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Résumé

Ce mémoire est composé de deux parties indépendantes.

Dans la premiére partie, des ondes de surface, solutions de prob-
lémes aux limites hyperboliques non linéaires, sont étudiées : on
construit une solution BKW sous forme de développement infini
en puissance de €. On le justifie rigoureusement, en construisant
une solution exacte, qui admet ce développement asymptotique.
On montre que la solution n’est pas nécessairement localisée a
lordre O(e*°) sur la frontiére, méme lorsque le terme source l'est ;
I’exemple d’un cas particulier de 1’élasticité est traité.

La deuxiéme partie est dédiée a I’étude de la réflexion d’ondes
non linéaires discontinues, pour des problémes aux limites hy-
perboliques, faiblement bien posés, ni fortement stables, ni forte-
ment instables. On étudie comment les singularités d’une solu-
tion striée sont réfléchies lorsque la solution atteint la frontiére.
On prouve des estimations striées et en normes infinies. On mon-
tre qu'une discontinuité du gradient de la solution & travers un
hyperplan peut étre réfléchie en une discontinuité de la solution
elle-méme.

mots clés : Problémes aux limites non linéaires, Ondes de surface, Développe-
ment asymptotique rigoureux, Développement BKW, Elasticité, Ondes de
Rayleigh non linéaires, Rectification, Réflexion de discontinuités, Problémes
aux limites hyperboliques non linéaires faiblement stables, Condition faible
de Lopatinski, Condition (WR), Perte d’une dérivée, Solutions striées



Abstract

Two distinctive topics are investigated in this dissertation.

The first part deals with surface waves, solutions of hyperbolic
nonlinear boundary value problems. We construct BKW solu-
tions in the weakly nonlinear regime with infinite expansion in
powers of €. We rigorously justify this expansion,constructing ex-
act solutions, which admit the asymptotic expansions. We also
show that the solution is not necessarily localized at the order
O(£*°) in the interior, even if the data are; a particular case of
elasticity is studied: we prove that fast oscillatory elastic surface
waves can produce non trivial internal non oscillatory displace-
ments.

The second part is dedicated to the reflection of non linear discon-
tinuous waves, for weakly well-posed hyperbolic boundary value
problems, satisfying the (WR) condition, which has been intro-
duced in [1, 12|, that is in a case where the IBVP is neither
strongly stable, nor strongly unstable. We study how the singu-
larities of a striated solution are reflected when the solution hits
the boundary. We prove striated estimates and L*° estimates
and observe the loss of one derivative: we show that a disconti-
nuity of the gradient of the solution across an hyperplane can be
reflected in a discontinuity across an hyperplane of the solution
itself.

keywords: Nonlinear boundary value problems, Surface waves, Rigorous
asymptotic expansion, WKB expansion, Elasticity, Non linear Rayleigh waves,
Rectification, Reflection of discontinuities, Nonlinear weakly stable hyper-
bolic IBVP, Weak Lopatinski condition, (WR) condition, Loss of one deriva-
tive, Striated solutions
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Introduction générale

Cette thése concerne trois problémes différents dans le cadre de la propa-
gation d’ondes non linéaires pour des problémes aux limites hyperboliques
faiblement bien posés : la propagation d’ondes de surface, I’exemple des
ondes d’élasticité et la réflexion de sauts a travers des hypersurfaces.

0.1 Solutions oscillantes et problémes aux limites,
présentation du Chapitre 1

L’étude des solutions oscillantes de systémes hyperboliques linéaires généraux
commence avec l'article de Lax [57](1957), qui construit des solutions de la
forme

uf(z) = Re(a®(2)e'®/® + ea'(x)e'®/* + 2a®(x)e'®/* 4 --.).

En 1969, Choquet-Bruhat ([20]) a montré que la généralisation formelle
naturelle des développements de Lax au cadre non linéaire consiste a tenir
compte de la non linéarité en remplacant les termes a¥()e*?/¢ par une fonc-
tion périodique générale U¥(x, /<) de ¢ /c.

L’étude rigoureuse de la propagation et de l'interaction des oscillations
pour des opérateurs ou des systémes non linéaires hyperboliques a commencé
avec les travaux de Joly et Rauch ([47, 48, 49, 51]). Dans ce type de probléme,
on s’intéresse aux solutions d’une équation semi-linéaire d’ordre N (ou d’un
systéme N x N d’ordre 1), munie des variables z = (o, ..., z4), strictement
hyperbolique par rapport a la variable ¢ = xg, avec second membre C* et
données de Cauchy oscillantes, c’est-a-dire de la forme v(x, %?, cee %2), ol

0. ,qbg sont les phases considérées et v(z,61,...,0,) est C*, a support
compact en x et périodique par rapport a chaque 60;. Il s’agit alors d’étudier
si, grace au caractére oscillant des données, il peut y avoir existence sur un
intervalle de temps uniforme en ¢ et si, sur cet intervalle de temps, la solution

admet un développement asymptotique & ’aide de fonctions oscillantes de la



méme forme que les données. Lorsque d > 1, ou d est la dimension d’espace,
I’équation eikonale est non linéaire (lorsque d = 1, elle peut étre factorisée
en facteurs linéaires), d’ou la focalisation associée a des points critiques des
phases ¢9,..., qbg (ou des points critiques de combinaisons linéaires des ¢;)
peut amener le temps d’existence des solutions & tendre vers 0 lorsque € — 0,
des exemples sont construits dans [42, 44].

Dans le cas des systémes semi-linéaires multidimensionnels monophasés,
Joly et Rauch ([51]) ont montré qu’il existe une solution sur un intervalle de
temps indépendant de £, admettant un développement asymptotique donné
par 'optique géométrique non linéaire de la forme

W (@) = U0, 6(w) /2) + U (2, 6(2) /&) + - + FUE (@, 6(w) /o) + o(e),
(0.1.1)
ot les profils U7 (z, #) sont 27-périodiques, et k > 1 est un entier arbitraire.
Pour cela, ils ont introduit, en particulier, des techniques de moyennisation
des systémes hyperboliques permettant de construire les profils U7.

Pour des développements & plusieurs phases, ol 'on doit tenir compte
des interactions ("résonances") d’oscillations, les premiers résultats concer-
nent le cas mono-dimensionnel : Joly et Rauch (|47, 48, 49|) ont prouvé
I’existence d’une solution sur un intervalle de temps uniforme et ont obtenu
une représentation asymptotique de celle-ci. Ce résultat a par la suite été
étendu au cas quasi-linéaire mono-dimensionnel par Joly, Métivier et Rauch
([41]).

Dans tous ces problémes multidimensionnels, le phénoméne d’interaction
des oscillations est évité : si les données d’un probléme semi-linéaire oscillent
sur des phases caractéristiques ¢1,. .., ¢4, la présence des non-linéarités dans
le second membre de I’équation fait s’attendre en général a ce que la solu-
tion oscille sur toutes les phases caractéristiques ¢ s’écrivant sous la forme
¢ =) nj¢p; avec nj € Z pour tout j ; lorsque ¢ est une nouvelle phase car-
actéristique, la nouvelle oscillation se propage et on dit qu’il y a résonance.
Dans le cas ot ¢ = 1 ou bien ot ¢ = 2 mais 'opérateur est d’ordre 2, de
telles interactions ne font pas apparaitre de nouvelles phases caractéristiques
(a cause de la convexité du come d’onde dans le second cas).

La situation est radicalement différente lorsque ’on considére des opéra-
teurs d’ordre strictement supérieur & 2 ou des données oscillant sur au moins
trois phases. Joly et Rauch ont en effet construit une exemple ([50]) dans
lequel ’ensemble des directions des différentielles des phases caractéristiques,
obtenues par interactions & partir d’une famille de trois phases sur lesquelles
oscillent les données du probléme, est dense - ce qui 6te tout espoir d’obtenir
une description raisonnable de la solution. Ils ont alors conjecturé que le seul



cas ol 'on peut espérer des résultats avec des données oscillant sur au moins
trois phases est celui d’'un opérateur d’ordre 2 avec non-linéarité quadra-
tique. Delort ([25]) a étudié ce probléme en dimension 2 ou 3 d’espace sous
I’hypothése supplémentaire que la non-linéarité est compatible & I'opérateur
au sens de Hanouzet-Joly ([35]). Il prouve que si (¢x)rer est une famille
finie de phases caractéristiques dont les différentielles sont deux & deux in-
dépendantes en tout point et si le second membre de I’équation est somme de
fonctions de la forme f(z, %) ou pour tout k € K, fi(z,0) est 2m-périodique
en 0 € R, il existe une solution sur un intervalle de temps uniforme en ¢, qui,
en outre, admet un développement asymptotique a 'ordre 2 en €.

Dans le cas des systémes hyperboliques quasi-linéaires, Choquet-Bruhat a
montré dans [20] que les développements naturels a considérer étaient ceux de
la forme (0.1.1) dont le premier terme est une solution donnée indépendante

de ¢/e :
uf (x) = ul(x) + eUNx, ¢p(x) /) + - - + F U (x, p(x) /) + 0o(eF),  (0.1.2)

de sorte que le probléme se présente comme un probléme de perturbation os-
cillante de petite amplitude et de haute fréquence d’une solution donnée. De
nombreux travaux, dont notamment ceux de Hunter, Keller, Majda et Ros-
ales ([40, 60, 63, 39]), s’intéressent aux propriétés de telles solutions formelles
ainsi qu’a des développements plus généraux a plusieurs phases.

En ce qui concerne la justification dans un cadre quasi-linéaire général
des développements (0.1.2), Gués ([31]) a étendu les résultats semi-linéaires
mutli-dimensionnels de Joly et Rauch ([51]) ; il a prouvé l'existence d’une
solution sur un intervalle de temps uniforme lorsque la donnée oscille sur une
seule phase et admet un développement asymptotique a un ordre assez grand
devant la demi-dimension de I’espace-temps. Sa méthode consiste & montrer
d’abord que I’équation étudiée admet une solution asymptotique (par réso-
lution des équations données par 'optique géométrique non linéaire) puis a
établir que la différence entre la solution cherchée et cette solution asymp-
totique vérifie une équation dans laquelle le terme non-linéaire est multiplié
par une puissance de € assez grande pour pouvoir utiliser les théorémes
d’injection de Sobolev. Cela permet alors de résoudre ce dernier probléme
par une méthode classique d’approximations successives. Dans [30], Gués
considére des développements & peu de termes mono-phases, et tout partic-
uliérement de la forme

uf (z) = ul(z) + el (z, ¢(x) /) + o(e), (0.1.3)

ot U(x,0) est une fonction presque-périodique en la variable §. Il com-
pléte [31] en levant Iobstruction de 'ordre du développement asymptotique



assez grand devant la demi-dimension.

Joly, Métivier et Rauch ont donné une justification rigoureuse d’optiques
géométriques non linéaires pour des solutions continues de problémes de
Cauchy semi-linéaires et quasi-linéaires dans un espace libre (|44, 43, 45]).
Des domaines avec frontiére ont été considérés dans le cas non résonant
par Chikhi ([19]) et dans le cas d’oscillations résonantes, dans des situa-
tions particuliéres ot les modes glancing (phases pour lesquelles les champs
de vecteurs associés sont tangents a la frontiére) ne sont pas présents, par
Williams ([80]). Dans [2], Majda et Artola construisent dans le cas non glanc-
ing des développements formels solutions de problémes aux limites pour des
lois de conservation hyperboliques, des phases linéaires et des états constants
dans le passé. Cheverry ([18]) a étudié la propagation d’oscillations prés d’un
point diffractif pour des problémes scalaires du second ordre (non résonants)
comportant une seule phase.

Williams ([81]) donne une justification rigoureuse d’optiques géométriques
pour une classe de problémes aux limites semi-linéaires bien posés au sens
de Kreiss, avec des données oscillantes dépendant de nombreuses phases, ol
a la fois les interactions résonnantes et les modes glancing sont présents.
Les erreurs tendent vers 0 dans L? lorsque la longueur d’onde € tend vers
0. Afin d’atteindre des erreurs tendant vers 0 dans L lorsque ¢ tend vers
0, Williams incorpore dans [82] les profils des couches limites glancing, el-
liptiques et hyperboliques dans les développements. L’existence des couches
limites glancing et elliptiques, qui sont petites dans L? mais pas dans L,
était déja manifeste dans [81], mais elles étaient absorbées dans les termes
d’erreur. L’analyse de la couche limite glancing améne & introduire une
troisiéme échelle 1/4/¢ en plus des échelles oscillantes (1/¢) et spatiales (1)
habituelles (voir [26, 46, 32, 33| pour différents problémes a trois échelles).
Williams construit aussi des exemples montrant qu’en présence de modes
glancing d’ordre au moins 3, le temps maximal 7, d’existence de la solution
exacte tend vers 0 lorsque € — 0. Le mécanisme d’explosion est différent des
types de focalisations qui se manifestent en ’absence de frontiéres.

Dans le premier chapitre, on considére la propagation d’ondes de surface
haute fréquence non linéaires, qui surviennent par exemple en géophysique ou
magnétohydrodynamique. Il s’agit d’ondes, telles que des ondes sismiques,
qui se propagent le long de la frontiére d’un domaine et décroissent exponen-
tiellement dans 'intérieur. Le régime dit faiblement non linéaire correspond
aux amplitudes telles que les effets non linéaires affectent la propagation de
la composante oscillante principale. Le cadre mathématique est ’analyse de
solutions haute fréquence de problémes aux limites. Ici, on considérera, par



souci de simplicité, des lois de conservation du premier ordre, dans un espace
de dimension deux, sur un domaine qui est un demi-plan :

{am On(f(@) +0,(9(@) =F  y>0 (0.1.4)

Cil}y—o = 0.

Notre analyse s’étend a des dimensions plus élevées, & des domaines réguliers
plus généraux et & des systémes d’ordre plus élevé tels qu’en élasticité, mais
nos résultats sont présentés dans le cas plus simple (0.1.4). Nous choisissons
aussi le cadre des problémes aux limites dissipatifs symétriques au sens de
[58], avec une frontiére non caractéristique y = 0.

Les conditions mathématiques pour l'existence d’ondes de surfaces sont
bien comprises : la condition de Lopatinski faible est satisfaite mais la con-
dition plus forte de Lopatinski uniforme est violée pour des fréquences dans
la région non hyperbolique (voir e.g. |78, 11, 36]). Cela signifie que pour
tout état iy fixé et toutes fréquences tangentielles au temps (7,&) # (0,0)
avec Im7 < 0,

1) lorsque Im7 < 0, 'ODE de dimension un
Ay v +ig (up) "  (71d + £ f(aip))v = 0, Cuy—o =0 (0.1.5)

admet seulement la solution triviale v = 0 dans L?([0, 0ol); ceci est en
effet impliqué par 'hypothése de dissipativité.

2) il existe des fréquences réelles (7, ) telles que 'équation (0.1.5) a une
solution non triviale exponentiellement décroissante.

Des énoncés plus précis sont donnés ci-dessous. On note (—w, k) une des
fréquences de la condition 2), on cherche des ondes de surface oscillantes,
c’est-a-dire des solutions du probléme aux limites localisées prés de la fron-
tiére et telles que leur trace sur la frontiére ont des oscillations rapides de
phase (kx —wt)/e. Plus précisément, on cherche des solutions admettant un
développement asymptotique de la forme

kx —wt y
u(t,x,y) ~ iy + e, (t,x, ,7,7)
( y) 0 nz>:1 n Yy c

; (0.1.6)

avec des profiles w0, (t,x,y,0,Y) périodiques par rapport a la variable 6 et

exponentiellement convergeant vers une limite i, (¢, x,y) lorsque la variable
Y tend vers +oc.
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Ce type de développements a été considéré par de nombreux auteurs,
voir par exemple [36, 37, 54, 55, 38, 79, 52| et leurs références. La trace sur
la frontiére du terme principal est polarisée selon une direction donnée :

u1(t,2,0,0,0) = uy(t,x, 9)ﬁ+ +u_(t,z, H)ﬁ_ (0.1.7)

ou R_ est la trace sur Y = 0 de la solution spéciale de 2) et §+ est
son complexe conjugué (qui satisfait la méme propriété pour la fréquence
(w,—k)); de plus, dans (0.1.7), u représente une fonction scalaire, péri-
odique en ¢, de séries de Fourier ), 4 ure™ et up = ue™? [resp.
u_ =y, oute™.

