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Introduction

The theory of inverse scattering for acoustic and electromagnetic waves, is an active
area of research with significant developments in the past few years. Inverse problems con-
sist in getting informations on a physical object from measurement data. More specifically,
the inverse scattering problem is the problem of finding characteristics of an unknown ob-
ject referred to as scatterer (location, shape, material properties,...) from measurement
data of acoustic or electromagnetic waves scattered by this object. The question is not
only to detect objects like radar and sonar can do, but also to identify them.

Inverse problems are not easy to solve since they belong to the class of ill-posed
problems as defined by Hadamard. Indeed, a solution may not exist but even if it is the
case, the solution does not depend continuously on the data. Such problems require the
use of regularisation schemes to be solved numerically. The first successful algorithms
for solving inverse problems of target identification are based on either weak-scattering
approximation or on non-linear optimization techniques. The main problem of the weak-
scattering approximation is that it ignores polarization effects and consequently, it cannot
be used in complex environments. Both the above methods also rely on a priori knowledge
on physical properties of the scatterer (for instance if the object is penetrable or not) and
such information is not in general available. Moreover, nonlinear optimization techniques
are numerically expensive. A short survey of these methods can be found in [22].

These issues have naturally brought to search for new target identification algorithms
that are easy to implement and need little a priori information on the scatterer. This
has led to develop a new class of methods called qualitative methods in inverse scattering
theory [8] to solve time harmonic inverse scattering problems for acoustic and electromag-
netic waves. The main representatives of this class are the linear sampling method (LSM)
[24, 29|, the factorization method [40, 36] and the method of singular sources [47, 48|.
These methods allow the reconstruction of the shape of an obstacle from a knowledge
of multi-static data at a fixed frequency. They are based on suitably solving a linear
ill-posed integral equation, known as the far field equation. Another advantage of these
methods compared to iterative methods for instance is that they avoid solving the direct
scattering problem and they do not make use of any a priori information on the geometry
or physics of scatterers.

The theoretical study of the LSM for impenetrable obstacles with perfectly conducting
boundary leads to investigate the eigenvalue problem for —A in the case of acoustic waves
and for curlcurl in the case of electromagnetic waves in the scatterer and with Dirichlet
boundary conditions. It is pointed out that the method fails when the square of the wave
number is an eigenvalue for this eigenvalue problem i.e. k% is a Dirichlet eigenvalue or a
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Maxwell eigenvalue. Since it is well-known that Dirichlet and Maxwell eigenvalues exist
and more importantly, form a discrete set, then they are easy to avoid in order to use
the linear sampling method. In the case of the scattering by penetrable objects, Colton
and Kirsch [23, 37| show that the linear sampling method leads to study a new type
of problem called the interior transmission eigenvalue problem. The eigenvalues of this
interior problem are called transmission eigenvalues and need to be excluded in the theory
of the LSM similarly to Dirichlet and Maxwell eigenvalues in the case of impenetrable
obstacles. Naturally, the study of the interior transmission problem has become a subject
of great interest, first to clarify the role of transmission eigenvalues in the LSM but later
it became also interesting in the identification problem of getting information on physical
properties of the scatterer [14, 11]. Here, the main feature of transmission eigenvalues is
that not only they can give information on the physical properties of the scattering object
[7, 15, 11] but they can also be computed from the far field data [13].

Thus, three main questions can be asked about transmission eigenvalues. The first two
questions are related to the use of the LSM. It is essential to know if they exist and if they
behave like Dirichlet or Maxwell eigenvalue by forming a discrete set. Finally, the last
question to be asked is if it is possible to take benefit of these transmission eigenvalues
to derive some estimates on the material characteristics such as its index of refraction
or identify the presence of faults like cavities of inclusions and this could be useful in
non-destructive testing.

Although simply stated, the interior transmission problem is not covered by the stan-
dard theory of elliptic partial differential equations since as it stands it is neither elliptic
nor self-adjoint. Two main approaches have arouse for the study of the interior trans-
mission problem: integral equation methods [25, 37] and variational methods [10, 14, 49].
Whereas the discreteness of the set of transmission eigenvalues can "easily" be proven us-
ing the analytical Fredholm theory, a method to prove existence has been more laborious
to find. The existence of transmission eigenvalues has first been proven for spherically
stratified medium in [26], and much later Paivéirinta and Sylvester proved it in the general
case of scalar isotropic media in [43] provided the index of refraction is bounded away from
1. Several results on the existence of an infinite discrete set of transmission eigenvalues
have now been established in more general cases for both acoustic and electromagnetic
waves and with less restrictive hypothesis on the index of refraction [17]. It has also been
shown in the case where the medium contains a cavity [12] i.e. subregions with index
of refraction the same as of the background medium. Moreover, there still persists a
restriction on the index of refraction n: n — 1 cannot change sign. However, recently,
Sylvester [50] and Bonnet-Ben Dhia Chesnel and Haddar [5] have been able to prove the
discreteness of the set of transmission eigenvalues provided the sign requirement holds
only on n in a neighborhood of the boundary of the scatterer.

The aim of this thesis is to contribute to the study of the interior transmission problem
and to answer some open problems on this subject.
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Outline of the thesis

In the first two chapters, we give the basis of the interior transmission problem for
Maxwell’s equations. Chapter 1 is devoted to introduce the notions of the interior trans-
mission problem and transmission eigenvalues and see how they arise in the inverse scat-
tering theory. After recalling the direct scattering problem for electromagnetic waves,
we give a general survey of the linear sampling method and make the parallel between
Maxwell eigenvalues for impenetrable obstacles and transmission eigenvalues for pene-
trable objects. This first chapter is ended by giving the state of the art on the interior
transmission problem, difficulties that can be encountered and the different methods that
have been developed to study this problem. The chapter 2 is dedicated to the study of the
simple case of an inhomogeneous isotropic medium. The variational method used with a
fourth order formulation of the problem and the obtained results are described in details.
Existence of an infinite discrete set of transmission eigenvalues is established as well as
estimates on the first transmission eigenvalue with respect to the index of refraction. A
new result of continuity of the first transmission eigenvalue with respect to n is also given
as well as a theorem that characterizes transmission eigenvalues by far field data.

Chapters 3 and 4 study the interior transmission problem for two new types of ob-
stacles. Chapter 3 considers inhomogeneous media containing a cavity and Chapter 4,
inhomogeneous media containing a perfect conductor. From practical point of view, the
importance of these problems lies in the possibility of using transmission eigenvalues to
detect anomalies inside inhomogeneous media in non-destructive testing. This type of
problem is considered in [41] where the authors recover the obstacle embedded in an in-
homogeneous medium. In Chapter 3, the results on transmission eigenvalues of a domain
containing a cavity for acoustic waves in [12] are extended to Maxwell’s equations. Besides
the technicality inherent to Maxwell’s equations, the main difficulty here is in proving the
equivalence between weak and variational solutions and also lies in a second part in the
fact that the variational space depends of the frequency. Chapter 4 is devoted to the study
of the interior transmission problem corresponding to the scattering of an inhomogeneous
(possibly anisotropic) medium of R? (d = 2 or d = 3) containing a perfect conductor. Ex-
istence and discreteness of transmission eigenvalues are established for both the isotropic
and anisotropic case. In the first case, the main difficulty of the problem is to define the
appropriate space in which the interior transmission problem is well-posed whereas for
the anisotropic case, the difficulty is to find an equivalent Fredholm formulation of the
problem.

In Chapter 5, we develop a new approach for the study of the interior transmission
problem based on a surface integral equation formulation which for the moment is only
done in the scalar case. The main original motivation behind this study was the design
of a numerical method to solve ITP in the case of piece-wise constant index of refraction
and compute transmission eigenvalues for general geometries. This numerical study is
presented in Chapter 6. We adopted the integral equation approach since an efficient
forward solver for scattering problems based on this technique is already developed at
CERFACS, namely the CESC software. This study presents some theoretical interests
in the use of non standard results on potentials established with the theory of pseudo-
differential operators. Another important interest is related to the study of the ITP for
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relaxed assumptions on the sign of the contrasts. However, this approach only enables to
show the discreteness of the set of transmission eigenvalues.

The last chapter is devoted to the numerical computation of transmission eigenvalues
by two methods. The first one is inspired by the approach of the previous chapter and
computes transmission eigenvalues by solving an eigenvalue problem for a surface integral
operator. The second method uses the characterization of transmission eigenvalues from
far field data established in Chapter 2. Numerical examples are given first for electro-
magnetic waves in 2 dimensions and finally for 3D electromagnetic waves and for both
homogeneous media and for media containing a cavity.



Chapter 1

From the scattering problem to the
interior transmission problem

This chapter is devoted to introduce the notions of the interior transmission problem
and transmission eigenvalues and see how they arise in the inverse scattering theory.
While studying the problem of finding the shape of a penetrable obstacle, it appears that
the obstacle can be invisible to some incident waves at particular frequencies. Those
frequencies that are called transmission eigenvalues can be compared in some sense to
Maxwell eigenvalues that describe a resonance phenomenon in the case of a bounded
inclusion.

After recalling the context of the direct and inverse scattering problems for penetrable
and impenetrable objects, we give main results on particular entire solutions to Maxwell’s
equations called Herglotz wave pairs.

Next, we introduce an effective method to retrieve the shape of an obstacle from far
field measurements called the Linear Sampling Method first described by Colton and
Kirsch in 1996 in [24]. One positive point of this method is that it requires a few a
priori knowledge on the obstacle: for instance we do not need to know if the obstacle is
penetrable or impenetrable. However, in both cases, the method fails for some particular
frequencies that correspond with Maxwell eigenvalues when the obstacle is impenetrable
and the so-called transmission eigenvalues when the obstacle is penetrable.

Transmission eigenvalues are defined from a singular transmission problem where two
fields with same boundary data satisfy both Maxwell’s equations for two different wave
numbers. Of particular interest is the existence of such eigenvalues but also the distribu-
tion of the spectrum to make sure that transmission eigenvalues can be easily avoided in
the use of the Linear Sampling Method. It also appears that they provide some qualitative
information on the index of refraction of the medium. In the last section of this chapter,
we shall see that this non classical transmission problem is not that easy to solve in a way
that the usual variational formulation is not appropriate in this case. Indeed, this problem
is not covered by the standard theory of elliptic partial differential equations since as it
stands it is neither elliptic nor self-adjoint. Finally, we give a general survey of the state
of the art concerning the interior transmission problem and transmission eigenvalues.
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1.1 Direct scattering problems

1.1.1 Maxwell’s equations

The following has been taken from [26] and [45]. Consider electromagnetic wave prop-
agation in an isotropic medium in R? with space independent electric permittivity e,
magnetic permeability p and electric conductivity o. The electromagnetic wave is de-
scribed by the electric field £ and the magnetic field H satisfying Mazwell’s equations

curl € + ,ué(;—t[ =0,

curl H — 68_5 =c€.
ot

For time-harmonic electromagnetic waves of the form

E(x, 1) = R {551/2E(x)e—iwt} ,

Hiw,t) =R { g P*H(@)e ],

with frequency w > 0, it implies that the complex valued space dependent parts E and
H satisfy the reduced Maxwell’s equations

curl E — iw\/%,u(x)H =0, cwlH + (iwe(z) — a(x))%E = 0.

Now consider the scattering of time-harmonic waves by obstacles surrounded by a
homogeneous medium with vanishing conductivity ¢ = 0 and constant magnetic perme-
ability po and electric conductivity &g.

Let us assume that the obstacle occupies a domain D which is a bounded domain such
that R*\D is connected and I' := 9D is piece-wise smooth. Let us denote by v the unit
outward normal to the boundary I.

We must distinguish between the two cases of penetrable or impenetrable objects.
First consider the scattering by a perfectly conducting obstacle i.e. where the tangential
component of the electric field of the total wave vanishes on I'. In this case, Maxwell’s

equations become
curlE —ikH =0, curlH+ikE =0 (1.1)

where k% := w?upey. More precisely, let us consider the scattering of a given incoming
wave E¢, H® by a perfect conductor D. Assume that EY, H is a solution to Maxwell’s
equations (1.1) in all R® and that the total field is defined by

E:=E'+FE’,
H:=H +H’,
where E®, H? is the scattered field satisfying Silver-Miiller radiation condition

lim (H* xz —rE®) =0

r—-+00
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uniformly in all directions & := x/|z| and where r = |z|. The total wave must sat-
isfy Maxwell’s equations (1.1) in the exterior domain R3\D and the perfect conductor
boundary condition ¥ x E =0 on I'. To summarize, we have the following system

curlE —ikH =0, curtlH+ikE=0 in R*\D
vxE=0 on 0D
E.—E +E°, H:=H +H

lim (H° x z —rE®) = 0.

r—-+o00

(1.2)

Remark 1.1.1. The Silver-Miiller radiation condition plays the same role as the Sommer-
feld radiation condition for Helmholtz equation and ensures uniqueness for the solutions
to scattering problems. It characterizes outgoing waves. A solution to Mazwell’s equations
satisfying the Silver-Miiller radiation condition is called a radiating solution.

In the case of a penetrable object, the total wave must also satisfy Maxwell’s equations
in D but with a different wave number. Consider an obstacle D with variable magnetic
permeability u(x), electric permittivity e(x) and electric conductivity o(z) > 0 for x € D
different from the magnetic permeability pg, the electric permittivity €y and the electric
conductivity o = 0 of the surrounded medium R*\D. The magnetic permeability s (z)
and the electric permittivity e(z) are 3 x 3 real symmetric matrix valued functions. In
this case, the equations satisfied by the total fields are

curl E — iw @p(x)H =0
Ho

and

curl H + (iwe(x) — o(x)) Mg —o.
€o

Let us define the relative permittivity and permeability by

1 .
Er Z:—<€—|—1
€0

z) and ,uT:ﬂ.

w Ho

If we still denote /eoE and /poH by respectively E and H, we obtain the final version
of the direct scattering problem for penetrable objects

curl E — ik, (x)H=0, culH+ike,(z)E=0 inR?

E:=E' +E°, H:=H+H* (1.3)
lim (H° xz —rE*) =0
r—+00

where k is the wave number k& = | /gguow. Note that €, = i, = 1 in ]R3\D.
It can be shown [26] that the scattered field has the following asymptotic expansion,
far from the scatterer, given by

eik\$|

B =Ty

. 1
E..() + 0 (\T) 2] = o,
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61k\x|

H(z) = © H..(3)+ O <i> el = oo,

|| |2
uniformly in & = x/|z| € 2 where

0:= {2 eRY/|2| =1}

is the unit sphere in R?. E,, and H,, are respectively called the electric far field pattern
and magnetic far field pattern. They satisfy

Ho,=vxE, and v-Eo,=v-H,=0 (1.4)

with the unit outward normal v on (2. Moreover, we have

E(2) = %56 x /aD (v(y) x E*(y) + (v(y) x H(y)) x &) e "Vds(y), (1.5)
H(i) = i % [ o) < ) = () < B x ) e M0s(y). (1)

The direct scattering problem consists in finding the solution E, H to the systems
(1.2) or (1.3) when the obstacle is known i.e. from the knowledge of D, ¢, and p,. As
the purpose of this work is not solving the direct problem, we just recall here the main
results. It is shown in [26] that this problem is well-posed and that there exists a unique
solution that depends continuously on the data. We can state this property in the Hilbert
space

H(cwrl, D) := {u € L*(D)?/curlu € L*(D)*}.

The following theorem is extracted from [45].

Theorem 1.1.1. Assume that €, and u, are piece-wise smooth functions (in C* for in-
stance) such that their discontinuity surfaces are Lipschitz. Then there exist a unique
solution B € H(curl,R®) to the scattering problem (1.3) and a unique solution E €
Hyoc(curl ,R3\ D) to the scattering problem (1.9).

Let us now recall one useful theorem concerning radiating solutions to Maxwell’s

equations in the exterior domain ([26] for continuous solutions, [45] for solutions in
Hloc(curluR3\D>)‘

Theorem 1.1.2. Let E,H € Hy,.(curl,R3\D) be a radiating solution to Mazwell’s equa-
tions for which either the electric or the magnetic far field pattern vanishes identically.
Then, E=H =0 in R3\D.

On the contrary, concerning the inverse problem, from the knowledge of the far field
pattern, we want to recover the shape of the obstacle in the case of impenetrable objects,
but also information on the physical properties of the object, for instance, the index of
refraction or the presence of defects when the obstacle is penetrable. The main difficulty
is that we want to use a few a priori knowledge on the obstacle.
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1.1.2 Herglotz wave pairs

In this section, we give some results on a particular entire solution to Maxwell’s equa-
tions and some approximation properties. Let g € L?(Q) where L?(Q) is the set of
tangential functions in L?(£2)

L} () ={u: Q> R*/ue L*(Q),u(d) -d=0,d € Q},
where ) is the unit sphere in R3.

Definition 1.1.1. An electromagnetic Herglotz pair is a pair of vector fields of the form

By(a) = [ & tyld)is(a),

H,(z) = %curl E,(x)

for all x € R® where the square integrable tangential field g € L2(2) on the unit sphere is
called the Herglotz kernel of the pair E,, H,.

Electromagnetic Herglotz pairs obviously represent entire solutions to Maxwell’s equa-
tions. Furthermore, considering the vector Herglotz wave function

%urzéé“%w%u»

we have that

divE,(z) = ik /Q e*dd . g(d)ds(d)

and we deduce that the property of the kernel g to be tangential is equivalent to divE, = 0
in R®. The next result is also shown in [26].

Theorem 1.1.3. Assume that the Herglotz wave pair is identically equal to zero in all R3
r.e. B, =H, =0, then g = 0.

The following lemma gives a result on superposition of solutions to Maxwell’s equa-
tions. We consider the scattering of electromagnetic plane waves

E'(z,d,p) := %curl curl pe**? = ik(d x p) x de'**?, (1.7)
H(x,d, p) := curl pe™™? = ikd x pe**< (1.8)
where
> the constant unit vector d gives the direction of propagation and

> the constant vector p gives the polarization.

Let us denote by E*(x,d,p), H*(z,d,p) the corresponding scattered field and by
E>(z,d,p), H*®(%,d, p) the corresponding far field pattern.
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Theorem 1.1.4. [26] Given g € L(Q), the solution to the perfect conductor scattering
problem for the incident wave

B(o) = [ Bla.d gla)ds(a)
F() = | Hi(r,d, g(d))ds(d)
is given by ’
B(e) = [ Blr.d g(@)as(a),
H*(z) = ) H*(z,d, g(d))ds(d)
for x € R®\D and has the far field pattern
B(2) = [ B¥(@.d,gld))ds(d).

H> (1) = /Q H>(z,d, g(d))ds(d)
for z € Q.

Remark 1.1.2. In particular, for g € L?(Q), we can write

E'(z) = ik /Q g(d)e*ds(d),

Hi(z) = curl / g(d)e* ™ dds(d)
Q
for x € R3, i.e. Ei, H represents an electromagnetic Herglotz pair with kernel ikg.

Let us show that solutions to Maxwell’s equations in D can be approximated by
Herglotz wave functions. We recall the definition of the Hilbert space

H(curl, D) := {u € L*(D)?/curlu € LQ(D)3}

equipped with the scalar product (0,V)ew1 = (0, V)z2(p) + (curlu, curlv)z2(py and the
corresponding norm || - ||cyr -

First remark that E solution to curl curl E — k?E = 0 is equivalent to E, H := icurlE
solutions to Maxwell’s equations

curl E —ikH = 0,
curl H + ikE = 0.
Now define
M(D) := {u € H(curl, D)/curl curlu — k>u =0 in D} .
We can now state the following theorem, proven in [27].

Theorem 1.1.5. Assume that R®\ D is connected. Then the set of electric Herglotz func-
tions E, with g € L(Q) is dense in the space M (D) with respect to the H(curl, D) norm.
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1.2 The Linear Sampling Method

The Linear Sampling Method (LSM) has been first introduced by D. Colton and A.
Kirsch in [24] and is a method used to find the shape of an obstacle. The advantages
of that method is that it requires a few a priori information on the scatterer and it
also avoids solving the direct scattering problem. We will consider here both cases of a
penetrable and an impenetrable obstacle. The study of the LSM will highlight resonance
phenomena described by Maxwell eigenvalues in the case of an impenetrable object and
by transmission eigenvalues in the case of a penetrable object. We refer for instance to
[29, 26, 4, 21, 3] for more details on the linear sampling method.

1.2.1 Presentation of the method for impenetrable obstacles

Let us first consider the direct scattering problem by a perfect conductor D. We recall
that the total field satisfies

curlE —ikH =0, curlH +ikE =0 in R3\D
vxE=0 on 0D
E—FE +E H:= H +H"

lim (H*xz—7rE*) =0

r——+00

(1.9)

where E*, H? is the scattered field and E?, H is an incident plane wave defined by (1.7)
and (1.8).

We assume that we know the far field pattern E(Z,d, p) for all d,z € Q generated
by E’, H'. Since far field patterns are tangential fields (see (1.4)), we can define the far
field operator F : L2(Q2) — L?(Q) by

(Fg)(z) = / E.(2,d,g(d))ds(d), & € ,
Q
for all g € L2(9).

Since the scattered field depends linearly on the polarization of the incident field, F
is a linear operator.

Remark 1.2.1. By superposition and using Theorem 1.1.2, Fg is the electric far field
pattern of the scattered field B generated by the incident electric field of an electromag-
netic Herglotz pair with kernel ikg i.e. E® is solution to (1.9) with v x E* = —ikv x E,
on I' where E, is the Herglotz wave function with kernel g.

An electric dipole with polarization ¢ is defined by
E.(x,z,q) := %cmrlm curl, P (z, 2), H.(z,z,q) := curl, ¢®(z, 2), (1.10)

where
eik\xfz\
P =
#(,2) At|x — 2|



16 CHAPTER 1. FROM THE SCATTERING PROBLEM TO THE ITP

is the fundamental solution to the Helmholtz equation. In particular, E.(-, z, q) is a radi-
ating solution to Maxwell’s equations outside a neighborhood of z and the corresponding
far field pattern is given by
. ik o —iki-z
E.(2,2,q) = 4—(£L‘ X q) X Te : (1.11)
7r

The LSM relies on the far field equation defined by
(F9)(2) = Beno(Z, 2, ). (1.12)

If z € D and g, is a solution to the far field equation (1.12), since the two far fields
are equal, we deduce that the scattered field Ej corresponding to the incident wave ikE,
(Herglotz wave function with kernel ikg) coincides with the electric dipole E.(-, z,¢) in
R3\D i.e.

s _ 3\ N
E;(z) = Ec(7,2,q) for x € R°\D.

From the trace theorem, they also coincide on the boundary I' and as a consequence, we
have

—ikv xE; =v x E.(+,2,q) on T

However, ||V X Ec(-, 2, ¢)|| g-1/2(aiy 1) 18 D0t bounded as z € D tends to I'. As a consequence,
ll_)n% || x Eg||H—1/2(div,F) = 00.

Hence,
||9z||L§(Q) — 00

and we see that the boundary of D is indicated by the growth of [|g.||2(q). Later, after
we have discussed in more details how to solve the far field pattern, we shall show that
if z ¢ D, the procedure for computing g will also result in a function with large norm.
Thus, we can say that the behavior of [|g.||2(q) determines I and consequently the shape
of the obstacle D.

The general scheme to find I' is now clear. We take a sample of points z in a region
of R? where we expect D to lie. An outline of D is then established by regions where the
norm of ¢ is small.

The problem is that in general there does not exist a solution g, to (1.12). This
follows from the fact that if g, is a solution to the far field equation, then the Herglotz
wave function ikEgy, is the solution to the interior boundary value problem

{curl curlu, — k*u, =0 in D (1.13)

vxu,=-vxE[(,z,q) onl

which is in general not possible. However, we can prove (see Theorem 1.2.2) that the
operator F is injective provided k? is not a Maxwell eigenvalue whose definition is given
below.
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Definition 1.2.1. A real A is a called a Mazxwell eigenvalue for D if there exists v €
H(curl, D) a non trivial solution to

(1.14)

curlcurlv —Av=0 D
vxr=0 onT.

Remark 1.2.2. We remark that if A\ # 0, then existence of a non trivial solution
v € H(curl, D) to (1.14) is equivalent to existence of non trivial solution w = curlv €
H(curl, D) to
curlcurlw = Aw =0 in D
{curIWXV:O on .

Properties of Maxwell eigenvalues are well-known and can be found for example in
[45]. We recall here the main properties of these eigenvalues.

Theorem 1.2.1. There is an infinite discrete set of eigenvalues \; > 0, j =1,2,... and
corresponding eigenfunctions v; € H(curl, D), v; # 0 with tangential trace in L*(T')?,
such that

(a) (1.14) is satisfied,
(b) 0< )\1 < )\2 <..,

(c) jlggo Aj = 00,

(d) v; is orthogonal to vy in the (-,-)p2(py inner product if j # (.
Then, we can state the following theorem.
Theorem 1.2.2. F is injective provided k? is not a Mazwell eigenvalue for D.

Proof. Assume that k? is not a Maxwell eigenvalue for D and that Fg = 0. From Remark
1.2.1 and Theorem 1.1.2, we deduce that on the boundary ', —ikv x E, = 0 and since k?
is not a Maxwell eigenvalue for D, we deduce that E; = 0 is equal to zero. From Theorem
1.1.3, g = 0 and consequently F is injective. O

We are confronted to an ill-posed problem and since the operator is injective, the
natural approach is to treat this problem using a regularization method.

1.2.2 The main theorem

We first recall that the trace v x u|gp of a function u € H(curl, D) is in the Hilbert
space defined by

Hy*(T) == {ue HY*(I)/divu e H ()} .

Its dual is H_l/Q(F) defined by

curl

H MA(T) = {ue H () /ewrlu € HV2(T)} .

curl
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Let us now define the bounded linear operator B : H (;1/ *(T') = L2(Q) which maps the

v

boundary data f € H &i/ *(T') to the far field pattern Eo of the radiating solution E* to
{curl curlE* — k?E* =0 in R3\D
vxE=f on I'.
Then the far field pattern can be written in terms of this operator:
Fg=—1kB(v x E,)

and the far field equation becomes

1

_Eeoo e 4 R3'

Eew(y20), 7€

Lemma 1.2.3. B: H;/*(T') — L2(Q) is compact.

Proof. Assume that D C Bg := {r € R*/|z| < R} and define Qp := {x € R*/|z| = R}.
Then, B is the composition of the bounded linear operator which maps the boundary data

fonto (v x E* vxH*) e (H;iﬂ(QR))Q with the operator which takes this data onto the
electric far field pattern given by

B(v xE;) = —

A ik A s s SN\ L ikz-
E. (%) = 2 X / ((vy x E*(y)) + (v, x H*(y)) x @) e*¥ds(y).
™ 9Br
The latter is compact due to the regularity of the kernel. O]

Lemma 1.2.4. B: H(ii/Q(F) — L2(Q) 1is injective with dense range.

Proof. Injectivity is a direct consequence of Theorem 1.1.2 and the fact that if the far
field pattern of a radiating solution to Maxwell’s equations vanishes then the solution is
equals to zero in R3\ D.

To show that B has dense range, we consider the dual operator BT : L?(Q) — H, ;111/ (1)
given by

(Bf, 9) 20,0200 = ([ BT9>H;1/2(F) H-Y2(ry;

iv " T curl
where (-, -) denotes the duality pairing between the denoted spaces. By changing order of
integration and integrating by parts it can be shown that

1 -
<Bf, g)Lf(Q),Lf(Q) = 4— f : (Curl Eg — curl E)dS, (115)
T Jop

where E € Hj,.(curl, R?\D) is the solution of

curlcurl E — k2E =0 in R\ D
(1.16)

VX(E—E9>:O on 0D.

Hence, noting that the integral (1.15) is interpreted in the sense of duality between
H&iﬂ(r) and H71/2(F), we have that

curl

(BTg)(z) = v x (carl Ey(z) — curl E(z)) x v, 2 € dD.
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To show that B has dense range, it suffices to show that B is injective. To this end,
B'g = 0 implies that v x curlE, = v x curl E on 8D and by definition we have that
vx B, =v x E on dD. Now let B := {z/|z| < R} be a ball containing D in its interior
and consider the solution E, H of Maxwell’s equations in Bg defined by

B 0, reD
(w) = E,(x) - E(z), € B\D,

A

H(x) := %cuﬂﬁ](w).

1

Then using the Stratton-Chu formula (see Appendix B), we see that E(Q?) =0 for x € Bg,

A

and, since R is arbitrary, E(z) = 0 for z € R?, i.e., E,(z) = E(z) for z € R\ D. By

Theorem 1.1.2, this is a contradiction unless E () = E(z) = 0 for z € R3\D. Then
E,(x) =0 for z € R? and hence g = 0, i.e. BT is injective. O

Lemma 1.2.5. E, (Z, z,q) is in the range of B if and only if z € D.

Proof. If z € D then B(—v x E.(+,2,q)) = Ec oo (+, 2, q).

Now let z € R*\ D and assume that there exists a tangential vector field f € H, (;i/ ()
such that Bf = E. (-, z,¢). Then from Theorem 1.1.2, the scattered field E* correspond-
ing to the boundary data f and the electric dipole E, (-, z, ) coincide in {z € R¥\D/z # z}.
This contradicts the fact that E¥ € Hjo.(curl,R3\D) but E,(-, z, ¢) is not. O

Remark 1.2.3. If k? is not a Mazwell eigenvalue, for an arbitrary tangential vector
fe H&i/2(P), there ezists u solution to

{curl curlu—k>u=0 inD (1.17)

vxu=f on I'.

From the denseness of Herglotz wave functions in M (D), we get that for all € > 0, there
exists g. € L2(2) such that

v % By, = fll grrapy < & (1.18)

Thus, every tangential vector f € H(Ei/Z(F) can be approrimated by the tangential trace

of Herglotz wave functions with kernel g. € L(2).

Now, let us consider the ill-posed equation

1

Bf. = —EE€7OO(~,Z,q), z € R (1.19)

From the previous lemma, if z € D then the tangential vector field f, = v X E.(-, z, q)) is
the unique solution to (1.19). In particular, as z — I', we have that

HszH;ii/Q(r) — 0.
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From Remark 1.2.3, f, can be approximated by the trace of Herglotz wave functions with
kernels ikg; and as a consequence we have
1792 = Eeoll12(0) = [l = ikB(v x Ege) +ikBf.||12(0)
<e¢€
since B is continuous. ¢ is consequently an approximated solution to the far field equation

and the behavior of f, on the boundary I' implies that the norm of Eg in H(curl, D) and
the norm of ¢¢ in L?(Q) explodes when z — T.

Now, for z € R*\D, E. . (+,2,¢q) is not in the range of B but from Lemma 1.2.3 and
1.2.4, we can use Tikhonov regularization to construct a regularized solution f to (1.19)
corresponding to the regularization parameter a. We may choose o small enough so that

o 1
Hsz - EEe,oo<'7Z7 Q)HL,%(Q) < 67

for an arbitrary small 6 > 0. Again, f& can be approximated by the trace of a Herglotz
wave functions with kernel ikg; ;. From the inequality

1 F Gz 0 — Beoollrz) < | —1kB(v x Ege ) +1kBfI | 20) + || —1kBf — Ec oo 2, Ol 22 (0

we deduce that g, is an approximated solution to the far field equation. Because
E. (-, z,q) is not in the range of B,

I|f]] = oo when o — 0.

Consequently we also have that the norm of Eg. in H(curl, D) and the norm of ¢ , in
L%(2) explodes when o — 0.
To summarize, we can now state the main theorem of the LSM.

Theorem 1.2.6. Assume that k* is not a Mazwell eigenvalue for D and that F is the

far field operator corresponding to the scattering problem for a perfect conductor. Then
the following hold

1. For z € D and a given & > 0, there exists a g € L?(Q) such that
Hfgi - Ee,oo('a ZaQ)HL?(Q) <€

and the corresponding Herglotz wave function ikEy converges to a solution to (1.13)
in H(curl, D) as e — 0.

Moreover, for a fized € > 0, we have that

,15% [ Ege || 2 (curt, 0y = 00 and lin% 191120 = oo

2. For 2 € R®\D and a given ¢ > 0, every g5 € L?(Y) that satisfies

H-ng - Ee,oo('a Z:Q)HL?(Q) <€

1s such that
litn || B | 1 (eunt,0) = 00 and lim||gZ][ () = oo.
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This theorem characterizes the boundary of the obstacle by the behavior of the ap-
proximated solution to the far field pattern. In practice, the linear sampling method
consists in solving the far field equation using Tikhonov regularization together with the
Morozov discrepancy principle for a sample of points z. However, even if this solution
behaves the same way as the function in the previous theorem, there is no mathematical
justification except for the case of Helmholtz equation [4].

Example of reconstruction using the LSM

(a) TRUE OBJECT (b) RECONSTRUCTION

1.2.3 Determination of Maxwell eigenvalues from far field data

We just showed how the LSM works when k? is not a Maxwell eigenvalue. It is then
natural to wonder what happens when £? is a Maxwell eigenvalue. In this section, we
extend in the electromagnetic case the result proven in [13] by Cakoni, Colton and Haddar
for the acoustic case. We show that the norm of the regularized solution to the far field
equation explodes when k2 is a Maxwell eigenvalue and this proves that the LSM fails in
this case.

Let us remark that the direct scattering problem can be expressed as a boundary value
problem for the scattered electric field E*:

curl curl E¥ — k*E® = 0 in R*\ D (1.20)
vxE'=fonl (1.21)

where k in the wave number, f = —v x E' where E’ is the incident field given by
E'(z,d,p) = %curl curl pelF*d, (1.22)

p € R? is a polarization vector and d € 2 := {z € R3/|z| = 1} is the direction of propa-
gation. Finally, E® is required to satisfy the Silver-Miiller radiation condition

lim (curl E° x z — ik|z|E®) =0 (1.23)

|z|—o00
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uniformly for all direction = = z/|z|.
Let F° denote the noisy operator corresponding to noisy measurements E?_(%,d, q).
We define the noisy bounded operator B° associated with B for all g € L3(Q) by

Fog=-B(vxE,)

and assume that

18° - Bl <4

where § > 0 is a measure of the noise level. In particular, F° is a bounded and compact
linear operator.
For each fixed z and ¢ we now determine g, , s by minimizing the Tikhonov functional

L2(9) (1.24)

where ¢ := €(0) — 0 as § — 0 is the regularization parameter. We assume that £(d) is
such that

‘|f6gz,q,5 - Ee,oo(-: <, Q)Hif(Q) + 8“92#1»5

(ISIE}(I) ||F69z,q,6 - Ee,oo('a <, Q)“L%(Q) =0 (125)

Theorem 1.2.7. We assume that k* is a Mazwell eigenvalue in D and that (1.25) is
verified. Then for almost every z € D, there exists q such that ||Ey__||m(ewt,p) cannot be
bounded when § — 0.

Proof. Assume that for a set A of points z € D which has a positive measure, there exists
a constant M > 0 such that for all ¢ € R3,

’|Egz,q,5||H(cur1 ,D) <M. (1-26)
Then we have
||]:6927q75 - ]:gz,qﬁHL?(Q) < ||[5(S - BH ||V X Egz,q,aHHd—ii/? < M.
Using (1.25) and the previous inequality, we deduce that
(151_{1(1) H‘ng,q,(S - Ee,oo('a Zs Q)HLE(Q) =0.
Moreover, from (1.26), there exists a subsequence E,, := E_ 15, Which weakly converges

to E € H(curl, D) such that curlcurl E — k*E = 0 in D. We deduce that v x E,

weakly converges to v X E in H(;i/ 2(I‘), and by the compactness of B we conclude that

[|B(v x E,) — B(v X E)||12(q) = 0 as n — oo i.e.
lim [ F 9246, + B x E)|[120) = 0.

Then E. (-, z,q) = —B(vxE). From the injectivity of B, we deduce that v xE = —vxE,
on I'. We have found E € H(curl, D) solution to (1.20)-(1.21) with f = —v x E,.

Now let u be a Maxwell eigenvalue associated with k2. From the second Green’s
formula, we have the following equality

/u x Eo(r,2,q) - curlu(z)ds(x) =0, Vze A, qeR. (1.27)
r
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Let G a function defined in R3\ D by

G(z) := /F<bk(1:,z)curlu(x) x v(x)ds(z) + %Vdiv /Fcurlu(a:) X v(z)Py(x, 2)ds(x)
where @y, is the fundamental solution to Helmholtz equation. Remark that G is a radiating
solution to Maxwell’s equations.

From Lemma B.2.1 in Appendix B, (1.27) is equivalent to ikq- G(z) =0, for all z € A
and all ¢ € R®. As a consequence, using the unique continuation principle, G = 0 in D.
Furthermore, G is a radiating solution to Maxwell’s equations such that v x G =0 on I'.
Hence, by Rellich’s lemma G = 0 in R*\ D and from the jump properties of v x curl G
on I' (see [26]) we deduce that v x curlu = 0 on I'. Finally, the representation formula
for Maxwell’s equations of u shows that u = 0 which contradicts the fact that u is an
eigenvector. L]

1.2.4 Case of penetrable objects

We now consider the inverse problem of finding the shape of a penetrable object by
using again the linear sampling method. We will see that in this case the role of Maxwell
eigenvalues will be replaced by the so-called transmission eigenvalues whose definition is
given in the following.

Let us consider in this section the case where the magnetic permeability u,. is equal
to 1 inside the object.

Similarly to the case of an impenetrable object, the LSM consists in solving the far
field equation

(F9)(@) = Ecoo(, 2, 9) (1.28)

where E, (-, 2, q) is the far field pattern of an electric dipole located at a point z given by
(1.11). We still assume that the far field pattern corresponding to the scattering problem

curlE — ikH = 0, curl H + ike, (2)E = 0 in R3\ D

E:= %curl curl pe**4 + E*, H := curl pe'**? 4 H? (1.29)
lim (H* xz —rE*) =0

r—-+00

is known for all d and z € €.

In the case of an impenetrable object, we have seen that the far field equation was
solvable if and only if there exists a Herglotz wave function with kernel ikg solution
to (1.13). This led to exclude Maxwell eigenvalues to study the LSM. In the case of
penetrable object, this role is replaced by the so-called transmission eigenvalues. Before
giving the definition, let us introduce the interior transmission problem with the following
theorem that links the resolvability of the far field equation to the interior transmission
problem. In the following sections, we shall give the right setting for the study of the
interior transmission problem.
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Theorem 1.2.8. There exists a solution g € L?(Q) to the far field equation for an in-
homogeneous anisotropic medium if and only if there exists a solution Ef and E* to the
interior transmission problem

curl curl E* — k%¢,E* = 0 in D
curl curl E§ — k?Eg = 0 in D (1.30)
vxE*—vxEf=vxE/[,z27¢q) on T

vxculE? —v x curlEf = v x curlE.(+,2,q) onT
and Ef is the electric field of an electromagnetic Herglotz pair with kernel ikg.
We now can define the transmission eigenvalues.

Definition 1.2.2. Transmission eigenvalues are values of k for which the homogeneous
interior transmission problem

curlcurl E — k%2, E =0 m D
curlcurl Eg — k2Ey = 0 in D
vXE—-—vxE;=0 onT

vxcurlE—vxcurlEg=0 onT
has a non trivial solution.

Using same arguments as in the case of impenetrable obstacles, it can be shown that
the far field operator F is injective provided k is not a transmission eigenvalue. We refer to
[15] for more details and to Chapter 2 for the study of the interior transmission problem.

Theorem 1.2.9. Assume that k is not a transmission eigenvalue for D and that F is the
far field operator corresponding to the scattering problem (1.29). Then

1. For z € D and a given € > 0, there exists a g5 € L?(Q) such that
H"T_-gi - Ee,oo('a ZaQ)HL%(Q) <e

and the corresponding Herglotz wave function By converges to Ef in the L?*(D) norm
as € — 0 where Ef, E* is the solution to (1.30).

Moreover, for a fized ¢ > 0, we have that

lim [[Eqe[2(p) = 00 and lim |gZ]|13(q) = oo

2. For z € R3\D and a given ¢ > 0, there exists g5 € L3(Q) that satisfies

Hfgi - Ee,oo('u zaQ)”L?(Q) <€

such that
ll_{% HEQEHLQ(D) = oo and ll_{f(l) ngHL?(Q) = 0.
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1.3 The interior transmission problem

1.3.1 Motivation and questions

In the previous theorem, we have excluded particular frequencies called transmission
eigenvalues for which there exists an incident wave that does not scatter. We can wonder
what happens when the wave number is a transmission eigenvalue and we will see later
in Chapters 2 and 3 that the LSM fails in this case.

One can hope that, similarly to Maxwell eigenvalues for impenetrable objects, trans-
mission eigenvalues form at most a discrete set. More precisely, there exists an infinite
discrete sequence of real transmission eigenvalues. We will see in the following that this is
the case in all the studied configurations. Since the existence of such transmission eigen-
values cannot be avoided, another point to view is to try to take benefit of them. Indeed,
it has been recently noticed that they also give information on the physical properties of
the scatterer. As a consequence, the study of transmission eigenvalues has been a subject
of great interest in the past few years.

The goal of this thesis is to contribute to the study of the interior transmission problem

and to answer to some open problems on this subject. To summarize, three questions can
be asked:

e Do transmission eigenvalues exist 7
e Do they form a discrete set 7

e Can we find estimates on the parameters of the scatterer ¢, and u, with respect to
transmission eigenvalues 7

We will consider in the following both scalar and vector equations. Our results are of
two types:

e in Chapter 3, we have extended results concerning dielectrics with cavities obtained
in the scalar case in [12] to the electromagnetic case,

e in Chapters 4 and 5, we consider new configurations and /or methods that we present
for the scalar case. The extension of these results to the electromagnetic case is one
of the main perspectives of this thesis.

Let us now present the three main approaches that we will use in the following to
study the I'TP. In order to highlight the difficulties of the study of the interior transmission
problem, we consider here the simpler case of the scalar equations (see Appendix A). The
first remark that can be made is that there does not exist a general method to study the
interior transmission problem and every configuration needs to be treated separately.
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1.3.2 Second order formulation

First, consider a scatterer characterized by two contrasts g and n. The problem
consists in finding £ for which the I'TP

( 1

V- ;Vw +k*n(z)w=0 inD

Av+ kv =0 in D

v+ KV m (1.31)

w=0 on 0D

1ow Ov

- = D.
(pdv  Ov on 9

has non trivial solution. A natural approach consists in looking for a variational formula-
tion in H'(D). By multiplying the first equation satisfied by w by a test function w’ and
the second equation satisfied by v by a test function v’ such that w’ = v’ on the boundary
0D, and integrating by parts, we get

1 1
/ —Vuw - Vu'de — / E*nww'dx — / —a—ww’ds(x) =0
D D P

I p KOV

and
—/ 2~/ av —/
Vv -Vu'de — [ k*vv'de — —v'ds(xz) = 0.
D D op OV
: ” Low  Ov ) ) L
Now, using the boundary conditions o = B and w' = v on I', the variational
i Ov v

formulation becomes: find (w,v) € H such that

1

/ (—Vw V' — Vv - Vv') dr — k* / (nww’ — vt )dx =0 (1.32)
D \HM D

for all (w’,v’) € H where
H := {(w,v) € H(D) x H'(D)/w =v on dD} .

At first sight, the problem looks like a linear problem with respect to k? with bilinear
symmetric forms. However, one can remark that the problem is not that simple since the
bilinear forms do not have a constant sign. Moreover, the corresponding operators are
not self-adjoint. This is confirmed by the fact that complex transmission eigenvalues can
be found numerically.

Nevertheless, this problem can be solved using the T-coercivity approach that will
also be used in Chapter 4 for the study of transmission eigenvalues when the scatterer
contains a perfect conductor. This method has been introduced in [5].

If we define

ap((v,w), (v, w')) := / (le V' — Vv - Vv’) dr — k? / (nww’ — vv')dx,
D \H D

the idea is to get an equivalent formulation of (1.32) by considering a; instead of ay
defined by
ar((v,w), (v, w") = ar((v,w), TV w'))
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where T is an isomorphism. It is easily verified that (w, v) € H satisfies ax((v, w), (v, w')) =
0 for all (w',v") € H if and only if it satisfies ax((v,w), (v, w’)) = 0 for all (w',v") € H.
By taking the isomorphism 7' : H — H defined by

T(w,v) = (w — 20, —w),

the variational formulation becomes: find (w,v) € H such that

/ le -Vu'dr +/ Vv -Vi'de —2 lVw -Vv'dx
D M D D M

— k2/ nww'dr — k:2/ vo'dr + 2k2/ nwv'dr =0
D D D

for all (w',v") € H. One can remark that by making this change of variable, we loose
the symmetric property of the formulation, but we obtain the Fredholm property of the
formulation. Indeed, if pu, := infoepinfie— (f : %f) > 1 and n* = sup,cpn(z) < 1, for

k =ik, k € R* and using Young’s inequality, we obtain

i (0, w), (v,w))| = | (1 Vw, V) , + (Vo, Vo)p — 2 (1~ Vw, Vo)
+ K2 (nw, w)p + K*(v,v)p — 2k*(nw,v)p
> (p'Vw, Vw) , + (Vo, Vo) p + £*(nw,w)p + £°(v,v)p
—2(p~'Vw, Vu) = 2% (nw,v)p
> (1= a)p™ 'V, Vw) ) + (1 = (ap.) ' Vv, Vo)p
+ £2((1 = B)ynw,w)p + £*((1 — 87 'n*)v,v)p.

Taking o and S such that “i < a < 1and n* < 8 < 1, the previous estimates proves
that a;, is coercive over H. Finally, the embedding of H in L*(D) x L*(D) shows we can
decompose the formulation into a compact and a coercive part. Nevertheless, this implies
that we will only be able to prove the discreteness but not the existence.

It is shown in [5| that this T-coercivity approach allows to prove the discreteness
of the set of transmission eigenvalues and also gives estimates on the first transmission
eigenvalue with respect to the contrasts 1 and n in the case where ;4 — 1 and n — 1 have
a constant sign at least in a neighborhood of the boundary 0D. However, this method
does not give the existence of transmission eigenvalues. We refer to [19] for the proof of
existence of transmission eigenvalues using another approach for both scalar and vector
cases. This method will be described and used in Chapter 4 in the scalar case to study
the transmission eigenvalues of a scatterer containing a perfect conductor.

1.3.3 Fourth order formulation

In the case where p = 1, the T-coercivity method does not work anymore since the
Fredholm property does not hold anymore in H'(D). Despite the fact that this case looks
more complicated to treat, it has been studied first and more widely in the literature by
using a fourth order formulation.
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In the case where 1 = 1, the interior transmission problem is as follow

Aw+knw=0 1inD
Av+EKv=0 in D

w="0 on 0D (1.33)
ow  Ow
— = oD.
ov  Ov o
Let us consider the new variable u := w — v. First remark that in D, u satisfies
Au+ ku = —k*(n — 1w (1.34)
and
Au+ k*nu = —k*(n — 1), (1.35)

The fourth order formulation satisfied by u now appears when applying, for instance, the
operator A + k? to (1.34) after dividing both sides by n — 1. Then, we can rewrite (1.33)
as a fourth order equation for u

(A +k?) 1(A+k2n)u:0 in D
n_
ou
U—@—O onﬁD.

The natural space in which we study this fourth order problem is v € HZ(D). Conse-
quently, the solution (w,v) of (1.33) is defined in L?*(D) x L?(D) such that w—v € H?*(D).

