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Introduction Générale

La multitude de transformations qui changent une équation différentielle en
une autre, de méme ordre ou de méme forme, a incité les mathématiciens
a chercher une classification des équations différentielles sous ’action des

groupes de transformations.

L’approche classique amenée a son apogée par Halphen dans [22], consis-
tait & étudier les équations différentielles sous ’action d’un certain pseudo-
groupe de transformations locales (ie des transformations localement in-
versibles) qui conservent & la fois la forme et 1'ordre de I’équation, en un
mot on se restreignait & certaines substitutions dites de ‘symétrie’, qui en-
voyait une solution de I’équation de départ, sur une autre solution de la
méme équation. On obtient ainsi une classification en fonction de certaines

quantités qui ne dépendent que de I’équation elle-méme.

Prenons I'exemple de ’équation linéaire homogéne
Y™ 4y D 4 p =0,
étudiée sous 'action des transformations de la forme

y=nu, x=g(e).
Cette équation considérée par Halphen admet une classification compléte en

fonction de certaines quantités qui ne dépendent que des p;.

Une autre fagon d’aborder le probléme de la classification des équa-
tions des équations différentielles est d’adopter des hypothéses moins restric-
tives. Plus précisément on ne requiert plus que la conservation de 'ordre
de I'équation lorsque 'on la soumet & un certain type de pseudo-groupe de
transformations.

C’est Sophus Lie qui est I'un des précurseurs d’une telle approche. Lie
réussit a classifier les équations du premier ordre

dv

d7t = f(U,t);



sous l'action des transformations ponctuelles les plus générales, c’est a dire

des substitutions de la forme

xzé(%w? y:C(U=t>‘

Il montre que toutes les équations du premier ordre sont équivalentes a

I’équation triviale

dv
o 0.
L’approche de Lie fut ensuite utilisée par son éléve A. Tresse qui, dans
[58], réalise la classification compléte des équations du second ordre
d*y
dx?
Mais l'avancée cruciale et définitive dans cette approche de Lie, est due a
Elie Cartan.

= w(z,y,9).

Cartan contrairement & Lie qui utilisait I’analyse, introduit une vision et
une méthode géométrique pour attaquer I’étude des équations différentielles.
Il associe a chaque équation différentielle résolue en la plus haute dérivée, de
maniére univoque, un systéme pfaffien avec condition d’indépendance. Les
variétés intégrales de ce dernier systéme sont en bijection avec les solutions
de I’équation considérée.

Il applique sa méthode a I'étude de I’équation du second ordre sous
I’action des transformations ponctuelles, étude que Tresse avait entreprise
auparavant, et retrouve dans [10] les résultats de ce dernier. Il étudie de
méme 1’équivalence des équations du troisiéme ordre résolue en leur plus
haute dérivée sous I’action des transformations ponctuelles dans [11]. Cette
méthode est désormais connu sous le nom de méthode du repére mobile.

Par la suite I'algorithme de Cartan fut expérimenté par certains de ses
éléves, notamment Moshen Hachtroudi et S.S. Chern. Ce dernier parvint a
classifier dans [14], les équations du troisiéme ordre sous 'action des trans-
formations de contact, qui sont une catégorie de changement de variables que
I'on peut effectuer sur une équation différentielle. Ces substitutions modi-
fient aussi les dérivées et constituent les transformations les plus générales
que l'on peut faire subir & une équation différentielle.

L’approche de Cartan tomba au cours des années qui suivirent sa dispari-
tion en désuétude. Cela étant, & notre humble avis, di a la profondeur de
ses idées plutot qu’a leur manque d’intérét. Pour corroborer ce fait citons

cette remarque qu’a faite Hermann Weyl sur un livre de Cartan (voir |21,
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page.vii]):
‘Je dois admettre que j’ai trouvé ce livre, tout comme la plupart des papiers
de Cartan, difficile d’acces...’

Les années 1960 correspondent au renouveau des idées de Cartan, sous
I'impulsion de Sternberg, Guillemin, Spencer et Kuranishi; ceux-la permirent
de jeter les bases théoriques modernes de la méthode de Cartan. Voir a ce
propos |54].

La réelle présentation pédagogique des idées de Cartan quant a elle, est
l'ocuvre de R. B. Gardner [21]. C’est a partir de sa contribution que fut
vraiment entamée la résolution de divers Problémes d’Equivalence autres

que ceux déja considérés par Cartan et ses étudiants. On peut citer a titre
d’exemple |8, 18, 37].

Une autre fagon d’aborder I’étude qualitative des équations différentielles
est d’étudier I'algébricité de leurs solutions sur un certain corps. Cette ques-

tion dans le cas de ’équation linéaire du second ordre

Y +py +py =0

fut étudiée tout d’abord par Joseph Liouville [30, 31|; puis Auguste Boulanger
[7] étudia le cas des équations linéaires homogeénes du troisiéme ordre. La
classification compléte de l'algébricité des solutions des équations différen-
tielles linéaires homogénes est l'oeuvre d’Emile Picard et d’Ernest Vessiot
[48, 59|, qui introduisirent un formalisme similaire a la théorie de Galois al-
gébrique. C’est la naissance de la théorie Galois différentielle avec comme

objet caractéristique, le groupe de Galois différentiel.

L’étude de I'algébricité des solutions d’une équation non linéaire est quant
a elle plus ardue. La cause est la difficulté de construire un groupe de Galois
différentiel analogue & celui que 1'on obtient dans le cas des équations dif-
férentielles linéaires homogeénes. Tout au plus 'on tombe sur un groupoide
de Galois (notion introduite par Bernard Malgrange dans les années 2000
dans [34]); un groupoide étant un ensemble G qui est muni d’une loi * qui
vérifie tous les axiomes d’un groupe, mis a part le fait que la loi *, n’est pas

une loi de composition interne car elle n’est définie que pour certains couples
de G R-

Enfin une autre domaine de I’étude des équations différentielles concerne
I’étude des singularités de leurs solutions. Deux types de singularités peuvent
apparaitre pour les solutions des équations différentielles: les singularités

dites mobiles c’est a dire dépendantes des constantes d’intégration et les
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singularités fixes.

Dans le cas le plus simple c’est & dire pour les équations différentielles
linéaires, toutes les singularités sont fixes: elles se localisent toutes aux sin-

gularités de leurs fonctions coefficients.

Par contre dans le cas non linéaire il en est tout autrement. Donc les
mathématiciens se sont intéressés aux équations non linéaires possédant une
bonne propriété dite propriété de Painlevé: celle que toutes les singularités
mobiles de leurs solutions sont des poles (on peut aussi avoir des singularités

essentielles ou des points de ramification).

Pour le cas des équations différentielles du premier ordre, leur classifica-

tion suivant cette propriété de Painlevé donne I’équation de Riccati

dy )

dr

et toutes équations provenant de cette derniére par un changement de variable

co(w) + e1(2)y + caw)y

holomorphe de la variable indépendante et une transformation de Mdbius de
la variable dépendante:

av+b
P=gt), y=t

Voir [24].

Les classifications des équations d’ordre 2 et 3 possédant la propriété de
Painlevé furent quant a elles réalisées par Painlevé et Gambier pour le cas
des équations du second ordre et par Chazy pour celui du troisiéme ordre.
Et c’est d’une telle étude que proviennent les six transcendantes de Painlevé.
On pourra consulter [45, 46] et [19, 13].

Dans cette thése nous étudierons I’équation d’Abel du premier ordre

d
= cola) + Ber(@)y + Beale)y’ + eo(w)y
considérée pour la premier fois par Niels Abel dans [1], lors d’une étude sur

les fonctions elliptiques.

Notre étude sera d’abord différentielle. Elle utilisera la méthode de Car-
tan, pour ensuite adopter une méthode plus classique. Cela se fera dans la

seconde partie.

Ensuite nous aborderons dans la partie troisiéme partie, I’étude de cer-
taines propriétés des solutions des équations de Riccati; cette derniére équa-

tion provient de I’ équation d’Abel en faisant ¢3 = 0. Lorsque 'on suppose



qu’il existe n solutions distinctes d’une équation de Riccati qui satisfont a la

méme équation algébrique irréductible et séparable:

hn(x) =" + al(t)'xn_l +-Fa, = 07

sur le corps [F des séries de Laurent sur C convergentes, le bi-rapport ou rap-
port anharmonique de 4 racines quelconques de cette équation algébrique est
constant; eu égard a cette propriété, nous appelons les équations algébriques
de ce type, des équations anharmoniques. Les anharmoniques jouissent de
propriétés remarquables dont la plus importante est que leur groupe de Ga-
lois sont des sous-groupes finis de PGL(2,C). Nous n’aborderons que les
petits degrés 4 et 5 et espérons revenir sur les autres cas dans un proche

avenir.

Nous examinerons ensuite 1’étude du probleme d’équivalence des équa-

tions différentielles ordinaires du second ordre

y' = f(z,y,v)

sous l'action des transformations préservant les aires.

X = x(z,y)
Y =o¢(x,y) avec J = x,0y — Xy0s = L.
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1 Notions Fondamentales

Nous présentons dans ce chapitre divers concepts pour la plupart dus a Elie
Cartan, qui peuvent nous étre utiles au cours de cette thése. Nous com-
mencons tout d’abord par dire ce que nous entendons par I'objet géométrique

‘équation différentielle’. On pourra consulter a titre d’exemple, [41, 40, 17].

1.1 Définition géométrique des équations dif-

férentielles

Définissons en premier lieu les espaces de jets.

Soit une variété différentielle M lisse ou C*° de dimension n + m. Puis
deux sous-variétés L et L de dimension n de M. Soit p € LN L. Nous dirons
que L et L ont un contact d’ordre k € N si, relativement & un systéme de

coordonnées locales

('rla'” y Loy Y1, 7ym>

d’origine p, L et L sont respectivement représentées comme graphes des fonc-

tions suivantes:

f (R" — Rmv ($17"' 7xn) = (fl(x)7 vfm(x))

et
fi:Rn_)Rn% (x17"' ,SL’,J'-)(]%(SL’), ,fm(l’)),
vérifiant ol ol .
ox® 0)= ox® (0)
pour tout ¢ = 1,--- ,m et tout n-uplet a« = (ay,- -+, a,) avec |a| < k. Cette

définition ne dépend pas du systéme de coordonnées locales choisi. De plus
la relation d’existence d’un contact d’ordre k entre L et L comme ci-dessus,



est une relation d’équivalence sur ’ensemble des sous-variétés de dimension

n et passant par p. Nous noterons la classe de L pour une telle relation:

L),

p

L’ensemble de toutes les classes d’équivalence sera quant a lui désigné par
k
Jy (M, n).

L'union (¢, JF(M,n), que nous notons J*(M,n), est appelée I'espace
des k-jets de sous-variétés de dimension n dans M.
Soit
(xh... Ty Y1yt ,ym)
un systéme de coordonnées locales dans un domaine ouvert U C M. Ap-

pelons U* le sous-ensemble de J*(M,n) formé des points [L]]; tels que p e U
et L =TIy est le graphe d’une application C'*°

R = R™ (x1, - ,z,) = fi(x), -, fm(2)).

Alors les fonctions

o alalfj

y_] axa Y

Ti, izla"'>n> jzla'”7m7‘a|§k

définissent un systéme de coordonnées locales sur U*. La collection de tels
systémes de coordonnées locales munit J*(M,n), d'une structure de variété
différentielle lisse de dimension

(n + k)
n+m .
n
Cela est da au fait qu'une fonction
fi :R" =R,

a autant de dérivées d’ordre N qu’il y a de mondémes indépendants de degré

N dans l'espace des fonctions polynomiales en les n variables x1, -+, x,. Ce

(A0

La dimension totale de J*(R",R) est donc
Fmti—1 Y nti—1 n+k
n+1—|—21:( Z, >:n+20:( Z, >:n+( i )

10
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Maintenant vu que chaque fonction coordonnée dans l'espace but R™ nous
donne le méme ensemble de dérivées indépendantes d'un certain ordre N,

nous avons avec |9, chap.1, page.20]

dim J*(M, n) :n—l—m<n+k>.

n

Considérons a présent deux entiers positifs k£ > [; la projection naturelle
de J¥(M,n) — J'(M,n) sera notée m,; et définie comme suit:

Mt o JY(M,n) = J'(M,n) : [L]} — [L]] .

p

Aussi nous identifierons J°(M, n) avec M (en posant [L]gzp pour tout [L]g €
J°(M,n)). La projection naturelle de J*(M,n) — M sera désignée par 7.

Passons a la définition d’une équation différentielle

1.1.1 Deéfinition des équations différentielles

Etant donnée une sous-variété de dimension n, L C M, nous définissons sa

relevée d’ordre k comme étant la sous-variété de J*(M,n) de la forme

LW = {[L]} ,pe L}.

Si dans un systéme de coordonnées locales (x1,- -, Zn, Y1, , Ym), la sous-
variété L est donnée de maniére analogue a ci-dessus, comme le graphe d'une
fonction f, alors relativement au systéme de coordonnées locales correspon-
dant dans J*(M,n) sa relevée d’ordre k, L), a la forme

of)"
L(k):{<x17...’xn’yjq: a‘f:;a 3l’1,-~-,l’n€R;j:1,~-~,m)}-

Nous avons alors la définition suivante

Definition 1.1.1 Une équation différentielle d’ordre k (avec n variables in-
dépendantes et m variables dépendantes) est par définition, une sous-variété
& de J*¥(M,n), out dim M = n + m. Une solution de 'équation différentielle

& est quant a elle une sous-variété L C M de dimension n telle que

L® c &,
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Le tableau ci-aprés montre la correspondance entre 'interprétation géométrique

et celle classique des équations différentielles

Classique Géométrique
Variables xq, -+ ,x, et y1, -, Ym Coordonnées locales sur M
Dérivations possibles jusqu’a l'ordre k Jets JE(M,n)
f:R*—= R™ sous-variété de dim n, L C M
Dérivées de f jusqu’a l'ordre k L&) c J*(M,n)
systeme d’équations dif. d’ordre k EcC JHM,n)

1.1.2 Transformations des équations différentielles

Nous déterminons maintenant I’analogue du changement de variables dans le
modéle géométrique des équations différentielles que nous venons de donner.
Soit

¢ My — My

un difféeomorphisme arbitraire de variétés différentielles lisses de dimension

n 4+ m. Il induit un difféomorphisme de k-jets
o) JH(Myyn) = T (Meyn), (L] = [6(L)]G,)

appelé la prolongation a l'ordre k de ¢. Ci-dessous nous en donnons un

certain nombre de propriétés.

e Si ¢y : My — My et ¢p9 : My — Ms sont deux difféomorphismes de
variétés, alors
(610 ¢2)® =6 0 6.
En particulier pour toute variété différentielle M nous obtenons le mor-

phisme injectif
Dif f(My = My) — Dif f(J*(Mi,n) — J*(My, n))
b ¢(k).
e De méme pour tout couple (k,1) € N*: k > [, nous avons
Ty © p®) = ¢® o This
avec g, : J¥ — J! la projection canonique associée.

e Aussi pour toute sous-variété L C M; de dimension n, nous avons

o (L) = (o(L)™.

12



e Enfin pour toute équation différentielle & C J*(My,n), le difféeomor-

phisme ¢ envoie les solutions de cette derniére équation sur les solutions

de ¢ ().

Usuellement les transformations ¢*) des équations différentielles, ot ¢
est un difféomorphisme arbitraire de la variété différentielle sous-jacente sont

appelées les transformations ponctuelles.

1.2 La solution du Probléme d’Equivalence de

Cartan

1.2.1 Formulation du Probléme d’Equivalence

Dans cette section, nous utilisons principalement comme références |21, 26] et
supposons que tous les objets que nous manipulons sont lisses (C'*°) hormis
dans le cas du théoréme d’équivalence général de Cartan (systéme différentiel
en involution) qui requiert ’hypothése d’analycité réelle (C*). Nous utilis-
erons aussi pour simplifier, la notation de sommation d’Einstein: on somme

les indices lorsqu’ils se trouvent en haut et en bas dans une formule.

Le Probléme d’Equivalence de Cartan peut étre formulé de la maniére
suivante. Etant donnés deux corepéres (bases respectives de ’espace cotan-
gent au-dessus U et V) (wi)i<i<n €t (@ )1<j<n sur des ouverts U et V de
R™ et un sous-groupe de Lie G de dimension r (un sous-groupe au sens usuel
qui est en méme temps une sous-variété) de GL(n,R), déterminer tous les
difféomorphismes

U=V
satisfaisant a la condition
Fr@v) = vt (1.2.1)
ol (7}) est une fonction sur U et a valeurs dans G. Autrement dit on prescrit

au jacobien du difféeomorphisme f la condition d’étre a valeurs dans G.

Cette formulation du Probléeme d’Equivalence n’est pas la plus générale
que Cartan a eu a étudier; Cartan autorisait aussi que le groupe G varie de
maniére lisse d'un point a un autre. Nous ne décrirons dans ce qui suit que

la solution du Probléme d’Equivalence (1.2.1).

SiU =V et wl|, = wjl, pour tout ¢ € V, alors les solutions du Prob-
leme d’Equivalence de Cartan donné par I’équation (1.2.1) sont appelées
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des automorphismes et on dit que l'on est en présence du Probléme d’auto-
équivalence. Nous verrons dans ce qui suit que les solutions dun tel probléme
(U = V) forment toujours un pseudo-groupe de Lie fini (ses éléments dépen-
dent de constantes arbitraires) ou infini (ses éléments dépendent de fonctions

arbitraires).

Si (Wi, )1<i<n & gy pour pseudo-groupe non trivial de solutions, du prob-
léeme d’auto-équivalence qui lui est relatif, alors la solution générale du Prob-
leme d’Equivalence est donnée par la composée d'une solution particuliére
de I’équation (1.2.1) et d’une solution quelconque de Probléme d’auto équiv-
alence. Par conséquent nous pouvons nous attendre a ce que l’ensemble
des solutions du Probléme d’Equivalence de Cartan, donnée par ’équation
(1.2.1), dépende d’un critére de solvabilité local pour assurer I'existence d'une

solution particuliére de I’équation (1.2.1) et de la structure de gy .

1.2.2 La solution du Probléme d’Equivalence de Cartan

Le Probléme d’Equivalence de Cartan défini par I’équation (1.2.1) peut étre
regardé a la fois comme un probléme d’Analyse et un probléme de Géométrie

différentielle. En effet, si nous introduisons des coordonnées locales
a
(x")1<a<n  sur U

et

(fa)lgagn sur V,

alors 'équation (1.2.1) se réduit & un systéme d’équations aux dérivées par-
tielles quasi-linéaires pour les n fonctions inconnues f® définies par

o f = fU a1, -, xn).

D’un autre coté, I'équation (1.2.1) exprime le fait que la G-structure B}, au-
dessus de U dont la forme canonique est donnée par le relevé du corepére
(wi)1<i<n est localement isomorphe a la G-structure B au-dessus de V' dont
la forme canonique est donnée par le relevé du corepére (w{})lgjgn. Nous

reviendrons dans ce qui suit sur la notion de G-structure.

Nous verrons dans la suite que divers outils provenant a la fois de I’ Analyse
et de la Géométrie sont nécessaires pour résoudre le Probléeme d’Equivalence
de Cartan.
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Les outils analytiques sont les théoréemes de Cartan d’existence des var-
iétés intégrales des systémes différentiels extérieurs en involution et de Frobe-
nius pour l'existence de variétés intégrales des systémes pfaffiens compléte-
ment intégrables. L’outil géométrique sera une construction qui produira
un ensemble d’invariants locaux pour B} et B%. Et c’est la combinaison
de l'information apportée par ces invariants avec les théorémes d’Analyse
sus-nommeés qui résoudra le Probléme d’Equivalence de Cartan. Entamons

a présent la description de la solution du Probléme d’Equivalence.

Le groupe G agit de fagon naturelle sur U x G et V' x G par translation
le long des fibres au-dessus de U et V. Plus explicitement nous avons une
application

Ly Gx (UxG) = UxG:(S,{T)) = SpT) = (p,ST),

et une application analogue Ly pour V x G. La premiére étape dans la solu-
tion du Probléme d’Equivalence consiste a relever les données a ces espaces
produits pour obtenir une formulation équivalente du probléme originel, mais

qui présente une plus grande symétrie entre U et V. Nous posons

W |,y = Simt (wirlp), @l = Timy @) (1.2.2)

ouny :UXG—=Uetmy:V xG— V sont les projections canoniques, et

nous avons

Proposition 1.2.1 [ existe un difféomorphisme f: U — V tel que
fwy, = fy;-w{] (1.2.3)

pour une fonction (fy]’) a valeurs dans G, si et seulement si il existe un dif-
féomorphisme f: U x G — V X G qui satisfait pour tout p € U et pour tout
S, T e€G:

o =uw (1.2.4)

Sf(p,T)= f(p,ST). (1.2.5)

Preuve. Si f est une application de U x G dans V x G, alors il existe des
applications H : U x G = Vet A: U x G — G telles que

f(p,S) = (H(p,S),Ap,S))
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pour tout p € U et pour tout S € G. Maintenant nous avons Sf(p, T) =
(H(p,T),SA(p,T)) et f(p,ST) = (H(p,ST),A(p, ST)); donc si f satisfait a
I'équation (1.2.5), alors nous avons ’égalité

H(p,T) = H(p,ST) et SA(p,T) = Alp, ST),

pour tous p € U et S, T € G. Par conséquent il existe des applications
h:U—=Vet\:U— G telles que h(p) = H(p,S) and SA(p) = A(p, S),
pour tout p € U et tout S € GG. Nous pouvons alors écrire

f(p,S) = (h(p), SA(p)).

Si f satisfait & I’équation (1.2.4), alors nous avons les relations suivantes

) . ws) = (@ (@D)
STy @) = ScAW) s (R, .-

]WU(WU|P) w (126)

De 'équation précédente (1.2.6) nous déduisons que I’équation (1.2.3) est
satisfaite avec f = h et ’y} = ()\_1);. Inversement, étant donnés un difféo-
morphisme f et une fonction a valeurs dans G, ’yji. vérifiant ’équation (1.2.3),
nous obtenons un difféomorphisme f : U x G — V x G qui satisfait aux

équations (1.2.4) et (1.2.5) en posant

f(p.S) = (f(p), S7(p)7H). (1.2.7)
|

A partir de maintenant nous supprimons les applications 7 et 7y ('opération
d’image réciproque sur les formes différentielles commute avec la différenti-
ation extérieure des formes différentielles). Les formes relevées w' et w' sat-
isfont un ensemble d’équations qui sont appelées les premiéres équations de
structure d’Elie Cartan. Sur U x G, nous avons

dw' = d(Siwi;)
= dSi Awl; + Sidw, (1.2.8)
= (dS - S7")i A Siwi; + Siduw,.
La matrice dS - S™! est I'image réciproque vers U x G, sous l'action de la

projection g : U X G — G, d’une 1-forme sur G invariante a droite (ou

encore une forme de Maurer-Cartan) et qui prend ses valeurs dans 1'algébre
de Lie g de G.
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En effet, rappelons que si G est un groupe de Lie et {n”[.1 < p < 7r :=
dim G'} est une base de TG, que nous identifions avec le dual g* de g, nous
obtenons des 1-formes définies globalement sur G' en posant

m|s = Rgam”le
ol la translation a droite Rg : G — G est définie par
Rg:A— AS™L
Ces 1-formes sont invariantes a droite, vu que
Rpn?|sr = Ry Rigry17’|e = Rpp-1 Rga7’|e = 7|s. (1.2.9)

L’ensemble {7”|1 < p < r := dim G} est de ce fait une base de l'espace des
1-formes invariantes & droite sur G. Dans le cas d’un groupe linéaire, c’est a
dire le cas d’un sous-groupe de Lie de GL(n,R), nous avons l'identité

*d(ST) = dS - T, (1.2.10)
ce qui entraine que
Ryd(ST) - (ST) ™' =dS.s7, (1.2.11)

ce qui veut encore dire que d(S)-S™! est une 1-forme invariante a droite donc
prenant ses valeurs dans l’algébre de Lie de G.

