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Glossary

General notations & functional spaces

d>1
T>0
10,77
D
oD

P

E

F = (F)e=0
(Q,F,P)
Pr

w

N2(0,T,X)

Dimension of the space domain.

Maximal time of the study.

Time interval of the study.

A bounded Lipschitz domain of R? with a Lipschitz boundary if d > 2.
The Lipschitz boundary of D for d > 2.

The space product ]0,T[x9D.

The probability space.

The probability measure defined on 2.

The expectation, i.e. the integral on 2 with respect to the measure P.
A countably generated filtration with Fy containing the negligible sets.
The classical Wiener space.

The predictable o-field generated by the sets {0} x Fy and ]s,t] x A, A € Fy.

A standart adapted one-dimensional continuous Brownian motion defined
on (Q,F, P) with wg = 0, also denoted {w¢, F;,0 <t <T'}.

A separable Banach space.

The separable Banach space of the pre(}ictable X-valued processes endowed

R E
with the norm ||¢|7 = [E.[o ||<bHde] .
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D(RY)

D(D)

HY(R?)
Hy(D)

BV (D)

G

D(G)

| ets)dus)
supp(¢)

e>0

The space of C*°(RY)-functions with compact support in R?.

The space of C*(D)-functions with compact support in D.

The closure of D(R?).

The closure of D(D).

The space of integrable function with bounded variation on D.

A subset of RY.

The restriction to G' of D(R?) functions u such that suppu N G is compact.
The It6 integral of ¢ € N2(0,7, X) belonging to C ([0,T]; L*(2, X)).
The support of any function ¢.

Parameter of the parabolic regularizations.

An arbitrary real.

Positive integers.

Real parameters.

Points of the time interval ]0, 7.

Elements of R?.

Reals of the interval ]0, 1.

For convenience, equal to (¢,x, ).

For convenience, equal to (s,y,3).

TIME DISCRETIZATION

N
n, k
At, A

A positive integer.

Arbitrary integers of {0,...,N}.

The step of the time discretization equal to le
Point of the time discretization equal to nAt = nA.

The Brownian motion at time t,, w(t,).
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Chapter 1

Q The product space |0, T[xD.
uo The initial condition of Problems (1.1) and (1.4) in H3(D).
f A bi-Lipschitz-continuous function defined on R, increasing with f(0) = 0.
h An element of N2(0,T, H}(D)).
H A Lipschitz-continuous mapping with H(0) = 0 defined over H} (D).
a The bilinear application (u,v) € H}(D)? ~ /D VuVovdzx € R.
u” The element of L2((Q,F,), H&(D)) used for the approximation of w.
1 [t
h™ The element of L2((Q,F,), H} (D)) defined by Al f h(s)ds.
tn-1
n-1
B, The element of L*((Q2, F,), Hy (D)) defined by " (w**! —w*)h*.
k=0
yntl For convenience, u™*' = > (w**! —w")1¥, for any n in N.
k=0
N-1
uAt The simple function defined by »° uk+11[tk,tk+1[-
k=0
N=1T B+ _ ok
uAt The affine function defined by > Tt( —tg) + mk] Lty ton [
k=0
N-1
pA The element of N2 (0,7, H} (D)) defined by > h**'1p, 4 -
k=0
N-1
hat The element of N2 (0,7, H} (D)) defined by > hF1p, . 1 =h2( - At).
k=0
N-1 k
BAt The simple function defined by > >° (w™ - W) Ly [
k=0 n=0
N=1T k41 _ k
BAt The affine function defined by > Thk(. —t1) + B [ L1ty o[-
k=0

(.,.) The scalar product in L?(D).

-1 The norm in L?(D), I.|z2(py associated to the scalar product (.,.).

hn, A regularization of h in N2(0,T,D(D)), for any n in N.

Un, The solution of Problem (1.1) with the regularization h,,, for any n in N.
t

U, For convenience, u,, — fo hypdw, for any n in N.
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Chapter 11

H A Hilbert space, in addition separable in the stochastic case.
H' The dual space of H.

\% A reflexive separable Banach space.

\7 The dual space of V.

(-,.) The scalar product in H.

[ The norm in H.
(.,.) The dual product V' - V.

|| The norm in V.

ug The initial condition for Problems (P;) and (Pz) in V.

F A continuous, Gateaux-differentiable and proper convex function defined from
H to R.

f The operator of Problem (P;) defined from H to H' by f = 0F

and in addition strongly monotone for Problem (P,.)

J A continuous, Gateaux-differentiable and proper convex function defined from

V to R and in addition satisfying J(u) > 0= J(0) if u # 0 for Problem (P3).

A The operator of Problem (P;) defined from V to V' by A =9.J and
in addition linear for Problem (P3).

g An element of L?(0,T, H) associated to Problem (7).

h An element of N2(0,7T,V) associated to Problem (Py).

H A Lipschitz-continuous mapping over V' associated to Problem (Py).

) A positive real parameter.

¥1 An operator defined over V' by ¢ (u) = 6lul® + J(u).

P2 An operator defined over V' by @ao(u) = F(u) + J(u).

¥3 An operator defined from V' to R by ¢3(u) = AtF( "z;n) +J(u) - (g™ ).

Whpa(0,T,V, H) The space of functions u € LP(0,T,V") with dyu € LY(0,T, H).

q" An approximation of g defined by Ait ft :nﬂ g(s)ds.

(v)A A scalar product in V' defined by (A4.,.).

([ A norm in V, defined by m



Glossary

Chapter III

Q

f.: (fl:"7fd)
h

uo

Sgng

n, s
Ns
U
F(.,.)

F(.,)

Hon K

Pn
Pm
pL

By
Aj,

The product space ]0, T[xR%.

A Lipschitz-continuous function defined from R to R? with £(0) = 0.
A Lipschitz-continuous function defined from R to R with A(0) = 0.
The initial condition of Problem (0.1) in L?(R%).

The sign function defined by sgny(z) = ﬁ if x # 0 and 0 otherwise.

The set of C*!(R) nonnegative convex approximations of the absolute-value

function vanishing in zero.

Members of £.

A Lipschitz-continuous approximation of the sign function with n5(0) = 0.
A Lipschitz-continuous function with suppny c]-0,d[ and |75 [e < §, ¢> 0.
The function defined on R? by F(a,b) = sgngy(a - b)[f(a) - £(b)].

The function defined on R? by F"(a,b) = /ban'(o' - b)f'(0) do.

The initial condition of Problem (2.1) in D(R?).

The viscous solution of Problem (2.1).

Any entropy solution of Problem (0.1).

Any measure-valued entropy solutions of Problem (0.1).

The distribution in R*" defined for any real k and smooth function 1 p.63.
A compact set of RY.

For the local Kato inequality, a positive function of D([0,T] x R?)
with suppy(t,.) c K.

An usual mollifier sequence in R with suppp,, c [—%, 0].
An usual mollifier sequence in R? with suppp,, c B (0, % .
An usual mollifier sequence in R with suppp; c [—%, %]
For convenience, equal to p;(uc(s,y) — k).

For convenience, equal to p;(tu(p) — k).
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Chapter 1V

f‘: (fla "’fd)
h

Uuo

()"

8+

u,a
(Bi)i=0,.--,k

B

A Lipschitz-continuous function defined from R to R? with £(0) = 0.

A Lipschitz-continuous function defined on R with A(0) = 0.

The initial condition of Problem (0.1) in L?(D).

The positive-part function defined by (z)* =0 if 2 <0, (z)* = = otherwise.

The set of C*!(R) nonnegative convex approximations of the positive-part

function vanishing in zero.

The set of functions 7 such that 7€ £*.

A typical element of £* defined p.108.

An element of EX UE™.

The function defined by 7(x) = n(-z) for any real z.

The set {(k,,n) e RxD*(R"1) x £, k<0 = ¢ eD*([0,T] x D)}.
The set {(k,p,n), (=k,p,1n) € A*}.

The union of sets AT UA™.

The function defined by sgnj(x) =1 if 2 >0 and 0 else.

The function defined by sgng (x) = —sgnf (—x).

The function defined by sgn, = sgn| + sgng.

The function defined on R? by F(a,b) = sgny(a - b)[f(a) - £(D)].
The function defined on R? by F*(7)(a,b) = —/basgng(f)(a - b)f'(0) do.

The function defined on R? by F"(a,b) = fban'(a - b)f'(0) do.

The distribution in R*! defined for any real k& and smooth function 7 p.110.
The initial condition of Problem (2.3) in D(D).

The viscous solution of Problem (2.3).

Any entropy solution of Problem (0.1).

Any measure-valued entropy solutions of Problem (0.1).

Balls of the covering of D.

Equal to B; for some ¢ in {0, k}.
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87 7, Fn> Mk
Q
A

>

uQ
M,y
My

TV;E(UO)

For the Local Kato inequality, a function of D*([0,T[xD).

For the Global Kato inequality, a function of D* ([0, T[xR%),
with suppy(t,.) c B.

An usual mollifier sequence in R with suppp, c [—%, 0].
A shifted mollifier sequence in R,

An usual mollifier sequence in R with suppp; c [-%, 0].

The sequence defined for y € R? by L pm(x —y)dx.

T
The sequence defined for s € R by _/0 pn(t —s)dt.

For convenience, equal to ns(k —nz(x)) +ns(—z) for the first inequality (3.3)
and to 1s(nz(x) — k) for the second inequality (3.4).
For convenience, equal to p;(n5(uc(s,y)) - k).

For convenience, equal to p;(k —1(p)).

See notations of Chapter IV.
The space product |0, T[xD.
Any P-measurable set.

The usual norm in L' (D), It (py-

A Lipschitz-continuous function defined from R to R? with £(0) = 0.
A Lipschitz-continuous function defined on R with h(0) = 0.

The Lipschitz constant of f.

The Lipschitz constant of h.

A real such that supph c [-M, M].

The initial condition of Problem (1.1) in L*(D)n BV (D).

The constant equal to max(M, [uo = py)-

oT KT

The constant equal to e , where ¢ only depends on the geometry of dD.

The total variation of ug in D.
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t,s
R(t,s)
S(t-s)
(un)nEN
u®(t,x)
u™ 1 (x)
u(t,x)

Any integer of {0,...,N —1}.

An element of D.

Points of the time interval [0,7'].

The operator which takes a number u to the solution w at time ¢ of the o.d.e
du = h(u)dw and u(t =s) =u, s<t.

The operator which takes a function u(x, s) to the weak solution u at time ¢
of the conservation law dyu + div f(u) = 0 and u(t = s) = u(z, s).

The sequence defined by u"(z) = ug(z) and v (z) = S(A)R(tpi1, tn)u"(x).
The function equal to u"(z) if t = ¢, and to R(t,t,)u" () if t €]t,, tne].

For convenience, equal to R(tp41,tn)u™(z).

For convenience, equal to S(t — t,)R(tns1,tn)u™(x) = S(t - t,)u™ 1 (z).
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Ans cette theése, notre but est d’étudier des équations aux dérivées partielles (EDP)
D auxquelles nous introduisons 'aléatoire via une différentielle stochastique de type bruit
blanc gaussien. En d’autres termes, 1'aléatoire s'immisce dans 'EDP par le biais d'une inté-
grale stochastique, et se propage jusqu’a la solution qui est désormais un processus stochastique.
On parle alors de perturbation stochastique, d’EDP bruitée, d’EDP stochastique ou encore de
forcage aléatoire ou stochastique. L’étude de cette classe d’équations repose sur une théorie
a la frontiere entre I'analyse des EDP et les probabilités (calcul stochastique). L’enjeu dans
ce travail étant, partant d’'un bagage mathématique orienté analyse des EDP, d’adapter les
techniques habituellement utilisées dans le cas déterministe (i.e. sans terme de probabilité) au
cas des EDP stochastiques.

Dans ce travail, nous nous intéressons au bruitage d’EDP par 'introduction d’un objet
stochastique particulier : I'intégrale d’It6. Les problemes étudiés dépendent alors d’une nouvelle
variable (I’aléatoire) qui nous oblige & revisiter nos réflexes d’analystes d’EDP déterministes.
Par exemple, du fait de cette dépendance en l'aléa, il devient délicat d’utiliser des résultats
classiques de compacité dans les espaces de Sobolev a valeurs vectorielles. Cela s’avere rel-
ativement compliqué lorsque 1'on considere des bruits multiplicatifs, 7.e. lorsque la solution
apparait dans le terme de bruit. Nous verrons dans les différents chapitres les méthodes al-
ternatives utilisées pour contourner ces difficultés. Dans la littérature, nous trouvons plusieurs
motivations pour porter un intérét particulier a ’étude de tels problemes. Citons quelques
idées conductrices. La premiére, que citent G. Diaz et J-1. Diaz [34] ou encore C. PREVOT
et M. ROCKNER [64] est de rendre 'EDP stochastique pour obtenir des informations sur sa
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version déterministe. Il existe en effet des cas ou sans I’ajout d’un bruit, on ne sait montrer
I'unicité d’une solution et en étudier la stabilité (Dfaz-DiAz [34]), ou en exhiber certaines
caractéristiques (PREVOT-ROCKNER [64]). Est alors ajouté & 'EDP un bruit multiplié par
un parametre € voué a tendre vers 0. Une deuxieme motivation est d’intégrer de l'incertitude
dans le modele utilisé dans I'idée de mieux mimer la réalité que le modele est censé représen-
ter. La nature étant complexe et de nombreux phénomeénes encore mal compris, un modele
purement déterministe est souvent incomplet pour bien décrire une situation réelle, soit par
ce qu’il n’existe pas encore de modele exact associé au phénomene a décrire, soit par ce qu’il
manque des informations/données comme on peut le rencontrer lors de la modélisation d'un
réservoir souterrain [43]. L’introduction d’un terme stochastique peut également s’avérer perti-
nent pour prendre en compte de maniere efficace des phénomenes ayant lieu a des échelles non
représentées [72]. Le choix d’ajouter un bruit compenserait ou du moins incorporerait au mod-
ele toutes ces incertitudes. Un exemple est donné par A. DEBUSSCHE, N. GLATT, R. TEMAM
et M. ZIANE [31]. Les auteurs s’intéressent a des modeles en océanographie et introduisent
une perturbation stochastique pour tenir compte des propriétés de radiation des nuages dont la
connaissance est incomplete ou incertaine. Notons également que certains phénomenes que 1’'on
souhaite décrire par des modeles sont intrinsequement non déterministes. De ce fait le choix
d’un modele stochastique semble plus cohérent. Une autre idée que 1'on peut trouver dans la
méme référence [31] et qui rejoint la premiere : I'impossibilité de résoudre numériquement cer-
tains problemes. L’introduction du stochastique dans le modele s’avere alors utile pour fermer
le systeme et pouvoir procéder aux calculs souhaités, on parle de “stochastic parametrization”.
Cela parait déroutant a premiere vue de simplifier la résolution d’un probléme en lui ajoutant
un objet d’une complexité certaine. Enfin le stochastique peut étre aussi directement incorporé
dans le modele. Citons I'exemple de M. VIOT [80], ou l'auteur s’intéresse a 1'évolution de la
fréquence d’apparition d'un gene a l'intérieur d’une population. Le bruit apparait dans 'EDP
de modélisation et traduit les effets aléatoires de transmission des caracteres génétiques d’une
génération a l'autre. Citons enfin le livie de CARMONA-ROZOVSKII [21] ou les auteurs rassem-
blent les perspectives données par I’étude d’EDP stochastiques dans différents domaines. Les
domaines d’application sont nombreux : en physique, en chimie, en biologie (neurophysiologie,
génétique des populations) et méme en économie (finance). Dans notre cas, certaines équations
étudiées (modele de Barenblatt et lois de conservation) sont issues de 1’étude d’écoulements

multiphasiques en milieux poreux, dans le cadre de la modélisation de réservoirs.

Dans cette these, nous étudierons plusieurs familles d’EDP stochastiques. Nous consid-
ererons pour cela, un bruit blanc en temps Gaussien de type mouvement Brownien, noté w,

adapté, continu, de dimension un et a valeurs réelles. Notons que ce choix n’est pas une restric-
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tion, ainsi un bruit de dimension finie pourrait étre considéré dans les résultats proposés. Nous
commencerons par I’étude d’un probléeme parabolique en domaine borné. Cela nous permettra
d’introduire une méthode d’existence de solution reposant sur un schéma de semi-discrétisation
en temps, ainsi que les principaux outils d’analyse stochastique utilisés dans ce mémoire. En-
suite nous regarderons ce genre d’équations dans un cadre plus abstrait. Puis, nous nous
intéresserons a des problemes de type hyperbolique. Nous étudierons le probleme de Cauchy
pour une loi de conservation stochastique, puis nous regarderons le probleme de Dirichlet pour
cette méme loi. Suite a cela, nous considérerons un schéma numérique pour approcher les
solutions de lois de conservation stochastiques dans le cadre monodimensionnel. Enfin, nous
proposerons quelques simulations numériques de solutions entropiques de I'équation de Burgers

avec ou sans bruit, pour différentes conditions initiales.

Tout au long de la rédaction, nous mettrons en avant les difficultés rencontrées dans
I’application des techniques déterministes, et les méthodes alternatives utilisées. Par souci
de clarté, nous avons fait le choix de répéter dans chaque chapitre les notations et de rappeler
aux endroits concernés les résultats utilisés plutot que de référencer aux chapitres précédents.
On se propose dans 'organisation de ce manuscrit de reprendre les articles élaborés en collab-
oration avec J. GIACOMONI, G. VALLET et P. WITTBOLD, sous une forme plus détaillée et
en version anglaise [11], [12], [14] et [13].

Dans le Chapitre I, nous nous intéresserons a une perturbation stochastique du modele
physique introduit par G. I. BARENBLATT [10] traduisant la filtration d'un fluide élastique

traversant un milieu poreux elasto-plastique. Nous étudierons le probleme parabolique :

f(@t(u—_/othdw))—Au:O dans ]0,T[xD x Q,

u=0 sur |0,7[x0D x §,
u(0,2) = ug(z) dans D,

ou f : R - R est une fonction lipschitzienne strictement croissante, h un processus prévisible
a valeur dans L?(D), fot hdw Vintégrale d'Ité6 du processus h, T' > 0, D un ouvert borné de
RY et (2, F,P) un espace de probabilités. Cette étude fait partie d'un travail avec J. Gi-
ACOMONI et G. VALLET [11]. La rédaction proposée ici sera une version plus détaillée que
celle de T'article. Nous exhiberons un résultat d’existence et d’unicité d’une solution dans

N2(0,T,H}(D)), obtenue par un schéma de semi-discrétisation en temps. De plus nous mon-

11
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trerons que cette solution vérifie une inégalité d’énergie qui nous permettra d’étendre notre
résultat au cas multiplicatif 7.e lorsque la donnée dans l'intégrale d’Itd6 dépend de la solution.

Nous considérons H : H} (D) — Hj (D) lipschitzienne, nulle en zéro et le probleme :

f(at(u—/ot’;'-[(u)dw))—Au=O dans ]0,T[xD x §,

w=0 sur |0,T[x0D,
u(0,2) = ug(z) dans D.

Dans le Chapitre II, une version abstraite des équations de Barenblatt sera considérée,
issue d'un travail avec G. VALLET [12], rejoignant les travaux effectués par A. BENSOUSSAN et
R. TEMAM [16] sur des équations d’évolution non linéaires monotones a entrées stochastiques.
Nous considererons V' et H deux espaces de Hilbert séparables formant le triplet de Gelfand-
Lions V- H = H' - V', T'opérateur f : H - H', demicontinu, maximal et fortement monotone,
AV - V' lesous différentiel linéaire d’une fonction J : V' — R continue, Gateaux-différentiable,
convexe et propre, et g dans L?(0,7, H). Notons que J vérifie aussi un principe de coercivité
sur V', avec 0 pour minimum uniquement atteint en 0. Nous nous intéresserons a ’existence et

I'unicité de solution pour les problemes :

9 " . f(@t(u—fothdw))+Au 0,

Ug. u(t = O)

| f(Owu) + Au
(P)'{ u(t =0)

Uug-

ou (Py) correspond & une perturbation stochastique de (P) par un bruit additif. Notre dé-
marche sera la suivante : nous commencerons par montrer dans le cas déterministe ’existence
d’une unique solution dans W1t (0,7, V, H), en utilisant les outils classiques sur les opérateurs
pseudo-monotones. Puis, nous étendrons ce résultat au cas stochastique, cherchant la solution
dans N2(0,7,V). La difficulté étant de récupérer la mesurabilité de la solution par rapport
a la variable de probabilité, puis la propriété de prévisibilité (une mesurabilité plus difficile a
obtenir) nécessaire puisque nous voudrons par la suite également un résultat dans le cas d'un

bruit multiplicatif lorsque H :V — V est lipschitzienne :

f(@t(u— fot’;’-l(u)dw)) + Au
u(t=0)

Il
=

U()EV

12
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Dans le Chapitre III, nous présenterons 1’étude faite avec G. VALLET et P. WITTBOLD

[14] d’une perturbation stochastique du probleme de Cauchy pour une loi de conservation :

{du — div f(u)dt = h(u)dw dans ]0, T[xR? x €, (0.1)

u(0,7) = ug(x) € L*(R?),

avecd>1,T >0, f = (f1,--, fa) : R > R? lipschitzienne, f;(0) =0, Vi=1,....,det h: R >R
lipschitzienne avec h(0) = 0.

Nous chercherons a montrer I'existence et I'unicité d'une solution pour le Probleme (0.1). En
particulier nous nous attacherons a retrouver le résultat d’existence et d’unicité obtenu par A.
DEBUSSCHE et J. VOVELLE dans [32]. Remarquons que, méme dans le cas déterministe une
solution faible d'une loi de conservation n’est pas unique en général. On se doit d’introduire
la notion de solution entropique afin d’isoler la solution physiquement admissible. L’existence
reposera sur une méthode de viscosité artificielle. En utilisant le concept de solution mesure et
de formulation entropique de type Kruzhkov, nous prouverons 'unicité.

Nous étudierons dans un premier temps ’équation parabolique suivante :

du, — [eAu, + divf(u)]dt = h(uc)dw dans 10, T[xR? x Q,
u(0,7) = u§(x) € D(RY).

Cherchant la solution faible u. dans N2(0,T, H}(R?)), le résultat d’existence et d’unicité est
donné par exemple par G. VALLET dans [75], les techniques utilisées pour I’étude de ce probleme
parabolique sont semblables a celles introduites dans le Chapitre I. En appliquant la formule
d’It6 au processus u,, nous obtiendrons une formulation entropique dite “visqueuse”, puis par
passage a la limite sur le parametre €, et par le biais de la théorie des mesures de Young,
nous montrerons l'existence d’une solution mesure entropique u dans Ng(O,T, L?(R?x]0, 1[))
et L=(]0,T[, L2(Q2 x R?x]0, 1[)).

En revisitant la méthode de dédoublement des variables de Kruzhkov, nous obtiendrons 'unicité
de cette solution mesure et aussi I'existence et 'unicité d’une solution faible entropique. Dans
ce chapitre, un effort particulier sera fait pour présenter I’adaptation des techniques incluant
les entropies de Kruzhkov, techniques alourdies par I'ajout de la variable aléatoire et la gestion
de l'intégrale d’Ito.

13
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Dans le Chapitre IV, nous étudierons le probleme introduit au Chapitre IIT en domaine
borné, avec des conditions de Dirichlet homogenes au bord. Il s’agit d’une étude faite avec
G. VALLET et P. WITTBOLD [13] sur une perturbation stochastique du probléme de Dirichlet

pour une loi de conservation scalaire :

du—divf(u)dt = h(u)dw dans ]0,T[xD x €,
"y = 0" sur X x (0.2)
u(0,z) = wuo(z)eL*(D),

avec d > 1, T >0, f = (f1,.., f2) : R > R lipschitzienne, f;(0) =0, Vi =1,...,d, h : R - R
lipschitzienne avec h(0) =0, D est un domaine borné de R? de bord lipschitzien lorsque d > 2
et ¥ =]0,T[x0D.

Notre but dans ce chapitre sera de montrer que le Probléme (0.2) admet une unique solution.
Rappelons que les solutions faibles de ce type de probléeme ne sont pas régulieres, ainsi les
traces de telles solutions doivent étre considérées avec précaution, dans un sens faible. Nous
choisirons d’utiliser la maniere dont J. CARILLO [23] interpréete la condition de bord pour de
tels problemes. Le résultat d’existence sera une adaptation de celui utilisé au Chapitre III et
ne sera pas redémontré. Dans ce chapitre, la difficulté principale sera d’adapter la méthode de

dédoublement des variables incluant les semi-entropies de Kruzhkov.

Dans le Chapitre V, nous considererons un schéma numérique pour approcher la solution
faible entropique du Probléme (0.2) étudié au Chapitre IV. Pour des raisons techniques, nous
ferons les hypotheses supplémentaires suivantes : la donnée initiale ug sera dans L*(D) n
BV (D) et il existera M > 0 tel que le support de la fonction h soit inclus dans [-M, M]. Le
schéma introduit reposera sur une méthode de splitting proposée par H. HOLDEN et N.H.
RISEBRO [49]. Le résultat de convergence de la suite approximant la solution faible entropique
du Probleéme (0.2) sera obtenu en utilisant les résultats théoriques du Chapitre IV. Enfin, nous
terminerons par des simulations réalisées sous le logiciel Scilab pour 1’équation de Burgers

stochastique dans le cas monodimensionnel :

du+ f(u),dt = h(u)dw dans Qx]-1,1[x]0, 1],

14



Introduction générale

ou f(u) = "32, h:R - R est a support compact dans ]0,1[ et définie par :

sinon.

1
[2z-1]2-1 3
h(w):{ie if0<x<1

Nous testerons avec différentes données initiales :

-1 siz<0 3 siz<0 ud(z) = 1-2arctan(z).
ul(z) = 0 siz=0 uy(x) = 0 siz=0
1 sinon. -1 sinon. ui(z) = -sin(7x).

Enfin, ce document se termine par une section dévouée a la présentation de perspectives de
I’étude faite dans ce travail, ainsi que par des annexes reliées aux Chapitres I, II et III ot nous

détaillons certains calculs et citons quelques résultats utilisés.
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Chapter 1

On the Stochastic Barenblatt Equation

N this chapter, we are interested in a non linear stochastic partial differential equation: the
Barenblatt equation with homogeneous Dirichlet boundary conditions. This study is a part
of a joint work with J.G1acomMONI and G. VALLET [11]. In this paper we first investigated the

following quasilinear parabolic problem of Barenblatt type:

f(,0m) - Apu—eA(Ou) = gin Q =]0,T[xD,
0 on ]0,T[x8D, (Py)
UO(:C) € WOLP(D)7

u

u(0, )

where D is a bounded domain with Lipschitz boundary, denoted by I' in R¢ with d > 1,
% <p<oo,e20,0<T < +o00, uy € Wol’p(D) and f is a Carathéodory function which
satisfies f(x,0) = 0 and suitable growth assumptions and g € L?((Q)), and when e = 0, f satisfies
additionnaly monotonicity assumptions. We looked for weak solutions of Problem (P;), and
discussed the following issues: uniqueness and regularity of solutions. Next, we focused on the
nondegenerate case p = 2 and ¢ = 0. In a second part we were concerned with the following

Barenblatt equation involving a stochastic perturbation:

f(@t(u—fothdw))—Au = 0in ]0,T[xD x 2,

0 on 10, T[x0D x Q, (Se)
ug € Hy (D),

u(0,.)

where fot hdw denotes the It6 integral of h, f : R - R is an increasing Lipschitz-continuous
function, (2,F,P) is the probability space. We were able to discuss the existence and the
uniqueness of weak solutions even in the case where h depends on w. This is the aim of this

section, giving in detail sketches of this proof.
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Chapter I. On the Stochastic Barenblatt Equation

1 Introduction

1.1 Former results

These classes of Barenblatt equations were originally considered by BARENBLATT in [10]. In
KAMIN-PELETIER-VAZQUEZ [52], the authors establish the existence of self-similar solutions of
a Barenblatt equation arising in porous media models. The existence of self-similar solutions for
a class of quasilinear degenerate Barenblatt equations related to porous media problems were
further investigated in HULSHOF-VAZQUEZ [50] and in IGBIDA [51]. Barenblatt type problems
appear also in a wide variety of situations in Physics, Biology and Engineering. In particular,
in COLLI-LUTEROTTI-SCHIMPERNA-STEFANELLI [28] a pseudo-parabolic Barenblatt equation
motivated by an irreversible phase change model is studied and in PTASHNYK [65] the analysis
of similar kind of equations is used for reaction-diffusion with absorption problems in Biochem-
istry. In the context of constrained stratigraphic problems in Geology, the study of Barenblatt
equations were recently revisited by different authors. In this regard, we can quote the con-
tributions ANTONTSEV-GAGNEUX-LUCE-VALLET [3], [4], [5], [6], VALLET [75] and for related
problems with stochastic coefficients ADIMURTHI-SEAM-VALLET [2]. Finally, in DiAz-Diaz
[33] and in HA [47] the existence of solutions to a class of homogeneous quasilinear Barenblatt
equations is established by means of monotone methods for m-accretive operators.

As far as we know, there has not been any publications on stochastic perturbations of these

classes of Barenblatt equations. This subject is developed in the following study.

1.2 Content of the study

Our aim is to propose a result of existence and uniqueness of a solution for Problem (S;),
particularly when the function h depends on the solution w (multiplicative noise). In a first
step, we investigate the problem with an additive noise. The approach is the following: we
use an implicit time discretization scheme to show the existence of a solution. It relies on
studying properties of the approximate solution. Because of the random variable, classical
results of compactness doesn’t hold, and the purpose of this chapter is to present alternative
methods. In addition, one shows that the mild solution depends continuously on the data.
Thus, the uniqueness result follows immediately using this continuous dependence. By the way
of a fixed-point theorem, we are able to extend our result of existence and uniqueness to the
multiplicative case.

The chapter is organized as follows. After giving assumptions on the data, the definition of a

solution and the main results of this chapter, we find in Section 2 an implicit time discretization
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of Problem (S;), where we investigate properties of the approximate solution. Using this study,
we are able to show in Section 3 the existence and uniqueness of the solution of Problem (S;),

even in the multiplicative case.

1.3 Assumptions and main results

We consider the following formal stochastic partial differential equation:

{ f(@t[u—fot hdw]) - Au 0 in ]0,7[xD x Q, (1)

w(0,.) = wge HN(D),

with homogeneous Dirichlet boundary conditions. In the sequel, one assumes that D is a
bounded Lipschitz domain of R?, T a positive number, and denote Q = Dx]0,T[. We consider a
standard adapted one dimensional continuous Brownian motion w = {w;, F;,0 <t < T'} defined
on a complete probability space (€2, F,P) with a countably generated o-field F, such that
wo = 0, and Fy contains the negligible sets (see [30], [64] for further informations on stochastic
analysis).

Let us assume in the sequel that
e f is a bi-Lipschitz-continuous function, increasing and such that f(0) =0,

e hisin N2(0,T,H}(D)).

Remark 1.1 As mentioned by DA PRATO-ZABCZYK [30] p.94 considering X a separable Ba-

nach space, one has
NZ(0,T,X):={®:[0,T] x Q+~ X| ® is predictable and ||z < oo}

In details, ® : [0,T] x Q — X is predictable means that ® is measurable with respect to the field
Pr which is generated by elements of the form 1y, x Fy and {0} x Fy where 0 < s<t,FyseF
and Fy e Fy.

T 3
Endowed with the norm |®|r := [E/ |<D|§(ds] , N2(0,T,X) is a separable Banach space.
0
Moreover, if X is a separable Hilbert space, N2(0,T,X) is also a separable Hilbert space.

Our aim is now to give a result of existence and uniqueness of the variational solution of the

above-mentioned problem. Let us fix in what sense such a solution is understood.
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t
Definition 1.2 Any function u of N2(0,T, Hy(D)) such that O;[u - f hdw] e L*(2x Q) is a
0
solution to our stochastic problem (1.1) if t-almost everywhere in 10, T[, P-almost surely in €,

the variational formulation holds

VveHé(D),Lf(@t[u—/Othdw]>v+Vu.Vvda;:O

with w(0,.) = ug € H} (D).

Remark 1.3 Sense of the initial condition
The unique solution of this chapter is in L*(2,C([0,T], L*(D))). Particularly, it satisfies the

initial condition in the following sense:

P-a.s, u(t=0,.) =limu(t,.) in L*(D). (1.2)

t—0

Indeed, using the reqularity of h, u — f hdw € L*(]0,T[x), Hy(D)). Moreover, as
0
8t(u—/ hdw) € L2(]0, T[xQ, L2(D)), one getsu—f hdw e L2(Q, W (0, T, HL(D), L*(D))?).
0 0
Particularly, as L*(Q,W(0,T, H}(D), L*(D))) = L*(Q,C([0,T], L*(D))), u - f hdw is in
0
L2(Q,C([0,T],L%(D))). As the It6 integral of an N2(0,T,L?(D)) process is a continuous
square integrable L?(D)-valued martingale ([30]), / hdw is also in L*(§2,C([0,T], L*(D))).
0
Thus, w is in L*(92,C([0, T, L*(D))) and (1.2) has a sense. Notice also thatu € C([0,T], L?(Qx
D)).

Remark 1.4 With a suitable regularity of the domain D, one can show by elliptic regularity
that the solution u of (1.1) in the sense of Definition 1.2 is also in L*(]0,T[xQ, H}(D) n
H*(D)).

The results we want to prove in the sequel are the following :

Theorem 1.5 Under the above hypothesis, there exists a unique solution to the Problem (1.1)
in the sense of Definition 1.2.

Moreover, the solution depends continuously on the data, this is stated in the following result.

"W (0,T,H:(D), L*(D)) denotes the space of functions u € L?(0,T, Hi (D)) with d;u € L?(0,T, L*(D)).
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1.2 Study of the implicit time discretization

Proposition 1.6 Consider h and h in N2(0,T, HX(D)) and u, 0 the associated solutions.
Then for all t in [0, T] with Q; =]0,t[xD, we have the energy inequality:

. 1 A
£ [ 10 - 0 dedt + B9 (u=0)(0) )

IN

1 . .
V= DOy + B [ [9(h= D) drar, (13

t R t .
whereUzu—[ hdw andUzﬁ—f hdw.
0 0

Theorem 1.7 Assume that H : HJ(D) — Hj(D) is a Lipschitz-continuous mapping with
H(0) =0. Then, there exists a unique solution in N2(0,T, H} (D)) to the problem

f(@t[u—]:’l-[(u)dw])—Au 0 in]0,T[xDxQ,
u(0,.) = wy € HYD).

2 Study of the implicit time discretization

Let us first introduce the way we approximate Problem (1.1). It relies on a discretization of the
time interval [0, T']. We thus construct approximate functions: a simple and an affine one. The
study consists then in obtaining first variational formulation satisfied by such functions. Then
we look for a priori estimates which allow us to discuss about convergences. Moreover, suitable
properties of such approximations are conserved at the limit (particularly the predictability).
We consider a positive integer N and denote by At = L, ¢ = kAt and wy, = w(ty) Vk € [0, N].

2.1 Existence of the approximate sequence

Let us begin with a useful lemma. For the sake of conciseness, we refer the interested reader

to Appendix G Section 1 for the proof of this classical result.

Lemma 2.1 Consider a positive integer n and w in LQ((Q,EH),H&(D)). Then, there exists
a unique u in LQ((Q,]-"tn), H&(D)) such that P-almost surely in €

Vv e Hy (D), / fu)vdz + At / VuVudz + f VwVoudr = 0. (2.1)
D D D

Remark 2.2 Notice that thanks to the separability of H} (D), the formulation (2.1) is satisfied
equivalently for any v e HY (D) and P-almost surely.
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Chapter I. On the Stochastic Barenblatt Equation

For convenience, we define the application

a: HY}D)* - R
(u,v) = [ VuVuvdz.
D
Using this lemma, the result of this section is the following.
Proposition 2.3 For given u™ and h™ in LQ((Q,ftn),H&(D)), there exists a unique u™*! in

L*((, F,.,), HE(D)) such that P-almost surely in €,

n+l _ ,n n+l _ ,n
u u nw w

vueHg(D),fo( o~ W Juda + auv) = 0, (2.2)

Proof. Considering u™ and A" in LQ((Q7.7-}R),H01(D)), we use Lemma 2.1 with w = u" +
(w ' —w™)h" in L2( (2, F,,, ), H3(D)). Thus, there exists u in L2((Q, F,.,), H (D)) solution

of (2.1). Consequently, there exists a unique u*' in L?((Q,7,,,), H}(D)) solution of our
un+1 —un wn+1 — "
Probl 2.2 ith u = - h" . ]
roblem (2.2), with u A7 A7

2.2 Notations and computations

We consider X a separable Banach space. We define the following simple and respectively affine

functions:

Definition 2.4 For any sequence (x,), c X, let us denote
N-1

.’L'At = Z -’L'k+11[tk,tk+1[7
&

B —~ | Tpe1 — Tk

xAt = Z [T[ - tk] + Ik:| 1[tk:tk+l['
k=0

And, elementary computations yield

N N
|22 2200 = Ath lzel% 5 1772 0mx) < CNI;) 2%
-1 -
At ~AL)2 _ AtN_l T
|2 z HL2(07T;X) = Z |z — i) Xs
k=0
afAt ) 1 N-1

= 2oy = &3 k; |rer = 2%

HfﬂAtHLw(o,T;X) = kgll%v lzelx ||?c’AtHLoo(o,T;X) = kg&f}?ﬁv lx] x,

where C' is a positive constant.

22



1.2 Study of the implicit time discretization

Remark 2.5 Detail of calculations is given in Appendiz G Section 2.

For any positive integers n, k, and any h* € L2((Q,Ftk),X), denote by:

n-1
B, = > (WM —wk)n".
k=0

tn n—1
Remark 2.6 B, = f hae(s)dw(s), where hay = 3 h¥1p o = WA - At).
0 k=0

Indeed, as h¥ is Fy, -measurable, one has

n-1 tht1 tn n-1 tn
B, = Z / hkdw(s) = / Z hkl[tkvtkﬂ[(s)dw(s) = f ha(s)dw(s).
k=0 7tk 0 k=0 0

Now, for h € N2(0,T,X) with the convention that h(s) = 0 if s < 0, consider for any n in

1 [t
{1,...,N}, h" = Y f h(s)ds. Let us state some results on such a sequence, useful for the
tnfl

next sub-sections.

Remark 2.7 As h is predictable, h™ is F;, -measurable for all n in {1,...,N}.

Lemma 2.8 Consider X a separable Hilbert space, h € N2(0,T,X), for any n in {1,...,N},

1 [t
hm = Y h(s)ds, then there exists a constant C' >0 such that
tn-1

ENM W% < —.
]Z:(:)II 1% N

Proof. Recall that
177 1%

1 t; 9
Ix7 [ sl

1 tj 2
(1))

1 t; 5
5 x At f CIh(s)ls

IN

IN

And, forne{l,...,N} :

n . ]_ n t; 1 C
2 9 9
E;Hml\x < EE;)ftj I7(s) s € 10l Z20m 2200 € 37
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Chapter I. On the Stochastic Barenblatt Equation

And now a result of convergence mentioned by SIMON [69], Lemma 12 p.52:

Lemma 2.9 Consider X a separable Hilbert space, h € N2(0,T,X) and for anyn in {1,... N}
1 [t
denote h" := x fn 1 h(s)ds. Then

hai = h in N2(0,T, X).

With such a choice of h", we also have the following result:

Proposition 2.10 Consider X a separable Hilbert space, h € N2(0,T,X) and for any n in

tn
{1,...,N} denote h™ := é f h(s)ds. Then:
tn-1

BAL B fhdw in L2(0,T, L*(2, X)).
0

Proof.
T )
Ef ||BAt—f hdw|%ds
0 0
n-1 trei1 k+1 _ 5k s
- Ezf'“ ||%hk(s-tk)+3k-f h(o)dw(o)|%ds
k=0 7t t 0
n-1 tee1 quktl — quk s
< 2By [ P IR B+ 1B [ h(o)dw(o)ids
k=0 Jtk t 0
n-1 n-1 trel th s
< CAPEY WE+CEY, [ [ (hae - m)(@)duw(@) e+ | [ h(o)du(o) s
k=0 k=0 7tk 0 th
<CAt (Lemma 2.8)
n-1 thel t s
< CA+CEY f ' [ f “N(hae = 1) (0)|%do + f Hh(a)”g(da]ds (It5 isometry)
k=0 tk 0 ty
< CAt+Clhae - hH/Q\/le(QT,X) + CAL[h| w2 0,7,x)
- 0.
and so

B ['hdw in L2(0,T, L*(9, X)).
0
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1.2 Study of the implicit time discretization

Moreover
At DAL|2 & 2
| B = B 20 102(0,x)) = AtE 1;) | Bes1 = B[ x
N-1
= AtE Y [(w*h - wh)RM|%
k=0
N-1
= APE ) |5
k=0
< CAt thanks to Lemma 2.8.
And BA & [ hdw in L2(0,T, L2(, X)). 0
0

2.3 A priori estimates

Let us denote in the sequel |.| = ||.| z2(p), (.,.) the scalar product in L*(D), and define for any
1 [t
in {1, ..N hn::-f h(s)ds.
n in { } A (s)ds

One gets, t-almost everywhere in ]0,7[ and P-almost surely in €, the discretization
Vo e H(D), f FO[T = BA)o + v .voda = 0, (2.3)
D

The aim here is to obtain boundedness results for the sequences @2t and u??.