However, due to the term

1 we need to be careful with the sign of n — 1 and assume
n —
that n > 1 or n < 1. In this case, existence and discreteness of the set of transmission

eigenvalues can be shown [18] using the following variational formulation
(Apu — k*Bu, v)gzp) =0
for all v € HZ(D) where

(AkU, U)Hg(D) = /

pn—1

(Au + k*u) (AT + k*0)dx + k4/ uvdx
D

with Ay positive definite and self-adjoint on HZ(D) x HZ(D) and
(Bu,v)gz(py = / Vu - Vodx
D

with B : H3(D) — HZ(D) compact. One can remark that the operators are self-adjoint
which enables to use the spectral theory of self-adjoint operators and the min-max prin-
ciple. It can be shown that transmission eigenvalues exist and form a discrete set [18|
but only if n — 1 is either strictly positive or strictly negative. We can also get estimates
on the first transmission eigenvalue with respect to n. These results have been extended
recently by Cakoni-Colton-Haddar [12]| in the case where D contains cavities that is to
say that n =1 in Dy where Dy C D.

We refer to the following chapter for details on the study of the vector case and to
Chapter 3 for the extension to the case where D contains cavities in the vector case.
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1.3.4 Surface integral formulation

This new approach using surface integral equations is detailed in Chapter 5 in the
scalar case. It is recalled in Appendix B that solutions to Helmholtz equation can be
represented using surface integral operators. We assume here that the contrasts p and n
are constant and we denote ko := k and ky := k/nu. If SLy and DL, are the classical single
and double layer potentials (see Appendix B), the solutions to the interior transmission
problem

( 1
V--Vw+knw=0 1inD
I
Av+kov=0 in D (1.36)
w="0 on 0D '
1
_8_w = @ on dD.
L ov  Ov
can be expressed using the integral representation
v = SLy,o0 — DLy, in D,
w = pSLg,a — DLy, in D (1.37)
where 5 L9
v w
= —|p=~-—|p e H YT
“ 8V‘F 1 Ov € (T)
and
B :=v|r = w|r € HY*(I).
. 10w Ov i )
The boundary conditions of (1.36) w = v and R 0D and the jump properties
W Ov v

of the single and double layer potentials yield the system satisfied by « and /3

ﬂ@(%):o (1.38)

where
Z(k) o luSkl - Sko _Kk1 + Kko
' K]/ﬂ - Klli‘o _]‘/ILLTk'l + Tk() '

Despite the fact that this method only answers the question of the discreteness of the
set of transmission eigenvalues, the main interest is that it also enables to extend this
result to the more general case of n — 1 having a constant sign on a neighborhood of the
boundary dD. In Chapter 5, we expose the difficulties of this method, in particular in the
case where ;1 = 1 since the space of solutions is not classical for the integral operators.
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Chapter 2

Electromagnetic interior transmission
problem - The model case of dielectric
inclusion

In this chapter, we study the interior problem for an inhomogeneous medium. This
is the first case that has been studied and the simplest one. The first results have been
proven in [26] and show the existence of an infinite set of transmission eigenvalues but
only for spherical stratified media. Since 2008 and the paper of Paivarinta and Sylvester
[43], new results have been proven for general geometries. In this chapter, we focus on
the main properties of existence and discreteness of the set of transmission eigenvalues.

After giving the notations used in this chapter and recalling the spaces in which
we study the problem, we give the basic theorems used all along this thesis to get the
theoretical results. We recall the main theorems of the Fredholm theory : the Fredholm
alternative used in the study of the well-posedness of the interior transmission problem
and the analytic Fredholm theorem that gives the discreteness of the set of transmission
eigenvalues. The last important tool is based on generalized eigenvalue problems and its
use with an intermediate value theorem provides a powerful method to get existence but
also estimates for transmission eigenvalues.

Next, we resume some results from [34] and [18]. We first consider the well-posedness
of the interior transmission problem. In particular, by using a fourth order formulation
and a variational approach, we show the existence of solutions in L?(D) to the interior
transmission problem provided the wave number k is not a transmission eigenvalue.

The last sections of this chapter focus on the properties of transmission eigenvalues.
We first show existence of an infinite discrete set of transmission eigenvalues using the
analytic Fredholm theorem and an auxiliary eigenvalue problem. Next, we show that
the first transmission eigenvalue is a continuous function of the index of refraction in
the case of an isotropic medium. To conclude, we make the parallel between Maxwell
eigenvalues for an impenetrable obstacles and transmission eigenvalues for penetrable
objects by considering the far field equation and giving an equivalent theorem to Theorem
1.2.7. This property extend the same result proven in [13| for acoustic waves.
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2.1 Notations and definitions

In all this chapter, the obstacle denoted by D C R? is a bounded simply connected
region of R?® with piece-wise smooth boundary I' := 9D and index of refraction N(z). N
is supposed to be a 3 X 3 symmetric matrix whose entries are bounded complex valued
functions in R? and such that N = I in R¥\ D. We denote by v the outward normal vector
to I'.

<

Figure 2.1: Geometry and notations

Let (.,.)p denote the L?*(D)? scalar product with the corresponding norm || - ||p and
consider the Hilbert spaces

H(curl, D) := {u € L*(D)?/curlu € L*(D)*},
Hoy(curl, D) :={u € H(curl,D)/v xu=0onTI}

equipped with the scalar product (u,Vv)cun = (u,v)p + (curlu, curl v)p and the corre-
sponding norm ||.||cu - Next, we define

U(D) :={u € H(curl,D)/curlu € H(curl, D)},
Uy(D) := {u € Hy(curl, D)/curlu € Hy(curl, D)}

equipped with the scalar product (u,v)y = (0, V)eun + (curlu, curl v)e,,; and the corre-
sponding norm ||.||.
Let s > 0 be a given real number and H*(I") be the usual Sobolev space. We define

TH*(T)={p € H'T)*/p-v=0}.

Definition 2.1.1. A matriz field K is said to be bounded positive definite on D if K €
L>(D,C?)**3 and if there exists a constant v > 0 such that

R(KE E) > v[€)?, V€ € C* and a.e. in D.

In the following, we assume that N, N~! and either (N — I)™! or (I — N)7! are
bounded positive definite matrix fields on D.

2.2 Important theorems

All the theorem we recall here are the theoretical basis of the study of transmission
eigenvalues that is used in almost every type of obstacles.
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2.2.1 Fredholm theory

We recall here two important theorems in the Fredholm theory: the Fredholm alterna-
tive and the analytic Fredholm theorem. The first theorem will be useful in the following
in order to show the existence and uniqueness of solutions to the interior transmission
problem and the second one will be used to show the discreteness of the set of transmission
eigenvalues.

Let us first recall the Fredholm alternative. It is a well-known theorem in functional
analysis for compact operators.

Theorem 2.2.1. Let A : X — X be a compact operator on a Banach space X. Then
either

1. the homogeneous equation

w—Ap=0
has a nontrivial solution p € X
or
2. for each f € X, the equation
p—Ap=f

has a unique solution ¢ € X. If I — A is injective (and hence bijective), then
(I —A)™: X — X is bounded.

The next theorem considers compact operators on a Banach space depending on a
complex parameter. Let us denote by £(X) the Banach space of bounded linear operators
mapping the Banach space X into itself.

Theorem 2.2.2. Let R be a domain in C and let A : R — L(X) be an operator valued
analytic function such that A(z) is compact for each z € R. Then either

a) (I — A(z))™! does not exist for any z € R
b) (I — A(z))~! emists for all z € R\S where S is a discrete subset of R.

This theorem says that if we can find at least one z for which an analytic Fredholm
operator is injective then it is always injective except for a discrete set of values of z.

2.2.2 Generalized eigenvalue problem

The theorem we shall use in all the study of existence of transmission is the last one of
this section. To establish this theorem, we need some results on the spectral decomposition
of a bounded, positive definite and self-adjoint operator on a Hilbert space with respect
to a self-adjoint, non negative, compact operator. The following has been taken from [18].

Let U be a separable Hilbert space with scalar product (-, -) and associated norm || - ||.
First, we recall the min-max formulae of Courant-Fréchet.
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Theorem 2.2.3. Let A be a bounded, positive definite and self-adjoint operator on U and
B be a non negative, self-adjoint and compact linear operator on U. Then there exists an
increasing sequence of positive real numbers (A\g)g>1 and a sequence (ug)r>1 elements of
U such that Aui, = M\, Bug,.

Furthermore if we define the Rayleigh quotient as

(Au, u)

R(u) = (Bu, u)

for u ¢ ker(B), where (-,-) is the inner product in U, the min-max principles hold

— mi 2.1
Ak nin (@lv?){%}R(u)) (2.1)

where Uy, denotes the set of all k-dimensional subspaces W of U such that W Nker(B) =

{0}.

Now, we can formulate the main result that will be useful to show the existence of
transmission eigenvalues.

Theorem 2.2.4. Let 7 — A, be a continuous mapping from 10,00 to the set of self-
adjoint and positive definite bounded linear operators on U and let B be a self-adjoint
and non-negative compact linear operator on U. We assume that there exist two positive
constants 1o > 0 and 7, > 0 satisfying

1. A, — 1oB is positive on U,
2. A, — 1B is non positive on a p-dimensional subspace W, of U.

Then, each equation \;(T) = 7T for j = 1,...,p, has at least one solution in |1y, 1] where
N\ (T) is the j™ eigenvalue (counting multiplicity) of A, with respect to B, i.e. ker(A, —
Ai(T)B) # {0}

Proof. The min-max formulae (2.1) ensures the continuity of each \;(7) with respect to 7.
The proof now relies on the intermediate value theorem. From assumption 1., we get that
A;(79) > 1o for all j > 1. Now, assumption 2. implies in particular that W,Nker(B) = {0}
and as a consequence, we have \;(m) <7 for all j > 1 which concludes the proof. O

Remark 2.2.1. The multiplicity of a transmission eigenvalue k is defined as the dimen-
sion of the kernel of A, — kB.

2.3 The interior transmission problem

In this section, we study the well-posedness of the non homogeneous interior trans-
mission problem.
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Let G € TH*?(') and H € TH/*(T') be two given boundary data. We consider the
following interior transmission problem

curlcurl E — k2NE = 0 in D
curlcurl Eg — k’Ey = 0 in D (ITP2.1)
vXE—-—vxE;=G on I

vXcurlE—vxcurlEg=H onl.

First let us give the appropriate definition of solutions to the previous problem.

Definition 2.3.1. A strong solution to (ITP2.1) is a pair (E,Eg) € L*(D)* x L*(D)>?
that satisfies
{curlcurlE —kK*NE=0 inD

curlcurl Eg — k’Eg =0 in D

in the sense of distributions and such that E — Eq € U(D) and E — Eq satisfies the
boundary conditions of (ITP2.1).

The aim of this section is to show that there exists a unique solution E, Eq in L?*(D)?
to (ITP2.1) depending continuously on the data G and H. To this end, we first need to
find the appropriate equivalent formulation. We consider a new unknown F := E — E,
which will satisfy a fourth order equation.

2.3.1 Fourth order formulation

To study the existence and uniqueness of solutions to (ITP2.1), we rewrite it as a
fourth order boundary value problem on F := E — E,.
Let us set F := E — Ey. First, remark that F satisfies

curlcurl F — k*NF = k*(N — )Ey  in D (2.2)

or
curlcwrl F — k*°F = k*(N — I)E  in D. (2.3)

Multiplying both sides of (2.3) by (N — I)~! and applying the operator (curlcurl —
k*N), we get that F satisfies the fourth order equation

(curlcurl — k*N)(N — I)"*(curlcurl F — k*F) =0 in D (2.4)

together with
vxF=G, vxculF=H onT. (2.5)

It is obvious that finding a solution F € U(D) to (2.4)-(2.5) is equivalent to finding a
strong solution (E,Eg) to (ITP2.1) by setting

1
E = E(N — I)"*(curlcurl F — k*F) and E; := E(N — I)"Ycurlcurl F — K*NF).
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The study of (2.4)-(2.5) will be done using a variational framework. Let ¢ € Uy(D)
be a test function. Using the following equality, valid for all u € (D) and v € Uy(D),

/ curlcurlu - vdx = / curlu - curl vdz,
D D

and integrating by parts, we obtain

0= /D(Cul"l curl — E°N)(N — I)"*(curl curl F — k*F) - @dw
_ /D (N = 1) (curl ewrl F — k2F) - (curl curl @ — k2N)da
= /D(N — I)"}(curlcurl F — k*F) - (curl curl p — k*@)dx
— k? /D(curl curl F — k*F)pdx

= / (N — I)"*(curlcurl F — k*F) - (curl curl i — k*@)dx + k:4/ F - pdz
D D

— k? / curl F - curl pdz.
D

Then F € U(D) satisfies (2.4) if and only if

AL(F, @) — K2B(F, ) = 0 for all ¢ € Up(D) (2.6)
where A, and B are sesquilinear forms on U(D) x U(D) defined by

Ar(u,v) := (N = I) ! (curlcurlu — k*u), (curlcurl v — k°v)) | + k*(u,v)p
and
B(u,v) := (curlu, curlv) .

The variational formulation (2.6) is also equivalent to

AL(F, ) — K2B(F, @) = 0 for all ¢ € Uy(D) (2.7)
where A}, is a sesquilinear form on U(D) x U(D) defined by

Ap(u,v) == (I = N) " (curlcurlu — k*Nu), (curl curl v — /{QNV))D + E*(Nu,v)p
= (N(I = N) ! (curl curlu — k*u), (curl curl v — k*v))

+ (curl curlu, curl curl v) p.

D

To establish the appropriate variational formulation, we need the following lifting
result (see [34]).

Lemma 2.3.1. Let o € TH?(T) and p € THY?(I') be two given boundary data. There
ezists w € H*(D)? such that

vXw=¢ and vxculw=1 onl

and
Wiz < c(llelluse + [|9]lm2)
where ¢ is a constant independent of ¢ and .
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Let w € H*(D)3? C U(D) be a lifting function associated with G and H as in Lemma
2.3.1. Therefore, finding a solution F € U(D) to (2.6)-(2.5) is equivalent to finding a
function Fo = F — w € Uy(D) satisfying

Ar(Fo, ) — K2B(Fo, ) = l(¢p) for all ¢ € Up(D) (2.8)
where
Uu(p) = —Ar(w, @) + E*B(w., )
or
Ar(Fo, ) — K*B(Fo, ) = l(ep) for all ¢ € Up(D) (2.9)
where

U() = —Ap(w, ) + K*B(w, ¢).

2.3.2 Existence of solutions

The theorem that ensures the existence of transmission eigenvalues is the Fredholm
alternative. In the following, the variational formulation (2.8) will be used when (N —1)!
is bounded positive definite while the variational formulation (2.9) will be used when
(I — N)~!is bounded positive definite to show that the left-hand side is of Fredholm type.

Lemma 2.3.2. Assume that there exists a constant v > 0 such that
R((N—1)7"¢¢) >7[¢? Ve C? and a.e. in D, (2.10)
(respectively, R (N(I — N)7'¢,£) >~|¢]?, V € C° and a.e. in D). (2.11)
Then Ay, (respectively Ay, ) is a coercive sesquilinear form on Uy(D) x Uy(D).

Proof. Assume first that (2.10) holds. In this case, we can show that A is coercive on
Up(D) x Uy(D). Let u € Uy(D). From (2.10), we deduce that

Ar(ua,u) > v|lcurl curlu — k*ul[3, + k*||u| %

> ~||eurl curlu||% + E*(y + D)[|ul|3 — 2vk?||curl curl ul|p||u||p.

Using the identity

1 ¥ S| ¥
X2 —29XY 1Y? = ) (Y - X Y24 L X7 2.12

with e = +1/2, X = |[curl curlu||p and Y = k?||u||p, we get

v

Ay(u,u) >
p(u,u) > 1127

(||curl curlul|}, + &2|[ul[3) - (2.13)

Furthermore, since for all u € Uy(D),

|[curl curlu — k*ul|} = ||curl curlu||3 + &*||[u]|p — 2k2||curlul|3,
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we obtain
2k?||curlul[3, < ||curl curlu||% + &*||u|[%,

which combined with (2.13) yields the existence of a constant ¢, > 0 (independent of u
and ) such that

Y 2
Ay (u,u) > Ckm““”u(p)-

Now, assume that (2.11) holds and show that Ay is coercive on Uy(D) x Uy(D). From
(2.11), we deduce that
Ai(u,u) > 7||curl curlu — k2ul %, + ||curl curlul %,
> k'y||ul|3 + (v + 1)||curl curl u||3, — 2v&?||curl curl u||p||u|| p.

Using the same method as in the previous case with this time, X = k*||u||p and ¥ =
||curl curlul|p, we also get that Ay is coercive on Uy(D) x Uy(D). O

From the Riesz representation theorem, we can define the operators Ay : Uy(D) —

Uy(D), Ay, : Uy(D) — Uy(D) and B : Uy(D) — Uy(D) by
(Apu, V)z,{(D) = Ai(u,v), (Aku’v)u(p) = Ai(u,v)

and
(Bu7 V)Z,{(D) = B<u7 V)

for all v e Uy(D).
Lemma 2.3.3. The operator B : Uy(D) — Uy(D) is compact.

Proof. Let (u,) be a bounded sequence in Uy(D). We can extract a subsequence, still
denoted by (u,), that weakly converges to some ug in Upy(D). We recall that if the
boundary I' of D is sufficiently smooth, the space of functions

{u € Hy(curl, D)/divu=0in D}

is continuously embedded into H'(D). We deduce that the sequence (curlu,) is bounded
in H'(D). By the Rellich compact embedding theorem, we deduce that (curl u,) converges
strongly to curlug in L?*(D). From the definition of B and using Schwarz inequality, we
get

[B(u, — o) lup) < |curl (w, — uo)|[r2(p).-
Hence, Bu,, converges strongly to Buy in Uy(D) and we can conclude on the compactness
of the operator B. O

Now we can state the main theorem of this section on the the well-posedness of
(ITP2.1).

Theorem 2.3.4. Assume that N satisfies (2.10) or (2.11) and that k is not a transmission
eigenvalue. Let G € TH??(T) and H € THY*(T'). Then there exists a unique solution
F € U(D) to (2.6) such that

E ey < C(IGllrmsz + [B|pm2)
where C' > 0 is a constant independent of F, G and H.



2.4. TRANSMISSION EIGENVALUES 39

Proof. Since Ay, or Ay is invertible (as a consequence of Lemma 2.3.2) and B is compact,
the Fredholm alternative ensures the existence of a unique solution Fy to (2.8) in both
cases (2.10) and (2.11). This solution depends continuously on the data G and H which
also yields the a priori estimate. O

2.4 Transmission eigenvalues

In this section, we consider the homogeneous interior transmission problem i.e. G =
H =0,

curlcurl E — k2NE =0 in D
curlcurl Eg — k*Ey = 0 in D
vXE—-—vxE;y=0 on I’

vxculE—vxcurlEg=0 onTl

and we are interested in the values of k£ for which the previous problem has a non trivial
solution E, Ey € L*(D)? such that E — Eq € Uy(D).

2.4.1 Discreteness of the set of transmission eigenvalues

To show the discreteness, we use the analytic Fredholm theorem that is recalled in
Theorem 2.2.2. The Fredholm property of the operator Ay — k*B when (N — I)7! is
definite positive and A;, — k2B when N(I — N)~ ! is definite positive has been proven in
the previous section. To conclude, it only remains to show that this operator is invertible
for at least one wave number k.

Let 0 < my(x) < mo(z) < n3(x) be the eigenvalues of the positive definite matrix N. We
recall that the smallest eigenvalue is given by 7;(x) = inf)¢ =1 (N (2)€, €) and the largest
eigenvalue is given by 73(r) = supg 1 (N (2)§,§). We denote by N* = suppn3(x) and
N, =infpni(x). Let A\g(D) be the first Dirichlet eigenvalue for —A in D.

This first lemma shows that the operators Ay — k2B or Aj, — k%B are injective provided
k is small enough.

Lemma 2.4.1. If (N — I)~! is a bounded positive definite matriz field on D, then

Ao(D)
N*

(Ayu — k’Bu,u) > al|ullupy for all 0 < k* <

uo) = and u € Uy.

If N(I — N)7! is a bounded positive definite matriz field on D, then
(Aku — k:QBu,u> ) > ollullyp) for all 0 < k* < Xo(D) and u € U,.
U

1
N*—1’

Proof. Assume that (N — I)~! is bounded positive definite. For v =

(Agu — k*Bu,u) > v|[curl curl u — k*ul[3, + &*||ul|% — &?||curlul[3,

U(D)
> 7lleurl curl u||% — 2k*v||curl curlu||p||[u||p + E*(y + 1)||ul|3,

— K?||curlul[3,.
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From the following identity, valid for all v < e < v + 1,

2 2
VX2 —29XY + (y+1)Y?=¢ (Y — gx) +(1+y—-e)Y*+ <7 - %) X% (2.14)

with X = ||curl curlu||p and Y = k?||ul|p, we obtain

2
(Ayu — k*Bu, u)M(D) > <7 - %) ||curl curlul[3, + k*(1 + v — &)|[u||}, — k*||curlu][3.

(2.15)
First, we observe that since u x ¥ =0 on I', then curlu-v = 0 on I'. This holds true by
interpreting the relationship curlu- v = 0 in the weak sense [46]. On the other hand, the
continuous embedding of

{u € Hy(curl,D)/divu=01in D}
into H'(D)? implies that curlu € H}(D). Then the Poincaré¢ inequality now implies

||[Veurlul|3,.

1
curlul|4 <

Let v be the extension of curlu by 0 outside D. Then
[Veurlul[}, = [|[V][gs = [Jeurl V][5 + [|div V|[gs = [Jeurl V|5 + [|div V][,
We therefore obtain that

|lcurlul|3, < ||curl curl ul|3,. (2.16)

1
Mo(D)
Now, from (2.15) and (2.16), we obtain

2 2
~y k
(Agu — k*Bu, u)u(D) > (7 - /\0<D)) |[curl curlul[7, + k*(1 + v — &)|[u|[3.

2
Hence, A, — kB is positive as long as k? < (7 — l) Xo(D). In particular, letting e

5
Ao(D

arbitrarily close to v + 1, the latter becomes k% < 7 Xo(D) = of )

v+1 N*

Now assume that N(I — N)~! is bounded positive definite. Then for v =

N,
1—N,’
(flku — k*Bu, u> ) > 7||curl curlu — k?u||% + ||curl curl u|3, — &?||curlul|3, + &*||[u||3

2103
> (v + 1)||curl curl u| |3 — 2k*y||curl curlu | p||u||p
— K?||curlul |3
2
> (’y - %) E*|ul|3, 4+ (1 +~ — &)||curl curl u||3, — k?||curlul[3,
2

2

Y 4 2 k 2
> - — +(14+y—— ——— 1 1 )
= (”Y - ) k HUHD ( Y€ )\O(D>) chr cur uHD

Then, A, — k2B is positive as long as k2 < (1 4+ —¢€)Xo(D). In particular, letting e
arbitrarily close to v, the latter becomes k? < \o(D). ]
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Remark 2.4.1. This lemma gives a lower bound to the first transmission eigenvalue.
Indeed, it implies that the first transmission eigenvalue ko is such that

Mo(D)
N*

o ko> \o(D) if (I — N)~' is bounded positive definite on D.

o ko>

if (N —I)71 is bounded positive definite on D,

Note that the kernel of B : Uy(D) — Up(D) is given by
Kernel(B) = {u € Uy(D)/u:=Vyp,p € H(D)}.

We can now state the discreteness of the set of transmission eigenvalues. We also
give an existence result for particular index of refraction. More specifically, we can show
that there are no transmission eigenvalues provided the imaginary part of the index of
refraction N is positive definite.

Theorem 2.4.2. Assume that N satisfies (2.10) or (2.11). Then
(i) The set of transmission eigenvalues is discrete with +o0o the only accumulation point.

(i) If S(N) is positive almost everywhere in D, then the set of transmission eigenvalues
15 empty.

Proof. (i) This is a direct consequence to the analytic Fredholm theory. Indeed, the
previous lemma shows that A, — k?B is invertible when k2 is small enough. Then,
(Ax—k*B)~! exists except for a discrete set of k. We can conclude on the discreteness
of the set of transmission eigenvalues.

(ii) Let £ > 0 be a transmission eigenvalue and u € Uy(D) the corresponding eigenvector
which satisfies in particular

/ (N — I)"*(curl curlu — k*u) - (curl curl — k*u)dx
D
+k* [ |ulfdz — kz/ lcurl u|*dx = 0.
D D

Since S(N — I)~! is negative definite in D and all the terms are real except for the
first one, by taking the imaginary part, we deduce that u satisfies Maxwell equations
in D. Since u has zero Cauchy data on I', we obtain u = 0 in D which contradicts the
fact that k is a transmission eigenvalue. Then there are no transmission eigenvalues.

]

Remark 2.4.2. The property (ii) can be extended to the case where Im(N) is positive only
i a subset Dy of D of positive measure and where N 1s sufficiently reqular to allow the
use of the unique continuation principle for curlcurl — k2N. Indeed, the same argument
as the previous proof shows that

curlcurlu — kK*u =0 in D,.
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Now, if we define v := curl curlu—k?u in D, then v is equal to zero inside Dy and satisfies
curlcurlv — k*Nv =0 in D.

From the unique continuation principle, I = 0 in D. The end of the proof is similar
to the previous one. Since u is now a solution to Mazxwell equations in D that has zero
Cauchy data on I, then u = 0 in D which contradicts the fact that k is a transmission
eigenvalue. Then there are no transmission eigenvalues.

2.4.2 Existence of transmission eigenvalues

To show existence of transmission eigenvalues, we use Theorem 2.2.4 and the existence
of transmission eigenvalues for spherical geometries that has already been proven in [26].

Let us consider the interior transmission problem corresponding to a ball By of radius
R centered at zero with constant index of refraction N = nyl where I denotes the identity
matrix. It is shown in [26] using separation of variables that there exists a discrete set of
transmission eigenvalues corresponding to

curlcurl E — k*ngE = 0 in Br
curlcurl Eg — k2Ey = 0 in Bp
vXE—-vxE;=0 on 0Bgr

vxcurlE —v xcurlEg=0 on 0Bpg.

Let us denote by ko(R, ng) the first transmission eigenvalue corresponding to the pre-
vious problem and by ufrm0 = EBrm0 _ EOBR’n0 the corresponding eigenfunction. In
particular, u®rm is in Uy(Bg) and satisfies

1
/ (curl curluPrmo — ko (R, no)QuBR’"O) . (curl curlaPr ™ — ko (R, no)QnoﬁBR’"O) dx = 0.
Br M0 —

Theorem 2.4.3. Assume that N € L>(D,R3*3) is such that either (N — 1)~ or N(I —
N)~1 is bounded positive definite. Then, there exists an infinite set of transmission eigen-
values.

Proof. First assume that (N — I)~! is positive definite. From Lemma 2.4.1, we have that

Ao(D
the first assumption of Theorem 2.2.4 is satisfied for all 0 < k% < %.
Now, let ¢ > 0 and B?, j =1,--- ,m(e), be m(e) disjoint balls included in D.
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Figure 2.2: Balls of radius ¢ included in D.

Let ko(e, N.) be the first transmission eigenvalue for each of these balls with index

of refraction N,. Let us denote by ubiN- ¢ U(B), j=1,--- ,m(g), the corresponding
eigenfunctions. Let @/, j = 1,--- ,m(e), be the extension of uP*N= by zero to the whole
D. Tt is obvious that w/, j = 1,--- ,m(e), are in Uy(D) due to the boundary conditions

on JBI. Furthermore, we have that

0= (curl curluBs N+ — k:o(s,N*)2uBg’N*) . (curlcurlﬁBg’N* - ko(s,N*)QN*ﬁBZ’N*) dx

1

1 )
/ i N, — (C rlcurl Be kO(E N )2 N ) ' (Curlcurlu €’ — kO(E N ) N*UBE’N*> Z.
B! d

The functions {ﬁl, o ﬁm(a)} are linearly independent and orthogonal in Uy(D) since
they have disjoint supports. Let us denote by V the m(e)-dimensional subspace of Uy(D)
spanned by {ﬁl, ey ﬁm(s)}. Then, if ky := ko(g, Ny), for all @ in V

(Ap, 0 — kiBu,u) = / — I)"}(curlcurl @ — kfa) - (curl curlt — k20)dz

+k4/ la| dx—k:Q/ |curl a2 dz

< / N1 (curl curl @t — A%1) - (curl curla — ka)dx
+ k%/ [al*dr — k%/ |curl ]2 dx
D D
=0

Ao(D
We deduce that there exist m(e) transmission eigenvalues in {%,ko(a, N*)} By

letting ¢ — 0, we can conclude on the existence of a infinite discrete set of transmission
eigenvalues.

Now, if N(I — N)~! is positive definite, the proof goes in the same way as previously
by using the second formulation with A;. In this case, from Lemma 2.4.1, the first
assumption of Theorem 2.2.4 is satisfied for all 0 < k? < A\o(D). Using the fact that

(N(=N)'6,6) < <
the rest of the proof is similar by replacing N, by N*. O]




44 CHAPTER 2. THE MODEL CASE OF DIELECTRIC INCLUSION

2.4.3 Estimates on the first transmission eigenvalue

In this section, we shall improve the lower bound of the first transmission eigenvalue
given by Lemma 2.4.1 and also give an upper bound. This shall be done using again The-
orem 2.2.4 by comparing with the transmission eigenvalues of the smallest ball containing
D and the largest ball contained in D. We also give a monotonicity result of the first
transmission eigenvalue with respect to N.

Let B,, be the largest ball of radius r; included in D and let B,, be the smallest ball
containing D.

Figure 2.3: Inclusion of the domain D between two spheres of radius r; and rs.

Theorem 2.4.4. Assume that N € L>(D,C3)3*3,
(i) If (N — I)7! is bounded positive definite and in particular N, > 1+« > 1, then
0 < ko(Bry, N*) < ko(D, N) < ko(B,,, N,).
(ii) If N(I — N)~! is bounded positive definite and in particular N* <1 — 3 < 1, then
0 < ko(Bry, Nu) < ko(D, N) < ko(B,,, N*).

Proof. First, we shall show that for all N in L>(D, C?)3*3  the first transmission eigen-
value decreases with the size of the domain D. In particular, if D’ C D, then

kO(D7N) < kO(D/aN)'
Let u”N € Uy(D') be the eigenfunction corresponding to ko(D’, N) which satisfies

/ (N—I)~* (curl curlu? N — ko(D', N)2uDI’N> : (curl curla” N — ko (D', N)QNﬁDI’N> dx =0

Let @ be the extension of u”" to all D. Due to the boundary conditions on D', @ is
in Uy(D) and if ky = ko(D’, N), we have

(A, 0 — k1 Bua,ua) = / (N = I)"" (curlcurl it — kf@) - (curlcurl@ — kY Na) dz
D

/ (N — I)fl (curlcurluD,’N — k%uD/’N) . (curlcurlﬁDl’N — k:fNﬁD,’N) dx
0.
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Using the fact that A, — k2B is positive for k small enough, applying Theorem 2.2.4, we
deduce that ko(D, N) < ko(D’, N).

Now assume that (N — I)~! is positive definite. For all u € Uy(D), we have

| [curl curlu — 7u| |3, + 72[|u||3, (Apu, u)y ﬁchrlcurlu—TuH?D+72HuH2D

||curlul|? ~ (Bu,u)y — ||curlu||%

and consequently
M(T, N*) < A\ (7,N(2)) < A\ (7, Ny). (2.17)

For 7 = ko(D, N*)?, we obtain

M(ko(D, N*)?, N(x)) = ko(D, N*)* > 0,
and for 7 = ko(D, N,)?

M1 (ko(D, N,)?, N(z)) — ko(D, N,)* < 0.

From the continuity of 7 — A(7, N(z)) — 7, there exists 7y between ko(D, N*)? and
ko(D, N,)? such that A\;(7, N(z)) — 70 = 0. To conclude, it remains to show that there
are no transmission eigenvalues corresponding to N(z) smaller than ko(D, N*). To this
end, assume that ko(D, N(x)) < ko(D, N*)2. From (2.17), we first have that

A (ko(D, N(z))?, N*) — ko(D, N(x))* < 0.

Furthermore, from Lemma 2.4.1, we know that for 7 sufficiently small, \; (7, N*) —7 > 0.
Then there exists 71 < ko(D, N(z) such that A\;(m, N*) — 7 > 0. From the continuity of
7+ Ai(7,N*) — 7, there exists a transmission eigenvalue for N* in [/, ko(D, N(z))]
which contradicts the fact that ko(D, N*) is the smallest transmission eigenvalue for N*.
Then, we conclude that

ko(D, N*) < ko(D, N(z)) < ko(D, N,).

In the case where N(I — N)~! is positive definite, we use the variational formulation
with A, and the inequality

2o |leurlcurlu — 7u| |3, + [Jeurlcurlu|lf,  (Au,u)y  1og=leurleurlu — 7ulf3, + ||eurl curlul |3,

|[curlul|3, - (Buyu)y — [|curlul|%,

We deduce that
)\1(7—7 N*) < )\1(7—7 N('f)) < )‘1(7—7 N*)

Now, the rest of the proof is similar and yields the inequality
m

Remark 2.4.3. Due to the monotonicity of the Dirichlet eigenvalue with respect to the
size of the domain, the lower bound is improved. First, since D C B,,, we have \i(D) <
M (By,). Then, with Lemma 2.4.1 applied to the domain B,,, we have

Ai(D) < M(B,,)
N* — N=*

< ko(B,,, N*) < ko(D, N(2)).
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2.4.4 Continuity of the first transmission eigenvalue with respect
to N

Numerical computations of transmission eigenvalues have suggested that the first
transmission eigenvalue behaved continuously with the index of refraction. Using the
implicit function theorem, we have been able to justify mathematically this result.

Assume here that N = nl where n is constant and I denotes the identity matrix. Let

us define Wy(D) := Uy(D) N Hy(div 0, D) where

Ho(div0,D) = {u e L*(D)*/divu=0and v-u=0}.

ﬁ”curl curlu — 7'u||2D + 72||u||%)

Ai(n,7) = inf

ueWy(D) ||curlu||%
_ 1 it |lcurl curlu||%, +n7?|[ul[f o T
n — 1 uewy(D) ||curlu||?, n—1

The first transmission eigenvalue k > 0 corresponds to the first zero 7 := k2 of
fn,7) = punt®) —(n+1)7=0

where
||curl curl u||%, + bl|ul|%

b) := inf
i (b) aEW(D) ||curlul|?

To apply the implicit function theorem to the function f, we need to differentiate the
function f with respect to 7. The following lemma gives the derivative of the function pu,.

Lemma 2.4.5. The function py :)0,+oo[—]0, 400 is differentiable and py(b) = ||uy||*
where u, € Wy(D) satisfies

||curl curluy| % + b||wp| |3, = g1 (b) and ||curlwy||p = 1.
Proof. Let h € [—¢,¢]| with € > 0. We have

pa(b+h) — pa(b) < (Jleurleurlu||7 + (b + h)lJw|[) — (lleurl curl |7, + b w[[3)

< hljw |3
and
(b ) — pn(b) = ([leurlewrluyynl b + (54 1)l o 13)
— (JJeurl curl uy,p |13 + bl|upn||5)
> [y [D-
Therefore

pa(b+h) — ()
h

[lup4nl[ < < [l [3. (2.18)
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Now, we want to show that (uys), converges to u, in the L?-norm as h tends to 0. From
the previous inequality we have that

[y inlh < Il |5
This proves that ()5 is bounded in L?. Furthermore

||curl curl wp,p|[% = Hm(b +h) = (b+ h)||ub+h||%)H
< (b + h) + (b + &) |[wpgnl
< (0) + el w|[3 + (0 + &) [ [

Hence, (up4p)p is bounded in Uy(D). Since Wy(D) is compactly embedded in Hy(curl, D)
and in L?*(D) we have that (uy, ), converges to 1 weakly in the Uy(D)-norm and strongly
in the Hy(curl, D)-norm and in the L?(D)-norm. For all ¥ € Uy(D), we have

/ curl curl u,yy, - curl curlepdx + (b+ h) /
D

Wy p, - pde = py(b+h) / curl upy, - curlepdz.
D

D

Letting h — 0, u satisfies

/ curl curla - curl curl ¥dzr + b /
D

u-Ydr = ul(b)/ curlu - curl ¢pdz.
D

D

We deduce that = u, and then (uy,;);, converges to u, in the L%-norm as h tends to 0.
Therefore from (2.18)
11 (0) = ||w| |5
O

We now have all the tools to prove the continuity of the first transmission eigenvalue
with respect to n.

Theorem 2.4.6. The first transmission eigenvalue is continuous with respect to n.

Proof. We shall use the implicit function theorem on f to establish the continuity. By the
previous lemma, f is continuous and differentiable for all n > 0 and 7 > 0. If we denote
by 71 the first transmission eigenvalue for a fixed n we have f(n, ) = 0. Moreover

of

E(nﬁl) = 2n7|[w,2 ||} — (n+1).
In particular, since the divergence of u,2 is zero, from the Poincaré inequality we have
that

[[a,-2][* < 1/20(D)

where A\o(D) is the first Dirichlet eigenvalue of —A in D. Hence % < 0 provided 7, <
"2—*;11)\0(D). Now we show that this inequality is satisfied if n is large enough. Remark
that, by definition of 71, if there exist 7 and u € Uy(D) satisfying

— 1||curlcurlu + 7ull3, + 72 |ul|} < F|curlul|3,
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i.e.

1
— (||lcurl curlul[}, — 27| |curlu|[7, 4+ 72[|u||*) + 7*|[ul|}, < 7[|curlul},

then 7, < 7. Let u € Uy(D) be such that

||curl curlul]|% = p1(0)
||curlul|?, = 1.

1
Using the fact that ||ul|} < ——, it is sufficient that 7 satisfies
Mo(D)
1 72 72 n
0)—2 <1& 2 — 1 0) <0.
n_l(y’l() T+)\0(D))+)\0(D)_T )\0(D)T (TL+ )T+M1( )—

The discriminant of the left-hand side should be positive

nu1(0)
Ao(D)

which is true when n is large enough.
0
Hence, 8—f(n, 71) < 0 provided that n is large enough. In this case the implicit function
T

theorem implies that there exist a neighborhood U of n, a neighborhood V of 7; and a C!
function k; : U — V such that

f(n,7) =0<= 1 = ki(n).

Therefore, locally, the first transmission eigenvalue is a continuous function of n. m

2.5 Characterization of transmission eigenvalues from

far field data

We have seen in the first chapter that Maxwell eigenvalues can be retrieved from the
far field data in the case of an impenetrable scatterer. This section is devoted to show
the same characterization from far field data in the case of a penetrable object where the
role of Maxwell eigenvalues is replaced here by transmission eigenvalues.

2.5.1 Reminder of the notations

Let us first recall the hypothesis. The index of refraction N is supposed to be a 3 x 3
symmetric matrix whose entries are bounded real valued functions in R? and such that
N = I in R®\ D. We further assume that there exists a constant v > 0 such that either

Re((N —1)77¢,¢) > l¢[*

or

Re((I — N)™'¢,¢) = l¢[*
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for all ¢ in C® and almost everywhere in D.
Given E! an entire solution to Maxwell equations

curl curl EY — k*E’ = 0 in R?,

the direct scattering problem can be formulated as the problem of finding an electric field
E € Uy,.(R?) such that

curlcurl E — k?NE = 0 in R?
E=E’+E
lim (cwrl E° x z — ik|z|E®) = 0 uniformly in & = z/|z|.

|z|—o00

We recall that the far field operator is given by

Fola) = [ Bl gld)ds(a)
Let us define the mapping B by

B: Hy.(D) — L*T)
Ei —  Eo
where
Hine(D) := {u € L*(D)?/curlcurlu — k*u=0in D}

so that the far field operator can be expressed in terms of this new operator B
Fg=B(E,).

We can remark that E,  is in the range of B i.e. there exists E such that BEy = E. o
if and only if E and Eg are solutions to the following interior transmission problem : find
E and Ej in L?*(D)? such that E — Eq € U(D) and

curlcurl E — k2NE = 0 inD
curlcurl Eg — k2E, = 0 in D (2.19)
vXE—-vxEj=vxE(/,z/q) onT

vxcurlE—v x curlEg = v x curl E.(+,z,q) onT.

This is a direct consequence to Theorem 1.2.8 and the fact that the set of Herglotz electric
wave functions E, with g € L?(2) is dense in H;,.(D) with respect to the L?*(D) norm.

Let F° denote the noisy operator corresponding to noisy measurements E?_(%,d, q).
We assume that for all g € LZ(Q)

F’g=—B(E,), where ||B° — B|| <6

where § > 0 is a measure of the noise level and B° denotes the noisy bounded operator
associated with B. In particular, 7° is a bounded and compact linear operator.
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For each fixed 2z and ¢, the regularized solution g, 45 is determined by minimizing the
Tikhonov functional
179206 = Eeoo(s 2, Q)| + €] gzl (2.20)

where € := ¢(0) — 0 as § — 0 is the regularization parameter. We assume that () is
such that
i || 79 4.5 — Beool 2,0)|| = 0. (2:21)
6—0

Let x be a cutoff function such that y = 1 in a neighborhood of I' and x = 0 in
a neighborhood of the point z € D. We define the function ®, € H*(D)? by ©, =
XE.(+,2,q). Then ©, satisfies the boundary conditions

vx 0O, =vxE(/,z7q) onT
vxcurl®, =v x curl E.(-, z,q) onT.

Consequently, the variational formulation of (2.19) amounts to finding
F.=E—-E;— 0, €cUy(D)
such that
/D (N = 1) (curlewrl — K2N)(F. + ©.) - (el curl & — k2)dz = 0 (2.22)

for all ¥ € Uy(D).

2.5.2 Main theorem

Theorem 2.5.1. Assume that k is a transmission eigenvalue and that (2.21) is verified.
Then for almost every z € D, there exists ¢ € R3 such that By, , 5| H(curl,py cannot be
bounded when 6 — 0.

Proof. Assume that for a set A of points z € D which has a positive measure, there exists
a constant M > 0 such that for all ¢ € R3,

HEgz,q,(; ’ ’H(curl ,D) < M.

Then we have

179205 = F9zqollzmy < 1B = BI|[|Eq,,, |

Using (1.25) and the previous inequality, we deduce that
(151_{% [ F9zq5 — Beoo (s 2, 0| 2(p) = 0.
Since the set of Herglotz electric wave functions E, with g € L?(2) is dense in H;,.(D)

with respect to the L?(D) norm, there exists a subsequence E,, := E,, s which weakly
converges to E € L?(D) such that curlcurl E — k*E = 0 in D. We deduce that v x E,,
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weakly converges to v x E in H, (;i/ *(T'), and by the compactness of B we conclude that
|BE,, — BE|[2(p) — 0 as n — oo i.e.

Jim [[Fg. 46, — BE[[12(p) = 0

Therefore, there exists E € H;,.(D) such that E, (-, z,q) = BE. As a consequence, there
exist E, Eq solution to the interior transmission problem (2.19). Then u, := E — E; €
Uy(D) satisties

/ (N — I)"Hcurleurl — k*N)(u, + ©,) - (curlcurl ¥ — k*W)dz = 0 (2.23)
D

for all ¥ € Uy(D).

As seen in the previous sections of this chapter, (2.23) can also be written as (I —
k*Ti)u, = fe. where T}, is a compact self-adjoint operator. Since k is a transmission
eigenvalue, the kernel of I — k*T}, is non trivial. Using the Fredholm alternative and the
fact that Ty is self-adjoint, we deduce that ((I — k*T})u,,uy) = 0 i.e.

/ (N —I) Y curleurl ®, — k?@.) - (curl curlug — k*Nug)dr = 0 (2.24)
D

where ug € Uy(D) is an eigenvector associated to the transmission eigenvalue k. The
Green’s second vector theorem

/u-curlcurlvdw:/v-curlcurlud:v—i—/l/Xu-curlv—/l/xv-curlu
D D r r

valid for all u and v such that divu = divv = 0 applied to (2.24) for u = (N —
I~ Ycurlcurl — k*N)uy and v = ©, implies that

/curl (N = I)H(curlcurl — k*N)up) -v x O,
r
- / v x ((N—=1I)""(curlcurlug — k¥’ Nuy)) - curl ®, = 0 (2.25)
r
since (curlcurl — k?)(N — I)~!(curl curluy — k*Nug) = 0 in D.

Setting F := (N—1I)~!(curl curl —k*N)ug in D and using the definition of @, equation
(2.25) becomes

/CurlF v x E.(+, 2,q9) —/V xF-curlE.(-,2,q) =0 (2.26)
r r

for all z € A. Using the representation theorems for solutions to Maxwell equations we
have

F(z) = —curl, /FI/(ZU) X F(z)Pr(z, 2)ds(x)

1
- pcurlz curl, /V(a:) x curl F(z)®y(x, z)ds(x).
r
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Since (2.26) is equivalent to ikq-F(z) = 0 for all z € A (see Lemma B.2.1 in Appendix
A), then F(z) = 0 for all z € A and by the unique continuation principle for all z in
D. We deduce that curlcurlug — k2Nuy = 0 in D. Using the boundary conditions
v xug = v xcurluyg = 0 on I' and the representation theorems for solutions to Maxwell
equations, one concludes that uyg = 0 in D which contradicts the fact that ugy is an
eigenvector. O

2.5.3 Illustration of the theorem

We consider the far field equation in 2 dimensions for a circle of radius 1 and index of
refraction n = 4. We have computed the regularized solution g, of the far field equation
for three different source point z inside the circle. We can remark that the norm of g,
explodes for some particuar wave numbers that correspond to transmission eigenvalues.
Moreover, we can see the importance of taking multiple source points since the second
peak has not been found for one source point z.

Figure 2.4: The norm of the regularized solution g, for three different point z € D.

2.6 Inverse problem : estimates of n from the knowl-
edge of the first transmission eigenvalue

For this problem, we assume that the shape of the scatterer D is known and that
according to the previous section, we have computed the transmission eigenvalues using
the far field data.

We consider here a double-layer sphere of radius R = 1 containing a concentric sphere
of radius r that we shall mke varying for the numerical tests.
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L

Figure 2.5: Spherical geometry

We assume that the index of refraction of the sphere is such that

4 ifr<|z|<R
n(r) = .
2 if x| <.

As we shall see in Appendix E, the transmission eigenvalues for spherical geometry
are easy to compute using a separation of variables method. We are then able to compute
the first transmission eigenvalue kg corresponding to the object D where the inside radius
varies. Now, knowing the value of the first transmission eigenvalue, we are able to give
an estimate on the value of the index of refraction of the object assuming that the index
of refraction is constant.

ko | 3.141 | 3.142 | 3.238 | 3.971 | 5.152 | 5.582 | 7.358
n | 4.00 | 3.996 | 3.826 | 3.052 | 2.498 | 2.326 | 2.00
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CHAPTER 2.

