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L’objectif principal de cette thése concerne I'étude du comportement asympto-
tique des solutions globales de quelques équations, et systémes couplés des équations,
d’évolution non linéaires avec différents types d’amortissements et des conditions sur
le bord. Sous la condition basique que la non linéarité est analytique, on prouve que
les énergies associées vérifient des inégalités de type Lojasiewicz et on obtient des
résultats de convergence avec l'estimation de la vitesse de convergence. Pour tous les
modeéles étudiés dans cette thése, on s’intéresse aux questions d’existence et d’unicité
des solutions bornées a images relativement compactes dans leurs espaces d’énergie
naturelles. Cette thése est constituée de trois parties principales.

Dans la premiére partie on prouve un résultat de convergence général avec 1'es-
timation du taux de décroissance des solutions bornées d’une équation d’évolution
abstraite non autonome avec dissipation linéaire. Le résultat permet de retrouver
et généraliser de maniére naturelle des résultats connus, mais aussi il s’applique a
une classe trés générale des équations et des systémes couplés avec divers types de
couplage et avec diverses conditions sur le bord.

La deuxiéme partie est consacrée a 1’étude des équations du second ordre avec
dissipation non linéaire et des conditions dynamiques classiques sur le bord. On
prouve 'existence et 'unicité des solutions globales bornées a images relativement
compactes et on montre la convergence vers I’équilibre.

Finalement, on s’intéresse a des équations d’évolution dégénérée de type hyperbo-
lique-parabolique avec des conditions dynamiques de type mémoire sur le bord. On
prouve l'existence et 'unicité des solutions globales bornées a images relativement
compactes et on prouve la convergence avec I’estimation de la vitesse de convergence.

Le premier chapitre de cette thése consiste en une introduction préliminaire
développant non seulement I’histoire des recherches reliées & nos modéles et leurs
résultats décrits dans la littérature, mais aussi en présentant les énoncés de nos
résultats obtenus avec les idées des démonstrations. On y discute la complexité de
la problématique et I’on y présente la justification de I’étude.



Abstract

The main goal of this thesis is the study of the asymptotic behavior of global
solutions to some nonlinear evolutions equations and coupled systems with different
types of dissipation and boundary conditions. Under the assumption that the non-
linear term is real analytic, we construct an appropriate Lyapunov energy and we
use the Lojasiewicz-Simon inequality to show the convergence, and the convergence
rate, of global weak solutions to single steady states. Far all models studied in this
thesis, we are in addition interested in the questions of the existence and uniqueness
of global bounded solutions having relatively compact range in the natural energy
space. This thesis consists of three main parts.

In the first part, we present a unified approach to study the asymptotic behavior
and the decay rate to a steady state of bounded weak solutions for an abstract non
autonomous nonlinear equation with linear dissipation. This result allows us to find
and to generalize, in a natural way, known results but it applies to a quite general
class of equations and coupled systems with different kinds of coupling and various
boundary conditions.

The second part is devoted to the study of a nonautonomous semilinear second
order equation with nonlinear dissipation and a dynamical boundary condition. We
prove the existence and uniqueness of global, bounded, weak solutions having re-
latively compact range in the natural energy space and we show that every weak
solution converges to an equilibrium.

Finally, we consider a nonautonomous, semilinear, hyperbolic-parabolic equation
subject to a dynamical boundary condition of memory type. We prove the existence
and uniqueness of global bounded solutions having relatively compact range and we
show the convergence of global weak solutions to single steady states. We prove also
an estimate for the convergence rate.

The first chapter of this thesis consist of a preliminary introduction developing
not only the story of researches linked to our models and the results described in
the literature, but presenting also our main results as well the ideas of their proofs.
There we discuss the complexity of our problems and we present a justification for
our studies.
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Chapitre 1

Introduction générale

L’évolution au cours du temps de plusieurs modéles appliqués a la physique, la
biologie, la chimie, I'ingénierie peut étre reformulée en langage mathématique en
utilisant les équations aux dérivées partielles. Dans le traitement de ces équations
I’on aborde les questions d’existence, d'unicité et de régularité de leurs solutions. Ce-
pendant, une grande part de la compréhension de ces équations vient de leur étude
qualitative. L’étude du comportement asymptotique lorsque ¢ — oo est un probléme
essentiellement global dont la résolution, en pratique, est a la fois difficile et majeure.

L’étude du comportement au cours du temps des solutions des équations d’évo-
lution non linéaires dissipatives a suscité 'intérét de beaucoup de mathématiciens
depuis longtemps. La recherche dans ce domaine a été axée principalement sur deux
aspects :

L’un porte sur le comportement asymptotique des familles de solutions globales pour
des données initiales dans un ensemble borné dans un espace de Sobolev afin de trou-
ver un ensemble compact invariant qui absorbe ces solutions : c¢’est un attracteur.
Nous nous référons aux trois ouvrages : Temam [67], Hale [34], et Babin et Vishik
[10] pour une étude approfondie de ce sujet. Pour I’équation des ondes semi-linéaires,
nous nous référons aux travaux de Chueshov et Lasiecka [19]-[24] avec dissipation
seulement sur le bord.
L’autre aspect est ’étude de la convergence vers un équilibre de solutions globales
bornées lorsque le temps passe a l'infini : ¢’est le sujet principal de cette thése.
Pour motiver notre travail, nous présentons les modéles originels en nous appuyant
sur la revue de la littérature.
Soit € un ouvert borné régulier de R (N > 1) de frontiére I, considérons I'équation
de la chaleur

u — Au+ f(z,u) =0, (1.1)

et I’équation des ondes avec dissipation linéaire
utt—i-ut—Au—i—f(x,u) :0, (12)
avec des données initiales et I’'une des conditions classiques suivantes sur le bord :

u =20 sur I' (Dirichlet), (1.3)

7
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0
GZ =0 sur I' (Neumann), (1.4)
u+ g—n =0 sur I' (Robin), (1.5)
U+ u + g— =0 sur I' (dynamique), (1.6)
n

et f:Q xR — R une fonction non linéaire.

Une question essentielle dans I’approche qualitative est la suivante :

étant donnée une solution globale bornée de I’équation (1.1) ou (1.2), y a-t-il conver-
gence vers une solution stationnaire ?

Rappelons qu’une solution stationnaire de 'équation (1.1) ou (1.2) est une fonction
¢, solution de I’équation suivante :

{ Ao+ f(x,0) =0 z€Q, w1
T(p)=0 x € 0L,
avec

T(¢) = si la condition sur le bord est de type (1.3),

T(¢p) = % si la condition est de type (1.4),

T(p)=¢+ g—i si la condition est de type (1.5) ou (1.6).

Notre question devient alors : peut-on trouver une fonction ¢, solution de (1.7) pour
laquelle :
|lu(t) = d|la1) — 0, quand ¢ — oo. (1.8)

Une autre question importante reliée a la premiére : une fois que la convergence a
eu lieu, peut-on estimer la vitesse de convergence ?

Il existe plusieurs facteurs qui interférent : la dimension du domaine 2, la régularité
de f, le type de condition sur le bord, la régularité de la solution, et 'ordre (en
temps) de I’équation.

Notons que les équations (1.1) et (1.2) peuvent étre réécrites sous la forme des
équations de type gradient suivantes :

u+ E'(u(t)) =0, t>0, (1.9)

et
Ut + Ut + El(u(t)) = 0, t 2 O7 (].10)

avec E'(u) le gradient de 1'énergie fonctionnelle F : H'(Q) — R donnée par

= %/Q]VUF dx —|—/QF(:c,u) dz, F(z,u) = /Ou f(z,s) ds, (1.11)

si la condition sur le bord est de type (1.3) ou (1.4), e

/|Vu|2dx+ /|u|2dx+/( W) dz,



si la condition sur le bord est de type (1.5) ou (1.6). Les solutions stationnaires de
I'équation (1.1) ou (1.2) sont alors des fonctions ¢ € H' () telles que E'(¢) = 0.

Remarquons qu’une solution & image relativement compacte converge dans le
sens de (1.8) si et seulement si son ensemble w-limite w(u) défini par

est réduit a un point.

Par le principe d’'invariance de La Salle, si u a une image relativement compacte
dans H'(2) , alors son ensemble w-limite est non vide, compact, connexe, et il ne
contient que des solutions stationnaires ¢ € H'(Q), [41]. Ainsi, la réponse a la
premiére question est positive si I’ensemble des solutions stationnaires est discret.
Mais ce n’est pas toujours le cas si I’ensemble des points stationnaires est continu.

En effet, dans [63|, J. Palis et W. De Melo ont donné un exemple d’une fonction
F : R? — R de classe C* pour laquelle il existe une trajectoire globale et bornée
du systeme gradient suivant :

a(t) + VF(u(t)) =0, t>0,
L e 19

qui ne converge pas.

D’autre part, un contre-exemple a été donné par P. Polacik et Rybakowski [64] et
ensuite par P. Polacik et F. Simondon [65] : ils ont décrit une non linéarité f de classe
C pour laquelle il existe une solution globale, bornée de I’équation de la chaleur,
avec la condition de Dirichlet sur le bord, et I’ensemble w-limite de la solution est dif-
féomorphe au cercle unitaire S*. (voir aussi [5] et [48], ol la convergence n’a pas lieu).

Si Q = (a,b) C R est un intervalle, alors la convergence vers un point d’équilibre

est obtenue sous des hypothéses générales sur f (f est de classe C' ou Lipschitz) ;
voir T. J. Zelenyak [73| et H. Matano [61] pour I’équation de la chaleur avec condi-
tion de Dirichlet sur le bord.
J. Hale et G. Raugel [43] ont montré la convergence des solutions globales et bornées
lorsque f est de classe C! et quand la dimension du noyau de 'opérateur linéarisé
en un point d’équilibre est inférieure ou égale a 1. Cette hypothése est vérifiée en
dimension 1, mais n’est pas toujours satisfaite en dimension supérieure.

Dans le cas d’une dimension supérieure a 1, quelques hypothéses ont été posées
sur f dans le but de prouver la convergence des solutions globales et bornées.
Dans la littérature, on décrit les hypothéses suivantes :

f(-, s) est monotone, (1.13)

als|’< caF (-, 8) < sf(+,s), sER, ¢; >0, f>2 (1.14)
f(-,8) est analytique. (1.15)
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Sous les hypothéses (1.13) et (1.14), la stabilisation de (1.1) et (1.2) a été largement
étudiée, avec diverses conditions sur le bord. Les résultats de nombreux auteurs sont
basés sur les lemmes (inégalités intégrales) dius a A. Haraux [35, 36], V. Komornik
[50] et P. Martinez [60], la méthode des multiplicateurs donnée par Komornik et
Zuazua [51], et la méthode de Nakao (inégalité différentielle) [62].
Notons que si f est strictement monotone, alors E’ est strictement monotone, ainsi
I'ensemble des points d’équilibre est réduit a un seul point. Alors, la convergence
des solutions bornées est obtenue directement par La Salle.
Remarquons aussi que la monotonie de E’ est équivalente & la convexité de E.
Un exemple type d’une fonction vérifiant les hypothéses (1.13) et (1.14) est donné
par

f(s)=1s|"s, seR, a e R". (1.16)

L’hypothése d’analyticité a été introduite pour la premiére fois dans I’étude du
comportement asymptotique des solutions des équations d’évolution par Simon |66].
Il a montré la convergence des solutions globales et bornées de I’équation de la cha-
leur (1.1) avec la condition de Dirichlet et la non linéarité analytique, en remarquant
que cette équation est réécrite sous la forme (1.9).

L’outil clé utilisé dans ce résultat de convergence donné par Simon est une inégalité
du gradient reliant 1’énergie F, donnée par (1.11), a son gradient autour d’un point
critique.

Théoréme 1.0.1 (Simon [66], Théoréme 3, p. 537). Soit ¢ € C*P(Q), p € (0,1)
une solution classique du probléme stationnaire suivant :

A¢p = f(x,¢) dans Q,
=0 sur T

Supposons que f vérifie les hypothéses suivantes :

f est analytique par rapport a s, uniformément par rapport a x,
£, 9L et % sont bornées sur Q x [—r,r], Vr > 0.

) s

Alors il eziste 6 € (0,3] et o > 0 tels que pour tout 1 € C*P(Q),

1 = dllcesie) < 0 = E(W) — E(9) [""<I|AY = f(,9) | z20)- (1.17)

En prouvant l'inégalité (1.17) Simon a utilisé le résultat fondamental da a S.
Lojasiewicz |57, 58| (théoréme de Lojasiewicz) qui affirme : si T': RV — R est une
fonction réelle analytique dans un voisinage d’un point critique donné a € RY (i.e.,
VI'(a) = 0), alors il existe des constantes 6 € (0, 3], o > 0 telles que

| D(x) — D(a) " <||VI(2)]|, Yz € RY, |z —a|< 0. (1.18)

Les constantes 6 et o dépendent de la fonction I' et du point a. Il existe des exemples
de fonctions non analytiques qui vérifient cette inégalité, [44] et [15]. Lojasiewicz a
utilisé 'inégalité (1.18) pour prouver la convergence des solutions bornées du sys-
téme gradient du premier ordre (1.12).
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Le travail de L. Simon ci-dessus est publié¢ en 1983. Ce travail a été repris et précisé
par A. Haraux et M. A. Jendoubi qui (spécialement Jendoubi [46, 47]) ont simplifié
la méthode apportant la preuve originale de Simon. En effet, dans [47] Jendoubi a
reformulé la procédure de démonstration de Simon pour prouver le méme résultat
de convergence des solutions bornées de ’équation de la chaleur avec des conditions
de Dirichlet sur le bord.

De plus, par construction d’une nouvelle fonction de Lyapunov [46], Jendoubi a gé-
néralisé ce résultat pour I’équation des ondes (1.2) avec des conditions de Dirichlet
sur le bord.

La démonstration donnée par Jendoubi semble étre plus naturelle parce qu’elle
est basée sur la construction de fonctions de Lyapunov et d’inégalités différentielles
qui sont des outils classiques pour ce genre de problémes. De plus, la preuve de Jen-
doubi est applicable pour d’autres problémes de type gradient, de dimension finie
ou infinie.

En prouvant les résultats de convergence, Jendoubi a donné une généralisation
de I'inégalité (1.17) applicable dans 'espace d’énergie H'(Q2) x L?(Q2). Cette nouvelle
inégalité s’appelera l'inégalité de Lojasiewicz-Simon.

Théoréme 1.0.2 (Jendoubi [47]). Soit ¢ € W*P(Q), p > %, p > 2 telle que

A¢p = f(z,¢) dans Q,
=0 sur T

Supposons que f vérifie les hypothéses du théoréme 1.0.1. Alors il existe 6 € (0, %]
et o > 0 tels que pour tout € W*P(Q) N H (),

1 = Sllwanio) < o =| E@W) = E(¢) ' <A = £, ¥) 120 (1.19)

L’originalité de ces résultats provient du fait qu’aucune condition de croissance
sur f n’était imposée. Mais ces résultats étaient uniquement valables pour les so-
lutions fortes. Ils sont alors en quelque sorte restrictifs, en pratique difficilement
vérifiables.

En ajoutant une condition de croissance sur f et en partant de la preuve du théo-
réme de Simon [66], A. Haraux et M. A. Jendoubi [38]| ont donné une généralisation
de 'inégalité (1.19) applicable pour prouver la convergence des solutions faibles.

Théoréme 1.0.3 (Haraux et Jendoubi [38]). Soit ¢ € H*(Q) N HL(Q) telle que

A¢p = f(x,¢) dans Q,
=0 sur I'.

Supposons que f vérifie les hypothéses suivantes :
(F1) : f(x,s) est analytique par rapport & s, uniformément par rapport a .
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(F2) :

SiN=1: f(z,s) et ?(m, s) sont bornées sur 2 x [—r,r], Vr > 0,
s

Si N >2:f(,0) € L*(Q) et ]%(m,s)] < p(1+s"), (z,5) € 2 xR,
ot p>0etp>0,(N—-2)u<?2.

Alors il existe 6 € (0, 3] et o > 0 tels que pour tout 1 € H}(Q),

1Y = dllme) <o = E() — E(¢) "< A¢ = f(, ) |a10)- (1.20)

Se reposant sur cette nouvelle inégalité, Haraux et Jendoubi ont prouvé les mémes
résultats de convergence pour des solutions bornées dans I’espace d’énergie de I’équa-
tion des ondes [38] et I'estimation de la vitesse de convergence en fonction de la valeur
de 6 [39].

Un exemple type d'une énergie fonctionelle E vérifiant cette inégalité dans un espace
de Hilbert V — L?(Q), avec une injection compacte, est donné par :

E(u) = %a(u, u) + / F(u) dz, ueV,

Q
oua:V xV — R est une forme bilinéaire, continue, symétrique, coercive et la fonc-
tion F' est une primitive d’'une non-linéarité analytique f vérifiant certaine condition
de croissance. En général, il est trés difficile de vérifier cette inégalité pour des fonc-
tions non analytiques. Notons aussi que 'hypothése d’analyticité est suffisante mais
non nécessaire. Nous nous référons a [15, 44| pour la compréhension de cette inéga-
lité.

Nous décrivons briévement la preuve de Jendoubi pour I’équation de la chaleur
et I’équation des ondes avec des conditions de Dirichlet sur le bord.

La méthodologie

Soit u € C(R*; H'(Q)) une solution bornée de I’équation (1.1) a image relati-
vement compacte, c¢’est a dire ’ensemble O(u) = {u(t);t > 0} est inclus dans un
sous ensemble compact de H'(2). Le but est de prouver la convergence de u dans
HY(Q) vers un point stationnaire ¢, E’(¢) = 0. Pour cela, il suffit de prouver que
|u(t) = @ 2) — 0. Cela est justifié par le fait que cette derniére convergence com-
binée & la compacité est suffisante pour prouver que I'ensemble w(u) est réduit a un
seul point ¢.

Une condition impliquant la convergence de u dans L?*(Q) est la suivante :

IM:/|WM@ﬁ<w. (1.21)
0

La méthode de Jendoubi sert a prouver (1.21) en suivant les étapes suivantes.
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Premiérement, il est clair que I’énergie ' donnée par (1.11) est une fonction de
Lyapunov pour 'équation (1.1). En multipliant (1.1) par u; on obtient
d 2
%E(u(t)) < —fJuellz2()- (1.22)
Comme dans le principe d’invariance de La Salle, on déduit facilement de cette der-
niére inégalité les résultats intermédiaires suivants :
(i) uy € L*(RT; L?(Q)),
(17) E est constante sur w(u), et w(u) est inclus dans 'ensemble des points station-
naires,
(131) tlE?oE(u(t)) = F(¢) = Es < 00 pour tout ¢ € w(u).

D’autre part, par la compacité et la continuité de w, il existe ¢ € w(u) et pour
tout o > 0 il existe un intervalle de temps (Z1,t3) dans lequel [|u(t) — @[ () < 0.
Donc on peut appliquer 'inégalité (1.20) pour la fonction W (t) = E(u(t)) — E(¢)
et obtenir :

(W[ O<|| B (u(t)]| g-1 () =|lue(t) | m-1(), pour tout t € (t1,t2).

Notons que W (t) (par (1.22) et (iii)) est décroissante et lim W (¢) = 0. On distingue

t—o0

alors deux cas :

s'il existe g > 0 telle que W(ty) = 0, alors W(t) = 0 pour tout t > t,. Ce qui nous
donne la convergence en utilisant (1.22).

Dans le deuxiéme cas, W (t) > 0 pour tout ¢t > 0, et on peut dériver W (¢)? :

d d Collue(t) 172,
W = oW () =W (¢t >—()
dt Q Q dt ) = [ () || 22

On déduit alors en intégrant sur (¢,t2) que

> Col|ue(t) || 20

to
/ e ()| 20y dt < CW (t1)°.
t1

Cette derniére inégalité permet de controler sup |[lu(t, ) — @|| g1 (o) et prouver qu’une
(t1,t2)
fois que la solution u rentre dans un petit voisinage de ¢, elle y reste pour toujours.

On peut alors faire tendre ¢y vers 'infini en obtenant (1.21).

Pour I'équation des ondes, il est clair que la 'énergie K(t) = glus||72(q) + E(u)
(E est donnée par (1.11)) est une fonction de Lyapunov :
d

aK(t) < — el 22 (gy- (1.23)

Ce qui nous donne facilement :

i) up € LA(RT, L*(Q)) et u(t) — 0 dans L*(Q),

i1) E est constante sur w(u), et w(u) est inclus dans I’ensemble des points station-
naires,
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i11) tlgéloE(u(t)) = E(¢) = Eo < o0 pour tout ¢ € w(u).

Mais, I'estimation d’énergie obtenue en (1.23) n’est pas suffisante pour appliquer la
méme technique pour cette équation. En fait, I’existence du terme —||E’(u)||§{,1(9)
dans lestimation d’énergie (1.23) est essentielle pour faire le calcul, (pour 'équa-
tion de la chaleur, l'existence de ce terme est assurée dans lestimation (1.22)
car ||E'(u)|[z2() =|luellr2)). L'exigence de ce terme est reliée a l'existence de
| E'(w)|| -1 () donnée par I'inégalité de Lojasiewicz-Simon.

Pour cela Jendoubi a modifié cette derniére énergie K en ajoutant un terme supplé-
mentaire :

1
G(t) = §||ut||L2(Q) + E(u) + e(—Au+ f(x,u), u) g-1(q),

ou € > 0 est assez petit. On prouve facilement alors

d ’
EG(t) < —O(HUtH%?(Q)"‘HE (U)H}Qq—l(ﬂ))- (1.24)

La suite de la démonstration est identique a celle de I’équation du premier ordre
avec W(t) = G(t) — Ex. On a

|W(t)|1_0§ O(HUtHLZ(Q)—f-”El(U(t))HHfl(Q)), pour tout t € (tl,tg). (125)

On distingue les deux cas, puis on combine (1.24) et (1.25) pour obtenir :

LW > (el HIE @) i)
Il reste & intégrer cette derniére inégalité dans l'intervalle (¢1,%5) et faire tendre t,
vers I'infini pour obtenir la convergence.
En utilisant la méme technique, S. Z. Huang et P. Takac [42] ont généralisé le résultat
de convergence de I’équation (1.1) dans le cas non autonome. Puis, R. Chill et M. A.
Jendoubi [16] ont prouvé un résultat de convergence général pour les deux systémes
abstraits suivants :

u(t) + M(u(t)) =g(t), t >0,
S (1.2
U(t) +a(t) + M(u(t)) = g(t), t >0, (1.27)
u(0) = ug, u(t) =uy, (ug,ur) €V x H, '

ou V et H sont deux espaces de Hilbert, V < ‘H avec une injection continue. La

fonction M est la premiére dérivée d'une fonction £ € C*'(V,R) qui vérifie 'inégalité

de Lojasiewicz-Simon dans un point de w(u) et g € L*(R", H) est telle qu'il existe

0 > 0 tel que

sup (1 4+ t)1+5/ lg(s)[12, ds < oo. (1.28)
t

tER+

Chill et Jendoubi [16] ont appliqué ces résultats abstraits aux équations des ondes
et de la chaleur non autonome avec des conditions de Dirichlet sur le bord.
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Ce travail de Chill et Jendoubi est complété par I. Ben Hassen [13]. En admettant
les résultats de convergence dans [16], Ben Hassen a estimé la vitesse de convergence
des solutions des (1.26) et (1.27).

Cette technique basée sur I'inégalité de FLojasiewicz-Simon a été appliquée pour
prouver des résultats de convergence des solutions bornées de plusieurs équations, et
systémes couplés des équations, semi-linéaires de type gradient, telles que 1’équation
de Cahn-Hilliard (Cahn-Hilliard equation) [18, 45, 70|, systémes de champ de phase
(phase field systems) [2, 3, 49, 72|, équations de diffusion dégénérées (degenerate
diffusion equations) [30], équations différentielles ordinaires du second ordre (second
order ODEs) [40], équations intégrales associées & des problémes d’évolution (evo-
lutionary integral equations) [3, 2, 17|, équations d’évolution non-autonomes (non-
autonomous evolutionary equations) [42, 16, 13], équations d’évolution avec dissipa-
tion non linéaire (evolutionary equations with nonlinear dissipation) |25, 26, 11, 12].

Cependant, dans la plupart des travaux cités ci-dessus, les équations d’évolution

traitées sont soumises a des conditions de type Dirichlet ou de type Neumann sur le
bord (le travail de Chill et Jendoubi peut étre appliqué pour des équations avec la
condition de Robin). Néanmoins, pour des conditions complexes sur le bord (comme
les conditions dynamiques qui sont trés importantes du point de vue physique et
mathématique) les résultats sont limités. A notre connaissance, les seuls résultats
positifs sont donnés par H. Wu et S. Zheng |71, 70| pour I’équation des ondes et
I'équation de Cahn-Hilliard et par H. Wu et M. Grasselli [72] pour un systéme cou-
plé de type parabolique-hyperbolique (sous la condition dynamique classique (1.6)).
Notons que pour ces travaux les résultats de convergence ont été prouvés pour des
solutions bien réguliéres et uniquement dans le cas autonome.
Aussi, pour des équations mixtes, parabolique-hyperbolique (1.37), il n’y a pas de
résultat abouti. De plus, des résultats manquent pour des systémes couplés, avec
plusieurs sortes de couplage et des conditions sur le bord. Ces questions sont 'une
des motivations ( voir Remarque 1.0.3 pour des arguments supplémentaires et ap-
plications) pour étudier une équation abstraite générale enveloppant la majorité des
travaux précédemment cités et répondant a notre problématique.

Chapitre 2

La premiére partie de ce travail (chapitre 2) porte sur la généralisation des résul-
tats [16] et [13] sur une équation abstraite contenant une classe plus large des équa-
tions et des systémes couplés ; en particulier, des équations de type mixte (1.37), des
conditions dynamiques sur le bord, des systémes couplés ondes-ondes, ondes-chaleur,
chaleur-chaleur, avec différents types de couplage et des conditions complexes sur le
bord.

Plus précisément, on considére trois espaces de Hilbert V, W et H tels que V C
W C H, avec des injections denses et continues. On identifie H avec son espace dual
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‘H' de fagon a ce que :
Vs We—asH—-W =V,

avec des injections denses et continues.
On étudie le comportement asymptotique des solutions bornées de 1’équation d’évo-
lution abstraite suivante :

(Au) + Bi+ M(u) =g, teR". (1.29)

Ici, M = E’ est la dérivée d’une fonction E € C*(V), A : H — H est un opérateur
auto-adjoint positif, B : W — W’ est un opérateur linéaire borné qui vérifie la
condition de coercivité suivante :

(Bu, )y > Q||u||]2/v, u € W, (1.30)

pour un ¢ > 0, et g € L?(RT,H) vérifiant (1.28).