L’amplitude scalaire u satisfait une équation de propagation de la forme
Opu + voyu + dga(u,u) =0 (0.1.8)

ol a est une forme bilinéaire non locale agissant sur les fonctions périodiques
en 0 (voir [36] pour une obtention formelle).

Hunter ([36]) a initi¢ I’étude de ces équations d’amplitude, associées a
des ondes de surface dans le régime faiblement non linéaire (voir aussi [9]
pour l'obtention de I’équation d’onde associée & des ondes de surface le long
de chocs neutralement stables). Il s’agit de généralisations non locales de
I’équation de Burger. Benzoni-Gavage ([7]) a prouvé que ces équations sont
bien posées localement en temps dans des espaces de Sobolev, sous une
condition de stabilité explicite, originellement exhibée par Hunter dans [36].
Benzoni-Gavage, Coulombel et Tzvetkov ([8]) ont prouvé que cette condition
est non seulement suffisante mais aussi nécessaire pour que les équations
soient bien posées dans des espaces de Sobolev.

Les résultats principaux de ce chapitre sont doubles :

1) obtenir les équations de propagation dans un cadre général et con-
struire des développements asymptotiques a tout ordre n. Il semble que,
dans la littérature, seulement [’équation vérifice par le terme principal a
été obtenue (voir les références ci-desssus) et étudiée (voir [7, 37]). Mais
I’analyse de termes plus élevés révéle un phénoméne nouveau et peut-étre
inattendu : en général, les correcteurs i, pour n > 2 ne sont pas purement
localisés prés de la frontiére ; par exemple, en général us dépend de la vari-
able lente y et is ne décroit pas vers 0 lorsque Y tend vers +oo. Cette
analyse se conclut par la construction de solutions approchées a tout ordre
e™.

2) construire des solutions exactes du probleme original qui admettent
lexpansion asymptotique obtenue & la premiére étape, en adaptant 'analyse
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de O. Gues ([31, 30]). Cela équivaut a prouver la stabilité des solutions
approchées.

0.2 Applications, cas particulier de 1’élasticité,
présentation du Chapitre 2

Les ondes de Rayleigh, qui sont des ondes acoustiques sur des demi-espaces
élastiques, constituent un exemple important d’ondes de surface. Elles ap-
paraissent en séismologie et sont utilisées dans des dispositifs ultrasoniques.
Zabolotskaya, Kalyanasundaram et al., Lardner et Parker ont obtenu des
équations du type (0.1.8) pour des ondes de Rayleigh : dans le cas isotropique,
Zabolotskaya (|79]) a étudié les ondes de Rayleigh planes et circulaires,
Kalyanasundaram et al. ([52]) ont étudiés des formes d’ondes périodiques
; en utilisant des techniques multi-échelles, Lardner ([54]) a étendu cette
méthode au cas d’ondes ayant une forme d’onde initiale générale et Parker
([68]) traite le cas anisotropique, en utilisant un systéme de coordonnées
se déplacant a la vitesse de Rayleigh, il évite ’emploi de techniques multi-
échelles. Parker et Talbot (|69]) ont construit des ondes réguliéres solutions
de ces équations. Taylor (|78]) a étudié la propagation de singularités, a la
vitesse de Rayleigh, le long d’une frontiére courbe, dans le cas de ’élasticité
linéaire.

Les avancées dans le domaine des ondes de surface élastiques non linéaires
ont été motivées dans une large mesure par le développement des dispositifs
SAW (surface acoustic wave), qui exécutent des opérations non linéaires de
traitement d’image et emploient des cristaux piézoélectriques. Hamilton et
al. (|34]) ont généralisé le cas isotropique étudié dans [79] afin d’inclure
I’anisotropie du cristal, sans restriction & une symétrie du matériau, une
orientation de la surface libre par rapport aux axes du cristal ou une direction
de propagation dans le plan de la surface libre.

Des ondes de surface peuvent aussi se propager sur des discontinuités,
comme des discontinuités de contact ou des ondes de choc, dans des solu-
tions de systémes de lois de conservation. Aliet Hunter étudient dans [38] un
probléme modéle pour la propagation d’ondes de surface, non linéaires et ex-
ponentiellement décroissantes, sur une discontinuité, & savoir la propagation
d’ondes de surface sur une discontinuité tangentielle en magnétohydrody-
namique. Des ondes de surface sur des discontinuités ont été étudiées par
Artola et Majda (|1, 3|) dans le cas de feuilles de vortex compressibles et
par Majda et Rosales (|61, 62]) dans le cas d’ondes de détonation. Les ondes
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de surface dans ces problémes émettent des "bulk waves" dans I'intérieur du
fluide et donc différent qualitativement des véritables ondes de surface, telles
que les ondes Rayleigh, dont I’énergie est localisée sur la frontiére et décroit
exponentiellement dans 'intérieur.

Dans le deuxiéme chapitre, on prouve que des ondes de surface élastiques
rapidement oscillantes peuvent produire un déplacement interne non oscil-
lant non trivial. Ce phénoméne a été observé et expliqué dans le chapitre
précédent pour des systémes du premier ordre généraux.

En reprenant le cadre de [54], on considére un milieu élastique qui occupe
au repos le demi-plan y > 0 et qui est déformé en tension plane dans les
directions x et y. Les composantes du déplacement sont notées u(t,z,y) et
v(t, z,y) dans les directions z et y. On suppose que le milieu est isotropique
et hyperélastique. Les équations de mouvement et les conditions sur le bord
sans tension y = 0 prennent la forme :

Ouu® — 10pau° — (1 — 1)0pyv® — Oyyu® = Op F1 + Oy F (0.2.1a)
Opv° — Ogpt® — (1 — 1)0gyu® — 10yyv° = 0,G1 + 0yGa (0.2.1b)
sur y > 0 et
Oyu® + 0,0° = —Fy + f* (0.2.2a)
(r —2)0,u® + 1royv° = —Ga + ¢° (0.2.2b)
sur y = 0.

On étudie un cas particulier des équations données dans [54] (voir aussi
[68]), ou les termes non linéaires quadratiques sont donnés par :

Fy = 0yu®0,0°

Fy = 0,v°(0,u° + 0y0v°)
G = Oyu(0u + Oyv°)
G = 0yu0,v° = F.

On considére des ondes de surface de la forme :

£

Us(t,z,y) = ur(t@,y) NiekU tfvyL_Ct Y
s Ly ’Us(t, z, y) £ k sy Y - ) - )
sur iy > 0, avec des profils

Uk(t7 x? y? Y7 9) = Qk(t7 x? y) + U;Ck (t? x? 9? Y)?
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ou Uy est périodique par rapport a la variable 6 et exponentiellement décrois-
sant vers 0 en la variable Y.

En notant (—¢, 1) une des fréquences telles qu'il existe des ondes de sur-
face associées a la phase p(t,x) = —ct + = (& un changement de variables
homothétique prés, il n’y a pas de restriction a supposer que le nombre d’onde
spatial est k& = 1), on cherche des ondes de surface oscillantes, c¢’est-a-dire
des solutions du probléme aux limites localisées prés de la frontiére et telles
que la trace sur la frontiére a des oscillations rapides de phase § = £=<

Le premier terme Us est déterminé par exemple dans [54] et [68]. En
particulier, il est purement localisé prés de la frontiére, c’est-a-dire Uy = 0,
et UJ est déterminé par une inconnue scalaire a(t,z,6), qui satisfait une
équation de propagation (2.2.2). Notre objectif principal est de prouver que,
en général, le correcteur Us n’est pas purement localisé prés de la frontiére,
c’est-a-dire U5 n’est pas nul, méme si c’est le cas pour le terme source. Uj
est une solution des équations linéarisées de 1’élasticité, avec des termes de
bord déterminés par a qui ne s’annulent pas en général. Us dépend de la
variable lente y et ne décroit pas vers 0 lorsque Y tend vers +o0o, méme si le
terme source est exponentiellement décroissant vers 0.

Les autres termes du développement peuvent étre déterminés en suivant
I’analyse du premier chapitre. Dans ce chapitre, on a prouvé, dans le cas
de systémes du premier ordre généraux, l’existence d’une solution exacte
admettant le développement asymptotique considéré. Cette analyse devrait
pouvoir s’étendre & 1’élasticité.

0.3 Ondes conormales, ondes striées, ondes discon-
tinues, présentation du Chapitre 3

Dans le dernier chapitre, on considére la réflexion d’ondes non linéaires dis-
continues, pour des problémes aux limites faiblement bien posés.

L’étude de la propagation de singularités pour des solutions suffisam-
ment réguliéres d’équations hyperboliques non linéaires a commencé avec les
travaux de Bony ([14]), Rauch ([70]) et Lascar (|56]). En général, d’autres
singularités non présentes dans la théorie linéaire apparaissent, comme le
montrent Rauch et Reed ([72]) et Beals (|4]). Ces singularités non linéaires
additionnelles sont en toutes dimensions plus faibles que celles du probléme
linéaire correspondant. Dans un espace de dimension 1, leur localisation est
trés limitée (|71]), méme pour des données initiales trés générales. Mais,
pour des dimensions plus grandes, les résultats de [4] impliquent que des hy-
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pothéses supplémentaires de régularité des données ou de la solution dans le
passé sont nécessaires afin de limiter la dissémination des singularités. Une
condition appropriée est celle de "conormalité" par rapport & des hypersur-
faces. Il a été prouvé par Bony (|13, 15, 16]) et Melrose et Ritter (|64]) que la
régularité est préservée pour certaines interactions d’ondes conormales, voir
aussi les travaux de Rauch et Reed (|73, 74]) et Beals (|5]).

Le cadre des solutions striées est bien adapté a la description de la réflex-
ion de discontinuités. Ce sont des distributions conormales par rapport a
un feuilletage de codimension deux de ’espace-temps. Les solutions striées
apparaissent naturellement dans de nombreuses situations physiques ou les
solutions sont réguliéres par rapport a toutes les variables, exceptées deux.
Rauch et Reed (|73, 75]) ont exhibé cette classe de solutions striées pour
des systémes hyperboliques du premier ordre a deux vitesses, c’est-d-dire
dont le polyndéme caractéristique n’admet que deux racines distinctes et de
multiplicité constante dans toutes les directions. Pour les systémes & deux
vitesses, le probléme semi-linéaire posséde la propriété que singularités ou
oscillations se croisent sans interagir. Comme pour le probléme linéaire,
il n’y a pas création de singularités ou d’oscillations. Rauch et Reed ont
montré que la propriété d’étre strié par rapport a I'intersection transverse de
deux feuilletages caractéristiques, d’'un systéme & deux vitesses, est propagée
par ce systéme. Ils se sont intéressés a I'exemple important de distributions
striées fourni par les oscillations & hautes fréquences sur deux phases. Dans
un espace strié dont les dérivations annulent les deux phases, ces oscillations
restent uniformément bornées par rapport a la fréquence. Rauch et Reed ont
montré que ce type d’oscillations sur deux phases, avec des développements
d’ordre quelconque, est propagé par les systémes a deux vitesses : ils ont
résolu le probléme de Cauchy pour un probléme hyperbolique semi-linéaire
a deux vitesses.

Des problémes aux limites hyperboliques non linéaires ont aussi été con-
sidérés. En dimension 1, de nouvelles singularités apparaissent de fagon
controdlée (voir Berning et Reed [12] et Oberguggenberger [67]). En toutes
dimensions, les singularités non linéaires seront plus faibles que dans le cas
linéaire (voir Sablé-Tougeron [76]). Beals et Métivier (|6]) considérent la
propagation de régularité lorsque la solution du probléme mixte est conor-
male par rapport & une seule hypersurface caractéristique dans le passé,
ils montrent que si I’hypersurface coupe la frontiére du domaine transver-
salement, et si seulement une hypersurface caractéristique réfléchie est issue
de l'intersection, alors la solution sera conormale par rapport & I'union de
ces surfaces. Chikhi [19]) a adapté la notion d’onde striée pour le prob-
léme mixte, dans le cadre d’un probléme aux limites hyperbolique & deux
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vitesses, non caractéristique, de type maximal dissipatif. Il a démontré que
cette notion se propage et I’a appliquée a la réflexion des oscillations.

Depuis les travaux de Kreiss ([53]), il est établi qu'une condition néces-
saire pour qu’un probléme aux limites hyperbolique linéaire soit fortement
bien posé est la condition de Lopatinski forte (voir section 3.4). Dans le
cas de multiplicités constantes, Métivier (|66]) a montré que la condition de
Lopatinski forte est aussi suffisante pour que le probléme soit fortement bien
posé. Le cas strictement hyperbolique a été traité par Kreiss ([53]). Benzoni,
Rousset, Serre et Zumbrun ([10]) ont montré qu’il existait, outre la classe des
problémes aux limites hyperboliques instables au sens de Hadamard (condi-
tion de Lopatinski faible violée), sans aucune estimations, et celle des prob-
lémes fortement stables (condition de Lopatinski forte), avec des estimations
sans perte de dérivée, une troisiéme classe "ouverte", c’est-a-dire stable par
petites perturbations des coefficients dans les équations et les conditions aux
limites. Cette classe est nommeée "weakly stable of real type" ou (WR), car
elle a une propriété de faible stabilité (estimées avec perte d’une dérivée)
et car elle est caractérisée par un ensemble caractéristique "réel" pour le
déterminant de Lopatinski. Les transitions d’une classe ouverte a une autre
sont caractérisées dans [10]. En résumé, la condition (WR) est satisfaite
lorsque la condition de Lopatinski faible est vérifiée et reste vérifiée pour
des perturbations. Sous la condition (WR), le probléme aux limites n’est ni
fortement stable, ni fortement instable (voir section 3.2.1). En particulier,
cela implique la perte d'une dérivée dans I’estimation a priori principale, par
rapport au cas de problémes fortement stables.

On étudies des problémes aux limites pour des équations d’onde sur un
demi-plan, de la forme :

q0(0p, Or, Oy)u + 1(0, 0z, Oy)u = f+ F(.,u) >0 (0.3.1a)
0z + B0 +v-0y)u+cu=g+G(.,u) =0, (0.3.1b)

ot qo(7,&,7n) est un polynéme du second ordre strictement hyperbolique et [
est du premier ordre (voir 'hypothése 3.2.1).

On suppose que la condition (WR), introduite dans [10, 77|, est satis-
faite. Cette condition est plus faible que la condition de Lopatinski uniforme
qui caractérise les problémes aux limites fortement bien posés. La réflexion
d’ondes non linéaires discontinues pour des problémes satisfaisant la condi-
tion forte de Lopatinski est étudiée dans [65, 19)].

Dans ce chapitre, les solutions striées sont réguliéres par rapport & un
ensemble de dérivées Y}, ol les champs Y pour j = 1,...,d—1 sont tangents
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a la striation {¢4+ = a4, p_ = a_}, correspondant aux phases :
px = &xx +wot + ko - y, (0.3.2)

avec des fréquences réelles ({4, wo, ko). Les phases ¢+ qui portent les
éventuelles singularités des solutions sont caractéristiques, i.e. satisfont

QO(W(];gﬂka) =0. (033)

On suppose que &4 # €_, ce qui, dans la classification des fréquences au
bord pour des problémes aux limites hyperboliques, signifie que (wy, ko) est
un point hyperbolique.