THE MODEL CASE OF DIELECTRIC INCLUSION




Chapter 3

Electromagnetic interior transmission
problem for dielectrics with cavities

In this chapter, we consider the interior transmission problem for anisotropic inclusions
that may contain some cavities; i.e. regions where the index of refraction has the same
value as the exterior medium. Mathematically, the cavity region corresponds with a
degenerate form of the ITP (the two fields satisfy the same equation) and therefore causes
difficulties in extending the techniques used for “regular forms” studied in Chapter 2. A
first study of this configuration was initiated in [12] for the scalar problem. We provide
here an extension of this work to the full electromagnetic problem by following a similar
route. The ITP is reformulated as a fourth order PDE outside the cavity region and the
latter is taken into account as a constrain in the variational space. Besides the technicality
inherent to Maxwell’s equations, the main difficulty here is in proving the equivalence
between weak and variational solutions and is in finding the appropriate splitting of the
variational form into coercive and compact parts. In a second step, and inspired by the
recent works |18, 17], we use this formulation to prove the existence of an infinite discrete
set of transmission eigenvalues for general cases and prove a monotonicity property with
respect to the cavity size of the first eigenvalue. The main difficulty in this part lies in the
fact that the variational space depends of the frequency. The introduction of a projection
operator and continuity properties of the latter with respect to the frequency are used in
order to solve the problem.

The chapter is organized as follows. The first section is dedicated to introducing the
ITP and establishing the appropriate variational formulation of the problem. The Fred-
holm property of the obtained problem is then proved. The second section is devoted
to the study of transmission eigenvalues. We prove the existence of an infinite discrete
set of these special frequencies in the case without absorption and establish monotonicity
properties with respect to the cavity size and the medium index. These parts are ex-
tracted from the published article [30]. We complement these results with the theorem
characterizing the transmission eigenvalues from far field data in section 3.3.

95
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3.1 Interior transmission problem

Let D C R? be a simply connected and bounded region with a piece wise smooth
boundary ' := dD. We denote by (-,-)p the L?(D)3 scalar product and consider the
Hilbert spaces

H(curl, D) := {u € L*(D)?/curlu € L*(D)*}
Hy(curl, D) :={u € H(curl,D)/v xu=0onTI'}

equipped with the scalar product (u,Vv)ey = (u,v)p + (curlu, curl v)p and the corre-
sponding norm ||« ||cur. We also define

U(D) :={u € H(curl, D)/curlu € H(curl, D)}
Uy(D) := {u € Hy(curl, D)/curlu € Hy(curl, D)}

equipped with the scalar product (u,v)y = (u,V)eun + (curlu, curl v)ey and the corre-
sponding norm || - ||y-

We assume that D contains a region Dy C D which can possibly be multiply connected
and with a piece wise smooth boundary ¥ := 9Dy and such that D\ Dy is connected (see
Fig. 3.1). Let v denote the unit outward normal to I' and X. Let N be a 3x3 symmetric
matrix whose entries are bounded complex-valued functions in R?® and such that N = I in
Dy. This matrix will represent the medium index inside D. Similarly to the case without
cavity (see chapter 2), we shall use a fourth order formulation and consequently we need
the same restriction on the index of refraction. We assume that there exists a constant
~v > 0 such that either

Re((N —1)71¢,€) 2 7l¢l* or Re((I — N)7'¢,€) > l¢f?

for all ¢ in C* and almost everywhere in D\ D.

Figure 3.1: Geometry and notation

Let s > 0 be a given real number and H*(I") be the usual Sobolev space. We define
TH*(T):={p e H}(I)’/p-v=0}.

We consider the following interior transmission problem

curlcurl E — k2NE =0 inD
curlcurl Eg — k2E, = 0 in D (ITP3.1)
vXE—-vxEy=G on I

vxcurlE—vxcurlEg=H onl
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with G € TH3%(T') and H € TH'?(T") some given boundary data.

Definition 3.1.1. A weak solution to (ITP3.1) is a pair of functions E and By in L*(D)>
solution to the two first equations of (ITP3.1) in the distributional sense such that F =
E — Ey € U(D) satisfies the boundary conditions of (ITP3.1).

3.1.1 Variational formulation

Similarly to the case without cavities, we shall use a fourth order formulation. How-
ever, since E and Ey satisfies the same equation in the cavity Dy, this is only valid in the
complementary domain D\Dy. A second equation satisfied by E or Eq is necessary to
keep the equivalence between (ITP3.1) and the new one.

Let us consider consider a weak solution E and Ej to (ITP3.1). Then F := E — E,
satisfies

curlcurl F — k*NF = k*(N — )Ey, in D\D,

or
curlcwrl F — k*°F = k*(N — I)E  in D\D,. (3.1)

Multiplying (3.1) by (N —I)~! and applying (curl curl —k?N) F satisfies the fourth order
equation o
(curl curl — E*N)(N — I)"}(curleurl — k*)F =0 in D\Dj (3.2)

together with the boundary conditions
vxF=G ; vxculF=H onl. (3.3)

Moreover, inside Dy, F satisfies

(curl curl — k*)F =0 (3.4)
with the continuity of the Cauchy data across X

vxF =vxF" ; vxcwlF =vxcurlF* (3.5)

where for a regular function F, F*(z) := hhm+ F(x £ hy,) for x € ¥ and v, the outward
—0

unit normal to .
However, the latter equations are not sufficient to define E and Eq inside X, so one
needs to add an additional unknown inside Dy, for instance, the function E that satisfies

(curl curl — £*)E = 0 in Dy. (3.6)
From the continuity of the Cauchy data of (3.1) we also get two more conditions on X
1 -
v X (E(N — )7 (curleur]l — £?) F) =vxE™, (3.7)
1 +
v X curl (E(N — I)"*(curlcurl — k2)F) =vxculE". (3.8)

One can now easily verifies the following theorem :
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Theorem 3.1.1. F € U(D) and E € L*(Dy)? is a solution to (3.2) — (3.8) if and only if
E and Eq are weak solutions to (ITP3.1) with

1 —
E:= E(N — D)7 Y(curlcurl — k*)F in D\Dy and Ey:=E—-Fin D.

In order to study the existence and uniqueness of the solution, we shall use a variational
approach. The main difficulty is to define an appropriate variational space which will
guarantee the well-posedness and the equivalence between the variational formulation
and the system (3.2)-(3.8).

Let us define the Hilbert space

V(D, Dy, k) :={E € U(D)/curl curl E — k*E = 0 in D,},
equipped with the scalar product (-, )y, and the closed subspace
Vo(D, Dy, k) := {E € Up(D) /curl curl E — k’E = 0 in Dy}

Let F € V(D, Dy, k) and consider a test function @ € Vy(D, Dy, k). We assume that
F and ¢ are regular enough to justify the various integrating by parts. Multiplying (3.2)
by 1 and integrating by parts, we obtain

0 :/ (curleurl — k*N) (N — n (curlcurl — k°) F - gpda
D\ Do
:/ ((curleurl — &%) (N — n- (curlcurl — k%) F — k* (curlcurl — &%) F) - ¢pda
D\ Do
:/ (N — I)"Ycurlcurl — k*)F - (curl curlip — k%ap)dx
D\ﬁo
—k? / (curl curl F — k°F) - ¢pdx
D\ Do
+/ vx ((N— nt (curlcurl F — £*F)) - curl ¢pds
aDg
— / v x - curl ((N - nt (curlcurl F — k°F)) ds
aDo
Using the fact that @ € Vo(D, Do, k), Green’s second vector theorem implies that
0= / (curl curl E — K°E) - abdx — / E - (curl curl ¥ — k*4)dx
DO DO

:/VxE-curlads—/yxa-curlEds.
b

>
Using (3.7) and (3.8), we obtain

/ vx ((N - n (curlcurl F — k°F)) - curlepds
>

— / vxp-curl (N - n (cwrlcurl F — k7F)) ds = 0. (3.9)
2
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Therefore, we finally have that

/ (N — I)*(curlcurl F — k*F) - (curl curl p — k*4)dw
D\ Dy

— k:Q/\ (curlcurl F — k?F) - apdx = 0, (3.10)
D\Dy

which is required to be valid for all ¥ € V(D, Dy, k).
In order to have the variational formulation for functions in V4(D, Dy, k), we need a
lifting result. To this end, we shall assume that there exists ® € H?(D)?3 such that

vrx®=G and vxcurl® =HonT, (3.11)

(see Remark 3.1.1 below). Using a cutoff function one can also guarantee that ® = 0 in
De where Dy C Dg C D, which will be assumed in the sequel.

Remark 3.1.1. It is proven in [34] that if T is sufficiently reqular (e.g. C®), then for
any boundary data G € TH®?(T') and H € THY?(T'), there exists ® € H*(D)? such that
(3.11) holds and such that

18120y < ¢ (|Gl gsrz + [[HI[r1/2)
where ¢ is a constant independent of G and H.

Consequently the variational formulation amounts to finding Fy := F—0 € V(D, Dy, k)
such that

/ (N — I)"Ycurlcurl Fy — k*Fy) - (curl curlip — k%ap)da
D\ Dy
— k:2/ (curlcurl Fy — k2Fy) - ¢pdx
D\ Dy
= — / (N —I)Y(curlcurl © — k*@) - (curl curl ¥ — k*4)dx
D\ Do
+ k2/ (curlcurl © — k?@) - bdx  (3.12)
D\Dy

for all ¢ € Vo(D, Dy, k). In the following, this variational formulation will be used in the
case where (N — I)~! is bounded positive definite. In the other case where (I — N)7! is
bounded positive definite, we shall use the equivalent variational formulation

(I — N) Ycurlcurl Fy — k*Fy) - (curl curl ip — k*ap)dz
D\ Do
+ / (curl curl Fy — k*Fy) - curl curl pdz
D\ Do
= —/ NI — N) Y(curlcurl ® — k*@) - (curl curl ¥ — k*ap)dx
D\Dy

- / (curl curl ® — k@) - curl curl pdz. (3.13)
D\ Dy



60 CHAPTER 3. DIELECTRICS WITH CAVITIES

One can remark that the above variational formulations (3.12) and (3.13) involve only
F. To show the equivalence between this variational formulation and (ITP3.1), we need to
show that the existence of E is implicitly contained in the variational formulation.an ad-
ditional result which leads to the existence of a solution in L?(Dg) to Maxwell’s equations
in Dy.

3.1.2 Solutions in L? to Maxwell’s equations

We assume that A is a bounded simply connected domain of class C2.

Definition 3.1.2. A real X is a called a Mazwell eigenvalue in A if there exists v €
H(curl,A), a non trivial solution to

{ curlcurlv —Av=0 in A

vxr=0 on OA. (3.14)

Remark 3.1.2. We remark that if A # 0, then existence of a non trivial solution v €
H(curl,A) to (3.14) is equivalent to existence of a non trivial solution w = curlv €

H(curl, A) to
curlcurlw —Aw =0 in A
curlw x v =0 on OA.

The next theorem shows how we can construct a solution in L*(A) to

curlcurlE — k2E =0 in A
Exv=axv on OA

with o € TH=Y/2(9A) from a solution in H(curl, A).

Theorem 3.1.2. We assume that k* is not a Mazwell eigenvalue for A. For every a €
TH=Y2(OA), there exists a solution E € L*(A)? to

curlcurlE — K2E =0 in A
Exv=axv on OA.

Proof. We will use the following properties of Sobolev spaces for A of class C**1 (see [31])
H*H(A)? = {u e L*(A)?, curlu € H*(A)?, divu € H*(A),u x v € H*'/2(9A)*}
or
H"Y(A)? = {u € L*(A)?, curlu € H*(A)?, diva € H¥(A),u-v € H*/2(9N)%} .
Let a € THY?(OA) and E € H(curl, A) satisfy

curlcurlE — kK2E =0 in A
Exv=axv on OA.
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Since divE = 0 and E x v € THY?(0A), we have that E is in H'(A)?. Now let F €
H(curl, A) be a solution to

{ curlcurl F — k°F=E in A

Fxv=0 on OA. (3.15)

We show that F € H?(A)3 : since F € H(curl,A), divF = 0 and F x v = 0 we have that
F is in L?(A)?, divF in H'(A) and F x v in H32(9A)?. Then it only remains to show
that F := curl F € H'(A)?. The fact that F € H(curl,A) implies that F € L*>(A)3. The
equalities
divF =0
and
curl F = E + k°F

show that divF € L*(A) and curl F € L*(A). Moreover,
F-v=culF - v=divy(F xv)=0

where divy, denotes the surface divergence operator, implies also that F-veHY 2(ON).
Then F € H'(A)? and

= P 512 1/2
1) < C (1FIaca) + lowrl FliZacyy ) < O (1F e ) + 1Bl 20 -
We deduce that F € H?(A)? and
1] 2a) < C (I[Fllzzcurt ) + [[Ellz2(n)) < ClIEl]r2a)
From (3.15) and using the Stokes formula one easily obtains

|EHL2 ‘/ (v x curl F)

< |le||g-1720m)l v X carl F|[ g1/2(9n)
< Cllallg-1729m)|[El|22(a)

and therefore the solution operator o — E is continuous from TH~/2(9A) into L(A).
Similar arguments also show that if k% is not an eigenvalue with the boundary condition

curl E x v = 0 then the solution operator curla — E is continuous from TH~%/2(9A)
into L2(A). O

The following lemma shows the existence of a L?-solution to Maxwell’s equations
satisfying given boundary data in the inclusion Dq of our domain D.

Lemma 3.1.3. We assume that ¥ = 0D, is a C? boundary and that k*> > 0 is not
a Mazwell eigenvalue in Dy. Let (o, 8) € TH32(X) x TH-Y%(X) such that for all
¥ € Vo(D, Do, k) N H*(D)3,

<V X Curl’l,b, /8>TH1/2(Z)7TH71/2(Z) + <Oé, Vv X ¢>TH73/2(E),TH3/2(E) =0. (316)
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Then there exists E € L*(Dy) such that
curlcurlE — k?E = 0 in D,

and
(v xE,vxcurlE) = (v x f,vxa) on .

Proof. From the previous theorem with A = Dy, we know that there exists a solution
E € L*(Dy)? to

curlcurl E — k2E =0 in D,
vxE=vxp on .

Let ¥ € Vio(D, Dy, k). Integrating by parts we obtain

/ (curl curl E — k;2E) apdr = / (Curl curl e — kQE) - Edx
Do

Do

+ (curlzb XV, E>TH1/2(E),TH—1/2(E) — <V X ’l,b, curl E)TH3/2(E),TH—3/2(E)

Using the fact that curl curlt — k?3 = 0 in Dy, we obtain

<CU_1"1’¢J XV, E)THl/Q(Z),TH—l/Q(E) — <V X ’I,[), curl E)TH3/2(E),TH—3/2(E) =0

and from (3.16), we obtain

<V X 'l,[), curl E — a>TH3/2(E),TH—3/2(E) =0

for all 1 € Vo(D, Dy, k) N H*(D). Using the density theorem 3 in [52| since Vy(D, Dy, k)
contains the set of Herglotz functions, we can conclude that the traces of functions in
Vo(D, Dy, k) are dense in TH*?(X). Then a x v = curl E x v in TH™3/2(%). O

3.1.3 Well-posedness of the ITP

Using the previous lemma, we now can state the equivalence between weak solutions
to (ITP3.1) and solutions to the variational formulations (3.12) and (3.13).

Theorem 3.1.4. Assume that ¥ is a C? boundary and that k* > 0 is not a Mazwell
eigenvalue in Dy. Then the existence and uniqueness of a weak solution E and Eq to the
interior transmission problem (ITP3.1) is equivalent to the existence and uniqueness of a
solution Fq to the variational problem (3.12) or (3.13).

Proof. It remains only to verify that a solution of (3.12) or (3.13) defines a weak solution
w and v to the interior transmission problem (ITP3.1). Let ¢ be a C* function with
compact support in D\ Dy. From (3.10), we can show that F satisfies (3.3). In particular
the function
1
ET = ( (N —I)*(curl curl F — /{;QF)>

k2 D\
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satisfies E* € L2(D\Dy) and curlcurl E* — k2NET = 0 in D\D,. For an arbitrary test
function ¥ € Vo(D, Dy, k) N H*(D), integrating by parts (3.10) we obtain

<V X Curl’l,b, E+>TH1/2(E)’TH—1/2(E) - <Cu1”l E+, V X ¢>TH—3/2(E),TH3/2(E) =0.

Applying Lemma 3.1.3 we now obtain the existence of E- € L?(Dy) satisfying (3.6)-
(3.8). O

The following theorem concludes this section by proving the existence and uniqueness
of a solution of (ITP3.1) using the Fredholm alternative. In the following we exclude the
values of k for which the uniqueness does not hold, namely the so-called transmission
eigenvalues.

Definition 3.1.3. Values of k > 0 that are not Maxwell eigenvalues and for which the
homogeneous variational problem (i.e. for ® = 0) has nontrivial solutions Fo are called
transmaission eigenvalues.

Theorem 3.1.5. Assume that N € L>(D,R3*3). Then the interior transmission problem
has a unique solution provided that k is not a transmission eigenvalue. This solution
depends continuously on the data ® € H?*(D)3.

Proof. We first assume that (N — I)~! is bounded positive definite. Let us define the
following bounded sesquilinear forms on Vi(D, Do, k) x Vo(D, Dy, k):

Ap(u,v) = / (N-D)" (curlcurlu — k*u) - (curlcurl v — £%v) dz + k‘4/ u - vdz
D\ Do D

and

B(u,v) = / v - curl curl udzr — k4/ u - vdz
D\ Dy

Dy

= / curlu - curl vdz.
D

The variational equation now becomes

Ak(F07 ,()b) - k28<F07 Ip) = gk(’lp)
where

U() = —Ax(©,%) + k*B(©, ).

Since (N — I)~! is bounded positive definite, there exists a constant v such that

A (u,u) > v||curl curlu — k:2u||2D\50 + k4 |u|%,.

Using the inequality

||curl curlu — kQUH%\ﬁO > ||curl curluHQD\50 — 2k?||curl curl ul| p 5, |[ul |\ 5, + k’4||u|]%\ﬁo,
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we obtain

Ar(u,u) > v||curl curluHQD\ﬁo — 2vK?||curl CUTI“HD\EOHUHD\EO
+EN L+ y)l[ullf, 5, + &allb,.

Using for example the identity

1 ¥ S| ol
X? —29XY + (1 Y? = Y - X _Y?4 ——X? 3.17
XXV (1) = ) (V- X ) e e @

we deduce that

and setting v = 1 _:2
Y

Ax(w,u) > 7 (flewrleurlul2, 5+ k[l 5, ) + £l
> (H(:url curluHQD\BO + k4HuH%\EO + 2k4]|u|\%0> :
Since curl curlu = k%u in Dy, one also has that

Ag(u,u) > 7 (|[eurl curlul[, + £*{|u][3) . (3.18)
Integrating by parts, one has the following identity valid for all u € V4(D, Dy, k)

||curl curlu — k2u||§)\50 = ||curl curl u||% + k*||[u|[3, — 2k?||curlul|3,.
Hence,
2k?||curlu| [, < ||curl curlu||% + &*[|ul]3,. (3.19)
Let ¢, = min (%, %) Using (3.18) and (3.19) we obtain that

Ag(u,u) > 7 ¢ 12 ||curl curlul|f, + cr(1 4+ £%)||ul|p

1
> oy <||curlcurlu||% + ||u||% + (||Curlcur1u||% + k:4||u||2D))

k2
> Ck’:YHuHZ%{(D)'

Therefore Ay, is a coercive sesquilinear form on Vo(D, Do, k) x Vo(D, Dy, k). Moreover,
from Lemma 2.3.3 in Chapter 2, B is compact in Uy(D). Thus, it is easy to see that B
defines a compact perturbation of A;. The result now follows from the application of the
Fredholm alternative.

Now assume that (I — N)~! is bounded positive definite. The variational formulation
can also be written as

Ap(Fo, 1) + Bi(Fo, ) = lp(1))
with

Ap(u,v):= [ NI = N)7' (curlcurlu — k*u) - (curlcurl v — £7¥) dx
D\Do

+ / curl curlu - curl curl vdz + k* / u- vdz
D\BO DO
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and
Since (I — N)~! is bounded positive definite, there exists a constant v such that

Ai(a,u) > (v + 1)||curl Curlu||2D\EO - 27k2||curl Curlu||D\50||u||D\50
+ kY a5, + A allB, (3:20)

Then, the same method used in the previous case from (3.17) shows that Ay, is a coercive
sesquilinear form on Vy(D, Dy, k) x Vo (D, Dy, k) and the result follows from the Fredholm
alternative. n

3.2 Transmission eigenvalues

We now study the homogeneous interior transmission problem with G =H =0

curlcurlE — k2NE =0 in D
curlcurlEg — k°E; =0 in D
vxE=vxE on I’

vxcurlE=v x curlEg onT.

3.2.1 Case of complex index of refraction

We give here a similar result as in the case without cavity for index of refraction with
definite positive imaginary part. The next theorem shows that, in this case, transmission
eigenvalues do not exist.

We first note that k is a transmission eigenvalue if and only if the homogeneous problem

Ak(F07¢) + Bk(F0a¢) = 0 for all ’d) € %<D7D07 k:)

has a nontrivial solution Fy € Vy(D, Dy, k). Taking 1 = Fy we obtain

/ (N — I)"Ycurlcurl Fg — k°Fy) - (curl curl Fy — k*Fy)dx + k4/ |Fo|?dx
D\EO D\EO

- k:2/ |curl Fy|?dx + k;2/ v x Fy-curl Fods = 0. (3.21)
D\ Do )
In order to study transmission eigenvalues it suffices to study (3.21).

Theorem 3.2.1. If N € L>*(D,R**%) is such that N = I in Dy and Im(N) is positive
almost everywhere in D\ Dy, then there are no transmission eigenvalues.
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Proof. Using the fact that Fy € Vy(D, Dy, k) and in particular curl curl Fy — k?Fg = 0 in
Dy, we can rewrite (3.21) as

/ (N — I)"!(curlcurl Fy — k*Fy) - (curl curl Fy — k*Fy)dx
D\ Do

+ k;4/ |Fo|?dx — k:2/ |curl Fo|?dz = 0. (3.22)
D D

Since Im((N — I)~!) is negative definite in D\ Dy and all the terms in the above equation
are real except for the first one, by taking the imaginary part we deduce that F satisfies
Maxwell’s equations in D\ Dy and then in all D. Since F has zero Cauchy data on I', we
obtain Fy = 0 in D, and therefore k is not a transmission eigenvalue.

O

Remark 3.2.1. Similarly to the case without cavities (see Remark 2.4.2), we can extend
this result to the case where Im(N) is positive, only in a subset of D\ Dy.

In the following, we shall assume that Im(N) = 0.

3.2.2 Estimates on the first transmission eigenvalue

To show discreteness of the set of transmission eigenvalues, we follow the same method
as in the case without cavity. Again we want to show that the problem is Fredholm. The
next theorem shows that the operators Aj, — k2B or A — k2B are coercive provided k is
small enough. This leads to estimates on the first transmission eigenvalue that are the
same as in the previous case. It can be compared with the first Dirichlet eigenvalue of
the whole domain D and eventually to the upper bound of the index of refraction.

Theorem 3.2.2. Let N € L>®(D,R*3). Let 0 < ni(z) < na(x) < n3(x) be the eigen-
values of the positwe definite matriz N. We denote by N* = supp,p, ns(x) and N, =
inf p\ 5, m(z). If k is a transmission eigenvalue then

Ao(D
k% > 0]5[* ) if (N —I)™! is bounded positive definite (3.23)
or
k* > Xo(D) if (I — N)~" is bounded positive definite, (3.24)

where \o(D) is the first Dirichlet eigenvalue of —A in D.

Proof. We want to show that if £ > 0 is sufficiently small, then k is not a transmission
eigenvalue. It suffices to show that for k > 0 sufficiently small, if u € V(D, Dy, k) satisfies
(3.22), then u is zero.

We first assume that (N —I)~! is bounded positive definite. In order to find the lower

we have

bound for the first transmission eigenvalue we study (3.22). For v = N1

Ai(u,u) > vl|curl cur1u||2D\50 — 2vK?||curl curlul|p\ 5, [[ul|p\5,

+ KL+ ) [}, + Kl
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From the identity
2

2
VX229 XY + (147)Y2=¢ (Y - ZX) + (y - l) X2+ (1+y—e)V?  (3.25)
€ £
with X = [[curl curlu||p\ 5, and Y = [[u]|p\5, We deduce that

2
Y
At 2 (v = Z) lleurtcurtull g, + 41+ = )l 5, + Kl
Using k?u = curlcurlu in Dy and 1 > (7 - 78—2) + (14~ — &) we obtain
2

Ai(u,u) — K*B(u,u) > ('y - %) |[curl curlul[3, + k*(1 + v — &)|[u||3 — k?||curlu|%.

Moreover, for all u € Uy(D) we have the following inequality (see the proof of Lemma
2.4.1 in Chapter 2)

1
chrluH%g(D) < WchrlcurluH%z(D). (3.26)

Then, using (3.26), we obtain

72 /{32

Ar(u,u) — E*B(u,u) > (v — — — ||curl curlu| |3, + k*(1 4+~ — &)|[u][3,.

9 )\0(D)

Hence letting € arbitrarily close to v + 1, k is not a transmission eigenvalue if
= N* .

Now we prove the result when (I — N)~! is bounded positive definite. We have the
following equality
Ap(u,v) — k*B(u,v) = (I = N)™' (cwrlcurlu — k*u) - (curlcurl v — £*V) dz
D\ Do

+ k4/ u-vdr + / curl curlu - curl curl vdx — k2/ curlu - curl vdz. (3.27)
Do D\ Dy D

N, .
For v = Ty using (3.25) and (3.26) we have

Air(u,u) — k*B(u,u) > (v + 1)||curl curluH?D\Eo — 2vk?||curl curluHD\mHuHD\ﬁo
+ kY [[ul|3, 5, + Klallb, — k?[lcurlul[3
2
> (147 — ¢)||curl curluf?|p + (”y — %) |3, — k?||curlul|3,
2

f 2
> (1 +y—e— )\o(D)) ||curl curl ul|3, + (7— %) [|ul[5.

Hence letting € arbitrarily close to v, we deduce that k cannot be a transmission eigenvalue
if

k* < Xo(D).
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3.2.3 Discreteness of the set of transmission eigenvalues

The proof of the discreteness of the set of transmission eigenvalues relies on the ana-
lytic Fredholm theory. This theory will guarantee that the operator associated with the
resolution of the interior transmission problem is injective except for at most a discrete
set of values of k. Thus, we first show that this operator is analytic with respect to
k € C in some neighborhood of the real axis. The difficulty here relies on the fact that
the variational space in a function of the parameter k. In order to apply the analytic
Fredholm theory, we first need to give an equivalent formulation of the problem in a space
that does not depend on k. In particular, we use a projection operator from Uy(D) into
‘/O(D7 D07 k)

Finding transmission eigenvalues is equivalent to finding £ > 0 such that the problem

A(E, ) — k°B(E, 1) = 0 for all ¢ € Vo(D, Dy, k)

has non trivial solutions E € V4(D, Dy, k). This is equivalent to finding the values of k
for which
Ay — k*B : Vo(D, Dy, k) — Vo(D, Dy, k)

has a nontrivial kernel, where A, is the positive definite self-adjoint operator associated
with the coercive bilinear form Ay (-, -) and B is the compact operator associated with the
bilinear form B(-, -).

To avoid dealing with function spaces depending on k, we shall make use of an analytic
operator Py, from Uy(D) into Vy(D, Dy, k) in order to build an analytic extension of Ay
and B with operators acting on Uy (D).

Let k € C. For E € U(D), we define 0,E by

(0LE)(x) = /D (curl curl E — K°E)(y)G(z, y)dy

cos(t)
4dmt

1

% . One has

with G(z,y) = yo(klz —y[)I +

in particular

V.div, (yo(klx — y|)I), where yo(t) = k

curl,curl,G(z,y) — k*G(x,y) = 6,1
Using the regularity of the volume potential, we have that 0, E € L?(D)3. Moreover, since

curl,G(x,y) = curl, (yo(klx —y|)I),

we have

curl (0,E)(z) = curlz/ (curlcurl E — B°E)(y)yo(k|r — y|)Idy, =€ D.

Dy

Once again using regularity of volume potential, we obtain that curl (;E) € H'(D).
Therefore, 0, E € U(D), and there exists a constant C'(k) such that

HekEHu(D) < C(k)HCUI‘l curl E — k2EHL2(D0)-

O : U(D) — U(D) depends analytically with respect to k € C.
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Let x be a cutoff function that equals 1 in Dy and 0 outside D. We define the
continuous operator Py, : Uy(D) — Uy (D) by

P.E :=E — y0,E. (3.28)
We first observe that for E € V(D, Dy, k) we have
0E=0 and PE=E. (3.29)
Moreover, since

curl curl 9, E — k20, E = curl curl E — k?E in Dy,

we also have P,E € Vy(D, Dy, k) for all E € Up(D). Finally, from the analyticity of 0,
P, also depends analytically on complex k with positive real part.

Using the Riesz representation theorem, we now introduce the operators A, and B
from Uy(D) into Uy(D) defined by

("ZlkEa F)U(D) = Ak (pkE7 p]fF> +a <9kE’9k_F)L{(D) )

(BE, Flup) = B (BE, IiF)
for all E, F in Uy(D), where « is a positive constant that will be fixed later (and is
independent of k). The analyticity of P, and 0 as well as the expression of A; and
B show that Ay and B depend analytically on & € C with Re(k) > 0. Moreover, the
operator B is compact.

Observe that if k is real, for E € V4(D, Dy, k), then we have E € V;(D, Dy, k), and
hence from (3.29), we have that

AE = ALE, BE = BE  VE € Vy(D, Dy, k) and Vk € R.

Hence we conclude that for real k, if Ay — k2B is not injective, then Ay — k2B is not
injective. In order to show that the set of transmission eigenvalues is at most discrete it is
sufficient to prove that the set of k for which A;, — k2B is not injective is at most discrete.
For that purpose we shall prove the following lemma

Lemma 3.2.3. Let k be positive and real. Then

(a) there exists o independent of k such that for all o > g the operator Ay, is strictly
coercive for all k > 0;

(b) there ezists ko such that for all 0 < k < ko the operator Ay, — k2B is injective.
Proof. Assume that k is real. Therefore
From the coercivity of Ay on Vy(D, Dy, k) we have that

(AE,E)yp) > %HHEIIZ@ + ||0:E[Z p),
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where v, = ¢x7 with ¢; < 1 and 4 depending only on N. From the expression of P,E one
sees that there exists a constant ¢ that depends only on y such that

2Bl py = EllZ ) — 26l El o) [|0:E o) + [XOE 740

(AE, E)un) 2 1Bl p) — 269/ [Ellu(o)||0:Elluo) + all0:E|l p)-

Let og = Fc2. Since v, < 7, we obsefve that (y.c)? < ya for all k and a > . Therefore
we can conclude that the operator Ay is strictly coercive for a > «y.
We now prove the second assertion. We observe that

(AE, E)yp) — 2(BE,E)yp) = Ay (PkE,ﬁ) + al[6:E| ) — KB (PkE,ﬁ) .
Therefore (AE, E)um) — k*(BE, E)y(py = 0 implies that 0,E = 0 and
Ay (PkE,ﬁ> — k2B <PkE,ﬁ) —0. (3.30)
According to Theorem 3.2.2, if (3.30) holds for k small enough then P,E = 0. We

conclude that E = P,E + y0;E = 0. Then for k small enough, A, — k2B is injective. [J

Theorem 3.2.4. Let N € L®(D,R3**®). Then the set of transmission eigenvalues is
discrete.

Proof. The previous lemma shows in particular that for a sufficiently large Ay is coercive
in a neighborhood of the real axis (since Ay, is continuous with respect to k) and therefore
invertible. In this neighborhood /Nl,;l is analytic and hence the operator I — kalglé
depends analytically on k and is injective for k sufficiently small. The analytic Fredholm
theory now shows that this operator is injective for all values of k in this neighborhood
except for at most a discrete set of values. O

3.2.4 [Existence of transmission eigenvalues

We observe that k£ > 0 is a transmission eigenvalue if and only if the operator
A — k2B : Vo(D, Dy, k) — Vio(D, Do, k)

has a non trivial kernel, where Ay, is the positive definite self-adjoint operator associated
with the coercive bilinear form Ag(-,-), and B is the compact operator associated with
the bilinear form B(-, ). Define the operator A;lﬂ by A;l/z = fooo \"Y2dE, where dE), is
the spectral measure associated with the positive self-adjoint operator A;. In particular,
A,;l/ % is also bounded, positive definite and self-adjoint. Hence it is obvious that k is a
transmission eigenvalue if and only if the operator

I — KA. PBAY? - Vo (D, Dy, k) — Vo(D, Dy, k) (3.31)

has a nontrivial kernel. Note that A,;l/ ZBA,;U ’is a compact self-adjoint operator. To
avoid dealing with k-dependent function space Vi (D, Dy, k) we consider

I — K*Ry A PBAYP P - Uy (D) — Uy (D) (3.32)
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where Py : Uy(D) — Vo(D, Do, k) and Ry : Vo(D, Do, k) — Uy(D) are respectively
the orthogonal projection and the injection operator. We first have to show that Py is
continuous from Uy(D) into Vo(D, Dy, k). For this purpose we need the following lemma

Lemma 3.2.5. Assume |k| < ko for kg > 0. Then there ezists a constant C(ko) such that
|E — PeEl|yop) < C(ko)||curl curl E — k*E||12(py)
for all E € Uy(D).

Proof. Let E € Uy(D) and let P, be the operator defined by (3.28). Then
|1PE = Elluo(p) < |PE — Elluo(n) = [[XO:Ello()
< C\|9kE||u0(D) < CC(]{?)HCHI"ICUIIE — k2EHL2(D0)'

Since 6, depends continuously on k, one can bound C'C(k) by a constant that depends
only on kg for all k < k. O

Theorem 3.2.6. The projection operator Py : Uy(D) — Vo (D, Dy, k) is continuous with
respect to k > 0.

Proof. Let k and k' be real positive less than kg, and let E be in Uy(D). Set E; := P.E
and Ek’ = Pk/E Then

Ex — Epl o) = 1P(Er — Ew)| 2oy + 1|1 — Pe) (B — Bl )
On the one hand, using Lemma 3.2.5,

(I = Po)(Ex — Ex)lluo ) = (I = Pr) B[y ()
< C’(k,‘g)chrl curl Ek’ — kQEk’HL?(DO)
= C(ko) [k = K*[|[Ew || 2(py)
< C(ko) k™ = k*[[[Elluy(p).

and on the other hand,

|Pe(Ex — B30y = (Pe(Ex — Er), Pu(Ex — Exr))y )
= (P(Ex — Ev), Ex, — Ep )y iy
— (Pu(Ex — Ep), Ek —E+E—-Ey),0 (3.33)
= (Pu(Ex — Ep),E — Ep )y ()
= (({ = Pv)Pu(Ex — Ev), E)y ) -

Applying Lemma 3.2.5, we have

||(I - Pk/)Pk(Ek - Ek’)HZ//o( C(k’o)”(CUI‘l curl — k/Q)Pk(Ek — Ek’)||L2(D0)
C(ko) |k — K*||| Pe(Ex — Ex)||22(00) (3.34)
C(ko) K™ = K[| — B[ foso )

IN
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Therefore, from (3.34) and (3.33), we have
1P(Er — Ep) |20y < Cko)[E? — k||[Ex — Ewr|oto(0) B leto() -

Using the previous estimates in the first equality yields

V5 +1
2
which proves in particular that £ — P,E is continuous. O

[|Ex — B0y <

C(ko) |k — K ||| E| ety ()

We can show that the mapping k —— RkA,ZlﬂBA,;l/QPk is continuous for k£ > 0.
Therefore, we can apply Theorem 2.2.4 to I — k?T}, to show the existence of transmission
eigenvalues.

Let r > 0. We denote by ko(r,n) the first transmission eigenvalue for a ball of radius
rand N = nl (see |26] for the existence of such eigenvalues). Let M (r) be the maximum
number of two-by-two disjoint balls of radius r that can be inserted in D\ Dj.

Figure 3.2: Balls of radius r included in D\ Dj.

Theorem 3.2.7. For all v > 0, there exist at least M (r) transmission eigenvalues in

Mo (D
1. [ 0]5[ >,/€0(7“, N*)} if (N — [)‘1 1s bounded positive definite,

2. [Mo(D), ko(r, N*)] if (I — N)~ is bounded positive definite.

Proof. Assume first that (N — I)~! is bounded positive definite. From Theorem 3.2.2, we
Ao(D
know that Ay, — k?B is positive for k; := L*).

Next, we look for ky > k; such that I — k3T}, is non positive on a p-dimensional
subspace of Uy(D). We first notice that for all k£ > 0,

(Agu — k*Bu, u)y(p) = / (N — I)"Y(curl curlu — k*u) - (curl curlu — k*u)dz
D\ Do

—k2/ ]curlu\Qd:L'+k4/ lu|?dx
D D

1
/ curl curlu — k*u*dz
D\ Dy

<
~ N,—1

—kZ/ |curlu\2dx+k4/ lu|*da.
D D
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Let B}, j = 1,...,M(r) be M(r) two-by-two disjoint balls of radius r included in
D\Dy. For each ball B, there exists an eigenvector u; € Uy(Bj) corresponding to the
transmission eigenvalue ko := ko(r, N,) which satisfies the variational formulation of the
corresponding interior transmission problem :

1
/ |curl curlu; — kguj’2 dx — kg/ |curl u,|* dz + kg/ u,|* dz = 0.
Ne—1 Jpr By B

J

We denote by ; the extension of u; by 0 to all D. Then 6, € Vo(D, Dy, k) and
1
/ |curl curlu; — k%ﬁj‘z dx — ]{32/ |curl @] do + kg/ ;|° dz = 0.
N* —1 D\ﬁo D D

Define V := Vect {u;,1 < j < M(r)} a M(r)-dimensional subspace of Vo(D, Dy, k). Let
M(r)

ueV, u= Z a;u;. Since u; and U, have disjoint supports if j # m, we get

j=1
M(r) M(r
((Ap, = EB)uu), = > Z @ ((Ap, = K3B) W, 8n) )
j=1 m=1
M(r)
= Z ’%’ (A, — )uﬂ"ﬁj)u(D)

M(r
/ |curl curlua; — k‘gﬁj‘2 dz
-

<Z|O‘J|2(
\Do

k;/ |Curlﬁj|2dx+k§/ |ﬁj|2dm)
D D

From Theorem 2.2.4, we deduce that there exist M (r) transmission eigenvalues be-

Ao(D
tween (}\(f* ) and ko(r, NV.) counting multiplicity.
The same method shows the result in the case where (I — N )~! is bounded positive
definite using Ay instead of Ag. m

By letting » — 0 in the previous theorem we have the following corollary.

Corollary 3.2.8. There exist infinitely many transmission eigenvalues having +0o as the
only accumulation point.

We denote by ko(Dg, N) the first transmission eigenvalue for the domain D containing
the cavity Dy and with index N in D\D,. We have the following monotonicity result
with respect to the index of refraction but also to the size of the cavity

Theorem 3.2.9. If Dy C D} and Ny < N; then
1. ko(Do, N1) < ko(D}, Ny) if (N; — I)7! is bounded positive definite fori=1,2,
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2. ko(Do, No) < ko(Dj, Nv) if (I — N;)~t is bounded positive definite for i =1, 2.

Proof. Consider the case where (N; — I)™' and (Ny — I)~! are both bounded positive
definite. First, Theorem 2.2.4 for the problem with N = N; with k& = % and
ko := ko(Do, No) shows that ko(Dg, N1) < ko(Dyg, Na). We can show in the same W;iy that
when (I — N;)~! and (I — N;)~! are bounded positive definite, ko(Dg, No) < ko(Dg, Ny).

It only remains to show that for all N we have that ko(Dg, N) < ko(Dy, V). The proof
is similar to the proof of Theorem 3.2.7. We consider the interior transmission problem

for a domain D containing a void Dy. First, from Theorem 3.2.2, we know that Ay, + By,
Ao(D
D) We define ky := ko(D}, N) and let v € Vy(D, D)), k) be an

eigenvector corresponding to the eigenvalue ky. Since curlcurlv — k3v = 0 in D},

is positive for k; =

(A, v + B, v, V)u) = /D\D (N — 1) (curlcurl v — k3v) - (curlcurl v — k3v)dx
0

—kQ/ |curl v| dx+k4/ |v2dz

= / — 1) Y (curlcurl v — k3v) - (curl curl v — k3v)dx
D\Dy,

—k:%/ |cur1v|2d93+k:§/ |v|*dzx
D D
=0

Ao(D
We deduce that there exists an eigenvalue in {%, ko(Dgy, N )} , and consequently, for
all N, we have ko(Dy, N) < ko(Dj, N).
m

One can remark that the bigger the cavity is, the bigger is the first transmission
eigenvalue when N — [ is positive definite but the first transmission eigenvalue becomes
decreasing when N — [ is negative definite.

3.3 Characterization of transmission eigenvalues from

far field data

In this section, we give the equivalent theorem to Theorem 2.5.1 for the case where
the obstacle contains a cavity. The proof differs from the first one with the variational
formulation of the interior transmission problem and the fact that the corresponding
operator involves only D\ Dj.

Given E! an entire solution to Maxwell’s equations

curl curl B — k*E’ = 0 in R?,
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the direct scattering problem can be formulated as the problem of finding an electric field
E € Uy,.(R?) such that

curl curl E — k?NE = 0 in R3

E=E +E

| l‘im (curl E* x z — ik|z|E®) =0  uniformly in & = z/|z|.
T|—00

We recall that the far field operator can be written
Fg=B(E,)

where
B: Hp.(D) — Lf(F)
E’ — E.

In particular BE;, = E. , if and only if E and E, are solutions to the following interior
transmission problem : find E and Eq in L?*(D)? such that E — Ey € U(D) and

curlcurl E — k2NE = 0 inD
curlcurl Eg — k2E, = 0 in D (3.35)
vXE—-vxEj=vxE(/,z/q) onT

vxcurlE—v x curlEg = v x curl E.(+,z,q) onT.

Let x be a cutoff function such that y = 1 in a neighborhood of I' and y = 0 in
a neighborhood of the point 2 € D. We define the function ®, € H*(D)? by ©, =
XE:(+, z,¢). Then ©, satisfies the boundary conditions

vx 0O, =vxE(,z7q) onT
vxcurl®, =v x curl E.(-, z,q) onT.

Using another cutoff function, we can guarantee that ®, = 0 in Dg, such that Dy C
De C D. We recall that E, Ey in L*(D)? is a solution to the interior transmsision
problem (3.35) if and only if F := E — Eq € Vi(D, Dy, k) satisfies

/ (N — I)"Ycurleurl — k*N)(F, + ©.) - (curl curl ¥ — k*W)dx = 0 (3.36)
D\ Do

for all W € V(D, Dy, k).
Let F? be the perturbed linear operator corresponding to the noisy measurements
E?’ (#,d,q). We assume that for all g € L?(Q)

F’g=—B(E,), where ||B° — B|| <6

where § > 0 is a measure of the noise level and B° denotes the noisy bounded operator
associated with B.

For each fixed z and ¢, the regularized solution g, ,s is defined by minimizing the
Tikhonov functional

H}-égz,q,é - Ee,OO(-v Z, q)H2 + é7ng,q,5||2 (3.37)
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where ¢ := £(0) — 0 as § — 0 is the regularization parameter. We assume that £(d) is
such that
lim ||"T_'6.gz,q,6 - Eepo('a 2, q)” =0. (338)
6—0

Theorem 3.3.1. Assume that k is a transmission eigenvalue and that (3.38) is verified.
We also assume that k? is not a Mazwell eigenvalue in Dy. Then for almost every z € D,
there exists ¢ € R? such that By, s/|m(cw, 0y cannot be bounded when 6 — 0.

Proof. The beginning of the proof is the same as in the case without cavity. We assume
that for a set A of points z € D which has a positive measure, there exists a constant
M > 0 such that for all ¢ € R3,

HEgz,qﬁ ’ ’H(curl ,D) < M.

This leads to the existence of E, € H;,.(D) such that B(E,) = E. »(+, z). We deduce that
there exists u, € Vy(D, Dy, k) such that

/ (N — I)"Y(curlcurl — E*N)(u, + ©.) - (curl curl ¥ — k*W)dx = 0 (3.39)
D\Dg

for all ¥ € Vy(D, Dy, k).

The previous equation (3.39) can also be written as (I — k*T})u, = fe. where A; is a
compact self-adjoint operator. Since k is a transmission eigenvalue, the kernel of I — k2T},
is non trivial. Using the Fredholm alternative and the fact that Ty is self-adjoint, we
deduce that

(I — K*Ty,)u,,ug) =0

1.e.

/ (N — I)"Ycurlcurl — k*)®, - (curl curl — k> N)ugdz = 0
D\ Do

where ug € Vy(D, Dy, k) is an eigenvector associated to the transmission eigenvalue k.
Using Green’s theorem and the definition of ®,, we get

/Curl (N = I) M (curlcurl — k*N)up) - v x ©,
r
— / v X ((N — I)"!(curl curlug — kzNuo)) ccurl ®, = 0.
r

Set F := (N — I)"}(curlcurl — k2N)uy in D\Dy. The main difference with the case
without cavities appears here. F is only defined in D\ Dy. However from Theorem 3.1.2,
we can extend F in a function of L?(D)? such that curl curl F — k?F = 0 in D. Using the
definition of ®, we have the following equality

/curlF v x E.(, 2,q) —/y x F-curlE.(-,2,q) =0 (3.40)
r r

for all z € A. Since F solves Maxwell’s equations in D, it can be Using the representation
theorems for solutions to Maxwell’s equations we have
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F(z) = —curl, /Fl/(a:) X F(z)P(z, 2)ds(x)

- %curlz curl, /V(x) x curl F(z)®y(x, z)ds(x).
r
Since (3.40) is equivalent to ikq - F(z) = 0 for all z € A (see Appendix A), then F(z) =
0 for all z € A and by the unique continuation principle for all z in D. We deduce
that curlcurluy — k*Nuy = 0 in D\Eg and then curlcurlug — k2Nuy = 0 in D since
ug € H(curl, D) and curlcurlug — k*uy = 0 in Dy. Using the boundary conditions
v Xuy = v xcurluyg = 0 on I' and the representation theorems for solutions to Maxwell’s
equations , one concludes that ug = 0 in D which contradicts the fact that ug is an
eigenvector. O

We consider a circle of radius 1 and index of refraction n = 4 containing a concentric
cavity of radius 0.5. We have computed the regularized solution g, of the far field equation
for different source point z inside the circle. The solid line represents the sum of the norm
of the regularized solutions g, for the different points z.

L L - - L L L
35 4 45 5 55 6

Figure 3.3: The sum of the norm of g, for several source points z with the values of the
exact transmission eigenvalues.
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Chapter 4

Scalar interior transmission problem for
dielectrics with perfectly conducting
inclusions

This chapter is devoted to the study of the interior transmission problem corresponding
to the scattering of an inhomogeneous (possibly anisotropic) medium D of R? (d = 2 or
d = 3) containing a perfect conductor Dy assuming that the contrast in the medium is
given by two different functions. From practical point of view, the importance of this
problem lies in the possibility of using transmission eigenvalues to detect anomalies inside
inhomogeneous media in non-destructive testing. This type of problem is considered in
[41] where the authors recover the obstacle embedded in an inhomogeneous medium.

Since this is a new type of interior transmission problem that has not been studied yet
in any articles, we only focus on the scalar case. The corresponding scattering problem
is, find u € H} (R?) such that

loc
V- AVu+k*nu=0 in R¥\D,
u=u'+u* in RN\ D,
u=20 on 0D,

where the incident wave u’ is an entire solution to Helmholtz equation and the scattered
field u® satisfies the Sommerfeld condition. We assume that A and n are defined in R?\ Dy
and that the support of A — I and n — 1 is a connected region D\ D, with Dy C D. Note
that across the boundary 0D, u and v - AVu are continuous. The corresponding interior
transmission eigenvalue problem is defined by

(V- AVw + k*nw =0 in D\Dy
Av+ k=0 in D

w =" on 0D
v-AVw =v-Vu on 0D
(w=0 on 0D,.

