.200) ensures in particular that u remains bounded and that
ρ − ρ = O(ε2) as ε → 0, because we can take ρ = ρ at initial time, giving a
bounded relative energy.

We now state a result on the accuracy of the scheme. It enables to relate the
Navier-Stokes viscosity to the numerical viscosity of the FVS scheme.

2.1.10. Consistency and accuracy of the FVS scheme for the
INSE

Theorem 4 (Consistency and accuracy of the FVS scheme for the INSE). Given
a decomposition of the isentropic fluxes (2.9) as (2.158), the scheme (2.176), (3.7)
with the definition of the velocity u as (2.178), is

1. Consistent with the incompressible Navier-Stokes equations

∇x ·u = 0, (2.202)
∂tu +∇x · (u⊗ u + pI)− ν∆xu = 0, (2.203)

with viscosity ν > 0, if for all j = 1, . . . , D

∆x
ε
∂m(F+

j − F−j )m(ρ, 0) = 2ν I, (2.204)

where the index m denotes the second component,

2. Second-order accurate in space if furthermore

∂m(F+
j − F−j )ρ(ρ, 0) = 0,

∂ρ(F+
j − F−j )m(ρ, 0) = 0,

∂2
mm(F+

j − F−j )m(ρ, 0) = 0,
(2.205)

where similarly the index ρ denotes the first component.

Proof. The idea of controlling the numerical diffusion by making it match the
physical viscosity comes from Roberto Natalini ([80]). The proof is given by F.
Bouchut. The relation (2.158) linking F+

j , F−j and the isentropic flux Fj given by
(2.9) can be written

F+
j (W) + F−j (W) =

 mj

mj m
ρ

+ P (ρ)ej

 , (2.206)

with W = (ρ,m). We deduce that ∂m(F+
j + F−j )m(ρ, 0) = 0. Thus the statement
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(2.204) can be written equivalently

∆x
ε
∂m(F+

j )m(ρ, 0) = ν I. (2.207)

The idea of the proof of consistency is to follow the scaling construction. Therefore,
it is enough to prove that the numerical fluxes in (2.176), divided by ε for the
first component, and by ε2 for the second component, are consistent with the
fluxes in (2.179), (2.180). In doing so we look at the fluxes in each direction j
separately. Thus for simplifying the notations we just indicate the index i related
to this direction. We also remove the time index n. Then we have Fi+1/2 =
F+
j (Wi) + F−j (Wi+1), and we compute with (2.206) and (2.178)

1
ε
Fρ,i+1/2

=1
ε

(
F+
j,ρ(Wi) + F−j,ρ(Wi+1)

)
=(mi+1)j

ε
+ 1
ε

(
F+
j,ρ(Wi)− F+

j,ρ(Wi+1)
)

= (mi)j
ε

+ 1
ε

(
F−j,ρ(Wi+1)− F−j,ρ(Wi)

)
=ρi(ui)j + ρi+1(ui+1)j

2 + 1
2ε
(
(F+

j,ρ − F−j,ρ)(Wi)− (F+
j,ρ − F−j,ρ)(Wi+1)

)
=(ρuj)(xi+1/2) + 1

2ε
(
∂ρ(F+

j,ρ − F−j,ρ)(ρ, 0)(ρi − ρi+1)+

+ ∂m(F+
j,ρ − F−j,ρ)(ρ, 0)(ερiui − ερi+1ui+1)

)
+O(∆x2)

=(ρuj)(xi+1/2)− ρ∆x
2 ∂m(F+

j,ρ − F−j,ρ)(ρ, 0)∂ju +O(∆x2),
(2.208)

because ε is of the order of ∆x, and where we used that ρi−ρi+1 = O(ε2∆x). This
approximation should be true for smooth solutions to the INSE because we expect
then that ρ− ρ = ε2ρ̃ for some smooth ρ̃. We deduce from (2.208) the consistency
of the first component of the fluxes with (2.179), and the second-order accuracy
in the case ∂m(F+

j,ρ − F−j,ρ)(ρ, 0) = 0. We next write the second component of the
fluxes in a similar way

1
ε2

Fm,i+1/2

= 1
ε2

(
F+
j,m(Wi) + F−j,m(Wi+1)

)
=ρi(ui)j ui + ρi+1(ui+1)j ui+1

2 + P (ρi) + P (ρi+1)
2ε2 ej

+ 1
2ε2

(
(F+

j,m − F−j,m)(Wi)− (F+
j,m − F−j,m)(Wi+1)

)
.

(2.209)

The first term gives obviously a second-order approximation of ρuju. For the
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second term, we write

P (ρi) + P (ρi+1)
2ε2 = P (ρ)

ε2
+ P (ρi)− P (ρ) + P (ρi+1)− P (ρ)

2ε2

= P (ρ)
ε2

+ P ′(ρ)ρi − ρ+ ρi+1 − ρ
2ε2 +O(ε2)

= P (ρ)
ε2

+ P ′(ρ)ρ̃(xi+1/2) +O(∆x2),

(2.210)

where we used again the ansatz ρ − ρ = ε2ρ̃, and the fact that ε is of the order
of ∆x. Setting p = P ′(ρ)ρ̃/ρ, we get thus that the second term in the right-hand
side of (2.209) is a second-order accurate approximation of the pressure term in
the INSE (the term P (ρ)/ε2 is a constant that disappears when taking the flux
difference in (2.176)). Finally for the last term in the right-hand side of (2.209)
we write

(F+
j,m − F−j,m)(Wi)− (F+

j,m − F−j,m)(Wi+1)
=∂ρ(F+

j,m − F−j,m)(ρ, 0)(ρi − ρi+1) + ∂m(F+
j,m − F−j,m)(ρ, 0)(ερiui − ερi+1ui+1)

+ε
2ρ2
i

2 ∂2
mm(F+

j,m − F−j,m)(ρ, 0)ui ⊗ ui

−
ε2ρ2

i+1
2 ∂2

mm(F+
j,m − F−j,m)(ρ, 0)ui+1 ⊗ ui+1 +O(∆x4).

(2.211)
We can expand the factor in the main term as

ερiui − ερi+1ui+1 =ερ(ui − ui+1) + ε3(ρ̃iui − ρ̃i+1ui+1)
=− ερ∆x(∂ju)(xi+1/2) +O(∆x4).

(2.212)

Therefore we get with (2.204)

1
2ε2∂m(F+

j,m − F−j,m)(ρ, 0)(ερiui − ερi+1ui+1)

=− ρ∆x
2ε ∂m(F+

j,m − F−j,m)(ρ, 0)(∂ju)(xi+1/2) +O(∆x2)

=− ρ ν (∂ju)(xi+1/2) +O(∆x2),

(2.213)

which means the second-order accurate consistency of this term with the viscous
term in (2.203). The other terms in the right-hand side of (2.211) are O(∆x3), thus
after division by 2ε2 to evaluate the last term in (2.209) they do not contribute
to the consistency since they give O(∆x). Finally when the relations (2.205) hold
these terms vanish, leading to the second-order accuracy of the full scheme.
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2.1.11. Application to the Lax-Friedrichs scheme
With the analysis of the previous subsection we are now able to state our main
result on the Lax-Friedrichs scheme, which is a particular flux vector splitting
scheme.

The result involves a sharp analysis of the η-dissipativity condition, that gives
a more precise statement than monotonicity would give.

Theorem 5 (Lax-Friedrichs scheme for incompressible Navier-Stokes). Consider
the decomposition of the isentropic fluxes Fj defined in (2.9) as the sum of F+

j ,
F−j given by the Lax-Friedrichs decomposition (2.169) with parameter c > 0. Then
the flux vector splitting scheme (2.176) and (3.7) with the definition of the velocity
u as (2.178) gives a second-order accurate approximation of the incompressible
Navier-Stokes equations (2.202), (2.203) if

ε = c∆x
2ν . (2.214)

Moreover, the density ρ at time tn+1 is nonnegative under the conditions that the
data at time tn satisfy ρ ≥ 0, |mj|/ρ ≤ c, and the CFL condition

2Dν∆t
∆x2 ≤ 1. (2.215)

Then, assuming that ρ 7→ ρ
√
P ′(ρ) is nondecreasing, and defining

P c
stab =

{
(W,Ŵ) with W = (ρ,m),Ŵ = (ρ̂, m̂), such that

max
( |mj|

ρ
,
|m̂j|
ρ̂

)
+

max
(
ρ
√
P ′(ρ), ρ̂

√
P ′(ρ̂)

)
ρ̂

≤ c for j = 1, . . . , D
}
,

(2.216)
the η-dissipativity properties of (2.196) (in the modified sense defined in Proposi-
tion 1) are satisfied under the CFL condition (2.215). It follows that the scheme
satisfies the discrete entropy inequality (2.197) with the entropy (2.10) of the isen-
tropic system and the numerical entropy fluxes (2.198), (2.174), (2.11) as long as
the couples of data (Wn+1

i ,Wn
i′) remain in P c

stab for all neighbours i′ of i, i.e. i′ = i
or i′ = i± ej for some j.

The stability of the Lax-Friedrichs scheme for the incompressible Navier-Stokes
equations is governed by Theorem 5. In the statement of this theorem, it is re-
quired that the couples of data (Wn+1

i ,Wn
i′) remain in P c

stab for all i′ neighbour
of i, which reduces simply to the subcharacteristic condition

|mj|
ρ

+
√
P ′(ρ) ≤ c for j = 1, . . . , D, (2.217)
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with
W = (ρ,m) = (ρ, ερu). (2.218)

But since the true variable is u, replacing m by ερu in (2.217) yields the effective
subcharacteristic stability condition

ε|uj|+
√
P ′(ρ) ≤ c for j = 1, . . . , D. (2.219)

Taking the supremum over all the values i ∈ ZD, and knowing that ε and c are
related by (2.214), it gives

c
∆x
2ν sup

i
max

j=1,...,D
|(uj)ni |+ sup

√
P ′(ρni ) ≤ c. (2.220)

Therefore we need the inequality

∆x
2ν sup

i
max

j=1,...,D
|(uj)ni | < 1, (2.221)

and then (2.220) can be rewritten

sup
i

√
P ′(ρni ) ≤ c

(
1− ∆x

2ν sup
i

max
j=1,...,D

|(uj)ni |
)
. (2.222)

The left-hand side of (2.221) can be interpreted as a discrete cell Reynolds num-
ber, related to the size ∆x of the grid. Thus the condition says that at the level of
the grid, the advection term u ·∇u of the Navier-Stokes equations is dominated
by the viscous term ν∆u. This is the reason why the CFL condition (2.215)
involves only the viscosity, and not the velocity u.

The cell Reynolds stability condition (2.221) thus plays an important role in
the stability of the method. It needs a sufficiently small grid size ∆x to be satis-
fied.

2.2. Comparison of the present approach with the
LB method

We can show the main differences of the present scheme with the LB method.
In order to do so, we will follow the very interesting presentation of F. Dubois
in [50, 51]. The LB methods are designed to be efficient. It works on a special
network, a Cartesian grid as the one of BGK-VFS, with adimensioned quantities.
The characteristic velocity λ given by:

λ ≡ ∆x/∆t, (2.223)
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and is constant for all discrete time, so that x + vj∆t is at another node of the
mesh, with J + 1 discrete velocities, and:

vj = λej. (2.224)

We can introduce the moment vector, W, defined for the first component as:

ρ(x, t) =
J∑
j=0

f j(x, t) ≡ W 0(x, t),

qα(x, t) =
J∑
j=0

vαj f
j(x, t) ≡ Wα(x, t), α ∈ [1, D],

(2.225)

with the Greek index as the spacial parameters. W = (ρ, q1, ..., qD) will be called
"conserved" moments.

One of the ideas of D. D’Humières in [46] is to fill a moment vector with non
conserved moments, for which we have for the first components:

mk = W k, k ∈ [0, D], (2.226)

the other ones, mk with k ∈ [D + 1, J ] will be called "non conserved" moments.
The moment equation will then be:

mk =
J∑
j=0

Mkjfj, k ∈ [0, J ]. (2.227)

There is a linear relationship between the pdf and the moments. We will see
how to construct this matrix (but without going into the details, for that, see
[50, 51]), in order to have the right properties (it must be invertible).

We have to define the moments at the equilibrium state, with:

mk
eq = mk, k ∈ [0, D],

mk
eq = ψk(W) k ∈ [D + 1, J ],

(2.228)

with ψk(W) the non conserved moments.
By construction, we have m0 = W 0 and mα = Wα for 1 ≤ α ≤ D.
The LBM proposes to solve (2.25) with two successive steps. The first one is

called the collision step, in which we will relax the pdf to the equilibrium state,
and the convection step, which will solve (2.25) with the RHS = zero.

2.2.1. Collision step
This step refers to the Maxwellian’s return of the pdf. We will use f∗ the post-
collisional pdf and m∗ the post-collisional moment. By construction, for the
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conserved quantities, we have:

mj
∗(x, t) = mj(x, t), j ∈ [0, D]. (2.229)

For the other moments, k ∈ [d + 1, J ], we have to solve the relaxation equation,
introducing the relaxation parameter τk:

d

dt

(
mk −mk

eq

)
+ 1
τk

(
mk −mk

eq

)
= 0. (2.230)

This can be understood as an equilibrium return. An explicit Euler scheme will
be used to solve (2.230), which gives:

mk
∗(x, t) = (1− ∆t

τk
)mk(x, t) + ∆t

τk
mk
eq. (2.231)

Under the following stability condition:

0 ≤ sk := ∆t
τk
≤ 2, k ∈ [D + 1, J ]. (2.232)

We can note that this step is usually written under the following form, with the
pdf:

f j∗ (x, t+ ∆t) = f j(x, t) + ∆t
τk

(f jeq − f j), j ∈ [0, J ]. (2.233)

2.2.2. Convection step
We solve the following problem:

∂f j

∂t
+ vj ·∇f j = 0, j ∈ [0, J ]. (2.234)

Using the characteristic method, we find the solution of (2.234):

f j(x, t+ ∆t) = f j∗ (x− vj∆t, t), j ∈ [0, J ], (2.235)

with the CFL:
µ = |vj|

∆t
∆x|ej|

= 1. (2.236)

We recall that ∆tvj = ∆xej so that x + ∆tvj is exactly at a node of the grid,
which explains why µ = 1. This step is just a swap of the f j over the destination
node of direction vj, without any calculations.

89



2.2. Comparison of the present approach with the LB method

2.2.3. Construction of the moment matrix M
We can note that M in LBM is not a Maxwellian, but a matrix which link the
moment vector m and the pdf f , with equation (2.227).

We will show some elements of construction, and show an example with a 2D
problem and eight discrete velocities. We have chosen:

e0 = (0, 0) e1 = (1, 0) e2 = (0, 1) e3 = (−1, 0) e4 = (0,−1)
e5 = (1, 1) e6 = (−1, 1) e7 = (−1,−1) e8 = (1,−1).

(2.237)

The size of this matrix is obviously of dimension (J + 1) × (J + 1) = 9 × 9. The
first components of M is imposed by (2.226), which gives:

M0
j ≡ 1, Mα

j ≡ vαj , j ∈ [0, 8], α ∈ [1, 2]. (2.238)

Therefore, we choose:

m0 =
8∑
j=0

fj,

mα =
8∑
j=0

vjλfj =
8∑
j=0

eαj λfj.

(2.239)

And we have for m1 and m2, using (2.224):

m1 = λ(f1 − f3 + f5 − f6 − f7 + f8),
m2 = λ(f2 − f4 + f5 + f6 − f7 − f8).

(2.240)

Following the presentation in [50], we then have to choose carefully the non
equilibrium moments, which are linearly dependent of m.

We will show the choice of m3. This moment is linked with the kinetic energy
called ε, which is by definition:

ε = 1
2

8∑
j=0
|vj|2fj. (2.241)

This calculation is linked to the approximation of the moments defined by:

F pq =
∫
R2
vp1v

q
2f0(v)dv, (2.242)

with
f0(v) = ρ

β

2πexp
(
− β

2 |v − u|
2
)
, v ∈ R2. (2.243)
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The interesting moment is m20, which is of order 2, and gives:∫
R2
v2
j f0(v)dv = ρu2

j + ρ

β
. (2.244)

Therefore m3 should be a function of ε and ρ. The most important point of
the construction is that we want M to be orthogonal ! We choose m3 to be
orthogonal with m0, which means that m3 should be homogeneous to a density,
and we search for m3 to be like:

m3 = a

λ2 ε+ bρ, a, b ∈ R. (2.245)

With (a, b) = (6, 4), we have the wanted orthogonality:

8∑
j=0

M3jM0j = 0. (2.246)

We therefore choose:

m3 = −4f0 −
4∑
j=1

fj + 2
8∑
j=5

fj. (2.247)

Following the same methodology, verifying that each new moment is orthogonal
with another one, we choose:

• m4 as the square of the kinetic energy.

• m5,m6 as the heat fluxes.

• m7 proportional to F11 − F12.

• m8 proportional to F12.

By construction, M is orthogonal, which means that we can express the pdf in
term of moments:

f j =
J∑
k=0

(M−1)jkmk, j ∈ [0, J ]. (2.248)

2.2.4. Equilibrium function
We need to define the equilibrium function, in order to fulfill the collision step
(2.231). This function is defined by:

f jeq = Gj(W), j ∈ [0, J ]. (2.249)
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In the spirit of (2.31):

J∑
j=0

Gj(W) = W 0,

J∑
j=0

vαj G
j(W) = Wα, α ∈ [1, D].

(2.250)

The moment related equilibrium is given by:

mk
eq =

J∑
j=0

Mk
j f

j
eq, k ∈ [0, J ]. (2.251)

We will note explicit here the construction of this function, we can find it in [50].

2.2.5. Recovering the Navier-Stokes equations
Finally the LBM scheme consists in applying the steps described above, naming
the collision step followed by the convection step. We have chosen the non-
equilibrium moments, in order to define an orthogonal matrix, invertible, in
order to express the particle distribution f in term of the moment vector m.

The equilibrium function G(W) has been chosen to be a non linear function
of the conserved moments, and the relaxation parameters are constant for all
time, for a corresponding grid. Therefore, the lattice Boltzmann scheme depends
on the single parameter ∆t. We may compare this parameter to the ε parameter
of the BGK-FVS method.

In order to recover the NSE, the main idea of the LBM is to expand the follow-
ing perturbation development:

f j(x, t+ ∆t) = f j(x, t) + ∆t∂tf j + 1
2∆t2∂2

t f
j +O(∆t3). (2.252)

Introducing the discrete order 2 Flux 2.242:

Fαβ =
J∑
j=0

vαj v
β
j f

j
eq, α, β ∈ [1, D]. (2.253)

The "conservation defect" θk:

θk(x, t) =
J∑
j=0

Mk
j

(
∂tf

j
eq + vβj ∂βf

j
eq

)
. (2.254)
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And the tensor Λαβ
k :

Λαβ
k =

J∑
j=0

vαj v
β
j (M−1)jk, α, β ∈ [1, D], k ∈ [0, J ]. (2.255)

We have (see [51] for further details):

Theorem 6 (Navier–Stokes Equations of Gas Dynamics). Using the perturbation
development (2.252), and with the definition of (2.253), (2.255) and (2.254), with
the Lattice Boltzmann scheme defined by (2.231) and (2.234), we have the following
expansions up to second order accuracy:

∂tρ+
d∑

β=1
∂βq

β = O(∆t2),

∂tq
α +

d∑
β=1

(
Fαβ −∆t

∑
k≥d+1

( 1
sk
− 1

2
)
Λαβ
k θk

)
= O(∆t2),

(2.256)

Moreover, choosing νk = ∆t
(

1
sk
− 1

2

)
, the Lattice Boltzmann scheme approximate

at second order accuracy a Navier-Stokes equation with viscosities νk.

The interesting point of this result is that we recover the Navier-Stokes equa-
tions without the classical diffusive scaling. The Incompressible Navier-Stokes
equations can be found with a scaling like ∆t/∆x2 = constant, as in [69].

2.2.6. Concluding remarks
We will give some elements of comparison between the LB and the BGK-VFS
methods:

• Both methods did not have any special condition assuring the positivity of
the pdf. We are only interested in solving the moment equations.

• They are both based on fluctuation around a referenced value, here a den-
sity reference. The pressure laws are equivalent (defined for LBM in [50],
equation (3.43)).

• The analysis of the stability is easier with the BGK-VFS since the scheme
has an entropy.

