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Résumé 

L'objectif principal de cet te thèse concerne l'it t ude du cornporternent asyrnp t O- 

tique des solutions globales de quelques itquations, et systèmes cou~jlits des itquations, 
d'itvolution non linitaires avec diffitrents types d'arnortissernents et des conditions sur 
le lm-d. Sc)us la cc)nditic)n basique que la nc)n linitaritit est analytique, cm prc)uve que 
les itnergies assc-)ciites vitrifient des initgalitits de type Lc)jasien~icz et c)n c>btient des 
ritsult ats de cc-mvergence avec: l'estirnatic-)n de la vitesse de cc-mvergence. Pcmr tc-)us les 
rnc-ditles it t udiits dans cet te t hitse, c-)n s'intitresse aux questic-)ns d'existence et d'unicitit 
des sc-)lutic-)ns bc-)mites ii, irnages relativernent cc-nnpactes dans leurs espaces d'itnergie 
naturelles. Cet te thèse est cc>nstituite de trois parties principales. 

Dans la prerniitre partie on prouve un ritsultat de convergence gitnitral avec l'es- 
tirnation du taux de ditcroissance des solutions bornites d'une itquation d'itvolution 
abstraite non autonorne avec dissipation linkaire. Le ritsultat permet de retrouver 
et gitnitraliser de rnanière naturelle des ritsultats connus, rnais aussi il s'applique ii. 
une classe trCs gCnCrsle des Cqusticms et des systCrncs cc)uplCs avec: divers types de 
cc-mplage et avec: diverses cc-mditic-)ns sur le lmrd. 

La deuxiitrne partie est ccmsacrite ii, l'ittude des itquatic-)ns du sec(-)nd c-)rdre avec: 
dissipatic->n non linitaire et des cc-ditic-)ns dynarniques classiques sur le bc-)rd. On 
prc-)uve l'existence et l'unicitit des sc-)lutic-)ns g1c)bales bc-)mites ii, irnages relativernent 
cornpactes et on rnontre la convergence vers l'itquilibre. 

Finalement, on s'intitresse à des itquations d'itvolution ditgitnitrite de type hyperbo- 
lique-parabolique avec des conditions dynarniques de type rnitrnoire sur le bord. On 
prouve l'existence et l'unicitit des solutions globales bornites ii. irnages relativement 
cornpactes et on proi.ive la convergence avec: l'estimation de la vitesse de convergence. 

Le prernier chapitre de cette thitse cc-msiste en une intrc-)ductic-)n pritlirninaire 
ditve1c)ppant non seulernent l'histoire des recherches reliites à nos rnc-)dèles et leurs 
ritsultats ditcrits dans la littitrature, rnais aussi en pritsentant les itnc-)ncits de nos 
ritsult ats c-)btenus avec: les idites des ditrnc-mstratic-)ns. On y discute la cc-)rnplexitit de 
la problitrnatique et l'on y pritsente la justification de l'ittude. 



Abstract 

,The rnain goal of tllis tllesis is the study of the asyrnptotic behavior of global 
solutions to sorne nonlinear evolutions equations and coupled systerns with different 
types of dissipation and bc~undary conditions. Under the assurnption tllat the non- 
linear terrn is real analytic, mTe cc)nstruct an apprcqriate Lyapuncw energy and mTe 
use the Lc)jasien~icz-Sirnc-)n inequality tc-) shc-)~ the ccmvergence, and the cc)nvergence 
rate, c-)f glc)bal weak sc-dutic-)ns tc-) single steady states. Far al1 rnc-dels studied in tllis 
thesis, nTe are in addition interested in the questic)ns c)f the existence and uniqueness 
c-)f global bc-~mded sc-)lutic-)ns having relatively cc-)rnpact range in the natural energy 
space. This tllesis cc-msists c-)f tllree rnain parts. 

In the first part, nTe present a unified approach to study the asyrnptotic behavior 
and the d e c q  rate to a steady state of bc>unded weak solutions for an abstract non 
autonornous nonlinear equation with linear dissipation. This result allon~s us to find 
and to generalize, in a natuml nTl; knon~n results but it applies to a quite general 
class c)f cquatic)ns and cc)uplcd systcrns with diffcrcnt kinds c)f cc)upling and varic)us 
bc-~mdary cc-dit  ic-)ns. 

The sec(-)nd part is dey(-) t ed t c-) t lle s t udy c-)f a nc-)naut(-)nc-)rnc-)us sernilinear sec(-)nd 
c-der equation with nc-mlinear dissipatic->n and a dynarnical bc-~mdary cc-mditic-m. ]lit 
prcm the existence and uniqueness c-)f glc)bal, bc-)unded, weak sc-)lutic-)ns having re- 
latively cornpact range in the natural energy space and nTe show tllat every weak 
solution converges to an equilibriurn. 

Finally, nTe consider a nonautonornous? sernilinear, hyperbolic-paral>olic: equation 
subject to a dynarnical bc>undary condition of rnernory type. llil prove the existence 
and i.iniqi.ieness of global bc.>i.inded soli.itions having relatively cornpact range and nTe 
shc-)n~ the cc-mvergence c-)f glc)bal weak sc-)lu t ions t c-) single steady s t at es. 11é prc-)ve alsc) 
an estirnate for the cc)nvergence rate. 

The first chapter c)f tllis thesis cc->nsist of a prelirninary intrc-)ductic->n develcqing 
nc)t cmly the stc)ry c)f researches linked tc-) (-)Ur rnc-dels and the results described in 
the literat ure, but presenting also our rnain results as well the ideas of tlleir proofs. 
'I'here nTe discuss the cornplexity of our problerns and nTe present a justification for 
our studies. 



Table des matières 

1 Introduction générale 7 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  Bibliographie 35 

Asymptotic behavior and decay rate estimates for a class of semi- 
linear evolution equations of mixed order 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  2.1 Introduction 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  2.2 Preliminaries 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  2.3 Main results 
. . . . . . . . . . . . . . . . . . . . . .  2.3.1 The convergence result 
. . . . . . . . . . . . . . . . . . . . . .  2.3.2 Thc polynomial dccay 
. . . . . . . . . . . . . . . . . . . . . .  2.3.3 The exponential decay 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  2.4 Applications 
2.4.1 Nonautonomous semilinear wave equation with dynamical boun- 

. . . . . . . . . . . . . . . . . . . . . . . . . . .  dary condition 
2.4.2 Semilinear parabolic equation with dynamical boundary condi- 

tion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
2.4.3 Nonlinear hyperbolic-parabolic partial differential equations . 
2.4.4 Semilinear evolutionary damped wave equation of mixed order 
2.4.5 System of first and / or second order equations . . . . . . . .  

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  References 

3 Existence and asymptotic behavior of solutions to semilinear wave 
equations with nonlinear damping and dynamical boundary condi- 
t ion 7 1 

. . . . . . . . . . . . . . . . . . . . . .  3.1 Introduction and main results 71 
. . . . . . . .  3.2 Existence and uniqueness of a global. bounded solution 76 

. . . . . . . . . . . .  3.3 Compact range of global and bounded solutions 79 
. . . . . . . . . . . . . . . . . . . . .  3.4 Convergence of global solutions 81 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  References 89 

4 Well-posedness and asymptotic behaviour of a nonautonomous. se- 
milinear hyperbolic-parabolic equation with dynamical boundary 
condition of memory type 91 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  4.1 Introduction 91 
. . . . . . . . . . . . . . . . . . . . . .  4.2 Assumptions and main results 95 



. . . . . . . .  4.3 Existence and uniqueness of a global. bounded solution 99 
. . . . . . . . . . . .  4.4 Compact range of global and bounded solutions 109 

. . . . . . . . .  4.5 Convergence and decay rate of global weak solutions 112 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  References 119 



t→ ∞

Ω R
N (N ≥ 1) Γ

ut − Δu+ f(x, u) = 0,

utt + ut − Δu+ f(x, u) = 0,

u = 0 Γ ( ),



∂u

∂n
= 0 Γ ( ),

u+
∂u

∂n
= 0 Γ ( ),

ut + u+
∂u

∂n
= 0 Γ ( ),

f : Ω × R → R

φ {
−Δφ+ f(x, φ) = 0 x ∈ Ω,

T (φ) = 0 x ∈ ∂Ω,

⎧⎪⎪⎨⎪⎪⎩
T (φ) = φ ,

T (φ) = ∂φ
∂n

,

T (φ) = φ+ ∂φ
∂n

.

φ

‖u(t) − φ‖H1(Ω) → 0, t→ ∞.

Ω
f

ut + E ′(u(t)) = 0, t ≥ 0,

utt + ut + E ′(u(t)) = 0, t ≥ 0,

E ′(u) E : H1(Ω) → R

E(u) =
1

2

∫
Ω

|∇u|2 dx+

∫
Ω

F (x, u) dx, F (x, u) =

∫ u

0

f(x, s) ds,

E(u) =
1

2

∫
Ω

|∇u|2 dx+
1

2

∫
Γ

|u|2 dx+

∫
Ω

F (x, u) dx,



φ ∈ H1(Ω) E ′(φ) = 0

ω ω(u)

ω(u) = {ψ ∈ H1(Ω) : ∃ tn → +∞ lim
n→∞

‖u(tn) − ψ‖H1(Ω) = 0}

u
H1(Ω) ω

φ ∈ H1(Ω)

F : R
2 → R C∞

{
u̇(t) + ∇F (u(t)) = 0, t ≥ 0,

u(0) = u0 ∈ R
2,

f
C∞

ω
S1

Ω = (a, b) ⊂ R

f f C1

f C1

1
f

f(·, s) ,

c1|s|β≤ c2F (·, s) ≤ sf(·, s), s ∈ R, ci > 0, β ≥ 2

f(·, s) .



f E ′

E ′ E

f(s) = |s|αs, s ∈ R, α ∈ R
+.

E

φ ∈ C2,p(Ω̄), p ∈ (0, 1)

{
Δφ = f(x, φ) Ω,
φ = 0 Γ.

f{
f s, x,

f, ∂f
∂s
, ∂2f

∂2s
Ω × [−r, r], ∀r > 0.

θ ∈ (0, 1
2
] σ > 0 ψ ∈ C2,p(Ω̄)

‖ψ − φ‖C2,p(Ω) < σ =⇒| E(ψ) − E(φ) |1−θ≤‖Δψ − f(·, ψ)‖L2(Ω).

Γ : R
N → R

a ∈ R
N

∇Γ(a) = 0), θ ∈ (0, 1
2
] σ > 0

| Γ(x) − Γ(a) |1−θ≤‖∇Γ(x)‖, ∀x ∈ R
N , |x− a|≤ σ.

θ σ Γ a



H1(Ω)×L2(Ω)

φ ∈ W 2,p(Ω), p ≥ N
2
, p > 2{

Δφ = f(x, φ) Ω,
φ = 0 Γ.

f θ ∈ (0, 1
2
]

σ > 0 ψ ∈ W 2,p(Ω) ∩H1
0 (Ω)

‖ψ − φ‖W 2,p(Ω) < σ =⇒| E(ψ) − E(φ) |1−θ≤‖Δψ − f(·, ψ)‖L2(Ω).

f

f

φ ∈ H2(Ω) ∩H1
0 (Ω){

Δφ = f(x, φ) Ω,
φ = 0 Γ.

f
f(x, s) s x



⎧⎪⎪⎪⎨⎪⎪⎪⎩
N = 1 : f(x, s)

∂f

∂s
(x, s) Ω × [−r, r], ∀r > 0,

N ≥ 2 : f(·, 0) ∈ L∞(Ω) |∂f
∂s

(x, s)| ≤ ρ(1 + |s|μ), (x, s) ∈ Ω × R,

ρ ≥ 0 μ ≥ 0, (N − 2)μ < 2.

θ ∈ (0, 1
2
] σ > 0 ψ ∈ H1

0 (Ω)

‖ψ − φ‖H1(Ω) < σ =⇒| E(ψ) − E(φ) |1−θ≤‖Δψ − f(·, ψ)‖H−1(Ω).

θ
E

V ↪→ L2(Ω)

E(u) =
1

2
a(u, u) +

∫
Ω

F (u) dx, u ∈ V,

a : V ×V → R

F f

u ∈ C(R+;H1(Ω))
O(u) = {u(t); t ≥ 0}

H1(Ω) u
H1(Ω) φ, E ′(φ) = 0
‖u(t)−φ‖L2(Ω) → 0

ω(u)
φ

u L2(Ω)

I(u) =

∫ ∞

0

‖ut‖L2(Ω) dt <∞.



E
ut

d

dt
E(u(t)) ≤ −‖ut‖2

L2(Ω).

(i) ut ∈ L2(R+;L2(Ω))
(ii) E ω(u) ω(u)

(iii) lim
t→∞

E(u(t)) = E(φ) = E∞ <∞ φ ∈ ω(u)

u φ ∈ ω(u)
σ > 0 (t1, t2) ‖u(t) − φ‖H1(Ω) ≤ σ

W (t) = E(u(t)) − E(φ)

|W (t)|1−θ≤‖E ′(u(t))‖H−1(Ω) =‖ut(t)‖H−1(Ω), t ∈ (t1, t2).

W (t) lim
t→∞

W (t) = 0

t0 ≥ 0 W (t0) = 0 W (t) = 0 t ≥ t0

W (t) > 0 t > 0 W (t)θ

− d

dt
W (t)θ = −θW (t)θ−1 d

dt
W (t) ≥

Cθ‖ut(t)‖2
L2(Ω)

‖ut(t)‖L2(Ω)

≥ Cθ‖ut(t)‖L2(Ω).

(t1, t2)∫ t2

t1

‖ut(t)‖L2(Ω) dt ≤ CW (t1)
θ.

sup
(t1,t2)

‖u(t, ·)−φ‖H1(Ω)

u φ
t2

K(t) = 1
2
‖ut‖2

L2(Ω) + E(u)

E

d

dt
K(t) ≤ −‖ut‖2

L2(Ω).

i) ut ∈ L2(R+, L2(Ω)) ut(t) −→ 0 L2(Ω)
ii) E ω(u) ω(u)



iii) lim
t→∞

E(u(t)) = E(φ) = E∞ <∞ φ ∈ ω(u)

−‖E ′(u)‖2
H−1(Ω)

‖E ′(u)‖L2(Ω) =‖ut‖L2(Ω)

‖E ′(u)‖H−1(Ω)

K

G(t) =
1

2
‖ut‖L2(Ω) + E(u) + ε(−Δu+ f(x, u), ut)H−1(Ω),

ε > 0

d

dt
G(t) ≤ −C

(
‖ut‖2

L2(Ω)+‖E ′(u)‖2
H−1(Ω)

)
.

W (t) = G(t) − E∞

|W (t)|1−θ≤ C
(
‖ut‖L2(Ω)+‖E ′(u(t))‖H−1(Ω)

)
, t ∈ (t1, t2).

− d

dt
W (t)θ ≥ C

(
‖ut‖L2(Ω)+‖E ′(u)‖H−1(Ω)

)
.

(t1, t2) t2

{
u̇(t) +M(u(t)) = g(t), t ≥ 0,

u(0) = u0, u0 ∈ H,{
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a ∈ W 1,∞(Γ), b ∈ L∞(Γ) b(x) ≥ b0 > 0 g1 ∈ L2(R+ × Ω)
g2 ∈ L2(R+×Γ) f

H = W = L2(Ω) × L2(Γ),



V = { = (u, v) ∈ H; u ∈ H1(Ω), v = tu = u}.
H V V H

A B H

A(u, v) = (u, 0) B(u, v) = (u, bv), (u, v) ∈ H.

E : V → R

E( ) =
1

2

∫
Ω

|∇u|2 dx+

∫
Ω

F (x, u) dx+
1

2

∫
Γ

a(x)|tu|2 dσ.

E
u ∈ H1(Ω) = (u, tu) ∈ V

E
C2 V

φ ∈ V

⎧⎪⎨⎪⎩
ut − Δu+ f(x, u) = g1 R

+ × Ω,

but + ∂νu+ au = g2 R
+ × Γ,

u(0) = u0, ut(0) = u1.

g = (g1, g1), f, a(x), b(x), B, E, V H = W
A = 0

⎧⎪⎨⎪⎩
K1(x)utt +K2(x)ut − Δu+ f(x, u) = g R

+ × Ω,

u = 0 R
+ × Γ,

u(0) = u0,
√
K1ut(0) =

√
K1u1,

K1(x) K2(x) ∈ L∞(Ω) K1(x) ≥ 0 K2(x) ≥ β > 0 f

H = W = L2(Ω) V = H1
0 (Ω) A B

H
(Au)(x) = K1(x)u(x), (Bu)(x) = K2(x)u(x),

E : H1
0 (Ω) → R

E(v) =
1

2

∫
Ω

|∇v|2 dx+

∫
Ω

F (x, v) dx, v ∈ H1
0 (Ω).



E φ ∈
V

⎧⎪⎨⎪⎩
K1(x)utt + c1ut − c2Δut − Δu+ f(x, u) = g R

+ × Ω,

u = 0 R
+ × Γ,

u(0) = u0,
√
K1ut(0) =

√
K1u1.

c1, c2 ≥ 0, c1 + c2 > 0 g, K1, f

V = H1
0 (Ω), H = L2(Ω) W = V c2 > 0 W = H c2 = 0

A E
B = c1IV − c2Δ : W → W ′ Δ

Ω ⊆ R
N (N ≥ 1) Γ

Γ0 Γ1 ⊆ Γ Γ Γ1 = ∅

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

α1utt + ut − Δu+
∂f

∂u
(x, u, v) = g1 R

+ × Ω,

α2vtt + vt − Δv +
∂f

∂v
(x, u, v) = g2 R

+ × Ω,

but + ∂u
∂n

+ au = g3 R
+ × Γ0,

u = 0 R
+ × Γ1,

v = 0 R
+ × Γ.