Proposition 2.11 A constant C exists such that

10,7 = Bl 20xq) < C, (2.4)
VT 2= 0.1, 22000y VUL 0,7, 22 (00)) < C (2.5)
V(@ - ut)|2@xg) < CAL (2.6)
V(@ - B2y < C. (2.7)

Proof. The variational formulation (2.2) with the particular test function
un+1 —un wn+1 — "

v = I A7 h" gives us
un+1 —un ,wn+1 — un+1 —un wn+1 — "
- h" - h"™)d
fD =5 At (—x Al ) de
il un+1 —un wn+1 —wn .
- h"™) =0.
ra(u™, At At )
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Then i 1 +1 +1
un+l — yn Wt — untl — wntl — qn
v At P aCu™, —x At )
< 0.
Moreover
untl —qyn whtl — qn untl —
_ hn 2 + n+1 -
d— ar P et — )
n+l _ ,n n+l _ ,yn
_a(un+1 _un7%hn)—a(un,_w At = hn)
S 07
and,
n+l _ ,mn 1
(w1, ) - g e - )R]

Finally, for all a > 0, one gets

un+l — wntl — qm 1
_ hn2+ n+l||2 _ n2+ n+l _  n\||2
- — R+ IV = ]+ 9 (- )R]
a |wn+1 _ wn|2 wntl — m
< n+l _ . n 2+ hn 2 _ n h™).
< SVt P+ P R - g, T )
Then, since ™ and h™ are JF; -measurable
un+1 —un wn+1 —wn 1
E _ hn2+ E n+l(|2 _ n2+ n+l _ , n\||2
Bl P+ o BV - vt + [ - )R]
o 1
< S BIv@™t —u)|P+ —E| VR,
< STEIV@ - an)|P + EllvR
In this way
untl — gt — 1 1-«
AtE _ hn 2+—E n+l(|2 _ n||2 + E n+l _  n\||2
eAtB|— |+ SELuE - [9u|]+ S B - )]
At
— ) th
5, ZIVA|
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1.2 Study of the implicit time discretization

and,
k+1 k k+1 _ ,,,k n
chtzEu“ L TR+ BV R+ (1-0) Y BV (uk - )P
At At &
At &
< —ZEIIVh'“H2+IIWOII2
< C, thanks to Lemma 2.8.

Consequently, by taking o = 1/2 for example, we obtain

E||vu™|*P<C (2.8)
k+1 uk: wk:+1 _wk 1 .
AtZEH Y hk||2+§];)E||V(uk L_uM|P<C, (2.9)

and we get the desired estimations:

A

|0, [T~ - EAt]||L2(QXQ) < O, thanks to (2.9),
C, thanks to (2.8),
CAt, thanks to (2.9).

IN

||VHAt||L°°(O,T,L2(QxD)) ||VUAt||L°°(0,T,L2(QxD))

1V (@ = u®)||r2(0x0)

IN

Finally let us show that ||V(7*" — B2)||12(axq) < C. Thanks to (2.5), ||V@2Y|12gxg)<C, and
so, it remains to show that HVBAt”L2(QXQ) < C. One has

||VBA||L2(QXQ) < Atz:E”kaHL?(D)
2
= AtZE/[ (wj”—wj)th] dx
- AtZZE/ [(wi* = w)vhi] da
k=07=0
= AtZZ/ [(w™ = w?)?| E(Vh)2dx
k=07=0
At
= At’;) AtEZHhJHHI(D) :
<C thanks to Lemma 2.8
and the result holds. O
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Chapter I. On the Stochastic Barenblatt Equation

2.4 At the limit

Here we would like to pass to the limit in (2.3) with respect to At. For technical reasons, in a
first step, we have to take h in N2(0,T, H} (D) n H*(D)).
In the next part, we will see how to get back a solution with the weaker hypothesis h €

NZ(0,T, HY(D)).

Proposition 2.12 Up to subsequences denoted in the same way, there exists u in
N2(0,T,H3(D)) weak limit of UAt and u' and there exists x in L2(2 x Q) weak limit of
F(0,(TA = BAY) such that

(i) VA vudt > vu in L=(0,T, L2(Q x D)),

(1) f(O (@ = BAY)) = x in LA(Q2x Q),

(ii) T~ BA oy fo hdw in L2(Q, W (0, T, H(D), L*(D))1),
(iv)  ug=u(0,.) in HY(D).

Proof.
(i) By using (2.5), there exists u and @ in L2(]0,T[x$2, HJ (D)) such that, up to subsequences

denoted in the same way, we have
vt & vu and Vet & v in L°(0,T, L*(Q x D)),

thus in L2(Q2 x Q). Finally, thanks to (2.6), u = @. Moreover, up to a subsequence,
Vurt(.— At) = Vu in L2(Q x Q) (see Appendix G). As Vu®(. — At) is in the Hilbert space
N2(0,7T, L2(D)) equipped with the norm of L2(2 x @), u is also in N2(0,T, H}(D)).

(ii) In the same way, as f is a Lipschitz-continuous function and thanks to (2.4), the sequence
F(9,(wAt — BAY) is bounded in L2(Q x Q) and there exists y in the same space such that, up

to a subsequence
F(O,(TA - BAY) — x in L2(Qx Q).

(iii) Thanks to (2.4) and (2.7), there exists ¢ in LQ(Q,W(O,T, H&(D),LQ(D))) such that, up
to a subsequence, At — BAt —~ ( in the same space. As At — u in L2(QxQ), and BAt - Jy hdw
in L2(Qx Q) thanks to Proposition 2.10, one gets 74t — BAt ~ u— [y hdw in L*(2x Q). And by

uniqueness of the limit, { = u— fo. hdw. To conclude, we use the continuity of the time derivative

"W (0,T,H:(D), L*(D)) denotes the space of functions u € L?(0,T, Hi (D)) with d;u € L?(0,T, L*(D)).
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1.2 Study of the implicit time discretization

operator
0p: L2(Q,W(0,T, Hy(D), L*(D))) - L*(2 x Q),
and 9,(7™" — BAY) = 0y(u - f hdw) in L?2(Q2 x Q).
0

(iv) As W(0,7, HY(D),L*(D)) = €(0,T, L*(D)) continuously,
TAH(0) - BAY(0) ~ (u- [O hdw)(0) in L(D) and so uo = u(0,.) € HY(D). =

Now we would like to identify the weak limit x in L2(Q x Q) of f(8,(@dt - BAY)). We
n+l1 n

consider our discrete Equation (2.2) for any n in N with the test function T; where

Ut = Z(w’“1 w")h*. One gets:

n+l _JTn n+l _Jn
0 - ff(U U )U de
D

At At
Un+1 - Un n Un+1 - Un
n+1 k+1 _ k Ahk d
+a(U AL )+ kzzg](w w") L —y @

and

Un+1 Un+1 _ Un 1 1
A [ ( ) - n+l||2 _ — n||2
t ——do+ VU - S0
n+1 n
< —At/ AB””udx.
D At

By adding from k£ =0 to n— 1, we obtain

n-1 Uk+1 Uk+1 _ Uk 1 n-1 .
AtZ/ ( ) N dm+§Z(||VUk Y2 - IV Uk|]?)

k=0
Uk;+1 Uk

< —Atz f ABM1Z— 2y,

[ PO = B2)a @ - B>)drda + (190712 - |90°)?)
f ABA, (@ - BMYdtdz.
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Chapter I. On the Stochastic Barenblatt Equation

We notice that VU2(T) = VUV, and finally

_ ~ 1, ~ 1
fQ f(0:(T@A = BAY)) 0,(u™" - BA)dtdx + 5||vUAt(T)||2 - 5||VU0||2

< - [ ABM 9, (T - BAYdtdz.
Q
By passing to the superior limit in

E/Qf(at('ﬁm—g“))ﬁt(ﬂm—Em)dtdx+ %EHVUN(T)F - %HVUOHQ

< -E f ABA9,(TA - BAY)dtdx (2.10)
Q

one gets the following result.

Proposition 2.13 Up to a subsequence

PO = BA) ~ (@4~ [ hdw)) in 12(2x Q).

Proof. Passing to the superior limit in (2.10), we have

~ ~ 1 ~
limsup E [ f(0,(@™ - B2))0, (W™ — BAY)dtdx + = lim inf E|vU2Y(T)|?
At—0 Q 2 At—0

t t
< —Ef/ Ahdw@t(u—f hdw)dtdm+%E||VU°||2. (2.11)
QJ0 0

-~ ¢ .

Indeed, 9,(TAt — BAY) - 0, (u - [ hdw) in L2(2 x Q) and B2 — f hdw in
0 0

L2(]0,T[><Q, H}(D)n H2(D)) and so, by continuity of the Laplace operator

A:L*(]0,T[xQ, Hy(D) n H¥(D)) - L*(2 x Q),

ABAt A‘/\hdw in L?(2 x Q), and A/.hdw = [-Ahdw (see for example PREVOT-
0 0 0 ~

ROCKNER [64] Lemma 2.4.1 p.35). In addition, as for all ¢ in [0,T], U2 (t) — U(¢) in

L2(Q, H}(D)), one has

limAi?fOEHVUAt(T)HQ > E||vU(T)|*
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1.3 Existence and uniqueness of the solution

t
P-almost surely, U :=u - / hdw satisfies the heat equation
0

9;

U(0,.) ug € H} (D),

{ a,U - AU

t

where g = 0,U — x + [ Ahdw. Thus, one has the following energy equality (see BREZIS [19]
0

Theorem X.11 p.220 for example):

for any t € [0,7], by denoting @, =]0,t[xD

1 . 1
f \OUdtdz + = |VU®)|]? = - f f Ahdwd,Udsdz + ~||Vug|?,
Q¢ 2 Q+ JO 2

and by taking the expectation :

]_ S
E fQ \OUdtdz + SEIIVU D] = -F / f Ahdwd,Udsdz + %EHVUOHQ.
t Qt JO

t
Then, Lebesgue’s theorem yields the continuity of t € [0,7'] » E|VU(t)|?, and as [ hdw is a
0

continuous martingale, it is continuous, and t € [0,T] —» E|Vu(t)|? is continuous too.
1
In this way, by replacing E/ / Ahdwoy(u - f hdw)dtdz + 2E||Vu0||2 in (2.11) we finally
0

have

lim sup F f (0,(W™t - BAY) 0T - BAY)dtdw < Ef xOUdtdzx.
At—0 Q

As f:R - R is monotone, the operator Af:u e L2(Q2 x Q) ~ f(u) € L2(2 x ()) is monotone

and as f is a Lipschitz-continuous function, Ay is continuous and so Ay is a maximal operator

¢
and one gets x = f(0(u - f hdw)) (see LIONS [59] p.172). O
0

3 Existence and uniqueness of the solution

With the study done in the previous section, we are able to show the result of existence and
uniqueness of a solution for Problem (1.1) stated in Theorem 1.5. Let us begin with the
uniqueness result, thus we will present the existence one, and finally the extension to the

multiplicative case.
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3.1 Uniqueness

We consider h in N2(0,T, H} (D)), u, 4 two solutions of our stochastic problem

{fo(at[u[Othdw])vdx+a(u,v)

u(0,.)

0,

Ug-

t R ¢
Keeping the notation U = u - [ hdw, U =1 - [ hdw, one has
0 0

(U -0)(0)

{ FOU) - F(0,0)-AWU-T) = 0,
0.

This means that W := U = U is the solution of the heat equation

OW -AW = 0,(U-U)-[f(0.U) - f(aU)],
W) = 0.

And as previously one has the energy equality with ¢ € [0,7] » E|VW (t)]? continuous:
1 1 N
§EHVW(T)|\§2(D) - §vaowiz(m = —EfQ[f(é?tU) - f(0,U)] 0,W ddt.
And there exists ¢ > 0 such that
N 1 N
CE fQ 0 = 0)Pdadt + S IV (WU = 0) (D)) =0,

and finally u = u.

3.2 Existence

Considering h in N2(0,T, H}(D)nH?(D)), thanks to the previous sections, for all v in H}(D),
ain L2(0,7) and § in L*=(Q), the following variational equation holds

t
f [f(@t(u—f hdw))vaﬁdmdth+[ [Vquaﬂdwdtdpz().
ax(0,1) JD 0 ax(0,1) JD
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1.3 Existence and uniqueness of the solution

Therefore, for any v in Hj(D), t a.e in ]0,7[ and P-a.s in

/l;f(at(u—fothdw))vdl’+/I;Vqudsz

Since H}(D) is separable, one gets that t-a.e in ]0,7[ and P-a.s in Q, for any v in H} (D)

Lf(é’t(u—fothdw))vdwﬁ)wwdzpzo.

Using Proposition 2.12, u(0,.) = ug € H} (D), and we have the existence of a solution u in the

sense of Definition 1.2.

Let us treat the case h € N2(0,7, Hj(D)), stated by Theorem 1.5. We decide to approach
h by a sequence (h,), c N2(0,T,D(D)). Then, from the previous proof, there exists u,, and
u, in N2(0,T, H} (D)), such that d;(um, —fot hpmdw) and 0 (u,, —fot hpdw) are in L2(Qx Q) and
satisfy, for a common initial condition
t
G / hmdw]) = Au,, = 0,
0
t
F(B4un — f hpdw]) - Au, = 0.
0

t t
With U,, = u,, — f h,dw and U, = u,, — [ hpdw,
0 0

f(at(Un)) - f(at(Um)) - A(un - Um) =0.

(Un = Upn)(t) = (U, = Up)(t = At)
At

Then, by taking the test function v = , we get

S L@ - @0,y P = TS0,

1 t
pACICRLRCH ANCEBLE

+Aita(un(t) — U (1), (8) = U (1) = wp (t = A) = un (t - At))

= 0.
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Moreover, by noticing that

At = U U = Uy — (U — ) (= At)) = %[|V(un—um)|2—”V(un—um)(t—ﬁt)H?

9 [t = ) = (= ) (£ = AD] 2],

we obtain

0 = [ 150w - @au,)) FEm =G I =20

2At[”v(u” U ) (D)2 = 19 (= ) (£ = AR
[V (tn = ) (£) = (t —um)(t—At)]H?]
()0 - )80, [ b))
o)t 20, [ (= B,

And
0 = [ @) - pow,y Lt O 20220,

5 19 = YOI = 9 = ) 2= AP

o 19 = ) (1) = (= ) = AONP =9 [ (= )]
V(1 = ) (1) = (=)= A =2 [ (= )|
——a((un ) (t At)/ (hy - m)dw).

By taking the expectation, the integral from At to T, and using properties of the Brownian

motion, one gets

fT E f O, - F(o,U,) L= Um)(®) = (AUt” “Un)(E= A it

*oRT f (19t = 0 YO 7t ) 2 - A

1 t
E— f b —h)d th:f E—f b — b )|Pdsdt
fAt At”v t—At( )w|| At At tht“v( )“ y
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1.3 Existence and uniqueness of the solution

[ 5 [r@u) - vt O U220,

voxr fo BV = w) Ot 5 B [ 9 G - ) )P
2At Jat A 24t Jo o

< Ef|v(hn—hm)|2dxdt.
Q

We pass to the limit on At to get

E fQ[f(atUn) - f(atUm)]at(Un - Um)dxdt + %EHV(UH - um)(T)”2

< E[Q IV (B = hon )2z,
As f is a bi-Lipschitz-continuous function, there exists a constant ¢ > 0 such that
1
CE [Q 0,(U = Up) Pzt + S B9 (= ) (TP

< E L IV (o — o) Pdecdlt. (3.1)

Moreover, by denoting Q; =]0,¢[xD, one has for all ¢ € [0,T]
1
EfQ 00U = Un) Pzt + S BV (= 1) (8) B2y < B fQ IV (o — h) P,
< Ef IV (o — h) P dacdlt. (3.2)
Q

Then, as (hy,), is a Cauchy sequence in N2(0,T, H} (D)) for € >0,

E [Q (U~ Up)Pdedt < Ce and  sup E[V(tp =) ()22, < Ce.
T

te[0,T]

Finally, (u,), and (U, ), are also Cauchy sequences respectively in L (0,7, L2(Q2, H}(D))) and
L*(Q,W(0,T, H (D), L*(D))). As mentioned by DA PRATO-ZABCZYK [30], N2(0,T, H(D))
is complete, and there exists u in N2(0,7, H}(D)) such that

Up = U in  N2(0,7,HY(D))
8tUn - @[u - hdU)] in LQ(Q X Q)
0
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Chapter I. On the Stochastic Barenblatt Equation

Thus, we get for all v in H}(D)

_/l;f(at(u—fothdw))vdx+/I;Vqudx=0,

and we have the existence result when h e N2(0,7, H}(D)), as announced in Theorem 1.5.

Let us show the continuous dependence of the solution with respect to the data, stated in Propo-
sition 1.6. We use the same arguments as previously. Consider k and & in N2(0,T, H} (D)),
denote by u, @ the associated solutions in N2(0, T, H(D)), hy, and h,, regularizations of & and
h. Then there exists u, and 1, in N2(0,T, H}(D)) satisfying

f((?t(un - fothndw)) - Au,
F(0u(a, - fotﬁndw)) _ Aa,

|
=

I
e

Moreover, t € [0,T] » E|V(u, - i,)(t)|? is continuous and (3.2) still holds:
for all t € [0,T7],

N 1 ~
E 0 (U, - U, ?dxdt + §E|\V(un - an)(t)”iz(m <E fQ |V (hy, = hy)|?ddt, (3.3)

t ~ t.

with U,, = u,, — f h,dw and U,, = 4, — f h,dw. Thanks to a Cauchy sequence argument
and the uniqueness of the solution of our stochastic problem, u, — uw and 4, — @, both in
N2(0,T,HY(D))nC(0,T, L*(2, H}(D))). Passing to the limit in (3.3) one gets the announced

result.

3.3 Multiplicative case

One is able to extend the existence an uniqueness result in the case of multiplicative perturba-

tion:

f(@t[u—/:H(u)dw])—Au 0 in ]0,T[xD x Q,
uw(0,.) = wy € HY(D).

i.e. when the function H depends on the solution u. Let us explicit this result, stated in
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1.3 Existence and uniqueness of the solution

Theorem 1.7. Consider H : H}(D) » H}(D) a Lipschitz-continuous mapping with #(0) = 0,

and assume the same hypothesis as previously for the other data. Consider the application

T:Nz(0,T.Hy(D)) - N3(0,T,Hy(D))

S~ u

where ug is the solution of the additive problem

{ f(at(us—'[ot’H(S)dw))—AuS
u(0,.)

0in J0,T[xD x Q

Uo,

and uy € H}(D). The existence of a such ug is given by Theorem 1.5. For S and S in

N2(0,T,H}(D)), one has for a common initial condition

f (@(us - [OtH(S)dw)) g (at(ug - fotH(g)dw)) = A(us - ug).

t N t N

By denoting U = ug - f H(S)dw, U = ug - f H(S)dw, and considering (1.3), one gets for
0 0

all ¢ € [0,7]

! TV |12 1 ~ 2
cE [ 10U - D)t + 5BV (u-a)(1)]

IN

SEIV (=) + B [ 19(H(S) - H($)(s)ds

CE fot 19(5 - 8)(s)) 2ds.

IN

Then, for any positive «

E fo et v (u - ) (1) 2dt

T t ~
< CE f eot [ 19(S - 8)(s)|2dsdt.
0 0
1 T —at & 2 1 -aT g G 2
= Cx=B [ e (S - S) @) Pdi-B(=e [ |v(s - 8)1)| )
% 0 (0% 0
<0
C T —at R 2
< 2B [ (s 5
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Chapter I. On the Stochastic Barenblatt Equation

Finally
r —at G\ (12 ¢ T —at Q 2
E [ T($) - TSyt < —F [ e I9(S - 5) (1)

Since the exponential weight in time provides an equivalent norm in N2(0,T, H} (D)), if a > C,

T is a contractive mapping, it has a unique fixed-point and the result holds.
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Chapter 11

On abstract Barenblatt equations

N this chapter we are interested in abstract problems of Barenblatt’s type. This study is
I published in a joint work with G. VALLET [12]. In a first part, we investigate the problem
f(Ow) + Au = g where f and A are maximal monotone operators and by assuming that A
derives from a potential J. With general assumptions on the operators, we prove the existence
of a solution. In a second part, we examine a stochastic version of the above problem:
fl0(u - fot hdw)] + Au = 0, with some restrictive assumptions on the data due principally to

the framework of the 1t6 integral.

1 Introduction

We are interested in the deterministic and the stochastic abstract problems of Barenblatt’s

type:

I
=

g, - P f(at(u—fothdw))JrAu

u(t =0) U. u(t = 0)

(Py): { f(Ow) + Au

Uug-.

1.1 Former results

In the deterministic case, such a problem has been investigated by DiAz-Diaz [33] where the
authors were interested in the asymptotic behavior of the solution of the problem d,u—ApS(u) = 0
where [ is a maximal monotone graph in R2. The essential tool was to consider the “dual”
problem d,v + f(-Av) = 0 of type (P1) : f(Ow) - Av = 0 where f = [-F(—)]'. The study
of such a problem was based on the work of HA [47] where the author was interested in the
existence of solutions to a class of quasilinear Barenblatt equations of type f € dyu + SA(u)

when A is assumed to be a m-accretive operator in L*>(€).
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Chapter II. On abstract Barenblatt equations

Then, more recently, SCHIMPERNA-SEGATTI-STEFANELLI [67] have been interested in the dif-
ferential inclusion: f € a(Oyu) — div(b(x, Vu)) + W’ (u) where, among other things, o c R? was
a maximal monotone graph, W a A-convex function and f e W1(0,7, H). Presented in an
abstract way, this work was in connection with the modeling of phase change phenomena and
gas flow in porous media.

Concerning such kind of modelings, problems of type (P;) were originally considered by BAREN-
BLATT [10] in the theory of fluids in elasto-plastic porous medium. Written in following way:
F(0yu)-Au =0 where F(x) =xz+v|z| (0 <|y| < 1), existence of regular and self-similar solutions
have been investigated by KAMIN-PELETIER-VAZQUEZ [52]. Formal solutions given by expan-
sions of a suitable new variable x = x(¢,z) is also proposed in CHEN-CHENG [26] concerning
nonlinear diffusive process with a non-conservative mass.

For nonlinear operators A, the existence of self-similar solutions has been proposed by HULSHOF-
VAzQUEZ [50] for the so called "modified porous medium equation’ : F'(9,u)-Au™ = 0. For the
"modified p-Laplace equation": F'(0;u) — A,u =0, a result of existence of self-similar solutions
has been proposed by IGBIDA [51], and the existence of weak solutions by BAUZET-GIACOMONI-
VALLET [11].

A first approach of the stochastic case has been proposed by ADIMURTHI-SEAM-VALLET |[2]

concerning the existence of a solution to the stochastic pseudoparabolic Barenblatt problem:
F(0:(u~ [} hdw)) = Au - eAdyu =0 when ¢ > 0. Then, BAUZET-GIACOMONI-VALLET [11] has
envisaged the case € = 0, where strong solutions are considered, see also DIAZ-LANGA-VALERO
[35].

1.2 Content of the study

In the present work, we propose to extend the previous cited results concerning (P;) by weak-
ening the assumptions on the data and we propose to study the abstract stochastic parabolic-

Barenblatt problem (P,) with additive noise, then with a multiplicative one.

This chapter is organized as follows. In the first part, H is a Hilbert space and V' is a reflexive
separable Banach space such that V' is embedded in H with a dense and compact injection
and one will identify H with its dual space H’. One denotes by (.,.), resp. ||, the scalar
product of H, resp. the norm in H, by (.,.) the dual product V-V and by |.| the norm in V.
f:H—-> H' =H and A:V — V' are maximal monotone operators, A derives from a potential
J, and general assumptions are made to prove the existence of a solution. In particular, we

assume neither strong monotonicity for f, nor a control from bellow of J(u) by a power of the
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II.1 Introduction

norm of u in V. This allows us to apply our results in the case of Orlicz spaces (See ADAMS
[1], Chap. VIII, p. 227 sqq.) when the problem allows easily a control of the modulus given by
the N-function, rather than the Luxembourg norm. One can cite for example the case of the
Musielak-Orlicz spaces LP(®)(Q2) and W1»(#)(Q) spaces (See DIENING-HARJULEHTO-HASTO-
Ruzicka [36]).

In the second part, we will be interested in stochastic problems. Because of the theory of the
stochastic integration, V' needs to be a Hilbert space and for technical reasons, one assumes
that (u,v) = (Au,v) is a scalar product whose associated norm is equivalent to the one of V.

Using results of the deterministic case, we show existence and uniqueness of a solution.

1.3 Notations, assumptions and main results

Denote by (P1) the following problem

. f(Owu) + Au = g,
(Pr): { u(t=0) = uo,

and assume that

e H is a Hilbert space and V is a reflexive separable Banach space such that V - H
with a dense and compact injection. Thus, one has the classical Gelfand-Lions triplet:
VoH=H <V

e f:H - H'=H is a demicontinuous (univoque) maximal monotone operator.

Remark 1.1 This is the case for example if f is the subdifferential OF of a continuous,

Gateaux-differentiable and proper convex function F : H — R.

Assume moreover that

— Ja>0, \eR, Ve e H, (f(x),x)>alz]?- A\
— 301,05 >0, Yre H, |f(z)| < Cy|z|+ Cs.

e J:V = Ris a continuous, Gateaux-differentiable and proper convex function. Since J can
be defined modulo a constant value, assuming that J(0) = 0 does not affect the generality.
One denotes by A its subdifferential 9.J : V' — V’. We recall that it is a demicontinuous
(univoque) maximal monotone operator.

One assumes moreover that
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Chapter II. On abstract Barenblatt equations

— J is bounded above on bounded subsets of V' (therefore, A maps bounded subsets
of V' into bounded nonempty subsets of V' (e.g. [18] Prop. 4.1.25),

— Either 30 > 0, ¢y : u = 0|ul? + J(u) is coercive over V' in the sense: —6|“"|H2;n‘]”(“") goes

to +oo if |u,| goes to +oo.
Or, f derives from the potential F' (see Remark 1.1), and @9 : v — F(u) + J(u) is

coercive over V.
e upeV and ge L%(0,T, H).
The main results in that case are:

Theorem 1.2 There exists u € W12(0,T,V, H)* solution of (P1).
Moreover, for a.e. t, Au(t) = g(t) - f(Qyu(t)) € H, J(u) e WHL(0,T) and, for anyt,

[ @), 0y ds+ I (u(®) = Juo) + [ (5,0 s,

¢ 1 rt
and  « f Ou*ds +2J (u(t)) < 2J (up) + — / |g]*ds + 2.
0 aJo

Corollary 1.3

If A is linear and f strictly monotone, then the solution is unique.

If A is linear and J(0) < J(w) for any w # 0, then the solution is unique and it belongs to
c([0,7],V).
Moreover, the application (ug, g) = u is continuous from V x L?(0,T,H) to C([0,T],V).

If A is linear and f strongly monotone, the application (ug,g) ~ Oy is continuous from V x
L2(0,T,H) to L*(0,T,H).

Denote by (P;) the following problem:

f (&(u - fothdw)) + Au =0,
u(t=0) = ug.

(Py) :

*WLpa(0,T,V, H) denotes the space of functions u e LP(0,T, V') such that dyu e LI(0,T, H).
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I1.2 The deterministic case

In addition to the above hypothesis, assume moreover that
e H and V are separable Hilbert spaces.

o w={w,F;0<t<T} denotes a standard adapted one-dimensional continuous Brownian
motion, defined on some complete probability space (€2, F, P), with the property that

Wy = 0.
o A=0J is a linear operator, J(u) >0=J(0) if u# 0 and f is strongly monotone.

e ugeV and he N2(0,7,V) where, for a separable Hilbert space X, N2(0,T, X) denotes
the set of predictable processes of L2(]0,7T[xQ,X) (Cf. PREVOT-ROCKNER [64] for

example).

The main results in that case are:

¢
Theorem 1.4 There ezists a unique w € N2(0,T,V), such that at(u—f hdw) € LQ(]O,T[XQ, H),
0
solution of (Pz).
Moreover, uw e C([0,T],L*(2,V)) and, for any ug, Gy €V, any h, he N2(0,7,V) and any t,

E [ FOU) = F(0,0),8[U(t) - U(t)]) ds + E|[(u—-2a) ()[4

< Bluo-aoli+ [ Blh-hlds,

where U (resp. U) denotes u — / hdw (resp. ﬁ—f hdw ).
0 0

Corollary 1.5 Assume that H :V -V is a Lipschitz-continuous mapping. Then there exists
t
a unique u € N2(0,T,V') such that O;[u — [ H(u)dw] e L*(]0, T[xQ, H) solution of Problem
0

(Pw) : f(at[u - fotH(u)dw]) +Au=0, with u(0,.) = u.

2 The deterministic case

The aim of this section is to prove Theorem 1.2 and Corollary 1.3. We propose to prove the
existence of a solution by passing to the limit in a time discretization scheme, following what
has been discussed in Chapter I. The content of the study will be appreciably the same: first

showing existence of the approximate solution, finding a priori estimates and then passing to
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Chapter II. On abstract Barenblatt equations

the limit with respect to the time step parameter. Then we investigate the uniqueness of such
a solution but under additional hypothesis on the data.

For any positive integers N and any n < N, we denote by

At=L 4 Zuat and “—1ftm()d
_N’ n="n n g_At . g\s)as.

2.1 Existence of the approximate sequence

Lemma 2.1 For any sequence (¢g") ¢ H, there exists a sequence (u™) c V' such that u® = ug

and

un+1 —un

A )+ Au™tt = gt (2.1)

A

Proof. Since H' > V', M :ueV f(% e V'’ is a monotone operator.

If one denotes by S a bounded subset of V', then, for any s € S,

[M(s)lv: < Clf(53)| < Oz + C < O 5z | + ©

and M is a bounded operator.

If one considers that w; converges weakly to w in V', then, it converges to v in H and
Mu,, converges weakly to Mwu in H since f is demicontinuous in H. Thus, for any v € V,
limg (Mug,up —v) = (Mu,u—-v) and M is pseudomonotone in V.

For any w e V', one has that

)0 = M), ) + (F( )
> aAt|“;;‘" P = CAD(ful + e(a)) 2 ful? - C(AL)(ul + c(u™)).

Thus, for small values of At, one gets that

(f (5 );u) + (Au,u) , aeulP - CAn(Jul + c(un)) + J(u) - J (0)

1wl
Slul? + J(u) ~

Jul

Then, since by assumption ¢, is coercive, the result of the lemma holds thanks to classical
arguments on pseudomonotone operators (Cf. SHOWALTER [68] : Cor. 7.1 p.84).

If one assumes that f derives form a potential F' (see Remark 1.1), then, the convex function
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I1.2 The deterministic case

w3 :V = R, defined for any u €V by

palu) = MF( )+ () - (g7 u),

is continuous and Gateaux-differentiable. Moreover,

(dps(),v) = (FCm)0) + (Au0) - (g7 0),
Flu) = F(At“;z‘” +un)gAtF(“;‘"pu—At)F(lit)
and,
palu) > F(u)+J(u) = (g™, u) - (1- AF (=)
> () + () ~1g ol - C(a0) = | T e - ),

The coercivity of ¢y yields the existence a critical point to @3 which corresponds to a solution

un*! for the lemma (see Proposition 2.1.14 p.26 of BORWEIN-VANDERWERFF [18]). i

Remark 2.2 Note that if f, or A, is strictly monotone, then the solution is unique. Indeed, if

uw and U are two given solutions, one has

u" nou—-ut U-u"

U — U—1u
At )= 1( At ): At At

a1

2.2 A priori estimates

n+1

Let us test Equation (2.1) with v = ““%*. Then,

At
un+1 —un un+1 —un un+1 —un un+1 —un
A n+1 ):( n+1 )
(f( At ) At )+<u At RN '
yields
n+l _ ,n 2
A0 J(u") < J(u™) + §|g”+1|2 + \AL.
2 At o
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Chapter II. On abstract Barenblatt equations

Thus, there exists a constant C' such that

2
A n

+J(u™ ) < J(ug) + TA+ ot Mg < C,
@ k=0

uk+1 _ uk

and

Lemma 2.3 There exists a constant C such that

1
|7 T - u a0 < C-

HatﬂAtH L*(0, T) At?

L2(O7T7H)

k+1 u

<O + (5, one has that

Since, |f( utt - )

Lemma 2.4 There exists a constant C such that

Hf (atﬂAt)Hm(o,T,H) <C.

If one assumes that f derives form a potential F' (see Remark 1.1), then
F(um) < F(ug) +|f(u™1)|.Jug — un*| < F(ug) + [Chrlu™*| + Co]|ug — un+| < Cte
and there exists a constant C' such that ¢o(u™) < C. Since ¢ (resp. ) is coercive, this yields

Lemma 2.5 There exists a constant C' such that |[u| e o7y + [T pe o1y < C-

n+1

Finally, since for any v € V| (Aun*l v) = ( (), ) one gets that

(Au””,v) un+1 _un)

< C gn+1 _ f( At

sup and

P

Lemma 2.6 There exists a constant C' such that | Au®*| 2 7y < C.

2.3 At the limit

Let us recall that, by construction, almost everywhere in ]0,7'[, one has the discretization
VoeV, (f(8a2),v)+(Au?, v) = (g, v). (2.2)

As 72t is bounded in W12(0,T,V, H), up to a subsequence denoted similarly, Simon’s

compactness argument ensures the existence of u € W12(0,T,V, H) such that T2 converges
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I1.2 The deterministic case

weakly to w in L>(0,7, V) weak-* and strongly in C([0,T], H).
Moreover, u®t converges to u in L>(0,T,V) weak-* and strongly in L?(0,7T, H), and 0,u”!
converges weakly to d,u.

Concerning the nonlinear terms, one denotes by f, and A, the weak limits, respectively in
L?(0,T,H) and L?(0,T,V"), of f(0/u”") and Au”t. Thus,

T T
/ (Aurt uPt —u)dt = / (g™ - f(Oa"),ut —u)dt -0 when At 0,
0 0

T

T
and, / (Aut uBtydt - / (Ay, u)dt when At — 0.

0 0
By assumption, the application u € V' = (Au,v) is continuous. Thus, if w: (0,7) - V is a
measurable function, Aw is a weak-* measurable one. Since by assumption V is a separable

reflexive Banach space, Aw is firstly weakly measurable, then measurable.

Set v e L*>(0,7,V) and |\| < 1. By monotonicity of A and thanks to the previous convergence,
one gets that 0< A [ (A, = A(u - ), v)dt.

For t €]0,T[ a.e., one gets that ||u(t) — Av(t)] < C = |uf ro,rv) + V] 2o 0.1,v)-

Since J is bounded above on bounded subsets of V', A(By(0,C')) is bounded (e.g. [18] Prop.
4.1.25 p.137) and M exists such that, ¢t a.e. in |0, T[, [A(u(t) = v(t))|v < M.

Since A is demi-continuous, < A, — A(u— Av),v > converges to < A, — Au,v > when A goes to 0.
Then, Lebesgue’s theorem yields the convergence of fOT(Au—A(u—)\v), v)dt to fOT(Au—A(u), v)dt
when A goes to 0 and one concludes that 0 = fOT <A, - A(u),v>dt and that A, = Au.

By passing to the limit, one gets that f, + Au =g in L?(0,7,H), or similarly, that d,u + Au =
h:=g- f,+ 0 where h e L2(0,7,H) and ugp € V.

Then, thanks to Appendix H, for any ¢, the following equality holds:

[ tuyds + 3u(e)) = I + [ (. 0)as.

Coming back to the discrete formulation, adding

( un+1 — un+1 —un

An+1u :(n+1
) At)+<u’At =T A

over n yields

untl — g ntl - un) N—l( - untl —
g 5 s

N
¥, ), ¥, +J(u )SJ(uO)+Ath% N
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Chapter II. On abstract Barenblatt equations

i.e.

/OT(f(a{ﬁAt),a{ﬁAt)dHJ(’ﬁAt(T)) < J(ug) + foT(gAt,é?ﬁZAt)dt.

Since @At converges to w in C([0,7], H) and as @”*(T") is bounded in V, one gets that a2(7T)
converges weakly to u(7T") in V (note that the same can be told for any ¢, i.e. TA*(t) converges

weakly to u(t) in V'), and we get back the initial condition u(t = 0) = ug in V. Thus,

T
limsup f (F(OTY), 0 dt + J (u(T))
At 0

IA

T
limsup [ (D), 07 )dt + liminf J (@(T))
At 0

IN

limAstup [/()T(j‘j(a{ilAt)7 O~ dt + J(ﬁAt(T))]

J(u0)+[OT(g,8tu)dt:/OT(fu,atu)ds+J(u(T)).

IN

Then, an argument of Minty’s type in L2(0,T, H), similar to one used above with A, leads to
fu=f(0yu) and to the existence of a solution. Note in particular that Au =g - f(d,u) € H and

that, for any ¢,

/0 (F(O), D) ds + J(u(t)) = T (ug) + fo (g, 00)ds (2.3)

and

t t
o f |0sul*ds +2J (u(t)) < 2J(ug) + 1 / lg|*ds + 2. (2.4)
0 a Jo

2.4 1If A is linear

If A is a linear operator and if v and @ are given solutions associated to the initial conditions

U, o and the right hand side members g, g, one gets that
(f (Owu) = f(Oi),v) + {A(u—1@),v) = (9= g,v), (u-1a)(t=0)=u- o,
i.e., by denoting W =u -1,

(OW,v) + (AW, v) = ([g - g] - [f(Owu) = f(Ds00)] + OW,v), (u—10)(t=0)=wuy— 0.
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I1.2 The deterministic case

Then, thanks to Appendix H, for any ¢,

[ 10w s + SV (0) = Juo = o) + [ (L9 =91~ [£(0) - £(@0)]+ 0,00 ),

and

[ G@u) - @i, am)ds + JW @) = S - i0) + [ (9-5.00W)ds. (25)

Since A is linear, A(0) =0 and 0 € 9J(0), i.e. J(0) =minJ (Prop. 4.1.8 p.130 [18] for example),

and

Proposition 2.7 If moreover A is a linear operator and assuming that either f is strictly

monotone, or the optimal value of J is only satisfied at 0, then the solution is unique.

If A is linear and J(0) = 0, then, for any u,v € V, one gets that J(u) = 3(Au, u), (Au,v) =
(Av,u) and || 4:ueV = \/{Au,u) is a norm on V associated to the scalar product (u,v)4
(Au,v).

Note that assuming that J(v) >0 if v # 0 yields that || - | and | - | 4 are equivalent norms over
V. Indeed, the first inequality holds since A is bounded on the bounded sets, A is a continuous
linear operator.

Assume that the second one doesn’t hold. Then, there exists a sequence (v,) € V' such that
|lvn| =1, v, converges weakly (resp. strongly) to a given v in V' (resp. H) and J(v,) = 2| v,|%
goes to 0. Since J is a continuous convex function, one gets that 0 = J(0) < J(v) <0, and since
J(v) >0 if v #0, one concludes that v = 0.

As ¢ is a bilinear coercive mapping, there exists a positive constant « such that, for any u € V/,
©1(u) = 0ul® + |ul? > aflu]?. Since ¢1(v,) tends to 0, one has that v,, goes to 0 in V, one gets

a contradiction and the norms are equivalent.

The solution u belongs to W1°:2(0,T,V, H). Then, it belongs to C,([0,7],V), the V-valued
scalar continuous functions. Since (2.3) yields the continuity of the norm, u is a V-valued

continuous function.

Since (2.5) and (2.4) yield the existence of a positive constant C' = C'(uyg, @y, g, §) such that, for
any t,

[ (@) - 1@0d), -1 ds + S (- DI < Io =) + Cly = iluoirny

one gets the continuity of the infinity-norm of the solution with respect to ug and g.
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If f is assumed to be strongly monotone, then the time derivative of the solution is continuous

with respect to ug and g in L?(0,7, H). This finishes the proof of the corollary.

3 The stochastic case

In this section, we are interested in the stochastic version of Barenblatt’s equations. So, we
need first to precise the sense we wish to give to the stochastic version of an equation with
such a nonlinear term. For this, remark that the homogeneous deterministic equation writes :
Oyu € f~1(=Au). Then, the stochastic version of the problem would be: du € f~1(-Au)dt + hdw
where w = {wy, F;;0 <t < T} denotes a standard adapted one-dimensional continuous Brownian
motion, defined on a complete probability space (£, F, P), with the property that wy = 0; and
h e N2(0,T,V), the set of predictable functions of L? (]0,T[xQ, V") ([64] p.28 for example).

Following ADIMURTHI-SEAM-VALLET [2], BARBU [8] Section 44 p. 183, VALLET [77] or
VALLET-WITTBOLD [78] for example, the equation can be understood in the following way:

Gt[u—/othdw(s)]ef_l(—flu), i.e. f(@t[u——/othdw(s)])nLAu:O,

¢
where f hdw(s) denotes the 1t6 integration of h.
0

t
Then U =u - f hdw(s) is a solution to the random equation
0

FOU)+ AU =0 where A()U = A[U + fot hdw(s)].

Since we are interested in strong solutions, standard argumentations do not suit and additional
assumptions are needed.

In the sequel, A is assumed to be linear, J(v) > J(0) = 0 for any v # 0, and f strongly
monotone. Thus, as explained in the end of the previous section, J(u) = +(Au,u) and (.,.) :
(u,v) = (Au,v) is a scalar product. One denotes by | - |4 the associated norm; it is equivalent
to the one of V.

Thanks to the continuity and the linearity of A (see PREVOT-ROCKNER [64] Lemma 2.4.1 p.

35 for example), the problem is equivalent to
_ t t
(P) + J@OU)+AU=-A [ hdw== [ Ahdw, U(t=0)=u,
0 0

where Ah e N2(0,7,V").
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Lemma 3.1 There ezists at most one solution of Problem (P;).