• They have both an order 2 accuracy in space. The BGK-VFS method links
the numerical diffusion of the scheme to the physical viscosity. The idea
of the LBM is nearly the same: it links the equilibrium errors of the non
conserved moments to the physical viscosity.
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• The relaxation parameter is linked to the physical viscosity in LBM. This is
not the case for the BGK-FVS method. Moreover, choosing low viscosities
in the LBM can leads to numerical instabilities. This is not the case in the
BGK-FVS method.

• The stability conditions differ. The LBM has only two conditions: one for
the Explicit Euler scheme of the collision step, and one for the CFL of the
streaming step (which is always satisfied). However, keeping the entropy
inequality for the BGK-VFS method leads to two more stability conditions,
called cell Reynolds number, and subcharacteristic condition. We will see
the impact of both conditions in the next Chapter.

• As a concluding remark, for the LB method the streaming step is very easy
to do, and the computational efforts are related to the collision step. It’s
the contrary in the BGK-VFS method !

2.3. Conclusion
We have shown in this Chapter the construction of the BGK-VFS method. It solves
the rescaled system of conservation laws with a kinetic method.

We can analyze the resulting scheme with a Flux Vector Splitting framework,
which enables to write the numerical scheme with moments instead of discrete
velocities.

This implies an easiness of numerical implementation, and, as the scheme is
explicit, an easiness of writing a parallel code. This scheme is robust, since it
satisfies a discrete entropy inequality.

The parameters are set accordingly to the theoretical stability conditions, which
are a parabolic CFL condition that only involves the viscosity, and a cell Reynolds
condition that is satisfied provided that the grid size is not too big. A schematic
view of the construction of the method is shown in Figure 2.3.

We have shown an order two accuracy for velocities and pressure, which will
be verified numerically in the next Chapter.

It is interesting to note that we can analyze the scheme in two different ways.
The first one may be the more intuitive one: at the kinetic level. It is however
equivalent to the second one, analyzing the scheme with the VFS framework.
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Figure 2.3.: Schematic construction of the BGK-VFS method
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3.Numerical implementation

Abstract

This chapter presents an explicit version of the numerical scheme of the BGK-
FVS, as well as the initialization parameters and the boundary conditions.

We then present several detailed quantitative flow studies, investigating steady
and transient complex flows in a variety of geometries. After initial validations
of the method in comparison with analytical and other numerical results, the
problem of pressure loss in complex geometries is analyzed.

Aside from the verifications and validations, the intention of this chapter is to
test the limits of the BGK-FVS method, leading to some elements of comparison
to the Lattice-Boltzmann Method as conclusion.

The material of this chapter as been presented in the following communica-
tions:

• Y. Jobic, F. Topin and R. Occelli. "Dispersion en milieu poreux : approche LBM
des transferts dans les mousses métalliques", SFT’2012, 29 Mai - 1 Juin, 2012,
Bordeaux

• Y. Jobic, F. Topin, R. Occelli. "Microstructure and transport properties of cellular
materials : a Lattice Boltzmann approach". DSL 10, Juillet. 2010, Paris
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3.1. Introduction
During this work, we first use and extend a LBM code named "Porflo", that orig-
inally solves the Incompressible Navier-Stokes equations (INSE), and the energy
equation by finite volume method. Then, we developed a new code using the
BGK-FVS framework.

In Porflo a first work has been done to add a parallel implementation of this
code, using a classic domain decomposition. This tool is designed to study homo-
geneous domain, as it decompose the original one in many others in a regular
way. Under this condition, the parallel speed up is near the theoretical one.
Moreover, a LBM solver of the energy equation, has been developed and imple-
mented in Porflo.

A new software based one the BGK-VFS framework has been developed. As
the scheme is totally new, more benchmarks has to be done in order to test the
numerical solutions in many different configurations. That what will be done in
this section.

First, we recall some important formal results of the previous section, explain-
ing the initialization process of the scheme.

Then, we will show some diagnostic indicators, used to check the quality of
the numerical simulations, and finally the different test cases used to benchmark
the numerical scheme.

As the LBM code as previously been validated, we detail here only the vali-
dation carried out on a real foam sample [31]. From micro-tomographic recon-
struction (Figure 3.1), we determine the flow field and the local pressure, then
we use the mean values of those quantities in order to obtain intrinsic proper-
ties of the foam i.e. the permeability and inertial coefficient. The results are
then compared to experimental data [16], in house LBM code using the Finite
Volume Method [31],and a commercial software (starccm+). We then study the
evolution of pressure gradient versus the velocity, which follows a Forchheimer
law (Figure 3.2). There is an excellent agreement between numerical results and
experimental data .

Figure 3.1.: Real foam of 1.7 cm side of 250x250x230 points
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Figure 3.2.: Pressure gradient vs velocity. Comparison with experimental and
numerical data [16, 31]

3.2. Numerical settings

3.2.1. General scheme
In this section we explain how we implement the BGK-FVS method described in
the preceding Chapter, and more particularly in Theorem 5. The aim is to solve
the classical incompressible Navier-Stokes equations

∇x ·u = 0,
∂tu +∇x · (u⊗ u + pI)− ν∆xu = 0,

(3.1)

where t > 0 is the time, x ∈ RD is the position vector, u ∈ Rd is the velocity
vector, ν > 0 is the kinematic viscosity, and p is the kinematic pressure. The
associated energy equation is

∂t
(1

2 |u|
2
)

+∇x ·
((1

2 |u|
2 + p

)
u− ν∇x

(1
2 |u|

2
))

= −ν
∣∣∣∇xu

∣∣∣∣2. (3.2)

We recall that the relation between the velocity u and the moment variable W
is:

W = (ρ,m) = (ρ, ερu). (3.3)
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The consistency condition given in Theorem 5 leads to the formula:

ε = c∆x
2ν , (3.4)

where c > 0 being the isentropic speed. Using these definitions, the scheme can
be written:

Wn+1
i =

(
1−2Dν∆t

∆x2

)
Wn

i +ν∆t
∆x2

D∑
j=1

(
Wn

i−ej+
1
c
Fj(Wn

i−ej)+Wn
i+ej−

1
c
Fj(Wn

i+ej)
)
.

(3.5)
We can write this scheme in term of fluxes, which gives:

Wn+1
i −Wn

i + ∆t
ε∆x

D∑
j=1

(
Fn

i+ej/2 − Fn
i−ej/2

)
= 0, (3.6)

Fn
i+ej/2 = F+

j (Wn
i ) + F−j (Wn

i+ej). (3.7)

The scheme, expressed in term of ρ and u can be simplified as follow:

ρn+1
i =

(
1− 2Dν∆t

∆x2

)
ρni + ν∆t

∆x2

D∑
j=1

(
ρni−ej + ∆x

2ν (ρuj)ni−ej

+ ρni+ej −
∆x
2ν (ρuj)ni+ej

)
,

(3.8)

(ρu)n+1
i =

(
1− 2Dν∆t

∆x2

)
(ρu)ni

+ν∆t
∆x2

D∑
j=1

(
(ρu)ni−ej + ∆x

2ν (ρuju)ni−ej + 2ν
∆x

P (ρni−ej)
c2 ej

+ (ρu)ni+ej −
∆x
2ν (ρuju)ni+ej −

2ν
∆x

P (ρni+ej)
c2 ej

)
.

(3.9)

We define now the pressure law, as the most simple choice of isothermal law:

P (ρ) = c2
sρ, (3.10)

where cs > 0 stands for the sound speed. Using the definition of e(ρ) from
(2.181), it gives:

e(ρ) = c2
s log

(
ρ

ρ̄

)
. (3.11)
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The physical pressure is given by:

p =
( 2ν

∆x

)2 P (ρ)− P (ρ̄)
c2ρ̄

,

=
(
c

cs

)2 P (ρ)− P (ρ̄)
ρ̄

.

(3.12)

The conservative form of the relative entropy ηR is given by:

ηR(ρ, ρu) = η(W)− ρe(ρ)− (e(ρ) + P (ρ)/ρ)(ρ− ρ)
ε2

,

= ρ
|u|2

2 +
( 2ν

∆x

)2ρe(ρ)− ρe(ρ)− (e(ρ) + P (ρ)/ρ)(ρ− ρ)
c2 .

(3.13)

The discrete relative entropy inequality, which is a scalar field, will be named
"Diss", indexed with the cell i, is given by:

Dissni ≡
ηR((ρ, ρu)n+1

i )− ηR((ρ, ρu)ni )
∆t

+ 1
∆x

D∑
j=1

(
GRj
(
(ρ, ρu)ni , (ρ, ρu)ni+ej

)
− GRj

(
(ρ, ρu)ni−ej , (ρ, ρu)ni

))
≤ 0,

(3.14)
where

GRj
(
(ρ, ρu)l, (ρ, ρu)r

)
= −ν ηR((ρ, ρu)r)− ηR((ρ, ρu)l)

∆x
+ 1

4
(
ρ|u|2uj

)
l
+ 1

4
(
ρ|u|2uj

)
r

+ 1
2

( 2ν
c∆x

)2((
e(ρ) + P (ρ)

ρ
− e(ρ)− P (ρ)

ρ

)
ρuj

)
l

+ 1
2

( 2ν
c∆x

)2((
e(ρ) + P (ρ)

ρ
− e(ρ)− P (ρ)

ρ

)
ρuj

)
r
.

(3.15)

We have the general expression of the final scheme written in term of ρ and
u, with the associated discrete relative entropy inequality.

The scheme can also be written in term of fluxes, which will be useful for the
boundary conditions.

We can have more explicit version of some equation by setting some parame-
ters, which will be done in the next Section.

3.2.2. Stability and parameter settings
We will recall here all the stability conditions defined in the previous Section:
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3.2. Numerical settings

1. CFL condition associated to the explicit first order discretization time scheme:

2Dν∆t
∆x2 ≤ 1. (3.16)

2. Cell Reynolds number:

Recell = ∆x
2ν sup

i
max

j=1,...,D
|(uj)ni | < 1. (3.17)

3. Subcharacteristic condition:

cs
c
≤ 1− Recell. (3.18)

Then according to (3.18), we simply take:

cs
c

= 1− Recell. (3.19)

The parameter settings are as follow. We first set ε. This parameter comes
from the rescaling of the hyperbolic equation and rescaled variable in order to
recover Incompressible Navier-Stokes equations. We can set it as ε = 1, as it has
no influence in the final scheme. Then we set ρ̄ = 1. The next parameter is c,
and gives by definition:

c = 2ν
∆x. (3.20)

We find the formula for the physical pressure, using (3.12) and (3.20), which
gives:

p = c2
s(ρ− 1). (3.21)

From (3.13), with (3.21), (3.11) and (3.20) we have:

ηR(ρ, ρu) = ρ

(
|u|2

2 + c2
s(log(ρ)− 1 + 1

ρ
)
)
. (3.22)

And finally, using (3.23) with (3.11) and (3.21), we have:

GRj
(
(ρ, ρu)l, (ρ, ρu)r

)
= −ν ηR((ρ, ρu)r)− ηR((ρ, ρu)l)

∆x
+ 1

4
(
ρ|u|2uj

)
l
+ 1

4
(
ρ|u|2uj

)
r

+ 1
2

(
c2
sρ log(ρ)uj

)
l

+ 1
2

(
c2
sρ log(ρ)uj

)
r
.

(3.23)
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With all these formula, we can evaluate the physical pressure, and verify that the
entropy condition is satisfied, by computing Dissni at each time step, and check
the negativity of it.
As the scheme is using only moments, and not discrete velocities, we can set
boundary values as the finite difference methods do. They are applied as follows.

3.2.3. Generality on the boundary conditions
3.2.3.1. Dirichlet boundary conditions

For applying Dirichlet boundary conditions, we use the standard ghost cell method,
which means to consider an extra cell outside the domain, to which we assign
some well chosen value.

For example on a 1D case, consider two cells identified by their centers x1, x2,
with x2 − x1 = ∆x, and with a boundary located at x1 −∆x/2 (see Figure 3.3).

Figure 3.3.: One-dimensional picture of the boundary, the unknowns are repre-
sented by dots.

Then we consider a ghost cell with center x0 = x1 − ∆x. Scheme (3.5) or
(3.9) is then applied in order to get the new value Wn+1

1 at x1, thus involving
the values Wn

1 , Wn
2 , Wn

0 . The ghost value Wn
0 is set in order to get second-order

accuracy, which is (Wn
0 + Wn

1 )/2 = Wdes, where Wdes is the desired value at the
boundary. This gives the ghost value

Wn
0 = 2Wdes −Wn

1 . (3.24)

This algorithm can be applied either in the variable W, or in the variable (ρ, ρu)
for the formulation (3.9). The value of ρ is converted by (3.21) to a pressure
value.

For a velocity inlet condition, we give the velocity value udes at the boundary,
and apply the formula (3.24). The pressure at the boundary is not known, thus
we simply set its value by extrapolation from the values in the domain, which
means setting a ghost value Wn

0 = 2Wn
1 −Wn

2 . Thus we define

ρn0 = 2ρn1 − ρn2 , ρn0un0 = 2ρudes − ρn1un1 , (3.25)

which means indeed to impose the momentum instead of the velocity. The no-
slip condition corresponds to the case udes = 0.
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3.2.3.2. Neumann boundary conditions

In order to apply the Neumann boundary conditions n ·∇xW = 0 where n is the
normal at the boundary, we use the ghost cell method as above, where we set
the ghost value as Wn

0 = Wn
1 .

Combinations of the Dirichlet and Neumann conditions are also possible, like
setting Dirichlet conditions for some components of W, while the Neumann con-
dition to the other components. In this way we can treat the slip boundary condi-
tions, which correspond to setting zero Dirichlet condition to the normal velocity
u ·n, and the Neumann conditions to the other components of the velocity (the
pressure is extrapolated).

For imposing the normal flux on the boundary, we use the fact that the scheme
is conservative, i.e. it takes the form (3.6). Then we just replace the numerical
flux Fn

i±ej/2 in (3.6), where j corresponds to the direction normal to the boundary
(i.e. n = ej), by the desired value.

3.2.3.3. Pressure outlet

We have tested two kind of pressure outlet formulations. The first is very naive,
we compute by extrapolation the values of the momentum, and the pressure is
imposed as p = po. The second one is known as the pressure drop problem (e.g.
[84]), and consists in solving the below equation at the boundary:

− ν∇xu n + pn = pon, (3.26)

with po the imposed normal stress component, n the normal at the boundary.
This condition is implemented by imposing the normal flux, as explained in the

previous subsection. The transport terms in the density and momentum fluxes
are computed by using extrapolated values of ρ and ρu.

Both formulations give similar results.

3.3. Diagnostics
In order to evaluate the performance of the method or to study the behavior
of various quantities, we shall use some quantitative indicators. Those will be
classified in three categories.

• Entropy indicators. the first one is the local dissipation Dissni of the relative
entropy, which is defined by (3.14). It is an approximation of the left-
hand side of (3.2), hence also an approximation of the right-hand side, the

dissipation −ν
∣∣∣∇xu

∣∣∣∣2. The local dissipation Dissni can thus be compared to
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a discrete evaluation −ν(|∇(ρu)|ni )2 of this dissipation, with

|∇(ρu)|ni =
(

D∑
j′=1

D∑
j=1

∣∣∣∣∣(ρuj′)
n
i+ej − (ρuj′)ni−ej

2∆x

∣∣∣∣∣
2)1/2

. (3.27)

We compute thus the relative L1 error

ErrDissn =
∑

i |Dissni + ν(|∇(ρu)|ni )2|∑
i |Dissni |

. (3.28)

The second entropy indicator is the maximum value of Dissni ,

EntMaxn = max
i

Dissni . (3.29)

According to (3.14) it should always be nonpositive, and checking this
property is a way to verify the validity of our stability analysis.

The last entropy indicator is the relative overshoot to the subcharacteristic
condition (3.18), when overpassed. We use the symbol χ to name it, and it
is expressed in percentage.

• Incompressibility indicators: we compute the local discrete divergence of
the velocity field and the associated time dependent relative L1 error, as

Divni =
D∑
j=1

(ρuj)ni+ej − (ρuj)ni−ej

2∆x , ErrDivn =
∑

i |Divni |∑
i |∇(ρu)|ni

. (3.30)

• Stiffness indicator: this indicator is just the cell Reynolds number Recell

defined in (3.17), related to the grid size, the viscosity ν and the velocity.
It needs to be less than one for stability, and getting close to this value
indicates a stiff problem for which it is numerically difficult to find the
solution. The cell Reynolds number Recell can also be interpreted as an
accuracy indicator since it can be written Recell = Re × ∆x/L. It is thus
proportional to the cell size ∆x, but penalized by the Reynolds number.

When having an analytical solution, we compute the relative L1 norm (or L2
norm) error. Denoting by u the computed solution and uex the analytical one,
this means that we define

Erru = ||u− uex||1
||uex||1

. (3.31)

3.4. Numerical results
In this Section, we show the accuracy of the BGK-FVS method, on some classical
benchmark problems providing analytical solutions as well as strong experimen-
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tal references. There are two different classes of test cases.
The first one is the verification test cases. Test cases having an analytical

solutions are suitable for verifying the order of accuracy of the scheme. We will
consider the Taylor-Green vortex and the Poiseuille flow in this family.

The second one is the validation test cases. They are more physical, with lots
of experiments and numerical data. We will consider here the Backward-facing
step as a steady problem, and the laminar flow past a square cylinder as the
unsteady one.

Our BGK-FVS numerical method is well-defined for these kind of problems.
We analyze the numerical test cases with respect to the stability condition (3.18)
involving the cell Reynolds number. This condition is pretty restrictive, since the
extremum on velocities is over all computational cells.

However, we expect that violating this condition on a few cells should not
make the whole simulation break down, even if we can then foresee some im-
pacts on the accuracy of the simulation.

3.4.1. 2D verifications
For each numerical simulations, the initialization process is as follows. We first
estimate the maximum of u = umax, in order to to satisfy (3.18). Considering
that we can obtain c with (3.20), followed by cs with (3.18). ∆t is defined by
the CFL (3.16). In some cases, it could be problematic to evaluate beforehand
umax. However, we will show a method in the upcoming section to bypass this
problem.

3.4.1.1. Taylor-Green vortex

This simple test case is commonly used to determine the stability and accuracy of
a scheme without the artifacts of boundary treatment, since periodic boundary
conditions are used, for velocity and pressure. It consists in an analytical time
evolution of a decaying vortex described by:

ux(t, x, y) = − exp (−νt(w2
1 + w2

2)) cos(w1x) sin(w2y),
uy(t, x, y) = w1

w2
exp (−νt(w2

1 + w2
2)) sin(w1x) cos(w2y),

p(t, x, y) = −1
4 exp (−2νt(w2

1 + w2
2))

(
cos(2w1x) + w2

1
w2

2
cos(2w2y)

)
.

(3.32)

The computational domain is the square [−π, π]2. We fix the Reynolds number
at Re ≡ UmaxL/ν = 100, with Umax = 1.6 and L = 2π. N is the number of cells,
and we define dx = L/N . The integer parameters w1,w2 define the numbers of
vortices in the x, y directions. In order to avoid symmetries we take w1 = 3,
w2 = 2. The initialization of (ux, uy, p) is done via equation (3.32) at t=0.
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(a) L1 error for ux vs time
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(b) L1 error for uy vs time
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(c) L1 error for p vs time
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(d) L1 error for prim p vs time

Figure 3.4.: L1 errors vs time for pressure and velocity for different grid sizes.

The L1 relative error is shown on Figure 3.4. In this figure we see clearly the
appearance of time oscillations related to sound waves induced by the numerical
resolution via a compressible system with variable ρ.

These oscillations have growing frequency as ∆x decreases. This is linked to
the Mach number value that comes from the rescaling of the hyperbolic equation.

The Mach number is proportional to ε, this later being proportional to ∆x
as ε = c∆x/(2ν). Indeed, according to the scaled compressible system (2.179)
and (2.180) with pressure law (3.21), the typical form of the sound waves is
exp(i(ωt+ k ·x)), with k the wavevector, ω the pulsation given by

ω = ±|k|cs
ε

= ±|k|cs
c

2ν
∆x, (3.33)

which is inversely proportional to ∆x.
The oscillation period is 2π/ω, proportional to ∆x. The value of |k| can be

computed by |k| = 2π/λ with λ the wavelength, i.e. the characteristic length of
the problem.

Here we can take |k| = w1 for a wave in the x direction, |k| = w2 for a wave
in the y direction. The latter gives the observed frequencies on Figure 3.4. We
refer to [27] for the analysis of fast sound waves.