Nous exprimons & présent la matrice dS - S~! dans la base 7”; nous
pouvons écrire

—1\i
(dS-S7); = aj,m” (1.2.12)
ou les aép,l < i, <n,1 < p < rsont des constantes. Maintenant les

. . N . . 1
1-formes wy;, 1 < ¢ < n, forment un corepere sur U, il existe donc n2l)

2
fonctions T]Zk U —-Roul<i,j,k<net T]Zk = —T,ij telles que
1

dwi; = §Tj’kng Awp. (1.2.13)

En exprimant les 1-formes wi;, 1 <4 < n, en fonction des 1-formes w’, 1 <

i < n, dans le membre de droite de 'équation (1.2.13), nous obtenons

i |- —1\j  .m
dWU|p:§ jk(p>(s 1)%1("')

m

.5 N (STHEW™ 5 (1.2.14)

Remplagons maintenant cette expression (1.2.14) et 'expression donnée par
I'équation (1.2.12) dans I'identité donnée par ’équation (1.2.8), nous obtenons

les premiéres équations de structures d’Elie Cartan
) ) . 1. .
dw' = a;,m” N w’ + §’yj~kw3 A w” (1.2.15)
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ou les nQ@ fonctions 7%, : U x G — R sont définies par

Y0, 8) = S T (P) (ST (ST (1.2.16)

J

Remarque 1.2.2 Par un abus de langage qui prend son origine dans les cas

ot l’on peut associer une connexion invariante a un Probléme d’Equivalence
1. . _ .

de Cartan, les termes §'yjz.kwj Aw* dans les premiéres équations de structure

(1.2.15) sont appelés les termes de torsion.

L’approche que nous avons suivie jusqu’a présent pour déterminer les pre-
miéres équations de structure est due & Cartan. Nous suivons a présent
une autre approche due a Singer et Sternberg [54], qui est complétement
équivalente a celle de Cartan et qui est peut-étre plus parlante géométrique-
ment. Cela nous permettra aussi de justifier notre affirmation selon laquelle
le Probléme d’Equivalence de Cartan est le probléme d’Equivalence locale
des G-structures.

Soit un groupe de Lie G. On dit que G agit de maniére différentiable a
gauche sur P (variété différentielle), s’il existe un morphisme

p:GxP—P
(a,p) = @(a,p),
vérifiant
p(a, (b, p)) = w(ab, p);
et tel que 'application
L,:P—P
p = ¢(a,p)
est un difféomorphisme de P sur P. De plus on demande que L. = Idp.

On peut par conséquent observer que
La © Lb = Lab-

Par la suite nous noterons L,(p) = a.p. Nous avons la notion classique

Définition 1.2.3 Soient P et M deux variétés différentielles et m: P — M
une submersion surjective. Soit G un groupe de Lie agissant a gauche sur
P. Alors (P,M,n,G) est un fibré principal au-dessus de M avec groupe

structural G st
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e G agit de maniére libre sur P: 3 a:ap=p <= a=ce.

o m(p1) = m(p2) <= p1 = a.py ( p1 et py sont dans la méme orbite si
et seulement si ils ont la méme projection sur M); on identifie ainsi M

avec l’ensemble quotient pour la relation précédente.

e P est localement trivial ie tout x € M a un voisinage U, tel qu’il existe
un difféeomorphisme ¢ : 771 (U) — U x G: ¥(p) = (7(p),n(p)) avec

n(p) € G et Y(a.p) = (7(p), an(p)).

Remarque 1.2.4 Si M = {z} alors P ressemble a G (I'action de G sur P
est transitive car on a une seule orbite (par le point 2 de la définition)). Pour
tout y € M, la fibre de la submersion m: 7~ (y) est une sous-variété. P
ressemble & une collection de copies de G indexée de maniére différentiable
par M.

Soit M une variété différentielle de dimension n et F(M) le fibré des
repéres linéaires de M. Nous rappelons que F(M) est un GL(n,R)-fibré
principal au-dessus de M avec I'action a gauche de GL(n,R) donnée par

(S,u) = S -u.

Un point u € F(M) est une base de l'espace tangent T,M, ot p = 7(u) et
7w : F(M) — M représente la projection canonique sur la base. Fixons un
espace vectoriel de dimension n sur R et une de ses bases. Un point u de
F(M) définit de ce fait un isomorphisme de T, M sur V' (que nous noterons
encore u par abus de notation); donc nous pouvons identifier GL(n,R) a

GL(V') au moyen u. Nous avons la définition suivante

Définition 1.2.5 Une G-structure Bg au-dessus de M est une réduction de
F(M) au groupe G, c’est a dire une sous-variété de F(M) telle que pour tout
u € Bg et pour tout S € GL(V'), le point S-u € Bg si et seulement si S € G.

Par un abus de notation, nous noterons encore m, la restriction a Bg de la
projection canonique 7 : F(M) — M.

La 1-forme canonique w sur F(M) est une forme différentielle a valeurs
dans V; ou encore une section du fibré T*F(M) Q) V, définie de la maniére

suivante.
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Soit w € F(M) et X € T,F(M). Alors m, X € T,M, ot p = 7(u), et nous
définissons w par

w(X) = u(mX) (1.2.17)
ou u est I'isomorphisme de T, M sur V.

Maintenant comme la G-structure B¢ est une sous-variété de F(M), la
restriction de w & Bg est encore une 1-forme a valeurs dans V', nous la notons
encore w.

Pour obtenir les premiéres équations de structure (1.2.15), nous avons
besoin de savoir comment w se transforme sous l'action de G. Pour tout
X e T,F(M) et S € G, nous avons

(X — Ls«X) =0 (1.2.18)
car par définition d’'un GL(n,R)-fibré principal, le morphisme 7 vérifie
mo Lg =m;

d’ou le résultat en passant aux différentielles. En utilisant les équations

(1.2.17) et (1.2.18) nous obtenons (nous évaluons w au vecteur tangent Lg« X €
T, F(M))

w(Lg+X) = Su(m(Lg<)X) = Su(m,X)
= Sw(X)

donc par dualité,
w = Sw (1.2.19)

pour tout S € G. Le terme Sw est simplement le résultat de I'action de

I'isomorphisme linéaire S sur la forme différentielle w qui est a valeurs dans

V.

Maintenant, nous savons qu’a tout A € g C gl(V') correspond un champ
de vecteurs invariant a droite sur G: A, obtenu par translation a droite. Le
fait que Bg soit un GL(n,R)-fibré principal entraine alors 'existence d'un
champ de vecteurs A induit sur Bg et qui est partout tangent aux fibres de
7, c’est a dire

m,A=0;

nous obtenons alors de I’équation (1.2.19) (en posant que S = exp(tA) € G)

Lip@ayw = exp(tA)w. (1.2.20)

exp(
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Nous allons dériver cette équation par rapport a t en ¢ = 0. Rappelons que
exp(tA) est le flot du champ de vecteurs A qui vaut A en l'identité e. De
plus le groupe & un paramétre exp(tA) induit une action sur By via Lexp(ta)-
La dérivée de Lie de w relativement a ce dernier groupe a un parameétre est
fournie par la formule

d *

Li= %‘t:o exp

Alors en utilisant la formule de A. Weil [53, page 37|

ﬁA:diA—FiAd

et I’équation (1.2.17) (m,A = 0), nous obtenons
izdw = Aw. (1.2.21)

Les équations de structure (1.2.15) sont alors obtenues en choisissant pour
trivialisation locale de 771(Bg), U x G (voir a cet effet [54, page 328]).

Enfin, pour reconnaitre que le Probléme d’Equivalence n’est autre que le
probléme d’Equivalence locale entre G-structures, nous rappelons que deux
G-structures B}, and BZ au-dessus de variétés différentielles M et My sont
dites isomorphes s’il existe un difféomorphisme

f : Ml — MQ
tel que
f.Bt = BE,

et localement isomorphes en (p, q) € M; x M, s’il existe des voisinages ouverts
U etV de pet qtels que Bh|y et BE|y soient isomorphes. En utilisant
la définition de la forme canonique sur une G-structure et la proposition
1.2.1, nous voyons que le probléme d’Equivalence locale de G-structures et

le Probléme d’Equivalence de Cartan sont les mémes.

Nous utilisons a présent les premiéres équations de structure a notre dis-
position pour obtenir des conditions nécessaires pour l’existence d’une équiv-
alence.

Sur U x G nous écrivons
. . 1 . .
dw' = a;,m” Nw’ + §V;kuﬂ A Wk (1.2.22)
et sur V x G

dw' = ajpm? A& + S Nt (1.2.23)
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S’il existe une application f : U — V qui résout le Probléme d’Equivalence
(1.2.1), on déduit alors de la proposition 1.2.1 et des équations (1.2.22) et
(1.2.23) que sa relevée f: U x G — V x G satisfait

i (= Lo 5 iy
aj, (f* 7" —7°) AWk + §(ij of =i Awk =0 (1.2.24)

Rappelons maintenant un lemme important de Cartan en Algébre ex-

térieure.

Lemme 1.2.6 5i a, B, 1 < a,b <n, sont des éléments d’un espace vecto-
riel W tels que oy, 1 < a < N sont linéairement indépendants, alors l’égalité
dans Ualgebre A*W (engendré par les u A v pour u, v € W)

N
Zaa/\ﬁazo
a=1

a lieu st et seulement si

N

Ba = E CapQlp, AVEC  Cqh = Cpq.
b=1

Si 'on applique ce lemme a I’équation (1.2.24) nous obtenons l'identité

i fre | Y R T R

g, (f*77 — ) + 5(’ij o f =)’ = bw’ (1.2.25)

avec by, = by Comme dimG = r = dimg et que dS - S~' a valeurs

dans g, nous pouvons choisir r 1-formes linéairement indépendantes afjs o,

s=1,---,r, parmi les a;,m" et pour ces valeurs de 7 et k, I'équation (1.2.25)
devient

R Pk — 1 —s r s j is j
a,;sp(f T —7f) + 5(7].7% of— fyjks)uﬂ = by jw’. (1.2.26)

En multipliant & gauche cette derniére équation (1.2.26) par 'inverse de
la matrice A} = (aj: ,) nous obtenons I'équation

[l =nf + i (1.2.27)

L’insertion de cette identité dans I’équation (1.2.25) nous donne
(Pl b (R o F i Y — b
ay,(viw’) + 5(%’1.3 o f — yjp)w! = by’
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Permutons ensuite les indices k, j dans I'égalité qui précéde, il résulte
. 1 . ~ ) .
k = k k
a;p(vlgw ) + 5(72]' of— VIch)W = b}kw .

Faisons la différence de ces deux derniéres égalités; nous obtenons alors (en
utilisant le fait que les w’ sont linéairement indépendantes)

7;k of = 'Vji'k + a;.pvz — a};pvp (1.2.28)

5

Nous pouvons maintenant obtenir des conditions nécessaires pour l’existence
d’une solution f du Probléme d’Equivalence en utilisant les deux précédentes
équations (1.2.27) et (1.2.28).

Soit V un espace vectoriel réel de dimension n, dont une base est {e;, 1 <
i < n} et V* son dual, muni de la base duale {€*,1 < j < n}. Considérons
aussi {dy|e,1 < 0 < r}, une base de T.G ~ g et qui est duale a la base
{7?]e,1 < p <r} de T})G ~ g*. Définissons I'application

L:g@ V"= VANV i@ — (a) 0] — aj,v7)e; @ e Ae.

Soit la suite exacte d’espace vectoriels

0=V SgoV* B VoAV B, —0 (1.2.29)
ou
gV =ker L, I, =V @ A*V*/Im L (1.2.30)

Le noyau gM est appelé la premiére prolongation de I’algébre de Lie g.
Considérons

1 . .
v:UxG—= VANV (pS) — 57;,6(}9, Se; @ e N e

et définissons le premier tenseur de structure comme ’application
v UxG =1l (p,S) = (prov)(», S).

Nous avons alors la condition nécessaire suivante

Proposition 1.2.7 Sl existe une application f : U — V telle que [’égalité
(1.2.1) soit vraie, c’est a dire

fr@y) =
alors [tmage réciproque du tenseur de structure sur V x G par la relevée
f:UXxG =V xQG estle tenseur de structure sur U x G, ce qui veut encore

dire que
Tw="1/0f (1.2.31)
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Preuve. Nous réinterprétons 1'équation (1.2.28) sous la forme

o f=~ mod ImL; (1.2.32)
nous projetons ensuite sur le quotient V ® A?V*/Im L, via pr et obtenons
ainsi

Tu — Ty O f

Les relations (1.2.27) et (1.2.28) peuvent s’interpréter de facon trés originale
grace au fibré principal Bg introduit ci-dessus. Nous dirons qu’un sous-
espace de T, B est vertical en u s’ il est contenu dans le noyau de 7, et tout
supplémentaire H de ker 7, dans T, B, est appelé un sous-espace horizontal
au point u. Pour une base fixée {r!, -+ 7"} de 1-formes invariantes a droite
sur G, les sous-espaces horizontaux H en u sont paramétrés par les vf qui
apparaissent dans la formule (1.2.27). En ce sens que pour tout sous-espace

horizontal H au point u, il existe des nombres v/ (H) tels que
H ={X € T,Bg|r"(X) = v/ (H)w'(X)},

et inversement.

L’interprétation de I’équation (1.2.28), est qu’elle exprime le fait que la
torsion dépend du choix du sous-espace horizontal.

Nous examinons maintenant le probléme d’équivalence de e-structures.
Les conditions nécessaires données par la proposition 1.2.7 en fonction des
invariants locaux 7y et 7y, pour l'existence d’une application f : U — V qui
résout le Probléme d’Equivalence donnée par 1’équation (1.2.1), induisent
des conditions nécessaires et suffisantes dans le cas ou G = {e}, c’est a
dire dans le cas du probléme d’isomorphisme local entre {e}-structures. Le
Probléme d’Equivalence se réduit dans ce cas a la détermination de tous les
difféeomorphismes f : U — V satisfaisant a

fw,=w;1<i<n (1.2.33)
Nous avons
i L j k — 1o Ak

et la proposition (1.2.7) donne les conditions nécessaires
Chuof=Ci1<ijk<n (1.2.35)
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De plus si nous définissons les dérivées covariantes Fj; d’une fonction F' :
U — R comme les dérivées de F' relatives aux champs de vecteurs duaux des
wi;, c’est a dire
dF = Fwy, (1.2.36)
nous obtenons alors d’autres conditions nécessaires
Cipiri, 0 f = Ct 1<i,j kyit, - ,ip<n, p>1. (1.2.37)

li1-+ip
Nous pouvons donc définir la famille de fonctions

Fs = {Cjzk, C;k|l17 CZ

i
Jklizigr © " s Y klineis

11 <i,j,k, iy, - ,is <n} (1.2.38)
Nous voyons que Fy C Fy.q et posons pour tout p € U

ks(p); = dim(dFy), (1.2.39)
ou

(dFs)p = {Rdcjik + RAC);, + -+ - + RdCjpyiy., |
(1.2.40)
1 S iajakailf" 7is S TL} C T;U

L’entier kg(p) fournit donc le nombre maximal d’éléments fonctionnellement
indépendants de F, au point p. Nous supposons que nous nous trouvons
dans une situation non-singuliére, c’est a dire une situation ot p — ks(p) est

localement constante: tout point p € U admet un voisinage U, tel que
ks(p') = ks(p), pour tout p’ € U,.

Faisons & présent I’hypothése que

ks(p) = kss1(p) == R,

alors nous voyons par définition de l'entier ks, 1 que les éléments de F, 4
sont fonctions des éléments de F,. Appliquant la régle de différentiation
des fonctions composées et utilisant la définition de la dérivée covariante, on

obtient que k415 = ks. Nous obtenons alors le résultat suivant par récurrence:

ks(p) = ksi(p),l > 1.

Par conséquent sous les hypothéses qui préceédent, il existe un ensemble
maximal de fonctions indépendantes {f1,---, fE} telles que tout élément

de g € F, s’écrit sous la forme
g:F(fl7 7fR)'
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Le résultat suivant da a Elie Cartan [12] va montrer comment les condi-
tions nécessaires (1.2.35) et (1.2.37) peuvent étre utilisées pour obtenir des
conditions nécessaires et suffisantes pour 'existence d’une Equivalence de
{e}-structures.

Proposition 1.2.8 Si s désigne le plus petit entier vérifiant ks = ko1, alors
des conditions nécessaires et suffisantes d’existence d’un difféomorphisme f :
U —V tel que

fwy =wp, flp) =q (1.2.41)

sont

e s=setks=ks:=R

o Si {fl,---, fE} est un ensemble maximal de fonctions indépendantes
R.

)

telles que toute fonction de g € Fy s’exprime au moyen de f*,--- , f
et {71, e ,TR} est Uensemble correspondant pour F, alors la condition
de solvabilité locale

fa(p):f (Q)vazlv"' 7R (1242>
est satisfaite

o 5i g est un élément de Fyyq et g est un élément de méme indice dans

Fyiq, alors

—1 —R

La proposition précédente montre de ce fait qu'une classe d’équivalence de
{e}-structure est caractérisée localement par les relations fonctionnelles entre

un systéme complet d’invariants locaux et leurs dérivées covariantes.

Aussi il est & remarquer que les conditions données dans 1’énoncé de la
proposition 1.2.8, sont bien stir toujours vérifiées dans le cas du Probléme
d’auto-équivalence, car ’application identité en est toujours une solution.
En fait, 'ensemble des solutions du Probléme d’auto-équivalence de {e}-
structures, est un groupe de Lie pour la composition des applications, dont
la dimension est reliée au cardinal d’un ensemble maximal d’invariants fonc-
tionnellement indépendants; c’est ce que montre le corollaire suivant:

Corollaire 1.2.9 Si G = {e}, alors l’ensemble des automorphismes forme
un groupe de Lie de transformations de dimension n — R.
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La proposition 1.2.8 nous conduit naturellement & rechercher une construc-
tion grace a laquelle le Probléme d’Equivalence originel (1.2.1) est réduit a
un nouveau Probléme d’Equivalence, pour lequel GG est maintenant remplacé
par un sous-groupe de Lie G(;) de G, de telle sorte que les deux Problémes
d’Equivalence aient méme ensemble de solutions. Le résultat d’une telle con-

struction est appelée réduction de groupe.

Nous rappelons qu’étant donnés un espace vectoriel W et un groupe G,
W est une G-représentation s’il existe une représentation, c’est a dire un ho-
momorphisme de groupes entre G' et GL(V). Avec les notations précédentes

nous avons alors la proposition suivante

Proposition 1.2.10 La suite exacte d’espaces vectoriels suivante
0—=g SgaV* B VoAV B, -0 (1.2.44)

est une suite exacte de G-représentations. C’est a dire qu’il existe une
représentation de G vers chacun de ces espaces vectoriels et que ces représen-

tations sont compatibles avec les applications i, L et pr.

Supposons tout d’abord par souci de simplicité que
TU(U X G)

est une seule G-orbite dans II; ou encore que 'action de G sur 7 (U x G) est
transitive, c’est a dire que 7y (p, S) est indépendante de p et ce pour tout p.
Cette hypothese est satisfaite dans les exemples que nous traiterons. Fixons

un vecteur
) = 10(P, S1))

dans 7 (U x G) et désignons par p la représentation de G sur II;. Soit alors
G(l) = {S € G|ﬁ(S)T(1) = 7'(1)}

le stabilisateur en 7(;) sous cette action. Comme G agit transitivement sur
(U x G), un choix différent de 7(;), donnerait un groupe stabilisateur con-
jugué a G (). Par conséquent 7y (U x G) est localement difféomorphe au quo-

tient G/G1y. Nous choisissons & présent une fonction quelconque a valeurs
1) (1)
dans G, 0y : U — G dont le graphe I'( 6 ) dans U x G est contenu dans

75 (7)) et définissons le corepére

OO
(W' = 0ywir)1<izn;
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réalisant une construction similaire sur V' x G, nous obtenons de ce fait le

résultat suivant [20)]

Proposition 1.2.11 Les deux Probléemes d’Equivalence de Cartan
Fwl, =~ (1.2.45)
ou (7}) est une fonction & valeurs dans G, et

1 @) (1) (1)
f@y = g, (1.2.46)

1)
ot y; est une fonction a valeurs dans G(1y ont méme ensemble de solutions.

Les propositions 1.2.8 et 1.2.11 nous suggérent d’itérer la procédure de réduc-
tion de groupe jusqu’a 'obtention d’une famille décroissante de sous-groupes
de G

G(k) C G(k—l) (GIEEENE G(l) c@G (1.2.47)

telle que Gy = {e}, ou Gy # {e} et I'action de Gy sur Iy, est triviale.

9(k)

Si Gxy = {e}, nous avons réduit le probléeme originel & un probléme
équivalent d’équivalence local de {e}-structures que nous pouvons résoudre
grace a la proposition 1.2.3. Il résulte du corollaire de cette proposition que
la solution générale du probléme d’auto-équivalence dépend dans ce cas de
n — R constantes arbitraires.

Si au contraire G) # {e} et laction de Gy est triviale sur Il ,
nous avons recours a des résultats plus forts pour résoudre le Probléeme
d’Equivalence. En effet aprés un certain nombre de réductions, il peut ar-
river que des paramétres de groupe subsistent, méme s’il est impossible de

poursuivre la réduction.
Placons nous dans un cadre analytique réel et formulons a présent le test

d’involution de Cartan [21]|. Les équations de structures sont de la forme

ORI IOICRNC
dw' = a;,m" ANw’ + Sysw’ Aw'

2

Posons
(k) (k)

(B)f = (af,7");
cette matrice est appelée une matrice tableau; et la matrice

A (k) (k) (k) (k)
(8); mod (&) = aj,x” mod (&),
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est appelée la matrice tableau réduite. Dans ’expression précédente

(k)

mod (w?),

veut dire que 'on considére la matrice tableau modulo 1'idéal algébrique pour
(k)
le produit extérieur engendré par les w’. Nous définissons alors par récur-

rence, les caractéres de Cartan réduits de la maniére suivante. On commence
la récurrence en posant ¥y = {0}. Choisissons maintenant autant d’entrées
indépendantes que possible mod >, >, -+ ,Y_1 dans la matrice tableau
réduit en ne prenant au plus qu’'une entrée par ligne. Le nombre de lignes
apportant une contribution non nulle est le caractére de Cartan réduit oy, et

la collection de formes indépendantes est notée ;.

Exemple 1.2.12 La matrice tableau réduite suivante dont toutes les entrées
sont indépendantes:

0 o O

0 ay O

Q3 Q4 Q5

a pour caracteres de Cartan
opo=3, o9=1, o03=1;

et
Yy ={a, a,a3f, Yo ={ay}, X3={as}.