In this chapter, we focus our attention in the study of the existence and discreteness
of the set of transmission eigenvalues, which again are the values of k € C for which the

79
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interior transmission problem has a non trivial solution. We divide the study into two
parts: first we study the isotropic case i.e. A = I and then we consider the anisotropic
case (A # I). For each case, we are confronted with several difficulties due to the fact
that the field w is only defined in D\ D.

In the isotropic case, the first difficulty is to define the space in which the problem
is well-posed. For the isotropic medium, solutions w and v are usually defined in L?*(D)
such that the difference u := w — v is in H?(D). However, the difference u here can only
be defined in D\ﬁo and since we have no information on its normal derivative on 0Dy, u
cannot belong to H2(D\Dy). Thus we are forced to define u in a weaker space. Having
found the right space, we reformulate the problem as a fourth order equation for u in
D\ Dy, paired with the Helmholtz equation satisfied by v inside Dy. In order to obtain
the existence and discreteness of the set of eigenvalues, we split the variational operator
into a coercive operator and a compact one. However, on the contrary to the previous
studied cases, the weak space in which u is defined only ensures the compactness of the
lowest order terms in the formulation. Thus, we will see that the only case we can treat
is when n is less than one.

For the anisotropic case, the difficulty does not lie in the definition of solutions spaces
but in the reformulation of the interior transmission problem as a Fredholm problem. Our
first approach following [11, 18] could have been formulating the problem in terms of the
new variables

w:=AVw and v =Vwv

which leads to a fourth order formulation similar to the previous case of isotropic me-
dia which unfortunately provides results under restrictive hypothesis on the contrasts.
Instead here, we adapt an approach developed in [38] and [19] that can treat both exis-
tence and discreteness. However, for the discreteness we choose to expose an alternative
method inspired from the study of metamaterials that uses the T-coercivity. For the case
A — I positive definite, we show that there exists an infinite discrete set of transmission
eigenvalues when n is less than one but we only show the existence of a finite number of
transmission eigenvalues when n is greater than one. For the case I — A positive definite,
we only show that the set of transmission eigenvalues is discrete (if they exist) for n less
than one.

4.1 The scalar isotropic case

We start our discussion by considering the case of the interior transmission problem
for an isotropic inhomogeneous medium with a Dirichlet obstacle inside. Let D C R,
d = 2,3 be a simply connected and bounded region with piece-wise smooth boundary
I' := 0D. Inside D, we consider a region Dy C D possibly be multiply connected with
piece-wise smooth boundary ¥ := dDg such that Rd\ﬁo is connected. We assume that D,
is an impenetrable obstacle satisfying the Dirichlet boundary condition, whereas D\ Dy is
an inhomogenous medium with index of refraction n where n € L>(D\Dy) is such that
n > ¢ > 0. Let v denote the unit outward normal to I" and X.

The interior transmission problem corresponding to the scattering problem for the
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scatterer D reads ) o
Aw+ k*nw =0 in D\D,
Av+kv=0 in D

w—v=yg on I (ITPH)
0_w_@_h onI

ov Ov 1

w=~0 on %

77
7777777
T1777777777

L1177 77772
12777772

Figure 4.1: Geometry and notations.

Due to the fact that the function w is only defined in D\ Dy, the first difficulty that
we meet is to correctly define a solution to this problem in appropriate function spaces.
Indeed, the difference u between w and v can only be considered in the set D\ Dy and we

u
do not have enough information about u and in particular about its normal derivative Em

v
on the boundary ¥ to conclude the H?-regularity for u. In particular, u is not necessarily

in H2(D\D,) and the only thing we can say is that Au € L?(D\Dy). Thus we introduce
the Hilbert space

HA(D\Dy) := {u € H'(D\Dy) such that Au € L*(D\Dy)}
and we define a weak solution to (ITP4.1) as follows:
Definition 4.1.1. For given g G_H3/2(F) and h € HY?(T), a weak solution to (ITPH)
is a pair of functions w € L?*(D\Dy) and v € L*(D) satisfying the first two equations of

(ITPH) in the distributional sense such that w = 0 on ¥ and u = w — v € HA(D\Dy)

ou
satisfies the boundary conditions on I', u =g and — = h.

ov

4.1.1 Variational formulation

In order to analyze (ITPH) we first write the problem as a forth order partial differ-
ential equation. To this end, let us assume that 1/|n — 1| € L>®°(D\Dy) and let w and v
be a weak solution to (ITPH). Then u := w — v satisfies

Au+ k*nu = —k*(n — 1)v  in D\D,. (4.1)

Dividing both sides of (4.1) by (n— 1) and applying the operator (A -+ k*) we get a fourth
order equation for u in D\ D,

(A + kQ)ﬁ(A +k*n)u=0 in D\D, (4.2)
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together with the boundary conditions on I

0
u=g ; a—Z:h on I’ (4.3)
and on X, we have that
u=—v onX. (4.4)

Furthermore v satisfies Helmholtz equation in Dy
Av + Ek*v =0 in Dy (4.5)
with continuity of the Cauchy data across ¥ that can be written using (4.1) as

(ﬁ@ + k2n)u>+ v and % (ﬁm 4 an)u>+ — 3;—;. (4.6)

Conversely, it is easily verified that a solution u € HX(D\Dy) and v € L?(Dy) of
(4.2)-(4.6) defines a weak solution w and v to (ITPH) by

—1

Po—1) (A + k*n)u in D\Dgy and w := u + v in D\Dy.

v =

Thus (4.2)-(4.6) and the interior transmission problem are equivalent. Now, we are ready
to write the interior the interior transmission problem in a variational formulation. Indeed
for a solution (v,w) of (ITPH) we define v in D by u = w — v in D\Dy and u = —v in
Dy. Then clearly u is in H'(D) N HA(D\Dy), satisfies (4.2)-(4.3),

ut=u" on X,

+ _
(Au+ anu)) _ 0w on %

_—1(A + k*nu) T nd 2
kz( u nu = —U a o

-1
n—1) ov (k2(n—1)
and

Au+ k*uw =0 in D,.

0
Taking a test function ¢ such that ¢ = 0 and a_gp = 0 on I', multiplying (4.2) by ¢ and
v
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integrating by parts and using the boundary conditions, we obtain

1
0= / (A+ k) (Au + k*nu)pdz
D\Eo n—1

1
= / (A + k%) (Au + k*u)pde + k? / (Au + k*u)pdr
D\Dy n—1 D\Dy

1
= / _ T (Au+ u) (AP + kK°p)dx + k* /  (Au+ Ku)pdr
D\Do " D\Dq

1 2 T opt 0 1 2 +—+
+/E(n_1(Au—|—k u)) st_/zﬁ n_l(Au+k u) | Prds

1
= /\ —(Aut ku) (A + k*p)dx + k? / (Au + ku)pds
D\ Dy

D\Dy
ou™ ou~
| ——ptds—k | —p d
o [ G | G
1
= / (Au + K*u) (AP + K*@)dr + k! / updr — k? Vu - Vodx
D\Do, ' — 1 D\Dy D\Dg

+ k* / upde — k* | Vu-Vede
Dy

Dy

updr — K / Vu - Vpdz.
D

1
— / B : (Au + k*u) (A + k*@)dx + k4/
D\Doy 1 — D

Now, let 6 be a lifting function in H?*(D) such that § = ¢ and ? = h on I". Then
%

uy = u — 0 € H(D) N HA(D\Dy) and the natural variational space for the above
variational problem is the Hilbert space given by

W= {u € Hy(D) N Hx(D\Dy)such that ? =0 on F}

v
equipped with the norm
lallZe = el oy + 118 5

Therefore, the variational formulation of the interior transmission problem becomes: find
ug € W such that

1
/ — (Aug + K*uo) (AP + k*P)dx + k4/
D\Do It —

uopdr — k* / Vug - Vodz
D D

=— / L (AD + k*0)(AD + k*p)dx — k4/
D

Opdr + k* / V0 -Vgdr (4.7)
\Do ™ — D

D

for all ¢ € W. By taking appropriate test functions it is easy to see that a solution of
the variational problem (4.7) defines a week solution to (4.2)-(4.6) and therefore to the
interior transmission problem.
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Remark 4.1.1. One can remark that on the contrary to the previously studied cases [17],
since u s less reqular, only the zero order term on the left hand side of (4.7) defines a
compact operator whereas the last term does not. Furthermore for n greater than one, the
operator defined by the following bilinear from

~ 1
Ap(u, ) := / (Au + k*u) (A + k*p)dx — k2/ Vu - Vgdx
D\Do TV — D
has no chance to be coercive because of the negative sign in front of the last term of the
operator. For this reason, using this variational formulation, we are only able to treat the
problem for n less than one, since in this case we can show that —Ay is indeed coercive.

Next, we denote by n. = infp 5 n(x) and n* = supp p, n(r) and from now on we
assume that n, < n(x) <n* < 1.
Let us define the following sesquilinear forms

updx + k? / Vu - Vadr
D

D

1
Ao i= [ (Bu KA+ s+ b [
D\Dy +t — TN

B(u,p) := 2/ updz
D

and the bounded linear functional

() = — /D ! . (A + K*0)(Ap + k*p)dx — k* /D Opdz + k? /D Vo - Vodx

\Do " —

Then the interior transmission problem in the variational form now consists of finding
ug € W such that

A (o, p) — E*Bluo, ¢) = €(p) for all p € W.

Using the Riesz representation theorem we define two bounded linear operators Ay : W —

Wand B: W — W by
(Aru, ©)y = Ax(u, p) and (Bu, @)y, = B(u, ¢).

Theorem 4.1.1. Assume that n, < n(x) <n* < 1. Then
(i) The operator B : W — W is compact.
(ii) The operator A, : W — W is coercive.

Proof. (i) The compactly embedding of H'(D) into L?(D) implies that B is compact
operator on W.

(ii) Now we show that Ay is coercive. Setting v = and using the equality

*

2 2
VX2 = 2yXY 4+ (1+9)YV? =¢ (Y - gX> + <7 - %) X2 4 (147 —e)Y?, (4.8)
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for X = HAUH%\BO and Y = k?||ul|p\p,, where for a generic region O € R?, |- [lo

denotes the L?(0), we have

1
(A, ),y = /D\D At Bulde + Bl g, + B Tulfh + K,
0

> YAul[fp, = 29| Al o5, |[ul | py5, + 5 (L +) [ullfy 5,
+ kK [Vullh + K Jul[p,

2
Y
> (1= L) Nl + Ky + 1= lally, + RVl + 44l

where v < ¢ < 74 1. For such an e, we conclude that there exists a constant C' > 0
such that

(Apu, w) > Cllulliy

for all uw € W which proves that A, : W — W is coercive.
O

The above theorem shows that the operator A, — k*B is Fredholm with index zero,
whence a solution exists if the uniqueness holds. In the following with be concerned with
the injectivity A, — k*B which leads to the study of the transmission eigenvalues which
are in fact the of main interest in this paper.

4.1.2 Transmission eigenvalues

The interior transmission eigenvalue problem in the considered case is

(Aw + k*nw =0 in D\D,
Av+Ekv=0 in D

w—v=0 on I' (TEP)
a—w—@—o on I

ov ov

\w:0 on X.

As already known from the literature [9], [43], [28] this eigenvalue problem is non self-
adjoint and therefore it may have complex transmission eigenvalues. However for this
study we are limited to the case of real eigenvalues corresponding to (TEP).

Definition 4.1.2. The values of k > 0 for which (TEP) has a nontrivial solution are
called the transmission eigenvalues.

In term of the operators defined above k£ > 0 is a transmission eigenvalue if the kernel
of the operator A, —k*B is nontrivial. In the following we are concerned with the existence
and discreteness of transmission eigenvalues.

Theorem 4.1.2. Assume that n, < n(x) < n* < 1. Then the set of transmission
eigenvalues is discrete and 400 is the only possible accumulation point.
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Proof. To prove the discreteness of transmission eigenvalues we use the analytic Fredholm
theory [26]. We have seen earlier that thanks to the coercivity of A(+,-), A" exists as
a bounded operator on W. Thus, the transmission eigenvalues are the values of k& > 0
for which I — k4A,ng has a nontrivial kernel. Furthermore, the operator Ay is obviously
analytic with respect to k € C and hence the mapping k A,;l is analytic in a neigh-
bourhood of the real axis. To apply the analytic Fredholm theorem, it remains to show
that I — k*A;'B or Ay — k*B is injective for at least one k. To this end, we recall the
Poincaré inequality which is valid for all u € Hj(D)

1

ul|?, <

[1Vull,

where \o(D) is the first Dirichlet eigenvalue of —A in D. Then, for all u € W we have
that

1
A, w) — K B(u,u) = / |Au -+ K2u2dr — Kl 3 + K|Vl 5
D\Eo 1 —nNn

>k ([IVullp = k*[Jul[p)

k.2
> k?||Vul|? (1— >

We deduce that Ay (u,u) — k*B(u,u) > 0 for all k£ > 0 such that k? < \g(D) and hence
Ay, — k*B is injective for such k. Hence, the analytical Fredholm theory implies that the
set of transmission eigenvalues is discrete and from the analyticity with 400 and the only
possible accumulation point. O]

Remark 4.1.2. From the previous theorem, we deduce a lower bound for the first trans-
mission eigenvalue. Indeed, if k > 0 is a transmission eigenvalue, then

k> X\o(D).

Next we want to prove the existence of transmission eigenvalues following [17]. If we
consider the generalized eigenvalue problem

A — Mk)Bu=0 ue W

which is known to have an infinite sequence of eigenvalues \;(k), j € N, then the transmis-
sion eigenvalues are the solutions \;(k) = k*. The proof of the existence of transmission
eigenvalues makes use of the following theorem shown in [18] and given in Chapter 2.

Theorem 4.1.3. Let k — Ay be a continuous mapping from 10, 00[ to the set of self-
adjoint and positive definite bounded linear operators on W and let B be a self-adjoint
and non negative compact bounded linear operator on W. We assume that there exists
two positive constant kg > 0 and ky > 0 such that

1. Ay, — k3B is positive on W,

2. Ay, — ki B is non positive on a m dimensional subspace of W .
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Then each of the equations )\j(k:) = k* for j = 1,...,m, has at least one solution in
ko, k1] where \;(k) is the j™ eigenvalue (counting multiplicity) of Ay with respect to B,
i.e. ker(Ay — \j(k)B) # {0}.

Theorem 4.1.4. Assume that n, < n(z) < n* < 1. There exists an infinite discrete set
of transmission eigenvalues.

Proof. We have already seen that for kg < \g(D), then Ay, — k3B is positive in W. Now
let us find k; such that A, —kjB is non positive in a subspace of W. Let B, j = 1...M(r),
be M(r) balls of radius r included in D\ Dy.

Figure 4.2: Balls of radius r included in D\Dy.

We denote by k; the first transmission eigenvalue corresponding to the interior trans-
mission problem for BY for all j = 1..M(r) with index of refraction n* which is know to
exist [26], and let u; € H3(B?), 1 < j < M(r), be the corresponding eigenvector which
satisfy

1
/Bj T (Au; + kin*u,) (AP + kip)dr = 0

for all ¢ € H3(B?). We denote by u; € Hi(D) the extension of u; by zero to the whole
of D and we define a M (r)-dimensional subspace of W by V := Vect {a;,1 < j < M(r)}.

M(r)
Since for j # m, @; and 4, have disjoint support, for u = Z aju; € V, we have
j=1
A, (u,u) — kB(u, u)
M(r) 1
= Z la|? (/ B A2 +k%aj12dx—kf/ \aj|2dx+k%/ |vaj\2da:>
D\Dy + — 7N D D
M(r

= Z ;2 / —| (Au; + kju,) Pdx — k:4/ ;| d:17+k2/ |V, dx)
M(r)

< Z‘%|2<1 n/ Dy + Koy dx—k:“/ ) dm+k2/ V| dm)

M(r)

= Z oy |?

4+ Kinfug) (AT + k uj)d:c> = 0.
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Thus, we conclude that there exist M (r) transmission eigenvalues in [\o(D), k1]. Letting
r — 0, we have that M (r) — oo and thus we can now deduce that there exists an infinite
set of transmission eigenvalues.

]

We close this section with a monotonicity result for the first transmission eigenvalue
with respect to the size of Dy, which can be useful in non-destructive testing. We denote
by k1(Dg,n) the first transmission eigenvalue corresponding to (ITPH) with a perfect
conductor Dy and index of refraction n inside D\ Dy.

Theorem 4.1.5. Let Dy C D and n < 1. Then
kl(Dé)an) < kl(D(J?n)'

Proof. Let @ € W be the eigenvector corresponding to ki(Dg,n). Then @ satisfies

1
/ ——| A+ ki (Do, n)*a|*dx — kl(DO,n)4/ |G| 2dx + k:l(Do,n)Q/ \Vii|*dz = 0.
D\Dy I—n D D

Since D\ D}, C D\ Dy, we have @& € W(D,) C W(D}) and

1

1—n

Ay (Do) (@, @) — ki(Do, n)* B, @) = / B |AT + k1 (Dy, n)*a|*dx
D\Dj

—hu%mf/ﬁmmx+hu%mf/ﬁvmmx
D D

1
S / |Aﬂ, + ]Cl(Do, n)2ﬂ|2dm — kl(Do, TL)4/ |l~1,|2dl'
D\Dy + — 7N D

+hu%mf/ﬁvmwx:o
D

Hence (Ag,(pyn) — k1(Do,n)*B)a < 0, where Ay, (p,n) and B are the operators corre-
sponding to D\ D, and thus can deduce that k, (D), n) < ki (Do, n). O

Remark 4.1.3. The Fredholm property of the interior transmission problem and the dis-
creteness of transmission eigenvalues can be proven also for complex valued index of re-
fraction n such that 1 > R(n) > ¢ > 0 and I(n) > 0. It merely suffices to take the real
part of A(-,-) when proving the coercivity property in part (ii) Theorem 4.1.1. However,
it is easy to show by taking the S(Ax(u,u) — k*B(u,u)) that there are no transmission

eigenvalues if F(n) > 0 almost everywhere in D\ Dy.

4.2 The anisotropic scalar case

In this section, we consider that the medium inside D\ Dy is anisotropic. In particular,
let Abeadxd,d= 2,3 matrix-real valued function whose entries are in L>°(D\ D) such
that A is symmetric and (€ - A(x)¢) > ¢ > 0, (- A(2)€) > ¢ > 0, for all £ € C?. Again,
we take n € L>(D\Dy) to be a real valued function such that n > ¢ > 0. We focus here
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only in the study of interior transmission eigenvalue problem which in this case reads:
find v € H'(D) and w € H'(D\Dy) such that

(V- AVw + k2w =0 in D\Dj

Av+Ekv=0 in D

w="v on I’ (TEPA)
v-AVw =v-Vu on I’

(w=0 on ..

As it will become clear later on, if one is interested in the resolvability of the interior
transmission problem with nonzero boundary data, our analysis proves the Fredholm
structure of the problem. Again we focus on real values of k and define transmission
eigenvalues as follows:

Definition 4.2.1. The values of k > 0 for which (TEPA) has a nontrivial solution are
called transmission eigenvalues.

Due to the nature of the problem we employ different techniques for proving the
discreteness and the existence of transmission eigenvalues. We start with the discreteness
question.

In the following, we denote by

7= sup sup (£-A(z)¢) and -, := inf inf (€. A(x)E).

D\Dy [[¢]|=1 D\Dy |[¢]I=1

4.2.1 The discreteness of transmission eigenvalues

To find a variational formulation for the system (TEPA), we multiply the first and
second equations by w’ and v’ respectively, where v’ and w’ are two test functions such
that w’ = 0 on X and integrate by parts to obtain

/ AVw - Vw'dr — k? / nww'dz — w'a—wds =0 (4.9)
D\Do D\ Do r Ova
and 9
—/ Vv - Vv'de + k2/ dr + [ 7 ds = 0. (4.10)
D D r aV

Adding both (4.9) and (4.10) and using the boundary conditions, we have that

/ AVw - Vw'dx — / Vo - Vide + k? / vo'dr — k? / nww'dx = 0
D\Dg D D D\Dg

Setting
H := {(v,w) € H'(D) x H'(D\Dy)/w = 0 on ¥, such that v =w on '},
the variational formulation of (TEPA) becomes: find (v, w) in H such that for all (v/, w’)

in H,
ar((v,w), (v, w")) =0 (4.11)
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where

ar((v,w), (v, w")) = /

D\Bo

AVw - Vw'dx — / Vv - Vu'dx
D

+ k2/ vo'dr — k2/ nww'dx.
D D\Dq
One can easily verify that finding a solution to (4.11) is equivalent to finding a solution
to (TEPA).
Obviously, due to the negative sign in front of the term / Vv-Vv'dz, it is not possible

D
to show directly that the variational formulation leads to a Fredholm type. To get around
this difficulty, we use the concept of T-coercivity which has been initially used for the
study of metamaterials in [6] and [5]. To this end let us recall the T-coercivity concept.

Definition 4.2.2. Let T be a bijective bounded linear operator on a Hilbert space V. A
bilinear form b(-,-) is T-coercive on V- x V if

Iy >0, Vv e V, [b(v, Tv)| > ||v][{.
The proof of the following theorem can be found in [6].

Theorem 4.2.1. Let {(-) be a continuous linear form on V and let a(-,-) be a continuous
bilinear form on V x V. Assume that a can be splitted as a(-,-) = b(-,) + c(-,-) where
the bilinear forms b(-,-) and c(-,-) are both continuous and linear on V x V', and that the
bounded linear operator C' € L(V') associated with c(-,-) is compact. Assume moreover
that there exists a bijective bounded linear T € L(V') such that b(-,-) is T-coercive on
V x V. Then the variational problem of finding u € V' such that

Vo € V,a(u,v) = £(v) (4.12)

has a solution if and only if the uniqueness holds (i.e. the only solution of (4.12) with
(=0isu=0).

The case of (A — I) positive

In this section, we assume that 1 < v, < v*. Our goal is now to apply Theorem 4.2.1
to (4.11), and the key is to be able to construct an appropriate bijection 7' € L(H). An
obvious first idea would be to consider the linear operator of the form T'(v, w) := (—v, w)

in order to to change the sign of / Vv - V¥'dz in the variational formulation (4.11).

Unfortunately, (—v,w) is not in H éjince —v # w on I'. Thus, we need to modify this
operator so that it satisfies all the properties of H. To this end, we introduce the step
function x such that x = 1 in D\Dy and x = 0 in Dy. We now define the bijective
bounded linear operator T': H — H (72 = I) by

7 H — H
(v,w) = (—v+ 2xw,w).
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Since w = 0 on Y, the function —v + 2yw is continuous across ¥ which implies that the
function —v + 2yw is in H'(D) and consequently the operator T is well defined on H.
Now, with the help of T" we can define a new bilinear form

dk((vv w)v (U,7 'LU/)) = ak((va w)’ T(U/7E/))

= / AVw - Vw'dx + / Vo - Vide — k? / v dx
D\ Do D D

- k2/ nww'dz — 2/ Vv - V(xw')dr + 2k2/ vxw'dzx
D\Dy D D

and we show in the following that it satisfies the Fredholm property.
Lemma 4.2.2. The bilinear form ay(-,-) : H x H — C satisfies the Fredholm property.

Proof. We can write ax((v, w), (v, w’)) = b((v,w), (v',w")) + cx((v,w), (v, w")) where

b((v,w), (v, w'")) = /

AVw - Vw'dr + / Vv - Vv'dx
D\ Do D

-2 Vv - Vw'dr + / v dx + / ww' dx
D\E() D D\EO

and

(0, 0), (v, 0)) = —(K + 1) /

vu'dr — / (k*n + ww'dx + 2k‘2/ vw'dx.
D D\ Do D

\Do
From Riesz’s representation theorem, we define the bounded linear operator C}, from H
into H by

Ck((”? w)? (Ula w/)) = (C/f(vv ’LU), (U/’ w,))'

The compact embedding of H'(D) into L?*(D) implies that Cj, is a compact operator for
all £ > 0. We now show that b(-,-) is coercive.

D\ Dy

(v, 0), 6, 0) = [

AVw - Vwdz + / \Vol2dz + ||[v][3, + ||w]|?
D\Do D

-2 Vv - Vwdzx
D\ Do
> 190l + 190l + ol + Nl 5, =2 | Vo v
0

Using the following inequality

'—2 Vv - Vwdz
D\ Do

< / Vv - Vo|dx
D\ Do

1
< EIIWH%\ES +1l|Vwl[}, 5,
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with 7 > 0, we then obtain
1
b ) 00) 2 (0 = IVl + (1= 2 ) IVl + ol + 1ol 5,

> C (Il o) + el B o)

with C' > 0if 1 <7 < 7,. We can finally conclude from (a slightly modified version of )
Theorem 4.2.1 that a(-,-) satisfies the Fredholm property. H

From the above theorem the bounded linear operator B : H — H defined by mean of
Riesz’s representation theorem as

(B(v,w), (v',w")) = b((v,w), (v, w"))
= AVw - Vw'dx Vv - Vt'dx
. “,

-2 Vo - Vw'dx + / vo'dr + / ww' dx
D\Bo D D\EO

is invertible.

Remark 4.2.1. Note that the operator Cy : H — H depends analytically on k € C. Also
note that the operator B does not depend on k. Thus the eigenvalue problem becomes
(I +B~'Cy)(v,w) = 0 where B~'C}, : H — H is compact and the mapping k — B~'C}, is
analytic in C.

Theorem 4.2.3. Assume that 1 < 7. < v* < o0 and 0 < n, < n_(a:) < nf <
where where " := suppp, SuP|g=1 (€ - A(@)E), 1 = infpp, infjg=1(§ - A(2)E), n. =
infp\ 5, n(x) and n* = supp\ 5, n(x). Then the set of transmission eigenvalues is discrete.

Proof. To apply the analytic Fredholm theory, from Remark 4.2.1 it remains to show that
there exists a k € C for which B + C}, is injective. We set k = ix.

o, ) = [

-2 Vv - Vwdzr — 2/4;2/ vwdx
D\EO D\BO

AVuw - Vwdz + / |Vo|dx + li2/ |v|2dx + li2/ n|w|*dz
D D D\Do

> 1l Vlf 5, + [IVl[p + &2[[ol[5 + w2 w7}, 5,
1 Voll2 Yl K’ 2 2 2
_EH ol|p —nl| WI|D\50—E|IUI|D—%a||w||D\50

1 1
> (= IVl + (1= 2190l + o2 (1= 1) ol
2 (. — ) ol
where n, = inf n(r). Furthermore, w € H'(D\Dy) and it vanishes on the boundary ¥
D\Do

which implies the Poincaré inequality

1wl 5, < AVl
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and consequently

dif@((U?w): (v>w)) > ((7* o 77) - 52)“”* - Oz’) Hvu}HQD\ﬁo

1 1
== )llB+ (1== ) [VollD.
+ K o o

Then, for x? small enough, 1 < n < 7, and a > 1 , we deduce that a;, is coercive and
B + Cj,. is injective. The analytic Fredholm theory now ensures the discreteness of the
set of transmission eigenvalues. O]

Note that the discreteness of transmission eigenvalues for the case of A — 1 > 0 is
proven without any sign requirement on the contrast n — 1.

The case of (I — A) positive

In this section, we assume that 0 < v, < 7v* < 1 We again use the T-coercivity to
show discreteness of transmission eigenvalues. As it will become clear later on, for this
case we can prove the discreteness under the additional assumption that n < 1 only.

We recall that (v, w) is a solution to the interior transmission problem (TEPA) if and
only if u € H is the solution of the variational problem (4.11). Now, we use the cutoff
function y € C*(D) satisfying 0 < x < 1 in D\ Dy and supp(x) N Dy = @. Similarly to
the approach in Section 4.2.1, we define a bijective bounded linear operator T' from H to
H by

T H — H
(v,w) = (—v,w—2xv).

Again we consider the new bilinear form a; given by

&k((va w)? (vlv wl>) = ak((”? w)? T(UI7EI))

= / AVw - Vw'dz + / Vv - Vide — k? / v dx
D\ Do D D
— k2/ nww'dx — 2/ AVw - V(xv')dx + 2k2/ nwxv dz.
D\Dy D\ Do D\ Dy

Lemma 4.2.4. The bilinear form ay(-,-) satisfies the Fredholm property.

Proof. We can write ag((v, w), (v/,w’)) = b((v,w), (v, w")) + cx((v,w), (v, w")) where

b((v,w), (v, w")) = /

AVw - Vw'dx + / Vo - Vv'dx
D\ Dy D

— 2/ XYAVw - VU'dr + / vo'dx + / ww'dx
D\ﬁo D D\ﬁo

and

ex((v,w), (o, w')) = — (K + 1)/

vo'dr — / (K*n 4+ 1)ww'dx
D D\ Dy

- 2/ v AVw - Vyxdz + 2k2/ nwxv du.
D\Eo D\EO
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From Riesz’s representation theorem, we define the bounded operator C} from H into
H by

Ck((v> ’LU), (U,a w/)) = (Ck(v7 w)? (U/7 w/))H'

The compact embedding of H(D) into L?*(D) implies that Cj is a compact operator for
all £ > 0. Next we show that b(-,-) is coercive. To this end, let (v, w) be in H.

b((v,w), (v,w)) = /

D\ Do

— 2 / xAVw - Vodz
D\Eo

AVw - Vid + /D Vol2da + [loll3 + [l 5,

|~

>

*

1AVw[[3, 5, + IVollh + [0l + [[wll3 5,

=2

— 2/ xAVw - Vodz.
D\ Dy

Using the following inequality

‘—2/ xAVw - Vodx
D\Dy

< 2/ |AVw - Vo |dx
supp(x)

1
< nl|Vollp + EIIAV@UII?;@O

with 7 > 0 to be chosen later. Then

|~

b((v,w), (v, w)) = —[[AVW|}, 5, + VoIl + [0l + (w55,

*

2

1
=1l Vol p, — EHAW)H%\BO
1 1
> (22 = 1) 19wl + = lIolEs + ol + ol s,
> C (1[0l 0y + 0l B iy )
with C' > 0 if v* < n < 1. We can conclude that a; satisfies the Fredholm property. [

Again we define the invertible bounded linear operator B : H — H associated with
the coercive bilinear form b(-, -) as follows b((v, w), (v',w")) = (B(v,w), (v',w"))g. The the
transmission eigenvalue problem is equivalent to

(B+Cyu=0 or (I+B'Cp)u=0 inH. (4.13)
Furthermore the mapping k£ — C} is analytic in C.

Remark 4.2.2. One can remark that the Fredholm property of ax(-,-) holds true for any
n > ¢ > 0. The restriction on the sign of n— 1 appears in the next theorem, and is needed
to show that there exists at least one k for which B + CY}, is injective.
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Theorem 4.2.5. Assume that 0 < v, < v* < 1 and 0 < n, < n(z) < n* < 1 where

Y = SUP B, SUP) g1 (€ A(2)E), Ve := inf 5, infig =1 (€~ A(2)E), n = inf 5, n(x) and
n* = supp\p, n(x). Then the set of transmission eigenvalues is discrete.

Proof. To apply the analytic Fredholm theory to (4.13), it remains to show that there
exists a k for which B + Cj is injective. To this end

dim((v,w),(v,w)):/ AVw-VEdm—I—/ |VU|2dl'+I€2/ lv|2dx
D D

D\ Do
+/<52/ n|w|2dac—2/ AVw'V(XE)dx—%;z/ nwv
D\E() D\Eo supp(x)
>iAv2 Voll3 + &2 ||| e 2 —lAv2
_V*H w|lp\p, 11 U||D+ff\|U||D+n*||nw||D\50 77|| w||;\ o,
— ||V Q_EAV 2 _aC 2_“_2 2 2 2
nlIVollp Q!! w||p\ 5, — @Cllvllp 5\\7“0\\13\1)0 x=Blv|[p
1 1 1 9 9 9
> 0 a ||AVw||D\50+(/~; (1—=08)—aC) ||}
A=)Vl (= = 2wl
Y D B D\Do

where C' = [|Vx|[%.

Let'y*<77<1,n*<6<1andabesuehthat,Y%—%]—§>O. Then for k large
enough we have that x? (1 — 3) — aC > 0, and thus @, is coercive which means B + Cj,
is injective. Then the analytic Fredholm theory now ensures the discreteness of the set of
transmission eigenvalues. [

4.2.2 The existence of transmission eigenvalues

The T-coercivity approach does not provide any framework for proving the existence
of transmission eigenvalues. For this question we adapt the approach introduced in [19],
[36] to treat the case A — 1 >) and n > 1 or n < 1. Unfortunately, due to the presence
of the Dirichlet obstacle Dy this approach provides only the existence of a finite set of
transmission eigenvalues provided that the area of Dy is small enough. In the case when
n > 1 we also require n to be small enough. The existence of transmission eigenvalues for
I — A >0 is still open.

Throughout this section we assume that 1 < v, < v* < 400 where

7= sup sup (- A(z)§)
D\Do”f”zl

and

v, := inf inf (€. A(x)€).

D\Dy |[¢[I=1

Recall that n. = infp, 5 n(z) and n* = supp\ 5, n(z).
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If we consider the new variable u := w — v in D\ Dy, then u is in HL(D\EO), u=0
on I' and v satisfies the mixed boundary problem depending on u in D\ Dy

V-(I-AVo+k*1l—n)v=V-AVu+k*nu in D\Dj,

v-(A—=I)Vv=v-AVu on I, (4.14)
—v=1u on X.
We define o -
H}(D\Dy) := {u € H'(D\Dy) such that uw=0on I}
and

Hg,(D\Dy) := {u € H'(D\Dy) such that v =0on X}.

The next step is to solve the mixed boundary value problem (4.14) for v as a function of
u. To this end, for a fixed u € H}(D\Dy), we define the lifting function § € H'(D\Dy)
such that § = —u on X. Setting vy := v — 6, the variational formulation of (4.14) as a
problem for vy now becomes: find vy € H&(D\Dy) such that

/D\D ((A=1)Vvo - VP — k*(n — 1)vgp) da

= —/ (AVu-Vp — k*nup) do — / (A=1)VO-Vp — k*(n— 1)0p) dx  (4.15)
D\EO D\BO
for all ¢ € HL(D\Dy).
First, we want to show that problem (4.15) is well-posed using Lax-Milgram theorem.
Since the right-hand side is obviously a continuous function of ¢ in Hg(D\Dy), it only

remains to show that the left-hand side is coercive. In the next theorem, we see that the
latter is always true for n < 1 or for n > 1 small enough. Setting

2
v me Vol

et (0\Do) [12l13, 5,

Y

we have that for all ¢ € Hy(D\Dy),
H 2 2
0t 1”@”}[1(1)\50) < HVSOHD\BO'

Note that 4 > 0 coincides with the first eigenvalue of —A in D\ Dy with mixed Neumann-
Dirichlet boundary conditions. o )
Let B, be a ball of radius r included in D\ Dy and let k¥’ > 0 be the first transmission

eigenvalue of the interior transmission problem for B, with A = %I and n = 1:

'v%vww?w:o in B,
Av+Ev=0 in B,
w="0 on 0B,
V-%VUJZI/-VU on 0B,

(4.16)

\
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The existence of such &’ > 0 is proven in [19], [26]. In the case when n — 1 is positive, i.e
ns > 1, we further assume that

n—1< 27/;; (4.17)

Lemma 4.2.6. For every u in Hﬁ@\ﬁo) and k > 0 satisfying k < k' if n > 1, there
exists a unique solution vy € Hy(D\Dy) of (4.15) and consequently a unique v, := vo+6 €
H'(D\Dy) of (4.14).

Proof. We denote

By (v, p) := /D\D (A=1)Vv- Ve — k*(n — 1)vp) dz

First assume that 1 — n > 0. Then

By(o,0) > (. — DIVoll,
1% 2
> (7% — 1),u 1 ||v||H1(D\50)‘

Thus By is coercive for kK > 0 if n — 1 < 0. From Lax-Milgram theorem, we deduce
that there exists a unique solution vy of (4.15) depending continuously on w.
Now assume that n — 1 > 0 and more precisely that n satisfies (4.17)

By.(v,v) > (v« = DIVl 5, — () (" = D[]l 5,

E2(n* —1
(m - %) 2.

T H 2
> (5 = 1) el o

A%

In this case By, is coercive for 0 < k < k' if n —1 > 0 and the result again follows from
the Lax-Milgram theorem. [

Hence we can now define a linear bounded operator Ay by

Ay HAD\Dy) — HY(D\Dy)
U = Uy, = vy + 0.

for k>0ifn—1<0and0<k <k ifn—1>0.
Assume now that £? is not a Dirichlet eigenvalue for —A is Dy, and let v be the unique
solution in H'(Dy) to

{Av+k2v:0 in Dy (418

vV=¢ on X
for some ¢ € HY/2(X), In this case, we define the Dirichlet to Neumann operator T} by

T, : HY2(Y) — HV(X)
ov

i o
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where v is solution to (4.18).
Using the Riesz representation theorem, we can define the operator

Ly : H{(D\Dy) — Hy(D\Dy)
by

(—Vvu -V + k:QUu@) dx — / Trv,pds

(Liw; 0) g1 (p\By) = / g

D\ Do
for all p € HE(D\Dy), where last integral is understood in the sense of H~1/2(%), H'/2(%)
duality.

It is obvious that the mapping k — Ly is continuous in the domain of definition, i.e.
fork>0ifn—1<0and 0 <k <k if n—1 > 0 such that k? is not a Dirichlet eigenvalue
for —A in Dy. The next theorem introduces an equivalent formulation to (TEPA).

Theorem 4.2.7. Assume that k>0 ifn—1<0 and 0 <k < K ifn—1>0, such that
k? is not a Dirichlet eigenvalue for —A in Dy.

(i) Let (w,v) be a solution of (TEPA) for some k > 0. Then u := w — v € H}:(D\Dy)
solves Liyu = 0.

(ii) Let u € HE(D\Dy) such that Lyu = 0. If v := Apu, the pair w := (u + v,v) is
solution to (TEPA).

Proof. (i) If (w,v) is a solution of (TEPA), then, v = Apu where u := w — v and solves
the Helmholtz equation in D. In particular, v solves Helmholtz equation in D\ Dg

and ? = Tyv on X. Then, for all ¢ € H:(D\Dy),
v

0= / (Av + k*v)pdx
D\Do

ov
:/ (Vv VE+ kp) da — / 5,745 = (Lt 9) i1 0\ Dy -
D\Do = oV

Then Liu = 0.

(ii) Let u € HE(D\Dy) such that Lyu = 0. We define v := Ayu in D\Dy and in Dy, v
is defined as the solution to

{Av—l—k% =0 in D,

v = Au on X.

Then, v is in If(D) and since Lyu = 0, v satisfies Av + k?v = 0 in D. Besides,
v = Agu in D\ Dy implies that the pair w := (u + v, v) is solution to (TEPA).
]

The following theorem states some properties of the operator Ly.

Theorem 4.2.8. Assume that k? is not a Dirichlet eigenvalue for —A in Dy, and k > 0
ifn—1<0and0<k<k ifn—1>0.
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(i) The operator Ly, : HE(D\Dy) — HE(D\Dy) is self-adjoint.
(ii) Ly — Lo : H:(D\Dy) — HE(D\Dy) is compact.
(iii) The operator Lo : HE(D\Dy) — HE(D\Dy) is coercive.

Proof. (i) Let uy, uy € HY(D\Dy) and v; = Ay, vo = Apuy. Thus
(Lkul, UQ>H1(D\50) = —/ - (([ — A)VUI . V’ZIQ — k2(1 — n)’UﬂIQ) dx
D\Do
— / (AVvl : VU_Q - k2n/()11172) dr — / Tk(Ul)dgdS. (419)
D\Do s
From the equality (4.15), we have for i = 1,2 and all ¢ € HL(D\Dy)

/ (AVu; - Vg — knu;@) do = / (I = Vv - Vo = k(1 = n)v,p) da.
D\BO D\EO

Taking ¢ = 2 with ¢ = v; and i = 1 with ¢ = uy in the above, the expression (4.19)
for L;, becomes

(Lkul, u2>H1(D\50) = / - ((A — I)VU2 -V, — k2(n — 1)’(}21}_1) dx
D\Do

— / (AVu1 . VU_Q — k2nu1u_2) dr + / Tk(Ul)’U_QdS
D\Dy b

= /  ((A=D)Vuy - Vo — k*(n — 1wty da
D\ Dy

- / . (AVU1 : VIZQ - k2nu1u_2) dx + / (VUl . VUQ - 1{321)1?]_2) dz
D\ Dy

Dy

which is a symmetric expression for u; and us.

(ii) The compactness of L; — Ly is obtained from the compact embedding of H'(D\Dj)
into L2(D\Dy). Indeed, let (u;) be a sequence of HE(D\Dy) weakly converging
to zero in HE(D\Dy). Since HE(D\Dy) is compactly embedded in L2(D\Dy), we
deduce that the sequence (u;) strongly converges to zero in L*(D\Dy). Let us
denote vl := Apu; € HY(D\Dy) and v} := Aqu; € H'(D\Dy). Since the operators
A and Ay are continuous from HE(D\Dy) into H'(D\Dy), we deduce that v/ and
vé weakly converge to zero in H'(D\ D) and consequently, strongly converge to zero
in L2(D\Dy). Furthermore, from (4.15), v, and v} satisfy for all ¢ € HL(D\Dy),

/ _ ((A=DVvl - Ve — kK (n — 1)vjg) de = — / _ (AVu; - VP — K nup) de
D\Dy D\Do

and

/ (A—I)Vv) - Vadr = — / AVu; - Vgdz.
D\ Dy

D\Do
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(i)

Letting 0; := Ué — vi, and taking the difference between the two previous equations
yield

/  ((A=DVo;-Vo+ kK (n— 1)v]p) dv = —kQ/ _ nu;pdz. (4.20)
D\Dy D\ Do

Now, for ¢ = 9; in (4.20), applying Cauchy-Schwarz inequality, we obtain

— k2

/D\D (A= 1)V, - Vijdr /D\D ((1- n)vl + nu;) v;dvdx

< K(1 = n)vp + nugl| oo, |19 oy,

Since ||(1 — n)v] + nu;||p\p, is bounded and ||;]| 5 5, tends to zero, from the fact

that A — I is positive definite, we deduce that V9, converges to zero in L*(D\Dy)
and consequently ¥, converges to zero in H'(D\Dy).

Now, since for all ¢ € HL(D\Dy),

(L= Lo)uj, @) i (p\Bo) = V@j'V¢d$+k2/

B B Ui@dx—l—/(Tovg—Tkvi)ﬁds,
D\Dg D\Dg Y

we have that

Ik~ Loyl oz = sup (i — Lo}y, @) s pimy

H‘P‘lHl(D\ﬁo):l
< HV@‘HD@O + k2||“iHD\5O + 19| /2y -

The right-hand side tends to zero and consequently (Lx — Lo)u; strongly tends to
zero in H'(D\Dy). Then, L — Ly is compact.

Now we show that Lg is coersive. To this end for u € HL(D\D,) we have that

vy
(Lou, U>H1(D\EO) - Vo, - Vudz — / -

D\Dy » OV

uds

- Vo, - Vade + [ 2% as
D\Dy x Ov

- _ Vuw, - Vudz + / |Vu|*dx +/ Vv, |*dz.
\50 Do

D\Dy D
Replacing v, by w, — u in (4.15) for K = 0 and ¢ = w,, we obtain

Vu - Vw,dx = / (I — A)Vw, - Vw,dx

D\Do D\Do

Therefore
(Lou,u) = / (A — IV, - Vio,dx +/ |Vul*dz —|—/ Vo, |2 dz.  (4.21)
D\Dg D\Do Do

Since (A—1) is positive definite, we deduce that Lg is coercive, which ends the proof
of the theorem
O



4.2. THE ANISOTROPIC SCALAR CASE 101

Note that the mapping k£ — L is continuous in its domain of definition, i.e. for k£ > 0
fn—1<0and 0 <k < Eifn—1> 0, such that k2 is not a Dirichlet eigenvalue for
—A in Dy. The proof of existence of transmission eigenvalues is based on the following
theorem which is a modified version of Theorem 4.1.3 [19].

Theorem 4.2.9. Let L;, : HL(D\Dy) — HE(D\Dy) be as defined above. If
(a) there exists ko such that Ly, is positive on HE(D\Dy), and

(b) there exists ky such that Ly, is mon positive on some m-dimensional subspace of

H{(D\Dy).

Then there exists m transmission eigenvalues in |ko, k1] counting with their multiplicity
provided that the entire interval [kg, k1] belongs to the domain of definition of the mapping

Theorem 4.2.10. Assume that A — I > 0 and that either n, <n <n*<1lorl<n, <

n<n* <1+ ;;f; Then there exists at least one transmission eigenvalue provided that

the area of Dy is small enough.

Proof. We have shown in Theorem 4.2.8 that Ly is coercive, thus the assumption (a) of
Theorem 4.2.9 is satisfied for kg = 0.

First assume tAhat n < 1. Let B, be the largest ball included in D\EO of radius r and
let us denote by k the first transmission eigenvalue of the interior transmission problem
in B, with A = ~,[ and n =n"*, i.e.

V- -%Vwu+Enw=0 inB,

Av+Ek*v=0 in B,

v+ K7V mn (4.22)
w="v on 0B,
v-vnVw=v-Vv on 0B,.

Assume now that the area of Dy is small enough such that the first Dirichlet eigenvalue
for —A in Dy is greater than i (this is possible since due to the Faber-Krahn inequality
the first Dirichlet eigenvalue for —A in Dy is greater than C'/areaDy) Thus the operator
Ly, is well defined for all k& € |0, l;'] denote by w and © the corresponding eigenvectors
and we set @ = @ — © € H}(B,). We shall show that we can find u € H}(D\Dy) such
that (Lyu,u) < 0 so that the assumption (b) of Theorem 4.2.9 is satisfied.