Indeed, kinetic methods have the same fast oscillatory behaviour ([14, 86]).
In order to choose a relevant value for the considered error, a mean error over

time is computed. The results are shown in Table 3.1, together with the values
of the ratio cs/c and of Recell.
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3.4. Numerical results

N cs/c Recell Err ux Err uy Err p ErrItDissn

128 0.583 0.416 3.94E-02 2.94E-02 2.20E-01 7.29E-02
256 0.792 0.208 5.84E-03 4.39E-03 9.14E-02 1.40E-02
512 0.895 0.104 1.10E-03 9.58E-04 4.61E-02 3.25E-03

Table 3.1.: L1 errors for ux,uy, p and its primitive ErrItDissn (defined further in
(3.35)) for different grid size, taken as mean values over time.

We observe that as the mesh is refined, Recell becomes smaller, and the ratio
cs/c tends to 1. A second-order accuracy is observed for the velocity, and first-
order accuracy for the pressure, as shown on Figure 3.5b. Thus, we obtain the
same rates as for a P2/P1 finite element method. The numerical solution at time
t = 1 is shown on Figure 3.5a.

(a) Pressure and velocity fields,
colored as magnitude
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(b) Relative L1 errors for velocity and pressure fields. The
scheme is second-order for the velocity, and first-order for
the pressure.

Figure 3.5.: a) Numerical solution at t=1; b) and mean relative L1 errors vs grid

The convergence on the pressure should be however second-order accurate
if measured in a weaker norm such as H−1. This property can be tested by
computing the relative L1 error on the primitive in time of the pressure, with
respect to the primitive in time of the exact pressure. This gives:

ItDissni =
n−1∑
n′=0

∆tDissn
′

i ,

It(|∇(ρu)|2)ni = ∆t
2 (|∇(ρu)|0i )2 +

n−1∑
n′=1

∆t (|∇(ρu)|n′i )2 + ∆t
2 (|∇(ρu)|ni )2.

(3.34)
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The error is then

ErrItDissn =
∑

i
∆xD

∣∣∣∣ItDissni + νIt(|∇(ρu)|2)ni
∣∣∣∣. (3.35)

The result is shown on Table 3.1, and shows an order 1.85, near the theoretical
value which is of two. Our method shows to work nicely in this case.

Note that the periodic context is the most oscillatory situation since the sound
waves are not damped nor dispersed, see the recent results in [28].
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Figure 3.6.: Maximum EntMax of the entropy dissipation vs time. It remains
negative.

Next, we check that the entropy inequality (3.14) is satisfied, by plotting the
maximal dissipation EntMax defined in (3.29). Figure 3.6 shows that it is always
negative, as expected.

N ErrDiv Order ErrDiv ErrDiss Order ErrDiss
128 2.02e-2 - 5.05e-02 -
256 3.00e-3 2.59 8.04e-03 2.50
512 6.32e-4 2.17 1.73e-03 2.15

Table 3.2.: divergence and dissipation error in L1 norm at t = 1s for the Taylor
Green Vortex test case

We finally check the order of accuracy on the ErrDiv and ErrDiss indicators. We
observe a better than second-order convergence on the divergence and entropy
dissipation, as shown on Table 3.2.
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3.4.1.2. Poiseuille flow

We consider the 2D Poiseuille flow in a rectangular channel of dimensions L∗H.
It is commonly used to test the accuracy of boundary conditions.

The exact solution is given for y ∈ [0, H] by its x component of velocity (the y
component vanishes) and its pressure,

uex(y) = 4umax
H2 y (H − y), pex(x) = 8ν umax

H2 (xr − x), (3.36)

xr being the position of the right boundary.
The boundary conditions are taken as follow: we impose zero velocity at the

lower and upper walls, at the inlet (left side) we impose the exact parabolic ve-
locity profile, and at the outlet (right side) we set a vanishing pressure, meaning
that po = 0 in the boundary condition of Subsection 3.2.3.3.

We take H as characteristic length, and the Reynolds number is defined by
Re = umaxH/ν. The value of the parameters are Re = 100, H = 1, L = 1,
umax = 1.

The simulation is stopped when the relative difference of solutions between
two time steps is small enough, meaning that the numerical solution is steady.

The computed errors and other computational parameters are shown on Table
3.3. The discrete relative entropy inequality is satisfied since EntMax remains
negative. Figure 3.7 shows that we recover second-order accuracy for both the
velocity and the pressure. This is due to the steadiness of the solution that
eliminates sound waves, that are indeed damped by the boundary conditions.
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Figure 3.7.: Relative L1 Errors for velocity and pressure. We find an order two
accuracy.
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N cs c cs/c Recell Err ux Err p EntMax
160 2.2 3.2 0.6875 0.3125 1.15e-02 1.29e-01 -1.91e-05
320 5.4 6.4 0.8438 0.1563 1.75e-03 1.89e-02 -4.70e-06
640 11.8 12.8 0.9219 0.0781 3.64e-04 3.87e-03 -1.17e-06
1280 24.6 25.6 0.9609 0.0390 8.41e-05 8.86e-04 -2.93e-07

Table 3.3.: Numerical parameters, relative L1 errors for ux and p and EntMax
defined as (3.29)

Further, Figure 3.8a and Table 3.8b show the divergence and dissipation rel-
ative L1 errors. Both tend towards a fixed value as time tends to infinity, and
indicate second-order accuracy.
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Figure 3.8.: Divergence and dissipation relative L1 errors vs time

N ErrDiv Order ErrDiv ErrDiss Order ErrDiss
160 6.15e-03 - 9.70e-03 -
320 9.37e-04 2.56 1.47E-03 2.57
640 1.94e-04 2.20 3.04e-04 2.20
1280 4.47e-05 2.09 7.00e-05 2.09

Table 3.4.: divergence and dissipation error in L1 norm for t = 100 s

3.4.1.3. Transient Couette flow
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Figure 3.9.: domain

This case consists in a 2D fluid domain be-
tween two planes, modeling 1D flow, the up-
per one being at rest while the lower one is
moving the fluid in the horizontal direction
with velocity ux = um. Due to viscous stress,
a diffusion of momentum across the channel
takes place. The computational domain is
shown on Figure 3.9. Here H is the charac-
teristic length of the problem. This test case
is interesting for showing a transient solution, with limited boundary treatment.
There are two Dirichlet conditions: the top is a fixed wall and the bottom is a
moving wall with velocity um. The left and right boundaries are periodic for ve-
locity and pressure. The initial velocity is zero. The transient analytical solution
is given by

ux(t, y) = Um

(
1− y

H
− 2
π

∞∑
k=1

1
k

exp
(
−k

2π2

H2 νt

)
sin

(
kπ

H
y

))
, (3.37)

where ν is the kinematic viscosity. Note that the solution is given by an infinite
sum, thus a truncation must be done at some point, implying an error of the
order of the first term is neglected. However, for k large enough and νt/H2 not
too small, these errors are really negligible.
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Figure 3.10.: Comparison of the computed solution (lines) with the analytical one
(symbols) for different Reynolds numbers. There is a very good agreement.

Figures (3.10a) and (3.10b) show the numerical velocity profile at different
times of two different Reynolds number: 10 and 100.
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N cs c cs/c Recell Err ux EntMax
50 9 10 0.9 0.1 7.18e-06 -7.20e-05
100 19 20 0.95 0.05 1.81e-06 -1.80e-05
200 39 40 0.975 0.025 4.56e-07 -4.52e-06
400 79 80 0.9875 0.0125 1.14e-07 -1.13e-06

Table 3.5.: Parameter settings for the simulations for Re = 10, with the relative
L1 error for ux and EntMax defined in (3.29)

N cs c cs/c Recell Err ux EntMax
100 1 2 0.5 0.5 5.32e-06 -1.92e-06
200 3 4 0.75 0.25 4.56e-07 -4.52e-06
400 7 8 0.875 0.125 1.14e-07 -1.13e-06
800 15 15 0.9375 0.0625 2.87e-08 -2.83e-07

Table 3.6.: Parameter settings for the simulations for Re = 100, with the relative
L1 error for ux and EntMax defined in (3.29)

Then, we checked that the entropy inequality (3.14) is satisfied, as EntMax
remains negative, for both Reynolds number (Table 3.5 and 3.6).
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Figure 3.11.: Graphic errors for the transient Couette flow test case.

As it is clear from Figure 3.11b, we have an order two accuracy in space for
velocity.

3.4.2. Optimization considerations
Evaluating umax could be an issue in real geometry simulations. Then the ratio
cs/c cannot be defined by (3.19), and thus, another strategy needs to be used.
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The value of cs/c controls somehow the numerical diffusion of the scheme. The
larger cs/c is, the less diffusive is the scheme. However taking a too large value
of cs/c leads to numerical instability.

In fact, following (3.33), cs/ε = (cs/c)(2ν/∆x) is the sound speed. Thus taking
a large cs/c will better realize the low Mach number limit. Indeed according to
(3.12), ρ − ρ is proportional to (c/cs)2. Taking cs/c large, we force ρ to be close
to ρ and (∇x ·u) to be small, because of the mass conservation equation.

Moreover we also need ρ to be close to ρ for the momentum equation. It
is thus tempting to force the highest value for the ratio cs/c, provided that the
scheme remains stable. In the following tests, we use

cs
c

= 1. (3.38)

With this formula, we do not need to compute umax in advance. We investigate
below the violation of the subcharacteristic condition (3.18) with this choice,
and analyze its impact on the quality of the computed solution on the three
previous tests.

We first consider the Taylor-Green vortex test case. As shown in Figure 3.12,
the value cs/c = 1 gives the same orders of accuracy as with the reference choice
(3.19), namely second-order accuracy for velocity, and first-order for pressure.
However the error is slightly reduced for the velocity, and significantly reduced
for the pressure. No instability is observed.

Even if the overshoot χ in the subcharacteristic condition is quite large as
shown in Table 3.7, the entropy inequality is satisfied. We have a converged
solution for a mesh of 64 points, which could not be obtained with the reference
choice of cs/c. We observe in Table 3.8 that the ErrDiss and ErrDiv indicators are
both second-order accurate.
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Figure 3.12.: Relative L1 errors Err ux, Err uy and Err p for the Taylor-Green
vortex test case with the choice cs/c = 1. The error on pressure is significantly
reduced.
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N cs Recell χ (%) Err ux EntMax
64 1.92 0.833 83 6.32e-02 -2.07e-03
128 3.84 0.416 41.6 9.71e-03 -6.76e-04
256 7.68 0.21 20.8 2.32e-03 -1.69e-04
512 15.36 0.1 10.4 5.40e-04 -3.94e-05

Table 3.7.: Indicator values for the Taylor-Green vortex test case with the choice
cs/c = 1

N ErrDiv Order ErrDiv ErrDiss Order ErrDiss
64 0.03 - 9.41e-02 -
128 7.98e-3 2.03 2.44e-02 1.97
256 2.06e-3 1.97 6.13e-03 1.99
512 5.33e-4 1.96 1.54e-3 2.00

Table 3.8.: divergence and dissipation error in L1 norm at t = 1s for the Taylor
Green Vortex test case with cs/c = 1

We proceed then to the Poiseuille flow test case, with cs/c = 1. Figure 3.13
shows the accuracy of the computation, which is still second-order for velocity
and pressure but with slightly reduced errors. As for the previous test case, the
choice cs/c = 1 leads to a converged solution for a coarser grid. Table 3.9 shows
that the entropy inequality still holds, even if an overshoot in the subcharacter-
istic condition exists. We keep second-order accuracy for ErrDiv and ErrDiss, as
shown in Table 3.10.
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N cs Recell χ (%) Err ux EntMax
80 1.6 0.64 64 2.42e-02 -7.00e-05
160 3.2 0.314 31.4 5.13e-03 -1.76e-05
320 6.4 0.156 15.6 1.24e-03 -4.50e-06
640 12.8 0.078 7.8 3.10e-04 -1.15e-06

Table 3.9.: Numerical parameters for the Poiseuille flow with cs/c = 1, L1 relative
errors of ux, and EntMax

N ErrDiv Order ErrDiv ErrDiss Order ErrDiss
80 0.013 - 2.10e-02 -
160 2.75e-3 2.17 4.36e-03 2.19
320 6.65e-4 2.03 1.05e-03 2.04
640 1.65e-4 2.00 2.60e-4 2.00

Table 3.10.: Divergence and dissipation relative L1 errors at t = 100 for the
Poiseuille test case with cs/c = 1

We finally proceed to the Transient Couette test case, with cs/c = 1. Figure
3.14 shows the accuracy of the computation, which is still second-order for ve-
locity and pressure. In this test case, both versions give exactly similar results.
Table 3.11 and 3.12 shows that the entropy inequality still holds, even if an
overshoot in the subcharacteristic condition exists.

1.00E-08

1.00E-07

1.00E-06

1.00E-05

90 900

R
el

at
iv

e 
ve

lo
ci

ty
 e

rr
o

r

Number of points

Ux ref

order 2

Ux cs/s = 1

Figure 3.14.: Relative L1 velocity error for the transient Couette flow test case.
We have an order two accuracy for the velocity

116



3.4. Numerical results

N cs Recell χ (%) Err ux EntMax
50 10 0.1 10 7.18e-06 -7.20e-05
100 20 0.05 5 1.81e-06 -1.81e-05
200 40 0.025 2.5 4.56e-07 -4.52e-06
400 80 0.0125 1.125 1.14e-07 -1.13e-06

Table 3.11.: Numerical parameters for the Couette problem at Re = 10 with cs/c =
1, L1 relative errors of ux, and EntMax

N cs Recell χ (%) Err ux EntMax
100 2 0.5 50 1.81e-06 -1.8e-05
200 4 0.25 25 4.56e-07 -4.52e-06
400 8 0.125 12.5 1.14e-07 -1.13e-06
800 16 0.0625 6.25 2.87e-08 -2.83e-07

Table 3.12.: Numerical parameters for the Couette problem at Re = 100 with
cs/c = 1, L1 relative errors of ux, and EntMax

The conclusion of this subsection is that the choice cs/c = 1 is interesting.
On the presented test cases of Taylor-Green vortex, Poiseuille flow and transient
Couette flow, the entropy inequality (3.14) is satisfied even if the subcharacter-
istic condition (3.18) is not. This choice of cs/c gives much smaller errors than
the theoretical choice (3.19), and thus allows a coarser mesh.

Further on we shall use this choice cs/c = 1.

3.4.3. 2D validations
In this subsection we evaluate our BGK-FVS scheme on some classical fluid me-
chanics benchmarks. We make the choice (3.38) i.e. cs/c = 1 instead of (3.19).

3.4.3.1. Backward-facing step

The laminar flow over a backward-facing step in a 2D channel has been ex-
tensively studied in the literature since the experiments of [6]. The sudden
enlargement of the section causes a reverse pressure gradient which leads to a
separation of the flow into several zones, with the appearance of a recirculation
behind the step. When the Reynolds number increases, a second recirculation is
observed close to the top lid.

It is important to ensure that the scheme reproduces well these features. The
geometry is chosen in accordance with the experimental setup of Armaly et al.
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[6] sketched in Figure 3.15, with a slight difference: the expansion ratios is de-
fined by H/hi = 2, which is the ratio between the channel height H downstream
and the channel height hi upstream.

We choose this expansion ratio for the numbers of numerical cells in both
the upstream and downstream channels to be integers. On the other hand, the
experimental value 1.9423 of the ratio would not give integers, and would not be
accurate for coarse grids, implying some unquantified errors. The study which
corresponds to this ratio can be found in [56].

The boundary conditions are set as follows. The top and bottom part of the
channel are considered as walls (with vanishing velocities in all directions). A
Poiseuille profile is imposed at the inflow and a free outflow condition is used on
the right side, as in the Poiseuille test case above.

We measure the position x1 at the end of the first bottom recirculation, the
position x2 corresponding to the beginning of the top lid recirculation, and x3
corresponding to the end of it, as shown on Figure 3.15.

H

Um

h

hi

L

x1

x2

x3

Figure 3.15.: Domain and measured quantities

The definition of the Reynolds number which is used in this study and also
stated in the literature is Redh = Umdh/ν, where Um is two-thirds of the maxi-
mum inlet velocity (equivalent to the average inlet velocity), dh is the hydraulic
diameter of the inlet channel, which is twice its height (dh = 2hi), and ν is the
kinematic viscosity.

We perform a mesh refinement study for Re = 100, with 3 different grids, di-
viding by 2 the space step ∆x in both directions from one mesh to the other. We
provide the position x1, in Table 3.13.

In order to evaluate the asymptotic limit value corresponding to the mesh con-
vergence, we use the well-known Richardson extrapolation (see [89] for more
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explanations). We obtain second-order accuracy for the position x1.
The entropy inequality is satisfied for all grids, moreover, ErrDiv and ErrDiss

are second-order accurate, as shown in Table 3.14.

Grid level ∆x x1/h Error Error (%)
Richardson ext. - 2.915 - -

3 0.002 2.918 0.002571 0.088
2 0.004 2.924 0.0086 0.29
1 0.008 2.944 0.0286 0.98

Table 3.13.: Mesh refinement study for Re = 100. We took the Richardson extrapo-
lation as the reference. The accuracy order given by the Richardson extrapolation,
namely α in [89], is 1.73, which is near the theoretical accuracy order of the method
(two).

Grid level EntMax ErrDiv Order ErrDiv ErrDiss Order ErrDiss
3 -2.83e-11 5.94e-05 2.01 4.83e-04 2.06
2 -3.76e-10 2.37e-04 2.01 2.05e-03 1.96
1 -9.58e-09 9.61e-04 - 7.88e-03 -

Table 3.14.: Entropy indicator EntMax, divergence and dissipation relative L1
errors

Re cs Recell χ (%) x1/h x2/h x3/h Err x3/h (%)
100 13.33 0.075 7.5 2.918 - - -
200 6.67 0.15 15 5.008 - - -
300 4.44 0.225 22.5 6.824 - - -
400 3.33 0.3 30 8.366 7.65 10.258 2.1
500 3.33 0.375 37.5 9.594 7.992 13.484 2.3
600 3.33 0.45 45 10.554 8.484 16.308 2.9
700 3.33 0.525 52.5 11.366 8.992 18.942 3.5
800 3.33 0.6 60 12.112 9.514 21.496 4.3

Table 3.15.: Numerical results of the Backward-facing step benchmark, ∆x = 0.002
for all those results. x3 is compared to the one given in [56].

In order to study the flow pattern, we investigate Reynolds numbers between
100 and 800. Figure 3.16 shows the streamlines for these Reynolds numbers.
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Two different behaviors can be observed.
When Re ≤ 400 there is only one recirculation behind the step, and our results

perfectly match with the literature. A precise evaluation is presented on Figure
3.17a. A difference of 2.2% is observed on the position x1 for Re = 800.

When Re ≥ 400, the top lid recirculation appears, and the lower reattachment
point continues to move away from the step. The computed attachment points
are shown on Table 3.15. The positions x2 and x3 are also well predicted, see
Figure 3.17b. The relative error, taking [56] as a reference, is very small for x2
(less than 1%). For x3, it grows as Re grows, up to 4% for Re = 800.

As the same mesh is used for every Reynolds number greater than 400, the cell
Reynolds number grows as the Reynolds number grows, and therefore the error
grows as the problem is stiffer.

We see on Table 3.15 that a value of Recell greater than 0.4 leads to an error
growth from 2.5% to 4.3%. This test case indicates a lose of accuracy when the
value of Recell is greater than 0.4.

(a) Re400

(b) Re 500

(c) Re 600

(d) Re 700

(e) Re 800

Figure 3.16.: Streamlines for high Reynolds numbers
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Figure 3.17.: Measured lengths compared to the literature

Our conclusions for this test case are that we recover correctly the two recir-
culations at high Reynolds number, and the position of the attachment points are
well located.

3.4.3.2. Laminar flow past a square cylinder

This test case concerns a laminar flow around a square cylinder between two
distant planes of H. An important parameter is the blocking factor β, defined as
the ratio between the side D of the square and H. It is fixed at β = 0.125, in
accordance with [29]. The domain is shown on Figure 3.18.

The inlet is a Poiseuille velocity profile with a maximum velocity of 1 m s−1.
We impose no-slip boundary conditions on the top and bottom planes, and a free
outlet on the right (transient boundary condition). This last condition is very
important (see [105]). Applying a good treatment of the free outlet allows to
have the smallest effect on the flow near the boundaries and the obstacle, and
therefore to save some computational time by truncating the domain on the right
without any noticeable change.