αi ≥ 0 i = 1 2 (g1, g2, g3) ∈ L2(R+×Ω)2×L2(R+×Γ0) f = f(x, u, v) :
Ω × R

2 → R C2

f (u, v) ∈ R
2, x ∈ Ω

(u, v) R
2

ρ > 0 μ ≥ 0 (N − 2)μ < 2⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

N = 1 :
∂f

∂u
(x, u, v),

∂f

∂v
(x, u, v), ∇2

u,vf(x, u, v) Ω × [−r, r]2,
∀r > 0.

N ≥ 2 : (
∂f

∂u
(·, 0, 0),

∂f

∂v
(·, 0, 0)) ∈ (L∞(Ω))2 (x, u, v) ∈ Ω × R

2,

|∇2
u,vf(x, u, v)| ≤ ρ(1 + |u|μ + |v|μ),

∇2
u,vf(x, u, v) f u v

H = W = (L2(Ω))2 × L2(Γ0)



V

V = { = (u1, u2, u3) ∈ H ; u1 ∈ H1
0,Γ1

(Ω), u2 ∈ H1
0 (Ω) u3 = tu1},

H1
0,Γ1

= {u ∈ H1(Ω) ; tu = 0 Γ1} V ↪→ H

E : V −→ R

E( ) =
1

2

∫
Ω

(|∇u1|2 + |∇u2|2) dx+

∫
Ω

f(x, u1, u2) dx+
1

2

∫
Γ0

a|u1|2 dσ.

A B H

A(u, v, w) = (α1u, α2v, 0) B(u, v, w) = (u, v, bw), (u, v, w) ∈ H.

(u, v)
= (u, v, tu) M( ) = E ′( ) g = (g1, g2, g3)

E C2 V
φ ∈ V

α2vtt + vt + αut − Δv +
∂f

∂v
(x, u, v) = g2 R

+ × Ω, 0 ≤ α < 2

B : H → H

B(u, v, w) = (u, v + αu, bw), (u, v, w) ∈ H.

u v
v

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

K1(x)utt +K2(x)ut − Δu+
∂f

∂u
(x, u, v) = g1 R

+ × Ω,

K3(x)vtt +K4(x)vt − Δv +
∂f

∂v
(x, u, v) = g2 R

+ × Ω,

b(x)ut + ∂u
∂n

+ a(x)u = g3 R
+ × Γ0,

u = 0 R
+ × Γ1,

b1(x)vt + ∂v
∂n

+ a1(x)v = g4 R
+ × Γ,



{
(K1, K2, K3, K4) ∈ (L∞(Ω))4, K1, K3 ≥ 0, K2, K4 > 0,

(a, a1, b, b1) ∈ W 1,∞(Γ0) ×W 1,∞(Γ) × L∞(Γ0) × L∞(Γ), b, b1 > 0.

n
n ≥ 2 n = 3

C(x)utt + ut +
∂u

∂n
+ a(x)u = g Γ,

C ∈ L∞(Γ), C(x) ≥ 0

C = 1, g = 0 c = c(u) u
a = g = 0

ut +
∂u

∂n
+ h(x, u) = g,

h
f

W = H
W = V{

utt − Δ2u− Δut − Δu+ f(u) = g R
+ × Ω,

u = Δu = 0 R
+ × Γ.

H = L2(Ω), W = H1
0 (Ω) V = H2(Ω) ∩H1

0 (Ω).

f

Ü(t)+‖U̇(t)‖αU̇(t) + ∇F (U(t)) = 0, t ∈ R
+,



R
N (N ≥ 1) F : R

N → R

α > 0

utt + |ut|αut − Δu+ f(x, u) = 0, (t, x) ∈ R
+ × Ω,

f

ü+ g(u̇(t)) +M(u) = 0, t ∈ R
+,

M g

utt + |ut|αut − Δu+ f(x, u) = g,

∂νu+ u+ ut = 0,

u(0, x) = u0(x), ut(0, x) = u1(x), x ∈ Ω.

f
η, δ > 0

‖g(t)‖2 ≤
η

(1 + t)1+δ+α
.

f
λ < λ1 C ≥ 0 s ∈ R x ∈ Ω

F (x, s) ≥ −λ s
2

2
− C,

λ1 > 0∫
Ω

|∇u|2 dx+

∫
Γ

|tu|2 dσ ≥ λ1

∫
Ω

|u|2 dx, u ∈ H1(Ω) tu = u.



J := [0, τ) τ ∈ (0,∞] u ∈ C(J ;H2(Ω)) ∩
C1(J ;H1(Ω))∩C2(J ;L2(Ω)) u

u(0) = u0 ut(0) = u1

J u ∈ C(J ;H1(Ω)) ∩ C1(J ;L2(Ω))
u u(0) = u0 ut(0) = u1

(gμ) ⊆ H1
loc(J ;L2(Ω)) (uμ)

gμ → g L2
loc(J ;L2(Ω)) uμ → u C(J ;H1(Ω))∩

C1(J ;L2(Ω))

0 ≤ α ≤ 2
N−2

N ≥ 3 α ∈ R
+ N ≤ 2

f

(u0, u1) ∈ H1(Ω) × L2(Ω) g ∈ L2
loc(R

+;L2(Ω))

ut ∈ Lα+2(R+;Lα+2(Ω)) tut ∈ L2(R+;L2(Γ)).

(u, ut) H1(Ω) × L2(Ω)

t, t′ ∈ R
+, t′ ≤ t

Eu(t) +
α+ 1

α+ 2

∫ t

t′

∫
Ω

|ut|α+2 dxds+

∫ t

t′

∫
Γ

|tut|2 dσds ≤ Eu(t
′) +

α+ 1

α+ 2

∫ t

t′
‖g‖

α+2
α+1
α+2
α+1

ds.

Eu u

Eu(t) =
1

2

∫
Ω

|ut|2 dx+
1

2

∫
Ω

|∇u|2 dx+

∫
Ω

F (x, u) dx+
1

2

∫
Γ

|tu|2 dσ.

φ ∈ H1(Ω)

d

dt

∫
Ω

utφ dx+

∫
Ω

∇u∇φ dx+

∫
Ω

|ut|αutφ dx+

∫
Ω

f(x, u)φ dx

+

∫
∂Ω

tut
tφ dσ +

∫
∂Ω

tu tφ dσ =

∫
Ω

gφ dx.

(u0, u1) ∈ H2(Ω) × H1(Ω) g ∈
H1

loc(R
+, L2(Ω))

u0 + ∂νu0 + u1 = 0, Γ.



α
u U = (u, ut)

R
+ H1(Ω)×L2(Ω)

⋃
t≥0{U(t)}

H1(Ω) × L2(Ω)

E

E(u) =
1

2

∫
Ω

|∇u|2 dx+
1

2

∫
Γ

|u|2 dσ +

∫
Ω

F (x, u) dx.

u : R
+ → H1(Ω)

f α ∈ [0, 1)
lim
t→∞

‖ut(t)‖L2(Ω) = 0.

E ω(u) E(φ) = E∞ =
φ ∈ ω(u)

ω

f

θ ∈]0, 1
2
] β > 0 T > 0 t ≥ T

|E(u(t)) − E∞|1−θ ≤ β‖E ′(u(t))‖∗.

‖·‖∗ =‖·‖H−1(Ω)

α

u : R
+ → H1(Ω)

f
N ≤ 2 α ∈ [0, θ

1−θ
[

N ≥ 3 α ∈ [0, θ
1−θ

[∩[0, 4
N−2

[
θ φ ∈ H1(Ω){

−Δφ+ f(x, φ) = 0 Ω,

∂νφ+ φ = 0 ∂Ω,

‖ut(t)‖2+ ‖ u(t) − φ ‖H1(Ω)−→ 0 t→ ∞.



G(t) =
1

2
‖ut(t)‖2

2 + E(u(t)) − E∞ + ε‖u(t)‖α
∗ (E ′(u(t)), ut(t))∗ +∫ ∞

t

(g(s), ut(s))2 ds+ ε(α+ 1)

∫ ∞

t

‖u(s)‖α
∗‖g(s)‖2

∗ ds,

ε > 0 T > 0

d

dt
G(t) ≤ −C‖ut‖α

∗{‖ut‖2
2+‖E ′(u)‖2

∗} − C‖tut‖2
2,Γ, t > T.

u+
∂u

∂n
+ |ut|ρut = h(t, x),

ρ ≥ 0 h ∈ L2(R+ × Γ)

‖h(t)‖2,Γ ≤ η

(1 + t)q
, q =

ρ+ 1

ρ+ 2
[α+ 2 + δ(

α+ 2

α+ 1
)].

⎧⎪⎨⎪⎩
K1(x)utt +K2(x)ut − Δu+ f(x, u) = g1 R

+ × Ω,

∂νu+ μ(x)u+ k ∗ ut = g2 R
+ × Γ,

u(0) = u0,
√
K1ut(0) =

√
K1u1.

Ω ⊆ R
N N ≥ 1

Γ ν K1 K2 ∈ L∞(Ω)
K2(x) ≥ k0 > 0 μ ∈ W 1,∞(Γ)

Γ k ∈ L1
loc(R

+)
k ∗ v

(k ∗ v)(t) =
∫ t

0
k(t− s)v(s) ds t ≥ 0

g1 g2 0 t



K1 ≥ 0
εu′′, ε > 0

K1(x) + ε > 0 u′′

ε > 0
ε u

t
K1u

′′(0) L2(Ω)

f

ü+ u̇+ k ∗ u̇+M(u) = 0, t ∈ R
+.

M = E ′ E C2

k ∈ L1
loc(R

+)

dk′(s) + Ck′(s) ds ≥ 0,

dk′ k′ k ∗ v

k ∗ v(t) =

∫ t

0

k(t− s)v(s) ds, t ≥ 0.

k(s) = s−αe−βs, s ≥ 0, α ∈ [0, 1), β > 0.



d

dt
[k ∗ (u− u0)](t) + ∇E(u) = f(t), u(0) = u0,

d

dt
[k ∗ (u̇− u1)](t) + ∇E(u) = f(t), u(0) = u0, u̇(0) = u1,

E C2

H T > 0 b ∈ L1
loc(R

+)
k ∈ L1

loc(R
+) b∗k =

1 (0,∞) v ∈ L2(0, T ;H) b ∗ v ∈ H1(0, T ;H) b∗‖v‖2
H ∈

W 1,1(0, T ;H)

(v(t),
d

dt
(b ∗ v)(t))H ≥ 1

2

d

dt
(b∗‖v‖2

H)(t) +
1

2
b(t)‖v‖2

H, (0, T ).

b
v ∈ H1(0, T ;H)

b ∈ W 1,1(0, T )
v ∈ L2(0, T ;H)

k ∈ L1
loc(R

+)
b ∈ L1

loc(R
+)

(b ∗ k)(t) = 1.

γ > 0 a ∈ L1(R+)

b(t) = a(t) + γ(1 ∗ a)(t), t > 0.

{
k(t) = g1−s(t)e

−wt, t > 0, s ∈ (0, 1), w > 0,

b(t) = g1−s(t)e
−wt + w[1 ∗ (g1−se

−w)(t)], t > 0, s ∈ (0, 1), w > 0,



gβ

gβ(t) =
tβ−1

Γ(β)
, t > 0, β > 0.

t = 0

v ∈ L2(0, T ;H) b∗v ∈ H1(0, T ;H)
b∗‖v‖2

H ∈ W 1,1(0, T ;H)

b0 ≥ 0
b ∈ L1

loc(R
+) b0k(t) + (b ∗ k)(t) = 1

t ≥ 0
s = 0 k

k(t) = ewt t ≥ 0 w > 0

{
ü+ a ∗ u̇+ ∇E(u) = f(t), t ∈ R

+,

u(0) = u0, u̇(0) = u1

E(u) ∈ C2(RN) a

T > 0 k ∈ H1(T ;∞)∫ ∞

T

( ∫ ∞

t

k(s)2 + k′(s)2ds
) 1

2 dt <∞.

k

f
k

g1 ∈ W 1,2
loc (R+, L2(Ω)) g2 ∈ L2

loc(R
+, H

1
2 (Γ)) ∩

W 2,2
loc (R+, L2(Γ)) u0 u1 ∈ H2(Ω)2

{
−Δu0 + f(x, u0) = g1(0) −K2u1 Ω,

∂νu0 + μ(x)u0 = g2(0) Γ.

u



(g1, g2) ∈ L2(R+;L2(Ω))×L2(R+;L2(Γ)) (u0, u1) ∈
D̄

D̄ = {(u0, u1) ∈ H1(Ω) × L2(Ω) }.

(u,K
1
2
1 ut) H1(Ω) × L2(Ω)

(ut, v) ∈ L2(R+;L2(Ω)) × L2(R+;L2(Γ) v = d
dt

(k ∗ (u− u0))
G : R

+ → R u

G(t) =
1

2
‖K

1
2
1 ut(t)‖2

2 + E(u(t)) +
1

2
a∗‖v(t)‖2

Γ − (g2(t), a ∗ v(t))Γ +

1

2k0

∫ ∞

t

‖g1(s)‖2
2 ds+ d

∫ ∞

t

(‖g2(s)‖2
Γ+‖g′2(s)‖2

Γ) ds.

d =‖a‖L1(R+)max(γ, γ
−1) G

d

dt
G(t) ≤ −k0

2
‖ut(t)‖2

2 −
b∞
2
‖v(t)‖2

Γ − γ

4
a∗‖v(t)‖2

Γ, t > 0.

φ ∈ H1(Ω)

d

dt

∫
Ω

K1(x)utφ dx+

∫
Ω

K2(x)utφ dx+

∫
Ω

∇u∇φ dx+

+

∫
Ω

f(x, u)φ dx+
d

dt

∫
Γ

(k ∗ (u− u0))φ dσ +

∫
Γ

μ(x)uφ dσ

=

∫
Ω

g1φ dx+

∫
Γ

g2φ dσ.

K1(x) ≥ C0 > 0

∂νu+ μ(x)u = g2(0) Γ.

u : R
+ → H1(Ω)

U = (u,K
1
2
1 ut) R

+ H1(Ω)×
L2(Ω)

⋃
t≥0{U(t)} H1(Ω) × L2(Ω)

u : R
+ → H1(Ω)
f

φ ∈ H1(Ω) {
−Δφ+ f(x, φ) = 0 Ω,

∂νφ+ μφ = 0 Γ,



‖K
1
2
1 ut(t)‖2+‖u(t) − φ‖H1(Ω) −→ 0 t→ ∞.

W :
R

+ → R

W (t) =
1

2
‖K

1
2
1 ut‖2

2 + E(u) − E∞ +
1

2
a∗‖v‖2

Γ − (g2, a ∗ v)Γ + ε(E ′(u(t)), K1ut)∗

+(
1

2k0

− Cε)

∫ ∞

t

‖g1(s)‖2
2 ds+ (d− Cε)

∫ ∞

t

(‖g2(s)‖2
Γ+‖g′2(s)‖2

Γ) ds,

Cε < inf{ 1
2k0
, d} ε > 0

d

dt
W (t) ≤ −C

(
‖ut‖2

2+‖E ′(u)‖2
∗+‖v‖2

Γ + a∗‖v‖2
Γ

)
, t > 0.

W
θ

u φ

θ = θφ E φ, φ

θ ∈ (0, 1
2
) C > 0 t ≥ 0

‖u(t) − φ‖2 ≤ C(1 + t)−ξ,

{
ξ = inf{ θ

1−θ
, δ

2
}, (g1, g2) �= (0, 0),

ξ = θ
1−2θ

, (g1, g2) = (0, 0).

θ =
1

2
(g1, g2) = (0, 0) C, κ > 0

‖u(t) − φ‖2 ≤ Ce−θκt.



2. On prouve la compacité et la convergence des solutions faibles. Le manque de 
régularité nous cause des difficultés de calculs. Pour cela, et pour tous les mo- 
dèles étudiés dans cette thèse, on montre aussi l'existence de solutions fortes. 
Les solutions faibles sont définies comme des limites uniformes des solutions 
fortes, et l'on peut alors dériver les énergies associées par passage à la limite. 

3. On traite les conditions dynamiques sur le bord. Les opérateurs elliptiques 
correspondent à des conditions non homogènes sur le bord. On prouve l'inéga- 
lité de Lojasiewicz-Simon pour l'énergie associée qui nous permet d'obtenir un 
résultat de convergence. 

4. Afin d'appliquer l'idée de Simon, pour prouver les résultats de convergence, 
nous devons construire de nouvelles énergies fonctionnelles ( en perturbant 
l'énergie fonctionnelle originale en ajoutant des termes auxiliaires) qui varient 
d'un problème à un autre. 

5. Par obtention des estimations d'énergie délicates et en construisant des inéga- 
lités différentielles, on obtient des estimations de la vitesse de convergence vers 
l'équilibre. 

6. On traite le cas non-autonome. La difficulté technique provenant des termes 
sources est non triviale. La technique utilisée pour prouver le résultat de 
convergence dans le chapitre 4 est direct et reprend naturellement le contexte 
du cas autonome, sans avoir besoin de discussion supplémentaire [16] ou du 
lemme 1.0.1. Remarquons aussi que cette technique peut être appliquée dans 
le deuxième chapitre. 