Selon le choix de l'opérateur A, 1’équation (1.29) contient en particulier des équa-
tions d’évolution du premier ordre (A = 0), du second ordre ( par exemple, A = I),
et aussi d’ordre mixte ( par exemple, A est une projection). Notre résultat de conver-
gence généralise, unifie et étend des résultats existants dans la littérature.

Définition 1.0.1. Une fonction u : R™ — V est une solution (faible) de I’équation
(1.29) si

u€ LS (RT, V)N HL (RT, W),
Au e HL (RT,V),

et si u vérifie 'équation différentielle (1.29) dans V', pour presque tout t € RT.

On montre les résultats suivants :

Théoréme 1.0.4. Soit u : RY — V une solution faible de l’équation (1.29) et
Supposons que :
(H1) w e H. (R*,V) et Au € H} (RT, H).
(H2) L’ensemble {(u(t), Aza(t)) : t > 1} est relativement compact dans V x 'H.
(H3) Il existe ¢ € w(u) tel que E vérifie 'inégalité de Lojasiewicz-Simon en ¢
d’exposant 0.
(H}) Si K : V' — V est Uopérateur de dualité, alors, pour tout v € V, opérateur
KoM'(v) € L(V) se prolonge en un opérateur linéaire borné sur H et KoM':V —
L(H) transforme les ensembles bornés en ensembles bornés.
(H5) g vérifie (1.28) pour une constante § > 0.
Alors : )

[Aza(t) [+ lu(t) = ¢llv — 0,

et il existe une constante C' > 0 telle que pour tout t > 0 on a :

0 6
_ < (' -n N — ] _ - 21
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]_ 1/
De plus, si g =10 et 0 = 3 alors il existe deux constantes C", & > 0 telles que pour
toutt >0 on a :
[u(t) = ollw < C e

Corollaire 1.0.1 (cas ou A = 0). Soit u : Rt — V une solution de ’équation
susvante :
Bu+ M(u) = g, (1.31)

ou YV, W, B, M et g sont définis comme dans le théoréeme 1.0.4. Supposons que :
(H1) u € Wl (R, V).

(H2) L’ensemble {u(t) : t > 1} est relativement compact dans V.

(H3) 1l existe ¢ € w(u) telle que E vérifie l'inégalité de Lojasiewicz-Simon en ¢
d’exposant 0.

Alors, u(t) — ¢ dans V et il existe une constante C' > 0 telle que pour tout t > 0

on a .
0 6
_ < (' -n N — ] - 21

]. 1!
De plus, si g =0 et 0 = 3 alors il existe deux constantes C", & > 0 telles que pour

toutt >0 on a :
Ju(t) — ¢llw < C"e .

Pour prouver le Théoréme 1.0.4, on applique la méme idée que celle décrite dans
la méthodologie (avec quelques changements de la démarche concernant le cas non-
autonome) en construisant I’énergie perturbée suivante :

G(t) = SNARUDIE, + B(u(t) + (M (u(0)), Adlt))y, (1.32

ou € > ( est assez petit.
On montre que G est une fonctionnelle de Lyapunov pour 1’équation (1.29) par
I'inégalité suivante :
d 112 2 2
GO < =Ci([laly+IM @)[5) + Callgllz (1.33)
ou C; et (5 sont deux constantes positives.
Remarquons P'existence du terme positif dans U'inégalité (1.33). Pour traiter cette
difficulté on utilise le lemme suivant prouvé dans |30] et utilisé dans [42].

Lemme 1.0.1 (Feireisl et Simondon [30]). Soit Z > 0 une fonction mesurable dans
R telle que
ZeL*RY), |Z||lpe@+ <Y

Soit D C RY un ensemble ouvert, o € (1,2), et w > 0 telles que :

(/ Z(s)? ds)® < wZ?(t) pour tout t € D.
¢
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Alors, Z € LY(D) et il existe une constante positive ¢ = c(a,w,Y') indépendante de

D telle que :
/ Z(s) ds < c.
D

On applique ce lemme en utilisant 'inégalité de Lojasievicz-Simon et en choisis-
sant Z =||u||w+]|| M (u)||y, et on obtient que ||ullyy est intégrable dans R*. Cette
intégrabilité aboutit a Pexistence de la limite de w(f) dans W et, par compacité,
dans V.

Pour estimer la vitesse de convergence entre la solution et sa limite on utilise ’ap-
proche des fonctionnelles de Lyapunov. Une fois la fonctionnelle d’énergie adéquate
choisie, on cherche a obtenir des inégalités différentielles. L’idée directrice pour y
parvenir consiste a appliquer I'inégalité de Lojasiewicz-Simon.

Le résultat de décroissance polyndomiale est basé sur le lemme suivant di a Ben
Hassen [13].

Lemme 1.0.2. Soit ¢ € W/ll’l(R+; RT). On suppose qu’il existe des constantes K1 >

oc

0, Ko >0, k>1 et A>0 telles que pour tout t > 0 on a :
C'(t)+ Ki¢(t) < Ky(1+t)~N

Alors, il existe une constante positive m telle que :

1 A
t)<m(l+t)", ourv=inf{——, —}.
((t) < m(1+1) (=5
L’énergie choisie pour prouver la convergence polyndmiale et exponentielle est la
suivante :

«wzew—Ew»Hz[ﬂMQmw,

ou ¢ est la limite de la solution u(t) et G' est donné par (1.32). Utilisons l'inégalité
(1.33), on obtient

L) = 200 - Cllg0l < - MOBHIM@OIR). (130

Codt
A partir de cette estimation, de I’hypothése (1.28), et a l'aide de l'inégalité de
Lojasiewicz-Simon, on prouve I'inégalité différentielle suivante :

d
C3EC(t> + C(t)2(1—9) < 04(1 + t)_2(1—9)(1+6)7

ou C5 et C4 sont deux constantes positives.

On applique alors le Lemme 1.0.2, et on obtient la convergence polynomiale.

Dans le cas ot g = 0 et § = I on dérive ¢2(t), on utilise I'inégalité (1.34) et inégalité
de Y.ojasiewicz-Simon, on obtient I'inégalité différentielle suivante :

V'(t) < —Co(t), C >0, t>T,
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o(t) = / a0 I+ 1M () ) ds.

La résolution de cette inégalité différentielle permet I'obtention de la décroissance
exponentielle de v. Puis, on remarque que :

lut) = Gllw < Jim [Ju(t) —u(t) v < 0(t),¢ > T,

on obtient alors le résultat de décroissance exponentielle de la solution wu.

Remarque 1.0.1. Notons que le Théoréme 1.0.4 reste vrai si ’hypothése (H1) est
remplacée par [’hypothése, plus faible, suivante :

(H1’) v e C(RT, V)N HL.(RY,H), Au € HL (RT,V') et, pour des constantes C,
Cy > 0, on a Uestimation (1.33), ot la fonction G est donnée par (1.32). Cette
remarque est importante dans certaines applications ot 'inégalité (1.33) peut étre
verifiée pour des solutions faibles (u est seulement différentiable a valeurs dans H)

par approximation et par arquments de densités.

Applications

On commence par la remarque suivante concernant les questions d’existence et
de précompacité des solutions faibles pour les applications données ci-dessus.

Remarque 1.0.2. Pour toutes les applications données ci-dessous, les méthodes
utilisées dans les chapitres 3 et 4 sont applicables pour prouver :

1. Dexistence et l'unicité des solutions faibles globales,
2. les solutions faibles sont des limites des solutions fortes,

3. toute solution faible bornée a une image relativement compacte dans [’espace
d’énergie naturelle.

La premiére application du Théoréeme 1.0.4 est I’étude du comportement asymp-
totique de 1’équation des ondes semi-linéaires avec des conditions dynamiques sur le
bord. Soit © C RY (N > 1) un ensemble ouvert borné ayant une frontiére réguliére
I'. On considére I’équation suivante :

u +ug — Au+ f(x,u) =¢; dans RT x Q,
b(z)uy + Oyu + a(z)u = go sur R x T, (1.35)
u(0) = ug, u(0) = uy.

avec des données a € WL(T'), b € L>(T), b(z) > by > 0, g1 € L*(RT x Q) et
g2 € L*(R* xT). La non-linéarité f vérifie les conditions (F1) et (F2) du Théoréme
1.0.3.
On prouve que cette équation est un cas particulier de I’équation (1.29). En effet,
soient

H=W = L*Q) x L*(I),
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et
V={u=(u,v)€H; uec H(Q), v= "u= trace u}.

On munit H et V des produits scalaires usuels et on montre que V s’injecte dans H,
avec une injection dense, compacte et on définit les opérateurs A et B dans H par :

A(u,v) = (u,0) et B(u,v) = (u,bv), (u,v) € H.

On définit la fonction d’énergie £ : )V — R par

Blu) = %/Q\vuﬁ dw+/QF(:U,u) dx—l—%/Fa(:v)]tu\Zdo.

Avec ce choix des espaces fonctionnels, des opérateurs et de I’énergie E on prouve que
st u € H'(2) est une solution de I’équation (1.35), alors la fonction u = (u, 'u) € V
est une solution de I’équation abstraite (1.29). Ensuite, on montre que ’énergie E est
de classe C? dans V et qu’elle vérifie I'inégalité de Lojasiewicz-Simon pour tout point
stationnaire ¢ € V. Par conséquent, le Théoréeme 1.0.4 est appliqué pour montrer la
convergence avec l'estimation de la vitesse de convergence des solutions bornées de
I'équation (1.35).

Un résultat similaire est obtenu pour I’équation de chaleur avec des conditions dy-
namiques sur le bord :

u — Au+ f(z,u) =g dans R x Q,
bu; + O,u + au = go sur RT x T, (1.36)
u(0) = ug, uy(0) = us.
Iei, g = (g1, 91), f,a(z), b(x), B, E, V et H = W sont définies comme dans le
premier exemple, et A = 0. En utilisant les mémes arguments que dans la premiére
application, le résultat de convergence découle du Corollaire 1.0.1.
On peut utiliser le Théoréme 1.0.4 pour prouver la convergence des solutions bornées
de I'’équation mixte de type hyperbolique-parabolique suivante :
Ki(z)uy + Ka(x)uy — Au+ f(x,u) =g dans RT x Q,
u=0 sur Rt x T, (1.37)
U(O) = Ug, vV Klut(O) = v/ Klul,

avec Ki(z), Ky(x) € L>®(Q), Ki(x) > 0, Ky(z) > [ > 0 et f est définie comme
dans les exemples précédents. Pour écrire I’équation (1.37) sous la forme abstraite
(1.29), soient H =W = L*(Q) et V = H}(Q), on définit les opérateurs A et B dans
H par :

(Au)(z) = Ki(z)u(z), (Bu)(z) = Ka(z)u(z),

et on définit 'énergie £ : H}(2) — R par :

E(v):%/ﬂ|Vv|2 dm+/ﬂF(:v,v) dzr, v € Hy(Q).
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L’énergie E vérifie I'inégalité de Lojasiewicz-Simon pour tout point critique ¢ €
V (Théoréme 1.0.3). On peut alors appliquer le Théoréme 1.0.4 pour obtenir la
convergence des solutions bornées de 1'équation (1.37).

Dans le méme cadre des équations de type mixte on peut appliquer notre théoréme
pour I’équation suivante :

Ky (x)uy + crug — coAuy — Au+ f(x,u) =g dans RT x Q,
u=70 sur R x T, (1.38)
U(()) = Ug, V Klut(O) = Klul.

Ici ¢y, ¢ >0, ¢q +co > 0et g, Ky, f sont définies comme dans I’exemple précé-
dent.

Soient V = HJ(Q), H = L*(Q) et soit W = Vsicy > 0et W = H sicy = 0.
L’équation (1.38) peut étre réécrite sous la forme abstraite (1.29) si I'on définit
lopérateur A et I’énergie £ comme dans 1’exemple précédent et si 'on définit 'opé-
rateur B = ¢11y — oA W — W, ou A est I'opérateur de Laplace avec conditions
limites de Dirichlet.

Comme dernier exemple on étudie le systéme couplé suivant :

Soit @ C RY (N > 1) un ensemble ouvert borné ayant une frontiére réguliére I'. On
suppose que Iy, I'; C T est une partition de T" (le cas 'y = & n’est pas exclu). On
considére le systéme :

;

0
oy + up — Au+ a—f(x, u,v) =g dans R x Q,
u

QU + v — Av + g—f(x, u,v) =gy dans Rt x Q
v

bu; + % +au = g3 sur Rt x Ty, (1.39)
u=0 sur Rt x I'y,
v=0 sur Rt x T,

\

Ici, o > 0,i=1,2, (g1, 92,93) € L*(RTxQ)?x L*(RT xTy). En plus, f = f(x,u,v) :
Q0 x R? — R est un fonction de classe C? vérifiant les hypothéses suivantes :

(F1) f est analytique par rapport a (u,v) € R? uniformément par rapport a z € §2
et (u,v) dans un ensemble borné de R?.

(F2) 1l existe des constantes p > 0, > 0, (N —2)u < 2 telles que

(o of of 2 ; 2
SiN=1: a—(aj,u, v), a—(x,u, v), et Vi f(z,u,v) sont bornées sur Q x [—r, 7]
u v ’
vr > 0.
3 . af af 00 2 2
SiN>2: (a—(-,0,0), a—(~,0,0)) € (L*())? et pour tout (z,u,v) € Q x R
u v
\ V2 o f (2, 0)] < p(1+ [ul* + |v]*),

ol Viﬂ,f(a:, u,v) est la dérivée seconde de f par rapport a u et v.
Pour réécrire le systéme (1.39) dans le cas abstrait, on choisit :

H =W = (L*(Q))* x L*(T)

)
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et on définit I’espace d’énergie V par :
V={u=(ur,us,u3) € H; us € Hyp (), uz € Hy(Q) et ug = ‘uy},

ou Hjp ={ue H'(Q); ‘u=0onT;}. On prouve que V — H, avec une injection
dense et compacte.
L’énergie fonctionnelle £ : ¥V — R est définie par :

1 1
E(u) = 5/Q(|Vul’2 + |Vu2|2) dx—i-/Qf(x,ul,uQ) dr + §/r a|u1|2 do.
0

Les opérateurs A et B sont définis dans H par :
Au,v,w) = (cqu, agv,0) et B(u,v,w) = (u,v,bw), pour tout (u,v,w) € H.

Similairement & la premiére application, si (u, v) est une solution faible de (1.39) alors
u = (u,v, 'u) est une solution faible (1.29), avec M(u) = E'(u) et g = (g1, g2, g3)-
Sous les hypotéses (F1) et (F2), on montre que I'énergie E est de classe C? dans V
et qu’elle vérifie I'inégalité de Lojasiewicz-Simon pour tout point sationnaire ¢ € V.
Par conséquent le Théoréme 1.0.4 est appliqué pour montrer la convergence avec
I'estimation de la vitesse de convergence des solutions bornées du systéme (1.39).

Dans le chapitre 2, nous nous sommes limités a I’énoncé et a la démonstration
des exemples les plus typiques. Les remarques ci-dessous précisent les généralisations
éventuelles et les conditions d’applicabilité du Théoréme 1.0.4.

Remarque 1.0.3. 1. Le Théoreme 1.0.4 peut étre généralisé a d’autres opéra-
teurs elliptiques a coefficients réguliers avec non linéarité analytique.

2. Concernant les systémes couplés; le méme résultat de convergence reste vrai
si la deuziéme équation dans le systéme (1.39) est remplacée par :

0
a2vtt+vt+aut—Av+a—f(x,u,v):g2 dans Rt xQ, 0 < a <2
v

Dans ce cas, il suffit de choisir l’opérateur B : H — H tel que :
B(u,v,w) = (u,v + au,bw), pour tout (u,v,w) € H.

De plus, on peut choisir d’autres types de conditions sur le bord pour u et v,
en particulier, v peut vérifier des conditions de type dynamique sur le bord.
D’autre part, le Théoreme 1.0.4 peut étre appliqué a des systéemes couplés des
equations de type mixte, soit :

(
0
Ky (x)uy + Ka(x)u, — Au + a—f(x,u, v)=g¢g1 dans RT x
u
0
Ks(z)vy + Ky(z)v, — Av + a—f(x, u,v) =go  dans RT x Q,
v
b(z)u + 24 + a(z)u = gs sur RT x Ty,
u=>0 sur Rt x T'y,

bi(z)vy + 92 + ay(z)v = g4 sur RT x T,
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ot
(K17K27K37K4> € (LOO(Q))47 K17K3 Z 07 K2aK4 > Oa
(a,al,b, bl) S Wl’OO(FO) X Wl"’o(F) X LOO(F()) X LOO(F), b, by > 0.

Finalement, on peut appliquer le résultat pour des systemes couplés de n équa-
tions (n > 2) (voir [49] avec n = 3).

3. Concernant les conditions dynamiques sur le bord, notre résultat de conver-
gence reste vrai pour les équations, ou les systéemes couplés, du second ordre
avec le condition dynamique suivant :

C(x)uy + up + Z_Z +a(z)u=g surl,
ou C € L>(T"), C(z) > 0.
Dans [53] J.L. Lions a étudié [’équation des ondes linéaires sous cette condition
sur le bord, avec C = 1,9 = 0 (voir aussi [28], ot ¢ = c(u) dépend de u et
a=g=0). Voir aussi [31, 32] pour les motivations physiques.
Aussi, le méme résultat reste vrai pour la condition dynamique non-linéaire
sur le bord :

0
ut+8—z+h(:ﬁ,u) =g,

avec une non linéarité analytique h qui vérifie des conditions de croissance
stmilaires a f.

4. Dans les exemples précédents on a décrit des équations pour lesquelles VW = 'H
ou W = V. Considérons l’équation de plaque avec dissipation intermédiaire :

g — A%u — Auy — Au+ f(u) =g dans RT x Q,
u=Au=0 sur RY x T

On arrive a une situation pour laquelle

H=L*Q), W=HyQ) et V=H*Q)N H(Q).

Chapitre 3

Remarquons que pour toutes les équations du premier chapitre, la stabilisation
des solutions se fait par des opérateurs de stabilisation linéaires. Dans les cas ou
I’amortissement est non linéaire, et pour ce type de non linéarité f analytique, il y
a peu de résultats dans la littérature. Selon notre connaissance, les seuls résultats
positifs dans ce contexte sont donnés par L. Chergui |25, 26|, I. Ben Hassen et L.
Chergui [11] et I. Ben Hassen et A. Haraux [12].

Dans [25], L. Chergui a prouvé un résultat de convergence avec l'estimation de la
vitesse de convergence des solutions bornées du systéme (en dimension finie) suivant :

U)+|UD|U®) + VEU () =0, t € RT, (1.40)
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avec des données initiales dans RY (N > 1), F: RY — R une fonction analytique
et a > 0 assez petite.

Dans [26], L. Chergui a illustré le méme résultat de convergence dans le cadre de
dimension infinie; en fait, il a prouvé un résultat de convergence de I’équation des
ondes avec la dissipation non linéaire suivante :

g + [ue|®uy — Au+ f(z,u) =0, (t,7) € RT x Q, (1.41)

avec des données initiales et des conditions de type Dirichlet homogénes sur le bord.
Le résultat de convergence de L. Chergui a été généralisé par 1. Ben Hassen et L.
Chergui dans [11] pour le cas non-autonome.

Notons que pour I'équation (1.41), seul le résultat de convergence a été établi sans
donner une estimation de la vitesse de convergence. C’est aussi le cas pour I’équation
non-autonome [11]. Ce fit 'une des motivations pour I. Ben Hassen et A. Haraux
[12] d’estimer la vitesse de convergence ( avec des non linéarités f particuliéres) des
solutions du systéme abstrait du second ordre suivant :

i+ g(u(t) +M(u) =0, teR",

ou M est un opérateur de type gradient associé a une fonctionnelle positive et g
est un opérateur non linéaire dissipatif, sous des conditions reliant I’exposant de
Lojasiewicz de la fonctionelle et la valeur de la dissipation au voisinage de 1’origine.

Le troisiéme chapitre de cette thése traite de I’équation des ondes semilinéaire
non-autonome avec dissipation non linéaire et des conditions dynamiques sur le bord.
Plus précisément, on étudie 1’équation suivante :

U + |ug|ur — Au+ f(z,u) = g, (1.42)
soumise aux conditions suivantes sur le bord :
u~+u+u =0, (1.43)
et avec des données initiales :
uw(0,z) = up(x), w(0,2) =us(z), x € (1.44)

Ici, f est définie comme dans les exemples précédents et on suppose qu’il existe deux
constantes 1,6 > 0 telles que :

lg(8)]]> < ——0

(1 + t)l+6+o¢ :

Pour cette équation, on prouve d’abord l’existence des solutions globales et bornées,
sous la condition supplémentaire portant sur la non linéarité f :
(F3) il existe A < A\ et C' > 0 telles que pour tout s € R et tout x € Q,

&2
F(z,s) 2—)\5—0,

(1.45)

ol A\; > 0 est la constante de I'inégalité de type Poincaré suivante :

/ |Vul? do + / 'ul? do > /\1/ lu|? dz, v e H'(Q) et ‘u = trace u.
Q r Q



25

Définition 1.0.2. Soit J :=[0,7) ou 7 € (0,00]. Une fonction u € C(J; H*(Q)) N
CHJ; HY(Q))NC?(J; L*(Q)) est dite une solution forte de (1.42)-(1.43), si u vérifie
les données initiales uw(0) = ug, u(0) = wuy, et si les équations (1.42)-(1.43) sont
satisfaites p.p sur J. Une fonction w € C(J; H'(Q)) N CY(J; L*(Q)) est dite une
solution faible de (1.42)-(1.43), si u vérifie les données initiales u(0) = ug, ut(0) = uy
et s’il existe une suite (g") C HL (J; L*(QQ)) et une suite (u") de solutions fortes
correspondantes telles que g* — g dans L3 (J; L*(Q)) et u* — w dans C(J; H(2))N
CH(J; L*(Q)).

loc

En appliquant le théorie du semi-groupe non-linéaire et en utilisant une idée de
Chueshov, Eller et Lasiecka |24] on obtient le premier résultat du Chapitre 3.

Théoréme 1.0.5. Soit 0 < a < ﬁ si N >3, et € RT si N < 2. Supposons que

[ vérifie les conditions (F2) et (F3)

(I) Solution faible : Soient (ug,u;) € H' () x L*(Q) et soit g € L2, (RT; L*()).
Alors, le systeme (1.42)-(1.44) admet une unique solution faible globale. De plus,
cette solution vérifie :

(T1) us € LT2(RY; LoT2(Q)) et 'uy € LA2(RT; L(T)).
(T2) (u,u;) est bornée dans H*(Q2) x L*(Q).
(T3) (Inégalité d’énergie) pour tout t,t' € RT, ' <t :

1
Oé+ //|u |o+2 d:cds+/ /|tut|2 dods < &,(

ot &, est l’énergie de la solution u définie par :

1 1 1
:—/ || dx—}-—/ |Vul? dx+/F(x,u) dat—i——/|tu|2 do. (1.47)
2 Ja 2 Ja Q 2 Jr

(T4) La formule variationnelle suivante est vraie pour toute ¢ € H*(Q) :

a+2

146

d
pr u@dx—l—/Vquﬁ dx+/|ut]°‘utgz5dx+/fx w)¢ dx

+/ by T d0+/ ‘u'tp do = / go dx. (1.48)
o9 89 Q

(II) Solution forte : Supposons, de plus, que (ug,u;) € H?*(Q) x HY(Q), g €

HE (RY,L*(Q)) et que les conditions de compatibilité suivantes sont vraies :

Ug + a,,’LLQ +uy = 0, I
Alors la solution faible est forte.

De plus, on prouve que chaque solution bornée a une image relativement com-
pacte dans 'espace d’énergie naturelle.
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Théoréme 1.0.6. Soit « défini similairement au théoreme 1.0.5. Alors pour toute
solution faible u de (1.42)-(1.44), la fonction U = (u,u;) est uniformément continue
de Rt a valeurs dans H'(Q) x L*(2), et U, {U(t)} est relativement compacte dans
HY(Q) x L*(Q). -

D’autre part, et comme mentionné dans le paragraphe méthodologie, les résultats
intermédiaires suivants doivent étre prouvés. Soit E la fonction donnée par :

1 1
E(u) = §/Q|Vu|2 dr + §/F|u|2 da+/ﬂF(x,u) dz.

Ainsi, on prouve :

Lemme 1.0.3. Soit u: RY — H(Q) une solution faible bornée du systéme (1.42)-
(1.44). Supposons que f vérifie (F1), (F2) et que « € [0,1). Alors :

(i) 1m ue(®)] 20 = 0.

(ii) La fonction E est constante sur w(u), est E(¢) = E., =constante, pour tout
¢ € wlu).

(711) L’ensemble w-limite est un sous ensemble de I’ensemble des points stationnaires.

La preuve de ce lemme découle de l'inégalité d’énergie (1.46). De plus, pour
prouver le résultat de convergence, on a besoin d'un exposant de FLojasiewicz uni-
forme pour tous les points critiques. En pratique, I'existence d’un tel exposant de
Lojasiewicz uniforme revient & supposer que l'ensemble des points d’équilibre est
compact . Une condition suffisante sur f, qui implique la compacité de cet ensemble
est donnée par L. Chergui [26]. Dans ce cas ('ensemble des points d’équilibre est
compact), et comme l'ensemble des points d’équilibre attire la trajectoire a 'infini,
on obtient la propriété suivante :

II existe 6 €]0, 3], > 0 et T > 0 tels que pour tout t > 7" :

|[E(u(t)) — Ex|'™" < BIE'(u(t))l]-- (1.49)

(avec |||« =[]|lp-1(a))- Finalement, & I'aide de la construction d'une nouvelle fonc-
tion de Lyapunov on prouve que si 'exposant de l'inégalité de FLojasiewicz est assez
grand ou « est assez petite, alors la solution faible converge vers un équilibre.