Figure 3.18.: Description of the domain

Here, we have used a Convective Boundary Condition (CBC) ([91, 90, 96]).
The CBC consists in solving at the boundary ∂tu + uc∂xu = 0, where uc is con-

121



3.4. Numerical results

sidered as Umax, as recommended in [105], discretized with finite differences at
second order in space, first order in time, implicitly. We initialize the flow fields
at zero for velocity and pressure, with D = 1 and Umax = 1.
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Figure 3.19.: Recirculation length

The flow patterns have been studied for
Reynolds number between 20 and 133. For
Re < 60, the flow separates at the trailing
edge of the square cylinder, and a steady re-
circulation behind the obstacle is observed. It
is perfectly symmetric, and there is no vortex
shedding. The length Lr of this recirculation
follows a linear law [29],

Lr/D = −0.065 + 0.0554Re. (3.39)

As can be shown in Figure 3.19, the length of the region of recirculation is cor-
rectly predicted compared to this law, on the grid (8000x1280). When Re ≥ 60,
the flow becomes unsteady, with some vortex shedding that becomes periodic in
time with frequency f .

For a quantitative comparison, we define three dimensionless numbers. The
first one is the Strouhal number St, related to the frequency f of the vortex
shedding, it is defined by St = fD/umax, with umax the maximal velocity at the
inflow plane. The frequency f is computed by a spectral analysis over the values
of the velocity ux at one cell past the square cylinder.

The others quantities are the drag and lift numbers Cd and Cl. These are
defined via drag and lift forces respectively, defined as follows. We denote the
symmetric stress tensor by

σ = −pI + ν
(
∇u + (∇u)t

)
, (3.40)

with p the pressure. Then the drag and lift forces are, with x the direction parallel
to the flow and y the perpendicular direction, n the external unit normal to the
square cylinder, and Γ the contour of the square:

Fd =
∫

Γ
σn dl · ex, Fl =

∫
Γ
σn dl · ey. (3.41)

Finally, Cd and Cl are defined by normalizing these forces by the kinetic energy:

Cd = Fd
1
2ρu

2
max

, Cl = Fl
1
2ρu

2
max

. (3.42)

The details on the calculation of the drag and lift forces can be found in An-
nexe A.

The convergence with mesh refinement is achieved for an unsteady problem
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at Re = 65, see Tables 3.16 and 3.17. The order of accuracy observed on the
ErrDiv indicator is 2. The order of accuracy for Cd and Cl (which are related
to the pressure) is almost 3 (2.9), taking the Richardson extrapolation as the
reference solution. Moreover for the Strouhal number (related to velocity), we
observe an order of 5.58. These are particularly good orders specific to this test
case.

Grid level ∆x/D Mean Cd Cd Err Max Cl St St Err
Richardson ext. - 1.516 - 0.0759 0.1232 -

3 0.003125 1.52 0.26 0.076 0.1232 1.6e-3
2 0.00625 1.55 2.24 0.08 0.1233 0.08
1 0.0125 1.80 18.7 0.322 0.1281 3.98

Table 3.16.: Computed values for different meshes at Re = 65. α, the accuracy
order retrieve by the Richardson extrapolation, is at 5.58 for the Strouhal.

Grid level cs Recell χ (%) EntMax ErrDiss ErrDiv
3 9.85 0.12 12 -1.72e-09 0.0118 2.29e-04
2 4.92 0.2457 25 -6.77e-09 0.0249 8.16e-04
1 2.22 0.522 47 -7.62e-08 0.0664 0.0102

Table 3.17.: Indicators for Re = 65
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Figure 3.20.: Drag coefficient vs Reynolds number compared to [29]

Concerning the entropy indicators, EntMax is always negative even for the
finer mesh, meaning that the entropy inequality is satisfied for all the cells of
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the computational domain. There is almost a second-order accuracy for ErrDiss
(1.88). There is a particularly good order of accuracy for grids 1 to 2, of 3.5. This
can be explained from the fact that the cell Reynolds number is 0.52 for grid 1,
which is quite high. Recalling the conclusion of the previous test case, we may
conclude that grid 1 has unsufficient accuracy.

The Von Karman streets begin at Reynolds number greater than 60, see Figure
3.22. We have chosen the grid level 2 because it allows a good balance between
the accuracy and computational time.

The indicators are shown in Tables 3.18 and 3.19. As can be shown on Figure
3.21, the Strouhal numbers are perfectly recovered until Re reaches 100. After
that, we observe a degradation in the accuracy of the solution, with 8% of rel-
ative error compared to the Finite Volume Method of reference [29]. Past that
Reynolds number, the cell Reynolds number exceeds 0.4, indicating an unaccept-
able loss of accuracy, and the need of a finer mesh in order to have a better
approximation.
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Figure 3.21.: Strouhal vs Reynolds number compared to [29]

The global behavior of the drag coefficient is well predicted (Figure 3.20). The
maximum of the entropy inequality is negative for all these tests, even for the
finer mesh.

Re cs Recell χ (%) Lr Cd Mean Cl
30 10.67 0.11 11 1.63 2.09 -6.58E-14
40 8 0.148 14.7 2.19 1.84 -2.39E-15
50 6.4 0.185 18.5 2.75 1.68 -3.28e-14

Table 3.18.: Numerical results for the laminar flow past a square cylinder bench-
mark at low Reynolds number
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Re cs Recell χ (%) Cd Mean Cl Max Cl St
65 4.92 0.24 24.4 1.55 5.06e-03 0.0805 0.1236
80 4 0.31 30.86 1.50 4.18e-03 0.150 0.1307
100 3.2 0.4 40 1.47 0.03 0.228 0.1377
130 2.46 0.53 53.76 1.492 0.048 0.462 0.136

Table 3.19.: Numerical Results for the laminar flow past a square cylinder bench-
mark

(a) Re 30

(b) Re 65

(c) Re 80

(d) Re 130

Figure 3.22.: Vorticity contours for different Reynolds numbers
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3.4.4. 3D flow around complex object
There is no available analytical test case in 3D with complex geometry. In or-
der to evaluate our scheme in such 3D context, we propose here a test case of
physical relevance.

The test aims to compute intrinsic macroscopic properties of a porous medium.
The considered geometry is an idealized 3D Kelvin-like cell (Figure 3.23a), with
circular struts.

The numerical results are then evaluated in terms of mean quantities. The
chosen transport property is the permeability. It characterizes the ability of a
porous medium to allow fluids to flow through it, and it is related to the notion
of hydraulic conductivity introduced by Darcy.

His historical experiment [41] consists in a tube partially filled with sands
of height L over a filter of cross-section S. The pressure is measured at two
different positions (distance l from each other), from the top to the bottom of
the tube containing sands. The upper part of the tube is connected to the mains
water supply. His experiments show that the flow velocity is proportional to the
pressure head difference, according to Darcy’s formula

U = K∆P/l, (3.43)

with U = Q/S is the filtration velocity, Q is the volume flow rate, S the cross-
section in a plane perpendicular to the direction of flowing, and K a proportion-
ality coefficient known as the hydraulic conductivity. The hydraulic conductivity
depends on the fluid used.

The Darcy law can be generalized for all fluids by introducing the fluid vis-
cosity µf , and thereby defining an intrinsic property of the porous medium, the
permeability, giving

− ¯̄KD ∇ < P >f= µf < V >, (3.44)

where ∇ < P >f is the average pressure gradient on the fluid phase, ¯̄KD the
permeability tensor (D for Darcy) and < V > the average fluid velocity over all
the volume of the foam sample.

We consider in those assessments a 1D pressure drop approach. Though the
inertial effects can be significant at low Reynolds number in open-cell foams, it
is necessary to determine at first the permeability in the Darcy regime for a rele-
vant range of velocities.

In order to determine the permeability in a given direction, the following bound-
ary conditions are used: prescribed pressure drop between two opposite faces,
while other faces are set as symmetry planes as shown on Figure 3.23b. The
velocities for the pressure drop faces are set as free.
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The mean pressure gradient (∇ < P >f) is the average pressure difference
between the inlet and outlet faces of the medium (see [100]), giving:

∇ < P >f= ∆P
L
, (3.45)

where ∆P/L is the pressure drop applied at the inlet and outlet faces. Using
equations (3.44) and (3.45) we can compute the permeability.

(a) Kelvin-like cell of 1603 points (b) Flow field

Figure 3.23.: (a) Computational domain: Kelvin-like cell of diameter dcell = 4mm.
(b) Flow field: velocity magnitude through the foam on two perpendicular planes.

The outline of the study is as follows. We first evaluate the influence of mesh
resolution. Then we verify the homothetic scaling-law. Finally we investigate the
influence of porosity over the permeability and compare the results to literature
data obtained using a commercial software: starccm+ ([72]).

3.4.4.1. Influence of mesh resolution

The mesh convergence is important to obtain results as close as possible to real
cases. It must be done carefully for not obtaining a contrary effect. In fact, if the
mesh is too thin, the solver reaches the point where there is no residual conver-
gence and thus, no correct results can be obtained. On the other hand, coarse
meshing does not allow the solver to provide accurate results as morphological
errors are very important.
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(a) 403 voxels (b) 803 voxels (c) 1603 voxels (d) 3203 voxels

Figure 3.24.: Velocity field in the middle plan for various resolutions

The first step is to verify the impact of the geometric discretized resolution
(voxel size) on porosity (ε0), surface porosity (εsurf), specific surface area (ac)
and permeability (KD) values of the Kelvin-like foam sample of cylindrical strut
shape (ε0 = 0.80) as presented in Figure 3.23a.

It can be observed that the morphological parameters start to converge at lower
resolution to capture precisely the 3D foam structure reported in the works of
[72]. On the other hand, the main flow topology is well captured despite the
lack of resolution (Figure 3.24). It is a well known phenomenon (see [66, 39,
14]), which comes from the fact that the specific surface area is nearly the same
for all resolutions.

The calculated permeability converges when resolution decreases. To perform
parametric studies, 1603 mesh cells are chosen to perform optimized numerical
simulations without compromising accuracy of the data (see Table 3.20).

Resolution Morphological properties
Voxel mesh Porosity Spe. Surface Permeability
size cells Porosity area, ac (m2)
(m) (ε0) (m−1)

0.00011 403 0.7656 869.30 7.97E-08
5.13e-05 803 0.774 874.78 8.09E-08
2.53e-05 1603 0.7863 867.17 8.56E-08
1.26e-05 3203 0.7921 864.58 8.79E-08

Table 3.20.: Mesh influence on morphology and permeability to quantify geometric
discretization errors

3.4.4.2. Homothetic scaling-law

Several virtual homothetic foams of different cell diameters/sizes (dcell) for a
given porosity (ε0) as well as foam samples of different porosities by changing
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the strut size for a given cell size have been generated as presented in Table
3.25a.

By generating this set of virtual samples, we could assess individually the im-
pact of pore size and porosity on permeability and thus evaluate the reliability
of usage of classic description such as Ergun-like approach for such materials.

As expected, the permeability varies proportionally to the square of the cell
size i.e. KD ∝ dcell (Figure 3.25b). Note that for real samples, porosity and pore
shape usually vary with size which makes it difficult to compare directly with
experimental data.

Cell size, dcell Permeability
(mm) KD (m2)

4 8.56e-08
3 4.81e-08
2 2.14e-08
1 5.35e-09
0.5 1.34e-09
0.25 3.34e-10

(a) Homothetic foam samples of poros-
ity ε0 = 0.7864.
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(b) Darcian permeability as a function of square of
cell diameter/size for a constant porosity.

Figure 3.25.: Homothetic scaling-law results

3.4.4.3. Influence of porosity at constant cell diameter

The current numerical results obtained from BGK-FVS method on structured grid
is compared against numerical results of Kumar and Topin [72] obtained on com-
mercial software (StarCCM+) on polyhedral meshing. [72] uses a non standard
Darcy formalism, by considering the mean pressure gradient on the bulk phase,
not on the fluid phase (3.44). Therefore, a scaling factor (surface porosity) has
been applied to their results in order to compare the permeabilities.

The classical analytical description of permeability with the morphological pa-
rameters of the foam structure is based on Ergun-like approach that was orig-
inally developed for packed bed of spheres. Most commonly, permeability was
linked to two parameters i.e. pore size and porosity for isotropic and commer-
cially available foams.
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Porosity Permeability
ε0 KD

0.6306 3.65E-08
0.6828 4.90E-08
0.7358 6.50E-08
0.7864 8.56E-08
0.8373 1.13E-07
0.8897 1.55E-07
0.9429 2.28E-07

Table 3.21.: Morphological parameters and permeability values of virtual foam
samples of constant cell size dcell = 4mm.
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Figure 3.26.: Assessment and comparison of Darcian permeability as a function of
porosity for a given cell size (dcell = 4mm).

From the Figure 3.26, it is observed that the current numerical data and
rescaled data from the works of [72] coincide perfectly. On the other hand,
the offset points corresponding to proposed work come from the different dis-
cretization (including some morphological error) as a function of resolution. The
proposed discretization method causes errors at the walls according to the res-
olution where thin or sharp edges of strut shape of foam structure under voxel
resolution are not visible.
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3.5. Non-standard consideration: velocity in
moment equations

It is standard to consider momentum in the moment equations, used with the
density, naming m = (ρ, ρu). However, we first have tried to use the den-
sity/velocity for the moment equations, i.e. considering the following moment
variables: m = (ρ, ρ̄u).

It does not change the low Mach number limit of the BGK equation, which
means that we still solve the incompressible Euler equations, and the numerical
scheme, with the same consistency and accuracy. By doing this, the coupling
of the density/velocities seem weaker in the same moment equation than the
coupling of density/momentum, and therefore may be interesting to study.

We will now compare the results of this consideration for the backward facing
step and the Laminar flow past a square cylinder to the conserved momentum
and the literature, as this new version has similar results for all the verification
test cases.

Unfortunately, we don’t have the entropy considerations for this version, as
these calculations were made before the complete expression of the relative dis-
creet entropy inequality.

3.5.1. Backward facing step
We take the same test case as before, and will compare the different re-attachment
points x1, x2, x3.

Considering x1 and x2, the results are nearly the same. However, for x3, we
have a better precision for the density/momentum version, that is to say we
have at Re=800 a relative difference of 4% error for this version, compared to
8% for the density/velocity version. The first one is more accurate.

131



3.5. Non-standard consideration: velocity in moment equations

7

9

11

13

15

17

19

21

23

25

400 450 500 550 600 650 700 750 800

le
n

gt
h

Reynolds

x1 : cs/c = 1 x1 : conserved velocities x1 : [56]

x2 : cs/c = 1 x2 : conserved velocities x2 : [56]

x3 : cs/c = 1 x3 : conserved velocities x3 : [56]

x3

x2

x1

Figure 3.27.: Backward facing step: comparison with all versions. The cs/c = 1
one has the more precise solution.

3.5.2. Laminar flow past a square cylinder
We have the exact same test-case as before. We will study the unsteady behavior
of this benchmark, by comparing the Strouhal, the drag and lift coefficients at
Reynolds number greater than 65.

Re Cd Cl St
65 1.5083 0.0757 0.1217
80 1.4525 0.1435 0.1280
100 1.4180 0.2189 0.1342
130 1.4477 0.2200 0.1417

(a)

Re Cd Cl St
65 1.55 0.081 0.1236
80 1.50 0.150 0.1307
100 1.47 0.228 0.1377
130 1.49 0.462 0.1360

(b)

Table 3.22.: Laminar flow past a square cylinder, with conserved a) velocities, b)
momentum

From Tables 3.22, and figures 3.28 and 3.29, we can conclude that the flow
topology is more precise for the conserved momentum version, however it seems
that the pressure is more precise for the conserved velocities version.
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Figure 3.28.: Drag coefficient vs Reynolds number, comparison with literature.

However, the relative differences are at about 2.6% for the Strouhal, which de-
pend on the velocities, and at about 3.2% for the drag coefficient which depends
on the pressure. There’s not a great difference in both versions.

We could say that the density/velocity version permits a higher overshoot to
the stability condition at high Reynolds.
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Figure 3.29.: Strouhal vs Reynolds number, comparison with literature.
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3.6. Conclusion
For all the verification/validation test cases, we have shown that we recover
correctly the solutions, at an order two accuracy for the velocity, and order one
accuracy for the pressure.

In every case, the entropy inequality is satisfied. It’s the most important ad-
vantage of the method.

It’s stability is ensured by three conditions, the more limiting one in terms of
grid refinement is the cell Reynolds number. In the studied test cases, we could
come near the value of 0.6, the theoretical maximum is at 1 (3.17), with some
loss of precision of about 4% when we are close to this value.

Moreover, we have proposed an optimization possibility, by considering cs/c =
1. We are not loosing the entropy inequality, and the scheme gives the more
accurate solutions.

We have also tried to consider the density/velocity in the moment equation.
It does not give some real differences compared to the density/momentum ver-
sion. If the subcharacteristic method is not overshoot by more than 0.4, then the
density/momentum version gives a better solution in terms of accuracy.

We can give some comparison elements to LBM scheme. The first element is
the comparison of accuracy for a given grid size. Considering the Backward-
facing step test case, the LBM results showed in [59] used a channel height of
256 cells, whereas the BGK-FVS method has 1002 cells, for the same order of
error (using [56] as reference, LBM has 3% of error, and BGK-VFS 4%). Just for
the recall, the overshoot for this Reynolds number for the BGK-VFS method was
at 0.6, a too high value leading to some inaccuracy in the results.

Taking the flow over a square cylinder test case, LBM used a grid of 2000×320
cells in [29], and BGK-VFS used 8000× 1280 cells, for nearly the same accuracy.

Therefore, we can conclude that BGK-VFS method may need a factor of four
in all directions in order to have the same precision of the Lattice Boltzmann
Method. On the other hand, we observed that BGK-VFS is very efficient at low
Recell.

The other comparison point is the dependency of the results on the viscosity,
which is a known problem of LBM for low porous medium [88]. In this refer-
ence, the authors determine the permeability of the Fontainebleau sandstone.
The classical collisional operator shows that the permeability varies proportion-
ally to the relaxation time (more than 20% result difference), while the MRT
collision scheme tends to reduce this problem, leading to a result differences of
10% for different viscosities.

The BGK-VFS has not this issue. We still have verified that point with two fluids
of kinematic viscosity 1e-6 m2/s and 1e-4 m2/s. The computed permeability
varies less than 0.05% for those two fluids, verifying that the permeability is an

134



3.6. Conclusion

intrinsic property which does not depend on the fluid properties.
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4.Applications
Abstract

This chapter is dedicated to show some example of applications to the two de-
veloped codes, one using LBM, and the other one based on the new BGK-FVS
scheme.

The first application is the determination of the permeability. We first vali-
date these results for two known porous media, such as a Kelvin foam and a
Fontainebleau sandstone, giving a comparison for a wide porosity range. We
then study an idealized anisotropic case and finally apply the methodology to a
more complex geometry : a redwood sample. For each media we will give the de-
composition of the permeability tensor in the eigenvalues/eigenvectors basis, as
in [13], which enables to study the anisotropy in a reference basis independent
of the original image orientation.

We then show the use of the BGK-FVS framework to the advection-diffusion
equation of a passive scalar in a known velocity field, showing an order two
accuracy.

Finally, we will present the preliminary work of this thesis. We used the full
LBM code to determine the longitudinal dispersion of real foams. We created a
new indicator which enables to recover accurately the filtration velocity and the
longitudinal dispersion.

The material of this chapter as been presented in the following communica-
tions:

• Y Jobic, P Kumar, F Topin and R Occelli. "Predicting permeability tensors of foams
using vector kinetic method". Eurotherm 2016, Krakov, June 2016, Poland

• Y. Jobic, F. Topin, R. Occelli, "Intérêt et limite d’une approche cinétique pour
prédire le tenseur de perméabilité par simulation numérique à l’échelle du pore".
SFT 2016, mai 2016, Toulouse

• Y. Jobic, V. Pavan, F. Topin, I. Graur-Martin and R. Occelli. "Nouvelle approche
cinétique : application à la dispersion dans les mousses". SFT 2013, Mai 2013,
Gerarmer

• Y. Jobic, V. Pavan, F. Topin and R. Occelli. "Approche numérique de la disper-
sion : LBM & indice Maxwelien discret", 11èmes Journées d‘études sur les milieux
poreux. 8-9 Nov 2012, Marseille

• Y. Jobic, F. Topin, JM. Hugo and R. Occelli. "Numerical approach of dispersion in
open cell foams: Influence of cell shape". 4th International Conference on Porous
Media & Annual Meeting of the International Society for Porous Media. 14-16 Mai
2012, Purdue, Indiana, USA
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4.1. Introduction
Nowadays, due to the availability of detailed 3D images of porous micro-structure
(obtained with the development of numerous imaging techniques such as µ-CT,
MRI and so on), we can directly perform numerical simulations at pore scale.
The main drawback of such approaches remains the computational cost. Hope-
fully, the increasing computing power progress permits 3D transient calculation
on huge domain even on PC.