Une des propriétés du probléme est qu’il s’écrit (& un facteur multiplicatif
strictement positif pres) :

X X u-QY)u=f+F(.,u) >0 (0.3.4)

o Xy = )?i + c4+ sont des opérateurs du premier ordre, avec des termes
principaux _
Xy =0, +0+0;+ vy - 8@, (0.3.5)

tels que X [resp. X_] est tangent a la foliation {4 = const} [resp. {¢o_ =
const}]. Cela signifie que

Xi(py)=0 et X_(p_)=0. (0.3.6)

Sous I'hypothése 3.2.1, on peut fixer les plus et moins de telle facon que
o_ < 0et or>0. Le champ X_ est sortant, ce qui signifie qu’il propage le
signal vers la gauche par rapport &  pour des temps croissants, tandis que
le champ X+ est entrant ce qui signifie qu’il le propage vers la droite par
rapport a x.

Dans ce cadre, la question principale sur laquelle on se penche dans ce
chapitre est la suivante : si une solution u est réguliére par rapport auz Y;
et X_, et singuliére en Xy dans le passé, comment est réfléchie la singularité
lorsque la solution atteint la frontiere ? Typiquement, si u (ou Vu) a une
discontinuité o travers ¥_ = {p_ = 0} dans le passé, comment est-elle
réfléchie ?

Cette question est étudiée dans [19, 65] lorsque le probléme aux limites est
fortement stable, le résultat principal peut étre résumé de la facon suivante :
les discontinuités de u (resp. Vu) a travers ¥_ = {¢_ = 0} sont réfléchies
en des discontinuités de u (resp. Vu) a travers X4 = {¢4 = 0}.
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Ici, on étudie le cas ot le probléme aux limites est seulement faiblement
stable et satisfait la condition (WR), et ou la fréquence tangentielle (wo, ko)
est précisément un point ot la condition de Lopatinski est violée. Dans ce
cas, on obtient que les conditions aux bords s’écrivent sous la forme :

Xyu+v-Yu+cu=9g+G(.,u), x=0. (0.3.7)

De plus, le coefficient de 9; dans le champ de vecteurs tangent © - Y ne
s’annule pas.

Le résultat principal de ce chapitre est que, dans ce cas, les discontinuités
de Vu a travers ¥_ = {o_ = 0} sont réfléchies en des discontinuités de u
a travers ¥4 = {p4 = 0}, se référer au Théoréme 3.2.27 pour un énoncé
précis. L’esprit de ce résultat est en accord complet avec la perte d’une
dérivée sus-mentionnée pour les problémes satisfaisant la condition (WR).

Des estimations L? sont prouvées dans [77] pour 1’équation des ondes, en
utilisant un probléme auxiliaire fortement bien posé pour Pu oul P est un
opérateur bien choisi ; la perte d’'une dérivée est observée lors du passage
d’estimations pour Pu & des estimations pour u. Soulignons le fait que, con-
trairement au cas fortement stable, les termes du premier ordre (0, O, Oy)u
dans (3.1.7a) et le terme constant cu dans (3.1.7b) ne peuvent pas étre con-
sidérés comme de simples perturbations, & cause de la perte d’une dérivée
dans les estimations. Cependant, la condition (WR) ne fait intervenir que
les termes principaux qo(0, Oy, 0y) & l'intérieur et 0, + 50y + v - 0y a la fron-
tiére. Dans ce chapitre, on donne une preuve directe des estimations L? qui
prend en compte de fagon détaillée 'absorption des termes lu et cu dans les
estimations. Il existe dans la littérature d’autres travaux ol des estimations
d’énergie pour des problémes hyperboliques faiblement stables sont données
(voir [21, 22, 24] et leurs références). Ici, nous soulignons le fait que pour
des problémes (WR) (3.1.7) en dimension d > 3, la condition de Lopatinski
est nécessairement violée en des points glancing, pour un large ensemble de
paramétres (voir Remarque Remark 3.4.9). Il se semble pas qu'il existe un
traitement général de cette situation dans la littérature, notre analyse semble
donc étre nouvelle aussi a cet égard.
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Chapter 1

Rigorous Weakly Nonlinear
Geometric Optics for Surface
Waves

This chapter is concerned with surface waves, solutions of hyper-
bolic nonlinear boundary value problems. We construct BKW
solutions in the weakly nonlinear regime with infinite expansion
in powers of €. We rigorously justify this expansion, constructing
exact solutions, which admit the asymptotic expansions. We also
show that the solution is not necessarily localized at the order
O(£*°) in the interior, even if the data are.

1.1 Introduction

In this paper we consider the propagation of nonlinear high frequency surface
waves, which occur for instance in geophysics and magneto-hydrodynamics.
They are waves, such as seismic waves, which propagate along the bound-
ary of the domain. The so-called weakly nonlinear regime corresponds to
those amplitudes such that the nonlinear effects affect the propagation of
the main oscillatory component. The mathematical setting is the analysis of
high frequency solutions of boundary value problems. Here we consider, for
simplicity, first order conservation laws in space dimension two, on a domain
which is a half plane:

{am Ou(J(@) +,(9(@) =h  y>0 (1.1.1)

Cil}y—o = 0.
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Our analysis extends to higher dimensions, general smooth domains and to
higher order systems such as elasticity but we present our results in the
simpler case (1.1.1). We also choose the framework of symmetric dissipa-
tive boundary value problems in the sense of [58], with non characteristic
boundary y = 0.

The mathematical conditions for the existence of surface waves are well
understood: the weak Lopatinski condition is satisfied but the stronger uni-
form condition fails at some frequencies in the nonhyperbolic region (see
e.g. |78, 11, 36]). This means that for all fixed state up and time-tangential
frequencies (7, &) # (0,0) with Im7 <0,

1) when Im7 < 0, the one dimensional ode
Ay v +ig (i) (71d + £ f(aip))v = 0, Cuy—o =0 (1.1.2)

has only the trivial solution v = 0 in L?([0, col); this is indeed implied
by the dissipativity assumption.

2) there are real frequencies (7,&) such that the equation (1.1.2) has a
nontrivial exponentially decaying solution.

More precise statements are given below. Denoting by (—w, k) one of the
special frequencies of condition 2), one looks for oscillatory surface waves,
that is for solutions of the boundary value problem localized near the bound-
ary and such that the trace on the boundary has rapid oscillations with the
phase (kz —wt)/e. More precisely, we seek solutions which admit asymptotic
expansions of the form

u(t,x,y) ~ o + Z ey, (t, x,y, M, Q)
n>1 €

; (1.1.3)

with profiles i, (t, z,y,0,Y) which are periodic with respect to the variable
6 and converging to a limit @, (¢, z,y) with an exponential rate as the fast
variable Y tends to +oo.

This kind of expansions has been considered by many authors, see for
instance [36, 37, 54, 38, 79, 52| and their references. For instance, the trace
of the main term on the boundary is polarized along a given direction:

@ (t,2,0,0,0) = uy(t,z,0)R, +u_(t,z,0)R_ (1.1.4)

where R_ is the trace at ¥ = 0 of the special solution in 2) and §+ is
its complex conjugate (which satisfies the same property for the frequency
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(w,—k)); moreover, in (1.1.4), u denotes a scalar function, periodic in 6 with
Fourier series ), o we™ and uy =Y, ou"e™ [resp. u_ =Y, ue™].

The scalar amplitude u satisfies a propagation equation of the form
O + vOu + dga(u,u) =0 (1.1.5)

where a is a nonlocal bilinear form acting on periodic functions in 6 (see [36]
for formal derivation and e.g. [54, 38| for a couple of applications among
many).

The main objective of the present paper is twofold:

1) derive the propagation equations in a general setting and construct
asymptotic expansions at any order n. It seems that, in the literature, only
the equation for the main order has been obtained (see references above)
and studied (see [7]). But the analysis of higher terms reveals a new and
maybe unexpected phenomenon: an important remark is that, in general,
the correctors w,, for n > 2 are not purely localized near the boundary; for
instance, in general, @y does depend on the slow variable y and > does not
decay to 0 as Y tends to +o0o. This analysis ends with the construction of
approximate solutions at any order £".

2) construct exact solutions of the original equation which admit the
asymptotic expansions found in the first step, adapting the analysis of O.
Gueés ([31, 30]). This amounts to prove the stability of the approximate
solutions.

1.2 Statement of the main results

1.2.1 Structural assumptions

We consider a system (1.1.1) with C*° flux functions f and g. It is assumed to
be symmetric hyperbolic in the sense of Friedrichs, with maximal dissipative
boundary conditions on the non characteristic boundary {y = 0}, that is:

Assumption 1.2.1. For @ in a neighbourhood of iy:

i) there exists a positive definite symmetric matriz S(w@) such that S(@) f' ()
and S(4)g' (@) are symmetric.

ii) g'(w0) is invertible

i11) when U satisfies the boundary condition Ci = 0, then the matriz
S(w)g' (@) is non positive on Ker C and the rank of C'is equal to the number
of positive eigenvalues of Sqg'(@)]y=o.
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We consider surface waves associated to the phase
o(t,z) = —wt + x, weR (1.2.1)

(there is no restriction in assuming that the spatial wave number k = 1).
We assume that (—w, 1) is an elliptic frequency:

Assumption 1.2.2. For 7 near w, all the eigenvalues of the real matriz
A(r) = —(¢' (@)~ (—=71d + f'(d@0))
are simple and none is real.

In particular, the eigenvalues are pairwise complex conjugate, and the
dimension of the system (1.1.1) must be even. We denote it by 2M.

Moreover, in this context, the maximal dissipation property requires that
the number of boundary conditions must be equal to M. Indeed, from the
maximal dissipation property, the number of boundary conditions is equal
to the number of positive eigenvalues of S(up)g'(dp), which is equal to the
number of positive eigenvalues of ¢'(up), since, on the one hand, ¢'(dp) and
the similar matrix S(ﬁo)% g (ﬁo)S(ﬁo)_% have the same eigenvalues, and,
on the other hand, S(ip)2g/(i0)S(o) "2 = S(io) 2 [S(iho)g’ ()] S (o) 2
and S(up)g'(dp) are congruent real symmetric matrices and thus have the
same number of positive eigenvalues. It remains to show that the number
of positive eigenvalues of ¢'(ip) is equal to the number of eigenvalues of
A(1) = —(¢' (o))" Y (—7Id + f'(ip)) with positive imaginary part.

For £, 7 real numbers, the eigenvalues of & f/(ip)+ng’ () are real, because
they are equal to the eigenvalues of S(ﬁo)%[ff’(ﬁo) + ng’(ﬁo)]S(ﬁo)fé =
S(ﬁo)fé [S(ﬁo)(ff’(ﬁo)—i—ng'(ﬁo))]S(ﬁo)*%, which is a real symmetric matrix.
Thus, by contradiction, the roots 1 of det[(a — iy)Id + & f/(tip) + ng' (o)) for
(a,&,7) € RxRxRY have a non-zero imaginary part. Therefore the integer
values function

p:RxRxR} =N

(o, &) = Card {n/ det[(a — i 7)Id + £ f'(do) + ng' ()] = O
and Imn > 0}
is continuous, therefore it is constant.
With £ = 0 and (a,7y) € R x R%, we obtain that this number is equal to
the number of positive eigenvalues of ¢'(p), indeed:
—a iy

det[(a — iy)Id + ng'(tdp)] = 0 <= 3\ € Sp(g¢'(1p)),n = 3
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From the assumption 1.2.2, that the eigenvalues of A(7) are not real,
we get that ¢ is continuous in (a,§,v) = (—7,1,0). Thus, with £ = 1 and
a = —7 and by passing to the limit as v — 0T, we obtain that the number
of positive eigenvalues of ¢'(ip) is equal to the number of eigenvalues of
A(1) = —(g¢' (o))~ (—7Id+ f'(iip)) with positive imaginary part, that is M.

For our analysis, it is more convenient to introduce the eigenvalues of
iA(T): using the assumption, we can denote them by

AMyeo oy A, —ALeo, = Ay with Re()\j) >0 (1.2.2)

with z* denoting the complex conjugate of z. We introduce next right eigen-
vectors R; and left eigenvectors L;

iAR; = \jR;,  iL; A= )\Lj,
normalized by the condition
LRy, = 6.

Note that R}" and E; are right and left eigenvectors respectively, associated
to the eigenvalue )\;'7. Note also that these eigenvalues are smooth functions
of 7 in a neighbourhood of w. We choose smooth eigenvectors, as we may.

Recall that the Lopatinski condition concerns the invertibility of the ma-
trix C on the positive space of i A4, that is the invertibility of the matrix

CR(7) := [CRy(7),...,CRu(7)]. (1.2.3)

The key condition for the existence of surface waves associated to the phase
(1.2.1) is that the uniform Lopatinski condition fails at (—w, 1). We assume
that it fails in a generic way:

Assumption 1.2.3. The matriz C has dimension M x 2M, and ¢(1) :=
det CR(T) vanishes at first order at T = w that is

d(w) =0, 0r¢(w) # 0. (1.2.4)

Moreover, we assume that zero is a simple eigenvalue of the matriz CR(w)
that is dimker CR(w) = 1.

We denote by p,d left and right eigenvectors corresponding to the zero
eigenvalue of the matrix CR(w):

p=(pt.--oipm)t,  F=(01,...,0M) (1.2.5)
CR(w)p =0, dCR(w) = 0. (1.2.6)
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1.2.2 Statement of the problem
We seek solutions 4 of
Ol + 0 (f(U°)) + By (g(@®)) = h° iny >0 (1.2.7a)

satisfying the boundary condition:

Ciy—p = 0, (1.2.7b)
the condition in the past:
Vit <0, d°(t) = iy (1.2.7¢)
and admitting asymptotic expansions
it 2, y) ~ ao+z>:1e"an(t,a:,y, x;”t,g) (1.2.7d)
n>

with profiles @;(¢,x,y,6,Y) in the space S defined below:

Definition 1.2.4. i) S denotes the space of functions u(t,x,y) in H® on
[0,T] x R x Ry, H® = (H?® denoting the intersection of usual Sobolev
spaces.

i1) S* denotes the space of functions u*(t,z,0,Y) in H*> on [0,T] x R x
T x Ry, which are periodic in 0 and decay exponentially in the variable Y
as well as their derivatives, meaning that there is § > 0 such that for all o,
there is C,, such that

Hagz,O,YU*(t7 -0, Y)HLQ(]R) < Cae_(sy (128)
iii) S = S @ S* is the space of functions u(t,x,y,0,Y) = u(t,z,y) +
u*(t,z,0,Y).

These spaces depend on the chosen time interval [0, 7. When necessary,
we make this dependence explicit in the notations, writing S([0,T]) etc.

The unperturbed constant state g is supposed to be a solution of the
homogeneous problem. This reduces to the condition

Ciiy = 0. (1.2.9)

We look for solutions such that the main non constant term #; is purely
localized on the boundary, that is such that @; = 0 and

T —wt y

TE(t,z,y) = To + et (t,x, ) +O(e2). (1.2.10)

, =
e
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Remark 1.2.5. The assumption 1 = 0 is made in order to simplify some
expressions, but it is in fact satisfied by any solution, see remark 1.5.1 below.

The equations (1.1.1) must be supplemented by Cauchy data on {t = 0}.
To avoid the technicalities induced by compatibility conditions at the corner
{t = y = 0}, we consider data he which vanish identically in the past, and
solutions equal to the constant solution gy in the past:

@ <0y = W0, h°jp<oy = 0. (1.2.11)

The surface wave is ignited by the source term he , which we assume to be
small and localized near the boundary

. . — wt
RE(t,z,y) = ehy (t, g, T Q). (1.2.12)
€ €
More generally, we can take
. - —wt y
Wetay) ~S e (t, Y ,7) 1.2.13
(t.2,9) ~ S0 g (1,0, (1.2.13)

k>1

with profiles hy, € §*(] — o0, Tp]) such that V¢ < 0, hy(t) = 0.