Théoréme 1.0.7. Soit u : RY — HY(Q) une solution faible bornée du systéme
(1.42)-(1.44). Supposons que f vérifie (F1), (F2) et que

~ 5i N <2 alors a € [0, 5],

— si N >3 alors a € [0, 1%[N[0, v 1,
ot 0 est donnée par (1.49). Alors il existe p € H'(Q), solution du probléme station-

naire suivant :
—Ap+ f(x,0) =0 dans (,
O0p+¢=0 sur 00,

telle que
(@) |2+ || w(t) = & ||a1@)— 0 quand t — oc.
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Pour prouver le théoréme 1.0.7, on utilise la fonction de Lyapunov suivante :

G(t) = %Hut(t)lli + E(u(t)) = oo + llu(®)[|2 (B (u(t)), ue(t))« +
|6 oz ds e+ 1) [Ttz ds
qui vérifie, pour un € > 0 assez petit et pour 7" > 0 assez grand,
%G(t) < —ClluelZ{Iuel B+HIE ()2} = Cll'uell3r, pour tout £ > 7. (1.50)

Notons que le méme résultat de convergence reste vrai pour les solutions bornées de
I'équation (1.42) sous les conditions suivantes sur le bord

ou
ut oo+ e uy = hit, z),
avec p>0et he L2 (R xT) :
Ui p+1 a+2
h(t < =— 2490 . 1.51
Ollr < e = a2 6L (151

Chapitre 4

Dans le quatriéme chapitre de cette thése on étudie une équation non autonome

semi-linéaire de type mixte avec des conditions dynamiques de type mémoire sur le
bord :

Ki(z)uy + Ky(x)uy — Au+ f(z,u) = g1 dans RT x Q,
Ou~+ p(r)u+ k xuy = go sur R™ x T, (1.52)

u(0) = ug, vVEKiu(0) = vVEKjuy.

Ici, @ CRY (N > 1) est un ensemble ouvert borné connexe non vide et on suppose
que sa frontiére I" est réguliére , v est le vecteur normal sur le bord, K, Ky € L*®(2)
sont deux fonctions positives, Ky(x) > ko > 0, u € WH(T') est une fonction po-
sitive non identiquement nulle sur T, k¥ € L}, _(R") est un noyau positif singulier
vérifiant (K1) et (K2) ( voir ci-dessous), et k * v représente le produit de convolu-
tions (k*v)(t) = f(f k(t — s)v(s) ds, t > 0.

Pour cette équation, on prouve d’abord ’existence et I'unicité des solutions glo-
bales bornées a images relativement compactes dans l'espace d’énergie naturelle.
Alinsi, par construction d’une nouvelle fonction de Lyaponov, et en utilisant I'in-
égalité de Lojasiewicz-Simon, on obtient la convergence des solutions bornées vers
I’équilibre, quand g; et g5 tendent vers 0 assez rapidement quand ¢ tend vers I'infini.
Finalement, on estime la vitesse de convergence (exponentielle et polynomiale) de
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la différence entre les solutions et leurs limites.

Concernant la question d’existence, on mentionne deux points.

Premiérement, on traite une équation dégénérée (K; > 0). Pour cela, on perturbe
I'équation (1.52) en ajoutant le terme eu”, ¢ > 0. Aprés cette perturbation, on ob-
tient K;(z) + ¢ > 0 comme un coefficient de u”. Alors, en utilisant la méthode de
Faedo-Galerkin pour la nouvelle équation, on obtient des estimations a priori pour
les solutions indépendantes de € > 0, dans lesquelles on peut passer a la limite quand
¢ tend vers zéro, obtenant une fonction u qui est la solution recherchée.
Deuxiémement, pour bien clarifier la procédure d’approximation, on prouve aussi
I’existence des solutions fortes. Pour cela, nous avons besoin de dériver 1’équation
approchée de (1.52) par rapport au temps t. Mais cette procédure nous améne a des
difficultés techniques quand on va estimer le terme K;ju”(0) dans la norme L?().
Pour surmonter cette difficulté, on transforme le probléme (1.52) en un probléme
équivalent avec des données initiales nulles.

Concernant les équations non linéaires avec terme mémoire, il existe des diffi-

cultés pour démontrer 'existence de solutions bornées a images relativement com-
pactes dans leurs espaces fonctionnels. Cependant, la plus grande difficulté dans un
tel probléme consiste a trouver la fonction de Lyapunov appropriée pour prouver la
convergence des solutions bornées.
Un autre facteur essentiel est la régularité du noyau dans le terme de convolution.
Pour ce type de non linéarité f et de noyau singulier, il existe deux techniques pour
construire une telle énergie qui s’accumule a l'inégalité de Lojasiewicz-Simon pour
obtenir le résultat de convergence. L’une d’elle est basée sur I'idée de Dafermos [29].
Cette technique a été adaptée par R. Chill et E. Fasangova [17], afin d’obtenir un
résultat de convergence pour I’équation des ondes, quand la dissipation est a la fois
linéaire et de type mémoire. En fait, ils ont prouvé la convergence des solutions
bornées a image relativement compacte de I’équation abstraite suivante :

i+u+kxi+ Mu)=0, teR". (1.53)

Ici, M = E’ est la dérivée d’une fonction F de classe C? qui vérifie 'inégalité de
Lojasiewicz-Simon. Le noyau k € L] (R™) est positif, convexe et vérifie 'hypothése
suivante :

dk'(s) + CK'(s) ds > 0, (1.54)

ou dk’ est la dérivée de k' au sens de distribution, et la convolution % * v est définie
par

kxuv(t) = /Ot k(t — s)v(s) ds, t > 0. (1.55)

Un exemple type des noyaux vérifiant I’hypothése (1.54) est le noyau singulier donné
par :
k(s) =5 5>0, ac|0,1), 3>0. (1.56)

La méme idée a été utilisée par S. Aizicovici et E.Feireisl [3] pour prouver un résultat
de convergence d’une équation de champ de phase avec terme mémoire (phase-field
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model with memory) (voir aussi [2]).

L’autre méthode de construction d’une fonction de Lyapunov a été développée
par R. Zacher et V. Vergara |68 pour prouver (en utilisant I'inégalité de Lojasiewicz)
la convergence vers I’équilibre, en dimension finie, des solutions réguliéres bornées
des problémes d’ordre (en temps) plus petit que 1

d
i h o (w—uo)l(t) + VE(u) = f(t), u(0) = uo,

et d’ordre entre 1 et 2

%[k: * (0 —w)|(t) + VE(u) = f(t), u(0) = ug, u(0) = uy,

ot £ est une fonction de classe C? qui vérifie I'inégalité de Lojasiewicz, avec une classe
importante de noyaux singuliers. La construction de cette fonction de Lyapunov
repose sur le lemme suivant :

Lemme 1.0.4. Soient H un espace de Hilbert, T > 0, et b € L} (R") une fonction

loc

positive et décroissante telle qu’il existe un noyau positif k € L}, (RT) tel que bxk =

1 dans (0,00). Supposons que v € L*(0,T;H), bxv € H'(0,T;H) et bx|v|3, €
W0, T;H). Alors on a :

(0(0), L (b5 0) (0

° (ello B (6) + 50Ol pp sur (0.T). (157)

DN | —
SE

Remarque 1.0.4. a) Sous les mémes hypothéses sur le noyau b, l'inégalité (1.57)
reste vraie pour tout v € H*(0,T;H), [68, Remarque 2.1].

b) Pour des noyauzx plus réguliers, b € W11(0,T), inégalité (1.57) reste vraie pour
tout v € L*(0,T;H), [68, Lemme 2.2].

Une classe importante de noyaux singuliers :
Zacher et Vergara ont considéré une classe de noyaux singuliers dont la forme est
décrite dans les hypothéses suivantes :
(K1) k € L}, (RT) est décroissant, positif tel qu’il existe un noyau positif décroissant
be L. (RY) tel que :

loc

(bxk)(t) = 1.
(K2) Tl existe v > 0 et a € L'(R™) décroissant et strictement positif tels que :
b(t) = a(t) + (15 a)(t), £ > 0.
Un exemple de tels noyaux est donné par :
k(t) = gis(t)e ™", t>0,se(0,1), w>0,
(1.58)
b(t) = i s(De ™ +wllx (e )(B), £ 0, 5€(0,1), w0,
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ou gg désigne le noyau de Riemann-Liouville, i.e.

!

Pour ce type noyaux on remarque :
— ces noyaux explosent en ¢ = 0,
— le noyau donné par (1.56) est un cas particulier,
— T'inégalité (1.57) reste vraie pour tout v € L?(0,T;H), bxv € H*(0,T;H) (sans
avoir besoin de condition de régularité bx|[v||7, € W1(0,T;H))[68, Exemple
2.1].
De plus, nos résultats restent vrais pour le cas des noyaux non singuliers. On peut
notamment remplacer I'hypothése (K1) par I'hypothése (K17) : il existe by > 0 et
un noyau positif et décroissant b € L} _(RT) tels que bok(t) + (b k)(t) = 1 pour
tout ¢t > 0 (voir [75]). Nos résultats sont alors, en particulier, valides dans le cas non
singulier s = 0 de I'exemple (1.58), c’est & dire pour le cas de noyaux k de la forme
k(t) =€t ¢t >0, w > 0.
Dans [75|, Zacher a utilisé le Lemme 1.0.4 pour prouver qu’un amortissement de
type mémoire est suffisant pour obtenir la convergence des solutions réguliéres, en
dimension finie, de I’équation suivante :

{ i+axu+ VE(u) = f(t), teRT,
u(0) = ug, w(0) = uy

ot £(u) € C?(RYN) vérifie I'inégalité de Lojasiewicz, le noyau a vérifie (K1), (K2) et
I’hypothése supplémentaire suivante :
(K3) Tl existe T > 0 telle que k € H'(T'; 00), et

/TOO (/too k(s)? + k'(:s)st)é dt < .

Notons que le noyau k donné par (1.58) vérifie (K3).
Notre premier résultat du Chapitre 4 est le théoréme d’existence suivant :

Théoréme 1.0.8. Supposons que f vérifie les hypothéses (F2), (F3) du Chapitre 3
et que le noyau k vérifie les hypothéses (K1), (K2).

(1) Solutions fortes : Soient g, € W,-2(R*, L2(2)), et go € L2 (R, Hz(I')) N

loc

W2(RT, L2(T")). On suppose que uy, wy € H*(Q)? vérifient la condition de

loc
compatibilité suivante :

{ —Aug + f(x,u9) = 61(0) = Kouy ~ dans (1.59)

Oyug + p(z)ug = g2(0) sur I

Alors, Uéquation (1.52) admet une unique solution forte wu.
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(1) Solutions faibles : Soit (g1, g2) € L*(R*; L*(Q))x L*(R™; L*(T")) et (uo, u1) €
D, ou

D = {(ug,u1) € H(Q) x L*(Q) telle que la condition (1.59) est vraie }.

Alors, léquation (1.52) admet une unique solution faible globale. De plus, cette
solution faible satisfait les propriétés suivantes :
1

(T1) (u, KZuy) est bornée dans H'(Q2) x L*(Q).
(T2) (us,v) € L*(RT; L2(2)) x L2(RT; L2(T), ot v = % (k * (u — up)).
(T3) Soit G : R™ — R ’énergie de la solution u donnée par

G(1) = T w3+ B(t) + Jaslu@)l — (02(6), ax o0 +

1 o o ,
T lgr(s)1I3 ds + d/ (lg2() IE+[lgs(s)lI7) ds. (1.60)
t t

ot d =||al| g1 w+ymaz(y, v ). Alors G est décroissante, et

d k be 5
LG < = D@l - SOl - Jeslo@E, t>0. (161

(T4) La formule variationnelle suivante est vraie pour toute ¢ € H(Q)
d
— / Ki(z)up dx + / Ky(z)uip dx + / VuVe dx+
dt Jo Q Q

+/Qf(x,u)¢ dx—i—%/r(k*(u—uo))gﬁ do+/F i(@)ud do

:/legzﬁdan/Fgggbda.

Remarque 1.0.5. Quand Ki(x) > Cy > 0, on remplace (1.59) par la condition
suivante :
Oyu ~+ p(x)u = g2(0) sur I

La précompacité des images des solutions faibles de (1.52) est une propriété
importante jouant un role crucial dans la preuve du théoréme de convergence décrit
ci-dessous. Ainsi on prouve

Théoréme 1.0.9. Soit u : RT™ — H(Q) une solution faible bornée de (1.52). Alors,
1

la fonction U = (u, KZuy) est uniformément continue de RY & valeurs dans H'(Q) X
L2(2), et UpolU(t)} est relativement compacte dans H'(Q) x L*(Q).

Le théoréme suivant décrit la convergence des solutions faibles bornées de I'équa-
tion (1.52) vers I’équilibre.

Théoréme 1.0.10. Soit u : RY — HY(Q) une solution globale faible bornée de
léquation (1.52). Supposons que f vérifie (F1), (F2) du Chapitre 3. Alors il existe
¢ € HY(Q), solution du probléeme stationnaire suivant :

—A¢+ f(x,0) =0 dans Q,

0,0 + o =0 sur T,
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telle que
1
| K2 ue(t)||2+]|u(t) — @llmr) — 0 quand t — oo.

Pour prouver le Théoréme 1.0.10, on construit la fonction de Lyapunov W :
R* — R suivante :

1, 1 1
W) = SIE wl + B(w) = Bx + gax[vlp = (g2, 0 % v)r + (B (u(h)), Kyu).

o= [l ds+@= ) [l R+ IR ds

ou C; < inf{ﬁ, d}. On prouve que cette energie vérifie, pour un ¢ > 0 assez petit,

d
WO < =ClwlZH1E' @I+l + axllvllE), ¢ > 0.

Finalement, en utilisant ’énergie W et le Lemme 1.0.2, on prouve aussi que I’expo-
sant de Lojasiewicz 6 dans l'inégalité de Lojasiewicz-Simon détermine la vitesse de
décroissance des solutions u vers I’équilibre ¢.

Théoréme 1.0.11. Soit 0 = 04 lezposant de Lojasiewicz de E en ¢, ot ¢ est
donnée dans le théoreme 1.0.10. Alors, les assertions sutvantes sont vraies :
(i) Si 6 € (0,3), alors il existe une constante C > 0 telle que pour tout t >0 on a

lu(t) = ¢lla < C(1+1)7%,

ou

{ §= inf{%’ g}’ si (g1,92) # (0,0),
§= Jﬁa si (91, 92) = (0,0).

1
(ii) Si 0 = 5 et (g1,92) = (0,0). Alors il existe des constantes C,k > 0 telles que

lu(t) = ollz < Ce™.

Caractéristiques et difficultés mathématiques

On décrit brievement les nouvelles caractéristiques et difficultés mathématiques
des problémes considérés dans cette theése.

1. On traite des équations de type mixte, hyperbolique-parabolique. Pour ce type
d’équations, la question d’existence n’est en général pas triviale et il n’existe
que des résultats d’existence dans des cas particuliers (par exemple, la méthode
des semi-groupes n’est en général pas applicable).
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2. On prouve la compacité et la convergence des solutions faibles. Le manque de
régularité nous cause des difficultés de calculs. Pour cela, et pour tous les mo-
déles étudiés dans cette thése, on montre aussi I'existence de solutions fortes.
Les solutions faibles sont définies comme des limites uniformes des solutions
fortes, et 'on peut alors dériver les énergies associées par passage a la limite.

3. On traite les conditions dynamiques sur le bord. Les opérateurs elliptiques
correspondent & des conditions non homogénes sur le bord. On prouve I'inéga-
lité de Lojasiewicz-Simon pour I’énergie associée qui nous permet d’obtenir un
résultat de convergence.

4. Afin d’appliquer I'idée de Simon, pour prouver les résultats de convergence,
nous devons construire de nouvelles énergies fonctionnelles ( en perturbant
'énergie fonctionnelle originale en ajoutant des termes auxiliaires) qui varient
d’un probléme & un autre.

5. Par obtention des estimations d’énergie délicates et en construisant des inéga-
lités différentielles, on obtient des estimations de la vitesse de convergence vers
I’équilibre.

6. On traite le cas non-autonome. La difficulté technique provenant des termes
sources est non triviale. La technique utilisée pour prouver le résultat de
convergence dans le chapitre 4 est direct et reprend naturellement le contexte
du cas autonome, sans avoir besoin de discussion supplémentaire [16] ou du
lemme 1.0.1. Remarquons aussi que cette technique peut étre appliquée dans
le deuxiéme chapitre.

7. On traite le cas d’amortissement non-linéaire et d’amortissement de type mé-
moire, qui entrainent des difficultés dans la construction de la fonction de
Lyapunov.

8. On étudie des systémes couplés, ondes-ondes, ondes-chaleur, chaleur-chaleur,
des systémes couplés des équations de type mixte, avec différents types de
couplage et divers types de conditions sur le bord.

Aprés ces considérations générales décrivant le cadre de cette thése, les chapitres
suivants comporteront une introduction qui devrait permettre d’avoir une idée plus
précise des poblémes traités.
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Chapitre 2

Asymptotic behavior and decay rate
estimates for a class of semilinear
evolution equations of mixed order

Le résultat de ce chapitre fait 'objet d’un article publié dans
Nonlinear Analysis 74 (2011), 2309-2326.

2.1 Introduction

Consider three Hilbert spaces V, W and H such that ¥V C W C H, with dense
and continuous injections. We will identify H with its dual space H’, so that

Vs We—asH—W =V,

with dense and continuous injections.
In this article we study the convergence to equilibrium and the rate of decay as time
tends to infinity of bounded solutions of the nonlinear, nonautonomous problem

(Au)y+ Bi+ M(u) =g, teR". (2.1)

Here, M = E' for some E € C*(V), A : H — H is a bounded, self-adjoint and
positive semidefinite operator, B : WW — W is a bounded linear operator satisfying
the coercivity condition

(Bu, u)wrw > QHUH%,V, uew, (2.2)

for some ¢ > 0, and g € L?*(R*,H) is such that there exists § > 0 such that

sup (1 + t)1+5/ ||g(s)||3{ds < 00. (2.3)
¢

teR

Depending on the choice of A, equation (2.1) contains as particular cases evolution
equations of first order, second order but also mixed order so that our convergence

41
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results unify and extend existing results in the literature.

Existence theorems concerning local or global solutions of (2.1) have been given by
several authors for appropriate initial data and under some appropriate additional
conditions on the operators (see [9, 19, 29]; they are not the subject of this article).
The proof of convergence is deduced from the so-called t.ojasiewicz-Simon inequa-
lity. This inequality was first proved by S. Lojasiewicz |22]-|24] for analytic functions
of several variables, then it was extended by L. Simon [28| to analytic functionals
defined on infinite-dimensional Banach spaces. His original approach was then consi-
derably simplified and subsequently adapted by Jendoubi [16] to obtain convergence
results for a much larger class of equations including semilinear hyperbolic systems
with weak damping (see also [6, 13, 17| for refinements and simplifications). Starting
from this inequality and some differential inequalities, we discuss the polynomial and
the exponential decay to an equilibrium.

In the case when A = B = Iy, recently Chill and Jendoubi [7| have proved conver-
gence to equilibrium of bounded solutions of equation (2.1) under the same assump-
tion on £ and g. They applied their abstract results to the following semilinear wave
(respectively, heat) equation

kuy +up — Au+ f(u) = g, where k =1 (respectively, & = 0), (2.4)

subject to Dirichlet boundary conditions, where f is a real analytic function satis-
fying some growth assumption. Note that in the case when k& = 0, Huang and Takac
[15] have proved the same result under the same condition on f and g. Moreover,
the autonomous case, i.e. ¢ = 0, has been considered by many authors under several
assumptions on the nonlinearity f or the domain Q. In fact, if Q@ = (a,b) C R is
an interval, then convergence to a single equilibrium holds under very general hypo-
theses on f and the boundary conditions ; see T. J. Zelenyak [32] and H. Matano [25].
On the other hand, analyticity of the function f helps to overcome the difficulties
encountered in higher-dimensional cases; see L. Simon [28] and [12, 13, 16, 20|. In
[2] Alvarez and Attouch proved convergence to equilibrium of the solution of (2.4)
under the Neumann boundary condition, where g = 0 and £ = 1. The work of Chill
and Jendoubi is completed by [3], where Ben Hassen has proved the polynomial rate
of convergence to equilibrium.

Our abstract result can be applied to the Eq.(2.4) subject to the following dynamical
boundary condition

b(z)us + Ou+ a(zr)u = go, R x 09, (2.5)

where  is a bounded domain in R™ (n > 1) with a smooth boundary, a € W (99),
be L*(00), b(x) > by > 0.

Note that, in the case when g = go =0, a = b =k = 1, Wu and Zheng [30] (refer
to [8]) have proved existence and convergence of strong solutions of (2.4)-(2.5) to a
single stationary state.

We also apply our abstract results to the nonlinear mixed problem

Ki(z)uy + Ko(x)uy — Au+ |ufPu =g, R xQ, (2.6)
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with zero Dirichlet boundary conditions, where K and K5 are nonnegative functions
satisfying some appropriate conditions. Note that K; can vanish on a part of €.
Physical motivations for studying (2.6) come from several problems of continuum
mechanics, such as turbulence, combustion, material aging, transonic flows, etc.
The existence for this type of equation was studied by Bensoussan-Papanicolau-
Lions in [4], Medeiros |26]. Lima [19] analyzed the Eq.(2.6) in a nonlinear abstract
framework. In Lar’kin [18|, (2.6) was studied with zero initial conditions and more
general nonlinearities, the functions K; and K, depend also on ¢.
Our abstract result can be applied to study the following semilinear damped wave
equation

Ki(x)ug + crug — coAug — Au+ f(z,u) =g, R xQ (2.7)

subject to Dirichlet boundary conditions. In [27], under some assumptions regarding
f(z,u) = f(u), Xu Runzhang and Liu Yacheng have studied asymptotic behavior
of (2.7) where K =1 and g =¢; = 0.

As a final example we can treat the following coupled system (a; > 0) :

(oquy +u — Au+ fl(z,u,v) =¢1 in R x Q,

vy + v — Av+ fo(x,u,v) = go  in RT x

b(x)ue + 2% + a(z)u = gs on RT x Ty,
u=0 on Rt x I'y,
v=20 on Rt x T.

\

Here, Q@ C RY (N > 1) is a bounded domain with smooth boundary I" and let Ty,
I'y C T be two open subsets such that I' =Ty UI'y and I'yN T = <.

f=f(z,u,v) : QxR?* — R is a C? function, analytic in (u,v) € R?, satisfying some
growth conditions.

The study of this system is motivated by the study of various related models (see
[5],[21], [31], [33] and the references therein).

2.2 Preliminaries

Let V, W and H be as in the Introduction. We introduce the following operators
which play an auxiliary role in our proof and statement of Theorem 2.3.1. Let
K : V' — V be the duality mapping given by the identities

(u,v)yr = (u, Kv)yy = (u, Kv)y for every u € H,v € V'
A function u : R™ — V is called a (weak) solution of equation (2.1) if
Au € H} (R*,V"),

and if u satisfies the differential equation (2.1) in V', for almost every t € R*.
We define the w-limit set of a function u : RT™ — V by

w(u) = {¢ € V: 3 t, — +oo such that lim [[u(t,) — ¢[ly = 0}.
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If u: R — Vis a continuous function such that the range {u(t) : ¢ > 1} is relatively
compact in V), then it is well-known that the w-limit set w(u) is non-empty, compact
and connected [14]. With an additional geometric condition on the function E and
its derivative M we show that the w-limit set of every global and bounded solution
with compact range is actually reduced to one point, that is, the solution converges.

Définition 2.2.1. A function E € C*(V) satisfies the Lojasiewicz-Simon inequality
near some point ¢ € V, if there exist constants 6 € (0, %], G >0 and o > 0 such that
for allv €V with ||v — ¢|ly < o one has

| E(v) = E(¢) |'"™"< B M(v)]|v.

To prove the convergence to equilibrium, we use the following lemma proved in
[10] and used in [15].

Lemma 2.2.1 (Feireisl and Simondon [10]). Let Z > 0 be a measurable function on
R* such that

ZeL*RY), |Z||e@ <Y.

Let D CR* be open, and let o € (1,2), w > 0 be such that
(/ Z(s)?ds)” <wZ*(t) for a.e. t € D.
t

Then, Z € LY(D) and there exists a positive constant ¢ = c(a, w,Y’) independent of

D such that
/ Z(s)ds < c.
D

The following lemma can be found in [3]. We us it to obtain the polynomial
decay rate to equilibrium.

Lemma 2.2.2 (Ben Hassen). Let ¢ € W2 (R, R*). We suppose that there exist

loc

constants K1 > 0, Ko >0, k> 1 and A > 0 such that for almost every t > 0 we
have

() + K1) < Ky(1+ 1)

Then, there exists a positive constant m such that

1 A

() <mA+6)7", v=inf{z— T

}.

We let C >0 be such that ||ullx < Cllullw < C?|ully, for every u € V. Other
positive constants in the calculations will be denoted by C; (i > 1).
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2.3 Main results

Theorem 2.3.1. Let u: RT — V be a solution of equation (2.1), and assume that :
(H1) v € H. (RT,V), Au € H. (RT,H).
(H2) The set {(u(t), Aza(t)) : t > 1} is relatively compact in V X 'H.
(H3) There ezists ¢ € w(u) such that E satisfies the Lojasiewicz-Simon inequality
with exponent 0 near ¢.
(H4) If K : V' — V denotes the duality map, then the operator K o M'(v) € L(V)
extends to a bounded linear operator on 'H for every v € V, and KoM':V — L(H)
maps bounded sets into bounded sets.
(H5) g satisfies (2.3) for some 6 > 0.
Then )

[ABat) et u(t) — 6y — 0.

and there exists a constant C' > 0 such that for all t > 0 we have

g 0

— < ' -n — —
lu(t) — ollw < C(1+1t)™", where n mf{l_%,2

}.

]. 1"
If, in addition, g =0 and 0 = 3 then there exist constants C", £ > 0 such that for

all t > 0 we have
Ju(t) — ¢llw < C"e.