7. On traite le cas d'amortissement non-linéaire et d'amortissement de type mé- 
moire, qui entraînent des difficultés dans la construction de la fonction de 
Lyapunov. 

8. On étudie des systèmes couplés, ondes-ondes, ondes-chaleur, chaleur-chaleur, 
des systèmes couplés des équations de type mixte, avec différents types de 
couplage et divers types de conditions sur le bord. 

Après ces considérations générales décrivant le cadre de cette thèse, les chapitres 
suivants comporteront une introduction qui devrait permettre d'avoir une idée plus 
précise des poblèmes traités. 



CHAPITRE 1. INTRODUCTION GÉNÉRALE 
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)2(1−θ)

.

t ∈ [T,∞[

K(t)2(1−θ) ≤ −C16
d

dt
K(t) + C17

(
‖A 1

2 u̇(t)‖4(1−θ)
H +‖M(u(t))‖2(1−θ)

V ′ ‖Au̇(t)‖2(1−θ)
V ′

+
( ∫ ∞

t

‖g(s)‖2
Hds

)2(1−θ)
)
.

t ≥ T

C16
d

dt
K(t) ≤ −K(t)2(1−θ) + C18

(
‖A 1

2 u̇(t)‖4(1−θ)
H +‖M(u(t))‖2

V ′+‖Au̇(t)‖
2(1−θ)

θ

V ′

+
( ∫ ∞

t

‖g(s)‖2
Hds

)2(1−θ)
)
.



inf{4(1 − θ), 2(1−θ)
θ

} ≥ 2 t ≥ T

C16
d

dt
K(t) ≤ −K(t)2(1−θ)+C19

(
‖u̇(t)‖2

H+‖M(u(t))‖2
V ′ +(1+t)−2(1−θ)(1+δ)

)
.

t ≥ T

C20
d

dt
K(t) +K(t)2(1−θ) ≤ C19(1 + t)−2(1−θ)(1+δ).

K(t) ≤ C21(1 + t)−γ,

γ = inf
{

1
1−2θ

, 1 + δ
}

‖u̇(t)‖2
W ≤ − 1

C1

d

dt
K(t).

[t, 2t] ≥∫ 2t

t

‖u̇(s)‖2
Wds ≤ C22(1 + t)−γ.

t ∈ R
+,∫ 2t

t

‖u̇(s)‖Wds ≤
√
t
( ∫ 2t

t

‖u̇(s)‖2
Wds

) 1
2
.

∫ 2t

t

‖u̇(s)‖Wds ≤ C23(1 + t)
1−γ

2 .

t ≥ T∫ ∞

t

‖u̇(s)‖Wds ≤
∞∑

k=0

∫ 2k+1t

2kt

‖u̇(s)‖Wds ≤ C24

∞∑
k=0

(2kt)
1−γ

2 ≤ C25(1 + t)
1−γ

2 .

t ≥ T

‖u(t) − φ‖W ≤ C26(1 + t)−η, η = inf{ θ

1 − 2θ
,
δ

2
}.

u t ≥ 0

g = 0 θ =
1

2
. K(t) = G(t) − E(φ)

T0 ≥ T K(T0) = 0, K(t) = 0 t ≥ T0.
u t ≥ T0 u = φ t ≥ T0.



K(t) > 0 t ≥ T.

− d

dt
(K(t))θ = −θK ′(t)(K(t))θ−1.

t > T
K(t))2(1−θ)

(K(t))1−θ ≤ C27

(
‖u̇(t)‖W+‖M(u(t))‖V ′

)
.

t > T

− d

dt
(K(t))θ ≥ C28

(
‖u̇(t)‖W+‖M(u(t))‖V ′

)
.

(t, t′) t′ ≥ t > T K(t) ≥ 0
t′ → ∞)∫ ∞

t

(
‖u̇(s)‖W+‖M(u(s))‖V ′

)
ds ≤ C29(K(t))θ, t > T.

t > T

(K(t))θ = ((K(t))1−θ)
θ

1−θ ≤ (C27)
θ

1−θ

(
‖u̇(t)‖W+‖M(u(t))‖V ′

) θ
1−θ .

t > T∫ ∞

t

(
‖u̇(s)‖W+‖M(u(s))‖V ′

)
ds ≤ C30

(
‖u̇(t)‖W+‖M(u(t))‖V ′

) θ
1−θ .

t > T

v(t) =

∫ ∞

t

(
‖u̇(s)‖W+‖M(u(s))‖V ′

)
ds.

‖u(t) − φ‖W = lim
t′→∞

‖u(t) − u(t′)‖W ≤ v(t), t > T.

θ =
1

2

v′(t) ≤ −C31v(t), t > T.



A = 0 u : R
+ → V

Bu̇+M(u) = g,

V , W , B, M g
u ∈ W 1,2

loc (R+,V).
{u(t) : t ≥ 1} V .

φ ∈ ω(u) E
θ φ

u(t) → φ V C ′ > 0 t ≥ 0

‖u(t) − φ‖W ≤ C ′(1 + t)−η, η = inf{ θ

1 − 2θ
,
δ

2
}.

g = 0 θ =
1

2
, C

′′
, ξ > 0

≥ 0
‖u(t) − φ‖W ≤ C

′′
e−ξt.

A = 0

G(t) = E(u(t)), t > 0.

d

dt
G(t) = (M(u(t)), u̇(t))V ′,V

= (M(u(t)), u̇(t))V ′,V + ε(M(u(t)),−Bu̇(t) −M(u(t)) + g(t))V ′ .

(i) u̇ ∈ L2(R+,W) M(u) ∈ L2(R+,V ′).
(ii) E ω(u).
(iii) ω(u) ⊆ S.

(H1)

u ∈ C(R+,V)∩H1
loc(R

+,H) Au̇ ∈ H1
loc(R

+,V ′) C1 C2 > 0
G

(u H)



Ω ⊆ R
N N ≥ 1 Γ ν

f = f(x, u) : Ω × R → R

C2

f x ∈ Ω u
R

N = 1 f
∂f

∂s
Ω × [−r, r] r > 0

N ≥ 2 f(·, 0) ∈ L∞(Ω) ρ ≥ 0 μ > 0
(N − 2)μ < 2

|∂f
∂s

(x, s)| ≤ ρ(1 + |u|μ) s ∈ R, x ∈ Ω.

⎧⎪⎨⎪⎩
utt + ut − Δu+ f(x, u) = g1 R

+ × Ω,

b(x)ut + ∂νu+ a(x)u = g2 R
+ × Γ,

u(0) = u0, ut(0) = u1.

a ∈ W 1,∞(Γ), b ∈ L∞(Γ) b(x) ≥ b0 > 0 (g1, g2) ∈ L2(R+;L2(Ω)×L2(Γ))

u : R
+ → H1(Ω)

u ∈ L∞
loc(R

+;H1(Ω)) ∩W 1,∞
loc (R+;L2(Ω)),

tu ∈ H1
loc(R

+;L2(Γ)), tu = u,

φ ∈ H1(Ω)

d

dt

∫
Ω

utφ dx+

∫
Ω

utφ dx+

∫
Ω

∇u∇φ dx+

∫
Ω

f(x, u)φ dx

+

∫
Γ

(b(x)ut + a(x)u)φ dσ =

∫
Ω

g1(t)φ dx+

∫
Γ

g2(t)φ dσ.



H = W = L2(Ω)×L2(Γ) V = { = (u1, u2) ∈ H u1 ∈ H1(Ω), u2 =
tu1 = u1}. H

( , )H = (u1, v1)L2(Ω) + (u2, v2)L2(Γ), = (u1, u2), = (v1, v2) ∈ H,

V H1(Ω)

( , )V = (∇u,∇v)L2(Ω) + (u, v)L2(Ω), = (u, tu), = (v, tv) ∈ V.

H1(Ω) ↪→ L2(Ω) H
1
2 (Γ) ↪→ L2(Γ)

V ↪→ H V H
= (f1, f2) ∈ H ε > 0

H
1
2 (Γ) ↪→ L2(Γ) u2 ∈ H

1
2 (Γ) ‖u2 − f2‖L2(Γ) ≤

ε

2
H1(Ω) → H

1
2 (Γ), ũ1 ∈ H1(Ω)

tũ1 = u2 ũ = (ũ1, u2) ∈ V D(Ω) L2(Ω),

u1 ∈ D(Ω) ‖u1 + ũ1 −f1‖L2(Ω) ≤
ε

2
. = (u1 + ũ1, u2) ∈ V

‖ − ‖H ≤ ε V H

E : V −→ R

E( ) =
1

2

∫
Ω

|∇u|2dx+

∫
Ω

F (x, u)dx+
1

2

∫
Γ

a(x)|tu|2dσ,

F (x, u) =
∫ u

0
f(x, s)ds

E ∈ C2(V) = (u, tu), Φ = (φ, tφ),Ψ =
(ψ, tψ) ∈ V

(E ′( ),Ψ)V ′,V =

∫
Ω

∇u∇ψdx+

∫
Ω

f(x, u)ψdx+

∫
Γ

a tu tψdσ,

E ′′( )(Φ,Ψ) =

∫
Ω

∇φ∇ψdx+

∫
Ω

∂f

∂u
(x, u)φψdx+

∫
Γ

a tφ tψdσ.

E
C∞,

T : X −→ R

T (u) =
∫

Ω
F (x, u)dx C2 X{

X = L
2N

N−2 N ≥ 3,

X = Lq, q > 0 N ≤ 2.



E p > N
2

X = {Φ = (φ, tφ) ∈ V ; φ ∈ W 2,p(Ω)}

Y = Lp(Ω) ×W 1− 1
p
,p(Γ).

E ′ X Y E ′ : X → Y

E ′

a
G(u1, u2) = (f(x, u1), 0)

L∞(Ω)×W 1− 1
p
,p(Γ)

W 2,p(Ω) ↪→ L∞(Ω) ↪→ Lp(Ω) p > N
2

L = E ′′ E ∈ V
E ′( ) = 0 L( ) V V ′ X Y

L( ) X

E ′( ) = 0 u{
−Δu+ f(x, u) = 0 Ω,

∂νu+ au = 0 Γ.

u ∈ L∞(Ω)
L( ) = A + B

(AΦ,Ψ)V ′,V =

∫
Ω

∇φ∇ψdx+

∫
Ω

φψdx+

∫
Γ

tφ tψdσ,

(BΦ,Ψ)V ′,V =

∫
Ω

(
∂f

∂u
− 1)φψdx+

∫
Γ

(a− 1)tφ tψdσ.

A V V ′

X Y
B V V ′ X

Y V ↪→ Lq(Ω) × L2(Γ) Lq′(Ω) × L2(Γ) ↪→ V ′

2 ≤ q < 2∗ :=

⎧⎨⎩
2N

N−2
N ≥ 3,

∞ N = 1, 2,

B Lq(Ω)×L2(Γ) Lq′(Ω)×L2(Γ)
2 ≤ q < 2∗ X ↪→ L∞(Ω) ×



W 1,p(Γ) Lp(Ω) ×W 1,p(Γ) ↪→ Lp(Ω) ×W 1− 1
p
,p(Γ) = Y

B L∞(Ω) ×W 1,p(Γ)
Lp(Ω) ×W 1,p(Γ) B

L( ) V V ′ X Y
Φ = (φ, tφ) ∈ L( ) Ψ = (ψ, tψ) ∈ V∫

Ω

∇φ∇ψdx+

∫
Ω

∂f

∂u
(x, u)φψdx+

∫
Γ

a tφ tψdσ = 0,

φ {
−Δφ+

∂f

∂u
(x, u)φ = 0 Ω,

∂νφ+ aφ = 0 Γ.

u ∈ L∞(Ω)
∂f

∂u
(x, u) ∈ L∞(Ω).

a ∈ W 1,∞(Γ)
φ ∈ W 2,p(Ω) Φ ∈ X

E
∈ V ∈ V E ′( ) = 0

β > 0 σ > 0 0 < θ ≤ 1
2

| E( ) − E(Φ) |1−θ≤ β ‖ E ′(Φ) ‖V ′ , Φ ∈ V ‖ − Φ ‖V< σ.

P ∈ L(H)
L( )

A B : H → H

A(u, v) = (u, 0), B(u, v) = (u, bv).

u = (u, tu)
M( ) = E ′( ) g = (g1, g2)

∈ L∞
loc(R

+,V) ∩H1
loc(R

+,H)

(g − E ′( ) −B ˙ ,Φ)V ′,V = (utt, φ)H1(Ω)′,H1(Ω) = ∂t(ut, φ)L2(Ω)

= (A ˙ ,Φ)̇H = ((A ˙ )̇,Φ)V ′,V , Φ ∈ V.
A ˙ ∈ H1

loc(R
+,V ′)



u : R
+ → H1(Ω)

g φ ∈ H1(Ω){
−Δφ+ f(x, φ) = 0 Ω,

∂νφ+ aφ = 0 Γ,

‖ut(t)‖L2+ ‖ u(t) − φ ‖H1(Ω)−→ 0 t→ ∞,

C ′ > 0 ≥ 0

‖u(t) − φ‖L2(Ω)+‖u(t) − φ‖L2(Γ) ≤ C ′(1 + t)−η, η = inf{ θ

1 − 2θ
,
δ

2
},

θ Φ = (φ, tφ)

g = 0 θ =
1

2
, C

′′
> 0 ξ > 0

≥ 0

‖u(t) − φ‖L2(Ω)+‖u(t) − φ‖L2(Γ) ≤ C
′′
e−ξt.

A B
(H1) (H2)

(H3)
(H4)

(
E ∈ C2(V) g)

L : V → V ′

V K = L−1 V ′

(g1, g2)V ′ = (Kg1, Kg2)V , g1, g2 ∈ V ′.

∈ H, ∈ V ′,

( , K )H = ( , K )V ′,V = (LK ,K )V ′,V = (K ,K )V = ( , )V ′ .

∈ V, = (v1, v2) ∈ H,

K ◦M ′( ) = + L−1
(∂f
∂u

(., u)v1, av2

)
+ L−1 , H.

f
(H4)



⎧⎪⎨⎪⎩
ut − Δu+ f(x, u) = g1 R

+ × Ω,

but + ∂νu+ au = g2 R
+ × Γ,

u(0) = u0, ut(0) = u1.

g = (g1, g1) Ω Γ ν f a(x), b(x)

u : R
+ → H1(Ω) u ∈

L∞
loc(R

+;H1(Ω)) ∩W 1,∞
loc (R+;L2(Ω)), tu ∈ H1

loc(R
+;L2(Γ)) φ ∈ H1(Ω)

∫
Ω

(ut + f(x, u))φdx+

∫
Ω

∇u∇φdx+

∫
Γ

(b tut + a tu)φdσ =

=

∫
Ω

g1(t)
tφdx+

∫
Γ

g2(t)
tφdσ.

u : R
+ → H1(Ω)

g φ ∈ H1(Ω)
lim
t→∞

u(t) = φ H1(Ω).

C ′ > 0 ≥ 0

‖u(t) − φ‖L2(Ω)+‖u(t) − φ‖L2(Γ) ≤ C ′(1 + t)−η, wher η = inf{ θ

1 − 2θ
,
δ

2
},

θ Φ = (φ, tφ))

g = 0 θ =
1

2
, C

′′
ξ > 0

≥ 0

‖u(t) − φ‖L2(Ω)+‖u(t) − φ‖L2(Γ) ≤ C
′′
e−ξt.

H V W B E



K1(x) K2(x) ∈ L∞(Ω) K1(x) ≥ 0 K2(x) ≥ β > 0, p > 0

⎧⎪⎨⎪⎩
K1(x)utt +K2(x)ut − Δu+ |u|pu = g R

+ × Ω,

u = 0 R
+ × Γ,

u(0) = u0,
√
K1ut(0) =

√
K1u1.

u : R
+ → H1

0 (Ω)

u ∈ L∞
loc(R

+;H1
0 (Ω)) ∩H1

loc(R
+;L2(Ω)),

K
1
2
1 ut ∈ L∞

loc(R
+;L2(Ω)),

φ ∈ H1(Ω)

d

dt

∫
Ω

K1utφ dx+

∫
Ω

K2utφ dx+

∫
Ω

∇u∇φ dx+

∫
Ω

|u|puφ dx =

∫
Ω

gφ dx.

H = W = L2(Ω) V = H1
0 (Ω) A B H

(Au)(x) = K1(x)u(x), (Bu)(x) = K2(x)u(x).

H
E : H1

0 (Ω) → R

E(v) =
1

2

∫
Ω

| ∇v |2 dx+
1

p+ 2

∫
Ω

| v |p+2 dx, v ∈ H1
0 (Ω).

u : R
+ → H1

0 (Ω)
p ∈ (0, 2

N−2
) g

u(t) → 0 H1(Ω),

C ′ > 0 ≥ 0

‖u(t)‖L2(Ω) ≤ C ′(1 + t)−
δ
2 .

g = 0 C
′′
ξ > 0 ≥ 0

‖u(t)‖L2(Ω) ≤ C
′′
e−ξt.



