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A B S T R A C T

All biological systems are made of atoms and molecules interacting in a non-
trivial manner. Such non-trivial interactions induce complex behaviours allow-
ing organisms to fulfil all their vital functions. These features can be found in
biological systems at different levels, from molecules and genes up to cells and
tissues. In the past few decades, physicists have been paying much attention
to these intriguing aspects by framing them in network approaches for which
a number of theoretical methods offer many powerful ways to tackle systemic
problems. At least two different ways of approaching these challenges may be
considered: direct modelling methods and approaches based on inverse meth-
ods. In the context of this thesis, we made use of both methods to study three
different problems occurring on three different biological scales. In the first
part of the thesis, we mainly deal with the very early stages of tissue develop-
ment in plants. We propose a model aimed at understanding which features
drive the spontaneous collective behaviour in space and time of PINs, the trans-
porters which pump the phytohormone auxin out of cells. In the second part
of the thesis, we focus on the structural properties of proteins. In particular we
ask how conservation of protein function across different organisms constrains
the evolution of protein sequences and their diversity. Hereby we propose a
new method to extract the sequence positions most relevant for protein func-
tion. Finally, in the third part, we study intracellular molecular networks that
implement auxin signalling in plants. In this context, and using extensions
of a previously published model, we examine how network structure affects
network function. The comparison of different network topologies provides
insights into the role of different modules and of a negative feedback loop
in particular. Our introduction of the dynamical response function allows us
to characterise the systemic properties of the auxin signalling when external
stimuli are applied.
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R É S U M É

Tous les systèmes biologiques sont formés d’atomes et de molecules qui inter-
agissent et dont émergent des propriétés subtiles et complexes. Par ces interac-
tions, les organismes vivants peuvent subvenir à toutes leurs fonctions vitales.
Ces propriétés apparaissent dans les systèmes biologiques à des niveaux dif-
férents, du niveau des molecules et gènes jusqu’au niveau des cellules et tissus.
Ces dernières années, les physiciens se sont impliqués dans la compréhension
de ces aspects particulièrement intrigants, en particulier en étudiant les sys-
tèmes vivants dans le cadre de la théorie des réseaux, théorie qui offre des out-
ils d’analyse très puissants. Il est possible aujourd’hui d’identifier deux classes
d’approches qui sont utilisées pour étudier ces types de systèmes complexes :
les méthodes directes de modélisation et les approches inverses d’inférence.
Dans cette thèse, mon travail est basé sur les deux types d’approches ap-
pliquées à trois niveaux de systèmes biologiques. Dans la première partie de
la thèse, je me concentre sur les premières étapes du développement des tissus
biologiques des plantes. Je propose un nouveau modèle pour comprendre la
dynamique collective des transporteurs de l’hormone auxine et qui permet la
croissance des tissus dans l’espace et le temps. Dans la deuxième partie de
la thèse, j’analyse comment l’évolution contraint la diversité de séquence des
protéines tout en conservant leur fonction dans différents organismes. En par-
ticulier, je propose une nouvelle méthode pour inférer les sites essentiels pour
la fonction ou la structure de protéines à partir d’un ensemble de séquences
biologiques. Finalement, dans la troisième partie de la thèse, je travaille au
niveau cellulaire et étudie les réseaux de signalisation associés à l’auxine. Dans
ce contexte, je reformule un modèle préexistant et propose une nouvelle tech-
nique qui permet de définir et d’étudier la response du système aux signaux
externes pour des topologies de réseaux différentes.
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Shall we educate ourselves in what is known,
and then casting away all we have acquired,

turn to ignorance for aid
to guide us among the unknown?

Experimental Researches in Chemistry and Physics,
Micheal Faraday

Ce qui embellit le désert, dit le Petit Prince,
c’est qu’il cache un puits quelque part.

Le Petit Prince, Antoine de Saint-Éxupery
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I N T R O D U C T I O N

Everything is made of atoms. That is the key hypothesis.
The most important hypothesis in all biology, for example,

is that everything that animals do, atoms do.
In other words, there is nothing that living things do

that cannot be understood from the point of view
that they are made of atoms acting according to the laws of physics.

R. P. Feynman

Biological systems are made of atoms and molecules. Superficially those en-
tities are simple, but in practice anyone who has studied chemistry knows how
complex their interactions can be. Furthermore, biology is yet far more com-
plex than chemistry, partly because life and selection act as amplifiers across
length and time scales: a small event such as a mutation arising at molecular
scales can generate a cascade of events that leads to major changes on macro-
scopic scales. Even if one does not go to evolutionary time scales and stays
within a single organism, the functions performed by single cells is bewilder-
ing for a physicist. For instance a molecular signal such as the phosphorylation
of a protein can affect a regulatory process that switches the states of genes be-
tween on and off, producing a succession of changes that ultimately affects the
whole organism. It is the constant competition between organisms over huge
time scales that had made possible the incredible achievements of living or-
ganisms. Those achievements, be they in terms of biochemistry (of interest for
green chemistry amongst others) and self-replication (the ultimate specificity
of life), will no doubt still take the human species decades to understand and
reconstruct.

While studying individual living organisms, it is convenient to think in
terms of three different scales: molecules and/or genes, cells, and tissues/or-
gans. Each level can be considered on its own with elements and concepts
specific to that level, but clearly it is often necessary to cross scales. In the past
few decades much attention has been payed to the study of biological systems
as sets of interacting units. From a physicist’s point of view, such a visualisa-
tion of a biological system often relies on a network structure, where nodes
may represent molecules or genes or cells and edges can represent their inter-
actions. In this regard, in the past few years many network theoretical tools
have been developed for their possible application to biological systems.

Nowadays, in this field, one may identify two different strategies of studying
such phenomena: direct modelling methods and approaches based on inverse
methods. Both strategies follow observations of putatively interesting and non-
trivial phenomena but they differ in their frameworks. In the direct approach,
one aims at simplifying the complex (network) structure by identifying the
"main" elements -and consequently their interactions- in order to build a sim-
pler system. The follow-up analysis is hoped to be helpful to understand fur-

x
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ther properties characterising the system even if they are not easily or directly
observable. On the other hand, in the inverse problem approach, one follows
the reverse route. Given a pre-existing scheme, the aim is to extract from data
some information about the macroscopic properties, i.e. to infer these proper-
ties. This kind of approach has been developed much more in the past few
years thanks to the simultaneous big advances in high-throughput data pro-
duction.

In this thesis, we worked to develop both simplified models and inference
methods, and we did so on the levels of tissues, cells and molecular elements.
These three levels naturally define the division of this thesis into three parts.

In the first part, we focus on the modelling of self-organisation features
of auxin transporters in plant development. Development is the set of pro-
cesses allowing an organism to grow and develop its architecture and shape,
all of which are important for the fulfilment of vital functions. Shape devel-
opment typically requires tissues to grow non-homogeneously. This can be
achieved by cells’ differentiation, i.e., cells showing different characteristics,
usually driven by the production of different substances in space and time.
In plants, cell differentiation is often induced by the hormone auxin, whose
transport is achieved by specific trans-membrane carriers showing non-trivial
distributions throughout entire tissues. How such distributions are set is not
clear yet and much efforts are still devoted to this problem. We thus study
this phenomenon and propose a model aimed at understanding which micro-
scopic effects or interactions among the transporters may induce a collective
behaviour on a large scale such as that of tissues.

In the second part of the thesis, we focus on the design of inference methods
for protein structures, our method hereby renamed Critical Variable Selection.
Proteins are macromolecules managing many of the vital processes inside cells.
However, as a consequence of evolution, homologous proteins or protein do-
mains may show remarkable differences across evolutionarily distant organ-
isms. Understanding how function and structure of proteins in cells or tissues
are encoded in protein sequences is a current challenge. Hereby we tackle this
problem by applying a previously developed method aimed at identifying rel-
evant variables out of the observations of a complex system, i.e. the subset
of variables that makes data maximally informative. We compared our results
with previously obtained ones, understanding their similarities and their dif-
ferences and underlining the potentialities of our method.

In the third part of the thesis, we go back to the cell level and in particular
to the analysis of auxin signalling networks in plants. Development is driven
not only by auxin transport but also by components that respond to auxin. In
particular, responses are the result of a finely regulated network of molecular
interactions. Different interactions define here different networks topologies,
already understood to be tightly connected to networks’ emergent properties.
We first consider biological data to determine which kind of topologies might
be present in such networks. We then study these models to understand how
different choices may lead to different systemic properties. Here, in particular,
we aim at defining and studying the "responsiveness" of the network against
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external stimuli that may affect the network function. Quite different proper-
ties may arise when using different networks topologies.

This thesis is not written for the most experienced researchers in the differ-
ent fields covered so such readers may find unconventional the order of the
three parts. It would have been probably more physically motivated to follow
the successive biological levels, molecular first and tissue last. Nevertheless,
each part is independently introduced with the basic concepts needed to un-
derstand the thesis work. My choice of order and flow is dictated more by
pedagogical reasons than by "structural" ones. Finally, given the high diversity
across these three topics, each part has its own conclusion. There I give a part-
specific overview and discussion of the results along with their potentialities;
I also give what future perspectives these works allow one to draw.
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A C R O N Y M S
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as transcriptional repressors
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Part I

M O D E L L I N G T H E I N T E R C E L L U L A R T R A N S P O RT O F
A U X I N
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I N T R O D U C T I O N

Auxin is one of the main drivers of plant development, being involved in many
processes such as signalling and morphogenesis. Its distribution throughout
tissues is found to be connected to organ initiation and development. Auxin
can be produced and degraded inside cells as well as actively transported
throughout tissues over long distances. Production and degradation pathways
are not yet completely understood as well as the behaviour of the carriers
aimed at fulfilling auxin transport in the plant. These specific carriers show
peculiar patterns during morphogenesis and this phenomenon is still a subject
of intense research. How such patterns are set and which are the microscopic
mechanisms driving auxin distribution is not yet known. Experiments, when
they can be performed, have not generally provided definitive answers to these
questions. Mathematical modelling though has been a powerful tool to obtain
hints on experimentally inaccessible quantities and phenomena. In this part
of the thesis, made of three chapters, I will first introduce the reader to the
biological background constituting the current knowledge on auxin dynamics.
After a brief historical introduction, auxin production and degradation path-
ways will be described, followed by the biological mechanisms driving auxin
active transport. In the second chapter, I will describe the main mathematical
models formulated so far for these questions. I will introduce the modelling
procedure, describe some models in details and then the obtained results. In
the third chapter, I will cover the model we formulated to explain the coherent
polarisation of auxin carriers in plants. I will introduce the modelling proce-
dure we followed as well as the full analysis of our model, that allows to shed
light on some microscopic mechanisms involving auxin carriers and their self-
organised patterning in plants.

2
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1
A U X I N : T H E M A I N D R I V E R O F P L A N T D E V E L O P M E N T

Auxin, often referred to as a phytohormone, is one of the main drivers of plant
morphogenesis and development. Because it is involved in so many processes
associated with signalling or regulation, its study arises in many fields of plant
biology. Auxin can be produced and degraded in cells as well as actively trans-
ported throughout tissues over long distances. Its distribution and dynamics
is fundamental for understanding how plants function.

In this chapter we will first give a historical perspective, starting with auxin’s
discovery, its macroscopic effects, its chemical properties and then covering its
importance in many plant biological processes. We will introduce the mecha-
nisms characterising its transport throughout tissues, focusing in much detail
on the different classes of active carriers, some of them displaying non-trivial
features during plant development.

1.1 a brief overview about auxin

Auxin (from the Greek auxein=to grow, increase) was first described by F. W.
Went in the 1930s and later isolated by K. V. Thimann [1, 2]. Classifying auxin What is auxin?
as a messenger, a hormone, etc is all but an easy task because it is involved in
so many different processes, both within cells and across cells and even tissues
[3]. From the chemical point of view, the active and main natural form found
in many different plants is the indole-3-acetic acid (IAA), a weak acid whose
pKa = 4.8 1. From a functional point of view it is difficult to put auxin in any
category because of its involvement in so many different processes.
Following its discovery, auxin was first named as a plant growth substance, term
sometimes still used, and later named as a hormone2 [4], the latter term being
the most used over the past years. However, recent discoveries address features
peculiar to auxin that do not really meet any of these definitions: auxin can
be expressed in many different cells belonging to many different tissues and
influences a great variety of processes by being actively transported over long
distances. It can be seen as a signal that can be transduced over the whole
plant and switch various reactions, but, in contrast to what is the rule with
hormones, the response to the signal spans a tremendous range of tissues and
behaviors.

In the last few years, trying to sort out this lexical uncertainty, researchers
have often returned to referring to auxin as a phytohormone, a substance pro-
duced not only in higher plants but also in algae. Phytohormones are of major
importance for developmental and regulatory processes, the criterion currently
shared to define the role of auxin.

1 IAA is a carboxylic acid, i.e. an organic compound made of a carboxylic group (–COOH).
2 A hormone is a substance produced in one cell or tissue aimed at affecting the behaviour of

cells in another tissue in a specific manner.

3
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4 auxin : the main driver of plant development

As previously sketched, auxin is involved in both developmental and reg-
ulatory processes. In this first part of the thesis we will consider a problem
motivated by the former, leaving the latter for the second part.

1.1.1 Auxin involvement in plant morphogenesis

Morphogenesis
Morphogenesis (from the Greek morphé=shape and genesis=origin) is the set of
processes characterising the formation of organs starting from an embryonic
tissue of undifferentiated pluripotent cells, also called stem cells. Cell growth
and differentiation are the main required processes associated with morpho-
genesis.
Morphogenesis is experienced by many different organisms belonging to the
different kingdoms of nature. This phase of development leads to the different
shapes taken by the organisms during their life cycle. It is an inherently spatio-
temporal phenomenon: organs must arise not only at the right moment but also
at the right place. This property can be nicely visualised in flowers and in leaves
where this phenomenon is renamed phyllotaxis. In flowers, for example, organs
arise following a Fibonacci spiral with gyration angle ✓ ' 137� [5, 6, 7].
From a microscopic point of view, in all the organisms substances called mor-
phogens drive the appearance of the new organs and the associated differen-
tiation of cells. Cell differentiation takes place thanks to the signals received
by the surrounding cells or the environment itself. In many cases, these sig-
nals are encoded by different levels of the morphogens’ expression as well as
gradients of these substances throughout tissues.

In plants this role is fulfilled by various substances which form an intricate
network with non-trivial interactions in order to set the right gradient profile
aimed at shaping the organism. The complex network can be sometimes vi-
sualised by the gene expression profiles associated to each morphogen [8, 9].
Among these substances, auxin plays perhaps the most central role, its dis-
tributions throughout tissues, and in particular in meristems, leading to the
formation of e.g. flowers, roots and leaves.A. thaliana and its

structure In the following we will focus on the flowering plant called Arabidopsis
thaliana (Fig. 1.1), a weed that is now a model organism in plant biology. It has
become very popular in the last decades thanks to its very small genome (5
chromosomes, with ' 135 Mbases), which was completely sequenced in 2000

[10]. Other useful features of this plant are (1) its short intergeneration time,
(2) the large number of seeds produced per plant, and (3) its small size which
is a plus when growing it in the lab. In flowering plants and in particular in A.
thaliana, three main parts can be identified (Fig. 1.1A):

1. an apical part in which the leaves and the reproductive organs, the flow-
ers, are formed; the growth of this apical part is kept possible by the
presence of stem cells in the Shoot Apical Meristem (SAM);

2. a basal part aimed at the formation of the organs seeking the nutrients,
containing the Root Meristems (RMs);
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1.1 a brief overview about auxin 5

3. a middle part connecting the two previous ones and comprising an im-
portant fraction of the plant in particular in the early phases of develop-
ment.

All the three parts are in turn composed of subtissues and cell layers (Fig.
1.1Ba-Bb).

Figure 1.1: (A) Arabidopsis thaliana schematic diagram showing different parts of the
plant as well as the length scale of auxin long-range signalling. (Ba) De-
tailed structure of the SAM with representation of its different layers. (Bb)
Detailed structure of the RM again with representation of its different lay-
ers. Picture taken from [11]

Auxin involvement
in A. thalianaAuxin is involved in the development of all these parts of the plant: the dif-

ferentiation of the parts arises following different levels in auxin concentration
(usually of order µMolar in the SAM and nMolar in the roots) as well as its
gradients throughout the different tissues [12, 13, 14, 15]. Various mechanisms
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6 auxin : the main driver of plant development

are at work (Fig. 1.2), e.g., gravitropism3 in roots to cite one of them. To drive
the formation of the different organs in the SAM and in the RM, auxin is first
synthetised de novo. Transport of auxin inside a single cell and throughout
meristems, together with non-trivial interactions with other morphogens such
as cytokinins establish gradients - where needed - drive cell differentiation. If
gradients are not created, cells will behave identically and will display a homo-
geneous phenotype. In the following we are going to describe these different
mechanisms, focusing in particular on intercellular auxin transport.

A

C

B

Figure 1.2: A) Left: Arabidopsis thaliana at the vegetative stage before the appearance
of the shoots. Centre: Arabidopsis thaliana at the adult flowering stage.
Right: Arabidopsis thaliana Flower (two views) and associated seeds. The
scale bar is 1 cm. Picture taken from [16]. B) Longitudinal section of a
root in a fluorescence experiment on DII-VENUS. Auxin has been targeted
here with a yellow fluorescence protein, VENUS, allowing to detect the
auxin gradients set in the Root Meristem [17]. C) Localisation of auxin in
Arabidopsis untreated shoot apical meristem showing the spatial pattern
of the green fluorescence protein targeting auxin. Its construct, DR5::GRP,
involves a highly active synthetic AUXRE (Auxin Response Element) that
can be easily controlled in vitro. Accumulation of auxin leads to organ
initiation (primordia). The scale bar is 20 µm. Picture taken from [18].

3 Gravitropism is the effect induced by gravity in cell elongation and auxin transport in roots.
Usually negligible in the other parts of plants, it plays an important role in shaping roots.
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1.2 auxin biosynthesis and degradation 7

1.2 auxin biosynthesis and degradation

As previously discussed, auxin is the main driver for plant morphogenesis. It
can exist in different forms but the main natural form is indole acetic acid –
IAA – that can be directly produced from de novo biosynthesis, i.e. in the plant
itself. Free IAA can also be released by IAA conjugates, as for example IAA-
amino acids or through the conversion of other acids by enzymatic catalysis.
This second pathway is usually called non-de novo biosynthesis.

1.2.1 Auxin de novo biosynthesis

De novo auxin biosynthesis is mainly divided in two subpathways:

• Tryptophan dependent (Trp);

• Tryptophan independent (iTrp).

Concerning the latter, the molecular mechanisms governing this pathway
are not very well known yet so we will focus on the former. Tryptophan is The Trp-dependent

pathwayone of the 20 ordinary amino acids and it is usually very important in many
metabolic pathways being a precursor for several compounds in addition to
IAA. Its presence and importance in auxin metabolism has been identified by
feeding plants with different levels of labeled Tryptophan or by genetically
modifying plants into Trp-deficient mutants. In the first case, this treatment
leads to the production of labeled IAA, meaning that IAA comes from an
enzymatic conversion of Trp [19, 20]. However, deeper analysis showed that
Trp is actually a precursor for many different intermediates and not only IAA.
Many of the IAA intermediates are unstable in vitro and can be converted into
other compounds during the analysis of the metabolic pathway, considerably
complicating the analysis.
Nowadays, the main way to determine the importance of the Trp metabolite
for de novo auxin biosynthesis is to use mutants. If Trp is actually fundamental
for IAA biosynthesis, then destroying one of its intermediates should lead to
a dramatical change in the plant phenotype. By the use of this method, recent
studies suggested that auxin biosynthesis in Trp pathway consists just of two
steps: the formation of an intermediate from Trp and the conversion of this
intermediate into IAA (Fig. 1.3). This pathway is found to be highly conserved
throughout the plant kingdom and this gives evidence of the robustness of this
network.

Among all the different intermediates in the Trp-dependent pathway, the
YUCCA has been found to be of main importance (Fig. 1.3). The YUCCA (YUC) The YUCCA

pathwayflaving-containing monoxygenase (FMO) gene was identified just a decade ago
as one of the key genes in auxin biosynthesis [22, 23]. Inducing mutations in
this gene led to an overproduction of auxin. In particular, the mutant yuc1D
was found to contain at least 50% more free IAA than the wild-type. Later stud-
ies supported this evidence and allowed to identify at least 11 genes in the A.
thaliana genome involved in expressing YUC. This redundancy confirms the
importance of the YUC gene expression product, found also to influence devel-
opmental processes such as embryogenesis, seedling, growth, patterning and
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Figure 1.3: Model for the auxin Trp-dependent and independent pathways, respec-
tively blue and red arrows, with all the intermediates known so far to
participate to its biosynthesis. Picture taken from [21].

many others. Inducing mutations can cause dramatical disruptions in plant
architecture and development. Currently, this YUC intermediate is thought to
be the major channel in the Trp-dependent pathway for auxin de novo biosyn-
thesis.

Auxin can also be synthetised by starting from other compounds in the
cell and this is normally known as non-de novo auxin biosynthesis. IAA canNon-de novo auxin

biosynthesis be released from its conjugates or from the indole butyric acid (IBA). IBA
is an acid whose biosynthesis has not been understood yet. It is known to
inhibit primary root elongation and to favour lateral root formation. The exact
enzymatic reactions characterizing the conversion of IBA into IAA are still
poorly understood although it is involved in many other metabolic pathways.
IAA can be also released by its conjugates; these typically have links to sugars,
alcohols or amino acids and peptides, in which cases IAA can be released by
hydrolysis.

The presence in plants of many different compounds that can release IAA
suggests the presence of a IAA storage pool from which IAA can be released
when needed. Such storage pools may be important for auxin homeostasis
inside cells as well as for increasing a plant’s possible responses to environ-
mental changes.
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1.2.2 Auxin degradation

Just as auxin is produced in plants, it can also be degraded. The main degrada-
tion mechanism known proceeds via oxidative reactions. These can take place
in two ways, either with the decarboxylation of the side chain of the acid com-
ponent of IAA or with the oxidation of the indole ring 4. The product of these
reactions is called OxIAA and it has very few auxinic properties. In effect, the
transformed IAA is removed from the pool of available auxin.

1.3 auxin intracellular transport

As previously stated, auxin is a phytohormone of fundamental importance for
many regulatory and developmental processes in plants. It drives the shoot-
root asymmetry during embryogenesis as well as the initiation of primordia,
i.e. the very early stages of plant organs. In order to carry out its numerous
functions, auxin production and degradation must be regulated, but also its
intra-cellular and inter-cellular transport must be controlled. It is plausible that
these processes all are part of a tightly regulated spatiotemporal program.

At the cell level, once auxin has been produced or imported into the cell, it
must find its targets. It has to be perceived and translated into a signal to then
induce a specific cellular responsiveness. Several different receptors regulating
auxin concentrations, transport and associated signal transduction have been
identified [24]. For our purposes here, these include:

• the F-box protein TRANSPORT INHIBITOR RESISTANT1/AUXIN SIG-
NALING F-BOX (TIR1/AFB) [25, 26];

• the F-box protein S-PHASE KINASE-ASSOCIATED PROTEIN 2A (SKP2A)
[27];

• the AUXIN-BINDING PROTEIN (ABP1) [28];

• the PIN-formed family (PIN) [29, 30, 31];

• the recently discovered PIN-LIKES proteins (PILS) [32].

Two proteins act inside the nucleus to finely regulate the auxin level. TIR1 TIR1
acts jointly with auxin itself to self-regulate its own expression. The role of TIR1

will be further discussed in the third part of this thesis. Analogously SKP2A
has been found to regulate cell processes as well as to bind auxin: mutations
induced in the auxin binding pocket disrupt SKP2A function [27].

ABP1 was the first auxin receptor to be identified [34, 35]. In contrast to the ABP1
other proteins discussed so far, ABP1 is mainly localised on the ER regulating
auxin efflux in the cytosol even though a small portion can be localised on
the plasma membrane as well. ABP1 has been claimed to regulate auxin endo-
cytosis and the organization of the cytoskeleton, responding rapidly to auxin.

4 Decarboxylation is a reaction removing a carboxyl group and releasing carbon dioxyde. An
oxidation is a reaction where an atom looses an electron by transferring it to another species.
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Figure 1.4: Schematic picture of auxin transport in the cell [33]. Besides passive dif-
fusion through the plasma membrane, active transporters are represented
on both the ER and the plasma membrane. PINs species are represented
in yellow; PIN1-4 and PIN7 reside at the plasma membrane while PIN5,
6 and 8 reside at the endoplasmic reticulum (ER). The plasma membrane
carriers ABCB and AUX1 are respectively represented in pink and orange.
The PILS protein at the ER are represented in red.

However, it has been recently found that the ABP1 mutant has no phenotype,
suggesting that its role as an auxin receptor may be overstated [36].

A class of proteins involved in mediating auxin efflux is the PIN family. WePIN
will talk about PIN’s role in more detail in the next section, as these molecules
are found not only to mediate auxin transport both at the intracellular and
intercellular level but also to show an interesting and non-trivial behaviour.
In plants at least 8 different kinds of PINs have been identified [29]. The gen-
eral structure of a PIN consists of two regions of multiple transmembrane
domains separated by a hydrophilic loop, whose length varies across the dif-
ferent PINs. For instance PIN1-4 and PIN7 have long hydrophilic groups and
are mainly found on the plasma membrane [29]. Others like PIN5, PIN6 and
PIN8, reside mainly at the ER. In general, PIN proteins facilitate auxin efflux
either through the ER membrane or through the plasma membrane (Fig. 1.4).

Interestingly PIN activity is not only associated with the free IAA form:
PIN5 acts on IAA bound to amino acids and sugars, blocking or storing those
inside the ER; it is believed that the conversion into free IAA takes place there.

PIN8, another PIN acting at the ER, is found to dramatically influence phe-
notypes: its over expression leads to changes in the root length as well as in
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the flowering time. These phenotypes are suppressed when over expressing
PIN5. In a similar vein, PIN6 is found to be antagonistic with PIN5, leading
finally to a scenario where PIN6/8 regulate the auxin ER efflux while PIN5

regulates the ER influx [37, 38, 39]. Such double mutants give evidence about
PIN function, redundancy and potential interactions among the different PIN
types. Other PIN species are found to interact with those localised at the ER
[40], suggesting the presence of an intricate network of non-trivial interactions
between the plasma membrane and the ER via PINs molecules.

Figure 1.5: PIN protein families displayed in the different meristems of a plant. Taken
from [29]

Very recently a last family of transport proteins has been identified and
called PIN-LIKES proteins (PILS), displaying, despite their name, a low se-
quence similarity to PINs and thus they can be assumed to be evolutionarily
distant from PINs [32]. PILS show a functional behaviour similar to that of PILS
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PIN5 but due to their relatively recent discovery, many questions about them
are still open. PILS are found in algae, distant relatives of land plants, while
PINs are not. It is believed that plants PINs may have derived from PILS, with
a conservation of transporter functions throughout evolution.

All these carriers act mainly at the ER but some of them act at the plasma
membrane. Transport across other intra-cellular membranes are potentially
also relevant. For instance, transport of auxin through the vacuole and the
mitochondria may be physiologically important and may lead to the identifi-
cation of further classes of auxin transporters and receptors.
In the next section we will focus more on the intercellular transport of auxin
where the PIN family plays a very central role.

1.4 auxin intercellular transport

So far I have described auxin production and transport inside cells. However,
auxin is also transported over greater distances, and in particular from cell
to cell. On the scale of a few cells, transport and accumulation of auxin as
well as the formation of auxin concentration gradients are key ingredients for
organ primordia formation. Intercellular transport can take place in two differ-
ent ways: by passive transport due to drift and diffusion and by active transport,
associated with carriers.

Passive transport
Passive transport is caused by the thermal agitation of molecules which

leads to diffusion. The average movement may be directional if there are
concentration gradients. Passive transport is characterized by a diffusion con-
stant D, directly proportional to the environment’s temperature, T , and the
molecule’s mobility, µ, as given by Einstein’s relation:

D = µkBT , (1.1)

where kB = 1.38 · 10-23 J · K-1 is Boltzmann’s constant. This relation is also
known as the Einstein-Smoluchowski relation.

The mobility of auxin depends on whether it is in its neutral form or in
its negatively ionized form (having lost a proton). It is a weak acid with a
pKa of 4.7. The proportion of auxin in the ionized state thus depends on the
pH of the medium. The pH in apoplasts, i.e., the space in between cells, is
about pH ' 5.5, corresponding to a mildly acidic environment; the protons
in that compartment inhibit the ionisation of auxin, so about ' 17% of the
auxin molecules are neutral (have not released a proton). In contrast, in the
cytoplasm the pH is about ' 7.2; comparing this to the pKa, we see that the
great majority of the auxin molecules there will be ionized [41, 3]. Because the
protonated form of auxin is neutral, auxin can move from the apoplast to the
cytoplasm by diffusing through the plasma membrane. Once inside the cyto-
plasm though, these neutral molecules will dissociate (because of the pH) and
loose their ability to go back to the apoplast. Thus auxin effectively becomes
trapped within the cell. Unless helped by an active transport mechanism, auxin
will stay trapped in the cytosol.Active transport
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High-affinity auxin carriers localised on the cell membrane perceive and
bind auxin to transport it inside or outside the cell. Several families of trans-
porters have been identified for the ingoing and the outgoing flow of auxin re-
spectively. The process of active transport must be specific and finely regulated
in order to achieve the correct auxin flow direction. It leads to polarisation for
the efflux and can set the auxin gradients crucial for tissues development.

The ratio between passive and active flux, �P and �A respectively, has been
estimated to be �P

�A
' 10-2: diffusion is 100 times smaller than active trans-

port [42]. Intuitively this results should not be surprising: diffusion or drift
would just set auxin concentration to a uniform macroscopic level throughout
a tissue, thereby preventing auxin accumulation or the formation of concen-
tration gradients. For auxin to play a role, active carriers are needed for auxin
transport.

1.4.1 Influx auxin transporters

In the last decades, the AUX/LAX family of auxin transporters has been iden-
tified and classified in turn in four subfamilies, AUX1 and AUX/LAX1,2 and 3.
They all transport auxin from outside to inside cells. These “ingoing” carriers
transport deprotonated auxin from the apoplast into the cytosol. The impor-
tance of AUX1 in auxin uptake has been demonstrated by both using aux1
mutants or transformants [43]. The increased uptake activity leads to accumu-
lation of auxin in transport streams, while decreased activity shows a lower
auxin concentration in various tissues. AUX1 is found to be fundamental for
root gravitropism, root hair development and leaf phyllotaxy [44, 45]. On the
other hand, AUX/LAX activity has been shown to be crucial for embryonic
root cell organization [46], lateral root emergence [47] (together with AUX1),
vascular development and probably for leaf phyllotaxy as well [44]. Indeed, a
mutant shows a dramatic disruption of the regular spatial distributions of the
organs primordia, affecting the gyration angle between them [48].

1.4.2 Efflux auxin transporters

Once inside the cell, in the relatively neutral conditions of the cytosol, auxin
is mainly in its deprotonated form. That charged form prevents it from diffus-
ing back to the apoplasts unless some efflux carriers are at work. Some such
carriers can act in a polar fashion, driving not only auxin efflux but also intro-
ducing gradients that are crucial for the emergence of primordia. Two main
efflux transporter families have been identified:

• the members of the B subfamily of the ATP-Binding Cassette (ABCB);

• the PIN-formed family, already discussed for the intracellular transport.

The ABCB subfamily genes are plant orthologs of the mammalian ABCB-
type transporters associated with the multidrug resistance/phosphoglycopro-
tein (ABCB/MGR/PGP) protein family [49]. These transporters are involved ABCB
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in particular in the resistance to chemotherapeutic agents in a number of can-
cers (breast, brain and colon). In A. thaliana the subfamily includes 21 members,
three of them clearly showing a high-specificity in auxin transport (ABCB1,4
and 19). Genes of this subfamily are found across different plants species, giv-
ing evidence of its evolutionary importance. ABCB1 in A. thaliana, the most
studied subfamily of ABCB proteins, is found to act in non-polar distribu-
tions at the shoot and root apices. These transporters are fueled by ATP, a
transfer of an auxin molecule requiring the hydrolysis of an ATP into an ADP
molecule (Fig. 1.6). They also display PIN stabilizing functions. The ABCB
subfamily shows high influence in embryogenesis, lateral root formation, root
gravitropism, phototropism and leaf shape as well [50, 31].

The PIN-formed family has been discussed above within the context of in-
tracellular transport. In Arabidopsis thaliana, it is composed of 8 different types
that can be classified according to the length of the hydrophilic loop joining
the two binding domains. It has been noticed that those types with short loops
are active at the ER (PIN5,6 and 8) while the others are active at the plasma
membrane. The first identified PIN was PIN1, acting mainly in the SAM (Fig.
1.7), and whose mutant is defective for the formation of floral organs [51].
Analogous roles are carried out by PIN4 and 7. PIN2 is crucial for root gravit-
ropism and for the reflux of auxin at the root tip, while PIN3 acts on directional
growth. As shown in Fig. 1.5, each PIN type is specialized to a specific tissue
where it carries out crucial functions for organ development. Unfortunately
little is known about the structure of PINs; it is not even clear whether these
transporters require ATP for translocating auxin molecules.

The PIN-formed family is probably the most important among efflux car-
riers: to drive plant morphogenesis, PINs spontaneously organize themselves
in non-trivial distribution patterns in cells and throughout tissues, typically
pointing towards auxin accumulation points. This behaviour, associated with
strong polarization of PINs within cells, is peculiar to this class of transporters
and will be further discussed in the next section.

1.4.2.1 Polarity patterns and PIN recycling

In order to set auxin gradients and drive organogenesis, transporters shape
auxin flow throughout the different parts of the plant. At the individual cell
level, these transporters can be polarized, that is there are more carriers on
one side of the cell than the other. Such a polarization leads to a net auxin
flux from one side of a cell to the other and that can lead to large scale trans-
port of auxin on the scale of tissues or even the whole plant. Polarization here
means a determined preferential side in the cell for the transporters, leading to
a directional auxin flux. Instead of being homogeneously distributed upon the
plasma membrane, carriers self-organise in a non-trivial fashion, usually accu-
mulating on just one of the different sides of a cell. In the SAM, for instance,
they can be found pointing towards primordia, where auxin consequently ac-
cumulates, while in the RM they exhibit patterns following the actual shape
of the root itself (Fig. 1.7). To image these properties, biologists label PIN as-
sociated genes with fluorescent proteins that can be then visualised as in Fig.
1.8. Again both in SAM and in the RM, PIN distribution is clearly non-trivial
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Figure 1.6: Schematic representation of the trafficking for the different carriers at the
plasma membrane. Picture taken from [31].

and drives organogenesis, phyllotaxis, tissue regeneration, tropistic growth re-
sponse and many other fundamental processes [12, 13, 24, 52]. It is not clear yet
if these patterns are set via auxin concentration, auxin flux or other surround-
ing cues. In fact, the reverse could be true, namely that PIN self-organisation
may lead to these different auxin distributions. Observations show that PIN
polarisation crucially depends on the cell type and on many diverse cues [53].

Some of the dynamics of PINs, in particular for redistributing these trans-
porters across a cell’s membrane, are partially known. Once PIN proteins have
been produced, they transit through the Golgi and the trans-Golgi apparatus.
Then they are distributed towards the plasma membrane, presumably with-
out any specific polarization [54]. To get polarised patterns, PINs must be
somehow targeted and transported from one side to the other of the cell. The
transporters are first subject to endocytosis from the membrane and then “re-
cycled”, i.e., sent back to the membrane through dedicated pathways. This last
step is referred to as PIN recycling, but PIN dynamics also involves the possibil-
ity of degradation instead of recycling. PIN recycling has been unequivocally
demonstrated by the use of BFA, a substance aimed at inhibiting PIN targeting
at the plasma membrane and at inducing PIN protein accumulation in some
compartments, called BFA compartments. This experimental procedure allows
one to track PINs from the plasma membrane to the endosome and on the
way back by removing the BFA treatment [55, 56, 57]. Such findings support
the idea of repeated cycles of PIN endocytosis, shuttling and then reallocation
to the plasma membrane [53].

So far, it has been established that PIN dynamics include endocytosis with
the formation of vesicles. That process is controlled by clathrin, a protein play-
ing a major role in the formation of coated vesicles: induced genetic modifica-
tions on it reduce PIN internalization from the plasma membrane. PIN cycling

[ October 26, 2015 at 10:51 – classicthesis version 4.1 ]



16 auxin : the main driver of plant development

Figure 1.7: Different PIN families and their distributions in the shoot apical meristem
and in the root meristem. Color labels and descriptions are displayed in
the inbox [31].

from vesicles and the endosome to the plasma membrane is controlled by ADP-
ribosylation factors, which are localised on the vesicle membranes and mediate
vesicle trafficking by interacting with various activators (GNOM, VASCULAR
NETWORK DEFECTIVE 3). The internalised vesicles fuse with the early endo-
some, functionally defined by the Trans-Golgi apparatus, which then serves as
the secretory and endocytic pathway.

Beside this cycling of PIN transporters back and forth from the membrane to
the endosome, PINs are also subject to phosphorylation. This chemical change
is mediated by an enzyme, a kinase, which transfers a phosphate group from
a high-energy donor molecule such as ATP to a specific substrate. This can
be contrasted with phosphatases which reverse the kinase activity. This switch
between unphosphorylated and phosphorylated states normally regulates a
protein’s activity. In the specific case of interest here, PINOID (PID) phospho-
rylates PINs’ hydrophilic loop while PROTEIN PHOSPHATASE 2A (PP2A)
undoes this phosphorylation. Overexpression of either PID or PP2A induce
changes in PINs basal-apical polarity asymmetry inside the cell [59, 60]. Be-
yond being phosphorylated, PIN can be ubiquitinated: that modification mod-
ulates the rate of PIN degradation, although the detailed mechanistics behind
it are still poorly known [53].
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Figure 1.8: Fluorescence experiments for visualising PIN1 distributions in the SAM
(A-D, scale bars: 20 µm for A and 10 µm for B-D) [18] and those of PIN1

(E),2 (F), 3 (I), 4 (G) and 7 (H) in the RM.) [58]. Pictures taken from [18]
and [58].

Finally, assuming PIN polarization arises within cells, it is appropriate to
ask how such polarities can be coordinated from one cell to an other. Cells or
PINs must receive signals induced by their immediate environment to organ-
ise polarization in a non-trivial fashion across a tissue or organ. So far, it has
been demonstrated that auxin itself inhibits PINs endocytosis [61]; that effect
may depend on the auxin receptor ABP1 affecting PIN trafficking or endocy-
tosis, e.g. by impacting on the cytoskeleton [62], but this possibility remains
controversial [36].

Although we have focused on auxin and its transporters, other phytohor-
mones are known to play important roles. These molecules include cytokinins,
methyl jasmonate (MeJA) or gibberellic acid (GA). These phytohormones act
through various signalling pathways but for which the cross-talk is likely quite
complex. All these drive normal plant development, and may act in concert
with auxin for the orchestration of PIN organization.
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M O D E L I N G P R O C E S S E S D R I V I N G A U X I N T R A N S P O RT

Given the many processes in which auxin participates during plant develop-
ment, there has been a proliferation of computational models to understand
better how auxin can have such diverse roles. As described in Chapter I, auxin
is involved in the apical-basal asymmetry at the embryonic stage of the plant,
in the successive shoot and root differentiation, and in organ formation. All
such processes can take place thanks to the presence of an intricate molecu-
lar network orchestrated by auxin and its carriers. Among these carriers are
PIN transporters that may polarise intracellularly and self-organise in a non-
trivial fashion from cell to cell; the mechanisms driving such dynamics are still
uncertain. In this regard, different hypothesis can be implemented in silico to
shed light on various self-organisation aspects and to give suggestions for new
experiments.

In this chapter we focus on modelling auxin transport and provide the gen-
eral strategy followed in our work. We will cover current models used in plant
development, explaining their main aspects, results and limits. As a conclu-
sion, we shall point out some major open questions in the field.

2.1 modelling auxin intercellular transport : why and how

In the past decades many teams have used computer simulations to study mor-
phogenesis problems. In the specific case of plant development, that approach
has proven to be a powerful tool to shed light on different phenomena such as
phyllotaxis [63, 18, 64], growth of elongation zones in roots [65], gravitropism
[66] and venation in leaves and stems [67, 68].What is a model?

Modelling is a “summarising process”, requiring the formulation of a rep-
resentation of the system that is generally simplified yet allows to obtain new
insights or understanding from an in silico approach. The procedure of mod-
elling needs first of all the identification of the important aspects, state or
variables that should be taken into account, then the formulation of an ansatz
for the dynamics of the model and a subsequent analysis of the outcome. The
indications obtained from such modelling can be exploited to drive future
investigations on in vitro systems, thus forming a virtuous loop alternating
between experiment and theory.

In the specific field of plant development, we discussed in Chapter I the im-How to model auxin
transport? portance of the phytohormone auxin which drives almost all key processes in

plant development. For physical scientists, plant development is a beautiful ex-
ample of a complex system in which many processes play essential roles and
couple microscopic and macroscopic scales. For instance there is an intricate in-
tracellular molecular network which regulates cell growth and differentiation
via genetic control. There are also biochemical processes affecting the cell’s
state, auxin synthesis and degradation being just one of those. There are also

18
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physical processes such as auxin transport that can span multiple length scales.
Cell differentiation seems to often follow from the formation of auxin gradi-
ents, so the question naturally arises as to how such gradients arise. In Chapter
I we briefly discussed the role of cytokinin as an auxin inhibitor. By combining
auxin patterning and the presence of an inhibitor, it is possible to formulate
a Turing-patterning based model [69] as done for instance by [70]. Such a for-
mulation may involve two diffusing species, auxin and cytokinin for example,
interacting in a non-linear fashion and characterised by different diffusion con-
stants. That kind of Turing model can surely lead to non-trivial auxin pattern
formation without taking into account experimental observations: in reality,
auxin diffusion is much smaller than any other kind of transport [71]. This
means that a first requirement to model auxin gradients is to take into account
the presence of transporters, i.e., to include active transport.

The best candidates to shape auxin concentration profiles are the PINs. PIN
carriers show a non-trivial behaviour by self-organising inside cells and through-
out tissues via mechanisms that are not yet understood. One associated ques-
tion is of the chicken and egg type, i.e., whether auxin gradients induce PIN
polarities or whether PIN polarities induce auxin gradients. Here, we want to
understand how PINs can spontaneously self-organise starting from homoge-
nous unpolarised states.

Hereafter, the two main objects we will consider are auxin itself and the
PINs which drive auxin transport, pumping auxin from the inside to the out-
side of a cell. Both auxin concentration and the number of PIN transporters
localised on a particular area of a cell’s periplasmic membrane are dynamic.
A possible classification of models is based on what controls PIN dynamics. Classification of

current modelsRecalling the experimental background we provided in the first chapter, PIN
dynamics consist in having those active transporters be taken way from the
membrane (by endocytosis), then processed in the cell, and finally “recycled”,
that is sent back to some possibly new localisation on the cell’s periplasmic
membrane. One may distinguish models where these dynamics are mainly af-
fected by the concentration of (intra-cellular) auxin from other models where
these dynamics depend mainly on the auxin flux pumped by these same trans-
porters. Models in the first category sense auxin concentration while those in
the second category sense auxin flux. It has been shown that models in the
first category can reproduce auxin gradients and PIN polarities arising during
phyllotaxis [64, 63] (Fig.2.1B) or during the initiation of the primary leaf vein
[72]. They seem most appropriate whenever there is the need to amplify local
auxin concentrations to form local maxima while at the same time depleting
auxin in the neighbouring cells [73]. On the other hand, the non-linearities in-
troduced in models of the second category are found to provide simple expla-
nations for instance for the canalisation arising in leaf venation [74] (Fig.2.1A).
Thus these two categories, although based on quite different conceptual frame-
works for PIN dynamics, each seem to be useful; yet, to date, there has been
no experimental way to validate either one of them. More recently [75], these
two models have been merged in one in order to explain many of the patterns
found in plants during development (Fig.2.1C-D).
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Figure 2.1: Schematic representation of the different PINs patterns observed in plants
(red) and their corresponding profiles for auxin (blue). A) Venation in
leaves. B) Phyllotactic patterns in the SAM. C) Fountain-like patterns in
the SAM. D) Fountain-like patterns in the root. [73]

Once the category of PINs dynamics has been chosen, one has to decide
on the detailed (mathematical) description of the time dependence for the dif-
ferent components witin the model. Because generally little is known about
the biological situation, one tends to prefer simple descriptions, that is mod-
els which are parsimonious. The rule of thumb is “don’t include a component
or a property unless it is needed”, in analogy with the “use it or loose it” in
evolutionary biology. In the absence of in depth knowledge of the working of
the biological system, any model built with this parsimony principle will have
weak points, but nevertheless it may help us gain new insights or point to im-
portant features that can advance our understanding of the system’s operating
principles. Models can be as detailed as we wish but a more detailed model
is not necessarily a better model: a higher degree of detail requires a higher
number of parameters, with the danger that one “overfits” experimental data.
Simply put, if one has enough parameters, one can fit many experimental data
but that does not necessarily make the model more predictive (it may fail
to correctly predict new measurements while a more parsimonious approach
might be more robust). Clearly the complexity of the model must be related
to that of the experimental data which we can use to constrain the model’s
parameters. A good model has a “small” number of parameters (on the low end
of the models that can reproduce the experimental data) and which provides
a satisfactory representation of the biological reality, and thus may be used to
perform in silico experiments susceptible to shed new light on the system. Of-
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ten the focus of a group on one phenomenon will drive it to consider a model
appropriate for that focus. Such a strategy is responsible for the proliferation
of models, models which one day should be used for integration into a larger
and more complex model.

In the following we are going to give the general scheme for modelling auxin
intercellular transport with some examples of obtained results, summarising
the state of the art in this field.

2.2 modelling auxin in meristems and cells : dimensionality

and shape

Given what we discussed so far, the biological processes one wants to model
take place in tissues formed of similar cells. It is necessary to decide on the Dimensionality
dimensionality and the topology of the representation that will be used within
the model. That task requires understanding sufficiently the working of the
biological system and knowing the questions the modelling will address. An
additional aspect to take into account is the computational cost that a given
topology in a given dimensionality will require. If the model’s conceptual or
computational complexity is likely to be high, a precocious preliminary strat-
egy is to begin with a one-dimensional system where the cells form a line (a
lattice of cells) because that toy system is quite easy to implement in silico and
probably will be analytically simple too. Examples following this approach
have considered the appearance of auxin peaks or uniformly polarised pat-
terns for PINs [63, 64]. Assuming this kind of toy system has been mastered,
a higher level of complexity can then be tackled. When increasing the dimen-
sionality of the system, tissues might first be modelled as monolayers of cells,
themselves considered to be arranged in a square lattice or forming a regular
mesh of hexagons. That choice is a good compromise between the over sim-
plification associated with a one-dimensional representation and the difficult
implementation of a three dimensional system along with its visualisation. In
practice, for shoot apical and cambium meristems, the two-dimensional ap-
proximation is expected to be quite good. Indeed, as illustrated in Chapter
I, shoots are made of layers, each layer being just one cell thick. Since auxin
transport in those meristems as well presumably as in the cambium takes place
mainly within a single layer, a mono-layer approximation can suffice to capture
most of the aspects one is interested in.

Once the dimensionality of the representation of the tissue has been chosen,
one must decide on the shape of cells and how they are connected. Suppose Cells’ shape
we work with a two-dimensional representation. In the simplest cases, cells
will be represented as adjacent squares or hexagons. This choice is straightfor-
ward to implement from the computational point of view because the tissue
is represented as a regular lattice. On each lattice node there is a cell and if
two nodes are nearest neighbours (connected by an edge on the lattice), then
they are neighbouring cells and may exchange molecules. In more sophisti-
cated and realistic representations, each cell can be taken to be polyhedron or
polygon which can vary from cell to cell; that is exactly what comes out of a
Voronoy-type description of cell shapes. In all these representations, cells typi-
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cally partition the tissue without gaps or overlaps. This implies that the space
between two adjacent cells, the apoplast, is neglected; in reality, that space has
been estimated to contain about 17% of the total amount of IAA in tissues
(see Chapter I). It also means that molecules leaving a cell are forced to enter
another; the separate roles of auxin efflux and influx carriers is then difficult
to distinguish.

During the past decade, apoplasts have been incorporated into most models
in one way or another [76, 77, 78], so that the roles of the different transporters
can be properly treated. The spatial resolution can also be enhanced by adding
e.g. cell walls [77] or vacuoles [76]. Furthermore, it is possible to include fea-
tures such as the orientation of microtubules which have been shown to be
coupled to PIN polarities [79]. These further levels of insight depend crucially
on the questions one aims to answer.

In all these representations of tissues one usually ignores the dynamics as-
sociated with change in cell shape, position or number: those phenomena areNo tissue dynamics
neglected. The main justification for such neglect is that many of the processes
we are interested in take place on a time scale shorter that the ones typical
for tissues to change macroscopically. It can also be that such processes do not
affect in a significant way the phenomena we study. Clearly if one is interested
in developmental aspects, e.g. the dynamics of change in shape of tissues, such
dynamics must be implemented in the model. That may require incorporating
all sorts of physical and mechanical effects such as cell-cell tension, the hy-
drostatic pressure within cells, or cytoskeleton remodelling. Such an ambition
would take us to a much higher level of sophistication, level that is far beyond
the scope of this thesis.

2.3 the constitutive equations for auxin

In most models, whatever the topology used to represent a tissue, one asso-
ciates to each cell a set of concentrations of the relevant molecular species, e.g.
auxin, PINs, AUX1, etc. This set defines the instantaneous state of the i-th cell.
The use of concentrations allows for a continuous description and potentially
connects with experimental observations. Obviously, it is possible to work in-
stead with the numbers of molecules of each type. Since one assumes known
the sizes of the cells modelled, the two approaches are essentially equivalent
except when the discrete nature of molecular numbers is relevant. Note that
when the number of molecules in a species becomes small, the continuous
description breaks down and stochastic effects may become important.

Suppose that our system consists of Ncell cells separated by apoplasts as
in Fig.2.2A. We define auxin concentration in the cell i as [IAAi]. For each
cell i, we let N(i) be the list of its neighbours. For each couple (i, j) of cells
we define an apoplast, whose auxin concentration is [IAAij]. Note that in a
model without apoplasts cells would be directly connected and [IAAij] would
not be easy to define (Fig. 2.2B). Let us map each cell and each apoplast to
their respective nodes in a network since that structure is easier to represent in
silico than a continuous space. The dynamics for auxin will be defined by two
classes of equations, one associated with cells and the other with apoplasts.
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The constitutive equations for cellular auxin in such a model will be given by
the basic reactions discussed in Chapter I, i.e., auxin biosynthesis (production),
degradation and transport. Within a cell or an apoplast, diffusion of auxin is
fast, being it a small molecule, so the concentration inside a cell or apoplast can
be taken to be uniform. Then, the general equation for cell auxin concentration
dynamics reads:

d[IAAi]

dt
= Production-term - Degradation-term + Flux-term. (2.1)

Production can be modelled in many different ways: one can think of undif-
ferentiated cells all producing auxin at the same rate, or one may also complex-
ify the modelling by allowing for a production rate varying from cell to cell,
for instance according to a spatial gradient. Degradation may be specified by
the mass action law, or one might include the action of proteases which could
depend on the state of the cell. Note that production and degradation corre-
spond to sources and sinks, whether they are natural or produced by outside
agents (as could arise by the experimental injection of auxin).

Figure 2.2: Scheme of the topology and the variables included in a typical model
(readapted from [3]), here specifically PINi (or PINj),PINij (or PINji),
IAAi (or IAAj) and IAAij as described in the text. A) Each couple of
cells i and j are separated by an apoplast. B) Cells i and j directly com-
municate with each other. PINs are represented by red spheres and can
be recycled from a common pool in both cases. AUX/LAX transporters
are represented as green spheres and loose their distinction between cells
when apoplasts are absent (B). Black dots represent auxin that can be trans-
ported throughout the tissues by the different mechanisms described in the
text (black arrows).

The auxin flux term for a given cell can be decomposed into separate parts:

� = �diffusion +�influx -�efflux. (2.2)

Each part is itself a sum of contributions from all faces of the cell. If there are no
apoplasts, one must take into account the flux exchanged with each neighbour
j 2 N(i). For simple dynamics, such fluxes between two cells will depend
only on the concentrations of auxin in those two cells and on the amount of
influx or efflux transporters at their interface. If the modelling includes the
presence of apoplasts, the net flux between the cell i and j will be mediated by
the auxin concentration in the apoplast between those two cells, [IAAij]. This

[ October 26, 2015 at 10:51 – classicthesis version 4.1 ]



24 modeling processes driving auxin transport

adds a level of complexity in the model by adding equations for the apoplasts.
The differential equation for the concentration [IAAij] of auxin in the apoplast
(ij) will then read:

d[IAAij]

dt
= �ij +�ji + ij + ji (2.3)

where �ij is associated with the PIN- and AUX1-driven fluxes between the
apoplast (ij) and the cell i while  ij is associated with passive diffusion be-
tween those same components. Note that we have not included any production
or degradation terms because the apoplasts perform no active biochemistry; at
best auxin is slightly degraded but we shall assume that in the absence of ac-
tive processes for degradation of auxin, spontaneous degradation is negligible.

Given this very general framework which simply embodies the physics and
chemistry of matter, one still has to define the functional form for �ij. Accord-
ing to the level of coarse graining, this form can take into account a number of
different factors. In the next section we will describe the chemiosmotic model
which, as far as we know, is one of the most detailed ones available.

2.4 the chemiosmotic model

The chemiosmotic model was proposed in the 1970s to capture the physio-
chemical properties of auxin transport between cells [80, 81, 82]. As described
in Chapter I, inside cells and apoplasts, auxin can move relatively freely by
diffusion, but to go between a cell and an apoplast, the periplasmic membrane
forms a barrier. Interestingly, a subtlety arises for the role of that barrier be-
cause of the pH difference between the two compartments (inside and outside
the cell). Indeed auxin is a weak acid and so it comes in two forms, ionised
(negatively charged) and “protonated” (no charge, the proton has not been
released into solution). The diffusion constant of auxin through the cell mem-
brane is very much smaller for the ionised form than for the neutral form: as
a first approximation, the auxin molecule must be protonated if it is to diffuse
across the periplasmic membrane. In the lower pH environment of the extra-
cellular space (for us, the apoplast), auxin has a higher probability of being
protonated which thus allows for it to diffuse into the cell through the cell
membrane. In contrast, an auxin molecule within the cell is subject to a higher
pH and thus has a low probability of being protonated. As a result, auxin
tends to become trapped in cells, and thus the system naturally builds up a
higher level of auxin in cells than in apoplasts. Coming back to the mathemat-
ics, when using Eq. 2.2, to obtain the fluxes between cells and apoplasts due
to diffusion, one must focus on the protonated form of auxin and use its con-
centration in the different compartments and Fick’s diffusion law to determine
the fluxes coming from passive diffusion.

If one focuses on the compartment c (labelling a cell or an apoplast), the
reaction of deprotonation for auxin is:

IAAH + H2O �! IAA- + H3O+, (2.4)

[ October 26, 2015 at 10:51 – classicthesis version 4.1 ]



2.4 the chemiosmotic model 25

where IAAH is the protonated auxin and IAA- is the deprotonated one. The
dissociation constant, Ka, of this reaction determines the equilibrium ratios:

Ka =
[IAA-] · [H3O+]

[IAAH]
. (2.5)

By applying the negative logarithm in base 10 to both members and remem-
bering that pH = -log10[H3O+] and pKa = -log10Ka, one gets:

pKa = pH- log10
[IAA-]

[IAAH]
. (2.6)

Defining the proportion of protonated auxin in the compartment c as KIAAH
c ,

we have [IAA-]

[IAAH]
= 1-KIAAH

c

KIAAH
c

. Inserting this back into the previous equation

and solving it for KIAAH
c , one gets:

KIAAH
c =

1

1+ 10pHc-pKa
. (2.7)

This fraction of protonated auxin in a given compartment c can then be used
to obtain the flux due to diffusion:

�diffusion = Pdiffusion(K
IAAH
i [IAAi]-KIAAH

ij [IAAij]), (2.8)

where Pdiffusion is the membrane permeability for auxin diffusion and it
takes into account the diffusion constant DA within the membrane and the
membrane thickness.

For the influx and the efflux, produced by the active transporters, the concen-
trations of ionised auxin as well as the membrane potential can be taken into
account. The dependence of these fluxes are usually modelled by the Goldman-
Hodgkin-Katz equation [83, 84]. One assumes that the membrane is a homoge-
nous material, that the electric field through it is constant, and that the ions
move independently according to both concentration and voltage differences.
This equation furthermore introduces a Goldman-Hodgkin-Katz (GHK) function
f(z) which will be used as a “correction factor” that depends on the ion valence
z via:

f(z) =
�z

e�z - 1
, (2.9)

In this definition, � = VF/RT where V is the voltage difference across the
membrane, F is the Faraday constant, R is the ideal gas constant and T is the
absolute temperature. For small �, e.g., high temperature or voltage difference,
note that f(z) is close to 1. When � is large, the behaviour depends on the sign
of z. For auxin, the protonated form has z = 0 leading to f = 0, while the
ionised form corresponds to z < 0 leading to f ⇡ -�z. These different regimes
are illustrated in Fig. 2.3.

The expressions for the efflux and the influx contain this factor f(z) in the
following way:

�efflux = Pefflux

h
f(z)KIAA-

i [IAAi]- f(-z)KIAA-

ij [IAAij]
i

(2.10)
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Figure 2.3: Plot of the GHK correction factor, f(z), as a function of z, the ion valence,
for different values of � defined in the text. In standard conditions, � ' 5.

and

�influx = Pinflux

h
f(-z)KIAA-

i [IAAi]- f(z)KIAA-

ij [IAAij]
i

, (2.11)

where KIAA-

i is the fraction of deprotonated auxin, given by KIAA-

i = 1 -
KIAAH
c . Pefflux and Pinflux are the membrane permeabilities respectively

for the efflux and the influx; in analogy with the diffusion term, they de-
pend on the characteristics of the corresponding active carriers, i.e. PINs and
AUX/LAX. The ABCB transporters are usually assumed to include a back-
ground level [3].

In standard conditions, z = 1, V = 120 mV, pKa = 4.8, pHij = 5.3 and
pHi = 7.2. This leads to the following expressions for the fluxes [3]:

�diffusion = -Pdiff(0.004[IAAi]- 0.24[IAAij]),
�efflux = -Pefflux(4.68[IAAi]- 0.034[IAAij]),
�influx = -Pinflux(0.045[IAAi]- 3.57[IAAij]).

(2.12)

For conditions that are biologically realistic, studies have concluded that:

• passive diffusion arises mainly in the direction from apoplasts towards
cells;

• the import of auxin into apoplasts arises mainly via the carrier-mediated
efflux which dominates passive diffusion flux;

• among all the terms controlling the flux outgoing from a cell, the biggest
one is related to the carriers-mediated efflux (driven by PIN).

Permeabilities are taken to be related to characteristic quantities in the follow-
ing way:

• Pdiffusion = DA;

• Pefflux = KPIN([PINij] + �), where KPIN is a proportionality constant,
[PINij] is the concentration of PINs carriers at the cell i membrane facing
the cell j and � is the background ABCB effect;
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• Pinflux = KAUX[AUXi], where KAUX is again a proportionality constant
and [AUXi] is the concentration of AUX carriers at the cell i membrane.