Proof. We proceed in three steps :

2.3.1 The convergence result

We let S = {¢p € V, M(¢) =0} and ¢ be a real positive constant which will be
fixed in what follows. Let G : R™ — R be the function defined by

G(t) = GIATU() B, + B(ult)) + (M (u(t)), Ai(t))yr 28)

By assumption (H1), the function G is differentiable and

%G(t) = ((Ad), w)yy + (M(u), 0)yy 4+ e(M'(u)a, Au)y + e(M(u), (Aw))y

= (=Bi—M(u)+g,0)vy + (M(u), @)y +e(K o M'(u)i, Ait)y
+ e(M(u), —Bu — M(u) + g)y

IN

—ollulFy+lgllllll + ell K o M (W)l el All ceo Il
—el|[M(u)|Fy + (M (u), g — Bit)y

IN

o . C? .
—§||U\|5v + 2—Q||9||31 + eC?|| K o M' () || e || All oy 123y

9 .
—5IM @)% + Call Bllzow il +Collgll
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where Cj is such that |Jullyr < Collullw < C2llully, for every u € H. By choosing
¢ > 0 small enough such that

0
5(02”[( o M'(uw)|| cerol| All zr) + CgHBH%(W,,W)) < 9 for all t > 0,

we see that there exist constants C4, Cy > 0 such that

d .
—G(0) < =Ci(lalby+IM @)[5) + Callgllz: (2.9)

From this inequality, we obtain that :

(i) w e L* (R, W) and M (u) € L*(RT, V).

(i) Jm | A%i) o = .

(7i7) E is constant on w(u).

(v) w(u) C S.

In fact, let 0 <t <t < oo and integrate (2.9) over [t,t']. Then

G(t') - G(t) +01/t (l(s)Fy+M (u(s)) IR )ds < Co /toollg(S)H%dS- (2.10)

From this inequality, and since G is bounded on R* and g € L?*(R*,H), we obtain
We deduce from (i) and the equation (2.1) that (Au) € L?*(R*,)’). Hence At is
uniformly continuous with values in V. In addition, since Au € L*(R*,V’), this
implies tlim ||Aa(t)||y = 0. Using this, (H2), and the fact that A is self-adjoint, we
obtain (ii).

Let ¢ € w(u). Then there exists an unbounded increasing sequence (¢,,) in R such
that u(t,) — ¢ in V. Using (ii) and the regularity of F, we obtain

G(t,) — E(¢). (2.11)

On the other hand, by (H5), we have [~[|g(s)||3,ds \, 0 when t / oo, and by (i)
we have ([ ([|a(s)||3y+[|M (u(s))[|})ds) \, 0 when ¢ / co. Then, from (2.10) and
(2.11) we obtain

G(t) — E(9).
Finally we have (using (2.8) and (ii))

E(¢) = lim E(u(t)) = Es for all ¢ € w(u), (2.12)

t—o0

and the property (iii) is proved.
Moreover, since @ € L*(R™, W) we obtain

tn+s
u(t, + 8) = u(t,) + / w(p)dp — ¢ in W, for every s € [0, 1].
tn
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This, together with the compactness of the trajectory, implies that u(t, +s) — ¢ in
V for every s € [0,1]. Hence M (u(t,+s)) — M(¢) in V' for every s € [0, 1]. Finally,
using the dominated convergence theorem and assertion (i), we have

1 1
@)l = [ 1380 s = lim [ [31(u(t, + 5)) s
0 0

1
< lim [ ||M(u(t,+s))|3ds = 0.
0

This proves ¢ € S as desired.
Now, we use (H5) and (2.9) to obtain, for all ¢t € R*,

- / 4 6(s)as > 0, / " () By + 1M () [ )ds - ﬁ

Hence, for all £ € RT we have

Glt)~ B2 s | " ()R + I Cu(s))I3 ) ds — # (2.13)

We simplify our notation by introducing the auxiliary functions 7, z : Rt — R*
Z(t)* =[la(t)[Fy+1M (u(®) [

and o

B 3
By virtue of hypothesis (H3) of Theorem 2.3.1, there exists ¢ € w(u), 5 >0,0 >0
and 0 < 0 < % such that

| E(v) = E(¢) |'"™"< B M(v)[lyr, for every v € By(¢) = {¢ € V. || — |y < o}

In addition, by continuity of E, we can choose ¢ > 0 small enough, so that
| E(v) — E(¢) [< 1 for all v € B,(¢). (2.14)

Now our aim is to apply Lemma 2.2.1 to show that once the solution wu enters a
small neighborhood of a stationary state ¢ € w(u), then it must remain there for all
t large enough and converge.

Let ¢, / oo such that lim [[u(t,) — élly = 0 and |ju(t,) — é|ly < % for all n. For
every n we define
7(tn) = sup{t’' > t, : sup ||u(s) — ¢|ly <o}
SE[tn,t']
By continuity of u, 7(t,) > t, for every n.

We show that there exists ng such that 7(t,,) = co. In fact, assume that this is not
true. Then there exists a subsequence of (¢,) ( again denoted by (¢,)) " oo such
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that t,.1 > 7(¢,) for every n.
Let J,, = (tn, 7(tn)) and D = U Jy. Then for all t € D :

| Bult)) = Ex |'™< B M (u(®)) [y (2.15)

Let ' € (0, 6] be such that

1
<200 <1— —— < 1. 2.1
0<20 < 155 < (2.16)
Then, by (2.15) and (2.14), we have for all t € D :
| E(u(t)) = oo [ < Bl M (u(t)[|- (2.17)
On the other hand, by the Cauchy-Schwarz inequality, we deduce for all ¢t € D :
P SRS . —o
| G(8) = B |7 =| SllA2 ()17 + E(u(t) = oo + (M (u(t)), Ai(t))y [
1, —0’ _p ’ ’
< Gl A2+ | B(u(t) = Eso |7 +IM @) | Adt) ")
Thanks to Young’s inequality and (2.17), we obtain for every ¢t € D :
_y 1. —y N
| G(t) = B |77 < Ca([lAZa(0) 3"+ M (u(0) [+ Ad() ).
By (ii), and for ¢ large enough, we have

[ A(t)|l2 < 1 and [|A2a()]|y < 1.

As2(1—6)>1and 5

1-0'
Al <A |l <IAllceolla)]lx
1, —9’ 1, 1 .
and [ Aza(t) |5 <||AZa(t) |l <[IA2 || lalt) 1
Then, for every t € D,

| G(t) = Ee [ < Co([[a(t) I+ M (u(t)) ) < v/2(1 + C?)CsZ

It follows that
1
| G(t) — Ex |< C7Z(t)77, for every t € D.

By using this inequality and (2.13), we conclude that

1

o0 1 1
/ Z(s)*ds — az(t) < CgZ(t)1-9, for every t € D. (2.18)
t
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On the other hand, by (2.16), we have for all ¢t € D

o / o C
2(1-6") 9
/t z(s) ds = /t (1 5)2(1*9')(1 %) ds

= Cho
< Z(t>/1 (1 + 5)@-20)(1+9) < Cuz(t).

(2.19)

Moreover, we have
/OO(Z(S) + 2(s)177)2ds < 2(/OO Z(s)*ds + /00 2(5)2179) ds).
t t t
We combine this inequality with (2.18) and (2.19) in order to conclude that
/WXZ®)+Z®nyVdSSCHﬂZ@P$’+Z@D
t

< Ci3(Z(t) + z(t)l’el)ﬁ, for every t € D.

Thus, we can apply Lemma 2.2.1 to conclude that

/ (Z(t) + () )dt < +o0.

This implies

7(tn)
/||u(t)||wdt < +oo and lim / ||(t)|lwdt = 0. (2.20)
D n—oo [,
Now, by definition of 7(¢,) :

[u(7(tn)) = llv = o

Then, by the compactness hypothesis, there exists a subsequence (7(t,,)) of (7(t,))
and ¢ € V such that u(7(¢,,)) — ¢ in V. We obtain

14 = ollv = 0.

On the other hand, by (2.20), we have

T(tnk)
0 <[l lhw < lmsup(Ju(r(tn)) =t [ (o) bwdstu(tn) ~6lhw) =0,

n

which is a contradiction. Hence 7(¢,,) = oo for some ny large enough. Thus, by
(2.20), the function ||4|yy is absolutely integrable on [t,,,c0), which implies that
lim u(t) exists in WW. By compactness and since ¢ € w(u), tlim u(t) = ¢ in V.

t—o0
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2.3.2 The polynomial decay

To estimate the rate of decay of the difference between a solution and its limit,
let

K(t) = Glt) = B@)+Ca [ lg(s) s
t
By assumption (H5), K is well-defined. Moreover, we have

CK () = S0t - Ol

We combine this with inequality (2.9) to obtain

S () < Oy () By H I () ). (2.21)

Then the function K is nonincreasing and lim K (¢) = 0. It follows that K(¢) > 0

t—o0

for all ¢ € R*. By Young’s inequality we obtain
K0 < G| Blu(t) — B() P09 10 (Yl aballf (222)

2(1-6)

Fe | (Mu). Ai(D), | +Co [¥llg(s) s

On the other hand, since tlim (|A25(t) |2+ u(t) — ¢|ly) = 0, there exists T > 0 such
that for all ¢t > T

|Aa(t) |l < 1, [AZ@()]|n < 1 and Ju(t) = gllv < o (2.23)

Using this, (2.22), and assumption (H3), we infer

K070 < O | M(u(t) [+ O (314300 e + =l (M), A1),
00 2(1-0)
= [ o))

Now, by using (2.21) together with the Cauchy-Schwarz inequality, we obtain for all
te T, o0

d . - ), - -
K070 < ~Crop K (8) + Crr (AT a3+ 1M (@I Aae) 3

dt ~
([l

By using Young’s inequality, we obtain for all t > T

2(1—6

d _ 1. - .
Cro K (1) < =K (80~ + Crs (AT a3+ M (@) [+ A,

([l
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Using (2.23) and the fact that inf{4(1 — ), 2(1;9)} > 2, we obtain for all t > T

Cro s (1) < — K (200 + O (i) Bt M Q)+ (14+0)20-0040) - (2.24)

Combining this and (2.21) to obtain the following differential inequality for all ¢ > T

d

C:
20 77

K(t) + K()2070 < C(1 + ¢) 20700146,
Then we apply Lemma 2.2.2 to obtain
K(t) <Cou(l+1t)77, (2.25)
where v = inf {1%%, 1+ (5}.
Due to (2.21) we have

i)y <~ K.

Then, by integrating over [t, 2] and by using (2.25), we obtain for all t > T
2
[ NilBds < a1+ 1)
t

Note that for every t € RT,

[ it < va( [ i) las)

2t
[i(s)[lwds < Cas(1+1) 7"

t
Therefore we obtain for all ¢t > T

It follows that

2k+1g

/ (s ||st<2 / () hwds < Car 3 (20 < Ci(1 1 )7

k=0
Then, for all t > T

g o

|lu(t) — ol < Cog(1+1t)™", where n = mf{ —5 2}

(2.26)

Finally, by continuity of u, we have (2.26) for all ¢ > 0.

2.3.3 The exponential decay

1
Suppose that ¢ = 0 and 6 = 5 Then K(t) = G(t) — E(¢) and (2.21) remains

true. If there exists Ty > 7T such that K(7p) = 0, then K (t) = 0 for all ¢ > T}. Thus,
by inequality (2.21), the function u is constant for ¢t > Tp, i.e. u = ¢ for t > Tp. In
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this case, there remains nothing to prove. We may therefore suppose in the following
that K(t) > 0 for every ¢ > T. Hence, we have

_%g((t))@ = —OK'(t)(K(t))" . (2.27)

On the other hand we have for all ¢ > T' (using again the same arguments as in the
proof of the estimate of (K (t))2(1=9)

(K ()™ < Cor([la()llw+ M (u(®)) llv). (2.28)
Combining (2.27), (2.21), and (2.28) to obtain for all t > T

d

—= (K(®)" = Cos([[a(®) w1 M (u())[[v) (2.29)

Integrating (2.29) on (¢,t'), where ¢ >t > T and using the fact that K(¢) > 0 we
obtain (letting ¢’ — 00)

| e b I a(slh)ds < Canl(K @), foralle> 7. (230)
Moreover, from (2.28), we have for all ¢t > T
(K (1)" = ((K(6)' )™ < (Clr) 729 ([l(t) ]| M (u() ) 7. (2.31)
By combining (2.30) and (2.31), we obtain, for all ¢ > T,
/too (las) lw+ M (u(s) v )ds < Can (L@ lw+HIM@@)v) ™. (232)
Now, we let for all t > T
)= [ (I w16 (o)) ).
We have
u(t) — dllw = t,h_r)](r)loHu(t) —u(t)|lw < wv(t), foralt>T. (2.33)
Moreover, the relation (2.32) can be rewritten as follows (when 6 = %) :

V'(t) < —Csy0(t), forall t > T. (2.34)

Solving this differential inequality and combining with (2.33), we obtain the expo-
nential decay. This completes the proof of the theorem. O
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Corollary 2.3.1 (the case A = 0). Let u : Rt — V be a solution of the following
equation

Bu+ M(u) = g, (2.35)

where YV, W, B, M, and g are as in Theorem 2.3.1. Assume that :

(H1) u € W,”(]Ra+ V).

(H2) The set {u(t) : t > 1} is relatively compact in V.

(H3)There ezxists ¢ € w(u) such that E satisfies the Lojasiewicz-Simon inequality
with exponent 6 near ¢.

Then, u(t) — ¢ in V and there exists a constant C' > 0, such that for all t > 0 we
have p 5

|u(t) — ¢llw < C'(1+ )", where n = mf{ ~53'5

5

1 11
If, in addition, g = 0 and 6 = 2 then there exist constants C", & > 0 such that for

all t > 0 we have
Ju(t) — ¢llw < C e

Proof. This is very similar to the proof of Theorem 2.3.1, since Eq.(2.1) contains as
a special case Eq.(2.35) (A = 0). Corollary 2.3.1 contains all the necessary assump-
tions and the estimates in the proof of Theorem 2.3.1 are easily adapted. Here, the
Lyapunov function G(t) = E(u(t)), for all ¢ > 0. Then we have

—G() (M (u(t)), @(t))v,
= (M(u(t)), U(t))w v +e(M(u(t)), =Bu(t) — M(u(t)) + g(t))v.
)

Similarly, inequality (2.9) remains true. As a consequence :
(i) w e L* (R, W) and M(u) € L*(R*, V).

(74) FE is constant on w(u).

(7ii) w(u) C S.

The remaining estimates in the proof of Theorem 2.3.1 are then easily adapted. [J

Remark 2.3.1. Note that Theorem 2.3.1 remains true if assumption (H1) is repla-
ced by the weaker assumption

(H1)" we C(RY, V)N H. (RY,H) and Au € H. (R*,V") and for some Cy, Cy > 0
we have the estimate (2.9), where the function G is defined as in (2.8). This remark
is important in some applications since inequality (2.9) can be verified for less regu-
lar solutions (u is only differentiable with values in H) by approxzimation and density

arguments.

2.4 Applications

We begin by the following remark concerning the question of existence of solu-
tions.

Remark 2.4.1. For all applications given below, the methods used in Chapter 3 and
Chapter 4 allow one to prove :
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1. existence and uniqueness of global weak solutions,
2. weak solutions are strong limits of strong solutions,
3. any bounded weak solution has relatively compact range in the natural enerqgy

space.

Let Q@ C RN, (N > 1) be a bounded open set with a smooth boundary T, v is
the outward normal direction to the boundary and let f = f(z,u) : Q@ x R — R is
a C? function satisfying the following assumptions :

(F1) f is analytic in the second variable, uniformly with respect to x € 2 and u in
bounded subsets of R,

(F2) If N =1, then f and g—f are bounded in Q x [—r, 7], for every r > 0.

s
If N > 2, then f(-,0) € L>*(Q), and there exist constants p > 0 and u > 0,
(N —2)u < 2 such that :

|g—£(m,s)| < p(1+ |ut) for every s € R, x € Q.

2.4.1 Nonautonomous semilinear wave equation with dyna-
mical boundary condition
Consider the equation
utt—{—ut—Au—i—f(x,u):gl in R—"_XQ,
b(z)us + Oyu + a(z)u = go on R™ x T, (2.36)
u(0) = ug, u(0) = uy.
Here,a € WH(T'), b € L>(T), b(z) > by > 0, and (g1, g2) € L*(RT; L*(Q2) x L*(T)).
We call a function u : R™ — H'(Q) a weak solution of (2.36) if
u € Ly (RY; H' () N W= (R L2(9)),
fw € HE (RT; L*(T")), where ‘u = trace u,

and for every ¢ € H'(Q) we have

% Qut¢d:c—ir/Qutgbdx—i—/QVuV¢d:c+/Qf(x,u)¢dx

(2.37)
+ /F(b(x)ut + a(z)u)p do = /le (t)p dx + /Fgg(t)gb do.

In order to prove the convergence result, we rewritten Eq.(2.36) as the abstract
equation. For this, we proceed in the following steps.

Step 1 (The corresponding Hilbert spaces)
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Let H=W = L?(Q) x L*(T) and let V = {u = (u1,u2) € H : vy € H'(Q), uy =
fuy = trace u; }. We equip ‘H with the usual inner product :

(w, v)3 = (u1,v1)2(0) + (U2, v2) 2y, for all w = (uy, uz), v = (v1,v2) € H,
and we equip V with the H'(2) inner product :
(w,v)y = (Vu, Vo) 20) + (u,0)12(q), for all u = (u, "u), v = (v, 'v) € V.

Since the embeddings H'(Q) — L2(Q) and H2(I') — L) are compact, the
embedding V — H is compact too. Moreover V is dense in H by the following
argument. Let f = (f1, f2) € H be arbitrary and let & > 0. Since the embedding

H2(T') — L*(T) is dense, there exists uy € H2(I') such that |juy — fall2y < % By

surjectivity of the trace operator H'()) — H: (T'), there exists u; € H'(Q) such that
%, = uy. In particular, u = (1, us) € V. Next, since D(f2) is dense in L?(Q2), there
exists u; € D(Q2) such that ||uy +u; — fi|[20) < g Note that uw = (u1 + Uy, uz) € V

and ||u — f||» < e. As a consequence, V is dense in H .
Step 2 (The energy functional)

We define the energy functional £ : )V — R by,

1 1
E(u) = 5/Q|Vu|2dx+/ﬂF(m,u)dx+§/Fa(x)|tu|2dcr,

where F'(z,u) fo f(zx,s)ds.

Lemma 2.4.1. One has E € C*(V) and for all uw = (u, 'u), ® = (¢, '¢), ¥ =
(¥, ") € V, we have

(E’(u),\II)V/,V:/QVuvwd:c—l—/Qf(x,u)z/}da:—l—/ratu bpdo, (2.38)

and

0
E"(uw)(®, V) :/(ZngVl/Jda:—l—/Qa—i(x,u)gbwdx%—/Fatgb “pdo.

Proof. The first and the last term in the definition of £ are continuous and quadratic,
hence C'*°, and the corresponding formulas for the first and the second derivative
hold. Moreover using (FZ) and (F2), we can show that the function 7 : X — R

given by T (u) = [, F(z,u)dx is C* on X, where
X = LV if N >3,
X=1% ¢>0 iN<2

By the Sobolev embedding theorem, we obtain the results. O
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Step 3 (The Eojasiewicz-Simon inequality)

We are now in a position to prove the Lojasiewicz-Simon inequality of the energy
E. The argument is essentially based on [6, Corollary 3.11]. Choose p > &, and let

X = {®=(¢, '9)€V; p € W*(Q)}
and Y = LP(Q)x W' #?(I).
Lemma 2.4.2. The derivative E' maps X into Y, and E' : X — Y is analytic.

Proof. The assertion is clear for the two linear terms in E’ by the trace theorem
and by the regularity of a. So we consider only the nonlinear term. By using ( F'1)
and (F2), we obtain that the function G(uy,u2) = (f(x,u1),0) is analytic from
L>(§2) x Wl_%’p(l“) into itself. Then the claim follows from the the Sobolev embed-
ding theorem which gives W?P(Q) — L*(Q) < LP(Q) (recall that p > §). O

Lemma 2.4.3. Let L = E” be the second derivative of E and let w € V be such that
E'(u) = 0. Then L(w) is a Fredholm operator from V to V' and from X to Y, and
Ker L(w) is contained in X.

Proof. First, since E'(u) = 0, then u is a weak solution of the stationary problem

—Au+ f(z,u) =0 in §,
oyu+au =0 on I

By standard regularity theory for elliptic equations (see, for example, the classial
paper by Agmon, Douglis and Nirenberg [1, Theorem 15.2]), and by a bootstrap
argument, we obtain that u € L>(2).

Now, we write £(u) = A+ B, where

(AD, W)y y = /Q VoVapdr + /Q tpdr + /F Lo tpdo,

and

0
(BO, W)y = /Q (L~ 1)pude + /F (a - 1)'6 “do.

By the Lax-Milgram theorem, the operator A is an isomorphism from V to V', and
by standard regularity theory for elliptic equations [1, Theorem 15.2| it is also an
isomorphism from X to Y.

On the other hand, B is a compact operator from V to V' (respectively from X
to Y). In fact, the embeddings V — L4(Q) x L*(T) and L7 (Q) x L*(I") < V' are
compact for every

ON .
2NN >3,
2<qg< 2= N2

%) if N=1, 2,

and B is well-defined, linear and continuous from L4(Q) x L*(T") into L9 (Q) x L*(T'
for some 2 < ¢ < 2* large enough. In addition, the embedding X «— L*(2) x
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W»(T') is compact, the embedding LP(Q) x WP(I') — LP(Q) x W' »?(I) = Y
is continuous, and B is well-defined, linear and continuous from L*() x WP(T")
into LP(Q) x WP(T'). It follows that B is compact. Then, by the Riesz-Schauder
theorem, £(u) is a Fredholm operator from V to V' and from X to Y.

Let ® = (¢, '¢) € Ker L(u). Then, for all ¥ = (¢, ‘) € V we have

0
/ VoVipdr + / —f(x, u)phdr + / a'ep pdo =0,
Q o Ou r
that is, ¢ is a weak solution to the following nonlinear elliptic boundary value pro-

blem 5
{ —A(b—i—a—i(x,u)(ﬁ—() in Q,
0,¢+ap =0 onT.

0
Using the fact that v € L>°(Q2), we obtain a—f(x, u) € L*>*(Q). Moreover, by assump-
u

tion, a € WH°(T'). Then, again by the regularity theory for the elliptic problem |1,
Theorem 15.2], ¢ € W?P(§2), which implies that ® € X. O

Proposition 2.4.1. The energy function E satisfies the fojasiewicz-Stmon inequa-
lity near every equilibrium point w € V, that is, for every w € V with E'(u) = 0,
there exist 3 >0, 0 >0 and 0 < 0 < % such that

| BE(u) — BE(®) |'"°< 8| E/(®) ||y, for all ® €V such that || u— ® ||y< o.

Proof. Using Lemma 2.4.2 and Lemma 2.4.3, this result is an immediate consequence
of |6, Corollary 3.11|, applied with P € L(H) the orthogonal projection onto Ker
L(w). O

Step 4 (Reformulation of the problem)

Lemma 2.4.4. Let A, B :'H — H be given by

A(u,v) = (u,0), B(u,v) = (u,bv).

Let u be a solution of equation (2.36). Then u = (u, *

(2.1), where M(u) = E'(u) and g = (g1, 92)-

w) is a solution of equation

Proof. Using the definition of the solution of equation (2.36) and the trace theorem
we deduce that u € L (R*, V)N H. (R*, H). Moreover, by (2.37), (2.38) we have

loc loc
(9 — E'(u) — B, @)y y = (uy, ) mry,mo) = Ou(ue, @) r2(0)

= (A’U,, (I))H = ((A’U,), (I))V/,y, for all ® € V.

Then Au € H. (RT,V’) and u is a weak solution of equation (2.1). O

loc

Step 5 (The convergence result)
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Theorem 2.4.1. Let u: Rt — H'(Q) be a global bounded weak solution of Eq.(2.36)
and assume that g satisfies (2.3). Then there exists ¢ € H'(Q), solution of

{ —A¢+ f(x,0) =0 inQ, (2.39)

o,0+ap=0 on I,

such that
we(t)|| 2+ || u(t) — ¢ |mry— 0 as t — oo,

and there exists a constant C' > 0 such that for all t > 0 we have

J

l|w(t) — ¢||L2(Q)+||U(t) — ¢||L2(F) <C(14+t)™", wheren = inf{—l 50’2

2

and where 0 is the Lojasiewicz exponent (associated with ® = (¢, '¢)) given in
Proposition 2.4.1.

1 11
If, in addition, g = 0 and 0 = > then there exist constants C° > 0, £ > 0 such that
for all t > 0 we have

lu(t) = dll 2oy +Hlult) — llrzmy < Ce.

Proof. First, it is easy to verify that A and B satisfy the hypotheses of the operators
used in the abstract case. Moreover, assumption (H1) and (H2) of Theorem 2.3.1
are satisfied by Remark 2.3.1 and Remark 2.4.1. Assumption (H3) of Theorem 2.3.1
is satisfied by Proposition 2.4.1. Then it remains to verify assumption (H4) (note
that the assumptions F € C?*(V) and that g satisfies (2.3) are verified by Lemma
2.4.1 and assumption of Theorem 2.4.1).

For this, let L : V — )V’ be the linear operator associated with the inner product on
the space V and let K = L~'. We equip V' with the inner product

(91, 92)v = (Kg1, Kg2)v, g1,92 € V.

Then for all u € H,v € V', we have
(’U,, K’U)H = (’U,,K’U)V/’V = (LKU,K’U)Vy = (K’U,, K’U)V = (’U,, ’U)V/.

Moreover, for all uw € V, v = (v1,v2) € H, we have

0
KoM(u)v=v+ L_l(a—f(.,u)vl,cwg) + L', in H.
U
From this, the growth assumption on f and the Sobolev embedding theorem, it is
not difficult to deduce that the condition (H4) of Theorem 2.3.1 is satisfied. Then
Theorem 2.3.1 applies. As a consequence, Theorem 2.4.1 is proved. O]
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2.4.2 Semilinear parabolic equation with dynamical boun-
dary condition

Similar results are obtained for the following semilinear parabolic equation :

u— Au+ f(z,u) =g inRT xQ,
bu, + O,u + au = go on R* x T, (2.40)
u(0) = ug, u(0) = uy.

Here, g = (g1,01), Q, T, v, f, a(z), and b(x) are as in the first example.

A function u : RT — H'(Q) is called a weak solution of equation (2.40) if u €
(R+; HY(Q)) N WL2(RT; L2(Q)), *u € HL (RT; L*(T)), and for all ¢ € H' ()

loc loc

LOO

loc
one has

/(ut + f(z,u))odr + / VuVodr + /(b fug + a 'u)pdo =
0 0 r
:/gl(t) tgzﬁdx—l—/gg(t) Lodo.
Q r

We have the following result.