Indeed, if v and @ are two solutions, associated with the same function A, if one denotes by

t . t R
U:u—f hdw, Uzﬁ—/ hdw and W =u -4 =U - U, one gets:
0 0
OW + AW =G = oW + f(8,U) - f(8,U),  W(t=0)=0.
Then, thanks to Appendix H, the following energy equality holds for any ¢:

fot 0 W ds + J(W (t)) = J(0) + fot(G,atW)ds,

ie. [Ot (FOU) ~ F(O,0),0,[U ~ U)ds + J(W(£)) =0,

and the solution is unique.

We wish, in the sequel, to use the previous section. So, in a first step, we assume that h €
N2(0,7,V) and Ah e N2(0,T,H).

Thus, P-a.s. in €, fOtAhdw € L2(0,T, H) and there exists a unique solution to (Py).
Moreover, the result of continuity of Corollary 1.3 ensures that U € N2(0,7,V) thus u €
N2(0,7,V) as well, and that 0,U e L?(Q2x]0,T[, H).

In particular, for any t,

t 1 1 t s
[ @0+ SI0®IE = Sluli- [ ([ Andw,o0)as,

1 T s
|ug|% + — [ | f Ahdw|2ds + 2.
aJdo 'Jo

The same corollary asserts that, P-a.s., U € C'([0,T],V). Thus, for any fixed time ¢ and
any sequence (t,) € [0,7] such that ¢, converges to t, one gets that |U(t,) - U(t)| goes to 0

t
and o [ 10,U2ds + U ()|
0

IN

P-a.s. Moreover,

Ut -U®)]*

IN

20U (t)|? +201U@)|* < CUUE)IE + 1U®)]%)
1 T s 2
C[||u0|\§,+af0 |f0 Ahdw|’ds +2)]

IN

Thanks to the above inequality, Lebesgue’s theorem yields E|U(t,) — U(t)|? goes to 0 and
leads to the continuity of U from [0,7] to L?(£2,V'). Then, thanks to the properties of the 1t6

integral, it is the same for u.
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t ~ t .
Consider two solutions u and 4, associated with U = u — f hdw and U =1 — / hdw and with
0 0

.
the initial conditions uy and y. For convenience, set W = u -1 - f [h—h]dw and T =u-10
0

and note that for any ¢t > At >0,

(f(OU) = F(20). W () = W (t - At)) + (u(t),u(t) - u(t - At)) 4
@), [ (h=hydw).a.
Then, an integration from At to ¢ gives

[ (1@ - sy, == g [y -ats - an s

ot
t3xg | Ja)[Ads

mtf ||Ads+Aitft(a(s)—a(s—At),f:At(h—ﬁ)dw)Ads
+E (u(s—At) f (h- h)dw) ds

IN

and, by taking the expectation, the following inequalities hold

5[ (f(@U) - flon), == 4o [ ) 13ds

QAtEf \u(s)|\Ads+2A f Bl [ (= ydulds
_ 2
B [ ) s o [0 Bl R o) dods.

At the limit, one gets that for any ¢

IN

IN

B [ (f00) - 00),a[U @) - 0 (1)) ds + 3Bl (u- )W

1 . 1 rt ~
Bl =l +5 [ Elh-hl3ds. (3.1

IN

Consider h € N2(0,7,V) and (h,) c N2(0,7,V) such that Ah, € N2(0,T,H) and (h,) con-
verges to h in N2(0,7,V). Thanks to the previous inequality, the sequence (u,) of the corre-
sponding solutions is a Cauchy sequence in C'([0,T'], L?(£2,V)).

As the same kind of calculations leads to the boundedness of 0, (u,, - /; t hpdw) in

L2(]0,T[x2, H), the uniqueness of the possible limit-point for the weak convergence yields the
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t
weak convergence of the sequence to 8t(u—/ hdw) in L2(]0,T[x2, H). Moreover, up to a sub-
0
t
sequence, f ((9t(unk - f hnkdw)) converges weakly to a given element x in L2(]0,T[xQ, H).
0
Using again (3.1), one gets that

timsup 5 L (F@Um) - F@U™), 0[U (1) - T (1)) de <,

and thanks to the assumptions on f, one concludes that x = f(0:(u - fot hdw)) (see Lemma
2.3 p.38 of BARBU [8] for example), that a solution exists and that (3.1) holds for any h and
heN2(0,T,V).

3.1 The multiplicative case

Assume that H : V — V is a Lipschitz-continuous mapping. Then H(h) € N2 (0,7,V) if
h e N2(0,T,V) (PREVOT-ROCKNER [64] Lemma 2.41 p.35), and the result of this section is
the following:

Denote by @ : N2 (0,7,V) - N2 (0,T,V) the map defined for any h € N2(0,7,V) by ®(h) =u

where u is the solution of the Barenblatt’s problem

# (0L~ /Ot%(h)dw]) ¢ Au=0

for the initial condition u(0,.) = uy. Then, u is a solution to Problem (Py), if and only if, u is
a fixed-point to P.
Then, for any positive a, (3.1) yields

2[0Te—at fOtE|[H(h) U () |2dsdt

C 4 —as 7 2
= [ emBlh-R1(s)3ds.

[ e Bl - a1

IN

Since the exponential weight in time provides an equivalent norm in N2 (0,7,V), if a > C, ®

is a contractive mapping, it has a unique fixed-point and the result holds.

23



Chapter II. On abstract Barenblatt equations

54



Chapter I1I

The Cauchy problem for a conservation law

with a multiplicative stochastic perturbation

IN this chapter, we are interested in the Cauchy problem for a multi-dimensional nonlinear
conservation law with a multiplicative stochastic perturbation. This study is published in

a joint work with G. VALLET and P. WITTBOLD [14]. We investigate the following problem:
du - divf(u)dt = h(u)dw in 0, T[xR%x €, (0.1)

with an initial condition uy and d > 1. In the sequel we assume that 7' is a positive number,
Q =]0, T[xR¢ and that w = {wy, F;; 0 < t < T} denotes a standard adapted one-dimensional con-
tinuous Brownian motion, defined on the classical Wiener space (2, F, P). These assumptions
on w are made for convenience.

Let us assume that
Hy: f= (f1,.-, fa) : R > R% is a Lipschitz-continuous function and f;(0) =0, Vi=1,....d.
Hy: h:R - R is a Lipschitz-continuous function with h(0) = 0.
Hs: g € L2(R?).

Our aim is to prove a result of existence and uniqueness of the stochastic entropy solution
to the above-mentioned problem.
Note that, even in the deterministic case, a weak solution to a nonlinear scalar conservation law
is not unique in general. One needs to introduce the notion of entropy solution in order to dis-
criminate the physical solution. Using the concept of measure-valued solutions and Kruzhkov’s

entropy formulation, a result of existence and uniqueness of entropy solution is proved.
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1 Introduction

1.1 Former results

Many papers on the viscous parabolic Burgers type stochastic problem can be found in the
literature. Let us mention, without exhaustiveness, DA PRATO-DEBUSSCHE-TEMAM [29], DA
PRATO-ZABCZYK [30], GRECKSCH-TUDOR [45] or GYONGY-NUALART [46].

Only few papers have been devoted to the study of stochastic perturbation of nonlinear first-
order hyperbolic problems. Most of them are interested in the Cauchy problem in the 1D case
and/or in the case of additive noise (i.e., with a right-hand side h(t,z)dw independent of the
solution u). Let us cite the paper of HOLDEN-RISEBRO [49] where an operator splitting method

is proposed to prove the existence of a weak solution to the Cauchy problem
du+ f(u)dt = g(u)dw in ]0, T[xR.

The convergence is obtained by using pathwise arguments.
In the paper of E-KHANIN-MAZEL-SINAT [38], the authors are interested in the invariant mea-

sures for the Burgers equation

du + %(UQ)zdt = (Z Fk(:z:)dwk) in ]0,7[xR

k>0

with a periodic assumption in space. Existence and uniqueness of a stochastic entropy solution
is proved thanks to a Hopf-Lax type formula for the corresponding stochastic Hamilton-Jacobi
equation.

In the paper of Kim [53] a method of compensated compactness is used to prove, via vanishing

viscosity approximation, existence of a stochastic weak entropy solution to the Cauchy problem
du+ f(u).dt = h(t,z)dw in ]0, T[xR.

A Kruzhkov-type method is used to prove the uniqueness.
In VALLET-WITTBOLD [78], the authors proposed to extend the result of Kim to the multi-

dimensional Dirichlet problem for a nonlinear conservation law with additive noise

du+ divf(u)dt = h(t,z)dw in ]0,T[xD
"u=0 on ]0,T[x0D”
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IT1.1 Introduction

where D is a bounded domain in R? (d > 1). As weak and entropy solutions are not smooth
enough allowing for trace properties and, moreover, a Dirichlet condition can only be imposed
on the free set of entering characteristics, the boundary condition has to be understood in an ap-
propriate way. In VALLET-WITTBOLD [78] the authors followed the approach of J. CARRILLO
which consists in formulating the boundary condition implicitly via global integral entropy in-
equalities involving the semi-Kruzhkov entropies. Using the vanishing viscosity method and
Young measure techniques the authors proved existence, and, via Kruzhkov doubling variables
technique, the uniqueness of the stochastic entropy solution.

FENG-NUALART [41] proposed an extension of KiM’s result in another direction, namely to the
Cauchy problem in R?

du+ divF(u)dt - [

A4S

ZJ(-,u,z)dw(t,z)

with multiplicative noise. Regarding the random term on the right-hand side of the equation, 7
is a metric space and W (t,dz) is a space-time Gaussian white noise martingale random measure
with respect to a filtration F;. The authors consider a flux function F of class C?(R;R?) such
that its second derivatives have at most polynomial growth, and a random initial condition
ug satisfying E[[juol[h + [[uol[5] < oo for every p > 1. The dependence of the right-hand side
on u leads to considerable new difficulties. Indeed, in the case of additive noise h(t,z)dw the

equation, which has to be understood in the following way
o, [u— fothdw(s)] divf(u) =0 in D'(Q),
can be formulated, via the change of variable v =u — fot hdw(s), as the random problem
O — divf(w,t,x,v) =0

with a flux function f(w,t,z,v) = f(v + fot hdw(s)). In this equation, the stochastic variable
w, at least formally, only plays the role of a parameter and thus essentially deterministic tech-
niques can be applied (though it is not possible to use exclusively pathwise arguments).

In presence of multiplicative noise, the problem 0, [u - fot h(u)dw(s)] - divf(u) =0 is nonlocal
in time and, mainly due to the lack of regularity of u, a similar reduction is not possible. For
this reason, FENG-NUALART introduced in [41] a notion of strong entropy solution in order
to prove uniqueness of the entropy solution. Using the vanishing viscosity and compensated

compactness arguments, the authors established existence of strong entropy solutions only in
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the 1D case.

In the recent paper CHEN-DING-KARLSEN [27] propose to revisit the work of J. FENG and
D. NUALART. They prove under a “BV-bound” additional assumption on ug that the multi-
dimensional stochastic problem is well-posed by using a uniform spatial BV-bound. They show
the existence of strong stochastic entropy solutions in L n BV and develop a “continuous de-
pendence” theory for stochastic entropy solutions in BV, which can be used to derive an error
estimate for the vanishing viscosity method.

Finally, let us mention the paper by DEBUSSCHE-VOVELLE [32] which gives the first com-
plete well-posedness result for multi-dimensional scalar conservation laws driven by a general

multiplicative noise:
du + div(A(w))dt = ®(u)dW (t), xeTV te(0,T),

which is considered on the N-dimensional torus TV. The flux function A is supposed to be of
class C2(R;RY) such that its derivatives have at most polynomial growth, and they assume that
ug € L°(TVN). The authors consider a general noise W, assuming to be a cylindrical Wiener
process. They use the kinetic formulation of the problem and prove existence and uniqueness

of a kinetic solution.

1.2 Goal of the study

In the present work, we propose to prove a result of existence and uniqueness of a stochastic
entropy solution, in the sense of Definition 2.2, to the Cauchy problem for the stochastic con-
servation law with multiplicative noise (0.1) in the d-dimensional case. Comparing with the
previous authors, we consider here a time Gaussian white noise, assuming w to be a real-valued
continuous Brownian motion of dimension 1, f a Lipschitz-continuous function and ug the initial
condition chosen deterministic and in L?(D). A method of artificial viscosity is proposed to
prove the existence of a solution. The compactness properties used are based on the theory of
Young measures and on measure-valued solutions. In particular, for the convergences, instead
of path-wise arguments and adapted processes, we propose to use the topological properties of
the L2-type Lebesgue space when it is endowed with the predictable o-algebra.

Then, an appropriate adaptation of Kruzhkov’s doubling variables technique is proposed to
prove that any stochastic entropy solution is equal to the one given by the artificial viscosity
method. Then, the notion of strong entropy condition of J. FENG and D. NUALART does not
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seem to be required to capture the noise-noise interaction. Thus, the entropy inequalities are to
sufficient to prove the uniqueness via Kato-type inequalities. This yields the uniqueness of the
measure-valued entropy solution, and, by standard arguments, this allows to deduce existence

and uniqueness of the stochastic weak entropy solution.

1.3 Plan of the study

The chapter is organized as follows. In Section 2 we introduce the notion of stochastic entropy
(resp. measure-valued entropy) solution for (0.1) and establish some basic properties of such
solutions. In Section 3 existence of a measure-valued entropy solution for (0.1) is proved wvia
a vanishing viscosity approximation. Section 4 is devoted to the proof of uniqueness and of a
contraction principle for measure-valued solutions. As a by-product we deduce existence and
uniqueness of the entropy solution of the Cauchy problem for (0.1). In the Appendix I we
have collected several auxiliary results (e.g. on regularity of stochastic integrals with respect
to parameters, some basic results from Young measure theory and, for the convenience of the
reader, we have also included a proof of existence of weak solutions for the approximate viscous

parabolic problem).

1.4 Notations and functional setting

In the sequel we denote by H'(R?) the usual Sobolev space. We recall that H'(R?) is also
the closure of D(R?), the space of C*(R9)-functions with compact support in R?. We
denote by H~'(R?) the dual space of H'(IR?) which is also the space of derivatives of
order less than one of elements of L?(R?) in the common Gelfand-Lions identification
HY(RY) » L2(R%) = L2(R?) - H'(R4)".

For any positive M, denote by Qs =]0, T[xB(0, M) where B(0, M) is the bounded open ball
in R? of radius M.

In general, if G ¢ R¥, D(G) denotes the restriction to G of D(RF) functions u such that
support(u)nG is compact. Then, D*(G) will denote the subset of nonnegative elements
of D(G).

For a given separable Banach space X we denote by N2(0,T, X) the space of the predictable
X-valued processes (cf. DA PRATO-ZABCZYK [30] p.94 or PREVOT-ROCKNER [64] p.28
for example). This space is the space L2(]0,T[x2, X) for the product measure dt ® dP
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on Pr, the predictable o-field (i.e. the o-field generated by the sets {0} x Fy and the
rectangles |s,t] x A for any A € F,).
If X = L?(R?), one gets that N2(0,T, L2(R?)) c L2(Q x Q).

Consider € the set of any C?!(R) nonnegative convex approximative function of the absolute-
value function such that 1n(0) = 0 and that there exists 6 > 0 such that n/(x) = 1 (resp.
—-1) if > § (resp. © <0 ). Then, n” has a compact support and 1 and 1’ are Lipschitz-

continuous functions (see Figure IIL.1).

s s 5

Z \
T 55 s

Figure III1.1 — Kruzhkov smooth entropies

For convenience, denote by sgng(z) = ¢ if « # 0 and 0 otherwise; F'(a,b) = sgny(a - b)[f(a) -
f(b)] and F"(a,b) = f (o = b)f'(¢) do. Note, in particular, that F and F7 are
b
Lipschitz-continuous functions.

2 Entropy formulation

Let us analyze the viscous parabolic case in order to propose an entropy formulation. Assume

that for any positive €, u, is the solution of the stochastic nonlinear parabolic problem
du, - [eAu, + div(£(u.))] dt = h(u)dw  in 0, T[xR?x Q, (2.1)

for a smooth initial condition u§ € D(R?). See Appendix I Section 2 for further information.
The idea to obtain the entropy formulation satisfied for every solution of (0.1) is to pass to the

limit on € in a “viscous entropy formulation” satisfied by any solution u. of (2.1).
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Let us explain the way we obtain the “viscous entropy formulation”. Consider ¢ in D*(@), k
a real number and 7 € €. Since n(u. — k)p € L?(0,T, H'(R4)) P-a.s., it is possible to apply the
It6 formula to the operator W(t,u,) = /d n(u. — k)p dx and thus we get
R
[ () = K)(T) ax
= [ = K)p(0) dx+ [ n(u k) dx de
R Q
—€ / N (ue — k)Vu. Vo dx dt —e / n" (ue - k)pVuVue dx dt
Q Q

— [ 1 (ue - k) (u) Vi dx dt - / 0" (ue - k)oof (ue) Ve dx dt
Q Q

+/(;T [Rd N (ue — k)h(ue ) dxdw(t) +%/Qh2(u6)77"(ue—k)g0 dx dt.

Indeed, consider the process

ue(t) = uc(0) +]:6Aue+ divf(ue)ds+/:h(ue)dw(s),

defined for all t € [0,T]. As eAu, + divf(u,) is in L2(Q x Q) (see Appendix I Section 2), it’s
an L2(R%)-valued process Bochner integrable on [0,7'] (the reader can find the sense of the
Bochner integrability in DA PRATO-ZABCZYK [30] p.19). We consider

U:[0,T]x L2(RY) - R
(tv) » [ nw=-meta)d,

U and its partial derivatives ¥;, ¥, and V¥, are uniformly continuous on bounded subsets of
[0,T] x L?(R?%) thanks to the regularities of ¢ and n. Thus P-a.s and for all ¢ € [0, T'], one gets:

t
Wt u(t)) = WOup)+ [ Wisu)ds
0
t N
+/ <W,(s,u.),eAuc + divf(u.) > ds
0

+ fot <Wy(s,uc), h(ue) > dw(s)

t
+%f < Wy (s,uc), h%(u.) > ds.
0
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For all v € L?(IR?) one has

Uisw) = [ n(u-Rap(s ),

<W,(s,u.),v >

e = k), 2y,
Ra

<Wo(s,ue),v >

f n" (ue — k)p(s,x)vdr.

Since the support of " is compact, for any i = 1,...,d, R > r ~ n"(r — k) f;(r) is a bounded

continuous function. Then, thanks to the chain-rule for Sobolev functions

- /;gn”(ue ~k)of (u) Vu, dedt - /ng div[/ue 0" (o - k)f(0)do]dzdt
0

fQ vl /0 (o - (o) dodedt,

and so
0 < / n(uf - k)p(0) dx + f n(ue — k)Oypdxdt
—e/ n" (u - |Vu6|2<,0dxdt—ef n'(ue — k)Vu. Ve dudt
- [ e BF)ve ded s [ Vel [T (o - k)F(r)do]drdt
+ [)T [Rd 0 (ue — k)h(ue)e dedw(t) + % /Q h2(u)n” (ue — k)pdadt.

And, as f'(()) = 0, by integration by parts

S (e = k) E(u,) + f (0 - k)E(0)do = - fo " (0 = k) (0)do,

one gets

0 < fRd n(ug = k)p(0) do + /;277(106 - k)Oypdxdt — € [Q 0 (ue — k)Vu.Ve drdt
[ "= Rvue dedt~ [ [Ty (o~ 0)F (o) dove dedi
0

+ fQ 0 (ue — k)h(ue ) dedw(t) + % fQ h2(u)n” (ue — k) pdxdt.
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In particular, if ¢ is null on the boundary or if »’(R~) = {0} with &£ > 0 then, as fok n'(o -

k)f'(0) do is constant with respect to z and

0 < fRd 77(u6 - k;)go(()) dr + an(uE — k)atgﬁdxdt —€ v/; 77//(uE B k)lvu5|2(p dudt
- f 0 (ue = k)Vucvy dedt - / /“ n'(o - k’)f'(a) doVo dxdt
Q o Jk
o [ = R dudw(@) + 5 [ 1" (o~ K.
@ Q

Thus,

0 < [dn(ug—k)go(()) dX+[Qn(ue—k)atgpdxdt—e[Qn'(ue—k)VUGWdedt
R
T
—fF”(ue,k:)Vgo dx dt+/ [dn'(uﬁ—k)h(ue)gp dxdw(t)
Q 0 JR

1
+= [ h2(u)n” (ue — k) dx dt.
2JqQ
Given A € F a P-measurable set, and taking the expectation, one finally has

0 < E f 1an(us - k)p(0) da + E fQ 1an(u, — k)ypdadt
Rd
-eE /c; Lan'(ue — k)Vu. Ve dedt - E /Q 1a /ku 0 (o - k)f'(0)doVe dadt
1
+FE fQ 1an"(ue = k)h(ue)p dedw(t) + §E[Q 1ah*(u)n” (ue — k) pdxdt. (2.2)

4

Let us call this inequality the “viscous entropy formulation”. Now let us assume that, as

¢ tends to 0, the approximate solutions u. converge in an appropriate sense to a function
u e N2(0,T; L?(R9)) such that 6/ 1an'(ue = k)VuVdrdt tends to 0 (the convergence issue
will be studied rigorously in Sectior? 3). Then we may pass to the limit in the above inequality
and obtain a family of entropy inequalities satisfied by the limit function u. This observation
motivates the definition of entropy solution for the stochastic conservation law (0.1) we will
give below.

For convenience, for any function u of N2(0,T, L?(R%)), any real k and any regular function
n, denote P-a.s. in Q by p, 5, the distribution in R+, defined by

oo mle) = [ nlua=k)e(0) dx+ [ n(u= ke~ Fi(u.k)vep ds dt

+[)T /Rd n'(u—k)h(u)p dde(t)*L%'/Qm(u)n"(u—k)gp e dt
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Remark 2.1 Thanks to the Ito-integration by parts formula applied to the process X(t) =
fot n'(u - k)h(u)dw and the application F(t, X (t)) = X (t)e(t) one has F,(t,X(t)) = (1),
Fo.(t,X(t)) = Fi(t, X (t)) =0 and

ATYX(T) = pOXO) = [ @lXO)+ [ u-Bpduldt+ [ o0l (- Bh(u)du.
In this way:

T
L) [ = mh(u)du(t) dx
R 0
T t T
= / f oi(t, ) f n'(u-k)h(u)dw(s) dx dt + / f n'(u-k)h(u)e dxdw(t),
0o Jrd 0 0 Jrd
and thus, P-a.s. in 2,
o mi(e) = [ n(uo=k)e(0) ds v [ nu- K)o~ F(u.k)Vp dxdt
T 1
+ /d o(T,x) f n'(u—k)h(u)dw(t) dx + 3 L h*(u)n" (u - k) dx dt
R 0
T t
- f f ou(t,7) f 0 (1 = k)Y h(u)dw(s) dx dt.
0o Jra 0
From the preceding considerations, we are now naturally led to give the following definition.

Definition 2.2 Entropy solution

A function u of N2(0,T, L2(R4))nL>(0,T, L?(2, L?>(R%))) is an entropy solution of the stochas-
tic conservation law (0.1) with the initial condition ug € L>(R?) if for any n € & and any
(k,¢) e Rx D*([0,T] x R9)

0 < fiyi(e), P-a.s.

For technical reasons we also need to consider a generalised notion of entropy solution. In fact,
in a first step, we will only prove the existence of a Young measure-valued solution. Then,
thanks to a result of uniqueness, we are able to deduce the existence of an entropy solution in
the sense of Definition 2.2.

Definition 2.3 Measure-valued entropy solution

A function uw e N2 (0,T, L2(Rx]0,1[)) n L= (]0, T[, L*>(Q2 x R¥x]0,1[)) is a (Young) measure-
valued entropy solution of (0.1) with the initial condition ug € L?(R?) if for any n € € and any
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I1I1.2 Entropy formulation

(k,0) e RxD*([0, T] x RY)

1
0 < [ pnk(p)da, P —a.s.
0

Note that in this definition the measure ji,, also depends on o because u does.

Remark 2.4 On the place of the “P-a.s” in Definitions 2.2 and 2.3:

If u is an entropy solution in the sense of Definition 2.2, then there exists a measurable set
Q c Q of full measure such that for any w € Q,0 < tn k(@) for all k € Q, for all ¢ € DH(RIH).
Indeed, denote by A ={ay; M e N} c D*(R¥!) a countable dense sub-family of D+ (R for
the topology of H"(R¥1Y) for arbitrary sufficiently large .

From the definition it follows that there exists Qyy ¢ Q such that P(Q\QM) =0 and, for any
weQy: 0< .k (anr) for all ke Q.

Now if Q = nyQyy, one gets that P(Q\Q) = 0 and, for any w e Q:  0< k(@) for all ke Q
and all p € A.

Since by Remark 2.1 pu,y is a H™(REY)-continuous function, it follows that for any w € Q:

0 < iy i () for all k € Q, for all p € D*(RI*).

Thanks to Appendiz I Section 1, ju, is continuous with respect to k and by approximating any
real number by a sequence of rational ones, for any w € Q: 0 < pn k() for all k e R, for all
¢ € D*(R™Y). Finally, P-a.s and for all (k,¢) e RxD*([0,T] xR%), 0 < p1,, ().

The same remark holds for a measure-valued entropy solution.

Remark 2.5 L>(]0, T[,L2 (2 x RY)) regularity of the entropy solution:

We will detail in Section 3 the proof of the existence of a measure-valued solution u. It relies
on the approzimation of (0.1) by the viscous parabolic stochastic problems (2.1).

Since the sequence of solutions u. of (2.1) is bounded in L> (]0,T[, L?(2 x R?)) (c¢f. Proposition
2.1), the compactness theorem of Prohorov (cf. Appendiz I Section 3), ensures the ezistence of
a Young measure limit w. Then, thanks to the a priori estimates and the compact support of
the test-functions, one will be able to pass to the limit, in the sense of the Young measures in
(2.2), and any limit-point of u. (where we keep the same notation u. for a subsequence) is an
element of L= (]0,T[, L?(2 x RIx]0,1[)). In fact, according to BALDER [7], for any positive
Carathéodory function ¢ :]0, T[xR? x Q x R - R, we have

E (., u) dx dt dagliminfEf@D(.,uE) dx dt.
@x]0,1] € Q

Now, if we choose ¥(t,z,w,\) = B(t)|\* with 8 € L'(0,T), 8>0, we find
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AN

T
f 5(t)Ef uf? dx dadt < liminfEfB(t)|u€|2 dx dt
0 Rdx]0,1[ € Q
T
tim it | o 1oz [ A(E) e

CfOTﬁ(t) dt

IN

IN

as ue is bounded in L> (0, T, L?(2 x RY)).

As, for any € LY(0,T), 6= p* -~ and, moreover, t » E " [|u|2 dx da s a measurable
R9x]0,1

function, we get

N

T
‘ [ swe uf? dx do dt‘ < timint B [ B(0)fuf? dxdt
0 R4x]0,1[ € Q

< hmifelf ||u€||2°°(0,T,L2(Qde))||5||L1(07T)
< ClBlerom
which implies that E - [|u|2 dx da is an element of the dual of L'(0,T), i.e., an element
R9x]0,1

of L=(0,T), hence we L* (]0,T[, L?(2 x RIx]0,1[)).
Therefore it is natural to include in the definition the condition that an entropy (resp. measure-
valued entropy) solution belongs to L>=(]0,T[, L? (2 x R?)) (resp. L= (]0,T[, L2(Q2 x Rix]0,1[)) ).

Let us also mention some results satisfied by any entropy solution of (0.1).

Proposition 2.6 Any entropy solution of (0.1) is almost surely a weak solution, too.

Proof. Indeed, following CARRILLO-WITTBOLD [24], P-a.s, for any positive ¢ € D*([0, T[xR?),

we have

pnge() = fQ{(u—k)@tga—[f'(u)—f'(k;)].Vgp} dxdt+/1;d(u0—k:)go(0) dx (=1
+ [ [(u—k) —u+ k)0 - [F"(u, k) — £(u) + £(k)]Ve dx dt

+ [ Inuo =) = ug + Ko (0) dx (=1)
-/ Ad%(t,m)n'(u_k)h(u)dxdw(t) (=1s)
+§th2(u)n"(u—k‘)godxdt. (:=14)
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I1I1.2 Entropy formulation

Note that

I = ‘/Q {u@tgo - f(u)Vgp} dx dt + Ad uop(0) dx.

Since n € &, for k <0, we get

[F7(u, k) = f (u) + f(F)]
‘fkun'(a— k) (o) do - (f(u) - f(k)) ‘f (c-k)-1]f(0) da‘

() JR
c(FY[6 +2(u— k)] < e(F)[6+ 2u]

IN

=10 - b)) do| < ()

IN

where ¢ is the parameter associated to n in the definition of the elements of €.

Note that, as k goes to —oo,

n(u-k)-(u-k)= / "(r) - 1dr—>f 77(r)—ldr—/0677'(7")—1dr=17(5)—5

Therefore limgs_limy_,_o, I5 = 0. Similarly, lim;_,_, I4 = 0.
T t
Moreover, I3 converges to — f fd i (1) [ h(u)dw(c) dx dt when k — —o0.
0o JR 0

Thus, for any positive ¢ € D([0,T[xR%)

0< L{(u—_/Oth(u)dw(a))atgo—f(u).Vgo} dx dt + Ad uop(0,.) dx.

Since the opposite inequality can be proved by using k£ — u instead of u —k in I, passing to the

limit when k goes to +o0, we find that u is a solution in the sense of distributions. O

Proposition 2.7 The unique solution obtained in this chapter satisfies the initial condition in

the following sense: for any compact set K c R4

esslimE/|u—u0|dX:O.
K

t—0%

Proof. By the existence proof, the solution v will be in L> (0,7, L?(2 x R%)). Therefore, fol-
lowing MALEK-NECAS-OTTO-ROKYTA-RUZICKA [60] (see also VALLET [74]), if one considers
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any k € R and any (€ D*(R?), then, for any nonnegative o in H'(0,7"), one has that

e}
IN

fOT {O/E fRd n(u-k)pgdx+aF ./]1;11 %hZ(u)n"(u -k)B - F"(u,k).Vp dx} dt
+FE /;Toz .éd B’ (u—k)h(u) dxdw(t) + a(0) [Rd n(ug — k)p dx
-/ [0 (0) A (1) + a(8) By s(1)] dt + a(0)Cr .

where Ay g(t) = E [pan(u—k)B dx, Brs(t) = E [ga B2 (u)n"(u—k)S - F7(u, k).V3 dx.
Therefore, T : o € D*(R) fOT[&’(t)Akﬂ(t) +a(t)Bgs(t)] dt +a(0)Cy 5 is a positive Radon

measure on R. Its restriction to ]0,7°[, denoted by Tjory, is a positive bounded Radon measure
on ]0,7[ and

T
|T]0’T[| < E,un,k(l ® 5) = '/0 Bkﬁ(t) dt + Okﬁ < C(n, B, SuppB, HU/||L2(QXQ)).

In particular, ¢ : t » Ay 5(t) - fot By 5(s) ds is a nonincreasing function of bounded variation
on [0,7]. Thus, ¥(0%) =ess %i}n (1) exists and

w0 =tim n [0y at=tim [t d

where o, (t) = min(nt, 1)*.
Since lim Ji Bis(s) ds =0, Ay 5(0%) =ess lim Ay5(t) =1(0*) and

0<Aus(07) = lim OT(an—1)'[Ak,ﬁ(t)—[0t3k,ﬁ(s)ds] dt
= im [ 10 - 00) Aes(1) + Bus((1 -] dt,
_ gjglo[—Mn’k[(l—an)®ﬁ]]+0kﬁsAdn(uo—k)ﬁdx.

Let us fix K ¢ R? a compact set and denote by L2 (R?) the Hilbert-subspace of L?(R?)
of functions with support in K. Thanks to the hypothesis on u, uniformly with respect to t,
B+ Ags(t) is a continuous linear function on L% (R?), and thus a density argument leads to

the existence, for any real k and any nonnegative § in L% (R?), of oss %i}n Ay s(t) = Arp(0%)
with, moreover, A 3(0%) < /d n(uo - k)5 dx.
R

n
In order to keep essential limits, consider k in Q. Then, if w, = Zkil B, is a simple function
i=0
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with k; in QQ, one gets that
Au o) =B [ n(u(®) =w)dx =Y B [ nu(t)=k)B1e, dx = Y Ar sl (1),
1=0 i=0

and ess loi+m Ay, 5(t) exists with moreover A,, 5(0%) < [R ) n(up — w, )l dx, for any nonnegative
B in L2 (R?) and any Q-valued simple function w,,.
As any w of L?(R9) is a limit in L?(R?) of a sequence of such simple functions and since for
w and @ in L2(RY), [Ayg(t) — Awp(t)] < [lw = D||p2ra)l|B]|L2(re), independently of £, the same
argument of density leads to
eii%ign A, p(t) exists with, moreover, A, 3(0%) < ./]Rd n(up — w)p dx, for any nonnegative 3 in
L2 (R?) and any w in L2(R).

Now, for w = ug and 3 = 1 this leads to: eiiloi}n E[Kn(u(t) —up) dx = 0.

Since it is possible to approximate the absolute value function from below by a nondecreasing
sequence of functions in &, the theorem of Dini assures us the uniform convergence of the
sequence. Thus, ess })im E f lu(t) — uo| dx = 0. O

-0t K

Remark 2.8 Replacing fd-~-dx by fd : [---dx da in the preceding arguments, one can
R R4x]0,1

prove in the same way that efs%i}n E : |u(t) = uo| dx da = 0 for a measure-valued entropy

Kx]0,1
solution.

The main result of this chapter is

Theorem 2.9

Under assumptions Hy — Hy — H3 there exists a unique measure-valued entropy solution in the
sense of Definition 2.35.

Moreover, this solution is the unique entropy solution of (0.1), for any initial condition ug in
L2(R9), in the sense of Definition 2.2.

If uy, ug are entropy solutions of (0.1) corresponding to initial condition uyg,usg in L?(RY),

respectively, then, for any K >0 and any t
E ’Ul — U2| dX < f ‘ul,O — U270| dX,
B(0,K -kt) B(0,K)

where k = ||[f']]oo.
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Remark 2.10 Following VALLET [77] Section 6.1, if 0 < ug < 1 and if supph c [0,1], then
0<u<l.

3 Existence of a measure-valued solution
The aim of this section is to prove

Theorem 3.1 Under assumptions Hy — Ho — H3 there exists a measure-valued entropy solution
in the sense of Definition 2.35.

The technique is based on the notion of narrow convergence of Young measures (or entropy
processes) (cf. Appendix I Section 3). Then, thanks to the uniqueness result of the next section,
we will be able to prove that the measure-valued solution is an entropy solution in the sense of
Definition 2.2 and that the sequence of approximation proposed to prove the existence of the
solution converges in LP(]0,T[x€2, L7 (R?)) for any 1< p< 2.

loc

Recall that for any positive €, there exists a unique weak solution u, of the stochastic

parabolic equation
t —
Orue — [ h(ue)dw(s)] - eAu, — divf(u.) =0,
0

associated with a regular initial condition v}, see Appendix I Section 2.

More precisely, there exists u, € N2(0,7; H} (R?)) n C([0,T], L*(22 x R?)) with moreover Au,,
OhLue — K] € L2(]0, T[x€2; L2(R%)) where K = foth(ug)dw(s), ue(t =0) = u§ and, a.s. in Q, a.e.
in 10,77, for any v in Hj(R?)

fRd [&s[ue _ At h(ue)dw(s)]v + eVu.. Vo + f'(ue).Vv] dx =0. (3.1)

In the same section the following uniform a priori estimate on the approximate solutions is

proved:

Lemma 3.2 Assume that (u?). is bounded in L?>(R%). Then there exists a positive constant C
such that
<C.

2 2
[[uellLoe 0,722 0xmayy  €lluel 720, rixesms ey

If, for some p > 1, u§ € L*(R?), then u. € L>=(0,T, L?(Q x R%)).
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IT1.3 Existence of a measure-valued solution

Moreover, thanks to Section 2, u. satisfies the inequality (2.2) which can be written in the
following way:

For any ¢ € D*(Q), any real k, any n € £ and any dP-measurable set A

0 < E[lA[ (s — k) (O)dx]—eE[lA[n(m k)VuNgodxdt]
+E[1A f [~ h(ue)wdxdw(t)] (3.2)

+E [1A f n(ue = k)0 — F"(ue, k) Vi + %hQ(ue)n"(uE - k)p dx dt]
Q

= H1+H2+H3+H4+H5+H6.

In order to obtain an entropy formulation for our Problem (0.1), we would like to pass to the
limit in (3.2) with respect to €. Because of the random variable, we are not able to use classical
results of compactness. But the one given by the concept of Young measure is appropriate here,
and the technique is based on the notion of entropy processes, we refer to BALDER [7] but also
to EYMARD-GALLOUET-HERBIN [40].

Since u, is a bounded sequence in N2(0,7T, L?(R¢)) and thanks to the compact support of ¢ in
R4, the associated Young measure sequence u. converges (up to a subsequence still indexed in
the same way) to an "entropy process" denoted by u e L>(0,T, L?(Q x R4x]0, 1])).

Remark 3.3 Since (u.) is bounded in the Hilbert space N2(0,T,L*>(R?)), by identification,
1 1

one shows that u, — / u(.,«) da in the same space, and so f u(.,«) da is a predictable
process. The interestmgopoint is the measurability of u with respect to all its variables (t,x,w,a).
Reuisiting the work of PANOV [61] with the o-field Pr ® L(R?), one shows that u is measurable
for the o-field Pr ® L(R?x]0,1[). See Appendiz I Section 3.3 for further information.

As we choose the initial condition u§ in D(R?) such that u§ - wp in L?(IR?) one is able to
pass to the limit in the first term of (3.2) and the a priori estimate on (\/eVu,) yields that
the second one tends to 0 with e. By assumptions on 7, all the others integrands in (3.2) are

uniformly integrable and passing to the limit is possible in all the integrals.
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Therefore at the limit one gets

0 < E[lAA{dU(UO—k)SO(O) dX]
B :1A [OTfRdfOln'(u(.,a)-k)h(u(.,a))go da dxdw(t)]
+E :1A/Q/01[n(u(.,a)—k‘)@tgo—F"(u(.,a),k)Vgo] da dx dt]

+B :1A/Q[01%hQ(u(.,a))n”(u(.,a)—k)ap da dx dt].

77777

e I,=F fd Lan(uf — k)p(0) dx. Since uy —7 o in L2(R%), and with the regularities of 7
R o
and ¢, one gets
]11 _5:0_) E\/]R;d 1A7](’U,0 - k)gO(O) dx.

o Iy =-€F f Lan' (ue — k)Vu. Ve drdt. Thanks to Proposition 2.1 (see Appendix I Section
Q
2), we know that (\/€Vu)eso is bounded in L2(€2 x Q). Moreover, as

1147 (ue = k) V| < C

Iy = —\/€eE /(:? 141" (e — k)N €Vu Ve dadt,

one gets

]:[22:090

T
o I3= Ef fd Lan' (ue—k)h(ue)p dedw(t). Define ve = n'(ue.—k)h(ue)p, which is bounded
0o Jr
in L2(Q2 x @), and there exists v in L?({2 x Q)) such that v, = v in the same space, and,
for all x in L2(Q2 x Q),

Ef vex(t,m,w)dxdtHEfvxdxdt.
Q 0 " Jq

A priori, u. is bounded in L2(2x @), and so there exists u in LQ(Q x Q) x (0, 1)) such that,
up to a subsequence denoted the same way, one has u, — u in the sense of the Young mea-
sures. Given the Carathéodory function (¢, z,w, ) :=n'(A = k)h(N)ex(t,z,w), V(. u.)
is uniformly integrable , then thanks to SAADOUNE-VALADIER [66] for example, at the
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IT1.3 Existence of a measure-valued solution

limit one has:

E f vex(t, z,w)drdt — n'(u(a,.) - k)h(u(e,.))pdaxdzdt.
Q e=~0 Q@x(0,1)

By uniqueness of the weak limit in L?(2 x Q)), v = /01 n'(u(a,.) - k)h(u(a,.))pda. To
conclude, we use the continuity of the stochastic integral (see DA PRATO-ZABCZYK [30]
p.101) I; : v ~ fotvdw(s) from L2(Q2x Q) to L2(2 x RY). As the integral is in addition
linear, it is weakly continuous on the same spaces and v, — v in L?(§2 x Q) implies that
Li(ve) = Ii(v) in L2(2 x R?). With x = 1414y, one has,

L—F [ ! JA oy L () = ), ))pdadadu(?)

e—0

I, = E/;2 Lan(ue — k)Oppdxdt. Consider the Carathéodory function W(.,u.) = 1an(u, -
k)Oyp, as it is bounded in L2(£2 x @), one gets:
Iy, — F Lan(u(a,.) - k)Oypdadxdt.