A B
E ∈ C2(H1

0 (Ω))
E(0) = 0

0 ω u
ω(u) = {0}

E 0
θ = 1

2

K : H−1(Ω) → H1
0 (Ω) Kv = (−Δ)−1v,

K ◦M ′(v) = I + (−Δ)−1|v|p
p ∈ (0, 2

N−2
) (H4)

⎧⎪⎨⎪⎩
K1(x)utt + c1ut − c2Δut − Δu+ f(x, u) = g R

+ × Ω,

u = 0 R
+ × Γ,

u(0) = u0,
√
K1ut(0) =

√
K1u1.

c1 c2 ≥ 0 c1 + c2 > 0 g ∈ L2
Loc(R

+;L2(Ω)) K1

V = H1
0 (Ω), H = L2(Ω) W = V c2 > 0 W = H c2 = 0

A
K1, B = c1IV − c2Δ : W → W ′ −Δ

E : H1
0 (Ω) → R

E(u) =
1

2

∫
Ω

|∇u|2dx+

∫
Ω

F (x, u)dx, F (x, u) =

∫ u

0

f(x, s)ds.

B
f E ∈ C2(V)

E θ ∈ (0,
1

2
]

u : R
+ → H1

0 (Ω)
g lim

t→∞
u(t) = φ

H1
0 (Ω), φ C ′ > 0

≥ 0

‖u(t) − φ‖W ≤ C ′(1 + t)−η, η = inf{ θ

1 − 2θ
,
δ

2
}.

g = 0 θ =
1

2
C

′′
ξ > 0

t ≥ 0
‖u(t) − φ‖W ≤ C

′′
e−ξt.



Ω ⊆ R
N N ≥ 1 Γ Γ0

Γ1 ⊆ Γ Γ = Γ0 ∪ Γ1 Γ0 ∩ Γ1 = ∅.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

α1utt + ut − Δu+
∂f

∂u
(x, u, v) = g1 R

+ × Ω,

α2vtt + vt − Δv +
∂f

∂v
(x, u, v) = g2 R

+ × Ω,

but + ∂u
∂n

+ au = g3 R
+ × Γ0,

u = 0 R
+ × Γ1,

v = 0 R
+ × Γ,

(u(0), v(0)) = (u0, v0),

(
√
α1ut(0),

√
α2vt(0)) = (

√
α1u1,

√
α2v1).

αi ≥ 0 (i = 1 2) (g1, g2, g3) ∈ L2(R+ × Ω)2 × L2(R+ × Γ0)
f = f(x, u, v) : Ω × R

2 → R C2

f (u, v) ∈ R
2, x ∈ Ω (u, v)

R
2

N = 1
∂f

∂u

∂2f

∂u2

∂f

∂v

∂2f

∂v2

∂2f

∂u∂v
Ω × [−r, r]2

r > 0

N ≥ 2 (
∂f

∂u
(·, 0, 0),

∂f

∂v
(·, 0, 0)) ∈ (L∞(Ω))2 ρ ≥ 0

μ > 0 (N − 2)μ < 2

|∇2
u,vf(x, u, v)| ≤ c(1 + |u|μ + |v|μ) (u, v) ∈ R

2, x ∈ Ω,

∇2
u,vf(x, u, v) f u v

(u, v)

u ∈ L∞
loc(R

+;H1(Ω)) ∩ H1
loc(R

+;L2(Ω)),
√
α1ut ∈ L∞

loc(R
+;L2(Ω)) tu|Γ1 = 0,

tu|Γ0 ∈ H1
loc(R

+, L2(Γ0))

v ∈ L∞
loc(R

+;H1
0 (Ω)) ∩H1

loc(R
+;L2(Ω)),

√
α2vt ∈ L∞

loc(R
+;L2(Ω)

∀(φ1, φ2) ∈ H1(Ω) ×H1
0 (Ω)

d

dt

∫
Ω

α1utφ1 dx+
d

dt

∫
Ω

α2vtφ2 dx+

∫
Ω

∇u∇φ1 dx+

∫
Ω

∇v∇φ2 dx

+

∫
Ω

(ut+
∂f

∂u
(x, u, v))φ1 dx+

∫
Γ0

(b tut+a
tu) tφ1 dσ+

∫
Ω

(vt+
∂f

∂v
(x, u, v))φ2 dx

=

∫
Ω

(g1(t)φ1 + g2(t)φ2) dx+

∫
Γ0

g3(t)
tφ1 dσ.



H = W = (L2(Ω))2 × L2(Γ0).

H1
0,Γ1

= {u ∈ H1(Ω) ; tu = 0 Γ1}

V = { = (u1, u2, u3) ∈ H ; u1 ∈ H1
0,Γ1

(Ω), u2 ∈ H1
0 (Ω) u3 = tu1}.

H

( , )H = (u1, v1)L2(Ω) + (u2, v2)L2(Ω) + (u3, v3)L2(Γ0),

= (u1, u2, u3), = (v1, v2, v3) ∈ H
V

( , )V = (∇u1,∇v1)L2(Ω) + (∇u2,∇v2)L2(Ω) + (u1, v1)L2(Ω),

= (u1, u2,
tu1), = (v1, v2,

tv1) ∈ V.
V ↪→ H

E : V −→ R

E( ) =
1

2

∫
Ω

(|∇u1|2 + |∇u2|2) dx+

∫
Ω

f(x, u1, u2) dx+
1

2

∫
Γ0

a|tu1|2 dσ.

E ∈ C2(V) = (u1, u2,
tu1), Φ = (φ1, φ2,

tφ1),Ψ =
(ψ1, ψ2,

tψ1) ∈ V

(E ′( ),Ψ)V ′,V =

∫
Ω

(∇u1∇ψ1 + ∇u2∇ψ2) dx+

∫
Ω

∂f

∂u
(x, u1, u2)ψ1 dx

+

∫
Ω

∂f

∂v
(x, u1, u2)ψ2 dx+

∫
Γ0

a tu1
tψ1 dσ,

E ′′( )(Φ,Ψ) =

∫
Ω

∇φ1∇ψ1 + ∇φ2∇ψ2 dx+

∫
Ω

∂2f

∂u2
(x, u1, u2)φ1ψ1 dx

+

∫
Γ0

a tφ1
tψ1 dσ +

∫
Ω

∂2f

∂v2
(x, u1, u2)φ2ψ2 dx

+

∫
Ω

∂2f

∂uv
(x, u1, u2)φ1ψ2 dx+

∫
Ω

∂2f

∂vu
(x, u1, u2)φ2ψ1 dx.

T : X 2 −→ R

T (u) =
∫

Ω
f(x, u1, u2)dx C2

X :=

⎧⎨⎩(L
2N

N−2 )2 N ≥ 3,

(Lq)2 (0 < q <∞) N = 1, 2.



A B H

A(u, v, w) = (α1u, α2v, 0) B(u, v, w) = (u, v, bw), (u, v, w) ∈ H.

(u, v) =
(u, v, tu) M( ) = E ′( ) g = (g1, g2, g3)

p > N
2

X =
{
Φ = (φ1, φ2,

tφ1) ∈ V ; φ1 ∈ W 2,p(Ω) ∩ H1
0,Γ1

(Ω) φ2 ∈ W 2,p(Ω)
}

Y = (Lp(Ω))2 ×W 1− 1
p
,p(Γ0) E ′ X Y.

G(u1, u2, u3) =
(∂f
∂u

(x, u1, u2),
∂f

∂v
(x, u1, u2), 0

)
(L∞(Ω))2 ×W 1− 1

p
,p(Γ0)

L = E
′′

E ∈ V
E ′( ) = 0 L( ) V V ′ X Y

L( ) X

L( ) = A+B
A B : V → V ′

(AΦ,Ψ)V ′,V =

∫
Ω

(∇φ1∇ψ1 + ∇φ2∇ψ2) dx+

∫
Ω

(φ1ψ1 + φ2ψ2) dx+

+

∫
Γ0

tφ1
tψ1 dσ,

(BΦ,Ψ)V ′,V =

∫
Ω

(∂2f

∂u2
(x, u1, u2) − 1

)
φ1ψ1 dx+

∫
Ω

(∂2f

∂v2
(x, u1, u2) − 1

)
φ2ψ2 dx

+

∫
Ω

∂2f

∂uv
(x, u1, u2)φ1ψ2 dx+

∫
Ω

∂2f

∂vu
(x, u1, u2)φ2ψ1 dx+

+

∫
Γ0

(a− 1) tφ1
tψ1 dσ.

2 ≤ q < 2∗

2∗ :=

⎧⎨⎩
2N

N−2
N ≥ 3,

∞ N = 1, 2,

B (Lq(Ω))2 × L2(Γ0)
(Lq′(Ω))2 × L2(Γ0) B (L∞(Ω))2 ×



W 1,p(Γ0) (Lp(Ω))2×W 1,p(Γ0)
L( )

V V ′ X Y
Φ = (φ1, φ2,

tφ1) ∈ L( ) Ψ = (ψ1, ψ2,
tψ1) ∈ V

E
′′
( )(Φ,Ψ) = 0 ψ2 = 0 ψ1 = 0

φ1 ∈ W 2,p(Ω)
φ2 ∈ W 2,p(Ω)⎧⎪⎪⎨⎪⎪⎩

−Δφ1 +
∂2f

∂u2
(x, u1, u2)φ1 +

∂2f

∂vu
(x, u1, u2)φ2 = 0 Ω,

∂νφ1 + aφ1 = 0 Γ0,

φ1 = 0 Γ1,

⎧⎨⎩ −Δφ2 +
∂2f

∂v2
(x, u1, u2)φ2 +

∂2f

∂uv
(x, u1, u2)φ1 = 0 Ω,

φ2 = 0 ∂Ω.

E
Φ ∈ V

(u, v)
g

(φ1, φ2) ∈ H1(Ω) × H1
0 (Ω)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−Δφ1 +
∂f

∂φ1

(x, φ1, φ2) = 0 R
+ × Ω,

−Δφ2 +
∂f

∂φ2

(x, φ1, φ2) = 0 R
+ × Ω,

∂φ1

∂n
+ aφ1 = 0 R

+ × Γ0,

φ1 = 0 R
+ × Γ1,

φ2 = 0 R
+ × Γ,

‖ut(t)‖L2(Ω) + ‖vt(t)‖L2(Ω)+ ‖ u(t) − φ1 ‖H1(Ω) + ‖ v(t) − φ2 ‖H1
0 (Ω)−→ 0,

C ′ > 0 ≥ 0

‖u(t) − φ1‖L2(Ω)+‖u(t) − φ1‖L2(Γ0)+‖v(t) − φ2‖L2(Ω) ≤ C ′(1 + t)−η,



η = inf{ θ
1−2θ

, δ
2
} θ Φ =

(φ1, φ2,
tφ1)

g = 0 θ =
1

2
, C

′′
ξ > 0

t ≥ 0

‖u(t) − φ1‖L2(Ω)+‖u(t) − φ1‖L2(Γ0)+‖v(t) − φ2‖L2(Ω) ≤ C
′′
e−ξt.

α2vtt + vt + α3ut − Δv +
∂f

∂v
(x, u, v) = g2, 0 ≤ α3 < 2,

α2vtt + α4vt − α5Δvt − Δv +
∂f

∂v
(x, u, v) = g2, α4, α5 ≥ 0, α4 + α5 > 0.

W = H B : H → H
B(u1, u2, u3) = (u1, u2 + α3u1, bu3)

B : W → W ′ B(u, v, w) = (u, α4v − α5Δv, bw) W = V α5 > 0
W = H α5 = 0

{
K1(x)utt +K2(x)ut − Δu+ f(x, u) = g1 R

+ × Ω,

b(x)ut + ∂u
∂n

+ a(x)u = g3 R
+ × Γ,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

K1(x)utt +K2(x)ut − Δu+
∂f

∂u
(x, u, v) = g1 R

+ × Ω,

K3(x)vtt +K4(x)vt − Δv +
∂f

∂v
(x, u, v) = g2 R

+ × Ω,

b(x)ut + ∂u
∂n

+ a(x)u = g3 R
+ × Γ0,

u = 0 R
+ × Γ1,

b1(x)vt + ∂v
∂n

+ a1(x)v = g4 R
+ × Γ,

{
(K1, K2, K3, K4) ∈ (L∞(Ω))4, K1, K3 ≥ 0, K2, K4 > 0,

(a, a1, b, b1) ∈ W 1,∞(Γ0) ×W 1,∞(Γ) × L∞(Γ0) × L∞(Γ), b, b1 > 0.

W =
H W = V

−Δut

W �= H W �= V
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Ω ⊆ R
N N ≥ 1 Γ

utt + |ut|αut − Δu+ f(x, u) = g (0,∞) × Ω,

∂νu+ u+ ut = 0 (0,∞) × Γ

u(0, ·) = u0, ut(0, ·) = u1 Ω.

α ≥ 0 ν
g ∈ L2

loc(R
+, L2(Ω)) t ∈ R

+ η ≥ 0 δ > 0

‖g(t)‖2 ≤
η

(1 + t)1+δ+α
.

f = f(x, u) : Ω × R → R C2

f x ∈ Ω u
R



N = 1 f
∂f

∂s
Ω × [−r, r] r > 0

N ≥ 2 f(·, 0) ∈ L∞(Ω) ρ ≥ 0 μ > 0
(N − 2)μ < 2

|∂f
∂s

(x, s)| ≤ ρ(1 + |u|μ) s ∈ R, x ∈ Ω.

λ < λ1 C ≥ 0 s ∈ R x ∈ Ω

F (x, s) ≥ −λ s
2

2
− C,

F (x, s) :=
∫ s

0
f(x, r) dr λ1 > 0

∫
Ω

|∇u|2 +

∫
Γ

|tu|2 ≥ λ1

∫
Ω

|u|2, u ∈ H1(Ω) tu = u.

f H1(Ω) L2(Ω)

λ < λ1

H1(Ω) ×
L2(Ω)
t → ∞.

α = 0

f g α = 0
g = 0

f

f

f g

H = H1(Ω)×L2(Ω) H1(Ω)

‖u‖H1(Ω) =
( ∫

Ω

|∇u|2 dx+

∫
Γ

tu2dσ
) 1

2 .



H H1(Ω) H1(Ω)′ L2(Ω) L2(Γ)
(·, ·)H (·, ·)H1(Ω) (·, ·)∗ (·, ·)2, (·, ·)2,Γ ‖·‖H ‖·‖H1(Ω)

‖·‖∗ ‖·‖2 ‖·‖2,Γ Lp(Ω) ‖·‖p

J := [0, τ) τ ∈ (0,∞] u ∈ C(J ;H2(Ω)) ∩
C1(J ;H1(Ω)) ∩ C2(J ;L2(Ω)) u

u(0) = u0 ut(0) = u1

J u ∈ C(J ;H1(Ω)) ∩ C1(J ;L2(Ω))
u(0) = u0 ut(0) = u1

(gμ) ⊆ H1
loc(J ;L2(Ω)) (uμ)

gμ → g L2
loc(J ;L2(Ω)) uμ → u C(J ;H1(Ω)) ∩

C1(J ;L2(Ω))

f 0 ≤
α ≤ 2

N−2
N ≥ 3 α ∈ R

+ N ≤ 2
(u0, u1) ∈ H g ∈ L2

loc(R
+;L2(Ω))

ut ∈ Lα+2(R+;Lα+2(Ω)) tut ∈ L2(R+;L2(Γ)).
(u, ut) H

t t′ ∈ R
+, t′ ≤ t

Eu(t) +
α+ 1

α+ 2

∫ t

t′

∫
Ω

|ut|α+2 +

∫ t

t′

∫
Γ

|tut|2 ≤ Eu(t
′) +

α+ 1

α+ 2

∫ t

t′
‖g‖

α+2
α+1
α+2
α+1

,

Eu u

Eu(t) =
1

2

∫
Ω

|ut|2 dx+
1

2

∫
Ω

|∇u|2 dx+

∫
Ω

F (x, u) dx+
1

2

∫
Γ

|tu|2 dσ.

φ ∈ H1(Ω)

d

dt

∫
Ω

utφ dx+

∫
Ω

∇u∇φ dx+

∫
Ω

|ut|αutφ dx+

∫
Ω

f(x, u)φ dx

+

∫
Γ

tut
tφdσ +

∫
Γ

tu tφdσ =

∫
Ω

gφ dx.

(u0, u1) ∈ H2(Ω) × H1(Ω)
g ∈ H1

loc(R
+, L2(Ω))

u0 + ∂νu0 + u1 = 0 Γ.



f α
u U = (u, ut) R

+ H⋃
t≥0{U(t)} H

E : H1(Ω) −→ R

E(u) =
1

2

∫
Ω

|∇u|2 dx+

∫
Ω

F (x, u) dx+
1

2

∫
Γ

|tu|2 dσ.

f E
E ′(u) ∈ H1(Ω)′ E ′′(u) ∈ L(H1(Ω), H1(Ω)′)

u ∈ H1(Ω) φ
ψ ∈ H1(Ω)

(E ′(u), ψ)H1(Ω)′,H1(Ω) =

∫
Ω

∇u∇ψ dx+

∫
Ω

f(x, u)ψ dx+

∫
Γ

tu tψ dσ,

(E ′′(u)φ, ψ)H1(Ω)′,H1(Ω) =

∫
Ω

∇φ∇ψ dx+

∫
Ω

∂f

∂u
(x, u)φψ dx+

∫
Γ

tφ tψ dσ.

N = 3

H1(Ω)′ ‖ · ‖∗
f

E ∈ C2(H1(Ω))
φ ∈ H1(Ω) φ ∈ H1(Ω) E ′(φ) = 0

βφ > 0 σφ > 0 0 < θφ ≤ 1
2

|E(φ) − E(ψ)|1−θφ ≤ βφ ‖ E ′(ψ) ‖∗

ψ ∈ H1(Ω) ‖ φ − ψ ‖H1(Ω)< σφ. θφ

E φ

θ φ

f



θ ∈]0, 1
2
] β > 0 T > 0

t ≥ T
|E(u(t)) − E∞|1−θ ≤ β‖E ′(u(t))‖∗.