Neglecting the small terms in Eqs. 2.12 and using the previous relations for
the permeabilities, the final flux expressions become:

�diffusion = DA0.24[IAAij])

�efflux = -(TO[PINij +D 0
A])[IAAi]

�influx = TI[AUXi][IAAij])

(2.13)

where TO and TI are constants dependent on the kinetic parameters and an-
other diffusion constant D 0

A has been introduced to take into account the back-
ground transport due to ABCB carriers. The first two terms can be modified in
order to have PIN efficiency decreasing as the concentration of auxin in cells
increases [64] or as the concentration of auxin in the adjacent compartments
changes [63].

Such an explicit representation of auxin extracellular compartments can be
useful if one wants to include the action of AUX/LAX proteins or for study-
ing the formation of PIN polarity patterns [85, 77, 78]. Nevertheless, in many
patterning models the presence of the apoplasts is omitted, leading to a fewer
number of equations and a direct communication between cells. In this case,
�ij reads:

�ij = T [(PINij][IAAi]- [PINji][IAAj]) +D([IAAi]- [IAAj]) , (2.14)

and �ij = -�ji. This equation has been used in numerous models [63, 64, 86].
In some others, it has instead been further modified by suppressing polar
auxin transport terms in favour of facilitated diffusion. In that case, permeabil-
ities change locally as a function of the absolute value of the flux, �ij . This
kind of approach does not allow auxin to move against a gradient, leading to
its accumulation in local accumulation zones as experimentally observed [3].

2.5 pin dynamics : endocytosis and recycling

After PINs are synthetised in the endoplasmic reticulum (ER), they are be-
lieved to be delivered to the periplasmic membrane in a way that is initially ho-
mogeneously distributed. However, experiments show clear non-homogeneous
patterns in cells and throughout tissues: as cells begin to differentiate, the PIN
distribution on the cell membrane tends to polarise, most of the transporters
being localised to one side. Furthermore, these polarisations generally self-
organise in large-scale multi-cellular patterns. What drives such polarisation
is still unclear, though a priori one may expect some kind of reinforcement
mechanism to exist that would allow partially polarised cells to become fully
polarised. The effectiveness of different putative mechanisms can be tested
in silico, an approach taken in this thesis. In the previous section we intro-
duced the so-called chemiosmotic model without mentioning PINs dynamics,
but those dynamics can be included as well1. In general, one may introduce of

1 Including PINs dynamics is an obvious starting point for studying the problem of formation of
polarisation patterns.
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a reservoir of PINs inside each cell i via say a number of transporters or a con-
centration [PINi]. This pool of available PINs can then be distributed across
the plasma membrane and the transporters there will carry out their role of
pumping auxin out of the cell (Fig.2.2). From the plasma membrane, PINs can
either diffuse along the cell’s boundary or they may be recruited back into the
cell by endocytosis. Once back in the cell, they are known to travel in several
compartments before being “recycled”, i.e., returning back to the periplasmic
membrane (see Fig.2.2A). This return may be isotropically distributed or not.
Clearly to have polarisation, either the probability of endocytosis or the prob-
ability of recycling to the different locations on the membrane must be het-
erogeneous. Since the main cues for driving polarisation occur in fact where
the auxin is being pumped out, in our thesis work we chose the first option
where the probability of endocytosis is heterogeneous. Nevertheless, for the
moment, let us stay completely general: the PIN dynamics involves a flux for
endocytosis and a flux for recycling:

d[PINij]

dt
= ↵[PINi]- �[PINij]. (2.15)

where [PINij] is the concentration of PIN transporters on the membrane of cell
i which faces cell j, [PINi] is the concentration of transporters in the cell that
are not on its membrane, while ↵ and � are respectively the rates of recycling
and of endocytosis. At least one of these rates must depend on auxin concen-
trations or fluxes, otherwise no polarisation will be possible. As introduced
in Sec. I of this Chapter, these possible dependences give rise to two different
classes of models, the so-called concentration-based models and the flux-based
models. In the first case ↵ or � will be functions of the concentrations of auxin
(in the cell but also that in each apoplast). In the second case, at least one of
those parameters will be a function of the efflux produced by the transporters
themselves [3, 73]. Furthermore, in view of experimental data [55], Eq. 2.15

can be constrained by imposing the conservation of number of PIN molecules
between the internal pool and the plasma membrane. That limit corresponds
to taking the lifetime of PINs to be infinite. The associated equation is:

d[PINi]

dt
= -

X

j2N(i)

d[PINij]

dt
. (2.16)

With this constraint the membrane on the different faces of the cell compete
for PIN flux allocation from the common pool. That competition has been
demonstrated to lead to results comparable with experiments and to increase
the formation of stable patterns [74].

2.6 gallery of results

Given a framework for auxin and PIN dynamics, one may study in silico
whether different mechanisms lead to intra-cellular polarisation of PINs. If
they do, one may extend the model to allow for cell-to-cell interactions and
see whether PIN polarisations may self-organise into large-scale multi-cellular
patterns. In the following we are going to review some of the models proposed
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so far based on the previously described schemes, stressing the differences be-
tween concentration-based and flux-based models. In these works, the details
of the chemiosmotic models are not always included. This may not be a prob-
lem if passive diffusion plays only a minor role in developing PIN polarisation.
Nevertheless, at the level of describing auxin dynamics, the chemiosmotic mod-
els remains the most detailed one, taking into account the two forms (ionised
and neutral) of auxin and the compartmentalisation into cells and apoplasts.

2.6.1 Setting parameter values

Before describing in detail the different models and their typical output, a
sore point in the current modelling context deserves attention. In all models,
one first includes the processes that are believed to be relevant. Then typi-
cally the processes selected are assigned dynamics via ordinary differential
equations relating the rates of change of the molecular species to their concen-
trations. Each reaction is defined by the species involved and by associated
reaction rates, i.e. parameters determining the speed of the change. In order
to implement the dynamics, the values of these parameters must be specified.
Examples of parameters in our context are permeabilities, auxin biosynthe-
sis or degradation rates, etc. As discussed by [87], ideally one should fix all
parameters from experimental measurements. However, measurements in our
system are almost never quantitative, preventing one from using them to ex-
tract precise parameter estimates. In view of this difficulty, one follows other
strategies. One consists in using indirect estimates: one adjusts the model’s pa-
rameters so that the predictions of the model are in qualitative agreement with
experiments. Another strategy constrains the allowable range of the parame-
ter values, typically by appealing to physical laws. As an example of such a
constraint, note that reaction rates are bounded by the so called diffusion limit.
For instance in the case of an enzyme, no matter how efficient it may be, there
is always a limit to the rate, limit coming from the constraint that the sub-
strate takes time to reach the enzyme. With these strategies, plausible results
may be obtained. Nevertheless, since the parameter values remain to a large
extent poorly known, it is important to check to what extent the conclusions
reached from the modelling are robust to the uncertainties in the parameter
values. Mathematically, this can be quantified by giving ranges of parameter
values where the model behaves as wanted. At a more qualitative level, one
may simply check that one’s conclusions are not affected when changing the
model’s parameters randomly within say 50%.

2.6.2 Models of PIN dynamics based on auxin concentration sensing

In this class of models, it is the auxin concentration (or its gradient) which
may drive PIN polarisation. In practice, the polarisation dynamics is taken as
a function of auxin concentration in the cell of interest and in the neighbouring
cells: PINs are then reallocated according to the amounts of auxin in the local
environment. If parameters are well set, small cell-to-cell differences in auxin
concentration and in PIN polarisation will grow in time. After some transient
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time, the system will go towards a polarised state with some cells having local
maxima of auxin concentration [64, 63, 73]. Such models are usually based on
PINs dynamics with a rate of recycling (the value of ↵ in Eq. 2.15) that is an
increasing function of the auxin concentration in the neighbouring cells. Given
that mechanism allowing for PIN polarisation, the rate of endocytosis � can
be kept constant. Nevertheless, for all practical purposes it is just the ratio
between ↵ and � which matters: reversing the functional dependence does not
change the results [88].

In such models, PIN synthesis and degradation rates are often considered
to take place on longer time scales than that of endocytosis and recycling and
are therefore neglected. Within such a framework, modellers have often set
PIN concentrations to their steady state values given the auxin concentrations,
leading to:

[PINij] =
↵([IAAj])P

k2N(i) ↵([IAAk]) + �
, (2.17)

and

[PINi] =
�P

k2N(i) ↵([IAAk]) + �
, (2.18)

Note that the hypothesis of negligible PIN synthesis and degradation allows
one to use PIN conservation (Eq. 2.16).

The differences amongst most models lie mainly in the choice of the func-
tion ↵([IAAj]): the authors of [64] employed a Hill-like function (↵([IAAij]) '
[IAAij]

n

K+[IAAij]n
, where K is a constant) while in [63] an exponential function was

used. In both cases, similar results were obtained (Figs. 2.4, 2.5). The mod-
els generated periodic patterns of approximately equidistant auxin maxima in
both one and two dimensions, but in two dimensions striped patterns were
also observed like those in reaction diffusion systems [69]. However, oscillat-
ing behaviour was found in the model of [63] but not in the model by [64]. For
completeness, let us mention that there are other models where auxin concen-
trations are further compartamentalised. An example is given in [77] where it
is the auxin in the cell walls which affects PIN dynamics.

Although the hypothesis of PIN conservation is convenient, it is known to
be inexact. Indeed, it has been experimentally shown that auxin induces (pre-
sumably indirectly) PIN1 biosynthesis [89, 90, 91]. There is thus some positive
transcriptional control on PIN coming from auxin whose effect is to correlate
PIN abundance to auxin concentration. Motivated by this observation, the au-
thors of [63] and [64] implemented such a PIN upregulation in their model.
They found that having the extra PINs destabilised the auxin peaks because
too much of the auxin was then pumped out. As a result, the phyllotactic
patterns were disrupted. Some other works such as [72] tried to examine this
same destabilising effect for vein patterning in leaves: however, the patterns
obtained were not consistent with experimental observations and led those au-
thors to switch to other PINs dynamics, for example ones based on auxin flux
sensing.
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Figure 2.4: Pattern formation results of the model by [63]. (A-D) Auxin patterning in
a sequence of 50 cells with periodic boundary conditions for four different
simulation steps (30,60,70 and 80 respectively). Taller bars indicate higher
auxin concentrations. (E-F) Auxin concentration peaks when varying the
parameter values of the model: high diffusion (E) and low diffusion (F).
G) Pattern formation for PINs (depicted in red) for a simulated cellular
structure.

2.6.3 Models of PIN dynamics based on auxin flux sensing

Another class of models is based on having the auxin flux drive the dynam-
ics of PIN. The first model to be proposed in this context [92] remained the
only available model for a long time. Models in this class have been able to
reproduce a number of experimental observations, most notably with respect
to vein formation in developing leaves. In such systems, canals form that con-
centrate auxin flux and furthermore PINs strongly polarise in these canals [86].
For the associated models, the ↵ coefficient in Eq. 2.15 is taken to be a function
of the auxin flux between the two corresponding cells i and j [3], i.e.:

↵(�ij) =

8
<

:
h(�ij), �ij > 0

0, otherwise
(2.19)

where h(�ij) is an increasing function of its argument. This means that a
dominant flux in a given direction will be reinforced by PINs polarisation
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C

Figure 2.5: Results from the model based on auxin concentration sensing by [64]. Sim-
ulations of phyllotaxis on a half-sphere plus cylinder surface including
cellular growth and proliferation, reproducing peaks forming a spiral pat-
tern (A) and a whorled pattern (B). C) Auxin peaks in an one-dimensional
model with periodic boundary conditions when varying the ratio D/TP,
D being the diffusion constant and TP being the coefficient setting the in-
tensity of active transport. Increasing the diffusion constant smooths the
peaks as expected.

along that same direction. Through the use of different h-functions for PINs
dynamics, different results have been unveiled:

• if the h-function is linear or sublinear, the model is able to reproduce
coordinated polarity patterns (Fig.2.6);

• if the h-function is supra-linear, the model is able to reproduce chains of
cells having the same polarities (Fig.2.6).

By adding the constraint of PIN conservation, i.e. all PINs transporters are
assigned from a common pool, the model has also been able to match experi-
mental data, generating canals characterised by high flux and high auxin con-
centration (Fig.2.6) [74]. This is possible because, by introducing the conserved
common pool of PINs within a cell, one introduces a competition between
PINs and a reinforcement on auxin concentrations: since the outgoing flux de-
pends linearly on PINs, by increasing PINs on one side, one increases both the
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Figure 2.6: Results of a simulated flux-based model (a-c) based on [86]. a) PINs are
allocated by using a quadratic function of the auxin flux and they are rep-
resented as black arrows, connecting an auxin source at the top of the
lattice (green) with a sink at the bottom. In this canal, auxin is present in
low concentration while flux is high. b) PIN pattern obtained by using a
linear allocation function. c) Results of the implementation of the model by
[74] by constraining PINs number in each cell. In contrast with a), auxin
transport saturates here and there is an accumulation of auxin in the canal.
Picture taken from [3].

auxin flux and the auxin concentration along that direction. As a consequence
of PIN conservation, when one side sees its number of PINs go up, it has to be
at the detriment of the other sides. When the number of those PINs decreases,
so does the associated auxin flux and auxin concentration.

In view of the results presented, both the concentration-based and the flux-
based models are able to reproduce some of the observations reported by ex-
periments. Which of the two types is best is still up for debate. Unfortunately
direct experiments to shed light on the nature of the sensing – concentration
based or flux based – are too difficult for one to hope for progress on that
front in the foreseeable future. It is also possible that there is some element of
truth in both types: some models have been proposed which merge the two
approaches [75]. Such models have been referred to as dual-polarisation mod-
els (Fig.2.7): however, it is not clear why and how there could be a “switch”
between the two different modes of sensing. Although most of these models
are able to reproduce some experimentally observed polarity patterns, it is not
clear why different functional forms lead to different results. Further investi-
gations and modelling are necessary.

In closing this chapter where we have covered a number of current models,
note that all cases presented were described by ordinary differential equations
and thus ignored possible effects of molecular noise. Since molecular noise
is important only when the number of molecules is modest, it is probably
not relevant to include any noise for the auxin dynamics. However, PINs are
transporters that are in far fewer numbers than auxin molecules. The noise
in PIN dynamics may not be negligible and so it should at least be consid-
ered as potentially relevant. This then brings us to the question of robustness:
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Figure 2.7: a)-c) Results of experimental PIN1 immunolocalisation at different stages
of the midvein formation in a tomato shoot apex, with lateral and transver-
sal sections of the meristems (insets). PIN1 polarisation is indicated by
arrows: red for lateral towards the future vein, yellow for oblique, and
white for basal. Scale bars are 20 µm. d)- f) Simulation results of the dual
model for a cellular meristem template at different time steps (2h, 5h, 12h
respectively for d), e) and f)). d), e) and f) shows PINs localisation in red
and auxin concentration in green. The combination of concentration-based
and flux-based modelling allows to get both PINs pointing towards the
future vein and a canalisation of the rest of the PINs along the future vein.
Pictures taken from [3], readapted from [75]

although the models covered in this chapter led to interesting polarisation pat-
terns and provided some agreement with experiment, can one be confident
that their mechanisms are robust? If their qualitative behaviour is unaffected
by the presence of noise, one may expect them indeed to be robust. The next
chapter will consider this question and reach the surprising conclusion that
a model’s behaviour may not only be preserved by the presence of noise but
also that noise may make the model more robust.
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3
M O D E L L I N G T H E E M E R G E N C E O F P O L A R I T Y PAT T E R N S
F O R T H E I N T E R C E L L U L A R T R A N S P O RT O F A U X I N

This chapter is based on [93]. This work has been led in collaboration with P. Sollich.

Despite the high proliferation of computational models for auxin and PIN
patterning formation, few is known about the intrinsic cooperative effects driv-
ing these phenomena. Given auxin constitutive equations, one can then choose
the plausible PINs dynamics to model, according to some assumptions or ques-
tions to be addressed. However, why, given a model, PINs will self-organise in
a certain fashion is a point deserving more attention.

In view of what discussed so far, from the physicists’ point of view, auxin
can be seen as a signal propagating throughout tissues by some reactions,
while PINs, its efflux transporters, collectively interact to give rise to non-
trivial organised patterns.
Collective behaviour and the emergence of non-trivial organised patterns are
well-framed topics in statistical physics, where the self-organising entities are
usually renamed "spins". "Spins" are nothing but variables, be them continuous
or discrete, allowed to assume certain values physically readable as "polarisa-
tions".

In this chapter, we are aimed then at introducing a new model in the context
of auxin transport and PIN polarity patterns formation, where we try to give
answers to the emergence of PINs collective behaviour by borrowing methods
from statistical physics. We also try to work out the problem of auxin gradi-
ents and PIN polarities: we will show that auxin gradients are not required to
set special PINs patterns throughout tissues as collective effects can neverthe-
less arise. Furthermore, as biological processes are intrinsically noisy, we will
propose a way of introducing stochasticity in such a system without adding
any new parameter. We will show stochasticity can help to induce and main-
tain these PINs patterns, not requiring auxin gradients settlement as a main
ingredient.

3.1 definition of the model

In the first two chapters, we introduced the biological background and the
state of the art in modelling auxin transport and PIN pattern formation. Sev-
eral models have been proposed so far with different level of complexity. Most
of them turn out to reproduce the experimentally observed patterns but, as
far as we know, no much attention has been paid to the intrinsic mechanisms
driving the collective patterns formation. Our aim is then to propose a new
and simplified model which takes into account the main processes involving
auxin and PINs in cells. We will show that our main findings are: i) auxin gra-
dients are not require to induce PIN patterning; ii) PIN patterning is regulated

35

[ October 26, 2015 at 10:51 – classicthesis version 4.1 ]



36 MODELING THE EMERGENCE OF POLARITY PATTERNS

by the strong non-linearities tuning their own dynamics; iii) molecular noise
is an enhancer of patterning.

As discussed in the first two chapters, auxin transport takes mainly place in
sheets, i.e. single layers of cells. Examples of these are the L1, L2 layers in the
SAM or the different types of layers in the RM (see Figure 1 in Chapter I). In
our model, we will consider just one of these layers and we model it as a set
of cubic cells of side ⇤. Cells are separated one from another by apoplasts -the
space in between two adjacent cells- of length �. As cells are typically packed
in tissues, ⇤ � �: in this specific case we assumed ⇤ = 20µm and � = 1µm
[94].

As discussed in Chapter I, auxin undergoes different processes in tissues as
biosynthesis, catalysis and active and passive transport. We shall take them
into account as it follows:

• constant production and degradation in each cell, with rates � and ⇢

respectively;

• diffusion within cells, within apoplasts and within cells and apoplasts;

• active transport across cell membrane via the active carriers previously
discussed.

As shown in the previous chapters, auxin is a weak acid and it must be
protonated in order to cross the plasma membrane. Being the apoplasts a mild
acidic environment, a small fraction of protonated auxin is present and can dif-
fuse through the membrane. We shall call D the associated diffusion constant,
measured in µm2 s-1, through the wall membrane of thickness ✏. However, in
Sec. 1.4, we discussed that diffusion effect is quite small and thus specific car-
riers placed on the plasma membrane are aimed at transporting the remaining
auxin in apoplasts (' 83%) inside the cell. Vice versa, inside the cell, in the
neutral conditions of the cytoplasm, auxin is again deprotonated and this pre-
vents it to diffuse back through the membrane. Dedicated transporters are then
placed on the plasma membrane to sort out the efflux. There are two classes of
carriers specific for the ingoing and the outgoing flux, respectively AUX1 and
PIN. Since we want our model to be the most general as possible, we are not
going to differentiate among the different families of PIN transporters (PIN1-4
and PIN7) and we will refer to them simply as PINs.

In this framework, auxin dynamics is then specified by the flux densities rel-
ative to the active flux, �AUX1 and �PIN, and the diffusion contribution pro-
portional to D, together with the production and the degradation terms. We
shall call Ac(P, t), auxin intracellular concentration of the cell centred at posi-
tion P = (x,y) at time t, and Aa(P,P 0, t), auxin concentration of the apoplast
in between the two nearest neighbour cells P and P 0 at time t. The dynam-
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ical equation for intracellular auxin, Ac(P, t), will be given by the following
ordinary differential equation:

dAc(P, t)
dt

= � - ⇢Ac(P, t) +⇤-1

X

P 0

[�AUX1(P,P 0, t)-�PIN(P,P 0, t) +D(Aa(P,P 0, t)-Ac(P, t))/✏].

(3.1)

Concentrations are here measured in micromoles per liter, i.e. microMolar
(µM). In the last equation, we considered just diffusion within the plasma
membrane of thickness ✏ along with the active flux densities, �AUX1(P,P 0, t)
and �PIN(P,P 0, t), both assumed to be positive by convention. The signs repre-
sent the direction of the flux, being �PIN a term of depletion, the flux of auxin
going from the inside to the outside to the cell, whereas �AUX1 is a term of
enrichment, the flux of auxin going from the outside to the inside of the cell.
These terms stand for the flux densities carried by the transporters placed on
the face of the cell P facing the corresponding one of the neighbour P 0. Note
that there are no direct contacts between cells or between apoplasts (Fig.3.1).
The sum runs over all the neighbours P 0 of cell P. Flux densities are measured
in micromoles per unit of time and surface area. To turn them into concentra-
tions, another factor ⇤ has been inserted the equation. Finally, � and ⇢ are the
constant rates of respectively production and degradation. For the latter, mass
action law has been assumed [95]. This allows to reduce both biological and
previous models’ complexity without loss of generality.

For auxin in the apoplasts instead, there are no terms of production nor
degradation though as there are no machineries in this environment aimed at
carrying out these functions. Consequently, in absence of mechanisms of active
degradation, auxin has a long life time. Flux densities will be now rescaled by
the typical length scale of the apoplast, �. Thus, the corresponding differential
equation for Aa(P,P 0, t) reads:

dAa(P,P 0, t)
dt

= �-1[�PIN(P,P 0, t)-�AUX1(P,P 0, t) +�PIN(P 0,P, t)-�AUX1(P
0,P, t)+

+D(Ac(P, t) +Ac(P
0, t)- 2Aa(P,P 0, t))/✏] .

(3.2)

where we took into account that the apoplast can communicate just with the
two cell nearest neighbours, P and P 0.
Given the form of the dynamical equations, we shall now model the active
transport. As discussed in the first chapter, in Arabidopsis, passive flux is hun-
dreds times smaller than the effective action of active flux, specified by the
transporters AUX1 for the influx and PIN for the efflux. These carriers are
thought to act in a unidirectional way, and, even if still unclear, the molecular
mechanisms regulating the process of transport might involve auxin binding
and conformational changes. This is what usually happens in enzymatic reac-
tions, where a molecule, the enzyme, mediates the change of a substrate into
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�

�

P

P 0

�PIN (P, P 0) �AUX1(P, P 0)

�AUX1(P
0, P )�PIN (P 0, P )

(a) Schematic representation of the model’s ingredients.

(b) Role of transporters and PIN recycling.

Figure 3.1

a product. Auxin active transport can be then relied to enzymatic reactions,
where transporters now play the role of enzymes being auxin the substrate.
We shall model then the active transport via an irreversible Michaelis - Menten
kinetics (see Box Michaelis-Menten kinetics for further details), that specifically
leads to the following flux densities:

�AUX1(P,P 0, t) =
NAUX1

⇤2
·↵ · Aa(P,P 0, t)

1+ Aa(P,P 0,t)
A⇤ + Ac(P,t)

A⇤⇤

, (3.3)

�PIN(P,P 0, t) =
NPIN

⇤2
· � · Ac(P, t)

1+ Aa(P,P 0,t)
A⇤ + Ac(P,t)

A⇤⇤

, (3.4)

where ↵ and � are kinetics parameters. ⇤2 is the surface of the involved face
of the cell, while NAUX1 and NPIN are respectively the number of AUX1 and
PIN on that face. A⇤ and A⇤⇤ are two constants analogous to the Michaelis-
Menten one, KM, and they are connected to saturation effects.

Michaelis-Menten kinetics

Enzymes are molecular machines aimed at catalysing reactions in cells
that would naturally take place on too long time scales. Let us consider
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the following enzymatic reaction, where a substrate S is converted in the
product P by the action of an enzyme E:

S+ E
k+
1��*)��

k-
1

C
k+
2��! P+ E, (3.5)

where C is the intermediate complex substrate-enzyme. The second re-
action, converting the complex C into the product P along with the free
enzyme E, is assumed to be irreversible (k-2 = 0). k-1 ,k+1 ,k+2 are respec-
tively the reaction rates of dissociation and association of the substrate
and the enzyme and the complex dissociation.
Let us define as [X] the concentration of the reactant X = S,E,C or P. As-
suming the reactions of complex production and degradation to be quite
fast with respect to the others’ time scales in the system, the steady state
concentration [C]⇤ for the complex is given by:

[C]⇤ =
k+1 [E][S]

k-1 + k+2
. (3.6)

However, the experimentally measured quantity is not exactly the free
enzyme concentration [E] but rather the total enzyme concentration [E0] =
[E]+ [C], i.e. both free enzyme and complex. Relating the previous equation
to [E0] one gets:

[C]⇤ =
k+1 [E0][S]

k-1 + k+2 + k+1 [S]
. (3.7)

Thus, the speed of product formation, V , is given by:

V = k+2 [C]
⇤ = VMAX

[S]

KM + [S]
, (3.8)

Figure 3.2: Reaction speed, V , as a function of
the substrate concentration, [S], in a
Michaelis-Menten kinetics.

where VMAX = k+2 [E0]
is the maximum speed
of reaction and KM =
k-
1 +k+

2

k+
1

is the substrate
concentration at which
the speed is half of
its maximum (Fig.3.2).
The peculiar feature of
such a mechanism lies
in the existence of a
maximum speed of re-
action VMAX: this kinet-
ics shows a saturation
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effect and differs substantially from one based on a pure mass action law,
where an infinite amount of substrate would lead to an infinite reaction
speed.
In presence of an inhibitor, i.e. a molecule preventing the formation of the
product P by binding the enzyme E, the previous speed reaction reads:

V / [S]

KI + [I] + [S]
, (3.9)

where KI is a new constant enclosing the rates of the inhibiting reaction
and [I] is the inhibitor concentration [95].

Note that here the catalytic role is carried out by the transporters, respec-
tively AUX1 and PIN. Given a cell centred at P = (x,y), for the ingoing flux
the substrate will be the auxin in the surrounding apoplasts while auxin in the
cell will work as an inhibitor: this saturation effect takes indeed into account
the finite size of the cell. Reversely, for the outgoing flux, auxin in cell will play
the role of the substrate, while auxin in the apoplast that of the inhibitor.

As discussed in the first two chapters, there are no evidences yet of changes
in the AUX1 distribution upon the plasma membrane. We shall assume then
that their number is fixed during the dynamics of the whole system. By con-
trast, PINs show clearly non-trivial distributions throughout tissues, in par-
ticular being localised -polarised- on certain sides of the cell membranes. This
phenomenon turned out to be actually fundamental for morphogenesis [15],
PINs showing different patterns according to the type and the meristematic
localisation of organs (Fig.2.1).
To this regard, we showed in Chapter II the attention that has been paid dur-
ing the past decades to the modelling of PIN polarity patterns. The aim of this
work is to shed light on the collective behaviour lying below these phenomena.
Therefore, a consistent definition of polarisation must be introduced.
Let us consider the four faces of our cubic cells involved in auxin intercellular
transport and let us rename them as N for North, S for South, E for East and
W for West. For each of these four sides we can define the variable "number of
PIN transporters":

NPIN
f , f = N,S,E,W.

In the following, we will assume that PIN can be drawn from a limited pool,
constraining then their total amount in each cell to be fixed by

P
fN

PIN
f = �.

This constraint consequently adds a competitive effect among the different
sides of the cell (see also Sec. 2.6.3).

As discussed in the previous chapters, PINs undergo a dynamics inside the
cell, called recycling, being transported from one side to the other of the cell
through the Golgi apparatus and mechanisms not yet clear. Even the criteria
by which PIN are recycled are not known. In the context of modelling, by
the observation that PIN patterns and auxin gradients are tightly connected,
two different "philosophical" currents arose, respectively assuming that the
driver of PIN recycling is either auxin concentration or auxin flux. However,
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we showed in the previous chapters that all the concentration based models
require auxin gradients to set PIN polarised patterns [64, 63]. Auxin gradients
are not always observed though. For example, in leaves venation, strands of
polarised PINs are formed and auxin concentration is homogenous in these
canals [75, 74]. The same happens in the cambium, one of the layers in the stalk
meristem. We are then going to assume in the following that PIN dynamics is
tuned somehow by flux sensing: this assumption can be further justified by the
fact that, being PINs membrane molecules, the perception mechanism would
plausibly sense auxin at the membrane and not cell volume wide.

Mathematically, to take into account the strong non-linearities introduced
by the recycling mechanism, we assume the dynamics for PINs on the face
f(f = N,S,E,W) of a cell to be given by a Hill equation of exponent h [95]:

dNPIN
f

dt
= -

3

4⌧
NPIN

f
1

1+

✓
�PIN

f
�⇤

◆h
+

1

4⌧

X

f 0

NPIN
f 0

1

1+

✓
�PIN

f 0
�⇤

◆h
,

(3.10)

where ⌧ is the characteristic time scale for recycling and �⇤ plays again the
role of a saturation effect, as the Michaelis-Menten constants in Eqs. 3.3,3.4.
The constants 3/4 and 1/4 has been introduced to take into account the con-
servation of the total number of PIN molecules. PINs are here treated as con-
tinuous variables instead of discrete as it would be appropriate for a number
of molecules: however, being the number of PINs quite high, the use of such
an approximation is justified.

This differential equation introduces a competitive effect among PINs on the
different faces of a cell in a flux-dependent manner, whose strength depends
on the Hill-like exponent h as well.
In order to intuitively understand the consequences of such a dynamics, let us
focus on the two regimes where the flux due to PINs through the face f, �PIN

f ,
is much greater, reversely, lower than �⇤.
If �PIN

f ⌧ �⇤, the denominator in Eq. 3.10 is negligible. At the molecular level,
each PIN molecule will leave the face f of the cell with a rate proportional to
⌧-1. By contrast, in the reversed situation, when the flux due to PIN through
the face f is dominant with respect to the others, the second term in Eq. 3.10

will be much greater than the first one: PINs from the other faces f 0 will then
migrate onto the face f with a rate proportional to ⌧-1. It is clear then that a
reinforcement effect will take place whenever there is a dominant direction for
the flux, i.e. PINs are polarised in one particular direction. In this case, PINs on
the dominant face will experience a low migration rate, probably dependent
also on the typical auxin binding time. How this happens at the microscopic
level is not well known: we can just assume that this process is mathematically
governed by a strongly non-linear function, assumed here to be tuned by an
exponent h, resembling a Hill function. Hill functions are usually used to model
regulation processes where binding involves more than one substrate molecule.
The exponent h classically represents the number of substrate molecules that
must be co-localised "to activate" the reaction and it gives a measure of co-
operativity [95]. In such a context, it is an integer number. More generally, it
stands for the degree of cooperativeness among the substrates potentially being
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bound by an enzyme (see Box Cooperative Mechanisms). This justifies the use
of such a function in our modeling but, since the molecular mechanisms gov-
erning PIN dynamics are not yet understood, the exponent h must rather be
interpreted as a measure of linearity here, not really as a biologically commen-
surable quantity.

Cooperative Mechanisms

In Michaelis-Menten kinetics, the enzyme E is supposed to have one
only binding site and, consequently, to bind just one substrate molecule
at a time. In catalysis mechanisms though, many macromolecules have
multiple binding sites and they can, consequently, bind multiple ligands
at a time. As an example, haemoglobin, the oxygen-carrying protein in
red blood cells, has four binding sites for oxygen (O2) molecules. Another
similar protein is the myoglobin, that by contrast can reversibly bind just
one molecule of oxygen at a time. Normally, within this framework, the
reaction between a macromolecule and its ligand is described as cooperative
if, when multiple binding sites are present, the probability of binding a
ligand increases as other binding sites are already occupied. Reversely, the
mechanism is called anticooperative, if the probability decreases.

Let us consider thus a reaction like:

P+ hL ⌦ PLh, (3.11)

where P is the protein such as the myoglobin and the haemoglobin, L
is the ligand and h is the stoichiometric coefficient relatively to the ligand.
The fraction of occupied binding sites can be thought to be given by Hill
equation:

Y =
[L]h

K+ [L]h
, (3.12)

where K is a constant analogous to the Michaelis-Menten one. h is ex-
actly the stoichiometric coefficient of the ligand L in the considered re-
action as well as the number of total binding sites upon the protein. By
fitting the experimental results with such a function, it turns out for the
myoglobin h = 1, as one would expect it having just one binding site; how-
ever, instead of getting h = 4 for the haemoglobin, h ' 2.8. So, probably, h
is not always readable as the number of potential binding sites. To tackle
this problem, let us the reconsider the reaction in Eq. 3.11. The aim is to
find the full expression of the fraction of occupied binding sites as a func-
tion of the ligand concentration. We can then think the previous equation
as made of h subsequent subreactions such as:
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STEP 1 P+ L k1

STEP 2 PL+ L k2

STEP 3 PL2 + L k3

: : :
STEP h PLh kh

The fraction of occupied sites, Y, is then given by:

Y =
number of occupied sites
number of binding sites

=
PL+ 2[PL2] + 3[PL3] + ...
h([P] + [PL] + [PL2] + ...)

. (3.13)

Defining k1 = [PL]
[P]·[L] , k2 = [PL2]

[P]·[L2]
= [PL2]

[PL]·[L] and so on up to kh, one can
rewrite the fraction of occupied sites as:

Y =

Ph
m=1m(

Qm
j=1 kj)[L]

m

Ph
m=0(

Qm
j=1 kj)[L]

m
, (3.14)

where k0 = 1 and the equation is called Adair’s equation. When having
just one binding site, this reduces to a Michaelis-Menten form and this is
exactly the case of the myoglobin. When instead there are multiple bind-
ing sites, as in the case of the haemoglobin, Y is slightly different than
the expression given by the Hill equation. To understand then what h actu-
ally represents and why in the case of the haemoglobin one gets different
results, let us consider the simple case of 2 binding sites with rates of as-
sociation given by k and k⇤. From the Adair’s equation, Y turns out to be:

Y =
k[L] + kk⇤[L]2

1+ 2k[L] + kk⇤[L]2
. (3.15)

In the Hill equation, h = @
@log[L]

h
log
⇣

Y
1-Y

⌘i
. Setting � = k⇤

k and x =

k[L] and computing h for Eq. 3.15, one gets:

h =
1+ 2�x+�x2

(1+�x)(1+ x)
. (3.16)

h is then a measure of the cooperativity among the binding sites and,
even though a good estimate, it is not exactly the number of potential
binding sites.

Since our aim is to study how polarisation patterns can be set in such a
system, we should find a way to give a consistent definition of it depending
on PINs displacement amongst the different sides of a cell. Experimentally,
polarisation patterns are observed by immunolocalising PINs and it is indeed
the displacement in cells to allow patterns observation. We should then relate
PINs displacement to an overall quantity. Given a cell centred at P = (x,y) ,
we shall introduce the two-dimensional vector, ~�(P), whose components will
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Figure 3.3: Schematic representation of PINs displacement amongst the different sides
of a cell. Upper left panel shows the full polarised case and the lower
right panel the unpolarised one. The other two configurations represent
two intermediate possible cases. Being this just a sketch of the different
possible configurations, the number of PINs is not the same in each cell.

depend on the normalised face-to-face difference of the number of PINs along
the horizontal and the vertical directions in the following way:

~�(P) ⌘

8
>>><

>>>:

�1(P) =
NPIN

E (P)-NPIN
W (P)

�

�2(P) =
NPIN

N (P)-NPIN
S (P)

�

(3.17)

.
The vector ~�(P) defined by the previous equation has length ~�(P) 2 [0, 1],

whose extremes represent respectively the completely unpolarised and po-
larised case. When ~�(P) = 0 indeed means that both �1(P) and �2(P) are zero:
this can be achieved by having a homogenous distribution of PINs throughout
the different faces of the cell, i.e. NPIN

f = �
4 , 8f. On the other hand, when

~�(P) = 1, all PINs are localised on one face f of the cell, i.e. NPIN
f = � and

NPIN
f 0 = 0, 8f 0 6= f. The individual components, �1(P) and �2(P), can instead

vary in [-1, 1] and the extreme values give the maximum polarisation in one
direction or the other. A complete description for the polarisation can be then
achieved by the use of the length of the polarisation vector ~�(P) and the angle
of polarisation of the cell P, ✓(P), straightforward defined by:

✓(P) = atan
⇣�2(P)
�1(P)

⌘
, (3.18)

although we shall see the quantity of interest to be indeed ~�(P).
By this compact definition, a complete description of the polarisation of a cell
centred at P can be given, covering all the cases of interest we shall analyse in
the following (Fig.3.3).

3.1.1 The parameters’ choice

As discussed in Chapter II, a sore point in modeling biological systems by a
reaction-diffusion approach lies in the choice of the parameters. In our model
we introduced so far 15 parameters, i.e. �, ⇢,↵,�,A⇤,A⇤⇤,�⇤,⇤, �, ✏, ⌧,�,NAUX1,D
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� 1 µM · day-1

⇢ 1 day-1

↵ 0.1 L · s-1

� 10-4 L · s-1

A⇤
2 ⇥10-3 µM

A⇤⇤
0.8 µM

�⇤
4 ⇥10-6 moles · µm-2 s-1

NAUX1
200 per face

� 1000

⇤ 20 µm
� 1 µm
✏ 10 nm

⌧, ⌧1D 30 min

Table 3.1: Parameters used in the model. M stands for molarity, i.e., number of moles
per liter. L stands for liter.

and h. Some of these parameters, as ⇤, � and ✏, are known and can be straight-
forward fixed [94]. Others can be obtained by using already published exper-
imental results (Table 3.1). In [96], for example, auxin concentration has been
measured by mass-spectrometry in very young leaves turning out to be about
250 pg mg-1. Moreover, they also found a complete auxin replenishment to
happen in one day. In our system, one can demonstrate (as we shall do in the
following), that cell auxin steady state concentration is Ac = �

⇢ . Their measure-
ments can then constrain the two parameters in our model, � and ⇢. Assuming
that living matter is mainly made of water, whose density is 1

kg
dm3 , and recall-

ing the molecular mass of auxin to be 175 Da, one gets Ac ' 1µM. As auxin
replenishment happens in one day, we get � = 1 µM

day and ⇢ = day-1.
Radioactive labelling has been instead implemented to estimate the mean ve-
locities of auxin displacement [42, 97] and we used these measurements to
constrain ↵ and �. For the other parameters, instead, not so much is known.
PIN number of molecules, �, has been imposed by rough estimations, consid-
ering 100 a too low number and 104 too high and the same reasoning has been
followed for NAUX1 and the typical recycling time scale ⌧. All the Michaelis-
Menten parameters, though, as A⇤,A⇤⇤ and �⇤, do not currently have any
measured estimation. We set them by computing the order of magnitude of
cell and apoplasts auxin, respectively for A⇤⇤ and A⇤, and efflux as well, for
�⇤. Since instead for D and h there are not estimations at all, there is nothing
to do but use them as free parameters in the model: these parameters have
been then use to build up phase diagrams showing the change of behaviour
of the system varying the effects of diffusion and the competitiveness among
PINs.
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3.2 analysis of a simpler one-dimensional model

In order to understand the behaviour of such a system while varying the free
parameters we discussed in the previous section, i.e. the diffusion constant D
and the Hill-like exponent h, let us focus on a simpler one-dimensional model
built with the same ingredients as the one introduced so far.

Let us define a chain of cubic cells separated by apoplasts, i.e. a row of cells
in the lattice in Fig. 3.1, with periodic boundary conditions: this simplifies the
analysis and topologically turns the chain into a ring. Each cell will communi-
cate with two apoplasts instead of four as in the previous case and reversely
each apoplasts with just two cells. In each cell, PINs will be defined only on
the East side (E) and the West side (W), summing up again to a fixed total
number, �. The dynamics for Ac and Aa directly follows from Eqs. 3.1-3.2,
by just considering in the sum over the two faces (and two neighbours) of
each cell. Equations for PINs, instead, can be condensed in just one thanks to
the constraint on the total number conservation. Their dynamics will be then
completely specified by just that for NPIN

E , i.e.:

dNPIN
E

dt
= -

1

⌧1D
NPIN

E
1

1+
⇣
�PIN

E
�⇤

⌘h +
1

⌧1D
NPIN

W
1

1+
⇣
�PIN

W
�⇤

⌘h , (3.19)

where ⌧1D = 4
3⌧ and NPIN

W = �-NPIN
E .

The polarisation of the cell centred at P is no longer a vector but a scalar,
given by just the first component of ~�(P) defined in Eq. 3.17, i.e.:

�(P) =
NPIN

E -NPIN
W

�
. (3.20)

�(P) can vary in [-1, 1]. The two extremal points correspond respectively to
all the PINs localised on the left hand-side of the cell (�(P) = -1) or all the
PINs localised on the right hand-side of the cell (�(P) = 1). It is clear that
�(P) = 0 means a perfect balance of PINs amount between the two sides of the
cell.

The parameters in the model are set as in Tab. 3.1 and the aim is to study
the behaviour of the system by varying the diffusion constant, D, and the Hill-
like exponent, h. Intuitively, these two parameters are respectively connected
to the thermal noise in the system (see Chapter I) and the "strength" of the
competitiveness of the different cell sides in PINs allocation. In order to under-
stand the properties of our model, we can then start by studying whether there
exist solutions to our equations Eqs. 3.1,3.2 and 3.19 by varying these two key
parameters and which is the biological meaning of such configurations.

3.2.1 Steady-state auxin concentration for translation-invariant PIN configurations

Biologically, the interest in equations Eqs. 3.1,3.2 and 3.19 lies in the steady-
state configurations: after dynamical rearrangements, molecules reach a time-
independent state that can be potentially maintained for some time. This could
correspond to the early settlement of organs in plant meristems. The aim is
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then to solve Eqs. 3.1,3.2 and 3.19 at the steady state in the unidimensional
model.

Periodic boundary conditions we previously imposed allow to expect some
steady states to be translationally invariant: this property leads to treat all
quantities in the system as identical, from cell to cell or from apoplast to
apoplast. Thus, we can then drop off the time and spatial dependence in Eqs.
3.1, 3.2 and 3.19 by imposing Ac(P, t) = Ac for all (P,t) and Aa(P,P 0, t) = Aa

for all (P,P’,t). Let us consider as well an arbitrary translation-invariant config-
uration for PINs: this allows to further simplify the equations we are aimed at
solving as it drops off the dependence on the exact PIN number on each side
of each cell. Let us consider in fact the term of efflux in Eq. 3.1, given by:

�PIN
TOT = ⇤-1

X

P 0

h
�PIN(P,P 0) +�PIN(P 0,P)

i
.

Thanks to the translation-invariant configuration for auxin, there is no dif-
ference between the cells P and P’ nor in the apoplasts between the twos and
this leads to:

�PIN
TOT =

�[NPIN
E (P) +NPIN

W (P)]

⇤3

Ac

1+ Aa
A⇤ + Ac

A⇤⇤
.

However, NPIN
E (P) +NPIN

W (P) = � for all cells P and then

�PIN
TOT =

��

⇤3

Ac

1+ Aa
A⇤ + Ac

A⇤⇤
. (3.21)

In the apoplasts instead, the term of PIN influx1 involves the number of
PINs of two different cells. Let us think about a specific case as in Fig. 3.4.
Cell P on the left hand-side communicates with the apoplast in between by the
NPIN

E while, reversely, cell P’ on the right hand-side shares with the apoplast
its NPIN

W . Consequently, in Eq. 3.2, the term of PIN influx is given by:

�PIN
TOT =

�[NPIN
E (P) +NPIN

W (P 0)]

⇤2�

Ac

1+ Aa
A⇤ + Ac

A⇤⇤
,

where we used again the translation-invariant condition for auxin in cells
and apoplasts. However, as we imposed a uniform configuration for the PINs
throughout the ring as well, the PIN term sums again up to � as NPIN

f (P) =
NPIN

f for all cells P. Inserting these expressions into the equations for cell and
apoplast auxin and dropping off the time-dependence, one gets the following
system:

8
>>><

>>>:

0 = � - ⇢Ac +
2D
⇤✏(Aa -Ac) +

2↵
⇤3N

AUX1 Aa

1+Aa
A⇤ + Ac

A⇤⇤
- �
⇤3�

Ac

1+Aa
A⇤ + Ac

A⇤⇤

0 = 2D
�✏ (Ac -Aa)-

2↵
�⇤2N

AUX1 Aa

1+Aa
A⇤ + Ac

A⇤⇤
+ �
�⇤2�

Ac

1+Aa
A⇤ + Ac

A⇤⇤

.

1 PIN mediated flux for apoplasts correspond to an influx.
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P P 0

a

NPIN
E (P )NPIN

W (P ) NPIN
W (P 0) NPIN

E (P 0)

Figure 3.4: Schematic representation of the apoplast a between cells P and P ′. The
terms contributing to apoplasts influx due to PINs are those relating to
NPIN

E (P) and NPIN
W (P ′). Periodic boundary conditions are assumed along

with translation-invariant configuration for PINs.

(3.22)

The previous system can be numerically solved by varying D but hints on
the possible solutions can be got without directly solving it.
Let us start with the equation for cells for any given value of the diffusion
constant. At the steady state, the transport terms must be balanced in order to
conserve the overall amount of auxin. Deeper inspections show that this is a
constraint given by the second equation as well. Dropping off those terms of
transport, auxin in cells is simply given by:

Ac =
β

ρ
= 1µM, (3.23)

for any value of the diffusion constant, D. Auxin in cells in only constrained
by the ratio between biosynthesis and catalysis.

Let us focus instead on the equation for apoplasts. In particular, we shall
analyse the two regimes of low diffusion and high diffusion, as it follows:

• low-diffusion regime: the diffusion term can be neglected with respect to
the terms of active flux. The equation for the apoplasts becomes then:

0 = 2αNAUX1Aa − γσAc. (3.24)

Using the steady-state concentration for Ac, one gets Aa = γ
2α

σ
NAUX1

β
ρ ≃

6 · 10−4 µM. In the low-diffusion regime, apoplasts auxin concentration
is far smaller than that in cells.

[ October 26, 2015 at 10:51 – classicthesis version 4.1 ]



3.2 analysis of a simpler one-dimensional model 49

0 5 10 15 20 25 D×106(
μm2

s
)0.0

0.2

0.4

0.6

0.8

1.0
A(μM)

Figure 3.5: Auxin steady-state concentrations (red for apoplasts and blue for cells)
varying the diffusion constant D for an arbitrary translation-invariant PIN
configuration.

• high-diffusion regime: the active flux terms can be neglected and the equa-
tions for apoplasts is just given by the diffusion term:

0 = 2D(Ac -Aa). (3.25)

In the high-diffusion regime, then, Aa = Ac and thus apoplasts contain
the same amount of auxin as the cells.

These two extremal regimes help then to understand what happens to auxin
concentration in the system by varying the diffusion constant: in the low-
diffusion regime, where active flux is dominant, cells will be filled with auxin
leaving almost empty apoplasts. As diffusion increases, apoplasts will be re-
plenished of auxin and for D ! 1 they will get the same auxin amount as in
cells (Fig.3.5). This scenario is in agreement with the biological observation of
diffusion through the plasma membrane being small compared to the active
flux: beyond the chemical nature of the molecules, such as auxin, a small dif-
fusion constant allows to achieve high auxin concentration in the cells and not
in the apoplasts.

3.2.2 PINs steady-state configurations

So far, in order to solve the equations for auxin, we set PINs to be translation-
invariant throughout the whole ring: being auxin translation-invariant as well,
there would be no reason to have a different scenario for PINs. We did not spec-
ify so far the microscopic configurations for PINs though: they are assumed
to be uniform throughout the chain but nothing has been said about the exact
distributions in each cell. To study then the allowed configurations, let us focus
on the steady-state equation for PINs given by:

0 = -NPIN
E

1

1+
⇣
�PIN

E
�⇤

⌘h +NPIN
W

1

1+
⇣
�PIN

W
�⇤

⌘h , (3.26)

where we simplified ⌧1D and dropped off the dependence of PINs on each
cell P. Since we previously discussed the low-diffusion regime to be biologi-
cally meaningful, we set D = 10-7 µm2

s : this allows to compute an exact value
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0.5 1.0 1.5 2.0
h

-1.0

-0.5

0.0

0.5

1.0
δ

Figure 3.6: Bifurcation diagram for traslation-invariant PIN states in the one-
dimensional model. δ is the PIN polarisation and h the Hill-like exponent.
For h ∼< 1.09, the only allowed steady-state is the unpolarised one (δ ≃ 0 in
red), while for h ∼> 1.09 two symmetric polarised states appear. These are
stable (red) while the unpolarised state becomes unstable (blue). D is fixed
at 10−7 µm2

s .

for auxin in the apoplasts. The aim is then to study the possible solutions of
the steady-state equations for PINs by varying the Hill-like exponent h. Let us
firstly rename φPIN

x
φ∗ = c ·NPIN

x where x = E,W and c = γσ
φ∗Λ2

Ac

1+Aa
A∗ +

Ac
A∗∗

. Eq.
3.26 becomes:

0 = −NPIN
E

1

1+
!
cNPIN

E

"h
+NPIN

W
1

1+
!
cNPIN

W

"h
. (3.27)

In virtue of the conservation law for PINs, we can eliminate one degree of
freedom by imposing NPIN

W = σ−NPIN
E . With some little manipulations, the

previous equation turns into:

0 = −NPIN
E

{
1+

#
c(σ−NPIN

E )
$h}

+ (σ−NPIN
E )

{
1+

#
cNPIN

E

$h}
. (3.28)

Let us then study the solutions of the previous equation varying the Hill-like
exponent h, firstly focusing on its integer values.
For h = 0, the only allowed solution is NPIN

E = σ
2 , i.e. the unpolarised configu-

ration, as well as for h = 1. For h > 1, solutions can be numerically computed
via Mathematica and turn out to be three, NPIN

E = ζ, σ
2 ,σ − ζ, where ζ is

a small perturbation going to zero as h increases. These three solutions corre-
spond respectively to a cell polarised towards the left-hand side, non-polarised
and polarised towards the right hand-side. The presence of multiple solutions
though is intriguing: if there is a bifurcation and multiple allowed states for
PINs, one could wonder about their stability. Using then a linear stability anal-
ysis [98], for h = 0, 1 the unpolarised case turns out to be stable while for
h > 1, the stable states are the polarised ones. The linear stability analysis ac-
tually allows to give a "measure" of the stability of a given state by computing
the derivative of the right hand-side of Eq. 3.28 evaluated at the steady-state
itself. This quantity is indeed related to the typical time needed by the system
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to go back to the steady state after a perturbation. One can check the time
associated to the polarised states to decrease by increasing h, i.e. these states
become more and more stable by increasing the competitiveness amongst PINs.
Refining numerically this analysis for real values of h, a more precise bifurca-
tion diagram can be obtained (Fig.3.6). Fig. 3.6 shows the existence of a critical
threshold hc ' 1.1 at which two more solutions appear among which two are
stable and one unstable.

Let us consider then a fixed value of h at which polarised states appear, e.g.
h = 2 and let us wonder about the effects of diffusion. So far, we analysed
the low-diffusion regime, being the most biologically meaningful. However, it
would be interesting to understand what is the consequence of an increase of
this term, that is connected to the thermal noise and molecules mobility, as
discussed in the first chapter.

Let us then fix the value of h = 2 and inspect deeply the equations for
PINs to understand how diffusion is enclosed there. By Eqs. 3.22, one can get
the steady-state dependency of cell and apoplasts auxin on diffusion: auxin
in cells stays constant as a function of diffusion (Ac = �

⇢ ) while auxin in
apoplasts increases as diffusion increases. The dependency on diffusion in the
Eq. 3.26 is then embedded in the efflux term and in particular in the constant
c = ��

�⇤⇤2
Ac

1+Aa
A⇤ + Ac

A⇤⇤
that scales inversely with D. We can then make again use

of the two different regimes of low-diffusion and high-diffusion to understand
which kind of solutions one would expect by such an equation.

For h = 2 in the low-diffusion regime, we already showed that Eq. 3.26

gives back three solutions: two corresponding to the polarised configurations,
turning out to be stable in this regime, and one unstable, which corresponds
to the unpolarised configuration. By increasing the diffusion constant, though,
the efflux diminishes as c is inversely proportional to D. The efflux term can
be then neglected and Eq. 3.26 can be approximated by:

0 = -NPIN
E + (�-NPIN

E ), (3.29)

whose solution is unique and corresponds to the uniformly unpolarised
configuration, i.e. NPIN

E = �
2 , leading to � = 0.

Moreover, this unique solution, the unpolarised state, turns out to be stable.
In the high-diffusion regime, thus, there is no way of obtaining uniformly
polarised configurations, no matter which is the value of h. As for the previous
bifurcation diagram, a more refined study can be performed numerically to
see the dependency of the polarisation � on the diffusion constant. In Fig. 3.7,
we studied the behaviour of the solutions of Eq.3.26 by varying the diffusion
constant at fixed h: it shows that there exist a critical value of D ' Dc '
10-6 µm2

s setting the separation between an ordered (polarised) phase and a
disordered (unpolarised) one. To check that this is not just the consequence
of analytical approximations, one can numerically integrate both equations for
auxin and PINs for different lattice sizes (Ncell = 5, 10, 20) by using a IV order
Runge-Kutta algorithm with synchronous update 2: Fig. 3.7 shows that the

2 IV order Runge-Kutta algorithm indeed requires the implementation of four intermediate steps before
updating the value of the function one is integrating. Specifically here, this procedure must be performed
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Figure 3.7: Absolute value of the translation-invariant PIN polarisation, �, as a func-
tion of the diffusion constant D for the one-dimensional model. Red line:
analytical results obtained using Mathematica. Green circles: results of sim-
ulations obtained implementing a IV order Runge-Kutta algorithm and
containing 20 cells on a ring. Starting configurations were randomised but
had positive local PIN polarisations.

result does not change and that there actually exist a well-defined threshold
for the diffusion constant dividing these two phases.

Such a framework of bifurcation and multiple phases existence can recall of
collective behaviour and spontaneous symmetry breaking in statistical physics.
The reader must be aware though that we cannot really define this as a phase
transition as we are dealing with a one-dimensional system. However, we can
think to exploit such an analogy to extract more hints about the behaviour
of this model. In the following, then, we will use this recall to shed light on
the existence of these different phases and to characterise quantitatively the
existence of critical values of h and D. We will deeply discuss how one can
check the absence of a true phase transition in this one-dimensional model.

3.2.2.1 Existence of an energy-like function for PINs in the quasi-equilibrium limit
for auxin

In order to understand better the appearance of the different polarised/un-
polarised phases introduced in the previous paragraph, let us study this phe-
nomenon from another point of view.
Polarisation in such a one-dimensional model can be written as � =

2NPIN
E -�
� .

As we assumed auxin dynamics to happen on much faster time scales than
PINs, we can take again the quasi-equilibrium limit where auxin takes its steady

for each cell and each apoplasts throughout the lattice along with PINs. Synchronous update here means
then that, for each cell P, the four steps in the algorithm and the update at time t will be computed with
all the values of PINs and auxin at time t- dt, being dt the integration step. Once this procedure has
been implemented for the whole lattice, or ring, cells, apoplasts and PINs will be updated altogether.
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state values for Ac and Aa. The equation for � in this limit can be obtained
from Eq. 3.19 and it reads:

d�

dt
= -

1+ �

⌧1D

1

1+
h
c�
2 (1+ �)

ih +
1- �

⌧1D

1

1+
h
c�
2 (1- �)

ih , (3.30)

where c = ��
�⇤⇤2

Ac

1+Aa
A⇤ + Ac

A⇤⇤
.

Since Eq. 3.30 involves just one variable, it can be rewritten as a gradient
descent dynamics, i.e. there exist a fuction F(�) such that:

d�

dt
= -

1

⌧1D

dF(�)

d�
. (3.31)
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Figure 3.8: Energy-like function computed using Mathematica for h = 2 for D > Dc

(purple line) and for D < Dc (blue line). Second derivative of the energy-
like function evaluated at the uniformly polarised state (blue line) and at
the unpolarised state (red line) as a function of the diffusion constant D.
Approaching the critical point, the polarised solution becomes less and less
stable till vanishing. At D ' Dc the unpolarised state becomes stable, as
the second derivative of the energy-like function becomes negative.

F(�) plays here the role of an effective potential and its closed form can be
obtained by integrating the previous equation. For h = 2 the integral can be
performed in closed form, giving:

F(�) =
�2

2c2
log
h
1+

⇣c(1+ �)
2

⌘2i
+
�2

2c2
log
h
1+

⇣c(1- �)
2

⌘2i
, (3.32)

where c = ��
�⇤⇤2

Ac

1+Aa
A⇤ + Ac

A⇤⇤
. One can check that c grows with the inverse of

the diffusion constant; indeed Ac does not depend on D and Aa grows as D

increases (Fig. 3.5).
For any value of h 6= 1 F(�) is given in terms of hypergeometric functions,

2F1[99, 100]:

F(�) =
�2(1+ �)2

4⌧1D
·2 F1


1,

2

h
, 1+

2

h
,-
✓
c(1+ �)

2

◆h�
+

�2(1- �)2

4⌧1D
·2 F1


1,

2

h
, 1+

2

h
,-
✓
c(1- �)

2

◆h�
.

(3.33)
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A series representation is 2F1[a,b,d, z] =
P1

k=0
(a)k(b)k
(d)kk! zk, (a)k being the

Pochhammer symbol (or rising factorial), defined as (a)k = (a+k-1)!
(a-1)! .

Let us focus though on the case h = 2. The dependence on diffusion in
F(�) is again enclosed in the constant c, we remind it to scale as the inverse
of the diffusion constant. For low c, i.e. in the high-diffusion regime, one gets
a one-well shaped potential, with the minimum centred in � = 0 (Fig.3.8). As
we would expect, in the high-diffusion regime, the only stable solution is the
unpolarised configuration. Increasing c, i.e. decreasing the diffusion constant,
F(�) becomes instead double-well shaped: two minima in ±�⇤ appear, corre-
sponding to the polarised solutions, whereas the unpolarised configuration
becomes a local maxima in this energy-like landscape (Fig.3.8). Increasing h

does not change the landscape apart from the deepness of the wells, a result
already expected from the linear stability analysis 3. For h = 0.5, for example,
no difference can be got by changing the value of diffusion, as we expected
from the bifurcation diagram (Fig. 3.6).

Within this framework, one can finally compute the critical values of both
diffusion constant D and Hill-like exponent h, by imposing:

@2F

@�2
�=0 = 0. (3.34)

This is equivalent then to solve the following equation either for D, fixing h,
e.g. h = 2, or for h, fixing D, e.g. to D = 10-7 µm2

s , that reads:

(h- 1)
⇣c�

2

⌘
= 1. (3.35)

It turns out Dc ' 9.4 ⇥ 10-7 µm2

s for h = 2 whereas hc ' 1.09 for D =

10-7 µm2

s , in agreement with the previous obtained results (Figs. 3.6,3.7). Eq.
3.35 allows also to compute the critical line as a function of both D and h, that
divides the overall polarised and unpolarised regimes in the plane spanned by
the diffusion constant and the Hill-like exponent (Fig.3.9).