From the equation satisfied by ¢ in B, and using the fact that « = 0 on 0B, and
U = w — u, we first have

0= / (A6 + K26) ada = / (Vo Vi - i%0) do (4.23)

= / (vw Vi — k2t — |Val? + l%an|2> dx. (4.24)

T

On the other hand, replacing © by w — @ in the variational formulation satisfied by ¢ and
w we have

/ (va v /%27:@) dr = / ((1 )V VE — B (1 — n*)w) dz

T T
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for all o € H'(B,). In particular for ¢ = 1, we obtain
/ (vw Vi — /%Qwa) dz = / ((1 Va2 — k21— n*)|ﬁ1]2> dz. (4.25)
B, B,
From (4.24) and (4.25), we finally get the equality

/ (1 =) Vil — (1~ n)f — (Vaf + af) de = 0. (4.26)

T

Now we denote by @ the extension of @ by zero to all of D\ Dy. Since @ € H}(D\Dy), we
can define v := v; the corresponding solution to

V-(I—AVo+k(1—n)v=V-AVi+kna in D\D,
v-(I—ANVv=v-AVu on I’

v=—-1=0 on X

and we set @ := @i+ ¥ € Hs(D\Dy). We first remark that replacing @ by @ — @ in (4.15)
and for ¢ = u, yields

/ (A= 1)V - Vi - i2(n ~ )i do = —/ (v - i2faf?) dz.
D\EO D\EO

Consequently, replacing © by @ — @ in the expression of L; and using the definition of ,
we obtain

o~ o ~ = T2~ ~
<Lku7u>H1(D\Do) /D\DO <V7J Vi k UU) dx
= —/ (vw Vi — k2wou — |Vl + 1%2111\2) dx
D\Do

:/ (A= DV - VT~ 20— D}l + [Vaf* ~ i) do
D\ Do

- / ((A ~ )V - Va — k¥ (n — 1)|w|2) dz +/ (|va\2 - k?ym?) dz.
D\Dy By

Now, considering again (4.15) with © = @ — @ and using the definition of w, for all
¢ € HL(D\D,), we have

/ ((A — V- VE — i (n - 1)11@) dr = —/ (va VP - 1%271@) dz
D\B() D\BO
- —/ (va VE— 1%211@) dz = / ((% 1)V - VP — K2 nf — 1)@@) dz.
B, By
In particular, for ¢ =@ € HL(D\ D) we obtain
/ (A~ DV - V&~ 20— 1)[af?) do
D\ Dy

= / ((”Y* — 1)V - Vo — k2 (n* — 1)1@5) dr (4.27)

r
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The Cauchy-Schwarz inequality applied to the right-hand side of (4.27) gives

/D\DO ((A — DV -V — k*(n — 1)|u7\2> dz :1/4% ((7* ~ 1)V - Vo + k(1 — n*)ﬁ@) da
< </B ((’Y* — 1)|Vﬁl|2 + 152(1 — n*)|ﬁ1\2) dx) </B (('Y* _ 1)|V1D|2 + ]%2(1 B n*)|ﬁ/|2) dsc)

1/2 1/2
< (/B (0 = DIV + B2 -0 ) da:) / </D\D ((A- V@ 9T - (- jal) dx)

and finally

1/2

/D\DO ((A — D)V - VT — k2 (n — 1)|w|2) d

g/ (v = DIV + R0 n*) o) de. (4.28)

T

Therefore, from (4.28) and (4.26), we obtain that

(L oy = [ (A= DV VE — i = 1)) da
D\Dy

+/ (|w12 - 12;2|a\2) dz
B,

< / ((% — DV + k(1 — "o + |Va|* — z%2|a|2) dz = 0.

r

We can conclude that there exists a transmission eigenvalue in (0, &].

Now assume that 1 <n, <n<n* <1+ ;k—f; Again, we assume that the area of D

is small enough such that the first Dirichlet eigenvalue for —A in Dy is greater than k.
(We recall that £’ is the first transmission eigenvalue of the interior transmission problem

for B, with A = % and n = 1 given in (4.16).) We denote by @ and © the eigenvectors

corresponding to &’ and set @ := 1w — 0 € H}(B,). From the equation satisfied by  and
using the fact that @ = 0 on 0B, and v = w — 4 we first have

0= / (w Vi — k%ﬂ) dz = / (vw Vi — k0 — [V + l%’2|a|2) dz.
By Br
On the other hand, replacing © by w — @ in the variational formulation satisfied by ¢ and

W we have
/ (va VG — /%’Qaa) dz = / (1 . %) Vi - Vgda
B, By

for all o € H'(B,). In particular for ¢ = 0, we obtain

/BT <V@D Vi — ]2;’%&5) dr = /BT (1 — %) Ve |2da. (4.29)

Combining the above equations, we finally obtain

/B ((1 B %) V| — [Val* + ’%'211\2) dx = 0. (4.30)
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Now we denote by @ the extension of @ by zero to all of D\ Dy. Since @ € Hy(D\Dy),
we can define v := v the corresponding solution to

(I —A)Vv=v-AVau onT (4.31)

——0=0 on X

V-(I—-AVv+k2(1—n)v=V-AVi+k'ni in D\D,
v-
v

and we set @ := @ + 0. We first remark that replacing ¢ by @ — @ in (4.15), we have

/ (A= DV Vg - 20— Dip) do = —/ (Vi v - iap) de
D\Dy D\Dg
= / (Vi Vo - i2ip) do

:/B (%—1)Vw Vodx

In particular, for ¢ = @ € HL(D\Dy), we obtain
/ ((A ~DVa - VE - K — 1)|w|2> dz = / (k - 1) Vi - Viodr.  (4.32)
D\Do o N2

The Cauchy-Schwarz inequality applied to the right-hand side of (4.32) gives

/ ((A —DVa -V - (0 — 1)|w|2) dz = / (& - 1) Vi - Viode
D\Dy B, 2 1/2
§(/ <&—1 |Vw|dx) (/ ——1 |Vw|dx)

B, \ 2 B.

1/2

_ (/ (ﬁ - 1 |Vw| dx) (/ — )|Vl - 7*|w;|2> dx)

B, \ 2 B,

1/2

< (/ (l . 1 |Vw| d:)s) (/ A 1)V - Vi — K*(n 1)|w|2) d:z:)

B, 2 D\Dg

and finally

[ (0w i i k)< [ (G- 1) wape ass)

T
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Therefore, we obtain
~ a1 7 — — — 7 . 7_ A/2~~
- —/ (vw Vi — k20t — |Va] + 12;’2|a|2> dz
D\ Do

= / <(A — )V - Vo — k% (n — 1)|a)? + |[Vaf* — /2;’2|a12> dx
D\ Dy

_ / (A= DV - VT — i2(n — 1)faf?) d
D\Do

+/ (1vaf? - i2jaf) do

B,

< / ((% - 1) Va|? + [Vl — /%’2|a|2) dz = 0.
B

Thus we can conclude that if 1 < n, <n <n* <1+ ;k—,’; there exists a transmission

eigenvalue in (0, k). O

Remark 4.2.3. As the area of Dy goes to 0, in the case when 0 < n, < n* < 1 it is
possible to prove the existence of more and more transmission eigenvalues. In this case
since the first Dirichlet eigenvalue for —A in Dy goes to infinity one can take r such that
M (r) disjoint balls of radius r are included in D\Dy and no Dirichlet eigenvalues are in
[0, l%] This way the assumption (b) of Theorem 4.2.9 is satisfied in a M(r)-dimensional
subspace of HE(D\Dy) and thus there exists M(r) transmission eigenvalues in [0, k]
(counting multiplicity). The smaller the area of Dy is the smaller r can be chosen and
the larger M (r) becomes. The same remark holds true for the case when 1 < n, provided
that n* is small enough, more specifically n* < 1+ ;k—,‘;

Remark 4.2.4. The entire argument in the proof of Theorem 4.2.10 holds true Zfl% or k'
is the first transmission eigenvalue of (4.22) or (4.16), respectively, where B, is replaced
with an arbitrary region B C D\Dy (such transmission eigenvalues are known to exists
[19]). Depending on the geometry of D\Dgy one can choose B such that the corresponding
k or k' are smaller than the ones for the ball B, (see the estimates on the first transmission
eigenvalue in [16], [17] and [19]) which would enable to prove the existence of at least one
transmission eigenvalue for larger Dy.
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Chapter 5

Surface integral formulation of the
interior transmission problem - The
case where the contrast changes sign

This chapter is dedicated to the study of the interior transmission problem using a
surface integral equation formulation. The main original motivation behind this study was
the design of a numerical method to solve ITP in the case of piece-wise constant index of
refraction and compute transmission eigenvalues for general geometries. This numerical
study is presented in Chapter 6. We adopted the integral equation approach since an
efficient forward solver for electromagnetic scattering problems based on this technique is
already developed at CERFACS, namely the CESC software [1].

Then, it turned out that the surface integral formulation of the problem also presents
some theoretical interests. For instance, establishing the equivalence between this formu-
lation and the original problem in the case of transverse magnetic polarizations requires
the introduction of non standard results on potentials. This is due to the fact that the
space of (variational) solutions (as already indicated in Chapter 1) is L?*(D) with Lapla-
cien in L?(D), where D is the domain of the inclusion. Hence the natural spaces for
solutions to the integral equation would be H=Y/2(9D) x H=3/2(9D), since the unknowns
correspond with the traces and conormal traces of the (variational) solutions. Regularity,
continuity and coercivity properties of the used potentials in those trace spaces are one
the main novel ingredients of our study. We relied in particular on the theory of pseudo-
differential operators to derive regularity properties. Then by using appropriate density
arguments, classical traces formula are generalized to potentials with densities having
weaker regularities. Coercivity properties of the potentials are analysed in the cases of
purely imaginary wavenumbers. Let us already emphasize here that an alternative (the-
oretical) approach to treat this case would have been to consider potentials with kernels
related to the fundamental solution of the biharmonic operator. However, this approach
would have been less intuitive (in the case of ITP) and less appropriate for the numerical
considerations of next chapter.

The second, and probably more important, interest of this integral equation formula-
tion is related to the study of ITP for relaxed assumptions on the sign of the contrasts.
More specifically we allow the difference between the index of refraction of the inclusion

107
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and of the background to change sign inside D. The variational method, employed in
Chapter 3 to treat the case of inclusions with cavities, fails to establish the Fredholm
nature of the I'TP in those situations. Using the surface integral approach we are able
to prove that the ITP is of Fredholm type if the contrast is constant and positive (or
negative) only in the neighborhood of the boundary. We deduce in particular that the
set of transmission eigenvalues is still discrete in some specific cases where uniqueness
can be shown for a particular wavenumber. The main drawback of this method is that it
can only treat the question of discreteness of the set of transmission eigenvalues and not
existence. This type of results is similar to the one recently established by Sylvester [50]
in the transverse magnetic case and the one by Chesnel-Bonnet-Ben Dhia-Haddar [5] in
the case of anisotropic scalar case. The method in [50] is based on the notion of upper
triangular compact operators, but the result can also be derived using classical analyt-
ical Fredholm theory and the use of appropriate inf-sup conditions, as shown in Kirsch
[39]. The technique in [5] is based on the notion of T-coercivity, used in Section 4.2 of
Chapter 4. Let us also indicate that in the case of anisotropic scalar case, results on the
discreteness of the set of transmission eigenvalues have been obtained by [42] with weaker
conditions. Roughly speaking, in that work, one only needs definite sign of the contrasts
on a neighborhood of a point on the boundary, but the imaginary part of the refractive
index cannot be identically zero.

In this chapter, we shall only consider the scalar problem. However the technique is
extendable to the full Maxwell problem. The latter will be only presented in a formal
setting in Chapter 6 for the sake of numerical experimentation and validation.

Consider a simply connected and bounded region D C R?, (d = 2 or d = 3) with
smooth boundary I' := 0D. We recall that the general form of the scalar isotropic
interior transmission problem can be written as

1
(V. — Vuw + Kk n(z)w=0 in D,
p(x)
Av+k*v=0 in D, (5.1)
w="v on I,
1
10w v on T,
(podv  Ov

where v,w € H'(D) if 4 # 1 and v,w € L*(D) such that v :=w —v € H*(D) if up = 1.

In a first part, in order to introduce the surface integral equation method, we shall
treat the simple case where n and p are constant. We distinguish the case u # 1, for
which the basic tools are the same as for classical transmission problems, from the case
i =1 and n # 1, where new ingredients have to be used. We then consider the more
general cases where the latter assumptions hold only on a neighborhood of the boundary.

The outline of this chapter is the following. In section 5.1, we recall some classical
results from potential theory associated with the Helmholtz operator. These results are
used to treat the case p # 1 presented in Section 5.2 and lead to the discreteness of the
set of transmission eigenvalues. After extended regularity results on the potentials for
densities in H~%2(I") and H~'/2(T"), we treat in Section 5.3 the case y = 1 and n constant
and also show the discreteness of the set of transmission eigenvalues. Finally, in Section
5.4, we show the same type a result for u # 1 and n piece-wise constant.
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5.1 Some classical results from potential theory

We denote by Dt := {R%\ D} N By a bounded exterior domain, where Br denotes a
ball containing D and denote by D~ := D the interior domain. Let v be the unit normal
to I directed to the exterior of D.

Figure 5.1: Domains and notation

If u is a regular function defined in D+ U D~, we denote by

ut(ar) = }%Ii u(zr + hv(zr)), xp €T,
%(x ) := lim Vu(zr + hv(zr)) - v(zr) xr €T
gy \or) = m r r r) rel.

Moreover, we define the jumps on I'

[u]r(l’p) = U+($F> — Ui(LL’[‘) xr €1,
ou ou™ ou~

We shall keep this notation for non regular functions if these trace operators can be
continously extended (in an appropriate function space) to these functions.

Let @ be the outgoing Green function associated with the Helmholtz operator with
wavenumber k£ € C with non negative real and imaginary parts. We recall that

eik\x—y|

Op(z,y) = for d = 3 and Py (z,y) = iHél)(k\x —y|) for d =2,

Am|z — y|

where Hél) denotes the Hankel function of the first kind of order 0. We then define the
single and double layer potentials for regular densities ¢, respectively by
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@uw@w:1EAawwww@» £ €RI\T

UEWWW=A£%>

The following theorem summarizes some classical results from potential theory that can
be found for instance in [44], [46] or [35].

(z,y)e(y)ds(y) = eRINT.

Theorem 5.1.1. The single-layer potential SLy : H=/?(T') — H'(D*) and the double
layer potential DLy, : HY?(T') — HY(D%) are bounded and give rise to bounded linear
operators

Sp : HY2(D) — HY2(D), Ky HY*(T') — HY(T),
K. H-Y2(T) = H-Y2(D), Ty : H'*(I) — H™(I),

such that for all o € H-Y*(T') and v € HY/*(T),

(SLpp)* = S and  (DLp)* = Ky & %@u in HY2(T),
O(SLyp)™ 1 O(DLy)* o rr—1/2
5 = Ko F 3% and %, = Ty in H=/2(T).

We recall that for regular densities ¢ and 1), the surface potentials S, K, K, and T}
can be expressed as

<&wm=[émww@$m,

(Kea) = [ s @il dso)

(Ki)e) = [ s @ neln)dsto)

o 02Dy,
(Tkw>($) - ll—r% L, ly—x|>¢ W

for all x € I'. We also recall that K, is the transpose of K}, in the sense that for regular
densities ¢ and v on I,

(z,9)¢(y)ds(y)

/Kkgmpdzs:/go[(,’gwds.
r r

It is also well known that since the principal singular term in the kernels of these surface
potentials cancel in the difference between two potentials, then this difference defines
compact operators. We need in the sequel precise information on the exact regularity
of this difference. We shall use for that the theory of pseudo-differential operators (as
presented in [35]). We provide in Appendix E some of the key results from this theory
that will be used here.
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First, one needs to extend the normal v inside D. To this end, one consider the cutoff
function y € C'nfty(D) such that y =1 in O and y = 0 in D\5/ where O and O’ are
two neighborhoods of the boundary I" such that O C O'.

Let us now introduce the volumetric potentials

(SLiy) () tz/D%(w?y)sO(y)dy, z € RY,

(Olie)w) = [ ooty o eRe

which define pseudo-differential operators of order —2 and —1 respectively. We then define
for two given wavenumbers k and &’ (with non negative real parts)

gzk,k/ = gik — gik/, Sﬁk,k/ = SLk — SLk/’

Z/)Zk,k/ = ﬁik - ﬁ;k/, 'Dﬁk,k/ = DLk — DLk/.

Theorem 5.1.2. The pseudo-differential operators ‘Qkﬁk/ and Y/DZW are respectively of
order —4 and —3.

Proof. First, we consider the case d = 3. We use the power series of the exponential

Let k # k' and denote z = x — y. Then, the kernel of S\Ek,k/ have the expansion

eik‘\z| _ eik’|z|

a(x, z) = e
1 « y A
(k — k) — — kj+2 J+2y|,|+1
47r 47T Z k )|Z|
]:0
1 [e.e]
L1+ Y )
T g
where ‘
Y A . '
ap(@,2) = m““m — kI[P for all j >0,

which satisfies
ap(x,tz) = tPa(z, 2).

From Theorem E.2.1, we deduce that

ST () = /D a(e,z — y)p(y)dy

where a is a pseudo homogeneous kernel of degree 1 is a pseudo-differential operator of
order —4.
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Using the power series of the exponential, we have

8<I>k(x,y) _ ik . . 1 ik|z—yl|
ov(z) 47r|x—y|2($ y)-vie) (1 ik|x — y| ‘

-1 z k* 2z (2) ik? (2)
() — —— v(x)— —z-v(z
47T|z|3 87 |z| 127

(z)
z v(z) = p+2 oy
Z 2P
o (p+3)!
Consequently, the kernel of I/DZk,k/ have the expansion

0Pk (z,y) 0P (z,y)

b =
(z,2) ov(x) ov(x)
K2 —k? 2 i = (p+2)i ,
= = . — (k3 —Fk kp+3_kp+3 p
8t |z V() + 127‘('( Z (p+3)! JI2]
p=1
3
127T — k) —i—Zb T, z)
where /
bi(z,2) =<0 ifj=1
) S (i )|l > 2

which satisfies
by(z,tz) = tPb(x, z).

From Theorem E.2.1, we deduce that

DLy pip(z) = /D bz, x — y)p(y)dy

where b is a pseudo-homogeneous kernel of degree 0, is a pseudo-differential operator of
order —3. Consequently, from Theorem E.2.2, DLy, 1/ is also a pseudo-differential operator
of order —3.

Now, for d = 2, the kernel of ﬁk,k, is

(e, 2) o= - (B () — HO(K]:)))

From [2], for all t € C we have

p=0 p=0
where »
2 2i 1
op) =1+ 2023~
T T m
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Then,
1

e, 2) = ¢ fj % (k22— k2re2) (%) )

1 < (1P 2p+2 9p+2 / 2| e
+ o0 —'2<k: In(k) — k 1n(k‘)> =

1 (1P / EANE
2 =) <k2p+2 s 2p+2> 121
i n’Z‘pgo(p—Fl)!Q 2

= f(il?, Z) + ij+2(:c, Z) In |Z’

=0
where f € C*(D x R?) and
0 if 7 is odd,

o, 2) = § i+2
P T e k) (5) it =

The function p, satisfies p,(z,tz) = t9p,(x, z) and consequently the kernel of §Zkyk/ is a
pseudo-homogeneous kernel of degree 2. From Theorem E.2.1, we deduce that SLy i is a
pseudo-differential operator of order —4.

Now remark that
0 (1) z-v(x) ay
Hy' (klz — =k H,”’ (klx —

and from [2], for all ¢ € C we have

-5 G () B £ ()

p=1

where 0(p) = 0(p) + 1. Then, the kernel of D»Ck,k’ is
0 /
b, 2) = o (HV (k|2l) — HO (K)2]) )
- i (—1)p+1 2p+2 19p+2 ’Z|2p A
=z vi@) (szm (472 = K2 )
)

|2

1 = ( 1) 2p+2 "2p+2
o D ST Ty (kr*2mk = k22 m k) 2

IEl

1 — (=1 W2 /22
—|—%ln ] Z plp+1)! (k —k ) 92p+1

= f(l’,Z) -+ ijJrl(x,Z) In ’Z‘

J=0
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where
flx,2) = i i:% p—(!&lf;! <k2p+2 — k,2p+2> 2|§T|iplz v(x)f(p+1)
% :O p(!(_pl—jil)! (k2p+2 In(k) — k242 1n(k;’)) 2";')11)1,2 u(z)
is a function in C*°(D x D), and
0 ' if j is odd,
P, 2) = %p—!gf;! (k72 — K'7+2) %z v(z) i j=2p.

The function p, satisfies p,(z,tz) = t%p,(z, z) and consequently the kernel of ﬁzk, is a

pseudo-homogeneous kernel of degree 1. From Theorem E.2.1, we deduce that ﬁk’k, is

a pseudo-differential operator of order —3.
]

We then deduce from the application of [35, Theorem 8.5.8] (see also Theorem E.2.3
in Appendix E) the following mapping properties .

Corollary 5.1.3. The operators SLyp : H™Y2(T) — H3(D) and DLy : HV*(T) —
H3(D) are continuous.

Combining this result with classical trace theorems and definitions contained in The-
orem 5.1.1 we deduce the following regularity properties for the differences of surface
potentials.

Corollary 5.1.4. Let k and k' be two complex numbers with non negative real parts. Then
the mappings

Sk — S+ HY2T) — H(T),

K, — Ky : HY*T)— HY*(I),

K,— K, : HY2I)— H¥(),

Ty — Ty : H1/2(F) —)HS/Q(F),

are continuous.

5.2 Surface integral equation formulation of ITP in the
case [ # 1

We consider in this section the simpler case where p and n are constant in D and
w # 1. We first write an equivalent formulation of the problem in terms of surface integral
equations then prove that the operator associated with this formulation if Fredholm of
index 0. Let k£ be the wavenumber appearing in system (5.1), we shall denote

ko:=Fk and ki := /unk.
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5.2.1 Derivation of the surface integral equation
Consider (v,w) € H'(D) x H'(D) a solution to (5.1) and set

_Ov, 10w _1/2
a = al/‘[‘—’uayh‘eH (I

and
b= U’F = w‘p € Hl/Q(F)

Since v and w satisfy
Av + k2v =0 and Aw + kfw =0 in D,

then it is well known [26] that these solutions can be expressed using the following integral
representation

v = SLg,o — DLy, in D,

w = pSLy,a — DLy, 8 in D. (5:2)
From the boundary conditions of (5.1) w = v and | = %%—ﬂp and the jump properties

of the potentials recalled in Theorem 5.1.1, one easily verifies that o and 3 satisfy

ﬂ@(%):o (5.3)

Z(k‘) — :U’Skl - Sko _K’ﬂ + Kko )
_K;Cl + KIQ,O 1/,[J,Tk1 — Tkg

where

Equation (5.3) forms the surface integral equation formulation of (5.1). The equivalence
between the two formulations is ensured after guaranteing that non trivial solutions of
(5.3) define, through (5.2), non trivial solutions to (5.1). Using Green’s formula it is easily
seen that solutions to (5.1) correspond with non radiating solutions. More precisely, if we
define the far field operators P> : H=3/2(T') x H=/%(T') — L?(Q) for i = 0,1 by

1 ae—ik§:~y

P ) = - [ (5005, - ae ™) st

Pt o)) = 1= [ (30— Lae =) asto)

then we have

Py (o, 8) =0 and P°(a, 5) = 0.

The following theorem indicates that one of the latter conditions is sufficient to ensure
the equivalence between the two formulations of ITP (see also Remark 5.2.2).

Theorem 5.2.1. Assume that the wavenumber k is real and positive. The three following
assertions are equivalent:

(i) There exists (v,w) € H' (D) x HY(D) a non trivial solution to (5.1)



116 CHAPTER 5. SURFACE INTEGRAL FORMULATION OF THE ITP

(ii) There exists (o, B) # (0,0) in H-Y2(T') x HY*(T') such that

«

Z(k) ( 5 ) =0 and P5°(a, B) = 0.
(iii) There emists (a, B) # (0,0) in H~Y/?(I') x HY*(T') such that

Z%)(%)z@mﬁPﬁ@Jﬂ:O

Proof. It only remains to show that (ii) implies (i) and that (iii) implies (i). Assume that
there exist « € H~Y2(T") and 8 € HY/?(T') satisfying

ﬂ@(%):a

v := SLy,o — DLy, 8 and w := uSLy, o0 — DLy, 8 in R\ D.

We define

The regularity of the single and double layer potentials shows that v and w are in H*(D)
1
and they satisfy Av + k?v =0 and V- —Vw + k?nw = 0 in D.

1
First assume that P;°(a, ) = 0. We shall show that v # 0. From Rellich’s lemma, we
deduce that v = 0 in R*\D. Assume that v = 0 also in D. We have in particular that

and from the jump properties of the single and double layer potentials we also have that

ov
[v]p = —f and [ah = —a.
This contradicts the fact that (a, 8) # (0,0). Then v # 0 in D.

If we assume now that P;(«, 8) = 0 we can similarly show that w # 0. Indeed, from
Rellich’s lemma, we deduce that w = 0 in R4\ D. Now if we assume that w = 0 also in
D, we have in particular that _

] ow 0

wlp=|—1| =0.

. ov |

From the expression of w and the jump properties of the single and double layer potentials,
we also have

wlr = -8 and g—f} =
which contradicts the fact that (a, 8) # (0,0). Then w # 0 in D. O

Remark 5.2.1. Since v and w have the same Cauchy data on U, if either v or w is
different from zero, then the other one is necessarily different from zero too.
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Remark 5.2.2. Another possibility to ensure equivalence between the surface integral
and volumetric formulations of ITP would have been to use the so called Calderon pro-
jectors. More precisely, its is well-known (see for instance [44]) that the pairs («, 5) €
H=Y2(T") x HY2(T) that coincide with normal traces and traces of solutions u € H(D) to
the Helmholtz equation Au+ k*>u =0 in D can be characterized as elements of the kernel
of the Calderon projector (for the exterior problem)

P =( %y L)

We preferred to rather use the farfield operator since it is easier to handle in numerical
applications and is also more convenient to use in the case of p = 1 (studied in Section
5.3).

5.2.2 Fredholm property of the operator Z(k)

In order to show the discreteness of the set of transmission eigenvalues, we want to
use the analytic Fredholm theory. To this end, we need to decompose Z(k) as the sum
of a coercive operator and a compact operator. The following lemmas show that for any
purely imaginary k := ik, with x € R, the trace of the single layer potential and the
normal derivative of the double layer potential are coercive on their corresponding spaces.
The result of these lemmas are classical (see for instance [46, Section 33| for the case
k = 0), and their proof is given here for the reader convenience. A similar procedure will
be used later for the case u = 1 and we found it useful to present the two proofs in order
to make a parallel between both cases. We shall assume in the sequel that x # 0.

Remark 5.2.3. In the following, an operator A : H — H' is said to be coercive if
((Az, 2) | > Cllzll3;

for all x € H where (-, )y g denotes the duality pairing between H and its dual H'.

Lemma 5.2.2. The operator S, : H-Y/2(T') — HY?(T") is coercive.

Proof. Let o € HY/?(T"). Let us consider the following problem find u € H'(R?\ T') such
that
Au—k*u=0 in RNT,

[ulp =0 onT,

{a—u} =—a onl.
ov |

The equivalent variational formulation is: find u € H'(R?) satisfying
/ (Vu - V@ + 5*up) dr = /o@ds(w) (5.4)
R r

for all ¢ € H'(R?). The sesquilinear form of the left-hand side is clearly coercive and
continuous while the antilinear form of the left-hand side is continuous by trace theorems.
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The Lax-Milgram theorem ensures the existence of a unique solution u € H'(R?Y) and
the representation theorem B.1.1 tells us that we can write u = SL;,« and in particular
U, = SikQ.

Now, let 8 € H'*(T) such that ||5]|g1/2) = 1. We can find a function ¢ € H'(R?)
such that ¢;r = 3. Then,

|<avﬁ>H*1/2(F),H1/2(F)| =

/ (Vu - VP + k*up)dr
R4

< Ollul| g @y ||| (e
< Cllul| g (ray

since ||o|| g1 ey < ||Bl[g1/2¢ry = 1. We deduce that
el =172y < Mul] g1 (rey-
Finally, we can conclude on the coercivity of Si,
‘ <Si,ioz, O‘)Hl/?(F),H*l/Q(F) ‘ = ‘ <u‘p, CJ()Hl/z(F)7H—1/2(F) ‘
/ (IVaf> + #2[uf?)de
Rd

> C||ull31 (gay
> CHO‘H?{%/?(F

)

Lemma 5.2.3. The operator Ty, : H/?(I') — H~'/%(T") is coercive.

Proof. Let 3 € HY?(I'). The proof of the coercivity is similar to the previous proof by
considering here u € H'(RY\ T)

Au—r*u=0 inRNT

[ulp =0 on T
ou
{5} ) =0 on I'.

Let up € H'(R?\ T') such that [uglp = 8 on ' and |luollgreasry < C||Bllg/zry. The
equivalent variational formulation of the latter problem is to find u € H'(R? \ T") such
that u — uy € H'(R?) and

/ (Vu - Vp + k*up)dr =0 (5.5)
R4

for all ¢ € H'(R?). From Lax-Milgram theorem one easily deduce the existence and
uniqueness of such solutions u € H'(R?\ T'). Moreover, from the representation theorem

ou
%’F - T‘mﬂ

B.1.1, this solution can be written as u = DL;. 3. In particular,
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Now, let v € H~'/?(T') such that ||e|[g-1/2ry = 1 and consider ¢ € H'(R?\ T') such
that
Ap — k*0 =0 in RAT

+
<g_<p) =« on I
v

The existence of this solution is guaranteed by the Lax-Milgram theorem as in the previous
cases. Then, with C' denoting a constant independant from a and g but with a value that
can change from one line to another,

(e, ﬂ)H—l/Q(F),Hl/z(I‘)’ =

/ (Vi - Vu + k*ou)dz
Ra
< Ollull g @yl [0l 1 mayry
< Cllul| g ey
since ||| g1 ravry) < Cllal|g-1/2¢r) = C. We deduce that
||ﬂ||H1/2(F) < O||U||H1(Rd\r-
Finally we can conclude on the coercivity of T,

ou
<5, 5>H*1/2(F),H1/2(F)

/ (IVul? + K2|uf?)dz
Rd

= CHquql(Rd\F)

Z OHBH?{U?(F)'

(T3, B) 12y m1/20) | =

]

Using an appropriate decomposition of the operator Z(k), we can show that it is
Fredholm.

Lemma 5.2.4. The operator Z(k) : H-Y/2(T') x HY2(I') — HY*(T') x H=Y%(T") is Fred-
holm of index zero, and is analytic on k € C\R™.

Proof. We can write

_ (M_l)si ol 0 M(Slﬂ =5 0) 0
Z(k) = ( 0 ' (1/ = 1) Tijgy ) * ( 0 " 1/ 10 (T, 4 Tijio) )

Sitkol = Sko 0 ) ( 0 Ky, — K, )
+ + / / 5.6
( 0 Tijhol = Tho Ky, — Ky, 0 56)

From the two previous lemma, the first operator of the right-hand side is invertible from
H=Y2(T) x HY2(T") into H'/?(T') x H='/%(T"). From Theorem 5.1.2 and 5.1.4, we deduce
that for k # k', the mappings

S — Sk : H_l/Q(F> — Hl/Q(F),
Kk—Kk/ : Hl/Q(F) —>H1/2(F),
K,— K, : HYT)— H VXD,
Ty — T : HYXD)— HYXT)
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are compact. Therefore, the three last operators in the decomposition of Z(k) are compact
from H~Y/2(T') x HY?(T') into HY/*(I') x H~Y2(I'). Consequently, the operator Z(k) :
H=Y2(I') x HY2(T') — HY?(T') x H~Y/*(T) is Fredholm of index zero.

The analyticity of the operator Z (k) is a consequence of the analyticity of the kernels
of the potentials and the fact that the derivative with respect to k does not increase the
singularity of the surface potentials. O]

To apply the analytic Fredholm theorem and conclude on the discreteness of the set
of transmission eigenvalues, we need one more result that ensures the injectivity of Z(k)
for at least one k.

Lemma 5.2.5. Assume that n— 1 and 1 — n are either positive or negative and let k be
a positive real. Then the operator Z(ik) : H=Y?(T') x HY*(I') — HY*(I') x H-Y2(T") is
imjective.

(67

B

v := SLij,a — DLy, 3 in R\ T

Proof. Assume that Z(ik) ( > = 0. Let us define

and
w = pSLiy, & — DLy, 8 in R4\ T

The relation Z(ik) ( g ) = 0 implies, that on I" we have
1 + +

w® = v* and __811) = _8v

1 Ov ov

Consequently the pair (w,v) € H'(R?\ I')? is solution to

((Av—k*v=0 in RAT
1
V-=Vw—knw=0 in RAT
i
wt = vF on I'
10wt ot
—_— = on I
\ u Ov ov

Let us define the Hilbert space
H:= {(w,v) € H'(R\T)?, wF=vFonTl}.
We then observe that (w,v) in H and

a((w,v), (p,¥)) =0 V(p,¢) € H,

where

a((w,v), (g, 1)) = le V@ + k2 nwp — [ VoV + ko

Rd Rd



5.2. SURFACE INTEGRAL EQUATION FORMULATION OF ITP IN THE CASE p # 1 121

1. Case where 4 < 1 and n > 1.

Let €2 be a neighbourhood of I'. Let us define the cutoff function y with compact support
in €2 such that x =1 on I' and

T: HxH — H x H
(w7U) = (wa_v+2xw) .

a((w,v), T(w,v)) :/

RI\T

—Q/VU-V(X@)—%Q/XUE
Q 0

1
> ;vaHi?(Rd) + k) [wl[Z2gay + VOl 72 (ma) + B2 [0]]72 ga

1 C
- CV||VU||%2(Rd) - EHVWH%z(Rd) - CUHVUH%?(IM) - EHWH%Q(RUZ)

/{32
— k*B|v[72@a) — gHwH%Q(Rd)

1 1 1 C
> (; - a) V][ ga) + (k2 (n — E) — ?) [|w] |72 ra)
+ (1= a—Cn) IVl 2@ + K (1 = B)l[v][2ga).

1
(—|Vw]2 + E*njw]® + |Vv]* + k:2|v|2> dx
I

Let p < o<1, 1/n < <1 and n such that 1 — a — Cn > 0 fixed. Then if k is large

enough to have k2 (n — %) — % > 0, we deduce that a is coercive. As a consequence,
w = 0 and v = 0 are the only solutions. From the equality [v]r = —f and [g—g]r = —«

we get that & = 8 = 0 and finally Z(ik) : H~Y2(T') x HY2(T') — HY*(T') x H~Y2(T) is
injective.

2. Case where > 1 and n < 1.

Let Q be a neighbourhood of I". Let us define the cutoff function y with compact support
in 2 such that y =1 on I' and

T: HxH — H x H
(w,v) = (—w+2xv,v)
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1
a((w,v), T(w,v)) = / (—|Vw|2 + E*n|w|* + |Vv|* + k2|v|2> dx
RAT \ M

—2/VU-V(XE)—2/€2/XU@
Q Q
1

> ;HVU)H%%W) + kw2 gay + VOl T2may + B |[0] 720,
— a||[Vul[7 _1 Vuwll7 — Cn||Vv||? _¢ 2
ol UHL2(Rd) a” wHL2(Rd) ull UHB(Rd) 1 HwHL2(Rd)
2 2 k? 2
— E*Blvll72mey — gHwHL?(Rd)

11 , , 1\ ¢ ,
> (= 2 ) IVl + (# (n= ) = £) e

+ (1= a—Cn)||Vollfaga + E* (1 = B)|[v][[2(ga)-

Let p < a<1,1/n < f <1 and n such that 1 — o« — Cn > 0 fixed. Then if k is large

enough to have k? (n — %) — % > 0, we deduce that a is coercive. As a consequence,
w = 0 and v = 0 are the only solutions. From the equality [v]r = —( and [g—ﬂr = —«

we get that « = 8 = 0 and finally Z(ik) : H~Y2(T") x HY2(T') — HY*(T') x H~Y2(T) is
injective.

O

We now can state a concluding theorem for this section, which is a classical result on
ITP [18] related to the discreteness of transmission eigenvalues for contrasts that does not
change sign.

Theorem 5.2.6. Assume that ;1 — 1 and 1 —n are either positive or negative. The set of
transmission etgenvalues is discrete.

Proof. From Lemma 5.2.4, the operator Z(k) : H=Y/2(I') x H/*(I') — HY*(I') x H~/2(T")
is Fredholm and analytic on k& € C\R~. Moreover, Lemma 5.2.5 ensures the existence of
a k such that Z(k) is injective. Applying the analytic Fredholm theorem, Z(k) is injective
for all k except for a discrete set. The discreteness of the set of transmission eigenvalues
follows. [

5.3 The case p=1

In this section, we assume that ;= 1. The interior transmission problem we consider
is then
Aw+E*nw=0 in D,
Av+kv=0 in D,

w="v on I,

ow  0v
5—5 OHF,

(5.7)
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where v,w € L?(D) such that u := w —v € H*(D). As in the previous section we treat
first the case where n is constant and shall assume that either n # 1.

We first observe that the analysis done in the previous section cannot be carried to
the current case since the operator Z(k) : H~Y(I') x HY*(T) — HY*(T') x H-Y(T)
is compact for u = 1 (see decomposition (5.6)). This is somehow predictable since we
already know (See Chapter 1) that the natural spaces for the solutions is v € L*(D) and

Av € L*(D), therefore, the boundary values a := a—v\p and 3 := v|r now live respec-
v

tively in H=32(I") and H~'/2(T") and not in the classical spaces H'/2(T") and H'/?(T").
Consequently one needs to analyse the operator Z(k) as acting on H—3/2(T') x H~'/2(I).

The first step would then to analyse/generalize the properties of the single and the
double layer potentials in these spaces.

5.3.1 Single and double layer potentials and trace properties for
densities in H%/2(T") x H~Y2(T")

We have already seen in Section 5.1 that the volumetric potentials éik and [/)ik are
pseudo-differential operators of order -2 and -1 respectively. This implies in particular
that (See [35, Theorem 8.5.8])

SLy : H**(") — L*(D?*)
DLy, : HY*(I') — L*(D%)
are continuous. Moreover, by obvious density arguments, for any densities ¢ € H~3/%(T)

and ¢ € H~'/2(T"), SLyp and DL satisfy the Helmholtz equation in the distributional
sense in R?\ I". Therefore, if one defines

LA(DF) :={u € L*(D*), Aue L*(D*)}
equipped with the graph norm, then one easily deduces that
SLy : H3/4(I') — LA(DY)
DLy : H V*(I') — L% (D)

are continuous. More importantly, one can generalize the results of Theorem 5.1.1 in the
following sense.

Theorem 5.3.1. The single-layer potential SLy : H=3/*(T) — L4 (D%) and the double
layer potential DLy : HY/2(I') — L4 (D*) are bounded and give rise to bounded linear
operators

Se: H*(L) — H (D), Ki: HV(L) — H*(D),
K : H32(T) — H**(), Ty : H-Y*(') — H3/*(I),
such that for all o € H=3/%(T') and v € H~/*(T),
(SLrp)* = Sk and  (DLp)* = Ky + %zp in H=V2(T),
O(SLip) * O(DLy)*

1
—— =K,poF -y and

- rr3/2
5 Ty in H=°/2(T).

2 ov
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Proof. The first part of the theorem is already proven. The jump and trace properties

will be deduced from Theorem 5.1.1 using a density argument. More specifically, let

@ € H3/2(T") and ,, € H~'/?(T") such that ¢, — ¢ in H~%?(T"). Using the continuity
n—oo

of SLy from H~%2(T") into L?(D%), we have that

SLip, — SLyy in L*(D¥)
n—oo

and
ASLyp, — ASLyp in L*(DF).

n—o0

For all v € L4 (D%), we define the trace v* of v on I' by
<'Ui, 90>H71/2(F)7H1/2(F) = :F/ vAw Zi:/ wAv
Dt D*
0
where w € H?(D?) such that w = 0 and a—w = ¢ on I'. Furthermore,
v

HUiHHfl/Q(r) = sup (v, 30>H*1/2(F),H1/2(F)
H‘PllHl/Q(r):l

< C(|Jv]|p2py + ||Av||L2(p+))

We deduce that

1(SLien)* = (SLue)* Il 1/2r) < C (ISLupn — SLitll 20
+ ||ASLk90n — ASLkg0| |L2(Di))

and consequently (SLyp,)* —— (SLpp)* in H~Y2(T"). We get that
n—oo
0 = [SLinlr — [SLig]r in H/*(T)
n—oo

and finally we have the jump property

+

For all v € L*(D*) we define the normal derivative a_v of v on I' by
v

ov T
Gy Pueamee =+ [ odwF [ whv

0
where w € H?(D?*) such that w = ¢ and 9% —oonT. Furthermore,

v
’ o™ <8vi >
- = sup ~ sP)g-3/2 3/2
v H=3/2() lloll y3/2=1 ov " (0, HEE)

S C (HUHLZ(Di) —+ HAUHLQ(Di))
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We deduce that

< C (|ISLign — SLigl| L2 (p+)
H—3/2(T)

O(SLypn) ™  O(SLap) ™
ov ov

+ [|A(SLin) — A(SLe@)||22(p+))

Lion)© A(SLyp) ™
and consequently oS 850 ) ’ (Sayk(p) in H~Y/2(I"). We get that
n—oo

[a(sgzm] —, [a(saljwh in H-92(T),

However [M}
r

5 = —¢, — —¢ in H=3/%(T). Finally we get the jump property
1% n—oo

Finally, let us prove the jump properties of the double-layer potential. Let ¢ &
H=Y2(T) and v, € HY*(T') such that v, — 1 in H~Y/2('). Using the continuity
n—oo

of DL, from H~/?(T) into L?*(D%), we have that

DLy, — DLty in L*(DF)
n—oo

and
ADLy, — ADLyy in L?(DF).
n—o0

We deduce that

[I(DLitpn)* — (DLey)) | -1/2ry < C (IIDLit — DLit)||2(p)
+ HADLkQ/}n - ADLkl/JHLZ(D:I:))

and consequently (DLytp,)* —— (DLgtp)* in H~Y2(T"). We get that
n—oQ
tn = DLty —— [DLie]r in HV2(T).

Furthermore, 1), — 1 in H~'/(T") and finally we have the jump property

n—oo

[SLk@D]r = 1.

We also have that

< C (||DLgty, — DLyab|| r2(pe)
H-3/2(r)

O(DLytb,) ™ (DL ™
‘ ov B ov

+ [[A(DLybn) — ADLgy)||r2(p%))
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O(DLy,)* O(DLyy)

ov n—00 ov

{8@;5%)L - P%I;W)L in H-(I0).

+
and consequently in H=%/2(T"). We get that

Finally we get the jump property

]

Now we have generalized the properties of the potentials in the weaker spaces H~3/%(T")
and H~'/2(T"), we can treat the interior transmission problem and study the discreteness
of transmission eigenvalues.

Regularity of the single and double-layer potentials

Using Theorem 5.1.2 and Theorem E.2.3, we can generalize the regularity results on
SLy s and DLy for densities in H=*/%(T") and H~/2(T) respectively.

Corollary 5.3.2.
SEkJC/ : H_3/2<F) — H2<D>

and
DLy : H2(T) — H*(D)

are continuous for all k # k.

In the case where u = 1, we need to find more regular operators for the compact part
in the Fredholm decomposition of the operator corresponding to the interior transmission
problem. To this end, we eliminate the principal part of the asymptotic developments
of the kernels of the potentials and consider the operators SLj i + v(k, k")S Lijp i) and

1/921@,1@' + 7(k, k’/ﬂ/)zi\k\,ilk/l where

k? _k./2
kK = ———.

Theorem 5.3.3. g\ﬁk,k/ + v(k, k’)é\ﬁﬂkmkq and Z/?ZM/ + ’y(k,k’)Z/?Zi‘kLiw are pseudo-
differential operators of order -5 for all k # k', k, k' € C\R™.

Proof. The proof follows the same idea as in the proof of Theorem 5.1.2. First, let us
consider the case d = 3.
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We consider the kernel of SALW + (&, k:')ézw,iw. It can be written of the form

eik|z\ _ 6ik’|z| €f|kz\ _ ef\k’z\

alz, z) = 47|z| * 47|z|
1 k* — k'
=5 [~ e
_ ﬁg (j j 3)! [ij“(kj”’ _ k/j+3) + (_1)j (|/<;|j+3 . |k;’|j+3) fy(k;, k’)] |Z|j+2
SIS
where
6yea(0,2) o= — gy [P — K79 (S (9 = 7)1 )] a1

for all j > 0, which satisfies
ap(x,tz) = tPa(z, 2).

From Theorem E.2.1, we deduce that
(Sﬁk,k/ +7(k, k,)8£i|k|,i\k’\> p(z) = / a(z,z —y)e(y)dy
D

where a is a pseudo-homogeneous kernel of degree 2 is a pseudo-differential operator of
order —5b.

Now, the kernel of Y/DZZk, + v(k, k’)Z/DZ;kMM is of the form

0Py(z,y)  O0Pw(x,y) N 0P (z,y) 0Py (2, y)

bz, 2) = fu(m) o () o () v (x)
= O — K%) + (K~ K Pk )
+2 fjjjj; [P9170 — K79) 4 (217 (JBH — [R14%) 5k, ) 12l
- % i — k%) + (H° — Wk, )] + i by, )
where
e, 2) i S L [ (40 — P00 4 (=174 (R = W) 3, )] 1

which satisfies
by(z,tz) = tPb(x, z).
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From Theorem E.2.1, we deduce that

(D‘Ck,k’ +v(k, k/)D‘Ci|k|,i|k’|) p(r) = / b

: b(x,z — y)p(y)dy

where b is a pseudo-homogeneous kernel of degree 2, is a pseudo-differential operator of

order —5. Consequently, from Theorem E.2.2, Dﬁk w (kK )Dﬁl‘ k|,ijk’| is also a pseudo-
differential operator of order —5.

Let us now consider the case d = 2. The kernel of gz;@k/ +y(k k’)éZl‘k‘ il 18

-1 W 2l) + HGlk=)) — Bk )
i 00 1 ( 1)p+1 202 _ /2042 |k,|2p+2 |k/|2p+2 v(k, k") <‘Z‘>2p+2 9(p))
4;@“)!2[_ (72 = a2r2) : ) I ’
53 Gt [ (i )

p=0 ‘

2| 2p+2
(kP2 i) - P2 ) 0] ()
—|—2—(lnk‘—lnk"+ln|k|—1n]k'|)

71 p+1 k2p+4_k/2p+4 o k2p+4_ k/ 2p+4 k k/ M 2t
- nz\z +2,2 —1) (1% KPP (kKD { 5

= f(z,2) +Zp]+4 (z,2)In |z

J=0

where f € C>®(D x R?) and pj 4(x,2z) = 0 if j is odd and

s e [0 ()

4
- (R =) ] () el it =2

ﬁj+4(xv Z) =

The function p, satisfies p,(x,tz) = t9p,(x, z) and consequently the kernel of §Zk W+
~v(k, k' )S£1|k| ik is a pseudo- homogeneous kernel of degree 4. From Theorem E.2.1, we

deduce that Sﬁk w + (kK )S£I|k| iiw| is a pseudo-differential operator of order —6 (then
also of order —5).
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Now, we consider the kernel of Y/DZM/ +7(k, k’)l/DZiMi‘kq which is given by

- i 0
b, 2) = 4 v(z)

(D 061D) — HO@1=1) + DGRl 1D) — H K1)

| 1 :
=z v(2) (4 > FES I [(_1);» <k2p+4 _k 2p+4>
’Z’2p+1

922p+3 é(p+ 1)

o+ (|R[2 — P) y (k, K)|

1 1 /
= = (=1 k2p+21 k—k 2p+21 kl
+27rpzzop!(p+1)! {( ) ( o . )
|2|*

922p+1

= (Ik[P*2In(ilk]) — [K[** In(i|'])) v(k,k’)]

1 > 1 )
—1 S —- | p+1 k2p+4 —k 2p+4
s n’zpz;) -+ 1o+ 2) [( ) < )

_ (’k‘2p+4 _ |kl‘2p+4) (]{? k/)} |Z’2p+2
A 92p+3

= f(x,2) + Zﬁj+3(m, z)In 2|

=0
where f is a function in C*°(D x RY), and p;3(z, 2) = 0 if j is odd and

Pyl ) = (p+ 1)!1(19 +2)! [<_1)p+1 (k2p+4 B klzpﬂ)

2

= ([R5 = 1K) v (k1)

22p+3

z-v(x) if j = 2p.