Then the natural tendency is now to investigate the reality of the longitudinal
dispersion theory by direct microscopic simulations at the pore scale through a
significant sample of real porous medium. Exactly as what happens for instance
in turbulence, where researchers are now trying to get rid of the closure formu-
lations to simulate flows at very small scales. It seems that the improvement of
the numerical methods and the computers power enable the emergence of what
could be called the Direct Simulation of Porous Media. In this approach, the flow
is solved in real complex 3D geometries rather than reduced to simple periodic
cells, with many uncertainties in the calculations.

As we have seen in Chapter 2, we have developed and used two different
codes, one using LBM, and the other one based on the new BGK-FVS scheme. As
it could be difficult to use a commercial software, the mesh generation could be
an issue, for the global scheme convergence, using in house code is the key point
to determine correctly the different properties of the medium.

Few years ago, we began our studies with a full LBM code, for the solution of
the INSE and energy equations. With this tool, we could determine for example
the permeability, the inertial coefficients, the thermal effectivity, the dispersion,
etc. We then began to work on the last property, and to be more specific, the
longitudinal dispersion. This gave some results that will be shown in the first
part of this chapter.

We however wanted to tend towards an entropic scheme. This was one of
the principal objectives of developing the BGK-FVS method. As seen in Chapter
2, we could not obtain the inertial coefficients for example, as the Recell is too
high and it could lead to some huge problem size if we want to use finer mesh
resolution to solve this issue. The method is on the contrary well suited to the
study of the permeability, as the Recell is low in order the flow to be in the Darcian
regime.

Finally, the last missing entropy tool that we need is the advection-diffusion
equation. We will show in this part the validations of the BGK-FVS method
adapted to this problem, as a preliminary work, that will be integrated to the
INSE code.
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4.2. Permeability
Cellular metals are a new class of materials that have been the focus of numer-
ous scientific studies over the last decades. These highly porous materials exhibit
outstanding properties. Metallic Foams (MF) are low density, high strength cel-
lular structures. Their physical characteristics, such as thermal conductivity and
mechanical strength are due to the type of material used (metal or alloy), while
their geometrical characteristics and thus their mechanical characteristics—such
as cell size and porosity, and open-cell or closed-cell structure are determined by
the fabrication process.

Most MF studies are devoted to the development of new manufacturing meth-
ods aiming at optimizing the mechanical strength of these materials (see con-
tents of [1]). Another important research theme concerns flow laws through
such media. Of course, these investigations focus only on open cell foams.

The light weight, open porosity, and high permeability of the foam, combined
with the high thermal conductivity of the metal, make it promising material
for many industrial applications involving fluid flow and heat transfer (heat ex-
changers, evaporators, burners, separators, etc.). They are also used in chemical
processes as physical supports for catalysts or even as catalyst substrates (fuel
cells, reactors, etc.) [7, 10, 110, 32]. Other important applications are the filtra-
tion treatment of liquids, especially water, and separation processes [87].

During the last decade, various new characterization methods and modeling
approaches concerning the flow simulations through the porous media have been
developed. Yet, relatively few experimental and theoretical works on single-
phase flow through this kind of cellular material have been carried out [44, 52,
53].

Accurate determination of the transport properties, which are in relation with
the geometrical parameters, is needed for both single phase and two phase flow
conditions in order to understand transport phenomena in these materials, and
gradually optimize their texture for a given application.

During experiments, it is very difficult to control the velocity in Darcy regime.
All the studies presented in the literature are performed at velocities which do
not physically determine Darcy regime and inertia coefficient separately. In the
work of Madani [81], the authors have explained the feasibility to measure pres-
sure drop precisely in Darcy regime as it is very small with the working fluids like
water or air. The authors have performed uncertainty analysis of experimental
data and have shown that viscous effects (or permeability) are not accurately
measured. On the other hand, inertia coefficients, β in the case of metallic
foams, are correctly measured. One can measure accurately permeability using
very viscous fluid such as silicon oil. Moreover, many authors (e.g. [17, 75])
have calculated universal inertial coefficient f ( f = β

√
K). The problem is that

this quantity is meaningless due to great uncertainties concerning permeability:
experimental and numerical results shown that the pressure drop in the foams
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are highly dispersed [16].
Because of advances in 3D imaging techniques, an emerging trend is the de-

termination of intrinsic hydraulic parameters from flow laws on reconstructed
geometries using 3-D direct numerical simulations, often using commercial tools
[31].

The new kinetic approach is presented to solve transport equations at local
scale and to determine the macroscopic permeability. This tool is well designed
for these types of problem, as the cell Reynolds number is quite low. The main
advantage of BGK-FVS is also that it does not have the LBM’s issues of low vis-
cosities and bounce-back boundary condition depending of the fluid viscosity.

4.2.1. Permeability tensor determination
As in section 3.44, we consider a 1D approach for pressure drop, in each di-
rection. In order to retrieve the permeability tensor, we compute the averaged
pressure gradient vector and average velocity gradient vector in each direction
that lead to the determination of permeability tensors as described below:
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(4.1)

In the matrix ∇P (4.1), subscripts x, y, z describe the directions while super-
scripts 1, 2, 3 describe the numerical simulation performed in a given direction.
The linear system to solve is then:

µf < U >= −∇P×K
L
, (4.2)
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giving the permeability tensor:

KD =
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D

 . (4.3)

Solving (4.2) needs some special treatment. We first need to nullify the un-
wanted small gradients, which are 1000 times smaller than the maximum one.
These values could create some aberrant terms in the inverse matrix (imaginary
values). The second special treatment is to force the symmetry of the tensor,
with the following definition:
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The new system is:

µf < U >= −∇Psym ×K
L

sym, (4.5)

At the end, system (4.5) is solved with a least squares method, as it is an over-
determined system. We can compute the following decomposition, expressed as
eigenvalues λi and associated eigenvectors wi:

KD ×wi = λiwi. (4.6)

This decomposition is critical for comparing the resulting tensor. We will first
test the orthogonality of the wi vectors. If these are orthogonal, then in the basis
composed of the wi vectors, the permeability tensor will be orthotropic, with λi
as elements of the diagonal.

Moreover, the values of wi will give an information about the orientation of
the original basis compared to one composed of the eigenvectors. Actually we
have no information about the orientation of the sample in the tomograph. This
analysis will help to understand the real orientation of the permeability tensor.

We will first validate the the permeability coefficient with two different kind of
porosity samples. The first one will be a high porosity metallic foam, for which
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we have numerical and experimental data. The second one is a sample of low
porosity, a Fontainebleau sandstone. We also have numerical and experimental
data for the comparison.

We will then apply this methodology to find the permeability of an idealized
foam, which will be compressed differently for each direction.

Finally, we will study the permeability of a piece of wood (redwood tree). This
study is rather original, we have not found permeability results of this kind in
the literature.

4.2.2. Real foam samples of high porosity
Metallic foams are a class of materials that are attractive for numerous appli-
cations, as they present high porosity, low relative density, high thermal con-
ductivity of the solid phase and large accessible surface area per unit volume.
Moreover, they also promote mixing and have excellent specific mechanical prop-
erties. Metallic foams are thus used in the field of compact heat exchangers, re-
formers, two-phase cooling systems, and spreaders. Foams have also been used
in high-power compact batteries and catalytic-reactor applications such as fuel
cell systems.

A commercial foam sample has been chosen on which experimental and nu-
merical studies of pressure drop have already been performed (an image of NC
1723 foam in Figure 4.1a). The geometry has been reconstructed from the µCT
tomographic images using 198x198x342 voxels.

It appears clearly that these foams present a rather low specific surface, a large
pore diameter, and a very high porosity in comparison to classical porous media.

It has been demonstrated ([113]) that the cells are spatially organized (com-
mon mean orientation) but some defects appear in this arrangement. Cells of
different orientation and size materialize these defects. They appear to accom-
modate topological constraints associated with plateau border angles, space fill-
ing, and constraints produced by manufacturing processes. The corresponding
computing domain incorporates those defects, in order to include the represen-
tative volume element (REV), as in [31].

It is important to add that, for this validation, we have the same real sample,
used for the experimental and numerical data. The numerical domain is however
a fraction of the experimental one. This is due to the aimed resolution of the
tomograph, which leads to a fix image size, and therefore limits the edge size. A
cube of 1.1× 1.1× 2 cm3 was used.

We compare the results of different literature data:

1. Experimental data [16], extrapolated by a Forchheimer law, which finds
KD = 2.23E-8 m2.

2. Numerical data, also using a Forchheimer law, giving KD = 2.8E-8 m2 for
Porflow, and KD = 5.6E-8 m2 for a Finite Volume code ([31] for both).
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3. Numerical data, for the presented scheme, which finds KD = 3.14E-8 m2

(see Figure 4.1b).

(a) NC1723 foam sample (198x198x342 cells)
of porosity: ε = 87%. Flow field: velocity mag-
nitude through the foam on two perpendicular
planes, with streamlines.
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(b) Comparison and validation of permeabil-
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data [16, 31]. All values are Forchheimer per-
meabilities except for the BGK-FVS method,
which is Darcian.

Figure 4.1.: nc1723 validation

We can note that the linearity of the results of the BGK-FVS is perfect (R2 =
1.00, Figure 4.1b), showing the very good quality of those ones.

An excellent agreement is obtained between experimental and numerical re-
sults with the BGK-FVS method. The permeability reported experimentally or
numerically was Forchheimer permeability (see [72]).

On the other hand, the permeability obtained using proposed method is ac-
tually Darcian permeability. It is difficult to assess accurately the bias between
Darcian and Forchheimer permeability, which explains the little differences.

However, as the data generated using the in house Finite Volume code are avail-
able, we extract the Darcian permeability in order to obtain a more represen-
tative comparison with our calculation. We obtain KD = 2.98e − 8 m2 (Figure
4.2). The relative difference for this permeability and the one obtains with the
BGK-FVS method is at about 5%, showing a good agreement.
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Figure 4.2.: Darcy Region for the homemade Finite Volume code

Applying the methodology described in Section 4.2.1 for the determination of
the permeability tensor, we find:

KD =


3.29E-08 -5.87E-10 -3.95E-13
-5.87E-10 3.15E-08 -8.65E-14
-3.95E-13 -8.65E-14 3.14E-08

 , (4.7)

with the corresponding eigenvalues and eigenvectors:

λ1 w1

3.32E-08
-0.944
0.331
0

(a) First eigenvalue with
the corresponding eigen-
vector

λ2 w2

3.13E-08
0.331
0.944
0.001

(b) Second eigenvalue
with the corresponding
eigenvector

λ3 w3

3.14E-08
0

-0.001
1

(c) Third eigenvalue
with the corresponding
eigenvector

Table 4.1.: eigenvalues and eigenvectors for the permeability tensor of the NC1723
sample

We first note that the basis orientation composed of the eigenvectors is very
close to the one of the tomographic images.
We have maxi,j,i6=j |wi ·wj| = 1.86E-13. That means that the basis composed of
the eigenvectors is orthogonal, and, in the basis of {w1,w2,w3}, the permeability
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tensor is:

KD =


3.32E-08 0 0

0 3.13E-08 0
0 0 3.14E-08

 . (4.8)

As the λi are very close (only 5.7% of relative difference), we can conclude
that the NC1723 sample is globally isotropic.

This validate the BGK-FVS in this real geometry, at high porosity.

4.2.3. Real low porosity sample
Hydro-geologists need to characterize the flow in the geological layers, that in-
volves dynamic properties, as the permeability, as opposed to static one (poros-
ity, capillarity, compressibility, ...). One example could be the filtration study in
chemical engineering, or the exploitability of hydrocarbon reservoir for petroleum
industry.

(a) Flow field of the grès sandstone sample.
domain: 200x200x201 points, porosity: ε =
13.5%
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Figure 4.3.: Validation on a low porosity sample: sandstone permeability.

The Fontainebleau sandstone is often used as a benchmark, because of the
exceptional quality of the porosity/permeability relation [116], given with equa-
tion (4.11). From a core sample of porosity 14.5%, a small sample of it was
acquired by an X ray microtomography system using a spatial resolution of 6 µm.

The resulting images, representing the 3D sample, has different gray levels.
In order to make the binarization of it, a segmentation of those gray levels was
performed by thresholding at the minimum between the two peaks of the gray
level histogram [111], resulting in a porosity of 14.1%.
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The total number of cells is 5003. A fraction of if was used in our calculations,
that has a total of 2003 cells (Figure 4.3a), which represents a bloc of 1.2 mm3,
of porosity 13.5%. We would like to thank Daniela BAUER for sending us the
µtomo images used in [111].

Applying the methodology described in Section 4.2.1 for the determination of
the permeability tensor, we find:

KD =


9.78E-13 3.06E-14 5.08E-14
3.06E-14 7.74E-13 -8.99E-16
5.08E-14 -8.99E-16 7.49E-13

 , (4.9)

with the corresponding eigenvalues and eigenvectors :

λ1 w1

9.92E-13
0.970
0.135
0.202

(a) First eigenvalue
with the corresponding
eigenvector

λ2 w2

7.71E-13
0.086
-0.968
0.234

(b) Second eigenvalue
with the corresponding
eigenvector

λ3 w3

7.36E-13
0.227
-0.209
-0.951

(c) Third eigenvalue
with the corresponding
eigenvector

Table 4.2.: eigenvalues and eigenvectors for the permeability tensor of the
Fontainebleau sandstone sample

We have maxi,j,i6=j |wi ·wj| = 3.75E-13. That means that the basis composed
of the eigenvectors is orthogonal, and, in the basis {w1,w2,w3}, the permeability
tensor is:

KD =


9.92E-13 0 0

0 7.71E-13 0
0 0 7.36E-13

 . (4.10)

As the λi are quite close (25.8% of maximum relative difference), we can con-
clude that the sandstone is slightly anisotropic.

We can compare the permeability values to experimental and numerical data.
An experimental law corresponding to a Fontainebleau sandstone is given in
[116]). which is:

log KD = a(log ε)3 + b(log ε)2 + c(log ε) + d, (4.11)

with the definition of the corresponding values in Table 4.3.
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4.2. Permeability

a b c d
11.7 -40.29 51.6 -20.22

Table 4.3.: parameters of the experimental law (4.11).

The porosity ε is expressed in percentages, and gives the permeability in mD.
L. Talon in [111] gives the confidence interval of this law (RMSE=0.31), for the
porosity ε = 14.5%. For example, it gives the following experimental permeabil-
ity, for a porosity of 13.5%, Kexp = 5.68E-13 m2± 1.76E-13 m2. We have how-
ever no information on the flow direction used to create the power law function.
Each permeability values of different stages of the sample creation have been
synthesized in Table 4.4.

Porosity (ε0) Permeability (m2) confidence interval
Sandstone core 14.5 7.17E-13 [4.95E-13,9.40E-13]
µTomo sample 14.1 6.55E-13 [4.52E-13,8.58E-13]

Computing domain 13.5 5.68E-13 [3.92E-13,7.44E-13]

Table 4.4.: Permeability values for the power law function (4.11) applied to different
porosity values.

Kxx (FVS-BGK)
Kyy (FVS-BGK)
Kzz (FVS-BGK)

Figure 4.4.: BGK-FVS results compared to experimental data, with the sandstone
sample of porosity 13.5% (from [111, 116]).
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We put the permeabilities computed with the BGK-FVS method in Figure 4.4
(from [111]). We had only one sample of this porosity, we can not test our
method with the other ones for comparison. However, it shows the spreading of
the experimental values. From this figure, we can conclude that our permeability
values are within the range of the experimental ones.

Finally, BGK-FVS is well designed to compute permeabilities in low porosity sam-
ples.

4.2.4. Application to anisotropic media (orthotropic case)
Based on the comparison and validations performed on idealized and real open
cell foams of different porosities, the proposed method gives reliable permeabil-
ity values. It can thus, be very interesting to obtain permeability tensors on
orthotropic foams as available literature data are very scarce (see Hugo [64]).
Orthotropic anisotropy of the original foam sample was realized by elongating
and compressing simultaneously in two orthogonal directions (x,y) by a factor√

Ω and 1/
√

Ω while the third direction, z, is kept unaffected to conserve poros-
ity of the original sample. The deformation vector is then : (

√
Ω, 1/

√
Ω, 1). An

anisotropic foam sample of Kelvin-like cell constituting circular strut shape is
presented in Figure 4.5a.

(a) orthotropic foam, with Ω = 4. The sam-
ple has 256× 126× 62 cells.

(b) orthotropic foam, with Ω = 2, with a differ-
ent angle. It has 158× 111× 78 cells. Flow field:
velocity magnitude through the foam on two per-
pendicular planes, with streamlines.

Figure 4.5.: Two different anisotropic samples are showed, with a different angle.

For fluid flow simulations, the sections in the X, Y and Z-directions of the unit
periodic cell are presented in Figure 4.5a. The calculations were repeated succes-
sively in the three directions to determine permeability tensors. The permeability
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tensors are presented in Table 4.5. First, the case where Ω = 1 is isotropic by
construction, meaning that Kxx = Kyy = Kzz.

Ω Porosity Spe. Surf. area (m−1) Kxx
D (m2) Kyy

D (m2) Kzz
D (m2)

1 0.786 1316 8.56E-08 8.56E-08 8.56E-08
2 0.781 1362 1.12E-07 7.90E-08 5.02E-08
3 0.778 1451 1.08E-07 7.04E-08 3.78E-08
4 0.779 1540 9.97E-08 6.32E-08 3.22E-08

Table 4.5.: Permeability tensors in X, Y and Z-directions of a virtual orthotropic
foam sample.

Moreover, also by construction, the basis composed of the eigenvectors is iden-
tical to the one of the computing domain, namely (e1, e2, e3). We have then
Kxx = Kw1, Kyy = Kw2, Kzz = Kw3.
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Figure 4.6.: Permeability tensors in X, Y and Z-directions of a virtual orthotropic
foam sample versus transformation factor.

The result’s interpretation of the permeability variation as a function of the
deformation is complex as the geometry and the foam angles are varying for
each cases. It can however be observed that:

• for Ω ∈ [1, 2], the permeability increases for the X-direction, for the elon-
gation deformation, while in the other two (i.e. Y and Z-directions) the
permeability is decreasing (containing the compression deformation).

• for Ω ∈ [2, 4], the permeabilities in all directions are decreasing. This could
come from the increase of the specific surface area.
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These first results validate the use of the BGK-FVS method for this class of
problems, a systematic study of deformation vector on permeability tensor is
carried out by the porous media team of our laboratory.

4.2.5. Complex geometries: wood study
4.2.5.1. Cleaned computing domain

We obtained data from LBNL (Lawrence Berkeley National Laboratory) in the
frame of the ESM effort at NASA, thanks to Francesco Panerai. Those data are
µtomo of redwood sample coming from Mendocino forest, California. The whole
sample contains 18003 cells, which represent a volume of 5.8 mm3. We have
shown in Figure 4.7 one raw image as an example.

Figure 4.7.: example of raw image obtained from microtomograph.

Applying a threshold directly on the raw data in order to binerize the data
gives unsatisfactory results, as shown in Figure 4.8. We can observe a lot of
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small white voxels, representing the future solid ones. These are some noises,
that we want to suppress.

Figure 4.8.: Using the threshold directly on the raw data gives a lot of false solid
voxels.

Figure 4.9.: Threshold at 79, after cleaning the raw data. The small white voxels
are connected to other slice of the data.

151



4.2. Permeability

We used the iMorph (http://www.imorph.fr/) software developed at IUSTI,
in order to clean up the data. The first treatment was to apply a median filter,
which suppress the speckle noise, and then we only conserved the connected
components, for suppressing the free unconnected voxels.

Moreover, as shown in Figure 4.7, the images seem mis-oriented compared to
the wood apparent structure. A rotation as been applied, with 50 degrees. We
show with Figure 4.9 an example of the cleaning stage. We clearly observe the
suppression of the unwanted voxels.
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Figure 4.10.: sensibility study of the thresholding. For a threshold variation of 5%,
we obtain a variation between 1.4 and 2.2% of porosity.

It is interesting to study the thresholding sensibility to the porosity value. In
order to do so, we plot the cumulative histogram of the gray level of the sample,
and norm it by the total sum of the elements. That gives Figure 4.10. We have a
variation between 85.7% and 89% of porosity, for 5% variation of the threshold.
This is the difficult step of the computing domain’s creation. Choosing the right
threshold is tricky, and have great influence in the resulting mesh.

Finally, the whole sample represents 23 billion of unknowns (four unknown
per cells), which is very difficult to solve considering the current computing
power.