3.2.2.2 Spontaneous symmetry breaking for translation-invariant steady states: dis-
cussion

This formalism in terms of an energy-like function has allowed to characterise
the spontaneous symmetry breaking intrinsic for such a model. The origin of
the spontaneous symmetry breaking lies here in the change of stability of the
unpolarised state. This phenomenon is driven by both changes in the diffu-
sion constant and in the Hill-like exponent leading to a change in the basin
of attraction of this state. While the change of the diffusion constant can be
intuitive, the effect of the Hill-like exponent deserves a deeper discussion. To
get an intuition about it then, let us set NPIN

E = �
2 + �

2 and then linearise the

3 The second derivative of the potential is exactly the characteristic time scale we discussed be-
fore.
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Figure 3.9: Heat map of the absolute value of the polarisation, �, obtained using Math-
ematica for the translation-invariant steady states varying the diffusion
constant D and the Hill-like exponent h. Colour legend is shown as well.
The green dashed line corresponds to the critical line computed using the
second derivative of the energy-like function.

equation 3.19 in �. Defining c = ��
⇤2�⇤

Ac

1+Aa
A⇤ + Ac

A⇤⇤
again, one has �

PIN
E
�⇤ = c(1+�)

�

and �PIN
W
�⇤ = c(1-�)

� . The linearisation in � leads to the following expression:

d�

dt
= -2

h1- (h- 1)ch

(1+ ch)2

i
�. (3.36)

It is clear that the instabilities can arise if and only if (h - 1)ch > 1, e.g.
if h > 1. The case of a Michaelis-Menten dynamics then, where h = 1, does
not lead to polarised states for PINs. To have spontaneous polarisation for
PINs, dynamics for PINs must be strongly non-linear, i.e. h > hc ' 1.09,
where hc is the critical Hill-like exponent previously computed. This sheds
light then on the essential role of the non-linearity parametrised here by the
exponent h. The non-linearity is indeed the main ingredient to drive this kind
of spontaneous symmetry breaking. We investigated in fact how the result can
change modelling PINs dynamics by a stretched exponential, i.e. by using a
functional form for PINs dynamics such as:

G(�PIN
f ) = e-(�PIN

f )⌫ . (3.37)

[ October 26, 2015 at 10:51 – classicthesis version 4.1 ]



56 MODELING THE EMERGENCE OF POLARITY PATTERNS
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Figure 3.10: Bifurcation diagram for translation-invariant states in the one-
dimensional model. � is the PIN polarisation. The unpolarised state is
stable for ⌫ < ⌫C ' 0.58 (red). Beyond this threshold, two symmetric
polarised states appear. These are stable (in red) whereas the unpolarised
state becomes unstable (not shown). Here D = 10-7 µm2

s .

This kind of functions are usually employed to study kinetics in disordered
physical systems subject to collective effects [101]. Here, the exponent ⌫ plays
roughly the same role as h did in the Hill-like case. Using this non-linear func-
tion, we numerically determined the phase diagram, finding that polarised
states appear for ⌫ ' 0.58: beyond this value, the polarised configurations ap-
pear and the unpolarised one becomes unstable as in the previous framework
(Fig.3.10). This suggests then that the strength of the non-linearity drives in-
deed the appearance of the polarised states and consequently the spontaneous
symmetry breaking.

However, one could wonder about the global stability of the polarised states
once they appear. Locally this can be performed, as we discussed before, by a
linear stability approximation that allows to confirm the stability of the states
as well as their "strength" by quantifying the deepness of the wells in the
energy-like landscape. However, this does not clarify if polarised states are
global attractors when they are linearly stable. This point can be addressed
heuristically by simulating the dynamical equations starting from a random
initial condition. For h ⇠< hc or D ⇠> Dc with fixed h, it turns out the sys-
tem to always end up in the unpolarised state no matter the initial condition.
For h > hc, instead, the system always reaches a steady state and we never
found a chaotic or oscillatory behaviour. It might happen that instead of a
translation-invariant state, the system ends up in configurations containing
cells with opposite sign of PIN polarisation, pretty much like what happens in
quenched Ising models where there is a proliferation of disordered state. This
point will be better characterised in the following section though.

The overall conclusion to draw from this discussion on translation-invariant
PINs steady-states is that as the system approaches Dc from below or hc from
above, the number of steady-states diminishes and with them their basins of
attraction, together with an increase of the correlation length throughout the
system.
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3.2.3 Non-translation invariant steady states phase diagrams

So far, we dealt with both auxin and PINs translation-invariant steady states.
We showed that, given PINs polarisations, one can compute auxin in cells by
balancing synthesis and degradation getting to a constant value Ac = �

⇢ . In
particular, there is no even dependence of apoplasts auxin on PIN configura-
tions. This can suggest that auxin steady states are just weakly dependent on
PINs configuration and a linearisation of auxin dynamics can suffice to give
an overall simplified description.

In this linearisation approach, we will then take PINs as "quenched", i.e.
fixed over time, and we will linearise auxin equation by introducing small
perturbations around an arbitrary but fixed steady state. We will assume for
simplicity this steady state to be translation invariant, but the approach can be
generalised to any other arbitrary state.
We are going to show that the linearisation approach will give hints on the
ferromagnetic interactions between two nearest neighbour cells as well as on
how a change in PIN configuration can affect auxin steady state. In this sense,
it will be useful to start having an idea of what goes on for non-translation
invariant PINs steady states.

dynamical equations In the (translation-invariant) reference state, we
take auxin concentration in cells (respectively apoplasts) to be A⇤

c (respectively
A⇤

a). Let us introduce small deviations in such concentrations, which may vary
from cell to cell or from apoplast to apoplast:

Ac(x, t) = A⇤
c + �Ac(x, t), Aa(x, x+�, t) = A⇤

a + �Aa(x, x+�, t)

where x labels cell positions and � = ⇤+ � is the cell to cell distance. Here we
are making the dependence on position explicit, while before we set P ⌘ x. The
dynamical equations for auxin, given a fixed PIN configuration, then become:

• for cells:

d(A⇤
c + �Ac(x, t))

dt
= �- ⇢

"

A⇤
c + �Ac(x, t)

#

+
D

⇤✏

"

2A⇤
a + �Aa(x-�, x, t) + �Aa(x, x+�, t)- 2A⇤

c - 2�Ac(x, t)

#

+
↵NAUX1

⇤3

"
A⇤

a + �Aa(x-�, x, t)
1+ A⇤

a+�Aa(x-�,x,t)
A⇤ + A⇤

c+�Ac(x,t)
A⇤⇤

#

+
↵NAUX1

⇤3

"
A⇤

a + �Aa(x, x+�, t)
1+ A⇤

a+�Aa(x,x+�,t)
A⇤ + A⇤

c+�Ac(x,t)
A⇤⇤

#

-
�

⇤3

"

NPIN
E (x)

A⇤
c + �Ac(x, t)

1+ A⇤
a+�Aa(x-�,x,t)

A⇤ + A⇤
c+�Ac(x,t)

A⇤⇤

+NPIN
W (x)

A⇤
c + �Ac(x, t)

1+ A⇤
a+�Aa(x,x+�,t)

A⇤ + A⇤
c+�Ac(x,t)

A⇤⇤

#

,

(3.38)
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where NPIN
W (x) and NPIN

E (x) refer to the PIN transporters lying respec-
tively on the left and right hand-side of the cell C at position x.

• for apoplasts:

d(A⇤
a + �Aa(x, x+�, t))

dt
=

D

�✏

"

2A⇤
c + �Ac(x, t) + �Ac(x+�, t)- 2A⇤

a - 2�Aa(x, x+�)

#

-
↵NAUX1

�⇤2

"
A⇤

a + �Aa(x, x+�)
1+ A⇤

a+�Aa(x,x+�)
A⇤ + A⇤

c+�Ac(x,t)
A⇤⇤

+
A⇤

a + �Aa(x, x+�)
1+ A⇤

a+�Aa(x,x+�)
A⇤ + A⇤

c+�Ac(x+�,t)
A⇤⇤

#

+
�

�⇤2

"

NPIN
E (x)

A⇤
c + �Ac(x, t)

1+ A⇤
a+�Aa(x,x+�)

A⇤ + A⇤
c+�Ac(x,t)

A⇤⇤

+NPIN
W (x+�)

A⇤
c + �Ac(x+�, t)

1+ A⇤
a+�Aa(x,x+�)

A⇤ + A⇤
c+�Ac(x+�,t)

A⇤⇤

#

(3.39)

Linearizing for small variations �Ac and �Aa, Eq. 3.38 becomes:

d�Ac(x, t)
dt

= �- ⇢

"

A⇤
c + �Ac(x, t)

#

+
2D

⇤✏

"

A⇤
a -A⇤

c

#

+
D

⇤✏

"

�Aa(x-�, x) + �Aa(x, x+�)- 2�Ac(x, t)

#

+
↵NAUX1

⇤3

"
2A⇤

a

1+ A⇤
a

A⇤ + A⇤
c

A⇤⇤

-
2A⇤

a
A⇤⇤

(1+ A⇤
a

A⇤ + A⇤
c

A⇤⇤ )2
�Ac(x, t)

#

+
↵NAUX1

⇤3

1+ A⇤
c

A⇤⇤

(1+ A⇤
a

A⇤ + A⇤
c

A⇤⇤ )2

"

�Aa(x, x+�) + �Aa(x-�, x)

#

-
��

⇤3

"
A⇤

c

1+ A⇤
a

A⇤ + A⇤
c

A⇤⇤

+
1+ A⇤

a
A⇤

(1+ A⇤
a

A⇤ + A⇤
c

A⇤⇤ )2
�Ac(x, t)

#

+
�

⇤3

A⇤
c

A⇤

(1+ A⇤
a

A⇤ + A⇤
c

A⇤⇤ )2

"

NPIN
E (x)�Aa(x, x+�) +NPIN

W (x)�Aa(x-�, x)

#

.

(3.40)

As previously defined, � is the total number of PINs in each cell. Two kinds
of terms can be identified in the previous equation: inhomogeneous terms and
homogeneous terms, linear in �Aa or �Ac. Gathering together all the terms
belonging to each class, we obtain:

d�Ac(x, t)
dt

= fC+g�Ac(x, t)+

 

�+b⇡(CE)

!

�Aa(x, x+�)+

 

�+b⇡(CW)

!

�Aa(x-�, x)

(3.41)

where:

[ October 26, 2015 at 10:51 – classicthesis version 4.1 ]



3.2 analysis of a simpler one-dimensional model 59

• fC = �- ⇢A⇤
c +

2D
⇤✏(A

⇤
a -A⇤

c) +
2↵NAUX1

⇤3
A⇤

a

1+A⇤
a

A⇤ + A⇤
c

A⇤⇤
- ��
⇤3

A⇤
c

1+A⇤
a

A⇤ + A⇤
c

A⇤⇤
;

• g = -⇢- 2D
⇤✏ - 2↵NAUX1

⇤3

A⇤
a

A⇤⇤

(1+A⇤
a

A⇤ + A⇤
c

A⇤⇤ )2
- ��
⇤3

1+A⇤
a

A⇤

(1+A⇤
a

A⇤ + A⇤
c

A⇤⇤ )2
;

• � = D
⇤✏ + ↵NAUX1

⇤3

1+ A⇤
c

A⇤⇤

(1+A⇤
a

A⇤ + A⇤
c

A⇤⇤ )2
;

• b⇡(Cs) = �NPIN
s

⇤3

A⇤
c

A⇤

(1+A⇤
a

A⇤ + A⇤
c

A⇤⇤ )2
, where ⇡(Cs) shows the dependence of b

on the polarisation ⇡ of the face s of the cell C, s = E or W for right and
left.

Note that the inhomogeneous term, fC, vanishes if the reference state is in fact
a steady state.

Proceeding in the same way for apoplasts, Eq. 3.39 becomes:

�
d�Aa(x, x+�, t)

dt
= fa +

"

p+ p⇡(CE) + p⇡(CW)

#

�Aa(x, x+�)

+

"

q⇡(CE)�Ac(x+�, t) + d⇡(CE)

#

+

"

q⇡(CW)�Ac(x, t) + d⇡(CW)

#

,

(3.42)

where:

• fa = 2D
✏ (A

⇤
c -A⇤

a)-
2↵NAUX1

⇤2
A⇤

a

1+A⇤
a

A⇤ + A⇤
c

A⇤⇤
;

• p = -2D
✏ - 2↵N

AUX1

⇤2

1+ A⇤
c

A⇤⇤

(1+A⇤
a

A⇤ + A⇤
c

A⇤⇤ )
;

• p⇡(Cs) = - �
⇤2N

PIN
s

A⇤
c

A⇤

(1+A⇤
a

A⇤ + A⇤
c

A⇤⇤ )2
;

• q⇡(Cs) =
D
✏ + ↵NAUX1

⇤2

A⇤
a

A⇤⇤

(1+A⇤
a

A⇤ + A⇤
c

A⇤⇤ )2
+ �
⇤2N

PIN
s

1+A⇤
a

A⇤

(1+A⇤
a

A⇤ + A⇤
c

A⇤⇤ )2
;

• d⇡(Cs) =
�
⇤2N

PIN
s

A⇤
c

1+A⇤
a

A⇤ + A⇤
c

A⇤⇤
.

To simplify these systems of equations, we note that � ⌧ ⇤ so that the time
scale for change of auxin concentrations in apoplasts is far shorter than that
in cells. The simple reason is that apoplasts have much smaller volumes so
concentrations there change faster when subject to a given flux. We shall thus
consider that �Aa is a fast variable in quasi equilibrium with the slower varia-
tions of �Ac. In the limit �/⇤ ! 0, the left-hand side of Eq. 3.42 vanishes. Thus
the right-hand side of that equation also vanishes, leading to an equation that
allows us to express �Aa(x, x + �, t) in terms of �Ac(x, t) and �Ac(x + �, t).
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Substituting this expression into Eq. 3.41 leads to the following equation for
intracellular auxin concentrations:

d�Ac(x, t)
dt

= fC + g�Ac -
X

Cs

"

�+ b⇡(Cs)

#"
fa + d⇡(Cs) + d⇡(C 0s 0)

p+ p⇡(Cs) + p⇡(C 0s 0)

+
q⇡(Cs)�Ac

p+ p⇡(Cs) + p⇡(C 0s 0)

+
q⇡(C 0s 0)�AC 0s 0

p+ p⇡(Cs) + p⇡(C 0s 0)

# (3.43)

where we use the notation Cs to refer to the face s of the cell C at x, while C 0s 0

refers to the associated face s 0 of cell C 0, Cs and C 0s 0 delimiting the apoplast
separating C and C 0.

cell-cell couplings are ferromagnetic It can be noticed that in Eq.
3.43 three kinds of terms appear, i.e. a constant term, a term coupling the cell
C to itself and a cell-cell coupling. It is then possible to draw a correspondence
between Eq. 3.43 and the dynamics in standard many-body problems. Let us
consider a lattice of continuous variables �i, i = 1, 2, ...,N, whose dynamics is
governed by the Hamiltonian H({�i}):

H({�i}) = -
X

i

X

j

Jij�i�j -
X

i

hi�i, (3.44)

where Jij is the coupling between the i-th and the j-th variable while hi can be
thought of a position-dependent external field. In most physical systems, the
matrix J couples only nearest neighbours and can have diagonal elements, just
as in Eq. 3.43. The dynamics of the � variables are given by

d�i
dt

= -
�H

��i
=

X

j

Jij�j + hi (3.45)

Let us now identify the �s with the �Acs. The set of equations obtained from
Eq. 3.43 by running over all Ncell cells can be written as an equation for the
vector ~�Ac:

d ~�Ac

dt
= J ~�Ac + ~h (3.46)

where J is an Ncell ⇥ Ncell coupling matrix while ~�Ac and ~h are Ncell com-
ponent vectors.

Using Eq. 3.43, the effective couplings between two nearest neighbour cells
C and C 0 arises through the faces s and s 0 delimiting the apoplast between
them, leading to:

JC-C 0 =

"

�+ b⇡(Cs)

#
q⇡(C 0s 0)

p+ p⇡(Cs) + p⇡(C 0s 0)

, (3.47)

Similarly, we find for the self-coupling:

JC-C = g-
X

Cs

"

�+ b⇡(Cs)

#
q⇡(Cs)

p+ p⇡(Cs) + p⇡(C 0s 0)

(3.48)

[ October 26, 2015 at 10:51 – classicthesis version 4.1 ]



3.2 analysis of a simpler one-dimensional model 61

The components of the field vector h⃗ are given by:

hC = fC −
∑

Cs

%

Φ+ bπ(Cs)

&
fa + dπ(Cs) + dπ(C ′s ′)

p+ pπ(Cs) + pπ(C ′s ′)

. (3.49)

To understand what the coupling matrix J tells us about the system, we set
A∗

c and A∗
a to their values in the steady state when PIN polarisation is maxi-

mum and positive for all cells. Given the linearisation about these values, the
derivations show that the matrix J depends on the values of PIN polarisations
at each site, as it must.

We computed then J numerically for a lattice of 20 cells and periodic bound-
ary conditions where all cells had PIN polarisation equal to +1 except the cell
at position 9 which had PIN polarisation equal to -1. Cell number 9 thus corre-
sponds to a defect, that turns PIN configuration into a non-translation-invariant
one. Far away from the defect, one has the same situation as if the defect were
absent, and the matrix J is translation invariant. One also has JC−C < 0 which
is expected given the stability of the steady state: indeed, if one sets δAc(C, t)
to a C-independent positive value, the δAc(C, t) should relax to zero with time.
Furthermore, we find JC−C ′ > 0 for C and C ′ nearest neighbours, correspond-
ing to a ferromagnetic interaction. Both of these results are clearly visible in
Fig. 3.11 away from the defect. If auxin dynamics were just of the passive dif-
fusion type, JC−C ′ would clearly be positive (cf. the linear diffusion equation),
but we see that neither the active transport processes nor the need to go from
cell to cell via apoplasts affect this conclusion. Interestingly, the sign properties
of the J matrix elements hold over the whole lattice and in particular around
the defect as can be seen in Fig. 3.11. Note that both the diagonal and off-
diagonal elements of J are slightly affected by the defect but not enough for
the sign of any element to change.

Figure 3.11: Heat map of the matrix J obtained for 20 cells in a row that are all maxi-
mally polarised in the plus direction but where the cell number 9 is oppo-
sitely polarised. D = 10−7 µm2/s, all other parameters are set as in Table
I.

The linearised dynamics (Eqs. 3.43 or 3.46) can also be used to probe the
steady state auxin concentrations for arbitrary PIN configurations. Let us con-
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sider again the one-dimensional system of 20 cells that are maximally posi-
tively polarised except for cell 9 which has opposite polarisation. The steady
state in the linearised approximation corresponds to setting the left-hand side
of Eq. 3.46 to zero. The resulting equation gives an estimate of the auxin con-
centration in each cell; the result is displayed in Fig. 3.12. By comparing to
the exact concentrations (using the full non-linear equations), we see that the
linear approximation provides a qualitatively satisfactory description of the
changes in auxin concentrations induced by the defect.

0 5 10 15 20
x

0.90
0.95
1.00
1.05
1.10

AC(x)

Figure 3.12: Auxin concentration in cells as a function of the position along the chain.
Blue thick line: prediction of the linearised dynamics. Red dashed line:
results from simulation. There is one defect cell at position 9. D = 10-7

µm2/s. All other parameters are set as in Table I. The presence of the
defect creates an increase of auxin concentration on its left and a deple-
tion on its right. The linearised approach is qualitatively good but is less
precise near the defect.

If parameter values fall in the range where a high spontaneous polarisation
appears, random initial configurations will relax to steady states having quite
random PIN polarisations. In effect, the coupling between neighbouring cells
is low in that regime and one can expect to have 2M steady states if there are
M cells. The typical steady state is then disordered, with no coherent trans-
port of auxin. As D increases or h decreases, the number of these steady states
decreases: neighbouring cells more often than not have the same sign of PIN
polarisation. To get some insight into this phenomenon, which seems analo-
gous to ferromagnetism, let us consider what happens when a localised defect
is introduced into an otherwise uniformly polarised system. Beginning with
the uniformly polarised steady state at low D, we reverse the polarisation of
one cell to form a defect and then we let the system relax to produce an initial
modified steady state. Thereafter we follow this steady state as we increase D.
The resulting polarisations of the defect cell are shown in Fig. 3.13. We also
display what happens in the absence of the defect (red curve in Fig.3.13). We
see that the defect cannot sustain itself arbitrarily close to the threshold Dc:
when polarisations are too weak, the defect cell will align its polarisation with
its neighbours and the defect will disappear. The curve of defect polarisation
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as a function of Dc thus has a discontinuity at some value strictly lower than
Dc as can be seen in Fig.3.13a. The interpretation should be clear: of the 2M

putative steady states with random polarisations, some in fact do not exist,
and one can expect the number of steady states to decrease steadily as one
approaches Dc.

(a)

(b)

Figure 3.13: Phase diagram of the polarisation δ as a function of the diffusion con-
stant D in presence of one defect (a, green squares) and two defects
(b, green and blue squares) along with the analytical curve for the
translation-invariant configuration obtained using Mathematica (red line).
Here, h = 2 and all the other parameters are set as in Tab. 3.1.

To provide further evidence in favour of such a scenario, consider what
happens when there are two defects next to one another as in Fig.3.13b. We see
that just as for the single defect, two adjacent defects disappear strictly before
Dc but they do so after the single defect does. Another interesting feature is
that the two defects have slightly different polarisations. This asymmetry is
unexpected if one considers the analogy with the Ising model but in fact it is
unavoidable here: indeed, the apoplast on the left of the left defect is enriched
in auxin while the apoplast on the right of the right defect is depleted in auxin.
We have checked that this difference vanishes if the two single-cell defects are
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placed far away from one another and also that in such a limit the polarisation
curves converge to those of single defects.

This global studies allows then to draw an overall picture on the global stabil-
ity of the polarised states. We see that if D ⌧ Dc, the defects can be sustained
in the system but they disappear as D approaches its critical value Dc. We
might wonder whether this is a hint of a collective behaviour effect and study
whether noise enhances this property, i.e. the formation of long-range ordered
patterns. The presence of noise can indeed help us to understand whether
such properties are maintained or not and in particular if this behaviour is
compatible with noise-induced order [102, 103].

3.2.4 Introducing stochasticity in the model

All the properties about steady states appearance and stability have been
so far studied without any noise in the system: dynamics and system relax-
ation towards a steady state, starting from any kind of random initial con-
ditions, were always deterministic. Interesting behaviours appeared in such
a system by varying the diffusion constant and the Hill-like exponent that
tunes PINs dynamics, finding that this non-linearity is one of the main driver
for multiple -polarised- states appearance. We then went through the analysis
of non-translation invariant steady states for PINs by linearising auxin equa-
tions around a given state (not necessarily a steady state). We showed in this
framework that couplings between cells are ferromagnetic and in the low diffu-
sion regime PINs non-translation invariant states can be preserved. However,
as one approaches the critical value of diffusion, cells become correlated on
a long range and consequently the coherence length in the system increases.
One might wonder at this point if noise can enhance the coherence in the
polarisation patterns, driving the formation of ordered patterns.

Let us then proceed by discussing the sources of noise in the system. Nor-Sources of noise
mally in such a molecular system, sources of noise are several but they can
be nevertheless gathered in two classes, addressed as intrinsic and extrinsic
noise [104]. While the latter is mainly due to external factors as environmental
temperature, stress on the system etc., the former is introduced by the stochas-
tic nature of chemical reactions. Since reactions involve molecules, i.e. discrete
entities, their description is probabilistic unless the number of molecules in-
volved be high enough. In our system the only source of noise is due to the
discreteness of molecules as there is not an explicit dependence on tempera-
ture or external agents.

To include molecular noise in reaction-diffusion systems, as ours is, it isLattice Boltzmann
model common practice to use a Lattice Boltzmann model framework [105] and ther-

modynamical considerations to render the reaction dynamics stochastic. In our
case, though, the Michaelis-Menten reactions or PINs dynamics do not corre-
spond to a pure mass action law and this algorithm cannot be applied.

In the case of well-mixed systems, where all the entities in the system canGillespie’s algorithm
interact as there is no spatial notion, it is common to use instead the Gille-
spie’s algorithm [106]. This algorithm has been introduced mainly to get a
continuous-time description and not "death time steps" in simulations. How-
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ever, it requires a precise definition of the reactions driving molecules dynam-
ics. Our system is not a well-mixed system as there is a notion of space, the
lattice, and we do not have either explicit reactions rates: the Gillespie algo-
rithm cannot directly be applied in such a case. However, we can take inspira- Our approach
tion from it by considering single cells as well-mixed systems and rendering
stochastic the overall reaction flux. If dt is a small time step where reactions
can take place, the average number of molecules contributing to the overall
flux will be given by:

M = Nrdt, (3.50)

where N is the number of molecules potentially participating to the reaction
and r is the probability per unit of time that a molecule will be transferred
given by the deterministic equations. Because of the discrete nature of the
molecules, their distribution can be thought to be Poissonian of mean M. In
such a way, noise is naturally implemented in the system without adding any
new parameters, as would happen in a Langevin-like approach [107].
Since there is most likely a very large number of auxin molecules in the sys-
tem, the associated noise is likely to be negligible. The only source of noise
we shall consider is then given by PIN recycling. Producing PIN proteins taps
resources of cellular machinery and so the number of PIN molecules in a cell
is likely to be far smaller than the number of auxin molecules.
We simulated stochastically just PINs dynamics then. The discretisation in us-
ing the time step dt becomes exact if all numbers of molecules is kept constant,
recovering the Gillespie method when dt goes to zero. To check whether dt is
small enough, we then ran simulations for different values of dt. We followed
two procedures: starting with a "cold start", where all the cells have similar
polarisation, and with a "hot start", where cells have randomly initialised po-
larisations. For D > 5 · 10-7 µm2

s , the two approaches agreed very well, while
for lower values of the diffusion constant the "hot starts" failed to thermalise
well. Just for intermediate values of D then one can actually trust simulations.

In order to get a phase diagram analogous to the one got in the determinis-
tic case, we assumed the stochastic dynamics to be ergodic: after enough time
then, the system will thermalise to a unique thermodynamic equilibrium state.
Since auxin dynamics is still deterministic, the ⌧1D term will just introduce a
time scale without any particular effect on the equilibrium state. To build up
the phase diagram, we proceeded as usually in systems having spontaneous
symmetry breaking: after thermalisation, we averaged the order parameter, i.e.
the polarisation, first over the chain, h�i, to take then the absolute value, h�i
and finally we took the time average, h�i. We ran this for several values of the
diffusion constant as well as for different chain sizes, in particular for systems
having 10 and 20 cells. At low D, as we discussed by comparing "hot" and
"cold" starts, the system does not really show a coherent polarisation: however,
for greater values of D, an overall polarisation arises, in agreement with the or-
der from disordered scenario [103]. In the low diffusion regime though, noise
seems to "select" one particular ordered state. Increasing D, polarisation van-
ishes as noise effects are amplified. From Fig.3.14 it might seem that the equi-
librium state has a real phase transition: however, in such one-dimensional sys-
tem with short-range interactions there cannot be a real phase transition [108]
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Figure 3.14: Phase diagram of the ergodic and spatial average of the polarisation, h�i,
as varying the diffusion constant D. Results of simulations run for 10

(blue squares) and 20 (green diamonds) cells on a ring are shown along
with the analytical curve for the translation-invariant steady state ob-
tained using Mathematica (red curve). Here, h = 2 while other param-
eters are set as in Tab. 3.1.

but rather the formation of domains with some cell polarisations oriented in
the same direction and others in the opposite one. Moreover, since the curves
are different for different lattice sizes (Fig.3.14), we would expect polarisation
to vanish for any value of D in the limit of infinite number of cells.

We conclude then that, even though different phases can be detected in such
a model, it does not show a true phase transition. However, all this study is
useful to understand the properties of such a system and guide the analysis of
a two-dimensional model.

3.3 analysis of the two-dimensional model

So far, we analysed the full one-dimensional model, studying both steady-
state auxin concentration and PINs configurations varying two key parameters,
the diffusion constant and the Hill-like exponent. We found that the system
shows a critical behaviour (Fig.3.9) that cannot be read though as a true phase
transition as in a one-dimensional model long-range order cannot take place
[108].

Let us then study the behaviour of the two-dimensional model introduced
at the beginning of this chapter. We will follow the same reasoning as in the
one-dimensional model showing that, besides the higher complexity, these two
models can differ pretty much in their intrinsic properties.

3.3.1 Steady-state auxin concentrations given translation-invariant PINs configura-
tions

Let us start with the analysis of steady-state auxin concentrations by imposing
translation-invariant PINs configurations. We assume again that polarisations
are the same for all the cells in the lattice and thus ~�(P) ⌘ ~�, i.e. no explicit
dependence on the cell P appears. Given uniform polarisations throughout the
lattice, where periodic boundary conditions are imposed, there is no reason to
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aW

aN

C

Figure 3.15: Schematic representation of the network structure in the two dimensional
model with a highlight on the repeated motif, made of a cell and two
apoplasts, aN and aW (N for North and W for West).

think auxin concentrations not to be translation invariant. For each cell then,
we will have Ac(P, t) = Ac(t) and the same for the apoplasts.

However, in the two-dimensional model, we must be aware that we have
two directions, vertical and horizontal: this implies that auxin concentration
in apoplasts will not be the same for all them. For each cell, vertical and hori-
zontal apoplasts could have different auxin concentrations according to PINs
localisation. Let us define then AN

a and AW
a auxin concentration respectively

in the "North" (N) and in the "West" (W) hand-side apoplasts. The lattice can
be thus seen as a mesh built with one repeated motif made of one cell and the
two such defined apoplasts (Fig.3.15).

Let us consider then the three differential equations, at the steady state, for
auxin in cells and in the two apoplasts, that read:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 = β − ρAc +
2D
Λϵ(A

W
a +AN

a −Ac) +
2α
Λ3N

AUX1
#

AN
a

1+AN
a

A∗ + Ac
A∗∗

+ AW
a

1+AW
a

A∗ + Ac
A∗∗

$

− γ
Λ3

#
σW Ac

1+AW
a

A∗ + Ac
A∗∗

+ σN Ac

1+AN
a

A∗ + Ac
A∗∗

$

0 = 2D
λϵ (Ac −AW

a )− 2α
λΛ2N

AUX1 AW
a

1+AW
a

A∗ + Ac
A∗∗

+ γ
λΛ2σ

W Ac

1+AW
a

A∗ + Ac
A∗∗

0 = 2D
λϵ (Ac −AN

a )− 2α
λΛ2N

AUX1 AN
a

1+AN
a

A∗ + Ac
A∗∗

+ γ
λΛ2σ

N Ac

1+AN
a

A∗ + Ac
A∗∗

,

(3.51)

where σW = NPIN
E +NPIN

W and σN = NPIN
N +NPIN

S , i.e. the sum of PIN
number along the horizontal and vertical direction respectively. In the one-
dimensional model, the apoplast did not depend on PIN exact configuration
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Figure 3.16: a) Auxin steady-state concentration for the translation-invariant config-
uration as a function of the diffusion constant for cells (blue line) and
apoplasts (red line). b) Highlight of auxin steady-state concentration in
the apoplasts in the low-diffusion regime. The small difference between
the two curves is given by different PINs orientations.

if polarisation was uniform throughout the chain. By contrast, here, having
two different directions and being polarisation a vector rather than a scalar,
even for a given homogenous PIN configuration, apoplasts depend on the
microscopic localisation of PINs. In particular, they depend on the sum of
PINs along the two different directions. No difference appears only in the
unpolarised case, being �W = �N = �

2 and thus AN
a = AW

a . In all other cases,
AN

a 6= AW
a and in particular Ai

a is maximal if �i = �, reversely minimal if
�i = 0, being i = N,W.

In order to solve Eqs. 3.51, we must take into account these different situ-
ations for the apoplasts, i.e. how PIN configurations can influence apoplast
concentration. For auxin in cells though, the framework is exactly the same
as in the one-dimensional model: the terms of transport balance at the steady
state, there is no explicit dependence on PIN microscopic localisation and thus
the steady state is just given by the balance between the production and the
catalytic term, i.e. Ac = �

⇢ (Fig.3.16a). By solving, instead, apoplasts equations
for the two extremal cases previously explained, e.g. �W = 0,�, for low dif-
fusion constant a difference, even though small, can be seen between the two
solutions (Fig.3.16b), that disappears by increasing the diffusion constant (Fig.
3.16a)).

Qualitatively and quantitatively, the situation is pretty similar to that in the
one-dimensional model: auxin in cells is constant for any value of D and, apart
for few differences in the low diffusion regime, auxin in both apoplasts in-
creases as a function of D.

3.3.2 Translation-invariant PIN configurations

Analogously to the one-dimensional model, let us consider auxin dynamics
to take place on shorter time scales than that of PINs. We shall take in the
following thus the quasi-equilibrium limit for auxin, i.e. imposing its concen-
tration values to the steady state. Our aim is again to understand which kind
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of steady-state configurations are allowed for PINs in this limit. Let us then
consider PINs dynamics in this two-dimensional model, given by:

⌧
dNPIN

f

dt
= -

3

4
NPIN

f
1

1+
⇣
�PIN

f
�⇤

⌘ +
1

4

X

f 0

NPIN
f 0

1

1+
⇣
�PIN

f
�⇤

⌘ , (3.52)

where f now refers to the four different faces of a cell, be them f = N,S,W,E.
Once again, PINs satisfy a conservation law on the total number, i.e. NPIN

N +
NPIN

S +NPIN
W +NPIN

E = �. Understanding the general steady-state allowed
configurations for fixed D and h is not trivial now, all the more so, an energy-
like description cannot be retrieved. More specifically, in this case, an equation
such as Eq. 3.31 cannot be solved as, involving more than one variable, it re-
quires a further strong condition to be satisfied. Eq. 3.31 indeed would become
here:

⌧
dNPIN

f

dt
= -

@F

@NPIN
f

, f=N,S,E,W. (3.53)

One of these equations can be deleted in view of the conservation law on
PINs. Remaining with three equations, a potential exists if and only if the
velocity field has zero curl. This is not actually the case and then we cannot
define a potential energy function. The only case when this could be achieved
is by considering cells completely and uniformly polarised in one direction.
This leads to the definition of a potential energy function as the lattice were
just an ensemble of rings: this case leads back to the one-dimensional model
though. However, this could help us to expect that there could be a similar
spontaneous symmetry breaking behaviour in this system as well.

As in the one-dimensional case, we considered the low-diffusion regime, by
imposing D = 10-7 µm2

s and we numerically solved the steady-state equations
for PINs for several values of h along with the equations for the apoplasts.
Auxin in cells is indeed constant, but we previously discussed auxin in the
two apoplasts to be different according to PINs polarisations. To avoid any
constraining assumption, we then solved the equations for PINs steady state
together with those for the apoplasts.
Once again, we found a unique steady state for h ⇠< 1 corresponding to ~� = 0.
Here, a zero value for the intensity of the polarisation does not just mean an
equal amount of PINs on each side of the cell but it might refer to PINs equally
distributed on one only direction, e.g. NPIN

N = NPIN
S = 0 and NPIN

W = NPIN
E =

�
2 along with the symmetric case where the vertical direction is fulfilled and
the horizontal one is empty. For h ⇠> 1, instead, several different PIN steady
states appear at three different values of h (Fig.3.17a). In contrast with the one-
dimensional model, here different kinds of polarised "degenerate" patterns can
take place (Fig. 3.17b), i.e.:

• 4 fully polarised configurations, corresponding to the PINs completely
localised on one of the four sides of a cell;
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• 6 configurations with ~� ' 0.7, corresponding to PINs equally distributed
on two sides of the cells belonging to two different directions, e.g. NPIN

E =
NPIN

N = �
2 ;

• 4 configurations with ~� ' 0.3, corresponding to PINs equally distributed
on three sides of the cells;

• 3 unpolarised configurations, one corresponding to the pure unpolarised
case, i.e. delocalised PINs, and the other twos corresponding to PINs
equally distributed between two faces lying on the same direction, e.g.
NPIN

E = NPIN
W = �

2 .

By performing again the linear stability analysis, where here the eigenvalues
of a stability matrix must be taken into account [98], it turns out that for h ⇠< 1,
the unique steady state is also stable, whereas for h ⇠> 1, the stable steady state
is the polarised one while the others are unstable. It is worth to underline that
the most unstable is the unpolarised one, where the degree of stability can be
quantified by the eigenvalues of the stability matrix 4.

As qualitatively we recovered the same properties as in the one-dimensional
model, we are allowed to think that increasing the diffusion constant could
have an effect of the polarisation patterns. Indeed, this is the case (Fig.3.18), by
varying diffusion as well, a heat map like that built up in the one-dimensional
case can be obtained (Fig.3.19). By taking into account just the fully polarised
pattern though, a well-defined range of parameters can be identified as setting
the appearance of such symmetry breaking effect (Fig. 3.19).

3.3.2.1 Non-translation invariant steady states in the 2D model

As in the one-dimensional case, in the quasi-equilibrium limit for auxin con-
centrations and large h, each cell polarises independently whereas lowering h,
as fewer steady states appear, cells tend to align their polarisation. At fixed h,
say h > 1, the same behaviour appears by varying the diffusion constant. How-
ever, it is not clear whether these stable states are also global attractors in the
system. To analyse this point, we followed then the same strategy as in the pre-
vious model: fixing h = 2 and varying the diffusion constant D, we manually
inserted in a given uniform configuration for PINs two defects. In this scenario
though, the defects can be inserted by either reversing the polarisation of the
two cells with respect to the surroundings or setting their polarisations in the
perpendicular direction with respect to the surroundings (Fig.3.20).

Either way, the behaviour is similar to the one observed in the one-dimensional
model, and here as well, one might wonder about the size of the basin of at-
traction of a given steady state. In particular, the larger is the domain of cells
having similarly oriented polarisations, the larger is the basin of attraction of
a given steady state. For D close to Dc then the dominant steady states should
exhibit a local ordering of their polarisation patterns. Furthermore, an analysis
similar to that led before to make an analogy with ferromagnetic systems can
be performed and it turns out cell-cell couplings to be ferromagnetic here as

4 The eigenvalues study here is analogous to the analysis led in one dimension giving hints on
the deepness of the wells in the energy-like landscape.
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Figure 3.17: Bifurcation diagram for the two dimensional model in the quasi-
equilibrium limit for auxin showing the behaviour of the intensity of the
polarisation vector, |⃗δ as a function of the exponent h. For h ∼< 1.1, there is
one unique steady state corresponding to the unpolarised configuration,
while for h ∼> 1.1 the polarised state appears. At higher h other two inter-
mediate configurations are solutions of the PIN steady state equation. The
stability of the states is shown by colours, red standing for stable states
and orange, green and blue for the unstable one. In the right hand-side
panel, the possible associated PINs configurations are shown as well.
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Figure 3.18: Phase diagram of the intensity of the polarisation vector ⟨⃗δ⟩ as a func-
tion of diffusion in the translation-invariant configuration for auxin and
PINs. The red curve is the result of the analytical analysis performed us-
ing Mathematica while the green squares are the results of a simulated
10× 10 cells lattice using a IV order Runge-Kutta algorithm with periodic
boundary conditions.

[ October 26, 2015 at 10:51 – classicthesis version 4.1 ]



72 MODELING THE EMERGENCE OF POLARITY PATTERNS

Figure 3.19: Heat map of the intensity of the polarisation vector, ⟨⃗δ⟩, as a function
of the diffusion constant D and the exponent h, obtained by analytically
solving the full system of PINs and apoplasts equations at the steady state
using Mathematica. Translation-invariant configurations are imposed for
both PINs and auxin.

(a) (b)

Figure 3.20: Phase diagrams of the components of the polarisation vector, δ1 and δ2
as a function of the diffusion constant, for the two-dimensional model in
presence of one defect (a) and two defects (b) along with the unperturbed
case (red curve) obtained using Mathematica. Simulations with defects
were performed on a 20× 20 cell lattice with periodic boundary condi-
tions using a IV order Runge-Kutta algorithm. Once the system reached
the steady state, the defects were inserted and let relax to a new steady
state.
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well. In view of the analogy with the one-dimensional model, we are allowed
to wonder whether noise could enhance this ordering effect, except that in two
dimensions long range order can be actually set and this could really be a
phase transition.

3.3.3 Properties of the stochastic model

The idea introduced in the one-dimensional model for introducing stochastic-
ity in the molecular dynamics is obviously independent of the dimensionality
of the model. Thus, we shall use the same procedure as before for the two-
dimensional model by assuming auxin molecules amount to be that high to
make the associated noise negligible and by simulating just PINs molecular
noise. However, the biggest difference with the previous model lies in the fact
that now we have four different sides for the cells with corresponding asso-
ciated PINs. In view of the conservation law, three of them are independent.
Thus, to take into account this difference, we proposed the following.

Let us consider, for example, NPIN
E and let us generate at each time step

a Poisson distributed number of mean M = NPIN
E rdt, where r is the rate

of the overall reaction involving NPIN
E and it is given by the sum of all the

associated deterministic fluxes. Let us then compute the updated number of
NPIN

E . The available pool for the other PINs is then � -NPIN
E : one can then

proceed by randomly assigning each molecule in this pool to the remaining
sides of the cell. We verified that changing the PINs used for generating the
Poisson distributed update does not change the result.

We used then this procedure to study the thermodynamics equilibrium state.
Once the system thermalised, we started averaging the polarisation vector by
averaging over the lattice (h~�i) at each time step its components. Assuming the
dynamics to be ergodic, we then used the time average as the ensemble aver-
age, h~�i. However, we further studied here the behaviour of the polarisation
angle, introduced before as ✓p = arctan

⇣
�2
�1

⌘
, being �1 and �2 the horizontal

and vertical components of the polarisation vector respectively. The averaging
procedure is the same got for the polarisation. By imposing h = 2, we observed
the behaviour of the system by varying the diffusion constant D. In the low
diffusion regime, no matter the noise, cells stay highly polarized (Fig.3.21a-c)
and the associated polarisation angle distribution is centred around a com-
mon value. Increasing D though, PINs start distributing quite evenly among
the different sides of a cell and the polarisation angles distribution becomes
flat (Fig.3.21b-d). In Fig.3.21b-d, we showed the results for D = 10-6 µm2

s to
give an idea of what goes on while increasing diffusion. However, the higher
the diffusion constant is the smaller the single components of the polarisation
vector are: in the limit of infinite diffusion, the polarisation angle is not defined
anymore as the single polarisation vector components vanish. However, it is
of interest to consider the variance of the polarisation angle as one approaches
the ordering transition at Dc. We thus examine the susceptibility of the angle
✓P, i.e.:

�✓P = h✓2Pi- h✓Pi2 (3.54)
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where the average h·i is taken over the lattice and the overline denotes the time
average.

In Fig. 3.22 we show the square root of the susceptibility rescaled by its
maximum as a function of D for a 10⇥10 lattice. It stays close to zero (all
the polarisation vectors pointing in a similar direction) in the low diffusion
regime and then it rises dramatically as one approaches Dc. Clearly once the
disordered phase is reached, the variance is maximal and no longer changes
with D.

(a) (b)

(c) (d)

Figure 3.21: Distributions of the averaged polarisation angle in the low-diffusion
regime (a) and in the high-diffusion regime (b) along with the two cor-
responding typical configurations, respectively (c) and (d). Simulations
were performed by using the stochastic algorithm described in the text
and starting with random polarised configurations on a 10⇥ 10 cells lat-
tice with periodic boundary conditions.

The overall result might induce to wonder if here a true phase transition
there exist: our order parameter is the intensity of the polarisation vector and
the general theory of spontaneous discrete symmetry breaking does not pre-
vent the possibility of long-range order in such a case [108]. Analogously to
the Ising model and to the previous model, we could study then the behaviour
of the polarisation averaged over the lattice in the limit of infinite time: how-
ever, as we are using the ergodic averaging, this procedure would lead to a
zero overall value for the polarisation. The way to follow is the same used
in all the systems undergoing a spontaneous symmetry breaking, i.e. by first
taking the norm of h~�i, h~�i, and then the time average, h~�i. One can check
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Figure 3.22: Rescaled square root of the normalised angle susceptibility as defined
in the text, as a function of diffusion constant (blue circles), plotted along
with the behaviour of the polarisation (red stars). The steep rise of the sus-
ceptibility takes place around the critical value of the diffusion constant
as expected.

also how the finite size effects appear in such a model. Fig. 3.23 shows the
phase diagram obtained for this model for two different lattice sizes (5 ⇥ 5

and 10⇥ 10 cells) along with the deterministic curve obtained by analytically
solving the translation-invariant system using Mathematica. Besides the agree-
ment between the different results, the interesting feature is that there is no
difference between the results got by using two different lattice sizes, other
than for a point at D ' Dc. Indeed, the point for the 5⇥ 5 cells lattice shows
a bit higher polarisation than the corresponding point for the 10 ⇥ 10 lattice.
This is a clear finite size effect that is usually encountered when simulating
models showing phase transitions as the two-dimensional Ising model.
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Figure 3.23: Phase diagram of the absolute value of the mean PIN polarisation, av-
eraged over time, as a function of the diffusion constant for the stochas-
tic simulated model for two different lattice sizes (Ncells=5 blue circles,
Ncells=10 green diamonds). ⌧ = 1s to speed up the thermalisation but its
precise value does not affect the overall result. Here, h = 2 while all other
values are set as in Tab. 3.1.

The procedure applied to our stochastic simulations shows that the scenario
in this two-dimensional model is compatible with that of a true ordering transi-
tion, differently than the one-dimensional case. This result is not surprising as
it is in agreement with the behaviour of the Ising model and the noise-induced
ordering scenarios [103].
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C O N C L U S I O N S

By its involvement in many fundamental processes regulating plant growth
and morphogenesis, auxin is subject to much research in current plant biol-
ogy. In the first chapter, we introduced its importance at the level of organ
formation and we described its biosynthesis and transport. Even just focus-
ing on these particular aspects of the role of auxin gives rise to an intricate
picture. Within the framework of auxin transport and plant morphogenesis, a
special class of transporters, the PIN-formed family, are known to be specific
for the efflux of auxin and to self-organise in non-trivial patterns throughout
tissues. Although auxin transport in meristems has been actively studied and
modelled during the past few decades, the question of how these polarisation
patterns and, consequently, their collective behaviour can arise have not been
sufficiently addressed.

After a presentation of the current state of knowledge on auxin transport,
we presented our work: we formulated a model based on auxin transport in
tissues along with dynamics for PINs including their recycling within cells.
We cared about including the main ingredients found to be fundamental in
plant morphogenesis involving auxin and PINs. More specifically, in our work
PINs dynamics is regulated by auxin flux-sensing and we allow PINs to go
back and forth amongst the different sides of a cell. By starting with a one-
dimensional model, we found the behaviour for PINs in the quasi-equilibrium
limit for auxin. In particular, a special role in this framework is played by
two key parameters, the diffusion constant and the non-linearity that tunes
PINs endocytosis in response to auxin flux. By probing effects of these two
parameters, two phases for PINs polarity patterns arise, a polarised and an un-
polarised one. Given these possible intracellular states, one can ask about the
emergence of long-range polarisation order. However, the classical theory of
phase transitions prevents the setting of such a phenomenon in one dimension
nevertheless: this toy model turns out to be useful to understand which kind
of properties such a system can show but it does not allow to fully address the
problem of the appearance of a spontaneous collective behaviour. By turning
this row of cells into a two-dimensional lattice, we investigated the ordering
in two dimensions: here, nothing prevents the establishment of long-range or-
der and in such a framework we actually recovered PIN self-organisation. By
studying again the quasi-equilibrium limit for auxin concentration through-
out the whole tissues together with translation-invariant configurations, we
indeed found PIN polarity patterns in certain regimes for the key parameters
in our model. We found in particular that auxin gradients are not required
to set PINs polarities, tackling the chicken and the egg problem introduced in
the first two chapters. This behaviour is in direct correspondence with the
patterns observed in meristems such as cambiums and leaves veins, where
auxin profile is homogenous throughout the tissue but PINs are nevertheless
polarised. We actually added a new clue to this ordering phenomenon by find-
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ing that what indeed drives the spontaneous intra-cellular polarisation in our
modelling framework is the strong non-linearity of PIN dynamics.

Continuing, we noted that molecular processes are intrinsically noisy. Noise
is usually thought to be negligible because the number of molecules can be
very large, but the number of PIN transporters in a cell is presumably not so
large. Associated noise in the number of PIN could either enhance or com-
pletely destroy its self-organisation properties. In our work, we tackled two
problems then: first, the way of consistently including noise in such a sys-
tem, and second, the role of noise in large-scale PIN pattern formation. In
the one-dimensional case, as expected, we found that no long-range order is
sustainable and noise potentially destroys coherent domains in the system.
On the other hand, there is strong evidence that this is not the case in the
two-dimensional model: there, long-range order can set in and noise can even
enhance a transition from the uniform unpolarised configuration to the uni-
form polarised one. Again, no auxin gradients are needed to observe this phe-
nomenon.

The model we proposed was built up by assuming that PIN feedback is
regulated by an auxin flux sensor and this is a question that should be experi-
mentally addressed. A possible direction would be to check if PINs depolarise
while injecting auxin in the apoplasts. As discussed in the first chapter, PINs
can be detected by immunolabelling, so depolarisation is actually a detectable
observation. Adding auxin in an apoplast would hamper or saturate the efflux
action of PINs. This saturating effect would then lead, according to our predic-
tions, to PIN depolarisation. If auxin injection in the apoplasts is not possible,
then it would be desirable to have an inducible system, e.g., AUX/LAX pro-
teins could be modified to be photo-inhibited. By exposing apoplasts to a laser
beam, auxin would be prevented from leaving the apoplasts with consequent
accumulation. In both of these projected experiments, our model predicts that
PIN dynamics would lead to a depolarisation of a cell if it is polarised towards
the apoplast but little effect otherwise.

If this auxin flux-sensing scenario could be demonstrated, it would open
new theoretical challenges about the development of such a model. We expect
that this model can be relevant to the cambium morphogenesis and leaves
venation but we showed also, in the first two chapters, the complex PINs pat-
terning arising in the Shoot Apical Meristem and in the Root Meristem. These
systems not only require a revisitation of the topology of the model but also a
more developmental and time-dependent framework. The first point could be
addressed by changing the boundary conditions according to the specific type
of meristem considered. In the roots, for example, one could add a constant
auxin injection from the upper side, together with reflecting boundary con-
ditions at the other side of the meristem. The study of PIN polarity patterns
and self-organisation could be intriguing as probably no analytical predictions
could be given on a large scale in such a model. In the shoots, instead, we dis-
cussed the phenomenon of phyllotaxis, an inherent spatio-temporal ordering
giving birth to organs primordia. In such a case not only boundary conditions
should be revisited but also auxin production, maybe set as measured in ex-
periments of auxin labelling. As shown in the first chapter, PIN patterning is
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more complex in the shoots as domains of converging polarisations are found
around each primordia. As these arise in an ordered time scheme, PINs can
be considered "to reprogram" during morphogenesis: such a feature could be
implemented in a generalisation of our model by giving a time dependence to
the Hill-like exponent, perhaps reproducing then the polarised/unpolarised
regions observed in experiments on shoots.

Of course, all these are theoretically-based considerations: they should be
implemented, checked and compared with available data. Nonetheless, they
give evidences on how such a model, although started as a toy model, may
open new frontiers to move forward in the comprehension of auxin related
phenomena for plant development.
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I N T R O D U C T I O N

All organisms use a wide variety of macromolecules and molecular machines
aimed at fulfilling vital functions and thus maintaining life. The main bio-
logical macromolecules are the nucleic acids, encoding all the necessary in-
formation to subsequently produce the molecular machines needed by the
organisms. All living beings undergo evolution through mutation and selec-
tion, leading to a wide variety of different phenotypes. How evolution is con-
strained to maintain functional phenotypes is not understood yet. Thanks to
the recent big advances in genomic sequencing, a huge amount of data has
been produced over the past few decades. These sequences are stored in spe-
cific purpose databases, whose analysis may allow to shed light on such unan-
swered questions. Because of the continuous increasing of such data though,
pure statistical analysis can be unable to unveil advanced mechanisms con-
straining biological sequence evolution. For this reason, in the past few years,
many methods borrowed from statistical physics have been used to answer
these questions, turning out to be powerful instruments to infer advanced in-
formation out of biological sequences data. In this part of the thesis, consisting
of three chapters, I will introduce the reader to biological sequences, nucleic
acids and proteins, to their structure and function and to their collection and
storage through databases. I will introduce the open questions in this field and
in the second chapter, I will give the paradigmatic example of two currently
used methods to infer advanced information out of protein sequences. In the
third chapter, I will describe a method we developed in the past few years.
I will stress the attention of the reader first on the mathematical instruments
borrowed from information theory at the basis of the method. I will then focus
on the analysis led on both synthetic and biological sequences, illustrating the
results we obtained so far and the properties of this method.
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4
B I O L O G I C A L S E Q U E N C E S : A N I N T R O D U C T I O N

Living cells use numerous macromolecules to drive the processes for develop-
ment and life maintenance. Because such complex molecules are nearly always
encoded within DNA, they contain an underlying one dimensional sequence.
Examples of biological sequences are nucleic acids and proteins, the first two
embedding all the information needed by an organism to develop and survive.
Given their importance, a small change or mistake in their coding could be dan-
gerous, or even fatal, for the organism itself. On the other hand, all organisms
undergo evolution, which selects the most adapted or adaptable phenotypes
in a given pool. The adaptiveness of a phenotype must be somehow enclosed in
its genome or genotype: analysing biological sequences could thus potentially
give answers also on evolutionary aspects. To this aim, researchers developed
in the past decades several statistical methods to extract information from bio-
logical sequences, that have been revealed to be actually powerful tools in this
kind of analysis. The high proliferation of different methods has been allowed
by the great advances in genome sequencing, making available huge sets of
data stored in web servers and accessible to everyone.

The analysis of biological sequences has then really become a new trend in
bioinformatics helping in answering pure scientific questions on evolutionary
aspects as well as addressing clinical and pathological problems.

In this chapter, we are going to introduce the general context of biological
sequences, their diversity along with their basic structure and production in-
side cells. We will go ahead with a description of the experimental techniques
used to extract sequences from organisms and how their storage is managed
by the use of databases. We will finally end by describing the typical datasets
and data preprocessing required for statistical analysis.

4.1 zoology of biological sequences

The macromolecules we consider are biopolymers. The "sequences" we focus
on are the strings of monomers forming these one-dimensional polymers. The
biopolymers form a chain of monomers bound by chemical bonds, and de-
pending on the type, carry out several roles in living cells. Three different kinds
of biopolymers can be identified: the nucleic acids, DNA and RNA, and pro-
teins. The Central Dogma of Molecular Biology states that the DNA embeds all
the information needed to produce proteins and thus to maintain life. In all liv-
ing organisms throughout the different kingdoms of nature, a huge number of
functions must be indeed fulfilled to guarantee correct development and to sus-
tain an organism’s life cycle. Development and, more generally, life cycle are
characterised by sets of chemical reactions involving compounds taken from
the surrounding environments, such as nutrients, and self-produced molecules.
These self-produced molecules include proteins, macromolecules produced in
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the organism itself that regulate all the fundamental processes aimed at life
correct maintenance. The set of processes characterising the production of pro-
teins is globally called gene expression and starts, generally, from the DNA 1. In
view of their encoding properties, DNA and RNA are often called information
macromolecules. In the following, we are going to introduce the chemical struc-
ture of the three fundamental types of macromolecules and we will connect
them altogether within the framework of the genetic expression.

4.1.1 Deoxyribonucleic acid (DNA)

Deoxyribonucleic acid is a nucleic acid, a biopolymer made of single repeatedChemical structure
units called nucleotides. It was first discovered by F. Mischer in 1871 and later
identified as a double-helix structure by J. Watson and F. Crick [109, 110]. In
all living organisms, DNA does not appear as a single molecule but rather
as two molecules tightly bound together in a double-stranded helix structure.
Each strand is made of nucleotides, i.e. the a segment of the DNA backbone
and a nucleobase interacting with the other strand of the DNA. The DNA
backbone is in turn made of phosphate and sugar residues, being specifically
the 2-deoxyribose, and it is called nucleoside. There are four different types of
nucleobases, Adenine (A), Cytosine (C), Guanine (G) and Thymine (T), form-
ing together with the sugar/phosphate the nucleotide. Nucleobases are divided
into two classes, purine (A and G) and pyrimidine (C and T), classified according
to their chemical properties. In order to guarantee the double-helix structure,
the two strands forming the DNA are complementary and, consequently, the
nucleobases must be coupled. Specifically, each purine is coupled with one
pyrimidine according to the scheme A-T and C-G and this is possible thanks
to the complementarity of both shape and hydrogen-bonding properties be-
tween the two subgroups. It is indeed the hydrogen bonding that determines
the specificity of the couplling between A-T and C-G. For example, adenine
is found to be unable to form a hydrogen bond with cytosine. Base-sticking
interactions together with hydrogen bonds confer stability to the double-helix
stranded DNA, usually found to be right-handed.

DNA normally occurs as linear chromosomes in eukaryotes, where it is con-Global structure
tained in the nucleus, and circular chromosomes in prokaryotes and in some
viruses 2. The whole set of chromosomes in a cell makes up the genome. The
hereditary information along with all the "instructions" needed to produce the
machineries aimed at developing and maintaining life are encoded in the genes,
hereditary units located along the DNA, containing a "promoter", a "start" and
a "stop" region. In eukaryotes, genes form a small fraction of the DNA, the
rest being addressed, till some years ago, as junk DNA. In recent years, it has
been discovered that part of the junk DNA encodes for something, e.g. RNA-
like small molecules, carrying for instance out post-transcriptional regulatory
functions inside cells. However, it is confirmed that in most eukaryotes, less
than 50% of the DNA encodes for proteins. In particular, while in prokaryotes
genes are usually compact structures coding for proteins, in most eukaryotes

1 RNA viruses provide examples of organisms lacking DNA molecules.
2 As there is no nucleus in prokaryotes, DNA can be found everywhere in the cellular cytoplasm.
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they are made of an alternation of introns and exons, only the latter participat-
ing in the coding of the final protein.

Even though DNA might appear as the first molecule living organisms
evolved from , some species do not have it but rather rely only on RNA, e.g. DNA is not the first

oneRNA viruses also called retroviruses. This led scientists to formulate the so-
called RNA world theory, supposing RNA to be the first macromolecule from
which living organisms evolved.

4.1.2 The ribonucleic acid (RNA)

At first glance, the ribonucleic acid (RNA) might appear very similar to DNA.
They actually differ one from another in three respects. First, the RNA back-
bone is made of a different sugar than that of DNA: it is ribose, having a
hydroxyl group more 3. Second, RNA contains Uracil (U) in place of Thymine,
still pairing with Adenine but differing from Thymine for a methyl group
4. This difference becomes important for successive feedback, as it allows to
recognise the macromolecule as foreign to DNA. Third, RNA rarely occurs as
a double-helix, it usually stays as a single strand. Except for retroviruses, RNA
is not the primary genetic material but rather an intermediate between the
gene and the final product of its own expression, a protein. Several types of
RNAs contribute to gene expression, i.e.;

• the messenger RNA (mRNA), "copy" of the gene later used for the trans-
lation into a protein;

• the transfer RNA (tRNA), involved in supplying amino acids during
translation;

• small RNAs, carrying out post-transcriptional regulatory functions by
interacting with target mRNAs.

Some RNAs can also fold into complex tertiary structures, fulfilling en-
zymatic roles, i.e. catalysing essential reactions in cells. As an example, ri-
bozymes exhibit classical properties of classical enzymes, having an active site,
a binding site for a substrate and, sometimes, a binding site for a co-factor, i.e.
a molecule "activating" the catalytic property of the enzyme. Even though RNA
is capable of forming double-stranded helices, this is not typical observed form
in living organisms.