The function p, satisfies p,(z,tz) = tip,(z, z) and consequently the kernel of 2/)221« +

v(k, K )Z/)Zj kil 18 @ pseudo-homogeneous kernel of degree 3. From Theorem E.2.1, we

deduce that T)Zk,k/ + y(k, K )ﬁi\kl,ilk’\ is a pseudo-differential operator of order —5.

]

We can immediately deduce the following corollary from Theorem E.2.3 of EZW +

’}/(k', k/>gzi|k|,i|k’\ and 62]“]{/ + ’}/(k', k}/)ﬁziwvﬂk/‘.
Corollary 5.3.4.
SLiw + vk, KNS Ly 0 - H¥2(T) — H3(D)

and
DLyy + 7k, K YD Ly - H*(T) — HY(D)

are continuous for all k # k', k, k' € C\R™.
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5.3.2 Surface integral formulation

The procedure to derive a surface integral formulation of problem (5.7) is similar to
the case p # 0. Consider (v,w) € L*(D) x L*(D) a solution to (5.7) and set

ov ow _
=5, lr=5, reHd S2(T)

(07 o

and
B :=olr = wlp € HY¥I).
Since v and w satisfy
Av + kjv =0 and Aw + kiw = 0 in D,
similarly to the case p # 1, these solutions can be written

v = SLy,oe — DLy, 8 in D,

w = SLg,a — DL, 8 in D. (5-8)

Then u := w — v can be written in the form

u = Sﬁkl,koa - Dﬁkl,koﬁ'

0
From the boundary conditions of (5.7), u|r = 0 and a—uh" =0, a and [ satisty
v

ﬂ@(%):o (5.9)

where
Sk —Sk —Kk +Kk
Z(k) = ! 0 ! o).
( ) ( _K/,i‘l + K]i’o Tkl - Tk’O

Again, the far fields generated by v and w are equal to zero and if we define the far field
operators

Pt @) = o= [ (005~ ate ) ast)

T an ov(y)
e—ikli-y o
P @) = - [ (5%~ Late ) st

we have

P, 8) = 0 and P(a, ) = 0.
Theorem 5.3.5. The three following assertions are equivalent.
(i) There exist v,w € L*(D) such that w —v € H*(D) a non trivial solution to (5.7).

(ii) There exist o # 0 in H=3/*(I') and B # 0 in H~Y*(T) such that

Z@)(%):ommafmﬁy:u
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(iii) There exist a # 0 in H*/*(T") and 8 # 0 in H-Y/%(T') such that
Z(k) < g ) =0 and P*(«a, 5) = 0.

Proof. Tt only remains to show that (ii) implies (i) and (iii) implies (i). Assume that there
exist o € H=32(") and 8 € H~'/?(T") satisfying

Z(k;)(%):().

U = Sﬁkl,koa — Dﬁkl,koﬂ-
We have that (A + £?)(A + k*n)u = 0 and from Theorem 5.1.2 and Corollary E.2.3, we

We define

obtain that u € H?(D). Moreover, the relation Z (k) ( g ) = 0 implies that ur = 0 and

0

0_u =0 on I'. Now, we must show that u # 0 or equivalently that v # 0 or w # 0 where
v

v := SLy,a — DLy, 3 and w := SLy, o — DLy, .

First, assume that Pg°(a, 3) = 0. From Rellich’s lemma, we deduce that v = 0 in R\ D.
Assume that v = 0 also in D. Then we have in particular that

and from the jump properties of the single and double layer potential we also have that

[v]p = —f and [%L —

14

This contradicts the fact that («, 8) # (0,0). Then v # 0 in D.
Similarly, it can be shown that P°(a, ) = 0 implies that w # 0. ]

5.3.3 Discreteness of the set of transmission eigenvalues

Similarly to the case where p # 1, we want to show that Z (k) is of Fredholm type.
Again, we can show here that the diagonal part of Z(ik) is coercive for k real. Let x and
k' be two different real numbers.

Lemma 5.3.6. S;, — i : H3/%(T') — H3*(T") is coercive.
Proof. Let a be in H=3/2(T"). Let us consider the following problem:

(A= DA —-Hu=0 inRNT,
[Aul. =0 onl,

FM“)} = a(k? - r?) onl. o

ov

\
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The variational formulation is as follows: find u € H?(R?) such that
/ (Au — 5*u) (AP — K*P)dr = — /(/4,/2 — k) apds(z). (5.11)
RAT r

The left-hand side of (5.11) is continuous and coercive.

/Rd\r(Au — k*u) (AT — K*a)dr = ||Au||%2(Rd) + (K% + /@'2)||Vu||%2(Rd) + H2I{/2||U||%2(Rd)
> Clul 32y -

From Lax-Milgram theorem, we deduce that there exists a unique u € H?(R?) solution
to (5.11) which is u = 8L, ixa. In particular, ulpr = (Siw — Sik)a. For ¢ = u we obtain:

/ (A — ) u(A — K*)uds + /(/4;’2 — k) auds(z) =0 (5.12)
RI\T

r

From the inequality
/Rd\r(Au — k%) (AT — K*u)dx > C]|u||§{2(Rd)

and (5.12) we obtain
(a, U>H*3/2(F),H3/2(F)‘ > ClHuH%{?(Rd) (5.13)

Now show that there exists Cy > 0 such that ||a||y—s/2y < Cil[ul|g2e). First remark
that

||a||H*3/2(F) = Sup {|<a>S0>H*3/2(F),H3/2(F)|/90 € H3/2(F) and ||90||H3/2(F) = 1} .

Let ¢ € H*?(T). Then there exists ¢ € H?(R?) such that @|r = ¢. From (5.11) we have
that

1

|<(¥790>H—3/2(F),H3/2(F)| - |/{/2 _ K2|

/ (Au — £*u) (AP — K@) dx
RAT

< Oull g2y || 2 (ray
< Chlul] g2 (may

because ||@||| g2may < [|¢]] g2y = 1. Then
]| g-sr2ry < Chllul| g2 (mey-
We deduce now the coercivity of Si. — Sj

‘((Si,{/ — Sic)a, a)H*3/2(F),H3/2(F)‘ = ‘<04a u>H*3/2(F),H3/2(F)
> C'||ul 32 gay
= aHO‘HH%/?(F)'

Then Sy — S : H3/2(T') — H?/*(T) is coercive. O
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Lemma 5.3.7. T}y — T}, : H-Y2(I') — HY?(T) is coercive.

Proof. Let B3 € H™Y/2(T'). Let us define

(A — ) (A=K ?n)u=0 inRAD
[Au]p = B(k? — K?) on I’
(5.14)
[8@“)} —0 on T
o |r
\
The variational formulation is as follows : find u € H?(R?) such that
2 — n 2,09
(Au — k*u) (AP — K“P)dr = | (K — Kk )Ba—ds(x) (5.15)
RA\T r v

It can easily be shown that there exists a unique u € H?(R?) solution to (5.15) which is
0
u = DLy ;.. In particular, a—uh“ = (T — Tix)B. For ¢ = u, we obtain
v

ou
/Rd\F(Au — kK*u) (AT — K*u)dr = (k% — )(B, %)H—1/2(F)7H1/2(F). (5.16)
From the inequality
/ (Au — k*u) (AT — £u)dx > C’Hu||§{2(Rd)
RI\D

and (5.16) we get
ou

(B, $>H*1/2(F),H1/2(F)| > C'||ul 32 (ga (5.17)
Now show that there exists Cy > 0 such that |[3]|y-1/2¢r) < Cil[u|g2(ga). First, remark
that

Hﬁ“H*l/Q(F) = sup {‘<B> H-1/2(T),HY/2(D |/‘:0 € Hl/z( ) and HSOHHW(F) = 1}-

96

Let ¢ € HY2(I'). Then there exists ¢ € H?(R?) such that a_goyr = ¢. From (5.15) we
v

have that

1
K72 — k2|

/ (Au — K*u)(AG — K*P)dx
RA\T

< Cllull m2@ay |9 52 (ra)
< Cl||u||H2(Rd)

|<5’ >H 1/2( )H1/2(F)| =

because |[P|[|g2way < ||l g1/2(r) = 1. Then

B[ gr-172r) < Cullul] g2 (may-
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We now deduce the coercivity of T}, — T}

ou

’((Tm’ - ﬂm)ﬂaﬁ)H—l/Q(r),Hl/Q(r)’ = <57 %>H—1/2(F),H1/2(F)

> C'||ul 32 (gay
> aHBHH—lM(F)'

Then Ty — T : H-Y/2(I') — HY2(T) is coercive.

Similarly to the case where p # 1, the first idea is to write

_ (Si\kﬂ - Si\k()l) 0 0 — Ky, + Kko
2k) = =k ko) ( 0 (Tijga) — ko)) * —Kj, + K, 0

N ( (S, — Sko) + (K1, ko) (St — Sitkol)) 0 )
0 (Thy — Tio) + (K1, ko) (Tijky) — Tijgop)) )

Nevertheless, on the contrary to the case where p # 1, according to Corollary 5.3.2
Ky — Ky : HY2(T) — HY4(I)

and
K, — K;, : H3*T) - HY*(I)

for k # k', are only continuous and not compact, then we instead shall make the following
decomposition

Z(k) = =y(k1, ko) Z(i[k[) + (Z (k) +~(ky, ko) Z(i]k]))-

Indeed, from Corollaries 5.3.4, the operator Z (k)+v(ky, ko) Z(i|k|) : H=3/>(I')x H=Y/*(I") —
H32(T') x HY2(T') is compact. Thus, it only remains to show that Z(i|k|) : H=3/%(T) x
H=Y2(T) — H32(T') x H'?(T) is coercive.

Lemma 5.3.8. Z(i|k|) : H=3/2(I') x H~Y*(I') — H3*(T") x HY*(T") is coercive.

Proof. The proof combines the two auxiliary system used in the two previous lemma. For
a sake of presentation, we denote by kg := |ko| and ry := |kq].
Let a be in H~3/2(T") and 3 € H~'/?(T"). Let us consider the following problem:

(A —k)(A=KDHu=0 inRNT

A= B(si—r2)  onT -
oAu)] 5 '

[ 5 :|F—O./(I{1—/{O) on I,

\

The variational formulation is as follows : find u € H?(R?) such that

T

(Au— k(A7 — kip)de = — [ (2 —k2) (a7 — B2 ) ds(a).  (5.19)
/Rd\r / < ov
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Using Lax-Milgram theorem, it can easily be shown that there exists a unique u € H?(R?)
solution to (5.19) which can be written as u = SLix, i, — DLix, in, - In particular,

ulr = (Siky; — Sixg) — (Kin, — Kix,) 8

and 5
Uu ! !
Eh‘ = (Kifﬂ - Kino)a - (T‘ifﬂ - T'iffo)ﬁ
For ¢ = u in (5.19), we get
/Rd\F(Au — n%u)(Aﬂ — /{%H)dx = — /F(/{% — /{3) <aﬂ — B%) ds(z). (5.20)

From the inequality

/ (B ) (8 — i Ol e

and (5.20) we obtain
ou

(o, ) g-s/2(ry a2y — (B, %>H—1/2(F),H1/2(F) > ' |ul 32 ma)- (5.21)

Now let us show that there exists Cy > 0 such that ||af[g-s,2p) < Cillullg2aey. Let

0
¢ € H??(). Then, there exists ¢ € H?(R?) such that @|r = ¢ and a—¢|p = 0. From
v
(5.19), we have that

1

a7 90 —3/ 3/ —_
|< >H 3/2(T),H3 2(F)l |l€% —_ /f8|

/Rd\F(Au — /ﬁgu)(AE — m%@)dw

< Cllull p2way |9 52 (ra)
< Cil|ul| g2 (ga

because ||P|[|g2may < ||l ga/2(ry = 1. Then
el g-s/2r) < Cullul| g2 (may-

Furthermore, we can show that [[8|g-1/2q) < Csllul|gzma). Indeed, let ¢ € H'Y*(T).
There exists ¢ € H?(R?) such that ¥|r = 0 and g—:ﬂp = 1. Then

1
|57 — k3|

8, W)+ [ A — iy

< O||U‘|H2(Rd)||1;||H2(Rd)
< Collul| g2(may

since ||@Z~)|||H2(Rd) < ||¢||H1/2(F) = 1. Then

B[ =172y < Colul] g2 (may-
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We deduce now the coercivity of Z(ilk|).

. [0
'<Z(1‘k|) < 6 ) < ) ‘ - ‘ iK1 T mo o — (Kim - Ki,{o)ﬁ, a>H—3/2(F),H3/2(F)
< (Kllfﬂ - Kl’l{o) (T'im - T'ino)ﬁa 75>H1/2(I‘)7H*1/2(F)‘
N ou

(ulr, @) g2y, -3/2r) + <—$ vy B) ey, m-1/2(r)

> C'|ul 32 ga
C/
2 aHaH?{—m(r) + @HBHz—l/Q(F)

Then Z(i|k|) : H=3/2(I') x H~Y2(I') — H3/*(T") x HY?(I) is coercive. O

Lemma 5.3.9. The operator Z(k) : H=3/2(I') x H=Y2(I') — H3?(") x H'*(T") is Fred-
holm of index zero and analytic on k € C\R™.

Proof. The analyticity is a direct consequence of the analyticity of the kernels of the
integral operators. We can rewrite

Z(k) = —~y(ko, k1) Z(ilk])

+( (Sky = Sko) + VKo, k1) (Sijky) = Sitko]) =Kk — Kiy) — v(Ko, k1) (Kijry | — Kijio)) )
— (K}, — Ki) = (ko k) (K — Ky ) (T — Tho) + v (kos k1) (Tijky | — Tijol)

From Corollary 5.3.4 we deduce that

(Skl - Sko) + 7(k0> kl)(si\kﬂ - Si|k0|) : _3/2(F) N H7/2(F)

H
(Kky — Kiy) +v(ko, k1) (Kijg, | — Kijrg)) H () — H2(T)
(K]/gl - KIICO) +’}/<k0,]{31)(K1/|k1‘ — K1/|k0|) . H*3/2( ) H5/2<P)
(Tk‘l - Tk‘o) + ’Y(k‘o, kfl)(ﬂ'kll —_ 711|k0‘) : H_1/2<1—‘) — H5/2(1—\>

are continuous and then
(Sky — Sko) + (Ko, k1) (Sijks) — Sikop) : H22(IT) — H(T)

(Kkl - Kko) + 7(14307 kl)(K|k1 K|k0|) H_1/2(F) SN H3/2(F)
(K}, — Kpy) + ko, k) (K — Kijy) : H™2(T) = HY(T)
(Tkl - Tko) + ”Y(ko, kl)(Ti|k1| — Ti|k0\) . H71/2<F) - Hl/Q(F)
are compact. Then Z(k) : H-%/2(T') x H-Y2(T') — H*¥%(') x H'/%(T) is Fredholm.  [J

In order to use the analytic Fredholm theorem and conclude on the discreteness of
transmission eigenvalues, we need to show that Z (k) is injective for at least one k.

Lemma 5.3.10. The operator Z(i|k|) : H=3/2(T') x H~Y*(T") — H3?(') x HY*(T) is
imjective.
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«

Proof. Let («, 8) such that Z(i|k|) ( 3 ) = 0. We want to show that («, 5) = (0,0). Let

u be defined in RN\T by u := SL;jyja—DLi . Then u satisfies (A—k2)(A—|k1[*)u = 0 in
ou* ou~

RAT. Furthermore Z(ilk|) ( g — 0 implies that ut|p = u™|p = %h - %yr = 0.

We deduce that v = 0 in R%. Now we can write u = w — v where

V= SLi‘kO|Oé — DLi|ko|5

and
w := SLyjg, a0 — DLy, 8

which satisfy Av — |ko|?v = 0 and Aw — |k1|*w = 0 in R In particular

and
LY
o,
Then, from the equality Au — |ki[*u = (|k1]* — |ko|?)v we deduce that
0= [Aulp = ([k1|* = |ko[*)[vlr = = (|1* — [Ko|*) 3

and - [%@“)L (b — ko [g_] =~ (kal* = kol

O

Theorem 5.3.11. Assume that n % 1. The set of transmission eigenvalues is discrete.

Proof. This is a direct consequence of Lemma 5.3.9 and Lemma 5.3.10 using the analytic
Fredholm theory. O]

5.4 Cases where the contrasts change sign

5.4.1 The case of piecewise constant coefficients and p # 1

In this section, we show the discreteness of transmission eigenvalues when the contrast
n — 1 changes sign for u # 1. We therefore consider the interior transmission problem

( 1
V- --Vw+knw=0 inD
!
Av+ k=0 in D
U+ K7V n (5.22)
w="v on I’
10
1ow v on T
\pu v Ov

where v, w € H'(D). Before considering the case where n can be an L> function, we shall
concentrate in this section on the case of piecewise constant coefficients. More specifically
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we consider the case where n can have two different constant values n; < 1 and ny > 1.
Let D; C D such that n :=ny < 1in Dy and n := ny > 1 in Dy := D\D;. We shall
assume that D;NID = (. We set T := 9D and ¥ := 9D; and assume that these surfaces
are regular. We denote by k; := k\/un; for i = 1,2 and kg := k.

Figure 5.2: Geometry and notations

The single and double layer potentials defined on I' and ¥ are denoted by

SLE (i) () = / Bi(z, 9)o(y)ds(y), SLE() (x) = / By, y)o(y)ds(y),

DL = [ osleneis). DL = [ 5 i)east)

for all z € D.

Surface integral formulation of ITP

If we define
ov 1 0w
= —|p=—-—|r e H V3T = vlp = w|p € HY*(T
a ay!r ,u(?V‘F (),  B=v[r=wlr (I,
1 0w
f= 222 H Y% - HY2(%).
o M8V|E€ (%), B wly € (¥)

then the solutions to (5.22) can be written in the form
v =SLy,a — DL} 8,
pSLy,a — DL, B8 — uSLy o/ + DLy, 3" in Do,

pSLy o — DLy B/ in D;.
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We now need to make the difference between the surface potentials defined on ¥ or on I'.
To this end, we define new notations

ST (9)(x) = / By, (2, ) () ds(y), SET () () = / By, (2, ) () ds(y),

KL = [ plsaemdt). K0 = [ i)
K (@)@) = | ;V—g;)<x,y>¢<y>ds<y>, K7 () () = / (fy—(’;(x,y)w(y)ds(y),
T = [ G, T ) = [ G e dsty).
for all z € T.

From the boundary conditions of (5.22) and the continuity of w through > we get

(o ) - ()] (5) U e ) (5) =
I\ -K T Ky, UuTi, JI\ B )" Sk e ) e
Z(l)?;(k:) 25T (k)
(R ) (0 e ) (5)- (ki =) (5) =0
L\ —KG 1Ty K I g R AN '
250 255 (k)

One can remark that the matrix Z,5 (k) corresponds to the transmission problem

(Aw+ k2w =0 in D
Av+kiv=0 in RN\ D,
w—v=~he HY) on %
ow 10v

- —ygc¢ H—1/2<E) on (5.23)

lim 7’% (? — 1kv) =0

with w € H'(D;) and v € H. (R?\ D;). This is a classical scattering problem that has a
unique solution (w,v) € HY (D) x H} (RN Dy).

Now, since w satisfies the Helmholtz equation in D; with wave number k; and v is a
radiating solution to the Helmholtz equation with wave number k,, they have an integral
representation of the form

ow
— S1>
() Skla

o) = ~SLE, () ~ DLEuls().

[s(2) — DLy, w|s(x)

Using the boundary conditions satisfied by w and v and the jump properties of the po-
tentials, we obtain equivalence between solving (5.23) and solving the following integral
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equation
1
10v _ il 1
22 | nanl® | = o K ol =g
12( ) pov = , 1 1 2
Vs (K%, — 51) —;Tkl h

where I denotes the identity operator on H'/2(X).
Consequently, the operator Z;5 (k) : H~'/3(X) x H™Y2(¥) — HY?(X) x H™*(%) is
invertible and we can rewrite the problem as

Z(k) ( g ) =0 (5.24)

where

Z(k) = Zyy(k) + 27T (k) 25 (k)" 275 (k).

The matrix Z%,(k) corresponds to the interior transmission problem for n constant
equal to ny inside D. We will show that Z(k) is a compact perturbation of Z,(k).

The following theorem shows that equivalence between the interior transmission prob-
lem and the formulation with Z(k). Again, to get the equivalence, we need to add the
condition that the far field generated by («, ) vanishes.

Theorem 5.4.1. The two following assertions are equivalent.
(i) There exists (w,v) € H' (D) x H'(D) a non trivial solution to (5.22)

(ii) There exist a # 0 in H-Y2(T') and B # 0 in HY?(T') such that (5.24) is satisfied

and
P@O(g)zo.

Proof. Let a# 0 in H~Y/2(T") and 8 # 0 in H'Y/?(T") satisfying (5.24). We set
o / _ «
(4 )=zswz=w ().

v =SL;,a —DL; 3

Let us define

and
SL,,a — DL} 3 — SLy o/ + DL;; 8 in Dy,

SL), o' — DL, in D;.
The regularity of the single and the double layer potentials shows that v € H'(D) and
w € H'(Dy) N H'(D,). Furthermore
1 N 1
wlf = 8,7 a — KRB = Spo/ + KRB+ o8, wly =S5/ — KRg + o8,

811) ’ ’ 1
%]; — Kkz_)Eoz — T,CFQ_)ZB — kao/ + 50/ + Tkzzﬁ',

3w ’ 1
%‘5 = K,EO/ + 50{/ - Tki/B/’
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+_ - !/
( @U:i_%}_la— ) :ZFHE(M ( g > _Zg(k) ( f/ ) =0
o' o'

by definition of o/ and ’. We deduce that w € H'(D).

and then

«

B

lemma, we deduce that v = 0 in R\ D. Assume that v = 0 also in D. We have in

particular that
v
e (o), =

and from the jump properties of the single and double layer potentials we also have that

Now we must show that v # 0 or w # 0. Assume that F;° ( ) = 0. From Rellich’s

o =-sand [5] —-a.

3VF_

This contradicts the fact that (o, 5) # (0,0). Then v # 0 in D and as a consequence we
also have that w # 0 in D. O

Lemma 5.4.2. The operator Z(k) : H~Y/*(T') x HY2(I') — HY2(I') x H~Y*(T") is Fred-
holm of index zero and analytic on k € C\R™.

Proof. From lemma 5.2.4, the operator Z,(k) is Fredholm from H~/2(I") x H'/%(T') into
H'Y2(I') x H~Y2(I"). Finally, the operators

Z77T(k) : HV2(0) x H'Y(L) — H'Y?(S) x H™'2(%)

and
Z'2(k) - HY2(2) x HY2(2) — HY*(T') x H V(D)

are compact due to the regularity of the kernels and
Z3(k)™ H'Y2(S) x HTV2(8) —» H™'2(8) x H'*(D)
is continuous. This shows that
77N (k) 295 (k)™ 2578 (k) - HTV(T) x HY(T) — HY(T) x H™V2(I)

is compact. Consequently, the operator Z (k) : H~Y2(I') x HY(I') — HY?*(T') x H~Y*(T")
is Fredholm. N

Discreteness of the set of transmission eigenvalues

Lemma 5.4.3. Assume that p — 1 and 1 — ny are either positive or negative. Then the
operator Z(ik) : H-Y2(T') x HY*(I') — HY*(T') x H=Y*(T') is injective for k € R**.
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«

s
v:=SL, a — DL}, B in RI\T

Proof. Assume that Z(ik) ( ) = 0. Let us define

and _
pSLi, o — DL, 8 — uSLy o + DLy, 8 in RY\ (D, UT)

1

pSLy, o/ — DL, 5 in Dy

(4 )=z z=w ().

+

where

The relation Z(ik) ( g

Consequently, the pair (w,v) € (H(R*\D) U H'(D)) x (H'(R\D) U H*(D)) is solution
to

— o * 10wt _ Gt
= andugy = 5.

> = 0 implies that on I' we have w

(Av— k2v =0 in RAT
1 _
V.- =Vw—FEnyw=0 inRN(D, UT)
1
1
V- -Vw—-Fknw=0 in D
i
wt =t on I
10wt  Ov*
— = — onTI
L p Ov v

Let us define the Hilbert space
H:= {(w,v) € (H(R\D)U H'(D)) x (H'(R\D)U H'(D)) /w* =v* onT}.
The corresponding variational formulation is: find (w,v) in H such that

ar((w,v), (1)) =0
for all (¢, 1) in H where

ar((w,v), (9, 0)) = /

1 — —
(—Vw Vo + k‘Qnu@) dr — / (VU -Vih + k:2mb) dz.
RA\D RA\D

1
Let © be a neighborhood of T" such that N D; = 0.
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Let us define the cutoff function y with compact support in €2 such that y =1 on I'.

1. Case where ¢ < 1 and ny > 1. Let us define the isomorphism

T: HxH — H x H
(w,v) +— (w,—v+ 2xw).

ar(w,v), T(w,v)) = / (%‘VU}F + E*njw|® 4+ |Vu]* + kQ\v\2) dx

RA\T
— 2/ Vo -V(xw) — 2k2/ XVW
Q Q
1
> = |IVwllfamay + E*nallwllT2p,) + K nallwllisgap, ) + 11V0lL2@e

1

+ kQHUH%Q(Rd) - 04\|VU||2L2(R4) - EHVUJH%Q(W) - OTI||VUH2L2(Rd)

C k?

- EHUJH;(W\E) — k*BI[v]|T2may — EHwHiQ(Rd\E)

1 1
> (1 —a—Cn) ||V [Fagay + E*(1 = B)||v]|72ga) + <; - E) IVllZ2 gay

1 C
ol + (1 (1= 5) = ) ol

Let p < a <1, 1/ny < f <1 and n such that 1 —a — Cn > 0 fixed. Then if k is large

enough to have k2 (ng — %) — % > 0, we deduce that a;, is T-coercive. As a consequence,

w = 0 and v = 0 are the only solutions. From the equality [v]r = —f and [%]F = —«
we get that o = 8 = 0 and finally Z(ik) : H~Y2(I') x HY*(I') — HY?(I') x H™Y2(T) is
injective.

2. Case where > 1 and ny < 1. Let us define the isomorphism

T: HxH — Hx H
(w,v) = (—w+2xv,v).
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1
ap((w,v), T(w,v)) = /d (|Vv|2 + E|u* + ;|Vw|2 + k:2n|w|2) dx

R
1
- 2/ —Vw - V(xv) — 2]{:2/ nxwv
QM Q
1 2
> Vel + Rl + ][ V]|t Rl
K L2(RY)
1 1 2 C 1 2
- 19 =29 = Sl 0|7
Q " 2wy N H L2(RA\Dy)
k2 k?

- ;HUH%Q(R‘H - k277|‘”2w||i2(w\51) + n_QanwH%Q(Rd\ﬁl)

1 1 C
- (1 B E) 1V 0llZaae) + (k2 (1 B 5) B 5) 1011z gey + Komallwllzzp,)

1 1
(= 0= BO) |V gy + 42 (n— . n) 1m0l g 5,

Let 1 < o < pu, 1 <n < 1/ny and B such that p — a — C > 0 fixed. Then for k

large enough to have k? (1 — %) — % > 0, ay is T-coercive. Similarly we deduce that

Z(ik) : HV2(T') x HY*(T) — HY2(T') x H=Y/2(T') is injective.
O

Theorem 5.4.4. Assume that —1 and 1 —no are either positive or negative. Then, the
set of transmission eigenvalues is discrete.

Proof. This is a direct consequence of 5.4.2 and 5.4.3 using the analytic Fredholm theory.
O

5.4.2 The inhomogeneous case

The results derived in the previous section for the case of piecewise constant coefficients
can be easily generalized to the case where p and n are constant in a neighborhood O C D
of the boundary I'. In this case one can consider ¥ to be a regular surface lying in O
so that the region between ¥ and I' is connected (for instance, in the case of regular
boundary I", one can choose ¥ = I" — dv where 0 is a sufficiently small parameter). The
previous analysis then holds true if one replaces @y, (-, y) with the fundamental solution

G(y) € HL,(R)\ {y} of
1
A\ ;VG(-,y) + k*nG(-,y) = =0, in R,

in the distributional sense and satisfying the Sommerfeld radiation condition (we extend
p and n outside D by their constant values in O). Since, for all y € RY,
x = G(J?,y) - (I)k’2(xa y)

satisfies the Helmholtz equation (with constant coefficients) in O, then this function is a
C® function in O. By symmetry, the same holds for y — G(z,y) — ®,(z,y). Therefore
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the (previously introduced) potentials defined on ¥ with G replacing ®y, keep exactly the
same mapping properties. The invertibility of Z;5 (k) is ensured as long as the forward
scattering problem associated with p and n is well posed. The latter is for instance true
if one assumes n and p to be bounded functions with non negative imaginary parts and
positive definte real parts. Finally, the proof of injectivity of Z(ik) for positive k can be
reproduced with minor obvious modifications in the current setting.

We therefore could state the following theorem

Theorem 5.4.5. Assume thatn and u are bounded functions with non negative imaginary
parts and positive definte real parts and further assume that  — 1 and 1 — n are either
positive or negative constants in a neighborhood of I'. Then, the set of transmission
etgenvalues is discrete.

5.4.3 The case of u=1

Indeed our analysis for the case u # 1 extends to the case ;1 = 1 when one uses the
appropriate function spaces. For instance, following exactly the same procedure as in the
previous section and applying the analysis done for the case 4 = 1 and n = cte # 1 in the
neighborhood of ', then with

Z(k) = Zhy (k) + 277" (k) 2,5 (k) 277 (k)
we have:

Lemma 5.4.6. Assume that =1 and n is a bounded function with non negative imag-
wmary part and further assume that 1 — n is either a positive or negative constant in a
neighborhood of T'. Then, the operator Z(k) : H=3/2(T') x H=Y*(T") — H*?(") x HY2(T")
is Fredholm and analytic on k € C\R™.

The only missing point here is to prove injectivity when n — 1 changes sign. We refer
to [50] where injectivity is proved for purely imaginary wavenumbers with large enough
modulus.
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Chapter 6

A numerical method to compute
transmission eigenvalues based on
surface integral equations

This chapter is devoted to different methods to compute transmission eigenvalues.
The first approach is introduced in Section 6.1 and uses solutions to the ITP. We shall
implement the method introduced in Chapter 5 based on reformulating the ITP as a
surface integral equation. Computing transmission eigenvalues is equivalent to solving a

system of the form
Z(k)X =0

where Z(k) is an appropriate surface operator. Numerically, the idea is to compute the
eigenvalues of Z (k) and look for values of & for which the smallest eigenvalue is close to
zero. However, in the case where the magnetic permeability contrast is zero, due to the
compactness of the operator Z(k), its eigenvalues accumulate to zero. Consequently the
eigenvalue zero would be "lost" in the set of smallest eigenvalues, due to numerical errors.
In order to get around his difficulty, we use a preconditioner B(k) and solve a generalized
eigenvalue problem of the form

Z(k)X = AB(k)X.

Choosing B(k) to be injective implies that the eigenvalues A = 0 correponds with & being
a transmission eigenvalue. Considering operators B(k) with principal part that coincides
with the principal part of Z(k) would shift the accumulation point for A out of zero.

Finally, the last method is inspired from Theorem 2.5.1 which characterizes the trans-
mission eigenvalues from far field data. On the contrary to the LSM which takes a sample
of points z and compute the norm of the regularized solution to the far field equation
||g..x|| for only one k, here we fix one or several points z inside the obstacle and compute
l|g.k|| for a sample of wave numbers k. As suggested in Theorem 2.5.1, transmission
eigenvalues are located from the peaks of ||g, k|| against k.

In Appendix F, the scatterer is assumed to be a sphere. Since solutions to the
Helmholtz equation and Maxwell’s equations have analytical expansions using the spheri-
cal harmonics, one can characterize transmission eigenvalues as the zeros of determinants

147
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with analytical expressions. As a consequence, accurate values of transmission eigenvalues
can be computed, which give reference values to validate the other methods developed in
this chapter that treat more general geometries.

6.1 Computation of transmission eigenvalues in the scalar
case

6.1.1 Integral equations representation

We shall adopt here the notations of Chapter 5 and provide details only for the case p
and n constant. The case of piecewise constant coefficients can be deduced as in Chapter
5 section 5.4.1.

We recall that ko := k and k; := ky/np and assume that k is a positive real. The
corresponding interior transmission problem is

( 1
V- --Vw+knw=0 inD
L
Av+kv=0 in D 6.1)
w="v on I
10w Ov
- = .
L odv  Ov o

As seen in Theorem 5.3.5 in Chapter 5, there exists a non trivial solution to this interior
transmission problem if and only if there exists (o, 3) # (0,0) in H~Y3(I') x HY(I)
when 1 # 1 and in H=%/(T') x H~Y/2(T") when p = 1 such that

Z(k)(%):OandPg’O(g):O (6.2)

where Z(k) is given by

IU“Sk?l _Kk’l _
Z(k) == - ( St —H, )

1
K, —;Tk K, —T

0

and F* is the far field operator defined by

ae—ikiy

P () @ = [aer - s0) % ast

A simple idea to compute transmission eigenvalue is to compute the eigenvalues of
the operator Z(k) for each k and the values of k for which Z(k) has the eigenvalue zero
contain the transmission eigenvalues.
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Difficulties

Two difficulties arise here. The first one is that this method is not numerically efficient
in the scalar case for = 1 since we have seen in Chapter 5 that the operator Z(k) :
H=32() x HY2(T') — H=3/2(T') x H~'/%(T") is compact and its eigenvalues accumulate
to zero and we are not able to distinguish the eigenvalue zero if it exists (see figure 6.1).

0s {J
p

0.4

0.2

0

Figure 6.1: Eigenvalues of the operator Z(k).

To get around this difficulty, we use a preconditioner in order to shift the accumulation
away from 0. We consider the generalized eigenvalue problem of the form

Z(k)X = AB(k)X.

We shall discuss in the next section an appropriate choice for the preconditioner B(k).
The other difficulty is that only solving Z(k)X = 0 is not sufficient to get the trans-
mission eigenvalues, we need to make sure that the far field pattern generated by X
vanishes.
Let us first observe that (6.2) is equivalent to

Re(Z(k))<g):0andPg°(g):o.

R(Z(k)X =0

we observe that we obtain other peaks not located at transmission eigenvalues which
correspond to trivial solutions. However, it is shown in the Appendix C that

co* POO __ Cx j ]
kP P; _\S(—K;/gj T, )

J

Indeed, if we only solve

Consequently, one possible method to solve is to consider the system

. -
Cx 0 0
R(Z(k)NX +1S ( KT > X =0.
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Thus, we get the transmission eigenvalues by solving R(Z(k))X = 0 but the second part
also ensures that the far field pattern generated by X vanishes for ky. So the peaks found
are only corresponding to transmission eigenvalues.

However, we observed numerically that solving with the whole matrix Z(k) was suffi-
cient but we therefore have no justification. Solving with the whole matrix Z(k) implies
that the far fields generated by X for kg and k; are equal but this does not necessarily
implies that the solutions are not trivial in D.

For the electromagnetic case, we can observe numerically that the eigenvalues of Z (k)
also accumulate to zero but we have not proven yet that the operator Z(k) is compact.
This is one work that needs to be completed after the thesis. However, we use the same
numerical procedure than for the scalar case that is to say that we compute the generalized
eigenvalues of the problem of the form

Z(k)X = AB(k)X.

6.1.2 Choice of the preconditioner in the case =1

In order to shift the accumulation of the eigenvalues of Z(k), the idea is to change the
problem into a generalized eigenvalue problem of the form

Z(k)X = AB(k)X

where the preconditioner B(k) is invertible so that the eigenvalue A = 0 still corresponds
to a transmission eigenvalues k and such that the eigenvalues now accumulate away from
zero. To this end, we need for example a preconditioner with the same leading singular-
ity so that B(k)~'Z(k) is Fredholm. In this way, we consider the interior transmission
problem defined for pure imaginary wave numbers given by w,v € L*(D), w—v € H*(D),

Aw—FKknw=0 in D
Av—FKk*v=0 in D

w—v=4g on I (63)
ow Ov
%—a—h onI

where g € H='/?(T") and h € H~%?("). The operator corresponding to the problem is
B(k) := Z(ik). We have seen in Lemma 5.3.10 that this operator Z(ik) is injective from
H=3/2(T) x H=Y2(T') into H*?(I') x H'?(T") due to the fact that it is coercive.

The next step is to prove that Z(ik)~'Z(k) is Fredholm.

Theorem 6.1.1. Let k > 0. Then B(k)"'Z(k) : H™3/?(T') x H™Y2(T') — H3/*(T') x
H=Y2(I) is Fredholm of index 0.

Proof. We recall that B(k) : H=3/2(T') x H=Y/%(T") — H3?(T") x H'/?(T") is a bijection and
that Z(k) : H=3/2(I') x H~'/2(T') — H3/*(T") x H'/?(T") is continuous. We can rewrite the
operator B(k)~'Z(k) in the form

B(k) 'Z(k) = —I + B(k) ' (Z(k) + B(k))
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where I denotes the identity operator on H—3/2(T') x H~'/?(T"). According to Lemma
5.3.9, B(k) + Z(k) : H3/>(T') x H-Y*(I') — H??(') x H/*(T") is compact. (If k is real,
v(ko, k1) = 1 in Lemma 5.3.9.) This implies the desired result. O

Theorem 6.1.2. The only possible accumulation point of the eigenvalues A\ € C such that
there exists X € H=3/2(T') x H~Y*(T"), X #0 and

Z(k)X = AB(k)X
is -1,
Proof. The identity Z(k)X = AB(k)X implies
A+ 1)X = B(k)"YZ(k) + B(k))X

which means that if X # 0, (A+1) is an eigenvalue of the compact operator B(k)~'(Z(k)+
B(k)): H3/2(T) x HV2(I') — H~%2(T") x H-Y*(T). O

The following figure represents the numerical eigenvalues of the problem
Z(k)X = AB(k)X.

It shows the accumulation at 1 of the absolute values of the eigenvalues .

0
0

Figure 6.2: Generalized eigenvalues of Z (k)X = AZ(ik)X for which the absolute values
accumulate to 1

6.1.3 Description of the code

This problem is solved using the CESC code which consists in giving a variational for-
mulation of the integral equations and using a P, finite elements method. In a variational
sense, the problem consists in finding («, §) and A such that for all (o, '), we have

/FZ(k;) ( p ) - ( g )ds(:r:) - A/FZ(ik) ( p ) . ( g ) ds(z).  (6.4)
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Numerically, we shall use the more convenient expression for the normal derivative of
the double layer potential given by

[ @@ @iste) = [ [ @uwoy)dsa)ast (6.5)

where

b1) = (B ) - (3 (a)ola) = 5 7o ) o)

First, the boundary I is approximated by I'* with segments. The currents are then
approximated by continuous functions for which the restriction to every segments is a
linear function of the curvilinear abscissa. This approximed space of functions is denoted
by Vj, which is a finite dimensional space of dimension equals to the number of nodes.
Indeed, the functions ¢, whose support are two consecutive segments, linear on each of
them and which equal to 1 on the common node and 0 on the other two nodes form a
basis of V}, for n € N' (N denotes the set of the nodes of the meshing).

Nodes n—1 n n+1 n+ 2
Figure 6.3: Basis functions

The currents can be decomposed in the form

(3)e0-Em(567) 54 ()

neN neN

Since the variational formulation is verified for all (o, 8") € V}, x V}, as soon as it is
verified for all the basis functions (¢,,,0) and (0, ¢,,,), m € N, of V}, x V},, we finally obtain
a 2N linear system where N is the number of nodes of the meshing which can be written

AY = DAY
where the unknown Y is given by
Yo=an, Yon=pB0, n=1.,N.

The matrices of the linear system are given by

(A / D12, 9) b (1) ()3 (2)ds (),
Awiwm = / / 8‘1”“” (2)m()ds(x)ds(y),
Awmsn = / Fa‘l”f“’ (2)6m () ds(z)ds(y),

(Ak)nJrN,erN - / (I)k(l',y n,m x,y)ds(a:)ds(y),
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where

b (,) = 00O 0) — 75 ()27 1)

The matrices Ap and A;, are assembled as above and finally, the eigenvalues A,
n=1,..,N,such that 0 < |[\g| < |\| < ..., are computed using a function from the lapack
library which computes the generalized eigenvalues of a system of the form AX = ABX.
We then plot the inverse of |\g| against k£ and the transmission eigenvalues are located at
the level of the peaks of this curve.

6.1.4 Computing transmission eigenvalues from far field data

We present the method for the acoustic case in R?, d = 2, 3.

Assume that D is a bounded domain of R? with constant index of refraction n and
assume that n = 1 in the exterior domain R¥\D. We consider the scattering of a plane
wave incident field u’(z, d) = e**?, for x € R? and direction of propagation d € Q, where
Q2 is the unit sphere. The forward problem has the form

{Au +knu=0 in R

u=u"~+u’ in R4

where the scattered field u® satisfies the Sommerfeld radiating condition

hme(&L—mw>=0

r—o0 or

Generation of the far fields

The far field pattern is given by

where
RIS,
ifn=
Y =94 V8rk
= if n = 3.

The total field u can be represented by integral equations in D. Let ' := u|r denote

the trace of the total field on the boundary I' of D and o/ := —u|p the normal derivative

of w on I'. First, we solve the direct scattering problem by ﬁnging the boundary values
of the total field v using an integral equation method.

Inside D, u solves the Helmholtz equation with wave number k; and consequently has
the following representation

u(x) = SLg,o’ — DLy, 8 in D
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and with the jump properties of the single and double layer potentials, we get on the
boundary

1
Sklo/ — Kklﬁ/ — 56/ =0 (66)
1
Ko — 50/ — Ty, B =0. (6.7)

Besides, u' is a solution to Helmholtz equation in D and consequently on the boundary
we have

u'lp = Sko—y\r — Ky u'|p + §UZ’F, (6.8)
ou’ , ou’ 1 0u’ :

— - il T ut 6.9
8V|F koay|r+2(9y|r+ koU'|r (6.9)

and u® is a radiating solution to Helmholtz equation and satisfies on the boundary

ou’ 1
Sko_V|F — Kyw’lr + §U8|F =0, (6.10)
ou’ 1 0u? s
I;OE|F+§W|F_TI¢0U Ir=0. (6.11)

Adding (6.8) with (6.10) and (6.9) with (6.11) and using the fact that o = u’| +u®|r and
p=2%0 4+ 2 t
A

) 1
ul|F - S]C()O/ - Kko/gl + Eﬁla
ou'
ov

1
|1" = K;COO/ -+ 50/ - Tkoﬁ/'

Combining the two previous equations with (6.6) and (6.7), we obtain

'l = (Sky + Sky)a — (K, + Ki,) B,
ou’
v
Remark 6.1.1. Here, we only formulate the problem for a constant index of refraction n.
If the domain D contains an inclusion Dy with a different index of refraction that can be
equal to one, the two previous equations are combined with the values of u on the boundary

of Doy and two more equations that render the continuity of the total field u across the
boundary of Dy.

v = (K, + K)o = (T, + Ti) 5"

We solve the forward problem for N incident waves with direction dy, £ = 1,...N. The
corresponding values o and g, are found using a finite element method. To this end,
we discretize the density aj and [, with a P;-continuous finite element method and the
surface I' is approximated by a triangle meshing.

Remark 6.1.2. We can also use a Py method for a.



6.1. COMPUTATION OF TRANSMISSION EIGENVALUES IN THE SCALAR CASE 155

We deduce the data u>(d;, d¢) generated by a plane wave of direction d, and evaluated
on d; which is given by

Oe—ikd;y

W (dyde) = [ e = i) = ds(y

where ay and [, are the boundary data of v* found from the computed boundary data o,
and 3, of u.

Remark 6.1.3. On the contrary to the classical use of the linear sampling method where
the far field equation is solved for only one k but for a sample of source points z, to
compute transmission eigenvalues the source point z is fized, we need to solve the far field
equation for a sample of wave numbers k. Consequently, the direct problem must be solved
for each wave number k.

Discretized far field equation

Given Fy; = u>(d;, dy) the approximated far field pattern for N incident plane waves
with directions d, and measured on the same directions d;, we now want to solve the far
field equation

Fg.(d;) := / u(d;,d)g(d)ds(d) = ye *4=  j=1,.. N,
Q

with o
 ifp—2
ifn=

Y= Vv8rk
ﬁ ifn=3

and where the right hand side is the far field generated by a source point located at z. The
unit sphere is discretized using a triangle meshing. The unknown ¢, can be decomposed
with respect to the basis ¢; defined on the mesh. Then

N
g:(d) = g;(2)¢;(d)
j=1
and consequently the far field operator becomes
N
Fou(d) = 32 Fiiasl2) | os(ayista)
j=1

Consequently, the far field equation can be transformed at the discrete level into the
following system of N equations in N unknowns (g;)

N
ijFZ‘;gj = ye Rz g =1 . N
j=1
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where the weights w; depend on the quadrature formulae used in evaluating the integrals
over the mesh triangles. For a fixed z and each sampling wave numbers k, we solve a
discretized N x N linear system of the form

Fg(z) = b°(2) := y(e vz emikdn=)T

where F':= (F%) is a N x N matrix independent of z and g(z) := (g1(2), ..., gn(2))" is
the unknown vector.

Computation of the norm of the solution g,

The problem is that the system is ill-posed and we need to use a regularization scheme.
Precisely, we use a Tikhonov regularization coupled with the Morozov discrepancy prin-
ciple in order to find the regularization parameter. It consists in solving

(n+ F"F)g(z) = F'b™(2)

where 7 is the regularization parameter. As explained in [21| and [33|, we consider a
singular value decomposition of the matrix F' given by

F=U5V*

where U and V' are unitary and ¥ is real diagonal with S;; := s;, 7 = 1,...,N. This
decomposition is possibly truncated to ignore all singular values and vectors of index
larger that p < N. The solution is then given by

Sj

V9@ = OB )0 5=

6.1.5 Numerical examples

The computations of this section have been done in R?. We assume that the contrast of
the domain D is given by two functions p and n. The corresponding interior transmission
problem is

( 1

V--Vw+knv=0 inD
1

Av+kv=0 in D

w =" on [

1

1w v onT.

(p v Ov

In the use of the LSM, we compute the norm of the regularized solution g, for several
points z;, @ € I, inside D. The red line corresponds to the sum of the norms: >, ||g,

Validation of the methods with the disk

In appendix F, we described the method to compute transmission eigenvalues for
spherical geometry. They can be computed from an analytical expression of the solutions
to the ITP.
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(a) Homogeneous disk of radius 1 with con- (b) Disk of radius 1 with contrasts 4 = 1 and
trasts u =4 and n = 1. n = 4 containing a cavity of radius 0.5.

Figure 6.4: Geometries and location of the source points z.
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- Exact eigenvalues |
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701
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Figure 6.5: Homogeneous disk of radius 1 Figure 6.6: Disk of radius 1 with contrasts
with contrasts ¢ = 4 and n = 1 (Figure p© = 1 and n = 4 containing a cavity of
6.4(a)). radius 0.5 (Figure 6.4(b)).

One can observe in Figure 6.5 that the third and the fourth transmission eigenvalues
are merged together in only one peak for both methods using the far field data and integral
equations due to the proximity of these two transmission eigenvalues.