ω u : R
+ → H1(Ω)

ω(u) = {φ ∈ H1(Ω) : ∃ tn → +∞ lim
n→∞

‖u(tn) − φ‖H1(Ω) = 0}.

u : R
+ → H1(Ω) {u(t) : t ≥ 1}

H1(Ω) ω ω(u)

ω

u : R
+ → H1(Ω)

f α ∈ [0, 1)
lim
t→∞

‖ut(t)‖2 = 0.

E ω(u) E(φ) = E∞ = φ ∈ ω(u)
ω

u : R
+ → H1(Ω)

f
N ≤ 2 α ∈ [0, θ

1−θ
)

N ≥ 3 α ∈ [0, θ
1−θ

) ∩ [0, 4
N−2

)
θ φ ∈ H1(Ω){

−Δφ+ f(x, φ) = 0 Ω,

∂νφ+ φ = 0 Γ,

‖ut(t)‖2+ ‖ u(t) − φ ‖H1(Ω)−→ 0 t→ ∞.

C
g f α Ω

t ∈ R
+



ΔR : D(ΔR) ⊆ L2(Ω) → L2(Ω)

ΔRu = Δu D(ΔR) = {u ∈ H2(Ω)| ∂νu+ u = 0 Γ}.

ΔR : H1(Ω) → H1(Ω)′

(−ΔRu, v)H1(Ω)′,H1(Ω) =

∫
Ω

∇u∇v +

∫
Γ

tu tv dσ.

D((−ΔR)
1
2 ) ≡ H1(Ω)

R : Hs(Γ) → Hs+ 3
2 (Ω)

Rp = q ⇔
{

Δq = 0 Ω

q + ∂νq = p Γ.

R s ∈ R

R∗ΔRv = −tv, v ∈ H1(Ω) = D((−ΔR)
1
2 ).

A H

D(A) = {(u, v) ∈ H2(Ω) ×H1(Ω) | u+ ∂νu+ v = 0 Γ}

A

(
u
v

)
=

(
−v

−ΔR(u+R(tv)) + |v|αv

)
.

(u, v)T ∈ D(A), u+R(tv) ∈ D(ΔR).

d

dt

(
u
ut

)
+ A

(
u
ut

)
+

(
0

f(x, u)

)
=

(
0
g

)
.



|v|αv H1(Ω) L2(Ω)
A

H I + A H A
C(u, v)T =

(0, f(x, u))T H H
(u0, u1) ∈ D(A)

g ∈ H1
loc(R

+;L2(Ω))
(u, ut)

T [0, tmax) tmax < ∞,
limt↗tmax‖(u, ut)‖H = +∞

u t t′ ∈ (0, tmax) t′ < t

∫
Ω

|F (x, u0)| ≤ C(1+‖u0‖μ+2
H1 ),

C ≥ 0
‖f(·, 0)‖L∞ H1(Ω) ↪→

Lμ+2(Ω) Eu

C1 ≥ 0

Eu(0) ≤ C1 (1+‖u1‖2
L2+‖u0‖μ+2

H1 ).

C2 λ λ1 C3

f Ω

‖(u(t), ut(t))‖2
H ≤ C2Eu(t) + C3 t ∈ (0, tmax).

‖(u(t), ut(t))‖2
H +

∫ t

0

‖tut‖2
Γds ≤ C4 (1+‖u1‖2

L2+‖u0‖μ+2
H1 +

∫ t

0

‖g‖
α+2
α+1
α+2
α+1

)

t ∈ (0, tmax) C4 ≥ 0 C1 C2 C3

α tmax

tmax = ∞
g

uμ μ = 1 2
(uμ

0 , u
μ
1) gμ w = u1−u2 g = g1−g2

⎧⎪⎨⎪⎩
wtt + |u1

t |αu1
t − |u2

t |αu2
t − Δw + f(x, u1) − f(x, u2) = g (0,∞) × Ω,

∂νw + w + wt = 0 (0,∞) × Γ,

w(0) = u1
0 − u2

0, wt(0) = u1
1 − u2

1.



wt Ω

d

dt

1

2

(
‖wt‖2

2+‖∇w‖2
2+‖wt‖2

Γ

)
+‖wt‖2

Γ +

∫
Ω

(|u1
t |αu1

t − |u2
t |αu2

t )(u
1
t − u2

t ) dx

+

∫
Ω

(f(u1) − f(u2))(u1
t − u2

t ) dx =

∫
Ω

gwt dx.

(0, t) s �→ |s|αs
f

H1(Ω) L2(Ω) u1 u2 C(R+, H1(Ω))

1

2
(‖wt(t)‖2

2+‖w(t)‖2
H1) +

∫ t

0

‖wt‖2
Γ ds ≤ C

∫ t

0

‖w(s)‖2
H1(Ω) ds+

+ C

∫ t

0

‖wt(s)‖2
2 ds+

1

2

∫ t

0

‖g(s)‖2
2 ds+

1

2
(‖wt(0)‖2

2+‖w(0)‖2
H1).

t ≥ 0

‖wt(t)‖2
2+‖w(t)‖2

H1(Ω) +

∫ t

0

‖tut‖2
Γ ds

≤ 1

2
eCt

( ∫ t

0

‖g(s)‖2
2 ds+‖wt(0)‖2

2+‖w(0)‖2
H1

)
.

D(A) H1
loc(R

+;L2(Ω))
H1(Ω) × L2(Ω) L2

loc(R
+;L2(Ω)) (u0, u1) ∈

H1(Ω) × L2(Ω) g ∈ L2
loc(R+;L2(Ω)) ((uμ

0 , u
μ
1))μ ⊆ D(A)

(gμ)μ ⊆ H1
loc(R

+;L2(Ω))

(uμ
0 , u

μ
1) → (u0, u1) H1(Ω) × L2(Ω), gμ → g L2

loc(R
+;L2(Ω)).

μ ∈ N uμ

(uμ, tuμ
t ) Cb(R

+;H1(Ω)) ∩ C1
b (R+;L2(Ω) ×

L2(R+;L2(Γ)) (uμ, tuμ
t )

C(R+;H1(Ω)) ∩ C1(R+;L2(Ω)) × L2(R+;L2(Γ)) u
u(0) = u0 ut(0) = u1 u

H



g 0
ut

X
‖·‖X S2(R+;X)

S2(R+;X) =
{
g ∈ L2

loc(R
+;X), sup

t∈R+

∫ t+1

t

‖g(s)‖2
X ds <∞

}
.

h > 0 t ≥ 0 g ∈ S2(R+;X) gh(t)
g(t+ h) − g(t) g S1 X

sup
t∈R+

∫ t+1

t

‖gh(s)‖2
X ds→ 0 h→ 0.

f g
H(t) = g(t) − f(t, u) S1 L2(Ω)

H ∈ S2(R+, L2(Ω))

X Y
‖·‖X ‖·‖Y X Y
u : R

+ → Y

sup
t≥0,δ∈[0,1]

‖
∫ t+δ

t

u(s) ds‖X <∞,

⋃
t≥0{u(t)} Y
u ∈ C1(R+, Y ) X u′

Y
⋃

t≥0{u′(t)} Y

(u(t), ut(t))
H1(Ω) × L2(Ω). t ≥ 0 h ≥ 0 uh(t) = u(t + h) − u(t)

ut ∈ Lα+2(R+, Lα+2(Ω)) g(t) − f(t, u) ∈ S2(R+, L2(Ω))

sup
t≥0

∫ t+1

t

‖utt − Δu‖α+2
α+1

ds ≤ C.



tut ∈ L2(R+;L2(Γ))

∫ t+1

t

‖uh(s)‖2
H1(Ω) ds ≤

∫ t+1

t

( tuh(s), tuh(s))2,Γ ds+ (∇uh(s),∇uh(s))2 ds

≤
∫ t+1

t

‖uh
t (s)‖2

2 ds+‖uh
t (t)‖2‖uh(t)‖2+‖uh

t (t+ 1)‖2‖uh(t+ 1)‖2

+ C1 sup
[t,t+1]

‖tuh‖2,Γ + C2 sup
[t,t+1]

‖uh‖α+2

≤
∫ t+1

t

‖uh
t (s)‖2

2 ds+ C1 sup
[t,t+1]

‖tuh‖2,Γ + C3 sup
[t,t+1]

‖uh‖α+2,

C1 C3 t (ut,
tut) ∈ Lα+2(R+;Lα+2(Ω)) ×

L2(R+;L2(Γ)) (u, tu) R
+ Lα+2(Ω)×L2(Γ)

∫ t+1

t

‖uh(s)‖2
H1(Ω) ds ≤

∫ t+1

t

‖uh
t (s)‖2

2 ds+ φ1(h),

φ1(h) → 0 h→ 0
ut ∈ Lα+2(R+;Lα+2(Ω))∫ t+1

t

‖uh
t (s)‖2

2 ds ≤
( ∫ t+1

t

‖uh
t (s)‖α+2

2 ds
) 2

α+2

≤ C
( ∫ ∞

0

‖uh
t (s)‖α+2

α+2 ds
) 2

α+2 → 0 h→ 0.

0 h →
0
Lα+2(R+;Lα+2(Ω))

u
Lα+2(R+;Lα+2(Ω))

∫ t+1

t

‖uh(s)‖2
H1(Ω) ds ≤ φ2(h)

φ2(h) → 0 h→ 0
Kh(t) =‖uh

t (t)‖2
2+‖uh(t)‖2

H1(Ω)

t ≥ 0 θ ∈ [t, t+ 1]

Kh(t+ 1) −Kh(θ) ≤ C

∫ t+1

t

‖(g − f(x, u))h‖2
2 dxds

≤ φ3(h), φ3(h) → 0 h→ 0.



∫ t+1

t

Kh(θ) dθ ≤ φ4(h), φ4(h) → 0 h→ 0.

[t, t+ 1] θ,

Kh(t+ 1) ≤ φ3(h) +

∫ t+1

t

Kh(θ) dθ ≤ φ5(h),

0 h→ 0
(u, ut) H1(Ω) × L2(Ω).

Y = L2(Ω) X = H1(Ω)⋃
t≥0{ut(t)} L2(Ω).

⋃
t≥0{u(t)}

H1(Ω)

ut(t+ h) − ut(t) −
∫ t+h

t

Δu(s)ds+

∫ t+h

t

|ut|αut ds =

∫ t+h

t

(g(s) − f(x, u(s)))ds

ut ∈ Lα+2(R+;Lα+2(Ω))
(u, ut) H1(Ω) × L2(Ω),

sup
t≥0,δ∈[0,1]

‖
∫ t+δ

t

Δu(s) ds‖α+2
α+1

<∞.

Y = H1(Ω) X = {φ ∈ H1(Ω); Δφ ∈ L
α+2
α+1},

H1(Ω)
j : H1(Ω) → L2(Ω) × L2(Γ) u �→ (u, tu) L2(Ω) × L2(Γ)

(g, h) ∈ L2(Ω)×L2(Γ)
H1(Ω) Ω Γ

u �→
∫

Ω

ug +

∫
Γ

tuh.

g ∈ L2(Ω) h ∈ L2(Γ)
H1(Ω) (g, 0) (0, h)

ut L2(Ω) |ut|αut

L
2

α+1 (Ω) s ∈ R
+ N

2
α ≤ s

Hs(Ω) L
2

1−α (Ω) L
2

α+1 (Ω)
Hs(Ω)′. |ut|αut (Hs(Ω))′



utt

Hs(Ω)′

Hs(Ω)′ ut

(Hs(Ω))′ ut ∈ Lα+2(R+, (Hs(Ω))′)
lim
t→∞

‖ut‖(Hs(Ω))′ = 0

ut L2(Ω)
t t′ ∈ R

+ t ≤ t′

Eu(t
′) − Eu(t) +

α+ 1

α+ 2

∫ t′

t

∫
Ω

|ut|α+2 dxds+

∫ t′

t

∫
Γ

|tut|2 dσds ≤

≤ (
α+ 1

α+ 2
)

∫ t′

t

‖g‖
α+2
α+1
α+2
α+1

ds.

φ ∈ ω(u) (tn) R
+

u(tn) → φ H1(Ω). E

Eu(tn) → E(φ), n .

lim
t→∞

∫ ∞
t
‖g(s)‖

α+2
α+1
α+2
α+1

ds = 0

lim
t→∞

∫ ∞
t

(‖ut(s)‖α+2
α+2+‖tut‖2

2,Γ) ds = 0

Eu(t) → E(φ), t .

Eu(t)

E(φ) = lim
t→∞

E(u(t)) = E∞ φ ∈ ω(u),

ut ∈ Lα+2(R+, Lα+2(Ω))

u(tn + s) = u(tn) +

∫ tn+s

tn

ut(ρ) dρ→ φ Lα+2(Ω), s ∈ [0, 1].

H1(Ω)
u(tn + s) → φ H1(Ω) s ∈ [0, 1] E ′(u(tn + s)) → E ′(φ) H1(Ω)′

s ∈ [0, 1].
ψ ∈ H1(Ω)

(E ′(φ), ψ)H1(Ω)′,H1(Ω) =

∫ 1

0

(E ′(φ), ψ)H1(Ω)′,H1(Ω) ds

= lim
n→∞

∫ 1

0

(E ′(u(tn + s)), ψ)H1(Ω)′,H1(Ω) ds

= lim
n→∞

∫ 1

0

( ∫
Ω

∇u(tn + s)∇ψ dx+

∫
Ω

f(x, u(tn + s))ψ dx+

∫
Γ

tu(tn + s) tψ dσ
)
ds



= lim
n→∞

∫ 1

0

(
− d

dt

∫
Ω

ut(tn + s)ψdx−
∫

Ω

(|ut|αut − g)(tn + s)ψ dx

−
∫

Γ

tut(tn + s) tψ dσ
)
ds

= lim
n→∞

[ ∫ 1

0

( ∫
Ω

(−|ut|αut + g)(tn + s)ψ dx−
∫

Γ

tut(tn + s) tψ dσ
)
ds

+

∫
Ω

(ut(tn) − ut(tn + 1))ψ dx
]

= 0.

(iii)

ε
G : R

+ → R

G(t) =
1

2
‖ut(t)‖2

2 + E(u(t)) − E∞ + ε‖u(t)‖α
∗ (E ′(u(t)), ut(t))∗+

+

∫ ∞

t

(g(s), ut(s))2 ds+ ε(α+ 1)

∫ ∞

t

‖ut(s)‖α
∗‖g(s)‖2

∗ ds.

d

dt
G(t) = −‖ut‖α+2

α+2−‖tut‖2
2,Γ + ε‖ut‖α

∗ (E ′′(u)ut, ut)∗ + ε‖ut‖α
∗ (E ′(u), utt)∗

+αε‖ut‖α−2
∗ (E ′(u), ut)∗(ut, utt)∗ − ε(α+ 1)‖ut‖α

∗‖g‖2
∗

= −‖ut‖α+2
α+2−‖tut‖2

2,Γ + ε‖ut‖α
∗ (E ′′(u)ut, ut)∗ − ε‖ut‖α

∗‖E ′(u)‖2
∗

−ε‖ut‖α
∗ (E ′(u), |ut|αut)∗ + ε‖ut‖α

∗ (E ′(u), g)∗ − ε‖ut‖α
∗ (E ′(u),t ut)∗

= −αε‖ut‖α−2
∗ (E ′(u), ut)∗(ut, |ut|αut)∗ − αε‖ut‖α−2

∗ (E ′(u), ut)
2
∗

+αε‖ut‖α−2
∗ (E ′(u), ut)∗(ut, g)∗ − αε‖ut‖α−2

∗ (E ′(u), ut)∗(ut,
t ut)∗

−ε(α+ 1)2‖ut‖α
∗‖g‖2

∗

≤ −‖ut‖α+2
α+2−‖ut‖2

2,Γ − ε‖ut‖α
∗‖E ′(u)‖2

∗ + ε(1 + α)‖ut‖α
∗‖E ′(u)‖∗‖|ut|αut‖∗

+ε(1 + α)‖ut‖α
∗‖E ′(u)‖∗‖g‖∗ +

αε

4
‖ut‖α

∗‖tut‖2
∗

+ε‖ut‖α
∗‖E ′(u)‖∗‖tut‖∗ + ε‖ut‖α

∗ (E ′′(u)ut, ut)∗ − ε(α+ 1)‖ut‖α
∗‖g‖2

∗.

d

dt
G(t)

C > 0 t ≥ 0

‖E ′(u)‖∗‖|ut|αut‖∗ ≤
1

4(α+ 1)
‖E ′(u)‖2

∗ + C‖ut‖α+2
α+2,



‖ut‖α
∗ (E ′′(u)ut, ut)∗ ≤ C‖ut‖α+2

α+2.

u H1(Ω) E ′(u) H1(Ω)′

CE = 1 + sup
t∈R+

‖E ′(u(t))‖∗

‖E ′(u)‖∗‖|ut|αut‖∗ ≤
1

4(α+ 1)Cα
E

‖E ′(u)‖α+2
∗ + C‖|ut|αut‖

α+2
α+1∗

≤ 1

4(α+ 1)
‖E ′(u)‖2

∗ + C‖ut‖α+2
α+2,

‖|ut|αut‖
α+2
α+1∗ ≤ C‖ut‖α+2

α+2,

α ∈ [0, 4
N−2

[

N ≤ 2 L
α+2
α+1 ↪→ H1(Ω)′

‖|ut|αut‖
α+2
α+1∗ ≤ C(‖|ut|αut‖α+2

α+1
)

α+2
α+1 ≤ C‖ut‖α+2

α+2.