1.2.3 Main results

A) Formal asymptotics; the fast equation.
Substituting the expansion (1.2.7d) in (1.2.7a), and ordering in powers
of &, we obtain the following equations:

,Coﬁl =0
= = 1.2.14
{ Lotg+1 + Gi(do, . .., Uk, h) =0, for k > 1, ( )
with

Lo = (—wld+ f'(i0))0 + ¢’ (1) Dy (1.2.15)
The expression of C_jk(ﬂ’o, T ﬁk) is given in section 1.3. The boundary

conditions read
Oﬁk|y:Y=0 = 0, for k Z 1. (1.2.16)

This cascade of equations leads to the following differential equation in the
fast variables (6,Y):

—

Oyl = A(w)dpil — (¢ (o)) G, (1.2.17)
Citly—y=o = 0. (1.2.18)
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This equation is analyzed in details in section 1.4, using Fourier expansions
in the variable 6. For instance, we use the notations

é(t,x,y,@,Y) = Z é”(t,x,y,Y)ema.

ne’

Note that when G € S , then the Fourier coeflicients G" are exponentially
decaying in Y and do not depend on the slow variable y when n # 0. On the

. =0
other hand G is the sum of a function independent of Y, G (¢, ,%), and of
an exponentially decaying function in Y independent of y, G%*(t, z,Y).

Proposition 1.2.6. When G = 0, the solutions in S of the homogeneous
equations (1.2.17) (1.2.18) are functions with Fourier coefficients of the form

@(t,z,Y) = h"(t, z)e™ AR, when +n >0, (1.2.19)
with R_ =" pjRj and Ry = pjﬁj, and
Pt x,y,Y) =@ (t, z,y), with  C@°(t,z,0) =0 (1.2.20)
when n = 0.

Note that R, [resp. R_] belongs to the negative [resp. positive| space of
1A(w), so that (1.2.19) defines exponentially decaying functions of Y.

Proposition 1.2.7. If G belongs to S®S*, then the problem (1.2.17) (1.2.18)
has a solution @ € S, if and only if

G (t,z,y) =0, (1.2.21)

Vn # 0, / L(n,Y).G"(t,z,Y)dY =0, (1.2.22)
0

where the functions E(n,Y) are defined in Section 1.4.

Moreover, for G satisfying these conditions, there is a continuous partial
inverse G — @ = Ré, also defined in Section 1.4. The general solution
is the sum of RG and a solution of the homogeneous problem described in
Proposition 1.2.6.

B) Formal asymptotics; the leading term.
A corollary of Proposition 1.2.6 is that @; = u} is determined from its
boundary data u7|y—o which have the form

uy(t,z,0,0) = Z Ki(n,z,t)e™ R, + Z Ki(n,z, t)e™R_.  (1.2.23)

n>0 n<0
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It is convenient to set K7(0,x,t) = 0 and introduce

Kq(0,x,t) = Z Ki(n,z,t)em.
neZ

Thus @ is determined by the scalar function with zero mean K (6, x,t).

The compatibility conditions of Proposition 1.2.7 for the existence of
iy € S satisfying Lotls + G (ﬁo,ﬁl,ﬁl) = 0 and (1.2.16), are shown to be
equivalent to an equation for K of the form:

OtKl + v&rKl + 89&(K1,K1) = H1 (1224)

where H is related to h]. The nonlocal bilinear form a on Fourier expansions
reads

(K1, Kp) =Y (ZA(n — LKy (L2, t) K (n — l,x,t))eme (1.2.25)

nezZ €L

with coefficients A(n — ,1) given in section 1.5.2.
The coefficients A(n,l) are shown to satisfy the properties:

VneZ, VleZ Ya>0 A(n,l) =0 ifnl(n+1)=0

In order to prove a local-in-time existence of Kj, we assume that A(n,I)
satisfies the following supplementary condition:

Assumption 1.2.8. There exists a constant C' such that
V|m| < |n| |A(m,n) —A(m,—m —n)| <C ’T‘ : (1.2.26)
n

This assumption holds under the stability condition A(1,07) = A*(1,07)
and regularity conditions on A (for example if A is C' outsides the lines
k=0,1=0,and k+ [ =0 and has C' continuations to the sectors delim-
ited by these lines), see Sylvie Benzoni-Gavage [7]. The stability condition
A(1,07) = A*(1,0") has been pointed out by Hunter [36] as formally en-
suring the linearized stability of constant states. It has been showed in [8]
that the latter condition, as conjectured by Hunter, is not only sufficient for
well-posedness in Sobolev spaces but also necessary.

Extending [7] to the case of Assumption 1.2.8 and to the case of solutions
depending on z, the equation for K is solved in section 1.7:
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Theorem 1.2.9. There is T > 0, such that the equation (1.2.24) has a
unique solution K1 € H®(] — 00, T| x R x T) vanishing when t < 0.

At this stage, the profile @y is known.

C) Formal asymptotics; correctors.

In section 1.8, iterating this method, we obtain the other terms j such
that the equations in (1.2.14) are satisfied at all order k.

For instance, knowing 1, the equations

Loty + Gy (o, @, h1) = 0, Ciisly=y=0 =0,

can be solved in S, since Gy (i, i1, f_il) satisfies the compatibility conditions
of Proposition 1.2.7, and

ity = RGy (o, @1, hy) + Ua

where 75 is a solution of the homogeneous problem, thus determined by
a scalar function Ky(t,z,0) and a function #5(t,z,y). The compatibility
conditions (1.2.22) for ég(ﬁo, i1, Us, /_ib ]_7:2) give a linear equation for K», of
the form,

0: Ko +v0, Ko + 0Oy (CL(Kl, KQ) + G(Kg, Kl)) = H>, (1227)

determining K. Similarly, the compatibility condition (1.2.21) for Go gives
an equation for Qg , of the form

05 + ' (1i0) 0, + ¢ (i) 0,05 = Hy,  Cifyy— =0, (1.2.28)

determining 73, where @ is related to @ and Rél(ﬂ,’o, i1, 51)
This analysis, repeated at all orders, yields the following result:

Theorem 1.2.10. There is a unique sequence of profiles iy € S(] — 0o, T))
for k > 1, which vanish when t < 0 and such that the equations (1.2.14) and
the boundary conditions (1.2.16) are satisfied.

Remark 1.2.11. It is important to point out that, in general, the com-
ponent ¥, and thus 4, does not vanish. More precisely, the equation for u,
reads .
Oyl + f'(i0)Drlly + ¢ (T0)Dytly = hs,
o0 L (1.2.29)
Cilyyeo = ~C [ (/@) 'GY" (b, Y)a.
0

28



with é[l)* denoting the exponentially decaying part of é‘f, the 0-Fourier
coefficient of él = él (o, U1, l_il) In general, this term does not vanish, and
therefore, even if data h are localized on the boundary, that is l_ig =0 at all
order k, we get @y # 0. This observation, that the corrector s is not purely
localized on the boundary seems new.

D) Approximate solutions.
Because of the substitution

T — wt
ua(t,x’y) = ﬁ(t7x7y? b g)
€ €

we measure the smoothness of functions u® using the derivatives €0y ;4.

Definition 1.2.12. We say that a family ¢ is O(¥) in H([0,T] xR xR,)
if there is a constant C' such that for all || < s:

= sup 1075, £ (0) 2k < O (1.2.30)

A corollary of Theorem 1.2.10 is the following;:

Theorem 1.2.13. Suppose that {i} }x>1 is given by Theorem 1.2.10 and let

T —wt y
app(txy)—uo—i—;e uk(t:vy, . ,g> (1.2.31)
Suppose that
N T —wt y
=t b ( 4————,—)=:0 M 1.2.32
VA LYY = o) (1232

in HZ. Then, g, is an approximate solution of (1.2.7a) (1.2.7b) (1.2.7c)

i the sense that

atuapp + a (f( app)) + 0 ( ( app)) EE = O(EM) m Hg,
Ctigpply=0 = 0, (1.2.33)
vVt <0, 7

app( ) ug-

E) Ezact solutions.

Having constructed approximate solutions, the problem is to construct
exact solutions of (1.2.7a) (1.2.7b) (1.2.7c) close to g, The equation for
the residual 4° — g, ,, is given and solved in section 1.9, yielding the following
result.
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Theorem 1.2.14. Suppose that ig,, is a family of approzimate solutions

(1.2.31) and h® satisfies (1.2.32) with M > 3 and s > 3. Then, there is
go > 0 such that for € €]0,e9], the problem (1.2.7a) (1.2.7b) has a unique
solution U equal to ty in the past and

U — i, =0E™)  in HZ. (1.2.34)

The proof of this result relies on an extension to dissipative boundary
value problems of a theorem proved by O.Gués in [31, 30|, see also [27]. It
concerns equations with rapidly oscillating coefficients and we state it here
for its own interest. The proof is given in Section 1.10.

Theorem 1.2.15. Consider a boundary value problem on R% := {4 > 0}:

d
Ap(a,u)0pu + Z Aj(a,u)0z;u = F(b,u) (1.2.35)
j=1
Ctlgy—0 = 0 (1.2.36)
Vt <0 u(t) = 0. (1.2.37)

We assume that the problem is hyperbolic symmetric and the boundary not
characteristic. The coefficients a and b are assumed to have rapid oscil-
lations, more precisely, we assume that they belong to the Sobolev space
W52(] — 00, T) x RY) and that their derivatives satisfy:

Vo<|a] <s elol=D a8 all - < O, (1.2.38)

VO<|al<s ellfopbl~ < Of. (1.2.39)

for some integer s > g +1. In (1.2.38), my denotes max{m,0}.

We suppose that 0 is an exact solution in the past {t < 0} and that for
t > 0 it is an approximate solution, meaning that f = F(b,0) vanishes in
the past and satisfies for |a| < s and t <T':

el ||agxfa(t)||L2(Ri) <eM@y. (1.2.40)

with M >1+d/2.

Then, there exist eg > 0 and C3, depending only on the constants C1, Co
and coefficients Aj and F, such that for e €]0, gq], the boundary value problem
(1.2.85)-(1.2.36)-(1.2.37) has a unique solution u € (o<, C¥([0,T]; H*F)
which satisfies for 0 < |a| <s andt <T': -

el ||8gxu(t)||L2(Ri) < 5MC3- (1.2.41)
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1.3 The cascade of equations for the u;

In this section we derive the system (1.2.14) for the #;. The main point
is that the space of asymptotic expansions with profiles in S is stable by
nonlinear mappings.

Lemma 1.3.1. Let ¢ be a function in C®°(R?*M) and @ = iy + > el
with iy € S. Let

— wt
w(tay) = ity T, ).
9 9

Then there are profiles p; € S, for j = 1,...,n, with ¢; depending only on
(do, ..., U;) such that

. T —wt y 11 T —wt y
(b(ua) ¢ U() +]§:15 (P](t r,Y, ——— 75) +6n Ri<t7$7yaTag>

(1.3.1)
where RS (t,x,y,0,Y) is a bounded family of functions which are H* in each
variables and converge with an exponential rate when Y — oo.

Furthermore, if i1 = 0, that is if iy € S, then
. 1=\~ S o S 1=\ | P N
p1(to, 1) = ¢ (o)1, pa(tlo, U1, Uz) = ¢’ (tip)tiz + P4 (o )y iy
and for j > 3:

@j(to, ..., ;) = ¢'(do) iy + ¢" (Uo)t;_yy—otly + ¢ (do)d;_11}
+¢j(u07-~-7uj—2>

Proof. Perform a Taylor expansion
1
o() = ¢(@io) + D _ 16" ({l0) (1 — )" + O(" ). (1.3.2)
k=1 """
For simplicity, we use notations as if the functions were scalar. Next,

(i — o)k Z Z iy, .. iy, + O(e™).

J=1p1+--+pr=7,pi>0
The functions ; belong to S, therefore they can be written in the form

Uj = Uj + 11’3" with @; in S and 17:;'7 in §%, then:

— — = — — — —k
Upy « - Upy, = Up, - Uy + Ty, YUy Uy
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The first term @pl ... ka clearly belongs to S, it remains to make sure that

the other terms &, ...4; uj  ...u; are equal to expressions of the form
> i1 sj‘_/}- + O(e™*!) with ‘_/; in S*, after the substitution 6 = (z — wt)/e
and Y = y/e. This is equivalent to showing that if a belongs to S and b*
belongs to S*, then

n

T —wt y . T —wt y 1
ab* (t,x, ,7,7) = eIV (t,az, ,7,7> O(e"*
a Yy - - ; j ) c - + ( )

with 1_/; belonging to S*. Taylor expanding a in y, we see that, after the
substitution, ab* is equivalent to

n
a(t,z,0)b*(t,z,0,Y) + Z e/ da(t, x,0)Yb*(t,2,0,Y) + O(e"™).

j=1
Observing that an exponentially decreasing function in the variable Y mul-
tiplied by a power of Y is still exponentially decreasing, we obtain that ab*

is in the required form.

Observing that the only term depending on #; comes from the term
k =1 of equation (1.3.2) and the terms depending on %;_; come from the
term k = 2, we obtain the expression of ¢;. O

With the notations of Lemma 1.3.1:

Ox(f(@) =Y 70 f; + € 0nf

J
= pfr+ Y &0 fjr1 + Oufi] + o)

j=1
= f/(ﬁo)agﬁl + E[f/(ﬁo)(ﬁgﬁg + 8951_51) + f”(ﬁo)@gﬁ’fﬁﬂ

+ 3 & 0) (D1 + Daiy) + F (i) (y = 0)pit;
j=2

+ f//(ﬁ())agﬁjﬂf{ + f”(ﬁo)ﬁj@gﬂf{ + ij (ﬁo, ce ,ﬁj_l)] + 0(6”)

Ol = —wOptl1 + E(atﬁl — wagﬁg) + Z?ZQ gl (8tﬁj — w896j+1) + O(En)
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0y(g(@)) = e/ dyg; + 70,y
;

=Ovgi+ Y _ &[0y g + Oygj] + o)
j=1
= g'(ﬁO)aYﬁl + elg' (o) (Oy iz + i) + g (tho) Dy uj ]

Zsﬂ (7o) (Dy Ty 41 + Oyiy) + ¢ (7o) (y = 0) Oy
+ g”(uo)ﬁyﬁj 5 + g" (o) 0y g + (o, - - -, Uj—1)] + o(e").
Equating the coefficient of € in equation (1.2.7a) to zero yields:

I (U0)Bptly — wdptiy + ¢ (t@o)dy iy = 0

that is
,Col_[l =0

with
Lo = (—wId+ (o)) + ¢ (do)dy

From the coefficient of ¢!, we get:
Loty + G1(tho, 1, h1) =
with
G (i, i1, hy) = Oyity + f' (i) Ouiiy + f" (i) Dy} it
+ g (1i0) Dyt + g (i) Oy T3y — ha.
From the coefficient of ¥, we get:
Loiys1 + Gr(o, ..., i, hy;) = 0

with

—

Go(@oy -y Ty hie) = Ol + f' (0) Dl + [ (o )il (y = 0) Vgl + f" (i) Dp Ul

+ " (o) Uy 00ty + ¢’ (Uo)Oytix, + g" (o)t (y = 0)0y U + g” (to) Oy up;
+ g (o) Ty Ty + i (o, -, Up1) — hi.
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Then, finally:
,Coﬁl =0

Loty + Gr(To, - - . ik, hy) =0
with
Lo = (—wld+ f'(iiv))0 + ¢’ (ii0)Oy
and GJ, belonging to S & S*.

By the assumptions 71, ..., U, hi, and therefore also GG, are periodic in
0, we can write their decomposition in Fourier series:

TS Z Mgy, Gy, = Z e Gn(Y) and hy, = Z MR (Y).
nez neZ nez

We obtain then the following equations:

Vk > 1 Oyiif,, = inAidj,, — (¢ (i) GF
with
A(w) = —(g'(ii0)) " (~wld + f'(iin)).