Theorem 2.4.2. Let u: RT — HY(Q) be a global bounded weak solution of equation
(2.40) and assume that g satisfies assumption (2.3). Then, there exists ¢ € H'(S),
solution of (2.39) such that tlim u(t) = ¢ in H(Q2). Moreover, there exists a constant

C' > 0 such that for all t > 0 we have

/ - : g 9
lu(®) = dllzz@+u(t) = @llzay < C(A+)77, wher i = inf{—7, o},

where 6 is the Lojasiewicz exponent ( associated with ® = (¢, '®)) given by Propo-
sition 2.4.1.

1 11
If, in addition, g = 0 and 0 = 3 then there exist constants C", £ > 0 such that for
all t > 0 we have

lu(t) — @l L2y +ut) — ¢llr2@) < et

Proof. Similarly as in the proof of Theorem 2.4.1, we rewrite Eq.(2.40) in an abstract
setting in the Hilbert space H as Eq.(2.35), where V, W, B and E are as in the
first example. Using Proposition 2.4.1, Remark 2.3.1, and Remark 2.4.1, the claim
follows from Corollary 2.3.1. O]
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2.4.3 Nonlinear hyperbolic-parabolic partial differential equa-
tions

Let Ki(x), Ky(x) € L>®(Q), Ki(z) > 0, Ky(x) > 8> 0, let p > 0 and consider
the mixed hyperbolic-parabolic equation

Ky (x)uy + Kay(x)uy — Au+ |ufPu=g in RT x Q,
u=0 on Rt x T, (2.41)
w(0) = ugp, VEKiu(0) =/ Kquy.

A function u : RT™ — H}(Q) is called a weak solution of equation (2.41) if
u € L, (RY; Hy(Q)) N Higo(RY; L*(9)),

loc
1
Ku, € L2 (RT; L*(Q)),

loc

and for all ¢ € H'(Q) one has

i/Klutgb dx—i—/Kzutqb dx+/VuV¢ dm+/|u|pu¢ dx:/gqb dz.
dt Jo 0 Q Q Q

Let H=W = L*(Q) and V = H}(Q) and define the operators A and B in H by
(Au)(z) = Ki(z)u(z), (Bu)(z) = Ky(z)u(z).

The above model (2.41) may be rewritten as equation (2.1) on the space H, where
the energy functional E : H}(Q) — R is given by

1 1
Ev) == vadrzﬁ——/ v [P de, v e HHQ).
) =3 [ 190 Pt — [ 1o )
We have the following result.

Theorem 2.4.3. Let u: RT — H}(Q) be a global bounded weak solution of equation
(2.41). Suppose that p € (0, %) and g satisfies assumption (2.3). Then

u(t) — 0 in H(Q),
and there exists a constant C' > 0 such that for all t > 0 we have
5
|w(t) || 2 < C'(1+1t) 2.

In addition, if g = 0, then there exist constants C", € > 0 such that for all t > 0 we
have

[u(t)] z2i) < C"e .
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Proof. 1t is clear that A and B satisfy the hypotheses of the operators used in
the abstract case. In addition, it is easy to prove that E € C?(H}(2)) is strictly
convex, positive and E(0) = 0. Then, the set of all stationary points is reduced to
the point 0. Since the w-limit set of every global and bounded solution u consists
only of equilibrium points and is non-empty, then w(u) = {0}. Moreover, by ([6],
Example 4.9) the functional F satisfies the Lojasiewicz-Simon inequality near 0
with Lojasiewicz exponent 6 = %

The duality mapping K : H*(Q) — Hj(Q) is given by Kv = (—A) v, so that
KoM'(v) =TI+ (—=A)"!v[P. From this, and the Sobolev embedding theorem (here,
we need p € (0, 5%5)), it is not difficult to deduce that condition (H4) of Theorem
2.3.1 is satisfied. The claim follows from Theorem 2.3.1. O

2.4.4 Semilinear evolutionary damped wave equation of mixed
order

Consider the following damped, mixed problem :
Ki(x)uy + cruy — coAuy — Au+ f(z,u) =g in RT x Q,
u=0 on R* x T (2.42)
U(O) = Up, V Klut(()) = Klul.
Here ¢1, cg >0, ¢; + ¢ >0, g € L2 (RT; L?(Q2)), and K; are as above.
Let V = H}(Q), H = L*(Q) and let W = Vif s > 0and W = H if ¢ = 0.
The above equation can be rewritten as abstract equation (2.1) if one puts A the

multiplication operator associated with K, B = ¢;Iy — oA : W — W', where —A
the Dirichlet-Laplace operator, and if the energy E : H}(Q) — R is given by

E(u) = %/Q\Vu\%lx + /Q F(x,u)dx, where F(x,u) = /Ou f(z, s)ds.

It is easy to verify that the operator B satisfies (2.2). Moreover, under the hypotheses
on f (similarly as in Proposition 2.4.1), we have that F € C?(V). In addition, the
energy F satisfies the FLojasiewicz-Simon gradient inequality with 6 € (0, 5] near
every critical point ; see [13]. Hence, by Theorem 2.3.1, we obtain the following result
on convergence of bounded solutions.

Theorem 2.4.4. Let u : R™ — H}(Q) be a global bounded weak solution of the
Fq.(2.42) and assume that g satisfies assumption (2.3). Then tlim u(t) = ¢ exists in
H} (), ¢ is a stationary solution of (2.42), and there exists a constant C' > 0 such
that for all t > 0 we have

)

|lu(t) — ollw < C'(1+¢)™", where n = inf{m, 3

}.
1 "
In addition, if g =0 and 0 = oL then there exist constants C", € > 0 such that for

all t > 0 we have
Ju(t) — ¢flw < C e
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2.4.5 System of first and / or second order equations

Let Q@ C RN (N > 1) be a bounded domain with smooth boundary I" and let Iy,
I'y C T be two open subsets such that I' = 'y UI'; and I'o N I'y = @. We consider
the following coupled system :

( 0
QU + Uy —Au+a—f(x,u,v) =g in RT x Q,
u
9,
QQUtt+Ut—Av+a—f(x,u,v) = gy in RT x ),
v
but+g—z—|—au:gg on Rt x Ty,
u=0onR" x T},

v=0onR" x T,
(u(0),v(0)) = (uo, vo),
( (Varu(0), aou(0)) = (arur, /asur).

Here, o; > 0, (i = 1, 2), (g1,92,93) € L*(RT x Q)% x L*(RT x Ty). The function
f=flz,u,v): Q x R? - R is a C? function satisfying the following assumptions :
(F1) f is analytic in (u,v) € R?, uniformly with respect to z € Q and (u,v) in
bounded subsets of R?,

0 f

_ of &f of *f
(F2) If N =1, then O du?’ dv’ Ov? and dudv
every r > 0.

0 0
If N > 2, then (8f( 0,0), 8f( 0,0)) € (L>=(9))?, and there exist constants p > 0,

p >0, and (N —2)u < 2 such that :

(2.43)

are bounded in Q x [—r,7]?, for

|Vi’vf(x,u,v)| < (14 |ul* + [v]*) for all (u,v) € R?, z € Q,

where Vi,vf(a:, u,v) is the second derivative of f with respect to u and v.
A global (weak) solution of equation (2.43) is a function (u, v) satisfying the following
properties
“ e LR(RYHYQ)) 0 HL (RS L2(Q)), yaru € L (R LA(Q)), ‘ulr, = 0,
and tu|F0 € Hloc(R+vL2(F0))

— v e L (RY; HA(Q)) N H}

loc loc

(R L2(Q)), v € L, (RY; L2(Q).

~ Y(¢1,¢2) € H(Q) x HL(Q) one has
d d
—/alutqzﬁl dr + —/agvtgbg dx—i—/Vqubl dx+/Vvng§2 dx
dt Jo dt Jo Q Q
of
—l—/g(ut—ir%(m,u,v))@ d:z:+/r0

= /Q(gl(t>¢1 + g2(t)p2) dx +/ 93(t) ‘1 do.

1)

OF (4 0,0)) da

(b tut—i—a tU) t¢1 dO"i‘/Q(Ut‘i‘ BN
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In order to obtain a convergence result, we abstractly rewrite Eq.(2.43) on the space
H=W = (L*Q))* x L*(Ty).
Setting Hyp, = {u € H'(Q) ; 'u =0 on I';}, we define the energy space as follows :
V={u = (us,us,u3) € H; uy € Hyp (), uz € Hy(Q) and uz = "u}.
We equip ‘H with the usual inner product :
(w, v)y = (u1,01)r20) + (U2, v2) L2(0) + (U3, V3) L2(r),

for all uw = (uy,uz,usz),v = (v1,v2,v3) € H.
And we equip V with the following inner product :

(u,v)y = (Vuy, Voi) 2y + (Vug, Va) r200) + (U1, v1) 12(0)

for all w = (uy,us, ‘uy), v = (vy,ve, 'v1) € V.
Similarly as in the first application, we can show that V — "H is dense and compact.

We define the energy functional £ : )V — R by,

1 1
E(u) = 5/Q(|Vu1\2 + | Vuy|?) dx+/9f(x,u1,u2) dx + 5/1" alui|? do.
0

Lemma 2.4.5. One has E € C*(V) and for all w = (uy,us, 'uy), ® = (¢1, da, '), ¥ =

(t1,9, Y1) € V, we have

(E/(’U,), \IJ)V’,V = /Q(VIHV@ZH + VUQV¢2) dlL‘ + /Q %(QT,Ul,Ug)’lpl d[L’

+/ %(5137“1,“2)% d$+/ a 'uy "y do,
QO 62) To

and
2

E//(u)(q), \If) = /QVQS1VQ/11 + v¢2v¢2 dx —l—/ g ];.(1' U1,U2)¢11/J1 dx

2
+/1“0a Lor da—l—/ g J;(:c Uy, Up ) o)y d

02 o
+/ﬂa—1£(m,uhu2)¢1¢2 d$+/ﬂ%{é($7ulv“2)¢2¢1 dz.

Proof Using (F1) and (F2), we can show that the function 7 : X? — R given by
= Jo [z, u1, ug)dz is C?, where

v (L¥-2)?2 if N >3,
)@ 0<g<o) iEN=1,2

By the Sobolev embedding theorem, we obtain the results. O
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Now, let A and B be the two operators on H given by

A(u,v,w) = (qu, agv,0) and B(u,v,w) = (u,v,bw), for all (u,v,w) € H.
Similarly as in the first application, if (u,v) is a weak solution of (2.43) then u =
(u,v, *u) is a weak solution of (2.1), where M (u) = E'(u) and g = (g1, g2, g3)-

Lemma 2.4.6. Choose p > % Let :
X ={® = (¢1,02, '¢1) €V ¢ € W(Q) N Hyp, (Q) and ¢ € W?P(Q)} and

Y = (LP(Q))2 x W'"»?(Ty). Then E' is analytic from X to Y.
Proof. By using (F1) and (F2), we obtain that the function :
of

g(u17u2au3) = (%(5757“1,“2)7 %<x7u17u2)70)

is analytic from (L>(9))? x Wl_%’p(Fo) into itself. By the Sobolev embedding theo-
rem, we obtain the result. O

Lemma 2.4.7. Let £ = E" be the second derivative of E and w € V be such that
E'(u) = 0. Then L(u) is a Fredholm operator from V to V' and from X toY, and
Ker L(w) is contained in X.

Proof. As in the proof of Lemma 2.4.3, one shows that L(u) = A+ B is a Fredholm
operator, where A, B : V — )’ are given by

(AP, W)y y = /Q(V%le + Vo Vihy) da + /Q(¢1¢1 + ¢o1y) dx +

+ ‘p1 "y do,
o

and

0? 0?
(3@7 ‘I’)v',v = /Q (a_u‘];('ruuhu2> - 1)<Z51¢1 dx + /Q (a_1£<x’u1’u2) - 1)¢2¢2 dx

02 o
+/Q a—qj}(x,ubuz)%% d$+/QaT{L(%UhU2)¢2¢1 dr +

+/ (a— 1) t(bl tiﬂl do.
o
Note that, for some 2 < ¢ < 2*, where

2N :
o . N_9 if N Z 3,

oo ifN=1,2

the function B is well-defined, linear and continuous from (L?(f2))? x L*(Ty) into
(L9 (Q))? x L*(Ty). Also, B is well-defined, linear and continuous from (L>(Q))? x
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WhP(Ty) into (LP(€2))? x WP(T). Then, using the Sobolev embedding theorem and
arguing as in the first application, we obtain that £(u) is a Fredholm operator from
VY to V' and from X to Y

Now, let ® = (¢, ¢a, ‘¢1) € Ker L(u). Then for all U = (¢, 19, "1)1) € V we have
E"(u)(®,¥) = 0. Putting ¢, = 0 (respectively 11 = 0) and using the regularity
theory for the elliptic problem (2.44) (respectively (2.45)), we obtain ¢; € W??(Q)
(respectively ¢o € W2P(Q)), where

0*f °f .
—A¢r + @(% Uy, uz)P1 + %(33, U1, ug)p =0 in €,
Oyp1 +agpr =0 on Iy, (2.44)
o1 =0 on I'y,
and
0*f >*f .
—A¢y + w(l}ubw)% + %(l',uuw)% =0 in, (2.45)
P2 =0 on O9).

]

Starting from Lemmas 2.4.5-2.4.7, we can apply [6, Corollary 3.11| to prove
that the energy function E satisfies the Y.ojasiewicz-Simon inequality near every
equilibrium point ® € V. By arguments similar to those used in the proof of Theorem
2.4.1 we obtain :

Theorem 2.4.5. Let (u,v) be a global bounded weak solution of system (2.43) and
assume that g satisfies (2.3).

Then, there exists (¢1,¢2) € H'(Q) x H(Q) solution of the following nonlinear
elliptic boundary value problem

( af

_A¢1 + %(xv¢la ¢2) =01n R+ X Q7
_AgbZ + %($7¢17 ¢2> =01n R* x Qv

{%+a¢1:0 on RT x Ty,
01 =0o0on Rt xT,
¢ =0 on Rt xT,

such that
(@) 2@ + o) 2@+ | u®) — é1 @) + [ v(#) = ¢2 |5 — 0,
and there exists a constant C' > 0 such that for all t > 0 we have

[u(t) = ¢1ll 2@ +Hlut) = dull 2@y +v(E) = dall 2@ < C(1+1)77,
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where n = inf{ﬁ,g} and 0 1is the Lojasiewicz exponent associated with ® =
(¢1, P2, ")

If, in addition, g =0 and 0 = %, then there exist constants C", € > 0 such that for
all t > 0 we have

[u(t) = d1ll e+ llut) — drll 2@y +llv(t) — d2llL2@@) < C'e e,

Remark 2.4.2. Similar results of convergence still hold if the second equation of
(2.43) is replaced by

0
QU + Uy + aguy — Av + a—f(:c, u,v) = go, 0 < az <2, (2.46)
v

or

0
Qo + vy — asAvy — Av + a—f(a:,u, V) = go, g5 >0, ay+as>0. (247)
v

In fact, in the first case, it is sufficient to take YW = "H and let B : H — H be given
by B(uy,us, uz) = (uy,us + aguy,bus). In the second case, it is sufficient to take
B:W — W given by B(u,v,w) = (u, aqv — asAv,bw), where W =V if as > 0
and W ="H if a5 = 0.

Remark 2.4.3. Similar results of convergence still hold for the following equation
Ky(x)uy + Ky(x)u, — Au+ f(z,u) = g1 in RT x Q,
b(z)us + & + a(z)u = g on RY x T,

and the following system

(

Ky (x)uy + Ka(x)u, — Au+ g—i(:c,u, v)=¢g; inRTxQ,

Ks(x)vy + Ky(z)vy — Av + ?(m, w,v) =go in RT x
v

b(x)ue + 2% + a(z)u = gs on RT x Ty,
u=20 on RT x I'y,
| bu(@)v + P+ ay(z)v =g on R* x T,

where
(K17K27K37K4) S (LOO(Q))4a K17K3 Z Oa K27K4 > Oa
(a,al, b, bl) S Wl’OO(FO) X Wl’OO(F) X LOO<F0) X LOO(F), b, by > 0.

Remark 2.4.4. In the previous examples we have described situations in which VW =
H or W = V. By considering damped plate equations with intermediate damping,
that is, fourth order equations with a damping of the type —Au; or similar, one
arrives at situations in which one has W # H and W # V. We do not go into
details.
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Chapitre 3

Existence and asymptotic behavior
of solutions to semilinear wave

equations with nonlinear damping
and dynamical boundary condition

Le résultat de ce chapitre fait 'objet d’un article accépté a
Journal of Dynamics and Differential Equations.

3.1 Introduction and main results

Let 2 C RY (N > 1) be a bounded open set with smooth boundary T'. In this
article we consider the following semilinear wave equation with nonlinear degenerate
damping

gt + |u]ur — Au+ f(z,u) = g in (0,00) x 2, (3.1)

subject to the dissipative boundary condition

dyu+u+u, =0in (0,00) x I’ (3.2)
and the initial condition

w(0,-) = ug, u(0,-) =wuy in Q. (3.3)

Here, a > 0 is a constant, v denotes the outer normal vector to the boundary, and
the function g € L? (R*, L*(Q)) is such that for all # € RT and some n > 0, § > 0,

loc

U

(1 + ¢)i+ote’ (3.4)

lg(@®)ll2 <

Moreover, f = f(z,u) : @ x R — R is a C? function satisfying the following
assumptions :

(F1) f is analytic in the second variable, uniformly with respect to € Q and w in
bounded subsets of R.

71
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0
(F2) If N =1, then f and 8_f are bounded in Q x [—r, 7], for every r > 0.

s
If N > 2, then f(-,0) € L*>(f), and there exist constants p > 0 and p > 0,
(N —2)u < 2 such that :
of

]a—(:v,s)| < p(1+ |ult) forevery s € R, z €.
s
(F'3) There exists A < A; and C' > 0 such that for every s € R and every = € (,

2
F(z,s) 2—/\5—0,

where F(xz,s) := [J f(x,r) dr, and Ay > 0 is the best Sobolev constant in the
following Poincaré type inequality

/ (Vul? + / ful? > )\1/ lu|?, w e H'(Q) and 'u = trace w.
0 r 0

Remark 3.1.1. (a) The growth condition (F2) implies that the Nemytskii operator
associated f is locally Lipschitz continuous from H(Q) into L*(2).

(b) The condition (F3) is used in Theorem 3.1.1 below in order to obtain ezistence
of global and bounded solutions. If the condition X < A\ is dropped, then one obtains
existence of global, but not necessarily bounded solutions.

We study well-posedness of the system (3.1)-(3.3) in the energy space H'(Q) x
L?*(Q), and — as a main goal — the asymptotic behaviour of weak solutions when
t — oo. In particular, for every initial value in the natural energy space we prove
existence of a global solution which converges for large times to a stationary solu-
tion.

The case o = 0 has been studied by the author in [17]. He has established a conver-
gence result and decay rate estimates for bounded weak solutions under the assump-
tion that f verifies (F1), (F2) and g satisfies (3.4). Note that, in the case when oo = 0
and g = 0, Wu and Zheng [16] have proved existence and convergence of a strong
solution of (3.1)-(3.3) to a single stationary state under the same condition on f.
Both articles [17] and [16] were confined to the three-dimensional case, but the re-
sults are extendable to the case of arbitrary space dimensions if f is assumed to be
subcritical (condition (F2)).

Recently, Chergui [7] and Ben Hassen & Chergui [3] have studied the asymptotic
behaviour of solutions of Eq.(3.1) under Dirichlet boundary conditions. They proved
a convergence result for bounded weak solutions in the autonomous and nonautono-
mous case, respectively, where f verifies (F1), (F2) and g satisfies (3.4). Ben Hassen
& Haraux [4] have in addition proved a decay estimate if the underlying energy is
positive.

We introduce the finite energy space H = H'(Q) x L*(Q2), where H'(2) is equip-
ped with the norm

sy = ([ VuP o [ do)’,
Q r
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The inner product (respectively the norm) in H, H'(Q2), H(Q)', L*(Q) and L*(T) is
denoted by ('7 ')Ha (’7 ')Hl(Q)a ('7 ')*7 ('7 ')2’ and ('7 ')Z,F (respectively, by ”HHJ ”"HHI(Q)
I-l«; []|l2, and ||-]|2,r). The norm in LP(2) is denoted by ||-]|,.

Similarly as in Chueshov, Eller and Lasiecka [5] (see actualy, [1, 2, 15]), we define
strong and weak solutions of Eqns. (3.1)-(3.3) as follows.

Définition 3.1.1. Let J := [0,7) with 7 € (0,00]. A function u € C(J; H*(Q)) N
CHJ; HY () N C*(J; L*(Q)) is called a strong solution of (3.1)-(3.3), if u satisfies
the initial conditions u(0) = ug, u(0) = wy, and if the equations (3.1)-(3.2) are
satisfied a.e on J. A function uw € C(J; HX(Q)) N CY(J; L*(Q)) is called a weak
solution of (3.1)-(3.3), if it satisfies the initial conditions u(0) = ug, ut(0) = uy and
if there exists a sequence (g") C HL (J; L*(Q)) and a sequence (u*) of corresponding

strong solutions such that g" — g in L2 (J; L*(Q)) and v* — w in C(J; H(Q)) N
CL(J: L2(9).

Appliying nonlinear semigroup theory and using an idea from [5] we obtain our
first main result which reads as follows.

Theorem 3.1.1. Assume that [ satisfies the conditions (F2) and (F3). Let 0 <
a< 25 if N>3, anda e RY if N <2.

(I) Weak solutions. Let (ug,u;) € H, and let g € L (RT; L*(Q)) satisfy
(3.4). Then there ezists a unique, global weak solution to Eqns. (3.1)-(3.3). In
addition, this weak solution satisfies the following properties :

(T1) uy € L“T2(RT; LT2(Q)) and 'uy € L*(RT; L2(T)).

(T2) (u,uy) is bounded with values in H.

(T3) (Energy inequality). For all t, t' € Rt ' <t :

a+1 o a+1 at2
£u(1) / / 42 / / unf? < £t / loll .

where &, is the energy of the solution u :

1 1 1
= —/ || d:v—l——/ |Vu|? d:l:+/F(93,u) alx+—/|tu|2 do. (3.6)
2 Ja 2 Ja 0 2 Jr

(T4) (Variational equality). For all ¢ € H*(Q2) one has

ut¢da:+/VuV¢d:1:+/\utlaut¢dm+/fx u)¢ dx

+/F by t¢da+/r fu t¢da=/ﬂg¢ dz. (3.7)

(H) Strong solutions. Assume, in addition, that (ug,u;) € H*(Q) x HY(Q),
€ HL (R, L*)), and that the following compatability condition on the

loc

boundary holds :

dt

uo—i—a,,uo—f—ul:O on .

Then the weak solution is strong.
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An important property for the global weak solution of (3.1)-(3.3) is the relative
compactness of its range, which plays a crucial role in the proof of the convergence
result below.

Theorem 3.1.2. Let f and « be as in Theorem 3.1.1. Then for every weak solution
u of (3.1)-(3.3), the function U = (u,u) is uniformly continuous from Rt into H,
and J,o{U ()} is relatively compact in H.

Our basic argument in the proof of the convergence result below is the Lojasiewicz-
Simon inequality for the energy functional E : H'(Q2) — R given by

1 1
E(u)zi/ﬂ|VU|2 dx—i—/QF(x,u) dm+§/r|tu|2 do.

By the regularity and growth condition of f, the function F is twice continuously
Fréchet differentiable. If E'(u) € H'(Q) and E"(u) € L(H'(Q), H'(Q)') denote
the first and second derivative at a point u € H'(f2), respectively, then for all ¢,
Ve HY(Q)

E' QY H(Q) = VuViy d d bu 't d 3.8
(') Dy = [ VaVodes [ fewpdos [ w'vdn (39
and
I . 8f t ot
(B )6, oy = | VoV dat [ S won do+ [ 16 do

The proof of the following proposition — in the case N = 3 — can be found in [17,
Proposition 9] ; the proof for general space dimensions can be easily adapted. Recall
that the norm in H'(Q)" is denoted by || - ||+

Proposition 3.1.1. Under the assumptions (F1) and (F2) on the function f the
energy functional E € C*(HY(QY)) satisfies the FLojasiewicz-Simon inequality near
every equilibrium point ¢ € H(QQ), that is, for every ¢ € H'(Q) with E'(¢) = 0,
there exist By > 0, 04 >0 and 0 < 0, < % such that

[E(¢) = @)% < B, [| E'() |l

for all v € HY Q) such that | ¢ — ¢ ||mi@)< oy. The number 04 is called the
Lojasiewicz exponent of E at ¢.

Moreover, in order to prove convergence of global solutions, we need a uniform
Lojasiewicz exponent 6 independent of every equilibrium point ¢. In practical si-
tuations, the existence of this uniform Y.0jasiewicz exponent amounts to suppose
that the set of all equilibrium points is compact. A sufficient condition on f, which
is slightly stronger than our condition (F&) and which implies compactness of this
set, has been given by Chergui [7]. In this case (the set of all equilibrium points
is compact), and since the set of all equilibrium points attracts the trajectoty at
infinity, we obtain the following property :
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There exists a uniform Lojasiewicz exponent 0 €]0, 3], 6> 0 and T > 0 such that
forallt>T
|E(u(t)) = Bl < Bl E (u(®))]l. (3.9)

During the last decade the Y.ojasiewicz-Simon inequality has been used in the
study of the asymptotic behaviour of bounded solutions of many different evolution
equations, see e.g [12, 8, 14, 13|, and the references given therein. For a detailed
study of the Lojasiewicz-Simon inequality we refer to [6].

Note that compared with LaSalle’s invariance principle, a significant advantage of
the approach based on the so-called Y.ojasiewicz-Simon inequality consists in the
fact that this method also works if the set of equilibria is not discrete.

We define the w-limit set of a function u : RT — H'(Q) by

w(u) ={¢ € H'(Q) : 3 t, — 400 such that lim |Ju(t,) — ¢[/ g (q) = 0}

If u: RY — H'(Q) is a continuous function such that the range {u(t) : ¢t > 1}
is relatively compact in H'(Q), then it is well-known that the w-limit set w(u)
is nonempty, compact and connected [11]. We show that the system (3.1)-(3.3) is
gradient-like in the sense that the w-limit set of every global bounded solution is a
subset of the set of stationary solutions.