N ≥ 3 L
2N

N+2 ↪→ H1(Ω)′

‖|ut|αut‖
α+2
α+1∗ ≤ C‖ut‖α+2

2N(α+1)
N+2

.

α ∈ [0, 4
N−2

[(N ≥ 3) 2N(α+1)
N+2

≤ α + 2 Lα+2(Ω)

L
2N(α+1)

N+2

L : H1(Ω) → H1(Ω)′

H1(Ω) K = L−1

H1(Ω)′

(g1, g2)∗ = (Kg1, Kg2)H1(Ω), g1, g2 ∈ H1(Ω)′.

u ∈ L2(Ω) v ∈ H1(Ω)′,

(u,Kv)2 = (u,Kv)H1(Ω)′,H1(Ω) = (LKu,Kv)H1(Ω)′,H1(Ω) = (Ku,Kv)H1(Ω) = (u, v)∗.

u ∈ H1(Ω), v ∈ L2(Ω),

K ◦ E ′′(u)v = v + L−1
(∂f
∂u

(x, u)v
)

L2(Ω).

f
K◦E ′′(v) ∈ L(H1(Ω))



L2(Ω) v ∈ H1(Ω), K ◦ E ′′ : H1(Ω) → L(L2(Ω))

(E ′′(u)ut, ut)∗ = (K ◦ E ′′(u)ut, ut)2 ≤‖K ◦ E ′′(u)‖L(L2(Ω))‖ut‖2
2 ≤ C‖ut‖2

2

‖ut‖α
∗ (E ′′(u)ut, ut)∗ ≤ C‖ut‖α

∗‖ut‖2
2 ≤ C‖ut‖α+2

α+2.

‖E ′(u)‖∗‖g‖∗ ≤
1

4(α+ 1)
‖E ′(u)‖2

∗ + (α+ 1)‖g‖2
∗

‖E ′(u)‖∗‖tut‖∗ ≤
1

4
‖E ′(u)‖2

∗+‖tut‖2
∗ ≤

1

4
‖E ′(u)‖2

∗ + C‖tut‖2
2,Γ,

‖ut‖2 < 1 t > T, ε > 0

d

dt
G(t) ≤ −C‖ut‖α

∗{‖ut‖2
2+‖E ′(u)‖2

∗} − C‖tut‖2
2,Γ.

G lim
t→∞

G(t) = 0. G(t) ≥ 0

t ∈ R
+ T0 ≥ T G(T0) = 0, G(t) = 0 t ≥ T0

u t ≥ T0 u = φ
t ≥ T0

G(t) > 0 t ≥ T

γ = α + 1 + δ(
α+ 2

α+ 1
) γ(1 − α

α+1
) > 1 ζ > 0

γ(1 − θ′) > 1 θ′ ∈ [ α
α+1

, α
α+1

+ ζ[ θ0
α

α+1
< θ0 < inf{θ, α

α+1
+ ζ} θ0 > (1− θ0)α γ(1− θ0) > 1.

θ θ0

β = θ0 − α(1 − θ0). β > 0

− 1

β

d

dt
(G(t)β) =

−G′(t)
{G(t)1−θ0}1+α

.

G(t)1−θ0 ≤ C
{
‖ut‖2(1−θ0)

2 + |E(u) − E∞|(1−θ0)+‖ut‖(α+1)(1−θ0)
∗ ‖E ′(u)‖(1−θ0)

∗

+
( ∫ ∞

t

|(g, ut)2| ds
)(1−θ0)

+
( ∫ ∞

t

‖g‖2
2 ds

)(1−θ0)}
.

2
( ∫ ∞

t

|(g, ut)2| ds) ≤ C

∫ ∞

t

‖g‖
α+2
α+1
α+2
α+1

ds+

∫ ∞

t

‖ut‖α+2
α+2 ds

≤ C(1 + t)−γ +

∫ ∞

t

‖ut‖α+2
α+2 ds.



Z(t) =
1

2
‖ut(t)‖2

L2(Ω) + E(u(t)) − E∞ +

∫ ∞

t

(g, ut)2 ds.

Z lim
t→∞

Z(t) = 0

Z ′(t) = −‖tut‖2
2,Γ−‖ut‖α+2

α+2.∫ ∞

t

‖tut‖2
2,Γ ds+

∫ ∞

t

‖ut‖α+2
α+2 ds = −

∫ ∞

t

Z ′(s) ds = Z(t).

∫ ∞

t

|(g, ut)2| ds ≤ C(1 + t)−γ + C
(1

2
‖ut(t)‖2

L2(Ω) + E(u(t)) − E∞
)
.

∫ ∞

t

‖g‖2
2 ds ≤ C(1 + t)−(1+2δ+2α) ≤ C(1 + t)−γ.

G(t)1−θ0 ≤ C
{
‖ut‖2(1−θ0)

2 + |E(u) − E∞|(1−θ0) + (1 + t)−γ(1−θ0)

+‖ut‖(α+1)(1−θ0)
∗ ‖E ′(u)‖(1−θ0)

∗
}
.

‖ut‖(α+1)(1−θ0)
∗ ‖E ′(u)‖(1−θ0)

∗ ≤‖ut‖
(α+1)

1−θ0
θ0∗ +‖E ′(u)‖∗.

‖ut‖2 ≤ 1 t ≥ T
1−θ0

θ0
≥ 1 2(1 − θ0) ≥ 1.

G(t)1−θ0 ≤ C
{
‖ut‖2 + |E(u) − E∞|(1−θ0)+‖E ′(u)‖∗ + (1 + t)−γ(1−θ0)

}
.

t ≥ T

G(t)1−θ0 ≤ C
{
‖ut‖2+‖E ′(u)‖∗ + (1 + t)−γ(1−θ0)

}
.

t ≥ T

−C d

dt
(G(t)β) +

1

(1 + t)γ(1−θ0)
≥

≥
‖ut‖α

∗{‖ut‖2
2+‖E ′(u)‖2

∗}+‖tut‖2
2,Γ

{‖ut‖2+‖E ′(u)‖∗ + (1 + t)γ(θ0−1)}1+α
+

1

(1 + t)γ(1−θ0)

≥
1

Cα‖ut‖α
∗{‖ut‖2

2+‖E ′(u)‖2
∗}+‖tut‖2

2,Γ

{‖ut‖2+‖E ′(u)‖∗ + (1 + t)γ(θ0−1)}1+α
+

1

(1 + t)γ(1−θ0)
,

Cα > 1 ‖ut‖α
∗ ≤ Cα

2
‖ut‖α

2



A a b c ∈ R
+ a+ b+ c > 0 2Aα ≤ aα.

Aα(a+ b)2

(a+ b+ c)α+1
+ c ≥ Aαa1−α.

A = 1
C
‖ut‖∗, a =‖ut‖2, b =‖E ′(u)‖∗ c =

1

(1 + t)γ(1−θ0)

−C d

dt
(G(t)β) +

1

(1 + t)γ(1−θ0)
≥ C‖ut‖α

∗‖ut‖1−α
2 ≥ C‖ut‖∗.

t ≥ T∫ t

T

‖ut‖∗ ds ≤ CG(T )β +
C

(1 + T )γ(1−θ0)−1
.

‖ut‖∗ [T,+∞), lim
t→∞

u(t, .) (H1(Ω))′

lim
t→∞

u(t, .) H1(Ω)



CHAPITRE 3. NONLINEAR DAMPING 
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|∂f
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ü+ k ∗ u̇+ ∇E(u) = g,

E

f = K2 = g1 = g2 = 0 K1 = 1)

μ
Γ

Γ = Γ0 ∪ Γ1 Γ0 Γ1 ⊆ Γ

{
u = 0 R

+ × Γ0,

∂νu+ μ(x)u+ k ∗ ut = g2 R
+ × Γ1,



μ ∈ W 1,∞(Γ1){
Γ0 �= ∅, μ ≥ 0,
Γ0 = ∅, μ Γ1.

{
u = 0 R

+ × Γ0,

∂νu+ μ(x)u+ b(x)ut + k ∗ ut = g2 R
+ × Γ1,

b Γ1 μ ∈ W 1,∞(Γ1)
g2 = 0

k = 0

{
u = 0 R

+ × Γ0,

u+ h ∗ ∂νu = 0 R
+ × Γ1.

h W 1,∞(0,∞)

∂νu = −ρ
(
ut + k1(0)u− k1(t)u0 + k′1 ∗ u

)
R

+ × Γ1,

ρ = 1
h(0)

k1

k1 + ρh′ ∗ k1 = −ρh′.

k′1 ∗ u =
d

dt
(k1 ∗ u) − k1(0)u = k1 ∗ ut + k1(t)u0 − k1(0)u.

{
u = 0 R

+ × Γ0,

∂νu+ ρut + ρk1 ∗ ut = 0 R
+ × Γ1,

H1(Ω) H1(Ω)′ L2(Ω)
L2(Γ) (·, ·)H1(Ω) (·, ·)∗ (·, ·)2, (·, ·)Γ

‖·‖H1(Ω) ‖·‖∗ ‖·‖2 ‖·‖Γ Lp(Ω) ‖·‖p



C Ci

g1 g2 f Ω
t ∈ R

+

g1 g2

g1 ∈ L2(R+;L2(Ω)) g2 ∈ L2(R+;L2(Γ)),

η0 ≥ 0 δ > 0 t ∈ R
+

‖g2(t)‖Γ +

∫ ∞

t

(‖g1(s)‖2
2+‖g′2(s)‖2

Γ) ds ≤ η0

(1 + t)1+δ
.

g2 ∈ L1(R+;L2(Γ)) ‖g2(t)‖Γ ↘ 0
η ≥ 0 ∫ ∞

t

(‖g1(s)‖2
2+‖g2(s)‖2

Γ+‖g′2(s)‖2
Γ) ds ≤ η

(1 + t)1+δ
. ′

k

b ∈ L1
loc(R

+)

b ∗ k = 1,

γ > 0 a ∈ L1(R+)

b = a+ γ (1 ∗ a).

k
b(t) ≥ b∞ = lim

s→∞
b(s) =

γ‖a‖L1(R+) > 0 t > 0.
k ∈ L1(R+)



k (b ∗ k)(t) ≤ 1 t ≥ 0.

b k ‖k‖L1(R+) ≤
1

b∞
.

γ > 0

a = b− γ (e−γ· ∗ b).

b k

b(t) = g1−s(t)e
−wt + w[1 ∗ (g1−se

−w)(t)] (s ∈ (0, 1), w > 0),

k g

k

′ b0 > 0 b ∈ L1
loc(R

+)
b0k(t) + (b ∗ k)(t) = 1 t ≥ 0

β = 0
k(t) = e−wt t ≥ 0 w > 0

u : R
+ → H2(Ω)

{
u ∈ L∞

loc(R
+;H2(Ω)) ∩W 1,∞

loc (R+;H1(Ω)) ∩W 2,2
loc (R+;L2(Ω)),

K
1
2
1 ut ∈ W 1,∞

loc (R+;L2(Ω)),

u(0) = u0 (K1)
1
2ut(0) = (K1)

1
2u1

R
+ u ∈

C(R+;H1(Ω))∩W 1,2
loc (R+;L2(Ω))

u(0) = u0 (K1)
1
2ut(0) = (K1)

1
2u1

(uμ)

uμ → u C(R+;H1(Ω)) ∩W 1,2
loc (R+;L2(Ω)),

K
1
2
1 u

μ
t → K

1
2
1 ut C(R+;L2(Ω)).

f k



g1 ∈ W 1,2
loc (R+;L2(Ω)) g2 ∈ L1

loc(R
+;H

1
2 (Γ)) ∩W 2,2

loc (R+;L2(Γ)),

(u0, u1) ∈ H2(Ω) × H2(Ω){
−Δu0 + f(x, u0) = g1(0) −K2u1 Ω,

∂νu0 + μ(x)u0 = g2(0) Γ.

g1 g2

(u0, u1) ∈ D̄

D = {(u0, u1) ∈ H1(Ω) × L2(Ω); }.

u

(u,K
1
2
1 ut) H1(Ω) × L2(Ω)

(ut, v) ∈ L2(R+;L2(Ω)) × L2(R+;L2(Γ) v = d
dt

(k ∗ (u− u0))
G : R

+ → R u

G(t) =
1

2
‖K

1
2
1 ut‖2

2 + E(u) +
1

2
a∗‖v‖2

Γ − (g2, a ∗ v)Γ+

+
1

2k0

∫ ∞

t

‖g1(s)‖2
2 ds+ d

∫ ∞

t

(‖g2(s)‖2
Γ+‖g′2(s)‖2

Γ) ds.

d =‖a‖L1(R+) max(γ, γ−1) G

d

dt
G(t) ≤ −k0

2
‖ut‖2

2 −
b∞
2
‖v‖2

Γ − γ

4
a∗‖v‖2

Γ, t > 0.

φ ∈ H1(Ω)

d

dt

∫
Ω

K1(x)utφ dx+

∫
Ω

K2(x)utφ dx+

∫
Ω

∇u∇φ dx+

+

∫
Ω

f(x, u)φ dx+
d

dt

∫
Γ

(k ∗ (u− u0))φ dσ +

∫
Γ

μ(x)uφ dσ

=

∫
Ω

g1φ dx+

∫
Γ

g2φ dσ.

K1 ≥ C > 0

∂νu0 + μ(x)u0 = g2(0) Γ.

u1 ∈ H2(Ω) ⊆ L2(Ω)
u0 ∈ H2(Ω)



u : R
+ → H1(Ω)

U = (u,K
1
2
1 ut) R

+

H1(Ω) × L2(Ω)
⋃

t≥0{U(t)} H1(Ω) × L2(Ω)

E : H1(Ω) −→ R

E(u) =
1

2

∫
Ω

|∇u|2 dx+

∫
Ω

F (x, u) dx+
1

2

∫
Γ

μ(x)|u|2 dσ.

f E
E ′(u) ∈ H1(Ω)′ E ′′(u) ∈ L(H1(Ω), H1(Ω)′)

u ∈ H1(Ω) φ
ψ ∈ H1(Ω)

(E ′(u), ψ)H1(Ω)′,H1(Ω) =

∫
Ω

∇u∇ψ dx+

∫
Ω

f(x, u)ψ dx+

∫
Γ

μ(x)uψ dσ,

(E ′′(u)φ, ψ)H1(Ω)′,H1(Ω) =

∫
Ω

∇φ∇ψ dx+

∫
Ω

∂f

∂u
(x, u)φψ dx+

∫
Γ

μ(x)φψ dσ.

N = 3

H1(Ω)′ ‖ · ‖∗

f
E ∈ C2(H1(Ω))

φ ∈ H1(Ω) φ ∈ H1(Ω) E ′(φ) = 0
βφ > 0 σφ > 0 0 < θφ ≤ 1

2

|E(φ) − E(ψ)|1−θφ ≤ βφ ‖ E ′(φ) ‖∗

ψ ∈ H1(Ω) ‖φ− ψ‖H1(Ω) < σφ. θφ

E φ



u : R
+ → H1(Ω)

f (g1, g2)
φ ∈ H1(Ω){

−Δφ+ f(x, φ) = 0 Ω,

∂νφ+ μφ = 0 Γ,

‖K
1
2
1 ut(t)‖2+‖u(t) − φ‖H1(Ω) −→ 0 t→ ∞.

θ
u

φ

θ = θφ E φ, φ

θ ∈ (0, 1
2
) C > 0

‖u(t) − φ‖2 ≤ C (1 + t)−ξ t ≥ 0,

ξ =

{
inf{ θ

1−θ
, δ

2
} (g1, g2) �= (0, 0),

θ
1−2θ

(g1, g2) = (0, 0).

θ =
1

2
(g1, g2) = (0, 0) C κ > 0

‖u(t) − φ‖2 ≤ Ce−θκt.



H T > 0 k ∈ L1
loc(R

+)
v ∈ L2([0, T ];H)

‖(k ∗ v)(t)‖2
H ≤ (k∗‖v‖2

H)(1 ∗ k)(t)) t ∈ (0, T ).

H T > 0 b ∈ L1
loc(R

+)
b ∗ k = 1 (0,∞) k ∈

L1
loc(R

+). v ∈ L2(0, T ;H) b ∗ v ∈ H1(0, T ;H)
b∗‖v‖2

H ∈ W 1,1(0, T )

(v(t),
d

dt
(b ∗ v)(t))H ≥ 1

2

d

dt
(b∗‖v‖2

H)(t) +
1

2
b(t)‖v‖2

H t ∈ (0, T ).

b
v ∈ H1(0, T ;H)

k b
v ∈ L2(0, T ;H) b ∗ v ∈

H1(0, T ;H)

v(x, t) = u(x, t) − φ(x, t),

φ(x, t) = u0(x) + tu1(x).

v⎧⎪⎪⎨⎪⎪⎩
K1vtt +K2vt − Δv + f(x, v + φ) = F R

+ × Ω,

∂νv + μ(x)v + k ∗ vt = G R
+ × Γ,

v(0) = 0, (K1)
1
2vt(0) = 0.