Le choix des 33; ne se fait pas de fagon unique.

Les équations de structures

®  ®@E B L BE ®)
dw" = aj,m" N w’ + §7§lw] At

ne sont pas forcément définies de maniére univoque, il est a priori possible
(k)
de modifier les 1-formes 7” par des combinaisons linéaires bien choisies des
(k)
1-formes w? sans modifier les équations de structures.

Exemple 1.2.13 Les équations de structures

d&l =T A 81
d&g = T A @2,
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ot 01,05 sont une base de formes d’une variété de dimension 2 et 7w, mo sont
indépendantes mod (01, 0,), peuvent étre modifiées en remplacant respective-
ment 01,0y par

T+ t1601, resp Ty + toby,

sans changer les équations de structures de 6y et 65. Le nombre maximal de
parameétres arbitraires indépendant que [’on peut introduire grice a ce procédé
est appelé degré d’indétermination. Ici en ['occurrence sa valeur est 2.

Donc dans le cas général, la modification des équations de structures comme
expliquée ci-dessus peut introduire des parameétres arbitraires dans les équa-
tions de structure; et le nombre de ses parameétres qui sont indépendants est
appelé degré d’indétermination. Le test de d’involution de Cartan nous dit
alors que le systéme différentiel extérieur donné par les équations de structure

K B B (WE @
dw' = a%,m™ Nw’ + -7, Aw

ip 9
est en involution si et seulement si
(1) -
dim(ggy) = 3 jo, (1.2.48)

1
ou p est le nombre des caractéres réduits.

La proposition suivante décrit la structure de l’ensemble des solutions
dans le cas d'un systéme en involution |26, page 46]

Proposition 1.2.14 Si le test d’involution donnée par la condition (1.2.48)
est satisfait et le tenseur de structure obtenu des équations de structure

K  ®@w B L WE ®)
dw" = aj,m" N w’ + §7§lw] AWt

a des coordonnées constantes lorsqu’on 1’écrit dans une base, alors I’ensemble
des solutions du probléme d’équivalence forme un pseudo-groupe de Lie pour

la composition. Il est transitif. De plus il est infini (dépend de fonctions
)
arbitraires) s’il existe a, # 0 et fini (dépend de constantes arbitraires) dans

le cas contraire.

Remarque 1.2.15 Cette proposition requiert I’hypothese d’analycité réelle
pour les données considérées car elle est basée sur le théoréme de Cartan-
Kabhler. Voir a ce propos |9, 26].
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Exemple 1.2.16 Les équations de structure

d91 :71'1/\91
d62:ﬂ-2/\82

ot 01,0y sont une base de formes d’une variété de dimension 2 et 7, mo sont
indépendantes mod (01, 0,), ont pour caractéres de Cartan réduits o = 2
et pour degré d’indétermination 2. Le test de Cartan nous dit alors que ce
systeme est en involution. Comme il n’y a pas de termes de torsion, alors
la proposition qui précéde nous apprend que l’ensemble des solutions d’un tel

probléme d’équivalence est un pseudo-groupe de Lie transitif et infini.

Si le test d’involution de Cartan n’est pas satisfait, alors nous devons
prolonger le Probléme d’Equivalence. Cette procédure de prolongation con-
siste & prendre en compte l'indétermination dans la définition des équations
de structures comme dans 'exemple 1.2.13 et de travailler justement dans
un espace ou ces formes sont bien définies, c¢’est a dire en relevant comme
précédemment les formes a un espace plus grand [26, page 47|. Nous com-
mengons par écrire les nouvelles équations de structures (en utilisant le lemme
de Cartan)

k) F@E  F) g EE (K

i 1 9 l
dw' = a%, 7" N w’ + ?yjluﬂ Aw
(1.2.49)

k  WE K ®E & EE @k

dr? = ALO* Nw' 4 B AW + iCﬁnwl Aw™

Les formes 6°,1 < s < dim ggl?), sont égales a l'image réciproque sur

U x Gy X Gg,lg)) par la projection canonique
(1) 1)
U x G(k) X G(k) — G(k)
de la forme de Maurer-Cartan sur la premiére prolongation GE,?) de GE,?)
(modulo l'ideal généré par les 1-formes

k) (k)
('UZ? 7Tp7

pour 1 <i<netl<p< dimGEi))).

Le groupe de Lie G&)) est par définition le groupe de Lie GL(V* + g(*k))

dont les éléments ¢ vérifient

tw)=w', 1<i<n



et
® k) k)
t(n?) =’ +vfw', 1 < p < dim Gy,
ou
U7 6, ® €™ E gy
olr I’équation (1.2. .
Voir ¢ i 1.2.29

Nous avons donc un nouveau probléme d’équivalence sur U x Gy avec
corepere associé

WUXG(k):(va"'7WU7 T = wUxG<k)7"'77T = WUXG(k)

et groupe structural G%k). Le résultat suivant dit que le probléme d’équivalence
originel donné par I’équation (1.2.1) et celui donné par la proposition ci-aprés
ont méme ensemble de solutions [26].

Proposition 1.2.17 II existe une bijection entre les difféomorphismes f :
U —V tels que
F'&, = vjwh
pour une fonction (v;) a valeurs dans G, et les difféomorphismes f:U x
G — V x G tels que
(* \B

~ (K) a(k
FOvxag, :W’ngxGm (1.2.50)

pour une fonction (43) & valeurs dans G&))

Enfin nous savons qu’aprés un certain nombre de prolongations, réduc-
tions, nous aboutirons forcément & une {e}-structure (que l'on pourra ré-
soudre grace a la proposition(1.2.8)) ou a un systéme en involution (que 1'on
pourra résoudre a l'aide de la proposition précédente grace a la proposition

(1.2.14)).

Nous avons terminé notre description de la solution du Probléme de Car-
tan, a part pour deux points. Le premier point concerne le choix du tenseur
de structure 7y et le second traite de la détermination de I'action de G sur
I1,.

Au lieu de calculer directement 77, Cartan choisissait toujours un com-
plémentaire C' & Im L dans V ® A2V*:

VANV =ImL+C. (1.2.51)
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Une facon de choisir ce complémentaire C' est de faire ce que R.B. Gardner
appelle absorption de Torsion; ce qui consiste a résoudre autant d’équations
de la forme

Vi = —(@j,0f — ap,vf) (1.2.52)
que possible. La détermination de I'action de G sur 1l se fait quant a elle de
maniére infinitésimale en utilisant le fait que pour toute 1-forme w, d?w = 0

(voir |21, lecture.4, page 39]).
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2 The Abel equation

2.1 Introduction

Our aim in the present part is a study of the Abel Equation

dy

dr
This latter equation was first studied by Abel in [1], in his study of the theory
of elliptic functions. In fact Abel studied an equation of the form

co(r) + 3c1(z)y + 3ez()y? + ez(w)y’. (2.1.1)

dy _ co(x) + 3ci(z)y + 3eay® + c3(x)y’
dx bo(z) + b1 (z)y ’

which is called the second kind Abel differential equation and which is can
be brought to the first kind Abel equation, whenever b; # 0, by the trans-
1

formation z = .
b() + bly

Our study will be first of all by the method of equivalence of Cartan and
then by methods from differential algebra to obtain its invariants under a

class of local transformations.

To be more precise, we study the equivalence of the two general first order

ODEs

dy
hal A 2.1.2
and Iy
— =F(X,Y 2.1.
e = FXY) (213)
with f and F, C* functions, under the transformations
ox 9
X =x(z,y); Y =p(r,y)with %ig 24 (2.1.4)
v
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using the Cartan equivalence method. This enables us to show that equation
(2.1.2) admits the fundamental local invariant

I = fyy;

under transformations (2.1.4). Its vanishing is the condition for equation
(2.1.2) to be linearizable to the linear first order differential equation under
the transformations (2.1.4).
For case of equation (2.1.1), with ¢z, ¢c3 # 0, I = 0 when y = 2 Inject-
c

3
ing this value of y into equation (2.1.1), one gets the identity (an hypersurface
in the first jet space of the applications ¢;):

dCQ ng 3 2
C3—— — Ca—— — 3C1C2C3 + 2¢5 + cpc; = 0. 2.1.5
3 Iy 2 0 1C2C3 + 2C5 + o3 ( )
c
Conversely when such a relation is satisfied, yo = ——2, verifies equation
c

3
(2.1.1). The left hand side s3 of equation (2.1.5) is very important. It was
first formed by Roger Liouville in [32, 33]. We now restrict our study and
consider some transformations of equation (2.1.1) which preserve its form
(the polynomial character of the second member), namely
dg

y =n()u(z) +v(z); = p(z); (2.1.6)

one sees that s3 is an invariant under these last substitutions; moreover the
condition s3 = 0 is preserved under the action of transformations (2.1.6). It
is in the sense of classical invariant theory or representation theory, that we
mean the invariance: for instance given a binary quadratic form fy(x,y) =
aor? + 2a, 7y + azy?, the linear group GL(2, C) acts on it via the transforma-

tion
r =aX +0Y
y =cX+dY,
, a b : L
with gy = J ) € GL(2,C). This action induces another one on the
c

coordinate ring C [ag, a1, as]; and an invariant I(ag, a;, ag) of fy is a function
multiplied by a power of the determinant of gy when one replaces the a; by
their new values. It is well known that the binary quadratic form has a unique
invariant (up to multiplication by a fixed constant) namely its discriminant
Dy = a? — agasy. It is of degree two in the coefficients of the quadratic form.

In the same vein transformations (2.1.6) induce an action on the coefficients

35



¢; of equation (2.1.1) and on their derivatives. And we look for expressions
of the latter which are multiplied by a certain factor only depending on
u, b, v, when we change the ¢;s and their derivatives by their new values
after transformation (2.1.6) is made.

Starting from sz, one builds an hierarchy of expressions

d ng
St = €37 Sam-1 (2n — 1)s951 {E + 3(c1c3 — Cg)} , o nz=2
which are also invariants in the previous sense.

We next examine the operator

ng

;- (2n — 1) (% + 3 (cres — cg))

dx c3

and show that it plays a role of a covariant derivation. Using the expressions
S9ix1,1 > 2, we give a necessary and sufficient condition for two equations
of the form (2.1.1) to be in the same class. Two such equations of the form
(2.1.1) are in same class if and only if they can be transformed one into each
other by a substitution of the type (2.1.6).

As it is classically known from the following theorem of Lie:

Theorem 2.1.1 (Lie superposition theorem 1) The only ordinary dif-
ferential equations

dy
7 — €T
allowing a set of arbitrary solutions are the Riccati equation
dy
e co(x) + 2¢1(2)y + co(x)y?

and any set of equation obtained from it by a change of dependent and inde-
pendent variables of the form ¢ = (y) and T = 7(x).

By "admitting" a set of arbitrary solutions we mean that its general solu-
tion can be expressed in terms of arbitrary particular solutions and some
constants. More precisely, whenever three distinct solutions of the Riccati
equation are known, one knows its general solution, because the cross-ratio
of any four solutions of it is constant. Given four distinct of its solutions wuq,

Usg, Uz, U, we have explicitly

" us(uz — ur) + k(ur — u3)u27 for some k € P'(C).
U2 — Ul + k(u1 - u3>
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The cross-ratio admits a generalization defined for any 2k, k > 2 distinct ele-
ments called hyper-cross-ratios. We examine for the case of equation (2.1.1),
when 2k, 21, - - -, 295 distinct solutions have a constant hyper-cross-ratio. The
relation is given by a quadratic relation between the z;s.

Our work is organized as follows: we apply the Cartan procedure to the
study of equation (2.1.2) in section 2.2; after that we study in the succeeding
section the invariant theory of equation (2.1.1): we determine its canonical
form, study its invariants and use the latter to characterize classes of equation
(2.1.1). Finally in the last section we examine the degenerate case (c3 = 0)
of equation (2.1.1): we mimic the work done in the section 2.3. Our principal
results are in sections 2.2, 2.3 and 2.4.

2.2 The Abel equation

In the following we study the first order ODE (2.1.1) using Cartan’s method
under the pseudo-group of transformations (2.1.4):

r=x(X)Y), y=oeXY)
with
o _
%X oY
ox
aY
One has the following definition:

Definition 2.2.1 A pseudo-group on a manifold S is a collection I' of local
diffeomorphisms between open subsets of S satisfying the following properties:

o [or every open set U in S, the identity map on U, Idy is in I
o If f €T then so does f~1.

o If f € T', then the restriction of f to an arbitrary open subset of its

domain of definition is in I

o If an open set U is the union of open sets {U;} and f is a diffeomor-
phism from U to some open subset of S such that the restriction of f
to every U; is in I', then f €.
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o Iff:U—=V and f': U — V' are in T" and the intersection VN U' is

not empty, then the following restricted composition
froff7{(vnU) = f(vnl),
15 in 1.

In order to apply Cartan’s method one needs a more particular type of
pseudo-group, namely a Lie pseudo-group

Definition 2.2.2 A Lie pseudo-group is a pseudo-group whose transforma-
tions have components which are the solutions of a system of partial differen-
tial equations, named equations of definition. A Lie pseudo-group will be said
to be of finite dimension if the general solutions of the equations of definition
depend on a finite number of arbitrary parameters, infinite if on the contrary
these components are functions of arbitrary functions or an infinite number
of parameters. As an example we remark that contact transformations form
also a Lie pseudo-group. See [26].

The differential equation (2.1.1) is a natural generalization of the Riccati
equation

d
% = ao(z) + a1 (2)y + az(2)y>.
It was studied by Appell in 2|, by Roger Liouville in [32, 33| and Painlevé

in [44] to give a few, prior to the moving coframe Cartan Method.

2.2.1 Cartan’s method

We recall that two first order ODEs

dy

and
dY
—=FX,Y
dX ( Y )

are equivalent under the transformations (2.1.4) if and only if there exists
such a transformation which sends solutions of the source equation to solu-
tions of the target equation. In order to put the equivalence problem of the
two first order ODEs into an equivalence problem of Cartan, one has to put

it into a pfaffian system.
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Lemma 2.2.3 The solutions of (2.1.2) are into one to one correspondence
with the integral manifolds of the pfaffian system (I = (w(;),dz) with in-
dependence condition on dz; wl; = dy — f(x,y)dx; z, y, are the standard
coordinates on JO(R,R) := J°.

Proof. An integral manifold of (I = (w};),dx) is a curve s : R — J°(R,R):

s‘wiy =0 and s*(wy = dw) # 0.

So there exists ¢ : R — R such that s = (z, ¢(x)), ie 30 = f(z,c(x)). |
T

One will from now on eliminate the dependance on the open set to unburden

the notation (a differential form wj, on U will be simply written w’).

Let ® := 0, + f(x,y)0, be the total derivative. A local diffeomorphism ®
of the form (2.1.4) which realizes the equivalence between equations (2.1.2)
and (2.1.3) must preserve the integral curves; its jacobian must also satisfy

some other conditions. Consider the two coframes

w' = dy — fdx

2

2.2.1
w” = dux; ( )

and

(2.2.2)

on some open subset U of JO(R,R). Let @', w? and w® be their respective
pullbacks under ®; one has

(2)-(0) ()

with the last condition expressing the fact that ® preserves the integral

(2)-0)(z)

which means that ® is a transformation of the prescribed type given by

curves; and

(2.1.4). One has therefore an overdetermined equivalence problem, meaning

that the conditions are given on a set of linearly dependent one-forms. In

39



1
.. . . — w
order to put it into a determined one, we must normalize. Let = := ( )

—2
and I' := < ig ); then
w

—ufa—ub —ua

1

a2

[1]

aw 0

We normalize by setting © = a, w = a and b = —uf. This induces

(o)(z)-(2)

1
A fixed coframe of the set { < aw2 ) ,a F# 0}, is given by

aw

[11

Now the elements
U 0
0o w
1

. w .= .
whose action on , | give = satisfy, U = a and W = a; therefore we end
w

up with the following condition on the coframe (wy, ws):

(:2)(2)

One can see |21, lect.5] for a complete description of the normalization pro-

(1]

CEeSsS.

A class of equivalence of first order ODEs under fiber preserving transfor-
mations is thus a local G-structure U x Gy (we work on local trivialization

of the principal bundle) with (w',w?) one forms on U. The structural group

Gy = ( %1 51 ) . (2.2.3)

The latter condition of equivalence translates on the one forms associated to

is given by

the G g-structures as the existence of a diffeomorphism ¢ such that (with ¢*
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the pull-back), ¢*(f) = 0; 0 is associated with the target equation and 6 to
the source one. We consider the components of the canonical one-form on
the principal bundle over J° with structure group G;: (61, 65). They read at
the point (z, g)

61 = ulwl

2.24
92 = ulwz. ( )

The idea of the Cartan method is the following. One starts with U x G
and builds when possible a new principal bundle P = U x H (with new
structural group H) endowed with a coframe (6;,1I,) built in a geometric
way such that it contains all the local information about U x G, through
its structure equations.

The structures equations for (0, 6;) are

a0y = M7 0, 4 wnd(dy — fda)

Uy
_ fy
—7T1/\61—f61/\62
Uy

=G, (2.2.5)

d92 = d(u1w2) = % VAN 92
Uy
=w A 92;

with

We see that w is defined uniquely; one can not modify it with substi-
tutions of the form w — w + t10; + t265 because otherwise the structure
equations would change; moreover the reduced Cartan character o; equals
to 1, the others vanish. So our system is not in involution and we must pro-
long it. We place ourselves on the local principal bundle U x Gy with group
structure

and local coordinates (z,y,u;)

O O =
_= O O

0
1
0
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endowed with the coframe (6, 05, w1 ); the new structure equations are

d91 =wA 91
d&g =wA 62
dw = d(f,dx) (22.6)

- fi;el A 92.
uy
One has

Theorem 2.2.4 [ = f—yQy 1s the fundamental relative differential invariant
U

of the equivalence pfr’oblmln. If it vanishes f is a first degree polynomial in y
ie (2.1.2) is linear. Let X1, Xo, X3 the frame dual to the invariant coframe
(01,602, w), then the successive derivative of I with respect to X; are also
relative differential invariants, meaning that for any equivalence X : P — P,
with P associated to the source equation and P to the target equation, one
has if I denotes the expression corresponding to I formed from the target
equation,
Toyx=1.

Also the dual frame is given by

ialh X? = J(ax + f0y) = fyOu, X =10y,
1

Uy

X' =

We now consider equation (2.1.1); with ¢,¢3 # 0. I = 0 for the latter

equation when yy = — 2 If we inject this value in equation (2.1.1), then
C3
1 de de coc3 — 3cicacs + 23
> (—03—2 +C2—3) = e s =0
3 dz dz 3

2.3 Invariants

When submitted to transformations (2.1.6), the differential equation (2.1.1)
becomes

d
dg =70 + 377 + 37217 + Y317’ (2.3.1)
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where if we denote by v/, v/ and &', the derivatives of the functions u, v, &,

with respect to variable x, the v;s are respectively given by:

co + 3civ? 4 3car? + csv — U/

Yo =

p

c1 + 2oV + c3? o
"= “ - 3

2.3.2

u(cy + c3v) ( )

Yo = ————
U

U203

TB=
L

2.3.1 Weight and Degree

Weight
Consider the particular transformations of the form (2.1.6)

Y= An
r =X,

where ) is a constant. They change equation (2.1.1) into the following

d
dg = %0 + 3711 + 3021 + a1’

where

d*; - dFe;
= — — )2 —\3 1 yitk 1
Yo =Co, M =Ac, Ye=Ac, 3= A, ek = A dok

d*ec;
We attribute to d—ck the weight ¢ + k.
x

Degree

As the substitutions
y=mn
T = g,

where 1 is a constant, change equation (2.1.1) into

d
dg =Y + 3110 + 37%2n° + Y3n°
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with
d*y _ dhe
gk~ gk
. dkCz'
we attribute to Tk the degree 1 + k.
x

Remark 2.3.1 More generally under transformations of the type

(z,y) = (V€ A"n),

one gets
k k
d™y; _ )\(k+1)s+r(i—1)d Ci

dek dk’

2.3.2 Canonical form

The substitutions (2.1.6) as shown in identities (2.3.2), when acting on the
differential equation (2.1.1), induce a transformation on the coefficients ¢;.

We have

Definition 2.3.2 An invariant Z of the differential equation (2.1.1) is a
function on the infinite jet space of its coefficients bs, which we remind has
locally for coordinates the derivatives of the bs up to any order, such that
if we denote by t a substitution of type (2.1.6), there exists a function v
depending only on t:

t.7 =v(t)Z;

v is called a multiplier. When v = 1, the invariant of the differential equation

is called absolute.

It is possible in equation (2.1.1) to eliminate the coefficients of y and y2.
We do so by setting

dX
= Y _— =
Y u+v, i M (z),

with U, V', M chosen in order to make the coefficients of ¥ and Y2 become

zero and the coefficient of Y2 equal to 1. One finds

2
c1e3—ch de

3
, Uzc;;ef °3 . M = csU?;

Co
V=-=
C3

and equation (2.1.1) becomes

dY
—=Y3 2.3.
e +J (2.3.3)
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with ; ]
S3 Co C3
= c%?’ 53 :COC§—3616263—|—26‘;—|—63% —02%,

We will call equation (2.3.3), the canonical form of equation (2.1.1). As an

expression of the ¢;s and their derivatives, sz is of degree 3 and weight 6.

Given now an expression F of the ¢;s and their derivatives with respect
to x, one will index with a 1 from now on, the functions F; of ;s and their
derivatives with respect to &, obtained from E by replacing the ¢;s and their
derivatives with the ;s and their derivatives with respect to &.

We see that c3 is a relative invariant of the differential equation (2.1.1);
because from the formulas (2.3.2), one has :

2

u
Y3 = ——C3.
]
Also y
L{l = —
U
and 5
u
(83)1 = 583.
k
Moreover J is an absolute invariant; finally the Y are all absolute invari-
Xm L 2 C3 2 o . I
ants d—£ = yU; = —U* = X; = X |. Every function of these quantities
1

is an absolute invariant and every absolute invariant is a function of them, as

seen immediately by computing that invariant on the canonical form (2.3.3).

Remark 2.3.3 The relative invariant s3 was first formed by Roger Liouville
in |33] by pure computations. Moreover to any equation (2.1.1) studied under
transformation (2.1.6), one can associate in a unique way the formulas of
transformations (2.3.2) and conversely; we do so by identifying the equation

with the quadruplet (co, - - -, c3). We have seen that any absolute invariant of
k

the differential equation (2.1.1) is a function of the expressions ———, which
therefore form a functional basis for the absolute invariants of the differential

equation.
k

Under the identification we have just done, one can say that these Xk
constitute a basis of differential invariants for the action of the pseudo-group
(2.1.6) on the variables (cy,--- ,c3) defined by formulae (2.3.2). The latter

differential invariants under the pseudo-group (2.1.6), are expressions of the
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¢;s which are left fixed under the action of the infinite prolongation of the

pseudo-group action (2.3.2) (we look at the transformation induced on the
dCZ' dQCZ'

infinite jet with local coordinates ¢;, ——,
dr’ dx?

to define an absolute invariant of the differential equation (2.1.1). The same

-++). This is just another way

remark is true for relative invariants of the differential equation (2.1.1); they
are all relative differential invariants for the action on the variables ¢; of the

prolongation of pseudo-group (2.1.6) (see definition 2.2.1).