Lemma 3.1.1. Let u: Rt — HY(Q) be a weak solution of equation (3.1)-(3.3), and
assume that f satisfies (F1)-(F3) and that o € [0,1). Then :

() Jim () = 0.
(i1) The function E is constant on w(u), that is E(¢) = Es =const, for all ¢ € w(u).
(111) The w-limit set is a subset of the set of stationary solutions.

The main result of this paper is the following stabilization result.

Theorem 3.1.3. Let u : R™ — HYQ) be a bounded weak solution of equation
(3.1)-(3.3). Assume that f satisfies (F1)-(F3) and that :

—if N <2 then a € [0,1%9),

— if N >3 then a € [0,75) N[0, v),
where 0 given by (3.9). Then there exists ¢ € H(S), solution of the stationary
problem

Ao+ f(x,0) =0 inQ,
0o+¢=0 onT,

such that
e (t)[lo+ || w(t) — & [|1@)— 0 ast — oo.

Throughout the following we denote by C' a generic positive constant which may
vary from line to line, which may depend on g, f, @ and the measure of 2, but which
can be chosen independently of ¢t € R*.
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The paper is organized as follows : in Section 2 we study the existence and unique-
ness of a global bounded solution of (3.1)-(3.3) (proof of Theorem 3.1.1). Section
3 is devoted to the compactness result for solutions (proof of Theorem 3.1.2). The
convergence result for solutions is proved in Section 4 (proof of Lemma 3.1.1 and
Theorem 3.1.3).

3.2 Existence and uniqueness of a global, bounded
solution : Proof of Theorem 3.1.1

Proof of Theorem 3.1.1. In order to apply semigroup theory, we rewrite the system
(3.1)-(3.3) as an abstract Cauchy problem. For this and as in [5]|, we introduce the
following spaces and operators. Let Agr : D(Agr) C L*(Q2) — L?(Q) be the Robin-
Laplacian defined by

Aru = Au with domain D(Ag) = {u € H*(Q)| d,u +u =0 on I'}.

This densely defined operator is injective and self-adjoint. Moreover, it can be ex-
tended to a continuous linear operator Ag : H*(Q) — HY(Q) via the duality

(_ARuyv)Hl(Q)/,Hl(Q) I/VUVU+/ tu tU do.
Q T

From this equality one sees that the negative Robin-Laplacian is positive. Hence, we
can define its fractional powers. From [9] we have D((—Ag)z) = HY(Q).
Let R : H5(I') — H*t2() be the Robin map which is defined as follows :

Ag=0 in Q

Rp=q&
p=4 {q+8l,q—p on I'.

It is well known (see |5]) that R is continuous for every s € R, and that the following
trace result holds true :

N

R*Agv = —"v, for all v € H'(Q) = D((—Ag)?).

Now we introduce a nonlinear operator A on H with the domain

D(A) = {(u,v) € H*(Q) x H'(Q) |u+0,u+v=0 on T}

A( :f ) = < _AR(U+15(IZU)) + |v|* ) .

It is easy to verify that for all (u,v)” € D(A),u+ R(*v) € D(ARg). Then the problem
(3.1)-(3.3) is equivalent to

i) () ()= (0)

by setting
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Since |v|*v considered as a mapping from H'(Q) into L*(Q) is bounded, hemi-
continuous and monotone, then similarly as in [5] one can check that A is mono-
tone on H and the range of I + A is H. Thus, A is a maximal monotone ope-
rator. Moreover, it follows from the Remark 3.1.1 that the operator C(u,v)’ =
(0, f(x,u))T is locally Lipschitz continuous from H to H. Hence, by nonlinear semi-
group theory (see, for example, |1, Theorem 2.2, p.131]), for every (ug,u;) € D(A)
and every g € H. (R™;L?*()) there exists a unique strong, maximal solution
(u,ug)T to (3.1)-(3.3) on the interval [0,%,,4,). Moreover, if t,,., < 0o, we must
have limg -, || (w, w)||3 = +o0.

For a strong solution u, and for every ¢, t' € (0, {42 ), t' < t, an integration by parts
yields the standard energy inequality (3.5). It follows from condition ( F2) that

| 1P )l < O ul),

where C' > 0 is a constant depending only on the constants from condition ( F2) (in-
cluding the norm || f(-,0)||r=) and the constant of the Sobolev embedding H*(2) —
LF2(Q). Tt follows from this inequality and the definition of &, that there exists a
constant C; > 0 which is independent of the initial data such that

Eu(0) < O (1l |7+ luo1357)- (3.10)

On the other hand, by using condition (F3), one easily shows that there exists a
positive constant Cy depending on A and A, and a positive constant C'3 depending
on f and the measure of 2 such that

1), w()||2, < Cobult) + C for every t € (0, ). (3.11)

We combine (3.5), (3.10) and (3.11) to obtain the a priori estimate

N Calt), ()1 + / luglZds < Ca (14 oy 2t o 1242 / ol (312)

for every t € (0, t4s), where Cy > 0 depends only on the constants C;, Co, C3 and
on «, but is independent of the initial data and of t,,,,. This a priori estimate gives
that ¢,,,, = 00, that is, there exists a global strong solution. In addition, by the
decay condition (3.4) on the function g, this global, strong solution is bounded.
We next show the continuous dependence of strong (and then also weak) solutions
on the data. Let u# (u = 1, 2) be two strong solutions of (3.1)-(3.3), corresponding
to the initial data (uf,u}) and the forcing terms g#. Setting w = u' —u?, g = g* — ¢,
one has

wtt+|ut‘a |ut|a Aw+f(:1:,u1)—f(a:,u2):g1n (0,00)XQ,
d,w+w~+w, =0 on (0,00) x T, (3.13)

w(0) = ug — ug, wi(0) = uy —ui.
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We multiply the equation (3.13) with w; and integrate over €2, in order to find that

d1 N N
55(HwtH§+HVwH§+HwtH%)+HwtH%+/Q(!ut1\ up — fug]"ug) (g — ug) da

+ [ () = el =) do = [ guids

Integrating this equality over (0, t), using the monotonicity of the function s +— |s|*s
and the fact that the Nemytskii operator generated by f is locally Lipschitz conti-
nuous from H'(Q) into L?(Q) (note that u! and u? are bounded in C(R™, H'(Q))
by (3.12)), we obtain

1 t t
SOl Hw () ) + / w2 ds < C / ()12 s+

! I 1
0 [ ds+ 5 [ Nat6)1E ds + 5w O+l

From this inequality and Gronwall’s lemma we infer that, for every ¢ > 0,

t
||wt(7f)||§+||w(t)||§p(g)+/0 [“ul |7 ds
1 t
§§€Ct(/0 lg(s)13 ds+Ilw(0)|5+[1w(0)]Fn). (3.14)

The uniqueness of strong solutions is an immediate consequence of this inequa-
lity. However, it also allows us to prove existence and uniqueness of weak solu-
tions. In order to see this, note first that the domain D(A) and H} (R*; L*()) are
dense in H'(Q) x L?(Q2) and L2 (RT; L*(Q)), respectively. Hence, given (ug,u;) €
HY(Q) x L*(Q) and g € L} (Ry; L*(Q)), there exist sequences ((ufj,u})), € D(A),
and (¢"), C H.,(RT; L*(Q)) such that

loc

(uf, u) — (uo,uy) in H'Y(Q) x L*(Q), and ¢* — g in L (RT; L*(Q)).

Let, for each p € N, u* be the unique strong solution to (3.1)-(3.3). By the esti-
mate (3.12), (u”, ‘u}) is uniformly bounded in Cy(RT; H*(Q)) N CH(R™; L*(Q) x
L*(R*; L*(T")). Moreover, by the estimate (3.14), (u#, 'u}') is a Cauchy sequence
in C(RT; H'(Q)) N CY(RT; L?(Q)) x L*(R*; L*(T)). Let u be its limit. Then clearly
u(0) = ug and uy(0) = g, so that u is a weak solution to (3.1)-(3.3). We have thus
proved existence of a weak solution. However, from the definition of weak solutions
as locally uniform limits of strong solutions one easily sees that the energy inequa-
lity (3.5), the estimate (3.12), and the a priori estimate (3.14) remain true for any
weak solution, respectively any pair of weak solutions; in particular, we have proved
property (73). The uniqueness of weak solutions is again an immediate consequence
of the a priori estimate (3.14). From the estimate (3.12) we obtain that every weak
solution is bounded with values in H (property (72)). Moreover, the properties in
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(T1) are immediate consequences of the energy inequality and the boundedness of
weak solutions. Finally, in order to prove the variational equality ( 7//) we note first
that this equality is satisfied pointwise (in time) for any strong solution. However,
by using again that weak solutions are locally uniform limits of strong solutions, one
sees that this equality remains valid for all weak solutions. O

3.3 Compact range of global and bounded solutions :
Proof of Theorem 3.1.2

In this section we obtain a compactness result which generalizes the previous re-
sults in [10] to the case of dynamical boundary condition. The major difference with
the result of [10] is the fact that the convergence of g to 0 provides an integrability
result on some power of wu;, (property (77) in Theorem 3.1.1).

In order to prove Theorem 3.1.2, let us list two lemmas. Let X be a (real) Banach
space equipped with the norm ||-||x and let S*>(R™*; X) be the Stepanov space defined
by

t+1
SR X) = {9 € LR X) sup [ lg(o)l ds < oo}
te t

For any h > 0, t > 0 and any g € S?(R*; X) we denote by ¢"(t) the difference
g(t +h) — g(t) and we say that g is S'-uniformly continuous with values in X if

t+1
Sup/ g™ (s)|I% ds — 0 as h — 0.
¢

teR+t

Lemma 3.3.1 ([3]). Assume that [ satisfies (F2) and that g satisfies (3.4). Then
the source term H(t) = g(t) — f(t,u) is S'-uniformly continuous in L*(Q) and
H € S*(R*, L*(Q)).

Lemma 3.3.2 ([10]). Let X, Y be two Banach spaces endowed respectively with the
norms ||-||x and ||-||y. Assume that X is compactly embedded into Y. Then :
(a) If u : RT — Y is uniformly continuous and

t+6
sup | [ a(s) dslx < o
t

+>0,6€[0,1]

then U,so{u(t)} is relatively compact in Y.
(b) If u € C*(R',Y) is bounded with values in X, and if u' is uniformly continuous
with values in Y, then |J,5o{w'(t)} is relatively compact in'Y'.

Proof of Theorem 3.1.2. We proceed in two steps.

Step 1. We show that the function (u(t), u;(t)) is uniformly continuous with values
in H'(Q) x L*(Q). For all t > 0, h > 0 we let u"(t) = u(t + h) — u(t). Since
u; € LOT2(RT, LoT2(Q)) and g(t) — f(t,u) € S*](R*, L?(Q2)) we have

t+1
sup / ||y — Au||a;+rz ds < C. (3.15)
t a+1

t>0
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From this estimate and the fact that 'u; € L*(RT;L*(T")) we deduce easily the
inequality

/t ()12 ds < /t (ful(s), “u(s))ar ds + (Vul(s), Vat(s))s ds

t+1
S/ g (112 ds+ g ()|l () |+l (¢ + Dl2llu(t + 112
t

+Cysup [["u” o0 + C sup [u" a2
[t,t+1]

t+1
< [ b s) 13 ds -+ s sup [(u"a + Co sup [ osa
t [t,t41] [t,t+1]

where Cy, C3 do not depend on time ¢. Since (uy, ‘u;) € LOT2(RT; LoT2(Q)) x
L*(R*; L*(T)), then (u, 'u) is uniformly continuous from R™ into L**2(Q) x L*(T).
Using this and the last inequality, we obtain

t+1 t+1
[ I ds < [l s)1E ds -+ oa(h) (3.16)
t t

where ¢1(h) — 0 as h — 0.
Moreover, since u; € L*T?(R™; L*T2(Q)), then we have

t+1 , t+1 i L,
[ < ([ o a)
t t
<o [Tz om0 (@)
0

Actually, the fact that the right-hand side of this inequality tends to 0 as h —
0 is nothing else than the fact that the left-translation semigroup on the space
Lot2(RT; LoT2(Q2)) is strongly continuous. This property follows easily for com-
pactly supported, continuous functions u from the bounded convergence theorem.
The strong continuity for arbitrary functions in L*™(R™; L"2(Q)) then follows from
a density argument. By using the preceding inequality and (3.16), we obtain

t+1
/ 16 (5) 2 ds < Sa(h) (3.18)
t
where ¢o(h) — 0 as h — 0.

Now we introduce Kj(t) =[luy (t)[|3+]u" ()]} q)- Using Lemma 3.3.1, it is easy to
deduce that for any ¢ > 0 and 6 € [t,t + 1]

&ﬁ+n—Ku@sc/‘u@—ﬂmMW@M@
t
< ¢3(h), where ¢3(h) — 0 as h — 0. (3.19)
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In the other hand, combining (3.17) and (3.18), we get
t+1
/ Kn(0) d0 < 6a(h), where ¢a(h) — 0 as h — 0.
t

Then, by integrating (3.19) over [t,t + 1] with respect to 6, we obtain

t+1
Kp(t+1) < ¢3(h) +/ Ki(0)df < ¢5(h),

which tends to 0 as h — 0. This concludes the proof of Step 1.

Step 2. We show that (u,u;) has relatively compact range in H'(Q) x L*(Q2). By
applying Lemma 3.3.2(b) with Y = L?(Q) and X = H'(Q), we obtain immedia-
tely that (J,oq{u(t)} is relatively compact in L?(£2). To prove that [, {u(t)} is
relatively compact in H*(€), we remark that -

t+h t+h t+h
ug(t + h) — w(t) — /t Au(s)ds +/t |ue|“uy ds = /t (9(s) — f(z,u(s)))ds

By using (F2), Lemma 3.3.1, the property that u; € L*T2(R*; L®2(Q2)) and the
fact that (u,u;) is bounded in H*(Q2) x L*(Q), we obtain

t+6
sup || / Au(s) ds|az2 < co.
t>0,6€(0,1] Jt at1
By applying Temma 3.3.2(a) with ¥ = H*(©) and X = {9 € H'(2); A6 € L5},
we obtain the claim. -

3.4 Convergence of global solutions : Proof of Lemma
3.1.1 and Theorem 3.1.3

In the following proof we identify the dual of H'(Q) through the embedding
J: HY Q) — L*Q) x L*(T), u — (u, 'u) and the identification of L?(Q) x L*(T)
with its dual. In particular, pairs (g, h) € L?(2) x L*(T) act as linear functionals on
H'(2) via integration on € and on the boundary T :

un—>/ug+/ fuh.
Q r

For simplicity of notation, we identify single elements g € L*(Q2) resp. h € L*(T)
with functionals on H'(Q) by identifying them with the elements (g,0) and (0, h),
respectively.

Proof of Lemma 3.1.1. From (T2) we have that u; is bounded in L?*(€2). Then |u|%u;
is bounded in L%H(Q) Note that if s € R is such that %a < s, then the space
H?*(£) is continuously embedded into L%(Q), which implies that L=+t () is conti-
nuously embedded in H*(Q2)’. It follows that |u;|*u; is bounded in (H*(£2))". Then,
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by this, the growth assumption (F2), and the equation (3.1), we obtain that wuy
is the sum of a function which is bounded with values in H*(Q2)’, and a function
which is square integrable with values in H*(Q2)". Hence, w; is uniformly continuous
with values in (H*(Q))’. By using this and the fact that u; € L¥™(R*, (H*(Q))") we
deduce that tli)rélO”UtH(Hs(Q))/ = 0. Using the relative compactness of the range of the

function u; with values in L?*({2), we obtain (i).
Now we rewrite (3.5) for all ¢, ¢ e RT, ¢t <t :

1
EL(t) — OH_ / /|u |o+2 dxds—i—/ /ltu ? dods <

a+1 at2
< ot ds. (3.20
<) ngrﬁ 5. (3.20)

Let ¢ € w(u). Then there exists an unbounded increasing sequence (¢,) in R such
that u(t,) — ¢ in H'(Q). Using (i) and the regularity of F, we obtain
Eu(tn) — E(¢), as n tends to infinity. (3.21)

at2

On the other hand, by (3.4), we have tlim [ Ng(s)| gi; ds = 0, and by (T1) we have
hm ft (lue(s) o3+ "uell3.p) ds = 0. Then, from (3 20) and (3.21) we obtain

Eu(t) — E(¢), as t tends to infinity.
Finally we have (using the definition of &,(¢) and property (i))

E(¢) = tlim E(u(t)) = Ex for all ¢ € w(u),
and the property (ii) is proved.
Moreover, since u; € L*T2(RT, L*T2(£2)) we obtain

tn+s
u(ty, +s) = u(ty,) +/ wy(p) dp — ¢ in L*T*(Q), for every s € [0,1].
tn

This, together with the relative compactness of the trajectory in H'(2), implies that
u(t, +s) — ¢ in H'(Q) for every s € [0,1]. Hence E'(u(t, +s)) — E'(¢) in H ()
for every s € [0,1]. Finally, using the dominated convergence theorem, (T4) (that
is, the variational equality (3.7)), (T1), (i), and (3.4), we have for all » € H'(Q)

1
(E'(#), V) vy, @) = / (E'(6), )y 11 (o) ds
0
1
= lim (E/(’U,(tn + 8)), w)Hl(Q)/’Hl(Q) ds

n—oo

= lim 1 (/QVu(tn + s5)V dx + /Q f(z,u(t, + $))¢ dz +/F fult, + s) 1 da) ds

n—oo 0
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n—oo

_ /F gt + 8) T da)ds
=i [ [ ([t e+ v ds = [ tutta+s) ' do)as
+ [ lta) = lty + 1) o]

1
= lim i (— %/g)“t(tn+3)¢d$—/§2(|ut|aut — g)(tp + s)¢ dx

This proves (iii) as desired.
[

Proof of Theorem 3.1.3. Let € be a real positive constant which will be fixed in the
sequel and let G : R™ — R be the function defined by

G(t) = %Ilut(t)H% + E(u(t)) = B + ellu(®) |5 (B (u(t)), we(t))«+

n / " (g(s).ur(s))2 ds + e+ 1) / )29 ds.

Then we have

d (6% e (e
70O = Ml ST wllor + el (B (w)uw, w)s + ellue][2 (B (u), w)-

o fJu|277 (B (u), ue)« (e, u)e — (e + 1) e 2|9l
= el o=l uellzr + elluell2 (B (wue, ue)« — ellue |2 E' ()13
+ )

—elluall2(E" (w), ue| o)« + elluell2 (B (w), 9)x — elluel|3 (B (u)," u).

*

= —oeluel2H(E (W), e (e, Jue|"ue) — o fJue |27 (B (w), we)?
o fue[37 (B (w), ) (e, ) — 0| 272 (B (), ) (e, )

—e(or+ 1)l 2|92

IA

—lluellaiz—lluells r — elluel 2IE" @2+ e (@ + a)luell211E" ()] | ute 2|
+e(L+ )l 2] E (@)llllghe + 7 llul w2
el 2B )l uells + elluell2 (B (wyue, we). — (o + 1)l |39

d
The subsequent simple lemma will be used in the estimates of aG(t).

Lemma 3.4.1. There exists a constant C' > 0 such that, for every t > 0,
1

El . @ . < -
2 Gl < 3

1B ()l + Cllull235,
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and
||Ut||$(E”(U>Ut7Ut)* < C|ug] 313

Proof of Lemma 8.4.1. Since u is bounded in H'(2) then E’(u) is bounded in H'(Q)’.
Let Cp =1+ sup||E'(u(t))]|«. Using Young’s inequality, we obtain

teR+t
1B () [l [Jre] “e ]| < ;HE”(U)H“+2 + CfJue|*u Hgﬁﬁ
1

< E/ 2 C a+2

< ) E W+ Clulzis
where we have used the fact that

a+2 9
(e e[ €77 < Clluel|ai3, (3.22)

for all a € [0, 5[ This can be proved as follows :

— If N <2, by the Sobolev embedding Lot — H'(Q)" we get
« %ﬁ « at2 a+2
e[l < C[fJue[ el asz ) o < Cllu[|g.

— If N > 3, once again by the Sobolev embedding Lz HY(Q)" we get

a+2
e el 3 < Clluel S - (3.23)

N+2

Since v € [0, x5 [(N > 3), it follows that QNA([T;U < a + 2. Consequently L>T2((2)
2N (o
N+2

“. This together with (3.23) implies (3.22).

is continuously embedded in L

In order to prove the second estimate, let L : H'(2) — H'(Q2) be the linear
operator associated with the inner product on the space H'(Q) and let K = L.
We equip H'(€2)" with the inner product

(91792)* = (K917K92)H1(Q)7 g1, 92 € Hl(Q)I-
Then for all u € L*(Q), v € H' (), we have
(u, Kv)a = (u, Kv) gy a1 = (LKu, Kv) gy mio) = (Ku, Kv)pgig) = (u,v),.
Moreover, for all u € H'(Q),v € L*(Q2), we have

Ko E"(u)v=v+ Ll(g—i(x,u)v) in L*(9).

From this, the growth assumption on f and the Sobolev embedding theorem, it is
not difficult to deduce that the operator KoE"(v) € L(H'(Q)) extends to a bounded
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linear operator on L?(2) for every v € H'(Q), and K o E” : H'(Q) — L(L*(Q2))
maps bounded sets into bounded sets. Then

(E"(wyus, up)s = (K o E"(u)ug, ur)s <K o B (w)l|zzzaplluslls < Clluell3

and
Jel| 2 (B (w)ug, we)oe < Cllugl|S [Juells < Clluel|05

[
By using this lemma, the estimates
El . . < - E/ 2 1 2 d
1" (u)[l<[lgl < e IE (w)[ls + (a+ Dlg]ls an
1 1
1B (@)l < ZIE @) wellz < ZIE @12+ Clf el
and the fact that ||u||o < 1 for ¢ > T, choosing € > 0 small enough, then
d a
—G() < =Cllufl {5+ E' ()2} = Cll w5 (3.24)
Then the function G is nonincreasing and 1tlim G(t) = 0. It follows that G(t) > 0 for

all t € RT. If there exists Ty > T such that G(T,) = 0, then G(¢t) =0 for all t > T,
. By the inequality (3.24), the function w is then constant for ¢ > Ty, i.e., u = ¢ for
t > Ty. In this case, there remains nothing to prove. We may therefore suppose in

the following that G(t) > 0 for every ¢t > T.

2
Let y =a+1+ 5(0511). Then (1 — ;%) > 1 and there exists ¢ > 0 such that
a

Y(1 —0) > 1for all 0 € [;%5, ;%5 + ([ In particular there exists 0y such that
=5 < 0o < inf{0, ;%5 +(} that is 6y > (1 — ) and (1 — ) > 1. Note that (3.9)
is satisfied with 6 replaced by 6.

Now, let § =60y — a(1 — 6y). Then 5 > 0 and

1d e
“ga )= ey

(3.25)

By applying the Cauchy-Schwarz inequality we obtain

G(1) " < Cf a3 + [B(u) = Bacl 17000 | D00 5 1) )

+ (/too (9, ue)e| ds)(l_%) + (/:Ougug ds>(1_90)}. (3.26)

By Holder’s inequality,
[eS) o) a+2 © 9
([Tl as) < ¢ [Tlgl s+ [l as
t t @ t

§0(1+t)‘”+/ | ue| 213 ds. (3.27)
t
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On the other hand, let

2(0) = 3wl + B(®) - Bxt [ (uds.  (329)

The function Z is positive, tlggo Z(t) =0 and
Z'(t) = —["uellz = lluellofz-
Then - - -
[l ds+ [Clulsizas=— [ 2 ds= 2. (329)
By combiningt(3.27), (3.28) an(; (3.29), we obtain t
Vgl ds < €007+ CG g + B(®) - B). (330
Moreover, by (3.4) we have
/OO||g||§ ds < C(1 4 1) 020429 < (1 4 £)77, (3.31)
t
Then, by combining (3.26), (3.30) and (3.31), we obtain

G(t)l—eo < C«{Hutng(l—eo) + |E(u) . EOO|(1—6’0) + (1 + t)—v(l—eo)

DO a1 .

By Young’s inequality, we have
)=t

©HIE )]

Moreover, by Lemma 3.1.1 (i), we can assume that ||ul[o < 1 for all ¢ > T. Note
that 15% > 1 and 2(1 — ) > 1. It follows that

o _ B (a1
g | SFDENE () [ ) < ||

G(t)' =" < C{||ut|!2 +|E(u) — B[4+ E'(w)]]+ + (1 + t)—vu—eo)}

Using (3.9), we obtain for every t > T

G(1) " < C{Julla I E' @)l + (145700 L (3.32)
Then, by combining (3.24), (3.25) and (3.32), we obtain for all ¢ > T

d
_C= B - >
C GO+ gy 2

N S Ol T
= el E @) + (T + @Dy ™ {1+ )i

el e 3+ L () 12+ |
= Wl TE (@)l + (L4 ey @-Dyree ™ (T ppi-on

where C® > 1 is such that [lu,[|* < <-||u||$. Now we use the following lemma.
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Lemma 3.4.2 ([3]). Let A, a, b, ¢ € RT be such that a4+ b+ ¢ > 0 and 2A* < a®.
Then we have

A%(a + b)?

a l-a
(@tbroen ez A

We use this lemma with A = &||u|+, a =||u|2, b =[|E'(u)]|, and ¢ = (DR

Then we obtain

d 1

~C(GE)) + > Cllua?lluells™ = Cllue]l.. (3.33)

(1 + ¢)v(1=0o) =
Hence, by integrating (3.33), we obtain for every ¢ > T

C
(1 + T)(—fo)—1°

t
/ luelle ds < CG(T)? +
T

Thus ||u]|« is integrable on [T, 4+00), which implies that tlim u(t,.) exists in (H'(Q))".
By compactness (Theorem 3.1.2), 1tlirn u(t,.) exists in H'(Q2). This is the claim. O
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Chapitre 4

Well-posedness and asymptotic
behaviour of a nonautonomous,
semilinear hyperbolic-parabolic
equation with dynamical boundary
condition of memory type

4.1 Introduction

The main purpose of this work is to study the existence and the asymptotic
behaviour of global weak solutions to the semilinear degenerate wave equation with
boundary conditions of memory type given by

Ky (2)uy + Ko(x)ug — Au+ f(x,u) =g in RT x Q,
Ou+ p(r)u+ k * up = go on Rt x T, (4.1)
U(O) = Ug, V Klut(O) = Klul.