1.4 Equation of limit layer

We seek 4 belonging to S solution of a problem:
Oyt = Adyii — (¢' (@)~ 'G (1.4.1)
Ciily—y—o0 =0 (1.4.2)
with G, and therefore (g’(ﬁo))_lé, belonging to S.

Thus, writing the Fourier coefficients:
Oy ™ = inAd" — (g (iig)) ' G" (1.4.3)
Cﬂm|y:yzo =0. (1.4.4)

Let us prove the following proposition:
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Proposition 1.4.1. If G belongs to S ® S*, then the problem

—

Oyl = Adpit — (¢'(tip)) " 1G (1.4.5)
Ctily—y—o =0 (1.4.6)

has a solution @ € S @& S* if and only if

G(t,z,y) =0
and ~
Vn # 0 / L(n,s).G"(t,z,s)ds = 0
0

where

M

L(n,Y) =Y 7iexp(—n\;Y)(g (iio) ")'LY ifn>0

j=1

and

L(-n,Y)=L*(n,Y) VneZ
The solutions are functions with Fourier coefficients of the form:

[e.9]

@ = Dt 2,y) + / (¢ (o)) "GOt z, 5) ds
Y

M
=> Vi(n,Y)R; + W;(n,Y)R;"
7j=1

with

if n > 0:

V; = / exp(n\;(Y — s))Fj(n,s) ds
Y
Y
W; = [grnown,j+K (n,2,1)p; "] exp (—nA;Y) — / exp(=nAj(Y —s))Hj(n, s) ds
0
ifn <0:

Y
Vj = [flmown,j + K(TZ, Z, t)pj] exp (TZ)\]Y) —/ exp(n)\j(Y — S))Fj(n, 8) ds
0

W; = /exp —nA\;(Y —s))Hj(n, s) ds

where F; = L; ¢'(i0)'G", H; = L; * ¢'(ilp) ' G"
and fknown (fknown,la ceey fknown,M) and Jknown = (gknown,la s agknown,M)t
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are known functions, depending on (_j, whose expressions are given by (1.4.11)
and (1.4.12).

@° is an unknown function lying in S which has to satisfy the boundary
condition

Ct..y=0) = ~C [ (/@) ' (t.z.5)ds
0

and K(0,2,t) = Y ,cp K(n,2,t)e™ is an unknown scalar-valued function
with zero mean.

We begin to prove a lemma, which will be useful for the convergence of
the series.

Lemma 1.4.2. If F belongs to S*,
then IF = Eméo I, F™e™ belongs to S*,
where I, F™ is in the form

[y exp(nA(Y — s))F™(s)ds or fOY exp(—nA* (Y — s))F"(s) ds
ifn >0 and

[y exp(—nX*(Y — s))F"(s)ds or fOY exp(nA(Y — s))F™(s) ds
if n <0,
where X is a complex number with non-negative real parts.

Proof. F belongs to S*: there exist 6 > 0 and 7, > 0 where (y,), is a
rapidly decreasing sequence such that V¢, z, Y ||[F™(¢, z, Y)HLQ(R) < e
then for all A with non-negative real parts,

for all n > 0:

/oo exp(nA(Y — s))F"(s)ds
Y

<[ " exp(nALY = ) ()| 2 ds

2Ry Jy

< / exp(nA(Y — 5))yme % ds
Y

_1 —6s 9]
= 5 A = s)e |
Tn =Y
“nA+o

As above, we prove: for alln > 0,if 0 < 6 < %?R(/\)

Tn__o-0¥ (1.4.7)

Y
exp(—nA\* (Y — s))F"(s)ds < — e
[ e | <ogn
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for all n > 0:

Tn —§Y
< 1.4.8
LQ(R) - —n)\* + (56 ( )

/00 exp(—nA\ (Y — s))F"(s) ds
Y

and if 0 < § < FR(N)

Applying the assumption F' belonging to S* and differentiating under the
integration sign, we obtain that the derivatives of these expressions are
bounded by similar terms. We deduce then that IF belongs to S*, since
the sequences (v, ), are rapidly decreasing, and decreasing ¢, if necessary, so
that 0 < & < 3R(N).

< In oY (1.4.9)

Y
exp(nA(Y — s))F"(s)ds e
|| e - pEeas| <R

O]

For n = 0, the equation is dy@® = —(¢' (i) 1 GP.
@ is then in the form

[e.9]

=t + [ (g 0) " COltn,s) ds
Y

with @° an independent of Y function, that is belonging to S. In order to
obtain ¥ belonging to S, necessarily f;jo (g’(ﬁg))_léo ds has to belong to
S*, that is has to decay exponentially in Y, therefore G° , the independent
of Y part of (‘;’07 has to be equal to zero. We then obtain the following
condition:

G° = 0.

This condition will allow us to write an equation satisfied by the part be-
longing to S of the 0 order Fourier coefficient of the foregoing term in the
power series in €.

@ satisfies the boundary condition if and only if

Ci'(t,z,y=0) = —C/ (¢ (i)~ GO(t, m, 5) ds.
0

For n # 0, we write the decompositions in the basis

—

Rl,...,RM,El*,...,RM* OfC2MZ

0" =Y Vi(n,Y)R; + W;(n,Y)R;*

M
J=1
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M
G = Fi(n,Y)g (o) R; + Hj(n, Y )g' (iio) R *
j=1
where Fj = L; ¢'(ilo)"'G™ and H; = L;* ¢ (iip) ' G",
therefore substituting these expressions into equation (1.4.3):

oy V; =n\jV; — F;(n,Y)

8YW]' = —nA?Wj - Hj(n,Y).
Resolving these equations, we obtain:
Y
V= Vjo(n) exp (nA;Y) — /0 exp(nA;(Y — s))Fj(n,s)ds

Y
W; = W]Q(n) exp (—nA7Y) — /0 exp(—nA; (Y —s))Hj(n, s)ds.

To be bounded in the Y variable implies:

V2(n) = /0 exp(—nA;js)Fj(n,s)ds ifn>0

W2(n) = /0 exp(nAjs)H;(n,s)ds if n <0.

We still have to determine Vjo(n) for n < 0 and W]Q(n) for n > 0. The
boundary condition is equivalent to:

ifn<0 [CRy,...,CRy](V2(n),...,V(n) =
e.¢]
—[CR,™,...,CRy *}(/ exp(nA\is)Hi(n,s)ds,...,
0

/ exp(n\iys)Hy(n, s) ds)
0
and

ifn>0 [CR.*,...,CRy*](WP(n),..., Wi(n)) =
—[CR,,..., CﬁM](/ exp(—nAi1s)Fi(n,s)ds, ...,
0

/Oooexp(—n)\Ms)FM(n, s)ds)".
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Thus the following conditions are necessary:

ifn<0 [Cﬁl*,...,CéM*](/ exp(nA\is)Hi(n,s)ds,...,
0

/ exp(n\ys)Hyr(n, s)ds) € Im[CRy,...,CRy]  (1.4.10a)
0

ifn>0 [CRy,..., CﬁM](/ exp(—nAi1s)Fi(n,s)ds,...,
0

/ exp(—nAars)Far(n, s)ds) € Im[CRy*,...,CRy *].
0
(1.4.10b)

Under these conditions, since 0 is a simple eigenvalue of the matrix
[CRy,...,CRy] and p' is a corresponding right eigenvector, the boundary
condition will be satisfied if and only if:

Vi (n) = Jrnown,j + K(n,z,t)p; ifn <0

j
and
ng(n) = Gknown,j + K (n,z,t)p; * if n>0
where frnown=ftnown.1s - - - » fenown.1)t a0d Gknown=(Gknown. 1> - - - s Gknown. M)’

are defined by:

frmown = —ATYCR*,...,CR*( / exp(n\js)Hy(n, s)ds, ...,
0
/ exp(n\iys)Hy(n, s) ds)t
0
(1.4.11)
where A is the matrix corresponding to the matrix [Cﬁl, .. .,CRM], re-

stricted to a supplement of its kernel and corestricted to its image.

o0

Jknown = —B_l[Cﬁl, ol CEM](/ exp(—nAi1s)Fi(n,s)ds,...,
0

/Oooexp(—n)\Ms)FM(n, s)ds)"
(1.4.12)

where B is the matrix corresponding to the matrix [Cﬁl * ...,CRy *], re-
stricted to a supplement of its kernel and corestricted to its image.
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frnown and grnown are known functions depending on Fj and Hj, that is
depending on G, they decay exponentially in Y since G decays exponentially.
Thus finally, the expression of # is determined, except an unknown scalar-
valued function

K(0,x,t) Zantmg
nez*

and an unknown function @° that lies in S.

Remark 1.4.3. The K(n,x,t) expressions appear in the Fourier coefficients
" of ordern # 0. It is convenient to set K(0,x,t) = 0 and write K(0,z,t) =

Y onez K(n,x,t)eme.

It remains to study the resolubility conditions (1.4.10). Since &* is a left
eigenvector corresponding to the simple eigenvalue zero of [CR1 *, ..., CRy *],

we obtain Im[CR; *,...,CRy*] = (span G* t)L. Therefore, the condition
(1.4.10b) can be written under the form

o0

Vn >0 & [CRy,.. .,CEM](/ exp(—nA1s)Fi(n,s)ds,...,
0
/ exp(—nAs)Far(n, s)ds)t =0
0
Using the notations 7 = [ry,..., )] = &* [C’ﬁl, e ,C]%M]:
M (0.9}
Vn >0 ZTj/ exp(—nA;js)Fj(n,s)ds = 0.
=l 0
Since Fj = LJ J (@) 1G" = (¢ (@ 0)_1)75[_;3- e
oo M
/ ZTj exp(—n)\js)(g’(ﬁo)_l)th- .G"ds = 0.
0 =
Similarly for n < 0 we obtain:
oo M
/ Z 7 exp(n)\;s)(g'(ﬁo)_l)tL;t .G"ds =0
0 4
7j=1

Thus finally this gives the following resolubility condition:

/ L(n,s).G"ds =0 (1.4.13)
0
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where

M
L(n,Y) =Y 7exp(—nX\;Y)(g' (i) ")/ L] ifn>0

Jj=1
M

L(n,Y) =Y 77 exp(nX\;Y)(g' (i) ")'L;" if n <0,
j=1

the following properties E(n, Y') result from these expressions:

L(-n,Y) = L*(n,Y) VneZ
L 'n,aY) = L

This resolubility condition allows us to write an equation satisfied by the
unknown scalar-valued function K of the foregoing term in the power series
in €.

It remains to establish the convergence of the Fourier series. The conver-
gence of K (n) is self-evident, since they are Fourier coefficients of a regular
function K. The terms of the form K(n,z,t)p; * exp (—nAjY') for n > 0 and
K(n,z,t)pjexp (nA;Y) for n < 0 are bounded by a constant multiplied by
K (n), their convergence follows. The other terms are in one of the forms ap-
pearing in Lemma 1.4.2, with F' € S*. The lemma gives us the convergence
and the fact that the sums belong to S*. We proved the convergence of the
Fourier series and the belonging of the sum to S. This finishes the proof of
Proposition 1.4.1.

1.5 Determination of u;

1.5.1 Expression of u;

The Fourier coefficients of iy satisfy the equation:
Oyu] =inAu?. (1.5.1)

It is an equation of limit layer with G = 0. The resolubility conditions
are immediately satisfied, therefore, applying the previous proposition, we
obtain:

for n = 0, necessarily @ = 0, since iy =0,

for n #£ 0,

uy = Z Ki(n,z,t)p; " exp(—nA;Y)ﬁj *ifn>0
j=1
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M
Z (n,z,t)p; exp(n; Y)Rj ifn<0

where K1(n,z,t) is a scalar-valued function.

Thus
ul = Ki(n,z,t)R(n,Y)
with
M
R(n,Y) = > pj*exp(-nX\Y)RE;* ifn>0 (1.5.2)
j=1
M
R(n,Y) = ij exp(n\;Y)R; if n <O0.
j=1

We deduce the following properties of Fé(n, Y):
R(-n,Y)=R*(n,Y) VYneZ

R(a™'n,aY) = R(n,Y) Va>0.

Thus finally @ solution of the equation (1.5.1) and satisfying the bound-
ary condition is in the form

U = Z e Ky (n,z,t) R(n,Y)
nez

with Ki1(0,z,t) = 3°,c7 Ki(n,z,t)e™ an unknown scalar-valued function
with zero mean.

Remark 1.5.1. The computation above can be repeated without the assump-
tion (1.2.10) @ = 0, we get the boundary condition Cty|y—o = 0, the
condition in the past Vt < 0,4i(t) = 0. From the equation satisfied by
o, we get the resolubility condition é?(t,x,y) = 0, that 1s, since & =0,
Opiiy + f'(to)0z iy + ¢'(0)ytiy = 0. Therefore @iy = 0 necessarily.

1.5.2 Necessary condition for the existence of a solution u,

The Fourier coeflicients @5 of s satisfy the equation:
Oyl = inAuy — (¢' (i) ' GY. (1.5.3)

It is an equation of limit layer with G=0aG.
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It follows from the resolubility condition described in section 1.4:
OO—; —
/ L(n,s).GY(t,x,s)ds =0 (1.5.4)
0

where the expression of I_;(n, Y') is given in section 1.4.
This necessary condition for the existence of iy allows us to write an equa-
tion verified by the scalar-valued function Ki(0,z,t) = >, , Ki(n,z,t)e™.
41 does not depend on y since 4y = 0. é{" is in the form:

=~ - — — 1 =\ %k %k — —k —nk _'
G1 = Oty + f'(do)0xti1 + §8gf,/(U0)U1U1 + ¢" (o) Oy Uy — ha

thus

= o S 1. o] o

G = oy + f'(io) 0yt + Z §mf”(u0)ul1u7f :

lEZL
1 -
N P e Py
+ Z 29”(“0)“ 1O0vu] ™ + 59”(“0)“" Oyt — hy
lEZ

We have

—

uy = Ki(n,z,t) R(n,Y),
we introduce R'(n,Y) the function defined by:
Oy R(n,Y) =inK (n,Y).

From the expression of B(n,Y) (1.5.2), we get the following expression and
properties of R'(n,Y):

M
R(nY) = ZZ AjTpi exp(—n/\;fY)]ij * ifn>0 (1.5.5)
j=1
R(-n,Y) = R*(nY) VneZ
R(a 'n,aY) = R(nY) VYa>0.

We obtain the following expression of G'7:

—

+=ilg" (@) R(n — LY)R'(1,Y)| K1(l,z,t)K1(n — Lz, t) — hY.
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It follows from the condition (1.5.4) [ L(n,s).G%ds = 0:
atKl(nv Z, t) + ’Ual‘Kl (n7 x, t)

+in Yy An—0,0)Ki(l,z,t)Ki(n—1,z,t) = H} 1.5.6
> i
lEZ

with, if nl(n+1) # 0

ool

A(n, 1) :[/Ofi(n +1,5).R(n+1, s)ds} 700%(” +1,5). (;f”(ﬁo)ﬁ(l, s)R(n, s)

0

+ L ) Bl ) B s) + 2 — (o) B(n, 5) R (1, )

d
2n+17 y

N———

and A(n,l) =0if nl(n+1) = 0.

Remark 1.5.2. Since K is with zero mean (that is Ki(n = 0,z,t) = 0),
we can set A(n,l) =0ifn=0or ! =0 and Hi =0 if n = 0. Furthermore,
the coefficient in in equation (1.5.6) allows us to set A(n,l) =0if n+1=0.