F = −K2u1 + Δφ+ g1,

G = g2 − (∂νφ+ μ(x)φ+ k ∗ u1).

v [0, T ] u = v+φ

K1 ≥ 0 εvtt ε > 0



ε → 0

K1ε := K1 + ε⎧⎪⎪⎨⎪⎪⎩
K1ε(x)vεtt +K2vεt − Δvε + f(x, vε + φ) = F R

+ × Ω,

∂νvε + μ(x)vε + k ∗ vεt = G R
+ × Γ,

vε(0) = 0, (K1ε)
1
2vεt(0) = 0.

(wi)i∈N H2(Ω) L2(Ω) Vm

H2(Ω) m w1 . . . wm

vεm(t) :=
∑

gim(t)wi,

(K1εv
′′
εm(t), w)2 + (K2v

′
εm(t), w)2 + (∇vεm(t),∇w)2 + (f(vεm(t) + φ), w)2

+ (μ(x)vεm(t), w)Γ +

∫ t

0

k(t− s)(v′εm(s), w)Γ = (F , w)2 + (G, w)Γ

w ∈ Vm,

vεm(0) = 0, v′εm(0) = 0.

[0, tεm]
[0, T ]

w = v′εm

d

dt

(1

2
‖K

1
2
1εv

′
εm‖2

2 +
1

2
‖∇vεm‖2

2 +

∫
Ω

F (x, vεm + φ) dx+
1

2
‖μ 1

2vεm‖2
Γ

)
+

+‖K
1
2
2 v

′
εm‖2

2 + (k ∗ v′εm, v′εm)Γ = (F , v′εm)2 + (G, v′εm)Γ +

∫
Ω

f(vεm + φ)u1 dx.

wεm = k ∗ v′εm

v′εm =
d

dt
([b ∗ k] ∗ v′εm) =

d

dt
(b ∗ wεm),

(k ∗ v′εm, v′εm)Γ = (wεm,
d

dt
(b ∗ wεm))Γ.

(k ∗ v′m, v′εm)Γ ≥ 1

2

d

dt
(b∗‖wεm‖2

Γ)(t) +
1

2
b(t)‖wεm‖2

Γ.



b = a+ γ(1 ∗ a)

(k ∗ v′m, v′εm)Γ ≥ 1

2

d

dt
(a∗‖wεm‖2

Γ)(t) +
γ

2
(a∗‖wεm‖2

Γ)(t) +
b∞
2
‖wεm‖2

Γ.

b∞ = lim
t→∞

b(t) = γ‖a‖L1(R+)

K2 > k0 > 0

d

dt

(1

2
‖K

1
2
1εv

′
εm‖2

2 +
1

2
‖∇vεm‖2

2 +

∫
Ω

F (x, vεm + φ)dx+
1

2
‖μ 1

2vεm‖2
Γ

+
1

2
a∗‖wεm‖2

Γ

)
+ k0‖v′εm‖2

2 +
b∞
2
‖wεm‖2

Γ +
γ

2
a∗‖wεm‖2

Γ

≤ (F , v′εm)2 + (G, v′εm)Γ +

∫
Ω

f(vεm + φ)u1dx.

(0, t) vεm(0) = v′εm(0) = 0

1

2
‖K

1
2
1εv

′
εm‖2

2 + k0

∫ t

0

‖v′εm‖2
2 ds+

1

2
‖∇vεm‖2

2 +

∫
Ω

F (x, vεm + φ) dx+

+
1

2
‖μ 1

2vεm‖2
Γ +

1

2
a∗‖wεm‖2

Γ +
b∞
2

∫ t

0

‖wεm‖2
Γ ds+

γ

2

∫ t

0

a∗‖wεm‖2
Γ ds

≤
∫ t

0

((F , v′εm)2 + (G, v′εm)Γ) ds+

∫ t

0

∫
Ω

f(vm + φ)u1 dxds+

∫
Ω

F (x, u0) dx.

∫
Ω

F (x, vεm + φ) dx ≥ −λ
2

∫
Ω

|vεm + φ|2 dx− C ≥ −C‖vεm‖2
2 − C.

F ∈ L2(0, T ;L2(Ω))∫ t

0

(F , v′εm)2 ds ≤
1

k0

∫ t

0

‖F‖2
2 ds+

k0

4

∫ t

0

‖v′εm‖2
2 ds ≤

k0

4

∫ t

0

‖v′εm‖2
2 ds+ C.

(G, v′εm)Γ = (G, d
dt
b ∗ wεm)Γ = (G, d

dt
a ∗ wεm)Γ + γ(G, a ∗ wεm)Γ

=
d

dt
(G, a ∗ wεm)Γ − (G ′, a ∗ wεm)Γ + γ(G, a ∗ wεm)Γ

≤ d

dt
(G, a ∗ wεm)Γ+‖a‖L1(R+)(γ‖G‖2

Γ + γ−1‖G ′‖2
Γ)

+
γ

4‖a‖L1(R+)

‖a ∗ wεm‖2
Γ

≤ d

dt
(G, a ∗ wεm)Γ + d(‖G‖2

Γ+‖G ′‖2
Γ) +

γ

4
a∗‖wεm‖2

Γ,



d =‖a‖L1(R+) max(γ, γ−1)∫ t

0

(G, v′εm)Γ ds ≤ (G, a ∗ wεm)Γ + d

∫ t

0

(‖G‖2
Γ+‖G ′‖2

Γ) ds+
γ

4

∫ t

0

a∗‖wεm‖2
Γ ds

≤ 1

4
a∗‖wεm‖2

Γ + C‖G‖2
Γ + d

∫ t

0

(‖G‖2
Γ+‖G ′‖2

Γ) ds+
γ

4

∫ t

0

a∗‖wεm‖2
Γ ds

≤ 1

4
a∗‖wεm‖2

Γ +
γ

4

∫ t

0

a∗‖wεm‖2
Γ + C.

∫ t

0

∫
Ω

f(vεm + φ)u1 dxds ≤ C

∫ t

0

∫
Ω

(1 + |vεm + φ|1+α)u1 dxds ≤

≤ C + C

∫ t

0

∫
Ω

|vεm|1+αu1 dxds ≤ C + C

∫ t

0

(‖|vεm|1+α‖2‖u1‖2) ds

≤ C + C

∫ t

0

‖vεm‖1+α
2(α+1) ds ≤ C + C

∫ t

0

‖vεm‖1+α
H1(Ω) ds

≤ C + C

∫ t

0

‖vεm‖2
H1(Ω) ds.

1

2
‖K

1
2
1εv

′
εm‖2

2 +
3k0

4

∫ t

0

‖v′εm‖2
2 ds+

1

2
‖∇vεm‖2

2 +
1

2
‖μ 1

2vεm‖2
Γ+

+
1

4
a∗‖wεm‖2

Γ +
b∞
2

∫ t

0

‖wεm‖2
Γ ds+

γ

4

∫ t

0

a∗‖wεm‖2
Γ ds ≤

≤ C
( ∫ t

0

‖vεm‖2
2 ds+

∫ t

0

‖vεm‖2
H1(Ω) ds+‖vεm‖2

2 + 1
)
.

C‖vεm‖2
2 = C

∫ t

0

d

dt
‖vεm(s)‖2

2 ds ≤
C2

k0

∫ t

0

‖vεm(s)‖2
2 ds+

k0

4

∫ t

0

‖v′εm(s)‖2
2 ds.

1

2
‖K

1
2
1εv

′
εm‖2

2 +
k0

2

∫ t

0

‖v′εm‖2
2 ds+

1

2
‖∇vεm‖2

2 +
1

2
‖μ 1

2vεm‖2
Γ+

+
1

4
a∗‖wεm‖2

Γ +
b∞
2

∫ t

0

‖wεm‖2
Γ ds+

γ

4

∫ t

0

a∗‖wεm‖2
Γ ds

≤ C

∫ t

0

‖vεm‖2
H1(Ω) ds+ C.



‖K
1
2
1εv

′
εm‖2

2 +

∫ T

0

‖v′εm‖2
2 ds+‖vεm‖2

H1(Ω) + a∗‖wεm‖2
Γ +

∫ T

0

‖wεm‖2
Γ ds ≤ CT ,

CT m ε t

v′′εm(0) ψ = v′′εm(0)
vεm(0) = v′εm(0) = 0,

‖K
1
2
1εv

′′
εm(0)‖2

2 + (f(u0) −F(0), v′′m(0))2 + (G(0), v′′εm(0))Γ = 0.

‖K
1
2
1εv

′′
εm(0)‖2 = 0.

t w = v′′εm(t)

d

dt

(1

2
‖K

1
2
1εv

′′
εm‖2

2 +
1

2
‖∇v′εm‖2

2 +
1

2
‖μ 1

2v′εm‖2
Γ +

1

2
a∗‖zεm‖2

Γ

)
+ k0‖v′′εm‖2

2 +
b∞
2
‖zεm‖2

Γ +
γ

2
a∗‖zεm‖2

Γ +

∫
Ω

f ′(vεm + φ)(v′εm + u1)v
′′
εm dx

≤ (F ′, v′′εm)2 + (G ′, v′′εm)Γ, zεm = k ∗ v′′εm.

(0, t) vεm(0) = v′εm(0) =

‖K
1
2
1εv

′′
εm(0)‖2 = 0

1

2
‖K

1
2
1εv

′′
εm‖2

2 +
1

2
‖∇v′εm‖2

2 +
1

2
‖μ 1

2v′εm‖2
Γ +

1

2
a∗‖zεm‖2

Γ+

+ k0

∫ t

0

‖v′′εm‖2
2 ds+

b∞
2

∫ t

0

‖zεm‖2
Γ ds+

γ

2

∫ t

0

a∗‖zεm‖2
Γ ds ≤

≤ −
∫ t

0

∫
Ω

f ′(vεm + φ)(v′εm + u1)v
′′
εm dxds+

∫ t

0

((F ′, v′′εm)2 + (G ′, v′′εm)Γ) ds.



∫ t

0

∫
Ω

f ′(vεm + φ)(v′εm + u1)v
′′
εm dxds ≤

≤C
∫ t

0

∫
Ω

(1 + |vεm + φ|α)(v′εm + u1)v
′′
εm dxds

≤C
∫ t

0

(
‖1 + |vεm + φ|α‖N‖v′εm + u1‖ 2N

N−2
‖v′′εm‖2

)
ds

≤C
∫ t

0

(
(1+‖vεm + φ‖α

Nα)‖v′εm + u1‖ 2N
N−2

‖v′′εm‖2

)
ds

≤k0

4

∫ t

0

‖v′′εm‖2
2 ds+ C

∫ t

0

‖v′εm + u1‖2
2N

N−2
ds

≤k0

4

∫ t

0

‖v′′εm‖2
2 ds+ C

∫ t

0

‖v′εm‖2
H1(Ω) ds+ C.

F ′ ∈ L2([0, T ];L2(Ω))∫ t

0

(F ′, v′′εm)2 ds ≤
k0

4

∫ t

0

‖v′′εm‖2
2 ds+ C.

∫ t

0

(G ′, v′′εm)Γ ds ≤
1

4
a∗‖zεm‖2

Γ +
γ

4

∫ t

0

a∗‖zεm‖2
Γ ds+ C.

‖K
1
2
1εv

′′
εm‖2

2 +

∫ T

0

‖v′′εm‖2
2 ds+‖v′εm‖2

H1(Ω) + a∗‖zεm‖2
Γ +

∫ T

0

‖zεm‖2
Γ ds ≤ CT ,

CT m ε t

m→ ∞ ε→ 0

u ∈ W 1,∞
loc (R+;H1(Ω)) ∩W 2,2

loc (R+;L2(Ω)) K
1
2
1 ut ∈ W 1,∞

loc (R+;L2(Ω)) u
t ≥ 0{
−Δu = −K1utt −K2ut − f(x, u) + g1 L2(Ω),

∂νu = −μu− k ∗ ut + g2 H
1
2 (Γ).

u ∈ L∞
loc(R

+;H2(Ω))



u
v = k∗ut

ut

d

dt

(1

2
‖K

1
2
1 ut‖2

2 + E(u)
)

+ (K2(x)ut, ut)2 + (v, ut)Γ = (g1, ut)2 + (g2, ut)Γ.

K2

d

dt

(1

2
‖K

1
2
1 ut‖2

2 + E(u) +
1

2k0

∫ ∞

t

‖g1(s)‖2
2 ds

)
+ (k ∗ ut, ut)Γ

≤ −k0

2
‖ut‖2

2 + (g2, ut)Γ.

(k ∗ ut, ut)Γ ≥ 1

2

d

dt
a∗‖v‖2

Γ +
b∞
2
‖v‖2

Γ +
γ

2
a∗‖v‖2

Γ,

b∞ = lim
t→∞

b(t) = γ‖a‖L1(R+)

(g2, ut)Γ ≤ d

dt
(g2, a ∗ v)Γ + d(‖g2‖2

Γ+‖g′2‖2
Γ) +

γ

4
a∗‖v‖2

Γ (t > 0).

∫
Ω

|F (x, u0)|≤ C(1+‖u0‖α+2
H1 ),

C ≥ 0
‖f(·, 0)‖L∞ H1(Ω) ↪→

Lα+2(Ω) G
C1 ≥ 0

G(0) ≤ C1 (1+‖K
1
2
1 u1‖2

L2+‖u0‖α+2
H1 ).

G
g2 L2(Γ)

(g2, a ∗ v)Γ ≤‖a‖L1(R+)‖g2‖2
Γ +

1

4
a∗‖v‖2

Γ,

C2 λ λ1

C3 f g2 Ω
t ≥ 0

‖u(t)‖2
H1(Ω)+‖K

1
2
1 ut(t)‖2

2 ≤ C2G(t) + C3.



‖u(t)‖2
H1(Ω)+‖K

1
2
1 ut(t)‖2

2 +

∫ t

0

‖ut(s)‖2
2 ds+

∫ t

0

‖v(s)‖2
Γ ds

≤C4 (1 + ‖K
1
2
1 u1‖2

L2 + ‖u0‖μ+2
H1 ) (t ≥ 0),

C4 ≥ 0 C1 C2 C3 g1

uμ μ = 1 2
(uμ

0 , u
μ
1)

(gμ
1 , g

μ
2 ) μ = 1 2 w = u1 − u2 g1 = g1

1 − g2
1 g2 = g1

2 − g2
2⎧⎪⎨⎪⎩

K1wtt +K2wt − Δw + f(x, u1) − f(x, u2) = g1 R
+ × Ω,

∂νw + μw + k ∗ wt = g2 R
+ × Γ,

w(0) = u1
0 − u2

0,
√
K1wt(0) =

√
K1u

1
1 −

√
K1u

2
1.

h = k ∗ wt wt Ω

d

dt

(1

2
‖K

1
2
1 wt‖2

2 +
1

2
‖∇w‖2

2 +
1

2
‖μ 1

2w‖2
Γ +

1

2
a∗‖h‖2

Γ − (g2, a ∗ h)Γ+

+
1

2k0

∫ ∞

t

‖g1(s)‖2
2 ds+ d

∫ ∞

t

(‖g2(s)‖2
Γ+‖g′2(s)‖2

Γ) ds
)
+

+

∫
Ω

(f(u1) − f(u2))(u1
t − u2

t ) dx+
k0

2
‖wt‖2

2 +
b∞
2
‖h‖2

Γ +
γ

4
a∗‖h‖2

Γ ≤ 0,

(u, v) (w, h)
(0, t)

f H1(Ω) L2(Ω)
u1 u2 C(R+, H1(Ω))

1

2
‖K

1
2
1 wt‖2

2 +
1

2
‖∇w‖2

2 +
1

2
‖μ 1

2w‖2
Γ +

1

4
a∗‖h‖2

Γ +
k0

4

∫ t

0

‖wt‖2
2 ds+

b∞
2

∫ t

0

‖h‖2
Γ ds

+
γ

4

∫ t

0

a∗‖h‖2
Γ ds+

1

2k0

∫ ∞

t

‖g1(s)‖2
2 ds+ d

∫ ∞

t

(‖g2(s)‖2
Γ+‖g′2(s)‖2

Γ) ds

≤ C

∫ t

0

‖w(s)‖2
H1(Ω) ds+

1

2k0

∫ ∞

0

‖g1(s)‖2
2 ds+ d

∫ ∞

0

(‖g2(s)‖2
Γ+‖g′2(s)‖2

Γ) ds

+C(‖K
1
2
1 wt(0)‖2

2+‖w(0)‖2
H1).



t ≥ 0

‖K
1
2
1 wt(t)‖2

2+‖w(t)‖2
H1(Ω) +

∫ t

0

‖wt(s)‖2
2 ds+

∫ t

0

‖h‖2
Γ ds

≤ CeCt
( ∫ t

0

‖g1(s)‖2
2 ds+

∫ ∞

t

(‖g2(s)‖2
Γ+‖g′2(s)‖2

Γ) ds

+‖K
1
2
1 wt(0)‖2

2+‖w(0)‖2
H1

)
.

(u0, u1) ∈ D̄ (g1, g2) ∈
L2

loc(R
+;L2(Ω)×L2

loc(R
+;L2(Γ)) ((uμ

0 , u
μ
1))μ ⊆ H2(Ω)×

H2(Ω) ((gμ
1 , g

μ
2 ))μ ⊆

H1
loc(R

+;L2(Ω))

(uμ
0 , u

μ
1) → (u0, u1) H1(Ω) × L2(Ω),

(gμ
1 , g

μ
2 ) → (g1, g2) L2

loc(R
+;L2(Ω)) × L2

loc(R
+;L2(Γ)).