Here, Q@ C RY (N > 1) is a bounded open connected set with smooth boundary T, v
denotes the outer normal vector to the boundary. The coefficients Ky, Ky € L>®(Q),
p € Whe(T) and k € L}, (R") are nonnegative functions, Ky(x) > ko > 0, p is not
identically zero on I',and k xv stands for the convolution on the positive half-line,
that is, (k * v)( fo (t —s)v(s) ds (t > 0).

The boundary condltlon arises in mathematical models for the motion of viscoelastic
materials. For such materials, the feedback operator is a convolution operator in
time. We consider also the case in which the kernel is singular; a typical example

for the kernel k£ we have in mind is given by
1
k()= ———=t e (B€(0,1), w>0), 4.2
0= 575 (3 € (0,1), w>0) (42)

where I' is the Gamma function.
The nonlinearity f = f(x,u) : @ x R — R is assumed to be a C? function satisfying
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the following assumptions :

(F1) The function f is analytic in the second variable, uniformly with respect to
x €  and u in bounded subsets of R,

(F2) One has f(-,0) € L>*(Q), and there exist constants p > 0 and a € (0, 1),
(N —2)a < 2 such that :

o
ou
(F'3) There exists A < A; and C' > 0 such that for every u € R and every = € (,

(x,u)] < p(1+ |u|®) for every u € R, z € Q.

2

F(z,u) > /\——C’

where F(z,u) = [ f(z,s) ds (x € Q, u € R), and A\; > 0 is the best Sobolev
constant in the followmg Pomcare type inequality

[1vuk+ [u@if =x [ o @e m@),

We study well-posedness of the equation (4.1) in the energy space H = H'(f2) x
L?(Q) and the asymptotic behaviour of weak solutions when ¢t — oco. In particu-
lar, for every initial values in the natural energy space we prove the existence and
uniqueness of a global, bounded solution of (4.1). In addition, we prove that every
global, bounded solution has relatively compact range in . Then, by using a new
Lyapunov functional and the Lojasiewicz-Simon inequality, we show that if ¢g; and
g2 tend to O sufficiently fast at infinity, then the solution of (4.1) converges to a
single steady state. Finally, we show that the decay rate to equilibrium is either
exponential or polynomial.

Concerning existence of solutions, we carefully note that the function K; may
vanish on €2 or on a subset of Q2. Equation (4.1) thus includes the semilinear diffusion
equation (K7 = 0), the semilinear wave equation (K; = 1), and mixed hyperbolic-
parabolic problems (K7 > 0). In our existence proof below, we shall first replace
K, by K; + ¢ and prove existence of solutions for this perturbed, purely hyperbolic
problem by means of a Faedo-Galerkin method. We shall further obtain a priori
estimates for the solutions which are independent of € > 0, in such way that we
can pass to the limit when ¢ tends to zero, obtaining thus a function w which is the
solution of the problem (4.1). By derivating the equation with respect to time, we
shall also prove the existence of strong solutions if the data are regular enough.

We recall that the basic argument in the proof of the convergence results is
the Lojasiewicz inequality which was generalized first by L. Simon [19], then by
A. Haraux and M. A. Jendoubi [14, 16, 17] (see below for the definition of the
Lojasiewicz-Simon inequality).

Concerning the convergence to steady state for nonlinear equations with memory
there is a technical difficulty consisting in proving that the solution of such problems
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are bounded and have relatively compact range in the natural energy space. However,
the more complicated problem is to find an appropriate Lyapunov functional in
order to investigate the asymptotic behaviour of global, bounded solutions. For the
type of kernel k£ and nonlinearity f as above, we note that there are up to now
two techniques to construct an appropriate Lyapunov functional which allows one
to apply the Lojasiewicz-Simon inequality in order to obtain a convergence result.
The first technique goes back to C. Dafermos [10], and this technique was recently
adaptated by S. Aizicovici and E. Feireisl [1] in order to obtain a convergence result
for a phase-field model with memory (see also S. Aizicovici and H. Petzeltova [2]),
and then by R. Chill and E. Fagangova [8] in order to obtain a convergence results
for the wave equation, where the dissipation is both frictional and with memory :

g +up + k*xup — Au+ f(z,u) =0in RT x Q.

Recently, R. Zacher and V. Vergara [20] have developed a second technique to find
Lyapunov functions for ordinary differential equations, in finite-dimensional spaces,
of order less than 1, and of order between 1 and 2 in time, which combined with the
Lojasiewicz inequality leads to a proof of convergence of global, bounded solutions
to a single steady state.

In [22], Zacher has proved that, still in the finite dimensional case, the dissipation
given through the memory term is strong enough to guarantee convergence of global,
bounded and regular solutions of the following second order equation

i+ k+xu+ VE(u) =g,

when the nonlinear potential F satisfies the Lojasiewicz inequality. In his proof,
Zacher used the Yojasiewicz inequality together with the method of higher or-
der energies. In this direction it is important to mention to work of F. Alabau-
Boussouira, J. Priiss, and R. Zacher [3], too, where the autonomuous, linear case
(f =Ky=g1=g¢2=0, K; =1) was studied under the same boundary condition.

Concerning the nonautonomous, nonlinear case, the source terms introduce non-
standard difficulties. The convergence proof given here is direct and naturally gene-
ralizes the autonomous case, without using the additional discussion from R. Chill
and M.-A. Jendoubi [9] or the additional integral lemma from S. Z. Huang and P.
Takac [15] (see also E. Feireisl and F. Simondon [11] and the author article [21]).

Remark 4.1.1 (Related boundary conditions). For the well-posedness of the Robin-
type problem, we assume that the coefficient p on the boundary is not identically
zero almost everywhere on I' (with respect to the surface measure). However, the
following variants of (dynamical) boundary conditions may also be studied. Assume,
for example, that I' = Ty U Ty for two closed, disjoint subsets Iy, I'y C I'. Then the
results of this paper (existence and uniqueness of global, bounded solutions, relative
compactness of their range in the energy space, convergence to equilibrium and decay
rate estimates) still hold for the following boundary condition

{u:O on Rt x Iy,

(4.3)
O+ p(r)u+k*xu =g onRT x Ty,
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where ;€ WH(T'y) is such that

{if Iy # 9, then u >0, (4.4)

if To= @, then p is not identically zero almost everywhere on T'y.

Also, the results of this paper still hold when the boundary feedback is both frictional
and of memory type

u=20 on RT x Iy,
(4.5)

Ou—+ p(r)u+b(x)uy + kxup =go  on RT x Ty,

where b is a nonnegative function on Ty and u € WH(T'y) satisfying (4.4). This
boundary condition has been studied in [3], when g = 0; see also [21], when the
feedback is only frictional (that is, k =0).

An other boundary condition, with more reqular kernels, has been studied by several
authors (see, for ezample, M. L. Santos [18], M. M. Cavalcanti et al. [6, 7] and the
references therein), namely the boundary condition

(4.6)
u+h*x0,u=0 onR"xT;.

{ u=>0 on RT x Ty,
Here, the relazation function h belongs to W1H>(0,00) and is assumed to be positive
and non-increasing. By differentiating the equation (4.6) and by applying the inverse
Volterra operator, we obtain

du = —p(ut + k1 (0)u — Ky (t)ug + K * u) on Rt x Ty,

1

UL and ky 1s the resolvent kernel satisfying

where p =
ki + ph! x ki = —ph'.
Observe that

d
ki xu = %(lﬁ s u) — ki (0)u = ky *up + ki (t)ug — k1(0)u.

Then, the boundary condition (4.6) can be rewritten in the following form

(4.7)

u=>0 on RT x Ty,
8,,u+put+pk1*ut20 OHR+XF1,

which is a particular case of the boundary condition (4.5).

Throughout the following :

— The inner product (respectively the norm) in the spaces H'(Q2), H*(Q2), L*(Q)
and L*(T') is denoted by (-,-)m1q), (+,)ss (+,-)2, and (-,-)r (respectively, by
-l errs [1-ll+s [Ill2, and ||[lr). The norm in LP(2) is denoted by |||,
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— We denote by C' (sometime C;) a generic positive constant which may vary
from line to line, which may depend on g¢i, g2, f, and the measure of €2, but
which can be chosen independently of ¢ € R*.

The remaining part of this paper is organized as follows. In Section 2, we state the
assumptions on the kernel and the source terms, and we state the main results. The
existence and uniqueness of solutions to problem (4.1) is proved in Section 3. Section
4 is devoted to the compactness results. In the final Section 5, we prove the conver-
gence of global bounded solutions and we obtain an estimate on the convergence
rate.

4.2 Assumptions and main results

Before stating our main results, we present several assumptions about the initial
data, the source terms, and the memory kernel.

Assumptions on the source terms and the kernel

For the global existence and uniqueness for weak solutions, we assume that the
functions ¢, g satisfy the regularity condition

g1 € LR L*(Q)) and g, € L*(R*; L*(T)), (G1)

and for our convergence result we assume in addition the a decay condition, namely
that there exist constants 7y > 0 and § > 0 such that for all t € R

lon®ll+ [ o +lsh(o) 1) ds < 5o (G2)

Condition (G2) implies in turn that g, € L'(R*; L*(T")), ||g2(t)||r . O and there
exists 7 > 0 such that

[ QB+l B+ ) ds < s G2)

Concerning the kernel £ we suppose that

there exists a nonnegative and nonincreasing kernel b € L}, (RT)

loc
such that b* k =1, and

there are v > 0 and a € L'(R™) strictly positive and nonincreasing,

such that b =a+ v (1 xa).

Remark 4.2.1. (a) Condition (K1) implies that the kernel k is nonnegative.
(b) The conditions (K1) and (K2) together imply that b(t) > by = limb(s) =

§—00

Ylla|lprw+y > 0 for every t > 0.
(c) It follows further from conditions (K1) and (K2) that k € L'(R"). Indeed, since
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k is nonnegative (see (a)), the condition (K1) implies (bxk)(t) <1 for every t > 0.
Using the lower bound for b from (ii) and positivity of k, we see that ||k p1r+) < b
(d) For each ~y > 0 the unique solution of the equation in (K2) is given by ~

a=b—vy(e " xb).

(e) Typical examples for the kernels b and k which satisfy the conditions (K1) and
(K2) are given by

b(t) = gis(t)e™™ +w[l* (gi_se™)(t)] (s € (0,1), w > 0),
k and g are given by (4.2).

In fact, our method can be adapted to the more general case when the kernel &
is completely positive, that is, the condition (K1) can be weakened to the condition
that

(K1’) there exist by > 0 and a nonnegative and nonincreasing kernel b € L}, _(R™)

such that bok(t) + (b k)(t) = 1 for all t > 0 (see [22]).
This condition allows one to include the nonsingular case § = 0 in the example
(4.2). In particular, our results are still valid for k(¢t) = e™™* (¢ > 0, w > 0).

Existence and uniqueness of global, bounded solutions

Throughout the following, a function u : R™ — H?(Q) is called a global strong
solution of (4.1), if

loc loc loc

Kiu, € WES(R; L2(Q)),

{ u € Lig (R HA(Q)) N W, (R HY(Q)) N W22 (R L2(Q)),
loc
if it satisfies the initial conditions u(0) = wy and (K1)zu,(0) = (K1)zu, and if
it satisfies the differential equation (4.1) almost everywhere on R*. A function u €
C(R*; HY(Q))NW,22(R*; L2(Q)) is called a global weak solution of (4.1), if it satisfies
the initial conditions u(0) = ug and (K;)2u,(0) = (K;)2u;, and if there exists a
sequence (u*) of strong solutions such that
't — in C(R*; HY(Q)) N W,22(RT; L2(Q)),

loc

1 1
Kiul' — KZuy in C(RT; L3(Q)).

Our first main result, which establishes the global well-posedness of the equation
(4.1), reads as follows.

Theorem 4.2.1 (Existence and uniqueness of global, bounded solutions). Assume
that the function f satisfies the conditions (F2) and (F3), and that the kernel k
satisfies the conditions (K1) and (K2).
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(I) Strong solutions : Let

g € WEARY: L*(Q)) and g5 € LL (RT: H(T)) N W2A(RT: L)), (4.8)

loc loc loc

and let the initial values (ug,ui) € H?(QY) x H*(QY) satisfy the compatibility
conditions

{‘Aw+fmmw—gﬂD—KW1i"Q’ (4.9)

dyug + p(z)ug = g2(0) on T.

Then the problem (4.1) possesses a unique, global, strong solution.

(II) Weak solutions : Let g, and gy satisfy the reqularity condition (G1) and
let (ug,u1) € D, where

D = {(ug,uy) € H'(Q) x L*(Q); (4.9) is holds }. (4.10)

Then the problem (4.1) possesses a unique global weak solution w. In addition,
this weak solution satisfies the following properties :

1
(T1) (u, KZuy) is bounded in H*(Q) x L*(Q).
(T2) (u;,v) € L*(R™; L2()) x L*(R*; L*(T), where v = 4L (k* (u — up)).
(T3) Let G : RT — R be the energy of the solution u given by

1 1 1
G(t) :i”Kfut”% + E(u) + 5(1*”1}”% — (go,a xv)p+
to [ lla(s)l3 ds + d/ (lg2()I7+lg2(s)MIF) ds.
2ko J, ]

where d =||a|| 1 (r+) max(y,y ). Then G is nonincreasing and
ko
2
(T4) The following variational equality holds for all ¢ € H'(Q)

d boo Y
ZG(t) < =D lwill3 = Zlollf — Jaxlol, ¢ > 0. (4.11)

%/ﬂKl(az)utgb da:+/QK2(a:)ut¢ d:p—l—/QVqub dx+

+/Qf(:v,u)¢ diE—i—%/F(k*(u—Uo)W) dc7+/F w(x)up do

:/legzﬁda:nL/Fgngda.

Remark 4.2.2. (a) When Ky, > C > 0, we replace the compatibility conditions
(4.9) by the compatibility conditions

Oyug + p(x)ug = go(0) onT.

(b) Note that for every u; € H?*(2) C L*(Q) the problem (4.9) admits at most one
solution ug € H*(Q).
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Compactness property of solutions

In the following theorem, we state an additional property of global weak solutions
of (4.1) which is of crucial importance for the study of their asymptotic behaviour,
namely the relative compactness of their range.

Theorem 4.2.2. Let u : RT — HY(Q) be a global bounded weak solution of (4.1).

1
Then the function U = (u, KZuy) is uniformly continuous from R with values in

HY () x L*(2), and U5 {U(t)} is relatively compact in H'(2) x L*(12).

The Lojasiewicz-Simon inequality for the underlying energy

Our basic argument in the proof of the convergence result below is the Y.ojasiewicz-
Simon inequality for the energy functional F : H*(Q) — R given by

1 1
E(u) = §/Q|Vu|2 d:B—I—/QF(:v,u) dx + 5/1““(I)|u|2 do.

By the regularity and growth condition on f, the function E is twice continuously
Fréchet differentiable [21]. If E'(u) € H(Q2)' and E”(u) € L(HY(Q), H'(Q2)") denote
the first and second derivative at a point u € H'(2), respectively, then for all ¢,
) € HY(Q)

(B (), ) sy vy = /Q VuVe do + /Q F (o, u)ep da + /F ()t do,

and
0
WWMWmmwmZAVWWW+A£@WWM%£MWWM

The proof of the following proposition — in the case N = 3 — can be found in |21,
Proposition 9] ; the proof for general space dimensions can be easily adapted. Recall
that the norm in H'(Q2) is denoted by || - ||..

Proposition 4.2.1. Under the assumptions (F1) and (F2) on the function f the
energy functional E € C*(HY(Q)) satisfies the Lojasiewicz-Simon inequality near
every equilibrium point ¢ € H(Q), that is, for every ¢ € HY(Q) with E'(¢) = 0,

- 1
there exist By > 0, 04 > 0 and 0 < 04 < 5 such that

E(¢) = BW)['™" < B, | E'(¢) Il

for all ¢ € H'(Q) such that ||¢ — Y| g1y < 0. The number 04 is called the Loja-
stewicz exponent of E at ¢.
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Convergence to equilibrium and decay rate

The following theorem describes the asymptotic behaviour of global weak solu-
tions to the problem (4.1).

Theorem 4.2.3. Let u : RT — HY(Q) be a global, bounded, weak solution of equa-
tion (4.1). Suppose that f satisfies (F1), (F2), and that (g1, g2) satisfies the growth
condition (G2). Then, there exists ¢ € H'(Q), solution of the stationary problem

—AG+ f(w,0) =0 inQ,
O,¢+ pp =0 onT,

such that )
K2 (E) ||+ [lu(t) — ¢llar@) — 0 as t — oo.

From the proof of Theorem 4.2.3 and the differential inequality given below
(Lemma 4.5.2), we deduce in addition that the Lojasiewicz exponent 6 in the
Lojasiewicz-Simon inequality determines the decay rate of the solution w to the
steady state ¢.

Theorem 4.2.4. Let 0 = 04 be the Lojasiewicz exponent of E at ¢, where ¢ is
giwen by Theorem 4.2.3. Then, the following assertions hold :
(i) If 6 € (0,3), then there exists a constant C > 0 such that

lu(t) — @lls < C(1+ t)_g for every t > 0,

where

52{ inf{%5, 4} if (91,92) # (0,0),
5 if (91,92) = (0,0).

1
(i1) If 0 = 5 and (g1, g2) = (0,0), then there exist constants C, k > 0 such that

lu(t) = ollz < Ce™.

4.3 Existence and uniqueness of a global, bounded
solution : Proof of Theorem 4.2.1

In this section, we prove the existence and uniqueness of strong/weak solutions
of the problem (4.1), that is, we prove Theorem 4.2.1. First, we prove the existence
and the uniqueness of strong solutions satisfying the properties (T1)-(T4), when the
initial data and the source terms are sufficiently smooth. Then we extend the same
results to weak solutions by using an approximation argument.

For the convenience of the reader, we recall here explicitly some auxiliary lemmas
which will be used in the proof below. We begin with the subsequent simple lemma
[20, Lemma 2.1].
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Lemma 4.3.1. Let H be a Hilbert space and T > 0. Suppose that k € L}, (RT) is
nonnegative. Then for any v € L*([0,T]; H) there holds

1k = v) (@17 < (kx[[vl3) (1% k)(2)) for a.e. t € (0,T).

The second lemma is due to Vergara and Zacher [20]. It is one key to find a
proper Lyapunov function for the problem (4.1).

Lemma 4.3.2. Let H be a Hilbert space, T > 0, and b € L} (R") be nonnegative

loc
and nonincreasing such that b+ k = 1 in (0,00) for some nonnegative kernel k €

L} (RY). Suppose that v € L*(0,T;H) is such that b*xv € H'(0,T;H) as well as

loc

bx||v||3, € WH1(0,T). Then

(w(t), S ) O > 5 5 el 1) + 2hOl R, for ae. t € (0.T).  (412)

Remark 4.3.1. (a) Under the same assumptions on the kernel b, the inequality
(4.12) in Lemma 4.8.2 is also satisfied for any function v € HY(0,T;H), [20, Remark
2.1].

(b) For the kernels k and b given as in the Remark 4.2.1 (e), the inequality (4.12)
in Lemma 4.8.2 is also satisfied for any function v € L*(0,T;H) such that b*v €
HY0,T;H), [20, Example 2.1].

Proof of Theorem 4.2.1. Existence of strong solution. We transform the pro-
blem (4.1) into an equivalent problem with null initial data. In fact, let us consider
the change of variables

v(z,t) = u(x,t) — ¢(z, t),
where
o(z,t) = up(z) + tus(x).
Due to this change of variables and the regularity of the initial data we get the
following equivalent problem for the variable v :
Kyvy + Kovg — Av + f(z,o+¢) =F in RT x Q,
v+ ux)v+kxv, =G on RT x T, (4.13)
v(0) =0, (K;)20,(0) = 0.

Here,

F = —KgUl + A¢+g1, and
G =92 — (0 + pu(x)o + k * ur).

We note that if v is a solution of the modified problem (4.13) in [0, T, then u = v+¢
is a solution of (4.1) on the same interval.

Since K; > 0, we first perturb the problem (4.13) by the term vy (¢ > 0) and
we apply a Faedo—Galerkin method in order to solve the perturbed problem. Then
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we shall pass to the limit with ¢ — 0 in the perturbed problem and obtain the
solution for the problem (4.13).
Let K. := Ki + ¢, and consider the perturbed problem :
Ky (z)vey + Kovey — Ave + f(z,0- +¢) = F  in RT x Q
Ove + p(z)v. + k*xvy =G on RT x T, (4.14)
v-(0) =0, (K.)2v4(0) = 0.
Let (w;)ien be a total family in H?(Q) which is orthonormal in L?(2), and let V},

be the subspace of H?({2) which is spanned by the first m vectors wy, ..., Wy,.
Consider the following weak formulation of an approximated problem, namely to

find a solution
Usm(t) = Zgzm(t)wm

of the ordinary differential equation

(F1c0z (1), w)a + (Kot (1), w)z + (Ve (t), Vo)o + (f (vem(t) + ¢), w)2

+ ((@)vem (), w)r + /0 Rt = 5) (v (s), w)r = (F,w)z + (G, w)r (4.15)

for every w € V,,
vem(0) =0, oL, (0)=0.
By standard arguments from the theory of ordinary differential equations, one proves
the existence and uniqueness of a maximal solution of (4.15) on some interval [0, t.,].
We show that this solution can be extended to the whole interval [0, 7] by using the
first estimate as follows.
First estimate. Taking w = v.,, in (4.15), we obtain

d 1 1 1 1, 1
—(—HKfav;mH%—\IVvEmH%/F(:c,vemw) dz + =||p2vm|2)+
dt *2 2 0 2

HIKZ 0115 + (k* 0L, vl )r = (Fvl,)2 + (G, vl,)r + / f(Vem + @)uy da.
Q

(4.16)
Let w.p, = k * v.,,. We use property (K1) in order to write
d d
which yields
(k * Uém? U;m)p = (wema E(b * w€m)>F’
Then, by Lemma 4.3.2,
1d 1
(k5 ) 2 5 Ol [2)0) + 5000) e 2 (1.17)
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Using this inequality and the decomposition b = a + (1 * a), we find

1d boo
e 2 2@l RO + S (@t wanl )0 + 2 fwan[2 (418)

where by, = thm b(t) = 7||a||prm+). Using the last inequality, (4.16), and the fact
that Ky > ko > 0, we obtain

d I, 1
GG + 51V 0ml + [ P van+ 00+ g vl

(kv

m?

g

1 boo
+ gaxlwenl) 4 kolloll3 + 52 wernllf + Jarllwen?

< (Fol)e + (Gl + / £ (vem + B)urd. (4.19)

Integrating (4.19) over the interval (0,t), observing that v.,(0) = v, (0) = 0, it
follows that

t 1
SNl Ko [l ds 4 5 IVl 4 [ Flavn + ) dot
0 Q
1, 1 1 beo [* t
b o2+ Lar a2 + 22 / o2 ds + 2 / at{|wom |2 ds
2 2 2 J, 2 J,

/Ot((}", )2+ (G, v0,)r) ds + /Ot/ﬂf(vm + ¢)uy drds + /Q F(z,up) dz.
(4.20)

Next, we shall estimate some terms in (4.20). In fact, by (F3) we have
A
/ F(z,vem + ¢) dx > —§/|Uam + ¢ dz — C > —Cl|vepl|3 — C. (4.21)
Q Q
By the Cauchy-Schwarz inequality and since F € L?(0,T; L*(Q))

k t
[Eatnas < [17Bas+ 2 [z < [gare a
0

Moreover, by Lemma 4.3.1, (K1), and Young’s inequality we have

d
(g> U;m)p = (g7 Eb * wsm)F = (g, %a * wz—:m>F + 7(g7 a * wsm)l“
d
= %(ga a * wam)F - (g/7 a * wam)F + ’Y(Q; a * wam)F

d _
< = (G, axwepn)rHlal pen (VIGIE + 7 19'1E)

i 2
4+ ———|a * Wep,
4||a||L1(R+) H ||F
d i 2
<SG ax wan)e + d(IGIRHIG ) + TarluwanlF, (423)
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where d =|a|| ;1 g+) max(y,77"). Then
t t y t
[ (G te ds < (Goaxwanrtd [ (GIE+IGR) ds+ ] [ axluwenl ds
0 0 0

1 t v t
< qorlwanl + CIGIE +d [ (GIB+IGIR) ds+ ] [ axlwen ds
0 0

1 t
< qorluanl + 3 [ ool +C. (4.24)
0

Also, by the growth condition (F2), Caushy-Schwarz inequality, Young’s inequality,
we have

t t
/ / f(Vem + @)uy drds < C/ /(1 A+ |Vern + T uy dads <
o Ja o Ja
t t
<C+ C’/ /\vsm\lmul drds < C + C/ (Hvem | T l2]Jua||2) ds
<0+0/meﬁDs<0+q/mmwa

0

Combining (4.20)—(4.25), we obtain
3ko
L+ 22 [ ot s+ T wenl + Gl
1 boo t
+ww%m%~5/wm%w+?/wmm%ws
4 2 Jy 1/,

t t
gC(/ [ ds+/ eeml3 oy dsHloamll} +1). (426)
0 0

Observe that

2 ¢ d 2 C2 t 2 ko t / 2
OHUEm”Q =C a”vsm(S)HQ ds < T ”UEM<3)H2 ds + 1 ”Uam<8)H2 ds.
0 0 Jo 0

Using this inequality and (4.26), we obtain
ko t 1 1 1
LB+ 32 [ ekl ds 590l + St v+
0
1 boo t t
4 qaslmlp % [l ds + 7 [ ool ds
4 2 Jy 1/,

t
gc/mm@mﬂmfi@m)
0
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By using this inequality and Gronwall’s inequality, we obtain that

T T
VEE, |2+ / Vel s em 2y + a2+ / o2 ds < o, (4.28)
0 0

where C'r is a positive constant independent of m, ¢, and ¢.

Second estimate. Next, we estimate v’ (0). Indeed, taking ¢ = v (0) in (4.15)
and noting that v.,,(0) = v.,,(0) = 0, we obtain

1K 0 () + (F () — F(0), v (0)2 + (G(0), 2, (0))r = 0.