4.1.3 From DNA to proteins and back: genetic expression

As discussed so far, according to the Central Dogma of Molecular Biology,
DNA is the macromolecule embedding in most living organisms all the infor-
mation needed for their development and maintenance. However, this informa-
tion must be somehow expressed: to this aim, a chain of biochemical processes

3 A hydroxyl is a chemical functional group containing an oxygen atom connected to a hydrogen
atom by a covalent bond.

4 A methyl group is a chemical group made of a carbon atom bonded to three hydrogen atoms
(-CH3).
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Figure 4.1: Schematic representation of a typical gene expression in eukaryotes. Note
that the main differences with prokaryotes are the absence of the nucleus
and splicing. Picture taken from [111].

works out the production of molecules, such as proteins or non-coding RNA,
carrying out particular regulatory functions. This chain of processes involves
several steps:

• transcription of DNA to produce a pre-mRNA;

• pre-mRNA processing, i.e. successive modifications of the pre-mRNA
leading to the formation of a mature mRNA or other kinds of RNA (for
instance in eukaryotes the pre-mRNA has to be spliced, i.e. the introns
must be removed);

• transport of the mRNA to the ribosomes;

• translation of the mRNA into a polypeptide chain, i.e. the protein.

According to this scheme, the information is then transferred from the DNA
to the proteins and not backwards. This is true for all organisms except for
RNA viruses: having just the RNA, they must transfer back to the host DNA
the information embedded there in order to express the proteins they need.

Let us start by describing the process of transcription . DNA is made of twoTranscription
strands, respectively called coding strand and template strand, as it is used for
the synthesis of the complementary RNA. To distinguish these two strands,
it is common to use a notion of sense, given by the position of the free car-
bon atoms of the nucleotides at the extremities of the DNA. To be copied, the
template strand must be somehow read: this role is carried out by enzymes,
RNA-like, called RNA polymerase. In all species then gene expression starts
with the binding of the RNA polymerase to the DNA at the promoter, just
a bit upstream of the transcription initiation site. In prokaryotes the "right"
initiation sites is directly identified by the polymerases, while in eukaryotes
other proteins carry out this role, the transcription factors. Those or the RNA
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polymerase open up the DNA to allow the transcription to begin. The region
upstream of where transcription starts is called promoter or regulatory region,
whose subparts are the cis regulatory elements to which transcription factors
can bind. Having identified the starting site, activated RNA polymerase moves
along the template and adds RNA nucleotides complementary to the DNA
template strand till a "stop" signal is reached, i.e. a set of nucleotides iden-
tifying the end of the regulatory region. This process produces the so-called
pre-mRNA actually made of several parts not all necessary to the protein pro-
duction, the introns . By the mechanism of splicing in eukaryotes only, the Splicing
introns are excised of the pre-mRNA, giving a mature mRNA made of exons.
In eukaryotes, at this stage, the mRNA is transported out of the nucleus. With Translation
the mature mRNA, the process of translation starts, in particular from some
recognition sites: translation takes place in a similar manner in both eukaryotes
and prokaryotes, even though in these last organisms a single mRNA can en-
code multiple proteins through phase shift phenomena. Since amino acids, the
building blocks of proteins, cannot recognise nucleotide on their own, some
macromolecules are aimed at carrying out this role, the ribosomes in conjunc-
tion with tRNA. Ribosomes interact with initiation factors and another kind of
RNA, transfer RNA (tRNA), for the transport of the amino acid. Specifically,
for each set of three nucleotides, called codon, one amino acid will be delivered.
The native structure of the protein will be then formed by the bonds between
amino acids, followed by the folding of the protein, often aided by some en-
zymes called chaperons. Post-translational modifications can take place before
the proteins are transported to specific compartments (like the membrane) in
the cell where they will carry out their functions.

4.1.4 The proteins

Proteins, the product of gene expression, are among the most important molecules
inside cells as they carry out the majority of the vital functions. Proteins carry
out a great diversity of functions such as enzymatic catalysis, immune reac-
tions, regulatory and signalling roles, transport and storage of other molecules
as described in the first chapter as well.

In view of what was discussed so far, proteins are synthetised from the DNA
through several successive and fine regulated mechanisms. Proteins are at first Amino acids are

protein building
blocks

linear chains of monomers (building blocks), the amino acids, kept together by
peptide bonds 5 forming a polypeptide chain. An amino acid (aa) is defined as a
molecule containing an amine group (-NH2), a carboxyl group (-COOH) and
finally a variable group denoted as R, also called side chain. Side chains identify
20 different types of amino acids related to the codons along the messenger
RNA in a non-univocal fashion. Indeed one only amino acid corresponds to
one codon but several different codons can code for the same amino acid (Fig.
4.2). This property, also known as codon degeneracy, turns out to be quite useful
in genetics and immunological studies, in particular in viruses’ mutations, as
will be discussed in the next section.
Amino acids are in turn classified according to their chemical properties: hy-

5 A peptide bond is a bond between a nitrogen and a carboxyl group of two amino acids.
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Figure 4.2: Correspondence between the 64 possible codons and the amino acids, gath-
ered according to the first, second and third base. Table taken from [112].

drophobicity, hydrophilicity, the presence of acidic or basic side chains and
conformational properties. The first two features, in particular, can give hints
about the position of the amino acid itself in the final protein structure. ProteinProtein structure

levels structure is normally described by four levels (Fig.4.3):

• primary structure: the sequence of amino acids, directly determined from
the gene;

• secondary structure: the formation of ↵-helices and �-sheets, i.e. the first
"structure" in the backbone of the protein, by hydrogen bonds;

• tertiary structure: the three-dimensional structure of the protein, folded
version of the polypeptide chain, result of a large number of non-covalent
interactions between the amino acids;

• quaternary structure: association of multiple polypeptide chains into a sin-
gle larger protein.

The tertiary structure describes the spatial organisation of a protein, includ-
ing the interrelationships of turned chains. It is a very compact and defined
structure, with essentially no empty space inside. On its surface, different
domains, linked together by junctions, can be identified as regions made of
↵-helices and �-sheets carrying out the particular functions of the protein.

It is known that the tertiary structure of a protein is determined by its pri-
mary sequence. The first experiment that pioneered this idea was led in the 60sStructure and

function are tightly
connected

by Christian Anfinsen and coworkers, showing that the nucleotide sequence of
a gene encodes the necessary information for protein folding [113]. To demon-
strate this, they used an enzyme (ribonuclease A) able to cleave part of the
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Figure 4.3: Schematic picture of protein folding from the primary structure (left hand-
side) till the complete folded quaternary structure. Picture taken from
[110].

RNA backbone. After denaturation, to induce protein unfolding, they added a
reducing agent, changing some bonds properties between amino acids. When
removing both denaturant and reducing agent at the same time, they actually
recovered the catalytic function of the protein: a correct folded version can then
perform the catalytic function. However, when removing first the denaturant
and later the reducing agent, a scrambled protein folded up, showing no cat-
alytic function at all. This clearly demonstrates how the amino acid sequence
of the native protein can determine its structure, tightly connected to its own
function.

Given the amino acid sequence though, it is a great challenge predicting the
tertiary structure of a protein [109]. For sure amino acids’ chemical properties The challenge of

predicting protein
structure

play a role: surface components cannot be hydrophobic, such amino acids will
be confined in the protein core. However, given the primary structure, there
might potentially be a huge number of different tertiary structures allowed.
Ideally, one should compute the stability of each of these allowed structures
but this would require an unaffordable computational cost. Current methods
try then to consider already known structures of similar proteins in order
to predict the new ones: this procedure is addressed as homology modelling
and it is the most shared technique in protein structure prediction in current
bioinformatics.

As structure and function are tightly connected, it might happen that small
changes in the protein primary structure could cause a misfolding or even
prevent the folding of the protein. Given the importance of proteins inside
organisms, being the machineries driving all the fundamental processes for
development and life maintenance, misfolding or unfolding can lead to dra-
matic problems or even death. This is indeed the example of many hereditary
disease: researchers indeed focus on altered genes that can cause proteins mis-
folding or unfolding [109, 112].

Mutations can then play a serious and important role not only at the level
of sequence specification, i.e. genotype, but at the higher level of protein phe-
notype.
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4.1.5 Mutations in the DNA sequence and in proteins

Despite of the high stability of DNA, replicated with an amazing precision,
changes in DNA structure as well as errors in replication may occur. Muta-
tions consist of a change of the nucleotide sequence in a genome, inherited
by descendants, be they cells or entire organisms. If, on one hand, mutations
can be lethal, on the other hand, the ability of organisms to adapt to the sur-
rounding environments depends critically on the presence of genetic variation
in a population: this variability is actually produced by mutations, increasing
the diversity in the gene pool. In this sense they can be seen as a sustainers of
life. Furthermore, the study of mutations can reveal fundamental aspects for
probing biological mechanisms: finding or creating mutations affecting differ-
ent components in a biological system can lead to a deeper comprehension of
the system itself.

Mutations can be classified in several different ways. From the inheritanceGeneral
classification point of view, we can distinguish two broad classes of mutations, i.e.:

• somatic mutations, as those appearing in somatic tissues not containing
gametes;

• germ-line mutations, as those appearing in cells that produce gametes and
are then inheritable by the offspring.

Historically though, mutations have been classified in another way : thoseOther classifications
affecting a single gene, called gene mutations, and those affecting the number
or the structure of chromosomes, called chromosome mutations. This distinction
actually has an experimental basis, as the latter can be observed directly by
microscopy while the former could be detected only by studying their pheno-
typic effect. Within this thesis, we shall focus on gene mutations as they are
those potentially affecting protein phenotype.

Gene mutations can be in turn classified by their molecular changes and
their phenotypic effect, i.e. the effect they induce in the gene products. From
the molecular point of view, there can be several mechanisms characterising
gene mutations. The simplest one consists of a base substitution along the cod-
ing region of the gene. Nonetheless, there can be other mechanisms inducing
mutations such as insertions and deletions, i.e. the addition or the removal,
respectively, of one or more nucleotide pairs: it actually turns out that inser-
tions and deletions are much more numerous than substitutions. Finally there
could even be an expansion of the nucleotide sequence by creation of repeats,
i.e. mutations in which the number of copies of a set of nucleotides increases
in number.

Molecular changes may or may not induce visible changes in the output of
gene expression, i.e. changing the phenotype. Given the degeneracy between
amino acids and codons, one calls synonymous or silent a base substitution that
does not affect the final amino acid, reversely non-synonymous or non-silent if it
affects the final phenotype. The rate of synonymous against non-synonymous
mutations turned out to be a key point to study many organisms in evolution,
viruses in particular [112].
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As discussed in the previous paragraph, the structure of a protein, accord-
ing to Anfinsen’s experiment, is tightly connected to its own function that
alterations may disrupt. Within this context, mutations are called neutral if
they alter the primary sequence of a protein but not its function. This can be
actually achieved by replacing an amino acid with another one with similar
chemical properties: in such a way the change will likely not a significant ef-
fect on protein phenotype. However, there might be strong-altering mutations,
causing the complete or partial loss of protein function. This happens for in-
stance if the mutation leads to a dramatic change in protein structure or a
misfolding or unfolding because the protein cannot work correctly. This is at
the basis of many genetic diseases and the study of loss-of-function mutations
is one of the main topics in current genetics research [112].

By contrast, gain-of-function mutations can take place as well: this is the
case in the production of new traits or traits appearing in an inappropriate
tissue at an inappropriate time in development. Other types of mutations are
conditional mutations, i.e. that can appear just under certain conditions, and
finally lethal mutations, causing premature death in an entire organism.

Globally, mutations can be caused by a number of different natural and
unnatural factors . There might be replication errors, insertions and deletions Factors inducing

mutationsor chemical changes spontaneously happening in cells. To this aim, cells have
developed feedback mechanisms in order to check gene expression processes
to take place in the right way but still there can be uncontrollable mistakes. On
the other hand, unnatural factors can induce mutations as well, e.g. chemical
agents like radioactivity.

In all these cases, mutations, especially if they are not very deleterious, drive
the great diversity in the gene pool throughout different organisms and this
plays a fundamental role in biology . Indeed, the driving force in nature is evo- Mutations and

evolutionlution. As a conceptual framework, it helps to explain the surrounding world,
from DNA sequences to the types of plants and animals around us. Evolution
can be seen as a two-step process: first, genetic variation arises, thanks to the
appearance of new mutations, randomly and regardless of the real evolution-
ary need of it. The second step, instead, consists of the increase or decrease of
genetic variants: by several factors or driving forces, mutations can be either
selected and inherited by the offspring or disappear later on. The shift in the
composition of the gene pool of a group of organisms leads then to evolution-
ary change as organisms can adapt to the surrounding environment or, at a
higher level, such changes can lead to speciation.

Genetic diversity can be then explained in the light of evolution: the high ge-
netic variability observed throughout different organisms is the consequence
of natural variation and selection. The latter step implies the spontaneous iden-
tification of the individuals within a group that can not only survive but where
vital functions can be carried out better than others with respect to the sur-
rounding environment.

When evolutionary change is slow, the great majority of selected genetic
mutations must be compatible with function conservation: this implies protein
structural variation should be somehow constrained as well. As we discussed
how protein structure is tightly connected to the function the protein must
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carry out inside cells, there should be then a connection between the different
parts of a protein, whose evolution is constrained by structure and function
quasi conservation.

Many efforts have been spent during the last few decades to develop meth-
ods able to infer such constraints and they will be discussed in the next chapter.
Most of these studies rely on the analysis of protein sequences, as, in view of
what discussed before, DNA coding regions can contain much more sources
of noise (such as synonymous mutations): the major interest lies on the pheno-
type rather than the genotype then. Of course, DNA analysis can be performed
as well but this mainly depends on the aims of the research.

In order to perform such kinds of analyses, one must be able to directly
study genetic sequences, be they proteins or genomes. Thus, in the following
we are going to give a brief introduction about the collection and storage of
biological sequences and the typical data files associated.

4.2 the art of sequencing

Genome and protein studies require first of all the collection and inspection of
biological sequences. The aim is to get a string containing the exact order of
either base pairs in a DNA fragment or amino acids in a protein that can be
read and analysed. In the mid-70s, Frederick Sanger and colleagues inventedDNA sequencing
a method aimed at reading DNA segments. This technique became quickly
the standard procedure used in molecular biology and was renamed DNA
sequencing. The Sanger method of DNA sequencing is based on DNA repli-
cation: the fragment to be sequenced is used as a template to produce new
DNA molecules. To read the fragment, the method uses a special substrate
for DNA synthesis, the dideoxyribonucleoside triphosphate (ddNTP), a spe-
cial nucleotide that prevents the bonding of other nucleotides if incorporated
in the polymerising strand. Although the sequencing of a single molecule is
technically possible, most of current techniques make use of many identical
copies of DNA: this implies DNA molecules need to be amplified before start-
ing the sequencing procedure. Therefore, copies of the target DNA are iso-
lated and split in four parts, each of them placed in a different tube. In each
of these tubes DNA polymerase, all four types of the deoxyribonucleoside
triphosphate and of the dideoxyribonucleoside triphosphate, are added along
with a primer aimed at binding the DNA at one of its ends. The primer pairs
to the complementary DNA and then DNA polymerase synthesises the new
DNA as nucleotides are successively added. Randomly, the ddNTPs can bind
the growing synthesised DNA, preventing other nucleotides’ binding. Finally,
then, strands are separated by denaturation and the length of each DNA frag-
ment can be visualised by gel electrophoresis 6. To be able to read the exact
nucleotide at each position, ddNTPs must be tagged with a different fluores-

6 Gel electrophoresis is a method used to separate and analyse macromolecules such as DNA,
RNA, proteins and their fragments based on their charge and sise. Molecules are separated by
applying an electric field to move negatively charged molecules through a gel matrix. Shorter
molecules will move faster and migrate further through the pores of the gel, while larger ones
will be trapped sooner. The main advantage is that these results can be visualised and analysed.
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Figure 4.4: Schematic representation of the dideoxy method for genome sequencing,
described more in detail in the text. Picture taken from [112].

cent dye. In such a way, the type of nucleotide can be detected by a laser beam
and each fragment consequently appears as a peak with its colour -depending
on the last nucleotides- in the computer printout Fig.4.4.

Till some years ago, all this procedure was performed by hand: nowadays
sequencing has been automated. In particular, so-called next-generation se- Next-generation

sequencingquencing techniques have been developed, allowing faster and less expensive
procedures. Most of these techniques can indeed sequence in parallel , as they
make use of hundreds of thousands or millions of fragments sequenced simul-
taneously. Even the reading technique has been improved: as an example, in
pyrosequencing, nucleotides are added one at a time in the order specified
by the template DNA and the addition of a particular nucleotide is detected
by fluorescence, generated as the nucleotide is added. These new techniques
allowed the generation of a huge amount of genomics data as well as the se-
quencing of entire genomes like that of Arabidopsis Thaliana in 2000 [10] or the
human one in 2003 [114].

However, these procedures does not allow to directly get protein sequences.
In prokaryotes, knowing a protein’s coding region, as there are no introns, one Protein sequencing
can obtain protein sequence just by translating the corresponding DNA one.
In eukaryotes, instead, the procedure is much more complicated. To sequence
proteins, then, it is common to use other techniques. The most used one is
mass spectrometry.
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Mass spectrometry is an analytical technique that measures the mass-to-
charge ratio (usually called m/z) of charged particles, among which peptides
and proteins as well. It can sequence proteins of any sise even though the
problem becomes computationally more and more challenging as the sise in-
creases. It is indeed the most used method to determine the ordered positions
of amino acids. This procedure starts with proteins’ digestion by an enzyme
such as a protease. The resulting solution is passed through a high pressure
liquid and successive positive potential to finally get single ions. Peptides are
thus fragmented and the mass-to-charge ratio is measured. The output of this
experiment consists of a spectrum made of different peaks at each position
along the protein according to the amino acid composition. Results of mass
spectrometry are usually compared within a different pool of digestive en-
zymes as well as scanned against already known sequences in order to detect
the reliability of the measurements.

All these methods allowed to collect a huge amount of genomics and pro-
teomics data, that must be stored and sorted out though. To this aim, re-
searchers developed in the last few decades entire libraries storing all the infor-
mation known so far on biological sequences in a precise and ordered manner.
In the next section, we are going to describe how some of these libraries are
organised and how typical a data file look like.

4.3 storage of biological sequences

Thanks to the high-throughput techniques developed in the past few decades
in genome sequencing, a huge amount of data has been produced [115, 116]:
entire genomes have been annotated along with protein and gene interaction
data, structures, phylogeny information and much more. These big advances
in sequencing have then brought researchers to the need of managing this
intricate mountain of data by sorting it out in open access libraries, namely
databases. Databases store the previously discussed data as well as computa-
tional analysis tools for quick studies or data sorting. Normally, databases can
be specific to different fields. One single library can indeed deal with just gene
sequences, protein sequences and structures or even just with specific organ-
isms. Here below some examples are listed:

• UniProt and PFAM, storing all kind of information on proteins, i.e. se-
quences, structures, functional sites and much more. There, proteins are
classified in families, i.e. groups of proteins believed to carry out the
same function across different organisms [117, 118];

• Ensembl stores the knowledge on genomes for vertebrates and other eu-
karyotic species [119];

• UCSC Genome Browser is a human, mouse and rat genome browser
[120];

• FlyBase, containing D. Melanogaster information [121];

• WormBase, storing data about C. Elegans [122];
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• AGRIS, Arabidopsis Thaliana transcription factors database [123];

• Influenza Research Database connected also to the NCBI version, up-
dated with all the circulating strains of Influenza viruses, vaccines and
all kind of further information [124];

• SwissRegulon, related to transcription regulatory process with genome-
wide annotations of regulatory regions [125],

• NCBI-RefSeq, a full genomes database containing informations on re-
lated proteins as well [126].

Despite having highly different functions and purposes, these databases all Database
architectureshow a common architecture (Fig.4.5). They are mainly made of tiers, organ-

ised in a hierarchical way. At the bottom there is a database management
system (DBSM) that manages a collection of facts. At the top level is the web
browser, the client interface transmitting the requests for data to the lower lev-
els and returning responses via a web page. The two layers are joined by a soft-
ware, translating data requests into database queries and, reversely, query re-
sponses into hypertext mark-up language [127]. The interface layer then helps
to manage the information researchers want to extract from the entire set of
data stored in the library.

According to the field researchers want to study, specific databases are avail-
able allowing also for a refined search according to the questions one wants
to address. When dealling with a database, it is important then to know what
to look for. As an example, in the Influenza database, FluDB, several protein Specific search
families and gene sequences are stored belonging to different types and sub-
types of the virus. The search can even be refined by excluding some particular
sequencings that could putatively affect the analysis. The identification of the
questions to answer is one of the main points to first define when dealing with
such problems.

Since the high proliferation of databases specific to different fields, researchers Database integration
are currently working to integrate and link these sources one with another. Al-
though the idea of a single (huge) database could seem more reliable, it would
impoverish the biological knowledge contained in each of these libraries: the
most shared and reasonable challenge currently consists of making "database
surfing" easier to handle.

4.4 typical data files and data preprocessing

In view of what was discussed so far on genomics and data collection, datasets
must be chosen according to the questions one wants to answer. In our work,
we shall see we have been interested in how structure and function are encoded
in protein primary sequences. Therefore, hereby, we will focus more in detail
on typical protein data files. Let us suppose we want to work with a specific
family of proteins and address some questions we can answer by the use of
related protein sequences.

Given the family, databases such as PFAM or UniProt (Fig.4.6) can furnish
the data needed for the analysis. It is not even necessary to know the exact
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Figure 4.5: Schematic representation of the levels of a typical database architecture.
As described in the text, the lower level is made of data sources while
the upper one contains the web interface. The connection between the two
levels is performed by softwares translating data queries into data requests
and vice versa.

code of the protein family as UniProt and PFAM accept as well key words de-
scribing protein functions. Once identified the protein family sequences, they
can be downloaded in a unique file normally with .fasta extension. This kindThe FASTA

extension of extension, which takes its name from a widely used tool for data preprocess-
ing, is widely used in the field of bioinformatics as it defines a file structure
containing all the basic information about the sequences themselves.

Indeed, as shown in Fig. 4.7, such a file is made of alternating rows of ac-
cession numbers and amino acid strings. The accession number is the code
identifying a given sequence and it is unique. Usually, in viruses sequences, it
actually contains all the details about the sequencing itself, i.e. the type and
subtype of the virus the sequence refers to, the year, the place and the organ-
ism the sequence has been extracted from and finally a number identifying
the single sequence. Having accession numbers is not only useful for manag-
ing purposes but also to compare different analysis led by different groups.
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A

B

C

Figure 4.6: Examples of database web interfaces for UniProt (A), FluDB (B) and PFAM
(C).

Moreover, such files can be easily read by a self-implemented program or in-
built functions in environments such as Mathematica, Matlab and others.

However, when downloading a sequence file, sequences may have different
lengths: the wider is the evolutionary framework they have been extracted
from, the more diverse is their length and their composition. Indeed, in this Sequence alignment
kind of analysis, where the aim is to compare the same protein or protein
domain across different organisms, a first preprocessing on data consists of
working out this problem of different lengths. In principle, the aim is to com-
pare proteins consistently, i.e. identifying the equivalent residues in different
but evolutionarily related sequences. The procedure allowing to sort out se-
quences this way is called sequence alignment [128, 129], that can be performed
by programs built in databases as well. This kind of programs takes as input
a set of sequences and give as output a Multiple Sequence Alignment (MSA).
The logic beside all the alignment programs consists of two components: an
objective function, evaluating the quality of a candidate alignment by weighing
sequence similarities, and an optimisation procedure for identifying the "best"
alignment with respect to the chosen objective function.

Two kinds of alignment are normally performed, local alignment and global
alignment. In the former, only a domain or protein subdomain are aligned Types of alignment
whereas in the latter the whole protein sequences are aligned. Although the
second one could appear more reasonable as it takes into account the entire
relationships between full-length sequences, in practice local alignments are of
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>B4DA37_9BACT/6-116 
IAVVDDDDLIREVICETVRLAGA-IVADYVSARQVFHEVETGTVDLLITNCHMPDMDGPTLVRSLRKQKHALPIIMISGSDD--ARRLGEEAGIDRFVAKHLIHPDL----- 
>A8ZV28_DESOH/38-148 
-LVIDDDSTILRYVALILAMLKFQEVETAQKKPEVMEKLSTGPYDLLLTDLEMPDVNGYRLSRMIKKKRHGTKIIMMTGRDKNDCHGIVASKWVDGWLFKPFGLKELRPML- 
>B9LHF9_CHLSY/11-123 
ILLVEDDNNIGRIIELAMRNTPY-EFESVLSAEEALERWEAQPFDLLISDYNLRGMNGVRLVKTLRERGYYPATLMVTAYDSAEVREAVKEAAIDSYMTKPFFIDELIENI- 
>A9WC75_CHLAA/11-123 
ILLVEDDNNIGRIIELAMRNTPY-EFESVLSAEEALERWEAQPFDLLISDYNLRGMNGVRLVKTLRERGYYPATLMVTAYDSAEVREAVKEAAIDSYMTKPFFIDELIENI- 
>B8GCQ1_CHLAD/13-125 
ILLVEDDNHIGRIIEVAMRGIPY-EFTSVLSAEEGLERWAAHPFDILITDYNLRGMNGVRLIKELHARGYHPPTLIVTAYDSAEVRQAAAEAAVNGYITKPFFLDELIERIR 
>A9AZ67_HERA2/5-116 
ILIAEDDTAIAMTLMIGLRIPDV-EVVRAYHGEEALNIWLHEPCDILLTDHHMREMSGLDLIRALRSQGATQPMLMITAYDSVKLQREAREAGATELIAKPFFIDQLIDKV- 
>A7NKN5_ROSCS/9-121 
ILLIEDDSMIASIIAIGLRMLGVYLLDTAYSAEEGLDLFEQHPYDLVMSDYNLRGMNGLSLLTTIRQSKPTTPTVLFTAYDTPQLQRQAREAGINEYIAKPFLIEDFVN---

>B4DA37_9BACT/6-116 
IAVVDDDDLIREVICETVRLAGA-IVADYVSARQVFHEVETGTVDLLITNCHMPDMDGPTLVRSLRKQKHALPIIMISGSDD--ARRLGEEAGIDRFVAKHLIHPDL----- 

Figure 4.7: Typical fasta file containing sequences and accession numbers. Here is
shown part of the alignment for the protein family PF00072, used to vali-
date our method (see Chapter 8).

more general use. It is indeed very common that just parts of proteins are ho-
mologous, i.e. they share conserved domains, and, furthermore, only portions
of proteins are conserved enough to carry a detectable signal.

The first optimal global alignment of two sequences was introduced by the
Needleman-Wunsch algorithm which uses dynamic programming [130]; opti-Typical algorithms

of alignment mal local alignment was instead first realised by Smith and Waterman [131].
Both of these are O(N2) algorithms, N being the number of sequences to be
aligned 7: this means basically that the time and memory required to gener-
ate an optimal alignment scale with the square of the number of sequences
(assumed to be equal in length for convenience). All other algorithms might
scale as O(Nk), with k > 3 and they are not practical on any existing computer.
Thus, all available methods, be they on local or global alignment, give just
approximations and do not guarantee the optimal alignment.

Let us then clarify the meaning of optimal alignment. The algorithms quotedThe concept of
optimal alignment so far guarantee the optimal alignment for any two sequences in the dataset.

For optimal here we mean the output with the highest score with respect an
objective function: this concept contains no notion of statistical significance, an
aspect that must be evaluated together its biological relevance.

7 Certainly, the complexity of algorithms of alignment depends crucially on the length of the
sequences,L, as well. However, L ≪ N normally and in this context we neglect the dependence
on L.
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Alignment algorithms treat DNA or protein sequences as string of words
without any specification of the biological properties of each letter in the
words: they just try to match the similarities between letters belonging to dif-
ferent strings. An example is given in Fig. 4.8, where two alignments are pro-
posed for two different generic sequences. It is clear that one works better than
the other but in order to guarantee a better alignment, i.e. a bigger similarity
between the sequences, algorithms make use of insertions, usually represented
as dashes (-). Insertions are usually called gaps and their treatment is always Gap penalties
the hardest point in this kind of programming. Indeed, there is no theoretical
basis for assigning gap penalties relative to substitution penalties and their
only biological meaning is that something in those positions is absent with re-
spect to other sequences. This said, deletions or insertions are always more
penalised than letter substitutions but as a gap has been introduced in a given
position, the addition of other deletions or insertions is much more likely even
though it will decrease the final score of the alignment. The function G used
to score deletions or insertions is normally linear in the gap extension, x, and
reads:

G = a+ bx, (4.1)

where a is the gap opening penalty, b is the gap extension penalty and x is the
length of the gap. Normally, a � b, in particular common used values are a =
10 and b = 1. In principle, though, more refined convex functions can be used
to deal with gap penalties []. This makes however alignment algorithms much
more computationally costly and the practical advances are anyway uncertain.

Given the different alignments with introduced gaps then, one must choose
the "best" one. Biologically, nothing actually constrains this choice unless there
is complete conservation of some positions, for example. To tackle this point,
nonetheless notions of similarities are used where the score is assigned accord-
ing to the number of identical amino acids at each position and penalised by
gaps insertion (Fig.4.8).

These are the ideas at the basis of any alignment algorithm: most of them
are nowadays refined by using advanced statistical approaches for the objec-
tive function evaluation but the logic behind them is roughly always the same.
This kind of procedure works very well for pairwise alignment, while mul-
tiple alignment methods are critical. They are then refined by preprocessing Multiple Sequence

Alignment (MSA)sequences with clustering methods building up hierarchical trees. Sequences
are then aligned step-by-step in a bottom-up succession, starting from termi-
nal clusters in the tree and proceeding to the internal nodes until the root is
reached. Once two sequences are aligned, their alignment is fixed and treated
essentially as a single sequence. Hierarchical algorithms are thus useful as they
reduce a O(Nk) with k > 2 problem to a O(N2) one. This makes then almost
any needed alignment feasible but potentially at the price of loss of optimality
and thus quality.

The most commonly used programs for hierarchical alignment are MUSCLE
[132], Clustal and its variants (ClustalW,ClustalX) [133] and T-Coffee [134], de-
veloped from Clustal. Other used algorithms are BLAST [135], for local align- Alignment

algorithms
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Sequences:!
!

>1 
CTGTA 
>2 
CGTA

Two possible alignments:

CTGTA 
C  GTA

CTGTA 
  C  GTA

Scores 2 -9

A

B

Figure 4.8: A) Example of pairwise alignment. Here, the objective function is simply
defined as the sum of the scores at each position. Matches give a "+1"
contribution while gaps a "-2" penalty. The best alignment turns out to
be the one on the left, as can be noticed at first glance. B) Part of the
alignment of the PF00072 dataset used to validate our method together
with the consensus sequence, i.e. the sequence of the most frequent amino
acids at each position. Colours refer to amino acids chemical properties.
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ment search, producing actually ungapped outputs for which a consistent sta-
tistical theory is available. Many other algorithms are available and can per-
form different alignments for different tasks: they can be easily found on the
web and easily accessible, most of them being open source.

However, tools for alignment can be already implemented in databases.
When downloading a dataset, it might be possible to choose in the database
interface both the aligned dataset version along with all the options desired
for the alignment (Fig. 4.8B). This allows to directly get the datafile version
ready for the analysis.

Obtaining the aligned dataset allows one to start a consistent statistical anal-
ysis aimed at answering biologically relevant questions addressing the prob-
lem. Given the biological background sketched in this chapter, it is clear the
number of addressable questions is innumerable. However, in the past decades,
physicists have been much interested in understanding how the functions of
a protein are carried out inside cells throughout different organisms and how
these functions can be encoded in its primary sequence. To this aim, methods
borrowed from statistical physics have been revealed to be powerful in order
to extract co-evolutionary signals among the building blocks a protein is made
of. In the next chapter then, we are going to introduce the reader to some of
the methods used in this context, i.e. Statistical Coupling Analysis (SCA) and
Direct Coupling Analysis (DCA).
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Biological sequences are at the basis of life and evolution. We sketched in the
last chapter their importance in all biological processes, paying much attention
to the tight relationship between protein structure and function. As previously
discussed, this is indeed one of the main points research in biophysics has
been devoted to during the past few decades. Understanding how the func-
tion a same protein carries out across evolutionarily far different organisms is
encoded in its own primary sequence is one of the major challenges. By bor-
rowing methods from statistical physics and information theory, researchers
have tried to model this specific biological problem as a "spin-interacting" one:
within this framework amino acids are variables coupled by pairwise inter-
actions. Here one is aimed at finding the "Hamiltonian" embedding these in-
teractions and describing somehow how evolution constrains the connection
between protein structure and function. The same Hamiltonian should some-
how enclose a definition of site importance in such a network. In practice, one
makes use of available and well-known statistical models "to fit" their parame-
ters from data and reinterpret them in the light of biology. As a consequence,
these studies opened the wide field of inference methods for biological se-
quences.

In this chapter we are going to give an introduction on the inference methods
used for extracting biologically relevant information from multiple sequence
alignments (MSAs). We will discuss in particular two recent methods, Statis-
tical Coupling Analysis (SCA) and Direct Coupling Analysis (DCA), respec-
tively developed for inferring co-evolving units in proteins and direct contacts
in proteins tertiary structures. Although many other methods have been devel-
oped so far, we will focus our attention on these twos for pedagogical reasons,
as they will be useful in the comprehension of our work, presented in Chapter
VI.

5.1 introduction

Nowadays experimental high-throughput techniques allow to collect a huge
amount of data. Direct observations of biological sequences show a high com-
plexity even in a given protein family, i.e. a group of proteins performing the
same function across different organisms. Indeed, a high degeneracy is induced
by structural differences at the microscopic level driven by the natural mecha-
nism of evolution. The link between function conservation and microscopical
changes is a great challenge to understand organisms’ evolution and, in par-
ticular, co-evolution. As we discussed in the previous chapter, evolution in
this context is a two-step process, made of random mutations and selection.
The first step could involve a single element in biological sequences but the
second one embeds somehow the interactions among all the elements and it

100
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is constrained by function conservation and external effects induced by the
surrounding environment. The main question usually one can address in this
context is: which are the mechanisms, i.e. the interactions among the micro-
scopic elements, constraining protein families’ evolution at the microscopical
level? Reformulating in a more biological language, which are the constraints
between the genotype and the phenotype of a protein?

Thanks to the huge amount of data, highly refined statistical analysis can be
potentially performed: however, this kind of study could not uncover the com-
plexity lying behind the constrained diversity of biological sequences. Indeed,
the very early studies on biological sequences took into account only measures
of conservation and mutations [136, 137, 138]. Such a study can give answers
on single-site variations but does not give any information about co-evolution
on a larger scale [139, 140, 141].

The great intuition during the past few decades lies in the application of
statistical physics methods to infer biological properties out of big sets of se-
quences [142, 143, 144]. Inference is meant here to be the process of methods or
algorithm development aimed at unveiling the structure and the parametrisa-
tion of the underlying mechanistic model [145]. Indeed, statistical physics is all
about developing models taking into account interactions among microscopic
elements and understanding how these interactions can affect the macroscopic
behaviour of a system. These two properties are usually described by a "hamil-
tonian" embedding all the information [146, 147, 148]. When dealing with pro-
teins, the variables are the amino acids at each position in a MSA, coupled by
pairwise interactions. These interactions model the actual chemical bonds be-
tween the amino acids in a very coarse grained way and are assumed to be the
parameters one wish to fit from data. The process of inference requires then
the use of such models on data in order to uncover the parametrisation in a
given dataset, hopefully turning out to be biologically meaningful.

Complex models and methods have been developed to extract elements of
coevolution out of protein datasets, going beyond the simple notions of single-
site conservation and variability. Hereby, we are going to introduce the reader
to two of these methods, Statistical Coupling Analysis (SCA) [140, 149] and
Direct Coupling Analysis (DCA) [148, 150, 151]. The underlying modelling is
common to both methods [152] but their different implementations allow to
extract different biological information and answer different questions.

We are going to discuss only these methods mainly for two reasons: first,
they are currently the most used methods in the field of biological sequence
inference; second, for pedagogical reasons, as they inspired us and we made
use of them in our work, fully explained in the next chapter.

5.2 statistical coupling analysis

Statistical Coupling Analysis (SCA) is a method to infer coevolutionary infor-
mation out of multiple sequence alignments. It has been introduced in 1999 by
Lockless and Ranaganathan [140] and further developed in 2009 by Halabi and
others [149]. The original idea behind SCA was that of merging together the no-
tions of conservation and correlations among positions via positional weights
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[140]. It was later enriched with a noise undressing procedure [149], applied
also in a statistical method used in different contexts, called Principal Compo-
nent Analysis (PCA) [153]. The ansatz of the noise undressing procedure lies in
the existence of a hierarchical structure among the elements making up a system.
This hierarchy arises out of their own interconnections and can be extracted by
an orthogonal transformation of the covariance matrix. This procedure allows
to disentangle correlations in a dataset by projecting the sequences along the
modes associated to the highest eigenvalues of the covariance matrix, called
principal components. However, due to the finite time framework of sampling
and the phylogenetic effects within the sequences, datasets are intrinsically
noisy and noise covers biologically relevant information. In order to identify a
meaningful signal within a Multiple Sequence Alignment (MSA), a procedure
of noise undressing must be implemented by the use of random matrix theory
and data reshuffling. In such a way, by combining the two procedures, one is
able to identify biological signals along the principal components, i.e. positions
whose variability is far not random, and at the same time to gather them in
groups of highly correlated sites. These groups turned actually out to corre-
spond to functional sectors in a protein 3D structure [149].

5.2.1 SCA implementation

Let us consider a MSA as an ensemble of N sequences ~s↵ = {s↵1 , ..., s↵L } of
length L where each s↵i (↵ = 1, ...,N and i = 1, ...,L) represents either an amino
acid or a gap (or an uncertain letter as well) and can then take q = 21 values. A
first measure of conservation throughout the dataset is given by the frequency
of the amino acid a at position i, i.e. :

fai ⌘ 1

N

NX

↵=1

�a,s↵i .

Pair - frequencies can then be defined in a straightforward manner, as:

fabij ⌘ 1

N

NX

↵=1

�a,s↵i �b,s↵j ,

that gives a measure of the simultaneous appearance of the amino acids a and
b respectively at positions i and j. The correlation matrix Cab

ij in such defined
model will be then:

Cab
ij ⌘ fabij - fai f

b
j , (5.1)

being a qL ⇥ qL matrix. In [140, 149], they introduced a further quantity, �a
i ,

called positional information, aimed at highlighting highly conserved positions
with respect to the background amino acids frequencies within the correlation
matrix.
Let us define the background frequency of the a-th amino acid as ⌫a =
1
L

PL
i=1 f

a
i . The measure of how much the site i is biased towards one par-

ticular amino acid with respect to the background is given by the Kullback -
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Leibler divergence, DKL(fi||⌫) =
Pq

a=1 f
a
i log( f

a
i
⌫a ). In [149], they firstly used

this information quantity to propose a more coarse-grained model. We shall
call consensus sequence the sequence made of the most frequent amino acids at
each position. The more coarse grained model one can propose is that where
each position takes two values, either 0 or 1, if it is conserved or not with re-
spect to the consensus sequence. In [149], no significant changes were found
while comparing the information DKL(fi||⌫) in such a reduced model and in
the full one. In their work, they thus used this second approach, renamed as bi-
nary approximation. Normally, the use of such an approximation does not really
change the results. However, if one has to deal with a dataset made of quite
conserved sequences, the binary approximation cannot be applied anymore. It
is thus important to check the validity of such a reduction before proceeding
with the analysis. In the following, we shall talk in more detail about the 21-
states model, as it is the one we used in our study, but any discussion can be
reduced in the language of the binary approximation.

Let us consider again Cab
ij . The Kullback-Leibler divergence can be still used

to further rescale the correlation matrix Cab
ij : in more detail, the DKL(fi||⌫) vari-

ation with respect to fai , i.e. �a
i ⌘ @DKL(fi||⌫)

@fai
, can be included in the correlation

matrix in the following way:

C̃ab
ij = (fabij - fai f

b
j )�

a
i �

b
j . (5.2)

This kind of procedure actually reflects the original aim of SCA of defining
correlations between positional conservation by perturbations in the Multiple
Sequence Alignment [140, 149].

Due to the presence of the logarithm in the Kullback-Leibler divergence
though, irregularities can appear in the correlation matrix when frequencies
are equal to zero. This problem can be tackled by reinterpreting null frequen-
cies as a consequence of undersampling. The most shared way to regularise
frequencies consists of the use of pseudo counts [151, 150], i.e. by adding at
each position a fictive count.

Yet, due to projects focused on particular sequencings and the recent big
advances in producing hight-throughput data [116, 115, 154], sampling may
not be spatiotemporally homogenous and hence datasets are enriched of some
specific sequences. Such oversampled sequences may indeed affect the reliabil-
ity of the final result and a careful analysis should be performed. To prevent
biases due to this reason, sequences can be reweighed by collapsing those
overlapping more than a fixed similarity threshold �. In our specific datasets,
we actually found that any value 0.8 6 � 6 1 does not really change the fi-
nal results although one may guess this is not a general property of all data.
In any case, the reweighing procedure allows to assign to each representative
sequence ↵ a multiplicity m(↵) and to reduce the number of sequences to an
effective Neff =

PN
↵=1

1
m(↵) .
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Regularisation and reweighing can be expressed in a compact manner for
single and double frequencies as it follows:

fai =
1

Neff + �Neff

⇣�
q
+

NeffX

↵=1

�a,s↵i

⌘
(5.3)

and

fabij =
1

Neff + �Neff

h�
q
�ij�ab +

�

q2
(1- �ij) +

NX

↵=1

�a,s↵i �b,s↵j

i
, (5.4)

where � = 1 is the pseudo count. Note that the corrections for the double
frequencies are more complicated than the corresponding one for the single
frequency. Indeed, when a = b and i = j, faaii ⌘ fai and double frequencies
should be corrected in the same way as the single frequencies. On the other
hand, when, a 6= b but i = j, the correction is zero as it is never possible to
observe two different amino acids a and b at the same position i. In all other
cases, the corresponding correction is simply given by 1/q2.

The regularised and reweighed C̃ab
ij is still a qL ⇥ qL matrix though: to re-

duce it to a L⇥ L matrix, one can use the so-called Frobenius norm, i.e. :

C̄ij =

vuut
qX

a,b=1

C̃ab 2
ij (5.5)

and normalize it with respect to the diagonal entries:

Ĉij ⌘ C̄ijq
C̄iiC̄jj

. (5.6)

Ĉij is now a L ⇥ L symmetric matrix 1. This correlation matrix can be now
used to extract biologically relevant information out of a MSA taking into
account pairwise interactions.

5.2.2 Noise undressing

The central point of SCA lies in the noise undressing procedure. Indeed, as
we discussed before, one has to uncover data from sampling noise to highlight
relevant correlations. To achieve this point, the usual applied procedure con-
sists of comparing the spectral properties (i.e. eigenvalues and eigenvectors’
components) of the Ĉij with those of the correlation matrix obtained from
the reshuffled dataset. Data reshuffling is performed constraining on the sin-
gle amino acid frequency at each site, i.e. randomly exchanging two different
amino acids at the same position i. Indeed, such a procedure would allow

1 Note that this normalisation procedure cancels out the positional reweighing introduced by �a
i .

This is indeed irrelevant when one is aimed at identifying the most variable and coevolving
positions but it may introduce problems otherwise.
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to break correlations between amino acids yet maintaining at the same time
the amino acids composition at each position unchanged. Once obtained the
reshuffled dataset, one can compute the correlation matrix in the same as be-
fore. In the following, we shall call the random matrix Mij.

To figure out whether some relevant information is enclosed in the dataset,
one may want to compare these two matrices. "Comparing matrices" here
means to compare their associated spectral properties, i.e. first of all the eigen-
values’ distributions relatively to the Ĉij with those of Mij. From random
matrix theory, one may expect Mij’s eigenvalues distribution to be Marchenko-
Pastur like [155], a distribution made of a bulk of very small eigenvalues and
short tails. Fig. 5.1a shows at least four eigenvalues (black blocks) of the Ĉij

rising out of the random bulk for the dataset used in [149]. The main assump-
tion here consists of considering such a bulk of small eigenvalues as a conse-
quence of sampling noise. In order to extract relevant biological information,
one should discard all small modes and stick with the higher ones, whose
associated eigenvectors are usually called principal components.

5.2.2.1 Accounting for phylogeny

In Fig.5.1, there are indeed 4 eigenvalues rising out of the random bulk at
least. However, they are few with respect to the total number of eigenvalues
and represent only the 20% of the total covariance. This confirms that most
of correlations in such a system are mainly due to noise. Within this pool of
4 eigenvalues, the first highest one relies with a further source of noise: it
has been shown to reflect the phylogenetic history behind the dataset itself
[149], i.e. the common evolutionary history of such sequences. In Principal
Component Analysis, this aspect is not usually taken into account although it
plays a significant role in this context. Indeed, all the sites give a high signal
along this first mode, i.e. this mode describes a coherent correlation over all
positions. In order to understand this point, let us consider the following. As
a first order approximation, the Ĉij can be rewritten as:

Ĉ⇤
ij =

SiSjP
k Sk

, (5.7)

where Si =
P

j Ĉij. The matrix Ĉ⇤
ij has for only non-zero mode � =

P
i S

2
iP

i Si
:

in [149] they showed it to be a very good approximation to the first highest
eigenvalue and, since each position contributes with the same sign to this first
mode, it describes a globally coherent correlation.

In order to check that the sources of this global coherent mode come just
from historical noise, in [149] they considered the following illustrative case.
Let us suppose to have a set of sequences all deriving independently from a
common ancestor without selective pressure. The divergence of each sequence
from the common ancestor is described by ⇢ (such that 0 < ⇢ < 1), i.e. the
probability that a position conserved its original amino acid. ⇢ itself is assumed
to be distributed according to a certain probability distribution P(⇢), such that
⇢ > 0.5: the dominant amino acid at each position corresponds then to the
original amino acid in the original ancestral sequence. By using the binary
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approximation, correlations are all equal to (⇢2 - ⇢2): such a matrix has a non-
single zero mode of order L, whose origin is indeed purely historical.

5.2.2.2 Sectors identification

Disregarding the first eigenvalue and its associated mode allows to clean
datasets from historical noise. To identify groups of mostly correlated sites,
called sectors, and still undress dataset from sampling noise, one can then stick
with the remaining highest eigenvalues. In [149] they considered the second
and fourth highest eigenvalues as principal components but this crucially de-
pends on the dataset itself. In any case, the aim is to display those sites giving
signals along the principal components, i.e. having a projection along the two
eigenvectors significantly higher than the average random signal. However,
one has to specify what "significantly higher" means. To this aim, a discrimina-
tion threshold ✏ can be introduced, setting the division between "randomness"
and "not-randomness". Evaluating a "good" discrimination threshold value is
a tricky point though: the most common procedure is to use inverse partici-
pation ratios [156] associated to each mode as well as the distribution of the
eigenvectors’ components (Fig. 5.1) for both the Ĉij and the Mij. The inverse
participation ratio associated to the n- th mode, IPRn, is defined as:

IPRn =
LX

i=1

(hi|ni)4 (5.8)

and it gives a measure of the localisation or delocalisation of the eigenvec-
tors’ components. Let us suppose the eigenvectors to be normalised and let
us consider one of them. We shall say its components to be localised if one of
them is dominant, leading to an inverse participation ratio equal to 1. When
instead components are delocalised, each of them will equally contribute and
the inverse participation ratio will be ' O(1L). As in the random case com-
ponents are usually delocalised, inverse participation ratios actually allow to
discriminate randomness against non-randomness, i.e. to quantify the amount
of components that are actually significant along that given mode. However,
a refined threshold imposition is not really achievable: this is indeed a sore
point in this method as small perturbations of the threshold values can lead
finally to very different results.

Let us suppose however to be able to consistently fix a discrimination thresh-
old ✏. In the plane spanned by the two principal components, the threshold
✏ identifies the radius of a circle centred in the origin that corresponds to the
random bulk. By excluding then all the eigenvectors’ components falling in
this bulk, one gets the actual signalsassociated to some positions along the pro-
tein itself. To identify the groups of mostly correlated sites, then, it is enough
to cluster these points in the principal components plane.

As an example, four sectors could be identified by grouping the positions in
the plane spanned by |3i and |2i, for instance in the following way:

• the first sector is identified by all those positions hi|2i > ✏ and |hi|2i| >
|hi|3i|;
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• the second sector is identified by all those positions hi|2i < -✏ and
|hi|2i| > |hi|3i|;

• the third sector is identified by all those positions hi|3i > ✏ and |hi|2i| <
|hi|3i|;

• the fourth sector is identified by all those positions hi|3i < -✏ and
|hi|2i| < |hi|3i|.

Following this idea, in [149], they used the eigenvectors associated to the
second and fourth highest eigenvalues and clustered the positions in the plane
spanned by these two modes. They were thus able to identify three sectors at
all that were found not only to correspond to groups of mostly correlated sites
but to be functional sectors upon the protein surface as well (Fig.5.2,5.3). In
[149], by an iterative scaling algorithm the authors have been further able to
define and extract the couplings between the amino acids. This has allowed
them to give a definition of information associated to each sector S, DS, and
to compare them with the random case as well as to test the interdependence
between sectors.

Within this framework of sectors identification, actually one might point out
those positions identified as mostly correlated to be a "good approximation"
to describe the protein itself: they indeed correspond to functional sites, con-
strained and correlated throughout evolution. These positions could be then
sufficient as degrees of freedom of the system. In such a way, a reduced cor-
relation matrix can be introduced by just using the principal components, i.e.
Ĉij =

P
k=2,3,4 �kkihk : this matrix is undressed by noise and there only the

correlations associated to the relevant positions are highlighted (Fig.5.4).

This method turned out to be powerful to infer functional sectors out of a
MSA. It has been later performed on several protein families and it is widely
used in the biophysics community nowadays. The idea behind SCA procedure
is quite intuitive in principle: one has firstly to define the coarse graining of
the model, i.e. the most suited number of states accounting for the biological
sequences variability, be them proteins as in this case or DNA coding regions.
Then, by computing the pairwise correlation matrix, relevant information can
be extracted out of a MSA in two steps: (i) a comparison with the random
expectation and (ii) a successive projection of the sequences along two of the
principal components. Within this analysis, smaller eigenvalues are neglected
then, as the implicit assumption is that, approaching the random bulk of the
eigenvalues’ distribution, sampling noise increases. Yet, as pointed out in [157],
smaller eigenvalues can still embed information about some relevant positions,
the first eigenmodes not recovering all the relevant positions. If one is thus
aimed at performing a finer analysis, these other modes should be taken into
account.

As we already briefly discussed before, all the choices about this analysis’
implementation crucially depend on the dataset itself. Its diversity in partic-
ular can play a non-trivial role. As we will discuss in the next chapter, when
applying this procedure to a MSA whose diversity is high, one may encounter
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Figure 5.1: A) Eigenvalues’ distributions for the actual SCA matrix (upper panel) and
the random matrix (lower panel) got by reshuffling the multiple sequence
alignment of the S1A protein family (rat trypsin) made of 1470 sequences.
B) The unique eigenvector’s components of the approximated SCA ma-
trix (C⇤

ij) as a function of the eigenvector’s components associated to the
first highest eigenvalues, relying with phylogeny. As discussed in the text,
they correlate very well with each other. C),D) and E) Components of the
eigenvectors associated to the second, third and fourth highest eigenvalues
respectively, compared with the average distribution of position weights
for 100 trials of randomisation of the S1A multiple sequence alignment. A
two-gaussian fit well-describes the behaviour of the random weighs (red
curve). The dashed lines at ✏ = ±0.05 for each eigenvector represent about
two standard deviation limits for the broader Gaussian and are used as
discrimination threshold to identify sectors. Pictures taken from [149].

some problems after data reshuffling: the tails of the random eigenvectors’
components distribution could be very long, preventing the imposition of a
reasonable discrimination threshold and leading to the identification of very
few sites.

We will further discuss these points in the next chapter, where we propose
a new method, still in its early age, to overcome these problems and to take
into account higher order correlations. Before starting with this new section
though, we are going to introduce the reader to another analysis, which makes
use of roughly the same correlation matrix as SCA but in a different way and
for different aims [152]. The method, called Direct Coupling Analysis (DCA),
turned out to be able to infer contacts between residues out of a MSA in 3D
protein structures.
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5.3 direct coupling analysis

Direct contact prediction from MSAs has recently been subject of intense re-
search. As discussed in the previous chapter, the problem of protein structure
prediction from its primary sequence is not trivial at all: the naive intuition
could lead to place amino acids in the protein tertiary structures according to
their chemical properties, but this of course would not lead too far in struc-
ture prediction. Moreover, evolution induces a great variability in protein fam-
ilies by natural mutations. We discussed how these mutations should be con-
strained somehow: indeed proteins should maintain their structure and func-
tion across evolution to be still able to fulfil their vital role. In the past decade,
along with the identification of functional residues, the problem of contact pre-
dictions and structure conservation has been tackled as well. Researchers have
readapted models and methods borrowed from statistical physics for such bio-
logical applications. In more detail, by modelling proteins residues as interact-
ing spins, the aim is to infer the interactions between these elements. The main
idea is that strong interactions correlate with residues closeness in protein 3D
structure. In most of these methods, couplings inference can be achieved by
studying the traces left by evolution in the two-points correlation matrix.

Hereby we focus on the well-known method of Direct Coupling Analysis.
Many approaches have been proposed so far within this context, some aimed
at minimising the detection of false positives while some others at weighing
the gaps introduced by the alignments or trying to avoid the use of some
strong principles such as the Maximum Entropy one [148, 151, 157, 158, 159,
160, 161]. Hereafter, we will refer to [151] though, where they developed and
tested the so-called mean field Direct Coupling Analysis approach (mfDCA)
to infer the interactions between the amino acids out of a MSA and it is the
variant of DCA we made use of to validate our method, as we shall see in the
next chapter.

The idea of DCA methods is the following. As we discussed in the previous
section, let us consider a MSA as an ensemble of N sequences ~s↵ = {s↵1 , ..., s↵L }
of length L where each s↵i (↵ = 1, ...,N and i = 1, ...,L) represents either an
amino acid or a gap (or an uncertain letter as well) and can then take q =
21 values. The ansatz of DCA methods is that each sequence in our MSA
is the outcome of a Boltzmann - distribution, P(~s), obtained from a maximum
entropy principle under the constraints that marginal distributions must match
the experimental ones, i.e. :

P(si = a) ⌘ fai
and

P(si = a, sj = b) ⌘ fabij .

Maximizing the entropy associated to such model by introducing two La-
grange multipliers, one for each constraint, leads to a Boltmann-like distri-
bution, P(~s) = Z-1e-�H[~s], where Z is the partition function, � = (kBT)-1 is
related to the temperature T and to the Boltzmann constant kB and H is given
by:

H[~s] = -
X

i<j

Jij(si, sj)-
X

i

hi(si). (5.9)
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The Lagrange multipliers are here called Jij(si, sj) and hi(si), respectively as-
sociated to double and single amino acids frequencies. By analogy with statis-
tical physics, one can identify these multipliers as couplings between residues
and fields on a single residue. Indeed, the function H is a hamiltonian referring
in the specific case to a 21-states Potts’ model.

The aim here is to fit a given MSA with such a model, i.e. inferring the
parameters characterising the model itself, couplings and fields, to reinterpret
them biologically.

To achieve this point one has to relate measurable quantities to the model’s
parameters. However, the only measurable quantities are single and double
frequencies, by which one can compute the correlation matrix, Cab

ij , as in SCA
as it follows:

Cab
ij = fabij - fai f

b
j . (5.10)

The relationship between the measurable quantities and model’s parame-
ters is not straightforward though. In [151], they proposed then to make use
of a high-temperature (reversely low-couplings) expansion of the Gibbs’ free-
energy associated to such a model in order to relate the parameters to the
experimentally measurable quantities. In order to perform such an expansion,
let us define a parameter ↵ perturbing the Jij(si, sj) and expand the Gibbs’
free energy around small values of ↵.

In the specific case, our natural variables will be the couplings and the ex-
perimental frequencies, fi(si) = Pi(si). By computing the Legendre transform,
G(↵), of the Helmoltz free energy, and expanding it around small values of ↵,
one gets:

G(↵) ' G(0) +
dG

d↵
↵=0↵+O(↵2). (5.11)

Let us focus now on each single term in the previous equation. G(0) is just
the entropy of the model (for ↵ = 0, in fact, spins are independent), i.e. :

G(0) =
X

i

qX

si=1

Pi(si)ln
h
Pi(si)

i
=

X

i

Pi(si)ln
h
Pi(si)

i
+
X

i

q-1X

si=1

Pi(si)ln
h
Pi(si)

i
.

(5.12)
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Given the partition function Z, the first order term in the expansion in
Eq.5.11 is:

dG

d↵
= -

dlnZ

d↵
+
X

i

q-1X

si=1

dhi(si)

d↵
Pi(si) =

= -
1

Z

dZ

d↵
+
X

i

q-1X

si=1

dhi(si)

d↵
Pi(si) =

= -
1

Z

qX

si,sj=1

hX

i<j

Jij(si, sj) +
X

i

dhi(si)

d↵

i
· exp

h
↵
X

i<j

Jij(si, sj) +
X

i

hi(si)
i
+

X

i

qX

si=1

dhi(si)

d↵
Pi(si).

(5.13)

The second and the third term cancel since they are both the derivatives of the
field averaged with respect to Pi(si). Finally, the previous equation turns out
to be:

dG

d↵
= -h

X

i<j

Jij(si, sj)i↵. (5.14)

The Gibbs free energy is then:

G(↵) '
X

i

q-1X

si=1

Pi(si)lnPi(si) +
X

i

h
1-

q-1X

si=1

Pi(si)
i
ln
h
1-

q-1X

si=1

Pi(si)
i

-
X

i<j

qX

si,sj=1

Jij(si, sj)Pi(si)Pj(sj)↵+O(↵2).

(5.15)

Therefore, fields are related to the experimental quantities in the following
way:

hi(si) =
@G(↵)

@Pi(si)
= lnPi(si)- ln

h
1-

q-1X

si=1

Pi(si)
i
-
X

j

X

sj

Jij(si, sj)Pj(sj),

(5.16)

while couplings are given by:

@2G(↵)

@Pi(si)@Pj(sj)
= (C-1)ij(si, sj) = -Jij(si, sj), 8i 6= j, (5.17)

@2G(↵)

@Pi(si)2
=

1

Pi(si)
-

1

Pi(q)
, (5.18)

where q is the q- th state in our Potts’ model, i.e. the gap.
Plefka’s expansion then gives an operative way of getting the couplings out

of a correlation matrix, that is the measurable quantity, by a matrix inversion.
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However, when trying to invert the correlation matrix Cab
ij (where si = a and

sj = b), actually several issues arise. First, pseudocounts must be implemented
here as before in order to ensure frequencies regularisation. Second, the rank
of the correlation matrix is not equal to its dimensions as the matrix rows are
not all independent one from another. Indeed, at each position frequencies
sum up to 1 and this gives L constraints at all in the system. Therefore, matrix
inversion can be ensured by deleting the q- th row (vice versa column) for
example and getting a (q-1)L⇥ (q-1)L correlation matrix. This matrix can be
finally inverted and the q- th degree of freedom can be successively reinserted
as a null row (vice versa column).

However, still we have a qL⇥ qL correlation matrix: the couplings obtained
from such a matrix, Jabij , are not purely between two sites but rather between
the state a of the site i and the state b of the site j.

In the following then we are going to describe the quantities that have been
defined in such a context to get information about the overall interaction be-
tween residues rather than their microscopic state. We will also show how
these quantities correlate with residues proximity in the 3D structure of a pro-
tein.

5.3.1 Direct Information as a measure of proximity

The couplings matrix and the fields vectors allow to get an estimation of the
parameters of the model but do not give any biological information so far.
Furthermore, both couplings matrix and fields vectors do not refer directly to
the position i along the primary sequences but rather to the state a of the site
i. Hereby, thus, we will show how to tackle these two points, i.e. by giving
a biologically meaningful quantity along with a dimensional reduction of the
coupling matrix.