Since R(n,Y), R'(n,Y) and L(n,Y) satisfy the properties:

R(-n,Y) = R*(n,Y) VneZ
R(a™'n,aY) = R(n,Y) VYa>0

we deduce the following properties of A(n,():

VneZ, VI€Z Ya>0 A(n,l) =0ifnl(n+1) =0 (1.5.7a)
A(=n,=1) = A*(n,1) (1.5.7b)
A(n,l) = A(l,n) (1.5.7¢)
Alan,al) = A(n,1). (1.5.7d)

Therefore it is sufficient to know the expression of A(n,l) forn+1>0, [ >
0, n>0andn+!>0, >0, n<0,since the expression of A(n,[) for other
(n, 1) values can be deduced from the previous properties. We set n+1 > 0,
then

/ L(n+1,s).R(n+1,s)ds = Z/ —(n+)Aps)
0
el 4 (g ) ) L
Tppq 1ro N1\t P B
- R
2 Gy g

N
n—+1
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where

TpPq =
N = § P (g(dy) "L, R
)\+)\* () )" Ly

Ifn+l>0,l>0,n>0,then

””/ S 7y exp(—(n+ DAzs)(d (@) ) L.

Jpq

1 — * * D% % * _\ Dk
[if”(uo)pp exp(—l)\ps)Rppq exp(—nAqs)Rq
1nA; + 1A,

Z2 n—+1

n+1 T]pppq L 1Nt T
= g L.
N (n+ 1)\, —i—l)\*+n)\*( g (to) )Ly

)8}

1 — \ D¥ % 1 TL)\* + l)\;; * T3k
[if,/(UO)Rqu + ZQTQHO,LO)R R ]

Ifn+1>0,1>0,n<0,then

M) =" [ S myexp(-n - DA ) I

(1.5.8)

P * )\ D* ok * )\ Dk
" (o) pj exp(—IN;s) Ry py exp(—nA;s) Ry] ds

70y
1 N * * D
[§f”(uo)/?p exp(—l/\ps)Rppq exp(niys) Ry
1 —nXg + 1N} . .
ZQTZP 9" (o) py exp(—1X;5) Ry pg exp(ngs)Ry] ds
n+l TiPpPq 1 N =1\t T
- L,
N jzp:q(nJrl))\ + v —n) (g' @)™ )" Ly
1 = \D* D .1_n)‘q+l)‘; (= \DP*D
thus finally:
Ifn+1>0,1>0and n>0:
n+1 TP} s
Aln. ) = pPaq NN
0 =% Z (n+ 1A +l)\*+n)\*( g (@) )L

J:Ps

1 (= \ D* D*
S o) Ry Ry + i

1 nA; + 1A,
[2

2 n+l
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Ifn4+1>0,l>0andn <0:

n+1 TjPpPq v
A(n,1) = . (@) ") Ly
(n) == Z(n+l))\j+l)\;—n)\q(g(u0) )'Ly
j77
L, o\ 3¢5 1 _n)‘q—’_l)‘; " Sk
[Qf( ) qu+Z2 n+l ( ) qu]

=

H} = UOOO L(n,s).E(n, s) ds} - /OOO RP.L(n,s)dsifn#0  (15.9)

and HY = 0 (see remark 1.5.2).
v depends on n:

o(n) = [ /O " Ln,s).B(n,s) ds} - /O " o) B(n, 5).L(n, 5) ds

From the expression of v and the properties of L and E, it follows:
Vn, v(—n) =v(n)*.

Furthermore

—

g wocan I (@) By (g (o)) Ly

~—

Vn >0, v(n) =

2pg Aglgq f'(d@o) Ry (g (o)1) Ly
2 g %(Ql(ﬁo)fl)tl@.]{;

thus v(n) depends only on the sign of n.
We considered § = =t with 7 near w, under the hypothesis ¢(7) =

£
det[CRy,...,CRy] vanishing at the order 1 in 7 = w. If we consider

0 = @ and ¢(7,€) = det|[CRy,...,CRyy], the previous hypothesis is
equivalent to ¢(—w,1) = 0 and 9;¢(—w, 1) # 0. Therefore, by continuity,
for all 7 near —w and for all £ near 1, 0;¢(7,§) # 0 and we can write, by
implicit function theorem and Taylor expansion:

in the neighbourhood of (—w, 1),

O(7,8) = (1, §)(7 + p(§))
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where e(7,&) # 0, —w + p(1) = 0 and p is real for £ real.

v depends only on f’(iy) and on ¢'(ip), that is the linearized terms of
the equation. In the following section, we establish the expression of the
speed of surface waves for a linear problem, the result applies to v, since v
corresponds to the speed of the linearized problem. Thus, the results of the
following section give: v = J¢pu(1), that is

_ %9
v =
5.6
In particular, v is real, but v depends only on the sign of n
and Vn, v(—n) = v(n)*, therefore:
v is independent of n.

(—w, 1).

Finally, we proved that the scalar-valued function with zero mean
K1(0,z,t), whose Fourier coefficients with respect to 6 are the Ki(n,z,t),
satisfies the equation:

K10, z,t) + v0, K1(0,x,t) + Opa(K1(0,x,t), K1(0,x,t)) = H; (1.5.10)

where H; is the scalar-valued function whose Fourier coefficients are H7',
given by (1.5.9), and a is a bilinear form defined by its Fourier coefficients
with respect to the variable 6:

a(u,v),(z,t) = Z Aln — 1, Dup—y(z, t)vy(x, t). (1.5.11)
leZ

1.6 Speed of surface waves
1.6.1 Result
We consider the linear part of system
Oyu + Adyu + BOyu = 0.

We introduce
G(r,&) = —iB~'(71d + €A).

We consider a neighbourhood of (79, &) € R?\{0} and we denote G(79, &)
by Go.

Assumption 1.6.1. Spectrum(Gy) N iR = (.
Thus Spectrum(G(7,£)) NiR = @ in a neighbourhood of (79, &).
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Notations 1.6.2. We denote by E=(7, &) € C?V [resp. E*(r,¢)] the space
of dimension N generated by the complex eigenvectors corresponding to the
eigenvalues with real part non-positive [resp. non-negative|. Then

C*N =E~(1,6) E*(1,6).
We denote by ITF (7, £) the projectors corresponding to these spaces.

We can also choose basis (rfc, - ,r]j\t,) of E* and denote by R¥(7,¢) the
column matrix [rf, ... ,rjj\c,], thus

E*(r,£) = R¥(r,£)CV,
We denote Ri(To,fo) by Rét-

Asymptotic solutions

We seek asymptotic solution in the form
u(t, z,y) = el(Tot+8oz) /e (uo(t, x, g) +euy .. )
the corresponding equations are
Oy ug — Goug = 0,
Oyuy — Gou; = —B~! (3tu0 + Adyug) := Fp.
The solution bounded in Y is
up(t,z,Y) = e COR by (t, x).

Then Fy(t,z,Y) is bounded (and decays exponentially). Writing u; = uj +

uf with uic = Hacul, we get that uj (0) = Ry by is arbitrary in E; and that

o
ui (t,2,Y) = — / Y=Y By (4, 2, Y)Y,

Y
Thus -
uf (t,2,0) = —/ e YOOI Fy(t, z,Y)dY
0
= Ktatb(] + K:razbo
with

o
K = / e YOIy B eY Yo Ry ay,
0

o0
K, = / e YOIy B~ AeY CO R dY.
0

48



Lemma 1.6.3. We have

K; = HJCZSZOH(TO +5,&) Ry, (1.6.1)
K, = ngs|son—(fo, &+ s)Ry . (1.6.2)
Boundary condition
We consider boundary condition
Cupy— =0

where C is a matrix N x 2N.

Assumption 1.6.4. i) The rank of CR is N — 1.
it) In a neighbourhood of (19,&o), the determinant of CR™ is in the form

det CR™(1,&) = e(r, &) (1 + p(€))

where e(10,&0) # 0, 10 + (&) = 0 and p is real for & real.

We denote by By a vector lying in ker CR;, and o a vector lying in
cokerCR,,
CRaﬁo :0, O‘UCRa =0.

In particular, 0 is a simple eigenvalue of CR,. Thus, there exists §(7,¢&)
of class C* in a neighbourhood of (79,&y) and eigenvector of CR~ for an
eigenvalue near 0. From (i7), it follows

CRB = &(r + u(€))8 (16.3)

such that 3(7o,&0) = Bo and é(70,&o) # 0.

Surface waves transport

The boundary conditions for the asymptotic solutions are in the form:

CUo(t,x, 0) = 0,
Cul(t,a?, 0) = 0.

The first condition is equivalent to

b()(ta x) = a(ta x)ﬂ()
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with a scalar. The resolubility condition in IIju; of the second becomes
aoC(K0ibo + K30,bp) =0
that is the transport equation for the amplitude a:
(00C K fo)0ra + (00C Ky [0)0za = 0. (1.6.4)

Lemma 1.6.5. We have 0oC K By = O¢p(§0)o0CKfo. In particular the
transport (1.6.4) is in the form

eo (0 + Oen(€0)0: ).
with ey # 0.
Proof. Lemma 1.6.3 gives
00C KBy = ooCIL{ (9:117) (70, 0) Ry Bo-

We have
I (r,Y) R (1,€) = R (7,6).

Differentiating and left multiplying by H(T , we obtain
I (9,117) (70, &0) Ry = 115 (9-R™)(70, &o)-

We used the fact that the third term is equal to zero, since HS‘ II, = 0. From
ooClIIy = 0 it follows

O'OCKt/BO = UoC(aTR_)(To,&])ﬂo. (165)

Similarly
ooC KBy = U()C(ang)(To,fo)ﬁo. (166)

We differentiate 1.6.3 with respect to 7 and evaluate at (79, &p):
CO;R™ By + CRy 8- = éofo
(the other terms are equal to zero at (79,&p)). Left multiplying by oy,
00CO-R™ (70, &0)Po = €ooofo # 0.

Similarly:
00CO:R™ (10,&0) B0 = €000/300¢11(&0).
Comparing with (1.6.5) (1.6.6), this finishes the proof of the lemma. O
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1.6.2 Proof of Lemma 1.6.3

Let G = Gp + tG1 be a matrix whose eigenvalues do not lie in ¢{R. The
projector II7(G) is
_ 1 1
2im Jp-
where '™ is a simple curve oriented in the direct direction, lying in the half
plane {Rez < 0} and surrounding the eigenvalues of G with non-positive real
parts. We have

d -1

— I =— —2)! —2) 2. 1.6.7
dt |t=0 24T p_(GO 2) 7 Gil(Go —2) " dz (1.6.7)
We solve
Oyug — Goug = 0,
8yu1 - G()Ul = Gluo.
We have
UO(Y) = GYGObo, by € Ea
and
H+u1 (0) = Kbo
with ~
K=— / e YOOI Gy e¥ @011 dY.
0
We have .
G — z —
YOIy = %ir )i e¥*(Gy — 2) .
Thus ) -
K=—— / / OOV IIHAY G (Gy — 2) " Ydz.
2im Jr- Jo

Since the eigenvalues of GoII§ lie in {Rez’ > 0} and z € I"C{Re 2’ < 0},
we obtain

/ eFCIIEY =TI (G — 2) 7L

0
Thus )
K=—— H(T(GO — Z)_1G1(G0 - z)_IHgdz.
20 r—
With (1.6.7) it yields
L dII™ _
K = HO W't:O HO . (168)
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1.7 Analysis of the propagation equation

1.7.1 Notations

In this section we consider functions

p: TxRxI—R
0, z,t) — @(0,z,1)

where T is a circle of length 27 and I a time interval, periodic in 6.
We introduce ¢,, the Fourier coefficients of ¢ with respect to the variable

0:
1

27
on(z,t) = 271'/0 @(9,1‘,@671‘"9 db

and ¢, the Fourier transform of these Fourier coefficients with respect to the
variable x:

@n(gat):/R@n(x,t)e_lxgdZE

The Fourier transform of the function ¢ with respect to the variable (6, x)
is then:

p:ZxRxI—R
(n, ;1) — n(&, 1)

We denote by H*(T x R) the Hilbert space

wxm=Lo B/ 101 ) <0 )

The scalar product and the norm are defined by:

(0 9)s = / (140 + &) @n()d-n(—€) d(n, &)
(n,£)EZXR

[N

lelle = / (1412 1 €)% 6n(©)| 2d(n,6) |
(n,£)eEZxR

where [, dn =73 .
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1.7.2 Evolution equation

Consider the following Cauchy problem:
Oyu + vOyu + Opalu,u) = ¢ (1.7.1a)

u(f,x,0) =0 (1.7.1b)

where u : T x R x I — R. The bilinear mapping a is defined by its Fourier
coefficients with respect to the variable 6:

a(u,v)g(x,t) =Y S(=k k= n,n)up_n(x,t)vn(z, 1), (1.7.2)
nez

and ¢ : T x R x I — R is a function with zero mean with respect to the
variable 6 € T (that is ¢g = 0).

Assumption 1.7.1. We assume that the kernel S : 73 — C satisfies the
following conditions:

S(k,m,n) =0 if kmn =0 (
S(k,m,n) = S*(—k,—m,—n) (1.7.3b

S(k,m,n) = S(k,n,m) (

S(nk,nm,nn) = S(k,m,n) Vn > 0. (

In order to prove the local existence of a solution, we suppose that S
satisfies the following additional conditions:

Assumption 1.7.2. There exists a constant C' such that
Vk,m,n € Z, |S(k,m,n)|<C (1.7.4)

Assumption 1.7.3. There exists a constant C' such that
Vim| < |n| [S(=m — n,m,n) — S(n,m, —m —n)| < C ‘%‘ (1.7.5)

From the equation (1.5.10), established in section 1.5.2, the scalar-valued
function K (6, x,t) is solution of the problem (1.7.1), if we use the notations
® = H; and A(n,l) = S(—n —1,n,l).

Hy =Y,y He™ is with zero mean, since HY = 0 (see remark 1.5.2).

The conditions (1.7.3a), (1.7.3b), (1.7.3¢c) and (1.7.3d) are satisfied: they
follow from the properties (1.5.7a), (1.5.7b), (1.5.7c) and (1.5.7d) of A(n,).
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The assumption (1.7.4) is satisfied; using the fact that the real parts of
the eigenvalues \; are positive, we can bound all the expressions depending
on (I,n) that appear in the expression of A(n,!):

n—+1 1
v [>0,1>0,n>0 <
nti>00>0n (n+ 1), + 3 -0t | — Re(hy)
nAE + I\
ﬁ < maxi<i<m|Ai
n+1 1
i {>0,1>0 0 <
nEEE O S TN T I — iy | S Re(y)
—TL)\q +l)\;; < (—’I’L—|—l) maxlSiSM\)\i|
(n+l))\]+l)\;fn)\q B 2lmin1§i§MRe)\i
—_—
>0

maxj<j< |\
- minlSiSMRe A

(since —m < 1).

The assumption (1.7.5) is equivalent to the assumption (1.2.26)
m
Vim| < |n| |A(m,n) — A(m, —m —n)| < C H .
n
In order to simplify the equation, we perform a change of variables.
We introduce 4 : T x R x I — R such that:
u(f,z,t) = u(,z + vt, t).
We then get

(@) (0, 7, 8) = (Dpu + vduu) (6, F + vt, 1)
= —89@(71, U) (07 z + vt, t)
= _89a<7-l'7 11) (07 '%7 t)

The problem is reduced to the Cauchy problem:
0w + Oga(u,u) = ¢ (1.7.6a)

u(6,z,0) = 0. (1.7.6b)
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1.7.3 Properties of the bilinear mapping
Let us establish properties of the bilinear form defined by (1.7.2).