Using the assumptions on the initial data, we obtain

| K £l (0)]l2 = 0. (4.29)

16 em

Also, taking the derivative of (4.15) with respect to time ¢, taking w = v (t), and
arguing as in the first estimate, we obtain

d, 1. .1,

1 1
_(_HKls em||2 _||v emHQ _HMQU::mHl%‘ + —G*HZEmH%) (430)

2

+ kol[vZ, |13 +

2 e+ Joslenlf + [ £ 0o+ 6) g+ )i

S (:'rlv Ugm)Q + (g/7 U;/m)r7 Where Rem = k * U::,m

Integrating this inequality over the interval (0,¢) and noticing v.,,(0) = v.,,(0) =
||K2 ” (0)]l2 = 0, it follows that

18 em

1 1
IIKfs fmll3 + —||Vvem||2 —||M2vém||%+§a*|lzam||%+

t
ko [ It s +—/Hzemllrds+2/ o lzonl ds <
0

/ / f Vem + (b Vem + ul) dxds +/ ((flav(/s/m)2 + (g 7U</5/m)r) ds. (431)
0

Next, we shall estimate the nonlinear terms of (4.31). For this, by using Holder’s
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inequality and the first estimate, we obtain

//f Vem + @) (UL, + up)v? dads <

<C/ / 14 |vem + &%) (v, + up)vl, dxds
¢

<C [ (14 o+ 017l g Ille) s
0
¢

<C [ (@l + DAl + g lele)
/||v 12 ds~|—C’/||v€m~|—u1|| 2 ds

/||v IE ds+C/||v€m||H1 ds+ C. (4.32)

Again, by the Cauchy-Schwarz inequality and since F' € L*([0,T]; L*(Q2))

/(.7:, Vo) ds<—/ 0" |15 ds + C. (4.33)

Moreover, similarly as in (4.24),

t 1 t
/(g’,vm) ds < Lan|lzam|2 + 7/ a|zom2 ds + C. (4.34)
0 4 4 0

Combining (4.31)—(4.34) and applying Gronwall’s inequality, we obtain

Kﬁwg/wvmww%ml+mmmr/w%mw<@wmw

where C7r is a positive constant independent of m, ¢, and ¢.

Passing to the limit. Using the estimates (4.28) and (4.35), and by passing to
the limit (first m — oo, and then € — 0), we see that there exists a strong solution

€ WEe(RT; HY(Q)) N W22(RY; L2(Q)), Kﬁut e Wh*(R*: L2(Q)). In addition, u

loc loc loc
sat1sﬁes for every ¢t > 0, the inhomogeneous Neumann problem :

—Au = —Klutt — Kgut — f(xyu) + g1 in LQ(Q)’
(4.36)

Oyu = —pu — k * uy + go in Hz2 (D).

The theory of elliptic problems gives us u € L2 (R*; H(Q)).

loc



106 CHAPITRE 4. DAMPING OF MEMORY TYPE

Boundedness and energy estimate for strong solutions : Now, let u be a global
strong solution of (4.1), and let v = k*u,. We take the inner product of the equation
(4.1) with u; in order to find that

d

1
i 5!

‘KQUtH2 + B(u)) + (Ka(2)u, up)s + (v,u)r = (g1, ur)2 + (g2, us)r-
Using that K5 is strictly positive and the Cauchy-Schwarz inequality, we find

d, 1, .1 1 [~
GG I+ B + 5 [ ()18 ) + (b s e

k
< = luell3 + (g2 ). (4.37)

Using the regularity of the strong solution, Remark 4.3.1, and arguing as in (4.18),
we obtain

1d boo v
5 sl + 22 ol + 2

where by, = tlimb(t) = 7|la||L1(m+). Moreover, by Lemma 4.3.1 and by Young’s

(k * wg, ug)r > a*||vHF, (4.38)

inequality, we have (as in (4.23))

d g
(92, u)r < = (g2, @ ¥ v)r + d([lgalle+llg2lle) + JaxllvlE (> 0). (4.39)

QL
~

Combining (4.37), (4.38) and (4.39), one obtains (4.11) for every strong solution. In
addition, from the condition (F2) we have

/ Pz, u0) < C(1+ | 5),

where C' > 0 is a constant depending only on the constants from condition (F2)
(including the norm || f(-,0)|/z~) and the constant of the embedding H'(Q) —
LoT2(Q). Tt follows from this inequality and the definition of G that there exists a
constant C'; > 0 which is independent of the initial data such that

G(0) < Oy (LK fu 3o+ o 1572). (4.40)

On the other hand, by using condition (F%), the definition of G, the boundedness
of go with values in L?*(T"), and the following estimates given by Lemma 4.3.1, that
is,

1
oo, (4.41)

one easily shows that there exists a positive constant C5 depending on A and Aq,
and a positive constant C3 depending on f, go and the measure of {2 such that, for
every t > 0,

(92, % v)r <|lall L@ llg2lIF +

lu(®) 17 o) HIEF we(t)]3 < C2G(t) + Cs. (4.42)
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We combine (4.11), (4.40) and (4.42) to obtain the a priori estimate

L t t
) sy 1w (D)2 + / lue(s)|3 ds + / ()12 ds
0 0
<Cy (14 K Ewn o + uol53) (¢ > 0), (4.43)

where Cy > 0 depends only on the constants C, C5, C3 and on g;, but is inde-
pendent of the initial data. This a priori estimate gives the boundedness of strong
solutions.

Uniqueness and continuous dependence. Next we show the continuous de-
pendence of strong solutions on the initial data. Let u* (u = 1, 2) be two strong
solutions of (4.1), corresponding to the initial data (uf,u)) and the forcing terms
(g, g5) (u=1,2). Setting w = u' —u?, g; = g1 — g%, and g = g3 — g3, one has

Kiwy + Kowy — Aw + f(z,ut) — f(z,u*) =g in RT x Q,
O,w + pw + k x wy = go on Rt x T (4.44)
U)(O) = Ué - u%, \V Klwt(O) = v/ Klu% — Klu%

Let h = k % w;. We multiply the equation (4.44) with w, and integrate over €, in
order to find that

dl, 1+ o 1 S T | )
(Sl + SIVwlE + S bl + SarlhlE - (20 % e+

oo

1 (o)
b [ B ds+d [l +Igh(6) ) ds)+
2ko J, ¢
1 2 1 2 g ko 2 | beo nll2 Y B2 <
+ Q(f(u ) = fu)(uy — i) do + lwellz + = llRllE + ax|lr < 0,

where we have used (4.38) and (4.39), when (u,v) are remplaced by (w, h).
Integrating this inequality over (0,¢), using (4.41), and the fact that the Nemytskii
operator generated by f is locally Lipschitz continuous from H'(Q) into L*(Q) (note
that ! and u? are bounded in C(R", H'(Q)) by (4.43)), we obtain

1 % 2 1 2 1 1 2 1 2 kO ! 2 boo t )
SIEFwils + S IVwllz + Sllpzwllt + <ax([hllp + = [ llwdlz ds+—= [ [[AllF ds
2 2 2 4 1/, 2 J,

[e.9]

t 00

ol 1 ,

2 / as|hl2 ds + —— [ lou(s)II2 ds + d / (o)t l1gh(s)12) ds
4 Jo 2ko J, ¢

o0

t 1 o] .
<C [l ds+ 5 [ a1 s+ [ (loato)i+Igs ()1 ds

+O(| K wi (0) |24+ w(0)2,).
(4.45)
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From this inequality and Gronwall’s lemma we infer that, for every ¢ > 0,
1
It OOl + [ o3 ds + [ ds

e ( / lon(o) 1 ds + | " lga(s) 2+ gh(3)I2) ds

K Ew, (0)|2+[w(0)|2:).  (4.46)

The continuous dependence of strong solutions on initial data, and the uniqueness
of strong solutions are both an immediate consequence of this inequality.

Existence and uniqueness of weak solutions. Let (ug, u;1) € D and (91,92) €
L (R L2(Q)x L7 (RT; L*(T")). Then there exists a sequence ((ufy, uf)), € H?*(2)x
H?*(Q) satisfying the compatibility condition (4.9), and a sequence ((gy,d5)), C
H} (RT; L?*(Q)) such that

(ub, u)) — (ug,uy) in HY(Q) x L*(Q), and
(g/f?gg) - (91792) in LIZOC(R+7L2(Q)) X L?OC(R+;L2(F>)'

Then, for each p € N, there exists a unique strong solution u* to the problem (4.1).
By the estimate (4.43) we have

uk is uniformly bounded in Cy(R™; H*(Q)),
ul! is uniformly bounded in L*(R*; L?(Q)),
. (4.47)
KZu) is uniformly bounded in Cy(R™; L*(Q)),
k*u is uniformly bounded in L*(R*; L*(T)).
Moreover, by the estimate (4.46) we have
ut is a Cauchy sequence in C(R*; H'(Q)),
u’ is a Cauchy sequence in L*(R*; L2(12)),
(4.48)

1
KZul' is a Cauchy sequence in C(RT; L?(Q)),
kxul is a Cauchy sequence in L*(R™; L*(T)).
The convergences given by (4.47) and (4.48) are sufficient to obtain a weak solution

u to problem (4.1) as the strong limit of the above sequence of strong solutions, that
is

ut — u in C(R*; H'(2)),
uf — wy in L?(RT; L*(Q)),

, , (4.49)
Kuy — KPuy in C(R*; L*(Q)),

kxul —v=2L(kx(u—u)) in L*R*;L*T)).
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However, from (4.49), one easily sees that the energy inequality (4.11), the esti-
mate (4.43), and the a priori estimate (4.46) remain true for any weak solution,
respectively any pair of weak solutions. The uniqueness of weak solutions is again
an immediate consequence of the a priori estimate (4.46). From the estimate (4.43)
we obtain that every weak solution is bounded (property ( T'1)). Moreover, by (4.11),
the boundedness of u in H'(2), the continuity of F, and (4.41), the energy function
G is decreasing and bounded from below, and therefore

tligloG(t) = igg G(t) = G exists. (4.50)
From this and the energy inequality (4.11) we obtain ( 72). Finally, in order to prove
the variational equality (74) we note first that this equality is satisfied pointwise
(in time) for any strong solution. However, by using again that weak solutions are
locally uniform limits of strong solutions, one sees that this equality remains valid
for all weak solutions. O

4.4 Compact range of global and bounded solutions :
Proof of Theorem 4.2.2

In this section we obtain a compactness result which generalizes the previous
results in [13] to the case of dynamical boundary conditions. In order to prove
Theorem 4.2.2, let us list two lemmas for which we need the following notation. Let
X be a (real) Banach space equipped with the norm ||-||x and let S*(R™; X) be the
Stepanov space defined by

t+1
S*(R*; X) = {g € L}, (R*; X), sup / lg(s)l1% ds < oo}
t

teR+

For any h > 0, t > 0 and any g € S?(R*; X) we denote by ¢"(t) the difference
g(t+h) — g(t) and we say that g is S'-uniformly continuous with values in X if

t+1
sup/ 19" (s)||% ds — 0 as h — 0.
t

teRt

Lemma 4.4.1 ([5]). Assume that f satisfies (F2) and that g1 satisfies (G2). Then
the source term H(t) = gi(t) — f(t,u) is S'-uniformly continuous in L*(Q) and
H € S*(R*, L*(Q)).

Lemma 4.4.2 ([13]). Let X and Y be two Banach spaces endowed respectively with
the norms ||-||x and ||||y. Assume that X is compactly embedded into Y. Then :
(a) If u: RT =Y is uniformly continuous and

46
sup H/ u(s) ds||x < oo,
t

t>0,0€[0,1]

then J,so{u(t)} is precompact in Y.
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(b) If u e CY(RT,Y) is bounded with values in X, and if v’ is uniformly conti-
nuous with values in'Y, then \J,5o{u'(t)} is precompact in Y.

Proof of Theorem 4.2.2. We proceed in two steps.

Step 1. We first show that the function (u(t), KZu,(t)) is uniformly continuous with
values in H'(Q) x L?(Q). For all t > 0, h > 0, we let u"(t) = u(t + h) — u(t). Since
u; € L*(RT; L*(Q)) and gy — f(-,u) € S*(RT, L*(2)), we have

t+1
sup / | Kyuye — Aullo ds < C.
t

t>0

From this estimate and (4.1), we deduce easily the inequality

t+1
[ Ol ds <
t

< of [ttt e + (96, 96 )

IN

C{ /t (pu(s) + O,u"(s), pu"(s))r + (—Au(s), u"(s)), ds}
< of [T IR dsH O el 0

t+1
g (8 + D2l (¢ + 1)1 + / lgs — v"||} ds + [Sup}Huth}
t ti+1

t+1 1 t+1
<of [ ubute s [ ok~ o0 ds + s )
t t

tt+1

Since u; € L*(R*; L*(2)), w is uniformly continuous from R* into L?(2). Using this
and the last inequality, we obtain

t+1 t+1 1 t+1
[t ds < of [t ds [ gk - ot ds) + auth)
t t t

(4.51)

where ¢(h) — 0 as h — 0. Moreover, since u; € L?(R"; L?(Q)) and since the left-
shift semigroup on the space L*(R*; L2(2)) is strongly continuous, then we have

1
/ K2l (s)|2 ds — 0 as h — 0. (4.52)
t
Similarly, since gy, v € L*(R™; L*(T")),

t+1
/ |gh — (|2 ds — 0 as h — 0. (4.53)
t
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By using the last two limits and the inequality (4.51), we obtain

t+1
[ () 2y ds < da(h), (454)

where ¢o(h) — 0 as h — 0. Now we introduce

Vi(t) = (IIK2 ORIV O3+ [l2 a0 17+ ax][0*[2(2)).

Since ax||v||z € L'(RT),
t+1
/ ax||v"||3(s) ds — 0 as h — 0. (4.55)
t
Combining (4.52), (4.54), and (4.55), we obtain
/ Vi(0)dO < ¢3(h), where ¢p3(h) — 0 as h — 0. (4.56)
t

On the other hand, for a strong solution wu, by taking the derivative of V},(t) with
respect to t, and by using (4.1) and (4.38), we obtain

d
V() < (g1 = (o), w)a + (g8, ul)e — (o ul)
g 1 boo
+ Zaxlloh [ + Saxllot R+ 220" )
< (g? - fh(xvu>a u?)2 + (gg’ u?)F (457)

Integrating (4.57) over [#,t + 1] with 6 € [¢,¢ + 1], using Lemma 4.4.1, the fact that
u(t) is bounded in HY(Q), u; € L*(RT; L*(Y)), and ¢} € L*(RT; L*(T")), we deduce
that for any t > 0 :

Vi(t+1) = Vio(0) <

sc[ (g — £, w)" (5) B+l (s w+/ (g2, ul)r(s) ds

0

sc[ (g — £, w)" (5)B+ (s A ) (s) ds
+C[f}1+p”||g£‘(8)llr

SO[ m@—fme@MHMwmaw+0[ ()" ()12 ds

+C sup [lgy (s)]r
[t,t+1]

< ¢y(h), where ¢p4(h) — 0 as h — 0. (4.58)
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By an approximation argument, the inequality (4.58) still holds for all weak solu-
tions. Then, by integrating (4.58) over [t, £+ 1] with respect to 6 and by using (4.56),
we obtain

t+1
Vit +1) < pu(h) + / Vi(6) d < s(h),

which tends to 0 as h — 0. This concludes the proof of Step 1.

Step 2. We show that (u(t), KZu,(t)) is relatively compact in H'(Q) x L?(Q). By
applying Lemma 4.4.2 (b) with Y = L?(Q) and X = H'(2), we obtain immediately
1

that (J,oo{K7w/(t)} is relatively compact in L*(Q). To prove that J,5o{u(t)} is
relatively compact in H'(Q), we remark that

Kyug(t + h) — Kyug(t) — / " Auls) ds + / " Koyun(s) ds =
| @)= fauts) s

1
By using (F2), Lemma 4.4.1, u, € L*(R"; L*(Q2)) and the fact that (u, KZu,) is
bounded with values in H'(Q2) x L*(Q2), we obtain

t+5
sup ]H/ Au(s) dslls < oo.
t

t>0,6€[0,1

By applying Lemma 4.4.2 (a) with Y = H'(Q) and X = {¢ € H'(Q); A¢p € L*()},,
we obtain the claim. O

4.5 Convergence and decay rate of global weak so-
lutions : Proof of Theorem 4.2.3 and Theorem
4.2.4

In this section we study the long-time stabilization of global bounded solutions
of (4.1), that is, we prove Theorems 4.2.3 and 4.2.4. Let us recall that the w-limit
set of a continuous function u : R* — H'(Q) is defined by

w(u) = {p € H'(Q) : I t, — 400 such that lim |lu(t,) — ¢ @) = 0}.

From well-known results on dynamical systems [12], if u is a continuous function ha-
ving in addition relatively compact range, then the w-limit set of u is a non-empty,
compact, and connected subset of H'(£2). Moreover, since our system has a conti-
nuous Lyapunov functional G, we prove the following lemma which is fundamental
for the proof of Theorem 4.2.3.

Lemma 4.5.1. Let u be a global bounded weak solution of equation (4.1), and v =
(k= (u—ug)). Then :
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(i) The function E is constant on w(u), and

E(¢) = lim E(u(t)) = Ex < 00, for all ¢ € w(u).

t—o00

(ii) tlim | K22 = tlima*||v||% =0.

(iii) E'(¢) =0, for all ¢ € w(u).

(iv) There exists a uniform Lojasiewicz exponent 6 €0, %], G>0and T >0
such that for all t > T

[E(u(t)) = Boo'™" < BIE'(u(t))]] (4.59)

Proof. Let ¢ € w(u). Then there exists an unbounded increasing sequence (t,) in
R such that u(t,) — ¢ in H'(Q). Since u; € L*(R*, L?(Q)), we have

tn+s
u(ty, +s) = ulty) + / ug(p) dp — ¢ in L*(Q) for every s € [0,1].
tn

This, together with the relative compactness of the trajectory in H'(2), implies that
u(t,+s) — ¢ in H(Q) for every s € [0, 1]. Then, by continuity of E, E(u(t,+s)) —
E(¢) in H'(Q) for every s € [0, 1]. Using the dominated convergence theorem,

1

E(¢) = lim E(u(t, + s)) ds.

n—oo 0

Therefore, by integrating G(t, + .) in [0, 1], we obtain

1

E(¢)=lim | G(t,+s)ds = Go,

n—oo 0

where we have used (T2), (G1), (4.50), and following estimate :

tn+1 tn+1 tn+1
[ tehax e dst< [T ool dslalle [ aslote)lf ds

tn

Since ¢ was chosen arbitrarily in w(u), this implies that F is constant on w(u). Mo-
reover, by the relative compactness of u with values in H*(£2), we obtain tlim E(u(t)) =
—00

Go = FEo. Then assertion (i) is proved. From this, the definition of G and since

g2(t) and the integral terms in G tend to 0 as ¢ — oo, we obtain assertion (ii).

In order to prove (iii), let ¢ € w(u) and choose t,, — oo such that u(t,) — ¢ in

H'(Q2). We have already seen that this implies u(t, + s) — ¢ in H'(Q) for every
€ [0,1]. Hence E'(u(t, + s)) — E'(¢) in HY(Q)" for every s € [0,1]. Finally,

using the dominated convergence theorem, (T2), (T4), (ii), and (G1), we have for

all v € H'(Q)

1
(E'(9), V) mrym(9) :/0 (E'(¢), V) 1y 11 (@) ds
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1
= lim (E/(U(tn + 8)), w)Hl(Q)’,Hl(Q) ds

n—oo 0

1

= lim (/Q Vu(t, + s)V dx + /Q f(z,u(t, + 9))¢ do —{—/F pu(t, +s) ¢ da)ds

n—oo 0

1

= lim ( — %/gKlut(tn + )1 dx — /Q(Kgut —q1)(tn + $)V dx

n—oo 0

—/F (v—gg)(tn+s)wd0>ds
~ lim {/01 (A(—Kgut+gl)(tn+s)¢ dx—/r (v = )t + 5) ¥ do)ds

n—oo

+ /Q(Klm(tn) — Kyu(tn +1))0 d:c]
=0.

This proves (iii). O
After the previous preparation, we are ready to prove Theorem 4.2.3.
Proof of Theorem 4.2.3. Let Wy(t) : R™ — R be the function defined by
Wo(t) = G(t) — Es + e(E'(u(t)), Kiug)s (£ >0).

Then, by (T3) and (T4), we have

d d
%Wo(t) = %G(t) + (B (u)ug, Kyug)s + e(E' (1), Kiug)«
k boo v
< 0 = ol = Lasloll + (B Kvw). (460)

+e(E(u), —E'(u) = Kyug — v+ g1(t) + g2(t))s
Arguing as in the Chapter 3, we have
(E" (wug, Kyug)e < Clugll3
and
(E'(u), =E'(u) = Koup — v+ gi(t) + g2(t))s < —%IIE'(U)IIf +C (Jluell3
HollE+Hlg Ol g2 (1IF)-

Combining (4.60) and the last two inequalities, and choosing ¢ > 0 small enough,
we obtain

=W () < =C(lull3+1E' @lZ+vlE + axlolz) (> 0), (4.61)
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where W : RT — R is the energy given by

W(H) = SIEF i+ B(u) — Ba+ gaslollt — (92,05 0)r + (B (u(t), Kru),
+ =G [ I ds+@=) [ (oIl ds
(4.62)

where C; < inf{ﬁ,d}. Thus, the function W is nonincreasing and tlim W(t) = 0.

It follows that W (t) > 0 for all ¢ € RT. If there exists Ty > 0 such that W (Tp) = 0.
Then W(t) = 0 for all ¢ > Tj. Therefore, by the inequality (4.61), u; = 0 for all
t > Ty, and the function w is constant for t > Ty, that is, u(t) = ¢ for t > Tg. In
this case, there remains nothing to prove. We may therefore suppose in the following
that T (t) is strictly positive on R™.

Now, Let 6 be as in Lemma 4.5.1 (iv). and let 6y € (0, 6] be such that

(1+8)(1—6) > 1, (4.63)

)
that is, 6y < o5 Note that (4.59) is satisfied with 0 replaced by 6y. Using Youngas
inequality, we deduce from the definitions of W and Lemma 4.3.1 that for every ¢ > 0

2(1—-6

1 _ 0) B
Wty < O{IRFulE " + (@l =+ Bw) — Bl 4 (1)

<Mmmm>”0+<[Wmmwm%nmwm%w¢@m®dﬂl%

1-6g

H Kywelle™ +1E ()] }.

On the other hand, by assertions (ii) and (iv) from Lemma 4.5.1, there exists 7' > 0
such that for all ¢ > T we have

1 1
(I Pl Kl + (axllo@)?)3 | <1

and
|E(u(t)) — Ex|'™"% < BIIE' (u(t)) ]l

Using this, (G2') and the fact that 2(1 — 6y) > 1 and % > 1, we obtain for all
t>T

W(t)' =" < C{Ilutllz + (ax|[o(6) 1) 2+ B (w). (4.64)

+g2(O)lr + (1 + t)‘(1+5)(1—00)}.
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Combining the last inequality and (4.61), we obtain

d 117 6o __ ‘Ir 0o—1 d IT?
C(Nuel3HIE (@) +[vlf + ax[v]I2)

= 1
[uell2 + (ax[[o@)1I7)2 + B (W)« g2 () |2 + (1 + )=+ A=00)

> C(Judlla+[[v () I + (@xllo@N2) 2+ B (w)].) (4.65)

— O (|lgat)]lz + (1 + )~ (1FDO=60)),

d
From this and the fact that the term —EW(t)HO +C([lg2(®)]|24 (1 +¢)~FIE=00)) g
integrable on [T, +00), we obtain that ||u,|2 is integrable on [T', +00), which implies

that tlim u(t,-) exists in L?(Q2). By the relative compactness of the range of v in
HY(Q), lim u(t,-) exists in H'(§2). This is the claim. O

The following lemma is used in the proof of Theorem 4.2.4, that is, the proof of
the convergence rate to equilibrium. Its proof can be found in [4].

Lemma 4.5.2. Let ¢ € WoH (RT, RT). We suppose that there exist constants Ky > 0,

loc

Ky >0, k>1 and X > 0 such that for almost every t > 0 we have
¢'(8) + Kig(t)F < Ky(1+1)7N

Then there exists a positive constant m such that

1A

<m(1l v = inf{——, -}
C(t) <m(1+4+t)7", wherev m{k—l’k}

Proof of Theorem 4.2.4. We proceed in two steps.

Step 1 (Polynomial decay) . First, we note that the inequalities (4.64) and (4.65)
are satisfied when 6 is replaced by the initial exponent # given by Lemma 4.5.1 (iv).
By using (4.64) together with Youngas inequality, we obtain for every ¢ € [T, 00|

W()*=" < C{H%H% + (ax|[o () [F) 12" (w) I3

g2 + (1 + 1)+ L (4.66)

Using this, (G2), and (4.61), we obtain the following differential inequality for every
t>T
d

CoW(t) + W (t)*0=9 < O(1 + t)20+90-0), (4.67)

Then we may apply Lemma 4.5.2 in order to obtain

W(t) < C(1+1)7, (4.68)
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where v = inf{;=%;,1 + §}. By using again (4.61), we have

~LW(s) > Ol

Integrating this inequality over [¢,2t] (t > T) and using (4.68), we obtain

2t
/ lur(s)I3 ds < C(1 + 1)
t

Note that for every t € RT,
2t 2

lue(s)ll2 ds < t2( [ [ui(s)]? ds)z.

t t

It follows that
2t

e(s)]]2 ds < C(1+1t) 2" for every ¢ > T.
t

Therefore we obtain for every t > T
2k+1¢

/||ut \|2ds<Z/ lua(s ||2ds<(122k )5 <o 4n'5

Then, for all t > T
e )
|lu(t) — o2 < / lue(s)||2 ds < C(1 +t)_§, where £ = 1nf{ 0 o1k
¢

Step 2 (Exponential decay). Suppose that g; = 0 and g = 0. Then (4.67)
becomes

—%W(t) > CW ()29,

Since W (t) > 0, for sufficiently large times ¢, we obtain from this inequality that

d

() W < =C i 0 € (0,5),
1

d
Z(nW () < -C if 0= -

Hence, integrating these differential inequalities, we obtain that there exists a constant
C > 0 such that, for every large t > 0,

W(t) <C(L4+t) 73 if 6 e (0,1),
W(t) < CeCt if g =1
Note that the inequality (4.65) (when g; = g2 = 0) implies for every s > T'

d
—%W(S)G > Cllu(t)]l2-

(4.69)

Integrating this inequality on the interval [t,o00) (t > T), we obtain

[u(t) — |2 < /tooHut(S)Hz ds < CW(t)".

This inequality together with the inequality (4.69) implies the claim. O
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