>0 JQx(0,1)

]15:—EleAf E77'(0—k’)f’(a)alaw,o dxdt. Define
k

9w) = [ (o -k () do.

and as |n'(0 - k)f'(0)| < M, g is a Lipschitz-continuous function.
In this way
IVelllallg(z)l < Clefz] + CT,

and using Young measures theory, one gets

u(a,.) .
Iy —s —E Ve f L (o - k) (o) dodadzdt.
®x(0,1) 0

e—0

1
Is = §E / 1ah%(u)n" (ue - k)pdxdt. By using the compact support of /(. - k),
Q
h2(u)n" (ue — k) < C, and 14h?(ue)n" (ue — k)¢ is bounded in L2(€2 x @) in function of k,
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but k is a fixed real, and the Young measures theory gives us

1
]I — —F 1 2 ) " o ‘
0 2 Qx(0,1) Ah (11(0[7 ))77 (u(O[, ) k)@dadxdt

Finally, at the limit one gets

0 < E[l4 f (uo - k)p(0)dz]

(14 f fR oy £1(0(02) = R)h(u(a, ))dadrdu(0)]
[1 [ gpm(u(a,.)—k:)—V@F"(u(a,.),k)dadazdt]
[

14 L on2 2( (a, )" (u(a,.) - k;)]cpdozdmdt]

+
S|

+
S|

+ F

A separability argument for the norm of H'(Q) yields the existence of a Young measure

solution.

4 Uniqueness

The aim of this section is to prove
Theorem 4.1 The solution given by Theorem 3.1 is the unique measure-valued entropy solution

in the sense of Definition 2.3.

Moreover, it is the unique entropy solution in the sense of Definition 2.2.

Remark 4.2 We will also prove for entropy solutions a result of stability ("contraction prin-

ciple") in L' (see Proposition 4.6 below).

4.1 Local Kato inequality

Our purpose is to prove the following interior Kato inequality:

Proposition 4.3 Let uy, us be Young measure valued entropy solutions to (0.1) with initial

data uyp,usp € L2(RY), respectively. Then, for any nonnegative H'(R¥Y)-function ¢ with
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compact support, it holds

0 < f - 0) dx+ B /
o |u1,0 U2,0|90() X+ Qx]0,1[2

b Qx]0,1[2 F(ul (t’ Z, OZ)) Ug(t, x, B))VQP dx dtdadﬂ

ui(t, o, ) —us(t, z, 5)|8tg0 dx dtdadp

Let us denote by u the Young measure entropy solution from the previous section (a limit
point of (u.)) and @ any other admissible Young measure-valued entropy solution associated to
two initial conditions uy and g in L2(IR?), respectively. In a first step we will prove the local
Kato inequality for u; = 1 and uy = u. In a second step (see Section 4.2), exploiting the finite
propagation speed property for conservation laws with Lipschitz-continuous flux function, we
will deduce from the local Kato inequality a global one and, in particular, obtain a local L!-
contraction principle (see Proposition 4.6 below). As a consequence (choosing u; ¢ = @y = ug =
ug0) we deduce that u = @ and thus any Young measure valued solution is obtained as the limit
of solutions wu, of viscous parabolic approximations to (0.1). Then it follows immediately that,
in fact, the local Kato inequality also holds for any arbitrary pair of measure-valued entropy
solutions.

The aim of this work is to use tools of the deterministic setting for studying stochastic PDE.
For convenience, we propose in the following subsection to discuss about the way of obtaining
the interior Kato inequality, advancing main difficulties we have met in the use of deterministic

methods. Thus, in the next subsection, all the technical computations are presented.

4.1.1 Plan of the proof

We propose here to present stages of the proof of Proposition 4.3 , emphasizing on differences
with the deterministic setting and advancing techniques developed to treat the stochastic terms.
The main idea is to use Kruzhkov’s doubling variables method. The approach is the following:

we apply the usual techniques and advice when we meet difficulties. For convenience in the
explanations, let us denote for all u,u, € N2(0,T, L*(R%)), ke R, n e & and ¢ € D(RH1):

o) = [ no—k)(0) ds v [ (= k)o ~ F(u, k) Ve d dt
; fQ 7 (u = k)h(uw)w dxdw(t) + % fQ h2(w)n" (u - k) dx dt,

75



Chapter III. The Cauchy problem for a conservation law with a multiplicative
stochastic perturbation

and

i) = [ (s = K)e(0) dy
T
+ fo fR 1 (ue = k)h(uc)tp dydw(s) — e /Q 1 (e - k)Vuve dy ds

+ /Q n(ue = k)Oyp — F"(ue, k)Vi) + %hQ(ug)n"(u6 - k)¢ dy ds.

We consider two measure-valued entropy solutions 11, u and these inequalities P-a.s.:

1 1
Oéfo Ha(t,z,0),m5.k (V) dex ; 0</0 Fus.y.5).msi () A5, (4.1)

where 15 € £, k,k € R and ¢ € D*([0,T] x R%).
Notice that, comparing with the deterministic case, the stochastic perturbation of our conser-

vation law brings new terms in the entropy inequalities, ones containing an It6 integral:

/01 /C; ns(a(t, r,a) = k)h()y dxdw(t) da,
/(;1 [QT]ZS(U-(S,%ﬁ) - /;')h(u)z/; dydw(s) dB, (4.2)

and others containing the second derivative of 7;:

%fol th2(ﬁ(t,x,a))ng(ﬁ— k) dt dx da,
1 A
%fo thQ(u(S,y,ﬁ))%’(u—kW ds dy dp. (4.3)

Usually, we take in (4.1) k = a(t, 2, ), k = u(s,y, ), ¥(t,x,5,9) = ©(5,9)pm(z = y)pult - 5)
with ¢ € D*([0,T] x R?), suppp(t,.) ¢ K a compact set of R, p, and p,, the usual mollifier
sequences in R and R? respectively, with suppp,, c [—%, 0]. Then, we integrate with respect to
(s,y, ) for the first inequality, with respect to (¢,z,«) for the second one, we add those two
news inequalities and pass to the limit on d, n and m.

In our case, there is a problem with this technique when we treat the stochastic integrals
(4.2). Indeed, because of the definition of the It6 integral, we require an F;-measurability for
replacing k and an F,-measurability for replacing k, whiches are not satisfied by k = u(t, r,«)
and k =u(s,y, ) because we ignore if s >t or s <t (recall that F, c F; for 0 < s <t).

For this reason, we consider (4.1) with the same real k, and multiply by a kernel of convolution
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pi(a(t,z,a) — k) the inequality coming from ju,,, , and integrate with respect to (t,z,a);
multiply by pi(u(s,y,5) - k) the inequality coming from g, , and integrate with respect to
(s,y, ), we add those two inequalities, then integrate over k in R all the formulation and take

the expectation, we get:

0< 8 [ [ panss(e(sm)pale =)ot =)o(u(s, v, 6) ~k) dicda 5 ds dy

B[] (205,000 = )t = )1 2,00 = ) dk 45 do i d.

With a judicious order for the passage to the limit, we are able to avoid our initial difficulty.
Indeed, we first pass to the limit on n, then we get the same time everywhere (¢ or s, it doesn’t
matter), and the problem of measurability with respect to the o-field Py is resolved. Then
passing to the limit on [ we get back that G(¢,z,«) and u(s,y, 3) replace k in our formulation,
as we wished at the beginning. And we pass to the limit on § and m.

The second delicate point appears with terms containing the second derivative of 75 (4.3) when
we want to pass to the limit on 4. Indeed, because of 7§, we are not able to identify the limit
of those terms, all we can say is that the limit exists (Tanaka formula). The problem is that
we need to know the limit to obtain the local Kato inequality. For this reason, we decide to
consider a viscous regular solution u. instead of u. Indeed, the suitable regularity of such a
solution allows us to apply the It6 formula. Following the concept of J. Feng and D. Nualart for
treating the stochastic term, the idea remains on combining terms containing 7y with others
coming from stochastic calculus. The passage to the limit on n and [ on terms containing 7y

gives:

1 1
§E[ ‘/Qf R*(0)nf (4(s,z) = uc(s,y)) pm(z - y) dap ds dx dy
R4 0

1 1
+—Ef / f h2(ue)nf (uc(s,y) = (s, , @) pm(z — y)p da ds dx dy
2 Rd QJO

= A+ B.

7



Chapter III. The Cauchy problem for a conservation law with a multiplicative
stochastic perturbation

Moreover, thanks to the martingale property of the It6 integral, the stochastic terms coming

from the entropy inequality of &1 can be written like this

B L @G- pane - o) da dxdu )
xpi(uc(s,y) — k) dk dy ds

= [ [ e b dap (e )du)ep (o -v) dx

[p1(uc(s,y) = k) = pr(ue(s = 2/n,y) - k)] dk dy ds

= Cn,l‘

Here the choice of u, instead of u is crucial. Indeed, the regularity of u, allows us to apply 1td’s
formula with du, = [eAu, + divf(u.)] dt + h(u)dw = A, dt + h(u)dw and to get:

pr(uc(s,y) = k) = pu(ue(s = 2/n,y) k)

= ];82 pi(ue(o,y) —k)Ac(o,y) do + f882 (e (0, ) — k) h(uc(o,y))dw(o)
+% [:2 o) (uc(o,y) = k)h*(uc(o,y)) do,

which wasn’t possible with a measure-valued solution. Thus, by integration by parts with

respect to the variable k, it comes:

Chy = _Efffrgd/;yn./ 5 (0 —Ek)h(0) dap,(t - s)dw(t)ppm(x —y) dx
[ o) - ) dov [ p(u(o,0) =Rl ) du(o)

o3 . piCuo.) - K. 9)) do e dy ds

= £ [R [ G, 0) = s )G, @), 9)) daJopn e = )y
= C.

78



1I1.4 Uniqueness

Thus,

A+B+C = %EfoRdAl[h(ﬁ)—h(ue)]zng'(ue(s,y)—ﬁ(s,m,a))pm(m—y)go da dy dx ds

—- 0.
P

In summary, this is the plan of the proof. By doing stochastic computations on the It6 integral

and passing to the limit (with classical techniques) with respect to n, [, 0, €, m in this order on

o<ef [ [ ik (2.9 (= )l = 5))uCue(s, ) - B) ik da ds dy

1
+Ef@ [0 A Hie s (L8, 0) pm(@ = y) pu(t = ) ) pu(0(t, 2, o) — k) dk dev dt dx,

we finally obtain the local Kato inequality.

4.1.2 Details of the proof

Let us have a look in this subsection at the proof in detail. We denote by u the Young measure
entropy solution from the previous section (a limit point of (u.)) and @ any other admissible
Young measure-valued entropy solution associated to two initial conditions ug and g in L?(R?),

respectively.

Consider ¢ in D*([0,7] x R?), K ¢ R? a compact set such that supp ¢(¢,.) ¢ K and de-
note by G(t,z,s,v) = ¢(8,y)pm(x —y)pn(t — s) where p,, and p, denote the usual mollifier
sequences in R? and R, respectively, with suppp,, c [—%,0]. Denote also by p; a mollifier se-

quence in R and for convenience set p = (¢, x, «).
Since 1 = U(p) is a Young measure solution, by considering the test function G, multiply-

ing the entropy formulation by B := p;(uc(s,y) — k) and integrating k over R, we get, on the
one hand, that
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80

0 < B[ [ [ nio(e) - k)e(s.)ou(-5)pu(x - y) dxBldidyds
B [ [ [ 0@0) - K050t 5)pn (e - ) dpBlddyas
B[ [ 0@0) - 96500t - oo - ) dpBldkdyas
B[ [ [ @) R Taels.)on(e - y)pa(t - ) dpBlidyds
B[ [ [ @) RV~ 9o~ s)e(s.9) dpBladkdyds
SE[ [ @D @) - oo - y)palt - ) (s.9) dpbldidyds
B[ [ @) - Db dag(s 9o - y)palt - ) dsdu(®)Bjdidyds

=: [1+12+I3+I4+I5+16+I7-
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On the other hand, if one denotes A! = p;(G(p) - k), since u, is a viscous solution, one gets that

0 < 8 [ [ [ n0u) - k3e(0.0)pu0pn(a-v) dy [ Adkd
+EfoRan(uE(s,y)—k)asso(&y)pn(t—s)pm(x—y)foiztﬁcdkdydsdp
+EfoR/C;n(uE(s,y)—k)go(s,y)aspn(t—s)pm(x—y)folftgdkdydsdp
e [ [ o) = R V(5.0 V5.t =)o - ) | Ay
e [ [ o) = RV (5.) Vo = )t = ) (5.1 | Ay
‘EfQfRfQF”(ue(S,y),k)VysO(s,y)pm(:c—y)pn(t—s)folAgdkdydsdp
_E/Q[RfQF”(ue(S,y),k)Vypm(x—y)pn(t—s)go(s,y)/olAdedydsdp
+%E fQ JA fQ 2 e, 9" e, ) = Do =)ot = )is.) [ AL dkdydsdp
o [ [ o) = o) ol ) = ) (=) (o) | Ay

=: Jl+J2+J3+J4+J5+J6+J7+J8+Jg.

Summing up the preceding two inequalities, our aim is now to pass to the limit in the following
order: 1. n — oo (time), 2. | > 00, 3. n—|-|, 4. € >0, 5. m - oo (space). In the following, as
a uniform approximation of the absolute value function, we choose 1 = n; € £ with n(r) =1 for

r>0, =sin(gsr) if [r| <6 and = -1 for r < -4.

First let us consider

1. ]1+J1=

EfQ[RfRdﬁ(ﬁo(m)—k)w(s,y)pn(—s)pm(:v—y) dxpy(uc(s,y) - k) dk dy ds
+EfQ[RfRdT}(UB(?/)—k)SO(U,y)Pm(x—y)Pn(t) dy[olpl(ﬁ(t,x,oz)—k) dk dp

= 8 [ [ (@) = 0p(.)pn(-5)pn (i - ) dxpuCu(s,) - ) ey s
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as supp py ¢ [-2,0]. Therefore,

Ledi s B[ [ n(io(@) = 0900 9)pn( - v) dxp(ui(y) - k) di dy
st B [ [ nio(2) =6 (5))e(0,p)pm(x - y) dx dy
e B [, [ J0@) = ui)] e(0.9)pm(w - y) dx dy
o B [ [ Jio@) = o)l 9(0.)pm (- ) dx dy

e EfR la0() — uo()] (0, ) dx.

For the convenience of the reader let us justify all passages to the limit in detail. As to

the passage to the limit with n - oo, note that, by a simple change of variables,

Al'

B[] o) = (s m)on(-5)pu (e - v) dspi(u(s.v) - k) dicdy ds
B [, [ [, (@)= 0)e(0.5)pm (- ) dxp(us(y) - k) dk dy
= B [ [ [ o) = uas.) + £)e(s.)pu(=5)pn(x ~y) dxpi(k) dkdy ds
B [, [, [ (@) - uiw) + £e(0,5)pm(w - y) dspu(k) dk dy

= Ef@.[[@fﬂ%d n(to(x) —uc(s,y) + k)[@(s,y) = 0(0,9)]pn(-5)
xpm (7 = y) dxpy(k) dk dy ds

b -/Q fR ./]Rd [n(tio(2) —ue(s,y) + k) = n(to(x) —ug(y) + k) ]e(0, y)
Xpn(=8) pm(x —y)pi(k) dx dk dy ds,
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and thus,

| A |

IN

IN

IN

IN

lerlw2f [ [ 1ieCInCo(e) = uels.) + )spu (=)o - o) dxpi(k) dicdy ds

bl [ s = w0 )0, (~)pn(x - v) dpi(k) i dy ds

Ledeltlepy /1 [ 1) Do) — o)+ 1) (-5)
xpm (2 —y) dxpi(k) dk dy ds
il [ s = w0 )0, (~5)pn( - 9) dpi(k) dk dy ds

Ledeltle s [ 1) Do) - el )|+ 11 =)o (o = ) sy s
T
el lF [ [ Tucls,m) = ut()lpn(-s) dy ds
! T
”90t|oon|77 ”oo |:|ﬂ0(l’)||L1(Rd) +Eﬂ{£ |u6(5’y)|pn(—s) ds dy+Meas(K)]

T
el =B [ [ Tucls,p) = ub()lpa(-s) dy ds

n—>0o0 O?

as u. € C([0,T], L2(Q2 x RY)) with u(0,-) = u.

Next, let us consider the passage to the limit with [ — oo.

A

| Ag|

B[] o) - 0e(0,)pm(@ - y) dxp(u(y) - k) dk dy
-5 [, [ n(io(@) =)0, 5)pn(~ ) dx dy

- b fR fR fR [n(to(x) = k) = n(do(z) - ug(y))]e(0,y)pm(z —y) dx
<py(u§(y) - k) dk dy.

IN

1w [, [ ] 1)) = Hio(0,9)pm(x - ) dxpuu(y) - k) dk dy

/
1l ) teas ()

IN
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As to the passage to the limit with n =7n; — |- |, note that

As

£ [, [ (@) = us()e(0.9)pm(z ~y) dx dy

-E [, [ lio(@) = i) (0. )pm(x - y) dx dy

E ./]I;d fRd [1(to(z) = ug(y)) = |t (x) = ug(y)]] ©(0,y) pm(z — y) dx dy.
As [n(r) —|r|| < 6 for any r € R, we have

|As] < 0]l Meas(K) —0.
Finally, consider the passage to the limit with ¢ — 0. As

Ay

B [ [ o) =)l o(0.9)pn(x - ) dx dy

-E [, [ lio(@) = uo(®)] (0. y)pm(x - y) dx dy

E A;gd v/]éd [lto(x) —ug(y)| = o (z) = uo(¥)|] (0, y) pm(x - y) dx dy,
by the reverse triangle inequality, we have
Al < B [ Juoy) - ui(w)] dy

which tends to 0 as u§ - ug in L2(R9) as € - 0.
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2. As ¢ is a function of variables (s,y)

L+J, = E/éé/éfoln(ﬁ(p)—k)atw(s,y) Pn(t = 5)pm(z —y) dp
Xpl(ue(sa Z/) - k) dk dy ds

+EfoR/C;n(ue(s,y)—/f)as@(say) pu(t = 8)pm(z =)

1
« f p(a(t, 2, @) - k) dk dy ds dp
0

= E/QA/Qn(UE(S,y)—kWM(S,?J) pr(t = 8)pm(z = y)

1
x f p(a(t,z, o) — k) dk dy ds dp
0

oo EfoRfRdn(ue(s?y)—k)asw(s,y) pm (T =y)

1
><f pi(a(s,x,a) — k) dk dy ds dx da
0
1
st B[ 00 - 8(s.2.00)00(5,9) (- y) dy ds dsda

1
e N2 luc(s,y) —a(s,x,a)|dsp(s,y) pm(x-1vy) dy dx ds da
o Jrd Jo

v B[ M) - s, 0,00 1p(5.0)

xpm(x —y) dy dx ds dar df

1 1
%m%oEfoO fo lu(s,y, 8) - a(s,y, )| Osp(s,y) dy ds da dp.

The passages to the limit are similar to the previous ones, by using moreover the properties
of convolution in L*(0,7, L' (2xR¥x(0,1)), the absolute continuity of the integral on the

one hand, and the limit in the sense of Young measures with the Carathéodory-function

1
F(k,s,y) = ./n;d /(; |k —0(s,z,a)|0s0(s,y) pm(x —y) dx da on the second hand.
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3. 13+J3:

b [Q fR fQ [01 n(a(p) = k)o(s,y) Gipu(t = 8)pm(z —y) dppr(uc(s,y) - k) dic dy ds

=T

+EfoRan(ue(s,y)—k)so(s,y)aspn(t—s)pm(x—y)folpl(ﬁ(p)—k;) dk dy ds dp

-0

£ [ [ ][ 060 - l5.9) + 765.8) Dt = ) - y)dp(r)drdyas
B[ [ n(s0) = 80) - )65 1)0upnlt - $)pn (- p)dvdsp(-o)dods

=0

since 1 and p; are even functions.

4. J4+J5=

—eE [Q /R [Q N (ue(s,y) — k)Vyuc(s,y)Vyp(s,y) pu(t = s)pm(x-y) dy ds
X fo pi(a(p) - k) dk dp
—eE L _/R L 0" (ue(s,y) = k)Vyue(s,y)Vypm(x —y)pn(t — s)p(s,y) dy ds
x '/(; pi(a(p) - k) dk dp
e ~€8 [Q [R [Rd /(;1 ' (ue(t,y) = k) Vyue(t,y) Vy[ppm(x - y)] AL dy dk dp
o0 —(—:EfQ /ﬂ;d /01 n'(ue(t,y) —a(t, z, @) Vyu(t,y)Vy[e(t,y)pm(z —y)] dy dp

et [ [ s (et ) = 602,2,0)) (809, L4 0D (o = ) ey

=0 0.

The passages to the limit with n and [ - oo follow by classical arguments for convolutions
in the deterministic setting. The passage to the limit with 7 — || follows from pointwise
convergence and with Lebesgue’s dominated convergence theorem. The convergence with
e — 0 follows from the a priori estimate given in Lemma 3.2 which implies that eVu,
converges to 0 in L2(]0, T[xQ, L2(R?)).
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5. Since ¢ is a function of variables (s,y)

I+ Jg =
B [ [ [ @) 09205.0) pnle = p)one - 5) dpB dicdy ds
B [ o) k) 90(5.9) oo - p)one - 5) dy ds [ AL diedp
:_EAAAFH(UE(Suy)vk)vyW(Say) P = y)pu(t = 5) ddefolAi; dk dp,
and

Lt ds > -E [ [ [ ] CF (), )Vt y) oo - y) AL dy dk dp
=B [, [ [ ut0). 000,00 9,0(89) o - ) dy dp
et =B [, [ [ PG, 80 .00) 9,000 ) - ) dy
=B [ [ [ [ P09, 6(.2.0)Vo(t.9) pue - y)dydpds

oo —E[Q[OI[}1F(u(t,x,6),ﬁ(t,x,a))Vg0(t,x) dp dg.

The passages to the limit are similar to the previous ones by noticing that F7(-, k) is a

Lipschitz-continuous function with Lipschitz constant | f’||. and that

1
G(k,t,y) = fRd /0 F(k,a(t,z,a))Vye(t,y) pm(z —y) dx da is a Carathéodory-function.
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6. Now let us consider I5 + J7:

As Vypm(z —y) = =Vupm(x — y), using similar arguments as before (symmetry of F, i.e.
F(r,s) = F(s,r), the fact that for 5 = ns: [F7(r,s) — F(r,s)| < 8|f'| and Lipschitz con-
tinuity of F' with respect to both of its variables), we get
|I5 + J7| =
1
2 [ [ F @)= )t - ) dppu(s.y) - ) dicdy ds

1
+E/Q /RF"(ue,k)vypm(x ~y)pu(t = s)p dy dsfo p(0(t, z, o) - k) dk dp|

= ‘EfoRfooan(ﬁ?Ue(&y)—k)Vmpm(x—y)pn(t—s)cp dppi(k) dk dy ds

1
+Efo0 fRF"(ue,ﬁ(t,x,a)—/f)Vme(x—y)pn(t—s)godydspl(k:) dk dp|

- |E /Q fR /Q fol F(0,ue(s,y) = k) Vepm(z = y)pa(t = s)p dppi(k) dk dy ds

1
_Efoo ‘/RF”(ue,ﬁ(t,x,Oz)—k)prm($—y)pn(t—s)cpdydspl(k:) dk dp|

B [ [T - B - P ) - 91920 9)
xpn(t = s)io dppi(k) dk dy ds|

and that lims_ lim;,. limsup,,_, . |15 + I7] = 0.
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Let us now turn to the study of the integrals coming from the stochastic term. We start

with the additional deterministic integrals coming from the 1t6 chain rule formula:

7. [6+J8:

1 ! 20\ (43 _ _ &
2E/¢;fR/C;fO W2 ()n" (= k) p(z = ) pu(t = $)p dpBf dk dy ds

1 2 " _ _ 3 1 %
+2E/Q[Rth (ue)n" (we = k) pm(x = y) pu(t — s)p dy ds/; Ay dk dp

o 3B [ R @ = o - e dopr(at ) - ) ddy
w38 [ [ R - Rpa(a =)o dy [ o e.a) - Ddkdp

1 1 A I (A
s B [ [ [ R0 @ = 0t 9)) o - )0 dp dy
2 rRd JQ Jo
1 1 144 A
B [ R (e - @t 2,0))pm(@ - y)e dy dp,
Rd Q JO

where the passages to the limit follow from standard arguments (properties of convolution,
Lebesgue points), using, moreover, the fact that " is bounded and Lipschitz-continuous.
Note that it is not possible to pass to the limit with n — |-| in the preceding term

lim; lim,, Is + I3, as we ignore the limit of n".

Instead, we keep this term for the moment. We will combine it later on with corre-
sponding integrals resulting from the stochastic integrals and show that the sum of these
terms vanishes as = 5 — |-|. For the convenience of the reader, let us just give the
details of the arguments used to prove the above passages to the limit with n and then [

to oo.
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e Limit as n - oo: By a simple change of variable we have

a=3E [ [ ] R @) @) - e - )
xpn(t = 8)(s,y) dpB. dk dy ds

SE L L L [ R @e) a0) - Rpn- 1)
X¢(t7 y)pl(ue(t7 y) - k) dp dk dy

+ %E fQ —/]R —/Q h2(ue(s,y))n" (ue(s,y) = k) pm(z —y)
xpn(t = 8)p(s,y) dy ds /0 Al dk dp
_%E /c; /R fRd W2 (ue(t, )" (uc(t, y) = k) pm(z - y)

1
xp(t,y) dy fo Al dk dp

=58 [ @) @) - us.) + o -v)
xpn(t = s)(s,y) dppi(k) dk dy ds

8 L L[ R @e) a0) -t + Do - )
xp(t, y)pi(k) dp dk dy

5B [ [Py Cusv) = )Rt ) ) - )]
xpn(t=8)p(s,y)pm(z —y) dy deO Aj, dk dp

5B [ Pt et - Do) - ot )
Xpp(t = 8)pm (T —y) dyds/; Al dk dp

w8 [ L R ) - et [ palt-s) ds]

1
<pu(a=y) dy [ AL dkdp
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A= [ @) - us) + B - @) - ut.n) + )
xh*(8(p)) pm (x = y)pu(t = $) (s, y) dppi(k) dk dy ds

B [ [ @) - )+ DeGs0) - o(t.0)
xh(A(p)) pm (2 = y) pu(t = 5) dppi(k) dk dy ds

_%E f@ fR fRd /01 R (a(p))n” (G(p) = uc(t,y) + k) pm(z —y)o(t, y)

<[1- fOTpn(t- 5) ds]pu(k) dp dk dy

w5B [ T s,0) = 12 ) ] ) = e = )

<p(s. ) —y) dy ds [ pu(a(p) - k) dicdp

5B [ s, =0 =0t ) - DRt )ou(t - 5)

<o, 9)pm(~9) dy ds [ pi((p) - k) dkcdp

5B [ Rt (o) = De(s,) = ot ) loul - )

1
%o — ) dy ds [O pi(a(p) - k) dk dp

[t )~ Bot )~ [ ot s) ds]

<pu(r=y) dy [ pi(a(p) - ) dk dp.

+1E f
2 Q JRr
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Therefore, as 1" is bounded and Lipschitz-continuous, we have

A« Y05 [ [ 2000)) min 1 s (5.9) = 0t )
xpm (@ = y)pu(t = s)(s,y) dp dy ds

+C;i)E/Q/R/K/:h2(ﬁ(l?))77"(ﬁ(p)—ue(t,y)+k)

xpm(z —y) dppi(k) dk dy

SB[ L @) @) - e b

xpm(z = y)p(t,y)pi(k) dp dk dy
AL [ TG = Gt -9

(s, )om(e—y) dy ds [ pu(a(p) - ) di dp
A [ 2 e s, ) = D)) =)

<p(5.9)pm(~9) dy ds [ pi(a(p) - k) dkcdp
D [ ] it (et ) - ot =)

xpm (2 —y) dy ds folpz(ﬁ(p) - k) dkdp
w8 [ L R e ) - ke(t.a)

<pulr=y) dy [ pi(a(p) - k) didp

B[] 00 min2 e .9) - wet.)
xpm (= y)pn(t = 5)@(s,y) dp dy ds
A2 g [ a0 do

+_C<%2 g ﬁ i [ [O B2 (6(p)) dp
+—C“”)ln"|°°E fQ It [ (5, 9)) ~ B2 et 9)) Jou(t - ) dy ds dt

c ’ " T ) I
B [0 2l 99 = 0l D 1.0))
xpp(t —s) dy ds dt

c(n")

IN

C(§0)|‘7],,|°°Ef ]’LQ(U (t y)) dy dt

||77 oo fT f 2
1" T h2(ul(t.9))o(t,y) dy dt
2 J o St )) et y) dy
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s LI [ ) min 2 ) <))
xpp(t—s) dp dy ds
S5 | J mind2l o (s, ) =t ) DR (uc(t.)
xpp(t —s) dy ds dt
+%Efcsz[h2(ue(s,y))—h2(u€(t,y))]
xpp(t—s) dy ds dt

+MEfTTz/n/ f1h2(ﬁ(p))+h2(ue(t,x)) dp
c(so, )Eff W2 (@(p)) + h*(uc(t, ) dp.

Obviously, the last two integrals tend to 0 as n — oo. As to the first integral on the
right, note that

B L@ min@l e s, 5) = et ) Dpu - s)dpdsay
= [ [ [ 1200 [ min (2l s 0) - et )] pale - $)dspdy

o[ [ [ [ r@m)aunady,

T
where A, (t) = /0 min(2|n" [ e, |ue(s,y) = ue(t,y)|)pn(t —s) ds

For almost all (w,z,y, ) fixed, s = u.(s,.) and ¢t = (t,.) are elements of L2(0,T).
Therefore, |A,(t)| < fT|ue(s,y) = u(t,y)|pn(t — s) ds converges to 0 as n - oo
a.e. on |0,7[ (in every Lebesgue point), and thus h?(a(p))A,(t) tends to 0 for
aa. t €]0,T[. As |[h?2(a(p))A.(t)] < 2||n"|«h?(a(p)), by Lebesgue’s theorem,
foTh2(ﬁ(p))An(t) dt tends to 0 as n — oo, for a.a. (w,z,y,a).

Then, using the same estimate, by Lebesgue’s dominated convergence theorem we
may conclude that the integral over Q x R? x K x (0,1) converges to 0. The sec-
ond integral on the right can be shown to converge to 0 by using the same type
of arguments. Finally, note that the third integral tends to 0 by the properties of
convolution in L1(0,7"; L' (§2 x R9)).
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e Limit as [ - oo: Again by a simple change of variables we have

Avi= 58 [ ][R0 @) - () - ) di
xpm (T = y)p(t,y) dp dy
w5B [ ) ) - Dpn(e - p)o(t) dy [ 4L dkdp

58 L] [ @) @) - )= p)e(t) dp dy
5F [ [ [ Pt ) ut) - 6(m0)) g -yt ) dp dy

=38 [ L L[ ) @) - ) + R ) di
pm (2 =y)p(t, y) dp dy

A [ L[ ) ) 80 .0) - D)

xpm (2 = y)p(t,y) dy dp
5E [ [ [ RGO @) - u(t.)on(a - v)elt) dp dy

58 L] [ R ) ) 6. 0)) gt - p)p(ea) dy dp

=3B [ L @) @) -t 9) 1) = (@) - wlr)]
xpm(x —y)o(t,y) dpp(k) dk dy

- Ef/f f 0 (u(t,y) = a(t, 2, a) + k) = 7" (uc(t,y) - 0(t, 2, )]

xh?(ue(t,y)) pm(x = y)e(t, y) dyp (k) dk dp.

Using once again the Lipschitz continuity of n” we obtain the estimate

Al < S L[ R0 - y)e(t.) dp(h) dicdy
CW') B [ ) mma- petn) dva dkap
: "(”") B[ [ 0@+ Rt on( =)o) dpdy

>0 0.
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Now we come to the estimate of the most interesting part, the stochastic integrals.

Ao+ Jg =
E‘/Q/R‘/OT fRdfoln’(ﬁ—k)h(ﬁ) dawpm (= y)pn(t - 5) dxdw(t) B, dk dy ds
B [ [ b on(e - y)pa(t =) dydus) [ AL akdy

:E'/QfR/OTfRdfoln’(ﬁ—k)h(ﬁ) dappm (& — ) pat - 8) dxdw(t)BL dk dy ds.

Indeed, since suppp,, c R~

B L L b oo - y)patt-s) dydu(s) [ Aldicdp

foRE [ftTfRdn'(ue — k)h(ue)opm(z = y)pu(t — s) dydw(s) foi‘%da] dkdxdt

= 0,

1
since a(t) := f pi(a(t,z,a) — k) da is predictable and if one denotes by
0

B(s) = [Rd 0 (ue — k)h(ue)opm(x —y)pn(t — s) dy, one has that

Bla) [ 5)u(s)] = Blaw) [ 56)du(s)] - Ela@) [ 6]

aft) [ Bs)au(s)] - E[a) [ ()du(s)]

= 0,

using the martingale property of the Ito integral:

Bla) [ 5s)au(s)] = Bla@EL [ ss)du(s)IE]]

Ela(t) f $)du(s)].
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s 1
Then, by the same type of argument with p;(u.(s-2/n,y) - k) and /d / n'(a-
R 0

s=2/n
kE)h(@) dap,(t - s) dx dw(t), since supp p,(-—s) c [s —2/n, s], we deduce

B L @ Bn) dagpn (e - won - ) dsdu()
xpi(ue(s,y) — k) dk dy ds

I7+J9

L L s n) dap, (e sdu(®)gon(e - ) dx
<[ (5,) = K) = s =2/, ) - ) diclyds

B [ [ Grn5.9.0)[pus.9) - k) = pulucls = 2fm.) - )] s

S 1
where y o Gu(w. 5.0 0)= [ [ (@-k)h(R) dap (1 sMu(t)epu(e - y)ds.

Remind at this point that u, is the solution of u.(0,-) = u§ and
du, = [eAu, + divf(ue)] dt + h(ue)dw = Ac dt + h(ue)dw.
Thanks to Appendix I Section 2, this solution is in N2(0,7, H*(R%)) and
yeRY a.e., duc(.,y) = A(.,y) dt + h(u(.,y))dw.
Therefore, by 1t6’s formula

pl(ue(sa y) - k) - pl(ue(s N 2/n7y) - k)

/:2 p(uc(o,y) —k)A(o,y) do + [:2 p(uc(o,y) —k)h(u(o,y))dw(o)

+% ./5_82 o1 (ue(o,y) = k)h*(u(o,y)) do

il L o) =)Ao [ o) - Bhtao (o)

% [, pilucoy) = W)l p)) do .
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1I1.4 Uniqueness

Thus, using regularity of the stochastic integral with respect to parameters proposed by

KuniTA [57] and reminded in Appendix I Section 1

Ir+ Jy = EfoRfR [s;/nfoln’(ﬁ—k:)h(ﬁ) dapn (t = 8)dw(t)ppm (2 - y) dx
X[pl(ue(say) - k) - pl(us(s - 2/n7y) - k)] dk dy ds

B[ [ b dap(e - )duen (- v) dx

Xa%[ f:ﬂ(“e(gv@/) —k)A(o,y) do+ f _lpz(ue(o,y) — k)h(uc(a,y) Yw (o)

+% / pi(ue(0.y) - )R (uc(0,y)) do | dk dy ds

L g @ R dap, (e s)du(®)gon(e ) dx
[ [ o) - DAop) dov [ g 0) = b))

1 rs
+§ ./5—2 pl(ue(o-ay) - k:)hQ(U,E(O',y)) dO'] dk dy ds

B[ [ e Bn) dap, - s)du(®)gon(e ) dx
x[/:i pi(uc(o,y) = k)A(o,y) da+f:i pi(ue(o,y) = k)h(u(o,y) dw(o)

1 rs
+§ ./5—2 Pz(us(U,y) - ]‘C)hQ(U,E(O',y)) dO'] dk dy ds

=: ]Il +H2 +]13.

We will prove that I; and I3 tend to 0 as n - oo. To this end we estimate first I;.
Using Cauchy-Schwarz inequality, Jensen inequality and the isometry property of the It

integral, we find

97



Chapter III. The Cauchy problem for a conservation law with a multiplicative
stochastic perturbation

||

|/Q/RAME[[]S_;”folﬂ"(ﬁ—k)h(ﬁ) dap, (t = 8)ppm(z —y)dw(t)]

x[ l; p(uc(o,y) —k)A(o,y) da]]dxdkdyds|

fQ A Ad [E[ /s—sa/n fol 1" (0= k)h(@) dap, (t = s)ppm(x - y)dw(t)]2]1/2

X[E[ f 82 pi(uc(o,y) - k)Ac(o,y) da]Q]l/dedkdyds

L LlE L e ) dante - - @]

s 1/2
<[ E f , AR(uc(o,y) k) A%(0,y) do | dxdkdyds

IN

IN

md

C(p) \/gl /]o,:r[fz</|x-y||<1/m/R[Efs_sg/nf01’7/’2(ﬁ_k)h2(ﬁ) da dt]l/2

s 1/2
«[E f , Nutomsiaay A2(0,y) do | dxdidyds

Cleym i/ /]o,:r[ ];( ./|zy||<1/m fR k fssz/n fol n(altx) = k)

xh?((t,r)) da dt dk dx dy ds
* 2
v [ [ [ & Mo A2(0,p) dor dicdy ds

s 1
Clemmit/ [ [ B[ [ h(a)) dadeds dy ds
10,7 JK J|z-y|<1/m s=2/n JO
+C(g0)\/ﬁf f Ef A?(0,y) do dy ds
10,7 JK s-2

d 1
Clem)m f f / E f h*(a(s, 7)) da dx dy ds
vn 1070 JK J|z—y|<1/m  Jo

O(‘P)/ f 2
EA dy d
+ i o i 2(s,y) dy ds

IN

IN

IN

IN

< C(j’ﬁ”)l (O —

Since, by Proposition 2.4, u. € L*(QxQ) if u§ € L4(R9), we can also prove that lim I3 = 0.

n—+oo
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Indeed, using the same arguments as before, we have the following estimate on I3:

L L [ a- inca) dape-9)mm e - niu(o)

[ / (e, ) = k)h(uc(0, ) do]] dx d dy ds|

||

s 1 " ~ 971/2
< [ LLIELL, s h(a) dap,( - s)epnte - y)du()]]
s 971/2
X[E[f , Aiue(o,) = k)W (ue(o,9)) do]’] dx dk dy ds
\/§ ® ! 112 ( 2( 45 2 2 2 12
< Jo o Ll [, ] - kni() dagii (- )23 (e ) di]
s 1/2
x[Ef2p?(ue(a,y)—k)h4(u€(a,y)) da] dx dk dy ds
min, E 1 1/2
< Ol ff f f f (4 - kYh2(1) da dt
(0" e o Jy M@= RIE(@) dode
s 1/2
X[E /_2 1{|u5(07y)_k|<1/l}h4(ue(a, y)) da] dk dy ds dx
s 1
< Clnmiva [ [ e[ [y -k
10,7 /K J|z-y|<1/m JR s=2/n JO
xh?((t,z)) dp dk dy ds
W0V [ LB [ Nuem wamh!(uo,)) do dk dy ds
10,7 JK JR s-2
s 1
10,T[ /K J|z-y|<1/m s=2/n JO
W0V [ B[ h) (o) do dy ds
10,7 JK s-2
C(som,l)md/ ff fl 0
< —_— E h“(t(s,z)) da dx dy ds
Vn 10,71 JK JJa-yl<t/m — Jo (8(s,)) Y
C(@vl)f [ 4
- Eh(u.)*(s,y) dy d
U o Jx (uc)*(s,y) dy ds
O(%Uul) 2, 2112
< [I2(@) [ + | A(ue) "]
—

n—>+00 0.
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It remains to consider I,. Using the properties of the stochastic It integral we find

o= B[ [ L e h@) (- )du()epn (e -y) ds
[, lue(o.9) = F)huc(o.9))du ()] dic dy ds

= L LEL L, (@t ()

x[ f:? pi(uc(o,y) — k)h(u(o, y))dw(o)”(ppm(x —y) dx dk dy ds

T -/Q /]R ./]Rd E[ fs;/n 0" (= E)R(@) o (t = 5) pr(ue(t, y) = k)R(uc(t, y)) dt]
xppm(xr —y) dx dk dy ds

which is now a deterministic term, and then it follows again by standard arguments that

Lo~ [ [ ][ - R 2ot y) - )b(u(tn) di]
xppm(x—y) dx dk dy ds

> = [ [ B[ @) -t )t o)At ) dt g - yaxdyds

100



I11.4 Uniqueness

e limit as n — oo

A= _fQ \/R Agd E[fs_;n 0" (G = k)h(@)pn(t = s)pi(uc(t,y) — k)h(uc(t, y))dt]
X@Pm@ y) dx dk dy ds
e [ Bt - G e ) - pe ) )
wpm(:v y) dx dk dy
) f / fRd (@ = k)h(@)pi(ue(t,y) - k)h(ue(t,y))]pm(a: ~y)
X[fo @pn(t-s) ds] dt dx dk dy

o [ LBl - kb ) uty) - Bh)]
chpm(x y) dx dk dy dt
- [ LBl - @) - b))

<[ (t.y) - fo (5,9)pu(t — 5) ds]pm( - y) dt dx dk dy
= [ [ LBl ma@)aude) - £)huea)]
XfOT[¢(t y) = ¢(s,9)]pn(t = s) dspm(x - y) dt dx dk dy
o [ Ll mh@p ) - b))
xp(t, y)[ /(; pn(t — s)ds]pm(x—y)dtdxdkdy.