We have therefore chosen three different domain sizes, at different location
of the sample. The first one has 150 cells. The computing time is very fast
(37 minutes on 96 processors). The post-processing is easy. However, as we
will see below, this sample could not be representative of the whole one (not a
Representative Element Volume, REV).

The second sample has 200 cells, at another location. The last one has 600
cells, which represent the third per direction of the original sample (see Table
4.6 for a general presentation of the samples).

For each one, we will study its homogeneity, and give the permeability tensor,
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leading to an idea of the anisotropy of it.

Name Voxel size porosity (%) edge size (m)
sample 1

3.22E-06
0.8699 4.83E-04

sample 2 0.8699 6.44E-04
sample 3 0.8562 1.93E-03

Table 4.6.: General presentation of the studied samples

4.2.5.2. Sample 1 : 1503 cells

The first sample is the smallest, with 150 cells in each direction. In order to study
its homogeneity, we plot the porosity of a 2D plan, along the perpendicular line
of each direction, giving Figure 4.11. We first note that the porosity variation of
the Z direction has less amplitude than the other two. This comes from the fact
that the vessels (or pores) are organized by cells that transport the sap in the
hardwoods. They are located longitudinally in the timber and may or may not
be juxtaposed. In our sample, they are oriented in the Z direction.
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Figure 4.11.: Porosity of the 2D plan along the perpendicular line of each direction
applied to the sample of 1503 cells. The Z direction has less porosity variation
than the other 2, giving the visual result that the wood fibers are oriented in this
direction.

Moreover, we clearly observe, still in Figure 4.11, that by the end of the sample
from the origin, that the porosity is abnormally higher than the other plan. Look-
ing at Figure 4.12, this comes from a big hole, leading to two different structure
in the sample. The first one has a kind of regularity in the vessel organization,
the other part contains the hole.
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4.2. Permeability

Figure 4.12.: Sample of size 1503 cells. The wood fibers are oriented up to the Z
direction. There is a hole in the structure.

Figure 4.13.: The image angle has been changed, in order to clearly see the hole in
the wood structure. It shows the contour of velocity magnitude for the 1503 cells
sample with pressure gradient in the z direction. The flow is in the same direction
than the wood fibers.

Plotting the contour of the flow in this sample confirms (Figure 4.13) that the
velocity is higher in the region containing the hole.
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Applying the methodology described in Section 4.2.1 for the determination of
the permeability tensor of the wood of 150 cells, we find:

KD =


1.55E-11 -7.45E-12 -2.69E-12
-7.45E-12 6.66E-11 -6.32E-12
-2.69E-12 -6.32E-12 9.59E-11

 (4.12)

With the corresponding eigenvalues and eigenvectors :

λ1 w1

1.43E-11
-0.988
-0.146
-0.044

(a) First eigenvalue with
the corresponding eigen-
vector

λ2 w2

6.65E-11
-0.152
0.969
0.194

(b) Second eigenvalue
with the corresponding
eigenvector

λ3 w3

9.72E-11
-0.014
-0.199
0.980

(c) Third eigenvalue
with the corresponding
eigenvector

Table 4.7.: eigenvalues and eigenvectors for the permeability tensor of the
Fontainebleau sandstone sample

We can first note that there is a slight rotation between the basis {e1, e2, e3}
and {w1,w2,w3}. We can therefore, in this particular case, in the following
developments, name X the w1 eigenvector, and so on for the other directions.
We have maxi,j,i6=j |wi ·wj| = 2.47E-14. That means that the basis composed of
the eigenvectors is orthogonal, and, in the basis of {w1,w2,w3}, the permeability
tensor is:

KD =


1.43E-11 0 0

0 6.65E-11 0
0 0 9.72E-11

 . (4.13)

The anisotropy, as expected, is very high, with more than 30% between the Z
and Y direction, and more than a factor six between the Z and X direction. The
flow is much easier in the Z direction, the one of the vessels.

There is however a difference between the X and Y direction. There is yet no
explanation of this phenomenon.

4.2.5.3. Sample 2 : 2003 cells

As done with the previous sample, we study the homogeneity of another sample
of 200 cells, at another location of the whole one, leading to Figure 4.14.

We observe two small special regions, where the porosity is quite low, at around
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75%. However, those two regions are very limited in space compared to the sam-
ple size. Moreover, the porosity along the Z axis is quite regular, between 84 and
88 %, which is an expected result as the vessels are oriented in the Z direction
(see Figure 4.15).
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Figure 4.14.: Porosity of the 2D plan along the perpendicular line of each direction
applied to the sample of 2003 cells.

We can conclude that this sample should be more representative of the whole
one than the previous one.

Figure 4.15.: The wood fibers are oriented up to the Z direction.
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Figure 4.16.: The image angle has been changed. It shows the contour of velocity
magnitude for the 2003 sample with pressure gradient in the Z direction.The flow
follows a tubular aspect, which is expected as the flow is in the same direction
than the vessels.

From Figure 4.16, we can observe that the flow contour of the velocity magni-
tude is mainly tubular. This result is expected as the vessels are oriented in the
Z direction. The angle of Figure 4.16 has been changed in order to show a small
hole in the sample. Unlike the previous sample, the sample is not split in two
regions, and look way more homogeneous, as a confirmation of the homogeneity
study.

Moreover, we show in Figure 4.17 the particular path taken by the flow when
we are not flowing in the vessels orientation. We lose the tubular formations, for
more dispersed formations, except at the end of the sample in the Z direction.
There is no obvious explanation of this path. It may comes from the thresholding
step of the binarization of the original images.

Applying the methodology described in Section 4.2.1 for the determination of
the permeability tensor of the wood of 200 cells, we find:

KD =


2.24E-11 -1.59E-12 1.93E-12
-1.59E-12 3.83E-11 -1.89E-12
1.93E-12 -1.89E-12 7.70E-11

 (4.14)

157



4.2. Permeability

Figure 4.17.: sample of size 2003 points. It shows the contour of velocity magnitude
for the 2003 sample with pressure gradient in the X direction, perpendicular to
the wood fibers. The flow finds a path to the opposite sides.

With the corresponding eigenvalues and eigenvectors :

λ1 w1

2.22E-11
-0.995
-0.094
0.032

(a) First eigenvalue with
the corresponding eigen-
vector

λ2 w2

3.83E-11
-0.093
0.994
0.053

(b) Second eigenvalue
with the corresponding
eigenvector

λ3 w3

7.72E-11
0.037
-0.050
0.998

(c) Third eigenvalue
with the corresponding
eigenvector

Table 4.8.: eigenvalues and eigenvectors for the permeability tensor of the
Fontainebleau sandstone sample

We have maxi,j,i6=j |wi ·wj| = 1.56E-13. That means that the basis composed of
the eigenvectors is orthogonal, and, in the basis of {w1,w2,w3}, the permeability
tensor is:

KD =


2.22E-11 0 0

0 3.83E-11 0
0 0 7.72E-11

 . (4.15)

The anisotropy is slightly weaker in this sample. There is a nearly factor two
between the Z and Y direction, and a factor 4 between the Z and X direction. We
can still recover the fact that the vessels are oriented in the Z direction.
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4.2.5.4. Sample 3 : 6003 cells

The last sample, of size 6003 cells, is at another location of the whole sample. As
with previous samples, we first begin by studying its homogeneity. Figure 4.18
shows a different porosity behavior, as the variation around the mean porosity
value is lower than the previous ones. The 1503 and 2003 cell samples has porosi-
ties between 73% and 93%. In this sample, the porosity is only from 82% to
90%. The X and Y directions present oscillations around the Z axis, showing the
fact the vessels are still in the Z direction (verified with Figure 4.19).
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Figure 4.18.: Second sample of size 6003 points. It shows the contour of velocity
magnitude for the 6003 sample with pressure gradient in the x direction, perpen-
dicular to the wood fibers. The flow finds a path to the opposite sides, with
difficulties.

We do not observe some porosity peaks, showing the regularity of this sample,
which has no hole. We can conclude that this sample is homogeneous.

From Figure 4.20, we can observe that the flow contour of the velocity magni-
tude is mainly tubular. This result is expected as the vessels are oriented in the
Z direction.

Applying the methodology described in Section 4.2.1 for the determination of
the permeability tensor of the wood of 600 cells, we find :

KD =


1.49E-11 -3.53E-12 4.17E-13
-3.53E-12 4.03E-11 -3.04E-13
4.17E-13 -3.04E-13 7.51E-11

 (4.16)

With the corresponding eigenvalues and eigenvectors :
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λ1 w1

1.44E-11
-0.991
-0.135
0.006

(a) First eigenvalue with
the corresponding eigen-
vector

λ2 w2

4.08E-11
-0.135
0.991
0.010

(b) Second eigenvalue
with the corresponding
eigenvector

λ3 w3

7.51E-11
0.007
-0.009
1.000

(c) Third eigenvalue
with the corresponding
eigenvector

Table 4.9.: eigenvalues and eigenvectors for the permeability tensor of the
Fontainebleau sandstone sample

Figure 4.19.: The wood fibers are oriented up to the Z direction.

We have maxi,j,i6=j |wi ·wj| = 6.5E-14. That means that the basis composed of
the eigenvectors is orthogonal, and, in the basis of {w1,w2,w3}, the permeability
tensor is:

KD =


1.44E-11 0 0

0 4.08E-11 0
0 0 7.51E-11

 . (4.17)

The anisotropy is more pronounced than the one of the previous samples.
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Figure 4.20.: The angle has been changed in order to show the tubularity aspect
of the flow.

4.2.5.5. Representative Element Volume considerations

The question is then: is the 6003 cells sample enough to approximate the perme-
ability of the whole sample ?
First, the 6003 cell sample is homogeneous, which at first may looks good, but as
we have seen it does not have holes that the whole sample has. Cutting a smaller
part of it should possess the same "imperfections".
Secondly, it is interesting to plot the evolution of the diagonal permeability ten-
sor elements, namely Kxx, Kyy and Kzz for the samples. From Figure 4.21, we
can observe that the variation for Kzz and Kyy is less than 10% from sample 2 to
sample 3. Kxx seems to vary, for more than 32% from sample 2 to sample 3.
It is therefore difficult to say if this sample size is a reasonable REV.

To conclude on REV considerations, the whole sample is of edge length of
about 6 mm, while the diameter of the tree is between 3 to 4.5 meters (average
values). Therefore, the permeability values may be strongly dependent to the
position of the small one in the bark.
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Figure 4.21.: Evolution of the diagonal permeability tensor element versus the
sample size. Kzz and Kyy show good convergence, whereas Kxx seems to vary.

As the BGK-FVS tools work properly on such complex geometry, a detailed
and systematic study will be carried out in order to extract physically sound, and
representative properties of the wood.

4.2.6. Conclusion
We have compared the permeability computed with the BGK-FVS tool with ex-
perimental data and a commercial software, on several sample of different porosi-
ties.

In this particular problem when the cell Reynolds number is quite low, BGK-
FVS predicts accurate results. We can therefore conclude that the BGK-FVS tool
is very well designed for retrieving the permeability tensor.

Moreover, it is very easy to develop a parallel code, with the explicit time
discretization. We can find informations about runtime of the wood calculations
in table 4.10.

number of processors number of iterations runtime
sample 1 96 200000 37 min
sample 2 48 200000 205 min
sample 3 96 400000 5300 min

(a) First eigenvalue with the corresponding eigenvector

Table 4.10.: Runtime informations of the BGK-FVS code.
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4.3. Entropic passive scalar advection-diffusion
treatment

We are interested in solving the advection-diffusion of a passive scalar c(x, t)
in a divergence free velocity field, which is a given of the problem with uses
the kinetic framework described in Chapter two. The problem to solve is the
following:

∂tc (~x, t) +∇~x · (~u (~x, t) c (~x, t)) = D∆~xc (~x, t) , (4.18)

D diffusivity (m2s−1), with a given initial concentration field. Numerical solution
of this equation is a classical difficult problem, coming from its nature.

When the diffusion is dominant compared to the advection, the equation be-
comes parabolic, and on the contrary for advection dominated processes, it be-
comes hyperbolic. Thus, solving this problem is a challenging task and the avail-
able numerical solutions are very sophisticated in order to avoid the complexities
of this equation.

Equation (4.18) is usually solved with finite volume or finite element methods
[42, 70, 117, 40, 45]. However those are known to add non-physical spurious
oscillations and/or artificial numerical diffusion. Some works have be done to
resolve these problems. First, by adding some flux limiters, for instance Superbee
[101], or by constructing some algorithms having the total variation diminishing
(TVD) property [77, 73].

Other alternative methods are growing in parallel, based on Lattice Boltzmann
schemes, usually called isothermal Lattice Boltzmann model (TLBM). We will
talk here only on the multi-distribution function approach (MDF) of TLBM, as
it’s the mainly used one.

As the name suggest, the TLBM adds a distribution function which is passively
convected by the fluid. It has been successfully used in several benchmark studies
[54, 104, 62, 61].

However, there are some drawbacks. This model can only be used to simulate
compressible flows in the incompressible limit. When dealing with incompress-
ible fluid, the method must be viewed as an artificial compressible method [48].
Moreover, the relaxation parameter is directly calculated from the diffusivity, and
it is known to be troublesome for the accuracy of the results.

We will present here the validation test cases of the direct application of the
BGK-FVS’s framework to this problem.

4.3.1. Pure diffusion case
In order to show the efficiency and modularity of the method, the new test case
is the pure diffusion of a Gaussian in a zero velocity field. We initialized the
concentration profile with the formula (4.19), and took D = 1e-6 m2. The exact
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4.3. Entropic passive scalar advection-diffusion treatment

solution is still (4.20) with u(x, y, t) = 0. The result for different times is showed
in Figure 4.22.
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Figure 4.22.: Various solution of the problem for different time step.

The relative L1 error is then calculated and showed in Figure 4.23. There is
also an order two accuracy in space.
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Figure 4.23.: Relative L1 mean error in function of the number of discretization
points.

4.3.2. Uniform velocity field
The first test case is a advection-diffusion of a Maxwellian tracer profile in a
uniform velocity field as: u(x, y, t) = (U0, 0). The initial condition of the tracer
is:

C0(x, y) = exp

(
−(x− x0)2

σ2

)
. (4.19)
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We consider here a 1D problem, as the solution does not depend on the y axis.
Therefore, symmetries are imposed upside down, and some open boundary con-
ditions are applied for the other ones. The exact temporal solution of the prob-
lem is:

Cex(x, t) =
√

σ2

σ2 +Dtexp
(
−(x− x0 − U0t)2

σ2 +Dt

)
. (4.20)
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Figure 4.24.: Various solution of the problem for different time steps.

The methodology in order to test the numerical scheme is the following. We
refine the mesh in space, and look at the evolution of the L1 error over the
simulations. We then deduce the convergence rate in space. In Figure 4.24 we
can find the solution of the 1D problem, for various simulation times.
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Figure 4.25.: Relative L1 mean error in function of the number of discretization
points.

As we refine the grid, the L1 error is divided by 4, this lead to validate the
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4.3. Entropic passive scalar advection-diffusion treatment

order 2 in space. Moreover, the total mass of the tracer is equal to the area
under the curves of Figure 4.24. At each time, these are identical, which means
that there is almost no numerical diffusion.

4.3.3. Non uniform velocity field

(a) exact solution at T = π/6 (b) calculated solution at T = π/6

(c) exact solution at T = π/3 (d) calculated solution at T = π/3

(e) exact solution at T = π/2 (f) calculated solution at T = π/2

Figure 4.26.: Graphical results for different times

166



4.3. Entropic passive scalar advection-diffusion treatment

We then test the method with a non uniform velocity field with the classical
transport of a rotating Gaussian pulse [76]. The initial configuration is given by:

C0(x, y) = exp

(
−(x− x0)2 + (y − y0)2

2σ2

)
, (4.21)

where the Gaussian center is (x0, y0) = (0,−0.003) and σ = 5.e−05. The problem
is solved over a domain of Ω = [−0.01, 0.01] ∗ [−0.01, 0.01] for a time period of
T = π/2.

The rotating velocity field is u(x, y, t) = (−4y, 4x). For the total simulation
period, the initial solution will rotate counter-clockwise and do one complete
rotation.

The diffusion used in the simulation is D = 1e-06 m2. The exact solution of
the problem is then:

C(x, y, t) = 2σ2

2σ2 + 4Dtexp
(
−(x̃− x0)2 + (ỹ − y0)2

2σ2 + 4Dt

)
, (4.22)

where (x̃, ỹ) = (x cos 4t+ y sin 4t,−x sin 4t+ y cos 4t).
The initial concentration profile is nearly a Dirac. In this test case, we want to

validate the scheme without the influence of the boundary conditions. Therefore,
we impose zero concentration values at the boundary.

Moreover the Peclet number is 400, which is the ratio between the advection
over the diffusion. We could go to a much higher value. However the last points
of the calculations of the convergence rate would be too long to get, and there is
no advantage in going this way to show the order of the method.

Figure 4.26 shows the concentration profile at different time steps.
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We have checked (Figure 4.27) that the convergence rate is of order 2 accu-
racy, as the case before.

4.3.4. Conclusion
We have shown that the BGK-FVS framework is well designed to solve the con-
centration equation. This formulation allows to write an entropic scheme, that
satisfies the H-theorem.

The main advantage is the modularity, it’s working very well in all the bench-
marks, with the order two in space.

Some effort will be done to work on the boundary conditions, as it is critical
in these type of problems.
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4.4. Maxwellian indicator: towards dispersion determination

4.4. Maxwellian indicator: towards dispersion
determination

Dispersion in porous media plays a key role in many industrial phenomena. The
determination of longitudinal dispersion is a key parameter for the characteriza-
tion of many media of this type. For example, this information is needed for the
design of exchangers, pollution of soil, oil extraction, chemical reactor,...

Since the early work of Taylor showing precise asymptotic results as concerns
the dispersion of a tracer between two infinite parallel planes, many similar for-
mal results have been obtained more or less rigorously in general porous media
by homogenization or volume averaging approaches [2, 98].

In such theories, however, the theoretical establishment of the dispersion
regimes and the practical computation of dispersion coefficients are often re-
duced by important simplifications on the geometry of the medium which shrinks
to simple obstacles (like spheres or elementary polyhedrons) embedded in peri-
odic cells. But such approximations have been revealing to be crude ones when
reported to the complex geometry of any practical media.

In the same time, the quick and impressive development of so called kinetic
formulation for parabolic equations, including the Lattice Boltzmann Method or
new abstract kinetic schemes like [80], has permitted the efficient simulations of
any detailed non stationary microscopic Navier-Stokes or scalar passive diffusion
flows through real, complex porous media.

Among the available numerical ways permitting to establish numerically the
longitudinal dispersion, including the computation of the longitudinal coeffi-
cient, the most natural one is to perform non stationary simulations of a tracer
moving according to a classical advection-diffusion equation within a Navier-
Stokes flow, as it’s the way the physical experiments are done.

Then, following the theory of longitudinal dispersion, applied to a 3D problem
which is then reduced thanks to averaging to a 1D problem, there must exist
an asymptotic time and length for which the mean concentration (obtained by
averaging the scalar concentration C in the plane orthogonal to the x- directed
filtration velocity u) should obey the following advection-diffusion equation:

∂tC + u∂xC = Dl∂xxC, (4.23)

with Dl the longitudinal dispersion and for which the solutions tend to be at any
time the Maxwellian ones looking like:

C (x, t) = C (t) exp
(
−((x− x0)− ut)2

4 (σ +Dlt)

)
, (4.24)

where x0 is the reference position and σ the variance. In other words, for "large"
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time, the (orthogonal) averaged concentration c̃ (x, t) can be written as:

c̃ (x, t) = C (x, t) (1 + ε (t) g̃ (x, t)) , (4.25)

where ε is a small positive parameter, with ε (t) → 0 when t → +∞, while the
function g̃ (x, t), which represents some noises added to the "perfect" asymptotic
signal, may always be chosen such that it satisfies the normalization condition:

∀t
∫ +∞

−∞
g̃2 (x, t)C (x, t) dx =

∫ +∞

−∞
C (x, t) dx. (4.26)

Unfortunately, as we have said it, this result is only valid for "asymptotic" t and
an interesting non trivial questions arise to decide:

1. when the mean concentration C (x, t) follows a (spatial) Maxwellian law
like (4.24).

2. how to establish the value of the longitudinal dispersion Dl, and how to es-
timate the error we perform in the estimation when reported to the asymp-
totic (uniquely and well defined) value.

There exist several acceptable ways to answer these questions but the main prob-
lem remains our capacity to identify spatial Maxwellian distributions with a good
precision.

We are going to show that it is possible to construct an easy but strong and re-
liable Maxwellian indicator and an efficient dispersion estimator by introducing
a few important ideas of the classical kinetic theory.