μ ∈ N uμ

uμ Cb(R
+;H1(Ω)),

uμ
t L2(R+;L2(Ω)),

K
1
2
1 u

μ
t Cb(R

+;L2(Ω)),

k ∗ uμ
t L2(R+;L2(Γ)).

uμ C(R+;H1(Ω)),

uμ
t L2(R+;L2(Ω)),

K
1
2
1 u

μ
t C(R+;L2(Ω)),

k ∗ uμ
t L2(R+;L2(Γ)).

u

uμ → u C(R+;H1(Ω)),

uμ
t → ut L2(R+;L2(Ω)),

K
1
2
1 u

μ
t → K

1
2
1 ut C(R+;L2(Ω)),

k ∗ uμ
t → v = d

dt
(k ∗ (u− u0)) L2(R+;L2(Γ)).



u H1(Ω) E
G

lim
t→∞

G(t) = inf
t≥0

G(t) = G∞ .

X ‖·‖X S2(R+;X)

S2(R+;X) =
{
g ∈ L2

loc(R
+;X), sup

t∈R+

∫ t+1

t

‖g(s)‖2
X ds <∞

}
.

h > 0 t ≥ 0 g ∈ S2(R+;X) gh(t)
g(t+ h) − g(t) g S1 X

sup
t∈R+

∫ t+1

t

‖gh(s)‖2
X ds→ 0 h→ 0.

f g1

H(t) = g1(t) − f(t, u) S1 L2(Ω)
H ∈ S2(R+, L2(Ω))

X Y
‖·‖X ‖·‖Y X Y
u : R

+ → Y

sup
t≥0,δ∈[0,1]

‖
∫ t+δ

t

u(s) ds‖X <∞,

⋃
t≥0{u(t)} Y



u ∈ C1(R+, Y ) X u′

Y
⋃

t≥0{u′(t)} Y

(u(t), K
1
2
1 ut(t))

H1(Ω) × L2(Ω). t ≥ 0 h ≥ 0 uh(t) = u(t+ h) − u(t)
ut ∈ L2(R+;L2(Ω)) g1 − f(·, u) ∈ S2(R+, L2(Ω))

sup
t≥0

∫ t+1

t

‖K1utt − Δu‖2 ds ≤ C.

∫ t+1

t

‖uh(s)‖2
H1(Ω) ds ≤

≤ C
{∫ t+1

t

(μuh(s), μuh(s))Γ + (∇uh(s),∇uh(s))2 ds
}

≤ C
{∫ t+1

t

(μuh(s) + ∂νu
h(s), μuh(s))Γ + (−Δuh(s), uh(s))2 ds

}
≤ C

{∫ t+1

t

‖K
1
2
1 u

h
t (s)‖2

2 ds+‖K1u
h
t (t)‖2‖uh(t)‖2

+‖K1u
h
t (t+ 1)‖2‖uh(t+ 1)‖2 +

∫ t+1

t

‖gh
2 − vh‖2

Γ ds+ sup
[t,t+1]

‖uh‖2

}
≤ C

{∫ t+1

t

‖K
1
2
1 u

h
t (s)‖2

2 ds+

∫ t+1

t

‖gh
2 − vh‖2

Γ ds+ C3 sup
[t,t+1]

‖uh‖2

}
.

ut ∈ L2(R+;L2(Ω)) u R
+ L2(Ω)

∫ t+1

t

‖uh(s)‖2
H1(Ω) ds ≤ C

{∫ t+1

t

‖K
1
2
1 u

h
t (s)‖2

2 ds+

∫ t+1

t

‖gh
2 − vh‖2

Γ ds
}

+ φ1(h),

φ1(h) → 0 h → 0 ut ∈ L2(R+;L2(Ω))
L2(R+;L2(Ω))∫ t+1

t

‖K
1
2
1 u

h
t (s)‖2

2 ds→ 0 h→ 0.

g2 v ∈ L2(R+;L2(Γ))∫ t+1

t

‖gh
2 − vh‖2

Γ ds→ 0 h→ 0.



∫ t+1

t

‖uh(s)‖2
H1(Ω) ds ≤ φ2(h),

φ2(h) → 0 h→ 0

Vh(t) =
1

2

(
‖K

1
2
1 u

h
t (t)‖2

2+‖∇uh(t)‖2
2+‖μ 1

2uh(t)‖2
Γ + a∗‖vh‖2

Γ(t)
)
.

a∗‖v‖2
Γ ∈ L1(R+) ∫ t+1

t

a∗‖vh‖2
Γ(s) ds→ 0 h→ 0.

∫ t+1

t

Vh(θ) dθ ≤ φ3(h), φ3(h) → 0 h→ 0.

u Vh(t)
t

d

dt
Vh(t) ≤ (gh

1 − fh(x, u), uh
t )2 + (gh

2 , u
h
t )Γ −

(
(K2u

h
t , u

h
t )

+
γ

2
a∗‖vh‖2

Γ +
1

2
a∗‖vh‖2

Γ +
b∞
2
‖vh‖2

Γ

)
≤ (gh

1 − fh(x, u), uh
t )2 + (gh

2 , u
h
t )Γ.

[θ, t+ 1] θ ∈ [t, t+ 1]
u(t) H1(Ω) ut ∈ L2(R+;L2(Ω)) g′2 ∈ L2(R+;L2(Γ))

t ≥ 0

Vh(t+ 1) − Vh(θ) ≤

≤ C

∫ t+1

t

(‖(g1 − f(x, u))h(s)‖2
2+‖uh

t (s)‖2
2) ds+

∫ t+1

θ

(gh
2 , u

h
t )Γ(s) ds

≤ C

∫ t+1

t

(‖(g1 − f(x, u))h(s)‖2
2+‖uh

t (s)‖2
2) ds−

∫ t+1

θ

((g′2)
h, uh)Γ(s) ds

+ C sup
[t,t+1]

‖gh
2 (s)‖Γ

≤ C

∫ t+1

t

(‖(g1 − f(x, u))h(s)‖2
2+‖uh

t (s)‖2
2) ds+ C

∫ t+1

t

‖(g′2)h(s)‖2
Γ ds

+ C sup
[t,t+1]

‖gh
2 (s)‖Γ

≤ φ4(h), φ4(h) → 0 h→ 0.



[t, t+1] θ

Vh(t+ 1) ≤ φ4(h) +

∫ t+1

t

Vh(θ) dθ ≤ φ5(h),

0 h→ 0

(u(t), K
1
2
1 ut(t)) H1(Ω) × L2(Ω).
Y = L2(Ω) X = H1(Ω)⋃

t≥0{K
1
2
1 ut(t)} L2(Ω).

⋃
t≥0{u(t)}

H1(Ω)

K1ut(t+ h) −K1ut(t) −
∫ t+h

t

Δu(s) ds+

∫ t+h

t

K2ut(s) ds =∫ t+h

t

(g1(s) − f(x, u(s))) ds

ut ∈ L2(R+;L2(Ω)) (u,K
1
2
1 ut)

H1(Ω) × L2(Ω),

sup
t≥0,δ∈[0,1]

‖
∫ t+δ

t

Δu(s) ds‖2 <∞.

Y = H1(Ω) X = {φ ∈ H1(Ω); Δφ ∈ L2(Ω)},

ω
u : R

+ → H1(Ω)

ω(u) = {φ ∈ H1(Ω) : ∃ tn → +∞ lim
n→∞

‖u(tn) − φ‖H1(Ω) = 0}.

u
ω u

H1(Ω)
G

u v =
d
dt

(k ∗ (u− u0))



E ω(u)

E(φ) = lim
t→∞

E(u(t)) = E∞ <∞, φ ∈ ω(u).

lim
t→∞

‖K
1
2
1 ut‖2 = lim

t→∞
a∗‖v‖2

Γ = 0.

E ′(φ) = 0, φ ∈ ω(u).
θ ∈]0, 1

2
] β > 0 T > 0

t ≥ T

|E(u(t)) − E∞|1−θ ≤ β‖E ′(u(t))‖∗.

φ ∈ ω(u) (tn)
R

+ u(tn) → φ H1(Ω). ut ∈ L2(R+, L2(Ω))

u(tn + s) = u(tn) +

∫ tn+s

tn

ut(ρ) dρ→ φ L2(Ω) s ∈ [0, 1].

H1(Ω)
u(tn+s) → φ H1(Ω) s ∈ [0, 1] E E(u(tn+s)) →
E(φ) H1(Ω)′ s ∈ [0, 1]

E(φ) = lim
n→∞

∫ 1

0

E(u(tn + s)) ds.

G(tn + .) [0, 1]

E(φ) = lim
n→∞

∫ 1

0

G(tn + s) ds = G∞,

|
∫ tn+1

tn

(g2(s), a ∗ v(s))Γ ds|2≤
∫ tn+1

tn

‖g2(s)‖2
Γ ds+‖a‖L1(R+)

∫ tn+1

tn

a∗‖v(s)‖2
Γ ds.

φ ω(u) E ω(u)
u H1(Ω) lim

t→∞
E(u(t)) =

G∞ = E∞ G
g2(t) G 0 t→ ∞

φ ∈ ω(u) tn → ∞ u(tn) → φ
H1(Ω). u(tn + s) → φ H1(Ω)
s ∈ [0, 1]. E ′(u(tn + s)) → E ′(φ) H1(Ω)′ s ∈ [0, 1].

ψ ∈ H1(Ω)

(E ′(φ), ψ)H1(Ω)′,H1(Ω) =

∫ 1

0

(E ′(φ), ψ)H1(Ω)′,H1(Ω) ds



= lim
n→∞

∫ 1

0

(E ′(u(tn + s)), ψ)H1(Ω)′,H1(Ω) ds

= lim
n→∞

∫ 1

0

( ∫
Ω

∇u(tn + s)∇ψ dx+

∫
Ω

f(x, u(tn + s))ψ dx+

∫
Γ

μu(tn + s) ψ dσ
)
ds

= lim
n→∞

∫ 1

0

(
− d

dt

∫
Ω

K1ut(tn + s)ψ dx−
∫

Ω

(K2ut − g1)(tn + s)ψ dx

−
∫

Γ

(v − g2)(tn + s) ψ dσ
)
ds

= lim
n→∞

[ ∫ 1

0

( ∫
Ω

(−K2ut + g1)(tn + s)ψ dx−
∫

Γ

(v − g2)(tn + s) ψ dσ
)
ds

+

∫
Ω

(K1ut(tn) −K1ut(tn + 1))ψ dx
]

= 0.

W0(t) : R
+ → R

W0(t) = G(t) − E∞ + ε(E ′(u(t)), K1ut)∗ (t ≥ 0).

d

dt
W0(t) =

d

dt
G(t) + ε(E ′′(u)ut, K1ut)∗ + ε(E ′(u), K1utt)∗

≤ −k0

2
‖ut‖2

2 −
b∞
2
‖v‖2

Γ − γ

4
a∗‖v‖2

Γ + ε(E ′′(u)ut, K1ut)∗

+ ε(E ′(u),−E ′(u) −K2ut − v + g1(t) + g2(t))∗.

(E ′′(u)ut, K1ut)∗ ≤ C ‖ut‖2
2

(E ′(u),−E ′(u) −K2ut − v + g1(t) + g2(t))∗ ≤ −1

2
‖E ′(u)‖2

∗ + C
(
‖ut‖2

2

+‖v‖2
Γ+‖g1(t)‖2

2+‖g2(t)‖2
Γ

)
.

ε > 0

d

dt
W (t) ≤ −C

(
‖ut‖2

2+‖E ′(u)‖2
∗+‖v‖2

Γ + a∗‖v‖2
Γ

)
(t > 0),



W : R
+ → R

W (t) =
1

2
‖K

1
2
1 ut‖2

2 + E(u) − E∞ +
1

2
a∗‖v‖2

Γ − (g2, a ∗ v)Γ + ε(E ′(u(t)), K1ut)∗

+ (
1

2k0

− Cε)

∫ ∞

t

‖g1(s)‖2
2 ds+ (d− Cε)

∫ ∞

t

(‖g2(s)‖2
Γ+‖g′2(s)‖2

Γ) ds,

Cε < inf{ 1
2k0
, d} W lim

t→∞
W (t) = 0.

W (t) ≥ 0 t ∈ R
+ T0 ≥ 0 W (T0) = 0.

W (t) = 0 t ≥ T0 ut = 0
t ≥ T0 u t ≥ T0 u(t) = φ t ≥ T0

W (t) R
+

θ θ0 ∈ (0, θ]

(1 + δ)(1 − θ0) > 1,

θ0 <
δ

1 + δ
θ θ0

W t ≥ 0

W (t)1−θ0 ≤ C
{
‖K

1
2
1 ut‖2(1−θ0)

2 + (a∗‖v(t)‖2
Γ)

2(1−θ0)
2

2 + |E(u) − E∞|(1−θ0)+‖g2(t)‖Γ

+ (a∗‖v(t)‖2)
1−θ0
2θ0

Γ +
( ∫ ∞

t

(‖g1(s)‖2
2+‖g2(s)‖2

Γ+‖g′2(s)‖2
Γ) ds

)1−θ0

+‖K1ut‖
1−θ0

θ0
2 +‖E ′(u)‖∗

}
.

T > 0
t ≥ T{

‖K
1
2
1 ut‖2+‖K1ut‖2 + (a∗‖v(t)‖2)

1
2
2

}
< 1

|E(u(t)) − E∞|1−θ0 ≤ β‖E ′(u(t))‖∗.
′ 2(1 − θ0) ≥ 1 1−θ0

θ0
≥ 1

t ≥ T

W (t)1−θ0 ≤ C
{
‖ut‖2 + (a∗‖v(t)‖2

Γ)
1
2 +‖E ′(u)‖∗

+‖g2(t)‖Γ + (1 + t)−(1+δ)(1−θ0)
}
.



− d

dt
W (t)θ0 = −θ0W (t)θ0−1 d

dt
W (t)

≥ C
(
‖ut‖2

2+‖E ′(u)‖2
∗+‖v‖2

Γ + a∗‖v‖2
Γ

)
‖ut‖2 + (a∗‖v(t)‖2

Γ)
1
2 +‖E ′(u)‖∗+‖g2(t)‖2 + (1 + t)−(1+δ)(1−θ0)

≥ C
(
‖ut‖2+‖v(t)‖Γ + (a∗‖v(t)‖2

Γ)
1
2 +‖E ′(u)‖∗

)
−

− C
(
‖g2(t)‖2 + (1 + t)−(1+δ)(1−θ0)

)
.

− d

dt
W (t)θ0 +C

(
‖g2(t)‖2 +(1+ t)−(1+δ)(1−θ0)

)
[T,+∞), ‖ut‖2 [T,+∞),

lim
t→∞

u(t, ·) L2(Ω) u

H1(Ω) lim
t→∞

u(t, ·) H1(Ω)

ζ ∈ W 1,1
loc (R+,R+). K1 > 0

K2 ≥ 0 k > 1 λ > 0 t ≥ 0

ζ ′(t) +K1ζ(t)
k ≤ K2(1 + t)−λ.

m

ζ(t) ≤ m(1 + t)−ν , ν = inf{ 1

k − 1
,
λ

k
}.

θ0 θ
t ∈ [T,∞[

W (t)2(1−θ) ≤ C
{
‖ut‖2

2 + (a∗‖v(t)‖2
Γ)+‖E ′(u)‖2

∗

+‖g2(t)‖2
Γ + (1 + t)−2(1+δ)(1−θ)

}
.

t ≥ T

C
d

dt
W (t) +W (t)2(1−θ) ≤ C(1 + t)−2(1+δ)(1−θ).

W (t) ≤ C(1 + t)−γ,



γ = inf{ 1
1−2θ

, 1 + δ}

− d

dt
W (s) ≥ C‖ut(t)‖2

2.

[t, 2t] t ≥ T∫ 2t

t

‖ut(s)‖2
2 ds ≤ C(1 + t)−γ.

t ∈ R
+∫ 2t

t

‖ut(s)‖2 ds ≤ t
1
2 (

∫ 2t

t

‖ut(s)‖2
2 ds)

1
2 .

∫ 2t

t

‖ut(s)‖2 ds ≤ C(1 + t)
1−γ

2 t ≥ T.

t ≥ T∫ ∞

t

‖ut(s)‖2 ds ≤
∞∑

k=0

∫ 2k+1t

2kt

‖ut(s)‖2 ds ≤ C

∞∑
k=0

(2kt)
1−γ

2 ≤ C(1 + t)
1−γ

2 .

t ≥ T

‖u(t) − φ‖2 ≤
∫ ∞

t

‖ut(s)‖2 ds ≤ C(1 + t)−ξ, ξ = inf{ θ

1 − θ
,
δ

2
}.

g1 = 0 g2 = 0

− d

dt
W (t) ≥ CW (t)2(1−θ).

W (t) > 0 t⎧⎪⎨⎪⎩
( −1

1−2θ
)
d

dt
W (t)−(1−2θ) ≤ −C θ ∈ (0, 1

2
),

d

dt
(lnW (t)) ≤ −C θ =

1

2
.

C > 0 t > 0{
W (t) ≤ C(1 + t)−

1
1−2θ θ ∈ (0, 1

2
),

W (t) ≤ Ce−Ct θ = 1
2
.

g1 = g2 = 0 s ≥ T

− d

dt
W (s)θ ≥ C‖ut(t)‖2.

[t,∞) t ≥ T

‖u(t) − φ‖2 ≤
∫ ∞

t

‖ut(s)‖2 ds ≤ CW (t)θ.
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