() E [ B[ @) - Dbt )]
xpm (2 — ) dt dx dk dy

* fT_TQ/n fR fR fRdE[n”(ﬁ—k)h(ﬁ)m(ue(t,y)—k)h(ue(t,y))]
xp(t, y)pm(x y) dt dx dk dy

cp) f [ [ B[ - utty) + DA@phCuc(t, )]
% pm (2 — ) dt dx dk dy

N fTi/n L[ B[t ) + @0t 0)]

x@(t, y) pm(z - y) dt dx dk dy
% /C; [ E[p@h(uc(t.y) oo - y) de dx dy

- /T_Tg/n Ad Ad E[h(ﬁ)h(ug(t, y))]go(t, Y)pm(z —1y) dt dx dy

_)'I’L—N:)o 0.

| A

IN

IN

IA
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e limit as [ — oo:

Ao = = [ [ B[ e - baGa ) aut) - £)h(uc(ty)) dt]
xppm(xr—y) dx dk dy ds

+LA¢1 E[n"(ﬂ(i,x) _Ue(t7y))h(ﬁ(tﬂx))h(ue(t’y)) dt]

xppm (2 —y) dx dy ds

- = [ LBl - udew) « k) =G - )
xh(a(t, z))pi(k)h(uc(t,y))opm(z —y) dx dk dy ds,

which can be estimated, using the Lipschitz continuity of 1",

Ao < 0(7—”)[QfR[RdEh(ﬂ(m))pz(k)h(us(t,y))sopm(w—y)dxdkdyds

< 6(7—) fQ fRd Eh(a(t, 2))h(uc(t,y))ppm(r —y) dx dy ds =10 0.

Combining the preceding estimates yields that

h{nhm[[(; + Jg + I7 + Jg]
=~ [, L B[ ()~ )b ) h(u(t)) dtJop (- ) dy dx
1
+3E [ B @0 (- ucls,))pm(o - y)e dx dy ds
2 Q Jrd
1
+—F / / R (u)n” (ue — (s, ) pm(z — 1)@ dy dx ds
2 Q Jrd
1 ~ " ~
= B [ [ B - b (e i) - y)p dy dc s
— 0,
U
for n = ns € £, the approximation of the absolute value function as defined above, since

supp 1" ¢ [-0,6], and |n"| < 2.
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Indeed, choosing this sequence of entropies yields the estimate

2 [ [0(8) = () P (e = (s, )) (= y)ep dy s d|

<  c(h)E [Q [ [0 —u]*n" (ue — (s, 2)) pm(z — 1) dy dx ds
Rd
< C(h)52Efo 1" (e = (8, 7)) pm(z — y)p dy dx ds
]R‘i

< c(h)éE[ / pm(x—y)p dy dx ds

Q JRA
< c(h)éngody ds

-0 0.

Passing to the limits in Iy + .. + I7 + J; + .. + Jg successively with n, [, n, € and m, we thus

obtain

1 1
0 < B [ Jio-uilp@)ac B [ [ [ ju(s.y.8) - 0s..0)| 0o dy ds da d3
1 1
£ [ [ [ a8t .0)v0 dp ds (4.4)

4.2 Uniqueness and stability

Proposition 4.4 The measure-valued solution is unique. Moreover, it is the unique entropy

solution.

Proof. Note first that, thanks to a density argument, the Kato inequality still holds for any

nonnegative test-function ¢ € H'(Q) with a compact support.

Set £ = || f'|eo, K > 0 and denote by 1) any nonincreasing regular function with 1;_s ] <1 <
1)-0,ic+1]. Considering ¢(t,x) = ¥(|z] + Kt)7(t) in (4.4) leads to

0 < 3O [ Jao—uolwles £ [ 50) [ [ (2. 8) - (0] vl + st)apds
+E/Q./(; fo kY (|| + kt) [u(t, z, B) —a(t,z, )| () dp dS

Z

—E/Q/Olfolgb’(m+nt)F(u(t,:v,B),ﬁ(t,$,a))—7(t) dp dB.

||
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As 1) is a nonincreasing function, the choice of k yields

_Ev/Qv'(t)vfolv/:m(t,x,ﬁ) —u(t,z,a)| (x| + kt)dpds < W(O)E‘[R{d|ﬂo—u0|¢(|x|)dx.

If Gg = ug, y(t) = (T;)+, for any positive R, fixing K = R+ xT leads to

1 1
pf [ utes)-altee) dpds=o.
B(O,R) Jo Jo

This implies that, for any R > 0, u(t,z,5) = u(t,z,«) for almost any = € B(0, R), t €]0,T7,
weQ a,p €]0,1[. Thus, on the one hand u = @; on the other hand u(t,z,«) = u(t,x) is

independent of «, hence an entropy solution in the sense of Definition 2.2.

|

Remark 4.5 Thanks to this proposition, let us mention that the viscous solution u. converges
tow in LY(QxQ) thanks to the Young measure theory. Moreover, as u. is bounded in L?(Q %),
ue converges to u strongly in LP(]0,T[xQ, LP(D)) for every 1 < p < 2, using Vitali’s theorem.

Proposition 4.6 Entropy solutions satisfy a "contraction principle': if uy, us are entropy
solutions of (0.1) corresponding to initial data uyg,usp € L?2(R?), respectively, then, for any

positive K and time t

E |y — ug| dx < f lu1,0 — ug0| dx.
B(0,K-kt) B(0,K)

Proof. This is a consequence of the previous proof when passing to the limit when 1 converges

to 1]_007[(]. O
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Chapter IV

The Dirichlet problem for a conservation law

with a multiplicative stochastic perturbation

ﬁ s an extension of the study of Chapter III, we present here the results of a submitted
joint work with G. VALLET and P. WITTBOLD [13]. We are interested in the formal

stochastic nonlinear conservation law of type:

du - div f(u) dt = h(u)dw in 10, T[xD x Q, "u=0"on Qx X, (0.1)
with an initial condition u(t = 0) = ug in D; here D c R is a bounded domain, with a Lipschitz
boundary if d > 2; T is a positive number, Q =10, T[xD, 3 =]0,T[x0D and w = {w;, F;;0 <t < T}
denotes a standard adapted one-dimensional continuous Brownian motion with wg = 0, defined
on the classical Wiener space (€2, F, P) (cf. BILLINGSLEY [17] p.80 et sqq. for example). These

assumptions on w are made for convenience.

Let us assume that
Hy: f=(f1,..,fs):R—R%is a Lipschitz-continuous function and £(0) = Oga.
Hy: h:R - R is a Lipschitz-continuous function with A(0) = 0.
Hy: ug € L2(D).

Our aim is to give a definition of a stochastic entropy solution to the above-mentioned

problem and to prove a result of existence and uniqueness of such a solution.
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1 Introduction

1.1 Former results

Many papers on parabolic stochastic problems can be found in the literature, but much less
papers have been devoted to the study of stochastic perturbation of nonlinear first-order hy-
perbolic problems. Before 2008, most of them concern the Cauchy problem in the 1D case
in the case of additive noise, except HOLDEN-RISEBRO [49] where the authors have used an
operator splitting method to prove the existence of a weak solution to the Cauchy problem.
They considered a multiplicative noise with a compact support to get L> estimates and the
convergence is obtained by using pathwise arguments.

E-KHANIN-MAZEL-SINAI [38] were interested in the invariant measures for the Burgers equa-
tion with additive noise. Existence and uniqueness of a stochastic entropy solution is proved
thanks to a Hopf-Lax type formula for the corresponding stochastic Hamilton-Jacobi equation.
Kim [53] proposed a method of compensated compactness to prove, via vanishing viscosity
approximation, the existence of a stochastic weak entropy solution to the Cauchy problem. A
Kruzhkov-type method was used to prove the uniqueness.

VALLET-WITTBOLD [78] proposed to extend the result of Kim to the multi-dimensional Dirich-
let problem with additive noise. The formulation of the Dirichlet boundary condition was in-
spired by the approach of J. Carrillo which consists in formulating the boundary condition
implicitly via global integral entropy inequalities involving semi-Kruzhkov entropies. Using the
vanishing viscosity method and Young measure techniques the authors proved the existence,
and, via Kruzhkov doubling variables technique, the uniqueness of the stochastic entropy solu-

tion.

Concerning multiplicative noise, for the Cauchy problem, FENG-NUALART [41] introduced a
notion of strong entropy solution in order to prove the uniqueness of the entropy solution. Using
the vanishing viscosity and compensated compactness arguments, the authors established the
existence of strong entropy solutions only in the 1D case.

In the recent paper, CHEN-DING-KARLSEN [27] proposed to revisit the work of FENG and
NUALART. They proved that the multidimensional stochastic problem is well-posed by using
a uniform spatial BV-bound. They proved the existence of strong stochastic entropy solutions
in LP n BV and developed a “continuous dependence” theory for stochastic entropy solutions

in BV, which can be used to derive an error estimate for the vanishing viscosity method.

Using a kinetic formulation, DEBUSSCHE-VOVELLE [32] proved a result of existence and unique-

ness of the entropy solution to the problem posed in a d-dimensional torus and, by the way
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of the theory of Young measure-valued solutions, BAUZET-VALLET-WITTBOLD [14] proved a
result of existence and uniqueness of the solution to the multidimensional Cauchy problem.
Since the method consists in comparing a weak measure-valued entropy solution to a regular
one (the viscous solution in our case) and not to a strong one, the authors could consider very

general assumptions on the data.

1.2 Goal of the study

Unlike already published results, we consider here a boundary-value problem. Note that, even
in the deterministic case, a weak solution to a nonlinear scalar conservation law is not unique
in general. One needs to introduce the notion of entropy solution in order to discriminate the
"physical admissible solution" (see KRUZHKOV [56]).

We also recall that weak and entropy solutions are not smooth solutions, thus, traces have
to be understood in a weak way. Moreover, it is not possible to impose the Dirichlet con-
dition on the whole boundary of D, but only on a free set: the one corresponding to enter-
ing characteristics (without exhaustiveness, see for example BARDOS-LEROUX-NEDELEC [9],
CARRILLO-WITTBOLD [24], MALEK-NECAS-OTTO-ROKYTA-RUZICKA[60], PANOV [62], VAL-
LET [74], VASSEUR [79] and VALLET-WITTBOLD [78] in the stochastic case with additive noise).
As an extension, we propose in this chapter to prove a result of existence and uniqueness of the
stochastic entropy solution to the Dirichlet problem for the stochastic conservation law with
multiplicative noise (0.1) in the d-dimensional case. A method of artificial viscosity is proposed
to prove the existence of a solution. The compactness properties used are based on the theory
of Young measures and on measure-valued solutions. An appropriate adaptation of Kruzhkov’s
doubling variables technique is proposed to prove the uniqueness of the measure-valued en-
tropy solution. By using non-convex entropies for the regularized solution and then standard
arguments, we are able to deduce existence (and uniqueness) of the stochastic weak entropy

solutions.

1.3 Plan of the study

The chapter is organized as follows. In Section 2 we introduce the notion of stochastic entropy
(resp. measure-valued entropy) solution for (0.1), in particular the way one has to consider the
boundary conditions and establish some basic properties of such solutions. We mention the
main result of this chapter: the existence and uniqueness of the entropy solution of Problem
(0.1). We propose to recall briefly the way to obtain a result of existence of a measure-valued

entropy solution. It relies on a vanishing viscosity approximation and the techniques can
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be adapted from those proposed in Chapter I1I. We also state properties satisfies by viscous
and measure-valued solutions. Section 3 is devoted to the proof of the uniqueness and of a
contraction principle for measure-valued solutions. As a by-product, we deduce the existence

and the uniqueness of the entropy solution of the Dirichlet problem for (0.1).

1.4 Notations and functional setting

In the sequel we denote by H'(D) the usual Sobolev space and by H}(D) the closure of
D(D), the space of C*(D)-functions with compact support in D. We recall that since D
is regular, H}(D) is also the kernel of the trace operator. We denote by H=1(D) the dual

space of Hj(D) which is also the space of derivatives of order less than one of elements of
L?(D) in the common Gelfand-Lions identification H}(D) - L?(D) = L*>(D)" - H-'(D).

In general, if G ¢ R* D(G) denotes the restriction to G of D(RF) functions u such that
support(u)nG is compact. Then, D*(G) will denote the subset of nonnegative elements

of D(G).

For a given separable Banach space X, we denote by N2 (0,7, X) the space of the predictable
X-valued processes (cf. [30] p.94 or [64] p.28 for example). This space is the space
L2(]0,T[x2, X) for the product measure dt® dP on Py, the predictable o-field (i.e. the
o-field generated by the sets {0} x Fy and the rectangles |s,t] x A for any A e Fy).

If X =L2(D), one gets that N2(0,T, L?(D)) c L*(Q x Q).

We denote £* the set of nonnegative convex functions n in C*!(R), approximating the semi-
Kruzhkov entropies x — z* such that n(x) = 0 if z < 0 and that there exists 0 > 0 such that
n'(x) =1if x> 4§. Then, n” has a compact support and 7 and 7’ are Lipschitz-continuous

functions.

A typical element of £* is the function denoted by 7s such that (see Figure IV.1)

1 if r>0
75(0) =0, and rj(r) = ZEEED if 0 <r<g
0 if  r<Q0.
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Figure IV.1 — semi-Kruzhkov entropies

Then, one denotes by £~ the set {7 :=n(-), ne*}; and, for the definition of the entropy

inequality, one denotes by

A+
A_

{(k,o,n) e RxDH(R™) x &, k< 0= eD"([0,T] x D)},
{(k790777)7 (_k790777)€A+} and A=ATUA".

And, for convenience, denote by:

sgng(z) =1if x>0 and 0 else ; sgng(z) = —sgni(—x) and sgn, = sgnf + sgn,
F(a,b) = sgng(a-b)[f(a) =£(0)] ; F*(a,b) = sgng ™ (a - b)[(a) - £(1)]
and for any ne EY V&, F"(a,b) = /an'(a - b)f'(0) do.

b

Note, in particular, that F' and F" are Lipschitz-continuous functions.

Entropy formulation and existence of a measure-valued
solution

The aim of this section is to present the definition of an entropy solution, the properties
implicitly satisfied by such a solution and the main result of the chapter. We will not give
the details of the proofs of these properties since they are very close to the one presented in the
Chapter III and Appendix I Section 2 and can be adapted straightforward (see also VALLET-
WITTBOLD [78]) to a bounded domain. So, we invite the reader interested in the proofs to
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have a look at this references.

For any function u of N2(0,T,L*(D)), any real k and any regular function 7, denote P-a.s. in
Q by gk, the distribution in R4+, defined by

o) = [ n(uo=k)o(0) dx+ [ n(u=k)dp - F(u.k)Vip d e

T 1
+ / f n'(u—-k)h(u)p dxdw(t) + B / h2(u)n” (u - k)p dx dt.
0 D Q
Now let us define the notion of entropy solution we consider.

Definition 2.1 Entropy solution
A function v of N2(0,T, L?(D)) is an entropy solution of the stochastic conservation law (0.1)
with the initial condition ug € L?>(D) if uw e L*°(0,T, L*(2, L?>(D))) and

V(ka%n) EA? OSMn,k(SO) P-a.s. (21)

For technical reasons, we also need to consider a generalized notion of entropy solution. In
fact, in a first step, we will only prove the existence of a Young measure-valued solution. Then,
thanks to a result of uniqueness, we will be able to deduce the existence of an entropy solution

in the sense of Definition 2.1.

Definition 2.2 Measure-valued entropy solution
A function we N2[0,T, L2(Dx]0,1[)] n L[]0, T[, L?(2 x Dx]0,1[)] is a
(Young) measure-valued entropy solution of (0.1) with the initial data uy € L*(D) if

1
v(k>90777) EA? 0< / /Lmk((,ﬁ) da P -a.s. (22)
0

Remark 2.3 (Cf. Chapter III and VALLET-WITTBOLD [78])

. Any limit point for the weak-* convergence in L= (]0,T[, L?(2 x D)) of a sequence of solutions
to the approximate parabolic viscous stochastic problems will generate a Young measure

limit in L (]0,T[, L2(Q x Dx]0,1[)).

. If u is an entropy solution, then, P-a.s., 0 <, () holds for all k and ¢ such that (k,p,n) €

A. The same remark holds for a measure-valued entropy solution.

t -
. Any entropy solution is, P-a.s., a solution to 0, [u— f h(u)dw(s)] - div f(u) = 0 in the
0

sense of distributions in Q).
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. Since a solution u will be in L*° (0,T, L?(2x D)), one gets that

esslimE[|u—u0|dX:O.
D

t—0*

Similarly, for any measure-valued solution u, one gets that

esslim E lu - ug| dx dar = 0.
t>0+ Dx]0,1

The main result of this chapter is:

Theorem 2.4

Under assumptions Hy — Hy — H3 there exists a unique measure-valued entropy solution in the
sense of Definition 2.3 and this solution is obtained by viscous approximation.

It is the unique entropy solution in the sense of Definition 2.1.

If uy, uy are entropy solutions of (0.1) corresponding to initial data uy g, uso € L2(D), respec-

tively, then, for anyt,
E f (u1 — U2)+ dx < f (Ul,() - u2,0)+ dx.
D D

The technique to prove the result of existence is based on the notion of narrow convergence
of Young measures (or entropy processes). Then, thanks to the uniqueness result of the next
section, we will be able to prove that the measure-valued solution is an entropy solution in the
sense of Definition 2.1, and that the sequence of approximation proposed to prove the existence
of the solution converges in LP(]0,T[xQ, LP(D)) for any 1 < p < 2.

Let us first state the result of existence of a measure-valued entropy solution. This result is
based on a classical evanescent viscosity method and the proof of results stated in the sequel

of this section can be adapted from Chapter III, see also BAUZET-VALLET-WITTBOLD [14].

Theorem 2.5 Under assumptions Hy — Hy — H3 there exists a measure-valued entropy solution
in the sense of Definition 2.2.

Indeed, for any positive €, there exists a unique weak solution u. of the stochastic viscous

parabolic equation:
t -
A - f h(ud)dw(s)] - eAu, - divE(u,) = 0, (2.3)
0

associated with a regular initial condition ug.

Lemma 2.6 More precisely, one has that
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. uc € N2(0,T; Hy (R?)) nC([0,T], L2(Q2 x D)),
. Aug, Ofuc— K] e L*(]0,T[xQ; L*(D)) where K = /Oth(ue)dw(s),

. if (u?). is bounded in L?(D), then there exists a positive constant C' such that

2 2
||Ue||Loo[o,T;L2(QxD)] + €||Ue||L2[]o,T[xQ;H3(D)] <C.

. if, for some p>1, u§ e L?*(D), then u. € L>(0,T,L?*(Qx D)).
V(o kom) €A, 0< pyi(e) - e/Qn’(u6 -k)Vu Ve dxdt, P-a.s.

Since u, is a bounded sequence in N2(0,T, L?(D)), the associated Young measure sequence
u, converges (up to a subsequence still indexed in the same way) to a Young measure denoted by
u. Thanks to the a priori estimates and the compatibility of the It integration with respect to
the weak convergence in N2(0,7T, L?>(D)), one gets that this Young measure is a measure-valued

entropy solution.

3 Uniqueness

The aim of this section is to prove

Theorem 3.1 The solution given by Theorem 2.5 is the unique measure-valued entropy solution
in the sense of Definition 2.2.

Moreover, it is the unique entropy solution in the sense of Definition 2.1.
Remark 3.2 We will also prove (Proposition 3.8) a comparison principle for entropy solutions.

In order to prove the result stated in Theorem 3.1, one has to show the following global Kato

inequality. The proof of this result is the principal part of the chapter:

Lemma 3.3 Let u, 4 be Young measure-valued entropy solutions to (0.1) with initial data
ug, Uy € L2(D), respectively, and assume that at least one of them is obtained by viscous approx-

imation. Then, for any D*([0,T] x R)-function ¢, one gets that

0 < /(ﬂo—u0)+cp(0) dx+Ef (a(t.2.8) - u(t.x.0)) O dx dt da dp
D @x]0,1[2

B LF (a(t, 2, 8), u(t, z,0) ). Vi dx dt da dB.

112



IV.3 Uniqueness

Remark 3.4

e It will follow in Section 3.3 the uniqueness of the entropy measure-valued solution by

considering a function ¢ € D*([0,T] x R?) independent of x on D.

o [t will also follow the fact that any measure-valued entropy solution is obtained by viscous
approzimation, that the global Kato inequality is satisfied for any couple of measure-valued

entropy solutions and the existence and the uniqueness of the entropy solution.

3.1 Plan of the proof

Let us explicit in this part, for the sake of convenience, sketches of the proof of Lemma 3.3,
technical details will be given in Section 3.2.

We would like to show the Kato inequality for a function ¢ € D*([0,T] xR?). The idea is to use
a partition of unity subordinate to a covering of D by balls B;, i = 1,---, k satisfying ByndD = &
and, for ¢ = 1,---, k, B; ¢ B! with B ndD part of a Lipschitz graph. Let us denote by 6; the
associated functions to such a covering. If we are able to show that the Kato inequality holds
for a function ¢ € D*([0,T] x B) where B := B; for some i, thus the result will hold for any
¢ € D*([0,T] x RY) using the covering. In order to do this, we follow the idea of CARRILLO
[22] in the deterministic setting. We have to obtain two inequalities: a local Kato inequality
obtained for any function ¢ € D*([0,7'] x D):

0 < E (ﬁ(t, z,B) - u(t,z, a)) O dx dt da d3
Qx]0,1[2

-F F*(ﬁ(t,x,ﬂ),u(t,x,a)).Vgp dx dt dee d8 (3.1)
@x]0,1[2

4 fD (1o - 1) * (0) dx,
and a global one satisfied by any function ¢ € D*([0,T] x B):
0 < [D (i — 1) o(0) dx
+Efo01f01(ﬁ(t,x,a)—u(t,x,ﬁ)fat@ da dgB d(t, x)

_E/Q/()lfolsgng (a(t,z,a)-u(t,z, B)[f(a(t, z,a))-f(u(t,z, 8))]VedadBd(t,x)
+lim L(p0,,) +lim L(0,,), (3.2)
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where we assume that u is any Young measure-valued entropy solution obtained by viscous
approximation (as a limit point of u.) and that @ is any other admissible Young-measure-
valued entropy solution with associated initial data uy and .

We will see in the proof of the global inequality that we will generate two linear operators
L(¢b,,) and L(¢h,,). The key point is that if we consider ¢ € D*([0,T[xB), then ¢ = 0,¢ +
(1-0,)p and 6,0 € D*([0,T[xD) for n sufficiently large. Applying the local Kato inequality
(3.1) with 6,,¢ and the global one (3.2) with (1 -6,,)y, yields:

0 < [L)(ﬁg—ug)+<,0(0)dx
+E[Qf01'/01(ﬁ(t,a:,a)—u(t,m,ﬁ))+8tg0dadﬂ d(t,x)
_E/Q/olfolsgng (a(t,z,a)-u(t,z, 3))[f(a(t, z,a))~f(u(t,z, 3))|VedadBd(t,x)

+1im L((1-0,)0,,) +lim L(p(1-6,,)0,,).

As £ and £ are linear operators and 6,,0,, = 0, if m is large (this is detailed in the next section),

one gets that

lim £(p(1 - 6,)0,,) +1lim £(p(1 - 6,,)6,,)
= lim £(0,,) - £(0,) +lim £(0,,) - £(00,)

and lim,, lim,,, £(¢(1 - 6,,)8,,,) + lim,, lim,,, £((1 = 6,,)6,,) = 0.

Thus, the global Kato inequality holds for any ¢ € D*([0,T[xB), and by using a partition of
unity, it holds for any ¢ € D*([0, T[xR9).

Now let us explain how to obtain (3.1) and (3.2).

1. LocAL KATO INEQUALITY (3.1): The proof is a straightforward adaptation of the
local Kato inequality presented in Chapter III (see also BAUZET-VALLET-WITTBOLD
[14]) for classical Kruzhkov’s entropy and of the techniques used to prove the global Kato

inequality of the next section.

2. GLOBAL KATO INEQUALITY (3.2): In order to obtain the global Kato inequality, as
in the deterministic case, we would like to show two “half” inequalities, one involving
(Gi—u*)* and another one with (—u-(-a)*)*, as in CARRILLO [22] . In the deterministic

setting, one is able to use the symmetry of the role of @t and u in the first “half” inequality
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and thus to deduce immediately the one for (—u-(-1)*)*, essentially because we compare
two measure-valued solutions. But unfortunately, in our case the roles of u and @ are not
symmetric and we can not simply replace u by —tt and @ by —u. This comes from the fact
that we compare a measure-valued solution with one obtained by viscous approximation.
This choice is motivated by the same constraints of regularity, measurability and control
of stochastic integral imposed by the stochastic perturbation as presented in Chapter 111
Section 4.1.1. The arguments used in the proof are adapted to the situation where the
solution u we compare with is obtained by viscous approximation and they do not work
if it is not u, but & which is obtained by viscous approximation. The idea to obtain those
inequalities is to follow techniques introduced in Chapter III, but considering Kruzhkov
semi-entropies, applying the It6 formula with different functions and multiplying inequal-
ities with suitable functions. Details are given in Section 3.2.2, here we only state the

plan of the proof with the main inequalities we will show after.

* A first inequality: For any function ¢ € D*([0, T[xR9) with suppy(t,.) c B = B;

for some i € {1,--- k}, we prove that

0 < [)(ﬁo—ug)+@(O,x)dx+ligln£(<p9m)
+EfQ/01[01(ﬁ(.,a)—u+(.,ﬁ))+8tgo(t,:v)dad6d(t,x) (3.3)
- [ e (80) - (L ADIE(.))-F (9T (t0) dadBa(e.x),

where

L) = E [ (1)) (0, )n(y) dy
o [ [ (a5.:8)) 0o (5.0 () s dy 5
B [ [ PO (a(s.5.0).0)9, (5.0 (1)) ds dy 5.
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* A second inequality: For any function ¢ € D*([0,T[xR?) with suppp(t,.) c B :=

B; for some i € {1,---, k}, we prove that
0< [ (uo=)" (0) dx + lim Z(¢6,,)
1 1
+E fQ [0 fo (u(t,z, 8) - 0 (t,2,0))" O dar A d(t, x), (3.4)
1 1 = o
_E fQ fo fo send (u(t,z, B)—a* (¢, z, ) [F(u(t, z, 8))-F (0" (¢, 2,0)) ][V dadBd(t, x),

where

Eptm) = [ 5()p(0.2)0m(x) dx
+Ev/q;‘/(Zlﬁ_(t,x,a)ﬁtgp(t,xwm(x) dt dx da

_E.é _/: FO((t,z,a),0) V. (90,,)(z) dt dx da.

Note that -0, resp. —u, is a measure-valued entropy solution of dv = divzf(v) dt +
h(v)dw with f(z) = —-f(-2), h(z) = =h(~z) and the initial condition 2, resp. —uq,
and by assuming that —u is obtained as the limit of —u., solution of the viscous
problem dv = [eAv + divzfl'(v)] dt + h(v)dw. Consequently, replacing @ by —it and u
by —u in the inequality (3.4), we get the estimate (where one denotes by 2= = (-x)*)

0 < /[)(—uo—aa)+g0(0) dx +lim £(¢6.,)
+E[Qf01[01(—u(.,ﬁ)—ﬁ‘(.,a)f@tgoda a8 d(t, x)
+Efoof0sgng(—u(.,ﬁ)—ﬁ—(.,a))[f(u(.,5))-?(-&-(.,a))]v¢dadﬁd(t,x).

As, for any a,b, (b—a*)*+(-a-b")"=(b—-a)* and
~sgn (b a) [£(0)~£(a)] = ~sgng (b - a*) [£(0)~£(a*)J+sgng (—a - 07) [£(a)~£(-07)],
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we find that

0 < [ (io-w) 9(0) dX+Efo01f01(ﬁ(.,a)—u(.,ﬂ))*atgpdadﬁd(t,x)
- [ o= uy ey ax B [ [T [ @0 w8 B dadB d(tx)
- [ [ seni (80) - (DI ) -Fu (. 9)]Tpdaddd(e.x)

_E[Q[()lfolsgng (a(.,a)-u(., B)[f(a(.,a))-f(u(.,8))]vedadsd(t,x)

+1im L(pb,,).

As the sum of the underlined terms is less or equal to lim £(6,,) according to (3.3),

one gets:

0 < —/D(ﬁo—uo)Jrgo(O)dX
+EfQ[01f01(ﬁ(.,a)—u(.,ﬁ))+8tg0dadﬁd(t,x)

£, 1fo s (6(.0) -u( A)[F@(.0)-F(u(.. 8))]vedadd(t.x)
+1im £(00,1,) +117£n2(909m)7

which is the desired inequality (3.2).

3.2 Details of the proof
3.2.1 Local Kato inequality (3.1)

In this section, we state some details of the proof of following local Kato inequality.

Lemma 3.5 Let u, G be Young measure-valued entropy solutions to (0.1) with initial data
ug, Ug € L2(D), respectively and assume that at least one of them is obtained by viscous approx-

imation. Then, for any D*([0,T] x D)-function ¢, one has that
+
0 < E (ﬁ(t, x,B) —u(t,z, a)) Oyp dx dt dar df3
Qx]0,1[2

_E F+<ﬁ(t, z,8),u(t,, a)).w dx dt d d
Q10,12

+fD(ﬂ0—u0)+g0(O) dx.
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Proof. As said before, the proof of this lemma is an adaptation of techniques introduced in
Chapter I1I. We only give below main ideas of the proof. Assume that u is a Young measure-
valued entropy solution obtained by viscous approximation (as a limit point of u.) and that @ is
any other admissible Young-measure-valued entropy solution with associated initial data uy and
Gp. Consider ¢ in D*([0,T[xR4) and denote by G(t,x,s,vy) = (s,y)pm(x —y)pn(t — s) where
pm and p,, denote the usual mollifier sequences in R? and R, respectively, with suppp,, c [—%, 0]
and m big enough in order G to vanish on the boundary, for both variables x and y.

Denote also by p; a mollifier sequence in R and for convenience set p = (¢, z, a).

Since u(t, z, ) is a Young measure-valued solution, by considering the entropy n(.—k) = ns(-—k)
and the test function G, multiplying the entropy formulation by B := p(uc(s,y) — k) and

integrating k over R, we get that

0 < EfQ/RfRdn(ﬁo(ﬂf)—k)sﬁ(s,y)pn(—S)pm(w—y)deidkdyds

B [ [ ) - 96(5.5) ol - 5)on(e - ) dpBldidyas

B [ e 9o - )55, )dpBLakdyds
+%EfQ[RfQ[O R2(A(p))n" (0(p) = k) pm (2 = 1) pu(t = 8) (s, y)dpBLdkdyds
B fQ fR fQ fo 1'(a(p) = k)h(a(p))day (s, y) pm(x = y) pu(t = s)dxdw(t) B dkdyds

On the other hand, since u, is a viscous solution, the It6 formula with entropy 7(u. — k) =

n(k - ue)* and multiplying it by Al = p;(a(t, z,«) - k), we get:

0 < Ef@é/@n%—%(a@)@w(&@ pn(t—8)pm(x—y)dyd8folv42)dkdp
o [ [ a0 s, )0t = $)ome — p)iyas [ Aiap

+6E[QfR[Qn'(k—uE(S,y))Vyue(s,y)Vy [go(s,y)pn(t—S)pm(x—y)]dydsf01A2dkdp
‘E]C;A]C;Fﬁ(ue(&y)?k)vy [p(s,y) pm(x—y)pn(t—s)]dydsfolA;dkdp
+%E'/QA'/Qh?(ue(s,y))nﬂ(k—ue(S,y))Pm(x—y)pn(t—s)¢(87y)dydsf01A2dkdp
—Ev/;‘/1%'/;n'(k:—ue(S,y))h(ue(S,y))SO(s,y)pm(x—y)pn(t—s)d}dw(s)'[olAﬁcdkdp

*One denotes 7(x) by n(-z).
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Summing up the preceding inequalities, we pass to the limit in the following over: n, [, i, € and
m. Let us mention that we choose of 7(u. — k) in the second entropy inequality is motivated
by the idea to get back a parity property in order to show that the sum of the two underlined

terms vanishes. O

3.2.2 Global Kato inequality (3.2)

* A FIRST INEQUALITY:

To this end, assume in the sequel, without restriction, that u is obtained by viscous approxi-
mation and choose a partition of unity subordinate to a covering of D by balls B;, i = 1,--, k
satisfying ByndD = @ and, for ¢ = 1,---, k, B; c B} with B/ndD part of a Lipschitz graph. Then,
let:

@ in D ([0, T[xR?) with suppp(t,.) ¢ B:=B; for some i € {1, k};

pn & sequence of mollifiers in R with suppp,, c [-2/n,0];

pm a shifted! sequence of mollifiers in R? such that y — p,,(x —y) € D(D) for all z € Bn D.

Note that for m big enough, y — ¢©(s,y)pm(x —y) € D(D) and that we have
T
[ [ el ppnta=y)pn(t=s) dxat = o(s. )0 (5o (s).

T
where 6,,(y) = f pm(z —y) dx and o,(s) = f pn(t = s) dt are nonnegative, nondecreasing
D 0

sequences bounded by 1.

In order to take pp,,p, as a test function in the entropy inequality for (¢, z,«), we have
to use the entropy 7s(. — k) for nonnegative k& and thus we multiply the entropy inequality by
pr(n(ue) = k) (0 <6 <) with suppp; = [-2,0] to force k > 0 to be nonnegative.

As now p; is no longer even, we use the Ito6 formula for u. first with the regular nonlinear
function l/)(';g(flf) = ns(k — nz(x)) + ns(—z) (this corresponds to testing the equation with the
Lipschitz-continuous function (wk);’g(ue) = =05 (k = n5(ue) )n5(ue) — n5(—uc) and then multiply
by pi(k - 1a).

"For every i = 1,..,k, depending on the local representation of the boundary of D in B} as the graph
of a Lipschitz function, we can construct a vector 7; € R? such that the translated sequence of mollifiers
pn(x—1y) =pp(z—y- %m) satisfies that y — p, (v -y — %m) € D(D) for all x € B = B;, where p,, denotes the
standard mollifier sequence, see CARRILO [22] or GIRAULT [44].
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Remark 3.6

1. The asymmetry of the multiplicative factors pi(ns(u.) — k) and p(k—1u) is a consequence
of the asymmetry of p;; in a sense it compensates the asymmetry of p; and permits to

show that I3+ J3 =0 (see below) also in the global case.

2. One has to work with a smooth approximation ns(u.) of u as due to the Ité calculus, the

second derivative of the functions arises in the formulation.

3. One has to use ¢§g for the equation for u. with 0 < 0 < & and pass to the limit first with 5
to 0 and then with 6 to 0. It is not clear whether it is possible to pass to the limit ng: J.

4. Note that wi;g(s) converges, when & and 0 go to 0, to (k- s*)* + s~ = (k* - s)* which
is convex in s, so the Kato inequality Auj'(u) < Aj(u) in D' can be applied to j(s) =
(k* = s)*. This is the reason why we test the equation for u. with (@bk);g and not only

with =(15)"(k = n5(ue) )nz(ue) which one would like to do at first glance.
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To simplify matters, denote p = (¢,z,«), ¢ = (s,y, ) and gfc = pi(ms(uc(s,y)) — k)

0 < E [Q [ [ mlio(@) = ke (s,9)pu(=5)pm(a - y) dxBl dkdy s

B [ [ [ @) 1) 8ip(5.8) pu(t = 5)p( - ) dpB didy s

| —
=0

B [ [ 0sa) - Ke(5.9) Qupalt = )pma - ) dpBlakdyds

B[ [ [ )0 Ve (5.) pula - p)pat - 5) dpBldicdyds

[ —
=0

‘EfoRfQfolF”‘S(ﬁ(p%k)prmw—y)pn(t—S)w(s,y) dpBL dkdyds
B [ [ R @) K- 9t ) (5,0) dpBakay i

+E /Q [R [Q folné(ﬁ(p)—k)h(ﬁ(p))doup(s,y)pm(:c—y)pn(t—s)dxdw(t)gfcdkdyds

=: ]1+IQ+_[3+]4+I5+_[6+]7.
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On the other hand, if one denotes ./Zlﬁc = pi(k —1(p)), since u, is a viscous solution, the It6

formula applied to [ w(’;g(ue)pn(t = 8)pm(x —y)p(s,y) dy ds yields:
D 9%

0< B[ [ [ k- u)Ie0n)ou0ont-p)dy [ Ak

B [ [ [ () e 0.0)pu(pn (e - )y [ Ay

+EfQfRfQ%Uf—ng(ue(s,y))]asw(s,y) pn(t—s)pm(x-y)dydsfol,z{gdkdp

+EfoRfQﬁa(ue(s,y))8ss0(s,y) Pu(t = 8)pm(x = y) dy dsfoljtgdkdp

+EfQfRfQ%Uf—W(ue(s,y))]w(s,y)aspn(t—s)pm(x—y)dydsfol,i;dkdp

o [ [ [ 0D )0t = ) - y)dys [ Ay

-8 [ [ Onsa ) )05, )t -y s [ A dkap

_EEfQfRan{s(—ue)Ayue(s,y)w(s,y)pn(t—s)pm(x_y)dydsfoljzdkdp

_E[QfR[QFns[k—ngm)](ue(s,y),k)vygp(s,y)pm(x—y)pn(t—s)dydsfolfi;dkdp

_Efczfm[QF%(ue(s’y)aO)Vyw(say)pm(w—y)pn(t—S)dydsfolﬂgdkdp

_EfQfRfQFna[k—ngm)](us(s,y),kz)vypm(:c—y)pn(t—s)@(s,y)dydsfolﬂ;dkdp

_E/Q/RfQF%(W(S’y)’o)vypm(fﬂ—y)pn(t—8)¢(s,y)dydsf01¢i§€dkdp

%E/C; J. /;Kné(ue(s,y)))?ng'(k —n5(uc(s,9))) = n(ue(s, 1)) (k = ns(uc(s,9))]
XhZ(ue(syy))pm(x—y)pn(t—s)go(s,y)dydsfolﬂgdkdp

e [ R i o )~ e ), aves [ A akap

-8 [ [ [ (5, 5. ) 1=3) b ()om (5-) [

_E/QfRLné(—ug)h(ue(s,y))w(s,y)pn(t—s)dydw(s)pm(x_y)'/olj%dkdp

3:Jl+K1+J2+K2+J3+Kg+J4+K4+J5+K5+J6+K6+J7+K7+J8+K8.
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1
First note that, thanks to Fubini’s theorem and since [ / pi(k=1(p)) dk da =1,
0o Jr

Ki+ Ko+ +Kg=
B [ isCui)e0.) [ pult) puCe —y) di dx dy

+Ef 15 (ue(s,y)) s (s, y)fpn(t s)pm(z —y) dt dx dy ds

o2 [ (o (0)2(5.9) [ Oup(t = )pn( ) dt e dy ds
—eEanS(—ue)Ayue(s,y)w(s,y)[Qpn(t—S)pm(x—y) dt dx dy ds

B [ Fi(u(s.9).009,0(5.) [ pule=9)pu(t - ) dt dx dy ds

B [ Fio(u(5.9).0) [ Wy - )pu(t - s)p(s.y) dt dx dy ds

w5 F [ (s us9)) [ pno =)ol 5)e(s,) de dx dy ds

_E [Q ny(~u)h(ue(s,9))e(s, 1) [Q P = ) p(t - 5) dt dx dydu(s).
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Then, since f Pt = 8)pm(z = y) dt dx = 0,(s)0,(y) with suppp, c [-2,0], one has that
Q

0n(s)=11in [2,T] and o, is a nondecreasing sequence that converges to 1. Thus,
K, = 0.
Ky = B [ is(ue(s.))0u(s.0)au()0 () dy ds
7EfQﬁa(ue(s,y))ﬁsw(s,ywm(y) dy dS;>EfQ(ue(s,y))‘assO(s,y)Qm(y) dy ds
?Efool(u(Q))‘f)ssO(s,y)em(y) dngfool(U(Q))‘ﬁsso(s,y) dq.
Ky = B [ is(uc(s.))e(s.0)[pa(=5) = pu(T = )61, (v) dy ds
=5 [ a9 [, () Ay ds > B [ () 0,)6 (5) dy
?EID(US)sO(O,y)Hm(y)dy?E[D(uO)@(O,ywm(y)dygEfD(uo)sO(O,y)dy-
Ky = el | (=) Byu(s.9)o(s.0)0 (1)u(s) dy ds
=B [ () Ay, )5 )0r () dy ds

5 ‘EEfQ sgng (ue(s,y)) Ayuc(s, y)p (s, y)0m(y) dy ds.

Ky = =B [ F(u(5.9),009,0(5,0)00()0(y) dy ds
P /(;F " (ue(s,y),0)Vyp(s,9)0m(y) dy ds
i -[Q FO (uc(s,y),0)Vy0(5,5)0m(y) dy ds
=8 [ [ FO (@),090(5:1)0n() da

Ke = —EfQFﬁ‘;(ue(s,y),O)vyem(y)an(s)gp(s,y) dy ds
=B [ 7 (5.0).0)9, 0 (5)5.9) d
7 E [ PO (u(5.). 0070 (n)o(s.v) dy ds

o -E [Q [01 F(.)_(U(Q)7 0)Vytm(y)e(s,y) dq
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Since h is Lipschitz-continuous with h(0) =0 and 0 < 7§ (z) < 2—7;10<Z<5, we have

Ko = 3B [ 1) (s 5 (1)on()(s.9) dy ds
> 5F [ 1. (5,905 9) dy s — 0

Ks = B [ [ shcudh(u(s.)e(s.0)ou()0 () dydu(s) =0

Thus, one is able to conclude that

hmhrgthl + Ky +K3 +K5 +K6 +K7+K8
€ 53 n

= £ [ () 20000 dv+ E [ [ @) 0ol () da

B /C; Ji CFO (u(g),0)9, [0 (5,5)0m (3)] da
= E(go@m)

Note that a proof, similar to the one of the above convergences, ensures that
i € D0, T[RY), L() = lim Ejtg, o).