Let’s now seek the most general transformation of the form (2.1.6) which
leaves the canonical form invariant. It is a symmetry group of the canonical
form, ie a Lie group of transformation which sends solutions of the canonical
form to solutions of the canonical form. Using formulas (2.3.3) one must
have 4 = 79 = 0 and 3 = 1; with ¢y = ¢ = 0 and ¢3 = 1. This leads to

v=0,u=0ieu=K and u = ek So we obtain the transformations
Xo=—(X+nh
2= 73l ) (2.3.4)
Yy = KY.

with K, h constants.

Let 77 : (X,Y) = X+hand HY : (X,Y) — KY, then one can represent
transformations (2.3.4) as (Hz_,)* o 7.

We now apply transformations (2.3.4) on equation (2.3.3) to determine
how the J changes; one gets

Jy = K*J;
kJ2 k
and in general if X3 denotes the new value of G after transformation
(2.3.4) is applied:
Jo=K3J

Al sd]

dX, = dX (2.3.5)

d'J, ing d'J

T, — K Z+37' > 2

X} axi =
For instance % = %d—X

dX, dX dX,
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Proposition 2.3.4 The group of transformations

X2 = E(X + h)
Y, = KY
diJQ on dZJ .
- — K i+3 : > 1
dX} axi’ "=

admits the following infinitesimal generators:

diJ
=Yy —2X 2i Dy, Jii=
V=Yoy 6X+;( i+3) s, =

and

W = 0x.

An invariant I in its canonical form must therefore satisfy:

W(I)=0 and Y (2i+3)J;0,(I)=0.

i>0

Proof. Derive with respect to K and h then evaluate at (K, h) = (1,0) and
use the fact that an invariant by very definition is independent of y. |

k

The —— are absolute invariants which can be expressed with the ¢; and

their derivatives. To do so one starts with

N cic3 — c%d
S3 dX 9 -
== — =cU”, U=¢ex e3 .
AU dr P

d dc

We recall the expression of s3 = cyc2 — 3cicacs + 265 + c;aﬂ — czd—?’ as given

T
in equation (2.1.5). Let’s set with Roger Liouville [33]
d d
Sop+1 = 03%5271_1 — (2n - 1>52n—1 di; + 3(0103 - Cg) s n 2 2.

We have

Proposition 2.3.5

d*J S
dXFk 2k+?’>lzj_23k+3’ k=0,
C3

and
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u2k+1
(S2k+1)1 = 7M2k+182k+1, k=1

Therefore
(Sok1)1 =0 594401 =0, k=1
u  I(z,y) _ _ .
As — = G ) the jacobian of transformation (2.1.6), one can say Soxi1
H 31

defines a 2k + 1 tensor for any k. Moreover the so;11 are polynomials in the
¢; and their derivatives; they are also of weight 4k + 2 and degree 2k + 1 for
k>1.

Proof. Let’s suppose as recurrence hypothesis that the first formula holds
for rank £ > 0, one has
d*tJ 1 d d*J
dXF1 T U do \ dXF
dSon+3 3 n n
c§k+3u2k+37d; —(2n+3) {dx + 3(c1e3 — c2) | 3Tyt

C§k+7u4k+8

des

which gives the desired results after simplification and using the fact that
k

the ——s are absolute invariants.

dXx*
We saw that sz is of degree 3 and weight 6. Using a straightforward

recurrence argument we see that s, is of weight 4k + 2 and degree 2k + 1
for £ > 1 (use the argument that derivation with respect to x increases the
weight and the degree by one and the fact that the ¢;s are of weight i and
degree 1). [

Remark 2.3.6

dson—1
dx

(20 = Vst (esd) = [esth, 53 1] V.

U52n+1 = (031/{) dx

We call [,](1), the Jacobian of Laguerre-Forsyth. Moreover if we define

d ng
V.= 63% —(2n-1) (E +3 (Clc?’ - C%)) ’

we observe that it sends the relative invariants ss,_1 of degree 2n — 1 to the
relative invariants Son11 of degree 2n+1. Here one can see an operator analog

t
¢ 1 d k

2imdr 1277
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with Fy denoting the Fisenstein series which in the context of modular forms,
sends the space of modular forms of weight k to the space of modular forms
of weight k + 2.

Take the expression
— +3 —c5);
dx (0103 2)

we compute, with the notations of (2.3.2)
dy

d—g’ +3 (173 —73)

dys ) 1d [u? u? c1 + 2cov + c3? u'
—= 3 —7)=—7- | —c | +3—cs -
dg ( 2) T p I 3pu

d
—g’ +3 (s —3)
Therefore satisfies
V3
dys 43 (s — 12) des 2
df Y173 V2 _ l % +3 (0103 — CQ> ii Uj B l/
Y3 o c3 u?dr \ p uf
If we consider the particular transformation of the form (2.1.6)
% =u(x), y=n+v, (2.3.6)

one remarks that in this case

e\’
1 d [u? (T 1(%)
uzdﬂ?(u>_uu—_u2__u s
dz
Definition 2.3.7 We remind that given a Riemann surface with coordinates
Z, Z,---, an affine connection on M is an object which is represented by
local differentials r(z)dz, 7(Z)dZz,--- (one for each coordinate variable) glued

together according to the rule

7(2)dz = r(2)dz — {Z,z}dz
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d
with {Z,z} = —log—z. In the presence of an affine connection, it is pos-
sible to define, ii‘or every k € Z, a covariant derivative Dy from k-th order
differentials to k + 1 ones, by ¢(dz)* — (Dp)(d2)**L, where

Dy = 9 _ kra.
0z
With this in mind, and considering only substitutions of the form (2.3.6),
one has
dry d
ch +3 (173 —73) 543 (cre3 — c3)
d¢ = 4z do — {¢, x}hda.
V3 &}

One has hence the following theorem

Proposition 2.3.8

deg

PNCTESY (d;’ +3(cres — C%))

dx c3

transforms almost ’covariantly’ when one substitutes the c; by the ;.

2.3.3 Classes of Canonical forms

Suppose now that we want to study a characteristic property of a class of
equation (2.1.1), class meaning here that they can be brought into each other
by means of transformations (2.1.6). The canonical equation depends on two
arbitrary constants K and h. And this property if it does exist translates
into a differential relation between J and X; the general integral of the latter
containing the two arbitrary constants K and h. In fact as

dy

dl‘ _I_ J?
all the canonical equations which are in the same class as the latter are of
the form
ay 3 3.,79 . .
X = Y+ K°j(K*X 4+ h), for a determined j.

Hence a property of a class of equation translates into
J=K3*(K*X +h).
Elimination of K and h gives a differential equation
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F(J,0,0") = 0.

Y
This equation must stay unchanged, when one replaces Y by e and X

by (K2X + h) (as it is a property verified by any canonical form in the class

considered and transformations (2.3.4) permit us to stay in the same class).
13 1 TN

Remarking that N and T do not vary under such a substitution we now
set
J/B
— =K
5
J/ﬁ// (237)
= v.

We can then express J' and J” in terms of x, v and J. If we suppose next
that % # 0 for some point, then v = F'(k, J). This last equation does not
vary when J is replaced by K3J, so F' is independent of J; which leads to
an equation

or again

This leads to the proposition

Proposition 2.3.9 An equivalence class of canonical forms under point trans-

formations (2.1.6) satisfies a syzygy relation of the form

3
53 s557
H (24) =0.
S S
3 3

and conversely such a relation gives the absolute invariant J which corre-
sponds to a canonical form (2.3.3).

2.3.4 Lie superposition Principle, Vessiot-Guldberg Al-

gebra and Possible Point configurations

It is well known that to an Abel equation (2.1.1):

dy _

o = (@) + 3ar(0)y + 3ex(0)y” + es(2)y’ = 6 (x,y),
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is uniquely associated an x-dependent vector field (a family indexed by x of
vector fields)

é(l’, y) = 6(1’, y)&w

in fact we have seen in lemma 2.2.3 that the integral manifolds of the pfaffian
system on J, associated to the Abel equation namely dy — &(z,y)dz = 0,
are in one to one correspondence with the solutions of the Abel differential
equation. The vector field 9, + &(z, y)d, on J° which is annihilated by dy —
S(x,y)dr = 0 ie belongs to (dy—&(z, y)dz)* is therefore associated uniquely
to an Abel differential equation. The component Vy(z,y) = &(x,y)d, when
we project to the y coordinate is called the z-dependent vector field associated

to the Abel differential equation.

Given a general first order differential equation

d
= 1y),

one says that it admits a global superposition rule if there exists an x-

independent map

IM:R"xR—=R

of the form
y= H(yla" : 7yn7k)

such that its general solution can be written in the form

y(t) = H(yl(t)7 y?(t)7 T vyn(t)7 k)?

with y1(¢), -+, yn(t), n generic or arbitrary solutions.

The Lie theorem cited in the Introduction of this chapter translates in

the context of vector fields as

Theorem 2.3.10 (Lie superposition theorem 2) A necessary and suffi-

d
cient condition for a differential equation d—y = f(x,y), with corresponding
x
x-dependent vector field V = f(x,y)0, to admit a general superposition rule,
is that V(z,y) admits a decomposition

V(ey) =Y bal2)Xe

with the ordinary vector fields X, generating an r-dimensional Lie algebra.
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The Lie algebra generated by the X, is called an r-dimensional Vessiot-
Guldberg algebra.

With this in mind we give the following example cited in [25]. Consider
the x-dependent vector field

V(z,y) = (y* + h(z)y’)0,

related to the abel differential equation

d
d—y = y* + h(x)y®, with h(z) non-constant.

x

The corresponding vector fields are X; = y?9, and Xy = y*0,; define for
j >3, Z; :== [X1,X,_1]; then we see that Z; = y/™19, and [Xy,Z;] =
(n — 1)y"™29,. This spans an infinite family of independent vector fields,
therefore from the above theorem an Abel differential equation does not

admit in general a general superposition principle.

Nevertheless one can look for certain relations satisfied by some group
of solutions of a given Abel differential equation. To do so we exploit the
canonical form (2.3.3). We first of all need to define the notion of hyper-

cross-ratio

Definition 2.3.11 Let 2n, n > 2 distinct quantities yy, Y2, Y3, -, Yon Of
PY(C) and consider all the products

Yy = V) Whe = Yuz) ** Yk — Y )

where {ky, ko, -+« kn} and {pq, po, -+, pn} form a partition of
{1,--+,2n} such that

pr < kg < ko, pin < k.

An hyper-cross-ratio will be the quotient of two such distinct products. They
are tnvariant under the action of Mdbius transformations on the y;s. When

n = 2 an hyper-cross-ratio is simply a cross-ratio of four distinct points.

Consider the projective group (PGL(2,C)) of the projective line P'(C) and
let [n;C] denote for n € N*, the set of all ordered n-tuples (Aj,---,A,);
where the A;s are distinct points of P}(C). Let I be an arbitrary non empty
set; given a map

p:n;Cl — 1,
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we call the pair (I, ) a n-point invariant of PGL(2,C) if and only if for
v € PGL(2,C) and (Ay,- -+, Ay,) € [n;C], one has

p(y(Ar), -y (An)) = p(Ag, - Ag).

There is an equivalence relation between n-point invariants given by
(L) ~ (I', () <= Fa s p([n; Cl) — p'([;Cl) s aop =y

We would like to characterize all n-point invariants for n > 4. Let m =n—3
and consider the set F,, of all m—tuples (ay,- - ,ay,), with a, € C — {0, 1}.
Now for (Py,---, Py) € [4;C], we set

P P
L2 ) (P = Py) (P — P)(Py — Py) NPy — Py);
P, P
and by
A As
A4, - ,An Az

Y

we understand the element
() ()
Ay Az )T T\ AL As
of B, for (Ay,---,A,) € [n;C] and n > 4. We have following [6]
Theorem 2.3.12 ([6]) Let n > 4 be an integer and

QO:FE, —1

an arbitrary map. Define

Ay Ay
Ay A =0
,u( b 7 ) < A47'”7An A?) )
for (Ay, -+, Ayn) € [n;Cl. Then (I, ) is a n—point invariant and there are

no others.

As a consequence the hyper-cross-ratios of 2n things are 2n-point invariants
(they are invariant under all M&bius transformations); they are expressible

in a certain sense in terms of 2n — 3 ordinary cross-ratios.
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(21 — 22)(23 — 24)

(21 - 23)(22 - 24)
four particular solutions of the Abel differential equation (2.3.3); deriving it

Let S() =

be a particular hyper-cross-ratio for n = 2 of

with respect to = we get

!
SO = (2’12’2 + 2324 — 2123 — 2224)S0.

Let
g — (21 — 22) (23 — 24)(25 — %)
(22 — 23) (21 — 25)(21 — 26)’
be a particular hyper-cross-ratio for n = 3. Deriving we find (from the

i / I 3 3
canonical form z; — 2} = 27 — z7),

S" = (2120 + 2324 + 2526 — 2223 — 2425 — 2126)5.
We remark that S = k, with k constant if and only if
2129 + 2324 + 2526 — 2923 — 2425 — 2126 = 0.

The result generalizes itself for any hyper-cross-ratios.

2.4 The degenerate case c3 =0

We would like to mimic the invariant theory of equation (2.1.1), that we
have done previously. After all as previously noticed a Riccati equation is
an equation of the form (2.1.1) where c3 is zero. One remarks that the
function V' used in the building of the canonical form in case of equation
(2.1.1) diverges to infinity or is not defined when ¢3 = 0. What we will show
is that one can get an invariant theory for the Riccati equation by starting
directly from the general Riccati equation itself. Then one will be able to
interpret the invariants which appear in the Riccati setting as some kind of
’semi-invariants’ of the Appell setting.

Consider a general Riccati equation
Y = co(z) + 2¢1(2)y + c3y? (2.4.1)

One could be tempted to analyze it under the same set of transformations
as previously, ie under transformations

y=n(€u(r) + v = pla)
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Computing, one gets

dn  co+2cv 4 v =V
dé Iz
We next try to determine the canonical form using the same method as for
the case of Abel. We first of all set

c CoV u U
+2 (1 + 22 ) N+t (24.2)
pooouw 2pu p

X
y=YU@ +V: D= M),

and require that the coefficient of Y vanishes and that the coefficient of Y2 is
equal to 1. But we have three unknowns and only two equations which gives
us therefore an overdetermined system of equations. The values we get for the
unknowns are expressed in terms of V' and we have a family (U(V), M(V), V).

We from now on set v = 0; getting therefore the transformations

y=n@ulr) © =) (243)

This choice is not unnatural. As we know (see for instance [62, chap.1], y =

d
n(&)u(x); & _ p(x), is the most general point transformation preserving

the general linear differential equation of order n); and the Riccati equation
is indeed deeply connected with the second order linear differential.

Our expression for equation (2.4.2) greatly simplifies becoming,

dn ¢ c1 u U o
— = — 42— - —n°. 244
-2 vt (24.4)

If we denote by ¢; the natural coefficients of (2.4.4), one sees that

5y = 2
0
/
=21 (2.4.5)
wo 2uu
52 - %
W

With the same requirements as previously (the vanishing of the coefficient
of y and the fact the coefficient of y? equals to 1), one immediately gets the

canonical form

ay
with U = lecld’”, M = cU and ) = “©_
02U2
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Remark 2.4.1 A look at formulas (2.3.2) where we set ¢3 = 0 and v = 0,

gives us

Co

Yo =
Hu
c u

n="- o (2.4.7)
UCy

T2 =
I

which amounts to the expressions in equation (2.4.5) modulo a rescaling

Y = co + 3c1y + 3cay’

C dX
70, U= lecldx and X such that — = cU. One
Co U2 dx
has with the conventions in the last section:

We now consider J =

I
U, = €2f'y1d§ _ e2f%1,udre—2’;—#udgc _ Q
u

c Coll
As vg = 2 and Vo = 2—, a computation gives that J; = J. One also has
u [

that qX
1
—— =U; = X; = X.
de Y2U1 1
k
Therefore all the Ak are absolute invariants.

k
One has that

Co ]1 . 2 [crdz
= = th U= 1
Q CQU2 CQUZ’ W ©

. dQ
Now if we compute X we find

de de
Q {d o (d - 4)] _ I
dX U3 AU

We now define 5,1, for £ > 1 by the following identity:

dlo— dc
IZk-i-l = C2 CZZZ ! — ((2]{3 - 1)(17; + (2]{3 + 2)6162) ng_l,

One then has that
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Proposition 2.4.2

d*Q  Iyn
ka‘ - C§k+1Uk+2'
and
uk—l

(I2k+1>1 = WI%—H-

Proof. Indeed let’s take as recurrence hypothesis that the previous formula
is true for all £ > 1 then

dl.
2k4+171k+2 2k+1
@ e U TR
AXF T AR H3L2k+5

d
Dogi1 ((2k: + 1)£c§kU’“+2 +2(k + 2)clc§k+1Uk+2)

;
c§k+3 [J2k+5

simplifying one obtains

dI de
g T {02% — Iopta ((Qk + 1>d—x2 + 2(k + 2)0102”
d X k+1 = Cgk+3Uk+3 ;
hich is th s g fd 9%k + 1 and weight
winicn 1s € salne as C§k+3Uk+3' (§] 2k+1 are o egree —|— an Welg

3k, for all £ > 0. Moreover

(lok41)1 (Lokt1)1 R ST
iy rh+2 2h+1 k2 2ktlrrhen”
YU u o1 U"F ¢ U

L 2 k2

Remark 2.4.3 A look at the definition of

dlok—1
dx

IQk—i—l = C2

d
. ((Qk . 1)% + (2K + 2)0102> Lo

shows that one has again an operator namely

d dCQ
e ((2k — 1)% + (2k + 2)cic9),

which sends relative invariants of degree 2k —1 to relative invariants of degree
2k+1, for all k > 1. Using formulas (2.4.5), one finds with a method analog
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to a previously used one that

dvs de
d§ V2 p\ dz C2
2k—1d [u u
— — | = k+1)—.
po dx (u) b+ )uu

(2.4.8)

Remark 2.4.4 We know that a Riccati equation (2.4.1) is intimately related

to the second order linear ordinary differential equation in the following man-

ner. Set in
dY
- —Yy?
e +Q,
S/
Y =——.
S
Then it becomes
S’ = —Q8S.

If we define as before the relative and absolute invariants of a second lin-
ear ordinary differential equation as functions of its coefficients and their
derivatives which satisfy a certain multiplier property when submitted to
transformations (2.4.3), then all invariants of the Riccati equation are also
invariants of the associated second order ODE and conversely. One also sees
that @ is only the Laguerre invariant.

As in section (2.3) we look for the most general substitution (2.4.3) which
preserve the canonical equation (2.4.6) and find

1
X=X +h) (2.4.9)

Yy = KY,

with K, h constants. The last transformations are generated as a group of
substitutions on the variables (X,Y) by 7 : (X,Y) — X + h and H :

(X,Y) — KY. Also the expressions: j ¢

1 > 0, transform as

i’

diQS - K@'+2 diQ

‘ < 2.4.1
dXi ax (2.4.10)

We have the following proposition
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Proposition 2.4.5 The substitutions (2.4.9) and (2.4.10), admit the fol-
lowing infinitesimal generators

T = 0x

and

, , d'Q
Z = —X@X + Yay + ;(l + 2)@28Q1, with Qz = ﬁ

And therefore an invariant I in its canonical form must satisfy

T(I)=0, Y (i+2)Qidg,(I)=0.

120

As for the classes of canonical forms

dJ
—C _vy?
dX _I_Q?

One finds with an analog reasoning to an already used one (section (2.3)),
that they fulfill an identity of the form

0.

9(Q,Q', Q")
Remark 2.4.6 All invariants of the Riccati equation under transformations

(2.4.3) are "semi-invariants" for equation (2.1.1); which is a normal fact.

They only preserve the invariant property for the particular substitution
(2.4.3) of the form (2.1.6).

In the next chapter we do a more algebraic study of the Riccati equation.
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3 Certain algebraic equations of

degree four and five

3.1 Introduction

We proceed in this chapter to the study of some particular properties of
the Riccati equation which is a differential equation of the form mentionned
above. We consider an algebraic irreducible and separable equation h,(z) of

degree four or five,

ho(r) =2" + a1 ()" '+ 4+a, =0 (3.1.1)
where the a; reside in the function field F = C(¢). This field is naturally

d
endowed with the derivation —, which acts trivially on C; ie C is the field
of constants for this derivation.

Suppose all the roots of h,, are solutions of a same Riccati equation

u'(t) = Bo(t) + B1(t)u + By (t)u?, (3.1.2)
where B(t), B1(t), By(t) are in F.

The cross-ratio of any four solutions z; (|47]) will be a constant and we
will call such equations, anharmonic equations. This fundamental property
leads to profound implications; it is indeed by studying the different values
taken by the cross-ratio of four roots that one will be able to effectively
parameterize the anharmonics. We recover the main result of Autonne [4]

Theorem 3.1.1 e The Galois group of h,(x) is isomorphic to a finite
subgroup S of PGL(2,C), described in theorem (3.2.10).



o Every h,(x) is of the form F(x,T) = 0, where the polynomial in two
arguments F' has numerical coefficients which depend only on S and T

s in IF.
The fact that we are dealing with an anharmonic equation intervenes a
posteriori. The second set of results gives a more thorough description of the

anharmonics:

e The fourth degree equation
— The first type of hy is
X' +6TX?+4TX — 3T* = 0.

The cross-ratio K of four roots is equianharmonic, ie belongs to
1 = {—p,—p*} with p a primitive third root of unity. G is the
group 3y or Ay, the alternating group between four letters or again
the tetrahedral subgroup of PGL(2,C).

— The second type of hy 1s

X' 4 6TX* 4+ 4TX +T(T +1) = 0.

1
The cross-ratio is harmonic ie belongs to {25 = < —1,2, 3 G s

isomorphic to Dy, the dihedral subgroup of PGL(2,C). The latter
is generated by the cyclic substitution 04 = |Z,0.Z| of order four
and by the inversion substitution €y = |Z, }|. 0 satisfies * = 1.

— Finally the third type of hy is
(X*+q)* —p2X - 1)* =0,

where we have set

%:(1—T)2—(1+T)2 (%)2

and

1 1

q pT
G is isomorphic to R, the Klein group.

e The fifth degree equation
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— In this case there is only one type of hs; it is obtained from the

elimination of & between the two equations

=2
£E€—-3)+1’

and its Galois group G s isomorphic to the dihedral group ®s.

X = £ —5E+5) =T

The interest in the Riccati equation has always been huge; it is the only
first order differential equation (solved in the first derivative) up to fractional
linear transformations of the dependent variable and holomorphic transfor-
mation of the independent variable, possessing the Painlevé property. To be
more precise, one knows from the Cauchy theorem of existence and unicity
of a local solution of a differential equation, that the general solution of a

first order differential equation is of the form

f(z,C), with C an arbitrary constant of C.

But in general the solution y(z, C') exhibits singular points, meaning points
where y(z,C) is not analytical. These singularities are of different types:
poles, or possibly less friendly ones called branch points and essential singu-

larities.

In most cases the location of these singularities depends on the constant
C. The Riccati equation is the only first order equation whose only movable
singularities are poles. One may consult [24] for the latter subject.