On Figure 6.6, the method using integral equations failed to find the fifth transmission
eigenvalues. However, both methods using LSM and integral equations give accurate
values of the transmission eigenvalues and especially the first one.
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Elliptic geometry

Now, we look at an another geometry given by the ellipse on Figure 6.7 of equation

{x(t) = cost

y(t) = 0.5sint.

Figures 6.8 and 6.9 correspond to the computation of transmission eigenvalues for this
geometry with =4, n =1 and pu = 1, n = 4 respectively.

0.6

-1 -08 -06 -04 -02 0 0.2 0.4 0.6 0.8 1

Figure 6.7: Location of the source points z inside the ellipse.

——LSM
Integral equations

30

L L
3 35 4 45 5 55 3 35
Wave number k

Figure 6.8: Ellipse with contrasts = 4 and Figure 6.9: Ellipse with contrasts y = 1 and

Now, we add a cavity of radius 0.2 inside the ellipse, one centered on the origin and
one centered on (0.4,0.1).
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0.61 1 061

1 08 -06 04 -02 0 02 04 06 08 1 -1 -08 -06 -04 -02 0 02 04 06 08 1
(a) Cavity centered on (0,0) (b) Cavity centered on (0.4,0.1)

Figure 6.10: Geometries and location of the source points z inside the ellipse.
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Figure 6.11: Ellipse with contrasts ¢ = 1 Figure 6.12: Ellipse with contrasts pu = 1
and n = 4 containing a cavity of radius 0.2 and n = 4 with a shifted cavity of radius
(Figure 6.10(a)). 0.2 (Figure 6.10(b)).

One can remark that the first transmission eigenvalue has been shifted to the right
as predicated in Theorem 3.2.9. Moreover, one can also remark that two similar cavi-
ties located at different places inside the domain D do not give the same spectrum of
transmission eigenvalues. This shows that it also depends on the location of the cavity.

Parametric geometry

Now, let us look at a domain delimited by a parametric curve of equation

x(t) = 1.2 cost + 0.3 cos(2t)
y(t) = 0.6sint
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and represented in Figure 6.14.

The first figure 6.13 corresponds to a domain with contrasts y =4 and n = 1.

25

20

| ! L !
.5 3 35 4 45
Wave number k

Figure 6.13: With contrasts y = 4 and n = 1, geometry indicated in Figure 6.14(a).

Figures 6.15 and 6.16 correspond to the computation of the transmission eigenvalues
for y = 1 and n = 4. One can remark that the first transmission eigenvalue has been
shifted to the right when the domain contains a cavity (Figure 6.16).

0.8 1 o8l

I 1 . 1 I I I I
-0.5 0 0.5 1 1.5 -0.5 0 0.5 1 1.5

(a) Homogeneous medium (b) With a cavity

Figure 6.14: Geometries and location of the source points z.
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Figure 6.15: With contrasts u =1 and n = Figure 6.16: With contrasts © = 1 and
4, geometry indicated in Figure 6.14(a). n = 4 and cavity of radius 0.2, geometry
indicated in Figure 6.14(b).

Square geometry

We finally compute the transmission eigenvalues for a square of length 1. One can
remark in Table 6.1 that the accuracy between the methods is getting worse when the
geometry becomes less regular.
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Figure 6.17: Geometry and location of the source points z
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Figure 6.18: Square with contrasts p = 4 Figure 6.19: Square with contrasts pu = 1
and n =1 and n =4

One can remark the good match for the first transmission eigenvalues between the
two methods, however the higher is the wavenumber, the worst is the accuracy of both
methods.

The next table gives the values of the first transmission eigenvalues for each configu-
ration and for both method: ko(LSM) for the method using the linear sampling method
and ko(INTEQ) for the method using surface integral equations. We can compare the
relative error for every geometry. The error is computed with the formula

[ko(LSM) — ko(INTEQ)|

Bror = (oo (LS, ko (INTEQ)} (6.12)
Configuration Ellipse {x(t) =12 C_OSt +0-3 cos(2t) Square
y(t) =0.6sint

pw=4 w=1 w=4 pw=1 =4 pw=1

n=1 n=4 n=1 n=4 n=1 n =4
ko(LSM) 4.174 4.325 3.466 3.602 5.296 5.443
ko(INTEQ) 4.187 4.333 3.514 3.642 5.293 5.495
Error 0.311% | 0.184% | 1.384% 1.110% 0.056% | 0.955%

Table 6.1: Error between the two methods

6.2 Electromagnetic vector case

6.2.1 Properties of H(curl, D)

Let us first recall some properties of the space H(curl, D) in which solutions to
Maxwell’s equations are defined. More specifically, we give the trace properties of func-
tions in H (curl, D). It can be found in [45, 32, 20|.
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First, we define, for a smooth vector function v € (C=(D))3, the two traces

Y(v) = v XvV|sp,
yr(v) = (v X vVl|gp) X v,

where v is the unit outward normal to D.
Let us now define the Hilbert space

H(E/Q(aD) ={ue H'2@D)*/u-v=0a.. on 9D and Vop-u € H *(9D)},
and its dual space given by

H_\*(0D) == {u e HY*OD)*/u-v =0 ae. on D and Vyp (v x u) € H*(9D)} .

curl

Now, we can state the main theorem on the trace properties of functions in H (curl, D).

Theorem 6.2.1. The tangential trace mapping v, : H(curl, D) — H(;i/z(ﬁD) and the
tangential components trace mapping ~yr : H(curl, D) — H71/2(8D) are continuous linear

curl
mappings.
6.2.2 Integral operators for Maxwell’s equations

Let E, H in H(curl, D) be a solution to Maxwell’s equations in D
curlE —ikH =0, curlH+iknE =0 in D.
In the following, we denote
{J — —vxHe H,*(0D)
M =v x E € H;*(8D)

the magnetic and electric currents. We define the Green tensor associated with Maxwell’s
equations by

1 .

where [ is the 3 x 3 identity matrix. Note that
curl, curl, Gy (z,y) — k*Gy(z,y) = 5,1

where 6, is the delta function at the point y.

Let us now introduce the integral operators for Maxwell’s equations 7y and IC;, defined
by

T3 () = /8 Gulr. ) ()ds(w)

— % . V. div, 5z, y)I (y)ds(y) + /a . Dy (z,y)J(y)ds(y)
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and
K () = —curl, / Gulr. ) (0)ds(v)

—— [ Va(e.g) < )is(y)
oD
where Vyp- denotes the surface divergence on 9D. They are continuous from H, C;\l,/ 2(8D)
into H(curl, D).

Theorem 6.2.2. The Stratton-Chu formula for solutions to Mazwell’s equations in D
can be written in terms of the integral operators Ty and Ky

E(z) = KM(z) + ikTpJ (x)

and

H(z) = iknTM(z) — K J ()
where J = —v x H and M = v X E are the magnetic and electric currents.

Proof. Using Theorem B.1.1, we have

E(z) = —curl, M (y)Pr(x,y)ds(y) + %curlx curl, / J(y)Px(z,y)ds(y)
oD oD

and

E(z) = cutl, /

- J(y) P (z,y)ds(y) + %ncurlm curl, / M (y)®r(x,y)ds(y).

oD

Using the fact that curl curl = —A + Vdiv and that A®y(z,y) = —k*®(x,y), we deduce
that

curl curl /8D J ()P (x,y)ds(y) = - V.div, @4 (z, y)I (y)ds(y)

e / Dy (2, 9)3 (y)ds(y)
aD
= kT (z)
and the theorem follows. O

Theorem 6.2.3. The tangential components trace of TpJ is continuous across the bound-
ary 0D and it is given for all x on 0D by

vr(Ted)*(2) = Ty (2)

where

30 = 5 [ VaiveulenImas + ([ ae i)

T
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Howewver, the jump of the tangential trace of KyM is given for all x on 0D by
1
yr(KpM)*(z) = tovx M+ K. M(x)

where
KiM(z) = —curlx/ V, @iz, y) x J(y)ds(y).
oD

From Theorem 6.2.1, the operators T, and Kj, are continuous from H, (;i/ *(8D) into
H_{*(0D).

curl

6.2.3 Surface integral equations representation for solutions to
the ITP

Integral equations representation can be extended to the case of time-harmonic Maxwell’s
equations. Consider a scatterer D with index of refraction N that we assume to be of
the form N(z) = n(z)I. The corresponding interior transmission problem is the interior
transmission problem corresponding to the scattering

curlE—ikH =0, curlH+iknE =0 in D
curlEg —ikHy =0, curlHy+ikEy =0 in D (ITP6.2)
vxE=vxE), vxH=vxH, on I

As recalled in Appendix A; solutions to (ITP6.2) have an integral equations representation

E(z) = kT, J(x) + Ke, M(2),

H(z) = iknTy, M(x) — Kg, J(2),

Eo(z) = kT, J () + KpyM(2),

Hy(z) = ikTe,M(z) — Ky J ().
On the boundary, the tangential traces are given by

ET =—-vxM
1
=ikTy, J — o4 x M+ K, M,

HT =vxJ
1
= iknT, M + Tl x J =Ky, J,

EOT =—-vxM
1
= KTy, = Sv x M+ K, M,
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HOT =vxJ
1
= ll{?TkOM+ §V X J— Kko']

Consequently, if E, Eg, H, Hy are solutions to the interior transmission problem (ITP6.2)

then
Z(k) ( o > 0

where the operator Z(k) is defined by

Z(k‘) o ( ik(Tkl - Tko) Kkl - Kko )
' (Kkl - Kko) _ik(nTkl - Tko) .

This operator Z(k) is defined from H(ii/z(aD) X H(;i/z(aD) into H_1/2(3D) X H_1/2(8D).

curl curl

Similarly to the scalar case, the operator Z (k) : Hc;iﬂ(aD) X Hcii/Z (0D) — Hil/Q(aD) X

curl

H C_uil/ 2(8D) is compact. A proof of the compactness of the difference of two volume in-
tegral operators for Maxwell’s equations in H(curl, D) can be found in [37] and can be
adapted to prove the compactness of Z(k). This is one result that still needs to be proven.

Consequently, we again have to use a preconditioner B(k) that we take to be equal to
Z(ik).

6.2.4 Computation using far field data

The procedure described in Section 6.1.4 can be easily adapted for electromagnetic
waves. The only important change is that the norm of the regularized solution g, must be
computed for three independent polarization ¢; = (1,0,0), g2 = (0,1,0) and g3 = (0,0, 1).
We then plot

G(2) = gzl + 11920l + 119245 1]
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6.2.5 Numerical examples

We first compute the transmission eigenvalues for a spherical geometry and we com-
pare the values with the values computed from analytical solutions to the ITP (see Ap-
pendix F). It is represented in figure 6.2.5. We then add a cavity inside the sphere with
the form of a box. One can remark that the first transmission eigenvalue as been shifted
to the right.

LSM

1.8 Integral equations i

- - Exact transmission eigenvalues
T T T

0.8
0.6

/—JI

0.4F !

0.2 I

]

1 1

h
3 3.1 3.2 3.3 3.4 3.5 3.6 3.7 3.8 3.9
Wave number k

| |
| |
| |
I I
I I
I I
I I
I I
I I
I |
I |
I |
I I
I I
I I

Figure 6.20: Sphere of radius 1 and index of refraction N = 4.

2.5

LSM
Integral equations

0.5

Il
3.2 3.25 3.3 3.35 3.4
Wave number k

Figure 6.21: Sphere of radius 1 and index of refraction N = 4 containing a cavity of the
form of a box. We can remark that the first transmission eigenvalues is shifted comparing
to the previous example.
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LSM
1.81 Integral equations||
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0.4
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Wave number k

Figure 6.22: Box of length 1 and index of refraction N = 4.
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1.8f Integral equations|
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3.3 332 334 336 338 34 342 344 346 3.48 35
Wave number k

Figure 6.23: Example of the drop for which the reconstruction using the LSM is in Chapter
1. Here we compute the first transmission eigenvalue for the penetrable object of index
N = 4.

The accuracy between both methods is still good. Even if it seems not satisfactory
for the case of the box, the difference between the two values of the first transmission
eigenvalues is 0.032 i.e. using the definition of the error in 6.12, the error is only of 1.18%.
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Maxwell’s equations in 2 dimensions

Maxwell’s equations are closely linked to Helmholtz equation that describes the propa-
gation of acoustic waves. In general, the acoustic case is often studied first as it is simpler
and to see the difficulties that can occur in the study of electromagnetic scattering prob-
lems.

In the case of the scattering by an infinitely long cylinder with axis for instance in the
z-direction, we can show that electromagnetic waves satisfy the Helmholtz equation.

A.1 Penetrable obstacles

Assume that the polarization is transverse magnetic that is to say that the magnetic
field H is perpendicular to the cylinder and as a consequence the electric field is parallel
to the z-axis. The electric fields have only one non trivial component : E = (0,0, u),
E' = (0,0,u%), E* = (0,0,u*). Since E and H are solutions to Maxwell’s equations

curlE —ikH =0, curlH+ikE =0
for an impenetrable object, u and H := (Hy, H, H3) satisfy the following system

( Ou
— —1kH, =0
33: 1 1 )
_ 2 kH, =0,
of o
2 1.
— 2 —— +iku=0
\81’1 8$2+1u

Expressing H, and Hs in terms of u, we finally get that u satisfies the Helmholtz equation

Au + E*u = 0.
The direct acoustic scattering problem for impenetrable objects then becomes
(Au+ k2u =0 in D,
u=u’+u,
u =0 on 0D,
a S
lim \/F( “ —ik:us) —0.
[ r—00 or

169
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A.2 Impenetrable objects

In this section, we assume that the dielectric cylinder is orthotropic, i.e. the matrices
N and p are of the form
nip nig 0

N = No1 MN9o2 0
0 0 N33
and
pin piz 0
=\ po1 po2 O
0 0 p33

Consider first a polarization transverse magnetic, the total fields E = (0,0,u) and H

satisfy
curlE —iku(x)H =0, curlH +ikN(z)E = 0.

Therefore, u and H = (Hy, Hy, H3) are solutions to

( Ou .
F ikpi Hy — ikpyaHy = 0,
it
U
N + ko Hy + kg Hy = 0,
1
o0H, O0H,
— — —— + ik =0.
\ aCL’l ax2 +1 ngg(l’)u

In this case, the total field u satisfies
V- AVu + k2n33u =0

where

A= 1 ( M1 H21 >
Hi1ftee — Migfor \ Mi12 22
For a transverse electric wave, the magnetic field is parallel to the z-axis so there exists
w such that H = (0,0, w) and satisfies together with E = (E, Es, E3)

(0E, O0F, .
22 g =0
gl’l @xg ' 'u33($)w ’
a—w + ik;nn(x)El - iknlg(ZL‘)Eg = 07
)
w . .
ka—xl — 1k’n21(x)E1 - 1kn22(x)E2 = 0.

We get the same type of equation satisfied by w as in the transverse magnetic polarization

V- -BVw+ k2u33(x)w =0

1 n n
11 M21
B = )
N11N2g — N12M21 N2 MNa2

where
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In both cases, the direct scattreing problem can be written of the form

(V- AVu+ k*n(z)u=0 in D,
u=u®+u',
u=0 on 0D,
lim r (aus - ikus) =0,

0

\ 700 r
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Appendix B

Integral equations representation

It is well know [26, 46] that solutions to Helmholtz equations have an integral equations
representation using simple-layer and double-layer potentials. We recall here the Green’s
representation theorem and basic properties of the single and double layer potentials and
also give an equivalent representation theorem for solutions to Maxwell’s equations known
as the Stratton-Chu formula (see for instance |26, 45]). We will see that we can also define
integral operators for Maxwell’s equations.

We refer to |26] for representation theorems for solutions to Helmholtz equation in
Holder spaces and to [46] for solutions in Sobolev spaces. Representation theorems for
solutions to Maxwell’s equations can be found in [45].

B.1 Representation theorems

B.1.1 Solutions to Helmholtz equation

We recall that
eik|;v—z|

—_— ifn=3
Op(z,2) = dr|r — 2|

i .
ZHO(I)(k|:U—y|) ifn=2
is the fundamental solution to the Helmholtz equation in R™.

Theorem B.1.1. Let D be a bounded domain of class C? and let v denote the unit normal
vector to the boundary OD directed into the exterior of D. Let w € H'(D) be a solution
to Helmholtz equation

Au+k*u=0 inD.

Then,

we) = [ (Grmmten a5 Y ast). we D

We have an equivalent theorem for radiating solutions to Helmholtz equations.

Theorem B.1.2. Assume the bounded set D is the open complement of an unbounded
domain of class C* and let v denote the unit normal vector to the boundary 0D directed

173
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into the exterior of D. Let u € H} (R™\D) be a radiating solution to Helmholtz equation
Au+Kku=0 inR"\D.
Then,

B 0bk(z,y) Ou =
we) = [ (w0 T8 - S oo dsir), € RND

Let us define the single and double layer potentials SL; and DL, by

SLip(z) == /8 i Dy (7, ) (y)ds(y)

and

DLip(z) := /aD aq;;(—(g;)y)@(y)ds(y)

for all x € R"\0D. With these notations, from Theorem B.1.1, solutions to Helmholtz
equation
Au+Kku=0 inD
can be written
ou

u(z) = SLka(x) — DLgu(z).

B.1.2 Solutions to Maxwell’s equations

Any solution to the time-harmonic Maxwell’s equations can be represented as the
electromagnetic field generated by a combination of surface distributions of electric and
magnetic dipoles. We only give here the main theorems and more details can be found in
[45].

This first theorem concerns solutions to Maxwell’s equations inside a bounded domain
D with index of refraction n. We recall that

elk\x—z\

Op(z,2) = s

is the fundamental solution to the Helmholtz equation in R3.

Theorem B.1.3. Let D be a bounded Lipschitz domain with unit outward normal v. Let
E, H € H(curl, D) be a solution to Mazwell’s equations

curlE—ikH =0, curlH+iknE=0 n D.

Then,

curl /8D v(y) x E(y)®r(x, y)ds(y)

—E(z), z€D

i 0, r € R®\D,

_ %curl curl /a ) x H) i) ds(y) = {
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and

curl /ap v(y) x H(y)®k(z, y)ds(y)

—H(z), €D

i 0, r € R3\D.

+ %Curl curl /ap v(y) X E(y)Pr(z,y)ds(y) = {

We have a similar representation for radiating solutions to Maxwell’s equations.

Theorem B.1.4. Let v denote the exterior normal to D where D is a bounded Lipschitz
domain in R whose complement is connected. Let E, H € Hy,.(curl, D) be a solution to
Mazwell’s equations

curlE —ikH =0, curlH+ikE=0 inR*\D
satisfying the Silver-Miiller radiation condition

lim (H* x z —rE®) = 0.

r—-+00

Then,

curl /8D v(y) x E(y)®r(x, y)ds(y)

1

_ %Cuﬂ curl /SD y(y) X H(y)q)k(x7 y)ds(y) _ {0, reD

i E(r), z€R3\D,

and

curl /8D v(y) x H(y)®r(x, y)ds(y)

0, reD

i H(z), ze€R*\D.

+ %curl curl /ar) v(y) x E(y)®r(z,y)ds(y) = {

B.2 Integral equations and electric dipole

Let us recall the definition of an electric dipole
E.(z,z,q) = %curlx curl, Pk (z, 2).

The following lemma shows two formulas that we used in the proofs of the Theorems
1.2.7 and 2.5.1 valid for all regular function F. This theorem makes the link between
the integral operators 7, and K defined previously and integral equations involving the
electric dipole on the boundary.
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Lemma B.2.1. For all z € D, ¢ € R? and for all reqular function F, we have

/aD curl F(z)-v(x) xE.(z, 2, q)ds(x) = ikq-% - V. div, Ok (z, 2)curl F(z) x v(z)ds(x)

+ /BD O (z, z)eurl F(z) x v(x)ds(z).

/ vx F-curl, E.(+, z,q) = ikq - curl, Gy(z, z)v(x) x F(z)ds(x).
oD oD

Proof. Let z be in D and ¢ in R3. First, from the equality curlcurl = —A + Vdiv, we
remark that
curl, curl, ¢®(x, z) = —A(qPx(z, 2)) + Vdiv ¢Py(x, 2)

B.1
= k*q®(z, 2) + Vdiv, ¢®(z, 2) (1)

and
curl,, curl, curl, (¢®i(z, 2)) = kK curl, (¢®x(z, 2)). (B.2)

From the definition of E, and (B.1), we have
/ curlF - v x E (-, 2,q) =
oD

=ik /8D curl F(z) - v(z) X q®y(x, z)ds(x)k

/ curl F(z) - v x curl, curl, ¢®x(z, 2)ds(x)
oD

| =

+ %/ap curl F(z) - v(x) x Vdiv ¢@(x, 2)ds(z)
= ikq - (/8D Oy (x, z)curl F(x) x v(x)ds(z)
+ % . curl F(z) x v(z)Vdiv (I)k(%z)ds(x))

which yields the first equality.
Now, we have that

/8D v(z) X F(z) - curl, Eo(x, z, q)ds(x)
= %/@D curl, curl, curl, (¢Px(z, 2)) - v(z) X F(x)ds(x)
Using (B.2) and
v(z) x F(z) - curl, (¢Pr(x, 2)) = q - curl, (v(x) X F(z)Pk(z, 2)),

we obtain the second equality

/8D v(z) x F(z) - curl, Eo(x, 2, q)ds(z) = ik /8D q-curl, (v(z) x F(z)Py(x, 2))ds(x)

= ikq - curl, /az) v(z) x F(z)P(x, 2)ds(x).

The results follow from the definitions of the operators 7, and KCy. O



Appendix C

Approximation of solutions to the
interior transmission problem for region
containing a cavity

The origin of the results of this appendix comes from the will to show that the first
transmission eigenvalue for a domain of index of refraction n containing a cavity (n = 1
inside the cavity) can be approximated by the first transmission eigenvalue of an inhomo-
geneous domain of index n. which tends to n as ¢ — 0.

To this end, we first started to study the solutions of the interior transmission problem
for the domain with cavity and show that it can be approximated by a solution to the
interior transmission problem for an approximated domain. However, we only could show
a weak convergence result that we have not been able to use to fulfill our original goal.

In the following, we therefore present this weak convergence for both acoustic and
electromagnetic cases.

C.1 In acoustics

Let us consider the interior transmission problem studied in Chapter 3 for a domain
D containing a cavity Dj.

Figure C.1: Geometry and notation
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Aw+Enw=0 1in D
Av+kv=0 in D

w—v=f on I’ (C.1)
G_w_@_ on I’
o ov 7 "

with n an L>(D) complex valued function such that n = 1 in Dy and Re(n) > ¢ > 0,
Im(n) > 0 almost everywhere in D\Dy and f € H*?(T') and g € H/?(T).

We recall that this problem is equivalent to finding u € Vo(D, Dy, k) such that for all
U € Vo(D, Do, k) :

1 — — —
/ " 1(Au + B*u) (AY + k20 dx + k* /(Au + k*u)Wdx
n—

r

—— [ o AT+ T [ (20 + K0T (©C2)
rn— .

00
where § € H?(D) such that O = f, 5, — 9 on I'and # = 0 in Dy with Dy C Dy C D.
v
We recall that

Vo(D, Do, k) := {u € Hy(D)/Au — k*u=01in Dy} .
Let us now introduce the following approximated problem :

Aw. + kE*n.w. =0 in D
Av. + k2. =0 in D

we —v. = f on I’ (C.3)
ow, 0v. r
— — o)
ov ov g t
where _
ne(ey= 4" DD
1414 in Dy.

This problem is equivalent to finding u. € HZ(D) such that for all U € HZ(D)

1 — — —
/ (Aug + E*u.)(AY + k*W)dz + k* / (Au, + k*u.)Vdx
pne—1 D

1 — = _
— —/ — (AD + E*0) (AU + k*U)dx — k* / (AO + k*0)Vdx
D e ™

D

i.e.

1 — — —
/ (Aug + E*u.) (AT + k*)dx + k? / (Au, + k*u.)Wdx
D Ne — 1 D

_ / L (A0 + K0)(AT + K T)dr — ¥ / (AG + k20)Tdz  (C.4)
r

n— T
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For u, v € H3(D), set

1
A(u,v) = /D — (Au + k*u)(AD + k*0)dr + k’4/ uvdx

D

and

B(u,v)—/ VuVudz.
D

Since n, is complex, according to Theorem 2.4.2, there are no transmission eigenvalues
for (C.3) then for all k£ > 0 there exists u. € HZ(D) verifying (C.4).

Theorem C.1.1. There exists a subsequence of u. that weakly converges to a solution
u € Vo(D, Dy, k) to C.1.

The proof is decomposed in two parts. First, we show that the sequence u. is bounded
in H2(D). This leads to the existence of a weakly convergent subsequence. Next, we show
that the limit is a solution to the interior transmission problem for the domain containing
a cavity.

Lemma C.1.2. There exists a subsequence to u. that weakly converges in H2(D) to some
function u € HZ(D).

Proof. We want to show that u. is bounded in HZ(D). To this end we assume first that

for all m > 0 there exists €(m) such that |[ucm)||g1(p) > m. Now set
Uy = )
Hue(m)HHg(D)

Then [|vm||g1(py = 1 and [|vm|[g2(p) > 1. Let show now that vy, is uniformly bounded on
H3(D). Since u.(m) satisfies (C.4) we have

1

|[te(myl| 3 ()

AU, U) = (A0, vy) — K*B(6,v1)) + k> B(vm, Un,).-

A and B are bounded in HZ(D) and A is coercive. Therefore we obtain

allvmllizz2py < Cllvalluzoy + & lvall7 o)

and then

C k2 C+k?
v 2 < — + < .
|vm| 2Dy < <

«Q aHUmHHg(D) @

We deduce that v, is bounded in HZ(D) and hHence there exists a subsequence still
noted v, which weakly converges to v in HZ(D). First, we note that e(m) — 0 when

m — 00. Since u.(y) verifies (C.4) then for ¥ = v and multiplying by m £(m)

— e we
eIl (o)

have

/ _elm) (Avy, + k0, (AU + kD) dx + k*e(m) / (Avm, + Ky, )0
D Ne(m) — 1 b

g(m) e(m)

1
= Tl /n 1(A9+k29)(M+ k*v)dx — k*
e(m)||H}(D) JT T —

/ (AD + K*0)vdx
r

| |Ue(m) | ‘H&(D)
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Then we obtain

(Avy, + k0, (AT 4 E*D)dx

iy /Domvm + ko) (AT + K*0)dx + £(m) /p

n—1

+ k%e(m) / (Avy, + k*v,,)vdw
D

1
___ &m) / (A6 + k20) (AT + k*)d
el 30y Jr =1
P I ) / (A6 + k20)vda.
Hue(m)HHg(D) r
Since vy, is bounded in H§(D) and ———— < & then if . — co we obtain

Hua(m) HH&(D)

|Av + k*v|*dz = 0
Dy

and therefore Av + k?v = 0 in Dy. Then v € Vy(D, Dy, k). Now let us show that v is a
weak solution of the homogeneous interior transmission problem. For ¥ € Vi(D, Do, k),
Uy, Satisfies

D

1 — — —
/ ﬁ(Avm + k20, (AW + k*)dx + k? / (Avy, + k*v,,)Vdx
D Te(m) —

_ L [ /F L (04 120)(AT + K2T)da + 12 / (A0 + /#e)m}

|[te(myl| 3 () n—1 r

The right hand side converges to 0 when m converges to infinity. Since ¥ € Vy(D, Dy, k), i.e.
AV + k2T = 0 in Dy, for the left hand side we have

1 — — —
/ — (Avy, + K20, (AT + B2 W) dx + k2 / (Avy, + k*v,,)Udx
rn- D

—
m—r—+0o0 Fn—l

(Av + K20) (AT + K20)dz + 2 / (Av + 0)Tde.

T

Then v is a solution of the homogeneous interior transmission problem. If k is not a
transmission eigenvalue of (C.1), then v = 0. Furthermore the embedding of H?(D) into
H'(D) is compact. Then ||v,||g1py — 0 as m — oo. This contradicts the fact that
|[vm|| oy = 1. Therefore, if & is not a transmission eigenvalue of (C.1), {u.} is uniformly
bounded in H} (D). Using (C.4) it is now easy to show that . is bounded in HZ(D).
Hence there exists a subsequence still noted u. that weakly converges to u in HZ(D).

]

Lemma C.1.3. The limit u is in Vo(D, Do, k) and satisfies (C.2) for all W € Vo(D, Dy, k).
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Proof. First let us show that u € Vo(D, Dy, k) that is Au + k*>u = 0 in Dy. With ¥ =«
in (C.4) and multiplying (C.4) by € we obtain

/ < (Au, + k*u.) (AT + k*0)dr + kzs/ (Aug + k*u.)udx
D

Ne — D

- / c (A0 + K0)(AT + Ka)de — K / (AG + k20)udx
I

n— r

Then we have
—i / (Au, + k*u.) (AU + k*u)dx + ¢ /
Do I

+ K*u.)udr = —5/ !

rn—

L (Bue R (AT + )+ K% / (Au.

n— D

(A0 + 120) (AT + K20)dx — ke / (A0 + k20)ada.
I

Since u. is bounded in HZ(D) and u. — u in H3(D), then making ¢ — 0 we obtain

|Au + k*ul*dz = 0
Dy
and we conclude that Au + k*>u = 0 in D,.
Now let show that u satisfies (C.2). To this end we show that the left-hand side of
(C.4) converges to the left-hand side of (C.2). Let U € Vy(D, Dy, k) and let y. = u. — u

1 — _ _
/ (Au. + ) (AT + 120 dx + 12 / (Au. + ku.)Tdz
pne—1 D

1 — — —
— / — (Au + E*u)(AV — k*U)dr — k? /(Au + k*u)Wdx
on—

r

1 — — _
_ / (Mg + R (AT 4 KD+ K / (Ay. + K2y Tdz
rn— r

+ k2/ (Aue + k*u)Wdr (C.5)
Do

Using the fact that y. weakly converges to 0 in H2(D) and that the embedding of HZ(D)
in L*(D) is compact we deduce that (C.5) converges to 0 when ¢ — 0. Finally u satisfies
(C.2).

O

C.2 For Maxwell’s equations
In this section we get the same type of result for the electromagnetic case. We get a

weak convergence in the space Uy(D).
Let us recall the interior transmission problem

curlcurl E — k2NE =0 inD
curlcurl Eg — k2E, = 0 in D (C.6)
vXE—-vxEy=G on I

vxcurlE—vxcurlEg=H onl
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with G € TH??(') and H € THY?(T') and N a 3x3 symmetric matrix whose entries are
bounded complex-valued functions in R and such that N = I in Dy,. We assume that
there exists a constant v > 0 such that

Re((N —1)71¢,€) > yl¢[*
for all ¢ in C? and almost everywhere in D. We recall that
Vo(D, Do, k) := {E € Up(D)/curl curl E — k*’E = 0 in Dy} .
This problem is equivalent to finding F € V4(D, Dy, k) such that for all ¥ € V4(D, Dy, k)

/F(N — )7 (curlcurl Fy — k°Fp) - (curl curl ¥ — kW) dx
— k? /F(curl curl Fy — k*Fy) - Wdx
=— /F(N — )7 (curlcurl ® — £%0) - (curl curl ¥ — k*W)dzx
+ k? /F(curl curl ©® — k?0) - Wdx (C.7)
where ® € H%(D)3 such that v x ® = G, v x curl® = Hon ' and ® = 0 in Dg with

Dy C Dg CD.
Let us now introduce the following approximated problem

curl curl E¢ + k2N.E° = 0 inD
curl curl E§ 4+ k*E§ = 0 in D ()
vxE —vxEj=G on I'
vxcurlE* —v xcurlEf=H onl
where o
N in D\D
Nry =N D
(1+4de)I in Dy.

This problem is equivalent to finding F. € Uy(D) such that for all ¥ € Uy(D)

/(Ng—l)_l(curlcurlFs—k2F€)~(curlcurl@—kjﬁ)dx—k?/(curlcurlFa—k2F€)~@dx
D D

= —/(Na—l)_l(curlcurl@—k2@)-(curlcurl@—kza)d:ﬁ—kz/(curlcurl@—kz@)-ﬁdx
D D

1.e.

/(Ne—l)_l(curlcurlFs—k2F€)~(curlcurl@—k?@)dx—ﬁ/(curlcurlFa—k2F€)~$dx
D D

= —/(N—I)_l(curl curl@—k2@)-(curlcurl@—k‘za)dz%—lf/(curlcurl@—k?@)-adx
r r
(C.9)
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For u, v € Uy(D), set

A(u,v) = / (N, — I)"*(curl curl u — k*u) - (curl curl v — k*v)dz + k4/ u - vdz
D D

and
B(u,v) :/ curlu - curl vdz.
D

Since N. is complex, there are no transmission eigenvalues for (C.8), then for all £ > 0
there exists F. € Uy(D) verifying (C.9).

Theorem C.2.1. There exists a subsequence of F. that weakly converges to a solution
F € Vo(D, Dy, k)(D) to the interior transmission problem (C.6).

Again we decompose the proof in two parts. First, we show that the sequence F. is
bounded in Uy (D). This leads to the existence of a weakly convergent subsequence. Next,
we show that the limit is a solution to the interior transmission problem for the domain
containing a cavity.

Lemma C.2.2. There exists a subsequence to F. that weakly converges in Uy(D) to some
function F € Uy(D).

Proof. We want to show that F. is bounded in Uy(D). To this end, we assume first that
for all m > 0 there exists e(m) such that ||curl Fo,||z2 > m. Now set

Fe(m)

G, = .
||CUI‘1 Fg(m) | |L2

Then ||curl G,,||z2 = 1 and ||G,||y, = 1. Let us show now that G, is uniformly bounded
on Uy(D). Since G, satisfies (C.9) we have

1
||CU_1"1 Fa(m) | |L2

A(G,,,G,,) = — (A(©,G,,) — k’B(©,G,,)) + k’B(G,, Gp,).  (C.10)

The operators A and B are bounded in Uy(D) and A is coercive i.e. there exists a > 0
such that for all G € Uy(D),

A(G, G) = o|Glluy(p)-
Moreover, since |[curl Fe,||r2 > m, there exists C' > 0 such that

1

T Fom s = &
Therefore, using (C.10), we obtain
al|Gllg, < CllGumlluy + k*[lcurl G| |72 (C.11)
and then
1Gulhy < C v — 2 L OHF

a |Gl a



184 Appendixz C

Therefore G, is bounded in Uy(D). Hence there exists a subsequence still noted Gy,
which weakly converges to G in Uy (D).
First, we note that e(m) — 0 when m — oo. Since F.(y) verifies (C.9) then for

g(m)

—_————— W€ have
‘ |Curl Fe(m) | ’Z/{O

¥ = G and multiplying by

/ e(m)(N, — I)"*(curl curl G,,, — k*G,,) - (curlcurl G — k*G)dx
D

— k*e(m) / (curl curl G,,, — k*G,,) - Gdw
D

e(m)

- — I leurl ©® — K%O) - lewrl G + K2G
[leurl Fogm|[ 2 /F(N )" (curlcurl ® — k°O) - (curl curl G + k°G)dzx

+ k2 e(m) curl curl © — k?0) - Gdx
|lcurl F )|
urlfem)f|r2 Jr

Then, we obtain
g(m) /(N — )7 Y(curlcurl G,, — k*G,,) - (curl curl G — k*G)dw
r

—k25(m)/(curlcurl Gm—kQGm)-adx—i/ (curl curl G,,, —k*G,,)-(curl curl G —k*G)dx
D D

0

= — £(m) /(N — I curlcurl © — £?©) - (curl curl G — k*G)dx
||CU.1"1 Fs(m)“L? T
g2 cm) / (curlcurl © — £20) - Gda.
||curl Femy |22 Jr
: : : 1 1 : :
Since Gy, is bounded in Uy(D) and < — then if m — oo we obtain
[curl Fegy |2 — m

and therefore curl curl F — k*F = 0 in Dy which implies that F € Vy(D, Dy, k).
Now let us show that F is a weak solution of the homogeneous interior transmission
problem. For ¥ € V(D, Dq, k), G,, satisfies

/ (Na(m) — I)_l(curl curl G, — kQGm) - (curl curl O — k2ﬁ)dx
D

+ K2 / (curlcurl G,, — k*G,,) - Udx
D

1 _ J—
- N — ) Ycurlcurl ® — k?O) - leurl ¥ + L2
|Jeurl Fegm || 12 [/r( )" (curlcurl ©® — k°@©) - (curl curl W + kW) dx

—k? /(curl curl © — £’0) - Udx
r
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The right hand side converges to 0 when m tends to infinity. Since ¥ € Vy(D, Dy, k), for
the left hand side we have

/ (Ne(m) — I Y(curl curl G, —k*Gy,) - (curl curl ¥ — k*W) dx — k2 / (curl curl G, — k2 Gy, ) - Wdx
D D

:/(N—I)_l(curlcurle—kQGm)~(cur1cur1\Il—k2\Il)d:r:—k:2/(Curlcurle—kQGm)~\Ildx
r D

— / (N —I)"Ycurlcurl G — k*G) - (curl curl ¥ — kW) dx — k2 / (curl curl G — k*G) - Wdz.

We deduce that G is a solution of the homogeneous interior transmission problem for
the domain containing a cavity. If k is not a transmission eigenvalue of (C.8) then G = 0.
Furthermore B is compact. Then curl G,, converges in L?(D) when m — oo. This
contradicts the fact that ||curl G,,||zz = 1. Therefore, if k is not a transmission eigenvalue
of (C.8), {curl F.} is uniformly bounded in L?*(D). Using (C.11), it is now easy to show
that F. is bounded in Uy(D).

Hence there exists a subsequence still noted F. that weakly converges to F in Uy (D).
m

Lemma C.2.3. F is in Vo(D, Do, k) and is a solution to C.8.

Proof. First let show that F € Vu(D, Dy, k) that is curlcurl F — k?F = 0 in Dy. For
¥ = F in (C.9) and multiplying (C.9) by &, we obtain

/5(N5—I)_1(curlcurlFE—k:QFs)-(curlcurlf—kQF)dx—k25/(CurlcurlFs—k:zFe)-Fdx
D D

= —/5(N—[)_1(Curlcur1@—k2@)-(curlcurlF—kQF)dx+k:25/(curlcurl@—k?@)-ﬁdx
r r

Then we have

5/(N—[)1(curlcurng—k2F5)-(curlcurlF—k2F)d9€—k2e/(curlcurlFE—kQFE)-Fdx
r D

- z/ (curlcurl F, — k*F,) - (curl curl F — k*F)dx
Do
= —5/(N—I)_l(curlcurl@—k2®)~(cur1curlF—kQF)dx—l—/{:Qs/(curlcurl@)—k;2®)-Fd:z:.
r r

Since F. is bounded in Uy(D) and F. — F in Uy(D), then making e — 0, we obtain
/ |curl curl F — k*F|2dz = 0
Do

and we conclude that curl curl F — k?F = 0 in D,.
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Now let show that F satisfies (C.7). To this end we show that the left-hand side of
(C.9) converges to the left-hand side of (C.7). Let ¥ € Vy(D, Do, k) and let H. = F. — F

/(NE—I)1(curlcurlFE—kQFs)~(curlcurl@—k2$)dx—k2/(curlcurlFE—kQFE)'ﬁd:c
D

D

—/(N—])_l(curl curl F—k*F)-(curl curl@—kQE)dx—l—kQ/(curl curl F—k*F)-Wdx
r r

= /(N — I)"Y(curleurl H, — k*H.) - (curl curl @ — k*W)dx
r

— k? /(Curl curl H, — k°H.) - Udx — k2/ (curl F, — k*F,) - Wdr (C.12)
r Do
Using the fact that H, weakly converges to 0 in Uy(D) and that the embedding of Uy(D)
in L?(D) is compact we deduce that (C.12) converges to 0 when ¢ — 0. Finally F
satisfies (C.7).
[
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Far fields and potential operators

Let D be a bounded domain with smooth boundary I'. We recall the definition of the
boundary integral operators

Su(0)(x) = / Bu(z,y)o(y)ds(y),

T

Kiw)a) = [ s (st
Ki(p)() il (=, y)e(y)ds(y),

~Jrov(x)
100 = [ 5o )itdsty

where )
elkly_zl

Dr(y, 2) :

is the fundamental solution to Helmholtz equation.
In this appendix, we want to establish a link between the integral operator

Sk —Kj
-K;, T
used in the study of the interior transmission problem using integral equations and the
far field patterns. The far field operator is defined by

P®: H3T)x HVAT) —  L2(Q)
(a, B) — P®(a, B)

- Atly — z|

where

e—ikiy o
P @) = [ (5005, - ae ) dsty) ¥ e

We denote by P** the adjoint of P> defined by
(P>"g, (a, b))LQ(F)2 = (9, P™(a, b))LQ(Q)
for all g € L*(Q2) and (a,b) € L*(T') x L*(T).
The goal of this appendix is to show the following theorem:
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Theorem D.0.4.

oo% PDOO __ Sk _Kk
kP> P _Im(_Kl,c T )

D.1 Computation of the adjoint of the far field operator
POO

P LA(Q) — L) x LA(T)
g — (g, Py
For all g € L*(Q) and (a,b) € L*(T") x L*(T"), P>* is defined by :

(P>"g,(a,b)) 2 (M2 - = (9, P=(a,b)) 2 L2(Q)

- / 9(#)P=(a. 0)(@) ds(2)

o (s ) o

Then we get :

1

Pigly) = - Q9(50)6”“2'1’dS(fE)
Prgly) = - [ @2 ds(a)
2 g\y) = . ngaV(y) S\T
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D.2 Computation of P>** P>
Let (a,b) be in L*(T) x L*(T).

jﬂ | Pran - 4 s 2)

& [ Pano () is(2)
(b e (z)e‘iki"z) e* Y dz ds ()
(2)

1
= —1ka: z ikz-y
2 — a(z)e Z) de dzds(z)

(42 /( aelk(y - o Z( ”
//(b )dzds
(175 ")

/ ( 82 1ky z)m aelk(y z)
z
ov(=)av(y)

_ ! _/(b(z)%(y’))— (Z)Gk(y,Z)) dz

=5l 7. G Gy (y, =)
/ (“ Voot "D auy) )d’z

1 sin(kly — z|)

k.
Gk(yaz)zﬂjo(k‘y_znzﬂ |y—z\

Indeed, this follows from the Funk-Hecke formula (see [26])

P P>(a,b)(y) =

(4r)?

|
|

where
(D.1)

7

| U
jo(k‘]t|):4—/e e s ().
Q

Moreover, we remark that G;(y, z) is the imaginary part of the fundamental solution to

Helmholtz equation
o 6ik|y*z|
k(Y 2) = Inly— 2|

and we get the following result

kP> P —Im(_Kl; T ) (D.2)
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Appendix E

Pseudo-differential operators as integral
operators

Regularity properties of the potentials for the Helmholtz equation is a classical result
[44] for densities in H~Y/2(9D) for the single layer potential and in HY?(0D) for the
double layer potential. In Chapter 5, since we are confronted to solutions to the Helmholtz
equation in L?*(D) with Laplacien in L?(D), we need to extend the results for densities in
H~3/2(0D) for the single layer potential and in H~'/2(9D) for the double layer potential.
This will be done with the use of the theory of pseudo-differential operators.

The first section gives a characterization of pseudo-differential operators that can be
written in the form of integral operators with pseudo-homogeneous kernels. The needed
definitions are previously given. Then, we give a regularity theorem depending on the
order of the pseudo-differential operator.

Then, this theory is used to establish new regularity properties on the potentials by
using the asymptotic behaviours of their kernels.

E.1 Pseudo-homogeneous kernels
The definitions and theorems on pseudo-differential operators are extracted from [35].

Definition E.1.1. A function k,(x, z) is a C*°(DxR"™\ {0}) pseudo-homogeneous function
with respect to z of degree q € R if

ko(z,tz) = tlk,(x,2) for allt >0 and z # 0 if ¢ ¢ No;
ky(z,2) = fo(z,2)+log|z|p,(z, 2) if g € Ny,

where p,(z, 2) is a homogeneous polynomial in z of degree q having C*-coefficients and
where the function f,(x, z) satisfies

folx,tz) =t1f,(x, z) for allt > 0 and z # 0. (E.1)

Definition E.1.2. A kernel function k(x,x—y) with (z,y) € DX D, x # y is said to have
a pseudo-homogeneous extension of degree q if there exist pseudo-homogeneous functions
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kqy; of degree g+ j for j € Ny such that
J
k(z,x—y Zk’qﬂ z,x —y) € CT (D x D)
7=0

for some 0 with 0 < § < 1. Such kernels are called pseudo-homogeneous kernel of degree
q.

E.2 Characterization of pseudo-differential operators from
their kernels - Main theorems

The next theorem characterizes pseudo-differential operators defined as integral oper-
ators. It is only valid for pseudo-differential operators of order m.

Theorem E.2.1. (Theorem 7.1.1 of [35]). Let m < 0. An operator A is a pseudo-

differential operator of order m if and only if

(Au)(z) = /Dk(x,:v —y)u(y)dy for all u € C°(D)

where k is a pseudo-homogeneous kernel of degree —m — n.

The class of pseudo-differential operators of order m is closed under the operations of
taking the transposed and the adjoint of these operators. The theorem can be found in
[35] and the proof is done in [51]. It is used in Chapter 6 to study the regularity of the
double-layer potential.

Theorem E.2.2. (Theorem 6.1.13 of [35]). If A is a pseudo-differential operator of order
m, then its transposed A" and its adjoint A* are also pseudo-differential operator of order
m.

We define the operator Qr by
qu = A(U(SF)

The next theorem gives a regularity result on the surface integral operator defined from

A.
Theorem E.2.3. (Theorem 8.5.8 of [35]). Let A be a pseudo-differential operator of

order m € Z. Then the following linear mapping is continuous
Qr: H*(T) — H*™Y2(D)

for s € R.



Appendix F

Spherical harmonics and spherical
Bessel functions - Computation of
transmission eigenvalues for spherical
geometries

In this appendix, we recall the definitions of spherical harmonics, Bessel and Hankel
functions and some properties that are useful in Chapter 6 for the computation of trans-
mission eigenvalues for spherical geometries. For the electromagnetic case, we also need
to define the vector spherical harmonics. For the proof of the following theorems, one can
refer to 26].

F.1 Spherical harmonics

A spherical harmonic of order n is a restriction of a homogeneous harmonic polynomial
of degree n to the unit sphere Q of R3. In the following, (Y,™), for m = —n,...,n and
n=0,1,2,... is a family of spherical harmonics defined by

2n+1(n —|m|)! :
ym — pm imep

where P are the associated Legendre functions.
The following theorem justifies the decomposition of square-integrable functions on

the unit sphere.

Theorem F.1.1. The spherical harmonics Y,” form = —n,...,.n andn =0,1,2,... form
a complete orthonormal system in L*(Q).

We now just recall a special case of the addition theorem that will be useful in the
next calculations.
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Theorem F.1.2. Let Y, form = —n,...,n be any system of 2n+1 orthonormal spherical
harmonics of order n. Then for all T € €2, we have

& M AN T AN 2n+1

m=—n

Again, the proof of this theorem can be found in [26].

F.2 Bessel functions

We denote by j, and y, the spherical Bessel functions and the spherical Neumann
functions of order n, respectively. The Hankel functions of the first and second kind of
order n are defined by

hbD = g 4 iy,

Remark F.2.1. From Theorem F.1.1, we know that every function u in L*(Bg), where
Br C R? is a sphere of radius R, have the following expansion

Z Z (Jz)Y,"(2)
n=0 m=—n
where

a7 (|a]) = / u(&) V(@) ds(#)

and & = x/|z|.