Then, since u is an entropy measure-valued solution, £ is a nonnegative operator and since

0< @by < b1 <@ in D([0, T[xR?), one concludes that lim L(¢#,,) exists on [0, +oo].

Now it remains to combine appropriately the integrals J;, and K, to apply a Kato formula
available with u, and the integrals I; and .J;, almost as in the local case, to pass to the limit
in the other terms. These limits are obtained wvia standard arguments: properties of convolu-
tion, Lebesgue points, continuity of translations in Lebesgue spaces, uniform-integrability and

Carathéodory functions for the Young measures, as detailed in particular in Chapter III or in
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VALLET-WITTBOLD [78].

L= B[ [ [ wslin(e) - k)e(s.)pu(-)on(x ~v) dsB] dk dy ds

£ [ [ ] nsio(@) = £ (0,p)pm (- ) dxp (s (y)) - k) i dy
EfoDna(ﬂo(x)—US(y))sD(&y)pm(x—y) dx dy

B [ Tio() - (w§(4)" 1 ¢(0.9)pm(w - y) dx dy

E [ [ (o(e) =i (1)) 9(0,1)pm(a-y) dxdy

B [ (i-5)"e(0,.) dy.

“zzl =

n

m

Similar calculations lead to

Jy = EfQfRme[k—ng(ue(&y))]ﬁsw(s,y)pn(t—S)pm(fc—y)ddefolflédkdp

,,,,,

.[3+J3

i EfoR/c;fo s (8(0) = k)2 (5,9 (t-5)pm (1) dppr (5 (5, ) k) ddy ds

T

+EfoRme[k - %(ue(s,y))]@(&y)aspn(t—s)pm(x—y)dy/olpl(k —(p))dkdp

T

———
==0spn (t-=s)

= EfoRfool%(ﬁ(p)—ng(ue(&y))+7)¢(s,y)3tpn(t—8)pm(x—y)dppz(T)deyds

+E'/C;/Rf62/01776[7‘+ﬁ(p)_775(ue(8,y))]gp(s,y)aspn(t_s)pm(x_y)dydspl(T)dep
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K4+J4

o
& l

8 [ [ [ Ttk = mu)msCe) + i (-u)] Ay v)e(s.)
xpn(t = 8)pm(z —y) dy dsfolpz(k—ﬁ(p))dkdp

—EEfoRfQ[né(k—%(ue))nz}(ue)+773(—ue)]Ayue(87y)sO(s,y)
<ot =)o ~9) dy ds [ pi(k - 0(p))dkdp

£ [}, | [ [0a) = () ) + mi (=) Byt )
xp(t,y)pm(x - y)dydp
e [ s (0) - ) s () s ()
xAyuc(t,y)p(t,y) pm(r - y)dydp
_EE/Q.[O 1/1>[Sgn5 (0 (p) = ue) L w0y Ayuc(t, ) o(t, y) pu(w—y) dy dp

ok fQ /01 /D [sgng (07 (p) = )] Ayuc(t, ) (L, y) pm (2 = y) dydp

ek ./c;[o lfD[SgHS (0" (p) — u) ] Luz0y Ayuc(t, v)e(t, y) pm(x—y) dy dp.

Note that y ~ ¢(t,y)pm(x—y) has compact support and that y — u.(t,y) € H2 (D). Thus, one
concludes in a first step that Vu. =0 a.e. in A:={u, =0 a.e.} and that Ac B :={Vu.=0 a.e.}.

Then, in a second one, using again the lemma of Saks, all the second order derivatives are null

a.e. in A since they are already in B. Thus, 1g, 0y Ayuc(t,y)o(t,y)pm(z —y) = 0 and

5,8,ln

1
tim Kyo s = ~cB [ [ [ sang (8°(0) - ) Ayt 9)0(t.)p e - ) dydp.

Then, Kato’s inequality (see BREZIS-PONCE [20] for example) yields

llm K4 + J4
8,0,l,m

) EE/Qfo1/DSgn3(ﬁ+(p)‘“e)Ay[ﬁ+(P)—ue(t,y)]w(t,y)pm(a:—y)dydp
8 [ [ [ A0 - ult) ot e - v) dy o
e [ [ [ w0 0) - )] 9ol e ) dy

IN

Thus, limsup lim K4+ Jy <0.
€ 6,0,l,n
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o= B[ L R ()] dovye(s.0)

xpm (2 = y)pn(t = s) dy ds fol pi(k - a(p))dkdp

L L o mae) - ()] 0Tt - ) asip

— 8 [ [0y @) s 60)-1oD o, o0t 9)pna-p)dvap

()
- B f j [P ), (9)) Dyt ) ~ ) dydp

5[ f [ G0) 0 (4.9,6) 9100t m)pr - ) Ay

Z’—E[Qfolfolp (a(p), u™(t, z,5)) Vaip(t, z) dB dp.

1 _
Is + Js :_E./Q./]R./Q./O F"é(ﬁ(p),k)vxpm(m—y)pn(t—s)gp(s,y)deidkdyds
1.
- [ [ [ Pl (s, ), k)Y yom(a-y)n(t-s)e(s ) dyds [ AL dicdp
QIR IQ 0

— B[ L et ) @) doTapn (=)t ) dpdy

b 5(ue(t,y))

+E/ f / f e 775(‘7)773({1(17) —W(U))f/(U)daVypm(:c—y)gp(t,y)dydp

— —Efff fuu(p) sgng (0 —ul (t,y)) £'(0)doV,pm(z-y)e(t,y) dpdy

3,6 H(ty)

+Eff ffue(sg)no (o) sgng (u(p)- 0+)f’(0)davy,0m(x y)e(t,y)dydp

= B [ [P0 () ol - el ) dpdy
B [ [ [ P (45 Vol - y)e(t. ) dvdo

= 0 since Vypm(z —y) = =Vypm(z —y).
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IV.3 Uniqueness

e = 58 [ @00 - 0= )0 D5 0) )
xng (a(p) - k) dy ds dp dk

38 [ ] Wit s)es.0) [ o))

<[ (ngluee(s,)1) 5 (k = msTue(s, 9)1) = n T (s, ) 1 (k = mg{uue(s,9)])| dy dsdkdp

S8 [ [ RGN E0) 15t ) - ) (ty) dy do

B [ ] R )=o)
<[ (na et 9)]) 75 (80p) ~m5Tue (8, )1) =nf et ) s (@) =l (2, )]) ]y dp.

I,n

Since «a(t) = f01 pi(k—1(p)) is predictable and if one denotes by

/3(8)=fDm’s(k—nz:(ue))ng(ue)h(ue(&y))w(s,y)pm(l’—y)pn(t—S)dy,

one has that:

Ela(t) [ B(s)duw(s)] = Ela(t) f B(s)duw(s)] - Ela(t) f s)dw(s)] =

s Bla(t) [ 5s)du(s)] = BlaB( [ As)du()F)] = Ela(r) [ H(s)du(s)]

Then, by the same type of arguments with pl[n~(u€( - n,y)) k] we deduce:
T o A
ods = B[ [0 ] ] a0 -k)h(a) dae(sy)on(ay)p,(t-s)ddu)
xpr(mz(ue(s,y)) — k)dkdyds

‘EfoR[TfD%(k-ﬁs(ue))né(ue)h(ue(s,y))s@(s,y)pm(ﬂc—y)pn(t—s)dydw(s)
< [ otk () akap

e[ [ [ @ -0na)) daets pom(e-pone-s)dutu )

s (s,)) = K] = il = = 99) = k1 ey,
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As du, = [eAu, + divE(u)] dt + h(u)dw = A, dt + h(u)dw, by 1td’s formula,

plnsCie(5,)) = K] = ilnsCue(s = =,9)) = £]

pilns(ue(o,y)) — klnz(uc(o,y))Ac(o,y) do
+ [(82)+ pilns(uc(o,y)) = klnx(uc(o,y))h(uc(o,y)) dw(o)

w5 J [t Ts(uor0)) = Rl e )) P + s (o) = Kl ()
xh*(uc(o,y)) do

Il
/\
e @
w
N—
7

el A .0) = Kl ) ) o

' /(:'_3) png(1e(0,)) = Kl (ue(0,))h(u (0, )) dw(o)

+ ] (ot ms(uc(o, ) = Ko, )1 + plrs(ue(,9)) = K1 (ue(0,9)]
xh2(uc(0,y)) do .

Therefore, using regularity of the stochastic integral with respect to parameters proposed by
KuniTA [57] and reminded in Appendix I Section 1

I7+J8

Ef L] [ @ -0na) dapts.pon(e-ppa(i-s)ddu(r)

[ s.0) = 1= (s = =) = 41 ey as

£ [ [ [ a0 dapts.p)on(e-g)pt-s) ()

0
Xor {--} dk dy ds

B[ L[] ] ) -k dap(s. oot ddu(r
x {---} dk dy ds

Ll +L2+L3.
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Let us separately evaluate the limits of L; and Ls. Then, we will add Ly to a previous term.

Using principally Cauchy-Schwarz inequality and the [t6 isometry, we get

1
2

s [ L o)k dasts.nomt-no -] |

x{E[f() l15(ue(o,y)) = klns(uc(o,y)) Ac(o, ) dar} dk dx dy ds

<JoJoJo { [ 00 -Rna) dap(s. )= -t ) }é

x%{Ef() |5 (ue(o,9)) = KIniluc(o, 1)) Ao, y)] 0} dk dx dy ds

S—/QfR/me(x_y){E /<2> /01[”3'(ﬁ(p) = K)h((p) (. 9)pu(t=5)]" olozolt}é

e [, [lsteon - Magtaton adoon] ao akaxdyas

\/ﬁ —
0<:<1

T oL fpeten{E [ ) - b)) da )

x{E [(5—2)+ 1{_7577,5(%(071/))_“0}14 (0,y) da} dk dx dy ds
s 1
Cl\/ﬁf /Ef( , f [0 (a(p) — k)R (a(p))]* da dt dk dx ds
QJr s-2y+ Jo
+Clv/n f e f( oy Wbttty A2(0,0) do dis dy ds
Ol
\/_ f /(_ f f l{u(p) —d<k<ua(p)} dkhz(u(p)) da dt dx ds
*Cl\/ﬁ fQ f(s_gy /R (rsCue (o) <hsng(ue(o)+3) AkA(0,y) dody ds

S 1 S
ClﬁfE/ [ h2(ﬁ(p))dadtdxds+0\/ﬁ[E[ A2(0,y) dodyds
0 Q Js-2)+Jo Q J(s-2)*

cl 1 1
—Effh% dadt d C—E/AQ,dd
8 [ e dadvaxs ¢ [ Ao doay

N|=

o=

IN
[SIY

IN

IN

IN

IN
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Moreover, as uf € L*(D) one also has u. € L*(Q2 x Q)). We get by similar calculations

| Ls|

IN

%\E{ LI e -mmam)dacs o)
[ [Atstaco ) Klgtuto, ) s lnsCao,00) K1 )]

xh?(uc(o,y)) do dx dk dy ds}|

L) { [, [ )b o (s, a-sptu(o)] }

x{E[ S [PirsCc o)) K1, ) i)~k . 9))

IN

2) 2
xh?(uc(o,y)) da] } pm(z —y) dx dk dy ds

AL A ORI R s)Fdadt};

{E /. :2)+[P;[”§(UE(U,y))—k][ﬁé(ue(a,y))]2+,01[775(u€(<7,y))—k]ng(ue(a,y))r

IA

[un

2
I u(o,9) da} o~ y) dx dk dy ds

O [ [ fote-n{E [, [ St ane]

l2
X{E‘/(‘s_2)+[l4+ 5 ]1{T]5(Ue(0y))SkSn‘(UE(Uy))+2}h (ue(O y)) da} dXdkdde

Cnp[[[pm(ﬂﬂ y) [ f Lia(p)-s<k<a(pyh’ (1(p)) dar dt

B f (2 {Tr~(ue(J,y))Ském(ue(U7y))+2}h (ue(,y)) dor} e dk dy ds

Cl2 f/ h2(u(p))dp+E/h4(u (0:9)) do dy]

IN

IN

INA

— 0 as above.
n
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Thus, thanks to Fubini’s theorem and the properties of It6’s integral, one has

limn I7 + Jg

st [ B[ [ 0) R da (s, v (a-y)pt-sHiu(r)

f o). pulns(ue(o,y)) = klng(ue(o,y))h(uc(o,y))dw(o) dxdkdyds

ctim [ LB [ [ ) - FAGG) da(s e -t -)

xpu[ns(ue(t,y)) = klng(uc(t, y))h(uc(t, y)) dtdxdkdyds

o8 [ [ 180) 150t ) (@) ot 1) (=01t ) a1, 9)) dy dp

Therefore, we get

liml’n [6 + J7 + [7 + Jg

=58 [ [ [ ot - 0t o) - i (t.))
<[ ((p)) = 20 (a0 ey ) (1)) + (3Tt ) WL (t)1] dydp
58 [ )0 ~ 15 () It ) - ) )

<l L)  pn =)ot ) (8(0) - m (e (£, ))

< {h(a(p)) — niuc(t, y)]h[uc(t, )]} dydp

=38 [ ot et (a) - (1)

< {h(a(p)) - sgng (uc(t,)) hluc(t,y)]}* dydp
=38 [ oo - et (60) - () {(aG)) - A 1)) dydp

— 0,
4

and lim supévglimlyn Ig+ J; + 17+ Jg <0.
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Combining all the estimates yields

0 < fp(ﬂo_“a)+90(0’“’)d“Efoolfol(ﬁ(p)—w(t,w,5))+8t<p(t,x)dadﬁd(t,x)
_E‘/Q[()lfolsgng (a(p)-u*(t,z, 8))[f(a(p))-£(u*(t,z, 8))]Ve(t, 2) dadBd(t,x)

+1im L(pb,,).

* A SECOND INEQUALITY:

After this first half of the global Kato inequality: an inequality for (1 — u*)*, as in CAR-
ILLO [22], one would like to get the second half, an inequality for (-u— (-)*)*, by the same
type of arguments. It is easy to see that —u resp. —u are measure-valued entropy solutions of
dv = divf(v) dt + h(v)dw with f(x) = —f(-2), h(z) = —h(-z) and initial condition —ug resp.
—1p. But unfortunately, the roles of u and 1 in the proof of the first inequality are not sym-

metric and we can not simply replace u by —tt and 1 by —u in the preceding proof.

The arguments used in the proof are adapted to the situation where the solution u we com-
pare with is obtained by viscous approximation and they do not work if it is not u, but @ which
is obtained by viscous approximation. Therefore, we have to prove the second half of the global
Kato inequality using different arguments. To this end, choose the same partition of unity, ¢
in D*([0, T[xR?) with suppy c B := B; for some i € {1,--,k}, p, with suppp,, c] —2/n,0[ and
the shifted sequence of mollifiers p,, in R?. But the test-function will be ¢(t,x)p,(y — ), i.e.

a permutation of variables (¢, ) and (s,y) is considered in comparison with the first inequality.

Unlike the first inequality, we are not able to impose a sign for k£ (non-positive values here)
in the entropy inequality for @(p), thus we have to use a test-function ¢p,,p, that vanishes on
the boundary. Then, in order to get a positive part at the limit, we need an additional term, the
one given by £ in (3.5). Then, we use the It formula for u, with the regular nonlinear function

(’;g(x) =ns(nz(x) — k). This corresponds to testing the equation with the Lipschitz-continuous
function (wk)(’sj(ue) = 15(15(ue) = k)ni(uc) that vanishes on the boundary.
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By denoting again B = py(n5(uc(s,y)) — k) one has:

08 [ [ [ (i) = £e(0.2)pu(~)pn(y - ) dsB] ik dy ds

+E f f f f i15(8(p) = K)o (t, ) pu(t = 8)pm(y — ) dpBL dk dy ds

B [ [ (0) ket 0) 0t - ) (5 - ) dpB dkdy s
B[RV (t0) gy 2ot 5) dpB dicdy ds

B[ [ @) Ve - 2~ ) (t.r) dpB didy ds

8 [ @) @) - Bl - 2ot~ s)e(t.2) dpB dicdy ds
+E f L[ 0G)-Rh(a)) das(t,2)pmy-2)pui-s) s (1) By iy ds

=: [1+12+13+[4+]5+I6+[7.

Moreover, the entropy formulation, with £ =0 and any regular non-negative ¢, yields

1 y 1
5 N I R/ V&S TBH2(5\ (1
0 < [ nCine©) ds e B [ [ n(-0)d0 - F(0.0)9p + Sh (@) () dp.

The limit when 1 goes to (.)*, since h(0) =0, gives

1
0 < /ﬁago(()) dx+Efo 4O - FO (11,0) Ve dp.
D 0

Thus, the operator £ denoted by

~ 1 _
L(e) - fD i50(0) dx + E fQ fo 00 - FO(0,0)V dp (3.5)
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is linear and non-negative over D([0, T[xR%). Since 0 < @by, < @Op.1 < @, L(p0,,) has a limit

in [0, +00[ when m — +oco such that :

1 1
/ﬁagp(O)dx+E[/ ﬁ‘@tgpdp—E/[ FO™(4,0)Vy dp
D QJo QJo

1
_limE f [ PFO " (11,0)V6,, dp
m QJo

= T1+72+.7;,+lim.7:1.

lim £(6,,)
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On the other hand, denoting again .,ZlﬁC := py(k — 1), since u, is a viscous solution, the It

formula applied to [ ns(n5(we) = k) pn(t = 8) pm(y — 2)p(t, z) dy ds yields
D

058 [ [ [ mlas(us) = Hptt) pu) puy=a)dy [ A diap

=0

B [ [ [l (s.0) =K 0p(t.2) pult=s)puly =) dy s [ A dkcap

—0

+EfoRfQT]6[773(ue(8,y))—k]@(t,x)ﬁspn(t—s)pm(y—x) dydsfolflf,€ dk dp

< [ [ nbCrs() = () e (s,0) V000 )

—_———
=0

xpn(t = 8)pm(y - x) dy dsfolft; dk dp
‘EE[f[ [(5(ue) = k) [n(ue) 12 + 05 (5 (ue) = B)ng (ue) 1| Vyue (s, ) Pe(t, )

1 v
Xpn(t = 8)pm(y — ) dyds.[0 Aﬁc dk dp

1 v
_E[ffQFna[nsc)-kJ(ue(s,y),k)vyso(t,x)pm(y—x)pn(t—s)dydsf AL dkdp
QJR 0

S —
=0

1
- [ [ [ PO (5,9, 1)V - 2ot - 5)(t ) dy ds [ A dkdp
QJRJQ 0

5B [ [ TOa00))20 (g (5,)) = 1) + a5, O (5,) = )

1 v
<h?(u(5,9))pm(y = )pu(t = 5)p(tx) dy ds [ A dicdp

B [ [ [ e - R b))t - 5) dvdu(s)

1,
<ot )pm(y =) [ AL dkdp

=: Jl+J2+J3+J471+J4’2+J5+J6+J7+J8.
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Now it remains to combine appropriately the integrals I; and J; to pass to the limit.

hen=Ti=E [ [is(ao(@)k)e(0.2)pu(~)p(y-r) dxBldidyds- [ igo(0)dx
= [ [ [is(0(2)=k)e(0.2)0m (=) dxpn(rs(u ()~ k) dicdy - | o(0) dx
= B [ [ dis(io(@) = (1)) (0,2)pm(y - 2)dxdy = [ 500 dx

hah=-Tiz B[] (@) - (5(0) )e(0,2)pn(y - ) dxdy - [ dgo(0)dx
= B [ [ [0~ #0(0)] (0. )pnly - )y - [ ige(0)dx
= B [ [ (o) - (@) e(0.2)p(y - x)dvas - [ gp(0)ax

EL[(UW—ﬁo]+s0(0,~)dy—[3aago(0)dx.

ey

Similar calculations lead to

_ 1
J2+IQ—[2 = —E[ / ﬁ‘@ttp dp
QJO

B [ [ [ [ isa)-R)0u6(t.2) pu(t-5)pn(y-2) dpBldicdy ds
mEfoolfol[(u(t,m,/a)y-a(p)rat@(t,m) da 48 dx dt—Efoolﬁatgo dp.

v ds = E [ [ [ 5(a0) - Ke(ta) 0t s)pmly ) dp
pu(115(uc(s,y)) — k) dk dy ds

T

o2 [ milCuc(s.9)) = KJo(t.2)0up, (0 = $)pn(y ) dy ds
Xfol,f)z(/’f—ﬁ(p))ledp

[ —
T

- E[QfR/C;folm(%(ue(s’y))_ﬁ(p)_T)gp(t’x)atpn(t‘S)Pm(?/—l’)dppz(r)dfdyds
==0spn (t-s)

+EfoRan(s[773(ue(s,y))—ﬁ(p)—r]go(t,:c)(?spn(t—S)pm(y—x)dydsfolpl(T)dep
= 0.
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IV.3 Uniqueness

J4,1 + J4,2

<8 [ [ [ w5 - B0 959 V()

<pult = $)pnly—2) dy ds [ pu(k () dkcdp

—¢E [ i [ (n5(ue) = k) [ ) 12 + 5 (s () = b)Y ()]

x| Vyue(s,y)Pe(t, 2) pn(t = 8)pm(y - ) dy ds fol pi(k—1(p)) dk dp

IN

0.

Js+ 1 -T5 = —EfQfRfoolF%(ﬁ(p),k)szo(t,w)pm(y—w)pn(t—S)dp
xp1 (5 (ue(s,y)) — k) dk dy ds
+EfQ[0 FO™(4,0)vVe dp

5 [ L[ @m0 ) do9ap(t,2) ol - pali - 5) dp

xpi(5(uc(s,y)) — k) dk dy ds
_E././o f(—ﬁ‘)Vg@dp

o [ ) 0] AoVt 0) puly ) dpay

5 (ue(t,y))

—EfQ/(; f(—u )W dp

_/ _[ / / " f (o)sent[ul(t,y) — o] doVepo(t,x) pm(y —2) dp dy

H(ty)

—E/C;fo f(-07) Ve dp
-b fD fQ fo s [ (1, 9) -6 () [(E@(p))~F(u (1)) ] (1, 2)pm (y—2) dpdly

1.
—Eff f(~) Vi dp.
o Jo
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stochastic perturbation

And if we denote ¢ = (t,y,3),

lim J5+]4—j;;,

Lnds —-E [D fQ [0 1[0lsgng[u+(q)—ﬁ(p)][?(u*(q))—f‘(ﬁ(p))]vzso(zﬁ,:r:)/)m(y—:c)dpdydﬁ

1
—E/f f(~a) vy dp
QJO

= [ [ [ sl () - G E (10 9) - F@) V() b

1
—Eff f(~) Ve dp.
Q JO

Lo = B [ [ [ [ F@). 0Vt - ot -)
xg(t,x) dppu(5(ue(s,y)) — k) dk dy ds

£ [ [ [ Emilno) - ko) do [ k- a() d

va/)m(y —x)pp(t = s)p(t,z) dy dsdp

:EfoRfooljl;ﬁ(p)f’(a)ng(k—a)dUVx,Om(’y—l’)pn(t—s)

XgO(t, I) dppl(ng(uﬁ(‘s?y)) - k) dk dy ds

B[ [ [ E@mne) - Hig(e) do¥,puly - 2)put - )

1
<p(ta) dyds [ pu(k=a(p)) dk dp

—F fQ [D fo 1 / " et 9)) - 0)E(0) AoV pmly - 2)p(t, ) dp dy

5 (ue(t,y))

2 [ [0 L om0 - 8D (o) doTymy - )t 0) dy dp

1 ra(p) .
— =B [ [ [ seni (i (t.9) - ) F(0) doVapm(y - 2)p(tw) dp dy
5.6 QJbpJo Ju

Hty)

1 ue(t,y) A .
+Efoo fD f( | seni (9)seng (0" = a(p) £ (0) doVypm (y = 2)p(t, ) dydp
u(p
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IV.3 Uniqueness

—Efff fu( e (u (1,4) - ) F'(0) oV (y - )t ) dp dy
e [ S (o) s (0" -0 F(0) Ao,y - 0) (1 )y

:Effflsg“?) (u? (t,y) =) [F(uf (1, ) ~F(0(p))]Vepm (y—2) (L, ) dpdy

2 [ L s (- 800 o) ooy - 0)o() dy o

- EfoDfo seng (uf (£,)~0) [E(u? (1)) ~E(8(0))]Vapm(y—2) o(t, 2) dpdy
+E fQ [O 1 [Dsgna (uf ~a(p))[F(uz (t,9)) (@ (9))]Vy o (y—2) (. ) dy dp

[, J,), s (a2 (£,9)~0) [F(u? (1, ))~E(8(0)) 1 (y-2)(t, 2) dpdy
—Efoo fDSg“5 (u; =0(p))[£(u; (£, 1)) ~£(0" (9))Vapm(y-2)p(t, 2) dydp

= [ [ [ s 2 60) - ) FF0 ()~ FQD)ITapiny - 2Dl 2) pdy
-5 [ [ [ @ 0D - F@ODITapnly - 2)plt2) dp dy

-5 [ [ 0) - @) (0.1) d

Note that sgn¢ (uf(t,y) — ) [f(a*(p)) - £((p))] = £(0*(p)) - £(a(p)) = 0 when @ > 0, i.e.,
when sgnt (uf (t,y) — @) = 0 ; then, added to —1Ij, we get

B [ [EG ) - E@@)V0n(e(t ) do-E [ [ToFO @00, p
5 [ [ @ 0) - HaONIOn@)elta) dp+ B [ [ of-a)v8,dp =0

Tsince Vopm(y — ) = =V pm(y - )
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Chapter IV. The Dirichlet problem for a conservation law with a multiplicative
stochastic perturbation

v =58 [ [0 = 6= D)ot 5)o(t.0) do
xpu(15(ue(s,y)) - k) dle dy ds

w5 [ 102 o) ) g 5,)) = 1) + a5, o C5.) = )

xh?(ue(5,9))pm(y = 2)pa(t = 8)p(t,2) dy ds folpz(k—ﬁ(p)) dk dp

.. L) (@) 15 () — 6(0))om (- 2) (1) dy dlp

%E fQ fo ' [D W2 (ue(t,y)) p(y - ) (L, )

x [ (15)? [ue(t, ) 108 (5 (ue(t, y)) =0 (p) +1% (ue(t, y) )0 (15 (ue(t, y) —0(p)) ] dy dp

Thanks to the properties of the It integral, one has that

res-E [ ff ) - KhG)) dap(t 2)n(y - 7)ot - ) ()
xpi(n5(ue(s,y)) — k)dkdyds

+E_/Q fR /tT[D”S(”?(“f) — k)n(u)h(uc(s,y))o(t, 2) p(y = @) pa(t = 5) dydw(s)

< [ - ) dicdp

e[ [ [0 -HhE0)) dag(r) - 2ot -5 dudu )

| il (5.)) = 1= (s = =) = ] fakdy s
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IV.3 Uniqueness

As du, = [eAu, + divE(u)] dt + h(u)dw = A, dt + h(u)dw, by 1t6’s formula with u(o,y) = u,

pilrsCc(,)) = K] = psCon(s = =) - K]

= [ Ao )) = K (. 0)) Aclory) dor

. /( S 1y ADs((2,9)) = I, ) (e (0.)) (o)

5 o o) = M)+ lasCar)) = K o) < ) o
: fk{ [ " (. 9)) Ko, 9) A1) do

" [(58_2)+ pz[ng(ue(a, y)) — klns(uc(o,y))h(ue(o,y)) dw(o)

+%J£i%+LﬁmﬁUJUJH)—kﬂﬁﬁuiadﬁﬂz+pdmﬂuxadﬁ)—kﬁ§ﬁkﬁny»]Xh%u&do}
)

= —%{ Ce }

Therefore, using regularity of the stochastic integral with respect to parameters proposed by

KuniTA [57] and reminded in Appendix I Section 1
T 1
=B [ [ [ 0) - kb)) dag(t 2)p(y - 2)pu(t - ) dsdu (1)

< st s,)) = K] = (s = =.99) = 11 ey as

e[ [ [ [ - i) da x)pm@ 2)pn(t =) el (1)

x% {-} dkdy ds

E[Q [/ T[D A () - KY(E(p)) dap(t, ) pm(y - 2)put - 5) docduo ()
x {--} dk dy ds

= L1+L2+L3.

Let us separately evaluate the limits of L, and L3, then add Ls to a previous term.
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stochastic perturbation

Using principally Cauchy-Schwarz inequality and the 1t6’s isometry, we get
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RN NRCTN f ) -0 et D)= (0] |

e
{

2| f( 2. f i1 (a(p) k) h(a(p)) dasp(t, @) pu (y—2) pu (- s)dw(t)]}

(1=

X

LA *

el [ [l - o) Ao ] ) s

E n5(uc(0,y)) ~ k(uc(o,9)) A0, y) da] } dkdxdyds

Jn
< [ L fpmoole [0, [ 6w -mnaeseon-o] wad
x%{E [( ;y[m[ns(ue(o,y)) K] n(ue(o.)) Ac(o.)] da}fikdxdyds

0<<1

<L fmo-ale [T [ 1[ﬁg'm(p)—k)h(ﬁ(p))]Qd&dt}%

x{ E f( L2 (o) ko) A2(0.9) da} dk dx dy ds

2
s==)F

s 1 2
< Cl\/ﬁf fEf f [ (8(p) - W)(a(p))] darde i dx ds
Q JR (s-2)* Jo
+Cly/n /Q e [( oy, Mmooy 42(0,y) do i dy ds

Ci
< \/_ f f( o f | Vao-sehsa) dikh?((p)) dar dt dx ds

+CW—/ /( 2)+f (rsCuc (o)) heng(uc o)+ 2y TkAL(0,y) do dy ds

s 1 s
Clg/ﬁfQEf( )f hQ(ﬁ(p))dadtdxds+C’\/ﬁfQEf( Ax(.y)dodyds
s—2y+Jo s—2)+

< 5\/_Eff h2(t1(p)) da dt dx + C— E[A2(a y) do dy

145



Chapter IV. The Dirichlet problem for a conservation law with a multiplicative
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Moreover, as uf € L*(D) one also has u. € L*(Q2 x Q)). We get by similar calculations

| Ls|

IN

1 L ) ) RRa)) dag(t.2)o(0-2)out-sHiu(r)
S, [pl[n~<ue<a ) = kIl (e (,9)) T2 + (el 9)) = Kl (e, 0) ]
xh2(u (o, y)) do dx dk dy ds|

1

s L LR S a0 - D) daste o= o] |

X{E[ S [pi[ns(ue(a,y)) - Ko, )

IN

1
2

+pulns(uc(o.9)) = kK1i (ue(0,9)) |h* (ue(o.9)) da]Q} pun(y =) dx ik dy ds

L) { Sl )—k)h(ﬁ(p))w(t,x)pnu—s)Fdadt}z

{E Joo oy [einstuc (o)) = Kl )

[un

IN

N

) = K ) o)) |y =) ey s

fffpm(y :v){ f( f 53 Ham) -ssksan ° (11(29))da01t}é

l2
X{E‘/(\S_2)+[l4+ ]1{n~(u5(oy))§k£n5(ue(ay))+ }h (u€(0 y)) dO‘}dX dk dy dS

IN

52

C’nl2 s 1 .
f[fpm(y 33) fs_2)+f0 Liagp)-s<k<a(prh(0(p)) dor dt

+E (S_z)«}» 1{77~(u5(0y))£k’£775(u5(0 y))+2}h (UG(O- y)) dO‘} dX dk dy dS

IN

Cl2
< =

(£ [ [ 12(a) dp+ B [ 1 (u(o.9)) do dy)

— (0 as above.
n
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IV.3 Uniqueness

Thus, thanks to Fubini’s theorem and the properties of [t0’s integral, one has

lim I+ Jg = ~lim f f f E [ f 7 (Q(p) = k)R (E(p)) daw(t, ) pm(y—2) pu(t -5 )M (t)
(s-2)7

f(sz) 1[5 (ue(o,y)) = klng(uc(o,y))h(uc(o,y)) dw(o) dx dk dy ds
=i [ L LE @) R daplt 2)p (y-2)put-5)
<pu[n5(ue(t, y)) = kInf(uc(t, y))h(ue(t, y)) dt dx dk dy ds

> = [ L [ 66) - ) @) ) - )

x1p(uc(t,y))h(uc(t,y)) dp dy
f [ f '[n5(uc(t, y)) - a(p)]h(a(p))e(t, ) pm(y - =)

xifs(ue(t, 2))h(ue(t,y)) dp dy.

Therefore, we get

llimI6+J7+[7+J8

= lEff flpm(y—x)¢(t 2)n5 (n5(ue(t,y)) - a(p))
[hQ(U(p)) 200 (p) (e (£, )Y (uc(t, y)) + {nj[uc(t, ) [uc(t, y)]}*] dy dp
B [ [ ) LR0) ~ 15 () )~ ) (1) v

- L [ [ [ oottt st -a6)

< {h(a(p)) - n{uc(t. ) hluc(t.y)]} dy dp
w8 [ ) - 0)mla0) - rsCu ()

x[h(uc(t,y) = h(0) P pm (y = 2)p(t, ) dy dp

= 38 [ oty ot i (t.0) - 80)

x{h((p)) ~sgng (uc(t,y)) hluc(t,y)]}” dydp
38 [ oty =00t () = 60) {(a(0)) - AL 1.1 dydp

- 0
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and limsupszlimy , [g + J7 + I7 + Jg < 0. Combining all the estimates yields :

0 < [15-10)" - G5Je00) dx- 8 [ [TEa(0)Velt.0) dp + lim E(s0n)
B [ [ ) - 0) - 610 0) da s d(x)
[ [ seni (D)= E( (12, 8) ~E@)IT (1) dadBd(1.x).

1.€.

0 < /D(uo—ﬁg)+go(0,x) s+ lim £(p6,)
B [ [ 5 - 8 0) p(t.) da d d(e.x)
B [ s (e 9) -0 )[Ea(t 2 9)-F@ ()96 (1) dadFd (1),

Note that -, resp. —u, is a measure-valued entropy solution of dv = divgf:(v) dt + h(v)dw with
?(m) = —f(-x), h(z) = =h(~z) and the initial condition -7, resp. —uq, and by assuming that —u
is obtained as the limit of —u,, solution of the viscous problem dv = [eAv+divf(v)] dt+h(v)dw.
Consequently, replacing @t by -t and u by —u in the above inequality, we get the estimate (where

one denotes by z~ = (-z)*)

0 < fD(—uo—ﬁg)Jrgo(O,x) dx+lirlrrbnz(g09m)
B [ [ ] Cutta ) -0 @) due(t. o) dads d(e.x)
w2 [ seng (-utta.9)-a () [E(a(t . ) (-0 (p)ITe(r2)da 4B d(t.x)
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IV.3 Uniqueness

As, for any a,b, —sgnt (b—a) [£(b) - f(a)] = —sgn{ (b—a*) [£(b) - £(a*)] +sgng (—a - b-) [f(a) -
f(~b-)] and (b-a*)* + (-a—b")* = (b-a)*, we find that

0 < L(ﬂo—u0)+g0(0,x) dx
+E[Q/(;1[01(ﬁ(p)—u(t,w,ﬂ)f@tgp(t,x) da dg d(t,x)

‘E/C;folfolsgna (a(p)-u(t,z, B))[f(a(p))-f(u(t, z, 3))]Ve(t, z) dadBd(t, x)
+1im £(p6,,) +lim L(¢0,,).

Now, let ¢ € D*([0,T[xB), then ¢ = 0,0+ (1 -0,)¢ and 0,0 € D*([0,T[xD) for n sufficiently
large.

Then, applying the local Kato inequality with 6,,¢ and the global one with (1 -6,,)¢, yields
0 < [ (0= u0) p(0,2) dx
+Efo01/01(ﬁ(p) —u(t,z, ) Ot z) dar dB d(t, x)
B [ [ seni (80) -t ) E(a(0) (e, )] o(t ) dadd . x)

~

+1im L((1-0,)0,,) +lim L(p(1-6,,)0,,).
As £ and £ are linear operators and 6,0,, = 0,, if m is large, one gets that

lim £(p(1 - 6,,)0,,) +1lim £(p(1 - 6,,)0,,)
= lim £(p0,,) — L(p0,) + lim Z(00,) — £(i0,,)

and lim,, lim,, £(¢(1 = 6,,)6,,) + lim,, lim,, £(¢(1 - 6,,)6,,) = 0.
Thus, the global Kato inequality holds for any ¢ € D*([0,T[xB), and by using a partition
of unity, it holds for any ¢ € D*([0, T[xR9).

Especially, if ¢ € D*([0,T]), we obtain

0 < L(ﬁo—uo)+¢(0,x) dX+E[Qf01[01(ﬁ(t,x,a)—u(t,x,ﬁ)fGtgp(t,x)dadﬂd(t,x)

and the Kato inequality holds.
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3.3 Uniqueness and stability

Proposition 3.7 The measure-valued entropy solution of (0.1) with initial data ug in L?(D)
is unique. Moreover, it is the unique entropy solution and any entropy solution is obtained as

the limit of a sequence of solutions to some viscous problems.

Proof. If 4y = ug, the sequel of the proof of the Kato inequality yields

EfonDfolfol(ﬁ(t,x,a)—u(t,x,ﬁ)y da A d(t,x) < 0.

As mentioned above, though the roles played by 1, u are not symmetric, it is easy to note
that —1, resp. —u, is a measure-valued entropy solution of dv = divf(v) dt + h(v)dw with
gE(gv) = —f(-x), h(z) = —=h(-z) and the same initial condition —ug. Moreover, if u is obtained
by viscous approximation, then so is —u. Consequently, by replacing & by —1 and u by —u in

the above inequality, we get the estimate

EfOTfoolfol(—ﬁ(p)+u(t,x,5))+ da dB d(t,x) <0,
ie. EfonDfolfol(ﬁ(p)—u(t,x,ﬁ))‘ da A d(t,x) < 0.

This proves that u(p) = u(t,x, ) for a.e. (t,x) € @ and (a, ) €]0,1[? and the result holds. O

A direct consequence is the following contraction principle:

Proposition 3.8 Ifuy, uy are entropy solutions of (0.1) corresponding to initial data uy o, us €

L2(D), respectively, then, for any time t,

E f (ug —ug)"dx < f (u1,0 —u20)" dx.
D D

Remark 3.9

. As mentioned in BAUZET-VALLET-WITTBOLD [14/, if one is concerned by the modeling of
fluid flow in porous media and if u has to be a saturation, then one gets that 0 <u <1 as soon
as it is the case for the initial condition ug and if the support of h is contained in [0,1]. Indeed,
thanks to the Ito formula, this mazimum principle is direct for the viscous solutions u., then it

s conserved at the limit for u.
. The operator T': ug = u can be extended from L?>(D) to L'(D).
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Chapter V

On a splitting method for a stochastic
conservation law with Dirichlet boundary

condition & numerical experiments

N this chapter, we present a numerical scheme for a first-order hyperbolic equation of non-
linear type perturbed by a multiplicative noise. The problem is set in a bounded domain of

R4 and with homogeneous Dirichlet boundary condition. Using a splitting method, we are able
to show the existence of an approximate solution. The result of convergence of such a sequence
is based on the work of BAUZET-VALLET-WITTBOLD [13] presented in Chapter IV, where the
authors used the concept of measure-valued solution and Kruzhkov’s entropy formulation to
show existence and uniqueness of the weak entropy solution. Then, we propose numerical exper-

iments by applying this scheme to the stochastic Burgers’ equation in the one-dimensional case.

1 Introduction

We are interested in the formal stochastic nonlinear conservation law of type:
du + div f(u) dt = h(u)dw in 0, T[xD x Q, (1.1)

for an initial condition uy and with homogeneous Dirichlet boundary condition.

One assumes that D is a bounded domain of R? (d > 1) with a Lipschitz boundary if d > 2,
T a positive number, @ =]0,T[xD and that w = {w;, F;;0 <t < T} is a 1-D standard adapted
Brownian motion defined on the probability space (€2, F, P). Moreover we suppose that :

H;: f:R - R?is a Lipschitz-continuous function with £(0) = 0.
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Chapter V. On a splitting method for a stochastic conservation law with Dirichlet
boundary condition & numerical experiments

Hy: h:R - R is a Lipschitz-continuous function with h(0) = 0.
Hs: up e L>(D)n BV (D)'.

Hy: There exists M > 0 such that supph c [-M, M].

1.1 Former results

Only few papers have been devoted to the study of numerical experiments for stochastic con-
servation laws. Let us cite the paper of HOLDEN-RISEBRO [49] where an operator splitting

method is proposed to prove the existence of pathwise weak solutions to the Cauchy problem
du+ f(u).dt = g(u)dw in Qx]0, T[xR.

The operator-splitting approach has also been studied in [15] by BENSOUSSAN-GLOWINSKI-
RASCANU, where the authors are interested in approximating stochastic partial differential
equations of parabolic type by some iterative schemes suggested by the Lie-Trotter product
formulas. The convergence of the operator-splitting method is based on the continuity of the

considered operator, which does not hold in our case.

Concerning the Cauchy problem for a conservation law with multiplicative noise, FENG-NUALART
[41] introduced a notion of strong entropy solution in order to prove the uniqueness of the en-
tropy solution. Using the vanishing viscosity and compensated compactness arguments, the

authors established the existence of strong entropy solutions only in the 1D case.