Another aspect of the theory of Riccati equations is the linearization
property. In fact the substitution

Zl

%227

u =

changes the Riccati equation into a second order linear one. Therefore the

particular Riccati equation

du 9
E_u +Q7

is related in that way to the first dimensional Schrodinger equation.
d*z
— = —Q=z.
dt? @

Nowadays the Riccati equation is most notably used in the field of linear
differential Galois theory of the second order linear differential equation [51,
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52, 61] and in models for physical problems. One can have a look at the
paper [35], where the Riccati equation is related to Newton laws and to a
model for the expansion of the Universe (more precisely the authors relate
their model to the Friedmann-Robertson-Lemaitre cosmology under which
the expansion of the Universe under uniform pressure (baratropic) obeys a
Riccati equation).

This chapter is structured as follows: in section 3.2 we give the theoretical
foundation necessary in order to read this chapter smoothly, then in section
3.3 we first reprove in its great lines the theorem of Picard of the constance
of the cross-ratio of any quadruple of distinct solutions of a Riccati equation
as it is central in the analysis; we then prove the main theorem in section
3.3 and finally in section 3.4, we use the Klein invariants to build the Riccati

equations of the question. The main results are in section 3.3 and 3.4.

3.2 Some introductory concepts

3.2.1 Projective space of dimension n

In this introductory section 3.2, we use mainly material taken from |3, chap.27|.
For further investigation into the beautiful field of projective geometry, one
may check [42].

Let K be a commutative field of characteristic zero and V' be a vector
space over K of dimension n + 1, with n > 1. The set of lines of V is
called the n-dimensional Projective space associated to V. It will be denoted
Proj(V). Given an (n + 1)-dimensional vector space as before and the
projective space associated to it, one has a canonical surjection

VA{0r} =5 Proj(v)

z — K.

This map enables us to identify Proj(V') with the quotient space of V'\ {0y }
under the equivalence relation, saying that = and y are equivalent if and only
if:

NeK =K\ {O}:xz=M\y.
This is because an element of Proj(V) which is a line of V', is represented
by a non zero vector x and two vectors define the same line of V' when they
are K* proportional. We will write dim (Proj(V)) = n.
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Let us denote by GLk(V'), the group of linear automorphisms from V' to
V.

GLg(V) acts in a natural way on Proj(V'). Its action consists in assign-
ing to (9, M = wy(z)) € GLx (V) x Proj(V) the element g- M = wy (g(z)).
The kernel of the morphism from GLg (V') to the group of permutations or
bijections of Proj(V) associated to it, is the group K*Idy of the scaling

transformations.

We note by PGLg(V) the quotient of GLk(V') by its subgroup H :=
K*Idy. Passing to the quotient level, one gets a faithful (its kernel is the
identity) action of PGLg(V) on Proj(V). This action is 2-transitive or
also doubly-transitive. This means that for any two pairs (M; # M,) and
(M # M}) of (Proj(V))?, there exists g € PGLg (V) such that g-M; = M/
and g - My = Mj.

The permutations or bijections of Proj(V') defined by the elements of
PGLg(V) will be called the homographies of Proj(V). As the action by
homography is a faithful one, one can therefore identify by means of this
action, the group PGLk(V) with the group of homographies of Proj(V).
We will make this identification in what follows.

For every automorphism f € GLg(V') the corresponding homography in
PGLg(V) will be denoted f,. From what we have just seen the application

= fe

is a surjective group homomorphism of kernel K* Idy, .

Given a sequence (My,---, M,.2) of elements of Proj(V), we will say
that it is projectively free when: the M;s are free as elements of V. For
instance when p = 2, then (M, M) is projectively free if M; # M, (the
two lines are not collinear). One will call a projective frame a sequence

(My,- -+, M,ys), such that any subsequence of n+1 terms of it is projectively
free.
Theorem 3.2.1 Given two projective frames (My,- -+, M,.2) and

(M{,--+, M]_,) of Proj(V), there exists a unique h € PGLg (V) such that:
h(M;) = M!,Vi € [1,n+2].

Proof. For alli € [1,n+2], let us fix e; € M; \ {Oy} and €] € M\ {0y }. By
hypothesis the sequences 3 = (€1, - ,e,41) and ' = (e, - -+, e}, ) are basis
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of V. Let (\;)1<i<n (respectively (X))1<i<n) be the sequence of coordinates of
ent2 in B (respectively e;,_, in ). Using the hypothesis one sees that ); as
well as X £ 0 for all ¢ € [1,n + 1].

This is because if we assume for instance that some \; vanishes, we get,
as €,49 = Z]}l Aje; and the M;s form a projective frame, that e, = 0, a
consequence of the fact that one has a dependence relation between n + 1
non-vanishing independent vectors; this is a contradiction.

Now for any (n+ 1)-tuple a = (o, - - - , pyy) € (K*)"™, we consider the
unique element f, € GLg(V):

fale:) = aiel, Vi€ [1,n+1].

One sees that the homography h € PG Lg(V') will verify h(M;) = M/ for
all i € [1,n+ 1] if and only if it is one of the (f,).. Now for every fixed «

one has:

(fa)«(Myy2) = M, _,,if and only if there exists p € K*:

n

(fa)s(Eny2) = P€;L+2-

This means also that a;\; = pX,, Vi € [1,n+ 1]. The set of a € (K*)"*!

which verify this condition is therefore a line of (K)"™ of direction A\ =

(’\—/) . Hence the required f,s form a line and this gives us a unique
i/ 1<i<nt1

homography h = (f, )+, answering to the question. |

A sequence of p elements (My,---,M,) of Proj(V) is said to be p-

injective, if the M;s are pairwise distinct. One has the following corollary.

Corollary 3.2.2 Assume that n = 1 (ie dimV = 2). Then Proj(V) for
any two 3-injective sequences (My, My, Ms) and (M7, M, M) of Proj(V),
there exists a unique h € PGLg (V) : h(M;) = M Vi € [1,3].

3.2.2 Homogeneous Coordinates

Let 8 = (e1, - ,ent1) be a basis of V and M € Proj(V). The set
Cu(M) of the (n + 1)-tuples A = (A\)icicn € (K*)"'\ {0} such that
@V (D 1cicnst i) = M, is a line of (K)™*' without the origin 0. We will
call any such a A = (A, -+, A1) of Cy(M), a system of homogeneous
coordinates of M relatively to the basis .
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Consider now h € PGLg(V'), an homography ie the f in GLg(V) such
that f. = h form a line of Homg (V') without the origin. The corresponding
set of the matrices of these automorphisms is therefore a line of m,,; (the
(n + 1)-dimensional matrices). Any matrix of this type is called a matrix of
fin 5.

If H is any such a matrix and M, M  are two points of Proj(V) of
respective homogeneous coordinates x = (1, -+ ,2,), X' = (2], -+, 2}), one

has then the following equivalence:
M =h(M) < (X)=p(HX"), (3.2.1)

where p € K*, depends on H, x and .

3.2.3 Linear Projective Subvarieties

Definition 3.2.3 With the preceding notations and hypothesises, let d &
[0,n]. One calls a sub-variety of dimension d of Proj(V') any set of the
form W = wy (W \ {0y }), where W is a sub-vector space of dimension d+ 1
of V.. The linear projective sub-variety is called a projective line when d = 1;

a projective plane when d = 2; and a projective hyperplane when d =n — 1.

Given a linear projective sub-variety W, there exists a unique sub-vector
space of V verifying the definition above; it is precisely W = {0y} | ;' (W).
We call it the sub-vector space associated to W.

The linear projective sub-varieties of 0 dimension are the singletons and
the unique sub-variety of dimension n is Proj(V). The empty set will be
considered to be a particular linear projective sub-variety. Its associated

sub-vector space will be {0y} and its dimension —1.

3.2.4 Isomorphisms between Projective Spaces

Let V; and V5 be two vector K vector spaces of same dimension n + 1,
n > 1. Any isomorphism of K vector spaces f : Vi — V5, induces a bijection
fx : Proj(Vi) — Proj(Vs). Every isomorphism of this form f, is called
a projective isomorphism from Proj(V;) to Proj(V3). One also says that
there is an homographic correspondence between the two projective spaces,
instead of projective isomorphism. The identity map of a projective space is

a projective isomorphism.
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The product of two projective isomorphisms u : Proj(V;) — Progj(V3)
and v : Proj(Vy) — Proj(V3), v owu is a projective isomorphism. Also
the inverse map of a projective isomorphism remains one. When V; = 1},
one sees that the set of projective isomorphisms of Proj(V') on itself is the
group PG Lg(V') of homographies of Proj(V).

Theorem 3.2.1 or a construction similar to it shows immediately that given
two projective frames (M;)1<i<cnr2 and (N;)1<i<nio of Proj(V7) respectively

Proj(Vs), there exists a unique projective isomorphism

u: Proj(Vi) — Proj(Va):  w(M;)=N;, Ve][l,n+2].

Take now a finite dimensional K-vector space V' of dimension n + 1, with
n > 1 and basis § = (e, -+ ,e,+1). The linear bijection

fa K" =V

(T1,- -+, Tng1) P> €1+ -+ Tppipgr,
induces a projective isomorphism

(f3)x : Proj(K™™) — Proj(V)

(T1, + Tpp1) — 161+ -+ Tpi1€py1-

When we apply this isomorphism, we say that we identify Proj(V) to
Proj(K"™) by means of . This identification extends itself to the cor-
responding projective groups. In fact the application

PGLe(K'™) = PGLg(V)
h= (fg)s0ho(fs),",

establishes a group isomorphism between the two sets.

3.2.5 Some Additional Results about the Projective Line

The Cross-Ratio

K remains a commutative field. We fix a K-plane V. Corollary (3.2.2) has
shown that there existed a unique PG Lk (V')-orbit of injective 3-sequences in
Proj(V). Let (My,--- , My) be a 4-sequence of Proj (V') such that M, My,
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M3 are pairwise distinct. From what we have seen in the preceding section,

there exists a unique projective isomorphism
U : Proj(V) — K := Proj(K?) ~ KU {cog }
such that U(M;) = Og; V(M) = ook and V(M) = 1k.

Remark 3.2.4 One can identify Proj(K?) with KU {ocok} by means of the
following map

Proj(K*) — KU {cok}

X
M = @a(X,Y) > 3

The last isomorphism ¥ between Proj (V') and K sends M on an element
A € K\ {0k, 1x}. One sets:

Definition 3.2.5 Under the above conditions the element V(M) of K, is
called the cross-ratio of the sequence (My, My, M3, My) and is denoted
Brp(My, My, M3, My).

In the following to unburden the notation we will note the cross-ratio of
any four above points as Brp(M;)1<i<4.

Consider the natural left action of PGLg(V') on By(Proj(V)): the set
of the 4-sequences (M, My, M3, My) of Proj (V') such that M, M,, Ms are
pairwise distinct. This latter action is regular meaning for any two M =
(My, My, M3, My) and N = (Ny, Ny, N3, Ny) € By(Proj(V)), there exists a
unique h € PGLg(V) : h(M;) = N;,Vi € [1,4]. The cross-ratio enables us

to characterize the orbits of this action.

Proposition 3.2.6 o Let be given in Proj(V) two elements (M;)1<i<4
and (N;)i<j<a of Bs(Proj(V)). The condition: "there exists h €
PGLg (V) such that h(M;) = N;,Vi € [1,4] " is equivalent to:

BTP(Mz‘)lgig = BTP(Ni)lgigzx-

o Let A € KU {oog} ~ ]K; then there exists at least one 4-sequence
(Mi>1§i§4 bel0ngmg to B4(P'I"OJ(V)) such that: Brp(Mi)1§i§4 = A
(Brp as birapport).

Proof.
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e Let U, respectively 6, be the projective isomorphisms from Proj (V') to
K which sends (My, My, M3) respectively (N1, No, N3) to (Og, ook, 1k).
One has n = 071 o ¥ € PGLg(V). Moreover if U(My) = 0(Ny), ie
the cross-ratio associated to the sequence (M;)i<i<4 is equal to the
one given by the sequence (N;)i<;<4, one sees that n transforms the

sequence (M;)1<i<4 into the sequence (N;)i<i<a-

Conversely if there exists h € PGLg(V) which sends (M;)1<i<4 into
(N;)1<i<4 then foh = U, because as corollary 3.2.2 shows it, there exists
a unique projective isomorphism sending (M;, My, M3) to (Ok, ook, 1k).
So h =1, hence ¥(M,) = 8oh(M,) = O(N,). We have therefore proved
the part the first part of the proposition.

e Let’s prove now the second assertion. We first of all choose a basis
(e1,e9) of V. Next we set My = wy(ez), My = wy(e1), M3 = wy(e; +
ez) and My = wy (e + e). One verifies that Brp(M;)i<;<4 equals to
A, by using the remark previously given (one identifies Proj (V') with
Proj(K?)) and the corollary 3.2.2.

Let 8 = (e1,e2) be a basis of V and (M;)1<;<4 an element of By(Proj(V)).
For all i € [1,4] let (X;,Y;) be an homogeneous coordinate system of M;
in 8. We are going to give the explicit value of A = Brp(M;)i<i<4. For all
(i,7) € [1,4]* we denote by A, ; the determinant X;Y;—X;Y;. By assumption
N3, Azy and A, are non zero (because the lines M, My and Mj are
supposed to be non-collinear for any element of B,(Proj(V))).

Let 01 = wy(es), 0o = wy(er) and 03 = wy(e; + e2). The definitions
show that the homography h which sends (M, My, M3) on (601,05, 03) sends
also My on wg(Aeg +e3) if A # ook and on wy () if A = oog. Let ¥y denote
the homography associated with the element (6;)1<;<3 sending 6, on Ok, 62
on ook and #3 on 1.

If we take the composition of A and W;: W;0h, we see that it sends M; on
Ok, M5 on ook and M3 on 1g. Hence by definition and corollary (3.2.2) ¥i0h
sends M, on A. Taking the inverse one sees that h sends My on wy (Aej + e9)
if A # ook and on wy (e1) otherwise.

A matrix H of h as above ie one matrix of an element f € GLg(V): f. =
h is
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e e (3.2.2)
—Y2A1,3 X2A1,3

One can verify this by computing
X,

H ' Vi e {1,2,3}.

(3) wenas

Hence a representative system of homogeneous coordinates of h(My) in [ is
given by (A1 493, Ay 3A9,). Therefore the cross-ratio Brp(M;)1<i<4 of four

points is
(
X1 Xy X X3
i Y, Y, Y3
Ailas if My # M,
A, )X X | | X X (3.2.3)
i Y Y, Yy
[ OOk otherwise.

Assume now that the (M;)i<;<4 are all distinct from 6 ie Y; # Ok for all 4

and set

Formula (3.2.3) then becomes:

Ty — X r3 — T
Brp(M,, My, My, M) = x;‘ — x; + xi _x;. (3.2.4)

This justifies the name cross-ratio.

Let be two K-planes V; and V5. One says that a bijection
f: Proj(Vi) — Proj(Vs)
preserves the cross-ratio if and only if one has:
Brp(f((Mi))1<i<a) = Brp(M;)i<i<a,
with (M,;)1<i<a € Bs(Proj(V)). The following proposition is true.
Proposition 3.2.7 Let be two K-planes Vi and V. For a bijection
f: Proj(Vi) — Proj(Vs)

the condition: h is a projective isomorphism is equivalent to h preserves the
cross-ratio.
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Finite Homography Subgroups of a Projective Line

Let G be a finite subgroup of PGLg(V'), of order or cardinal n > 2. We
will call a singular G-orbit, any G-orbit in Proj(V') of cardinal < n. The
non-singular G-orbits will be called ordinary.

We remind that a finite group is called tetrahedral when it is isomorphic
to iy, octahedral when it is isomorphic to &4, and icosahedral when it is
isomorphic to 5.

Let h = f, be an homography of Proj(V), where f € GLg(V). Let
M = wy(x) € Proj(V), where x € V' \ {Oy}. One has the following:

h(M)=M <= wy(f(z))=M ie INeK": f(z) = Az;

meaning that the set of fix points of h are the union of linear projective

sub-varieties whose associated sub-vector spaces are the eigenspaces of f.

For instance when n = 1 and h # Idpyoj(v) ie f € K*Idy, then f admits
exactly one line (one dimensional space) as eigenspace if its characteristic
polynomial P¢(X) is not separable; two lines (two independent one dimen-
sional spaces) as eigenspaces when Pr(X) is separable with simple roots in
K and finally no eigenvectors if Pr(.X) is separable and irreducible.

We now give a description of cyclic subgroups of PG Lk (V). One has the
following theorem

Theorem 3.2.8 e Given two distinct points My and My of Progj(V)
and n € N*. There exists a unique subgroup of cardinal n in the group
of homographies PGLk(V') which fizes My and My and this group is
n-cyclic. The singular orbits of this group are { M1} and {Ms}.

o Let G be a finite subgroup of PGLk(V') which fizes a point My of the
projective space Proj(V'). Then G fizes a point My € Proj(V)\{Ms}
and G is cyclic.

o Ewery cyclic group of PGLk(V) has two fized points.

The finite dihedral or pyramidal subgroups on their side, are characterized
by the following theorem

Theorem 3.2.9 Let G be a finite n-cyclic subgroup of PGLy(V'), with n >
3. Let w be a G-orbit of cardinal n in Proj(V'). There exists a dihedral sub-
group of order 2n of PGLk(V) and a unique one containing G as a subgroup
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and such that w s one of its orbits. This group has two orbits of cardinal n,

one of cardinal 2, the remaining ones being ordinary ones.

Making w vary, one obtains in this manner all the sub-groups of cardinal
2n of PGLk (V') of which G is a subgroup and such that the elements not in
G are involutions (their second power is the identity).

These groups are non-abelian. There are also abelian dihedral subgroups in
PGLg (V). They are all of cardinal 4. Recapitulating one gets

Theorem 3.2.10 The finite subgroups of PGLy (V') are the cyclic, the di-
hedral, the tetrahedral, the octahedral and the icosahedral ones.

3.3 Fourth and Fifth Degree Equation whose

roots satisfy a same Riccati Equation

3.3.1 The Riccati equation, the constance of its cross-

ratio

Proposition 3.3.1 The Riccati equation is the only first order differential
order ordinary differential having the cross-ratio of any four arbitrary of its

solutions constant.

Proof. Let us take four arbitrary roots uy, us, ug, uy of the Riccati equation
u'(t) = Bo(t) + B (t)u + By (t)u?.

one therefore gets the system

uy () = Bo(t) + Bi1(t)ug + Bo(t)u?
uh(t) = Bo(t) + B (t)ug + Bo(t)u’ (3.3.1)
uh(t) = Bo(t) + B1(t)us + Bo(t)u?
Wy (t) = Bo(t) + B (t)ug + Bo(t)ua.

Thus as
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the following determinant vanishes

% u? oup 1
d;; ui uy 1
= 0.
% ud uz 1
% ud uy 1

Computation of the latter determinant gives [47]

du1 du2

E(UQ - us)(u2 - u4)(U3 - U4) + E(’U/g — u4)(u3 — u1)(u4 _ U1)
+ %(m - u1)(u4 - uz)(m - U2) + %(ul — u2)(u1 — ug)(u2 _ Us)
=0.

and this is equivalent to the fact that

(ur — ug)(uz — U4)%((U1 — ug)(uz — ug))

— (ur — ug)(uz — ug) (w1 — uz)(uz — ug)) =0

dt

(ur — ug)(uz — uy)
(u1 — ug)(uz — us)
The converse is easy computation. One replaces uy by u, takes the cross-

hence the constance of the cross-ratio

ratio of the four quantities wuy, us, us, u, which is assumed to have a constant

value vy, derives and sees that u satisfies a Riccati equation. |

Another consequence this implies is that the general solution y of the Riccati
can be written in terms of three particular solutions

_ ys(y2 — y1) + k(y1 — y3)y2
yo — y1 + k(v — ys3)

Therefore the Riccati admits a general superposition principle (its general

. for some k € P'(C).

solution is expressed with three generic solutions and a constant).

In the following we will not distinguish between the h,, (3.1.1) which differ
only from a substitution



with AC — BD # 0 and A, B, C, D € F; := C(a;), i € {1,---,4}ori €
{1,--- .5}

This identification makes sense because such a transformation changes
a solution of Riccati equation to another solution of a Riccati differential
equation; preserves the constance of the cross-ratio of any four elements in
some field extension of F;.

Moreover it preserves the Galois group of the equation h,,. We will take
advantage of similar substitutions in order to assume that the sum a; of the
roots of f is zero; or to multiply = by an appropriate element of F;. The goal

being the simplification of the expressions.

3.3.2 Fourth Degree Equation

Study of the Symmetric Group &,

The symmetric group &, between four elements £ = {1,--- 4} is the group
of bijections between these elements. It has 24 elements called permutations.
It is generated as a group by the following permutations: o = (1,2)(3,4),
B =1(1,3)(2,4),0 = (4)(1,2,3), e = (1)(2)(3,4).

If € lacks, the resulting subgroup is generated by «a, 3, 0: {(a, 3,0). Its
order is 12 and It is called the alternating subgroup of 4 variables. Moreover
af = pa=(1,4)(2,3).

If § lacks, the subgroup of order 8, is generated by «, 3, €. It is dihedral.

Finally if 0 and e lack, the subgroup is generated by «, 8. It becomes K
called the Klein group.

Let us have a closer look at the cross-ratio of the four distinct roots

X1, %9, T3, T4 in an algebraic closure F.

Set
{/I/%]} =T — Iy, Zaj:1727374-7

take the cross-ratio (3.11{4.2)
K=Ky= """+ 3.3.2
"= By 332
of the z;, and consider the way it changes under the action of &, (we remind
that a permutation o of &, acts on z; by the action (0, ;) = Z4(;)). Assume
that

= {273}{174}7 To = {37 1}{274}7 T3 = {17 2}{374}7
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then
T1 —I-TQ —I—Tg =0.

This is how the elements «, (3, v, ¢ transform the 7;; a and § leave them
unchanged; while § induces the 3-cycle (71, 7, 73), ie

0= (7_177_277_3)'

The action of € is the following: it sends 7, to — 7, 75 to —7 and 73 to —73.

Therefore one can write this action schematically as

T —T2
€E= | Ty —T1
T3 —T3

We next examine the action on K.

The action of the Klein group K on it is trivial. Its elements leave K

invariant.

The effect of 6 on K is given by

Ky—1
6(Ko) = (_E>:_B:Tl+72: ] = K,

1 T2 T2 Ky
)= o g
v ’7'3_’7'1—|—’7'2_1—K0._ 2
and
5(K2) = K().
e on his side acts on K in the following manner
1 1
Ky)=—=—:=K
E( 0) - K() 3
73 1
K)=——=—:1=K
6( 1) T K2 4,
and ]
T2
Ky)=——=—:=K
() 73 K ’

When the six elements K; are distinct, they form an orbit of cardinal six
under the action of the symmetric group &, on them. The latter set when
parameterized by Ky, equals the following set

Ko—1 1 1 K,
K —.1— K ) 3.
{ 05 K() 71_K07K07 O’K()—l} <333)
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The kernel of the previous action is therefore of cardinal four. It is the Klein

group K, which is thus a normal subgroup of &;.