Moreover, if u is a solution to Helmholtz equation, the a)' are solutions to the spherical
Bessel equation and consequently, from the definitions of Bessel and Hankel functions, the
coefficients a)' can be written

ar(r) =arh 1)(kr) + ﬁ;”hg)(kr).

n

From the Funk-Hecke formula
—ikrz-Zy m( 2 s dm . m/ 2 A
e Y(2)ds(2) = — (k)Y (2), z€Q, r>0,
Q 1"

the expression of the plane wave with incident direction d is given by

o0

ehrd =3 Z Ai®j, (k|| Y (&) Y™ (d).

n=0 m=—n

We can state the following theorem that gives the expansion of radiating solutions to
the Helmholtz equation and its corresponding far field pattern.
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Theorem F.2.1. Let u be a radiating solution to the Helmholtz equation in the exterior
x| > R > 0 of a sphere. Then w has an expansion with respect to the spherical wave
functions of the form

Z Z an b (k) ()Y, (2)

n=0 m=—n

that converges absolutely and uniformly on compact subsets of |x| > R. The corresponding
far field pattern is given by the uniformly convergent series

Remark F.2.2. We have equivalent theorems in R? considering the Bessel functions J,
and the Neumann functions Y,. We also define the Hankel functions of the first and
second kind of order n by

HM .= J, £iY},.

In R?, a function u € L*(Bg) where By is a disk of radius R have the Fourier expansion

= Z an(r)e™?

n=—oo

where

1 2m ]
a,(r) = 2—/ u(r,0)e" "0 dp
T Jo

and x = rel’. Moreover, if u is a solution to Helmholtz equation the coefficients a,, can be
written

an(r) = o HY (k) + B, H? (k)

with B, = 0 when u is a radiating solution.
For more details of the R? case, one can refer to [26, 8].

F.3 Vector wave functions

In the electromagnetic case, we need to define the vector spherical harmonics that will
play the role of the spherical harmonics Y, in the scalar case.

For any orthonormal system Y™, m = —n, ..., n, of spherical harmonics of order n > 0,
the tangential fields on the unit sphere

1 1

Ul = ————=GradY)", V"(2) = ———
vn(n+1) (@) vn(n+1)

are called wvector spherical harmonics of order n.
Similarly to the scalar case, we also have a completeness theorem for the vector spher-
ical harmonics.

& x Grad Y™ (2)
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Theorem F.3.1. The vector spherical harmonics U™ and V™ for m = —n,...,n and
n=20,1,2,... form a complete orthonormal system in

L} Q) :={u: Q- C/ue L*(),u-v=0}.

Remark F.3.1. An electric field solutions to Mazwell’s equations has the following ex-
pansion

E(z,d,p) = curl (zv(z,d,p)) + %curl curl (zu(z,d, p))
where u and v are both solutions to the Helmholtz equation

Au + E*nu = 0.

The first term in the decomposition correspond to a transverse electric polarization and
the second term a transverse magnetic polarization.
Using spherical harmonics, the general form of E is

E(z,d,p) Z Z curl (z (a'h{D (k|z|) + b2 (k|x]) Y™ ()

n=1m=-n
+ %i i curl curl (Z‘ (&?hg)(/dxb + th;2>(k|x|)> Ynm(i))

In particular, we can characterize the radiating solutions to Maxwell’s equations and
its far field pattern.

Theorem F.3.2. Let E, H be a radiating solution to Mazwell’s equations for |x| > R > 0.
Then E has an expansion with respect to the spherical vector wave functions of the form

E(z,d,p) Z Z arcurl (zh{) (k|z|)Y,™())

n=1 m=-n
i G - m m (A,
+ z ; m;n b curl curl (:L’hg)(k\x])Yn (2))

that together with its derivatives converges uniformly on compact subsets of |x| > R. In
this case, the far field expansion is given by

E, = Z 1n+1 Z (brGradY," +a'z x Grad Y,").

m=—n

We now give the expansion of the far field pattern of an electric dipole
E.(x, z,q) = curl, (¢®(z, 2))
that will be needed to solve the far field equation. It is given by

ik
Tixg

—ikdz
47 )e

Ee,oo(-fja Z, q) =
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and have the expansion

Ecoo(#,2,q) = i Oy (ikw ~ Q> Uy'(2)

Z \% n+1 m=—n

where M]" is a radiating solutions of Maxwell’s equation defined by

M (z, k) = curl (xhg)(k|a:|)Ynm(£)) :

(curl Mr(z ) V(i) (F.1)

F.4 Spherical geometry

In the case of spherical geometry, using separation of variables, solutions to Helmholtz
equation or Maxwell’s equations have an analytical expansion and the computation of
transmission eigenvalues leads to compute the zero of some determinant. After recalling
the definitions and the properties of Bessel’s and Hankel’s functions, we will compute the
transmission eigenvalues of a sphere with homogeneous or stratified index of refraction
for both the scalar case and the electromagnetic case in 3 dimensions.

F.4.1 Scalar case

Assume that D C R? is a sphere of radius R and index of refraction n(x). The
corresponding interior transmission problem is

Aw+E*nw =0 in D
Av+Ekv=0 inD

W=7 on I
ow  Ov
5—% OHF.

Direct method by solving analytically ITP

First assume that n is constant in D. Then, since D contains the origin and y, () is
singular when x = 0, v and w have the following expansion

[e.e]

v(z) =Y Y alia(kla) Y, (&)

n=0 m=—n

=33 bl Y @)

n=0 m=—n

and

Therefore, from the boundary conditions satisfied by v and w, the problem of finding a
non trivial solution to ITP is equivalent to finding m > 0 such that

Jn(kR)  —jn(kV/AR) ) _
‘“( (kR >—¢ﬁj;1<mm)‘o'
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Nevertheless, we would like to compute transmission eigenvalues also when the domain
is not homogeneous or when it contains a cavity.
Consequently, we assume now that D is a double layer sphere i.e. there exists 0 < r <

R such that
{n2 ifr<|z|] <R
n(z) =

ny if |z| <r

where n; can be equal to 1 and we denote by k; := ky/n; and ky := ky/n,.

L

Figure F.1: Spherical geometry

In this way, v and w can be written as

[e.e]

v(z) =Y Y alia(kla) Y, (&)

n=0 m=—n
and

Z Z (a™hV (k|z|/ng) + AP (kx| /n2)) Y™ (%), r < |z| <R

n 0 m—fn

Z Z (k2| /nr) Y™ (7)) 0<|z| <

n=0 m=—n

w(r) =

Consequently, from the boundary conditions that must be satisfied by the solutions
of the interior transmission problem, v and w are non trivial solutions to the interior
transmission problem if and only if there exists m > 0 such that the determinant of the
matrix A,, defined by

jm(kR)  —h%) (kRy/mg) (kR\/_) 0
A | FukR) —ymzhi) (kRy/m) rh (kR\/m3) 0
" 0 i (kr/123) hix (kr/a) o (kr/7)
0 iah (kryma)  Jmah) (krymg) =i, (kry/m)
Transmission eigenvalues are values of k for which the there exists a positive m such

that
det A,, =

The code to solve the determinant is done using Fortran 90. With an existing code on
the computation of Bessel functions, we first build the matrices A,, for the first modes.
The zeros of the determinants has been computed using a simple dichotomy method.
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From the linear sampling method

It has been shown that transmission eigenvalues can be computed from far field data.
More precisely, transmission eigenvalues are characterized by the behavior of the regular-
ized solution to the far field equation

Fg. — /Quoo(fc,d)g(d)ds(d) — Do (- 2).

The right hand side ®..(+, z) denotes the far field pattern of a source point @ (-, z) defined
by
1 eik\xfz\

Oy, 2) = ELT——ZV

Explicitly,
1 o
(I)oo S — 71kx-z'
(z,2) e

We consider here the scattering problem for a non homogeneous medium :

Au+ E*n(z)u =0 in R?

u=u+u’
ou®
i s
r%lgrnoor ( 87“ ) 0

where 4’ is a plane wave which can be developed in terms of spherical harmonics

u' = e*r =N N A, (k2] Y (2) Y, (d). (F.2)

n=0 m=—n

Since u® is a radiating solution to Helmholtz equation, it has the expansion

S5 S am O (kY

n=0 m=—n

)

=>

when z € R3\D i.e. |z| > R. Its far field pattern is consequently

Uso(T) = %i Z ar'Y, " (z).
=0

m=—n

In order to solve the far field equation, we first need to compute the coefficients a;"' for
alln > 0 and m = —n, ...,n. To this end, we need to solve the direct scattering problem.
Solutions can be expanded thanks to spherical harmonics :

o [z|>R:

ZZ () (k|2 )Y, (2).

n=0 m=—n
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To simplify the next calculus, we set a!*(d) = 4wal?(d)Y,™(d). Consequently, using
(F.2) :

=3 ar @)D (k) + i (klx])) Y (@)Y, (@).

n=0 m=—n

e r < |z| < R : the total wave is of the form

Z Z d)h (ky/nzlz]) + e (d)h (ky/nz|x))) Y (d)Y," (2).

n=0 m=—n

e |x| < r : in this case, the singularity of y, at the origin needs to be taken into
account

u(@) =Y > dr(d)jalky/mz) Y (d)Y," (@),

n=0 m=—n

In order to get an expression of the far field pattern we just need to know the coefficient

a;'. They are given by solving the system consequent to the boundary conditions on I'

and the continuity of the total field through o. The problem to solve is of the form :
A, X =b,
where

WO(R)  —hP(kRymy) =D (kRy/ng) 0

A | W RR) =yl (kRymm) =yl (kR y/ms) 0
Lo W (kr /o) W) (/) —ju(kr /1)
0 ymsh (krymg) skl (krymz) - (key/m)

:&3 :Qg :vg s §
=

However we note that A, and b, do not depend on m and d so the coefficients are just
depending on n and we denote by a, = a;'(d).
Now, the coefficients a,, are computed by inverting the matrix A,,.

If g, is of the form
=D D gV

n=0 m=—n
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where

gr(z) = / 4:(d) Y (d)ds(d)

and using the orthogonality of the spherical harmonics,
| Y@y d)ds(a) = 6t
Q

we can have an explicit expression of Fg,

Foi) = | 22 Z > prind DY @Yy @@ (F3)

- Z 2. %éng?(Z')Ynm(i)- (F.4)

Finally, using the expansion of the far field pattern of a source point ®(+, z) with spherical
harmonics,

=S S P HTEEY@) (F.5)

n=0 m=—n

and identifying the coefficients in (F.4) and (F.5), we deduce the coefficients of g,
ik jn(k|2])

Furthermore, using the identity of Theorem F.1.2

" —— 2n+1
> Y EYE) =

m=—n

we get an explicit expression of the norm of g,

1912 = ZJ” K=D” 9, 41y, (F.6)

|an|?

Remark F.4.1. From (F.4), we can see that nJrlan are the eigenvalues of the compact
operator F associated with the eigenfunctions Ym. We can observe that these eigenvalues
tends to zero exponentially.

Consequently, the norm of g, blows up and we need to use a regularization scheme
to compute the norm of g,. We choose to use Tikhonov reqularization with parameter n
which is determined using Morozov discrepancy principle.

Tikhonov regularization consists in solving the regularized equation
N+ F F)g. = F oo, 2). (F.7)

Let us denote

=> "> frgny,

n=0 m=—n
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Figure F.2: Norm of the coefficients a,, for the 11-th first modes

where for all n > 0 and m = —n..n,

e dmay,
n kintl’

Consequently,

n=0 m=—n

Fdy Z Z fron Y (@)

n=0 m=—n

and

with
O = (=1)"Ju(k|2]Y;(2).
Solving (F.7), we finally we get that
gm — ﬁ m
Therefore,
lg:AP=>" > gman
n=0 m=-—n
4 {n|? .
=3 Y E i+ )
n=0 m=—n (77 —+ (%) |an|2>

Remark F.4.2. When the parameter n is equal to zero, we get the same expression as
(F.6) computed previously without regularization.

The code we developed takes as entries the radius of the sphere R and the included
sphere r, the index of refraction n; and ns. We also choose the interval of k£ in which
we search the transmission eigenvalues. Since the Theorem 2.5.1 is only valid for almost
every k, we compute the norm of g, for a sample of points z in the scatterer D to make
sure to get all the peaks corresponding to the eigenvalues. Then, we take an average of
the values of ||g,|| computed for each k.
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Numerical results

We compute the eigenvalues for a sphere of radius R = 1. First, we consider an
homogeneous sphere with index of refraction n = 4, then we consider a double layer
sphere with n; = 2 in the sphere of radius r centered at the origin and n, = 4 in the
annulus. Finally, we compute the eigenvalues for a sphere of index of refraction n = 4
containing a cavity of radius r.

The next figures represent the norm of the regularized solution g, against k. The
rounds correspond to the zeros of the determinants of A,,.

2

15— —

0.5 *d) —

L

3 35 45 5 55 6

Figure F.3: Homogeneous sphere of radius 1 and index of refraction n = 4. The first
transmission eigenvalue is equal to 3.14.

2 : 2
151 . 151 .
(¢] (¢]
1 . 1 .
¢ 1 I i 1
05— (o] — 05— U. —
0 J U AN Jk \ A‘——r) N — T
3 35 4 45 5 55 6 3 35 4 45 5 55 6

Figure F.4: The index of refraction is equal Figure F.5: The index of refraction is equal
to n; = 2 in a sphere of radius r = 0.2. The to n; = 2 in a sphere of radius » = 0.6. The
value of the first transmission eigenvalue is value of the first transmission eigenvalue is

ko = 3.15 ko = 4.54
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2 ‘ 2
15[ 7 15[~ i
o dL
1+ n 1+ n
- b , L ,
05~ o f 05~ .
0 j U ‘ s i ‘ J\—’) ob— L
3 35 4 45 5 55 6 3 35 4 45 5 55 6

Figure F.6: The sphere of radius R = 1 con- Figure F.7: The sphere of radius R = 1 con-
tains a cavity of radius » = 0.2. The first tains a cavity of radius r» = 0.6. In this case,
transmission eigenvalue is equal to 3.16 ko = 5.13

The peaks of the norm of the regularized solution to the far field equation perfectly
match with the exact values of the transmission eigenvalues. We also remark that in the
case of a cavity, we verified the monotonous property of the first transmission eigenvalue
with respect to the size of the cavity. Here the index of refraction is greater than one and
the first transmission eigenvalue is shifted to the right as the cavity grows.

Remark F.4.3. The computation of transmission eigenvalues for circular geometry can
be easily adapt in R? by only replacing the Bessel functions j, and y, of R by the Bessel
functions J,, and Y, of R2.

F.4.2 Electromagnetic case

Now let us consider the computation of the transmission eigenvalues for electromag-
netic waves. The method is exactly the same as for the acoustic case. The difference
is of course the expression of the solutions in terms of spherical harmonics. We will see
that transmission eigenvalues for the acoustic case are also transmission eigenvalues for
the electromagnetic case due to the decomposition of solutions in the case of a spherical
geometry.

We consider here directly the case of a double layer layer sphere or radius R. Assume

that
ny ifr <|z| <R
n(r) = .
ny if |z| <r

with n; > 0 and ny > 0. We denote in the following k; = ky/ni and ko = ky/ny. We also

recall the definitions of Ricatti-Bessel functions

Ua(t) = tha(t), (V) = thiP(t), CP(t) = thP(2).
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From the ITP

Similarly to the scalar case, the first method consists in solving the interior trans-
mission problem. This will lead to find the zeros of some determinant. We consider the
following interior transmission problem :

curlcurl E — k?nE =0 in D
curlcurl Eg — k*Eq =0 in D

(F.8)
vxE=vxE on I
vxcurlE=v xcurlE; onT
Solutions of the previous problem have the following form
E = curl (zu) + +curl curl (zv) (F.9)
Ey = curl (zug) + fcurl curl (zv) '
where
Au+k*nu=0 inD
AUO + kQUO =0 inD
U = Uy on 0D (F.10)
ou 8’&0
— = — oD
ov  JOv o
(Av—i—anv:O in D
AUO + k’2’00 =0 inD
nv = vy on I (F.11)
d(rv)  O(rvy)
= r
\ or or on

u, ug, v and vy have the following expansions :

= D uindn(klz)Y" (), (F.12)

n=1 m=—n

=3 oin(klz) Y (), (F.13)
n=1m=-n

Z Z (um B (ko)) + w2hP (ko)) Yi(7) if r < |z| < R

u(z) = ¢ " (F.14)
SO gkl Y, (&) if [z <,

\nfl m=—n

Z Z (v A (kg ) + 02 RP) (ko)) Y™ (2), if r < |2| < R

v(x) = "t (F.15)
S wtin(kala) Y (2) if x| < r.

\ n=1 m=—n
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By the boundary conditions and the continuity of solutions of Helmholtz equation, the
problem is equivalent to finding k such that det A,, = 0 or det B,, = 0 for some m > 0
where A,, is the same matrix as for the scalar case and

—jm(kR) nahY (kaR) nohP (ksR) 0
5 _ | kR WkoR) 2 (koR) 0
" 0 mohiy (kar)  nohl) (kar)  —nyjm(Rar)
0 G (kar) G (ear) =, (R

Remark F.4.4. For spherical geometry, the transmission eigenvalues of the scalar case
are also transmission eigenvalues for the electromagnetic case.

From the LSM

We consider the scattering problem by a plane wave in R3 :

curlcurl E — k2nE =0 in R?
E=E +E*

where E° satisfies the Silver-Miiller radiation condition and the incident field is defined
by
Ei(z;d,p) == ik(d x p) x de*™?

= curl (20 (z;d,p)) + %curl curl (zu'(z; d,p)).

where
u'(x;d,p) = Z Z w (d, p)jn(k|z|)Y,"(2)
n=1m=-n
vi(x;d,p) = Z Z by (d, p)jn(k|z|)Y,"(2)
n=1 m=—n
with Arik
i i —
a(d,p) = —1”mGradYn’n(d) - D,
. A4rik ——
bi(d,p) = —lnm(d x Grad Y,*(d)) - p.

The linear sampling method consists in solving the far field equation
Fqg.(2) = / E(2,d, g.(d))ds(d) = Ec (2, 2, q).
Q
We now want to write the total field in a similar way i.e. :

E(z;d,p) = curl (zv(z;d, p)) + %curl curl (zu(z; d, p))
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where the total fields u = u’+wu* and v = v’ +v* with incident waves as defined previously,

satisfy
Au+ k*nu =0 in R?,

Av + kE*nv = 0 in R3.

e If x| > R, from Theorem F.3.2, the radiating solutions have the form

u’(z;d, p) = Zzun hl(k’!wl) (2

n=1 m=—n

v*(x;d,p) = Z Zvnbmdph%klxl) V().

n=1 m=—n

o If r < |z| < R, the total fields have the general expansion

u(z;d, p) Z Z p) (uphi (ky/mal]) + unh® (ky/nslal)) Y, (2)

n=1 m=—n

v(w;d,p) Z Z Oy (d, p) (vah) (ky/mal]) + vn b2 (/o)) Y, (2).

n=1 m=—n

e Finally, if |z| < r, from the singularity of y, at the origin, the expansions of the
total fields are

u(z;d, p) = Zzun (d, p) g (k/mal] )Y, (2)

n=1 m=—-n

(w; d, p) Z Z Tnbpy (d, ) g (k/ra] 2 Y, ().

n=1 m=—-n

In order to get an explicit expansion of the far field pattern E., generated by the plane
wave, we need to compute the coefficients u,, and v,, of the scattered fields. To this end, we
use the boundary conditions on I and Y. The continuity of v x E and v x curl E through

o)

: : - dv -
the obstacle is equivalent to the continuity of v, —, nu and . The continuity of

ov’

,
the function v which corresponds to a transverse magnetic polarization leads to the same
system as the scalar case

AX =b
~hPkR) B (kR) WP (keR) 0
oy (1) (2)
where A = fim (kR) \/H_Qg;l (sz) \/n—2£? (k2R> .0
0 h (Kyr) I (Far) —Jn(k1r)
0 ! (ker)  ashi? (kar)  — g, (kar)
e _ | Jn(kR)
X=lg] ="y
o 0

3
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This confirms the fact that the transmission eigenvalues for the scalar case are also trans-
mission eigenvalues for the electromagnetic case. Furthermore, we also need to solve

BY =¢
where
—hO(KR) nohP (ksR) nah'P (koR) 0
s | ¢ @R) GV RB) GP (kaR) 0
0 nghﬁzl)(kgr) nth(‘?)(k’g’l“) —nljn(klr) ’
0 G (k) G (k) (ki)
u? Jn(kR)
I _ | Yn(kR)
Y= u? |’ “= 0
i 0

By inverting the matrices A and B, we deduce the coefficients u, and v,. From
Theorem F.3.2 and the expressions of a" and 0", the far field pattern becomes

E.(z,d,p) = Z - Z upan'Grad Y, 4+ v,b"' & x Grad Y,")
ln

m=—n

— Z Z A, (UM(d) - p)UT(2) + 47w, (Vo (d) - p) V™ (2)

n=1 m=—-n

We now have all we need to solve the far field equation. Since the solution g, is in

L3(Q), we can write
Z Z gun n + v nvnm(d)

n=1m=-n

where

g = / g(d) - Un(dyds(d), g™, = / o(d) - Vir(d)ds(d), deQ.

Since the U] and V" are orthonormal, we get that
Fouls) = [ Buclind.gld))dsta)
Q
= dm Z Z u"gun n + Ungy nvnm( )

n=1m=—-n

From the expression (F.1) of the right-hand side of the far field equation that is the far
field pattern of an electric dipole, we deduce the coefficients of g,

mo_0(za . B9

n drw, 70" Ao,
where .

ar(z,q) = lsz;ﬂ(v) -q

n(n+ 1)



F.4. SPHERICAL GEOMETRY

209

and
B (erq) = ——

The norm of the solution g, is equal to

) curl M™(v) - q.

vn(n+1)

m|2

81

||9z||L§(Q
n=1m=—n

ZZ 47T

PP (a2

Remark F.4.5. Similarly to the scalar case, the eigenvalues 4mu,, and 4wv, of F corre-
sponding to the eigenfunctions U and V™ tends quickly to zero as n tends to infinity.
We use again Tikhonov regularization to compute the norm of g,

10 F

Figure F.8: Norm of the coefficients w,, for
the 13-th first modes

The problem to solve is now

(n+F*F)g.

= F' D (-, 2).

Figure F.9: Norm of the coefficients v,, for
the 13-th first modes

(F.16)

Using the properties of the vector spherical harmonics, the coefficients of the regular-

ized solution are .
m Amuyag
Jun

o (Am)2 P

and consequently

47r |un|

m o Amv, B
O (42 on)?
(47)?|va |

nlm*n

Some numerical results

m|2 m|2
2 G G

In the following figures, the solid line represents the norm of g, against k. The rounds

indicate the zeros of the two determinants A,,, and B,, for different modes. They represent
the exact transmission eigenvalues. Again the monotonicity of the first transmission
eigenvalue with the size of the cavity is verified. We test the same examples as in the
scalar case.
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15—

isig's’y

Figure F.10: Transmission eigenvalues for a homogeneous sphere of radius ® = 1 and
index of refraction n = 4.

2 T 2
15+ 15+ —
1 = .
05— | -+ 05— o | o —
J o O YU l I
s 9 9% I U \ |
b o ‘ ! ‘ ! ‘ ! ‘
3 35 4 45 5 55 6 4 45 5 55 6

Figure F.11: Double layer sphere with »r = Figure F.12: Double layer sphere with r =
0.2 and index of refraction n; = 2 and ny, = 0.6 and index of refraction ny = 2 and ny =

4. The first transmission eigenvalue is equal 4. The first transmission eigenvalue is equal
to k)() = 3.15 to k’o =4.54
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Figure F.13: Homogeneous sphere with in- Figure F.14: Homogeneous sphere with in-
dex of refraction n = 4 containing a cavity dex of refraction n = 4 containing a cavity
of radius r = 0.2. ky = 3.16 of radius r = 0.6. ky = 5.13
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Résumé en francais

La théorie des problémes de diffraction inverses pour les ondes acoustiques et électro-
magnétiques est un domaine de recherche trés actif avec des avancées significatives ces
derniéres années. Les problémes inverses consistent a retrouver des informations sur un
objet & partir de données mesurées. Plus précisement, le probléme de diffraction inverse
revient a trouver les caractéristiques d’un objet diffractant (localisation, forme, propriété
du matériau, ...) a partir de mesures des ondes acoustiques ou électromagnétiques diffrac-
tées par cet objet. La question n’est donc pas seulement de détecter des objets comme le
radar ou le sonar peuvent le faire, mais aussi de les identifier.

Les problémes inverses ne sont pas faciles a résoudre puisqu’ils appartiennent a la classe
des problémes dit mal posés selon la définition de Hadamard. En effet, une solution peut
ne pas exister, et méme si c¢’est effectivement le cas, la solution ne dépend pas contintiment
des données. De tels problémes nécessitent alors le recours a des schémas de régularisation
afin d’étre résolus numériquement. Les premiers algorithmes permettant de résoudre les
problémes inverses d’identification sont basés soit sur une approximation de diffraction
faible (weak-scattering approximation) soit sur des techniques d’optimisation non linéaire.
Le principal probléme de la “weak-scattering approximation” est qu’elle ne prend pas en
compte les effets de polarisation et ne peut ainsi étre utilisée dans des environnements
complexes. Les deux méthodes citées ci-dessus reposent également sur une connaissance
a priori des propriétés physiques de I'objet (par exemple si I'objet est penetrable ou non),
informations qui ne sont en général pas disponibles. De plus, les techniques d’optimisation
non linéaire sont trés couteuses numériquement. Un apercu de ces méthodes peut étre
trouvé dans [22].

Ces inconvénients ont naturallement amené & chercher de nouveaux algorithmes sur les
problémes d’identification a la fois facile & implémenter et nécessitant le moins d’information
possible sur I'objet diffractant. De nouvelles méthodes ont alors été développées et ont été
regroupées dans une classe appelée méthodes qualitatives dans la théorie du probléme de
diffraction inverse [8] pour résoudre des problémes harmoniques en temps pour des ondes
acoustiques et électromagnétiques. Les méthodes les plus représentatives de cette classe
sont la Linear Sampling Method (LSM) [24, 29|, le méthode de factorisation [40, 36] et la
méthode des sources singuliéres [47, 48]. Ces méthodes permettent la reconstruction de la
forme d’un objet a partir de la connaissance de données multi-statiques a fréquence fixée.
Elles sont basées sur la résolution d’'une équation intégrale linéaire mal posée, connue sous
le nom d’équation du champ lointain. Un autre avantage de ces méthodes, par exemple
en comparaison des méthodes itératives, est qu’elles évitent de résoudre le probléme de
diffraction direct et qu’elles n’utilisent aucune information a priori sur la géométrie ou les
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propriétés physiques de I'objet diffractant.

L’étude théorique de la LSM pour les obstacles impénétrables dont la frontiére admet
une condition de conducteur parfait améne a étudier le probléme de valeurs propres pour
le Laplacien en acoustique et pour l'opérateur rot rot en électromagnétisme a l'intérieur
de I'objet avec une condition de Dirichlet sur le bord. Il est montré que cette méthode
échoue lorsque le carré du nombre d’onde est une valeur propre de Dirichlet i.e. k2 est une
valeur propre de Dirichlet ou une valeur propre de Maxwell. Les propriétés d’existence et
le caractére discret de ces valeurs propres étant bien connues, il est alors facile d’éviter ces
valeurs afin d’utiliser la LSM. Dans le cas d’objets pénétrables, Colton et Kirsch |23, 37|
ont montré que la LSM ameéne a étudier un nouveau type de probléme appelé probléeme de
transmission intérieur. Les valeurs propres de ce probléme intérieur sont appelées valeurs
propres de transmission et la théorie sur la LSM suggére de les exclure tout comme les
valeurs propres de Dirichlet ou de Maxwell dans le cas d’obstacles impénétrables. L’étude
du probléme de transmission intérieur est alors naturellement devenu un sujet de grand
intérét, tout d’abord pour clarifier le role des valeurs propres de transmission dans la LSM
mais il s’est également avéré ensuite intéressant pour le probléme d’identification consis-
tant & obtenir des informations sur les propriétés physiques de l'objet diffractant [14, 11].
Ici, la principale particularité des valeurs propres de transmission est que non seulement
elles permettent d’obtenir des informations qualitatives sur les propriétés physiques de
I'objet [7, 15, 11] mais elles peuvent aussi étre calculées a partir du champ lointain [13].

Ainsi, trois questions essentielles sur les valeurs propres de transmission peuvent étre
posées. Les deux premiéres sont reliées a leur impact sur la LSM. Il est important de
savoir si ces valeurs propres de transmission dans un premier temps existent, mais aussi
si elles se comportent comme les valeurs propres de Dirichlet ou de Maxwell c’est a dire
si elles forment un ensemble discret. Enfin, on peut se demander si on ne peut pas tirer
profit de ces valeurs pour obtenir des estimations sur les caractéristiques du matériau
telles que son indice de réfraction ou si 'objet contient des défauts comme par exemple
des trous, ce qui pourrait étre utile en controéle non destructif.

Bien que la formulation du probléme de transmission intérieur parait simple & premiére
vue, il ne fait cependant pas partie des équations aux dérivées partielles elliptiques et n’est
pas non plus auto-adjoint. Deux principales méthodes pour étudier ce probléme ont alors
vu le jour : des méthodes d’équations intégrales |25, 37| et des méthodes variationnelles
[10, 14, 49]. Alors que le caractére discret des valeurs propres de transmission a été assez
rapidement montré grace au théoréme de Fredholm analytique, le preuve de ’existence des
valeurs propres de transmission a été plus laborieuse. L’existence a été montrée en premier
lieu pour des milieux sphériques stratifiés dans [26], et beaucoup plus tard par Paivirinta
et Sylvester [43] dans le cas scalaire général de milieux isotropes sous la condition que
I'indice de réfraction est grand devant un. Plusieurs résultats sur I'existence d’un ensemble
infini discret de valeurs propres de transmission ont ensuite été établis dans des cas plus
généraux pour a la fois les ondes acoustiques et électromagnétiques et avec des hypothéses
moins restrictives sur 'indice de réfraction n [17]. Ce résultat a également été montré dans
le cas d’un milieu contenant une cavité [12] i.e. des régions dont I'indice est le méme que
le milieu extérieur. Dans tous les cas, une hypothése sur I'indice de réfraction persiste :
n—1 ne doit pas changer de signe. Cependant, Sylvester [50] et Bonnet-Ben Dhia Chesnel
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and Haddar [5] ont récemment montré que les valeurs propres de transmission forment
un ensemble discret seulement si cette hypothése sur n est vérifiée sur un voisinage de la
frontiére de 'objet étudié.

Le but de cette thése est de contribuer a I’étude du probléme de transmission intérieur
et de répondre & des questions toujours ouvertes.

Chapitre 1 :

Le premier chapitre est consacré & introduire les notions de probléme de transmission
intérieur et de valeurs propres de transmission en expliquant comment ils apparaissent
dans la théorie des problémes de diffraction inverses pour les ondes électromagnétiques.
Lors de I'étude de la LSM, il apparait que pour certaines fréquences, on peut trouver des
ondes incidentes qui ne rayonnent pas. Ce sont ces fréquences qui sont appelées valeurs
propres de transmission.

Dans ce premier chapitre, nous rappelons tout d’abord le contexte du probléme direct
de diffraction pour les objets pénétrables et impénétrables. Nous donnons ensuite les
propriétés principales de solutions entiéres particulieres des équations de Maxwell appelées
paires de Herglotz.

Nous donnons ensuite les grandes lignes de la méthode permettant de retrouver la
forme d’un objet a partir des mesures du champ lointain appelée Linear Sampling Method
décrite pour la premiére fois par Colton et Kirsch en 1996 [24]. Nous allons montrer que
cette méthode échoue pour des fréquences particuliéres : les valeurs propres de Maxwell
dans le cas d’obstacles impénétrables et les valeurs propres de transmission dans le cas
d’objets pénétrables.

Les valeurs propres de transmission sont définies a partir d’un probléme de transmis-
sion singulier ot deux champs possédant les mémes données de Cauchy au bord satisfont
deux équations de Maxwell avec des nombres d’ondes différents a l'intérieur d’'un méme
objet. Il s’écrit sous la forme

curlcurl E — k2NE = 0 in D
curlcurl Eg — k?Eq =0 inD
vXE—-—vxE;=0 on 0D

vxcurlE—v xcurlEg=0 on dD.

Si le probléme de transmission intérieur précédent posséde au moins une solution non
triviale alors k est une valeur propre de transmission. Il est particuliérement intéressant
d’étudier 'existence de telles valeurs propres mais aussi d’étudier la répartition du spectre
afin d’étre str d’éviter facilement ces fréquences dans la LSM. Il apparait également
qu’elles procurent des informations qualitatives sur 'indice de réfraction du milieu.

Dans la derniére section de ce chapitre, nous mettons en évidence que ce probléme
de transmission n’est pas classique et donc difficile a résoudre dans le sens que les for-
mulations variationnelles habituelles ne sont pas appropriées ici. En effet, ce probléme
n’est ni elliptique ni auto-adjoint. Pour finir, un état de I’art concernant le probléme de
transmission intérieur est présenté.
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Chapitre 2 :

Le chapitre 2 étudie le probléme de transmission intérieur pour un milieu non ho-
mogéne. C’est le premier cas a avoir été étudié et le plus simple. Il sert également de base
pour la résolution du probléme de transmission intérieur pour d’autres configurations. Les
premiers résultats d’existence d’un ensemble infini discret de valeurs propres de transmis-
sion a été prouvé dans [26] mais seulement pour des milieux sphériques stratifiés. Il a
fallu attendre 2008 avec [43] pour que Péivérinta et Sylvester montrent le méme résultat
pour des géométries plus générales.

Ce chapitre s’ouvre tout d’abord sur les principaux théorémes utilisés dans la théorie
des problémes de transmission intérieur. Nous rappelons dans un premier temps les
théorémes principaux de la théorie de Fredholm : D'alternative de Fredholm qui permet
d’étudier le caractére bien posé du probléme de transmission intérieur et le théoreme de
Fredholm analytique, principal outil pour montrer le caractére discret des valeurs propres
de transmission. Enfin, le dernier résultat est basé sur la théorie des problémes aux valeurs
propres généralisés et donne, grace a un théoréme des valeurs intermédiaires, une méthode
puissante pour montrer 1’existence des valeurs propres de transmission mais aussi pour
trouver des estimations sur les valeurs propres.

Nous reprenons ensuite les résultats prouvés dans [34] et [18]. Nous considérons tout
d’abord le caractére bien posé du probléme de transmission intérieur. En particulier, en
utilisant une formulation du quatriéme ordre et une approche variationnelle, il est possible
de montrer l'existence de solutions dans L? & condition que le nombre d’onde %k ne soit
pas une valeur propre de transmission.

Les derniéres sections du chapitre 2 sont consacrées a ’etude des propriétés des valeurs
propres de transmission. L’existence d’'un ensemble infini discret de valeurs propres de
transmission est prouvé en utilisant le théoréme de Fredholm analytique et un probléme
aux valeurs propres auxiliaire. Un nouveau résultat sur la continuité de la premiére
valeur propre de transmission par rapport a I'indice de réfraction est ensuite montré dans
le cas d’'un milieu isotrope. Pour finir, nous établissons le paralléle entre les valeurs
propres de Maxwell si 'objet est impénétrable et les valeurs propres de transmission si
I'objet est pénétrable en montrant que la norme de la solution régularisée de I’équation de
LSM explose quand la fréquence est une valeur propre de transmission. Cette propriété
généralise le résultat prouvé dans [13| pour I'acoustique.

Chapitre 3 :

Ce chapitre concerne I’étude du probléme de transmission intérieur pour des inclusions
anisotropes pouvant contenir des cavités c’est a dire des régions ot l'indice de réfraction
est le méme que le milieu extérieur. Mathématiquement, la cavité correspond & une forme
dégénérée du probléme de transmission intérieur (les deux champs vérifient la méme équa-
tion) ce qui génére des difficultés pour adapter les techniques pour les formes réguliéres
étudiées dans le chapitre 2. Une premiére étude de cette configuration a été initiée dans
[12]| dans le cas scalaire. L’étude développée ici généralise ces travaux pour le cas électro-
magnétique.
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Le probléme de transmission intérieur est reformulé en une équation aux dérivées
partielles du quatriéme ordre a ’extérieur de la cavité et cette derniére est prise en compte
en tant que contrainte dans l’espace variationnel. En plus de la technicité inhérente
aux équations de Maxwell, la principale difficulté ici repose sur 1’équivalence entre les
solutions faibles et les solutions du probléme variationnel et sur la décomposition de la
formulation variationnelle en une partie compacte et une partie coercive. Dans un second
temps et inspiré par des travaux récents [18, 17|, cette formulation est utilisée afin de
prouver 'existence d’un ensemble infini discret de valeurs propres de transmission et afin
de prouver une propriété de monotonicité par rapport a la taille de la cavité de la premiére
valeur propre de transmission. De plus, le fait que 'espace variationnel dépende de la
fréquence rend I’étude plus difficile et nécessite I'introduction d’un opérateur de projection
dont les propriétés de continuité permettront la résolution du probléme.

Les rAlsultats exposés ci-dessus sont extraits de [30] et sont complétés par un théoréme
caractérisant les valeurs propres de transmission a partir du champ lointain.

Chapitre 4 :

Ce chapitre est dédié a 1’étude du probléme de transmission intérieur correspondant
au probléme de diffraction d’un milieu non homogeéne (anisotrope ou non) de R? (d = 2
ou d = 3) contenant un conducteur parfait. Le contraste du milieu est supposé donné par
deux fonctions. D’un point de vue pratique, 'importance de ce probléme (tout comme
le probléme du chapitre précédent) repose sur la possiblité d’utiliser les valeurs propres
de transmission pour détecter des anomalies a l'intérieur de milieux non homogénes en
controle non destructif. Ce type de probléme a été étudié dans [41] dans lequel les auteurs
retrouvent un obstacle inclus dans un milieu non homogene.

Ce probléme n’ayant jamais été étudié avant, ce chapitre se concentre uniquement sur
le cas scalaire. Le probléme de transmission intérieur correspondant est de la forme

(V- AVw + k2nw =0 in D\Dj
Av+Ekv=0 in D
w="v on 0D
v-AVw =v-Vu on 0D
(w =0 on 0D,.

Ce chapiptre se concentre sur ’étude de 'existence et du caractére discret des valeurs
propres de transmission, valeurs pour lesquelles le probléme précédent admet une solution
non triviale. L’étude est divisée en deux parties : la premiére concerne le cas isotrope
(A =1) et la seconde le cas anisotrope (A # I). Pour chaque cas, la difficulté repose sur
le fait que le champ w n’est pas défini a 'intérieur dand D\ Dy.

Dans le cas isotrope, la premiére difficulté revient & définir le bon espace dans lequel
le probléme est bien posé. La méthode habituelle consiste a étudier I’équation satisfaite
par la différence u := w — v. Cependant dans ce cas, la différence n’est définie que dans
D\ Dy ce qui pose un probléme de régularité pour cette fonction et elle doit étre définie
dans un espace plus faible. Le probléme est alors reformulé en un probléme du quatriéme
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ordre pour u, couplé avec I’équation de Helmholtz satisfaite par v & l'intérieur de D,.
Afin d’obtenir 'existence d’un ensemble discret de valeurs propres de transmission, la
formulation variationnelle est divisée en deux parties : une partie coercive et une partie
compacte. Cependant, contrairement aux cas étudiés précédemment, I'espace faible dans
lequel u est définie ne permet d’avoir la compacité seulement sur les termes d’ordres les
plus faibles. Ainsi, seul le cas n plus petit que un peut étre traité.

Pour le cas anisotrope, la difficulté ne repose pas sur la définition des espaces de
solutions mais dans la reformulation du probléme de transmission intérieur en un probléme
de type Fredholm. La méthode utilisée est adaptée d’une approche développée dans [38|
et [19] qui permet de traiter a la fois 'existence et le caractére discret. Cependant, une
méthode alternative inspirée de I'étude des métamatériaux qui utilise la T-coercivité est
préférée afin de montrer que ’ensemble des valeurs propres de transmission est discret.
Dans le cas ot A— I est une matrice définie positive, I’existence d’'un ensemble fini discret
de valeurs propres de transmission est établie alors que dans le cas o I — A est définie
positive, il est possible de montrer seulement le caractére discret pour n plus petit que
un, 'existence étant encore une question ouverte.

Chapitre 5 :

Ce chapitre est dédié a I’étude du probléme de transmission intérieur par I'utilisation
d’une formulation en équations intégrales de surface. La principale motivation a ’origine
ce cette étude était le développement d’'une méthode numérique permettant de résoudre
le probléme de transmission intérieur dans le cas ou l'indice de réfraction est constant
par morceaux et de calculer les valeurs propres de transmission pour des géométries
générales. Cette étude numérique est effectuée dans le chapitre 6. La méthode des équa-
tions intégrales a été naturellement adoptée puisqu’un solveur efficace appelé CESC pour
les problémes directs en électromagnétisme utilisant cette technique a été développé au

CERFACS.

Il s’est ensuite avéré que la formulation en équations intégrales présentait également
des intéréts théoriques. Par exemple, établir I’équivalence entre cette formulation et le
probléme original dans le cas d’ondes transverse magnétique nécessite 1'utilisation de ré-
sultats non standards sur les potentiels. Ceci est di au fait que ’espace variationnel
des solutions est L?(D) avec le Laplacien appartenant également a L?(D), ou D est le
domaine étudié. Ainsi, ’espace naturel pour les solutions des équations intégrales serait
H~Y2(0D) x H3/2(0D), puisque les inconnues correspondent aux traces et aux traces
normales des solutions (variationnelles). Les propriétés de régularité, de continuité et de
coercivité des potentiels utilisés font parties des nouveaux ingrédients de cette études. Le
principal outil permettant d’obtenir ces propriétés est la théorie des opérateurs pseudo-
différentiels. Ainsi, en utilisant des arguments de densité convenables, les formules clas-
siques de traces sont généralisées aux potentiels dont les densités sont moins réguliéres.
Les propriétés de coercivité des potentiels sont analysées dans le cas de nombres d’ondes
imaginaires purs. Soulignons dés a présent qu'une méthode alternative aurait été de
considérer des potentiels dont les noyaux correspondent a la solution fondamentale du
bilaplacien. Cependant cette méthode est moins intuitive et moins bien appropriée pour
I’étude numérique du chapitre suivant.
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Le second intérét et stirement le plus important de cette formulation en équations in-
tégrales est lié a I’étude du probléme de transmission intérieur pour des hypothéses moins
restrictive sur le signe des contrastes. Plus présicément, le signe de la différence entre
I'indice de l'inclusion et du milieu extérieur peut changer a l'intérieur de D. Contraire-
ment a la méthode variationnelle utilisée dans le chapitre 3 pour traiter le cas de cavités,
I’approche des équations intégrales permet de montrer que le probléme de transmission
intérieur est de type Fredholm si le contraste est constant et positif (ou négatif) seulement
dans un voisinage de la frontiére de D. On en déduit en particuler que ’ensemble des
valeurs propres de transmission est discret. Le principal inconvénient de cette méthode
est qu’il permet de traiter seulement le caractére discret et non l'existence des valeurs
propres de transmission. Ce type de résultat est similaire & celui établi récemment par
Sylvester [50] dans le cas transverse magnétique et par Bonnet-Ben Dhia-Chesnel-Haddar
[5] pour le cas scalaire anisotrope. La méthode utilisée dans [50] est basée sur la no-
tion d’opérateurs triangulaires supérieurs compacts, mais le résultats peut également étre
montré en utilisant la théorie classique de Fredholm analytique et 1'utilisation d’une con-
dition inf-sup appropriée, comme montré par Kirsch [39]. La technique utilisée dans 5]
est basée sur la notion de T-coercivité, déja utilisée dans le chapitre 4. Nous précisons
également que les résultats sur le caractére discret dans le cas scalaire anisotrope ont été
obtenus dans [42]| avec des conditions plus faibles. Rapidement, dans cet article, le signe
du contraste doit seulement étre positif (ou négatif) dans un voisinage d’un point de la
frontiére, mais la partie imaginaire de I'indice de réfraction ne doit pas étre nul.

Dans ce chapitre n’est considéré que le cas scalaire. Cependant la technique peut étre
étendue au cas du probléme de Maxwell. Ce dernier sera seulement présenté formellement
dans le chapitre 6 afin de mettre en place la méthode numérique.

On considére une région bornée simplement connexe D C RY, (d = 2 ou d = 3) dont la
frontiére I' := 0D est réguliére. Le forme générale du probléme de transmission intérieur
isotrope scalaire est

( 1
V:—Vuw+En()w=0 in D,
p(z)
Av+k*v=0 in D,
w="v on I,
1
1ow v on T,
(pov  Ov

ot v,w € H' (D) si u# 1 et v,w € L*(D) tels que u:=w —v € H*(D) si p = 1.

Afin de présenter la méthode des équations intégrales de surface, la premiére partie
du chapitre traite le cas ot n et u sont constants. Le cas p # 1 est traité a part, les
propriétés classiques des potentiels pouvant étre utilisés. Le cas p = 1 nécessite plus
de travail, notamment I’extension des propriétés des potentiels pour des densités définies
dans des espaces faibles. Dans une derniére partie, on traite le cas plus général ou le
contraste peut changer de signe.

Chapitre 6 :

Ce chapitre présente différentes méthodes permettant de calculer numériquement les
valeurs propres de transmission. La premiére approche utilise les solutions du probléme
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de transmission intérieur et est basée sur la théorie développée dans le chapitre précédent.
Le probléme de transmission intérieur est reformulé en une équation intégrale de surface.
Calculer les valeurs propres de transmission revient alors & résoudre un systéme de la
forme :

Z(k)X =0

ou Z(k) est un opérateur intégral. Numériquement, l'idée est de calculer les valeurs
propres de Z(k) et identifier les valeurs de k pour lesquelles Z(k) admet la plus petite
valeur propre est proche de zéro. Cependant, quand p = 1, 'opérateur Z(k) est compact
et par conséquent ses valeurs propres s’accumulent en zéro. Il est donc impossible de
discerner si Z(k) posséde vraiment la valeur propre zéro ou non a cause des erreurs
numériques. Pour contourner cette difficulté, on utilise un préconditionneur B(k) et on
résout le probléme aux valeurs propres généralisé suivant

Z(k)X = \B(k)X.

Si B(k) est injectif, alors la valeur propre A = 0 implique que le k correspondant est bien
une valeur propre de transmission. Si de plus la partie principale de B(k) coincide avec la
partie principale de Z(k) alors 'accumulation des valeurs propres généralisées sera bien
décalée en dehors de zéro.

Enfin, la derniére méthode est inspirée de la caractérisation des valeurs propres par
le champ lointain. Contrairement & 'utilisation habituelle de la LSM & fréquence k fixée
avec un échantillon de points z ou l'objet est supposé se trouver, ici, le point source z
est fixé a U'intérieur de 'objet (supposé connu) et on fait varier la fréquence. Si la norme
de la solution régularisée de la LSM explose alors la fréquence correspond & une valeur
propre de transmission.
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