In [148], a measure of mutual information between two sites i and j has been
introduced. The Mutual Information (MI), is defined as:

MIij =
qX

a,b=1

fij(a,b)ln
h fij(a,b)
fi(a)fj(b)

i
, (5.19)

and can be computed just by making use of the single and double amino
acids frequencies. The Mutual Information gives a measure of "how random"
the mutual change of the site i and the site j is and it has been shown to be
a good measure of site-site correlations. However, one can take indirectly into
account correlations by defining another quantity using the couplings matrix.
Let us the define then an isolated two-sites model described by the following
probability distribution, Pab

ij :

P
ab(dir)
ij =

1

Zij
exp{Jabij + h̃a

i + h̃b
j }, (5.20)

where the couplings Jabij are computed by using the Plefka’s expansion and
the fields h̃a

i are given assuming the constraint fai =
P

bj P
ab(dir)
ij and im-

[ October 26, 2015 at 10:51 – classicthesis version 4.1 ]



5.3 direct coupling analysis 113

posing h̃q
i = 0. In a straightforward way, one can define the so-called Direct

Information between the site i and the site j as [151]:

DIij =
X

a,b

P
ab(dir)
ij ln

⇣Pab(dir)
ij

fai f
b
j

⌘
. (5.21)

The difference with the mutual information defined in Eq.5.19 lies in the fact
that here the q-states Potts’ modelling is explicitly taken into account. By com-
puting the direct information, a map of contacts can be built up and it consists
of a matrix of dimensions L ⇥ L (Fig.5.5). The analysis of such a map shows
actually that the sites with top direct information are actually non-trivial con-
tacts in the 3D structure. Non-trivial means here that they are sites far on
the primary sequence but nonetheless found to be near on the tertiary struc-
ture. Indeed, among the top 10 contacts, the most frequent distance between
residues is found to be less than 5Å: to see how small this distance is, it is
enough to notice that the typical dimension of one amino acid is 5Å (Fig.5.6c
and d). Moreover, the use of Direct Information improves the predictions with
respect to those given by the Mutual Information (Fig.5.6a and b), meaning
that the q-states Potts’ model approximation helps to get better results in con-
tacts prediction.

5.3.1.1 Further refinements

In the approach described so far, couplings and fields obtained by the infer-
ence procedure based on the Plefka’s expansion allow to compute the Direct
Information, found to correlate with residues proximity on the tertiary struc-
ture. The computation of the Direct Information can be however not easy to
handle. Let us then notice that DIij is actually a monotonic increasing function
of the couplings. This means that high values of direct information correspond
to high couplings values and, consequently, close residues have a high corre-
sponding coupling. To predict contacts, thus, one could compute the couplings
and then find a way to dimensionally reduce the matrix. Indeed the Jij(si, sj)
matrix has dimensions (q- 1)L⇥ (q- 1)L: to perform a dimensional reduction
on the couplings and turning again to a L ⇥ L matrix one could think to use
the so-called Frobenius norm as in SCA dimensional reduction. However, to
eliminate further sources of noise that so far in DCA have not been taken into
account, one can first standardise the couplings in the following way:

J̃ij(si, sj) = Jij(si, sj)- µij(si)- µij(sj) + µij, (5.22)

where µij(si) =
1
L

Pq
sj=1 J(si, sj)ij (analogously for µij(sj)) and µij =

1
L2

Pq
si,sj=1 Jij(si, sj)

and then take the Frobenius norm as previously defined. The Frobenius norm
computed on this new couplings matrix is called the F–score, defined as:

Fij ⌘ ||J̃ij(si, sj)||si,sj =

vuut
qX

si,sj=1

Jij(si, sj)2. (5.23)
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The F-score turns out to have zero elements on the diagonal, i.e. zero self-
couplings, and a better highlight of structures within the coupling matrix [157],
reducing the detection rate of false positives 2.

To decrease the rates of false positives or avoid strong ansatz, many variants
of DCA have been proposed. One of them use a pseudo-likelihood maximisa-
tion and has been tested on database wide MSAs [158, 161, 160], turning out
to be a statistically powerful method. Further developments of this method
are still in progress, to refine the predictions and get more reliable results.
Nonetheless, mfDCA is a very good method easily implementable that can
really give interesting results on a wide range of protein families. In the next
Chapter we shall show how we used DCA to assess the properties of our
method. This gives evidences about DCA versatility, going beyond its pure
ability of predicting 3D contacts.

2 Usually, one implements as well the so-called FAPC defined as FAPC
ij = Fij -

FiFj

hFijiij , where
Fi = hFijij and Fj = hFijii.
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Figure 5.2: Sectors identification for the S1A protein family (rat trypsin) alignment
made of 1470 sequences. Principal modes components corresponding to
the second, third, fourth and fifth highest eigenvalues are plotted one
against each other (see labels). Each dot in the planes represents the "sig-
nal" of a position along a given eigenvector. The bulk of positions centred
in the origin corresponds to the noisy part of the dataset. Three sectors
(blue, red and green) are identified by clustering positions along the di-
rections associated to the second and fourth highest eigenvalues as they
appear to be well-divided in the corresponding plane. Picture taken from
[149].
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Figure 5.3: A) Positional conservation Di along the primary and secondary structure
of a member of the S1A protein family (rat trypsin) coloured according to
the sectors. B) Red, blue and green sectors shown on the 3D structure of
a member of the S1A protein family (PDB 3TGI). Sectors define different
regions on the protein linked together by some "bridge" residues. C) and D)
Space filling and core representation of the same protein as in B). Pictures
taken from [149].

Figure 5.4: A) Positional conservation Di in a multiple sequence alignment made of
1470 sequences of the S1A protein family (rat trypsin). B) Most conserved
positions (Di > 0.5) represented on the 3D structure of the rat trypsin.
In C) it is clearly shown the most conserved position to build the protein
core (orange). D) SCA matrix for the same alignment as in A) showing
the pattern of correlations along the secondary and the primary structure.
E) Noise undressed SCA matrix sorted out according to the three sectors.
Picture taken from [149].
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Figure 5.5: Example of two contacts maps for the SigmaE region (A-B) and the eukary-
otic signalling protein Ras (D-E) by using both Mutual Information (A-D)
and mfDCA Direct Information (B-E). Gray symbols represent the native
map with a cutoff of 8 Å, coloured symbols the computational contact pre-
dictions using MI or DI ranking (red squares for TP and green squares for
spatially distant pairs). The right-most panels show the number of predic-
tions as a function of the separation of contacts along the sequence using
Direct Information or Mutual information true positive contacts and all
the predicted contacts for the SigmaE region (C) and the protein Ras (F).
Pictures taken from [151].
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C D

Figure 5.6: A) and B) Top 20 contacts predictions by mfDCA Direct Information (A)
and Mutual information for the family of domains homologous to Region
2 of the bacterial Sigma factor (Pfam ID PF04542) mapped to the sequence
of the SigmaE factor of E. coli (encoded by rpoE) (PDB ID 1OR7). Residues
closer than 8Å are shown in red, the others in green. C) Mean rate of True
Positive as a function of the number of predicted pairs by using Direct
Information, Mutual Information and another method developed in [162].
The plot shows mfDCA Direct Information to outperform the other two
methods. D) Distributions of residues distances for the top 10, 20 and 30

contacts. The most frequent value of the residue-residue distance is less
than 5Å. Pictures taken from [151].
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6
C R I T I C A L VA R I A B L E S E L E C T I O N : A N E W M E T H O D T O
I N F E R R E L E VA N T P O S I T I O N S I N B I O L O G I C A L
S E Q U E N C E S

This chapter is based on [163]. This work has been led in collaboration with M. Marsili.

As discussed in the previous chapters, the past decades have assisted to the
development of methods of inference for biological sequences analysis. The
recent advances in genome sequencing have allowed the collection of a huge
amount of data, well stored in databases. The idea is to use this data, repre-
sented as MSAs, to extract how proteins’ function and structure are encoded in
proteins’ primary sequences. This task can be achieved by borrowing methods
from statistical physics, i.e. by modelling proteins as a spin-interacting system,
where pairwise interactions play the main role in co-evolution. To this aim,
some analysis have been developed, among which SCA and DCA, illustrated
in the previous chapter.

On one hand it is reasonable to think that only pairwise correlations can
achieve a good description of such a system. However, in practice, there might
be an intricate network of interactions among the amino acids going beyond
the pure two-bodies interactions. Even though a consistent calculation of cor-
relations of any order is not achievable, it might be reasonable to tackle this
point by conceiving another strategy.

In this chapter we are going to introduce the reader to a new method based
on the maximisation of an objective function, able in principle to take into ac-
count correlations beyond a pure pairwise model. The main idea behind this
method is that a protein can be modelled as a network made of interacting
amino acids where only a subset of them is "relevant", i.e. functional or suffi-
cient for a coarse-grained protein description. The identification of this subset
of relevant sites should allow to detect a "brain" in the protein and thus per-
forming a dimensional reduction.

This method, renamed Critical Variable Selection (CVS), developed from the
work of M. Marsili et al. [164] in the context of datasets informativeness, is
aimed at extracting the subset of relevant residues out of a MSA by the max-
imisation of such an objective function. In this chapter we will introduce both
the method and the analysis performed on different protein families, where
CVS provides satisfactory results. We will show the comparison with the re-
sults got by performing SCA on the same datasets and how we made use of
DCA to study the properties of the outcome of both methods. We will conclude
with an illustration of the further studies we are currently leading.

119
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6.1 on sampling and modelling of complex systems : the basis

of critical variable selection

Complex systems such as cells, proteins, brain or the economy itself, are usu-
ally modelled as systems of many interacting elements. Their interesting be-
haviour lies in the non-randomness of the macroscopical properties they show,
consequence of the intricate underlying interaction network. However, as we
discussed in Chapter II, models are in principle just a pictorial version of re-
ality. As explained in [164], when modelling, we select a certain number of
variables to take into account, putatively the most relevant ones to explain the
system’s behaviour. On the other hand, we neglect some other variables that
can affect in principle the properties of the system and, along with them, some
unknown unknowns we do not even know they exist. In such a framework, our
models are not only approximations of the reality but they are incomplete [164].

As far as a system is made of few relevant variables easily identifiable, there
are no real problems. Issues are encountered when the number of relevant
variables is huge and not directly detectable: the phase space of a system is
under sampled, i.e. data shows just a tiny portion of it. In such a situation, one
should make use of data to infer relevant variables. Indeed, there must be a deal
with modelling and sampling at the same time. To tackle this knot, the general
idea would be to find the most informative subset of variables compatible with
the observations only.

In the following we are going to explain how all this framework can be
formalised in two ways: the direct modelling approach and the inverse method.
In the first case, one asks how much we can tell about data by the use of a
certain model, while in the latter how much we can tell about the model by
the use of the data.

6.1.1 The direct problem

Let us consider then a generic system that optimises a certain function U(~⇣)
over a certain number of variables ~⇣ = (~s,~�). A small portion of variables,
~s, is known, e.g. observed or observable, while the other, ~�, is unknown, e.g.
not observed or not observable. Formally, one can define u~s = hU(~⇣)i~� as the
expectation value over a prior distribution of the unknown variables, ~�, that
somehow encodes our ignorance on them. Hence, U(~⇣) can be written as:

U(~⇣) = u~s + v~�~s, (6.1)

where v~�~s is an unknown function of the knowns and the unknowns, which
we assume to be drawn randomly and independently for each ~⇣ = (~s,~�) from
a given distribution ⇢(v). Indeed, being v~�~s unknown, any knowledge on ~�

cannot improve our knowledge on ~s. Such a scheme corresponds to the most
complex model, where an exponentially growing number of parameters would
be needed to specify the unknown part.

In the context of modelling, the aim is to find the "best" subset of variables
describing the behaviour of the system. As the system is aimed at optimising
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the function U(~⇣), we can define the set of the most relevant variables ~⇣⇤ =
(~s⇤,~�⇤) as it follows:

~⇣⇤ = (~s⇤,~�⇤) ⌘ argmax~⇣U(~⇣). (6.2)

The behaviour of a given model is instead described by the set of most
relevant observed variables:

~s0 ⌘ argmax~su~s. (6.3)

Consequently, a model will reproduce the behaviour of the system with a
probability p~s0 , given by:

p~s0 = P{~s0 = ~s⇤} ⌘ h�~s0,~s⇤i~�. (6.4)

Eq. 6.4 gives a measure of the predictability of the system’s behaviour by the
use of a specified set of variables ~s0.

However, one might wonder about the functional dependence of the proba-
bility for a generic configuration ~s to be the true maximum ~s⇤, i.e. the form of
p~s = P{~s = ~s⇤}. Let us suppose that all the moments of v~�~s are finite and that
our system is made of N variables among which n are observed, hence:

~s = (s1, ..., sn),

and

~� = (�n+1, ...,�N).

Let us further assume that si,�j = ±1, 8i = 1, ...,n and 8j = n+ 1, ...,N. As
long as n and N are small, the system is not complex. Let us then consider the
limit where n,N are very large (N,n ! 1). Extreme value theory [165] allows
to compute the following:

max~�v~�~s ' a+
⌘~s

�
, (6.5)

where a is a constant and ⌘~s are independent identical Gumbel distributed
variables, i.e. P{⌘~s < x} = e-e-x and � depends on the tail behaviour of the
distribution of v~�~s. Then, p~s is given by:

p~s ⌘ P{~s = ~s⇤} =

= P{�u~s + ⌘~s > �u~s 0 + ⌘~s 0 , 8s 0 6= ~s} =

=
1

Z(�)
e�u~s ,

(6.6)
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where Z(�) =
P

~s 0 e�u~s 0 . Eq. 6.6 is exactly the Gibbs-Boltzmann distribution.
This result could be achieved by invoking a maximum entropy principle (see
Chapter IV) under the constraint hu~si = u~s⇤ . However, the maximum entropy
principle does not give the dependence of � on the unknown variables. The
extreme value theory instead implies that if the asymptotic behaviour of p(v)
for large v is given by logp(v) ' -v�, then one can take:

� = [(N-n)log2]1-1/�. (6.7)

Hence, the predictability of the model gets smaller when the number of un-
knowns increases along with a value of � < 1. If � > 1, as in the Gaussian case,
� actually increases as the number of unknowns increase. Model’s predictabil-
ity then crucially depends not only on the number of unknowns but also on
the tail distribution of the unknown function v.

6.1.2 The inverse problem

So far, we questioned about the predictability of a given model assuming a
set of observed variables to be the most relevant ones to describe a system.
However, normally, one can follow the inverse reasoning and ask the following
question: what are the most relevant variables given a sample (~s1, ...,~sM) of M
observation of the state of a system?

As in the previous case, we can assume the system optimises somehow an
unknown function U(~⇣), ~⇣ = (~s,~�), of both observed (~s) and unobserved vari-
ables (~�): the ~si, where i = 1, ...,M is the outcome of the observable part of such
an optimisation. Analogously to the direct problem, one can define u~s = hU(~⇣)i~�,
where the expected value is taken over several different experiments led in the
same conditions and U(~⇣) is the same for all the outcomes. v~�~s, i.e. the part
of the objective function U(~⇣) depending on the unknown variables, cannot
be taken to be the same for all the outcomes and this is in agreement with
the previous assumption, i.e. v~�~s to be independent draws from a probability
distribution p(v). The sample can be then thought as M independent draws
from the Gibbs-Boltzmann distribution previously obtained.

In such a sample, a first quantity that can be computed is the number of
times the state ~s is observed in the sample, K~s,i.e.:

K~s =
MX

i=1

�~si,~s. (6.8)

Reversing the problem we treated before, we can then think the K~s to be the
independent draws of Eq.6.6, i.e. the observed frequencies K~s

M are related to u~s

by the following relation:

u~s ' c+
1

�
logK~s, (6.9)

where c is a constant embedding the dependency on the partition function
and � is the "temperature" introduced in the previous paragraph. Even without
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knowing the exact form of u~s, from the maximum entropy principle we know
that p~s is exactly the probability distribution maximising the expected value of
U(~⇣) subject to unknown constraints with a given information content H[~s] =
H.

As the optimisation of the unknown function is controlled by K~s and not by
the state ~s itself of the system, one can think of making use of the frequencies
of the appearance of the state ~s to extract relevant information from the dataset.
Let us then define the information content associated to the two variables, fre-
quencies and states. In order to introduce an information function, let us define
the probability associated to those variables. Indeed, P{~si = ~s} = K~s/M while
P{K~si = k} = kmk/M, where mk =

P
~s �k,K~s is the multiplicity associated to

k.
The corresponding entropies are then given by:

Ĥ[~s] = -
X

~s

K~s

M
log
⇣K~s

M

⌘
= -

X

k

kmk

M
log
⇣ k

M

⌘
, (6.10)

and

Ĥ[K] = -
X

k

kmk

M
log
⇣kmk

M

⌘
= Ĥ[~s]-

X

k

kmk

M
logmk. (6.11)

These entropies are associated to the observed states without any knowl-
edge about the unobserved ones. In this context, there are no assumptions on
the unobserved variables unless that they are independent draws of unknown
distributions.

The first one, Ĥ[~s] is the usual entropy used to quantify the diversity of a
system: when all the outcomes are the same, Ĥ[~s] = 0, while it is maximal
when all the outcomes are different, in which case Ĥ[~s] = M.

Data Processing Inequality

Data Processing Inequality states that no clever manipulation of data can
normally improve any inference that can be performed on data [166].

Let us consider three random variables X, Y and Z forming a Markov
Chain in that order X ! Y ! Z, i.e. such that their joint probability distribu-
tion can be written as:

p(x,y, z) = p(x)p(yx)p(zy). (6.12)

This definition implies that:

• X ! Y ! Z if and only if X and Z are conditionally indepen-
dent given Y. Indeed, markovity implies conditional independence
as p(x, zy) = p(x,y,z)

p(y) = p(x,y)p(zy)
p(y) = p(xy)p(zy);

• this said, X ! Y ! Z implies as well Z ! Y ! X;
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• if Z = f(Y), X ! Y ! Z still stands.

From this framework, an important theorem can be derived, namely
Data processing inequality.

Theorem Let I(X; Y) and I(X;Z) the mutual information between X and
Y and X and Z respectively. If X ! Y ! Z, then I(X; Y) > I(X;Z).

Proof By the chain rule [166], one can expand I(X; Y,Z) in two ways,
i.e. I(X; Y,Z) = I(X;Z) + I(X; YZ) = I(X; Y) + I(X;ZY). Since X and Z are
conditionally independent given Y, I(X;ZY) = 0. Since I(X; YZ) > 0, this
implies that:

I(X; Y) > I(X;Z). (6.13)

The above statement still stands if Z = g(Y), i.e. a function of the data Y

cannot increase the information about X.

On the other hand, Ĥ[K] is deeply different than Ĥ[~s]. First, it is exactly
connected to the optimisation function, u~s, by the noisy observations K~s: it
quantifies then the information that the data contains on the optimisation of
the function u~s. Second, the two limits, previously considered to show the
meaning of the usual entropy, turn out to be uninformative with respect to
this function Ĥ[K]. Indeed, when all the sampled states are the same, k = M

and mk = 1 and this leads to Ĥ[K] = 0. Reversely, when all the sampled
states are different one from another, k = 1 and mk = M and again Ĥ[K] = 0.
This means that the two extremal situations represent uninformative datasets.
Between these two limits, one could wonder if Ĥ[K] has either a non-trivial
behaviour or is constantly zero. In other words, one might ask if there is a
certain distribution for the mk maximising the information content displayed
by Ĥ[K].

6.1.2.1 Characterisation of the maximum information content

As discussed in the previous paragraph, the distribution p~s can be seen as
that maximising the expectation value of the objective function u~s at fixed
information content H[~⇣] = H. Note that "fixed information content" is not
meant only on the observed variables but on the unobserved ones as well. The
constraint on the total entropy actually gives a constraint on the entropy of the
sample as well. Indeed, for the asymptotic equipartition property [166], when
M � 1, one has:

-
1

M
logP{~s1, ...,~sM} ' H[~s]. (6.14)
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As the M observations are independent, P{~s1, ...,~sM} =
QM

i=1 p~si . This leads
then to:

H[~⇣] ' Ĥ[~s] +DKL(p̂p), (6.15)

where DKL(p̂p) is the Kullback-Leibler divergence between the total prob-
ability distribution and that associated to the observed variables. Hence, be-
ing all these quantities positive by definition, H[~⇣] 6 H implies automatically
Ĥ[~s] 6 H. This is the first constraint one must take into account when maximis-
ing Ĥ[K].

On the other hand, in such a system there is another natural constraint;
frequencies must sum up to 1, i.e.

P
k kmk = M, as the size of the dataset is

fixed. The aim is now to find the distribution of the multiplicities mk such that
Ĥ[K] is maximal, i.e.:

m⇤ = argmaxm:Ĥ[~s]6HĤ[K]. (6.16)

The solution to this problem is non-trivial as mk are positive integers. By
approximating mk as positive real numbers though, an estimation of Ĥ[K] can
be obtained.

First, as K~s is function of ~s, data processing inequality (see Box "Data Pro-
cessing Inequality") imposes that Ĥ[K] 6 Ĥ[~s]. In the region where Ĥ[K] < Ĥ[~s],
a solution to the problem can be found by maximising

Ĥ[K] + µĤ[~s] + �
X

k>1

mk, (6.17)

where µ and � are Lagrange multipliers associated to the constraints on the
entropy and the frequencies. The solution to this problem reads:

m⇤
k = ck-1-µ, 1 6 k 6 M, (6.18)

where c > 0 is a constant ensuring the normalisation. Varying µ, a depen-
dency between Ĥ[K] and Ĥ[~s] can be drawn (Fig. 6.1). In particular, when
Ĥ[~s] ! logM, Ĥ[K] ! 0 and µ ! 1. For finite µ, the usual entropy decreases
while Ĥ[K] actually increases, till a maximum corresponding to µ = 1: here
the solution of the data processing inequality line Ĥ[~s] = Ĥ[K] is equal to the
one obtained from the constrained maximisation. This point actually defines
two phases characterising the informativeness of the sample. The region where
µ > 1 defines the undersampling regime, where most of the states are sampled
just once and it is indeed the usual experimental case. For µ < 1, instead, the
system approaches the oversampling regime: states are indeed sampled more
than once till the extremal point where only one state is always sampled.

In between, a maximum value for Ĥ[K] does exist, i.e. there exist a precise
value for µ at which the informativeness on the dataset is maximum. For µ = 1,
indeed, Ĥ[K] is maximal and it is described by a power law. The most informa-
tive samples then are those described by power laws with exponent µ ' 1. This
law is actually very well known as Zipf’s law and it has been demonstrated to
be tightly connected to systems’ criticality [164].
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Figure 6.1: Ĥ[K] behaviour as a function of Ĥ[~s] for a generic sample of M ' 6000
sequences. The maximum of Ĥ[K] corresponds to a Zipf’s law distribution
for the multiplicities mk in the sample and divides the regions of the un-
dersampling and the oversampling regime.

6.1.2.2 Systems’ criticality and Zipf’s law

The previous results show that the maximal informativeness of a system at
fixed entropy Ĥ[~s] = H is described by a Zipf’s law with exponent µ ' 1. This
property is not trivial at all and it has been already connected to the criticality
of statistical physics systems [167]. In order to visualize such a property, let us
consider a sample and the associated empirical distribution p̂~s. Given such a
distribution, one can always define an energy function E~s = -logp̂~s and a cor-
responding entropy ⌃(E) as e⌃(E) = dN(E)

dE , where N(E) is the number of states
with energy between E and E+dE. The energy of this system is E = -log

⇣
K~s
M

⌘
,

while dN(E) = kmk and consequently the entropy is ⌃(E) = log(kmk). Thus,
the Zipf’s law for the multiplicities mk ' k-2 actually corresponds to a linear
relationship between entropy and energy, such as ⌃(E) ' ⌃0 + �E with � = 1.
� = 1 reveals the existence of critical phenomena in statistical physics and it
is associated in second order phase transitions to a divergence of the response
of the system [108]. In this specific case, it means that entropy and energy owe
a wide range of variety. Indeed, for a given sample, one might choose a set
of relevant variables ~s for which a certain relationship between energy and
entropy is associated at a given �. � � 1 or � ⌧ 1 would define either a small
range of choice for the variables or a huge range of choice, being the sample
very noisy in the latter case. � = 1, instead, draws a precise balance between
the energy and the entropy in such a system and this value relies actually with
a "critical" variables selection.

6.2 critical variable selection

In view of what discussed so far, one might wonder about the applicability
of such a very theoretical framework. Indeed, let us imagine the sample we
took previously into account (~s1, ...,~sM) to be a set of M aligned sequences
of a certain protein family. Each sequence ~si = (ai

1, ...,ai
L) is made of L amino
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acids that can assume 21 different values according to biology (see Chapter IV).
As previously discussed, the ansatz in this discussion is that the sample of M
sequences is the outcome of the optimisation of a certain unknown function
U(~s,~�) of both observed and unobserved variables. The observed variables
correspond to the sequenced states of the protein, i.e. the primary sequences
in the MSA, while the unobserved variables embed somehow the effects of
the surrounding environment, be it the cell or the selective pressure. In such a
framework, then, our previous discussion suggests that the subset of relevant
variables can be obtained by maximising the function Ĥ[K] on this dataset. The
subset of relevant variables will not be just a maximisation of a certain entropy
function, but will be characterised by a Zipf’s law that, in turn, reveals the
emergence of a "critical" behaviour.

In this scenario, each sequence in a multiple sequence alignment is seen
as the outcome of a certain optimisation function of known and unknown
variables. Among the known variables, one wants to infer the "relevant" ones,
i.e. those that somehow are important to describe the protein itself. Roughly
speaking, the protein is made of two groups of sites: a "core" of functional
sites and a "bath" of fluctuating sites. Using the canonical definition of entropy,
here Ĥ[~s], will give hints only on the variability of each site as it measures the
resolution of the sample. What we want to infer, instead, is more than a simple
variation: we want to find the subset of sites that are "functional" and then
either they are conserved or they change in a non-trivial manner. Following
the discussion in the previous paragraph then, Ĥ[K] is the actual good function
to measure the non-trivial simultaneous amino acids changes out of a MSA. In
this sense, Ĥ[K] can be able in principle to capture the relevance out of a MSA.
In practice, given a MSA at a given resolution h, we want to extract the subset
of sites I⇤(h) such that:

I⇤(h) := argmaxIĤ[~s]=hĤ[K]. (6.19)

It is worth to underline again that the variability of this set of variables will
be characterised by a Zipf’s law, connected to critical phenomena as previously
discussed. For this reason, this method has been renamed Critical Variable Se-
lection (CVS).

6.2.1 The algorithm and its typical output

In practice, given a MSA of M sequences of length L, in order to find the subset
of sites maximising Ĥ[K], it is more suitable to use subsequences of fixed length
n. This corresponds to find the subset of n positions such that:

I⇤n = argmaxI:I=nĤ[KI], (6.20)

where KI refers to the frequencies associated to the whole subsequence I. I⇤n
will be then the subsequence of n positions maximising Ĥ[K]. To this aim, one
can employ a simple gradient ascent algorithm. First of all, let us fix the length
of the subsequence I to n, let us randomly choose n positions out of the MSA
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and let us compute Ĥ[KI]. Given such an initialisation, we iterate the following
steps:

• let us pick a position i 2 I and let us randomly exchange it with another
one i 0 62 I;

• let us compute Ĥ[KI 0 ]. If Ĥ[KI 0 ] > Ĥ[KI], we accept the move and I will
be replaced by I 0 = (I/i) [ i 0, otherwise we reject it and start back from
the first point.

The algorithm will stop after a sufficient number of rejections or moves
where Ĥ[KI] does not change. However, typically, for a given subsequence
length n, there is not a single configuration maximising Ĥ[KI] but rather a
population of local maxima with the same value of Ĥ[KI]. As this recalls the
rough landscape in spin glass theory, we adopted the same strategy in here,
i.e. rerunning the algorithm a sufficient number of times (from 100 to 1000) to
sample the phase space. This practical implementation allows to get a measure
of the "relevance" of each local maxima by measuring the number of times the
algorithm thermalises into a certain configuration.

Let us further notice that such an algorithm does not allow acceptances of
moves that do not maximize Ĥ[K]: indeed, it can be seen in analogy with an
algorithm simulating a spin-system at T = 0.

At the end of the day, the maximisation of Ĥ[K] will produce a certain num-
ber of sequences, as much as the number of times one ran the algorithm, made
of "accepted" and "unaccepted" sites. For each position, one can assign a count,
ci(n), related to the relevance of the position i for a given subsequence length
n. By following the same procedure for several different n, a total count can be
defined as Ci =

P
n ci(n): this gives a measure of the overall relevance of the

position i in a MSA.
We firstly performed this algorithm on in silico proteins, i.e. sequences built

up ad hoc to understand what kind of results CVS can give. We generated
M = 1000 sequences of length L = 64, where each amino acid s↵i can take two
different values, either 0 or 1.

The protein is then divided into four regions and built up as it follows:

• a brain made of 5 positions, where s↵i = 2mod(i, 2)- 1;

• a set of functional sites made of 12 positions depending on the brain
according to the following relationship: for i = 5, ..., 14, s↵i = s↵ks

↵
l s
↵
n,

where k, l,n = 0, ..., 4, while for i = 15, 16, s↵i = s↵ks
↵
l s
↵
ms↵n, where

k, l,n,m = 0, ..., 4. Finally, 5% of noise is added to this subsequence;

• a set of conserved sites made of 17 positions, where s↵i = mod(i, 2) en-
riched with 5% of noise;

• a noisy part made of the remaining 31 positions, obtained by initialising
all the sites as s↵i = 1 and then adding 50% of noise.

This procedure is then iterated for all ↵ = 1, ..., 103.
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i

Figure 6.2: Counts ci(n) as a function of the positions i along the in silico protein
for different subsequences lengths n = 5, 10, 20, 30. Initially, for n = 5
both noise and brain sites are selected, while increasing the length of the
subsequence the noisy part is almost completely neglected. Courtesy of M.
Marsili.

Running the algorithm for different subsequence lengths, for low n (n ' 5)
selected sites belong to the noisy and the brain part (Fig.6.2); increasing instead
the length of the subsequence, the noisy part is discarded almost completely
while only functional, conserved and brain sites are selected (Fig.6.2). Indeed,
there is a sharp separation between the selected and functional sites and the
noisy part for high values of n. This motivated us to investigate what kind of
results CVS can give when applied to real biological datasets.

6.3 datasets extraction

Critical Variable Selection has been tested so far on different protein families
and we are currently expanding the analysis database wide. Hereby we are
going to discuss in detail the analysis on two exemplar samples, the response
regulator receiver (PF00072) and the voltage sensor domain of ion channels
(PF00520), already analysed respectively in [157] and [168]. The former dataset
is made of M = 62074 sequences of length L = 112 while the latter of M = 6652

sequences of length L = 114. For both families the evolutionary spread is quite
wide, but there is a much better sampling for the PF00072 rather than the
PF00520.

In the analysis of functional sites or contacts, as sketched in the previous
chapter, it is useful to visualize the results upon proteins as well. For the anal-
ysis of the tertiary structures, we extracted the .pdb files from PFAM [118].
Such files contain the results of crystallography experiments on proteins, i.e.
the positions in the 3D space of the atoms of the amino acids making up the
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protein. The number of structures is very small compared to the number of
available sequences though [169], e.g. for the PF00072 at the moment 437 struc-
tures are available and many may refer to the same sequence. Therefore, we
took into account one only structure for each dataset, in particular the 1NXW
for PF00072 [159] and 3RZV for PF00520.

Protein Data Bank (pdb) Files

The Protein Data Bank (PDB) file is a textual file providing the macro-
molecular structure of proteins obtained by X-ray diffraction and NMR
experiments. This format was invented in 1976 to allow researchers to
share protein coordinates through a database system. Such files are in-
deed stored in several databases and are associated to the corresponding
protein family. Since its introduction, several programs aimed at reading
and processing this kind of extension have been developed such as UCSF
Chimera (used hereby), Jmol, Pymol etc.

A typical PDB file is made of several rows reporting the following infor-
mations:

• Header, Title and Author records, providing the details about the
experiment, the type of structure and the researchers who performed
the experiment;

• Remarks, describing how to compute the coordinates of the exper-
imentally observed multimers from those of the explicitly specified
referring to a single unit;

• SeqRes, primary sequence of the analysed protein to be compared
with the actual alignment one is looking at;

• Atom Records providing the coordinates of the atoms of a given
amino acid in the protein. Each row contains informations about the
type of atom, the associated amino acid, the chain in the protein
one is looking at, the position of the amino acid along the primary
sequence and the coordinates of such atoms in units of Angstrom.
Occupancy and temperature factors are provided as well.

• HeatTm Records giving the same details as the Atom Records but for
the hetero-atoms, that are not actually part of the protein sequence.

PDB files give all the information about the three-dimensional structures
of proteins and are of main importance for studies involving the closeness
of amino acids in protein tertiary structures.
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6.4 cvs preliminary results

Motivated by the results obtained on the in silico proteins, we analysed real
biological MSAs. We took first into account the response regulator receiver
(PF00072), whose dataset is made by a big amount of sequences sampled
throughout different organisms. By running CVS, we got a total count for each
position i along the MSA, i.e. Ci =

∑
n ci(n). We ran the algorithm for differ-

ent sises of the subsequence, in particular n = 10, 20, 30, 40. The results show
that some positions are selected for any value of the subsequence length n

(Fig.6.3, 6.5). These most relevant positions are then followed by others aris-
ing as the subsequence length increases. By contrast, some positions are never
selected and they can be identified as the irrelevant ones (Fig.6.3). The sharp
definition between the relevant and irrelevant sites can be better visualised
by ranking the positions by decreasing total count Ci (Fig.6.3): after an initial
plateau counts quickly approach zero, defining a sharp definition between the
two sets of positions. The same is obtained when running the algorithm to the
voltage sensor domain of the ion channel (Fig.6.5).
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Figure 6.3: Relevance count ci(n) for each position in PF00072. This is defined as the
number of times a particular position i is found in the solution i ∈ I∗n for
a given n. The algorithm was run for 100 times for n = 10, 20, 30 and 40.
6.3a) ci(n) versus i = 1, . . . ,L = 112; 6.3b) ci(n) versus the rank ri defined
by ordering the positions i in decreasing total count

∑
n ci(n) order.
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Figure 6.4: 6.4a) Relevance count ci(n) as a function of n for the most relevant posi-
tions in PF00072. 6.4b) H[K]-H[s] values relatively to the relevance counts
ci(n) in Fig. 6.4a.
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Figure 6.5: 6.5a) Ranked relevance count ci(n) for positions in PF00520. The algorithm
was run for 100 times for n = 10, 20, 30 and 40. 6.5b) Site entropy as a func-
tion of total count. Circles represent positions identified in the literature
(see text).

These results suggest the existence of a hierarchy inside the protein that can
be visualised by the addition of more and more layers out of a core made of the
sites selected most of the times, i.e. with highest counts. This structure becomes
more evident when plotting the trajectories of the CVS selection (Fig.6.4): typi-
cally, if a site is selected in a subsequence of length n, it will be selected as well
for n ′ > n. Such sites are not only the most conserved ones but others as well
(Fig.6.4), as maximising Ĥ[K] does not mean to maximise Ĥ[s]. This can be seen
when visualising the site entropy as a function of the counts for the PF00520:
indeed, the most selected sites are not only the conserved ones (Fig. 6.5b).

The results on these two datasets are actually informative as they give evi-
dences that CVS is able to extract a signal out of a MSA. An interesting aspect
lies in the fact that even in the case of the voltage sensor, where the number
of sequences is much less than in the PF00072 alignment, CVS is able to de-
tect some information. This is a non-trivial aspect: the undersampling regime
may definitely prevent the extraction of relevant results. In order to check that
actually in the deep undersampling regime CVS is able to detect relevant in-
formation, we used a cut version of the PF00072 dataset. Indeed, we ran CVS
for a subset of N = 6652 randomly chosen sequences and for an even smaller
dataset of N = 666 sequences.

Let us define pi and qi as the probabilities of finding a site i in the complete
and the cut datasets respectively. Then the probability that a position i is either
selected or not in both datasets is πi = piqi + (1− pi)(1− qi). By averaging
πi over i, we found that the probability that a position is selected or not both
in the full dataset and in the subset is larger than 90% for N = 6652 and 76%
for N = 666 for n = 40 and it is even higher for smaller value of n. This gives
clues that CVS might be an adequate inference tool to analyze data in the deep
undersampling regime.

6.4.1 Biologically relevant positions

By running CVS on the two datasets we actually found that some signal can
be extracted out of these MSAs. However, we have still no clues about the bi-
ological relevance of the most selected positions. Specifically, by making use of
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the information stored in databases on functional sites [126], we checked the
correlation between high counts and functionality. Functional sites in proteins
are usually those carrying out the interactions with the surrounding environ-
ment, such as active sites, phosphorylation sites, catalytic sites in the case of
enzymes and so on. We extracted this kind of information from [126] and we
compared it with our results. We furthermore visualised the sites on proteins’
tertiary structures.

The top site identified by CVS for PF00072 coincides with the active phos-
phorylation site and many of the other relevant sites coincide with biologically
relevant ones (see Table 6.1) and are located in the neighbourhood of the ac-
tive site (Fig. 6.7bb). For this dataset, we actually carried a deeper analysis by
comparing the results got by CVS with those obtained by SCA (hereby applied
as explained in the previous chapter) and we shall discuss them later. For the
moment, let us focus on the analysis performed on the Voltage Sensor Domain
of the ion channels (VSD).

The VSD is a biological molecular device that transduces electrical signals
in cells, e.g. in the control of voltage-gated cation channels. VSD’s are com-
posed of four transmembrane segments (S1-S4). As previously discussed, we
used the same dataset as in [168], whose length L = 114 is similar to the one
of PF00072. Since VSD is an highly conserved activation mechanism, protein
sequences in the MSA refer to widely different organisms, the evolutionary
spread in the PF00520 dataset is as wide as that characterising PF00072. Yet
the number of available sequences for PF00520 (N = 6652) is much smaller
compared to the case of PF00072, as we discussed before a typical example of
deep undersampling regime.

As shown in Fig. 6.5a, CVS also in this case clearly distinguishes relevant
from irrelevant sites as in the case of PF00072. Fig. 6.5b shows that, besides
highly conserved sites having a clear biological relevance, CVS distinguishes
between sites whose variability is evolutionarily related from those that can be
regarded as noise. A first group of 13 sites with high counts Ci can be identi-
fied. This contains 9 sites identified in Refs. [168, 170]. Three more functionally
relevant sites have counts larger than 500 belong to a larger group of the 38

most relevant sites. These sites are represented on the 3D structure in Fig.6.6.
These include N-62, N-72, R-76 and E-93 of the voltage-dependent K+ channel
KvAP which are important for channel function [170, 126]. The same sites have
also been identified in Ref. [168], that refer to the NavAb sequence (E-49, E-59,
R-63, D-80 respectively). Ref. [168] also highlights the role of I-22, F-56 and
F-71 in NavAb and it discusses the application of Direct Coupling Analysis
on the VSD MSA, identifying several evolutionary conserved contacts along
the chain. In particular, E-49 is found to be in contact both with N-25 and
with E-96, which are far apart in the NavAb structure. Ref. [168] argues that
these two contacts are important to confer stability both to the activated and
to the resting state of the protein domain. All these sites are found to be rel-
evant in the CVS analysis, as well as R-63 and S-77, which are also found to
be in contact on the NavAb structure. Ref. [168] also reports a false positive
contact (between W-76 and T-15). We find that while W-76 is relevant, T-15

is not (CT-15 = 145). Finally, we find an enrichment in relevant sites in the
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(a) Top 40 CVS sites for the PF00520.
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(b) Top 15 CVS sites for the PF00520.

Figure 6.6: Top CVS sites got for the PF00520. Green circles spot the functional sites
already identified in Refs. [170, 126] as discussed in the text.

region corresponding to S4, which is a highly dynamical region of the VSD,
and in the S2-S3 turn (Tyr-63 to Pro-95 in KvAP) that has been suggested to be
structurally important [170].

Indeed, in both cases, the high signals found by running CVS do correspond
to biological relevant sites. However, one might wonder about what kind of
predictions SCA gives in this case and whether there are differences between
the two methods. Next paragraphs will be then fully dedicated to this aim.

6.4.2 Comparison with SCA

In order to gauge the relevance of the list of sites extracted by the CVS al-
gorithm, we compare them with those obtained by the so-called Statistical
Coupling Analysis (SCA) [149].

We have already discussed the technicalities about SCA in Chapter IV but let
us here briefly recall the cornerstone. SCA merges Principal Component Anal-
ysis with a noise cleaning procedure. It is based on the correlation matrix built
using single and double amino acid frequencies at each position, enhanced as
in [149] to highlight positional conservation and restricted to the set of posi-
tions by taking the Frobenius norm. In order to undress the matrix from the
noise arising from the finiteness of the sample, a random correlation matrix is
built from a reshuffled MSA with the same single amino acid frequencies at
each position. If some kind of information is enclosed in the protein sequence,
one expects to find remarkable differences between the randomised and the
actual matrix. Comparing the eigenvalues distribution of the actual and the
random matrix, it is possible to identify the principal components as the eigen-
values corresponding to those of the actual correlation matrix clearly standing
out of the distribution of the eigenvalues of the randomised matrix. This is
illustrated in Fig. 6.8a) for PF00072. Each position along the sequence can then
be represented as a point in the space spanned by the principal components,
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Uniprot sites Our sites Function SCA CVS

10 5 active X X
11 6 active X X
56 52 active, phosphorylation X X
64 60 active X X
84 80 active X X
101 99 active X (100)
104 102 active and dimerisation interface X X
105 103 active and dimerisation interface (102) X
106 104 active and dimerisation interface (105) (103)
60 56 intermolecular recognition site X X
59 55 intermolecular recognition site (56) (54)
62 58 intermolecular recognition site (57) X
63 59 intermolecular recognition site X (58)
64 60 intermolecular recognition site X X

Table 6.1: Functional sites extracted from [117, 126] for the B4DA37_9BACT sequence.
In order to make a consistent comparison sequences have been matched
with particular attention to the gaps.

whose coordinates are the components of the eigenvectors corresponding to
that position. In order to achieve comparisons with CVS, we should here intro-
duce a consistent definition of relevance as well. In the following, we shall take
the distance from the origin of the space spanned by the principal components
as a measure of relevance within this analysis.

6.4.2.1 SCA on the PF00072

We performed SCA on the PF00072 in order to understand the difference be-
tween this method and ours. As described in the previous chapter, sequences
can be firstly reweighed and frequencies regularised by the use of pseudo-
counts. Indeed, in order to achieve a homogeneous sampling, we took a simi-
larity threshold to reweigh sequences � = 0.8. However, we tried several val-
ues of � 2 I = [0.75, 1] without getting appreciable differences. Following the
protocol explained in the previous chapter, we computed the correlation ma-
trix, Ĉij along with the random one, obtained by reshuffling data. We then
analysed the spectral properties of such matrices, i.e. eigenvalues’ and eigen-
vectors components’ distributions. Fig. 6.8a shows the eigenvalues distribution
for both the actual and the random matrix, respectively in black and orange.
Indeed, as expected, a bulk of very small eigenvalues characterises the random
matrix, while a finite number of higher eigenvalues rising out of this bulk. As
previously discussed, the highest eigenvalue is nothing but the signature of
phylogenetic effects and the presence of pseudocounts and must be neglected
in order to undress dataset from historical noise. Sticking with the other two
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highest eigenvalues, i.e. �2 and �3, one can visualise the corresponding eigen-
vectors’ components to extract relevant signals.

Fig. 6.8b plots the first 46 points in this list for PF00072 in the space spanned
by the 2nd and 3rd principal components. As shown in the previous chapter,
one might look at the fourth highest eigenvalue as well and study how sites
distribute in the space spanned by the associated eigenvector and the other
twos. However, the sites are better distributed along the second and third prin-
cipal components rather than any combination of them with the fourth one.
We shall then stick with the second and third principal components.

In such a space one wants to identify an actual signal out of a random bulk.
To this aim then, as we described by introducing SCA, one can make use of In-
verse Participation Ratios (IPR) to test the level of localisation of eigenvectors’
components. Indeed, we here compared the distributions of eigenvectors’ com-
ponents with the average distribution of the random ones (Fig.6.9) and finally
chose a threshold ✏ = 0.1. This allows to define a circle in the space spanned
by the principal components defining the random bulk. Extracting then all the
sites outside this circle and performing a clustering procedure onto this set,
one finally gets groups of mostly correlated sites, i.e. the sectors [149, 157].

For PF00072, four sectors can be identified, that correspond to functional
domains on the tertiary structure (Fig. 6.7a) (pdb-file 1NXW, [118]) and they
have been also compared with functional sites extracted from databases as for
CVS (Tab. 6.1).

However, for PF00072, when the list of the n most relevant sites according
to SCA is compared to that generated by CVS we find zero overlap as long
as n 6 18. This is not surprising: principal component analysis identifies the
most relevant drivers of variation in a data-set, which is why highly conserved
sites do not appear on top of the list of relevant sites, according to SCA. This
implies that SCA and CVS are qualitatively very different methods. Yet, when
one compares the lists for larger number n of top sites, the overlap sharply
increases as expected. We shall concentrate below on the comparison between
the top n = 41 sites in the two lists which is approximately where the over-
lap between the two lists is largest (⇠ 54%) as compared to what one would
obtain if sites where chosen randomly (⇠ 37%). It is worth to notice that, since
sequence alignment procedures introduce gaps, we remove those sites that re-
sult in gaps in the consensus sequence. The number of selected gaps was very
low though, less than the 8% in both cases.

To compare the lists of the 41 sites obtained by SCA and CVS, it is instructive
to analyse the positions of the selected sites on the tertiary structure.

We analysed one structure (1NXW) whose results are shown in Fig. 6.7.
Many common domains on the ↵-helices and �- sheets are clearly identified
by both methods (red bands) with few differences, e.g. the central �-sheet
identified by CVS but not by SCA.

In order to understand if CVS is able as well as SCA to detect functional
domains, we extracted functional sites from the UniProtKB and NCBI-RefSeq
databases [117, 126]. The results are shown in Tab. 6.1 where one can see that
most of the sites are detected by both methods. In 4 cases each method selects
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(a) SCA sites for the PF00072. (b) CVS sites for the PF00072.

Figure 6.7: Sites obtained by SCA (Fig. 6.7a in purple) and CVS (Fig. 6.7b in blue)
represented on the tertiary structure with the overlap in red.

nearest neighbours instead of the site itself and failed to identify two sites
(63,64 for SCA and 60,64 for CVS) as relevant.

6.4.2.2 SCA on the Voltage Sensor Domain of the Ion Channels

Before comparing in more detail the results obtained by applying SCA and
CVS on the PF00072, let us focus on SCA performance on the VSD. Indeed,
we found that SCA is much more difficult to implement for PF00520: the tails
of the distribution of the random matrix eigenvectors’ components are very
broad, and the eigenvector components very noisy (Fig.6.9b). When imposing
the discrimination threshold, by the use of IPRs, the decay of random eigen-
vectors’ components are somehow quantified. In such a case though, being
the tails of the distributions quite long, a high discrimination threshold would
be chosen, preventing a reliable application of the method. We first tried to
understand why in such a case one gets this kind of distributions. We found
that the most explanation is linked to the high diversity of the sample and
the few sequences (M = 6652): in the reshuffling procedure the high vari-
ety inside the dataset clearly arise. Indeed, the same behaviour appears when
merging proteins datasets relatively to different organisms subtypes, as in the
case of Influenza A virus (discussed at the end of this chapter). We merged
the datasets of the haemagglutinin, the surface protein bound by the immune
system, extracted from the subtypes A/H1N1 and A/H3N2. This dataset fi-
nally contained M = 9692 sequences of length L = 329. Performing SCA on
this dataset, broad tails in the random eigenvectors components’ distributions
arose, preventing a reliable application of the method.

Anyway, in the case of the VSD, barring all this and imposing a conservative
threshold, one can select 5 top sites, four of which highly conserved (F-56, D-
80, R-99 and R-102 on NavAb) with a large relevance count and one (A-112)
highly variable, with a moderately large CVS count. In what follows, we shall
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Figure 6.8: 6.8a) Histogram of the eigenvalues distribution relatively to the random
matrix Mij (orange blocks) and to the actual correlation matrix Ĉij (black
blocks). The highest one, �1 ' 24.5 is neglected [149]. In the analysis, we
focused on the other two highest ones, i.e., �2 ' 3 and �3 ' 1.8, since
the corresponding eigenvectors components turn out to be noisier as the
eigenvalues approach the random bulk. 6.8b) The four sectors identified in
the PF00072 represented in the plane spanned by the eigenvectors |2i and
|3i. Each site is labeled according to its position along our MSA.

confine our discussion of the comparison between CVS and SCA to the case of
PF00072, where statistics is definitely enough for the latter method to produce
stable results.

In summary, both CVS and SCA are able to detect functionally relevant sites
and the same domains with slight differences. In order to investigate the nature
of these differences, we then addressed questions on the intrinsic properties
of such methods as noise undressing and reliability of proteins’ core extrac-
tion. In this framework, one should find quantities able to embed somehow
these properties. To this aim, we thought that a protein network model such
as that postulated by Direct Coupling Analysis would be a good way to study
methods’ properties.

6.4.3 Direct Coupling Analysis: interaction networks and hidden variables

Direct Coupling Analysis (DCA) has been introduced in the last chapter as
a method aimed at identifying a network of interactions between positions
along a protein domain. Such interactions are inferred from the traces left by
the evolutionary process on the pair correlation matrix. In recent years many
efforts have been spent in refining this observation into a quantitative bio-
informatic tool [148, 151, 157, 158, 159, 160, 161]. Given the MSA of a certain
protein family, we discussed how DCA can produce an F-score Fi,j [157] for
each pair of positions i, j = 1, . . . ,L with Fi,i = 0. In particular, if two positions
are relevant for preserving the tertiary structure, by establishing a physical
contact, one expects residues on these sites to co-evolve, that results in a large
value of Fi,j. DCA is indeed a powerful tool for predicting contacts in protein
domains.
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2

(a)

(b)

Figure 6.9: Eigenvectors components’ distributions for the actual (black box) and the
random (red box) correlation matrices respectively for the PF00072 (a) and
the VSD (b). In (a), the discrimination threshold is displayed as well.

[ October 26, 2015 at 10:51 – classicthesis version 4.1 ]



140 CRITICAL VARIABLE SELECTION

Here we use DCA to generate a network of interactions between positions,
with the goal of deriving an independent assessment of the relevance of the
sites selected by CVS and SCA, respectively. Therefore, we stick with a stan-
dard implementation of DCA – the so called Mean Field Direct Coupling Analy-
sis (DCA) based on the Plefka expansion [171] – that has been shown to capture
most of the direct contacts in 3D protein structures [151] . We applied this
method as explained in the previous chapter to PF00072 for which both CVS
and SCA yield stable predictions.

We performed DCA on the whole protein and then on the CVS and the SCA
lists of sites to infer the Fi,j scores between the amino acids. We shall call them
respectively Falli,j , FCVS

i,j and FSCA
i,j .

A first comparison between the two lists can be made by selecting the n most
relevant sites on each list and the network defined by the m top interactions
from the list of Falli,j . Figs. 6.10a, 6.10b shows the resulting network for n = 41

and m = 200 for the CVS and SCA lists, respectively. Only a fraction of the m

selected links will connect two of the n top sites of a given list, so the density
of links and the fragmentation of the resulting networks provide a measure
of “positional” relevance of the selected sites. Visual inspection reveals that
CVS sites are more densely connected both in terms of number of links and of
size of the largest connected component, and less fragmented, meaning that
CVS sites are more interacting than those selected by SCA. This conclusion
holds true for all relevant values of n and m. Furthermore, the number of
links between the n selected sites and the L- n remaining ones is smaller for
the CVS than for SCA list, for most values of m. We also notice that, for SCA,
sectors do not seem to be related to a motif pattern in the network (Fig. 6.10b).

Secondly, Fig. 6.11 shows that, when restricted to the CVS list, pairs of sites
with a large Fi,j correspond to close sites, whereas the same is not true always
for the SCA list, for which the spread between distance and couplings is higher.
For example, Asp 96-Thr 100 and Lys 81-Pro 74, whose distances are respec-
tively about 11.4 Å and 17.3 Å, turn out to have values of FSCA

i,j ⇡ 4. In general,
Fig. 6.11 shows that, when DCA is run on the reduced list, the same value of
Fi,j correspond to pairs of sites which are in a narrower range of distances in
the case of CVS than in the case of SCA.

In order to test the noise undressing properties of both methods, we anal-Noise undressing
property ysed how couplings change when confining DCA application only on the sub-

sets of relevant positions. As discussed for SCA application, noise can cover
important interactions and one might expect that noise undressing reversely
enhances them somehow. Indeed, when run on a subset L of sites, DCA pre-
dicts higher values of FLi,j as compared to the unrestricted case Falli,j . We observe
this effect both for CVS and for SCA, where FLi,j ⇡ 1.2Falli,j . (Fig. 6.12). Again,
CVS predictions are more stable as couplings’ spread is narrower than in the
SCA case. We can conclude then that both methods are able to perform a noise
undressing on data, although the spread is CVS noise reduction is narrower.

However, the amplification in the couplings �FLi,j = FLi,j - Falli,j can be due to
two reasons : on one side, we expect that if irrelevant nodes are eliminated,Hidden Variables

Presence the estimate of the interaction between nodes in L improves. Indeed, undress-
ing datasets from noise would enhance relevant interactions. On the other, as
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shown schematically in Fig. 6.13, if nodes k 62 L that interact strongly with
both i and j are eliminated, the estimate of Fi,j will hugely increase to account
for the missing interactions of i and j with the “hidden node” k. In order to dis-
tinguish between amplification of interactions due to genuine noise reduction
and the effect of hidden nodes, we compare the increase �FLi,j in the interaction
with the following quantity:

�Fi,j = Fallij - maxk 62Lmin(Fallik , Falljk ) (6.21)

for all i, j 2 L. In words, a negative value of �Fi,j implies that the enhancement
�FLi,j in the coupling is due to the neglect of hidden variables rather than to
noise reduction (Fig. 6.13).

Fig. 6.14 plots �Fi,j versus �Fi,j for contacts among sites in the CVS list
and in the SCA list. The histograms along the axis in Fig. 6.14 also shows
the distribution of �Fi,j and �Fi,j for lists of 41 randomly chosen sites. With
respect to this, the distribution of �Fi,j > 0 for contacts between CVS sites
is significantly shifted towards positive values, much more than for the SCA
case. The presence of many contacts with �Fi,j > 0 in the CVS list suggests
that DCA is not severely affected by hidden variables, when restricted to the
CVS list.

This conclusion is further corroborated by the analysis of the network of
contacts between hidden variables. Given a list L of putatively relevant sites,
we define a site k 62 L a hidden variable if i) k 62 L and ii) there exist at least
a pair of sites i, j 2 L with FLi,j > 2 and |i- j| > 2 for which �Fi,j < 0, with
the maximum in Eq. (6.21) being attained at site k. As illustrated in Fig. 6.13,
hidden variables are those sites that “explain” spurious contacts. Let us define
"contacts" as pairs of sites with FLi,j > 2 between sites that are at a distance
|i - j| > 2 of more than two residues on the primary structure. The latter
excludes sites that have large F-score because they are close along the amino
acid sequence. We say that the contact is spurious if �i,j < 0, when DCA is
restricted to the list L. The threshold on Fi,j on the distance along the primary
sequence are clearly arbitrary, but they are needed to clean the set of hidden
variables from peculiar effects. In such a way, one can build up a network of
hidden variables as previously done for the relevant sites: for the CVS list such
a network is smaller, more fragmented and less densely connected than that of
the SCA list (figure not shown). The latter in turn, can hardly be distinguished
from the network of hidden variables obtained for random lists of the same
number of nodes. Finally, for CVS we find 31 hidden variables. Taking the
top 200 DCA contacts, we find that these 31 nodes form a network that has
4 disconnected components, the largest of 23 nodes, with an average degree
of 2.84. For the SCA list, we find 43 hidden variables, and the top 200 DCA
contacts connect these in a single connected component of average degree 3.95.
For random lists of n = 41 sites, we found 40 ± 5 hidden variables, all in a
single connected component, with average degree ⇡ 4.4.

We thus conclude that the hidden variables network of CVS is not only
smaller than the one associated to SCA but it is not comparable with the one
got by randomly chosen sites. However, both CVS and SCA can predict some
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Figure 6.10: 6.10a) Network representation of the CVS sites with communities high-
lighted by the Mathematica Network Analysis package. The size of the
nodes is rescaled with their CVS counts. Ci, and their links are those
obtained with the nMFDCA, rescaled as well according to their own in-
tensity. Just the top 200 couplings have been taken into account. 6.10b)
Same representation as in 6.10a) but for the SCA sites. Colours are now
defined according to the sectors (first one in blue, second red, third green
and fourth yellow).
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Figure 6.11: Distance on the tertiary structure di,j as a function of FLi,j for all the cou-
ples in the L =CVS and L =SCA (respectively blue empty circles and
purple diamonds) lists. Distance on the tertiary structure di,j as a func-
tion of FCVS

i,j for all the couples in the CVS list (blue empty circles). Only
pairs of sites with FCVS

i,j > 2 and at a distance |i- j| > 2 along the primary
structure are shown. In the same plot, purple diamonds refer to di,j vs
FSCA
i,j , again for FSCA

i,j > 2 and |i- j| > 2.

of the functional sites in a multiple sequence alignments. The results obtained,
although with some overlap, are intrinsically different: while CVS is really
aimed at extracting the "brain" of a protein, SCA accounts more for the identi-
fication of similarly variating positions. This point will be further discussed in
the next section.

Moreover, we found that noise undressing is performable by both methods,
even though actually Direct Coupling Analysis results stay more stable when
reducing datasets dimensionality by CVS. This result can be actually exploited
by using CVS as a data preprocessing tool to DCA. This is one point we are
now studying along with the extension of the method to a bigger number of
protein families.

6.5 extending the analysis to other protein families

The results obtained so far give clues about the ability of Critical Variable
Selection to identify relevant sites throughout MSAs. However, in order to get
a good statistics, we are extending these studies on other protein families. The
idea is to run CVS algorithm on many other alignments and check whether
the extracted ranks match actually the known biological information. Among
all these other proteins, we have been studying the haemagglutinin protein of
the A/H3N2 Influenza virus, a retrovirus causing many deaths each year and
whose spreading is highly monitored by specific institutions such as the World
Health Organisation (WHO) [172, 173]. Understanding this virus evolution
might be of great importance for year vaccine preparation [174]. Recent studies
gave accurate analysis of Influenza evolution [175, 176, 177, 178, 179, 180], but
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(a) CVS results for the PF00072. (b) CVS top contacts for the PF00072.
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(c) SCA results for the PF00072. (d) SCA top contacts for the PF00072.