Proposition 1.7.4. Let a(u,v) be the bilinear mapping defined by (1.7.2),
where S : 73 — C satisfies (1.7.3a)-(1.7.5), then

(a) for all s > 1, a : H®* x H® — H? is a bounded symmetric bilinear
mapping and for u,v real-valued functions, a(u,v) is a real-valued function
(b) for all s > 2, for all u,v € H®,

dpa(u,v) = a(Gpu,v) + a(u, Opv), (1.7.7)

(c) for all s > 2, there exists a constant Cs > 0 such that, for all real-valued
functions u,w € H?,

Opa(u, w)wd(d,x)| < C’S||u||s||w||%. (1.7.8)
TxR

Proof. (a) a is obviously a symmetric bilinear mapping.
If w and v are real-valued functions, u* ,, = u,, and v*,, = vy, therefore,
from the assumption (1.7.3b) S(k,m,n) = S*(—k,—m, —n), we obtain:

(a(u,v) )" =Y S*(k,n — k,—n)us_o*,

neL

= Z S(=k,k —n,n)ug_nvy
ne”L

:a(ua U)k

thus a(u,v) is a real-valued function.

Let us show that a is bounded in H*®.

2

d(k;, €)

ua<u,v>u£:/<1 LR ey

ZxR

S(_k7 k_n7 n)ﬁkfn(g - n)ﬁn(n) d(”a 77)
ZxR

from the assumption (1.7.4), S is bounded, thus

2
la(u,v)I7 < C| (1+k* +€%)° </Z><|Hgk—n(§ = [ 0n(n)] d(”ﬂ?)) d(k;, €)-

ZXR

It is sufficient to show that w defined by
a©= [ Jaale—n)loa0n]den,n)
(n,m)EZXR
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belongs to H*. We write wy(§) in the form
Wi (&) = Wi (&) + Wil (&)
with
/ it (€ — )| ()] ()
n,m|>|(k,€)|/2

and

/ i (€ = )| B(m)] d(m ).
[(n,m)|<|(k,E)[/2

(1+|(k, &)%)k (€) < / (€ — M)I(L+ 41(n, ) 2% 8 ()| d(m, ).
Z xR

For s > 1, (1+ |(k,&)2) % € L?(Z xR) = @ € L'(Z x R)

nce 4 — AHEQDT2 .
since & = 2o gy and T §)|2)S/2 € L*(Z x R) for s > 1.

Therefore (1 + |(k,&)| )5/2 wi(€) is less than a convolution integral of a
function in L' and a function in L? and thus belongs to L? from the Young’s

inequality. Similarly, we show that (1 + |(k,&)| )s/ il H(€) belongs to L2
Thus finally w € H® and a is bounded.
(b) In order to prove (1.7.7), we note that

(89(1(’&, U))k’ :ik(a(u> U))k
=ik Z S(—k,k —n,n)ug_nvy

= Z —k,k —n,n)ugp_,v,

+ Z inS(—k,k —n,n)ug_pv,

=(a(Opu,v))x + (a(u, v)).

(c¢) By Fourier analysis, we have to estimate:

R kS (—k, k — Dp—n (& — n)tp(M)W_k(—€)dEdn,
3 ] Sk = o€ = i)~

which, by the assumption (1.7.3b), is equal to the half of:

S [ WS (k= (€~ M)~
kn X

2 /R kS, — b, =) (0 — )i () 04()dEdn,
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We make the change of variable ((k,£),(n,n)) — ((k —n,& —n),(—n,—n))

in the first integral here above and obtain:

2Rez /R RSk = m)n (€ = )i ()b~ )dEdn
= kzn: /Rigk(k —n)S(n —k,k,—n) — kS(k,n — k,—n))
Wy (1 — &) t—n(—n)x(€)dEdn
=h+ Iy,
with
n=3 /IR —inS(n — k, k, —n)in(n — )it (—n)in(§)ddn

L=) /Rik(S(n —k,k,—n) — S(k,n —k,—n))
k.n xR

Wk (N — §)l—n(—1)Wk(§)dEdn.

From the assumption that S is bounded, we get
1= O3 [ Jnsln =€) it (=) i ()t
k.n X

thus, by Cauchy-Schwarz inequality and L1 — Ly convolution estimates:
11| < ClOgull 1|7

To estimate the integral I, we split it into

L=>Y /Rik(S(n —k,k,—n) — S(k,n — k,—n))

xR
[k[<[n]

Wy (N — )t (—n)wy(§)ddn

+ > [ ik(S(n—k,k,—n) = S(k,n — k, —n))
[l > || /RXR

Wy (1 — &)U (—n)0x (&) dEdn.
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The first term satisfies

S k(S (= by =) = (b, =)~ €)in ()i (€

RxR
[E]<|n]

<2CZ Wk (1 — &) [nd—n(=n)] |0k (£)|dEdn

RxR

thus, as for Iy, this term is bounded by CH@HD |@[|32. It remains to esti-
mate the second term

S [ b= =) = (kb =) =€) (i)
|k[>|n| X

From the assumptions (1.7.3c) and (1.7.5),
’S(n_ kaka _n) - S(k7n_k7 _n)’ = |S(n_ k? _nak:) _S<k7 _nvn_k)|
sc‘%] Vin| < |k

thus, the modulus of the second term is bounded by

C bk (1 — i (—n)| |1 () |dEd
kZ/Rhﬂg 4l = &)l ()| [04(€) e

and therefore is bounded by C||@HL1 @2,
Finally, we have -
|I2| < C|Ogul| 1| @[3

Adding the estimates of |I1] and |I2|, we obtain

ReZ/Rz’kﬂg(—k,k:—n,n)wk—n(£—n)ﬂn(n)w—k(—€)d£dn < C|9gull 1 [|@]]3-
k,n x

(1.7.9)

Since, for s > 1+ d/2 = 2 (here d = dim(T x R) = 2), |9gul 2 < Csllulls,

we get

RGZ/R kS (= =, )i (€ =) ()i (—€)dln| < Colful
X

This finishes the proof of (1.7.8). O
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1.7.4 Local existence

We are now ready to proceed with the proof of the existence and uniqueness
theorem:

Theorem 1.7.5. We assume that S : Z3 — C satisfies the assumptions
(1.7.3a)-(1.7.5), a is defined by (1.7.2) and s > 3. Then for all real-valued
function ¢ with zero mean with respect to the variable 8 € T, such that
¢ € CO[0,T1]; H3 (T x R)) with Ty > 0, the Cauchy problem (1.7.6) has a
unique real-valued local solution

u € CO([0,t*[; H? (T x R)) N C([0,#*[; H* (T x R)) (1.7.10)

where
T

2v/CK3

with C = supg<i<r, ||0(t)|l3 and K3 the constant obtained in the following

proposition. Furthermore, the solution is with zero mean (that is up = 0).
Moreover if ¢ € CO([0,t*[; H® (T x R)), then the solution u satisfies:

t* = min(T1,

) (1.7.11)

u € CU>[0,t*[; H* (T x R)) N C([0,t*[; H¥ (T x R)). (1.7.12)
Proof. Let PN : H*(T x R) — H*(T x R) be the orthogonal projection

N
PN (Z gok(x)eik(’) = Z on(x)etr?. (1.7.13)

kEZ k=—N

We introduce the approximation

uN (0, 2,t) = i\f: ul (x,t)e™?
k=—N
that satisfies the ODE system
o + PNoga(u¥,uN) = PN¢ (1.7.14)
u™N (6, 2,0) = 0.

All functions will be taken with values in R and we shall use repeatedly
the corresponding property (i_;(—&) = 4(£)*) in the Fourier variables.

The main estimate which let us prove the theorem is given by the follow-
ing proposition.
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Proposition 1.7.6. If s > 3, there exists a constant K4 such that for all N,
the solution u¥ (0, z,t) of (1.7.14) satisfies:

2 o] <2 o Y 2 S, 09

Proof. Taking the scalar product of (1.7.14) and u! yields:
d
dt(uN, u™) s + 2Re(PYN dpa(u® ,u™), ul)s = 2Re(PN ¢, ul¥)s.
Thus
4
dt

We drop the N-superscripts to simplify the notation. It is sufficient to es-
tablish the following lemma to finish the proof of the proposition.

| < 2 [Re(@pa(u™, u™), uM),| + 2|Re(PY g, u),|.

Lemma 1.7.7. For s > 3, there exists a constant K such that

|Re(Opa(u,u),u)ps| < K| w|| g ]| w]| 3. (1.7.16)

Proof. 1. From the property (1.7.7), we can substitute dpa(u, u) by a(u, Ogu).
2. By Fourier analysis, we have to estimate

Z —n,n)i n 3k, &) Uk_n (& — 0)in(n)i_r(—€)dédn

RXR

with 0(k, &) = /1 + k% + |£|2.

3. We write
6(k,€)* =d(n,n)° + As,

with Ay = §(k, &) — d(n,n)® and obtain:

Z Sk b= )i 8(k, €)% on (€ = )i ()i (~€)dEdn = Iy +

(1.7.17)

with

=" [S(=k, k= n,n)i n 5(k, &) Asiin—n (& = 1)itn(n)ii_x(—&)dEdn,

En RxR
(1.7.18)
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Iy =) [S(=kk—n.n)in 8k €)*6(n,n) ik—n(& = n)iin(n)i_r(~E)dEdn.
kn RxR

(1.7.19)
4. Since §(k, &) = d((1,0,0),(0,k,&)) for d the distance defined by the
norm || . [|2 of R3, we get from the triangular inequality:
Vk,n € ZVE,n € R [5(k,€) — 6(n,n)] < 8(k — n,& —n), thus

Vka n €z Vf?ﬁ eR 6(ka£)8_1 < Cs (5(k - nag - 77)8_1 + 6(”777)8_1) )

with Cy a constant (depending on s). In order to simplify the notation, we
will denote by Cs any constant, possibly depending on s, which may vary
from one line to another. Using that

|As| = |5(ka£)8 - 5(na77)5|
< Cs|6(k’§) - 6(”777)“5(1{;75)8_1 + 6(n’ 77)8_1)7

the previous inequalities imply:
|AS| < 085(]{: -n, 5 - 77)(5(k’ - TL,f - 77)5_1 + 5(”) 77)5_1)' (1720)

5. Applying the assumption S is bounded and the estimate (1.7.20), we
get that the modulus of the first integral I; (1.7.18) is bounded by:

L] < Cs Z/In|5(k7€)s5(/€ —n,& =) (6(k —n, & —n)*" 4+ 8(n,n)*" )
kn RxR
|t (€& = M)l () |-k (=€) |dEdn.
By Cauchy-Schwarz inequality and L' — L? convolution estimates, we obtain

2 [l ()l 805 = . = )"l (€ = )] 61,6l d

< CSHaHUHLl(ZXR) HUH%IS('JI‘XIR)'
Noticing that |n| < §(n,n) and 6(k —n, & —n) < 1+ |k —n|+ £ —n|, and

proceeding as before, we have

D [0k, ) [an(=€) 16(k — 1, & = m)|i—n (& = )] 0[S (0, m)* itn ()| dédln

kn RxR

< Cs(|[ullLrzxry + 190ull L1 (zxr) + 1020l 1 zxR)) ||U||§{s(1er)-
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Adding the two estimates, we obtain:

10| < Cs(lll 2 zxm) + 100ull L zxr) + 100l L1z xry) Il (). (1.7:21)

6. We now concentrate on the real part of the second integral I5 (1.7.19).
I can be decomposed as the sum

Io=) | S(=k: k=n,n)i(n—k)o(k: )" (. n) t—n(§ —n)itn (1) d-(—E)dEcly
kn’ B

+ | S(=k,k—=n,n)ik §(k,&)*5(n, n)* Wk —n(§—n)iin(n) @ (—E)dEdn
kn RXR

Similarly as in 5., we get that the modulus of the first integral here above
admits the bound

05”89U||L1(Z><R) ||U||%{s(1er)-

It remains to estimate the real part of the second integral

Red /R kS (—k,k =1, n) @ (€ — ) 6(n, 1)t (n) 3k, €) i (~€)dEdn,

k.n xR
introducing w € L? the function defined by

Yk, & Wi () = 0(k, §) (),

the real part of the second integral is equal to:

ey / B (—k, s — 1, 1) (€ — 1) (1) D_4(—E)dEdy.

RxR

By the change of variable ((n,n), (k,£)) — ((k—n,& —n),(k,€&)) and from
the assumption on S (1.7.3c), this is equal to:

R [ RS (=) i = ) ) - (~)

RxR

from the proof of the part (c) of Proposition 1.7.4 (see inequality (1.7.9)),
the modulus of this real part is bounded by C; ||09UHL1 |@[[2,, it follows from
the definition of w ||@||;2 = ||u]|zs, therefore, we obtain the estimate of the
real part of Io:

IRe(I2)| < Csl|0pul L1 (zxry 4l s xmy: (1.7.22)
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7. From the estimates of |I;| (1.7.21) and of |Re(I2)| (1.7.22), the equality
(1.7.17) permits us to bound the left on side of (1.7.16) by

Cs (lallzrzxmy + 100ull L1 zxr) + 10zullL1zxry)) NullFrs (mxm)-

8. From the Sobolev embedding, it follows that for s > 1 + % (here
d =dim(T x R) = 2) and thus for s’ = 3, we have

[ullLr@zxr) + [0oull L1 @xry + 10aull 1 zxr) < Ko llull gor (pyry-
This finishes the proof of Lemma 1.7.7. O

From Lemma 1.7.7, we get for 0 < ¢ < Ti:

1|1 2] < 2 |Re(@pa(u®,ul), ul )| + 2/ (PN g, ul),|

4
dt
< 2K [[u [ls]u™ |2 + 2l ¢lls [l .

This finishes the proof of Proposition 1.7.6.

The assumption ¢ € C°([0,Ty]; H? (T x R)) gives the existence of
C = supg<;<7, ||#(t)[3, it follows from Proposition 1.7.6 applied to s = 3:

VNYO<t<T ’jt [ u™|:

< 2Ks|u™ |3 + 2C [[u™]], - (1.7.23)

The solution of the differential equation v = 2K3y3/2 + 2Cy*/? which
is equal to zero at t = 0 is t — I%tanz(\/C’th), thus by comparison of
differential equations, we deduce from the estimate (1.7.23) that:

™

VNVO<t<min(Ty, —
< mm(12 e

C
) \IuNH%(t)SEtan2( CKst),

we obtain finally

VNVO0<t<t, [[ulls(t) < , (1.7.24)

| C
Etan( CKst)

with ¢, = min(T1, 2\/%&) Thus the approximations u” exist for 0 < t < t,.

Classical arguments finish the proof of the existence of a solution u in
CO([0,t*[; H3 (T x R)) nCL([0,t*[; H? (T x R)).
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For 0 < T < t,, from the inequality (1.7.24), (u")x is a bounded fam-
ily of C°([0,T], H? (T x R)), therefore, from the equation (1.7.14) satisfied
by u”V, (G;u’N)y is a bounded family of C°([0,T], H? (T x R)). From As-
coli’s theorem, there is a subsequence of (u”)y, which converges in the
continuous functions space C°([0, 7], H2 (T x R)), where H2 (T x R) is the
Sobolev space H? (T x R) equipped with the weak topology. We obtain
the existence of a solution u € C°([0,T], H2 (T x R)). Since (u’)y is a
bounded family of C°([0,T], H? (T x R)), u € L>®([0,T], H? (T x R)) and
we get u € C°([0,T], H3 (T x R)). From the equation (1.7.6a) satisfied by w,
it follows:

u € CO([0,T], H2 (T x R)) nCL([0,T], H (T x R)),
and finally
w e CO[0,t,[, H3 (T x R)) N CY([0, [, H2 (T x R)).

The continuity of u from [0,¢,[ to H3 (T x R) in the strong topology can be
proved as in [7], showing that ¢ — |lu(t)|| g3 (T«Rr) is continuous in time, using
the integrated form of (1.7.23) for u. Thus

u e CO[0,t.[, H3 (T x R)) nCL([0,t.[, H? (T x R)).