If we denote by R the image of this action; one sees that

G
R~ —.
R

In this group R, the identity corresponds to K; d can be identified with the
product of 3-cycles
’19 = (KoKlKQ)(K3K5K4);

while € takes the form

5 = (KOK3>(K1K5)(K2K4>

When the orbit set of the previous action of G4 on the K is less than six,
ie when some of the K;s are identical; one sees that only one of two cases

can take place.

First of all
Ky= K, = Ky; Ks3=K,=K;

and
K2 — Ky+1=0;
this gives
Ko =Ky =Ky =—p, Ky=Ki=FKi=—p"
with p satisfying p> + p+ 1 = 0 or in other words p is a primitive third root
of unity:.
The orbit in this case is therefore formed of only the two elements —p,

—p%. One often calls it the equianharmonic orbit.

The last case which can happen is a compound of three other particular
cases (none of the considered cross-ratio can takes the value 1 because this
would lead to the vanishing of one the ratios or again to the fact that one of
them takes the value 00).

1
Ko=K;=-1; Ky =K,=2 K2=K5:§;

or
1
Ko=Ks =2 Ki=Ky=_ Kp=K=-l
and .
K0:K5:§; [(1:[(4:—17 K2:K5:2'
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The resulting orbit is hence
1
)
2
and it is called the harmonic orbit.

This finishes our description of &, and of its action on the cross-ratio.

Construction of the anharmonics of degree four

Let us take a general equation of the fourth degree
hy(z) = f(x) = 2* + 4a,12% + 6agx® + dasz + ay = 0

in [F[z]; we suppose it separable and irreducible. As we have seen linear
fractional transformations or homographies preserve the anharmonicity and
the Galois group. So we may choose one of them and annihilate a;. From

NOW OIl, We SUPPOse
f(z) = 2* + 6ay2® + dasx + ay.

We recall from classical invariant theory that given a field K of characteristic

zero. A binary form is by definition an expression of the form

n

f(z,y) = for" + (T) fiz"ly + (2

)fax"‘QyQ o fay”
with coefficients in K and n the degree of the form f. Another used notation
is

f(‘ray) = (f07f1> o ,fn>(l’,y)n

The set V,, of binary forms of degree n is a K-vector space of dimension
n + 1 and can be identified with the space of polynomials K |fo, f1, -, ful
on which the group SL(2,K) acts in the following way:

g= < Z Z ) € SL(2,K), f € Vo, (9f)(z,y) = flax + by, cx + dy).

When K = C, the generating elements of the tangent Lie algebra of sl(2,C)
are realized by

01 0 0 1 0
f = ty = ty = :
1(0())72(10)73(0_1)7

they act on V,, by the derivations yaa, xaa 3 B
Z Y T Y
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Indeed if we compute [40] the one parameter subgroups of transformations

associated with the ¢;, we get respectively

=((50))(0)=(") (2
(o)

Derivation with respect to t and evaluation at ¢t = 0 gives the three infinites-

and

imal transformations

9 xé and xé 2.
Yor oy Ox y@y’
but as
0 0] 0, 0
Yor Yoyl = For Yoy
it suffices to know the action only the action of
-
Yor: oy
on V,.

Their action on the ring K|[fo, fi,---, fu], is by the two fundamental

differential operators

0
f08f1+ f1 f A nfa_ 1afn
B 0
”flafo (n= )f28f1 RRAT T

An invariant denotes an homogeneous polynomial expression of the f; which
is annihilated by both D and A. One may consult [23|, for further study of

classical invariant theory.

In the case n =4 with K = I and for
fa(z,y) = for" + 4f12°y + 6 far®y” + 6 faxy® + fay™;
it is well-known that the algebra of invariants for SL(2,F):

91 =F [(Io, ap,: - 7an]SL(27]F)
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is freely generated (by generators and relations) by the two invariants

fo i f
gﬁ‘? f 4 j? f Coand g=|f fo fo
2 2 for fs fa

The invariants go and gz are related to the cross ratio K (3.3.17) by a
remarkable formula; in fact one remarks that by setting (see [3, chap.27,
page.400] or [15, pages.284,285,297])

I =29, and J = 6gs,
I3 (K- K +1)3

0=T= T2 — 222K — 1

(3.3.4)

Moreover if we set

3
92
0, =%
df4

with dy, = g5 — 27¢3 the discriminant of the quartic then,

4 (K=K +1)°
27 K2(K —1)2

We get therefore a similar relation relating the absolute rational invariant j,

Qo

and the cross-ratio. This invariant j, characterizes the isomorphism between
two elliptic curves as Riemann surfaces. One can check [16, chap.9] for further
details about that subject.

For the particular case of
hy(z) = f(x) = 2* + 6as2® + dasz + ay = 0,
one therefore gets (after homogenization) the two invariants

I = 2(&4 + 302), J = 6((12(14 — (Z% — CL;’)

Our intention is now to find the Galois group G for the hy and build them
explicitly. We remind first that G is a subgroup of automorphisms of &, and
that it fixes all the elements of I, by the fundamental theorem of the Galois
theory. The construction will result from a series of lemmas.

Lemma 3.3.2 If the Galois group G of hy contains 6 = (4)(123), then
Q=1=0:
if it contains € = (1)(2)(3,4) then
Q=o00, J=0.
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Proof. As ¢ is in the Galois group G, it must fix K = Kj; but we have seen
in subsection (3.3.2), that this happens only when

Ko=K =K, Ky=K,=Ks;; K;—Ky+1=0.

therefore

Q=1=0;
and we are in the equianharmonic case.

As for the case when € € G, we see again from subsection (3.3.2), that
its occurrence leads to the case implying the vanishing of J and therefore to
the fact the {2 = co. We are in the harmonic case. |

Remark 3.3.3 As the equianharmonic and harmonic cases exclude mutu-
ally, one sees that that Galois group can not be the full group &4. Therefore
it is contained in the alternate group iy, generated by o, 5 and 6, with I =0
(the cardinal of the Galois group is divisible by four because it is transitive;
the reason for the latter argument being the assumption of irreducibility and
separability of hy).

Or in the eight order group generated by «, f and € with J = 0, which is
dihedral.

Or finally in the normal subgroup £ (Klein group) generated by « and .

Normally one could also have had the occurrence of the 4-cyclic group
C,, but that would mean that its hy(z) = 2* — T, for some T' € F\ C and hy
would be already of the required form. Moreover the lemma which follows

shows that it leads to a degenerate Riccati equation.

We now deal with the construction of A4 in the harmonic and equianhar-

monic cases.

Lemma 3.3.4 The coefficient az can not be zero.

b\” b’
Proof. Otherwise hy is of the form x*4+bx?+c = 0 = (xQ + 5) +c— 1)

and in a splitting field its roots are of the u, v, —u, —v. Expressing that
these roots are solutions of the Riccati equation (3.1.2), we get:

U/ = %0 + %ﬂl + %2U2, —u' = %0 — %ﬂl + %2’&2;
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and
v = %0 + %12/ + %2222, — = %0 — sBlU + %Q’UZ.

Hence
0= %o + %QUZ = %o + %Q’UZ.

If one has 0 = By = By, then the Riccati equation is degenerate (not the

most general Riccati equation). Otherwise

a fact which v = v or u = —wv, a contradiction. [ |

In the following we always suppose that we are dealing with the most general

Riccati equation.
Lemma 3.3.5 If ay = 0, then hy is neither harmonic nor equianharmonic.

Proof. In fact, then
I =2ay, J=—6a3.

For I =0, a4y = 0, and zero is a root of hy (which is not possible as it would
lead to the vanishing of B,(t), a case we have already excluded). For J = 0,

asz = 0, a contradiction from the last lemma. [ |

We will therefore suppose that asas # 0 in the construction of the hy equian-
harmonic and harmonic.

We multiply (which is licit) = by an element r—! of Fy; hy becomes

zt + 6asr?a® + dasrdz + rlay = 0.

Set
T = ayr? = agr®,
then as
S | _ 3 -2
asas #0, 1r=asa; , T =asa;
and

flx)=a*+6T2* +4Tz + € =0, €= ayazaz”.

Then by very definition (replace the initial as, asz and a4 by their respective

new values ayr?, azr® and €.)

I=2¢+3T%, J=6(T¢C—T°-T?.
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When
I=0, ¢=-3717
f(z) = a* + 6Tx? + 4Tx — 377 (3.3.5)
When
J=0, ¢€=T>+T
f(x) = 2" +6T2* + 4Tz + T(T + 1). (3.3.6)

In both cases, f(x) is a polynomial in z and T" with numerical coefficients.
This is the first two set of results announced in the first part of theorem 3.1.1.

Let us now deal with the construction of the hy, with IJ # 0. Its Ga-
lois group must coincide with K formed of the four substitutions 1, a =

(1,2)(3,4), @ = (1,3)(2,4) and a8 = (1,4)(2,3).

First of all consider
T+ Tog+ T3+ 24 :0,

then
T+ To — (x3+:z:4) 7£O,
because otherwise
T+ o :$3+ZL‘4:O
ie
T1 = —T2; T3 = —T4

and hy would be a biquadratic polynomial, a3 would vanish, a fact which
would contradict the lemma 3.3.4.

One remarks that the expression
($1 + o — ($3 + 1‘4))2 = 24]?, (337)
is invariable under the action of o and 3. The same is true of

T1To + X324 = 2q
T1Xo — T3X4

T +ZL‘2 — (1‘3 +$4)

(3.3.8)

-1
_27"

We will use these invariants (p, g, ), to parameterize the solutions z1, s,
xg and 4. Using formula (3.3.7) one can choose the z; such that

1+ To = 2\/]3
$3+Jf4 = —2\/}3
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This induces from formulas (3.3.8)

Ty =q+ry/p
3Ty = q — 1/

and
T =\p+\P—q—ryp=g+h
= — — — = —h
T2=VP NP ATV =g (3.3.9)
r3=—\/p+\/P—qtryp=—-9g+k
\x4:—\/]3—\/p—q—|—r\/f9:—g—|—k:.
with
@ =p, K =p—q—ryp
and

K =p—q+ /P
In the above expressions of equation (3.3.9), one can set r = 1. First of all
we remark that we may assume r # 0, because otherwise, one would have
h =k, v1 = —x4, x5 = —x3, and we would have a biquadratic hy. As we
have already seen, this not possible. We scale, as previously done, the x; by
r. We can therefore divide the two sides of the second equation (3.3.8) by r,
and this is the same as requiring r = 1.

Let
(w3 — 21) (14 — 29) _ p+qg+A

(x5 —x2)(xa —21) pH+qg—A
because from the formulas 3.3.9

(23 — 1) (24 — 22) = (29 + (h = k))(29 — (h — k))
(4¢° — (B® = 2hk + k?))

K =

(- Co-0-2G--p)
=2(p+q+A4)
In the same way, we find
(23 — 22) (2 — 1) = 2(p+ ¢ — A).
Hence )
P—q?—p=(+q? {g;ﬂ (3.3.11)

84



As p # 0, we can set ¢ = pT’; equation (3.3.11) then becomes

( 1
p= 2
K—1
=12~ a+71)
<KT+ 1) (3.3.12)
q = 2
| a-Te- (%) (1+71)

We build immediately the corresponding h, with formulas of equation (3.3.9)
with r = 1;
ri—g=h, ¢=p,
W=p—q—g, kK =p—q+y,
So we have in succession
A p-2ng=h"=p—q—y,
71 +q=g(2x1 - 1),
(a7 +¢)* = p(2z1 — 1)%,
Every other root would give the same result, hence h4 is the equation

f(z) = (2> +¢)?* —p(2z — 1) = 0. (3.3.13)

But by the formulas (3.4), p and ¢ are rational in 7'; therefore f(z) remains
a polynomial in x and T, with numerical coefficients. This finishes the proof
of theorem 3.1.1 for the anharmonic hy(x).

Remark 3.3.6 In the previous, while choosing a square root, we have always
taken the positive one.

Remark 3.3.7 All the anharmonics hy we have obtained are resoluble by
radicals, meaning that the Galois groups are solvable.

In the equianharmonic case, ie when
O=1=0,

one has the sequence
{6} CRC L[4.

In the harmonic case, ie when

Q=o00, and J=0,
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the sequence is

{6} CRC @4.
The remaining case corresponds to the sequence

{e} C R.

3.3.3 Fifth Degree Equation

Let f(x) =0 € F[z] be an irreducible and separable hj, of distinct roots x,
x1 -+, x4; Fy its roots field. We designate by G its Galois group. Let Gy be
the subgroup of G which fixes xq3. The latter must fix the inverse cross-ratio

(23 — 22)(24 — 72)

= (23 — m2) (24 — 1)

We suppose (we shall prove it later) that K is neither harmonic nor equian-
harmonic. Then Gy which we can identify with a subgroup of &, which fixes
K, will contain neither § = (0)(1,2,3)(4) nor e = (0)(1)(2)(3,4) (see subsec-
tion 3.3.2). It can therefore be identified with a subgroup of £ and its index
(Go : 1) is either 1, 2 or 4.

Its possible presentations are

{e}

{e,(0)(1,2)(3,4)},
{e, (0)(1,3)(2,4)},
and finally

{e,(0)(1,2)(3,4), (0)(1,3)(2,4), (0)(1,4)(2, 3)}-

We suppose in the following that the index (G : 1) is not 1. Because if it
happened, as G is transitive, one has from the index formula that £(G) = 5.
So G is cyclic and h;(z) has the form

hs(z) = 2° — T

for some T' € F\ C and is already of the required form. We will not examine

this case in the following.
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As no non trivial element of the Klein group R fixes an element of the
set {x1, T2, x3, 24}, one sees that G will contain no substitution distinct from

the identity e leaving fixed more than a root of f(z).

So what is the structure of G7 Firstly one sees that G certainly does
contain the circular permutation

o=1(0,1,2,3,4) = |i,i + 1|(mod5).

This is because G is transitive and therefore of order divisible by 5 which is
a prime; so from the Cauchy theorem, there is a subgroup of order 5 in G,

hence a circular permutation.

Now let o = (0, 1,2, 3,4); one has

Using this one sees that the Galois group G does not contain
(0)(1,3)(2,4) ~ B;

such a fact would indeed lead to the fact that 0?3 is an element of G. But
the latter permutation has the two fixed points 3 and 4 as

o?B(3) =0*(1) =3, and o?B(4) = 0*(2) = 4.

We show similarly that (0)(1,2)(3,4) ~ « is not an element of G, using
the fact that (0,1,2,3,4) 0 (0)(1,2)(3,4) have the fix points 2 and 4.

So G ={e,(0)(1,4)(2,3) > af =7} and (Go : 1) = 2.
As a consequence the fixed field of Gy is IF [zy]. Now using the fundamental
theorem of the Galois theory, one can say that [Fy: F[zo)] = (Go : 1) = 2.

Thus F; = F [z, (], with ¢ algebraic of degree 2 over F [z].

Let us now see what G really looks like. We remark that 77tor = 07 1;

such an identity leads to

therefore GG is formed by the following ten substitutions
o et 1of, k=0,1,2,3,4.

And it is isomorphic to the dihedral group 9s;.

We recapitulate the results in the following proposition
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Proposition 3.3.8 The Galois group of an irreducible separable hs(x) hav-
ing all its roots solution of a same Riccati equation is the dihedral group Ds.
It is formed by the ten substitutions

ot et Tk, k=0,1,23,4;
with 0® = e and 7% = e.

It remains to be shown that the cross-ratio is neither harmonic nor equian-
harmonic and to determine explicitly the form of hs(z). We first show the
result concerning the cross-ratio.

We set

Ho = T1 — Xy, M1 =T2—To, HM2=2T3—T1, M3 =Ty — T2, M4 = Top—T3.
We will use the notation {i,j} =xz; — .

The permutation o which is necessarily in G permutes the p; circularly

o = (Ko, 11, fas H3, fa)-
We have
o+ a1 +20+ 23+ 74 =0,
and also
po + p + pi2 + p3 + pg = 0.

Finally by an easy computation, one sees

(

59 = 2(pta — p1) + p2 — p3,

511 = 2(po — pa) + pz — fa,

Baa = 2(p1 — p3) + pa — Ho, (3.3.14)
513 = 2(pg — ) + plo — pa,

519 = 2(p3 — o) + p1 —

\

This results from the fact that
2(pg — 1) + po — p3 = 4wg — (1 + T2 + T3 + T4) = SX0;

to obtain the remaining identities, just apply the cyclic permutation o suc-
cessively.

Define now the six quantities a, b, ¢, d, e, 1 as
a = piopz, b= p3ps, €= papo, d=popr, €= pifia,
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M= Hol1 a3 tiy.

Then

2 = abede,

and

ppn = bde,  pps = cea, pps = dab, ppz = ebc, puo = acd.

Next we multiply the formulas (3.3.14) by p and replace the pp;s by their
just given values, we get the relations

Suxg = 2be(c — d) + a(ec — bd),
Suxy = 2ca(d — e) + b(ad — ce),
Suze = 2db(e — a) + c(be — da), (3.3.15)
buxs = 2ec(a — b) + d(ca — eb),
Suxy = 2ad(b — ¢) + e(db — ac)

We remark that if
a=b=c=d=e, prg=pr =pry=prs=prs=>0;

but
©? = abede # 0;
because otherwise for instance a = 0 = pus =0 or u3 =0 = 3 = ; or
To = X4. SO
o= =x4 =0,
a contradiction. Therefore none of the the five letters a,--- , e is zero and
they are not all equal.

We now take advantage of the u;s and of a, b, c,d, e to parameterize the

cross-ratio K. One has

K1 = {371}{472} _ Ha b3 _a
{3,2}{4, 1} po(pn +pa)  d+c

ie
—Ka+c+d=0.
The substitution ¢ € G permutes circularly a, b, ¢, d, e leaving at the

same time K invariable. Therefore one has the following system of linear

homogeneous equations
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;

—Ka+c+d=0,

—Kb+d+e=0,
—Kc+e+a=0, (3.3.16)
—Kd+a+b=0,

\—K6+b+c:O.

We have seen that a, b, ¢, d, e can not take the value zero; so the determinant

-K 0 1 1 0
0 —-K 0 1 1
1 0 —-K 0 1 |=—-K°+5K3—5K+2
1 1 0 —-K 0
0 1 1 0 -K

=—(K-2)(K*+ K —-1)>=0.

If K =2, thena = b= c = d = e; this results from the fact that the identities
(3.3.16) lead to

( b+c+d+e
a =1
b _a+b+c+e

S
. _a+bt+d+e
=
d _a+b+c+e
=
. _a+btc+d
\ a 4 ’

and this gives

a=b=c=d=e;

a contradiction as previously seen. Therefore
K+ K-1=0.

Let 6 be a primitive fifth root of 1 and p; = 0+ 0%, p? = 2+ 6% + 63; we want

to parameterize the values of K using 6.

As
'+ 4+0+1=0,
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then
P Hp—1=0.

The two values of K are now seen to be
K=0+60" and K =0%+6° (3.3.17)

We are therefore neither in the equianharmonic case, nor in the harmonic
one. As these two latter cases correspond respectively to the fact that K
belongs to

{—p,—p?}, with p a primitive root of unity;

1
~1,5,2¢.
R

We regroup these facts in the following proposition

respectively to

Proposition 3.3.9 The cross-ratio of any four roots of an hs(x) is neither

equianharmonic nor harmonic.

Parameterization of the anharmonic h;(x)

Let K2+K —1 = 0 for example by setting K = §+60*; we want to parameterize
a, b, ¢, d, e with two independent variables u and v such that all the former

are expressed linearly with v and v with coefficients in C.

Assuming that fact, one sees that the substitutions ¢ and 7 of the group
G translate on v and v as two linear homogeneous substitutions S and 7.

We impose moreover that S is put into canonical form:
S=(u—60u v—6%).

2 1 _

As 0® = e, one also has that S° = e. Also because 72 = ¢ and 707! =

o1, it results that 72 = e, TST = S~!; therefore by an easy computation,
T=(u—v,v—u)

and
a+ B = (mod5).

T or its counterpart 7 must permute a, b, ¢, d, e in the following way
T = (a)(be)(c,d) =T
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and S or again ¢ must act as

S=0=(a,b,c,d,e).

Therefore

a=u+v, c=060"+0%0,
b=0%+0°v, d=6u+ 6%,
e = 0% 4+ 6%,
We insert now our results in the first of the equations (3.3.16) and get
Ka = c+d,

0+ 60 (u+v) = (0 + ) u+ (6% + 6°° ),

hence

a =2(mod5), [ = 3(modb)

or

a = 3(mod5), [ =2(mod5).

We will assume that o = 2( mod 5). One will consequently have the following

parameterization
(a =u-+wv,
b = 0%u + 63v,
c = 0% + v, (3.3.18)
d = Ou + 0,
le= 3u + 6%v.

Remark 3.3.10 The construction above induces a faithful linear represen-
tation of D5 into C2.

The fifth degree equation which admits a, b, ¢, d, e for roots is

T(z) = N° — 5uv)® 4 5u*v? A — (u® +0°) = 0. (3.3.19)

Therefore to recapitulate, the two substitutions ¢ = (0,1,2,3,4) and
7 =1(0)(1,4)(2,3) of G act respectively on the u; as the two permutations

(1o, fe1, oy Hi3, fha)
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and
Ho M1 K2 241 221
—fo —pi —fla —H3 —l
They act on the a,---, e as (a,b,¢,d,e) and (a)(b,e)(c,d); and finally they
act on v and v as the two substitutions
S=uw—0" v—0%), T=(@u-—=uvv—u).
At the same time we remark that

(= fopiaflafizjta  such that p? = abede

is invariable under the action of o and that it is changed to its opposite when

T acts on it.

Lastly, the two expressions u® + v> = p and ¢ = uv remain invariable
under the action of 7 and &, ie under the action of G. Thus they lie all in
F by the fundamental theorem of Galois theory.

In what precedes, we have worked with the root zy of hs. We have
considered the subgroup Gy of the elements of G which left it fixed. We saw
Gy was {e, (0)(1,4)(2,3)}; we have also seen that it fixed a (we are presently
reasoning by isomorphism). Had we worked with z; and b, we would have

similar results by circular permutation.

Therefore by construction, we see that anyone of the couples

{((I, ZL‘()); (bv xl); (Cv xQ); (d7 $3); (67 1‘4)};
is fixed by the same substitutions of G' (as a and z; are fixed by the same
substitutions of G, one is a polynomial of the other one). Hence

zg = P(a), P(X) e F(X).

We now let o act on

zo — ¢(a) =0,
we get similar relations

z1—¢(b) =0,

zs — Y(c) =0,

x3 —Y(d) =0,

xy —P(e) =0.



Construction of the hs(z)

Let us build the previous v. We will then as before give a parameterization
of hs(x).

We put the values of a, b, ¢, d, e in equation (3.3.18) in the formulas of
equation (3.3.15). We obtain the next lemma whose proof results by simple
computation. We therefore omit it.

Lemma 3.3.11

Sury = R(u —v)(u? + v?)
with

R=2(0*—0% 46— 6"

We remark that the expression

(u ~ v?)

1

=r

is invariant under the action of & and 7. This is due on the one hand, to the
fact S(u) = 6u, S(v) = #°v and to the fact that S leaves u unchanged;
the remaining side results from the action of 7 on y and (u® —v°). The latter
substitution changes as is easily seen, both the signs of p and (u® — v).

Therefore r lies in F.