Figure 6.12: Couplings got through nMFDCA on the sublists of CVS sites (Fig. 6.12a)
and of SCA sites (Fig. 6.12c) versus the corresponding couplings obtained
through the nMFDCA over the whole protein, Fallij , together with a fit
line. Besides the amplification of the couplings, the top 30 contacts above
the green line are represented on the tertiary structure of the PF00072,
respectively for the CVS results (Fig. 6.12b) and for the SCA ones (Fig.
6.12d). However SCA results stay still noisy and between the top contacts
amplifies at least two false positives, i.e., is respectively about 11.4 Å (Asp
96-Thr 100) and 17.3 Å (Lys 81-Pro 74).
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Figure 6.13: Pictorial representation of the network between sites in a protein domain.
The subset of sites in the light blue subset square correspond to those
on a list L of “putatively” relevant sites, whereas those in the outer or-
ange shaded area correspond to neglected sites k 62 L. The thickness of
links represents the strength Fi,j of interaction. An example of an hidden
variable is highlighted by the red dashed circle.

a hierarchical structure for the "key proteins" in such a virus, as the one here
proposed, has not been inferred yet, as far as we know. Indeed, the purely
statistical analysis of such sequences usually involves studies as:

• codon bias [181]: given the degeneracy between codons and amino acids
(see Chapter IV), one would expect each amino acid in a protein to be
described at the RNA level by any of the associated codons. This is not
always true: indeed, some amino acids are more biased towards some
particular codons. Such a piece of information is used by biologists to
extract constraints on possible mutations;

• the ratio between synonymous versus non-synonymous mutations, namely
dN
dS [181];

• sites variation [182] and positively selected mutations [175].

For "key proteins" we mean those bound by the immune system to neutralise
the virus. For Influenza viruses, it is known the surface protein haemagglu-
tinin to play the major role. We thus focused on the available sequences of the
haemagglutinin for the Influenza A virus (H3N2 subtype) sampled since the
70s and extracted from FluDB. Haemagglutinin is divided into three domains,
among which the so-called HA1 and HA2. We focused on the former as it is
the one embedding most of the sites bound by the immune systems, called
epitopes. We extracted a dataset made of M = 6973 sequences of length L = 329

from [183]. We performed both Statistical Coupling Analysis and Critical Vari-
able Selection on this MSA. Even though this kind of sequences cannot be
really thought as fluctuations around an equilibrium state due to evolutionary
pressure caused the immune system, the two methods are able to extract some
kind of information. In this particular case, the results turn out to be quite
different. SCA detects, as one may expect, those sites that coevolve and big
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(a) (b)

Figure 6.14: �Fij plotted as a function of �FLij for both the CVS (Fig. 6.14a) and the SCA
(Fig. 6.14b) results. The difference between the two scenarios is pretty
evident, being the latter more biased towards negative values of �Fij,
meaning that there are tight contacts with sites not selected by SCA. The
histograms on the axis in both figures represent the distributions of the
two quantities obtained by using 5 random lists.
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differences among the sequences throughout evolution. Indeed, in [184], such
sequences have been clustered, highlighting the key sites setting the major dif-
ferences between the clusters. One can check these key sites to often belong to
the same sector obtained by SCA application. On the other hand, CVS instead
did not detect this kind of information: most of the relevant sites are actually
epitope sites, i.e. the sites known to be usually bound by the antibodies [185].

Moreover, as previously discussed, when trying to merge this dataset with
the analogous one for another subtype of Influenza A, H1N1, the diversity in
the MSA turns into long tails in the distributions of the SCA random eigenvec-
tors components. This aspect helped us to understand that the failure got in
the Voltage Sensor Domain could be actually caused by a high variability in
the dataset along with a "small" number of sequences.

This study on Influenza is then quite pedagogical to understand the intrinsic
differences between SCA and CVS as well as their similarities from the real
biological point of view. However, as already discussed, organisms as viruses
are constantly under a strong evolutionary pressure as they escape the immune
system. It might be their peculiar evolution to affect much more in this case
rather than in others all the analysis performed assuming sequences to be
"fluctuations around equilibrium" and this might be the reason for which less
good results are usually obtained. A dynamical inference procedure would be
probably more consistent within this context. However, as we discussed, even
such an equilibrium analysis can be anyway instructive to understand further
features characterising methods as SCA and CVS.
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C O N C L U S I O N S

Evolution in its course allows a great variety amongst biological sequences.
Nonetheless, this great variety is still able to afford the expected functionalities
throughout several different organisms. How evolution is then constrained is
still an open question researchers have fully addressed in the last few decades.
It is well known, as discussed in the fourth chapter, how proteins’ structure
and function are tightly connected, but still how wide is the achievable variabil-
ity is not well known. Understanding how then the structure and the function
a protein or protein domain carries out throughout different organisms are
encoded in primary sequences is the current challenge.

In the past few decades, the great advances in genomic sequencing have
allowed the collection of a huge set of data stored in databases. We illustrated
how databases manage this great amount of information and how they are
organised for different purposes. Informations can be easily extracted from
databases and manipulated by softwares aimed at data preprocessing, such as
alignment or sequence visualisation. Such kinds of data can be then used as
input for extracting the co-evolutionary features throughout protein families
we are interested in.

From a statistical physics point of view, the general aim would be to find a
sort of "Hamiltonian" embedding all the information on proteins structure and
function, depending on proteins building blocks and their own interactions.
Such a coarse graining may allow to infer peculiar features on protein by the
use of data and can answer part of the addressed questions. Most of such
methods are based on pairwise correlations among amino acids throughout
a dataset. Different correlations-based models have been developed during
the last years, among which we described Statistical Coupling Analysis and
Direct Coupling Analysis. In the former, the correlation matrix is used to infer
functional sectors in proteins, i.e. groups of mostly correlated sites carrying out
peculiar functions in proteins. The idea is to extract such a piece of information
by comparing the spectral properties of the actual correlation matrix with those
characterising the random one built by data reshuffling. In the latter, instead,
the aim is to extract the couplings between the amino acids from the same
correlation matrix. High couplings will rely with amino acids proximity in
proteins tertiary structures.

However, the intricate network of interactions underlying proteins’ structure
might be much more complicated than a model described by solely pairwise
interactions. Moreover, although the huge amount of data, typically not all the
possible "allowed states" for a protein are sampled and we have to deal with
undersampling issues. We here proposed then a method avoiding the use of
pairwise correlations and aimed at dealing with datasets in the undersampling
regime. The idea is that a complex system’s observations are the outcome of
an unknown optimisation function depending on both observations and un-
observed variables. Under some very general assumptions, one can show that
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there can be defined a precise information amount, Ĥ[K], whose maximisation
leads to the identification of the most relevant observed variables within a system.
Such a function is deeply different than the usual entropy, which quantifies the
diversity associated to a dataset. Indeed, the maximisation of Ĥ[K] relies with
a subset of variables distributed according to a Zipf’s law. Such a law usually
characterises critical phenomena in statistical physics and, analogously here,
it might be thought as characterising critical variables. We thus renamed our
method Critical Variable Selection.

We tested it on different protein families and we compared the results with
those obtained by Statistical Coupling Analysis. Both methods are able to iden-
tify functional sites in proteins compared with the current knowledge stored in
databases: however, although the two results show an overlap, there are some
differences as well. We then used Direct Coupling Analysis as a way to under-
stand these discrepancies and the properties of our method. The idea is that of
comparing the couplings referring to the whole protein to those confined only
on the subsets of relevant variables. By such an analysis, both methods turn
out to be able to perform a noise undressing procedure but Critical Variable Se-
lection appears more stable in identifying a sort of core sites within proteins. By
testing the same algorithm on different protein families, we actually realised
that the main difference between the two methods lies in the fact that, while
Critical Variable Selection is aimed at extracting a core, Statistical Coupling
Analysis is able to infer similarly variable amino acids.

Furthermore, Critical Variable Selection naturally defines an intrinsic hierar-
chy inside the protein, that can be visualised by a network approach and, as
we proposed, could be used as a preprocessing for Direct Coupling Analysis
implementation.

In view of the results obtained so far, we are now performing the analysis
database wide on several different protein families, in order to get a consistent
statistics about Critical Variable Selection potentialities. Along with this, we
are trying to generalise these results to different biological problems, from the
Direct Coupling Analysis preprocessing to questions dealing with antibodies
diversity. We are also developing extensions of Critical Variable Selection as a
clustering tool in biological sequences. It is clear then that this work is opening
new questions to answer and new ideas to develop.
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I N T R O D U C T I O N

Auxin is one of the main drivers of plant morphogenesis, whose main features
at the tissue level have been sketched in the first part of this thesis. Along with
driving morphogenesis, auxin is an important molecule at the cell level, being
involved in signalling processes. Indeed, auxin can be seen as a signal able
to trigger cell responsiveness through the involvement of a variety of other
molecules. Cell responsiveness is here tuned by auxin’s indirect regulation of
gene expression but the detailed mechanisms involved deserve a better un-
derstanding. Once again, mathematical modelling has become a powerful tool
to shed light on some unanswered questions on auxin involvement in cell sig-
nalling networks. In this part of the thesis, consisting of only one chapter, I will
introduce the reader to the biological framework concerning auxin signalling
networks. I will describe the main processes and molecules involved and the
knowledge obtained by experiments and bioinformatics analysis on their inter-
actions. I will then describe two of the main mathematical models formulated
to understand these networks’ behaviour. I will then introduce our work and
explain the analysis we carried out on these models to propose a way to more
specifically quantify responsiveness of the signalling network to auxin input.
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7
M O D E L S O F A U X I N S I G N A L L I N G N E T W O R K S : A
S T R U C T U R E - F U N C T I O N A N A LY S I S

This work has been led in collaboration with B. Bravi and P. Sollich. The related paper
is in preparation [186].

In the first chapter we introduced auxin as a main actor of plant develop-
ment. Indeed its transport and profile throughout the embryo drives early de-
velopment while its distribution in meristems is key to their spatio-temporal
programs in which organ primordia and then full organs emerge. Local accu-
mulation of auxin is induced by several active transporters, a central role being
played by PINs which show a non-trivial polar patterning as analysed in the
first part of this thesis. By active transport, auxin can be transported locally or
throughout the entire plant and thus auxin can be interpreted as a signal. Our
knowledge of how this signal is interpreted and regulated at the intra-cellular
level is still incomplete. It is known though that several molecular species take
part in auxin signalling and subsequent regulatory processes. In the past few
years, different mathematical models have been formulated in this context, typ-
ically aimed at understanding the responses and dynamics of these signalling
networks. An interesting point to address concerns how the structure of these
networks allows for various functions, and specifically how various regulatory
choices affect the system’s response to auxin signalling.

In this chapter we will address these questions by using modifications of
some already existing models, studying how different structural choices in
the network can induce different operating characteristics and thus functions.
To this aim, we will first introduce the molecules involved and their role, fol-
lowed by an overview of the already existing models in this context. Finally
we will present our research, showing how the network structure can affect
the system’s steady states and dynamical responses to auxin.

7.1 introduction

Regulation in plant development is mainly tuned by auxin fluxes and concen-
tration profiles. Indeed, as discussed in the first chapter, auxin seems to be aTwo levels of

regulation key ingredient for the spatio-temporal coordination of organ formation. Fur-
thermore, auxin transport plays a major role, PINs transporters showing non-
trivial polarity patterns throughout tissues. PIN self-organisation allows both
the formation of local maxima of auxin concentration and auxin transport over
long distances. In this sense auxin can be seen as a signal spanning all length
scales throughout the whole plant. Changes in auxin distribution constitute a
mesoscopic level of developmental control and such changes are either part
of the developmental program or can be induced by environmental factors.
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Sensitivity to auxin can be altered by these factors in order to modulate a
given developmental setting and thus affect plant architecture [187]. However,
the control of large-scale spatio-temporal auxin distributions is not the only
way of shaping plant development. Auxin responsiveness can be modulated
within individual cells and classified in genomic and non genomic processes
[187]. While the second one acts in the cytoplasm on the cell’s physiology, the
first (genomic) induces changes via actions in the nucleus. That genomic re- Genomic

programmingprogramming relies on modifying gene expression and can also significantly
change the state of the cell. Signal transduction starts when a signal is per-
ceived. This can be when a membrane receptor recognises a ligand or when a
diffusible molecule such as auxin binds to its intra-cellular targets. Either way,
the signal perception will trigger a cascade of processes aimed at changing the
cell state. For the case of interest here, auxin can be considered as the input in
the system, while the output will be the resulting change in gene expression or
protein abundance. We illustrated the processes involved in gene expression in
Chapter IV: there is a complex pattern of chemical reactions that can be mod-
elled by a minimal network approach, where transcription factors act jointly
on the DNA response elements to drive gene expression. Such networks, even
though architecturally simple, show a surprisingly high complexity in their
behaviour and they are key to understanding auxin responsiveness and sensi-
tivity in plants.

In such an auxin signalling network, three families of proteins play major Auxin signalling
networksroles: the endogenous Aux/IAA proteins, the Auxin Response Factors (ARFs)

and the TIR1 auxin receptor proteins. Production of Aux/IAA proteins – not to
be confused with the IAA (auxin) phytohormone – is induced by the Auxin Re-
sponse Factors; these are transcription factors that bind to regulatory regions
upstream of Aux/IAA genes called Auxin Response Elements or AuxRE. This
process switches on Aux/IAA mRNA production, followed by translation into
the Aux/IAA protein. It has been experimentally found that injecting auxin
into the system decreases the amount of Aux/IAA: indeed, auxin together
with the TIR1 proteins catalyse Aux/IAA degradation using an ubiquitination
module which post-translationally modifies Aux/IAA so that it can be recy-
cled in the proteasome.

The control of Aux/IAA levels is then exerted in two ways: on the one hand
via transcriptional activation associated with ARFs binding to AuxREs and on
the other via the auxin-dependent ubiquitination of Aux/IAA protein.

At the level of transcription, it is believed that ARFs can control gene expres-
sion by binding the AuxRE as monomers, dimers or oligomers. Furthermore, it
has been found that ARFs can bind to Aux/IAA, reducing the amount of free
ARF; this creates a negative feedback loop in the network where Aux/IAA
itself is thus involved in the control of its own transcription.

In the following we will introduce in more details the different components
of the auxin response network and we will describe the intricate set of interac-
tions between ARFs and Aux/IAA. Note that when there is no possible ambi-
guity between auxin, i.e., the phytohormone IAA, and the protein Aux/IAA,
common usage in the field refers to the protein simply as “IAA”. The physics
reader is then warned of that pitfall. We shall introduce now our study, based
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on a previously published model, with the goal of understanding how dif-
ferent choices in the network can affect the characteristics of the response to
auxin.

7.2 aux/iaas

The Arabidopsis genome contains 29 different Aux/IAA genes whose tran-
scripts are not all found to be equivalent. Under exogenous auxin treatment,
Aux/IAA genes show a rapid increase of their transcripts but some of them,
e.g. IAA28, show little or no response at all [188]. Such differences suggest that
different IAAs can perform different functions in auxin signalling and more
generally during plant development. Mutations in their sequences can lead to
abrupt changes in shoots and roots development [188].

Aux/IAAs proteins are mainly localised in the nucleus. They have four con-
served domains [189], each of which carries out a specific function in cells,
schematically represented in Fig.7.1A. The first one is aimed at recruiting the
so-called TOPLESS proteins fulfilling functions of transcriptional repression.
The second one is usually responsible for the interaction with TIR1/AFB pro-
teins promoting Aux/IAA ubiquitination. Nevertheless it has been found that
typical degradation times vary amongst different IAAs sharing a common do-
main II: for example, the half-life of IAA7 in presence of auxin is about 5-10

minutes while that of IAA28 is about 80 minutes [189, 188]. This suggests that
other parts of IAA structure may interact with the TIR1/AFB proteins. Further-
more, four of the 29 IAAs do not show the canonical domain II (IAA20,30,33

and 34): they are consequently long-lived proteins insensitive to auxin.
Domains III and IV are believed to be responsible for IAA interactions

with ARFs and other IAAs, allowing them to form homo and hetero-dimers
[192, 193]. By binding to ARFs, IAA sequesters its own transcriptional activa-
tor. Such a mechanism of negative feedback regulation turns out to be a key
point in auxin signalling networks.

7.2.1 Auxin Response Factors (ARFs)

Auxin Response Factors are transcription factors and as such they regulate
other genes. Interestingly, they also are involved in Aux/IAA transcriptional
regulation. In Arabidopsis, 23 different ARFs have been identified in the past
few decades among which 5 seem to act as activators of IAA transcription
(ARF5-8 and 19) while others are believed to act as repressors [194]. As previ-
ously discussed, ARFs can directly interact with IAA to form a hetero-dimer;
that hetero-dimer probably competes with ARF in binding to AuxRE, and may
act as an inhibitor of transcription. The putative static network underlying
ARF and IAA interactions [195] is represented in Fig.7.2.

In this system, activators normally initiate transcription by binding to the
Auxin Response Elements (AuxRE) upstream of the region coding for IAA.
ARFs generally consist of a DNA Binding Domain (DBD) that recognises the
consensus sequence TGTCTC along the DNA [187]. This binding motif has
been further refined during the past years by both directed mutation exper-
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E

Figure 7.1: A) Aux/IAA schematic domain structure, affecting binding to ARFs and
inhibiting its own transcription. The module involving TIR1, the ubiquiti-
nation module, is represented along with a scheme for the formation of
the TIR1-Aux/IAA complex. B) Comparison between the sequences of dif-
ferent ARFs and Aux/IAAs highlighting the protein binding domains and
their conservation. C) ARF7 protein binding domain 1 crystal structures
highlighting the secondary structure features. D) ARF7 crystal structure
with domains III and IV highlighted. E) Crystal structure of TIR1 together
with Aux/IAA and exogenous auxin together with a schematic picture of
the complex formation. Pictures taken from [190] and [191].
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Figure 7.2: ARFs and Aux/IAAs interaction map as reconstructed in [195]. Different
modules can be identified between ARF activators, ARF inhibitors and
Aux/IAA. Picture taken from [195].

iments [196] and bioinformatic searches [197], leading to the construction of
specific Position Weight Matrices (PWMs, see Box). ARF23 is the only excep-
tion and it is made of a truncated DBD [194]. All the other ARFs show fur-
thermore a domain associated with their function as activators or repressors
of transcription [198]. In ARF 1-12, 14-15 and 18-22, that domain is connected
to two other ones, called III and IV, which allow binding to IAA and some
other ARFs [194]; those two domains are the key domains for ARFs to form
hetero- and homo-dimers. As we previously discussed, IAA binding ARFs pre-
vents transcriptional activation. Activator ARFs can initiate transcription and
are expected to bind DNA as monomers or dimers [196]. Binding by the dimer
should be preferred to binding by the monomer if the AuxRE allows it [196].
However, a scan of the upstream regions of the 21 Arabidopsis IAA genes,
searching for the AuxRE consensus sequences, did not show the existence of
any pairs of positions allowing for binding via ARF homo-dimerisation, i.e.,
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consensus motifs were not found to be separated by about 10 nucleotides (one
helix turn), other than in one case (Tab.7.1). A refinement of such an analysis
by using PWMs instead of the consensus sequence overcomes the constraint
of requiring the presence of the exact consensus sequence. This can be done,
e.g., via available open source programs which, given a PWM, allow one to
score sequences and return a p-value for each position detected as significant
[199]. In our specific case, we wrote a shell script to scan PWMs against the
21 Arabidopsis IAA upstream sequences. For completeness, we compared the
obtained scores with those generated by scanning the same PWMs against
reshuffled sequences: the program selects then as “true AuxRE” all those posi-
tions whose scores were higher than the highest random one. This allows one
to get a set of positions labeled as AuxREs and potentially corresponding to
true binding sites. In order to probe the possibility of binding by homo-dimers,
we determined whether the distance between two subsequent motifs is close to
10 nucleotides (corresponding to a full turn of the DNA). Motivated by what is
seen from the crystal structures [196], one can also expect the homodimers to
have mirror symmetry in which case the paired AuxREs should be oppositely
oriented (Fig.7.3a). In our analysis of the sequences, we used two different
PWMs, respectively from [196] and [197], from which we identified 16 and
38 hits (Fig.7.3b and c). A study of the distances between hits did not show
any signal indicating presence of adjacent binding sites and thus we found no
evidence in favour of homodimerisation. This is quite in agreement with the
results previously found by [200]. Such a divergence between that work and
the indications from crystal structures leads to a puzzle in ARFs homo-dimer
vs monomer DNA binding that might be sorted out with further experiments
in the next few years. For the moment, in our model, we shall take into account
both ways of binding, the effector being either a monomer or a dimer of ARF.

Position Weight Matrices

Position Weight Matrices are a common tool to represent sequence mo-
tifs, and particularly transcription factor binding site (TFBS) motifs. They
were introduced in 1982 by G. Stormo as an alternative to the stricter con-
ditions imposed by consensus sequences and their extensions using “or”
logic. Position Weight Matrices can indeed take into account the positional
variation within a family of binding sites and is intrinsically a probabilistic
approach allowing for better description of statistical variation.

PWMs are made of four rows and as many columns as the length of the
binding site or motif considered. The rows are associated with the bases
A, C, G, and T. Each entry of the matrix gives a measure of the frequency
of occurrence of that base at the position labeled by that column. Let us
suppose then to have a collection of sequences representing binding sites
for a certain transcription factor. The Position Frequency Matrix of that set
can be identified with the frequencies of each base at each position of
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TFBS1 TFBS2

d12
(a)

(b)

(c)

16 hits

38 hits

Figure 7.3: a) Schematic summary of the analysis led on putative ARFs binding sites
(AuxREs) within regulatory regions of Arabidopsis Aux/IAA genes. Given
two binding sites i and j, we defined as dij the distance in nucleotides
between the starting site of i and the starting site of j. b) PWMs extracted
from [197] were scanned against the 21 sequences. This analysis gave 38

positive hits whose (within sequence) distance distribution is represented
in the right panel, showing that putative clusters of subsequent binding
sites are very rare. c) Same analysis as in b) but using the PWMs obtained
by [196]. Fewer positive hits have been obtained and also fewer clusters of
binding sites.
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IAA LOCUS BS ARF1 D(1-2) D(2-3) D(3-4) D(4-5) CLUSTERS

17 AT1G04250 0 0 0 0 0 0

5 AT1G15580 1 0 0 0 0 0

18 AT1G51950 1 0 0 0 0 0

8 AT2G22670 5 127 159 258 453 0

13 AT2G33310 1 0 0 0 0 0

20 AT2G46990 3 566 1324 0 0 0

19 AT3G15540 4 1702 33 11 0 1

2 AT3G23030 1 0 0 0 0 0

1 AT4G14560 2 661 0 0 0 0

28 AT5G25890 2 587 0 0 0 0

14 AT4G14550 1 0 0 0 0 0

9 AT5G65670 1 0 0 0 0 0

12 AT1G04550 0 0 0 0 0 0

31 AT3G17600 3 15 134 0 0 0

16 AT3G04730 0 0 0 0 0 0

30 AT3G62100 2 528 0 0 0 0

11 AT4G28640 1 0 0 0 0 0

29 AT4G32280 5 41 100 1319 268 0

4 AT5G43700 2 2 0 0 0 0

33 AT5G57420 0 0 0 0 0 0

15 AT1G80390 1 0 0 0 0 0

Table 7.1: Results of the consensus sequence scan performed along the 21 IAA-AuxREs
chosen for ARF1 binding. The consensus sequence used is TGTCTC. We
defined as "clusters" the groups of motifs whose distance is compatible with
one turn of the DNA helix.
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the dataset. Then the Position Weight Matrix is obtained by computing its
weights, i.e., the entries wi,j, in the following way:

wi,j = log2
⇣fi,j

Pi

⌘
, (7.1)

where fi,j is the frequency of observing the base i at position j and Pi is
the overall probability of observing the base i in the whole dataset [201].

In order to avoid singularities in the matrix produced by zero frequen-
cies, pseudocounts (see Part II, Chapter V) are added to the frequency
matrix before computing the PWM entries. A graphic representation of
such a motif is given by a so-called sequence logo, a two-dimensional plot
whose x-axis represents the position along the binding site and the y-axis
represents the number of information bits associated with each base, com-
puted by exponentiating each wi,j. At each position, bases are represented
as letters whose size is proportional to their content in bits.

PWM are useful tools when searching for binding sites along sequences.
However, all algorithms scanning PWMs against sequences must be en-
riched by a further refinement distinguishing noise and real signal. This
can be achieved by first scanning a randomised PWM against the sequences
and comparing the obtained random scores with those got by the actual
PWM analysis. It is also possible to randomise instead the sequences.

In the context of this thesis, we dealt with this problem of searching
for binding sites by using already existing PWMs, as proposed by other
groups. This allows us to check whether the hypothesis of dimerisation
of the transcription factors is plausible: indeed, the existence of clusters of
nearby binding sites provides evidence in favour of such a hypothesis.

It remains an open question still which is the way ARFs bind to the AuxREs
of the regulatory regions of IAA genes. In this regard, we shall consider in our
modelling both possibilities, having transcription activation via ARF monomers
or dimers.

Along with homo-dimerisation, it has been recently proposed that ARFs
may be able to form higher order complexes, e.g. in the form of oligomers [202].
In this scenario, both activators and repressors might participate together in
binding the DNA; it would be interesting to study which are the consequences
of oligomerisation on the functioning of the system, either focusing on the
ARF and IAA species or more generally within a full network including auxin
signalling components.

7.3 transport inhibitor resistants (tir1) and the scf-tir1 com-
plex

Auxin signalling begins by the binding of auxin to a target which initiates a
cascade of processes by catalytic action [35]. The study of auxin binding pro-
teins constituted a wide field of intense research during decades. Classifying
a protein as an auxin signalling receptor can follow from showing that there is
specific binding to auxin, e.g., via crystallography experiments revealing a pu-
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tative auxin binding pocket in the protein. Several families have been claimed
to carry out such a role, and in particular the Transport Inhibitor Resistants
(TIR1s) along with its five paralogues 1, the Auxin F-Box proteins (AFBs) [3].
TIR1 can be considered as a receptor, but more appropriately it is a co-receptor
as its binding affinity to auxin on its own is weak [203]. The affinity is far
higher when Aux/IAA, auxin and TIR1 form a trimer complex. This complex
is a substrate of an enzyme called SCF-type ubiquitin protein ligase (E3), con-
ferring to the complex the ability to ubiquitinate Aux/IAA. Nevertheless, the
affinities of TIR1 for IAA are different as well as their structural properties
[204]. Their non-equivalence is also shown by the fact that AFB proteins can-
not compensate lack of TIR1 activity in tir1 mutated plants [3]. Both TIR1s and
AFBs are then essential for plant growth and development [204]. But because of
their overlapping functions in post-transcriptional regulation, they are usually
not distinguished in models of auxin signalling networks; we shall follow this
simplification in our work as well. In the following, we will give an overview
of the structure of TIR1 proteins, briefly describing how they interact.

The TIR1 family was first discovered in the early 2000s [205] and its activity
and structure was determined a few years later [25, 26, 206]. It was clear that
auxin interacted with TIR1 but it took further studies to identify TIR1 as a
mediator for the action of auxin on Aux/IAA proteins. In fact, auxin binding
to TIR1 is a precondition of Aux/IAA binding to TIR1 [3]. In order to obtain a
crystal structure, TIR1 was co-expressed with another protein, ASK1. The TIR1-
ASK complex looks like a mushroom, made of a 18 Leucine-Rich-Repeat (LRR)
domain forming the "cap" and an F-box forming the "stem" [206] (Fig.7.1). The
former folds into a twisted horseshoe-shaped solenoid whose surface interacts
with both auxin and Aux/IAA: in particular auxin binds to the bottom of the
solenoid and Aux/IAA sits on top of auxin, thus covering the pocket [206].
On the other hand, the F-box domain is made of about 40 amino acids and
it interacts with ASK1. It has been shown that the overall orientation of such
a structure is important to fulfill its function. Indeed, the complete model of
SCF-TIR1 complex shows that the LRR domain is placed in such a way as
to recruit the ubiquitin-activating enzyme (E1) and the ubiquitin-conjugating
enzyme (E2). After Aux/IAA binds to the TIR1-auxin complex, the protein
is ubiquitinated via the so-called Ubiquitin Proteasome System (UPS) [189]
(Fig.7.1). In its ubiquitinated state, the post-translationally modified Aux/IAA
is subject to degradation by the proteasome.

The crystallographic evidence suggests that the overall process of auxin
binding is not allosteric, that is auxin does not change the shape of its receptor.
Furthermore, Aux/IAA binds to the TIR1-auxin complex on top of the pocket
containing auxin; as a consequence, auxin remains trapped until Aux/IAA is
released (and presumably generally ubiquitinated). Auxin plays then the role
of a “molecular glue” between Aux/IAA and TIR1; these two proteins can
thus be considered as auxin co-receptors [189].

1 Two genes or gene products are said to be paralogues if they derive from a same ancestral gene
by duplication.
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7.4 modelling auxin signalling networks

The framework described so far focused on the complexity of the interactions
between the key players. It is time now to delve into the dynamics of this sys-
tem as that is a necessary step towards understanding the functions of the
system. One of our aims is to understand how distinct topologies affect differ-
ent functional aspects of the (dynamical) network, thus the title of this chapter.
Note that such an objective is analogous to that motivating investigations of
the functional role of network “motifs”, small connectivity modules found to
be over represented in biological networks and generally justified using design
principles [207, 208].

A dynamical analysis of different network architectures can lead to insights
about the importance of network structures, be-they interactions among molec-
ular species, co-operativity effects, or feedback loops. We are particularly in-
terested in putative functions of the signalling network, the nature of its re-
sponse to external stimuli, and its ability to drive switches between different
states. A fascinating aspect lies in the ability of such networks to have such
complex behaviour in spite of having a rather limited number of components.
For those unfamiliar with network studies, let us stress that the systems con-
sidered here include only a handful of molecular species so our networks are
minuscule compared those produced in genome scale approaches. It is pre-
cisely this small size that allows us to probe subtle questions of dynamics and
thus functions of potential biological interest.

Given a mathematical model of the signalling network, a first task is to anal-
yse the steady states, or at least the stable steady states. It is also of interest to
consider what generic dynamic behaviours arise because one knows that even
simple networks can produce limit cycles or chaotic trajectories. One might
think that chaotic behaviour is only a mathematical possibility and that it is
irrelevant for biological systems because biological function and chaos do not
coexist well. Nevertheless, even if that is the case, such a claim provides a
selection principle allowing one to discard choices of model parameters that
lead to chaotic behaviour. Note that if the degree of chaos is mild, it is not
incompatible with function so chaotic trajectories should be examined on the
same footing as limit cycles. It will turn out that in spite of all such epistemo-
logical considerations, our networks will almost always have the property of
global stability: an arbitrary initial condition will take one to the one and only
stable steady state. But that behaviour assumes that the external conditions
are constant, namely that the incoming flux of auxin is fixed. It is quite possi-
ble that these auxin signalling networks have biologically relevant properties
associated with their responses to changes in auxin influx. Thus it is necessary
to explore both the dynamics of relaxation towards the steady state and the
effects of an external stimulus, for instance in the form of a pulse of auxin or a
rise in the auxin influx. This focus on dynamical properties is particularly easy
to justify in the context of signalling networks where the system’s “purpose”
is to use cues coming from the local environment.

In the context of modelling dynamical networks, two different approaches
are normally used, a first based on Ordinary Differential Equations (ODEs)
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and a second one on Boolean Networks. In the former, ODEs are used to
define mathematically the time variation of the concentrations of the different
molecular species in the network. In the latter, each concentration is replaced
by a Boolean variable, usually interpreted as “high” and “low”. Because these
variables are discrete, any change is necessarily discontinuous. The discrete
dynamics is then typically given by Boolean rules where the updated state
depends on the (Boolean) values of the concentration of input species. When
dealing with many species, the Boolean approach has the virtue of being easy
to simulate and having no continuous parameters to adjust. However the price
paid is the loss of numerous mathematical tools from the field of dynamical
systems. Since one of our objectives in this part of the thesis is to understand
the consequences of a small change in auxin influx in a signalling network,
we restrict our work to the first framework using ODEs. An important bonus
coming from that choice is that part of the complexity of the response to a
signal can be elegantly summarised mathematically via linear response theory.
More generally, one may consider that the influx of exogenous auxin is the
"input" of the network and that the "output" is the state of any of the molecular
species in the system. Of these, ARF probably has the central role because of its
downstream targets, which, though not part of the network we model, justify
the existence of the signalling network. Thinking of the whole network as an
“input to output” dynamical system, we hope to characterise global properties
such as linear and non-linear responses, presence of memory and resilience.

Given current biological knowledge, two modules can be identified in auxin
signalling networks. The first one is made of the effector, ARF, and its control
via Aux/IAA as well as the reciprocal regulation of Aux/IAA via ARF. The
second module is tied to auxin and contains the auxin co-receptor TIR1 along
with the ubiquitination pathway for degrading Aux/IAA. The two modules
are coupled via Aux/IAA: if the concentration of that molecular species is
kept constant, the dynamics of the two modules become independent. The sec-
ond module is well characterised in terms of topology, the only uncertainties
arise at the level of kinetic parameters. In contrast, for the first module, sev-
eral uncertainties remain, leaving open different scenarios for how and why
Aux/IAA is transcriptionally regulated.

In the simplest scenario, only ARF participates in regulating Aux/IAA tran-
scription and it does so positively; it can do this as a monomer or as a homo-
dimer when bound to the AuxRE (Fig.7.4). When Aux/IAA forms a hetero-
dimer with ARF, it prevents ARF from recruiting RNA polymerase; this means
that Aux/IAA acts as a negative regulator of its own transcription, and so the
system has a negative feedback loop. Such a network, made of an ubiquitina-
tion module along with an ARF and Aux/IAA module where only ARF is a
transcriptional activator, has been studied mathematically in [209]. The authors
of that work mainly focused on the steady state properties of the network as
a function of the rate of exogenous auxin pumped into the system. They were
able to adjust their model to reproduce a number of experimental results and
in particular a large enhancement of Aux/IAA transcription following an in-
flux of auxin. They also found that depending on the parameter values, the
system could have steady state behaviour or give rise to a limit cycle.
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Increasing the complexity of the first module of the network, one could
consider a second scenario where one has two types of ARF proteins, one
acting as before as an activator of transcription while the new type would
instead inhibit transcription [195]. This could be done assuming for instance
that each ARF type forms hetero-dimers with Aux/IAA but with different
affinities. One could also imagine allowing the two different types of ARFs to
form hetero-dimers but this goes against the experimental observations that
activator and inhibitor ARFs do not interact: only intra-type interactions are
suggested by yeast two-hybrid experiments [195]. Because of this, these last
authors implemented an associated model where ARF inhibitors only block
ARFs activators from binding to AuxRE. The expression profiles they obtained
turned out to be only partially compatible with experiments [195]. In contrast
to the study in [209], they found no oscillatory behaviour.

In the work of the two afore-mentioned groups, much attention has been
payed to the steady states that arise as a function of model parameters and
associated properties such linear stability. A more thorough analysis of the dy-
namics of such networks and in particular the way they respond to auxin is
still worthwhile. Indeed, it is important to understand how such networks re-
spond dynamically, to what extent there are memory effects, and whether any
operating principles may be extracted. In this spirit, a very recent work [210]
considered a modified version of [209] where all reactions for formation of
complexes were allowed, i.e., ARF-ARF, ARF-IAA, IAA-IAA, where the ARF
can be either an activator or an inhibitor of Aux/IAA transcription. Those
authors define the responsiveness of the system as the variation of the loga-
rithm of the output concentration with respect to variations in the logarithm
of auxin concentration. Such a system contains many parameters whose val-
ues are relatively unknown; in [210], only degradation rates were fixed using
experimental data. As discussed in the first part of this thesis, parametrisation
in such models is a difficult task. Nevertheless, those authors obtained some
qualitative insights that we shall now discuss.

In [210], the authors let all parameters (other than the degradation rates)
vary and studied the consequences on the system’s behaviour. By studying the
different behaviours and in particular the different responses to auxin, the au-
thors assessed the functional properties of each module of the network. Auxin
responsiveness was found to be mainly affected by the homo- and hetero-
dimerization reactions. Specifically, the hetero-dimer ARF-IAA controls the
amplitude of the response, the homo-dimer IAA-IAA controls its speed, and
the homo-dimer ARF-ARF controls the sensitivity of the response. Those au-
thors also considered (i) the synergistic effects arising when including ARF
repressors and (ii) the consequences of ARF oligomerisation, i.e., the forma-
tion of polymers made of more than two ARFs.

Although these different works certainly explored much of the workings
of these auxin signalling networks, some further questions and analyses are
worth pursuing. In the rest of this chapter we present what we have done in
this regard. We thus begin by introducing the different topological ingredients
we allowed for in our modelling. We also explain the choices for the forms of
the ODEs and specify how parameters were set. In contrast to the procedures
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used in works previously mentioned, many of our parameter values were ob-
tained from available information reported in the literature; furthermore, some
new estimates were made possible via theoretical means. Once the models are
defined, we will present our analyses to probe both steady states and the dy-
namical properties of the system. The mathematically minded reader will ap-
preciate our use of the so-called dynamical susceptibility (more generally called
linear response function) which summarises in a compact way the trajectory the
system follows after receiving an auxin signal. Although that theoretical frame-
work is quite standard in physics, its existence and usefulness has not yet
become known to the research community working on signalling networks.

7.5 analysis of a model for auxin signalling networks

We begin with the model proposed by [209], enriched with some new reac-
tions and analyse in more detail its behaviour when responding to exogeneous
auxin. As in [210], we want to know how different network topologies can con-
strain the behaviour of the network. Our model is represented in Fig. 7.4. The
first molecular species involved is a generic type of ARF that can bind to the
Auxin Response Elements (AuxRE) in the regulatory region of Aux/IAA, ei-
ther as a monomer (ARF) or as a dimer (ARF2). We denote by F1 (respectively
F2) the probability that ARF is bound to the AuxRE (respectively F2). F1 and
F2 reflect the thermodynamic equilibrium of the binding and unbinding of
ARF and ARF2 to the AuxRE. When bound, it affects the transcription rate
of Aux/IAA by modulating the production of messenger RNAs (IAAm). The
associated reactions are written as:

; �1F1([ARF],[ARF2],[IAAp])������������������! mRNA

; �2F2([ARF],[ARF2],[IAAp])������������������! mRNA,
(7.2)

where �1F1([ARF], [ARF2], [IAAp]) and �2F2([ARF], [ARF2], [IAAp]) are the
rates of mRNA IAA production in the cases where transcription is modu-
lated by the monomer ARF and dimer ARF respectively. F1 and F2 can be
functions of the concentrations of all quantities that are subject to binding to
the AuxRE, namely ARF monomers, ARF homo-dimers, and ARF-Aux/IAA
hetero-dimers. The explicit form of F1 and F2 sets the type of regulation in
such a model and will be discussed of discussion later.

As illustrated in Chapter IV, the messenger RNA can be translated into an
amino acid chain, the protein primary sequence IAAp, by the recruitment to
ribosomes and the help of loaded transfer RNAs. During or after polymerisa-
tion, the amino acid polymer folds, leading to the functional protein. Hereby,
this set of processes are coarse grained into one reaction assuming mass action
law, i.e.:

IAAm
��! IAAm + IAAp. (7.3)

The action of enzymes degrading messenger RNAs is also taken into account
and reads:

IAAm
µIAAm����! ;. (7.4)
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Protein degradation can arise via two routes: spontaneous, corresponding
to a natural lifetime of the protein, or active because of explicit biochemical
processes. In our case, the active degradation of IAAp occurs at a high rate
through ubiquitination when auxin is present. The spontaneous route is rele-
vant only for very low concentrations of auxin.

As previously discussed, Aux/IAA negatively regulates its own transcrip-
tion, giving rise to a negative feedback loop. It works by having Aux/IAA
sequester ARF, its activator. That sequestration arises via the formation of an
ARF-Aux/IAA hetero-dimer whose reaction of formation is taken to follow
the mass action law:

ARF+ IAAp
pa�*)�
pd

ARF- IAA. (7.5)

Since the activator (ARF) is sequestered by complexing with Aux/IAA, various
authors in the literature have referred to the hetero-dimer ARF-Aux/IAA as an
inhibitor of transcription. That may be so but it is difficult to distinguish exper-
imentally that possibility from the mere sequestering role of the hetero-dimer.
Nonetheless, there is evidence that the hetero-dimer shuts off the transcription
by recruiting TOPLESS and inducing subsequent silencing of the gene. Again
in silico modelling can provide insights into the consequences of having truly
active inhibition by ARF-Aux/IAA compared to effects of either sequestering
or simply competitive inhibition, as ARF-Aux/IAA and ARF can be expected
to compete for the AuxRE binding sites. For our purposes, the role taken on
by ARF-Aux/IAA will be encoded in the functions F1 and F2. ARF of course
can also form homo-dimers. The associated reaction is:

ARF+ARF
qa��*)��
qd

ARF2, (7.6)

where qa and qd are respectively the association and the dissociation rates
of ARFs.

With respect to [209], and motivated by several other works, we added a
new reaction corresponding to IAA dimerisation: such a dimerised form for
IAA would not be affected by ubiquitination and it is interesting to determine
which consequences it induces in the functioning of network. Analogously to
the ARF dimerisation case, we assumed this reaction to follow mass action law,
i.e.:

IAAp + IAAp
ha��*)��
hd

IAA2. (7.7)

For our models, the ubiquitination channel is assumed to be the same as in
[209]. More generally, we keep the auxin signalling module (auxin, TIR1 and
its binding to auxin and IAA) unchanged with respect to that work since cur-
rent knowledge is quite complete for this part and the modelling is in reason-
able agreement with the experimental measurements [211]. Furthermore, we
assume as others that exogenous auxin is pumped into the system with a rate
!:

; !�! auxin. (7.8)
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In our study, we analyzed different values and time-dependent forms for ! to
understand whether and how they affect both the steady-state and dynamical
properties of the system. Since auxin is being pumped in, some mechanism
has to exist to degrade it. There are probably active (enzymatically driven)
processes as otherwise auxin degradation would be too slow. We assume this
process gives rise to an effective lifetime (independent of the cell’s state):

auxin
µauxin����! ;. (7.9)

Once in the cell, exogenous auxin can bind the TIR1 molecules to form an
auxin-TIR1 complex, which in turn may bind IAAp. In this complex, IAA is
then ubiquitinated, that is the protein sees some of its residues become tagged,
changing IAAp into IAA⇤. The set of these reactions reads:

auxin+ TIR1
ka�*)�
kd

auxin- TIR1

auxin- TIR1+ IAAp
la�*)�
ld

auxin- TIR1- IAA

auxin- TIR1- IAA
lm��! IAA⇤ + [auxin- TIR1]

IAA⇤ µIAA⇤����! ;.

(7.10)

In our system of equations describing the signalling network dynamics, both
total concentration of ARFs and of TIR1 molecules is considered to be fixed to
an amount [ARF]T = [ARF] + 2[ARF2] + [ARF - IAA] and [TIR]T = [TIR1] +
[auxin- TIR1] + [auxin- TIR1- IAA]. The justification for this is that there
are no known active processes to degrade those proteins, so their lifetime is
probably long and we can assume they simply stay at a given steady state
concentration independent of what happens in the rest of the network at short
time scales. We shall see in the following that such a condition helps to obtain
a self-consistent equation for IAA concentration as a function of auxin flux.
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The whole set of reactions in our network can be written as a system of eleven
ordinary differential equations as follows:

d[IAAm]

dt
= �1F1 + �2F2 - µIAAm [IAAm]

d[IAAp]

dt
= �[IAAm]- la[IAAp][auxin- TIR1]

+ ld[auxin- TIR1- IAA]- pa[ARF][IAAp]

+ pd[ARF- IAA]- 2ha[IAAp]
2 + 2hd[IAA2]

d[TIR1]

dt
= -ka[auxin][TIR1] + kd[auxin- TIR1]

d[auxin- TIR1]

dt
= ka[auxin][TIR1]- kd[auxin- TIR1]

+ (ld + lm)[auxin- TIR1- IAA]- la[auxin- TIR1][IAAp]

d[auxin- TIR1- IAA]

dt
= la[IAAp][auxin- TIR1]- (ld + lm)[auxin- TIR1- IAA]

d[IAA⇤]

dt
= lm[auxin- TIR1- IAA]- µIAA⇤ [IAA⇤]

d[ARF]

dt
= -2qa[ARF]2 + 2qd[ARF2]- pa[ARF- IAA] + pd[ARF][IAAp]

d[ARF- IAA]

dt
= pa[ARF][IAAp]- pd[ARF- IAA]

d[ARF2]

dt
= qa[ARF]2 - qd[ARF2]

d[IAA2]

dt
= ha[IAAp]

2 - hd[IAA2]

d[auxin]

dt
= !+ kd[auxin- TIR1]- ka[auxin][TIR1]- µauxin[auxin].

(7.11)

Our network is represented in Fig.7.4. Our first goal is to study how the
concentration of Aux/IAA is affected by changes in exogenous auxin. In effect,
one may identify exogenous auxin influx as the input in such a system while
the response of the system is given by Aux/IAA concentration considered
as an output. Given the link between structure and function in networks, the
second goal is to determine how different structural choices in the building of
the module involving ARFs can affect function, and in particular the system’s
time-dependent response to an external signal.

Before moving on to the mathematical analysis, some comments are due.
The system of equations involves 25 parameters. For practical purposes, that
is a large number because such systems can give rise to many different be-
haviours that tend to depend on the detailed values of the parameters. One
strategy is to map out a “phase diagram” whereby parameter values are sam-
pled, but one may then miss certain regions that have atypical behaviour. It is
then appropriate to find ways to set the parameters to lie in narrow ranges im-
posed by either experimental or theoretical arguments, and to be particularly
careful for those key parameters whose variations may highlight interesting
aspects in the system. In the following section, we describe how we tackled
this challenge using procedures quite different from those of previous groups.
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Figure 7.4: Schematic representation of the network model analysed in the text. The
processes of transcription and translation of IAA are included, as well as
its ubiquitination. PDB accession numbers for the represented proteins are
2MUK, 4LDX and 2P1M.
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7.5.1 Parametrisation

Some of the model’s parameters are on and off reaction rates, for instance
for the formation of dimers. Generally, neither of those two parameters are
measured experimentally but it is useful to note that their ratio is given by
the reaction’s equilibrium constant which often is known. Other parameters
such as the transcription rate have simply not been measured yet because of
the difficulty in obtaining such numbers. Indeed, obtaining absolute (rather
than relative) estimates of transcript production rates or even abundances is
very challenging experimentally. And finally some model parameters do not
correspond to anything directly measurable experimentally because the asso-
ciated equation is obtained from a coarse graining procedure. For example,
our model has one reaction for the ubiquitination of IAA. But that reaction
summarises only in a heuristic way a multi-step process whereby IAA can see
several of its residues be ubiquitinated. Presumably, the greater the number
of ubiquitinations, the greater the likelihood that the protein will later be de-
graded. In view of all these points, one should not ask the model to do more
than is reasonable, i.e., provide insights into possible behaviours and mecha-
nisms that need to be checked by wet lab experiments.

Confronted with this difficulty, the theoretical community tends to use mod-
elling frameworks where all quantities are dimensionless. For instance, all time
scales may be measured in units of the lifetime of the mRNAs. As a result,
contact with experimental results is less direct and connections to actual pa-
rameter values are more easily brushed aside. The other route for modellers is
to confront uncertainty by trying to reduce it, for instance by using as much
knowledge as possible to constrain the range of each parameter. We shall rely
on both experimental measurements and theoretical constraints to do precisely
that.

The authors of [211] proposed and implemented a fitting procedure to fix the
parameters of their IAA degradation model (the module dependent on auxin
in our signalling network). In that work, aimed at studying auxin redistribu-
tion in root gravitropism, they analysed a network similar to ours with the
main difference being that the ARF module is not explicitly taken into account.
Specifically, they replaced this module by a constant rate of IAA mRNA pro-
duction. To fix the parameters in their model they used their fluorescence data
on a truncated form of IAA28 along with a fitting algorithm combining local
searches and evolutionary algorithms [211]. These methods allow one to min-
imise any objective function, taken in their case as quantifying the difference
of concentrations between the model and the experimental observations. Such
algorithms are heuristic in the sense that they do not guarantee to find the
optimum, but the authors modified the algorithms to improve the exploration
of the whole parameter space and thus not get stuck in local minima of the
objective function. By running these algorithms, the authors determined inter-
vals where each parameter value should lie [211]. Depending on the parameter,
the interval found can span several orders of magnitude, in which case the pa-
rameter remains extremely uncertain. This is not necessarily a problem: it can
mean that there is a wide range of values where the model’s behaviour is in-
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sensitive to the actual parameter value. However it may also be the reflection
that there are too many parameters in the model, so many that it is always pos-
sible to overfit the experimental data: even by giving one parameter a value
100 times too large, that absurdity can be compensated by adjusting another
parameter, both values being completely different from the real ones. Indeed,
if the number of parameters is much higher than the number of measurements,
one can generally fit the data perfectly, and even in many ways. Having too
many parameters also has the drawback that the objective function can con-
tain many local minima, making it difficult for the search algorithm to find
the global minimum. The only way of tackling this bad behaviour is to reduce
the complexity of the model. In practice, this is done by reducing the num-
ber of parameters, for instance by ignoring some details in the model which,
even though they are known to correspond to biological reality, are probably
unimportant given the limited number of experimental measurements.

The work of [211] is of great use for us since we can take a number of the
parameter values they have identified and re-use them in our model when
they describe the same processes. To be explicit, we set our values based on
the midpoints within their intervals; the results are reported in Tab.7.2. In such
a way we were able to fix 6 parameter values.

Different strategies were used to set the remaining 16 parameters. First, the
degradation rates of the Aux/IAA protein via ubiquitination and of the IAA
mRNA have been measured experimentally and are given in [210, 188]. Then,
knowing that in this kind of systems transcription factors concentrations are
about 1 - 100 nM, we have been able to set other 3 parameters. Other un-
known parameters include the association and dissociation rates for the dif-
ferent homo- and hetero-dimers as previously mentioned. Recently, the disso-
ciation constants, KD, or equivalently the Gibbs’ free energies for homo- and
hetero-dimers formation have been measured for IAA17 and ARF5 [212]. To
relate these quantities to our association and dissociation rates, let us recall the
meaning of KD. Consider a bimolecular reaction like:

[A] + [B]
kon��*)��
koff

[C]. (7.12)

The dissociation constant of such an equation is defined as KD = 1
Keq

= [A][B]
[C] .

In terms of rates, that translates into KD = koff
kon

. The dissociation constant
thus determines the ratio of the rates koff and kon. A first principles way of
computing koff would use the Arrhenius law, which states that rates decrease
exponentially with the free energy barrier that has to be overcome to go from
the initial state to the final state. The case of kon is easier however because
one is dealing with the diffusion of two monomers that need to collide for the
reaction to proceed. Such a situation is usually addressed as diffusion limited
reactions and we are going to illustrate in the following how it puts an upper
bound on such reaction rates.

Suppose A molecules diffuse in the cell volume and may collide with B

molecules. Let us follow what happens for one B molecule, taken to be at rest
for simplicity of the calculation. The number of collision per unit of time felt by
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B, kS, can be computed [213] and it is referred to as the Smoluchowski encounter
rate:

kS = 4⇡DARt⇢A (7.13)

where DA is the diffusion constant of the A molecules, Rt is the radius of the
target zone “offered" by B for the reaction and ⇢A is the density of A molecules
in the cell volume. Note that kS does not have the same dimensions as kon:
indeed kS is a number of collision per unit of time while kon has dimensions
1/(M · s). To relate kS to kon, one must first use the definition of kon

d[C]

dt
= kon[A][B]- koff[C] (7.14)

and then convert from numbers of molecules per unit volume to concentra-
tions in moles per liter, giving [A] = nA

NAVcell
, where nA is the number of

molecules of A in the cell, NA is Avogadro’s number and Vcell is the cell
volume expressed in litres. Hence, [A] is related to ⇢A by:

⇢A = 1000NA[A] (7.15)

where the factor 1000 comes from the conversion between litres and cubic
meters.

Analogously, since we took one molecule of B in the cell, one obtains [B] =
1

NAVcell
. Plugging these expressions into the differential equation for [C] and

identifying kS one finally gets:

kon = 1000NA4⇡DARt. (7.16)

The Einstein-Smoluchowski relation (see Chapter I) and Stokes’ equation
for mobilities of spheres in viscous liquids allow one to give an estimate of
the diffusion constant, DA = kBT

6⇡⌘RA
, where ⌘ is the viscosity of the liquid and

RA is the radius of the molecule. Inserting this relation in the previous one for
kon one gets:

kon = 1000NA
2

3

kBT

⌘

Rt

RA
. (7.17)

Recall that Rt is the radius of the contact region offered by B for the reaction.
It is believed to be typically Rt ' 1- 2 nm. For our derivation, we assumed B

was fixed, a simplification of reality. If instead both A and B molecules diffuse,
the relation is modified by considering as the diffusion constant the sum of
both diffusion constants, DA and DB. This leads to a final expression for kon
given by:

kon = 1000NA
4

3

kBTRt

⌘

h 1

RA
+

1

RB

i
. (7.18)

For our purposes, we considered T = 298.15K (as in [212]), ⌘ = 1.5 · 10-2P

for the viscosity2, the other known constants being given by the literature. To

2 For the sake of simplicity, we here assumed the viscosity ⌘ to be that of the cell cytoplasm
one[94].
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(a)

(b)

69 Å

36 Å

94 Å

68 Å

39 Å

32 Å

⇥2

Figure 7.5: Measurements of radii for the different molecules forming dimers in our
model, i.e. ARFs and Aux/IAA. For ARF (A) the DBD and the III/IV do-
mains are shown (PDB 4LDV and 4CHK) while for Aux/IAA (B) only the
domain III/IV is shown (PDB 2M1M) and the symbol ⇥2 stands for the
two repeated domains.
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µIAAm 0.003 min-1

� 1 min-1

ka 8.2 10

-4 (nM min)-1

kd 0.33 min-1

pa 1 (nM min)-1

pd 0.072 min-1

qa 0.5 (nM min)-1

qd 0.4 min-1

ha 1.51 (nM min)-1

hd 10 min-1

lm 0.18 min-1

µIAA⇤
0.1 min-1

ld 4.49 min-1

la 1.15 (nM min)-1

µaux 0.79 min-1

✓ARF 100 nM
✓ARF2

100 nM
✓ARF-IAA 100 nM
 ARF2

100 nM
 ARF-IAA 100 nM
[ARF]T 10 nM
[TIR1]T 18.51 nM

Table 7.2: Settings of the parameter values in our model. !, �1 and �2 are left free in
order to study model’s properties with respect to their variation.

determine the characteristic sizes RA and RB (A and B being ARF and IAA, we
first studied their domains using published crystal structures, in particular the
DBD and the III/IV domains for ARFs and the III/IV domains for IAA. We
visualised the structures of these domains using UCSF Chimera to obtain the
characteristic size. Since each protein is multi-domain, the estimates of RARF

and RIAA require some care. For ARFs, the crystal structures do not furnish
any information about the junction domain between the DBD and the III/IV.
We thus assumed this domain to have the same dimensions as the smallest one,
i.e. III/IV. Our approach was to consider the multi-domain molecules as rods
formed by aligning the domains, and to use the result for diffusion of rigid
rods obtained computationally [214]. This approach leads to an effective radius
of the protein using Stokes’ law. We obtain RARF = 8.75 nm. In the case of
IAA, we assumed the four domains to be all similar to the III/IV ones. The
reasoning then led to an equivalent radius for IAA equal to RIAA ' 3.2 nm.

Plugging these values and Rt = 2nm in the equation for kon and using
the measurements of the dissociation constants, KD, by [212] allowed us to
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determine koff. The corresponding estimates of qa,qd,pa,pd,ha and hd are
shown in Tab. 7.2.

Having used the literature and theoretical reasonings to set as many of our
22 parameters as possible, we are left with 3 free parameters. Two of them,
�1 and �2 will be set according to the topology used in the ARF module.
The last parameter is !, the exogenous auxin influx. This we think of as the
“input" parameter in our network and we shall use it to test the properties
of the system in response to exogenous auxin variation, as we will see in the
following section. In practice, it can vary over several decades.

7.5.2 Results

7.5.2.1 Steady-state input-output relations

Before analysing the dynamical response of the system, we focus on the steady-
state properties of our model. We showed in the last section how to specify
all the parameters other than three key ones, i.e., one associated with auxin
influx and two with the rate of transcription of IAA. While the first parameter
is considered as the input into the system and thus is varied (over several
orders of magnitude), for regulation of transcription we consider two possible
topologies:

• a negative feedback, where transcription may be activated by ARFs homo-
dimers or monomers but is inhibited by the ARF-IAA complex, either
actively or by competition for binding to the AuxRE;

• absence of feedback, where transcription is set at a fixed (basal) level
regardless of ARF or IAA concentration.

In the first case, regulation modulates the rate of mRNA production. Mid-
dleton et al. [209] assumed that the IAA transcription rate was �1 (respectively
�2) when the AuxRE was occupied by an ARF monomer (respectively ARF
homo-dimer). Recall that F1 and F2 are the probabilities the AuxRE is bound
by an ARF monomer or by an ARF homo-dimer. Middleton et al. used the
following functional forms:

�1F1([ARF], [ARF2], [ARF- IAA]) + �2F2([ARF], [ARF2], [ARF- IAA]) =

= �1

[ARF]
✓ARF

1+ [ARF]
✓ARF

+ [ARF2]
✓ARF2

+ [ARF-IAA]
✓ARF-IAA

+ [ARF]2

 ARF2
+

[ARF][IAAp]
 ARF-IAA

+ �2

[ARF2]
✓ARF2

1+ [ARF]
✓ARF

+ [ARF2]
✓ARF2

+ [ARF-IAA]
✓ARF-IAA

+ [ARF]2

 ARF2
+

[ARF][IAAp]
 ARF-IAA

.

(7.19)

Note that in this framework, transcription is activated by ARF monomers and
by ARF homo-dimers, while the other species that arise in the denominators
act as competitive binders. In statistical physics language, the denominators
are partition functions where the Boltzmann weight for the AuxRE being un-
bound has been set to 1.
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By switching off �1 or �2, one can change topologies and select just one
transcriptional pathway. As we remarked in Sec. 7.2.1, even though recent ex-
periments give evidences of homo-dimer induced transcription, we found no
evidence of such by scanning the genomes upstream of IAA genes in Ara-
bidopsis, searching for AuxRE using published PWMs. For this reason, in the
following we are going to focus mainly on the ARF monomer channel.

The starting point of the analysis is the system of 11 ODEs describing the
concentrations of the 11 molecular species; parameters are set as in Tab. 7.2.
Let us consider as free parameters the exogenous auxin influx ! and �1 (and
�2 if one wants to study the ARF dimer channel). The first point to address
is whether the system has stable steady states with all concentrations being
positive. Setting all quantities to be time independent leads to a system of 11

algebraic equations for 11 unknowns. Although one may attempt to solve these
numerically, it is best to take advantage of the fact that our system consists of
two modules: one with ARF, IAA and transcriptional dynamics, another for
the IAA degradation containing auxin, its receptor TIR1 and the ubiquitina-
tion pathway. These two modules are connected to each other only via IAAp.
Interestingly, at the steady state, if [IAAp] is given, all other concentrations can
be determined straight forwardly. Consider first the module involving ARF.
To compute ARF concentration as a function of IAAp, we use the steady state
condition, i.e., all time-derivatives are equal to zero. Then the concentrations
of ARFs complexes satisfy:

[ARF- IAA] = P[ARF][IAAp]

[ARF2] = Q[ARF]2,
(7.20)

where P = pa
pd

and Q = qa
qd

. By using the conservation in time of total amount
of ARF molecules we get:

[ARF]T = P[ARF][IAAp] + [ARF] + 2Q[ARF]2. (7.21)

Such an equation leads to a unique positive solution for [ARF] given by:

[ARF] =
-(1+ P[IAAp]) +

p
(1+ P[IAAp])2 + 8Q[ARF]T
4Q

⌘ f([IAAp]). (7.22)

IAA dimerisation can be rewritten as well as a function of IAA monomers
(of concentration IAAp):

[IAA2] = H[IAAp]
2, (7.23)

where H = ha
hd

. Thus all concentrations in the ARF module are known in terms
of IAAp.