In the first part, we explain how to build a Normalized Discrete Maxwellian
Indicator (NDMI) and how to estimate the dispersion coefficient.

In particular, we show that we can control precisely the value of our indicator
in presence of a perturbed Maxwellian, a key aspect in deciding whether a given
instantaneous distribution follows or not a (spatial) Maxwellian law.

Then, in a second part, we show the numerical efficiency of the NDMI to com-
pute the longitudinal dispersion. By solving stationary Navier-Stokes and non
stationary passive scalar advection-diffusion equations using the Lattice Boltz-
mann Method, we first check that we recover the theoretical results of Taylor
between parallel planes with a great precision and a great control.

Then we study real intricate metallic foams, and show that our NDMI behaves
as expected in a general porous medium, enabling to compute the longitudinal
dispersion coefficient with great control.

We first define some main basic notations and definitions, then we introduce
the principal results used in the following developments, and finally we study
the numerical efficiency of the proposed indicator.
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4.4.1. Definitions
Let f := (f1, · · · , fN) ∈ RN . We say that f is non negative, and we write f ≥ 0
whenever there is: ∀i ∈ [1, N ] , fi ≥ 0.

When f is non negative and non null, we write f > 0.
Finally, we say that f is positive and write f � 0 whenever there is ∀i ∈

[1, N ] , fi > 0.
The (convex cone) of non negative vectors will be noted as C+, while C+∗ and

int (C+) will denote respectively the set of non negative non nul and positive
vectors.

Let xi, i ∈ [1, N ] be a set of N different points of RD. These points are assumed
to be taken in a collection Ci, i ∈ [1, N ] of disjoint cells of Rd, each of it having a
volume Vi.

Basically, in the following, we shall interpret any vector f ∈ RN as the realiza-
tion at the xi of a given function f ( · ). Then, if f, g are two vectors of RN , the
notation fg will be understood like a product as:

∀i ∈ [1, N ] , (fg)i = figi. (4.27)

For f ≥ 0, we define its discrete moments against the polynomial functions
{1, x, x2} as the discrete quantity:

(n (f) ,q (f) , e (f)) =
i=N∑
i=1

(
1, xi, x2

i

)
fiVi := R (f) . (4.28)

In the sequel, we will often use the notation (1, xi, x2
i ) = m (xi). It is assumed

the following natural property on the points xi:

We assume that the family m (xi) , i ∈ [1, n] generates the space RD+2, that is,
any vector of RD+2 can be written as a linear combination of the m (xi) , i ∈ [1, n]

From the moments (n (f) ,q (f) , e (f)), we define the discrete mean xm (f) and
variance σ (f) of f by the following two relations:

q (f) = n (f) xm (f) , e (f) = nx2
m (f) + ndσ (f) , (4.29)

where we recall that D is the dimension of the (spatial) space. In the sequel, we
will name as Discrete Maxwellian any positive vector M := (M1, · · · ,MN) such
that there exist Maxwellian parameters (ν > 0,m, s > 0) for which:

∀i ∈ [1, N ] ,Mi = ν

Z (m, s) exp
(
−(xi −m)2

2s

)
, (4.30)

171



4.4. Maxwellian indicator: towards dispersion determination

where Z (m, s) is the so called partition function defined as:

Z (m, s) =
i=N∑
i=1

exp
(
−(xi −m)2

2s

)
Vi. (4.31)

Assuming that M is a discrete Maxwellian, we define the discrete L2 (M) dot
product on RN by the formula:

∀f, g ∈ RN , 〈f, g〉L2(M) :=
i=N∑
i=1

figiMiVi. (4.32)

The associated norm will be noted:

∀f ∈ RN , ‖f‖2
L2(M) =

i=N∑
i=1

f 2
iMiVi. (4.33)

Let ρρρ := (n,q, e) ∈ RD+2, ρρρ is a strictly realizable moment. We have ρρρ ∈ Rs,
if it exists f ∈ int (C+) such that ρρρ = R (f). We first give the following obvious
lemma, that however will have its own importance:

Lemma 1. Rs is an open set of RD+2 (proof at annexe B).

Now, for any f ∈ RN , we define its discrete entropy H (f) as the quantity:

H (f) :=


∑i=N
i=1 (fi ln (fi)− fi)Vi, if f ∈ C+,

+∞, if f /∈ C+.
(4.34)

The function H : RN 7→ R is strictly convex, semi lower continuous on RN , and
its domain is C+.

4.4.2. Main results on the moment problem
For a given moment ρρρ ∈ Rs being chosen, we say that it is star-realizable, and
write ρρρ ∈ Rs∗ if the following minimization problem has a solution:

Problem 1. ρρρ ∈ Rs being fixed, find, if possible, a (the) minimizer of the function
H (g) under the constraint that R (g) = ρρρ.

If this holds true, we note ξξξ (ρρρ) its minimizer, which is necessary unique, thanks
to the strict convexity of the function H and non negative.
An important result has been shown in [35]: There is Rs = Rs∗. Moreover,
assuming that the family m (xi) , i ∈ [1, N ] generates the space RD+2, then for any
ρρρ ∈ Rs the minimizer of Problem 1 is given by a Discrete Maxwellian ξξξ (ρρρ) whose
Maxwellian coefficients can be computed by solving the non linear problem of
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D + 2 unknowns:
i=N∑
i=1

m (xi) ξiVi = ρρρ := (n,q, e) . (4.35)

This non linear problem may look difficult to solve, however it is not the case
for the following reasons:

1. The solution of the problem (that is the determination of the Maxwellian
parameters) is unique

2. The function to be solved is explicitely differentiable from its variables so
an efficient Newton (or Newton-like) algorithm can be used

3. If the points xi are significative, the inital guess values will be close to the
solution:

{n0, xm,0, σ0} =
{
n,

q
n
,

1
dn

(
e− q2

n

)}
. (4.36)

We can expect that the only limitation on the computation of the Maxwellian
parameters are the machine capacity and the restrictions due to the Newton Al-
gorithm. If the function f is chosen as a perfect Discrete Maxwellian M written as
(4.30), then the Maxwellian parameters computed from the resolution of (4.35)
must be equal to (ν,m, s) with a very good numerical precision.

4.4.3. Definition of the Discrete Maxwellian Index
The Discrete Maxwellian Index is computed as a Discrete Kullback Information:

Definition 3. Let f ∈ int (C+). Compute ρρρ = R (f) and find ξξξ (R (f)) the mini-
mizer of Problem 1. Then define:

DMI (f) =
i=N∑
i=1

[
fi ln

(
fi

ξi (R (f))

)
− fi + ξi (R (f))

]
Vi. (4.37)

The DMI (f) is the Discrete Maxwellian Index of f� 0.

We have the following properties (see Annexe B for demonstrations):

1. ∀f � 0, DMI (f) ≥ 0 and equals to zero if and only if f is a Discrete
Maxwellian.

2. The application Ξ : RN 7→ RN , f 7→ ξξξ (R (f)) is of class C∞ on int (C+). As a
consequence, the application DMI : int (C+) 7→ R is C∞.

We can write a more convenient solution of Problem 1. Let’s define a :
Rs 7→ RD+2 the application which maps the strictly realizable moment ρρρ to the
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Maxwellian parameters (ν,m, s) that characterize ξξξ (ρρρ). For commodity reasons,
we shall consider a (ρρρ) := (ν,m, s), and consider:

a (ρρρ) =
[
ln
(

ν

Z (m, s)

)
− m2

2s ,
m
s
,− 1

2s

]
. (4.38)

The link between (ν,m, s) and (4.38) being C∞ and bijective. The solution of
Problem 1 is now:

ξi (ρρρ) = exp (a (ρρρ) ·m (xi)) . (4.39)

4.4.4. Expansion of ξξξ (M (1 + εg))
We need the expansion at order two of ξξξ around a discretized Maxwellian M.
Obviously, for ε to have a meaning in scaling, we will always assume that g is
normalized for the L2 (M) natural norm, that is:

i=N∑
i=1

g2
iMiVi =

i=N∑
i=1

MiVi. (4.40)

So let us consider f = M (1 + εg) for any fixed g ∈ RN . As the set Rs is open,
then if ε > 0 is small enough, we have R (M (1 + εg)) ∈ Rs. Let us write

Mi := exp (ααα ·m (xi)) . (4.41)

where ααα = (a0, a1, a2). Then there is

ξi (R (f)) = exp
([
ααα + εβββ + ε2γγγ +O

(
ε3
)]

·m (xi)
)
. (4.42)

As the function a (ρρρ) is of class C∞, we can expand it in Taylor series at any order
in the vicinity of any ρρρ ∈ Rs. Then there is:

ξi (f) = Mi

(
1 +

[
εβββ + ε2γγγ

]
·m (xi) + ε2

2 (βββ ·m (xi))2
)

+O
(
ε3
)
. (4.43)

We can then identify the unknowns βββ := (b0,b1, b2) as well as γγγ := (c0, c1, c2) by
writing that:

i=N∑
i=1

m (xi) ξiVi =
i=N∑
i=1

m (xi)Mi (1 + εgi)Vi. (4.44)
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We check easily that the 0 order in ε matches. At order one in ε we can write the
following system:

∑
i ViMi

∑
i xiMiVi

∑
i x2

iMiVi∑
i xiMiVi

∑
i xi ⊗ xiMiVi

∑
i x2

ixiMiVi∑
i x2

iViMi
∑
i x2

ixiMiVi
∑
i x4

iMiVi



b0

b1

b2

 =


∑
i giMiVi∑
i xigiMiVi∑
i x2

i giMiVi

 ,
(4.45)

where ⊗ denotes the usual vectors tensorial product.
Let us consider the following three vectors of RN :

1 := [1, · · · , 1]T , X := [x1, · · · , xN ]T , X2 :=
[
x2

1, · · · , x2
N

]T
, (4.46)

and let us denote by P the orthogonal projection, for the L2 (M) dot product in
RN , on the linear space generated by 1,X,X2. Then the above system of linear
equations on b0,b1, b2 shows that:

b01 + b1 ·X + b2X2 = P (g) , where b1 ·X := [b1 · x1, · · · ,b1 · xN ]T . (4.47)

Then, using this first result, we are able to continue the expansion by finding the
values of c0, c1, c2 as function of [b0,b1, b2]T , then g. To do that, it is enough to
observe that at order 2 in ε there is:

i=N∑
i=1

(
γγγ ·m (xi) + 1

2 [βββ ·m (xi)]2
)

m (xi)MiVi = (0,0, 0) . (4.48)

Then we arrive quickly to the conclusion that:

c01 + c1 ·X + c2X2 = −1
2P (P (g)P (g)) := −1

2Q (g, g) . (4.49)

Finally, the expansion of ξξξ (M (1 + εg)) yields:

ξξξ (M (1 + εg)) = M
(

1 + εP (g) + ε2

2 (I − P)
[
P2 (g)

])
+O

(
ε3
)
, (4.50)

where I denotes the identity operator on L2 (M). Of course we could have con-
tinued the Taylor series up to any order. From the above calculations, which
enable to systematically recover any Taylor term in the expansion of a (ρρρ), it is
immediate to see that:
There is ξξξ (M (1 + εg)) = ξξξ (M (1 + εP (g))). In particular, if P (g) = 0 then
ξξξ (M (1 + εg)) = M.
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4.4.5. Error analysis in the determination of Maxwellian
parameters

Now we finish the properties of our Index by showing the following:
Assume that the vector f � 0 is written as a perturbed Maxwellian following
∀i ∈ [1, N ] , fi = Mi (1 + εgi), with M a Discrete Maxwellian, ε > 0 a small
parameter and g a perturbation vector. Then we have:

DMI (f) = ε2

2 ‖g− P (g)‖2
L2(M) +O

(
ε3
)
. (4.51)

Our main concern is that we do not have DMI(f) as a function of ‖g‖2
L2(M) but

‖g− P (g)‖2
L2(M). Consequently, we can have DMI(f) very low (even zero) with-

out ε being small, while g is still normalized if necessary: just choose g = P (g) 6=
0. For the sequel we will note:

‖g− P (g)‖L2(M) = τg ‖g‖L2(M) , 0 ≤ τg ≤ 1. (4.52)

Since we do not know exactly the noise g (which is the main unknown of the
problem), we do not know exactly the value of τg.

However, this value is expected to be close to one. This is because, as g is
a noise, it has generally very high spatial oscillations, so that it is often nearly
orthogonal to the low frequency spatial functions generated by (1,X,X2). Finally
we have:

‖g− P (g)‖2
L2(M) = τ 2

g

i=N∑
i=1

MiVi = τ 2
g

i=N∑
i=1

fiVi +O (ε) = τ 2
gn (f) +O (ε) . (4.53)

As a consequence, if f � 0 is a perturbed Maxwellian, since one can fairly as-
sumed that τg is close to one, we can always have an idea of the magnitude of
the noise by computing the Normalized Discrete Maxwellian Index NDMI:

∀f� 0, NDMI (f) :=

√√√√2DMI (f)
n (f) , (4.54)

then, if f is a Discrete Maxwellian (perturbed by a noise with high spatial oscil-
lations), NDMI scales the magnitude of the noise up to the factor τg (i.e. τgε ≈
NDMI). Reciprocally, for any NDMI which is small enough (say less than 5.10−2

for instance) necessarily (not considering the very special case of perturbation
function with low spatial frequencies) corresponds to a perturbed Maxwellian.

As a consequence, the NDMI is a very simple powerful index to decide the
Maxwellian form of an observed signal. However, this is not the only information
we want to have as concerns perturbed Maxwellian functions.
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Another important information, especially as concerns the determination of
the longitudinal dispersion, is the value of parameters. In other words, if we
know that our observation is "Maxwellian enough" (thanks to the computation
of its NDMI), then our question is to know how close to the real parameters are
those we have estimated by solving the entropy minimization problem.

Returning back to the computation of Maxwellian parameters obtained on a
perturbed Maxwellian, we have seen that there holds:

αααε = ααα + εβββ, (4.55)

where αααε is the perturbed estimation and ααα the clear one. Recall that the vector
βββ ∈ RD+2 is such that βββ ·m (xi) = Pi (g). So estimating the error performed
replacing ααα by αααε consists in finding an upper bound for a norm computed on βββ.
For any vector of RD+2, we define its L2 M-norm by the formula:

‖βββ‖2
M = βββT

(
i=N∑
i=1

m (xi)⊗m (xi)MiVi

)
βββ. (4.56)

Since we have ∀i,βββ ·m (xi) = Pi (g) then we have obviously:

‖βββ‖2
M = ‖P (g)‖2

L2(M) =
(
1− τ 2

g

) i=N∑
i=1

MiVi. (4.57)

So that we get our final result as concerns the error we commit on estimating
the coefficients on the perturbed Maxwellian rather than the exact one:
Let f � 0 be a perturbed Maxwellian. Note by ααα the parameters of the exact
Maxwellian and by αααε those obtained by entropy minimization procedure on f.
Then we have up to a term in O (ε2):

‖αααε −ααα‖M√
n (f)

=
ε
√

1− τ 2
g√

n (f)

√√√√i=N∑
i=1

MiVi =

√

1− τ 2
g

τg

 NDMI (f) . (4.58)

Finally, what makes the error ‖αααε −ααα‖M /
√
n (f) small is both the fact that the

NDMI is small and the fact that τg is not far from unity since g is expected to
feature high spatial frequencies.

4.4.6. Numerical Efficiency
In the following, we will test the numerical efficiency of the NDMI, in one di-
mension, by generating a Maxwellian on a chosen set of parameters (ν = 1,m =
0.5, s = 0.025) on the interval [0, 1].

We perturb the Maxwellian thanks to a noise given by g (x) = cos (2πfx),
with several frequencies f and varying noise magnitudes ε. We assume a spatial
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discretization having 40 points, regularly distributed on the interval, at the center
of the cells, so that the volumes Vi of the cells are equal to 1/40 = 0.025. We have:

fi = ν

Z (m, s) exp
(
−(xi −m)2

s

)(
1 + ε

g (xi)
Ng

)
, (4.59)

where there holds[∑
i

1
Z (m, s)g

2 (xi) exp
(
−(xi −m)2

s

)]
= N2

g . (4.60)

The results we get on the link between NDMI, ε, τg are gathered in the following
Figure 4.28

Figure 4.28.: comparison between ε and NDMI for different spatial frequencies of
the noise f

As one can see, as soon as f ≥ 4, then τg is so close to unity that the NDMI
matches exactly ε, even for pretty high value of the noise magnitude (ε = 0.25).
For low values of the spatial frequency f = 1, then we have approximately τg =
0.8, but of course the order of magnitude remains the right one.

4.4.7. Recovering the Maxwellian parameter
Now we study the numerical aspect of the link between the error performed on
the Maxwellian parameters, given by (4.58), as they have been obtained by the
equation (4.38). The results are presented in Figures 4.29.

178



4.5. Dispersion determination

(a) numerical consistency of the for-
mula (4.58) for different values of the
noise spatial frequency

(b) error performed in estimating the
Maxwellian parameters

Figure 4.29.: Error on recovering the exact Maxwellian parameters

As we can see, equation (4.58) is very well respected and we understand why
increasing the spatial frequency of the noise finally decreases the error in the
parameters estimation, even if the noise magnitude (that is finally the NDMI) is
"important" (say 0.25). This is linked indeed to the fact that the entropy mini-
mization method, since it only retains the "projection" on the signal on 1,X,X2

discards quickly any signal having high frequency oscillations.
Finally, we can see that the NDMI gives an upper bound for the error but in

practice we can pretty surely expect a real error which is probably ten times,
even more, lower than the NDMI estimation. Then if during a computation,
we get NDMI ≈ 0.05 then, the error performed on the Maxwellian parameter is
probably lower than 0.005.

4.5. Dispersion determination

4.5.1. Using the NDMI to compute dispersion
There exist several ways, more or less equivalent, to establish the existence of an
"asymptotic" longitudinal dispersion regime and to compute the dispersion coef-
ficient. Many of the theories, however, are based on (geometrical) simplification
assumptions in the porous medium.

The interest of our numerical LBM is to check any of the predictive point of
the dispersion theory without any further assumption, just by computing direct
microscopic flows on real complex geometries. Then, by computing at any time
the value of the NDMI for the average concentration, we are able to survey the
Maxwellian regimes, that is to say the regime for which the dispersion equation
is valid.
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Then, by solving, for this range of time, the non linear parameter problem
(4.35), we are able to determine, at each time of the dispersion regime, the
values x0 +ut and σ+Dlt. Plotting these values versus time enable to determine
both the filtration velocity u and the longitudinal dispersion coefficient Dl, as
well as x0 and σ if necessary.

Finally, the parameters are obtained by using the maximum of available sig-
nificant information: at any time, we observe the averaged concentration on
the whole x direction to get the Maxwellian parameters, while the recovering of
u and Dl is obtained by observing them in a regime where we are sure of the
Maxwellian form of the concentration profile thanks to the survey of the NDMI
so that, with a few additional assumption on the spatial frequency of the noise,
enables to have a very precise estimation of the dispersion parameter.

4.5.2. Validation on Taylor dispersion
In the Taylor’s dispersion classical problem, we have an analytical solution of the
longitudinal dispersion between two plates (2D case), given as (c.f. [2]):

Dl = Df

(
1 + Pe2

210

)
, (4.61)

where Df is the molecular bulk diffusion and Pe is the Péclet number defined
as:

Pe = uH

Df

, (4.62)

with u the mean velocity, H the distance between the plates. So we can compare
the analytical dispersion coefficient to the one obtained using of the NDMI and
the methodology itself, using the LBM code. The scenario is as follows:
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(a) Zoom of C(x) at t = 0s (b) C(x) profile at t = 0s, NDMI = 0

(c) Zoom of C(x) at t = 0.625s (d) C(x) profile at t = 0.625s, NDMI =
0.392

(e) Zoom of C(x) at t = 15s (f) C(x) profile at t = 15s, NDMI =
0.0348

Figure 4.30.: Evolution of the concentration field, with corresponding changes in
the NDMI at Péclet 100. At each time, the mean concentration profile is compared
to the best Maxwellian approximating it by entropy minimization

1. At t = 0, the Maxwellian is injected (see Figure 4.30(a)), the average con-
centration profile over planes perpendicular to the main direction is thus
a Maxwellian (see Figure 4.30(b)). The NDMI value is zero, as the corre-
sponding profile is a perfect Maxwellian.

2. At t = 0.625s, as the velocity is null along the plates, the transverse diffusion
is not established. We can then see some 2D effects, and the concentration
profile over the domain is far from being a Maxwellian (see figure 4.30(d)).
The NDMI value is then 0.392, which can be interpret as the concentration
field being 39% Maxwellian.