Consider the expression

ub — v

= ut + v + v? + wd + ot
u—v

= u* + vt + ww(u? + 0?) + v’
As (3.3.18)
uv =q, U+V=a;
one obtains
(u* +v*) = (1 + %) — 2u*? = ((u+v)? — 2uw)? — 2u*v? = a* — 4qa® + 2¢%;
in the same vein one gets
uv(u?® + v?) = q(a® — 2q).

Hence ; ;
u’ — v
= a*(a® — 3q) + ¢*.

u—v
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We now use the previous identities to determine the value of z in terms a.

One has from lemma 3.3.11

R(u —v)(u? + v?)
fL
_ Rr(u—v)(u®+v?)
5(ud — v°) (3.3.20)
TR a’® — 2q
5 a?(a® —3q) + ¢?
= 1p(a);

g =

SO

rR X% -2q

VX = o s

We set a? = ¢€, and deduce from it that

_ o -2
~5q E(6-3)+1

As a is a root of equation (3.3.19), we have

Zo

T(a) = a(a* — 5qa* + 5¢*) — p = 0,

where we remind that we have set

Thus
¢’a(&® — 56 +5) =p.

Taking the square of the last expression and dividing appropriately, one gets

p2

R
In the last results we have privileged the couple (xg, a), if rather than working
with it, we handled the couple x; and b, the result would have been identical.
Therefore our construction is independent of the root chosen at the start of
the process.

If we summarize, we see that hs is obtained by eliminating & between the

two equations

Rr E—2
)

_ .5 = 2 2:
U R (256 +5)2=T.
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As previously seen, it is licit to multiply all the x; by the element of F,
Rr
5q’
o : Rr .
such an operation is equivalent to set — = 1 (the Galois group and the
anharmonicity are preserved).

Therefore one has the following proposition

Proposition 3.3.12 To get the anharmonic hs(x), one has to eliminate &

_ =2
§E-3)+1
The resultant is a polynomial of the fifth degree between x and T with nu-

between

=56 +5)=T and z=

merical coefficients. The algebraic relation between x and T is of genus zero
(they are rationally expressible with the same parameter &).

A question remains to be examined, namely: is the fifth degree equation that
we have just built an anharmonic? In other words, are all the cross-ratios
formed from any set of roots in C? The answer is happily yes. To see this
let us name by R; the system of the six distinct cross-ratios formed by the
four roots different from ;. Equation (3.3.3) shows that the fR; are rational

functions of anyone of them.

We have shown (3.3.17) that K admitted the parameterization
K=0+0" or K=06>+6

with 6 a primitive fifth root of unity. Thus K which belongs to Ry is constant.

So are all the remaining elements of Ry.

The substitution o € G which permutes circularly the five systems R;, 7 =
0,---,4 leaves K constant. Therefore every one of the systems R; has a

constant term, a fact which leads to the constance of its all terms.

This ends the proof of theorem 3.1.1.

Remark 3.3.13 The hs we have just built is again solvable by radicals; as

it admits the following sequence
{6} - 05 = <(07 17 27374>> - 95-

Moreover one remarks that ©s s part of a larger family of groups, namely

the Frobenius groups which are defined as follows
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Definition 3.3.14 See [29]. Let p > 5 be a prime number. &, the sym-
metric group; a subgroup H of S, is a called a Frobenius group, when it is
transitive, when all its substitutions have at most a fix point and such that
there exists at least a substitution of H having a fixed point.

3.4 The Construction of the Riccati equations

To begin, we determine the stabilizer of the roots of the anharmonics hy(x)

and hs(x). In order to do so, we use first of all the following lemma.

Lemma 3.4.1 Let x; be a root of h,, n € {4,5} and x; another root of it
with i # j; then the stabilizers G, and G, of x; and x; under the action of
the Galois group G, are conjugate.

Proof. We know that the Galois group G acts transitively on the roots;
therefore there exits some o9 € G such that

oo(x;) = ;.

Now consider the stabilizers of z; respectively z;: G, respectively G,,. One
has
O'O_IGIJ.O'O C le

Indeed let g € G, then g 'goo(z;) = 0 'g(x;) = oy ' (x;) = z;. We show
in the same vein that
aoniao_l C Gy,

and this gives the complete proof of the lemma. |

We can therefore reason on any of the stabilizers for the respective cases we

will consider. We remind that the anharmonics h, fell into three categories:

The first hy corresponded to the equation
f(z) = 2* 4+ 6T2* + 4Tx — 31T* = 0;

we were in the equianharmonic case, ie I = 0 or Q; = {—p, p*}, with p a
primitive third root of unity. The Galois group of the equation was 4, =
(o, B,0) ie the tetrahedral group.

The second h4 was
f(ZL‘) :f(ﬁ) :$4+6T$2+4Tx+T(T+1) =0

97



its Galois group was the dihedral group ©, = («, /3, €) (contains the 4-cycle
1
(1423)). We were in the harmonic case ie 2y = {—1, 2, 2} or J=0.

Finally when we were neither in the harmonic case nor in the equianhar-
monic one, hy took the form

f(x) = (=] + @)® = p(2z, — 1),

with
( 1

p:
K—1
1-T)2— [ ———
=12 (e
T

)2(1+T)2

" (1-T)2— (%)2(1+T)2.

And the Galois group was the Klein group K generated by a and f.

\

For the case of hy, only one case happened to exist. It resulted from the

elimination of £ between the following two equations
£E—2
(-3 +1
The Galois group of the latter equation was the dihedral group 5 generated
by o = (01234) and 7 = (0)(14)(23).

Thus in the tetrahedral case (first hy), the stabilizer of x4 is (0) (by
inspection). It has cardinal three. From the previous lemma the stabilizers

(€ =56 +5)=T and z=

of the the other roots are also of cardinal three. Therefore they are cyclic
subgroups of order three.

For the second hy, the Galois group was ®,4. One sees that the stabilizer
of z; is generated by e. Thus all the stabilizers of any of its roots are cyclic
subgroups of order 2.

For the case of the Klein group R, the stabilizer of any root of the corre-
sponding h, is the identity. Lastly we have seen at the beginning of section
(3.3), that the stabilizer of the root zg of hs was of cardinal 2 and therefore
is a cyclic group of order 2.

To summarize one has the following proposition

Proposition 3.4.2 The stabilizer of any root of an anharmonic h,, n €
{4,5} is a cyclic subgroup of the Galois group of the equation. Moreover all

the stabilizers of the roots of any h, are conjugate.
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It is well-known (see [27]) that the tetrahedral group 4l is isomorphic to the

group of linear fractional transformation generated by the elements
' 1—1Z -1
’ 14+iZ+1

L
Z

’

92:‘27_2‘7 GOI‘ZJ

for the case of the dihedral groups ®, one knows that it has an isomorphism
with the subgroup of linear fractional transformations generated by
: 1
O, =|Z,iZ|; € = Z’E )
The Klein group K is on his side isomorphic to the group generated by
1
O, =1|Z,—-Z|; e = Z’E :
Finally the dihedral group ®j is isomorphic to the group of fractional linear
transformations generated by

2ir 1
-l am|2l]
Klein in [27] also associates to each of the previous groups of fractional linear
transformations, an absolute invariant.

For the tetrahedral case, this invariant is given by the formula

b () <Z4+1+2i\/§Z2)3

\:[167": -
g (2) 74 41— 2i/322

For the dihedral cases ®,4, respectively ®s5, respectivelyR. The absolute

invariant is given by

Z 1
¥(2), _ — 4+ Z™, with m € {4,5,2} in previous adopted order.

Van = 5(2), = 7

Let now S be the finite group of linear fractional transformation isomor-
phic to GG. The properties of the absolute invariants ¥ are the following;:

e They are left invariant under the transformation of the concerned groups,

with the action given by

(hf,\ll) — hf\If AR \D(hfZ)

e Every other absolute invariant for the group is a rational function with
coefficients in C of V.
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We shall use these previous invariants to give a new parameterization of
the roots of the anharmonics. Then we will use the constance of the cross-
ratio to determine a form for the general solution of the Riccati equation and
finally build the Riccati equation into consideration explicitly.

First of all we describe a procedure to parameterize the roots. We take
any root x; of an anharmonic h,; and consider its stabilizer G,,. We have
seen in proposition 3.4.2 that it is a cyclic subgroup of the Galois group G
of h,. We call its order p and note N the order of G. Thus by transitivity

N = np.

Call S; the group corresponding to G,,. S; is a cyclic of cardinal p. Let o'
be its generator. One knows from theorem 3.2.8, that it admits two fixed
points. Consider 7; as one of them.

We take a generic variable U € F; \ C and denote by ¥ the absolute
invariant in all the cases.

The equation

vy, (3.4.1)

has got
N =np

roots in an algebraic closure. We suppose that their list is given by Aj, where
0 <j < N —1. Let be the equation

() _ b)) _ () _  _ $(-)
o) olm)  B(m) G(Mn-1)

If n; is one root it, then for any ¢/ in its stabilizer S;, n; is a solution of the

(3.4.2)

equation

vlom) _ v(n). (3.4.3)

o(om)  ¢(n;)’

therefore 7; is root of equation (3.4.2) of multiplicity p. Hence we see that

all the roots of equation (3.4.2) have multiplicity p and that equation (3.4.2)
is the p-th power of a polynomial of degree n which we will call H. Let us
try to take advantage of the polynomial H and of W to parameterize a root

x; of an anharmonic h,,.

Proposition 3.4.3 Consider one of the A as defined by equation (3.4.1) and
n; the roots of H. We have seen the sum of the roots of an anharmonic can
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be taken to be zero. Impose the condition

2= P(A) {A ! —+ Q(A)]
and that
Pls.A) = ﬁp(m
with aZ +b
s(2)= 200 ad—ch 0.

Then z; admits the parameterization

[ 1 H(A) }

o A—n  nH(A)
Z v'(A)
Proof. As
ZSL’Z' = 0,
one has
1
;xl =P <nQ+;A—m> =0
But . (A
; A—m H(A)
hence H(A)

Now if P and P, are two polynomials satisfying the conditions of the propo-

sition, then

Py
P )
is left invariant by all linear fractional transformations, therefore it is a ratio-

nal function with numerical coefficients of W(A). As the latter is supposed

P
to be equal to U € T, L e F. P differs from P only by a multiplicative
factor belonging to F. Suppressing this factor is equivalent by the below

representation of x;:

1
A=

nim PA) [ 51 Q)

to multiply x; by an element of F. This does not change any of the funda-

mental properties of the anharmonics (their Galois group and the constance
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of the cross-ratio). Therefore it suffices to get an arbitrary P(A), in order to
solve the problem. Let ¥’ be the derivative of the absolute invariant. As

qj(aAH;) _wa)

cA+d
then A+Db 0A (cA + d)?
,fa —+ o o CcA +
v (cA—l—d) _W(A)a aA+b =) ad —be
cA+d
Now we just take
1
P(A) = V(A)

This completes the proof. |

One has therefore for expression of the x;

1)
_lA=m nH(A)]
T; = w(A) = (A, m) (3.4.4)

with
U(A)=U and H(nm)=0.
We now show that the general solution of the Riccati equation admits a

representation in the form v = f(A, C), C an arbitrary constant.

Lemma 3.4.4 The general solution u of the given Riccati equation (3.1.2)

can be written in the form

u=f(A,C).
Proof. Take three solutions x1, x5, 3 with respective representations

T = f(A, 771)7 Lo = f(Aa 772>7 T3 = f(A7773)
Define (:
u=F(4, Q).

One knows that the cross-ratio of u, x1, x2, 3, is a constant K. . So

(u—z1)(r3 — 11)
(23 — 2)(u — T2)

= K..

But by very construction

(u —21) (73 — T2) _ (€ —m)(ms — 1) = K,.

(3 —21)(u —22)  (n3—m)(C —n2)
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So ( is a constant whose value depends on K.. It is the arbitrary constant

C. |

Now we have that

and

u=f(A,C).
This leads to

C=A- [u\IJ’(A) A r

nH(A)

d
Taking the derivative N we get

d d (H H'’
‘I”dZ”‘I’”wA(m)*(“‘”w) o B

This gives the form of the Riccati equation (3.1.1) associated to the alge-
braic equation (3.1.2) all of whose roots are solutions of the Riccati equation
(3.1.1).
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4 Equivalence problem of certain
second order ODEs

4.1 Introduction

Our aim in the present chapter is the study of second order ODEs y” =

f(x,y,y’) under the pseudo-group of area preserving transformations

X = X(f,y)

, (4.1.1)
Y =¢(x,y) with J:= x,0, — Xy = 1;

using the Cartan equivalence method. The equivalence of second order ODEs
(ordinary differential equations) was studied by various authors; most no-
tably Cartan himself in [10], and before him by Tresse in [57, 58|. Cartan
associated to every second order ODE a normal projective connection in the
sense that it is uniquely characterized by the function f and its derivatives. In
[38, 39] second order ODEs under general point transformations were studied
under a modern perspective. Moreover in [43, lemma.2.2|, Ozawa and Sato
studied the linearization under area preserving transformations of the class

of second order ODEs with

f(@,y.y) = Az, y)y* + 3B(z,y)y” + 3C(2,y)y’ + D(z,y).

The main point here is the analysis of the area preserving hypothesis in full
generality. More precisely we associate to each second order ODE studied
under area preserving transformations, a uniquely defined normal affine con-
nection over the first jet space analogous to the normal projective connection
built by Cartan in [10]. Moreover we rediscover in more geometric terms the

conditions for the linearization of [43, lemma2.2|.

The remark is that general point transformations give rise to a projective
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geometry associated to second order ODEs

y' = f(z,y,y)

while the area preserving transformations associate to second order ODEs an

affine geometry.

4.2 Equivalence of second order ODEs under

area preserving transformations

Given two ODEs
y' = flz,y,y) (4.2.1)
and
Y'=F(X,Y,Y'), (4.2.2)
they are considered point equivalent if there exists a local diffeomorphism
® : U — V which maps solutions of equation (4.2.1) to those of equation
(4.2.2), with U and V open subsets of J!'(R,R) respectively associated to
the source and the target equation. The problem we consider is therefore

to determine local conditions in terms of invariants for the existence of such

transformations.

In all this chapter, ® will denote the total derivative
D:=0,+y'0y+ fO,.

4.2.1 Cartan Method

In order to apply the Cartan equivalence method we discussed in the first
chapter, one has to express the differential equation (4.2.1) into a pfaffian
system; this achieved by the following result.

Lemma 4.2.1 The solutions of (4.2.1) are in one-to-one correspondence
with the integral manifolds of the Pfaffian system with independence condi-
tion on wi: (Iy,wd = dx) on J'(R,R) where I; is generated as an algebraic
ideal (relatively to the wedge product) by the 1-forms

1
wh =dy —y'dr, W i=dy — fdr — gfy/(dy —y'dx) (4.2.3)

and (z,y,y’) are standard coordinates on J'(R,R) in which the contact form

is given by w{;.
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Proof. An integral manifold of (I, w}) with independence condition on w};

is by very definition a curve s : R — J'(R,R) such that s*w}, = s*w =0
and s*wy, # 0. The conditions s*w}; = 0 and s*wy, # 0 will be satisfied if and

only there exists a map ¢: R — R : 2 — c(z) such that s = jlc where

d
jle R — JH(R,R) : 2 — (x,c(az), dc) :
X

The condition s*w? = (j'c)*w? = 0 is then equivalent to

o (e
dx? "dx )

[
We consider the coframe basis
wh = dy —y'dx
wh =dy — fdr — ;fy/(dy —y'dx) (4.2.4)

3 _
wpr = dx.

From now on we eliminate dependence on open subset U. Under point trans-

formations (4.1.1), the first derivative ﬁ changes into X = ;‘ggg There-
fore w! becomes
_ D(¢p) J
oli=dop— S d(y) = ——w! = wwh 4.2.5
D(x) W Xa +Y'Xy 1 (4:25)
Equally w? is changed into
&% = xyw' + (Xo + ¥y " (4.2.6)

Let’s now look at the law of transformation of w?; one has the following
lemma.

Lemma 4.2.2 Under point transformations (4.1.1), w? is transformed in &2

with ; L .
_ xzTY
= ST 4.2.7
0Ty 30 +9x)? 4z7)
Proof. One has by very definition that
9(625))
aY' =d ( . 4.2.8
92(1) 429
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Computing we get

1
dY'= ——— (Jdy' + [Ci + Biy' + A y'?] dx
(Xr+yXy)2( (Gt By 1] do) (429)
1 2.
+ - [Cy+ Byy' + Asy?| dy
(Xe + ¥'Xy)? Gt B 20"
with
By = (Xr¢ry - (bexy) + (Xy(bm - ¢me)
Al - Xy¢xy - ¢yXx (4 9 10)

CQ = Xr¢ry - (bexy
B2 = (Xr¢yy - Cbery) + (Xy¢ry - (bexy)
As = XyPyy — PyXyy-
Now we remark that on the set of solutions of equation (4.2.1), we have

dy = y'dx, dy' = fdx (with similar identities for the corresponding capital
variables) and dX = (x, + y'xy)dz. Therefore

(X +¥'xy)°F = Jf + D+ Cy' + By? + Ay” (4.2.11)
with

D:Ch C:CQ—I—Bl, B:BQ+A1 and A:A2

Yl
One also sees that By, = 2A; + Q, By = 205 — Q and finally 0 =
dy ox oy’
J

—————. Consider now equation (4.2.11). Derivation of it with respect
(Xa +9'xy)
to ' yields

3y (Xe + VX)) 2 F + J(Xa + ¥ x) By = Jfy +3AY* + 2By + C (4.2.12)

This gives
1 Jf(dy —vy'dx 1 dy — v'dx
—ny/(dY—Y,dX):Xy f(y/ys)_ffy’(y y/ )2
3 (Xz + ¥'Xxy) 377 (Xe T ¥'Xy)

xy(Ay”? + By? + Cy' + D)(dy — y'dx)
(Xe +¥'xy)?

_ 1 (3Ay” + 2By + C)(dy — y'dx)

3 (Xa + ¥'Xy)?

_l_

(4.2.13)
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and

v —Fax =gy e g Tha
(Xr + y,Xy)2 (Xac + y/Xy>3 (Xr + y,Xy)3
n ((C1 + Bry' + Awy?)dx + (Cy + Boy' + Agy®)dy)
(Xe +¥'xy)?
(Ay” + By”? + Cy' 4 D)(x2dx + x,dy)

(Xz +¥'Xy)?

(4.2.14)

Hence
—9 J 2

w =W
(Xr + y,Xy)2
+ja0y+Bwﬂ+Awa+y@Ay2+2By+cmdx
3(Xe +¥'xy)?
_ 3P+ By* +Cy' + D], [B(Co + Bay + Asy”)]
3(Xe + ¥'xy)? 3(Xe +¥'Xy)?
(3Ay” + 2By’ + C)

3(Xz + ¥'xy)?

(4.2.15)

Therefore

J 3B, — 20, + (34, — B)y/
(DQZ ; 2w2+[ 1 1 (, 12 )y]y/dx
(Xz + ¥'Xy) 3(xz + ¥'Xy)

[302 - C + (332 - QB)y/]
Y dy.
3(Xe +¥'Xy)

(4.2.16)

As

302—02 Jx, 3A1—B: —Jy, 3B2—QB: Jy and 3B1—2C: —Jx,
the result follows. [ |

Consequently one sees that when J = 1 (area preserving condition (4.1.1)),
then

1
wl = wl
Xz + Y'Xy
1
—2 2
W= W
(Xz + ¥'xy)?
—3 1 / 3
0° = xyw + (Xo + Y xy)w”.

)
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Therefore a class of equivalence of second order ODEs under point transfor-
mations (4.1.1) is given a local G-structure U X Gy, ie a local sub-principal
bundle of the bundle of frames over U. It is defined by the property that
(w!, w? w?) is defined on it and with the structural group parameterized by

Uy 0 0

Gy=| 0 i 0. (4.2.17)
U9 0o —
Uy

As we can set ]

U = ————
Xz + Y Xy
Two second order ODEs are locally equivalent under transformations (4.1.1)

and  ug == xy.

when their corresponding Gp-structures are.

On the local principal bundle U x GG}, there exists three well-defined canon-
ical one-forms (6y, 0, 05): the components of the canonical R3-valued form 6
existing on the frame bundle of U C J'(R,R). Let (z) denote x,y, 3y’ and (g)
be coordinates in G, given by (4.2.17) such that (z, g) is a coordinate system
on U x Gy, compatible with the local trivialization. Then the #° at the point
(z,g) are given by

91 = ulwl
2,2
0 = ujw (4.2.18)
1
93 = qul + 7(,03

Uy
The equivalence condition of two second order ODEs translates on the one-
forms associated to the Gy-structures as the existence of a diffeomorphism ¢:

¢*(0) = 0; 0 is associated with target equation and € to the source one; see
[40].

4.3 Connections on Principal Bundles

Before we discuss the equivalence problem (4.2.18), we recall with some de-
tails, the important notion of connection.

According to the current "standard model" of elementary particle physics,
every fundamental force (boson) is associated with a kind of curvature. But
the curvatures involved are not only the curvatures of space-time, but curva-

tures associated with the notion of a connection on a principal bundle. We
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assume that we are dealing with a right principal G-bundle. We remind that
it is a quadruple (P, M, G, 7). P is the total space, M the base manifold, G
is a Lie group acting on the right on P and m the projection is a submersion
(see definition 1.2.3). We will note it (the principal bundle) 7 : P — M or
G—P— M.

Let g € P, x = w(q) € M, p € 7 !(x). Let the group right action be
denoted by ®:

b:GxP—P

(4.3.1)
®(g,p) = @4(p) :==p-g

We can think of the group as an action which pushes points in the bundle
along the fibres.

4.3.1 Horizontal spaces, vertical spaces, and connec-
tions: the two view points

Taking p as previously. We define the vertical subspace V, C T, P as
V, = ker(m,),, with 7, the differential of 7.

A vector field X on P is vertical if X, € V, for any p. The Lie bracket of
two vertical vector fields is again vertical. Indeed consider two vector fields
X and Y belonging to V and f € C*°(M). We have

T XY () o= [X Y, (f o)
= Xp(Y(fom) = Yp(X(f o))

= Xp((me o Y)(f)) = Yp((me 0 X)(f))
= 0;

where we have used the fact that
(meo X)(f)=X(form) and (moY)(f)=Y(fom).

Therefore the vertical subspaces define a G-invariant distribution V' C T'P;
because 7 o ®,(p) = 7 implies that we have

(®g)uVp = Vi

In the absence of any extra structure, there is no natural way to choose a

complement to V, in T,,P. This is in a sense what a connection provides.
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Definition 4.3.1 A connection on P is a smooth choice of horizontal sub-

spaces H, C T,,P complementary to V,:
T,P=V,®H,

and such that (®,).H, = H,,. This also means that a connection is a G-

invariant distribution H C TP complementary to V.

We visualize below the local representation of a connection (inspired by [60]

and authorized by its author) and horizontal subspaces
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Figure 4.1: Visualizing a local representation of a principal bundle.
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V,P =1T,G = ker(m,)

T,P =V,P & HQP%

H,P

TrgM = H,P

Figure 4.2: Horizontal spaces.
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The action of G on P defines a map o : g — H(P), with H(P) the set
of vector fields on P. It assigns to every v € g, the vector field o(v) whose
value at p is given by

doom
0(0) = 2 (p:e)ico.