Let us now focus on the ubiquitination module. At the steady state, it is
straightforward get the following relation for [auxin- TIR1]:

[auxin- TIR1] = K[auxin][TIR1], (7.24)

where K = ka
kd

. Concerning auxin, since there is a single source and a single
sink, at steady state they must compensate one another, leading to:

[auxin] =
!

µaux
. (7.25)
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where [auxin] is the steady state concentration of auxin. Using this, we then
obtain:

[auxin- TIR1] =
K!

µaux
[TIR1]. (7.26)

[auxin- TIR1- IAA] can be straightforwardly computed as well, leading to:

[auxin- TIR1- IAA] = L[IAAp][auxin- TIR1] =
LK!

µaux
[IAAp][TIR1], (7.27)

where L = la
ld+lm

. Just as for ARF, there is no source or sink for TIR1 molecules
so its total concentration [TIR1T ]

[TIR1T ] = [TIR1] +
K!

µaux
[TIR1] +

LK!

µaux
[IAAp][TIR1], (7.28)

is constant in time. That allows us to solve for the free form of TIR1:

[TIR1] =
[TIR1T ]

1+ K!
µaux

+ LK!
µaux

[IAAp]
⌘ g([IAAp]). (7.29)

Thus, at the steady state, all concentrations in the ubiquitination module can
also be expressed in terms of [IAAp].

The only remaining unknown is [IAAp] itself. Its value is obtained by setting
the rate of IAA production equal to the rate of IAA degradation. The rate of
production (translation) depends on the concentration of messenger RNA and
is found to be:

ft([IAAp]) =
�

µIAAm

h
�1F1([IAAp]) + �2F2([IAAp])

i
, (7.30)

while the rate of destruction (transformation into ubiquitinated IAA) is given
in terms of the concentration of the auxin-TIR1-IAA complex and is then:

fu([IAAp]) = lm
K!

µaux
[IAAp]g([IAAp]), (7.31)

In both of these equations, all dependencies have been expressed solely through
[IAAp]. Equating these two rates then gives a self-consistent equation for the
only remaining unknown, [IAAp]:

ft([IAAp]) = fu([IAAp]). (7.32)

A priori, this equation may have 0, 1 or multiple solutions for [IAAp]. A simple
way to understand that there is at most one solution is to graph the two rates as
a function of [IAAp] as shown in Fig.7.6. Qualitatively, the rate of destruction
is always monotonically rising from 0 as a function of [IAAp] since increasing
[IAAp] increases the concentration of auxin-TIR1, of auxin-TIR1-IAA, and of
IAA⇤. If the transcription rate is constant (as in our scenario of no regulation),
the monotonically rising curve fu can intersect the horizontal curve ft at most
at a unique point, so there is at most one steady state in our whole system. The
same conclusion holds in the other scenario where IAA negatively regulates
its own transcription because in fact the ft curve is monotonically decreasing.
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(a)

(b)

(c)

Figure 7.6: Representation of the self-consistent equation for concentration of free IAA
protein. Displayed are the cases where transcription is activated by ARF
monomer (a), ARF homodimer (b) and both monomer and homodimer
(c). The source term (ft, see text) is shown in orange and is independent
of !. The degradation term (fu, see text) is shown via dashed, thick and
dotted lines depending on the value of ! (cf. legend). �1 and �2 are set
respectively as a) �1 = 0.48 min-1 and �2 = 0, b) �1 = 0 and �2 = 0.48
min-1 and c) �1 = �2 = 0.48 min-1. All other parameters are set as in
Tab.7.2.

But since the transcription rate goes to 0 at large [IAAp], there is in fact always
one intersection, so there is one and only one steady-state solution as soon as
negative regulation occurs.

In Fig.7.6, we show the ft and fu curves in three different situations: when
transcription is activated by ARF monomers, by ARF homo-dimers and by
both monomers and homo-dimers. These three cases differ only by their ft
curves. Note that these types of figures allow one to also understand how the
unique steady state depends on exogenous auxin flux: the ft curves are un-
affected by auxin while the fu curves are monotonically increasing not only
with [IAAp] but also with !. As a result, when increasing !, the intersection
of the ft and fu curves will move to the left. This should be intuitively clear:
by increasing the auxin signal (its incoming flux), IAA is decreased. As a re-
sult, the effect of the signal is to increase the concentration of free ARF by
desequestration.
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Based on these monotonicity properties, a simple numerical algorithm is
able to easily find the (unique) intersection point. Once that value is deter-
mined, so are all other concentrations, giving then the unique steady state so-
lution of our 11 ODEs. All steady-state quantities can be studied, for instance
as a function ! which we consider as the input into the signalling system.
One may also study how the associated behaviour depends on the choice of
transcriptional regulation. For that, we considered two main cases: (i) negative
feedback, where �2 = 0 and �1 = 0.48 min-1, i.e., transcription is activated
only by ARF monomers binding to the AuxRE, and (ii) no feedback, where
there is no regulation, the transcription rate of Aux/IAA being fixed at a con-
stant level, i.e., the function �1F1 + �2F2 is replaced by a constant term. In the
work presented here, we set this constant value to 0.2 times the transcription
rate in the regulated model when ! ! 1. A constant transcription rate can
occur in several ways: either no transcription factors at all are involved and the
RNA polymerase has a non-zero probability of binding to the gene’s promoter,
or some non-specific transcription factors (as happens often in prokaryotes)
induce transcription but since those transcription factors stay at fixed concen-
trations, so does the transcription rate. The differences between presence and
absence of negative feedback provide clues into the function of that feedback.

What insight emerges then when thinking of auxin influx as the input into
the signalling system? Fig.7.7 and Fig.7.8 show the steady-state concentrations
of the different molecular species as a function of ! respectively for the con-
stant transcription rate and for the negative feedback loop. A lower level for
[IAAp] at the steady state as a function of ! is obtained for the negative feed-
back loop, and this is true for ARF and ARF2 concentrations also. However,
other than differences in numerical values, the qualitative behaviours appear
to be similar in the two cases, i.e., concentrations monotonically increasing or
decreasing as a function of !.

One might then ask where lie any significant differences between the pres-
ence and absence of regulation. If there were none, it would be difficult to
understand why feedback is in fact present biologically in many species. So,
to tackle the question of putative roles of feedback, we define a function that
measures to what degree the steady state changes with !, thereby measuring
the system’s sensitivity to its input signal. Indeed all concentrations vary with
! and the role of the network is to act as an auxin sensor, the sensor then
producing downstream effects. Those downstream targets are reached by ARF,
not by IAA, so we shall consider [ARF] or [ARF2] as the output of the network.
Following [210], we thus consider the (logarithmic) gain function G(!) of the
network as:

G(!) ⌘ dln[ARF]

dln!
. (7.33)

This logarithmic derivative can be obtained numerically, based on the values of
the steady-state values of [ARF] for different values of !. This quantity is dis-
played in Fig.7.9 as well as the analogous quantity when the output is [ARF2]
rather than [ARF]. We see that G(!) is smaller with regulation than without
regulation. To drive this point home, we also show the concentrations ln[ARF]
and ln[ARF2] as a function of !. Clearly the curves are steeper without reg-
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ulation than with regulation. A posteriori, this is easy to justify: the negative
self-regulation of IAA means that as ! increases, the system resists change
by compensating for the degradation of IAA. As a result, the system with
regulation at the steady state changes less with ! than the system without reg-
ulation. An equivalent statement is that the system with the negative feedback
responds to change over a wider range of ! because it saturates less quickly.
Living systems often make use of such a mechanism to be able to respond to
many fold changes in their input. For instance the eye or ear can operate (i.e.,
maintain a response) over a range where its inputs is increased a million fold,
thanks to negative feedbacks amongst others.

7.5.3 Analysis of the dynamical response

So far, we investigated how the steady states behaved as a function of! for dif-
ferent choices of the transcriptional module in the network. We now complete
that analysis by considering dynamical aspects. Specifically, we ask how the
system responds to an auxin signal, i.e., a perturbation in the influx of auxin.
That perturbation can be short lived, or it can be permanent. In all cases, we
want to know how the output ([ARF] or [ARF2]) responds to this change in
input.

In dynamical systems theory, it is common to study relaxation towards the
steady state by the use of the linearised dynamics. Asymptotically, that relax-
ation is typically exponential in time, distances to the steady state decaying
as exp(-t/⌧); ⌧ is called the relaxation time and provides a characteristic time
scale associated with the return of the system to its steady state. However ⌧
provides information only on the asymptotic behaviour, while it is of interest
to look at the behaviour at short times too. The mathematics required is sim-
ple only in the case where the distance to the steady state is small as then one
may linearise the equations Eq.7.11 of motion around the steady state. That
linearisation describes the full time dependence of any small (infinitesimal)
perturbation about the steady state and is formulated in terms of the so-called
Jacobian matrix, whose entries are given by:

Jij =
⇣@fi(~y)
@yj

⌘

~y=~y0

, (7.34)

where ~y is the vector of concentrations, fi(~y) is the dynamical law for the i- th

component of the concentration vector and ~y0 is the steady-state concentrations
vector. The eigenvectors of J correspond to the relaxation modes in the system
[98]. If eigenvector i has eigenvalue �i, the associated mode decays with time
as exp(�it), so the corresponding relaxation time ⌧i is given by 1/⌧i = -Re(�i).
Within our set of parameters as given in Tab. 7.2, the slowest decaying mode
leads to a relaxation time ⌧max ' 143min ' 2 hours and a half. Note that the
steady state is (linearly) stable if and only if all eigenvalues have negative real
parts.

Given the Jacobian, the explicit expression for the time evolution of an arbi-
trary (but infinitesimal) initial perturbation ~y(0) is

~y(t) = eJt~y(0) (7.35)
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Figure 7.7: Plots of steady state concentrations as a function of! for several molecular
species in the absence of transcriptional regulation (F1 is set to 0.2 times
the transcription rate in the regulated model when ! ! 1). �1 = 0.48
min-1, �2 = 0 and all other parameters are set as in Tab.7.2.
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Figure 7.8: Plots of steady state concentrations as a function of! for several molecular
species in the presence of transcriptional regulation. �1 = 0.48 min-1, �2 =
0 and all other parameters are set as in Tab.7.2.
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(a)

(b)

Figure 7.9: Logarithmic gain function, G(!), for ARF monomer (upper panel) and
ARF homo-dimer (lower panel) for both the No-Regulation case (NR) and
the Negative Feedback loop (NF). �1 = 0.48 min-1, �2 = 0, F1 is set in the
NR case as in Fig.7.7 and all other parameters are set as in Tab.7.2.

Figure 7.10: Dynamical behaviour of auxin, ARF, ARF2 and IAA messenger RNA
when the perturbing auxin influx rate has a rectangular shape covering
the time window 0 to 50 seconds. �1 = 0.48 min-1, �2 = 0, F1 is set in the
NR case as in Fig.7.7 and all other parameters are set as in Tab.7.2. Both
results for the No Regulation case (NR) and the Negative Feedback Loop
(NF) are shown respectively in orange and blue.
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Figure 7.11: Dynamical behaviour of auxin, ARF, ARF2 and the messenger RNA for
the perturbing auxin influx rate having a ramp shape. �1 = 0.48 min-1,
�2 = 0 and all other parameters are set as in Tab.7.2. Both results for
the No Regulation case (NR) and the Negative Feedback Loop (NF) are
shown respectively in orange and blue.

The matrix exp(Jt) is the evolution operator and is called the dynamical sus-
ceptibility matrix in statistical physics. It contains all the information on how
an infinitesimal perturbation evolves in time. In our case it also provides the re-
sponse of the system under an infinitesimal time dependent change in the flux
�!(t). Specifically, suppose we label the 11 molecular species from 1 to 11 and
that auxin has label iauxin. Then if the system is subject to a time dependent
change in auxin influx rate, �!(t), as long as this change is infinitesimal, the
time-dependent change of the concentration, �Cj(t) of molecular species j is
given by:

�Cj(t) =

Zt

-1
[eJ(t-u)]j,iauxin

�!(u)du (7.36)

where the indices j, iauxin indicate which row and column of the susceptibil-
ity matrix is to be taken. This formula allows us to easily obtain the (linear)
response of the system for any (infinitesimal) change in incoming auxin flux
rate. Note that in view of this formula, the susceptibility matrix is in fact the
(linear) response of the system when a unit of auxin is introduced at time
t = 0. This time dependent function, vanishing for t < 0, is simply called the
dynamic response function or the linear response function (LRF) depending
on the disciplines.

In Fig.7.12 and Fig.7.13 we display the dynamic response function for auxin
itself and for outputs of the system, i.e., [ARF], [ARF2] and [IAAm]. The first
figure is for a reference steady state with low influx of auxin (! small so most
of ARF is sequestered). The second figure is analogous but corresponds to
high ! so that a substantial amount of ARF is free in the reference steady
state. As expected, in both cases the excess amount of auxin at t = 0 simply
monotonically decays with time. The behaviour of the perturbations in ARF

and ARF2 are also qualitatively easy to understand: the excess auxin drives
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degradation of IAA which then unsequesters the ARF proteins, giving rise
to a delayed but clear rise in free ARF. A follow-up consequence of this is a
higher transcription rate of IAA, and so after some delay, the concentration
of IAA goes back up. A priori the damping of the perturbation could occur
with or without oscillations; we see here that for the parameters as set in our
model, there are no oscillations but by varying parameters we have found
cases with oscillations. Note that the presence or not of oscillations follows
from the eigenvalues of the Jacobian: if one has a complex conjugate pair of
eigenvalues for the longest relaxation time, the behaviour will exhibit damped
oscillations. Indeed, we found a very small range of values of ! for which one
may get oscillations, i.e. conjugate pairs of complex eigenvalues in the Jacobian
matrix (results not shown). This range corresponds to values of ! ' 1- 5 nM
min-1, all the other parameters being fixed as in Tab. 7.2. The narrow range
for oscillation can be enlarged by enhancing the negative feedback of IAA
transcription.
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Figure 7.12: Linear response functions (LRF) for auxin, ARF, ARF2 and IAAm show-
ing the relaxation of these concentrations towards the steady-state values
for small ! (! = 0.8 nM/min). �1 = 0.48 min-1, �2 = 0 and all other
parameters are set as in Tab.7.2.

[ October 26, 2015 at 10:51 – classicthesis version 4.1 ]



7.5 analysis of a model for auxin signalling networks 187

LR
F

LR
F

LR
F

LR
F

Figure 7.13: Linear response functions (LRF) for auxin, ARF, ARF2 and IAAm show-
ing the relaxation of these concentrations towards a steady state for high
values of ! (! = 100 nM/min). �1 = 0.48 min-1, �2 = 0 and all other
parameters are set as in Tab.7.2.
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At the cell level, an organism’s synthesis of different proteins is regulated by
an intricate set of interactions among numerous molecular species that act in
concert to tune gene expression. Such interactions can usually be modelled
via molecular networks. Over the past decade, network motifs, i.e., particular
graph topologies, have been found to be over represented, suggesting they
may be associated with elementary functions. If so, one indeed might expect
them to have been selected by evolution.

In A. thaliana as in most plants, auxin serves as a messenger, though what
it signals is unclear because it drives so many different responses. Neverthe-
less, the first step of any of these signalling pathways is the detection of auxin.
This detection allows a family of transcription factors called ARFs for “Auxin
Response Factors” to act on downstream targets. The molecular network as-
sociated with this signalling consists in two modules: one for auxin-driven
ubiquitination of Aux/IAA proteins, and one coupling ARFs and Aux/IAA
and involving transcriptional regulation of Aux/IAA. In the latter module,
ARF is sequestered by Aux/IAA which in effect then negatively feeds back
on its own expression. For the former module, auxin forms a complex with
the protein TIR1 which then drives degradation of Aux/IAA. Since not all the
details of this transcriptional regulation are known, it is interesting to study in
silico how different choices may affect the response of the system with respect
to external perturbations.

The ARF transcription factors form a family of proteins that bind to DNA
regulatory elements called AuxREs for Auxin Response Elements. Some ARF
members act as activators and others act as inhibitors. An intricate network of
protein interactions has been found among ARFs and IAAs (which also form
a family). It has been shown that ARFs interact by forming homo-dimers or by
forming hetero-dimers with IAAs. These hetero-dimers may bind to AuxRE
and if they do, they either do not induce transcription or in fact they inhibit it.
In the past few years, much attention has been payed to these interaction net-
works and the possible molecular species affecting rates of IAA transcription.
These studies have been performed often using crystal structures of domains
of ARFs and IAAs, not on the whole proteins. The evidence suggests that
binding of ARF homo-dimer to AuxREs would lead to interesting biological
functions, but our analysis based on a bioinformatic scan of AuxREs found no
evidence that AuxREs come in pairs.

For this kind of detailed dynamic network model, fixing the values of the
parameters is a difficult task. The usual way of tackling the problem is to
set those few parameters that have been measured experimentally and to let
the others vary in a wide range to sample the system’s qualitative properties.
Here, by using a combination of approaches to exploit experimental data and
theoretical considerations, we have been able to set all but three of the model’s
parameters: the influx of exogenous auxin (which is highly variable across
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tissues and developmental stages) and the rates of IAA transcription induced
by ARF monomers and ARF dimers.

In our modelling of the signalling network, we built on previously published
models. Based on the lack of AuxRE pairs, we mainly considered that it was
the monomeric ARF that induced transcriptional activation of IAA. We limited
ourselves to activating ARFs and added a reaction of dimerisation of Aux/IAA.
This additional reaction reduces the concentration of IAA seen by auxin and
thus tends to protect it from ubiquitination; it also makes the network less
responsive to an auxin signal.

Our study has focused on two main aspects in these models: the steady
state properties and the dynamical properties of the signalling with respect
to variations of auxin influx. We did so both allowing and not allowing for
transcriptional regulation to bring out the possible advantages of the negative
feedback in this system. With regard to the steady states, we have shown that
it is possible to obtain one self-consistent equation for Aux/IAA from which it
is possible to extract immediately the concentrations of all 10 other molecular
species in the model. The detailed form of this self-consistent equation shows
that in the presence of negative feedback there is a unique steady state, the
system never exhibits bistability.

We proceeded by studying the properties of the steady states for the two dif-
ferent choices of the transcriptional regulation. In this context, to understand
the consequences of the different network structures, we introduced a gain
function that quantifies the dependence of steady-state ARF concentration to
the auxin influx rate. Such a function allowed us to clearly see that only for
high auxin fluxes do the two choices behave in the same way; for low auxin in-
flux, the negative feedback loop is more robust and depends on the influx over
a broader range. Such robustness allows us to assess the possible evolutionary
importance of this kind of topology.

We then performed an analysis of the system’s dynamical properties in the
linear regime. We computed relaxation times as well as the dynamical response
function. Relaxation times in such a circuit crucially depend on exogenous
auxin influx. The larger the auxin influx, the shorter the relaxation time is, the
typical scale turns out to be about 3 hours. Furthermore, implementing a con-
sistent dynamical susceptibility analysis may allow us to shed more light on
the time-dependent response of the system to perturbations, in particular to a
time-dependent variation in the auxin influx. Such a study can lead to quantify
the sharpness in the responsiveness for different networks. These results may
be used to experimentally preprocess a system and understand which is the
most suitable range of values to use for exogenous auxin influx.
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Thoughts without content are empty,
intuitions without concepts are blind.

The understanding can intuit nothing,
the senses can think nothing.

Only through their unison can knowledge arise.

Critique of pure reason, I. Kant

It is now time to take a general view of the path I have taken during the
past 3 years and of the results achieved as exposed in the previous chapters. I
will also comment on the perspectives my thesis results may bring, both at the
level of my planned work in continuation of these studies and more generally
within the research communities working in these topics.

The common thread at the heart of my doctoral work is the investigation
of biological systems at different scales by the use of mathematical and theo-
retical physics tools. My research considers biological systems as collections
of molecular species or supra-molecular elements whose interactions give rise
to systemic properties. Much work in the past 2 decades has seen physicists
tackling problems in biology, bringing with then a clear taste for quantitative
analysis. For such a transdisciplinary leap to be productive it is necessary for
the open minded physicist to acquire a fair amount of biological knowledge
and culture. Furthermore, the relative lack of quantitative measurements in
biological experiments must be overcome via exploratory approaches that can
provide insights in spite of the underlying uncertainties. Nevertheless, the in-
terdisciplinary experience is a great eye opener, and hopefully already allows
for a transfer of information and way of thinking from physicists to biologists.
It is clear that with the advent of systems biology, life scientists realise that
the trend towards quantitative modelling and “theory” is both inevitable and
necessary, but perhaps they still underestimate how quickly that trend will
grow. From our point of view, the formal tools coming from different fields
(mathematics, theoretical physics, computer science) have no substitute when
one wants to understand phenomena dependent on many factors or processes.
In physics language, this simply corresponds to the impossibility of really un-
derstanding a complex system without resorting to formal and quantitative
frameworks. Of course, because living systems are so complex, theory has
rarely any predictive power and physicists should always keep in mind the as-
sociated limits of their claims. But it is also in their role to suggest new ways to
understand complex phenomena and propose scenarios which biologists may
then explore with their highly sophisticated experimental approaches. Every-
one stands to gain from such interdisciplinary work, especially in view of
Kant’s saying given at the top of this page.

When dealing with biological systems, I stressed multiple times the impor-
tance of identifying which components are relevant for the questions consid-
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ered as well as the need to grasp what is the most appropriate level of com-
plexity of the framework to be used for quantitative analysis. Acting on this
last issue is perhaps more of an art than a science. The point is that the com-
ponents and level of analysis are likely to be completely different when going
from genes/molecules to cells/tissues and depend on the kind of data at hand.
It would be vain and certainly inefficient for physicists to decide on their own
without involving biologists who have a great deal of intuition about the work-
ings of their systems. Once that hurdle is overcome or at least decided upon,
the “quantitative scientist” can tackle quantitative questions. Two correspond-
ing approaches fit well with the know-how of theoretical physicists: (i) direct
modelling of the system taking into account the components and their interac-
tions in a dynamical framework, and (ii) data analysis with the help of inverse
methods from which it is possible to infer plausible hypotheses of interest to
the biologists.

In this thesis, I have dealt mainly with three levels of biological systems: cells
and tissues in part 1, genes and proteins in part 2, and intra-cellular networks
in part 3. At each level, I followed one of the two aforementioned strategies, i.e.,
modelling or inference. In each part I proposed a novel quantitative approach
to tackle some of the most interesting current questions.

In the first part, I proposed a new model aimed at shedding light on the mi-
croscopic mechanisms driving the spontaneous formation of polarity patterns
throughout tissues in plants. Such patterns have been discovered relatively
recently, but addressing experimentally the causes of that self-organisation re-
mains difficult. Because of that, theoretical physics can play a real role here
since a quantitative model has the potential of helping us to understand when,
where and how such patterns may or may not arise. I thus focused on stages of
plant development where the hormone auxin strongly influences tissue shape
and growth. I studied the physics, biology and chemistry of its transport and
included its main carriers into my quantitative framework. In my novel model,
not only is auxin subject to diffusion and transport, but the auxin transporter
PIN itself obeys a dynamical law allowing cells to become polarised for their
PIN content. The mathematical form of such dynamics embodies in a coarse-
grained manner the dependence of changes in PIN on the auxin flux carried
by those same transporters: indeed our model’s fundamental assumption is
that there is an auxin flux sensor driving PIN dynamics. Although these dy-
namics arise at the microscopic level of transporters inside a cell, they can lead
to macroscopic effects at the tissue level. As sketched in the first two chap-
ters, auxin may show different profiles, homogenous or not, in different parts
of plants. One might wonder whether non-homogeneous auxin profiles are a
consequence of PIN polarisation or vice versa. In our model, I pointed out that
auxin non-homogeneity is not a necessary condition for the establishment of
polarised PINs. What is crucial for the formation of intra-cellular PIN polari-
sation is the non-linearity in the carriers’ dynamics. Such non-linearities have
been studied in biophysics during the past decades and are usually linked to
cooperative effects, be they for binding as arises in allosteric interactions of for
multi-molecular processes. However, stating here that non-linearities are due
to cooperative behaviours between carriers is speculative, though such a claim
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may open new path for future experimental work. Along with this question, ex-
tensions of the model in space, e.g., to multiple tissues or whole plants, as well
as in “time”, e.g., from embryo to later stages of a plant’s development, might
lead to new interesting questions if not to stimulating hypotheses. Along with
such theoretical extensions, it would be fascinating to try to experimentally
test our hypothesis that PIN self-organisation is based on sensing auxin flux
rather than detection of auxin concentrations, as sketched in the conclusions
to the first part.

In the second part of the thesis, I have followed the inverse method approach
which uses the biological data to propose scenarios and test hypotheses. The
subject of my study is how protein structure and function are encoded within
primary sequences. In the past few years, high-throughput experiments have
produced a huge amount of sequence data, opening up the field to statistical
physicists via their well-developed formal tools for inference. Many methods
have been developed to exploit such data, demonstrating in particular inter-
esting structural and functional features conserved during protein evolution.
To date, work has focused on single-site entropy and two-points correlations.
In my work, I wanted to test a novel way of looking at data and extracting
relevant information by using the optimisation of an objective function of the
variables to include in the analysis. Such an optimisation allows one to go
beyond pairwise correlations and to capture additional relevant biological sig-
nals. Beyond obtaining predictions that compare well with experimental facts,
I found that my method preserved some of the properties such as noise un-
dressing and this motivated us to go ahead with a database wide analysis. So
far, I tested my optimisation strategy on several protein families but a wider
data set is required to reliably assess the statistical significance of my method.
Looking ahead, some technical aspects could be refined in order to optimise
the algorithm and make it easily accessible. In any case, this work might have a
strong impact in studies of protein structure and beyond. Understanding how
function and structure are enclosed in proteins sequences and how evolution
constrains them may help in clinical and pathological research. As an example,
preparation of vaccines against influenza requires the prediction of the most
infectious strain in the following season. “Infectivity” depends on the struc-
ture of some proteins used by the virus to bind to target cells. Neutralising
such proteins should neutralise viruses themselves but this might be achieved
only by knowing which are the sites to attack. On the other hand, since struc-
ture and function are deeply related, understanding the key recognition sites
in a protein might help to prevent or fix dangerous mutations that may cause
serious diseases or even death. Research in the fields of proteins structure and
protein design may advance thanks in part to such work, opening new hori-
zons in this very important but challenging field.

In the last part of the thesis, I turned to intra-cellular molecular networks,
tackling the problem of understanding the systemic function of the different
processes and components arising in auxin signalling networks. Here I built on
previously proposed dynamical network models to develop ways to quantify
the responsiveness of such networks with respect to external stimuli. These
models follow the cascade of molecular and regulatory events induced by
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auxin influx into the cell. Plants use auxin signalling in a great variety of
situations leading to very different responses, and the first phases of recogni-
tion of the auxin signal involves two families of proteins, Aux/IAA proteins
and ARFs which are transcription factors. I started with the most current mod-
els which simplify the framework by assuming a single representation from
each family of Aux/IAA and ARF. Then I improved the whole parametrisa-
tion of these models to get closer to the actual biological conditions. That task
used experimentally derived values but also theoretical input, and allowed me
to set nearly all parameters to realistic values. For those parameters where
neither experimental nor theoretical approaches could constrain their values,
I explored the behaviours arising when those variables were varied across a
large range. Borrowing methods from dynamical systems theory and statisti-
cal physics, I then developed a mathematical framework to quantify the range
of the input signal for which the network most strongly responded and how
this property depends on the network’s components. My quantitative frame-
work can provide insights into function and putative operating principles of
these networks. Such insights should be useful for future models tackling for
instance the complexity of the specific roles of the different Aux/IAA and ARF
members of their respective families.

Above I drew perspectives of my research during the past 3 years and pro-
vided some possible impacts it could have in the community. To finish this
writing, I would like to give some general thoughts about the whole thesis. I
hope indeed to have been able to show, along with the detailed results I got
during these years, how important interdisciplinary approaches are and how
physics may enrich knowledge in biology. A continuous exchange with biol-
ogists and experimentalists in general is highly useful if not necessary while
studying such problems. It is the key to advance our understanding while at
the same time it is a great challenge because of the cultural barriers we face
across communities in the practice and skills used in science. In each field
one uses different mental schemes, representations and tools. It is important
to learn how to benefit from different ways of reasoning as this can be of
enormous advantage. This said, I would think that probably one of the great-
est achievements this field may offer is the development of a wide variety of
skills, allowing one to aim for a well rounded if not universal scientific mind.
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organised by R. Mulet, A. Lage Castellanos (Universidad de La Habana), K.
GarcŞa (CIM, La Havana) et al.
La Havana, Cuba

March 18th Short Talk and Poster on my Ph. D. work at
2015 Rencontre du Non-linéaire,
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Université Paris Diderot - Paris 7
organised by A. Boudaoud (ENS Lyon, France) and M. Adda-Bedia (LPS, ENS
Paris)

April 25th Talk on my Ph.D. work at
2015 Bennett’s Lab

The University of Nottingham, UK

June 16th Talk at the Spring College on Complex Systems
2015 at ICTP, Trieste, Italy

June 24th Talk at the Workshop on inference
2015 organised by M. Marsili (ICTP) and Y. Roudi (NTNU)

at Runde, Norway

July 10th Talk at the NETADIS Workshop
2015 at Bovec, Slovenia

Attended Schools and Workshops

May 20th · June 14th Spring School on
2013 Physics of Complex Systems,

organised by S. Franz (LPTMS, Orsay, France), J.-B. Fournier, E. Trizac
(LPTMS, Orsay, France), R. Zecchina (Politecnico di Torino, Italy), M. Marsili
(ICTP, Trieste, Italy)

ICTP, Trieste, Italy

July 8th · 20th Summer School on
2013 Quantitative Population Genetics,

organised by M. Desai (Harvard, Boston), A. Walczak (ENS, Paris), M. Ver-
gassola (Institut Pasteur, Paris)

IES, Cargése, France

September 8th · 22nd Summer School on
2013 Physics of Complex Systems,

organised in the context of the NETADIS Project

Hillerod, Denmark

July 6th · 20th NETADIS Summer Workshop,
2014

organised in the context of the NETADIS Project

Palazzone, Cortona, Italy

September 7th · 20th Beg Rohu Summer School,
2014
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organised by G. Biroli (CEA, Saclay, France), C. Cammarota (Sapienza, Rome,
Italy), M. Tarzia (Université Pierre et Marie Curie, Paris, France)

Beg Rohu, Bretagne, France

February 23rd · March 6th Statistical Physics Approaches to Systems Biology,
2015

organised by R. Mulet (Universidad de la Habana) et al.

La Havana, Cuba

June 22nd · 30th 2015 Workshop on inference organised by M. Marsili (ICTP) and Y. Roudi (NTNU)
at Runde, Norway

July 8th · 20th 2015 NETADIS Workshop
at Bovec, Slovenia

Further attended classes
• October · January, 2010: Biochemistry by Prof. Anna Tramontano within the Master’s

Degree in Biophysics at Sapienza Università di Roma;

• March · June, 2011: Molecular Biology by Prof. Irene Bozzoni within the Master’s Degree
in Biophysics at Sapienza Università of Roma;

• September, 2012: Concepts fondamentaux de la biologie et de l’écologie by M. El Karoui, C.
Dillmann and T. Giraud within the course of Master2 in Mathématique pour les Sciences du
Vivant at Université Paris - Sud XI, Orsay;

• May, 2014: Divulgation et vulgarisation des connaissances, at Université Paris - Sud XI.

• January, 2015: Journée Georges Bram, at École Normale Superieure de Paris.

• May, 2015: Classes on Science Education at Université Paris-Sud XI.

• May, 2015: 7.5 h of lectures about the analysis of biological sequences given for the course
of Inférence apprentissage et "Big data" held by Prof. Silvio Franz.

Collaborations & Visiting
• February 15th 2013 · March 15th 2013 at Sapienza Università di Roma with Prof. Enzo

Marinari, Andrea De Martino, Ph.D. (both from Sapienza Università di Roma) and Francesca
Di Patti, Ph. D. (University of Florence).

• October 28th 2013 · December 14th 2013 at King’s College of London with Prof. Peter
Sollich, King’s College of London, UK;

• February 2013 · April 2014: inference through Potts’ Models on phylogenetic trees of Influenza
A virus with Prof. Silvio Franz within the Master’s Thesis’ project of Nicola Quadri, student
of Physics at Univerisity of Padoue;

• June 15th 2014 · June 21st 2014, September 30th 2014 · October 25th 2014, November 8th
2014 · November 30th 2014 at ICTP, Trieste, Italy, with Matteo Marsili (ICTP, Trieste);

• April 27th · May 1st 2015, Prof. M. Bennett’s Lab at The University of Nottingham, UK;

• June 16th · 21st, ICTP, Trieste, Italy, with Matteo Marsili;
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• genomic analysis on genetic networks in A. Thaliana with Prof. Olivier Martin, Prof. Peter
Sollich and Barbara Bravi;

• extension of Critical Variable Selection to model selection with Prof. Matteo Marsili (ICTP,
Trieste) and Ariel Haimovici (Ph.D. student at Universidad de Buenos Aires, Argentina);

• July 21st · 29th, Guillaume Salbreux’s group at the Francis Crick Institute, London, UK.

Academic Interests
• Systems Biology;

• Statistical Mechanics and Soft Matter;

• Computational Physics;

• Mathematical Physics and Dynamical Systems (especially what concerns chaotic systems and
turbulence).

Outside Interests
Music (Classical, Blues and Rock), Photography, Piano, Dance (Jazz and Contemporary), Reading
(French and Russian Literature, philosophy), Traveling, Sailing, Skiing.
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Modelling the emergence of polarity
patterns for the intercellular transport
of auxin in plants
Silvia Grigolon1, Peter Sollich2 and Olivier C. Martin3

1LPTMS - Laboratoire de Physique Théorique et Modèles Statistiques, Université Paris-Sud, UMR CNRS 8626,
15, Rue Georges Clémenceau, 91405 Orsay, Cedex, France
2Department of Mathematics, King’s College London, Strand, London WC2R 2LS, UK
3Génétique Quantitative et Evolution - Le Moulon, INRA/Université Paris-Sud/CNRS/AgroParisTech,
Ferme du Moulon, Gif-sur-Yvette 91190, France

The hormone auxin is actively transported throughout plants via protein
machineries including the dedicated transporter known as PIN. The associated
transport is ordered with nearby cells driving auxin flux in similar directions.
Here, we provide a model of both the auxin transport and of the dynamics of
cellular polarization based on flux sensing. Our main findings are: (i) spon-
taneous intracellular PIN polarization arises if PIN recycling dynamics are
sufficiently nonlinear, (ii) there is no need for an auxin concentration gradient
and (iii) ordered multi-cellular patterns of PIN polarization are favoured by
molecular noise.

1. Introduction
In plants, the initiation of different organs such as roots, leaves or flowers depends
on the cues received by cells, be they from the environment or signals produced
by the plant itself [1]. Among these signals, the hormone auxin plays a central role.
Auxin was discovered over a half century ago along with some of its macroscopic
effects on leaf and root growth [2]. It is actively transported throughout the whole
plant and it is a major driver of the plant’s architecture [3,4].

In the past decade, much has been learned about the molecular actors control-
ling auxin movement. First, cell-to-cell auxin fluxes depend on two classes of
transporters [5–7]: (i) PIN (for ‘PIN-FORMED’), that pumps auxin from inside
to outside cells [8] and (ii) AUX1 (for ‘AUXIN RESISTANT 1’), which pumps
auxin from outside to inside cells. Second, auxin accumulation drives cell prolifer-
ation and differentiation. Third, cells are polarized in terms of their PIN content,
that is PIN transporters localize mainly to one side of cells [9]. In addition, these
polarizations are similar from cell to cell so that auxin is systematically trans-
ported along the direction of this polarization. That ordering has major
consequences for the growth and morphogenesis of the plant because it affects
the distribution of auxin, and auxin drives both organ growth and the initiation
of new organs [10,11]. Much work has focused on how PIN polarization patterns
lead to auxin distributions, but two major questions remain unanswered concern-
ing the emergence of PIN polarization patterns: (i) how can PIN become polarized
in cells in the absence of auxin gradients? (ii) Can PIN polarization patterns be
coherent on the scale of many cells?

To address these questions, we take a modelling approach here, incorporat-
ing the main ingredients of what is currently known about (i) intercellular
auxin transport and (ii) intracellular PIN dynamics. We will first provide a deter-
ministic framework using differential equations for modelling the dynamics of
auxin and of PIN cellular polarization. Our model exhibits multiple steady
states that we characterize, the simplest ones being translation-invariant with
all cells having the same PIN polarization. We find that the emergence of polar-
ization depends on the degree of nonlinearity within the PIN recycling
dynamics. We then include molecular noise in this system coming from the sto-
chastic dynamics of PIN intracellular localization. Interestingly, for biologically

& 2015 The Author(s) Published by the Royal Society. All rights reserved.
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realistic values of the parameters of the model, the system
is driven into a state where cells coherently polarize in
the same direction. In effect, the noise selects a robust self-
organized state having homogeneous PIN polarization,
corresponding to a noise-induced ordering scenario.

2. The model of auxin dynamics and PIN
recycling

Auxin transport in plants is typically organized in sheets, each
sheet consisting of a single layer of cells. For instance, in the
case of the tips of shoots, almost all the transport arises in a
single-cell sheet which is referred to as the L1 layer [12–16].
For our model, we shall therefore work with one layer of
cells. We start with a lattice of cubic cells having edges of
length L separated by apoplasts—the space between two adja-
cent cells—of width l (cf. figure 1 which represents a view from
above of this system). Tissues consist of closely packed cells
so l! L; typical values are l " 1 mm and L " 20 mm. The
hormone auxin [3] is subject to different processes:

— production and degradation inside cells, with rate
constants b and r;

— passive diffusion within cells, within apoplasts, and also
between cells and apoplasts; and

— active transport across cell membranes via transporters.

As cell membranes form barriers to exchanges of molecules,
taking a molecular species from one side to the other often
requires dedicated transporters. In the case of auxin, the cell
membrane does allow some amount of diffusion of the hormone
but much less than the inside of the cell or of the apoplast where
diffusion is very rapid. We call D the associated diffusion con-
stant (measured in mm2 s21) within the membrane of thickness
e, whereas formally we consider diffusion inside cells and
inside apoplasts to arise infinitely quickly; as a consequence,
intracellular variations of auxin concentration are negligible
and so are those within an apoplast. In addition, auxin is subject
to active processes that transport it across the cell membrane.
Experimental evidence has shown that there are different mol-
ecular transporters for the in-going and out-going fluxes,
transporters called, respectively, AUX1 and PIN [4,17]. These
transporters are normally localized on the cell membrane
where they can play their role to actively transport auxin
between the inside and the outside of the cell. The out-going
transporters belong to a large family whose members specialize
to different organs and tissues of the plant [18]: in our context,
we will refer to these transporters simply as PIN [19].

The dynamics of auxin concentration in each region (cell or
apoplast) is specified by the transmembrane flux densities of
auxin (fAUX1 and fPIN for the active transport and a diffusion
contribution proportional to the diffusion constant D) along
with production and degradation terms. In the case of cells,
we have

dAc(P, t)
dt

¼ b$ rAc(P, t)þ L$1P
P0

fAUX1(P, P0, t)$ fPIN(P, P0, t)þD(Aa(P, P0, t)$ Ac(P, t))
e

! "
: (2:1)

In this equation, Ac(P, t) is the auxin intracellular concen-
tration of the cell centred at position P ¼ (x, y) at time t, and

Aa(P, P0, t) is the auxin concentration in the apoplast separating
nearest neighbour cells P and P0. Both concentrations will be

schematic of the model’s ingredients

P

P'

L

fPIN(P, P¢)
fPIN(P¢, P)

fAUX1(P, P¢)
fAUX1(P¢, P) l

role of transporters and PIN recycling

PIN AUX1

(b)

(a)

Figure 1. (a) Schematic two-dimensional view of the system consisting of a single layer of cells. Cubic cells of size L are in orange, apoplasts of width l are in
white. On the right: a zoom on two neighbouring cells. Grey circles stand for auxin and red arrows represent the incoming AUX1-mediated fluxes in cells, while light
blue arrows represent the out-going PIN-mediated fluxes. In these views from above, the thickness (L) of the cells is not shown. (b) Role of transmembrane
transporters. PINs pump auxin from the inside of the cell to an adjacent apoplast. AUX1 plays the reverse role, pumping auxin from apoplasts to the inside
of the cell. Dashed arrows within a cell illustrate PIN recycling. (Online version in colour.)
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specified in micromoles per litre (mM for micromolar). Further-
more, only the diffusion constant of auxin within the cell
membrane appears because it is far smaller than that within a
cell or apoplast; note that the flux is proportional to the gradi-
ent, thus the factor D=e, where e is the thickness of the
membrane. fAUX1(P, P0, t) and fPIN(P, P0, t) are the auxin flux
densities carried by the transporters through the corresponding
‘face’ of cell P, i.e. the area of the membrane of cell P that faces
cell P0. By convention, the sign of each flux is positive, the one
for PIN going from the inside to the outside of the cell, and
the one for AUX1 going from outside to inside. These flux den-
sities have units of micromoles per second per surface area

(mm2). The sum over cells P0 is restricted to the neighbours of
P so in effect one sums over all sides of the cell P under consider-
ation that connect it to the rest of the system. The parameters b
and r are the rates of auxin production and degradation. In
addition, the division by the factor L (the width of a cell)
appears because one goes from flux densities to effects on the
concentrations inside cells. Lastly, in our framework as depicted
in figure 1, apoplasts connect only to cells and vice versa, so
there are neither cell-to-cell nor apoplast-to-apoplast contacts.

In a similar fashion, the concentration Aa(P, P0, t) of auxin
in the apoplast (of thickness l) separating cells P and P0 obeys
the following differential equation:

dAa(P, P0, t)
dt

¼ l$1 fPIN(P, P0, t)$ fAUX1(P, P0, t)þ fPIN(P0, P, t)$ fAUX1(P0, P, t)þþD(Ac(P, t)þ Ac(P0, t)$ 2Aa(P, P0, t))
e

! "
: (2:2)

Note that there is neither production nor degradation
of auxin in the apoplast (it is a passive medium and auxin
has a long lifetime in the absence of the active degradation
processes present in cells).

In Arabidopsis, which currently is the most studied plant,
the propensity of AUX1 influx transporters seems to be several
times higher than that of passive diffusion [20,21], thus active
processes are probably the main drivers of auxin distribution.
Furthermore, the transporters AUX1 and PIN are believed to
be completely unidirectional; the associated molecular mech-
anisms are unclear but involve first the binding of auxin and
then conformational changes. Because these processes are ana-
logous to enzymatic reactions, we model the associated auxin
fluxes via irreversible Michaelis–Menten kinetics:

fAUX1(P, P0, t) ¼ NAUX1

L2 & a

& Aa(P, P0, t)
1þ (Aa(P, P0, t)=A')þ (Ac(P, t)=A'')

(2:3)

and

fPIN(P, P0, t) ¼ NPIN

L2 & g

& Ac(P, t)
1þ (Aa(P, P0, t)=A')þ (Ac(P, t)=A'')

,

(2:4)

where a and g are kinetic constants analogous to catalysis rates.
The factor L2 on the right-hand side of these equations corre-
sponds to the surface of the face of each cell and connects the
flux density to the (absolute) flux. At a molecular level, NAUX1

(respectively, NPIN) refers to the number of AUX1 (respectively,
PIN) transporters on the area of P0s membrane which faces
cell P0. Finally, A* and A** play the role of Michaelis–Menten
constants associated with saturation effects; these could have
been taken to be different in equations (2.3) and (2.4) without
any qualitative consequences for the behaviour of the model.

We are not aware of any experimental evidence that the
distribution of AUX1 transporters changes with time or that
these transporters contribute to cell polarity. Thus, we shall
assume that their numbers are constant on each face of the
cell. By contrast, PIN transporters are particularly important
for driving morphogenesis through the formation of polarity
patterns. Often they define clearly polarized fields in tissues
[12,22] where cells see their PINs predominantly localized
to one of their faces, with the specific face being the same

for many cells. That polarity leads to coherent auxin trans-
port, even on the scale of the whole plant, allowing in
particular auxin to be transported from shoots to roots
[23,24]. To take into account this possibility of intracellular
polarization of PIN, we introduce the four faces of a cell as
N for north, S for south, E for east and W for west. (The
two faces parallel to the sheet play no role in our simplified
model involving a single layer of cells.) Then each face of a
cell has a potentially variable number of PIN transporters:

NPIN
f , f ¼ N, S, E, W :

Furthermore, we impose the constraint
P

f NPIN
f ; s, a

cell-independent constant so each cell has the same number
of PIN transporters at all times.

The dynamics of PIN seem complex: it is known that PINs
are subject to ‘recycling’ within a cell through different mechan-
isms including transport from the membrane to the Golgi
apparatus and back to the membrane [7,25–27]. Most model-
ling takes PIN dynamics to be driven by surrounding auxin
concentrations [15,16,20,21,28,29]. For instance, it has been pos-
tulated that PIN might accumulate to the membrane facing the
neighbouring cell with the highest concentration of auxin
[15,16]. As a consequence, the presence of an auxin gradient
becomes a necessary condition for PIN polarization. Here, we
consider instead dynamics based on flux sensing where PIN
recycling rates are modulated by the amount of auxin flux trans-
ported by those same PIN transporters [30,31]. Mathematically,
we take the PIN dynamics on a face f ( f ¼ N, S, E, W ) of a cell to
be specified by a Hill equation of exponent h:

dNPIN
f

dt
¼$ 3

4t
NPIN

f
1

1þ (fPIN
f =f')

hþ
1
4t

X

f 0
NPIN

f 0
1

1þ (fPIN
f 0 =f')

h :

(2:5)

Note that PINs are treated here as continuous variables
because in the following the number of molecules is high so
such an approximation is appropriate. Nevertheless, later we
shall treat the actual numbers via our stochastic model. The
above differential equations model the competitive recycling
of the PINs among the faces of a given cell in a flux-dependent
manner. Note that t is the characteristic timescale of the recy-
cling process and that the dynamics enforce the constraint of
conservation of the total number of PIN transporters inside
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each cell. Also, in equation (2.5), fPIN
f is the flux density

through face f, while f' is a Michaelis–Menten-like constant.
To understand the consequences of equation (2.5), consider

first the low flux limit, fPIN
f being small for all faces, so that all

denominators can be ignored. At a molecular level, each trans-
porter leaves the cell membrane at a rate proportional to t21;
transporters are then brought into the cytoplasm or Golgi
apparatus; finally, they get reallocated randomly to any of
the four faces. In such a low flux regime, cells will show no
PIN polarization. Second, consider instead the case where for
at least one face f, fPIN

f =f' is large. That face will benefit from
the recycling, recruiting more transporters from the other
faces than it loses. (f* is just the scale at which flux sensing
in this system becomes important.) At an individual transpor-
ter level, the competitive recycling means that transporters
which are actively shuttling auxin see their rate of recycling
go down. How this happens depends on unknown molecular
details, nevertheless, the rate of detachment of a transporter
from the membrane probably depends on what fraction of
the time it is binding auxin and thus the rate of detachment
will show a dependence on fPIN

f . One may attempt to model
this via a simple hyperbolic law to describe saturation effects.
To be more general, we have introduced a Hill exponent, h,
into the dynamics as given in equation (2.5). Such a functional
form is often used in the kinetic modelling of binding pro-
cesses; in that framework, h is an integer related to the
number of molecules that must co-localize, and as such, it
reflects cooperative effects. In the absence of detailed knowl-
edge of the molecular mechanisms controlling PIN recycling,
we use this phenomenological form where h is associated
with the nonlinearity of the PIN recycling dynamics and
we will see whether or not h plays an important role. In the
electronic supplementary material, we will see that our con-
clusions are insensitive to the precise form of the equations
describing PIN recycling by replacing the Hill form with a
stretched exponential.

The model is now completely specified and involves the
15 parameters L, l, e, a, b, g, r, A*, A**, f*, t, s, NAUX1, D
and h. Some of these parameters can be absorbed in scale
changes. Nevertheless, to keep the physical interpretation as
transparent as possible, we stay with the dimensional form
of the equations. Whenever possible, we assign values to
the parameters using published estimates or compilations
thereof [20,21,32]. For instance, mass-spectrometry measure-
ments [33] in very young leaves quantify the concentration
of auxin to be about 250 pg mg21 of tissue. As the molecular
mass of auxin is about 175 Da, Ac is of the order of 1 mM. As
we shall see, in the steady-state regime, b/r ¼ Ac, a relation
providing a constraint on those two parameters. Further-
more, a direct estimate of b follows from isotopic labelling
measurements [33] which show that biosynthesis replenishes
auxin within about 1 day; we have thus set b ¼ 1/day.
Radioactive labelling has also provided estimates for mean
displacement velocities of auxin [20,21] which we have
used to constrain the parameters a and g. Unfortunately,
for other parameters (and in particular the Michaelis–
Menten constants), no direct or indirect estimations from
experimental data are available. For most such cases, we
use ballpark estimations that seem reasonable, for instance
100 PIN molecules seems too low, while 104 is perhaps on
the high side. However, for h, which provides a phenomeno-
logical parametrization of nonlinear effects in PIN recycling,
we have little choice but to study the behaviour of the

model as a function of its value. We use the same strategy
for D. Thus, both D and h will be used as control parameters,
allowing us to map out a two-dimensional phase diagram.
For instance, when increasing D, passive diffusion will over-
come the effects of active transport, allowing one to probe the
importance of active versus passive transport in the establish-
ment of PIN polarization. Unless specified otherwise, all
other parameter values are set as provided in table 1.

As our aim is to understand how ordered polarity pat-
terns arise in a system described by this model, it is
appropriate to define an order parameter to quantify the
ordering of flux directions or PIN intracellular localization.
We thus introduce the two-dimensional polarization vector d

for a cell at position P ¼ (x, y); its components depend on
the face-to-face difference of the number of PINs along each
direction (say horizontal or vertical) in the following way:

d(x, y) ;
d1(P) ¼

NPIN
E (P)$NPIN

W (P)
s

d2(P) ¼
NPIN

N (P)$NPIN
S (P)

s
:

8
>><

>>:
(2:6)

The vector in equation (2.6) has a length jd(P)j [ [0, 1]: the
two extreme values represent, respectively, the unpolarized
case, i.e. NPIN

f ¼ s=4 for all f, and the fully polarized case,
i.e. NPIN

f ¼ s for one face while NPIN
f ¼ 0 for all other faces.

Individual components can vary in [21, 1] and the extreme
points give the maximum polarization in one direction or
the other.

A first step will consist of understanding the behaviour of
this system in a one-dimensional framework.

3. Analysis of the one-dimensional model
3.1. Dynamical equations
Let us replace the square lattice represented in figure 1 by a row
of cubic cells forming a one-dimensional lattice. As before,
between two adjacent cells, there is exactly one apoplast. In
this one-dimensional model, all diffusion and transport is hori-
zontal and PIN is defined only on the left (West) and right
(East) face of each cell. The dynamics of Ac and Aa in each

Table 1. Parameters used in the model. M, molarity (i.e. number of moles
per litre); l, litre.

b 1 mM d21

r 1 d21

a 0.1 l s21

G 1024 l s21

A* 2 ( 1023mM

A** 0.8 mM

f* 4 ( 1026 moles mm22 s21

NAUX1 200 per face

s 1000

L 20 mm

l 1 mm

e 10 nm

t, t1D 30 min
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cell are obtained from equations (2.1) and (2.2) by setting the
vertical fluxes to 0. Given the constraint of conservation of
total PIN transporters in each cell and the fact that only two
faces contribute, the dynamics of PIN numbers are completely
determined via the dynamics of NPIN

E and there is just one
independent equation for each cell:

dNPIN
E

dt
¼ $ 1

t1D
NPIN

E
1

1þ (fPIN
E =f')

h

þ 1
t1D

NPIN
W

1

1þ (fPIN
W =f')

h , (3:1)

where t1D ¼ 4t/3 and NPIN
W ¼ s$NPIN

E . Furthermore, polariz-
ation is no longer a vector but a scalar, given by the first
component of equation (2.6). It varies in [21, 1]: when
d(x) " 21, almost all the PINs are on the left-hand side
of the cell, while when d(x) " 1 they are almost all on the
right-hand side.

3.2. Steady-state auxin concentrations given
translation-invariant PIN configurations

Assuming periodic boundary conditions, the row of cells
becomes a ring; this idealization is convenient for the mathemat-
ical and phase diagram analysis. Consider the steady-state
solutions of the differential equations. With periodic boundary
conditions, one expects some steady states to be translationally

invariant. In that situation, all quantities are identical from cell to
cell and from apoplast to apoplast. We can then drop all time
and spatial dependence in the variables, e.g. Ac(P, t) ¼ Ac for
all P and t.

We consider here an arbitrary translation-invariant con-
figuration of PIN transporters (steady-state or not), which
implies that the auxin equations will depend only on the total
number of transporters per cell. One then has the following
equations for steady-state auxin concentrations:

0 ¼ b$ rAc þ
2D
Le

(Aa $ Ac)þ 2a
L3 NAUX1 Aa

1þ (Aa=A')þ (Ac=A'')
$ g

L3 s
Ac

1þ (Aa=A')þ (Ac=A'')

0 ¼ 2D
le

(Ac $ Aa)$ 2a
lL2 NAUX1 Aa

1þ (Aa=A')þ (Ac=A'')
þ g

lL2 s
Ac

1þ (Aa=A')þ (Ac=A'')
:

8
>><

>>:
(3:2)

These two equations determine Ac and Aa. One can
first solve for Ac by noting that in apoplasts there is no
source or degradation of auxin, thus in the steady state the
total flux (transport and diffusion counted algebraically)
through an apoplast vanishes and so the same holds for
cells. Therefore, within cells auxin degradation must com-
pensate exactly auxin production, leading to b 2 rAc ¼ 0.
This result, namely Ac ¼ b/r, is independent of all other par-
ameters and in particular of the PIN polarization and of D as
illustrated in figure 2. Furthermore, with Ac determined in
this way, the two equations become equivalent and can be
solved for Aa.

Experimental evidence [20,21] suggests that active trans-
port dominates passive (diffusive) transport in Arabidopsis.
Thus the biologically relevant regime probably corresponds
to D small. In the low-diffusion limit (D! 0), the last
equation shows that Aa goes to a limiting value that is strictly
positive. (A zoom of figure 2 would also show this is the
case.) Solving this equation using the values of the par-
ameters in table 1, one finds that the concentration of auxin
in cells is much greater than that in apoplasts because
2NAUX1a) sg, i.e. auxin molecules are more easily trans-
ported by AUX1 than by PIN (cf. the left limit in figure 2).
One may also consider what happens when diffusion is
important; clearly as D!1, the transporters become irrele-
vant and the equations immediately show that Ac and Aa

become equal. The overall behaviour is displayed in figure 2.

3.3. Translation-invariant dynamics of PIN in the
quasi-equilibrium limit for auxin

Microscopic molecular events associated with auxin transport
(be they active or passive) arise on very short timescales,
whereas PIN recycling requires major cellular machinery
and so arises on much longer timescales. Let us therefore
take the quasi-equilibrium limit where auxin concentra-
tions take on their steady-state values Ac and Aa. Consider
now the dynamical equation for d, the PIN polarization. As
it involves a single variable, it can always be written as gra-
dient descent relaxational dynamics, i.e. there exists a
function F (d) such that

dd
dt
¼ $ 1

t1D

dF (d)
dd

: (3:3)

F (d) plays the role of an effective potential. F (d) is minus
the integral of a known function of d; this integral can be
obtained in closed form in terms of hypergeometric functions
(see the electronic supplementary material).

The extrema of F correspond to steady states for the PIN
dynamics, i.e. dd/dt ¼ 0. Maxima are unstable and minima
are stable. Thus it is of interest to map out the form of F as a
function of the parameter values. Take for instance h ¼ 2.
Starting with a large value for D, use of Mathematica shows
that F has a single global minimum, corresponding to the
unpolarized steady state, d ¼ 0. Then as D is lowered (the

0 5 10 15 20 25
D × 106 mm2 s–1

0.2

0.4
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Figure 2. Auxin steady-state concentrations (red for apoplasts and blue for
cells) in an arbitrary PIN translation-invariant configuration as a function of
the diffusion constant D in mm2 s21. The other relevant model parameters
are given in table 1. (Online version in colour.)
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Mathematica code of the electronic supplementary material
provides the user with a knob to change D), F takes on a
double-well shape, symmetric about the zero polarization
abscissa where the curvature is now negative. At the same
time, two new local minima appear at +d*. Thus as D is
lowered, the unpolarized state becomes unstable while two
new stable steadystates of polarization +d* appear; this situation
is illustrated in figure 3. If we had used instead h¼ 0.5, we would
have found no regime in D where F has the double-well
structure: there, the only steady state is the unpolarized one.

Within this framework, it is possible to determine a criti-
cal point Dc, i.e. a threshold value of the diffusion constant,
below which spontaneous symmetry breaking sets in. The
value of Dc is obtained from the following condition (see
also the electronic supplementary material):

@2F
@d2 jd¼0 ¼ 0: (3:4)

In particular, for h ¼ 2, this leads to a critical value Dc "
9.4 ( 1027 mm2 s21. This overall framework provides a
convenient intuitive picture for PIN dynamics.

3.4. Spontaneous symmetry breaking and phase
diagram for translation-invariant steady states

The previous formalism is complicated because of the form of
F . However, if one is only interested in the steady states and
one does not care about relaxational dynamics, the steady-
state equation to solve is relatively simple (cf. equation (3.1)
where the left-hand side must be set to 0). We assume as
before that NPIN

E is translation-invariant but also that it is sub-
ject to PIN recycling. As Ac and Aa in steady states have been
previously calculated, all quantities in equation (3.1) are
known except for NPIN

E ; it is enough then to solve the associ-
ated nonlinear equation (we have used Mathematica for this
purpose). At given h that is not too small, we find a transition
from polarized to unpolarized states as D crosses the threshold
Dc (see figure 4a which illustrates the case h ¼ 2). The position
of the threshold depends on h. However, if h is too small, the
transition point disappears, and there are no longer any polar-
ized steady states. To illustrate the situation, consider fixing
D to a small value, say D ¼ 1027 mm2 s21, and then solve for
NPIN

E as a function of the Hill exponent h. For h less than a criti-
cal threshold hc" 1.09, there is a unique solution and it
corresponds to the unpolarized state, NPIN

E ¼ NPIN
W ¼ s=2. For

h . hc, two new steady states appear which are polarized.
These two states are related by the left–right symmetry, so
there is a spontaneous symmetry breaking transition at hc

(figure 5). As h!1, these states tend towards full polarization,
d ¼ +1. To represent simultaneously the behaviour as a func-
tion of the diffusion constant D and of the Hill exponent h,
figure 6a provides the overall phase diagram via a heat map.
Note that when h is too low or D is too high, the only steady
state is the unpolarized one.

The origin of this spontaneous symmetry breaking is the
change of stability of the unpolarized state. To quantitatively
understand that phenomenon, set NPIN

E ¼ s=2þ d=2 and then
linearize equation (3.1) in d. Defining F¼ gAcs/[2(1 þ Aa/
A* þ Ac/A**)L2f*] (this is independent of polarization but
varies with D because of its dependence on Aa), one has
fPIN

E =f'¼ ((1þ d)=s)F and fPIN
W =f'¼ ((1$ d)=s)F. Then the

linearization in d leads to

t
dd
dt
¼ $2

1$ (h$ 1)Fh

(1þ Fh)2

" #
d: (3:5)

Instability arises if and only if (h21)Fh . 1. Note that the
case of Michaelis–Menten-type dynamics (h ¼ 1) therefore
does not lead to PIN polarization. To have spontaneous polar-
ization inside cells, the nonlinearity must be strong enough.
The mathematical condition is h . hc ¼ 1þ F$hc , where hc is
the critical Hill exponent where the instability sets in. This
demonstrates the essential role of the nonlinearity parame-
trized here by h. Of course other forms of nonlinearity can be
expected to lead to similar conclusions. In particular, we
have found that the same qualitative behaviour arises when
using stretched exponentials rather than Hill functions (see
the electronic supplementary material). We thus conclude
that, in general, the spontaneous polarization of PIN is
driven by the strength of the nonlinearity parametrizing PIN
recycling dynamics.