3. Figure 4.31(a) shows the NDMI evolution over time. At t = 15s, the con-
centration profile is almost a perfect Maxwellian (figure 4.30(f)), as the
NDMI value is 0.0348, which is very good.

4. Finally, as soon as the NDMI is below a given value (here 0.05 see Figure
4.31a) we estimate that the Maxwellian regime is reached and we start
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plotting xm, σ versus time (see Figure 4.31(b) and 4.31(c)). Confirming the
asymptotic regime, we obtain straight line with a very good accuracy. The
slope of the lines are respectively the filtration velocity u in the x direction,
and the longitudinal dispersion coefficient Dl.

(a) NDMI evolution over time

(b) Xm over time (c) Sigma over time

Figure 4.31.: NDMI variation for Pe = 100

Figure 4.32.: Dispersion coefficient in the Taylor experiment. Comparison between
numerical and analytical solutions for different Péclet, Df is the molecular diffu-
sivity of the fluid, Dxx the longitudinal dispersion

We can compare for different values of the Péclet number the exact dispersion
coefficient with the one we find. In Figure 4.32 we can observe a really good
agreement with the analytical solution.
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We will now apply this methodology to the determination of the longitudinal
dispersion on intricate porous media.

4.5.3. Application on porous media, Kelvin foam
In many emerging applications, optimizing the shape of the structure and its ar-
rangement are searched for sets of the selected properties. It is thus necessary to
develop accurate and efficient numerical simulations to predict the thermal and
hydraulic properties from a geometric description of the solid matrix. In addi-
tion, the majority of the applications are for transient problems, we then have
chosen the lattice Boltzmann method (LBM) [37], as it is inherently unsteady.

Originally, only the mass and momentum were taken into account in the LBM
(Flow description) and then it was extended to the resolution of the energy
equation and mass transfer.

We use this method on real geometries obtained by a in house software iMorph
[30, 112], which reconstructs the skeleton of the foam from micro tomographic
images. It also gives some geometric foam properties as tortuosity, cell orienta-
tions, etc.

Figure 4.33.: View of the discretised solide phase. Only one Kelvin cell is repre-
sented. dp (pore diameter) = 14,22 mm, ε (porosity) = 87%

Figure 4.34.: Streamlines of the flow, for the first 3 Kelvin cells

The code is used to evaluate some physical properties of a media, like the
permeability, inertia coefficients, mixing efficiency, heat transfer coefficient and
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finally the dispersion. In this work we will focus our interest to determine the
longitudinal dispersion.

In order to have an established dispersion, we choose to have a very long
domain, that is to say 1.4 m long (98 Kelvin cells with cell diameter of 14.22
mm, see Figure 4.33). Symmetry conditions where applied to lateral faces of the
foam, having a computing domain of 12’465’000 cells. A zoom of the streamlines
is shown in Figure 4.34.

The first empty voxels are added in order to contain the initial Maxwellian.
The result is shown at time 0 s in Figure 4.35. Then, we can observe the
Maxwellian return, as the color contour retrieve the original order. We have
only shown the region of interest, as the concentration values are null outside of
it, at the exception of the last one, which has been cut in half.

Figure 4.35.: Contour of the concentration field (zoom of the region of interest) vs
time. We can observe the Maxwellian return. For the last figure, a zoom of the
region of interest is showed.

The behavior of the NDMI value over time is similar to the Taylor validation
test, as shown in Figure 4.36. First, the Maxwellian is deformed when it goes
in the first cells, then the diffusion has the time to influence the shape of the
Maxwellian, and the concentration field slowly return to a Maxwellian, as an
asymptotic solution of the concentration equation.
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Figure 4.36.: Evolution of the NDMI at Pe 100 vs time

Figure 4.37.: Computation of the longitudinal dispersion coefficient for different
Péclet

At the end of the simulation, the NDMI value is about 3.8 %, which is very
good. So, the estimation of the longitudinal dispersion coefficient is expected to
be obtained with a very high accuracy, as this has been established in the former
section.

4.5.4. Conclusion
The main problem in calculating the dispersion is to be sure that the porous
media is long enough and the time of observation is large enough so that an
asymptotic regime can be reached. The higher the Péclet is, and the longer the
porous media must be: in those cases the advection is so high that observing the
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diffusivity effects, the system needs to be surveyed for a long time and on a long
spatial scale.

Previous studies (see for instance [65] and reference therein), for Péclet at
about 105 (fig 8 of [65]), showed that great errors can be made, up to a difference
of two orders of magnitude in the longitudinal dispersion, if we try to compute
dispersion coefficient while the system has not necessary relaxed to a Maxwellian
state. Evaluating the Maxwellian regime is then critical.

We have proved in this section that this delicate question could be answered
very powerfully by computing the NDMI, while the latter has also be shown to
be a large upper bound in the error computed for the longitudinal dispersion.

Finally, it is believed that the NDMI can be easily adapted for the computation
of the so called transversal dispersion coefficient.

Finally, what makes our method original is its particular link to the detailed
numerical simulation obtained because of LBM or any kinetic scheme. Since
we have a detailed knowledge of the microscopic flow, we are able to exploit
it the best way. This is not necessarily possible using experimental data, where
only input and output data can be measured. But this is precisely the interest of
having microscopic simulations.

Note that the tools we have used, namely the Kullback information and the
entropy minimization method are very common knowledge of the kinetic the-
ory. This is finally linked to the fact that, just like the Boltzmann equation, the
dispersion equation (4.23) is concerned with some "Maxwellian return".



Conclusion and perspectives
The main objective of this thesis was to develop a new numerical approach to
solve the incompressible NS equations, which is computationally efficient for
homogeneous and heterogeneous media.

We have developed the theoretical framework in Chapter two. The proposed
new BGK-FVS method allows to solve an hyperbolic rescaled equation with a
kinetic BGK method.

First we design a kinetic BGK equation which corresponds to a hyperbolic
system. Then, we used a transport-projection method to approximate the RHS
of the designed BGK, enabling to use a moment based equation rather than a
scheme based on discrete velocities. Moreover, the transport-projection method
can be seen as a Flux Vector Splitting one, we can analyze the moment based
equation with the tools of the FVS method, without involving any kinetic model.

The entropy can be kept at each step of the formal developments, from the
continuous scheme to the discreet level. Different choices were made for the
present numerical scheme:

• the kinetic BGK model is replaced by a transport-projection algorithm.

• 2D velocities per moment.

• linear decomposition following the moments and the fluxes for the Maxwellian.

• multidimensional Lax-Friedrichs scheme for the flux vector splitting.

Then, the consistency and accuracy of the BGK-FVS method to the INSE equa-
tions leads to some conditions over flux moment derivatives in order to be
second-order accuracy, which are satisfied by adjusting a free parameter with
the fluxe’s definition of the Lax-Friedrichs scheme.

In other words, we controlled the known diffusivity of the diffusive scaling
by adjusting it to the physical viscosity. The stability analysis is ensured with
the entropy, which imposes that the computed moments remain in the stability
region of the open set of admissible moment.

Finally, the discrete entropy inequality holds under three different stability
conditions: one coming from the CFL of the time discretization of the hyperbolic
system, two from the stability region: the cell Reynolds number and the sub-
characteristic condition. This means that the grid size must be small enough to
satisfy all of them.

We have shown in chapter three that the BGK-FVS method gives quite accu-
rate results, if the grid size is small enough. We can afford to overshoot the
subcharacteristic condition, without loosing the entropy inequality.



However, based on the presented numerical tests, if this overshoot is greater
than 40%, we may loose some accuracy, and in this case it is therefore advised
to get a smaller grid size. Moreover, the subcharacteristic condition makes that
the cell Reynolds number will never be to its theoretical maximum, leading to
smaller grid size.

In chapter four, we have developed a successful BGK-FVS code and extended
an existing LB tool. We demonstrate the application of a parallel BGK-FVS code,
for an accurate permeability determination of various porous media, from high
to low porosities of metallic foams or wood structure.

Those 3D complex structures may come from either binarized µtomographic
images or designed in CAD (Computer Aided Design), which can have small im-
perfections, leading to meshing difficulties for commercial software. Moreover,
such softwares use numerical schemes that may have difficulties in closed region.

We have seen that the BGK-FVS method does not have these two problems,
showing excellent results in different media.

The limiting stability conditions are less important in these media as the voxel
size is imposed by the µtomographic images.

We also have shown the validation of an entropic method for solving the en-
ergy equation, seen as an advection-diffusion equation of a passive scalar.

We finally have used the LBM code and with the combination of a novel indi-
cator coming from the kinetic theory to determine the longitudinal dispersion in
real foam.

As the perspectives of this work one can mention the following:

• We may optimize the subcharacteristic stability condition. For example,
taking more velocities (as LBM does), may help to improve the accuracy,
even if we do not satisfy that condition. Moreover, it should be possible to
construct differently the Maxwellians, leading to some possible changes on
the cell Reynolds number, and/or the subcharacteristic condition.

• Another way on working around this issue is to dynamically refine the
mesh, where the cell Reynolds number is too high. This way, we could
optimize the total number of cells, leading to finer cells in the key areas
of the computational domain, and bigger ones where the problem is not
stiff. The first step for doing this is to consider the scaling of a variable
parameter in space, ε(x), in the rescaled equations. In the case of successful
developments, the path is open to consider a variable viscosity, which could
depend on temperature for example: ν(x, T ).

• We may solve the rescaled hyperbolic system with a kinetic scheme, without
the help of the transport-projection algorithm. The resulting scheme would
use discrete velocities, and may change the stability conditions.



• The energy equation is still an open field. We have validated the feasibility,
using the BGK-VFS framework. Special work has to be done concerning the
boundary conditions.

• Moreover, the CFL condition coming from the time discretization limits the
timestep ∆t to be proportional to ∆x2. This condition is natural since we
are solving the incompressible viscous Navier-Stokes system. It is possible
to bypass this limitation by making the viscous terms implicit. The two
entropy conditions will stay, but we will have no restriction on the timestep.
This variant of the scheme imposes to solve a linear system at each time step
(discrete Laplace operator).
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ANNEXES

A. Drag/lift coefficients determination

A.1. Problem formulation
We want to compute the drag and lift force on a shape. We will consider the
example’s setup in figure A.1.

n

main flow

direction

�

x

z

wall

wall

o
u
t
l
e
t

Figure A.1.: setup

Γ is the border where we want to calculate the drag and lift coefficients, −→n is
the normal to Γ, u = (ux, uy, uz) the velocity, and p the pressure. We will need
the definition of the stress tensor, which is :

σ = −pI + µ
(
∇u +∇

T
u
)
. (A.1)

Developed in 2 dimensions, we have :

σ2D =
 −p+ 2µ∂ux

∂x
µ
(
∂ux
∂y

+ ∂uy
∂x

)
µ
(
∂ux
∂y

+ ∂uy
∂x

)
−p+ 2µ∂uy

∂y

 . (A.2)

and in 3 dimensions :

σ3D =


−p+ 2µ∂ux

∂x
µ
(
∂ux
∂y

+ ∂uy
∂x

)
µ
(
∂ux
∂z

+ ∂uz
∂x

)
µ
(
∂ux
∂y

+ ∂uy
∂x

)
−p+ 2µ∂uy

∂y
µ
(
∂uy
∂z

+ ∂uz
∂y

)
µ
(
∂ux
∂z

+ ∂uz
∂x

)
µ
(
∂uy
∂z

+ ∂uz
∂y

)
−p+ 2µ∂uz

∂z

 . (A.3)

By definition, we have the formula of the drag coefficient,D, with dl the length
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of the considered section, on the parallel direction of the flow :

D =
∫

Γ
σ.−→n dl.−→ex . (A.4)

Also by definition, we have the lift coefficient, on the perpendicular direction of
the flow, as :

L =
∫

Γ
σ.−→n dl.−→ez . (A.5)

A.2. Derivative’s determination
The derivatives are evaluated with the finite difference method. The principle
is the following: the derivatives in the partial differential equations are approx-
imated by a linear combination of some function values at the grid points. We
will consider the 1D grid, of dimension [0, X], with ui ≈ u(xi), i ∈ 0, 1, ..., N
(N + 1 discreet points), dx = X/N and xi = i ∗ dx:

x0 x1 xi

dx

xi-1 xi+1
0 X

Figure A.2.: 1D grid

By definition, the derivative’s values are:

∂u

∂x
(x) = lim

∆x→0

u(x+ ∆x)− u(x)
∆x

= lim
∆x→0

u(x)− u(x−∆x)
∆x

= lim
∆x→0

u(x+ ∆x)− u(x−∆x)
2∆x .

(A.6)

The first equation is called the forward difference, the second one the back-
ward difference and the last one the central difference. The geometric interpre-
tation is showed in Figure A.3.
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Forward difference

backward

central

xi xi+1
xi-1

u
(x

)

Figure A.3.: geometrical interpretation

A.3. Truncation error
We want to find the order of the numerical scheme. The error analysis is done
by developing the Taylor series expansion :

u(x) =
∞∑
n=0

(x− xi)n

n!

(
∂nu

∂xn

)
i

, u ∈ C∞ ([0, X]) . (A.7)

We have then, for the forward difference method :

ui+1 = ui + ∆x
(
∂u

∂x

)
i

+ (∆x)2

2

(
∂2u

∂x2

)
i

+O(∆x2). (A.8)

Therefore we have : (
∂u

∂x

)
i

= ui+1 − ui
∆x +O(∆x). (A.9)

It’s then of order 1. We can do the same for the backward difference method :

ui+1 = ui −∆x
(
∂u

∂x

)
i

+ (∆x)2

2

(
∂2u

∂x2

)
i

+O(∆x2). (A.10)

Therefore we have : (
∂u

∂x

)
i

= ui − ui−1

∆x +O(∆x). (A.11)
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It’s again of order 1. The centered difference one is a bit different, since we have
directly :

ui+1 − ui−1 = 2∆x
(
∂u

∂x

)
i

+O(∆x2). (A.12)

Which leads to : (
∂u

∂x

)
i

= ui+1 − ui−1

2∆x +O(∆x2). (A.13)

Therefore, the central difference method is of order 2.

A.4. Boundary
At the boundary, as seen in Figure A.4, we can’t use the backward or centered
difference method, as we don’t know the value outside the domain. We could
use the forward difference one, but it’s only of order 1. We therefore need to
find a decentered formula of order 2 in order to have the derivative value at the
boundary. Indeed the ghost cells approach is adopted for the approximation of
the boundary conditions.

Figure A.4.: position of the nodes/cells at the boundary

The idea is to approximate the function u by a polynomial. We then state that
u(x) ≈ a+ bx+ cx2, with a, b, c some unknown reals. We have then :

∂u

∂x
≈ b+ 2cx. (A.14)

And finally : (
∂u

∂x

)
0
≈ b. (A.15)
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The system to solve is the following:

u(0) = u0 = a = 0

u(1
2) = u1 = a+ 1

2b∆x+ 1
4c∆x

2

u(3
2) = u2 = a+ 3

2b∆x+ 9
4c∆x

2.

(A.16)

We find :
b = 9u1 − u2

3∆x . (A.17)

Another way to find this result, and moreover to have the order of this method,
is to work more generally by assessing that (∂u/∂x)0 = (αu0 + βu1 + γu2)/∆x
and considering the approximation the Taylor expansion, as follow:

u1 = u0 + ∆x
2

(
∂u

∂x

)
0

+ ∆x2

8

(
∂2u

∂x2

)
0

+O(∆x2)

u2 = u0 + 3∆x
2

(
∂u

∂x

)
0

+ 9∆x2

8

(
∂2u

∂x2

)
0

+O(∆x2)

u0 = 0

(A.18)

We find :

βu1 + γu2

∆x =β + 3γ
2

(
∂u

∂x

)
0

+ (β + 9γ)∆x
8

(
∂2u

∂x2

)
0

+O(∆x2). (A.19)

In order to have an order 2 scheme, we have to find (β, γ) such that :
β + 3γ

2 = 1,

β + 9γ = 0.
=⇒


β = 3,

γ = −1
3 .

(A.20)

That leads to : (
∂u

∂x

)
0

= 9u1 − u2

3∆x . (A.21)

We have recovered formula (A.17), and it’s of order 2.
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Figure A.5.: position of the nodes/cells at the boundary

If we consider the other side of the wall, as in Figure A.5, we easily find:(
∂u

∂x

)
0

= −9u1 − u2

3∆x (A.22)
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B. Normalized Discrete Maxwellian Index
This part is dedicated to the proof of the assertion used in 4.4.1.

Lemma 2. Rs is an open set of Rd+2

Proof consider the application R : RN 7→ Rd+2 defined by:

∀λλλ := (λ1, · · · , λN) ∈ RN ,R (λλλ) :=
i=N∑
i=1

λim (xi) (B.1)

Since m (xi) , i ∈ [1, N ] generates Rd+2, then the linear application R is surjective.
As it is obviously continuous, then, from the open map theorem, R maps any
open set of RN into an open set of Rd+2. Since Rs = R (int (C+)), then the set
Rs is open. �

Theorem 7. ∀f >> 0, DMI (f) ≥ 0 with equality to zero if and only if f is a
Discrete Maxwellian

Proof This is due to the fact that the function g : R+ × R∗+ defined by g (x, y) =
x ln

(
x
y

)
− x+ y is always non negative with equality to zero if and only if x = y.

As a consequence, if DMI (f) = 0, then this means that:

∀i ∈ [1, N ] , fi = ξi [R (f)] (B.2)

and by consequence, f is a discrete Maxwellian. Conversely, if f is a discrete
Maxwellian, then by unicity of the solution of the problem 1 (see theorem 9),
f = ξξξ [R (f)] and by consequence DMI (f) = 0. �

Theorem 8. The application Ξ : RN 7→ RN , f 7→ ξξξ (R (f)) is of class C∞ on
int (C+). As a consequence, the application DMI : int (C+) 7→ R is C∞

Proof : Note that the second affirmation is an easy consequence of the first one
so that the only difficulty is the first assertion. First, by linearity, it is very clear
that the function R : RN 7→ Rd+2 is C∞ on RN and by consequence on int (C+).
Now let us consider a : Rs 7→ Rd+2 the application which maps the strictly realiz-
able moment ρρρ to the Maxwellian parameters (ν,m, s) that characterize ξξξ (ρρρ). For
commodity reasons, instead of considering a (ρρρ) := (ν,m, s) we shall consider:

a (ρρρ) =
[
ln
(

ν

Z (m, s)

)
− m2

2s ,
m
s
,− 1

2s

]
(B.3)

the link between (ν,m, s) and (B.3) being C∞ and bijective. This enables to write
more conveniently the solution of the problem (1) as:

ξi (ρρρ) = exp (a (ρρρ) ·m (xi)) (B.4)

Now our main problem is to show that the function a is C∞ from Rs to a (Rs).
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B. Normalized Discrete Maxwellian Index

To do that let us consider the function H (ααα,ρρρ) defined by:

∀ρρρ ∈ Rs,∀ααα ∈ Rd+2, H (ααα,ρρρ) =
i=N∑
i=1

m (xi) exp (ααα ·m (xi))Vi − ρρρ (B.5)

Then the function H is clearly C∞ of its variables, moreover defined on an open
set, and by the definition of a (ρρρ) it satisfies H (a (ρρρ) , ρρρ) = 0. Besides we have:

Det ((∂ρρρH) [a (ρρρ) , ρρρ]) = Det (−I) = (−1)d+2 6= 0 (B.6)

By consequence, by the implicit map theorem, the application ρρρ 7→ a (ρρρ) is C∞ in
the vicinity of any ρρρ ∈ Rs. Finally, the application:

ααα ∈ Rd+2 7→ exp (ααα ·m (xi)) ∈ RN (B.7)

is obviously C∞ (with ααα). By composition, the application f ∈ int (C+) 7→ ξξξ ∈
int (C+) is also C∞. �

Theorem 9. Assume that the vector f >> 0 is written as a perturbed Maxwellian
following ∀i ∈ [1, N ] , fi = Mi (1 + εgi), with M a Discrete Maxwellian, ε > 0 a
small parameter and g a perturbation vector. Then we have:

DMI (f) = ε2

2 ‖g− P (g)‖2
L2(M) +O

(
ε3
)

(B.8)

Proof It suffices to perform the expansion at order 2 in ε of:

i=N∑
i=1

[
Mi (1 + εgi) ln

(
Mi (1 + εgi)
ξi (M (1 + εg))

)
−Mi (1 + εgi) + ξi (M (1 + εg))

]
Vi (B.9)

and the result is straightforwards. �
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