In the recent paper of CHEN-DING-KARLSEN [27], the authors proposed a generalization of the
work of FENG-NUALART: they considered a multi-dimensional stochastic balance law:

0,(t,x) + V.f(u(t,x)) = o(u(t,x))0O,W(t), xeR? t>0,

with initial data u(0,x) = up(x). They identified a class of nonlinear balance laws for which
uniform spatial BV bound for vanishing viscosity approximations can be achieved. Moreover
they established temporal equicontinuity in L' of the approximations, uniformly in the viscosity
coefficient. In details, they proved that this stochastic problem is well-posed by using a uni-
form spatial BV-bound. They also proved the existence of strong stochastic entropy solutions
in LPn BV and developed a “continuous dependence” theory for stochastic entropy solutions in

BV, which can be used to derive an error estimate for the vanishing viscosity method. Various

fwhere BV (D) denotes the set of integrable functions with bounded variation on D.
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further generalizations of their results are discussed.

In the work of KROEKER-ROHDE [55] the authors are interested in a method of handling the
finite volume schemes for the approximate solution of the Cauchy problem for an hyperbolic
balance law with random noise. For a class of monotone numerical fluxes they establish the
pathwise convergence of a semi-discrete finite volume solution towards a stochastic entropy
solution. The main tool is a stochastic version of the compensated compactness approach. It

avoids the use of a maximum principle and total-variation estimates.

Using a kinetic formulation, DEBUSSCHE- VOVELLE [32] proved the first complete well-posedness
result for multi-dimensional scalar conservation laws set in a d-dimensional torus and driven
by a general multiplicative noise. As an extension of this work, in a recent paper HOFMANOVA
[48] presents a Bhatnagar-Gross-Krook-like approximation to this problem. Using the stochas-
tic characteristics method the author establishes the existence of an approximate solution and

show its convergence to the kinetic solution of [32].

By the way of the theory of Young measure-valued solutions, BAUZET-VALLET-WITTBOLD [14]
proved a result of existence and uniqueness of the solution to the multi-dimensional Cauchy
problem in L2(2x Q). Since the method consists in comparing a weak measure-valued entropy
solution to a regular one (the viscous solution in our case) and not to a strong one, the authors

could consider very general assumptions on the data.

In BAUZET-VALLET-WITTBOLD [13] the authors investigated the Dirichlet Problem for equa-
tion (1.1) with the initial condition ug in L?(D) and under assumptions H; and H,. They
proved a result of existence and uniqueness of the stochastic entropy solution by using the
concept of measure-valued solutions and Kruzhkov’s semi-entropy formulations. In the present

work, we will use their theoretical results.

1.2 Goal of the study

Our aim is to revisit and generalize the splitting method introduced by HOLDEN-RISEBRO [49]
for the same conservation law but in a bounded domain of R? and prove that the pathwise
weak solution they obtained is an entropy weak solution and that the whole sequence of ap-
proximation converges. The idea is to complete the work of BAUZET-VALLET-WITTBOLD [13]
presented in Chapter IV by numerical experiments using their theoretical study. For technical
reasons, we need to assume the additional hypothesis on the data Hz and Hjy.

The chapter is organized as follows. In Section 2, we recall for convenience the notion of
stochastic entropy (resp. measure-valued entropy) solution for (1.1), in particular the way we

consider the boundary conditions in Chapter IV, and our main result. In Section 3, we present
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a splitting method for the stochastic conservation law (1.1) which allows us to construct an
approximate solution. Then, we introduce an entropic formulation satisfied by such a sequence.
Using Young measure compactness arguments, one shows that this approximate solution tends
to a measure-valued entropy solution of (1.1). The theoretical study of (1.1) in Chapter IV
allows us to conclude that this limit is the unique stochastic entropy solution of (1.1). Fi-
nally, in Section 4, we propose a numerical application with the stochastic Burgers’ equation
in the one-dimensional case. We introduce the scheme used and present simulations of solution

obtained for different initial conditions by the free software Scilab.

Remark 1.1 Recall that weak and entropy solutions are not smooth solutions, thus, trace has
to be understood in a weak way. We followed the approach of CARILLO [23] which consists in
formulating the boundary condition implicitly via global integral entropy inequalities involving

the semi-Kruzhkov entropies.

1.3 Notations

Consider BV (D) the set of integrable functions with bounded variation on D endowed with
the norm |v| gy (py = |v|r1(py + TVz(v), where TV, (v) denotes the total variation of v on
D (see EVANS-GARIEPY [39] for example).

For a given separable Banach space X we denote by N2 (0,7, X)) the space of the predictable
X-valued processes. This space is L2(]0,T[x2, X) endowed with the product measure
dt ® dP and the predictable o-field Py : i.e. the o-field generated by the sets {0} x Fy
and the rectangles |s,t] x A for any A € F, (we refer the reader to DA PRATO-ZABCZYK
[30]).

We denote by £* the set of nonnegative convex functions n in C>!(R), approximating the
semi-Kruzhkov entropies x — x* such that n(x) = 0 if <0 and that there exists § > 0
such that n'(x) =1 if x > 4.

Then, one denotes by £~ the set {1 :=n(-), ne&*}; and, for the definition of the entropy

inequality, consider the sets

A* = {(k,o,n) eRxD (R x &Y, k<0= peD"([0,7] x D)},
AT = {(k7<p777)7 (_k7¢7ﬁ)€A+}7
A = ATUA-
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and the function F"(a,b) = [ ' (o - b)f'(0) do, defined for ne &+ U &
b

2 Existence and uniqueness result

Let us recall the definitions and the result introduced in Chapter IV. For any function
of N2(0,T,L*(D)), any real k and any regular function 7, denote P-a.s. in Q by p,, the
distribution in R%!, defined by

pi@) = [ n(uo=k)e(0)dr+ [ n(u= K)o+ F7(u, k)9 ot

+fOTLn’(u— k)h(u)pdrdw(t) + % —/th(u)n"(u— k)edxdt.

Definition 2.1 Entropy solution
A function u of N2(0,T, L*(D)) is an entropy solution of the stochastic conservation law (1.1)
with the initial condition ug € L?(D) if ue L=(0,T,L*(2, L?>(D))) and

V(k,p,m)ehA, 0<pp(p) P-as. (2.1)

Remark 2.2 Any entropy solution is, P-a.s., a solution in the sense of distributions in ) to

O [u - —/:h(u)dw(s)] + div f(u) = 0.

For technical reasons, as in Chapter IV, we also need to consider a generalized notion of entropy
solution. In fact, in a first step, we will only prove the existence of a Young measure-valued
solution. Then, thanks to a result of uniqueness, we will be able to deduce the existence of an

entropy solution in the sense of Definition 2.1.

Definition 2.3 Measure-valued entropy solution
A function u € N2 (0,T,L*(Dx]0,1[)) n L= (]0,T[, L?(2 x Dx]0,1[)) is a (Young) measure-
valued entropy solution of (1.1) with the initial condition ug € L*(D) if

1
V(k,p,m)eh, 0< f tnk(p) da P —a.s. (2.2)
0

And the main result of Chapter IV is
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Theorem 2.4

Under assumptions Hy — Hy — H3 there exists a unique measure-valued entropy solution in the
sense of Definition 2.3 and this solution is obtained by viscous approximation.

It is the unique entropy solution in the sense of Definition 2.1.

If uy, uy are entropy solutions of (1.1) corresponding to initial conditions uy g, usg € L*(D),

respectively, then, for any t in [0,T]

E fD (s (£) - ua(t))* dx < [D (10— o) dx.

3 Splitting method

3.1 Introduction

Our aim is to approximate Problem (1.1) under the assumptions H; to Hs. As proposed by
HOLDEN-RISEBRO in [49], we introduce a method to split the effect of the source term, this
technique allows us to construct a sequence to approximate the solution of (1.1). In few words,
this approach is based on considering the equation in two parts, solving first a stochastic
differential equation, and then using the obtained solution as an initial condition for a scalar
hyperbolic conservation law without source term. As an extension of [49], we propose in this
paper to generalize their estimates on the approximate sequence to the bounded d-dimensional
case, in the idea of CHEN-DING-KARLSEN [27] concerning BV estimates. Following the idea
and notations introduced in [49] we define here two operators for s, ¢t € [0,7].

Let R(t,s) be the operator which takes a number % to the solution u at time ¢ of the stochastic

{ du(t)
u(t =s)

ieu(t) = R(t,s)i =T+ ft h(w)dw.

And S(t-s) denotes the i)perator which takes an initial function u(x, s) at time s to the weak

differential equation, V¢ € [s,T]

h(u)dw(t)

U,

(3.1)

entropy solution u at time ¢ of the conservation law

duu+divE(u) = 0 in 10, T[xD,
"y o= 0" on ]0,T[xdD, (3.2)
uw(t=s) = u(zx,s),
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i.e u(x,t) =S(t-s)u(x,s).

Remark 3.1 Let us precise that thanks to the assumptions on the data, both R and S are
well-defined.

Let us introduce for the sequel of the chapter, useful results of such operators.

Lemma 3.2 Consider s € [0,T]. Then P-a.s and for all t € [s,T], R(t,s) will take [-M, M]
into itself and be the identity outside this interval, where M >0 is defined in Hy.

Proof. Consider the process u defined for all ¢ € [s,T] by u(t) = R(t,s)u(s). Applying the
It6 formula to a regular function ¥ independent of the time variable ¢, vanishing in [-M, M|

and increasing outside this interval, one gets, P-a.s:

| —

V() = W)+ [ wu@)do+ [0 (u(0)h(u(e)) du(o)

=0 =0

t5 [ Walw(o))R2(u()) do, Vie[s.T].

=0

Consider w € Q, where Q is a full measure subset of Q and t € [s,7'] . Thus, if u(s,w) € [-M, M],
U(u(s,w))=0="(u(t,w)) and u(t,w) € [-M, M]. Else, U(u(t,w)) = ¥(u(s,w)), by injectivity
of ¥ in R-[-M,M], u(t,w) = u(s,w) and R(t,s) = I,. O

Lemma 3.3 Consider s € [0,T], vo € L2(2 x D) a Fs-measurable process such that
E[TV,(vy)] < oe.
Define the process v for all t € [s,T] by v(t) = R(s,t)vy. Thus for all t € [s,T]
Elo®)|svp) < Elvol v (p).

Remark 3.4 Let us mention that using the lower semi continuity property and the positivity
of the total variation TV, on L'(D), for all v in L*(Q2 x D), E[TV,(v)] has a sense.

Proof. Consider s € [0, 7] and let vy € L2(Q2xD) be a F,-measurable process with E[T'V,(vg)] <

oo. Define for all ¢ € [s,T] v(t) = R(s,t)vy and consider 7s a regular approximation of the ab-

solute value function with 7§ a mollifier sequence satisfying supp(ny) c [-0,0], § > 0. Applying
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It0’s formula with the process v and the function 7s, one gets by taking the integral over D

and the expectation, for every t € [s,T]

E/Dng(v(t))d:x:E[jn(;(vg)dm+%Eﬁ)fstng’(v)hQ(v)dadx.

Passing to the limit on ¢ to 0 to get for every t € [s,T']

Elv(t)| L1y = Elvoll (-

Let us recall a classical result on approximation of BV functions in the deterministic setting,
referring the reader to EVANS-GARIEPY [39]. For every w € BV (D), there exists an approx-
imate sequence (w¢). ¢ C*(D) n BV (D) such that w, converges to w in L*(D). One is also

able to assert the following inequalities, for every € >0

|lwgl vy < Jwolzipy +1, (3.3)

TV, (wf) < TV(wp) + 4e.

For technical reasons in the present proof, one needs to work with Hilbert space, thus using the
same notation we consider by a regularization process that w§ is also in W12(D)T and satisfies,

for every € >0

lwillrpy < Jwolzipy +1+e,

TV (wi) < TVy(wp) + de.

Notice that in our case, vy € L'(2x D) and E[TV,(vg)] < oo, thus P-a.s, vg € L'(D)n BV (D).
P-a.s, the deterministic regularization process holds and v§ - vy P-a.s in L'(D). Then this
convergence holds strongly in L'(2 x D) using (3.3) and the dominated convergence theorem.

By Remark 3.4, we finally have:
E[TV,(v5)] < E[TV;(vo)] + 5e. (3.4)

Now we need estimate on 0,,v. in order to obtain BV estimate for v. Let us define for all ¢ in
[s,T] ve(t) = R(s,t)vs. Applying Itd’s formula to the process d(ve —v) = [h(ve) — h(v)]dw and

"WL2(D) denotes the set of functions u in L?(D) such that d,,u € L>(D), for all i € {1,...,d}.
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the function 7s, taking the integral over D and the expectation, we obtain for every t € [s,T']

E/ ns(ve —v)(t)dx = Ef ns(vG — vo)dx + E// ni (ve = v)[h(ve) = h(v)]*dodz.

Passing to the limit on ¢ to 0 to get for every t € [s,T']

Ell(ve =v)(#) |10y = Ellvg = vol 1 (py-

Thus, for every t € [s,T], v (t) - v(t) in L'(Q2 x D).

As P-a.s and for all t € [0,T], v.(t) = ve(O)+ft h(ve)dw in W12(D), using the linear-continuity
of the derivation operator d,, : WhH2(D) . L?(D) for all i € {1,...,d} and the chain-rule
derivation formula, we get for all i e {1,...,d} 0,,v.(0) = 0,,v§ and:

t
D, 0(t) = Dy0e(0) + 0, [ h(ve)dw
0

t
0,.0.(0) + / 1 (0),,vedw, in L3(D).
0

Applying It6’s formula with such a process and the function ns to get that, after taking the

integral over D, the expectation and passing to the limit on ¢, for all ¢ € [s,T]

Ef |02, v|dx = Ef |0, v5|d2 < o0. (3.5)
D D

Thus, for all ¢t € [s,T'] and P-a.s, v.(t) € BV(D). Asv.(t) - v(t) in L'(Q2x D), for a subsequence
denoted in the same way, for all ¢t € [s,T] and P-a.s, v.(t) - v(t) in L'(D). According to
MALEK-NECAS-OTTO-ROKYTA-RUZICKA [60] p.36, we thus have for all ¢ € [s,T'] and P-a.s

TV, (v(t)) < limeinfTVx(m(t)).

Using again Remark 3.4, for all ¢ € [s,T], TV,(v(t)) is measurable with respect to the proba-
bility measure P. Consequently, taking the expectation, using Fatou’s Lemma, (3.5) then (3.4),
one gets that for every t € [s,T]

E[TV,(v(t))] < liminf E[TV:(ve(1))] = liminf E[TV,(v5)] < E[TV:(v0)],

and the result holds. O

From the general theory for scalar conservation law, let us now introduce properties satisfied
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by the operator S(.).

Lemma 3.5 Let uge L>*(D)n BV (D), t >0, and u(t) = S(t)ug. Then:

i) For almost every t > 0,

[u(®)] =0y < o] =(p).

ii) There exists a constant C' >0, such that for all ty,t5 € [0,T]

fD [ty z) - u(ts, 2)|dz < Cluo] gy mylts — tal.

i11) There exists a constant ¢ depending only on the geometry of the boundary 0D of D, such
that for all t € [0,T]

lu(t, ) svpy < (1 +ct)|uol By (pye”

where K3 denotes the Lipschitz constant off'.

Proof. These results are classical ones and the proof would be outside the scope of the
present work, we refer the reader to MALEK-NECAS-OTTO-ROKYTA-RUZICKA [60] but also to
GAGNEUX-MADAUNE [42] for detailed explanations. These results are obtained by the study
of viscous solutions. Let us mention the work of PEYROUTET [63] which gives us precisely the

expression and also the dependence of the constants introduced in this lemma. O

3.2 Construction of the approximate solution

Let us now explain the construction of the approximate solution as introduced in HOLDEN-
RISEBRO [49]. We consider a positive integer N, denote by A = % and split the time interval
by denoting ¢, = nA, n € {0,..., N} each point of the time discretization. For each step of

discretization A, we consider the function

un () it t=t,
R(t,tn)u”(x) if te]tn7tn+1[7

ut(t, ) = {

160



V.3 Splitting method

where the sequence (u"),.y is defined by

{ u®(x)
untt(x)

For convenience in the sequel, let us introduce some notations.

()
S(A)R(tps1,tn)u(z).

Notations: Vn e {0,...,N-1},t€[0,7] and z € D:
o u(x) := R(tys1,tn)u™(x), Yne{0,...,N -1} and x € D.
o U(t,x) = S(t—t,)R(tys1,tn)u™(z) = S(t - t,)ur*(x).

Proposition 3.6 (A priori estimate)
There exists a constant My independent of n and A such that P-a.s and for all t € [0,T]

[u? ()| = (py € My = max(M, |[uo| L= (p))-

Proof. Let us mention that the construction of 42 is done by induction, so the proofs of the
associated results also rely on inductive reasoning. Consider n € {0,...,N — 1}, and u™*! =

S(A)urtt. Thanks to Lemma 3.5 i),

[ 2oy < [

+1HL°°(D), P-a.s.
Moreover, thanks to Lemma 3.2, P-a.s and Vt € [t,,,t,41]
HR(tatn)un”L“’(D) < mal"(M, HunHLm(D))

and particularly for ¢ = t,,1, one has P-a.s

H R(tn+1> tn)un HL‘” (D)
maz (M, [u"| L= (D))

maz (M, [u’] Lepy) = M.

|[u™ | Loy

IN

IN

Notice that the construction of u® is countable, so P-a.s, for all ¢t € [0,7] and all possible

discretization parameter N € N*:

Ju(t, Y=oy < My,
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where M; does not depend on A and the result holds. O

Proposition 3.7 (BV(D)-bound)
There exists a constant My such that for everyie{0,...,N}:

E|u'|svpy € Ma|uo| sv(p)-

Proof. Consider i€ {0,...,N —1}. As v’ = S(A)u’, and u’ = R(t;,t;_1)u*"!, using Lemma 3.5

then Lemma 3.3 one gets
Ellu'|pv(py < (1+cA)e 2 Elul | py(py < (L+cA)e 2 Blu™" | gy (p),
a reasoning by induction gives us
Bl pv(py < (1+cA) e s> Elluo| pv(p)-

Elementary calculations leads to (1 + cA)? < % < el thus My := eT el O

Let us introduce a lemma on the increment of u®, useful for the sequel.

Lemma 3.8 Letne{l,...,N} and consider t € [t,,t,1[. Then:

E / U (tn1, ) = u (1, 2)|de < OMyAuo| gy (py + CVA,
D

where C' is defined in Lemma 3.5 i), My in Proposition 3.7 and C only depends on h, M and
mes(D).

Proof. Let ne{l,...,N} and consider ¢t € [t,,t,,1[. For all x € D,

u®(t,x)

R(t, tn)u™(z) = u™(z) + /t : h(u®(0))dw(o)

u® (tps1, ) u™ ().
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Thus,

E[|uA(tn+1,:r)—uA(t,x)|d$ < E/|u"+1(x)—u”(a:)|d:v
D D

v8 [ ) [ " h(u (o)) dw(o)|dz.

EfD]u"“(x)—u”(xﬂdx < E/D|u”+1(:c)—u”+1(x)\+|u"+1(x)—u”(x)|d:c
_ B / 1S(A)um (2) = w1 ()] + [R(ber, b)) () — 0 ()| dx

<t ECA|™ gy + E f | f (s, 2))dw(s)|dz
<t OMyAluolsvip) + E [D | ft h(u® (s, 2))dw(s)|dz.
And it remains to show that

E[|f (u™(s, 7)) dw(s)|dx+E/|[ h(u® (s, 2))dw(s)|dz < OVA.

Notice that |t, —t| < A, thus
t t 1
B[] [ b (s o) du(s)de < \/mes(D)(Ef|f h(uA(s,x))dw(s)Fdx)
D Jt, D Jty

=8 /mes(D) (EL[: hz(uA(s,x))dsdm);

< COVA,

where C” only depends on mes(D), M and Cj, the Lipschitz constant of k. Similarly one shows
tn+ ~ ~ ~
that Ef ][ 1 h(u® (s, z)dw(s)| < C'VA, and so C = 2C". m
D' Jt,

*Lemma 3.5 ii)

"Proposition 3.7

fCauchy-Schwartz inequality on Q x D
STt6 isometry
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3.3 Entropy formulation

We follow the idea of PEYROUTET [63] for introducing the entropy formulation satisfied by the

approximate solution. In order to do this, consider
u(t,z) = S(t—t,)u"*(x)

and write the entropy formulation satisfied by such a solution. In order to be compatible with
the Definition 2.1, as in Chapter IV we consider boundary conditions in the way CARILLO [23]
introduced them. Using notations of Section 1.3, as a weak entropy solution of a conservation

law, U satisfies the following condition, Y (k,¢,n) € A :

S 0 = Re(t)dr = [ n(@i(tan) =Bt do

tn+1
+[[ (T - k) + F'(T k) Vedtde > 0. (3.6)
D Jty

We would like to approximate this formulation. The idea is to introduce in (3.6) informations
coming from the initial condition @(¢,). We consider (k,¢,n) € A and denote for s € [t,, t,1],

v(s) := R(s,t,)u™ the solution in (t,,t,,1) of the stochastic differential equation

{ dv = h(v)dw

v(t=t,) = um

Applying the It6 formula to the process v and the regular function W (¢, A\) = n(A - k), one gets
P-a.s:

Wt =1 = n(e(t) -1+ [ - D))
% ft () - )R (u(t) ).
Remark that v(t) = uA(t) for all ¢ € [ty, tyu[ and v(ty) = T(4,), in this way, P-a.s:
f (@, ) - k) p(t, @) d - fD (U (b, ) — k)@ (ta, 2)da
f f (P (4, 2) = K)h(ul (1 2) ) dw () o (t, 7)dz

g Jy [ ) - )t
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Moreover,
fD D@ (ts1, 1) = K)o (bnsr, 2)da = [3 D2 (b, ) = B)(tne, 2)de.
Thus one first gets, for any P-measurable set A
E( [ ) = Ryttt [ n(uA(tml,:L’)—k)go(tn+1,x)d:)31,4)
+E( [ " n'(uA(t,x)—k)h(uA(t,x))dw(t)go(tn,x)dxlA)
+%E( i /tt (U (4 7) —k;)hQ(uA(t,x))dtgo(tn,x)dmlA)

+E( Ii j G 7) - Bt 3) + Fn(az(t,a;),k)w(t,x)dtdm)

> 0.

tnet
We propose to approximate E(f f 1 n(@(t, z) - k)pi(t, x)dtdrl ) by
D Jt,

tn+1
E(fD ft n(u"t - k). (t, z)dtdr1 1) making an error only of order A2. Indeed,

tn+1 tn+1
\E( [ ) -wrde = [ [ nrt - Kygudir )

< B [ [ ) - k) -0t - B pddeds
< Cladat [ ft ") - un dbda
As
e[ o [ty - wtaar = B [ TS~ )™ = St — ta)u™ ot
<t C [ = tal oyt

tn+1
<t C’/t |t—tn+1|||U0HBV(D)dt

< Cluolavp)A?,

In the same way, one shows by using the Lipschitz-continuity of F"(., k) that
tn+1
E([ / F(u™(x), k)Vedtdzl ) is an approximation of
D Jt,

tn+1
E(f f F'(u(t,x), k)Ve(t,x)dtdxl,) also with an error of order A2.
D Jt,
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Finally we obtain by summing over n

E( Z: fD ftt (U (tyer, ) = K)ot ) + F”(UA(th,x),k)th(t,x)dtdmlA)
+E( ié[D ﬁ:nﬂ 0 (U (t,x) - k)h(u?(t, x))dw(t)gp(tn,x)dxlA)
+%E ( nz: Ii ft T A () - R (A (T, x))dtgp(tn,x)dmlA)

emes(A) [ ntuo(@) - K0 0)do - B [ n(uA(T0) - )p(T)dota)
D D
> —CA,
where CA tends to 0 when A does.

Remark 3.9 For technical reasons, we keep the term [, n(@(tps1) —k)@(tns1)dx in the entropy
formulation (3.6), in order to vanish two by two terms when we do the summation over n
with [, n(u(t,) - k)e(t,)dx. Then, last term of the sum: E([,n(u(T) - k)p(T)dzl,) is

nonnegative and we remove it from the inequality.

3.4 Convergence of the approximate solution

Our aim is to pass to the limit with respect to A in the following inequality:

E(nzo1 [D [t:n+177’(uA(t,x)—k)h(uA(t,x))dw(t)gp(tn,x)dxlA A

Iy

N-1 ton
+%E(fo (A (1) — k)R (™ (4, 7)) dto (b, ) d ] o
n=0 D tn
Nl tp+1
+E(Z// N(uP (tper, ) = k) (t, x)dtdel 4| = I
n=0 4D Jitn

N-1 tnsl
+E(fo P (0P (tner, ), k) Vo(t, 2)dtdel s | = ID
n=0 D tn
#mes(4) [ n(uo(a) - K)p(0.)de >TA, (37)

where A is a P-measurable set. We use the notion of narrow convergence of Young measures

(or entropy processes). Then thanks to the uniqueness result of Section 2, we will be able

"Lemma 3.5 ii)
tProposition 3.7
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to prove that the measure-valued limit is an entropy solution in the sense of Definition 2.1.
Since (u?) is a bounded sequence in L= (Q x ), the associated Young measure sequence (u®)
converges (up to a subsequence still indexed in the same way) to a Young measure denoted
ue L>=(Q x 2x]0,1[). Furthermore, according to BALDER [7] and also to VALADIER [73], for

any Carathéodory function ¥ such that ¥(.,u?) is uniformly integrable:

1
E/Q U(u?(t,z))dtde - E‘/Q f U(u(t,z,a))dadtdr when A - 0.
0

Moreover, revisiting the work of PANOV [61] on the measurability of u with respect to all
its variables, one shows that as u® is a predictable process with values in L?(D), u is in
NZ2(0,T,L2(Dx]0,1[)). We refer the reader to the Appendix 2 Section 3 for detailed explana-

tions to obtain this measurability.

Let us consider separately terms of (3.7) and analyze passage to the limit A - 0 for each
term. In order to make the lecture more fluent, we omit the variable (t,2) when no confusion

is possible.

I _)E(./z‘) /;Tfoln’(u(a)—k)h(u(.,a))da@dw(t)dxlA) = 1.

-l = 1B(X [ [ e - Ol
+E(fD [JT [n'(uA—k)h(uA)—[Oln'(u(.,a)—k)h(u(.,a))da] gp(t)dw(t)dxlA)|

_|7A A
= |1171+[172.
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1l = |E( - [ t"”n’(uA—Mh(uA)[so(tn)—so(t)]dw(t)d:cu)|

e B L s ) - el ) d“r
i o 0 E fD ft t [n’(uA—k;)h(uA)[go(tn)—go(t)]]thdx]Q
<Oy |B [ [ -k () - o) ded

" | ! <CA2
< CNE_:I —E[tnﬂ mes(D)><A2dt]2
< ONfA%

= OVA-0.

Let us show that I{, - 0. Denote v® = 7/(u® - k)h(u”)p. Thanks to Proposition 3.6,
v® is bounded in L2(Q x Q) and there exists v € L2(Q x ) such that v2 — v in the
same space. Moreover, ¥ : (t,x,w,\) = n'(A=k)h(N)p(t,z), (t,x,w,\) e @ x QxR is a
Carathéodory function and W(.,u?) is uniformly integrable as it is bounded in L?(Q x(2).
By identification, v = fol U(u(.,@))da. Furthermore, for all ¢ € [0,T],

I LA(QxQ) - L*(DxQ)
u '/Otﬂ(t,x,w)dw(t)

is a linear continuous function, and so it is a weakly continuous function from L2(Q x Q)

*Cauchy-Schwarz inequality on Q x D
'Tt6 isometry
Jensen inequality
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to L2(D x Q). Consequently, I;(v2) - I;(v) in L2(D x ). In this manner,
E(/; ];Tn'(uA - k;)h(uA)godw(t)dxlA)
- E(L —/;T'/Oln’(u(.,oz)—k’)h(u(.,a))dagodw(t)dxl,q),

and |I{] - 0.

2. I > %E(/C; /(:ln"(u(.,a) - k)h2(u(.,a))d04g0dtdx1,4) = Iy,

-l = 5E(X [ [ - e - o0 )
+E(fQ[n”(uA—k;)hQ(uA)—foln”(u(.,a)—k:)hz(u(.,a))da]go(t)dtd:clA)|

1
= §|[2A,1 + 12%2].

N-1 tnil
55 < E(Z [ |n”(uA—k)h2(uA)[go(tn)—cp(t)]|dtdw)
n=0 n
N-1
< CY A
n=0
< CA-0.

Note that U(t,z,w,\) = n""(A = k)h?(N)p(t,x)14 is a Carathéodory function such that
W(.,u?) is uniformly integrable, thus I3}, — 0 and the result holds.

1
3. I3A - E(‘/Q / 77(11(,04) - k)d&gptdtdlﬂlA) = [3.
0

B < ‘E(Nz IS tm[n(uA(tml)—k)—n(uA(t)—k)]%dtdfle)
E(fQ[n(uA—k)—[Oln(u(.,a)—k)da]@tdtdazlA)

= |I?f1| + |[3f2|~

+

169



Chapter V. On a splitting method for a stochastic conservation law with Dirichlet
boundary condition & numerical experiments

N-1 [
13 < E(z L/ |n(uA<tm1>—k>—n<uA<t>—k>|.|sot|dtdx1A)
n=0 n
N-1 tn+1
< CEY fD ft 02 (b)) — u® (1) |dt .
n=0 n

On the other hand, one shows in the proof of Lemma 3.8 that
E fD 2 (ba1) — 0 (8)|dz < CMoA o] vy + CVA

where C' is defined in Lemma 3.5 ii), M, in Proposition 3.7, C only depends on h, M; and
D. Finally, [I3] - 0. Let us now show that I, - 0. We consider the Carathéodory
function W(t, z,w,\) =n(A=k)pi(t,2)14. As previously, ¥(.,u?) is uniformly integrable

and

1
E'/n(uA—k:)gptlAdtdm»Eff n(u(., ) - k)dogp,1 adtdz.
Q QJo

1
4. I —>E([Q[ F”(u(.,a),k)danodtdxlA) =1y
0

A1 < ‘E(]:Zj fD ft o [F”(uA(th),k:)—F”(uA(t),k:)]Vgp)dtdxlA)
E( fQ [F"(UA(t),k)— JA 1F”(u(.,a),k)da] VgpdtdxlA)

= |[f1’ + |Lﬁ2|-

+

As previously, one shows that | ﬁ1| — (0 using the Lipschitz-continuity of F7(.,k) for all
keR. And as V(t,z,w,\) = ka n' (o —k)f'(c)doVply, is a Carathéodory function with
U(.,u?) uniformly integrable, one gets that I ﬁQ — 0 by the way of Young measure theory.
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Finally, for all (k,¢,n) € A and for any P-measurable set A:

E([D fOTfoln'(u(a)—k)h(u(.,a))dwdw(t)dm)
+%E(/q; /;ln”(u(.,a)—k)hz(u(.,a))dagodtdxlA)
+E( fQ A l[n(u(.,a)—l{;)gpt+F”(u(.,a),k)Vgo]dadtdxlA)

+mes(A)fD7](u0(:v)—k)gp(O,x)dw

> 0.

Thus, u(., @) is a measure-valued entropy solution of (1.1) in the sense of Definition 2.3. Thanks
to the main result of Chapter IV resumed in Theorem 2.4, any measure-valued entropy solution
in the sense of Definition 2.3 is unique and is the unique entropy solution in the sense of
Definition 2.1. In this way, our approximate sequence u® of the stochastic conservation law

(1.1) converges to the unique weak entropy solution u of such a problem.

Remark 3.10 Let us mention that the approximate sequence u® converges to u in L'(Q x )
thanks to the Young measure theory. Moreover, as u® is bounded in L*(Q x Q), u® converges

to u strongly in LP(Q x Q) for every 1 < p < oo, using Vitali’s theorem.

Remark 3.11 Extension in the Ri-case

Using the theoretical study of Chapter III on the Cauchy problem for Problem (1.1) setting
in R instead of a bounded domain D, one is also able to propose a splitting method in the
Ré-case to approrimate the stochastic weak entropy solution. Indeed, the book of MALEK-
NECAS-OTTO-ROKYTA-RUZICKA [60] gives us necessary tools on scalar conservation laws in
unbounded domain as in Proposition 3.5. Moreover, in order to manage integrals on R it

suffices to argue as in HOLDEN-RISEBRO [49] with compactly supported test functions.

Remark 3.12 On the choice of the splitting method

We admit that the splitting method is not a suitable choice for numerical approximation of PDE
in general, as we have to make expensive BV hypothesis. Thus an outlook of this work would
be to propose another way for approximating our stochastic conservation law, by the way of the

finite volume method for example.
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4 Numerical experiments

We propose here an application of this splitting method in the one-dimensional case to the

stochastic Burgers’ equation:
Or(u — f h(u)dw) + f(u), =0in ]0,1[x] -1, 1[xQ,
0

where f(u) = “2—2, h:R — R has a compact support in |0,1[ and is defined by

h(z) - 2e ift0<x<1 (4.1)
0 else.

Remark 1 Let us mention that in this case, although the flux function f is not Lipschitz-
continuous but only locally Lipschitz-continuous in R, we are in the theoretical framework pre-
sented in the previous section. Indeed, we work with solution explicitly bounded by a known
constant denoted My, which only depends on h and ug. The trick consists in truncating the flux
function outsides [-My, M].

The scheme relies on finite volume method. We denote by A, the time step of the discretization
of the interval [0,T], {to,...,t,} points of this discretization, A, the space step for the interval
]-1,1[ and {xy,..., 2.} the points of the associated discretization.

In a vector Uy, we put the initial condition, computed at every points of the space discretization
{0, ¥m}, Uo = (uo(21), .., uo(2m)). We denote Uj the approximate solution at time ¢; and
computed in the space point x; of our Problem (1.1). We initialize the first time denoted ¢ at
0, thus take t = 0.

1. With an Euler method (let us mention the book of KLOEDEN-PLATEN [54] for details),
we solve the stochastic differential equation (3.1) with the initial condition ug, over the
time step A;. The idea of such a method is to represent the time increment AW of
the Brownian motion by generating a random variable following a normal distribution
N(0,A¢). We thus create a vector denoted V' containing solution of the SDE (3.1) at
time ¢t = A, for every x € [-1,1]:

V = Uy + h(Up) x AW.

2. We use vector V' as an initial condition for solving the conservation law (3.2) over the
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time step A;. We use the Godunov method which seems to be a suitable choice for the
Burgers’ 1D-equation, particularly the way this scheme takes into account the boundary
conditions and the behavior of the flux function. We refer the reader to the book of
LEVEQUE [58]. We thus create a vector U = (Uy,...,U,,) containing the solution of the
stochastic Burgers’ equation at time t = ¢ + A, for every x € [-1,1]. Let us give some
details of this scheme. To compute the value U; which corresponds to the solution of (1.1)

at time ¢ + A, and at the space point x; denoted u(Ay, z;) we use the following formula:

At
U=V, - A_x(F“% - Fi1),
where
) -
Wgél%ﬂ f(U) if V; = ijl
Fz‘+% =
Vf?g)}év f(v)  else,
and
v eev; f) Vi<V,
F 1=

=

Vig}?&; f(v) else.

Remark 4.1 We consider for space points required out of the interval [-1,1] (“V_1” and
“Vins1”) the value 0 (Dirichlet boundary condition). This method is stable under the CFL

condition ﬁ—i”uo | (py < 1, for the particular case of Burgers’ equation.

3. We repeat these steps, by using U as initial condition instead of U, to compute the

solution at the next time ¢t =t + A, until reach the final time 7" = 1.

We implement simulations with different initial conditions: uf, v, u3 and ) defined below:

-3 ifx<0 5 ifz<0 ud(z) = 1-Z2arctan(z).
ul(z)={ 0 ifz=0 uy(z)=4 0 ifx=0
3 else. -1 else. u(z) = —sin(mx).
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Figure V.3 — Stochastic Burgers with u!

with the free software Scilab.
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Figure V.2 — Stochastic Burgers with u{

Figure V.4 — Pathwises for x = 0.3

To illustrate our proposal, we give, for each initial condition, a simulation of the solution in the
deterministic case (i.e. when h =0), and for the h given by (4.1), two sample path simulations.
For these three simulations, we propose to highlight the time behavior of the solutions by
drawing the pathwises of solutions at a given point z of the interval [-1,1]. We get the

following graphics with A, = 0.002 and A; = 0.001.These simulations have been implemented
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Figure V.15 — Stochastic Burgers with u

176

Time-Axis

159 —Figure V.9
~Figure V.10
——Figue V.11

Figure V.12 — Pathwises for z = -0.7

° -1.0 -0.5 0.0 0.5 1.0
Space-Axis
S O
-1 1

Figure V.14 — Stochastic Burgers with uJ

Figure V.16 — Pathwises for x = -0.5



V.4 Numerical experiments

Comments on these numerical experiments

To our knowledge, there are only few papers presenting numerical simulations of solutions of
scalar conservation laws with multiplicative stochastic perturbation. Let us mention again the
paper of HOLDEN-RISEBRO [49] where the authors made simulations with data associated to
oil-reservoirs models. As an illustration, we present in Appendix J our simulations of these
models and get back those presented in [49]. In the paper of KROKER-RHODE [55], the au-
thors are interested in numerical results on the Cauchy problem for a scalar conservation law
with random noise. They use combination of finite volume methods and the Euler-Maruyama
method. In the section devoted to numerical experiments, they aim to compare solutions of
deterministic and stochastic Burgers’ equations. In order to have exact expression of the so-
lutions, the particular case of an additive perturbation is considered. Although the average of
the stochastic solutions is close to the deterministic solution, it is not equal to it, and further

numerical experiments indicate that it does not converge as the number of realizations increases.

Let us now analyze our simulations with Burgers type equations. In the deterministic case
(Figure V.1, V.5, V.9 and V.13) we obtain expected characteristic curves (or characteristics)
associated to the solution. The initial condition and the Dirichlet boundary condition are
propagated in time along these characteristics. In the particular case of homogeneous Burgers’
equations, it is a well-known fact that the characteristic lines are straight lines with slope-value
depending on the initial and boundary conditions, thus this slope-value will change as long as
the initial condition is not constant. Simulations with the piecewise-constant functions u! and

u) present us the two following configurations:

1. Shock wave: (illustrated with Figure V.5 associated to u9) This phenomenon appears
when the characteristics intersect. This is due to the initial condition: the value wuy, of u)

when x < 0 is greater than the value ug when x > 0. We have to create a shock and the

slope-value of this shock for the weak solution is given by the average value “.5*£ (in the

(t,x)-plane).

2. Rarefaction wave: (illustrated with Figure V.1 associated to u}) Formally, this phe-
nomenon appears when the characteristics do not cover the entire space (x,t) and so there
are many weak solutions. This is due to the initial condition: the value of u{ when z <0
denoted wuy, is smaller than the value when = > 0 denoted ug. Instead of creating shocks,

the physical admissible solution will be constructed by fulfilling the empty area defined

177



Chapter V. On a splitting method for a stochastic conservation law with Dirichlet
boundary condition & numerical experiments

by {(t,z) : urt < x < ugt}, using waves i.e. auto-similar functions of type (t,z) — x/t.

As there is no uniqueness of weak solutions, the entropy solution (7.e. the physical one) we are
looking for will only have admissible shocks: the creation of shocks is allowed when uy > ug,
where uy, is the value of the solution coming from the left, and ur the one coming from the
right. Then in the simulations associated to u3 (Figure V.9) and u§ (Figure V.13) we see these
two behaviors: creation of rarefaction waves in the area of the (x,t)-plane which are empty and

creation of an admissible shock wave when characteristics cross.

Now let us analyze the stochastic case. First, we warm the reader that scales are unfortu-
nately not the same for simulations in the deterministic and in the stochastic case, so colors
don’t have the same values for all the simulations. As expected perturbations appear when
the solution u takes values in the support of h (included in ]0,1[). Visually, we get back an

illustration of the stochastic version of characteristics studied by [38].

o Simulations with u: for x > 0, horizontal variations appear due to the fact that we
consider a time-noise. We preserve rarefaction waves, and the behavior of these rarefaction
waves is perturbed horizontally, but we don’t have creation of a shock. Notice that we
keep here a “rarefaction waves” configuration, as for a fixed ¢ € [0,T'], u(t,x) stays less
or equal to u(t,y) for z <y, and so there is no competition of the characteristics also in

the stochastic case, and we keep continuous solution.

o Simulations with u): as previously we notice perturbations appearing on the rarefaction
waves. The important point is the behavior of the shock wave in Figure V.6 and V.7.
In the deterministic case, note that the slope-value of the shock-wave is equal to 0, thus
we get vertical line in the (x,t)-plane. In Figure V.6 and V.7 we notice that we have
conservation of this phenomenon for small time and then the shock wave is modified.
In Figure V.6, as the value coming from the left u; > 0 is larger than the one coming
from the right ug, the slope-value will be positive and we have an increasing straight
line. Figure V.7 gives us a nice modification of the shock wave which will be first an
increasing straight-line up to time ¢ ~ 0.7 as the slope-value is positive, and then will be

a decreasing-line as the slope-value is negative.

« Simulations with «J and u}: We get back the same kind of behaviors as these described
previously. Let us mention that pathwises for a fixed x of Figure V.12 show that all the

pathwises are the same as long as the perturbation does not act.
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Work in progress & Outlooks

1 On the stochastic p(t,x)-Laplace equation

As an extension of the present work, an interested point is to have a look at the stochastic
forcing of a nonlinear singular/degenerated parabolic problem of p(t,z)-Laplace type. In a
joint work with G. VALLET, P. WITTBOLD and A. ZIMMERMANN, we aim to give a result of

existence and uniqueness of a solution to the following problem:

O — Apyu=h(u)dW in Qx]0,T[xD,
(P): u=0 on Qx]0,T[x0D,
uw(t=0,.)=up(.) in QxD.