One may also investigate the stability of the polarized
steady state. First, within the space of translation-invariant
configurations, a linear stability analysis using Mathematica
shows that the polarized state is always linearly stable. This
is exactly what the adiabatic approximation predicts
(cf. figure 3). Second, one can ask whether our translation-
invariant steady states are global attractors when they are line-
arly stable. We have addressed this heuristically by simulating
the dynamical equations starting from random initial con-
ditions. When h * hc (or D + Dc if one considers h as fixed),
it seems that the unpolarized state is the only steady state
and that all initial conditions converge to it. When h . hc,
the system always seems to go to a steady state: we have
never observed any oscillatory or chaotic behaviour.
Sometimes the steady states are the previously found trans-
lation-invariant polarized states but sometimes they are not,
and contain cells with opposite signs for the PIN polarization.
This situation is much like what happens when quenching the
Ising model where there is a proliferation of such disordered
states. In the electronic supplementary material, we charac-
terize some of these non-translation-invariant steady states.
The main conclusion to draw from the arguments gathered
there is that as one approaches Dc the number of steady
states diminishes. Furthermore, one expects that this effect is
accompanied by a reduction in both stability and size of
basin of attraction of steady states having defects, leading to
an increase in the coherence length (or domain sizes where a
domain is a block of cells having the same sign of polarization)
as one approaches Dc. Such properties naturally lead one
to ask whether noise might enhance the coherence of
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Figure 3. Effective potential as a function of the polarization d for D . Dc

( purple) and D , Dc (blue) rescaled with s2. h ¼ 2, other parameter
values are given in table 1. (Online version in colour.)
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polarization patterns, driving the emergence of order from
disorder [35].

3.5. Properties of the stochastic model
As the number of PIN transporter molecules in our system is
modest, noise in the associated dynamics may be important.
Thus in this section, we reconsider the system by using a sto-
chastic framework where each individual PIN transporter
can move from one face to another according to probabilistic
laws. The parameters of those laws are known via the fluxes
in the deterministic model: these fluxes give the mean
number of such PIN recycling events per unit time. To study

the stochastic model, we simulate these random events
from which we can extract the average properties arising in
the presence of such molecular noise. (See the electronic
supplementary material for implementation details.)

The stochastic dynamics are ergodic, so given enough time
the system will thermalize, there being a unique ‘thermo-
dynamic equilibrium state’. Although in principle, this state
depends on the value of t1D, if auxin concentrations are close
to their steady-state values which is the case here, t1D just intro-
duces a timescale and has no effect on the equilibrium state. We
use simulations to study the equilibrium, with a particular
focus on the behaviour of PIN polarization. Observables
must be averaged over time. Just as in other thermodynamical
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Figure 4. (a,b) Absolute value of the (translation-invariant) PIN polarization as a function of the diffusion constant D inmm2 s21 in steady states, respectively, for the one-
and the two-dimensional models. Red line: analytical result obtained using Mathematica. Green circles: results of simulating the dynamics of the model containing,
respectively, 20 cells on a ring and 20 ( 20 cells on a lattice until a steady state was reached; a fourth-order Runge – Kutta algorithm [34] was used and starting con-
figurations were randomized but had positive local PIN polarizations. (c – f ) PIN polarization at a defect (green and blue) and in the absence of a defect (red) for a ring of 20
cells as a function of D for the one-dimensional case (c,e) and a lattice of 20 ( 20 cells for the two-dimensional case (d,f ). Drawings (below and insets): initial orientation
of PIN polarizations; the green and blue arrows represent the defects. (g,h) Absolute value of the mean PIN polarization per site, averaged over time, as a function of the
diffusion constant for the stochastic model for three different ring/lattice sizes (in (g), Ncells ¼ 20 green diamonds, Ncells ¼ 10 blue squares, while in (h) Ncells ¼ 5 blue
circles, Ncells ¼ 10 green diamonds) and for the deterministic model (red line). Simulations were performed using cells on a ring/lattice. Dc is slightly lower when using
stochastic dynamics. In all the plots, h ¼ 2 while other parameter values are given in table 1. In (g), t ¼ 1 s. (Online version in colour.)
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systems having spontaneous symmetry breaking, care then has
to be used when extracting the order parameter. We thus
measure the mean PIN polarization defined by first averaging
d over all cells to obtain kdl, then taking the absolute value, jkdlj,
and then averaging over simulation time: jkdlj.

In figure 4g, we show the mean polarization thus defined as
a function of D for systems having 10 and 20 cells. At low D, the
analysis of the model in the absence of noise suggested that the
system will not polarize coherently because the typical noiseless
steady state had random polarizations (cf. §3.4). Nevertheless,
here we see that, in the presence of noise, the system seems to
have a global polarization, in agreement with the order from
disorder scenario [35]. If one refers to the special translation-
invariant steady state in the absence of noise, it seems at low
D that the presence of noise leads to almost exactly the same
value of the order parameter, so noise can be thought of as
‘selecting’ that particular ordered state. As D grows, polariz-
ation intensity decreases and noise effects are amplified. As
might have been expected, polarization is lost earlier in the
presence of noise than in its absence.

Figure 4g could be interpreted as suggesting that the equi-
librium state in the stochastic model has a real transition
between a polarized phase and an unpolarized one. However,
one has to bear in mind that for a system containing a large
enough numbers of cells the equilibrium state will in fact con-
tain multiple domains of polarization, some being oriented in
one direction and others in the opposite direction. This is inevi-
table in any one-dimensional system having short-range
interactions [36,37], and so no true long-range order arises in
this system if the number of cells is allowed to be arbitrarily
large. To add credence to this claim, note that the polarization
curves are slightly different for the different lattice sizes, the
polarization decreasing as the number of cells increases. It is
thus plausible that in the limit of an infinite number of cells,
the polarization vanishes for all D.

4. Analysis of the two-dimensional model
4.1. Steady-state auxin concentrations given

translation-invariant PIN configurations
In two dimensions, we again begin by considering auxin
steady-state concentrations in the presence of translation-
invariant PIN configurations. Auxin concentrations are then

also translation-invariant, but compared to the one-
dimensional case, vertical and horizontal apoplasts need
not have the same concentrations of auxin. We denote these
concentrations as AN

a and AW
a .

In all steady states, the total rate of auxin production must
be compensated by the total rate of auxin degradation. This
immediately gives Ac ¼ b/r just like in the one-dimensional
model. In addition, AW

a is determined by the equation

0 ¼ 2D(Ac $ AW
a )$ 2aNAUX1 AW

a
1þ (AW

a =A')þ (Ac=A'')

þ gsE Ac

1þ (AW
a =A')þ (Ac=A'')

, (3:6)

where sW ¼ NPIN
E þNPIN

W . AN is determined by the analogous
equation in which the index W is replaced by N and
sN ¼ NPIN

N þNPIN
S . Thus, in contrast to the one-dimensional

case, the concentration of auxin in apoplasts depends not
only on model parameters like D but also on PIN polariz-
ation. Unpolarized configurations lead to sW ¼ sN ¼ s=2
and then AN

a ¼ AW
a , in which case the equations take the

same form as in one dimension.
The lowest and highest possible values of AW

a arise when
sW ¼ 0 and sW ¼ s, respectively. These lower and upper
bounds are represented in figure 7 along with the value of
Ac as a function of D. Clearly, auxin concentrations are
hardly affected at all by PIN polarization. Furthermore,
both qualitatively and quantitatively, the situation is very
close to that in the one-dimensional model.

4.2. Translation-invariant dynamics of PIN in the quasi-
equilibrium limit for auxin

In the one-dimensional model, we saw that translation-invar-
iant dynamics of PIN polarization followed from a potential
energy function when auxin was assumed to be in the
quasi-equilibrium state. In two dimensions, there are four
dynamical variables which satisfy the conservation law
NPIN

E þNPIN
W þNPIN

N þNPIN
S ¼ s. Each NPIN

f obeys a first-
order differential equation; the question now is whether
these follow from a potential energy function F :

tdNPIN
f

dt
¼ $ @F

@NPIN
f

: (3:7)

The answer is negative: no potential exists because the
velocity field has a non-zero curl. Nevertheless, if in the initial
conditions, the PINs obey the symmetry NPIN

N ¼ NPIN
S (or the

symmetry NPIN
E ¼ NPIN

W ), then this symmetry is preserved by
the dynamics. (Note that the symmetry is associated with
reflecting the system of cells about an axis.) Then one sees
that the differential equations for the two other PIN numbers
are nearly identical to those in the one-dimensional model.
For instance, if NPIN

N ¼ NPIN
S , the equation for NPIN

E is that of
the one-dimensional model if one substitutes s by sW. The
difficulty is that sW itself follows from solving the differential
equations and thus can depend on time. Although one does
not have a true potential energy function, the important
property is that the instantaneous rate of change of NPIN

W
can be mapped to its value in the one-dimensional model
via the aforementioned substitution. We thus expect to have
the same kind of spontaneous symmetry breaking where
the unpolarized steady state goes from being stable at low
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Figure 5. Bifurcation diagram for translation-invariant states in the one-
dimensional model. d is the PIN polarization. The unpolarized state is
stable for h , hc " 1.09 (orange). Beyond that threshold, two symmetric
polarized states appear. These are stable (in red), whereas the unpolarized
state becomes unstable (in blue). Here, D ¼ 1027 mm2 s21 while other
parameter values are given in table 1. (Online version in colour.)
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h to being unstable at high h, with an associated appearance
of stable polarized steady states.

4.3. Spontaneous symmetry breaking and phase
diagram for translation-invariant steady states

To determine the translation-invariant steady states, one must
solve six simultaneous nonlinear equations, two of which
give AW

a and AN
a in terms of the NPIN

f , the other four being

associated with PIN recycling. We tackle this task using
Mathematica.

Qualitatively, one obtains the same behaviour as in the
one-dimensional model. As displayed in figure 4b, there is
a continuous transition between a polarized state at low D
and an unpolarized state at large D.

Equivalently, for low values of h there is only one steady
state and it is unpolarized (cf. figure 8). Increasing h, there is
spontaneous symmetry breaking at a first threshold where
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h h
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Figure 6. Heat map of PIN polarization in translation-invariant steady states as a function of h (dimensionless) and D in mm2 s21 scaled by a factor 106 for better
readability. Other parameter values are given in table 1. (a) One-dimensional model. The green dashed line refers to the theoretically derived critical line.
(b) Two-dimensional model. (Online version in colour.)
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the unpolarized state becomes unstable and a new polarized
steady state appears. Cells in that polarized state have a large
number of PIN transporters on one face and no polarization
in the perpendicular direction. Because of this last property,
the system effectively behaves as a stack of rows which do
not exchange auxin, each row being like the polarized one-
dimensional system. Surprisingly, a second spontaneous
symmetry breaking transition arises at a very slightly larger
value of h and even a third still beyond that. The associated
translation-invariant steady states behave as illustrated in
figure 8. However, these spurious states are always linearly
unstable and so will not be considered further.

To get a global view of the behaviour as a function of both
D and h, we present via a heat map the complete phase dia-
gram in figure 6b where the norm of the polarization vector is
given only for the (unique) stable (and translation-invariant)
steady state.

4.4. Properties of the stochastic model
The method of introducing molecular noise into the dynamical
equations is oblivious to the dimensionality of the model. Thus
each dynamical equation can be rendered stochastic for the
two-dimensional model without any further thought by fol-
lowing the procedure outlined above for the one-dimensional
case. We can then use this to study the thermodynamic equili-
brium state. Once equilibration was observed, we measured
the average polarization vector kdl, the average k & l being
taken over the whole lattice at one specific time. We also
define uP as the angle of that averaged vector, tan(uP) ¼
d2/d1. In the low D regime, the cells stay highly polarized
and are oriented close to a common direction along one of
the axes of the lattice. This situation illustrated in figure 9
where we also show the distribution of uP over the time of
the simulation. On the contrary, for ‘high’ D, PINs tend to dis-
tribute quite evenly among the faces of a cell and this leads to a
relatively flat histogram for the values of uP (figure 9).

However, this histogram is slightly misleading because the
polarization vectors kdl have a very small magnitude and in
effect each cell is essentially depolarized.

Just as in the one-dimensional case, one may ask whether
there is a true transition from a globally polarized state to an
unpolarized state when D goes from low to high values.
A naive way to do so would be to average kdl over the length
of the simulation. However, because the dynamics is ergodic,
this average should vanish in the limit of a long run. The
same difficulty arises in all systems that undergo spontaneous
symmetry breaking. It is necessary to first take the norm of kdl,
then average over time and finally check for trends with the
size of the lattice. In figure 4h, we show this time average,
jkdlj, as a function of D for lattices of different sizes. For com-
parison, we also show the corresponding curve in the
absence of noise.

The behaviour displayed is compatible with a true order-
ing transition as might be expected from the analogy with the
behaviour of the Ising model. Such a behaviour is also in
agreement with the noise-induced ordering scenario [38]
and related phenomena [35].

5. Conclusion
Although auxin transport in meristematic tissues (roots, shoots
and cambium) has been actively studied in the past decade
while associated molecular actors have been identified, the
questions of how intracellular PIN polarization arises and
how globally coherent polarization patterns emerge have not
been sufficiently addressed. Our work is based on modelling
both auxin transport across cells and PIN recycling within indi-
vidual cells. The dynamics we use for PIN recycling is
modulated by an auxin flux-sensing system. Such recycling
allows PIN transporters to move within a cell from one face
to another. The PINs can accumulate on one face if there is a
feedback which allows such a polarized state to maintain
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itself. Given this framework and estimates for a number of
model parameter values, we mapped out a phase diagram
giving the behaviour of the system in terms of specific par-
ameters. The one-dimensional model, describing a row of
cells in a plant tissue, allowed for large-scale PIN polarization
in the absence of any auxin gradient. Furthermore that toy limit
was analytically tractable and correctly described all the fea-
tures arising in the two-dimensional model. The detailed
analysis revealed a particularly essential ingredient: PIN polar-
ization requires a sufficient level of nonlinearity in the PIN
recycling rates. In terms of our mathematical equations, this
nonlinearity was parametrized by the Hill exponent h appear-
ing in equation (2.5), which is associated with cooperativity in
the field of enzyme kinetics. If Michaelis–Menten dynamics is
used (corresponding to h ¼ 1 and thus no cooperativity), the
system always goes to the unpolarized state. On the other
hand, when h rises above a threshold hc, the homogeneous
unpolarized state becomes unstable and polarized PIN pat-
terns spontaneously emerge. We showed that the same
qualitative behaviour occurs when using nonlinearities based
on stretched exponentials rather than Hill equations (cf. elec-
tronic supplementary material). That result shows that our
model’s predictions are robust to changes in assumptions
about the dynamical equations.

In addition, by studying the feedback between auxin con-
centrations and PIN recycling, we showed that nearby cells
tend to polarize in the same direction. Another particularly
striking result found was that the molecular noise in the
PIN recycling dynamics seems to impose long-range order
on the PIN polarization patterns. This ‘noise-induced order-
ing’ could be the mechanism driving the ordering found

for instance in the cambium, ordering that can span tens of
metres in the case of trees.

Given that these conclusions follow from our hypothesis
that PIN recycling is based on flux sensing, experimental
investigations should be performed to provide stringent com-
parisons with the predictions of our model. The most direct
test of our hypothesis would be to determine whether cells
depolarize when the auxin flux carried by PINs is sup-
pressed. In Arabidopsis, the polarization of PIN can be
observed thanks to fluorescent PIN transporters so what
needs to be done is to apply a perturbation affecting auxin
flux. One simple way to achieve this is to inject auxin into
an apoplast; the associated increase in auxin concentration
will likely inhibit PIN transport into that apoplast. If such
an injection cannot be performed without mechanically dis-
rupting the cell membranes, a less invasive manipulation
could be obtained if the AUX1 transporters can be modified
so that they may be locally photo-inhibited. Exposure to a
laser beam would then prevent the auxin from leaving a
given apoplast, followed by a rapid increase in auxin concen-
tration just as in the simpler experiment previously proposed.
In both cases, our model predicts that the PIN recycling
dynamics would lead to depolarization of the cell polarized
towards the apoplast, while the neighbouring cell, polarized
away from the apoplast, would hardly be affected.
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Seifertová D, Jürgens G, Friml J. 2003 Local, efflux-
dependent auxin gradients as a common module
for plant organ formation. Cell 115, 591 – 602.
(doi:10.1016/S0092-8674(03)00924-3)
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Identifying relevant positions in proteins by Critical Variable Selection

Silvia Grigolon 1,⇤, Silvio Franz 1,†, Matteo Marsili 2,‡
1 LPTMS - Laboratoire de Physique Théorique et Modèles Statistiques,
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Evolution, in its course, has found many di↵erent solutions to the same problem. Focusing on
proteins, the amino acid sequence of protein domains performing the same function in di↵erent
organisms di↵ers markedly. Since the structure and function of proteins are ultimately encoded
in the amino acid sequence, multiple sequence alignments (MSA) of homologous protein domains
can be used to provide information about this encoding. Regarding each sequence in an MSA as a
solution of an optimisation problem, we exploit the MSA to infer the relevance of di↵erent positions,
thereby identifying a hierarchy of relevant sites. Our method exploits information on coevolution
going beyond pairwise correlations. This method, called Critical Variable Selection (CVS), a↵ords
predictions that are significantly di↵erent from those of methods based on pairwise correlations,
and it recovers biologically relevant sites, including highly conserved ones. As compared to other
methods based on pairwise correlations, we find, in the analysed cases, that CVS is more e�cient in
identifying the core of relevant sites, as well as most of the tightest contacts in the protein tertiary
structure.

I. INTRODUCTION

The structure and function that proteins perform inside cells is encoded in their amino acid sequences [1]. Yet se-
quences are subject to biological evolution, hence the same protein or protein domain may show remarkable di↵erences
across organisms that are far apart on the evolutionary tree. What constrains evolution is precisely the requirement
that the structure and biological function be conserved [2–4]. This observation lies at the basis of methods for inferring
the way in which structure and functions are encoded in the sequence of amino acids by looking at multiple sequence
alignments (MSAs) [5]. The problem can be seen as an inverse statistical mechanics problem, where we know that
in a sequence of microscopic configurations (the sequences) a certain function is conserved, and we want to infer the
“Hamiltonian” specifying how the function is encoded in the sequence. This challenge has attracted a lot of interest
[5–7] and, besides its interest for biology, it has become a paradigmatic problem of inference in complex systems.

The frequency of mutations on single sites reveals those positions along the sequence that are “protected” from
mutations, either because they are associated to important biological functions or because they are vital for the
stability of the tertiary structure. Correlations in the mutation of pairs of sites carry information that can be reverse
engineered to reveal contacts in the 3D structure [8–14]. Coevolution on larger subsets of sites can be spotted by an
extension of Principal Component Analysis, Statistical Coupling Analysis (SCA) [15], that is able to identify regions
that are associated to known functional domains [10, 15].

Yet, in all these examples, inference techniques are limited by and rooted in statistics that do not go beyond
pairwise correlations. There are good reasons for that. As higher and higher order correlations are involved, the space
of statistical models grows so fast that reliable inference becomes impossible beyond second order statistics, even with
very large datasets of sequences. Yet, there is no reason why evolution should use only on pairwise correlations to
encode biological function in amino acid sequences. As a matter of fact, selection operates on the whole sequence.

In this paper, we propose a new statistical method going beyond pairwise correlations for the analysis of MSAs
of a given protein (domain) family. The method, that we call Critical Variable Selection (CVS), is based on the
conclusions of Ref. [16] (hereafter MMR) that sampling relevant degrees of freedom of a complex system generates
datasets with broad distribution of frequencies, i.e. samples that “look critical”. This conclusion was further refined
in Ref. [17] within a Bayesian model selection approach. This paper is the first systematic attempt to exploit these
ideas for identifying the subset of relevant positions in a sequence. We introduce the method and its implementation
for studying protein sequences and, in order to test its validity, we compare its predictions to those of Statistical
Coupling Analysis (SCA) [15] and Direct Coupling Analysis (DCA) [5, 8, 9].

The analysis has been performed on several protein families, but we will focus on two specific families (PF00072
and PF00520 ), which are of nearly the same length, but di↵er in the number of available sequences by an order of
magnitude. This allows us to probe both methods (SCA and CVS) as the depth of the dataset varies, which is an
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important dimension. Indeed, despite the recent phenomenal advances in genomic sequencing [18–20], the evolutionary
process is necessarily deeply under-sampled. We find that:

1. CVS a↵ords a sharp separation between relevant and irrelevant sites, for a given resolution. This distinction
depends in a monotonic manner on resolution[21].

2. Highly conserved sites are typically (but not always) relevant according to CVS.

3. The predictions of CVS are very stable with respect to sample size and can be applied when other methods (e.g.
SCA) cannot. CVS predicts meaningful results even for MSA of few hundred of sequences.

4. CVS identifies biologically relevant positions, both functional sites extracted from databases [22, 23] and those
identified by DCA.

5. The ranking given by CVS and SCA markedly di↵ers of the top sites. Yet the list of the n most relevant sites
predicted by the two methods has a significant overlap when n is large enough, and it contains the biologically
relevant sites.

6. When coupled with DCA, CVS is able to identify a core of densely connected residues. All significant contacts
predicted by DCA when restricted to the CVS list, turn out to be close on the 3D structure (for PF00072 ).

7. CVS can be used to improve predictions of contacts by DCA by restricting the analysis only to relevant sites.

In the following we shall first discuss the method and then the results. A final section concludes the paper.

II. RELEVANT POSITIONS IN SEQUENCES AS CRITICAL VARIABLE SELECTION

The idea in MMR is the following: imagine that we can think of each sequence ~s = (a1, . . . , aL) of amino acids in
the MSA as a realisation of some optimisation problem of a function U(~s,~�) over an enlarged set of variables that,
besides the observed ~s, also includes some unknown variables ~�, e.g., reflecting the details of the cellular environment
in which that particular sequence has evolved. Under very general conditions, the analysis of [16] shows that a sample
of M solutions ~s to this problem with “unknown unknowns”, can be thought of as M independent draws from a
probability distribution p(~s) / exp[�u~s]. Then the number of times k~s that a given sequence ~s occurs in the sample
provides a noisy estimate of that part u(~s) = E[U(~s,~�)|~s] of the function that is being optimised which depends on
the known variables ~s [24]. In MMR it is argued that the informative content of a given sample is given by the entropy
of counts Ĥ[K], i.e., the entropy of the random variable[25] Ki = k~s(i) for a randomly chosen sequence ~s(i) in the
MSA:

Ĥ[K] = �
X

k

kmk

M
log

kmk

M
, (1)

where

mk =
X

s

�ks,k

is the number of sequences that occur k times in the MSA. Notice that Ĥ[K] is di↵erent from the entropy of the
sequence ~s

Ĥ[~S] = �
X

~s

k~s

M
log

k~s

M
= �

X

k

kmk

M
log

k

M
. (2)

Intuitively, Ĥ[~S] measures the resolution of the description based on ~s whereas Ĥ[K] measures relevance. In the well
sampled regime, where each sequence is observed a di↵erent number of times (k~s 6= k~s0 for all ~s 6= ~s0, i.e., mk = 1 8k),
the two measures coincide, i.e. Ĥ[~S] = Ĥ[K]. Yet, most of the times one finds itself in the under sampling regime
where Ĥ[~S] � Ĥ[K].

In practice we would like in this paper to take advantage of these considerations to define sensible positions of MSA
data and identify biologically and evolutionarily relevant sites in proteins.
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The key observation is that the same construction can be applied to each set of subsequences sI = (ai, i 2 I) specified
by some fixed positions (I ✓ {1, 2, . . . , L} is a subset of the positions). This corresponds in dividing the function

u(~s) = uI(sI) + vI(~s)

in a part uI that depends only on the subset I of positions and another vI(~s), depending on the rest. The idea is
that relevant variables are indeed those along which the “gradients” �uI/�si of the function u(~s) are “large”, as si

varies across the MSA, whereas irrelevant positions are those corresponding to “flat” directions. This is reflected in
the statistics and it is quantified by Ĥ[KI ], where KI are the random variables associated with the counts of the
subsequences sI .

Notice that larger subsets I yield a larger resolution Ĥ[sI ], as the variability of the subsequence can only increase.
However, this does not necessarily correspond to an increase in the relevance Ĥ[KI ] of the subsequence, unless new
relevant variables are included. In order to find the most informative positions in a given dataset we propose here to
look for the set I⇤(h) that maximizes Ĥ[KI ] for prescribed values h of H[S]:

I⇤(h) = arg max
I:Ĥ[S]=h

Ĥ[KI ]. (3)

As it was shown in Ref. [16], maximally informative datasets, i.e. that have the largest Ĥ[K] for a given resolution
Ĥ[S], have critical features (e.g. power law frequency distribution): hence we will call our method Critical Variable

Selection (CVS).

III. RESULTS

A. The data

In order to test our method, we analyzed two protein families, the response regulator receiver domain (PF00072 )
and the voltage sensor domain of ion channels (PF00520 ). The former dataset is made of N = 62074 sequences of
length L = 112 while the latter is made of N = 6652 sequences of length L = 114, already analyzed respectively in
[10] and [26]. For both families the evolutionary spread is quite wide but there is a much better sampling for PF00072
compared to PF00520 . For the analysis of tertiary structures, we extracted the .pdb files from the PFAM database
[27]: however, the number of available structures is very small and most of them refer to the same sequence [28].
Pdb-accession numbers relative to the structures we analyzed are 1NXW for PF00072 [12] and 3RZV for PF00520 .

B. CVS: The algorithm and typical behaviour

To maximize Ĥ[K], rather than fixing the value of Ĥ[S], it is more practical to maximize it by fixing the number
of positions in the subsequence I, i.e., searching the subsets of n positions

I⇤
n = arg max

I:|I|=n
Ĥ[KI ] (4)

having maximal relevance. To this aim, we employ a simple gradient ascent algorithm: starting from a random choice
of the subset I of n positions, we iterate the following steps:

1. Pick one position i 2 I at random and change it to a randomly chosen i0 62 I;

2. if Ĥ[KI0 ] � Ĥ[KI ], accept the move and I ! I 0 = (I/{i}) [ {i0} otherwise leave I unchanged.

The algorithm stops after a su�ciently large number of rejections or of moves where Ĥ[KI ] does not change [29].
Typically, for a given value of n, the algorithm does not produce a single maximum but rather a population of local
maxima with similar value of Ĥ[K], recalling a sort of energy landscape. This protocol thus provides information
on the “relevance” landscape of a given sequence. For small n we find that the overlap between di↵erent solutions
is small and it grows with n. For n su�ciently large we find most of the time the same solution. Fig. 3 illustrates
this process as n increases, for the PF00072 family (see caption). This displays the number of times ci(n) that a
particular position i is found in the set I⇤

n in 100 repetitions of the algorithm from random initial conditions. An
overall measure of the relevance of a site is given by the total count Ci =

P
n ci(n). We shall call ci(n) and Ci counts

and total counts, respectively. Fig. 3 shows that there are specific positions which stand out by the plot of counts and
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are selected for any value of the subsequence length n. These mostly relevant positions are followed by others arising
as the subsequence length increases. However, it must be noticed that there are also some sites that are never selected
– the irrelevant ones. The separation between relevant and irrelevant positions is more evident when positions are
ranked by decreasing total counts Ci (Fig.1b): after an initial plateau counts quickly approach zero, defining a sharp
division between the two sets of positions. The same can be seen in Fig. 3a for PF00520 .

The behaviour of ci(n) suggests that the set I⇤
n grows out of few sites by adding more and more outer layers. This

structure is also evident when plotting the “trajectory” of the counts ci(n) as a function of n for the most relevant
positions i (see Fig. 2a). In other words, if a site is selected in the subset of the n most relevant sites by CVS, it will
typically be selected also in subsets of n0 > n sites. This is a non-trivial fact, which is consistent with the existence
of a ranking in terms of relevance, that is independent of n.

Fig. 3b shows that sites selected by CVS include the most conserved sites for PF00520 . This is also true for
PF00072 , where however we also find sites that are highly conserved – e.g. 112 which is the 10th most conserved –
but which do not rank high in the CVS list of relevant sites. Interestingly, this site (together with 24) has a non-
monotonous dependence of ci(n) on n (not shown in Fig. 2a) and it does not carry relevant biological information,
because it is dominated in the MSA by gaps.
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FIG. 1: Relevance count ci(n) for each position in PF00072 . This is defined as the number of times a particular
position i is found in the solution i 2 I⇤

n for a given n. The algorithm was run for 100 times for n = 10, 20, 30 and
40. 1a) ci(n) versus i = 1, . . . , L = 112; 1b) ci(n) versus the rank ri defined by ordering the positions i in decreasing

total count
P

n ci(n) order.
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FIG. 2: 2a) Relevance count ci(n) as a function of n for the most relevant positions in PF00072 . 2b) H[K]-H[s]
values relatively to the relevance counts ci(n) in Fig. 2a.

The example of PF00520 shows that even with moderately large MSA, CVS is able to extract stable results that,
as we shall see later, have clear biological relevance. In order to further examine the dependence of the prediction of
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FIG. 3: 3a) Ranked relevance count ci(n) for positions in PF00520 . The algorithm was run for 100 times for
n = 10, 20, 30 and 40. 3b) Site entropy as a function of total count. Circles represent positions identified in the

literature (see text).

CVS on the size N of the MSA, we analyzed again the PF00072 cutting the corresponding dataset to about the same
number of sequences as in PF00520 . We run CVS for a subset of N = 6652 randomly chosen sequences of PF00072
and for an even smaller subset of N = 666 sequences. We find that the probability that a position is selected or not
both in the full dataset and in the subset is larger than 90% for N = 6652 and 76% for N = 666 for n = 40 and it is
even higher for smaller values of n[30]. This suggests that CVS is an adequate inference tool to analyse data in the
deep under sampling regime.

Finally, Fig. 2b) shows that, as anticipated, as n increases, the resolution Ĥ[SI⇤ ] also increases, but the relevance
Ĥ[KI⇤ ] decreases. As the other plots show, it is necessary to increase the resolution to spot all relevant positions. In
practice, we shall rank sites in decreasing order of their counts Ci and to extract a list of n relevant sites, we shall
consider the top n sites in this list.

C. Biologically relevant positions

CVS is able to identify biologically relevant sites. The top site identified by CVS for PF00072 coincides with the
active phosphorylation site and many of the other relevant sites coincide with biologically relevant ones (see Table I)
and are located in the neighbourhood of the active site (see Fig. 6b). We defer a detailed discussion of PF00072 to a
later section where we shall compare the prediction of CVS to that of SCA.

Let us now comment on the application of CVS to the Voltage Sensor Domain (VSD) family PF00520 . The VSD
is a biological molecular device that transduce electrical signals in cells, e.g. in the control of voltage-gated cation
channels. VSD’s are composed of four transmembrane segments (S1-S4). We rely on the MSA curated in Palovcak
et al. [26], whose length L = 114 is similar to the one of PF00072 . Since VSD is an highly conserved activation
mechanism, protein sequences in the MSA refer to widely di↵erent organisms, the evolutionary spread in the PF00520
dataset is as wide as that characterizing PF00072 . Yet the number of available sequences for PF00520 (N = 6652)
is much smaller compared to the case of PF00072 .

As shown in Fig. 3a, CVS also in this case clearly distinguishes relevant from irrelevant sites as in the case of
PF00072 . Fig. 3b shows that, besides highly conserved sites having a clear biological relevance, CVS distinguishes
between sites whose variability is evolutionarily related from those that can be regarded as noise. A first group of 13
sites with high counts Ci can be identified. This contains 9 sites identified in Refs. [26, 31]. Three more functionally
relevant sites have counts larger than 500 belong to a larger group of the 38 most relevant sites. These sites are
represented on the 3D structure in Fig.4. These include N-62, N-72, R-76 and E-93 of the voltage-dependent K+

channel KvAP which are important for channel function [23, 31]. The same sites have also been identified in Ref.
[26], that refer to the NavAb sequence (E-49, E-59, R-63, D-80 respectively). Ref. [26] also highlights the role of I-22,
F-56 and F-71 in NavAb and it discusses the application of Direct Coupling Analysis (see later) on the VSD MSA,
identifying several evolutionary conserved contacts along the chain. In particular, E-49 is found to be in contact both
with N-25 and with E-96, which are far apart in the NavAb structure. Ref. [26] argues that these two contacts are
important to confer stability both to the activated and to the resting state of the protein domain. All these sites
are found to be relevant in the CVS analysis, as well as R-63 and S-77, which are also found to be in contact on the
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S1

S2

S3

S4

(a) Top 40 CVS sites for the PF00520 .

S1

S2

S3

S4

(b) Top 15 CVS sites for the PF00520 .

FIG. 4: Top CVS sites got for the PF00520 . Green circles spot the functional sites already identified in Refs.
[23, 31] as discussed in the Main Text.

Uniprot sites Our sites Function SCA CVS

10 5 active X X
11 6 active X X
56 52 active, phosphorylation X X
64 60 active X X
84 80 active X X
101 99 active X (100)
104 102 active and dimerization interface X X
105 103 active and dimerization interface (102) X
106 104 active and dimerization interface (105) (103)
60 56 intermolecular recognition site X X
59 55 intermolecular recognition site (56) (54)
62 58 intermolecular recognition site (57) X
63 59 intermolecular recognition site X (58)
64 60 intermolecular recognition site X X

TABLE I: Functional sites extracted from [22, 23] for the B4DA37 9BACT sequence. In order to make a consistent
comparison sequences have been matched with particular attention to the gaps.

NavAb structure. Ref. [26] also reports a false positive contact (between W-76 and T-15). We find that while W-76
is relevant, T-15 is not (CT�15 = 145). Finally, we find an enrichment in relevant sites in the region corresponding to
S4, which is a highly dynamical region of the VSD, and in the S2-S3 turn (Tyr-63 to Pro-95 in KvAP) that has been
suggested to be structurally important [31].

D. Comparison with SCA

In order to gauge the relevance of the list of sites extracted by the CVS algorithm, we compare them with those
obtained by the so-called Statistical Coupling Analysis (SCA) [15].

Statistical Coupling Analysis (SCA) is a well-known technique aimed at undressing datasets from sampling noise,
in order to extract relevant information in protein sequences. A detailed description of the method is given in the
Appendix. In brief, SCA merges Principal Component Analysis with a noise cleaning procedure. It is based on the
correlation matrix built using single and double amino acid frequencies at each position, enhanced as in Ref. [15] to
highlight positional conservation and restricted to the set of positions by taking the Frobenius norm (see Appendix).
In order to undress the matrix from the noise arising from the finiteness of the sample, a random correlation matrix is
built from a reshu✏ed MSA with the same single amino acid frequencies at each position. If some kind of information
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FIG. 5: 5a) Histogram of the eigenvalues distribution relatively to the random matrix Mij (orange blocks) and to

the actual correlation matrix Ĉij (black blocks). The highest one, �1 ' 24.5 is neglected [15]. In the analysis, we
focused on the other two highest ones, i.e., �2 ' 3 and �3 ' 1.8, since the corresponding eigenvectors components

turn out to be noisier as the eigenvalues approach the random bulk. 5b) The four sectors identified in the PF00072
represented in the plane spanned by the eigenvectors |2i and |3i. Each site is labeled according to its position along

our MSA.

is enclosed in the protein sequence, one expects to find remarkable di↵erences between the randomized and the actual
matrix. Comparing the eigenvalue distribution of the actual and the random matrix, it is possible to identify the
principal components as the eigenvalues corresponding to those of the actual correlation matrix clearly standing out
of the distribution of the eigenvalues of the randomised matrix. This is illustrated in Fig. 5a) for PF00072 . Each
position along the sequence can then be represented as a point in the space spanned by the principal components,
whose coordinates are the components of the eigenvectors corresponding to that position. The distance of each point
from the origin can be taken as a measure of relevance of the corresponding site, according to SCA.

Fig. 5b plots the first 46 points in this list for PF00072 in the space spanned by the 2nd and 3rd principal
components (as discussed in [15], the largest eigenvalues should not be considered since it is purely a signature of the
phylogenetic history of the dataset). Performing a clustering procedure onto this set, one finally gets groups of mostly
correlated sites, usually called sectors in the literature [10, 15] (see Appendix I for details).

For PF00072 four sectors can be identified, that correspond to functional domains on the tertiary structure (Fig.
6a) (pdb-file 1NXW, [27]). They have also been compared with functional sites extracted from databases: this point
will be further discussed in the next section.

For PF00072 , when the list of the n most relevant sites according to SCA is compared to that generated by CVS
we find zero overlap as long as n  18. This is not surprising: principal component analysis is tailored to identify the
most relevant drivers of variation in a data-set, which is why highly conserved sites do not appear on top of the list of
relevant sites, according to SCA. This implies that SCA and CVS are qualitatively very di↵erent methods. Yet, when
one compares the lists for larger number n of top sites, the overlap sharply increases. We shall concentrate below on
the comparison between the top n = 41 sites in the two lists[32], which is approximately where the overlap between
the two lists is largest (⇠ 54%) as compared to what one would obtain if sites where chosen randomly (⇠ 37%).

We found that SCA is much more di�cult to implement for PF00520 : because of the high diversity of the sample
and the few sequences (N = 6652), the tails of the distribution of the random matrix eigenvectors’ components are
very broad, and the eigenvector components very noisy. This prevents a reliable application of the method. Barring
all this and imposing a conservative threshold, one can select 5 top sites, four of which highly conserved (F-56, D-80,
R-99 and R-102 on NavAb) with a large relevance count and one (A-112) highly variable, with a moderately large
CVS count. In what follows, we shall confine our discussion of the comparison between CVS and SCA to the case of
PF00072 , where statistics is definitely enough for the latter method to produce stable results.

Let us now compare the lists of the 41 top sites identified by SCA and CVS for PF00072 . It is instructive to
analyze the positions of the selected sites on the tertiary structure. We analyzed one structure (1NXW) whose results
are shown in Fig. 6. Many common domains on the ↵�helices and �� sheets are clearly identified by both methods
(red bands) with few di↵erences, e.g. the central ��sheet identified by CVS but not by SCA.

In order to understand if CVS is able as well as SCA to detect functional domains, we extracted functional sites
from the UniProtKB and NCBI-RefSeq databases [22, 23]. The results are shown in Tab. I where one can see that
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(a) SCA sites for the PF00072 . (b) CVS sites for the PF00072 .

FIG. 6: Sites obtained by SCA (Fig. 6a) and CVS (Fig. 6b) represented on the tertiary structure with the overlap
in red.

most of the sites are detected by both methods. In 4 cases each method selects nearest neighbors instead of the site
itself and failed to identify two sites (63,64 for SCA and 60,64 for CVS) as relevant.

In summary, both CVS and SCA are able to detect functionally relevant sites and the same domains with slight
di↵erences. In order to investigate the nature of these di↵erences we shall resort to Direct Coupling Analysis in the
next subsection.

E. Direct Coupling Analysis: interaction networks and hidden variables

Direct Coupling Analysis (DCA) is a method aimed at identifying a network of interactions between positions along
a protein domain, that are inferred from the traces left by the evolutionary process on the pair correlation matrix. In
recent years many e↵orts have been spent in refining this observation into a quantitative bio-informatic tool [8–14].
Given the MSA of a certain protein family, DCA produces an F-score Fi,j for each pair of positions i, j = 1, . . . , L with
Fi,i = 0. In particular, if two positions are relevant for preserving the tertiary structure, by establishing a physical
contact, one expects residues on these sites to co-evolve, that results in a large value of Fi,j . DCA is indeed a powerful
tool for predicting contacts in protein domains.

Here we use DCA to generate a network of interactions between positions, with the goal of deriving an independent
assessment of the relevance of the sites selected by CVS and SCA, respectively. Therefore, we stick with a standard
implementation of DCA – the so called näıve Mean Field Direct Coupling Analysis (DCA) based on the Plefka

expansion [33] – that has been shown to capture most of the direct contacts in 3D protein structures [9] . We refer
to the appendix for a concise discussion of the steps leading to the calculation of Fi,j as applied to our dataset. We
confine our analysis to PF00072 for which both CVS and SCA yield stable predictions.

We performed DCA on the whole protein and then on the CVS and the SCA lists of sites to infer the Fi,j scores
between the amino acids. We shall call them respectively F all

i,j , FCV S
i,j and FSCA

i,j .
A first comparison between the two lists can be made by selecting the n most relevant sites on each list and the

network defined by the m top interactions from the list of F all
i,j . Figs. 7a, 7b shows the resulting network for n = 41

and m = 200 for the CVS and SCA lists, respectively. Only a fraction of the m selected links will connect two of the
n top sites of a given list, so the density of links and the fragmentation of the resulting networks provide a measure of
“positional” relevance of the selected sites. Visual inspection reveals that CVS sites are more densely connected both
in terms of number of links and of size of the largest connected component, and less fragmented, meaning that CVS
sites are more interacting than those selected by SCA. This conclusion holds true for all relevant values of n and m.
Furthermore, the number of links between the n selected sites and the L � n remaining ones is smaller for the CVS
than for SCA list, for most values of m. We also notice that, for SCA, sectors do not seem to be related to a motif
pattern in the network (Fig. 7b).

Secondly, Fig. 8 shows that, when restricted to the CVS list, pairs of sites with a large Fi,j correspond to close
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sites, whereas the same is not true always for the SCA list. For example, Asp 96-Thr 100 and Lys 81-Pro 74, whose
distances are respectively about 11.4 Å and 17.3 Å, turn out to have values of FSCA

i,j ⇡ 4. In general, Fig. 8 shows
that, when DCA is run on the reduced list, the same value of Fi,j correspond to pairs of sites which are in a narrower
range of distances in the case of CVS than in the case of SCA.

Indeed, when run on a subset L of sites, DCA predicts higher values of FL
i,j as compared to the unrestricted case

F all
i,j . We observe this e↵ect both for CVS and for SCA, where FL

i,j ⇡ 1.2F all
i,j . (Fig. 9). The amplification in the

couplings �FL
i,j = FL

i,j �F all
i,j can be due to two reasons: on one side, we expect that if irrelevant nodes are eliminated,

the estimate of the interaction between nodes in L improves. On the other, as shown schematically in Fig. 10, if nodes
k 62 L that interact strongly with both i and j are eliminated, the estimate of Fi,j will increase to account for the
missing interactions of i and j with the “hidden node” k. In order to distinguish between amplification of interactions
due to genuine noise reduction and the e↵ect of hidden nodes, we compare the increase �FL

i,j in the interaction with
the quantity

�Fi,j = F all
ij � maxk 62Lmin(F all

ik , F all
jk ) (5)

for all i, j 2 L. In words, a negative value of �Fi,j implies that the enhancement �FL
i,j in the coupling is due to the

neglect of hidden variables rather than to noise reduction (see Fig. 10).
Fig. 11 plots �Fi,j versus �Fi,j for contacts among sites in the CVS list and in the SCA list. The histograms

along the axis in Fig. 11 also shows the distribution of �Fi,j and �Fi,j for lists of 41 randomly chosen sites. With
respect to this, the distribution of �Fi,j > 0 for contacts between CVS sites is significantly shifted towards positive
values, much more than for the SCA case. The presence of many contacts with �Fi,j > 0 in the CVS list suggests
that DCA is not severely a↵ected by hidden variables, when restricted to the CVS list. CVS may be then used as a
pre-processing noise-undressing step in DCA.

This conclusion is further corroborated by the analysis of the network of contacts between hidden variables. Given
a list L of putatively relevant sites, we define a site k 62 L a hidden variable if i) k 62 L and ii) there exist at least a
pair of sites i, j 2 L with FL

i,j > 2 and |i � j| > 2 for which �Fi,j < 0, with the maximum in Eq. (5) being attained
at site k. As illustrated in Fig. 10, hidden variables are those sites that “explain” spurious contacts[34]. The network
of hidden variables for the CVS list is smaller, more fragmented and less densely connected than that of the SCA list
(figure not shown). The latter in turn, can hardly be distinguished from the network of hidden variables obtained for
random lists of the same number of nodes[35].

IV. DISCUSSION

In summary, we have proposed a new method for the identification of relevant sites in protein domains. Given
a multiple sequence alignment (MSA) for a given protein family, the method is based on finding those subsets of
n positions for which the entropy H[K] of the frequency with which di↵erent subsequences occur is maximal. Its
implementation is straightforward and does not require any further data-processing step.

We have discussed the application of the method to two protein domain families, the response regulator receivers
(PF00072) and the ion channels (PF00520), being this latter a smaller dataset than the former. By starting with
di↵erent subsequences length, the method assigns to each position a count that can be used to assess the relevance
(respectively irrelevance) of a certain site. As the subset length includes enough positions, CVS a↵ords a sharp
separation between relevant and irrelevant sites for all the datasets we analysed, being them often, i.e. not always,
highly conserved positions. Besides, site relevance turns out to be monotonic with the subset length and typically if a
site i is selected as relevant in the subset of the n most relevant positions, it will be very likely selected in the subset
of n0 > n sites as well.

CVS is furthermore able to identify biologically relevant positions: the sites extracted from [22, 23] or identified by
inference methods as Direct Coupling Analysis turn out to be tagged as relevant by our method for both PF00072 and
PF00520. The latter dataset, as previously discussed, has allowed us to assess the stability of the method with respect
to the sample size: the ion channel dataset lies indeed in the deep under sampling regime (few number of sequences
characterized by high diversity) and methods as SCA are not able to give enough predictions about it. Nonetheless,
we have shown that CVS can still give meaningful results in agreement with biological predictions [23, 31].

We have as well compared CVS results with those one gets by applying Statistical Coupling Analysis (SCA), showing
the two methods give deeply di↵erent results. The comparison has been performed on the PF00072 dataset as on
the other one we have discussed the di�culties one encounters while applying SCA. Although the two methods show
remarkably di↵erent results, in order to give consistently comparisons, the subsets of lists that maximally overlap have
been taken into account: we have shown that in both cases one is able to recover biologically relevant information.
Yet, di↵erences between CVS and SCA results can be furthermore highlighted by using Direct Coupling Analysis
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FIG. 7: 7a) Network representation of the CVS sites with communities highlighted by the Mathematica Network
Analysis package. The size of the nodes is rescaled with their CVS counts. Ci, and their links are those obtained
with the nMFDCA, rescaled as well according to their own intensity. Just the top 200 couplings have been taken
into account. 7b) Same representation as in 7a) but for the SCA sites. Colours are now defined according to the

sectors (first one in blue, second red, third green and fourth yellow).
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FIG. 8: Distance on the tertiary structure di,j as a function of FL
i,j for all the couples in the L =CVS and L =SCA

(respectively blue empty circles and purple diamonds) lists. Distance on the tertiary structure di,j as a function of
FCV S

i,j for all the couples in the CVS list (blue empty circles). Only pairs of sites with FCV S
i,j > 2 and at a distance

|i � j| > 2 along the primary structure are shown. In the same plot, purple diamonds refer to di,j vs FSCA
i,j , again for

FSCA
i,j > 2 and |i � j| > 2.
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(a) CVS results for the PF00072 . (b) CVS top contacts for the PF00072 .
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(c) SCA results for the PF00072 . (d) SCA top contacts for the PF00072 .

FIG. 9: Couplings got through nMFDCA on the sublists of CVS sites (Fig. 9a) and of SCA sites (Fig. 9c) versus
the corresponding couplings obtained through the nMFDCA over the whole protein, F all

ij , together with a fit line.
Besides the amplification of the couplings, the top 30 contacts above the green line are represented on the tertiary

structure of the PF00072 , respectively for the CVS results (Fig. 9b) and for the SCA ones (Fig. 9d). However SCA
results stay still noisy and between the top contacts amplifies at least two false positives, i.e., is respectively about

11.4 Å (Asp 96-Thr 100) and 17.3 Å (Lys 81-Pro 74).

(DCA). CVS identifies a core of densely connected residues and all significant contacts predicted by DCA on the
restricted lists turn out to be close on the 3D structure for the PF00072 .

By finally analysing how the output of DCA inferred on the lists of selected residues correlates with their distance
on the tertiary structure, we have been allowed to build up a network framework of relevant sites showing that CVS
identifies a core of densely connected residues. At the same time, the e↵ect of hidden variables, which is unavoidable
when DCA inference is limited to a subset of contacts, is greatly reduced among variables identified by CVS both
with respect to those identified by SCA and with respect to randomly chosen sites. This further corroborates the
conclusion that CVS indeed singles out subsets of relevant sites in protein domains.

We stress, in particular, the fact that CVS is able to recover insights from methods based on single site conservation
and pairwise correlation. Yet, the most exciting aspect of CVS lies precisely in its ability to probe the co-evolutionary
process beyond single site conservation and pairwise correlation. This calls, on one hand, for the development of
inference methods going beyond pairwise interactions, and on the other hand to applications of CVS to instances that
may lead to a more critical assessment of its potential for reverse engineering evolutionary processes.
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FIG. 10: Pictorial representation of the network between sites in a protein domain. The subset of sites in the light
blue subset square correspond to those on a list L of “putatively” relevant sites, whereas those in the outer orange
shaded area correspond to neglected sites k 62 L. The thickness of links represents the strength Fi,j of interaction.

An example of an hidden variable is highlighted by the red dashed circle.

(a) (b)

FIG. 11: �Fij plotted as a function of �FL
ij for both the CVS (Fig. 11a) and the SCA (Fig. 11b) results. The

di↵erence between the two scenarios is pretty evident, being the latter more biased towards negative values of �Fij ,
meaning that there are tight contacts with sites not selected by SCA. The histograms on the axis in both figures

represent the distributions of the two quantities obtained by using 5 random lists.
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Appendix A: Statistical Coupling Analysis in a nutshell

In this section we are going to give an overview of Statistical Coupling Analysis as applied onto our datasets.
Let us consider a MSA as an ensemble of N sequences ~s↵ = {s↵

1 , ..., s↵
L} of length L where each s↵

i (↵ = 1, ..., N and
i = 1, ..., L) represents either an amino acid or a gap (or an uncertain letter as well) and can then take q = 21 values.
A first measure of conservation throughout the dataset is given by the frequency of the amino acid a at position i,
i.e.:

fa
i ⌘ 1

N

NX

↵=1

�a,s↵
i
.

Pair - frequencies can then be defined in a straightforward manner, as:

fab
ij ⌘ 1

N

NX

↵=1

�a,s↵
i
�b,s↵

j
,

that gives a measure of the simultaneous appearance of the amino acids a and b respectively at positions i and j. The
correlation matrix Cab

ij in such defined model will be then:

Cab
ij ⌘ fab

ij � fa
i f b

j , (A1)

being a qL ⇥ qL matrix. As previously discussed, in [15], they introduced a further quantity, �a
i , called positional

information, aimed at highlighting highly conserved positions with respect to the background amino acids frequencies
within the correlation matrix. Let us define the background frequency of the a�th amino acid as ⌫a = 1

L

PL
i=1 fa

i .
The measure of how much the site i is biased towards one particular amino acid with respect to the background is
given by the Kullback - Leibler divergence, DKL(fi||⌫) =

Pq
a=1 fa

i log( fa
i

⌫a ). In [15], they rescaled the correlation

matrix Cab
ij with the DKL(fi||⌫) variation with respect to fa

i , i.e., �a
i ⌘ @DKL(fi||⌫)

@fa
i

, in the following way:

C̃ab
ij = (fab

ij � fa
i f b

j )�a
i �b

j . (A2)

In order to avoid singularities due to the presence of the logarithm in the Kullback-Leibler divergence, we used
pseudo counts to regularize frequencies [5, 9], i.e., adding at each position a fictive count.
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Yet, due to projects focused on particular sequencings and the recent big advances in this field [18–20], sampling
is not spatiotemporally homogenous and hence datasets are enriched of some specific very similar sequences. Then,
to prevent biases due to over sampling, sequences have been reweighed by collapsing those overlapping at least of the
80%, which we will refer to as similarity threshold �. However, any value 0.8  �  1 does not drastically change the
results for the families we analyzed. In the following we shall call the number of e↵ective sequences Meff .

Regularization and reweighing can be expressed in a compact manner for single and double frequencies as it follows:

fa
i =

1

Meff + �Meff

⇣�

q
+

MeffX

↵=1

�a,s↵
i

⌘
(A3)

and

fab
ij =

1

Meff + �Meff

h�

q
�ij�ab +

�

q2
(1 � �ij) +

NX

↵=1

�a,s↵
i
�b,s↵

j

i
, (A4)

where � = 1 is the pseudo count.
The regularized and reweighed C̃ab

ij is still a qL ⇥ qL matrix: to reduce it to a L ⇥ L matrix, we used the so-called
Frobenius norm, i.e.:

C̄ij =

vuut
qX

a,b=1

C̃ab 2
ij (A5)

and normalized it with respect to the diagonal entries:

Ĉij ⌘ C̄ijp
C̄iiC̄jj

. (A6)

Ĉij is now a L ⇥ L symmetric matrix. To perform SCA, as we previously discussed, one must compare the spectral

properties (i.e., eigenvalues and eigenvectors’ components) of the Ĉij with those of the correlation matrix got from
the reshu✏ed dataset. Data reshu✏ing is performed constraining on the single amino acid frequency at each site, i.e.,
randomly exchanging two di↵erent amino acids at the same position i. The procedure to compute the correlation
matrix is exactly the same as before and we call the random matrix Mij .

As introduced in Sec.III D, to figure out whether some relevant information is enclosed in the dataset, one has firstly
to compare eigenvalues’ distributions relatively to the Ĉij with those of Mij . We expect Mij ’s eigenvalues distribution
to be Marchenko-Pastur like [36], i.e., a bulk of very small eigenvalues and short tails. Fig. 5a shows at least four
eigenvalues (black blocks) of the Ĉij computed for the PF00072 rising out of the random bulk (orange blocks). The
first highest eigenvalue has not been shown since it is a consequence of the phylogenetic history characterizing the
dataset [15] and of the use of pseudo counts and it will not be taken into account for sectors selection. In order to
identify sectors, we sticked with the second and third highest eigenvalues, �2 and �3 (Fig. 5a) and their associated
eigenvectors, |2i and |3i. The aim is to display those sites giving signals along these directions, i.e., having a projection
along the two eigenvectors significantly higher than the random one. To define a discrimination threshold ✏, we used
the inverse participation ratios (Fig. 14) associated to each mode as well as the distribution of the eigenvectors’
components (Fig. 12) for both the Ĉij and the Mij . The inverse participation ratio associated to the n � th mode,
IPRn, is defined as:

IPRn =
LX

i=1

(hi|ni)4 (A7)

and it gives a measure of the localization or delocalization of the eigenvectors’ components. In Fig. 14 we show
IPRn for all the modes related to the actual and the random correlation matrix.

The imposed discrimination threshold is finally ✏ = 0.1 for the PF00072 . This allows to define sectors by clustering
the selected sites in the plane spanned by |2i and |3i (Fig. 5b).

For PF00072 , four sectors have been identified by grouping the positions in the plane spanned by |3i and |2i, for
instance in the following way:
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2

(a) Second eigenvector.

(b) Third eigenvector. (c) Fourth eigenvector.

FIG. 12: Histograms of eigenvectors components frequencies, ⌫, relatively to the correlation matrix Ĉij (black
blocks) and to the random one (red blocks). In 12a the chosen threshold is plotted upon the histogram as well.
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(a) Third vs second.
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(b) Fourth vs second.
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(c) Fourth vs third.

FIG. 13: Eigenvectors components for the matrix Ĉij . While in Fig. 13a one can still see a clusters structure, in the
others the eigenvectors’ components are much noisier.

• the first sector is identified by all those positions hi|2i > ✏ and |hi|2i| > |hi|3i|;
• the second sector is identified by all those positions hi|2i < �✏ and |hi|2i| > |hi|3i|;
• the third sector is identified by all those positions hi|3i > ✏ and |hi|2i| < |hi|3i|;
• the fourth sector is identified by all those positions hi|3i < �✏ and |hi|2i| < |hi|3i|.

The obtained sectors are shown in Fig. 6a and their meaning is widely discussed in the Main Text. In our analysis,
however, we did not really use this discrimination threshold but we have rather ranked the SCA sites according to
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FIG. 14: Inverse participation ratios as a function of the eigenvalues for both the random matrix (orange) and the
non-random one (blue).
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FIG. 15: First eigenvector components, h1|ii, plotted along the sequence. Notice that most of them are at least
higher than 0.05.

their distance from the origin in the plane spanned by |2i and |3i. The list of relevant sites has been built up by
maximizing the overlap with the CVS results.

In our analysis we just sticked with the two highest eigenvalues of the correlation matrix. Yet, as pointed out in
[10], smaller eigenvalues can still give signals about some positions. However, we found that CVS recovers most of
these positions found to be relevant along eigenvectors associated to smaller eigenvalues.

Appendix B: Direct Coupling Analysis in a nutshell

Direct contact prediction from MSAs has recently been subject of intense research. Here we focus on the well-known
method of Direct Coupling Analysis. As discussed in the Introduction, many approaches have been proposed so far
some aimed at minimizing the detection of false positives while some others at weighing the gaps introduced by the
alignments. Hereafter, we will refer to [9] where they introduced and tested the so-called naive Mean Field approach
(nMFDCA) to infer the interactions between the amino acids (see Supplementary Materials for further details).

The ansatz of DCA methods is that each sequence is the outcome of a Boltzmann - distribution, P (~s), obtained
from a maximum entropy principle under the constraints that marginal distributions must match the experimental
ones, i.e.:

P (si = a) ⌘ fa
i

and
P (si = a, sj = b) ⌘ fab

ij .

This allows the introduction of a q-state Potts’ hamiltonian, H, given by:

H[~s] = �
X

i<j

Jij(si, sj) �
X

i

hi(si). (B1)

The model we are aimed at fitting data with is then a 21-state Potts’ model.
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Since for each site i frequencies sum up to 1, being there L constraints for each site, the model has (q � 1)L free
parameters which can be inferred exploiting the Plefka’s expansion of the Gibbs’ free energy generalized to the q-state
Potts’ model: it relates couplings Jij(si, sj) to the (q � 1)L ⇥ (q � 1)L correlation matrix Cij(si, sj) [9, 33]. The
correlation matrix Cij(si, sj) is defined as in SCA other than the rescaling with positional conservation [37]. One can
check that from the Plefka’s expansion it follows that:

Jij(si, sj) = �(Cij(si, sj))
�1. (B2)

However, to ensure matrix inversion, one must neglect the q�th degree-of-freedom because of the L frequency
constraints we discussed before. Here, the use of pseudo counts is fundamental in order to avoid singularities due to
positional under sampling.

This allows to obtain a regular Jij(si, sj) matrix whose dimensions are (q�1)L⇥(q�1)L: to perform a dimensional
reduction on the couplings and turning again to a L⇥L matrix, one can introduce again the q � th degree-of-freedom
(as a null column/row) and then to standardize the couplings in the following way:

J̃ij(si, sj) = Jij(si, sj) � µij(si) � µij(sj) + µij , (B3)

where µij(si) = 1
L

Pq
sj=1 J(si, sj)ij (analogously for µij(sj)) and µij = 1

L2

Pq
si,sj=1 Jij(si, sj) and then take the

Frobenius norm as previously defined. The Frobenius norm computed on this new couplings matrix is called the
F–score, defined as:

Fij ⌘ ||J̃ij(si, sj)||si,sj =

vuut
qX

si,sj=1

Jij(si, sj)
2
. (B4)

The F-score turns out to have zero elements on the diagonal, i.e., zero self-couplings, and a better highlight of
structures within the coupling matrix [10].
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