Notice that

d " d
W*Qp(v) = %W(p-et M=o = it

whence p(v) is a vertical vector field. In fact, since G acts freely on P, the
map v — g,(v) is an isomorphism between g and V), for every p.

ﬂ-(p)‘t:() = 07

Lemma 4.3.2
(@g)s0(v) = o(ady-1v).

Proof. By definition, at p € P we have

(®,).00(0) = 2P

d

= jt(p~€tvg)|t:0
d —1 _tv

_ jt(p'gg 16t g)|t:0 (432)
d a v

= a(pyet 971 =0

= op.g(ady,—10).

The horizontal subspace H,, C T, P being a linear subspace, is annihilated
by k = dim G linear equations T,P — R (its orthogonal). In other words,
H, is the kernel of £ one-forms at p, the components of a one form w at p
with values in a k-dimensional vector space. There is a natural such vector
space, namely the Lie algebra of G, and since w annihilates horizontal vectors
(vectors belonging to H, for any p), it is defined by what it does on vertical
vectors, and we do have a natural map V,, — g given by the inverse of g,.
This prompts the following definition

Definition 4.3.3 The connection one-form of a connection H C TP is the
g-valued one form w defined by

w(x)= v TX=elv), (4.3.3)
0 if X is horizontal,
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and obeys to the identity
(Pg)sw = ady—1w.

Now a form on P is said horizontal if it it annihilates the vertical vectors.
The following picture shows how the previous definition works
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~ H,P

TrgM

Figure 4.3: G-equivariance of the connection form.
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Remark 4.3.4 A choice of connection (form) is in fact a choice of projection

of T,P on V, with the complement H, varying in an equivariant manner

(q)g*Hp = Hp.g)-

Let see how one can project T, P on the vertical space V,.
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T,P = V,P & H,P

Figure 4.4: Using H,P to project V € T, P on to V,P.

Let wy a 1-form with values in g with and wy another 1-form with values
in g. We define the 2-form

Wi, wa] = (X, V) = wi (X), wa (V)] = [wi(Y), wa(X)]

Consider now a connection with form w; its curvature is defined by the
formula )
Q=dw+ 5 [w,w]. (4.3.4)

We can thus rewrite the previous equation in the form
QXY) = dw(X,Y) + [w(X), w(Y)].

When w is given in matrix form, ie there exists a representation of g in some
M, (R), the matrix [w(X),w(Y)] (the commutator of w(X) and w(Y)) is just
w(X) Aw(Y):

Ww(X), w(Y)] = w(X) Aw(Y);

because if w = w;; then

WAWX,Y) =) wn Awi(X,Y) = Win(X)) (@i (Y)) = (@in(¥) (wi; (X)),
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with (w;;(X)) denoting the matrix with components w;;(X).

The curvature hence takes the form
QA=dw+wAw

Next we define with [50] the notions of Cartan geometry and connection

Definition 4.3.5 A Cartan geometry & = (P,w,G,H) on a manifold M
modeled on (g,h) with group H consists of the following data:

e a smooth manifold M
e a principal right H bundle P over M.

o a g-valued 1-form w on P (called Cartan connection) which satisfies

the following conditions:
1. for each point p € P, the linear map w, : T,P — g is a linear
1somorphism;
2. (®p)*w = ady-1w for all h € H;
3. w(o(v)) = for all v € b with o(v) the associated vector field.

The curvature of a Cartan connection w is defined analogously and verifies
the relation

Q=dw+wAw,
when w is a matrix of one-forms. If it vanishes the model geometry is called

flat.

Remark 4.3.6 A Cartan connection in P is not a connection in the usual
sense since it is not h-valued. It can however be considered as a connection

in a certain larger bundle. One may check |28] for further precisions.
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4.4 Solution of the Equivalence Problem

We reconsider the Cartan equivalence problem with structural group (4.2.18).
The first structure equations are

1
b, :wlAel+93A92+@92/\91+§u1fy,93A91
Uy

2 1
d92 = 27T1 A 92 + Ulfy 93 A 92 + — 3 (fy 1yl 2u1u2fy ) 91 AN 92
v (4 33 - 300 ) B nt (aa)

2
by = (7T2+7T1)/\91—7r1/\93+93/\92+< 2) 0 A 0,

U1 U1

1
+ gUny/eg N 91;

with
du1 dU2
T =—) Ty=—.
U1q U2

Our next task is to do what Gardner [21] calls Lie Algebra compatible
absorption of torsion. Such a process uses the linearity property of wedge
product, in order to modify the one forms m; and 75 (they are not well-defined
for the moment). We now set

ap =71+ *92 + Ulfy 05 + (fyy 2uqus fyy) 61

U2

U 1
Qg = le (m1 + m2) + (u1> 0 + §U2fy’63 - 67u1 (fy’y’ - 2u1u2fy’) 05.
(4.4.2)

At the end of this first process of absorption, one therefore has the fol-
lowing new structure equations

d91 :a1A91+93A92

2 1
dfy = 201 A By + u? (fy + §fj, — §©(fy/)) O3 A 0, (4.4.3)
deg :(1/2/\91 —al/\93.

At this stage we do not have any way for further reduction process because

as we see in equation (4.4.3), f, + 9 fy2, — g’i)( fyy) is an invariant for second
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order ODEs submitted to area preserving transformations and we want to

treat the problem in a unified manner.

The reduced Cartan character is o; = 2 (the others vanish) and the

structure equations admit the freedom

a1 —

(4.4.4)
pr — Bi + t16;.

Thus the indetermination degree is one; therefore we have to prolong the
equivalence problem. The idea of the process of prolongation is the following;:
one takes into account the freedom of the coframes given by the identities
(4.4.4) and lift the equivalence problem on the bundle U x G}, x GP™! with

Gprol: Lo
t 1

0 0
tp 0 )7

On the bundle U x G, x GF™, there are five fixed one forms (6;,€2,), 1 <i < 3,
1 < p < 2 given by the following formula

0:
% >:<1 O) all (4.4.5)
(-

Therefore the new coframe on U x Gj, x GP™ read

where the block matrix ¢, is

91 = ulwl
0y = ulw?
1
O3 = uow' + —w?
Uy
U 1 1
Q) =m + u—jez + gyl + g (fyy = 20afy) 60 (4.4.6)
(75) U9 2 1
QQ = — (71'1 + 7T2) + | — 62 + *szyleg
Uy U1 3

1
- 6—ul (fy’y’ - 2U1U2fy/) 03 + t16;.
We compute d€;:
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dQl - QQ /\62

1 QU% 1 U9
+ (tl —+ @fy’y’y/ —+ gu—lfy/ — 211,%fy/y/> 92 A\ 91
1 1 1 (4.4.7)
+ <_3fy’y - Efy’fy’y’ + 6©(fy’y’)> 93 A 91
1 2
+ U1Us fy — g@(fy/) + §fy/ 93 A 91.
The computation of df2, gives
d€ly = dt; N6y + 3610 Ay + 205 A €Yy
1 4
+ (—2u1fy/y/ + 3U2fy/> Qg VAN 91
QU% 1 1 Usg
+ (tl + g;lfy’ + @fy/y/y/ - 2fy/y/u%) 93 A 92
uj
- 3721/? (fy’y’ - 2u1u2fy’) 92 A 91 (448)
1 /1 1 1
+ u_% (6 (fy’y’y + gfy’fy’y’y’) 36 5’3/) 03 N 01
Us 1 1 2
+ U_l <_1_8fy’fy’y’ - ég(fy’y’) - gfy’y) 63 N 0y

+ U; (fy + %@(fy)) 63 A 61.

We recollect the torsion and do reduction by setting

2 ul 1 1wy
t = —-—— /5 — — ///+—— //;
1 3u1fy 6U:{’fyyy 2’U,%fyy

we obtain an {e}-structure on a sub-bundle B = U x G,.
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d@l :Ql/\@1+63/\62

2 1
deg = 291 VAN 92 + U% (fy + §fy2/ — 3©(fy’)> 93 VAN 91
d@gZQQ/\Ql—Ql/\Qg

1 1 1
dQl = QQ A 92 —+ (_3fy’y — ﬁfy,fy/y, + 6©(fy/y/)> 93 VAN 91

1 2
+ U1Us (fy — g@(fy/) + 9f5/> 93 A 91

(4.4.9)
1
dQQ - 292 /\ Ql — F@fy/y/y/y/QQ /\ 91
1 1 1 1 1
+ U? (6fy’y’y - 6©(fy’y’y’) - §fy’fy’y’y’ + 18fy2’y’> 03 N 01
U 1 1 1
+ 277? (‘18fy’fy’y’ + ég(fy’y’) - 3fy’y) 05 N\ 0,

1 2
+ Ug (fy — g@(fy) + §f;/) 63 N 91

In the previous structure equations all the non-zero coefficients are in-
variants of the equivalence problem. Moreover we can use them in order to
give necessary and sufficient conditions for equivalence under area preserving

transformations to a given equation. We first have the following proposition

Proposition 4.4.1 The invariants of the equation (4.4.9) vanish if and only
if

1. fy’y’y’y’ = O, ie
f(@,y.y") = Az, y)y” + 3B(z,y)y* + 3C(z,y)y + D(z,y)

2. and

. = (AD — BC) (4.4.10)

Proof. From the structure equations (4.4.9), one sees that the invariants
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vanish if and only if

1
éfy’y’y’y’ =0
1 1
6 ny’y + §fy’fy’y’ - Q(fy’y’> =0
2 1
fo+ 515 = 30(fy) =0

1 1
J— 1_8 ( y2/y, - 2fy/fy/y/y/) - 6 (fy/y/y - @ (fy/y/y/)) p— 0

(4.4.11)

The first condition gives us the form
f=Ala,y)y” +3B(z,y)y” + 3C(z,y)y' + D(z,y)

for the function f. Using this we get three other conditions (by exploiting
the just given form of f)

(D, — C, —2(BD - C*)+2(C, — B, — (AD — BC))y

+ (B, — A, — 2(AC — B*)y? =0

6(C, — B, — (AD — BC)) + 6(B, — A, — 2(AC — B*)y/ =0
A, — B, +2(AC—-B*) =0

(4.4.12)

with the last relations resulting from the last three relations of equation
(4.4.11) respectively. Therefore if the specified conditions hold, all the in-
variants vanish and conversely as a polynomial in one variable vanishes if

and only if its coefficients vanish do. ]

In the most symmetric case when we deal with the equivalence problem

of
yl/ — 0

Then the structure equations become the Maurer-Cartan equations for the
special affine Lie algebra

asl(2,R) = R? @ sl(2,R);

and P is locally the special affine Lie group

10 )
ASL(2,R) = {( o ) Lz ER A€ SL(2,]R)}.

One thus has the following corollary
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Corollary 4.4.2 A second order ordinary differential equation y” = f(x,y, 1)
is equivalent under an area preserving transformation to y” = 0 if and only

if
f@,yy) = Alz, y)y”® +3B(x,y)y”? +30(z,y)y' + D(z,y)
D, —C, =2(BD - C?)
C, — B, = (AD — BC)
B, — A, = 2(AC — B?).

(4.4.13)

Moreover, there is a unique equivalence class of second order ordinary differ-
ential equations admitting the mazximal Lie group of symmetries ASL(2,R),
namely the equivalence class of y" = 0.

Proof. The conditions given by (4.4.13) are verified by y” = 0. Since
they are equivalent (from the previous proposition) to the vanishing of the
invariants of the structure equations (4.4.9), every equation equivalent to
y” = 0 under area preserving transformations must satisfy them. The second
part is proved by observing that if we assume the invariants of the structure
equations are constant, then by the Jacobi identity they all vanish and we
end up with the Maurer-Cartan equations of ASL(2,R). |

This solves in particular the linearization problem and rediscovers the con-

dition given in [43, lemma2.2]

4.4.1 Further reduction

When fy sy 7# 0 one can continue the reduction procedure and get an

invariant coframe on U. In effect reconsider equation (4.2.11); deriving it
/!

twice with respect to ¢’ and using the fact that = , one
W (XatYxy)?
gets
J2
— Fyryr+4Jx, Fy +6 YN E = Jfy +6AY +B. (4.4.14
TR AL Xy Fyr +6xy (X +9'Xy) fyy y ( )
A new derivation yields
J? 3%y, Fyry 6.Jx2Fy
Ry 4 oYY XYy + 64 (4.4.15)
(X +¥'xy) e +9x0)? (X +¥X0)
and a final derivation gives the relative differential invariant Iy := fyryyy
satisfying
J3
—F/ Iy =— Torl ol oyl o 4.4.16
(e +yx)® Ty ( )
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Assume fy,s,,, does not vanish identically and set
Syyyy =€ and  Fyynory = 9
One has
dX = (xz + ¥'xy)dz + Xy (dy — y'dx)
dY = (¢ + Y ¢y)dx + ¢ (dy — y'dx).

The relation (4.4.16) written logarithmically yields

(4.4.17)

3
G —log(xa +y'xy) = g — = log(J).
Derivation of the previous identity once with respect to y’ gives

J X
G _ Yy — g 4.4.18
T+ yx)? (et yxy) ( )

From the previous identity one finds:

/ 2
4 gy Xt Y0 (4.4.19)

Gy — X0 T 9x) L

J

Therefore
Gy/(dY = Y'dX) = x,(dy — y'dx) + g, (dy — y'dx)(Xz + ¥'Xy),  (4.4.20)
using equation (4.2.5). Subtracting the first identity of (4.4.17), one gets
dX — Gy(dY = Y'dX) = (xz + ¥'xy) (dx — g,(dy — y'dz))
So we have the following three semi-invariant one forms
G =e 9 (dX — Gy (dY —Y'dX))
= Jie 9 (dz — gy (dy — y/da))
G =eC (dY —Y'dX) = J5ed (dy — y'd)

1
G = €2 (dY’ ~ FdX - 2Ry (Y - Y’dX)) (4.4.21)
1
= J 5e¥ (dy' — fdx — gfy,(dy — y'd:z:))

1
a4y )% (dy — yfda)

We denote the analog coframe to ¢;, without the capital letters, again by ;.
Taking the exterior derivatives of these latter one-forms one obtains

ds1 = Apszs Ao + Bosi A 6o
dss = —¢3 A1 + Cosy A 62 (4.4.22)
dss = Dosz A 61 + Eoss A o + Lo A Go.
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With
A= e (% = gy)
BO =e Y (gy + gy’g(g) - fi)(gy’))

Co = ¢f (%fy’ + @(9)>

Dy = —2C, (4.4.23)
Ey=—e™? ((%fy’gy’ + %fy’y’) +2 (gy + gy’g(g)))

= (f+ 30 - 300

Setting J = 1, the o; become invariant one-forms and the coefficients Ag, By,
Co, Dy, Ey, Iy become invariants of the differential equation. All the other
invariants are expressed in terms of them by taking covariant derivatives with

respect to the coframe dual to ¢, ¢, G3.

4.5 Normal Cartan Affine Connection

Reexamining the case of the equation
y// — 0
one can write equation (4.4.9) in matrix form as:

dwo—l—wo/\wozo,

with
0 0 0
Wy = 93 Ql —QQ
01 0, —(

Consider the two dimensional sub-algebra h of asl(2,R) annihilated by the
ideal
< 617 627 63 >

generated by the one forms 6, 6, 635. As the latter are are closed under

exterior differentiation meaning that
d@i/\Ql/\QgAQg:O, i:1,2,3;

one sees therefore from Frobenius theorem [54] that b is completely integrable

and U x G}, is foliated by two dimensional leaves tangent to b.
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Thus if Hy be the connected simply-connected Lie subgroup of ASL(2, R)

with Lie algebra b, parameterized in the following manner:

1 0 0
Hy = 0w —u2 | with uy, uy € R
00 —
(31

one sees that we have a principal bundle

Hy =B 5 U;
it is a homogeneous space and

(ASL(2,R), Hy)

is a flat Cartan connection over U X (G, because its curvature vanishes.

We want to associate to a general second order ordinary differential equa-
tion submitted to area preserving transformations, a asl(2, R)-valued Cartan
connection on an appropriate local principal bundle over some open set U of
JYR,R), with structure group Ho.

In order to do so, we start with a connection matrix w with values in the
special affine algebra asl(2, R) and work with local coordinates (z, y, y', uq, uz)
compatible with the local trivialization U x G,. We fix the cross-section
o :U — U x G} characterized by

(Ul = 1,U2 = O),

let ¥ the value of the connection w on the section . We impose some natural
conditions on v, and then lift it to a connection matrix on U x (G via the
formula (with h € Hy a generic element)

w = h""h + h~'dh. (4.5.1)

h~'dh

is the left invariant Maurer-Cartan form on H,. Moreover the curvature is
in this case given by the formula

dw+wAw=h"dd+9AI)h (4.5.2)
as one has the Maurer-Cartan equation for the Lie group Hs
d(h='dh) + (h~'dh) A (h"*dh) = 0.
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The given one form 9 can be written in component form as

0 0 0
v=1 0" 6 0 |. (4.5.3)
6* 07 03
Now since ¥ must be with values in asl(2,R), then
01 + 603 = 0;

the structure equations of this connection, derived from the structure equa-
tions of asl(2,R) are thus given by

do' = —0; NG — 05 N>+ O!
do* = —02 NG — 05 N O? + O
do} = —03 N 6? + O] (4.5.4)
do? = —26? A 0] 4 ©?
doy = 203 A0} 4 OL.
We want the connection matrix to define a connection over the open set U of
JY(R,R); so we choose a basis of one forms 6, §2, IT of U. We also want this

basis to define the general solutions of equation (4.2.1) (modulo pull-back).
Finally we look for a uniquely defined connection in term of the derivatives

of f.

With the previous specifications, ©¢ and @g' must be horizontal with re-
spect to the fibration 7 : 8 — U ie must be in the algebraic ideal with respect
to wedge product, generated by < 6%, 6% II >. See [28, prop.2, page.220].

The structure equations (4.5.4) hence are more explicitly written in the
form

dot = —0; A O* — 03 N O* + O

do* = -0 NG — 03 N O* + O

dot = —05 N 07 + Ry150" AL+ Rips0® AL+ Ry,0" A 62 (4.5.5)

df? = —207 A O} + R350" AT+ R7p50° AT+ R7,0' A 62

dfy = 205 A O + R .00 AT+ Riys0* AL+ Ry 00 A 62
We choose 0! = dz, 6? = dy — y'dz and Il = dy’ — fdx + u(dy — y'dx). This
implies 1T = 62.

We set now the following "normalization" condition in order to fix the

connection:

0'=0°=0

(4.5.6)
R%lS = R}Q?; = R%lf} = R%zg =0.

129



If ©! and ©? vanishes, then
01 Adx + 05 A (dy —5/dx) = 0
and
—dy' Ndx = —(dy' — fdx + p(dy — y'dx)) Adx — 05 A (dy — y'dx)
This gives

0 = —pdz + 6(dy — y'dx)
0y = ddx + v(dy — y'dx) (4.5.7)
02 = pdx — §(dy — y'dx)

for functions y, §, v on J*(R, R). Using the other "normalization" conditions,
we get after computation
Riyy = iy + 26

1
Rygy = v — Oy

(4.5.8)
Rij3 = fy +3p
R%Q?; = —(py +20)
and this gives
1 1 1
w= _gfy’a 0= éfy’y’a V= éfy’y’y’ <4‘5‘9)
To summarize we have the following result
0! = dx
0? = dy — v'dx
6! = L de+ -y (dy — y'de)
1T Iy T gy T YA (4.5.10)

1 1
9% = éfy’y’dx + Efy’y’y’ (dy — y'dl’)
1
07 = dy — fdx — §fy/(dy —y'dx).
Consider now the remaining components of the curvature of

O] = R} ,0" A 6? (4.5.11)
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We have

1
1
R223 - _éfy’y’y’y’

1 1
ha = _6 (2fy’y + gfy’fy’y’ - D(fy’y’)>
2 2 5 1
Rijs = fy, + §fy’ — gg(fy’)
1 1
R%l? = _E ( 5’3// - 2fy’fy’y’y’) - 6 (fy’y’y -9 (fy’y’y’))

For the previous "normalization" condition (4.5.6) to have geometrical mean-

(4.5.12)

ing, the curvature must be invariant under the adjoint action ad. Now:

1 0 0 0 0 0
1
0 — u 0 RILO0'AG? RL.02 A6+ RLLOMA 62
1
0 R2,0'NO —R1,0' N 0?
0 0 u 112 2 e (4.5.13)
0 0 0
=10 a
0 v 7
with
1
1
1
/B = uil (R%%ez VAN 9% + R%lzel VAN 92) - U;QR%1291 A 92 (4514)

Multiplying the previous result of equation (4.5.14) with a generic element
of HQI

1 0 O
0 Uy —U2
1
0 0 —
Uy

one obtains the matrix of two forms

0 0 0
0 wa (4.5.15)
0 wy —uwa
with ]
pr = —ugar + —f3.
Uy
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Therefore the "normalization" that we imposed previously is ad invariant.
Finally we remark that computation of w via the formula of equation (4.5.1)

gives the matrix

0 0 0
W = Wy = 83 Ql —QQ (4516)
0 0y —(

which is canonically associated to the coframe (6,6, 03,1, ) (it results
from the remark that in our notation #' = w3, 6? = w!, #2 = w?, from
the use of formulae (4.2.18) and computation). One thus may formulate the
following theorem

Theorem 4.5.1 To every second order ordinary differential equation y" =
f(x,y,y') studied under area preserving (4.1.1) transformations, there is as-
sociated a canonical coframe (61, 6, 03,1, ) on a local principal Hs bundle
U x Gy. This coframe solves the local equivalence problem of second order
differential equation under the substitutions (4.1.1). Moreover it enables us
to endow U x G, with a normal Cartan affine connection given in matrix

form by
0 0 0
W = 93 Ql —QQ
01 02 —(4

whose curvature contains all the points relative invariants of the differential

equation y” = f(z,y,y’) submitted to area preserving transformations.

So this gives a more geometric interpretation of the area preserving relative
invariants for second order ordinary differential

y' = f(z,y,y)

and ends our study of it.
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Conclusion

Cette thése fut 'occasion pour nous d’aborder divers concepts de la théorie
des équations différentielles. Tout d’abord nous nous sommes intéressés a
I’équation d’Abel du premier type et avons réalisé son étude grace a la méth-
ode de Cartan qui nous a permis d’éclairer ’approche classique de cette
étude. Nous avons par la suite examiné certaines équations de Riccati type
algébrique. Enfin notre intérét s’est aussi porté sur le probléme d’équivalence
de Cartan pour les équations du second ordre sous l'action des transforma-
tions ponctuelles & jacobien unitaire (préservant les aires). Nous pouvons a
ce propos remarquer que nos calculs ((4.2.18) montrent que ’on peut sans au-
cun changement, les appliquer pour associer a toutes les équations du second
ordre étudiée sous ’action du pseudo-groupe des transformations au jacobien

constant, une connexion de Cartan affine normale.

Une direction vers laquelle on pourrait poursuivre ce travail de recherche
serait, celle concernant ’étude de I'existence ou non de solutions algébriques
pour l'équation d’Abel. La difficulté réside dans I'absence d’analogue du
birapport pour I’équation d’Abel.

Enfin une deuxiéme piste de réflexion concerne 'étude des connexions
Cartan normales pour les algébres de Lie semi-simples développée par N.
Tanaka [55, 56] et pour les variétés filtrées introduite par T. Morimoto [36].
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