We consider here D c R? a bounded domain with a Lipschitz-continuous boundary 9D, T > 0
and denote by Q7 =]0,T[xD. The initial condition ug € L?(D) and homogeneous Dirichlet
boundary conditions are required. The variable exponent is a measurable function p : Qp —

(1, 00) satisfying

(s,y) <p(t,x) <p*=ess sup p(s,y) < oo,

l<p =ess inf p
(5,9)eQr (8:9)eQT

and A, yu denotes the formal differential operator div [|Vu[Pt#)-2vy], called the p(.)-Laplacian
of u. We will assume that the variable exponent satisfies the following condition:
p is globally log-Hoélder continuous, i.e. there exists a constant ¢, > 0 such that

Clog

ln(e+ m)

|p(t,£l3) —p(s,y)| <
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is satisfied for all (¢,2), (s,y) € Qr.
Note that this log-Holder continuity of the variable exponent is crucial to have suitable prop-

erties of the functional spaces of the p(.) operator’s framework.

The idea to propose a result of existence and uniqueness for Problem (P) is to use the same
kind of reasoning as in Chapter I. Our steps are the following ones: first, we consider a singular
perturbation of Problem (P) with a "nice" function h independent of v and we obtain a stability
result of the solution with respect to h; passing to the limit with respect to the singular
perturbation, we prove that Problem (P) is well posed for an additive noise if h is a "nice"
function, then we prove it for any h in N32,(0,7, L*(D)) by a density argument; in the last step,

we solve Problem (P) for a multiplicative noise by a fixed-point argument.

2 The Cauchy problem for a degenerated hyperbolic-
parabolic equation with a multiplicative stochastic per-

turbation

We would like to investigate on the Cauchy problem for an hyperbolic-parabolic degenerated
equation with a multiplicative stochastic perturbation. As in the present work the idea is to
adapt known method of the deterministic setting to the stochastic case. Thus, we consider the
degenerate problem studied for instance by VALLET [76], with a multiplicative noise and in

unbounded domain:

du - divf(u) dt = Ag(u) dt = h(u)dw in Qx]0,T[, xR¢
u(0,.) = ug € L*(R?),

where we assume that f, ¢ and h are Lipschitz-continuous functions (and maybe be even
¢ € C(R) for convenience), £(0) = 0 and ¢(0) = 2(0) = 0. First we would like to investigate on
the following regularized problem defined for € > 0

du, - [divf(u) + Ag(u)] dt = h(u.) dw in Q2x]0, T[xR4,
u(0,.) = u € D(RY),

where ¢, is the Lipschitz-continuous inversible and increasing function defined by ¢, = ¢ + eld.
The purpose is to show a result of existence and uniqueness of a viscous solution using an
implicit semi-discretization in time and study the regularity and boundedness results of such

a solution. Using the compactness argument of Young measure theory, the existence result
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of a measure-valued solution should not be too much difficult to obtain. Then following the
plan of the uniqueness proof introduced in Chapter III we would like to compare viscous and
measure-valued solution. The problem is that it seems that we need in the technique for con-
trolling stochastic terms to apply the It6 formula, and so a suitable regularity for the solution
u is required, which doesn’t seem to be obvious. An alternative idea would be to compare
the measure-valued solution with the time-continuous affine viscous sequence U2t (t,x,w) con-

structed with the semi-discretization scheme (using notation of Chapter I).
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Appendix G

On the stochastic Barenblatt equation: detailed

results

1 Proof of Lemma 2.1

We consider the Hilbert space LZ((Q, Fi)s Hg(D)) (see [68] p.103-104). Because of the small-
ness of the coefficient At on the Laplace operator, we are not able to use directly the fixed-point

theorem of Banach. We define the application for A >0

Iy L2((Q,F,),L¥(D)) - L2((/§\2,]-"tn),L2(D))

v f(w).
Our aim is to solve the problem
-AtAu+ f(u)-Aw = 0 in DxQ, (®)
u = 0 on 0D,
and we first consider the equivalent problem
NAutu- A = Jy(w) i DxQ
utu-=Aw = Jy(u) in , (By)
u = 0 on 0D.

We use the fixed-point theorem of Banach to solve (E)):
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Let us introduce

Ty: L*((Q,F,).L*(D)) — L*((LF,),L*(D))

S = u

where u is the solution in L2((€2,F;,), H3(D)) of the linear problem

—)\Au+u—%tAw = J(S) in DxQ,

u = 0 on OD.

T) is well defined using the Lax-Milgram theorem (see [19] p.84). Moreover, as f is an in-
creasing Lipschitz-continuous function, by denoting K the Lipschitz coefficient of f, we show
easily that J, is a contraction when A\ < K~!. In this way, using Poincaré’s inequality, one
gets that 7} is a strict contraction. And then, there exists a unique u in L2((Q, 5, ), H} (D))
solution of (E)) and in this way, (£) admits a unique solution in L2((Q, 5, ), Hi(D)).
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2 Some calculations

2 Some calculations

In detail, we have:

L. me H%z(o,T;X)

2. T3 20 70

IN

IN

IN

3. [aB - ZEAtH%Q(O,T;X)

833'At

4‘ || at ||L2(0TX)

5. |22 | t=(o,r5x) =

6. |72 Lo (0, x) =

T
B[ et
0o
123 f ol
k=1
Athnxan
E [ —
= et Tpyy — Ty,
By s

& [ Tper — T
E f o ZEE TR

N-1
EY 20tz - % + 20tz %
k=0

(t —t1,) + 21| % dt

1% (¢ = te)? dt + 208 |z |5
~———
<AtL?

N
CALE Y ||k

k=0
N-1 L1 €T €T
EZ/ s = T (= ) + s
N 1 t— tk
2D) [ (@ =2 (1 = )t
2 t t
E'Y o - aills |
k=0

t tk ) :|tk+1
tg

E 2 501 —xkn%((—m)[ (1-

CAtE Z ka+1 xk”X

N-1 tk+1
E / dt
kz(:) At2 |xl~c+1 xk“x

1 N-1

~E l;] |2k — x|k

kmax |k x-

Juax [ x.
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3 Convergence of Vu®!(. - At)

Let us show that
vurt(. - At) = Vu in L*(Qx Q).
One has
[Vud' (.= At) = Vur |3 o) = EfOTfD(vUAt(t,a;)—wm(t—m,x))%xdt
_ B kz”:l B

n th
= F Z / ||VUk - Vur_1 H%2(D)dt
k=1 tk-1

ty

f (Vubt(t,z) - Vult(t - At, ) dxdt
D

= AtE Z IV, - Vuk’—1”%2(D)
k=1

Let us recall that (2.9) p.27 gives us
> BVt = ub)|a py < C
k=0
and so
Moreover thanks to (2.8) p.27
||VUAt(.—At)||L2(QXQ) < C’

and so, Vur(. - At) =~ Vu in L2(Qx Q).
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Appendix H

On abstract equations: the parabolic case

Let us consider the following nonlinear parabolic problem:

() O+ Au=heL2(0,T,H),
| u(t=0)=ugeV.

It is a classical result that there exists a unique weak solution u and that this solution is the
mild solution. With the hypothesis on the data, u € W1=2(0,7,V, H) and for any ¢

fo t Ovul?ds + J(u(t)) < J(uo) + fo t(h,atu)ds_

Moreover, following [8] p.158 for example, one gets that for ¢ in ]0,7] a.e., u(t) € D(A) and
J(u) e WH1(0,T). By testing the equation with u(. + At) — u, one has that

(Opu(s),u(s+ At) —u(s)) + (Au(s),u(s + At) —u(s)) = (h(s),u(s + At) —u(s))
and
(Qyu(s),u(s+ At) —u(s)) + J(u(s+ At)) > J(u(s)) + (h(s),u(s + At) —u(s))

By dividing by At > 0 and integrating in time from 0 to ¢ — At, the continuity of s — J(u(s))
yields

/: Ovul*ds + T (u(t)) 2 J(ug) + fot(h,ﬁtu)ds_

In conclusion, for any ¢

fo t |Ovul*ds + J(u(t)) = J(uo) + fo t(h,ﬁtu)ds_
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Appendix 1

On the Cauchy problem for a stochastic

conservation law: detailed results

1 Regularity of integrals with respect to parameters

Denote by A a set of parameters, a bounded domain of R¢ for example.

Theorem 1.1 ([57] Theorem 7.6, p. 180) Suppose p >2 and rp >d. Let fs(\) , A€ A, be
T
a predictable C} -valued process satisfying for any |k| <r, f |D*f|E, dt < oo a.s..
0

Then the real valued stochastic integral fot fs(N)dw(s) with parameter X has a modification
Li(\) which satisfies the following properties:

o Ly(N) is continuous in (t,\) and [-times continuously differentiable in A\ where | < r—d/p.

t
e If|k| <r—d/p, then D*L,(A) is continuous in (t,\) and satisfies D*L,(A) = / D*f.(N)dw(s)
0

for any t and a.s..

Let us fix » and denote

fRd fl 0 (4= k)h(Q) dagpy (= y)pa(t - 5) dx,
f fRd [ (4 - k)h(Q) dapp,, (= y)pa(t = s) dxdw(t)
fs_Q/n [Rd /(; n' (0 —k)h(Q) dagp,(x —y)pa(t —s) dxdw(t).

fu(y, s, k)(t)

Fo(y,s, k)

Classical result of differentiation yields f, € C~(Q xR) and f,(y,s,k) is a predictable Cj-

valued process for any m.

1
For a multi-indice k, |D* f,.(s,y,k)(t)] < C(D*pp ® p, ® 7', ) [ |h(11)| da and one gets that
0

191



T
E [ 1D (s, ) (@)12 dt < oo,
0

T
Therefore, F,, is a regular function and D*F, = [ D*f,(.)(0)dw,.
0

2 On the parabolic regularization

The following result is a classic one. One can refer to [30],[45], [64] and many others authors.
For the sequel of our purpose, we propose to refer to [77] but for the sake of convenience we

propose to redevelop the proofs.

Proposition 2.1
For any positive €, there exists a unique u € L2(]0,T[xQ, H(R?)), L2(R?)-adapted process to
¢
the filtration, O;[u — f h(uc)dw] € L*(]0, T[x2, H ' (R?)) and weak solution of the stochastic
0

nonlinear parabolic problem
du - [eAu - div(f(u))] dt = h(u)dw  in Qx RIx]0, T, (2.1)

for the initial condition ug € L*(R9).
Moreover, there exists a positive constant C' such that

<C.

2 2
Ve > 0, ||u||L°°(O,T;L2(Q><Rd)) + E”“”L?(]O,T[XQ;H&(Rd)) =

Proof. Following [77], we propose a result of existence of a solution based on an implicit time
discretization. The scheme is the following one:
For given small positive parameter At and w,, in L2(§2, H}(R?)), F,ar-measurable, find u,,; in

L2(Q, Hj(R%)), F(ns1)ar-measurable, such that P-a.s and for any v in Hj(R?)

fRd [(uml = Up)V + At{eVU,1. VU + f(uml).VU}] dx = (wpe1—wy) /Rd h(u,)v dx.

2
Lemma 2.2 [If At< f/—EQ’ such a sequence (uy,) erists.

o0

Proof. [of Lemmal]
Denote by V = L2(Q, HY(R?), Frns1yae, P), L= L2(Q2, L2(R?), F(ns1)at, P) and by T the appli-
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2 On the parabolic regularization

cation, defined for any S € H, by u =T'(S) is the solution in V of the varational problem

VveV, E [[1;71 [(u - u,)v + At{eVu.Vo + f'(S).Vv}]dX] =K [(wn+1 - wn)'[Rd h(un)vdx] .

Thanks to the theorem of Lax-Milgram, T is a well-defined function. Moreover, for any Si, .55 €
H, one has that

Ef hut — g dx+AteEfd|V(u1—u2)|2 dx = AtEfd(f(Sl)—f(Sg)).V(ul—u2)dx,
R R R

and
E [R IT(S1) - T(S2)Pdx + AteEE [R V(T(S1) - T(S2))Pdx < %E fR (£(51) ~£(52))dx.

2
Thus, if At < ﬁ, T is a contractive mapping in H and the result holds*. O

Setting the test-function u,,; yields
1 R
R f [tmsa]? = [un]? + [tims1 — unf?]dx + AteE f Vit [Pdx + ALE [ F(tprr). Vitys1dx
2 Jrd Rd Rd

_E [(wn+1 —w,) fR () [t - un]dx] + B[(wns1 - wy) fR (Y], (2.2)
Note that [p, f(u).Vu dx = 0 for any u e D(R?), thus for any u € H'(R?). Then
S [ [l = boal? + i = waf?] o+ Ate? [ |G dx
2 JRrd R4
1
2 2
< AtE /ﬂ;dh (uy,) dx + L_lE /H;d[uml - u,|* dx,

and, if one denotes by ||.| the norm in L2(R%)
1 ) 1 n-1 ) n-1 ) 1 ) n-1 )
SEunl® + 5 X Elluger —up|? + Ate 3 E|Vuga|* < Sluol® + At 3 Elh(un)|?,
2 4= =0 2 k=0

The discrete Gronwall lemma asserts then that

1 1 n—1 n-1 1 n—1 ,
SElun|* = Y Eluga - ur]| Ate Y E[Vuga|?* < 5 Jluol®+ Juo2At[[2, Y eI I=kat
2 4 k=0 k=0 2 k=0

C.

IN

IN

*The variational equality holds a.s and for all v € H'(R?) since H*(R?) is separable.
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This only gives an L*(0,T, L2(Q x R?)) estimate on u”* and an L?(€2 x ()) estimate on eVuA?.

If ug € H'(R?), setting the test-function v = U1 — t, — (W1 — wy ) h(uy,) yields

||un+1 —Up — (wn+1 - wn)h(un)H%Z(Rd)
+Ate jl;d Vtns1-V [Uns1 =ty = (Wi — wp)h(uy,)] dx

= A [ Tt =t = (et = 0)h ()] (t01)- Vit dx

IN

1 1,2
§|‘un+1 —Up — (wn+1 - wn)h(un) ”%/Q(Rd) + §C(f,)(At)2Hvun+l “iQ(Rd)d-
Since E(wps1 = wy) [ga V. Vh(u,) dx = 0, one gets that

E .[Rd Viup+1-V [un+1 —Up — (wn+1 - wn)h(un)] dx

1
= §E I:HvunH”%z(Rd)d + ||V(un+1 - un)”%Q(Rd)d - ||vun|‘%2(Rd)d:|

_E(wn+1 - wn) _[R’i V[Un+1 - un]vh(un) dx

v

1
—E[|Vun+1||L2(Rd)d+ 19t = ) ey = 1703 s = 217 0) B |

And then

EHun+1 —Up — (wn+1 - wn)h(un)H%Q(Rd)
1
+AteE |:||Vun+l||%2(Rd)d - HvunHQLz(Rd)d + §||V(Un+l - un)|%2(Rd)d:|

< A% B| V() fagpars + CENA Bl Tt pa-

Consequently, for any k,

k
Unp+1 — Un — (wn 1— wn)h(un)
Z AtEH - A; ”LQ(Rd) + EEHVUkH HiQ(Rd)d
n=0

k
€
+§E Z ||V(Un+1 - un)”%Q(Rd)d
n=0

k+1

< C(E W, ALY E|Vun|72gay + €E| Vo] 3 aya < Cte.
n=0

Uk:

Let us denote u® Z U L[ (k-1)At kAL > Z[ ! [t- (k- 1)At]+uk_1]1[(k_1)At7kAt[ and

k=1 k=1
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2 On the parabolic regularization

~ N B, - B .
Bt =" [thkl[t - (k-1)At] + Bk—l]l[(k—l)At,kAt[ with

k=1
n—1 nAt
By = 3 (W - wh)h(u) = f h(uP (.~ At))dw T
k=0 0

One gets that u®* and WA are bounded in L= (0, T, L*(Q, H'(R%))), 0, [a?' - Em] is bounded in
L2(0,T, L*(Q, H'(R%))) and, if ug € H'(R?), in L2(0, T, L*(, L?*(R%))) and @2 —u”* converges
to 0 in L2(0,T, L*(Q2, H(R%))).

Denote by u a limit point of uA* and T4 for the weak-*convergence in L (0,7, L2(Q, H'(R9))),
hy, respectively f,, a limit point of h(uAt), resp. f(uAt), for the weak convergence in

L2(0,T, L*(Q, H'(RY))).

Since WAt — BAt converges weakly in L2(Q, W (0, 7)) where W(0,T) denotes the set of
L?(0,T, H'(R4))-functions w such that d,w € L?(0,T, H'(R?)) with the common identification
of L2(R9) with its dual space, TAt — BAt converges weakly in L2(, C([0,T], L2(R%))). Thus,
for any t € [0, 7], (WAt — BAt)(t) converges weakly in L2(€2, L2(R)).

Note that for t € [nAt, (n + 1)At[, one has

t—nAt
At

BAY(t) - fot h(uPt(s — At)dw(s) = (w™* = w™)h(u") —(w(t) —w™)h(u™).

Then, thanks to the a priori estimates,

Bl (™! () B () - Y )

- pln [ EERE R s + (- nan] < o

Since h(u?t(.-At)), as h(u®t) converges weakly to some function h, in L2(0, T, L?(Q, L?(R%))),
thanks to the properties of the It6 integral, / h(u?t(s—At)dw(s) converges weakly to / hydw(s)
_ 0 0
in C'([0,T], L*(Q, L2(R%))), and B2t does the same.
Thus, the weak convergence of T2 — BA is toward u — [ hudw(s) and, for any ¢, WA (t) con-
0

verges weakly in L2(Q, L2(R9)) to u(t).

Moreover, for any v € H'(R?)

[ Oy [ - BA v dx + e f Vurtvo dx + f f(uA) Vo dx = 0
Rd Rd Rd

"We consider that u”t(s) = ug if s <0.
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and at the limit, u(0,.) = ug and,

t -
<Oy [u—/ hudw(s)],v> +e[ VuVu dx+/ f, Vo dx =0,
0 Rd R4

with the remark that one has an integral over R? instead of the duality bracket if ug € H'(R?).

Then, the Ito formula yields, for any positive ¢

t t R
e Eu(t)]? + 2 f ¢ B Vu® ds + 2 f E f eof, u dx ds
0 0 R
t t
= Juol?-c [ e Elu(s)Pds+ [ e Eh,| ds
0 0

From (2.2), one has, for any positive ¢ and n > 0, that

E d[e—ant|un+1|2 _ e—c(n—l)At|un|2] dx + At266_antE [d |vun+1|2 dx
R R

< Aot [ () i [ - DN [
R4 Rd

Adding from 0 to k, one gets that

k
&M B g |2 + At2e Y €A E| Vit |

n=0

k k
< Juol?+ ALY e M E|h(u,) |? - cAt Y e DA Ry, |2,
n=0 n=1

Thus,

At

(k+1)
ek By |2 + 2 f e B vul|? ds
0

2 2 kAt A 2 A kat At)12
< Juol? + At h(uo)| +f0 e B h(u?)[? ds - ce™® tfo e B2 ds.

For t € [kAt, (k + 1)At[, we obtain

t
B )P+ 2 [ e B Tus | ds
0

¢ (t-At)*
< Juol? + At h(ue)|? + fo e B h(ul)[? ds - ce~A fo e E|u |2 ds,
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2 On the parabolic regularization

and, since u”? is bounded in L*(0,7T, L?(§2, L?(R%))), one gets that

t
B ()P + 2 [ e BIvut|? ds
0

IN

t
Juol + Atlh(uo) P+ [ e Ea(u)]? ds
0
t t
ree N[ [T Bt s [ e Blut? ds]
(t-At)* 0

t t
luo? + CAE + f e B h(ul)[? ds - ce~ f ¢ E||u|? ds.
0 0

IN

As, for any v in H'(R9) /d f(v)Vuv dx = 0, one has
R

t
e Eult(£)[? + 2¢ [ e B v (u - )| ds
0
t N =
+2[ e‘CSE/d[f(uAt)—f(u)]V[uAt—u] dx ds
0 R
t t
+4e/ e‘csEf VuAtVudxds—Qe[ e “E|vu|? ds
0 R4 0
t N t N
y|uoy|2+CAt—2f eEf f(uAt)vudxds—Qf eEf F(u)vul dx ds
0 Rd 0 Rd
t t
+2/ e‘csE/d h(uAt)h(u) dx ds—/ e E|h(u)|? ds
0 R 0
t t
" f e B h(u) = h(w)|? ds - ce~eM f o E|u — uf? ds
0 0

t t
~2ce At f e “F / utty dx ds + ce A [ e F|ul* ds.
0 R 0

IN

Note that there exists ¢ = C (f, h,€) >0 such that, for At small, one has that

t t o o
2 f e BV (u - )| ds - 2 [ ¢ F f TEA) - £() ]9 [~ ] dx ds
0 0 R

f t
o [ B - ds- st [ et B - uf? ds
0 0

t 1 rt - .

< - [ e BT -w)lPse < [ BIRwA) - F(w) as
0 € JO
t t

+/ e—csEHh(uAt)_h(u)HQdS_Ce—cAt[ e—csEHuAt_uH2dS
0 0
t

< —e[ e S E|v(ult —u)|? ds.

0
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Thus

T Tt
/ e B|lutt(t)]* dt + € / f e B|v(ut —u)|? ds dt

0 o Jo
T|uo|* + CAt (2.4)

T t N T t N
2 f f Yo f F(uA)Tu dx ds dt - 2 f f S E f F(u) Ve dx ds dt
0 0 R4 0 0 Rd
T t T t
42 f f e F f B(u)h(u) dx ds dt - f f e Bl h(u)|? ds dt
0 0 R4 0 0
T t T t
ce‘CAtf / e‘csEf uPty dx ds dt+ce‘CAtf [ e‘csEHuH2 ds dt
0 0 Rd 0 0
T t T t
e / f e / ety dx ds dt + 2¢ / f o B vul® ds dt.
0 0 R4 0 0

This yields

IN

T
limsup f e Eul(£)[? dt

t
[ (ol -2 [ e g f £, udxds - 2 f e~ B|| vl 2ds - [ e E|[ul*ds]dt
2 f f e f hh(u)dxdsdt - f [ ~s 7| b (u) | 2dsdt,

and, thanks to (2.3),

T Tt T
lim sup f e B U (1) dt + f f ¢ B[ by — h(w)|? ds dt < [ e Blu(t)|? dt.
at - Jo o Jo 0
Thus, one gets that hy = h(u), ut converges to u in L2(]0,T[xQ x R?) and f, = f(u). This
means that u is a solution.

Remark that it is a direct proof to show that it is unique.

Then, the stochastic energy asserts that (see for example GRECKSCH-TUDOR [45] Th. 3.4
p.42):

t -
(MGl fo fR eVl + (u).vu] dx ds

t t
()| +2 fo fR uh(u) dcu, + [O fR h?(u) dx ds.

¢
Since f / f(u,).Vu, dx ds = 0, taking the expectation and using the lemma of Gronwall
Rd

yield the result of Proposition 2.1. O
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2 On the parabolic regularization

Corollary 2.3 If, moreover ug € H}(R?), then

t
Or[u - / h(u)dw] e L*(]0, T[xQ, L*(RY)) and Aue L*(]0, T[xS, L*(RY)).
0
Proof. The first part of the corollary is in the previous proof.
. t
Then, one gets that —eAu = divf(u) - 0y (u - f h(u)dw) € L*(]0, T[xQ x RY). O
0

Proposition 2.4 If the initial condition ug € L?’(R%), p > 1, then u e L>(0,T, L?>*(2xR4)) as

well.

Proof. For any positive k, denote by ¢ the even function such that

if 0<x<k a%
if k<x p(2p - 1)k2P-Da2 —dp(p - 1)k 1z + (p-1)(2p - 1)k

ou(z) = {
¢ is a C?-convex function and ¢, is a Lipschitz-continuous function with ¢} (0) = 0. Thus, for
any positive z, one gets 0 < ¢} (x) < ¢(k)x and 0 < ¢p(z) = f ¢r(s) ds < @x? This yields
0
EfR ér(u(t)) dx < oo,

Lemma 2.5 For any x € R, one has 0 < x2¢}/(x) <2(2p - 1)%¢p(x).

Proof.
If |z| < k, 22¢](x) = 2p(2p — 1)x?P < 2(2p - 1)%¢y(x) since p<2p—1.
If || > k,

2?2 (x) = 2(2p ~ 1)* ¢ ()

=2p(2p - 1)2”K*@™D=2(2p - 1)*[p(2p - DE*PVa® —dp(p - DE> '+ (p - 1)(2p - 1)k™]
=8p°(2p - 1)(1 - p)k** D +8(2p - 1)°p(p - DA™ 'z - 2(2p - 1)*(p - 1)k*

=2(2p - 1)(p - 1)K*® D[ - dp*a® + 4(2p - V)pkx - (2p - 1)%k?] < 0.

Thanks to the It6 formula, one gets that

E[I;dgzﬁk(u(t))dx+eE'/0t/1;dgbg(u)|Vu|2 dxds+E/:fRdf(u).ng;(u) dx ds
= 5 [ ouw) dX+%EfOtfRd B2 ()6 () dx ds.
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Since ¢} > 0 and E [y [paf(u). Ve (u) dx ds = 0, one has that

B[ o) ds < C+%Ef0t'édh2(u)¢;’(u) dx ds.

Then, assumptions on h and the previous lemma yield

B[ o) dx < C+C(h,p)EfOt/Rd¢k(u) dx ds.

Thanks to Gronwall’s lemma, F f ) ¢ (u(t)) dx is bounded, independently of k and at the
R
limit when k goes to infinity the theorem of Beppo Levi yields the proof. 0

3 A basic reminder of Young measures

3.1 In finite measure spaces

In this section we recall some basic facts on Young measures and refer to BALDER [7], CASTAING-
RAYNAUD DE FITTE-VALADIER [25], SAADOUNE-VALADIER [66] and VALADIER [73] for an
abstract setting on the convergence of Young measures; and to DIPERNA [37], EYMARD-
GALLOUET-HERBIN [40], PANOV [61], SZEPESSY [70] and TARTAR [71] for an application to
nonlinear PDE.

Consider the space L'(O, u, R) where (O, F, i) is a measure space with a positive bounded
measure .
For u in L'(©, u,R), the Young measure associated with u is 7,, the measure on © x R image
of u by z ~ (z,u(x)).
A general Young measure 7 is a positive measure on © xR such that, for any A in F, 7(AxR) =
1(A).
A Young measure 7 is described by its disintegration which is the unique family of probability

measures on R, (d7,).co, such that for any 7—measurable function 1

T - fw(x,)\) d7,(\) is p — measurable on © and
R

it >0, f@quﬁdn[@wa(x,A) A7y (\) p( dx) .

Therefore, if 7 = 7, is the Young measure associated with the above function w, then 7, = d,(,),

the Dirac mass at u(x).
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3 A basic reminder of Young measures

Another way to define Young measures on © x R is to consider i the notion of entropy
process proposed by EYMARD-GALLOUET-HERBIN [40] or u the strong measure-valued solution
proposed by PANOV [61]. For a Young measure 7 on © xR and F,, the left-continuous repartition

function of 7., the functions @ and u are defined in ©x]0, 1[ by
U(z,a) =sup{teR, F,(t) <a}, u(z,a)=inf{teR, F.(t)>a}. (3.1)

For fixed x, the two functions differ only on a countable set. Each author proves that the

function is a pux £ measurable function on ©x]0, 1[ and for any positive Carathéodory function

(8

[ [ v@nannax) - [ f U(@u(z,@)da p(dx) = [ / (e, Wz, ) )da p( dx).
© 0 e 0

0 R

A sequence of Young measures (77),, is said to converge narrowly towards 7 if W dr”
OxR

converges towards 1 d1 for all bounded Carathéodory function .
OxR

Consider now (u,), ¢ L'(0, 1, R) and denote by 7" the associated Young measures.
If the sequence (u,), is assumed to be bounded in L'(©), the theorem of Prohorov for Young
measures (BALDER [7], SAADOUNE-VALADIER [66] and VALADIER [73]) ensures that a subse-
quence (7% ) of (77),, and a Young measure 7 exist such that 7+ converges narrowly towards
T.
Moreover
i) for p-a.e. z in ©, supp(dr,) c m]‘;‘;lm.
ii) for any Carathéodory function 1 such that the sequence of functions {1 (., u,(.))}, is uni-

formly integrable,
L@ @) p(ax) ~ [ o) dr

(if the sequence (uy,), is uniformly integrable, the above convergence still holds if one assumes
that [ (z,\)| < a(z) + k|A| where k>0 and « € L1(0)).
iii) for any measurable function , l.s.c. with respect to its second variable and such that

{(.,un(.))" }n is uniformly integrable,

lim inf j(;w(x,un(:z;)) p(dx) > ./(:)wa(x’)\) dr.

As a consequence, if u, converges weakly to some w in L', it converges strongly to u in L, if
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and only if 77 converges narrowly to 7, (é.e. if u, or resp. 1, is independent of «).

3.2 In QxQ)

Consider in the sequel a bounded sequence (u,) in N2(0,T; L?>(R9)).

For any M > 0, if one denotes by @y =]0, T[xB(0, M), the sequence is bounded in L2(Q s x )
and it converges, up to a subsequence still denoted (u,,), in the sense of the Young measures
in Qu xQ to a given 7M.

Setting K > M, a new subsequence converges in the sense of the Young measures in Qg x €2 to
7K. Thus, for any v € L*(Qn xQ2) (extended by 0 in [Qx\Qar]x$2) and any bounded continuous

function f, one gets that
f v[[ FO) drM(N) - /f()\) d7(\)] dx dt dP - 0.
QmxQ R R
Thus, for any bounded continuous function f, ff()\) d™(\) = ff()\) dr®(X\) in Qpr x Q
R R

and 7™ = 7K restricted to Qs x €.

Therefore, by a diagonal extraction of subsequences, there exists a Young measure 7 on ) x QxR
such that,
if :(t,x,w,\) e @ x QxR (t,z,w,\) such that (., u,) is uniformly integrable, then

Esz/;(.,un) dt derfcngw(.,)\) A7 (1o (A) dt dx.

To prove it, recall that a bounded sequence ¥ (.,u,) in L*(Q x §2) is uniformly integrable

when (denote £™ the measure of Lebesgue in R™)
1. Ve>0,30 >0, L# @ P(A) <6 = sup,, [,[¢(.,u,)| dx dt dP <e.

2. Ve>0,dM, >0, sup[[\ [ (., u, )| dx dt dP < e}
n Q\Q

M X0

Set € > 0. Thanks to the first item of the uniform integrability, for any positive K, [1(.,uy, )|

is uniformly integrable in Qx x €2 and

f [ (., u,)| dx dt AP — f | dr.
QKXQ QKXQXR

¥This is needed since £% is not finite on R®. This condition is useless when one considers the U.L in a
bounded measure space.
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3 A basic reminder of Young measures

In particular, for any K > M,

i dxdth—>[ dr
‘/[\QK\QMG]XQ W]( )| [Qr\Qar ]xQ2xR |¢|
and, for any K > M,

f | dr <e.
[Qr\Qum JxQ2xR

Then the theorem of Beppo Levi yields

dr <e.
-/[Q\QME]XQX]R |¢|

Using the notation u, one gets that ¢ (.,u) € L'(Q x 2x]0, 1) and

U b, uy) dx dt dP - b(,u) da dx dt dP‘
QxQ Qx0x]0,1[

< U (., )| dx dt dP
Qe xQ2 Q. x0x]0,1

N L, dxdth+[ )| da dx dt dP.
f[Q\QMe]XQ |¢( )| [@Q\Q a1 ]x2x]0,1[ |¢( )|

[|¢(.,u)| da dx dt dP’

Then

lim sup

/C;sz(.,un)dxdtdp— [w(.,u)dadxdth‘ < 2

Qx0x]0,1

and the result holds since the above inequality is satisfied for any € > 0.

Assume that (¢(¢,x,w,\)) is bounded in LP(Q x ) for a given p €]1,+o0]. Then, one gets that
(., u,) converges weakly (resp. *-weakly if p = +o0) to fol Y (.,u) dain LP(Q x Q).

Indeed, up to a subsequence (., u,, ) converges weakly in LP(Q x2) (resp. *-weakly if p = +o0)
to an element called Y.

But, for any ¢ € L9(Q x Q) where ¢ is the conjugate of p, (¥ (.,u,)) is uniformly integrableS.
Thus, at the limit, foQ px dt dx dP = [QxQx]DJ[ (., u) day dt dx dP. Then the limit is identi-

fied and the subsequence is not needed anymore.

In particular, if (u,) is a bounded sequence in LP(Q x ) for a given p €]1,+o00], then,

ue LP(Q x Qx]0,1[).

STt is based on the fact that for any set A, [, [ow(.,u,)| dt dx dP < C([¢(.yun) |0 )[ [ 4 l]? dt dx dP]Y4.
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3.3 Predictability and It6 integral

Let us revisited the measurability of u with respect to all variables (¢, x,w, ) as proposed by

E. Yu. Panov.

Since for any f e Cy(R), f(u,) converges to ff()\) dv(aw) in L2(Q x Q) weak-*, one gets
R

that / f(A) vy is a R-valued £4 ® P measurable function.
R

Therefore, / f(N) dv ) is @ R-valued £21 ® P measurable function for any bounded f in
the union ofRBaire classes of continuous functions, thus for any Borel function. In particular,
for any real number ¢, (t,2,w) = V(1 4.u)(] = 00, c[) is measurable.

Let us recall that u(t,z,w,a) = inf{c, v z.)(] =00, c[) > a}.

Set 1 € R and denote by

E,={(t,z,w,\), u(t,z,w,\) <p} and F, = {(t,z,w, ), Vizw (] 00, pu[)>A}.

Consider (t,z,w,\) € E,. Then, u(t,z,w,\) < p and by definition of the infimum, there exists
celu(t,z,w,\), u[ such that v 4.y (] = oo, c[) > X and thus v ;.. (] = o0, u) > A.

Consider (t,z,w,\) € F,,. Then, v 4.)(] = co,u[) > A and by left-continuity of the repar-
tition function, there exists ¢ < p with v(,.)(] = 00,c[) > A, Then, by definition of u,
u(t,z,w,\) <c<p.

Thus, E, = F, and u is measurable since F), is measurable for any p. Note that (f,z,w)
V(taw)(] =00, u]) is also measurable for the o-field Pr x L(R?) where we recall that Pr de-
notes the predictable o-field and L(R?) the Lebesgue’s one. So, u is measurable for the o-field
Pr x L(R4x]0,1]).

In particular, if (., u,) is bounded in N2(0,T; L2(R?)), it converges weakly to
1
[ v (ut,)) dain N2(0,T; L2(R)).
0

¢
Since the It6 integration u f udw is an isometric transformation from N2(0,7; L?(R?))

0
to MZ(L*(R?)), the space of all L2(R?)-valued continuous, square integrable martingales

t
for the norm of C([0,T], L*(€2, L?(R%))), one gets that / (., u,)dw converges weakly to
0

fot folw(-,u(.,a))dadw in C([0,7T7, L2(Q, L2(R%))).
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Appendix J

Numerical examples related with oil-recovery

Processes

Here we collect simulations we have implemented using data from the paper of HOLDEN-
RISEBRO [49]. The authors presented numerical examples motivated by oil-recovery processes
and we get back here those presented in their paper. Following HOLDEN-RISEBRO:

“We assume that we have a one-dimensional oil reservoir where a slug of gas is located in the
middle of the reservoir. This slug is surrounded by oil. For some reason it is desired to extract
this gas. This is done by injecting oil at the left end of the reservoir and extracting oil, and
later on gas, at the right end. We assume that the oil has some natural tendency to change
into gas, the rate of this reaction is proportional to the product of the oil and gas. The reaction
rate is, however, uncertain, and we model this by adding a noise term.

We let u denote the gas saturation, i.e., the fraction of the available pore volume occupied by
gas. We assume that only gas and oil are present so that the oil saturation is given by 1 —u.”

As the flux function f, they use for simplicity

u2

u? + (1-u)?’

fu) =

this type of flux function has the correct s-shape and is often used for model studies. They set

the reaction terms to be

1
h(x,t,u) = ku(l-u), g(u)zkgu(l—u)(u—é), where  ky, ks € R.
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The initial saturation is given by

0 for :cs—%,
20+1  for -1<x<0,

to(@) = —2x+1 for O<x<%,
0 for %<x.

Remark 0.1 As explained in the general introduction of this manuscript, adding a stochastic
perturbation in the model is a suitable choice to take into account this imperfect knowledge of

the studied phenomenon.

And the authors proposed the following model for finding the gas saturation wu:

0,(u - fo G(W)dW) + f(w)y = h(ztu).

We get back the numerical experiments introduced in [49], for the time step A; = 0.005 and
the space step A, = 0.01 in the (x-t)-plane. Note that in the case ky # 0, we propose three
sample path simulations (i.e three simulations of the Brownian motion). For comments on

these simulations, see [49] Section 2.
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Résumé : Cette these s’inscrit dans le domaine mathématique de analyse des équations aux dérivées partielles (EDP) non-
linéaires stochastiques. Nous nous intéressons & des EDP paraboliques et hyperboliques que ’on perturbe stochastiquement au
sens d’Ito. Il s’agit d’introduire l'aléatoire via 'ajout d’une intégrale stochastique (intégrale d’Itd) qui peut dépendre ou non de la
solution, on parle alors de bruit multiplicatif ou additif. La présence de la variable de probabilité ne nous permet pas d’utiliser
tous les outils classiques de 'analyse des EDP. Notre but est d’adapter les techniques connues dans le cadre déterministe aux EDP
non linéaires stochastiques en proposant des méthodes alternatives. Les résultats obtenus sont décrits dans les cing chapitres de
cette these :

- Dans le Chapitre I, nous étudions une perturbation stochastique des équations de Barenblatt. En utilisant une semi-
discrétisation implicite en temps, nous établissons ’existence et I'unicité d’une solution dans le cas additif, et grace aux propriétés
de la solution nous sommes en mesure d’étendre ce résultat au cas multiplicatif a ’aide d’un théoréme de point fixe.

- Dans le Chapitre II, nous considérons une classe d’équations de type Barenblatt stochastiques dans un cadre abstrait. Il s’agit
la d’une généralisation des résultats du Chapitre I.

- Dans le Chapitre III, nous travaillons sur I’étude du probléeme de Cauchy pour une loi de conservation stochastique. Nous
montrons 'existence d’une solution par une méthode de viscosité artificielle en utilisant des arguments de compacité donnés
par la théorie des mesures de Young. L’unicité repose sur une adaptation de la méthode de dédoublement des variables de
Kruzhkov.

- Dans le Chapitre IV, nous nous intéressons au probléme de Dirichlet pour la loi de conservation stochastique étudiée au
Chapitre III. Le point remarquable de ’étude repose sur 'utilisation des semi-entropies de Kruzhkov pour montrer 'unicité.
- Dans le Chapitre V, nous introduisons une méthode de splitting pour proposer une approche numérique du probléme étudié

au Chapitre IV, suivie de quelques simulations de I’équation de Burgers stochastique dans le cas monodimensionnel.

Mots clés : EDP stochastique, bruit multiplicatif, bruit additif, processus prévisible, formule d’Ito, équation hyperbolique du
premier ordre, lois de conservation, probléeme de Cauchy, probléme de Dirichlet, mesure de Young, entropie de Kruzhkov, opérateur
monotone, viscosité artificielle, équation parabolique, discrétisation en temps, méthode de splitting, schéma d’Euler, schéma de
Godunov.
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Abstract: This thesis deals with the mathematical field of stochastic nonlinear partial differential equations’ analysis. We
are interested in parabolic and hyperbolic PDE stochastically perturbed in the It6 sense. We introduce randomness by adding a
stochastic integral (It6 integral), which can depend or not on the solution. We thus talk about a multiplicative noise or an
additive one. The presence of the random variable does not allow us to apply systematically classical tools of PDE analysis.
Our aim is to adapt known techniques of the deterministic setting to nonlinear stochastic PDE analysis by proposing alternative
methods. Here are the obtained results:

- In Chapter I, we investigate on a stochastic perturbation of Barenblatt equations. By using an implicit time discretization,
we establish the existence and uniqueness of the solution in the additive case. Thanks to the properties of such a solution, we are
able to extend this result to the multiplicative noise using a fixed-point theorem.

- In Chapter II, we consider a class of stochastic equations of Barenblatt type but in an abstract frame. It is about a
generalization of results from Chapter I.

- In Chapter III, we deal with the study of the Cauchy problem for a stochastic conservation law. We show existence of solution
via an artificial viscosity method. The compactness arguments are based on Young measure theory. The uniqueness result is
proved by an adaptation of the Kruzhkov doubling variables technique.

- In Chapter IV, we are interested in the Dirichlet problem for the stochastic conservation law studied in Chapter III. The
remarkable point is the use of the Kruzhkov semi-entropies to show the uniqueness of the solution.

- In Chapter V, we introduce a splitting method to propose a numerical approach of the problem studied in Chapter IV. Then

we finish by some simulations of the stochastic Burgers’ equation in the one dimensional case.

Keywords: Stochastic PDE, multiplicative stochastic perturbation, additive noise, predictable process, It6 formula, first order
hyperbolic equation, conservation law, Cauchy Problem, Dirichlet problem, Young measure, measure valued-solution, Kruzhkov’s
entropy, parabolic regularization, parabolic equation, monotone operators, time discretization, splitting method, Euler scheme,
Godunov scheme.
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