Now, we assume that ¢ € C°([0,¢*[; H® (T x R)) with s > 3. From the
previous case s = 3, u € C°([0,t*[; H3 (T x R)), therefore, for 0 < T < t*,
the constants Cs = supg<;<7 [|¢(t)[|s and M = supg<;<p [|u(t)||3 are well

defined. Since VN Vt |Jun(t)||s < |lu(t)||3, Proposition 1.7.6 gives

d
w0 o< T |G ] < 2 )2 + 2000 ],

< 2K M [ |2+ 20, ]

By comparison of differential equations:

2 C? C?
YNYO<t<T |[uV@)| < 52 (e2EM _1)2 < 5 (2BMT _1)2
| I K2M?2 K2M?

Since the upper-bound doesn’t depend on N, we obtain, for all 0 < 7T < t*,
by the same arguments as in the case s = 3:

u e CO[0,T); H (T x R)) N C ([0, T]; H™ (T x R)),

64



thus
u € CO>[0,t*[; HE (T x R)) nCH([0,t*[; HE™H (T x R)).

As before, one shows that ¢ +— |[u(t)|| gs(Txr) is continuous and so that
w € CO[0,t*[; H (T x R)) N CY([0,¢*[; H¥ ! (T x R)).

In order to prove the uniqueness, we assume that u,v are two solutions
of the problem (1.7.6) with the regularity (1.7.10). By integration, we show
that

o2 —d/ (u—v)?
dt LQ(TXR) dt xR

:2/ (u—v)0(u—wv)
TxR
= —2/ (u — v)[Opal(u,u) — Oga(v,v)]
TxR
Since a is a symmetric bilinear mapping, we obtain
d 2
gl vl == =2 [ (u—v)dsa(u+v.u—v),

thus for s > 2 and applying the property (1.7.8)

2 2
pn lu = vllz2rxr) | < Cs llu + vl [lu = vl 72 (pr) -

By applying the Gronwall inequality, we obtain u = v, the uniqueness is
proved.
O

1.8 Existence and uniqueness of the profiles {u} };>1:
proof of theorem (1.2.10)

During the first step we studied the equation
Loty =0

and obtained an expression of #; with an unknown scalar-valued function.
During the second step, from the study of the equation

Loty + Gy (o, @, hy) = 0,
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we established an equation verified by the unknown scalar-valued function
that determines ;. Furthermore, applying Proposition (1.4.1), we obtain:

—

@3 = al(t,zy) + / (¢ ()@Yt . 5) ds

Y
and for n # 0
M
Z (n,Y)R;j + Wo(n,Y)R;*
with
if n > 0: -
Vo, j = / exp(nA;(Y — 8))Fj1(n, s)ds
Y
Y
Wa.j =192, known +K2(n, x t)p]]exp( n)\;Y)/exp(n)\;f(Ys))H;(n, s)ds
0
if n <O0:
Y

Vo = [fopmoun + Ka(n, 2, 8)p;] exp (nA;Y) — / exp(nAj(Y — 8))F} (n, s) ds
0

Wa; = / exp(—nXi(Y — $))H} (n, 5) ds
Y

where f5 known and g2 known are known functions depending on él and f[g is
an unknown function lying in S which has to satisfy the boundary condition

Ctyt..y=0)=~C [~ (g @) Gita.)ds
7 0

and K9 an unknown scalar-valued function.

At this stage, 1, verifying the equation Lyu; = 0, the boundary con-
dition Cu1(Y = 0) = 0 and the condition in the past V¢t < 0,4 (t) = 0, is
then completely determined, @y is known, except a scalar-valued function
Ks(n,z,t) and an independent of Y function @9(t, z,y), which has to verify
the boundary condition o

C’ﬁ(tﬂsy—Oz—C/ GI(t,z, s) ds.

During the k-th step, w1, s, ..., Ur_1, satisfying the equation
Lot;+Gi—1 (o, - .., Ui—1,hi—1) = 0, the boundary condition Cu;(Y =0) =0
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and the condition in the past Vt < 0, @;(t) = 0, are completely determined.
Furthermore, we establish the following expression of the Fourier coefficients
of @} for n =0,

@0 = al(t,z,y) + / (¢ () GY_, (¢, 7, 5) ds

Y

and for n # 0

M

Z (n,Y)R; + Wi j(n,Y)R
with

ifn>0: .
Vij = / exp(n)\j(Y — s))Fffl(n, s)ds
Y
Yy
Wi.j =9k known+Kr(n, z,t)p3] exp(~nA;Y) /exp(—n)\;f(Y—s))Hf_l(n, s)ds
0

ifn<O0:

Y
Vis = Usmouwn + Ki (1,2, £)p;] exp (nA;Y) — / exp(nA;(Y —5))FE~1(n, 5) ds
0

Wi, = / exp(—nAj (Y — s))HJ’?_l(n, s)ds
Y

where fi known and gi known are known functions depending on ék_l,
that decay exponentially in the variable Y.

We still have to determine the scalar-valued function Kj(n,z,t) and the
independent of Y function g(t,x,y), which has to satisfy the boundary
condition o

Ci(t z,y =0) —C’/ _1((t,z, s) ds.

In order to write an equation satisfied by these unknown functions, we study
the equation satisfied by uj1:

Oy iy = inAd},, — (¢'(d)) " G}

We get from the first resolubility condition of section 1.4 C_jg = 0, where

ék is given by
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Gr(idg, .., Ty, hi) = 3tuk+f’(u(>)<9 tip+f" (tio) ti (y = 0)Iptiy+ f" (ti0) Dptij, iy +

f7 (o) tix Optiy + g' (o) Oytix, + g" (o) ik (y = 0)0y
+ ¢" (o) Oy Uiy + g" (o) Wy 0y Uy + (i, - . ., Uk—1) — hu,
we then obtain

y=
U]

Ol + ' (0) il + g (1) Dyl + F(ilo, . .., tk—1) = 0.

We established an equation satisfied by @ 2.
We get from the second resolubility condition:

/ L(n,s).GP(t,x,s)ds =0 (1.8.1)
0

the expression of L(n, s) is given in section 1.4.
G 7, for n # 0, is given by

G (il ..., iy, hy) = it + f' (1) Ol | + f" (tho) <y=o>aeﬁ?”
+7,an// —»*n l—»*l_i_g ('L_I:())QZ( 0)8Y

lEZ
Zg o) 8yu n=ly *Z+Zg”uo iy +¢](Uo,---,ﬁk—1)*qz-
IeZ leZ

It follows from the condition (1.8.1):

0Kk (n,x,t) + v0, Ki(n,z,t) + mZA(n —LO)Kg(n—1,x,t)K (1, z,t)

leZ
+in Y An—LDKi(n—La, ) Kp(l2,t) = fi ) (do, ... 1, hy, )
leZ
with v and A(n —1,1) defined in section 1.5.2 and f;' (to, - - , Uk—1, Ek,@)
a function depending on g, - - ,ﬁk_l,ﬁk and on the known terms in the

expression of uy, in particular .
Consequently the scalar-valued function Ky (6, z,t), whose Fourier coef-
ficients with respect to 6 are Ky(n,z,t), satisfies the equation

O K + 00, Ky + 8@((1(Kk, Kl) + a(Kl, Kk)) = fr_1 (1.8.2)

where the bilinear form a is defined in section 1.5.2 by (1.5.11) and fi_1 is
the scalar-valued function whose Fourier coefficients are f;' ;.

We obtained an equation satisfied by Ky(n,x,t): iy is completely deter-
mined. This finishes the proof of theorem 1.2.10.
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1.9 Approximate solution and problem satisfied by
the residual: proof of Theorems 1.2.13 and 1.2.14

Let us deduce Theorem 1.2.13 from Theorem 1.2.10. Suppose that {}}5>1
is given by Theorem 1.2.10 and let

M
_, . ko r—wt y
Upr(tax’y) —u0+;5 Uk(taxay, c ,g) (191)
Suppose that
= Tr—wt y
o e ) o
J,y) — > ehy(t — oM) (1.9.2)
k=1
in HS, where O(eM) in H? is defined by (1.2.30).
We introduce
O(") = Oy 4 0x(f (7)) 4 Oy (g(d")).
From Lemma (1.3.1):
~ T—wt y
¢(u2pp) = ¢ (t, z,y, =)
€ €
N r— wt xr — wt
= Ek@k(tvx y7 y) +€MR?\4 <t T y? 7g>7
€ €
k=0

where R;, = O(1) in H;. )
From the assumption (1.9.2), there is RS, = O(1) in HZ, such that:

—e _'5_M_1k r—wty r r—wl y
(Z)(uapp)_h‘ - ZE @k<t7wayaT 8) hk( - 7g)

k=0

~ T — wt
+€MR§V[ <t7w7y7 ) g)
e ¢
The equations (1.2.14) have been obtained by equating the coefficients of

¥ to zero (see section 1.3), therefore, since the profiles i}, satisfy the equa-
tions (1.2.14), for 0 < k < M — 1:

— wt - — wt
\v/y > O (pk (t7 x? y? u? g) - hk <t7 m? i d ) y) - O‘
9 e g g
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Thus
O(i5,,) — he = O(EM) in HE. (1.9.3)

Furthermore, the profiles {} };>1 vanish when ¢ < 0, and satisfy the bound-
ary conditions (1.2.16) Cﬁk|y:y:0 = 0, for k > 1 and the constant state
ly satisfies the condition (1.2.9) C'tiy = 0. Therefore, the boundary condi-
tion C'tigy,|,—0 = 0, and the condition in the past Vt < 0, g, (t) = iy are
satisfied.

Finally we get that i, is an approximate solution of (1.2.7a) (1.2.7b)
(1.2.7¢) in the sense that

8t app + a (f( app)) + 0 ( ( app)) ﬁa == O(EM) m Hg,
C’uapp|y 0= 0 (194)
vt < O app(t) ﬁO-

This finishes the proof of Theorem 1.2.13.
Let us prove Theorem 1.2.14:
we seek an exact solution @, of the problem (1.2.7) in the form

U, (t,x,0,Y) = t,z,0,Y)+7(t,z,0,Y).

app(
iic, satisfies (1.2.7a) ¢(i2,) — h® = 0, therefore,

from (1.9.3) ¢(iig,,) — he = O(eM) in HE, we get

(b(ﬁzx) - ¢(ﬁipp) - O<€M) in Hgv
this means that there is G = O(1) in HZ such that
a ﬁe app + f ( )a ﬁe - fl( app)8 ﬁpr
+gu ( )8 ’LL - ( app)a uapp € G,
which can be rewritten as
atﬁim - atﬁpr + f/(ﬁgx)(a -0 uapp) + (fl(ﬁzx) - f/(ﬁpr))axﬁfzpp
+g,<ﬁ€x>(ayﬁix - 8yuapp) + (g/(ﬁix) - g/ ﬁpr»ayﬁpr - EMG'

Let us establish an equation where appear only 4, and 7

f’(f[ix) - f/(ﬁgpp) = ( app F) f (ﬁlelpp)
- Af( app7 _’)F
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with A rlu (
Similarly

— 1 —
app? T) - fo f//(ﬁgpp + t?“)dt.

o —E —E

g/(uer) - g/(uapp) - Ag(uapp') F)F

with Ag (i, ) = 01 9" (1, + tr)dt.
Thus ﬁnally

8t7a+f( app_’_”:‘)8 T+Af( app7 )8 appr—i_g( app F)azﬂ?
+ Ag (i, 7)0y iy, 7 = MG

app "
therefore, using the notations

By (g,

Oy, T) =A f (Ugpps T) Oy, /f” U,y + tF)dt Oy, (1.9.5a)

1
By (tiapp, Oyliapp: T) =Ag(Uapp, T)Oylip, = /0 (@@, + tF)dt Oyil5,,, (1.9.5b)

O + [ (g, + T)0uT + g’ (U, + 7)OyT =
MG — By (i), 00illyyp, TV — By (i, Oylic,,, )T

Furthermore 7 satisfies the boundary condition C7],—¢ = 0, since @,
and g, satisfy it, and the condition in the past V¢ <0, 7(t) = 0, since the
profiles u; satisfy it. We proved the proposition:

Proposition 1.9.1. Suppose that tg,, is an approzimate solution (1.2.31)
of the problem (1.2.7) given by Theorem 1.2.13, then @, in the form

U, (t,2,0,Y) = t,z,0,Y) +7(t,z,0,Y)

app(

is solution of the problem (1.2.7) if and only if 7 is solution of:

T + f' (g, + 70T + ¢ (U, + P)OyT =

MG — By, 0pils,,,, 7)F — By (i

app’ mn Yy > 0, (196&)

Yapp: app> T 6yuapp7 T

where G = O(1) in HY and By and By are defined by (1.9.5),
satisfies the boundary condition:

Crly—0 =0 (1.9.6b)
and the condition in the past

Vvt <0, 7(t) = 0. (1.9.6¢)
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Consequently the problem satisfied by 7 is in the form:

d
Ao(@, @)0pti + | Aj(@, )0y, i = F(b,il) 24> 0
j=1
Ctl]yy—0 = 0

VE <0 d@(t) = 0.

with d = 2, @ = 1, b= (u app,a uapp,8 Ugp) s
AD(J ﬁ) - Id Al(a u) f( app ) A2(a U) - g( app+u)
and F(b, @) = MG — B (i, Otiny,, )i — Bg(tig,,, Oytly,,, U)i.

We will consider in the following section boundary value problems of
this type, show that the assumptions of Theorem 1.2.15 are satisfied by the
problem (1.9.6) correspondant to the residual 7 and prove Theorem 1.2.15.
Therefore, for M >3 > 1+d/2 =2and s > 3 > 14+d/2 = 2, Theorem 1.2.15
gives the existence of £y such that for £ €]0, go], the boundary value problem
(1.9.6) has a unique solution 7 in (Ny<p<, C¥([0, T]; H*7*) and 7 = O(eM) in
H?. We then obtain from Proposition 1.9.1 that, for € €]0, 0], the problem
(1.2.7) has a unique solution @ and @ — @, = O(eM) in H?. This finishes
the proof of Theorem 1.2.14.

pp

1.10 Equations with rapidly varying coefficients: proof
of theorem 1.2.15

We consider the boundary value problem:

d
Ao(a, w)du+ Y Aj(a,u)0p;u = F(bu) xq>0, (1.10.1a)
j=1
Culgy,=0 =0 with C of constant rank, (1.10.1b)
YVt <0 u(t) =0. (1.10.1c¢)

Under the hypothesis C of constant rank, there is no restriction in as-
suming that C is constant, using a change of variable v = Mu.

We assume that the problem is symmetric hyperbolic, that is that the
matrices A; are self adjoint with Ay positive definite.

We assume that the boundary is not characteristic, that is that

Ag(a,u)|z, =0 is non singular (1.10.2)
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and that the boundary conditions are maximal dissipative, thas is that

Va Vue ker C Vze ker C (Ag(a,u)|z,—02.2) <0, (1.10.3a)
rank(C) = Card {\ € Sp (A4(a, u)|z,=0) /A >0}. (1.10.3b)

These assumptions hold for the problem satisfied by the residual: they
are direct consequences of the hypothesis (1.2.1).

a is assumed to have rapid oscillations, more precisely, we assume that
a belongs to the Sobolev space W*°(] — 00, T] x R%), where we denote
R x R, by Rff_, and that its derivatives satisfy:

Y 0 S ‘Oé| S S g(la‘_l)Jr ||8§1‘CLHL°°([O,T]XR1) S Cl, (1104)

for some integer s > %l + 1.

Note that these assumptions hold for families of data a, which are the
sum of a constant state with amplitude O(1) and a state with amplitude
O(e) at frequencies |¢] ~ 7!, and therefore hold for a = @5, and T' = ¢*
given by Theorem 1.7.5.

We assume that b € W*°(] — oo, T] x R%) and that its derivative satisfy

VO0<|a]<s &l 105201l oo (jo,) ey < C1. (1.10.5)

These assumptions allow for families of data b, with amplitude O(1) at
frequencies [¢| ~ 71, and therefore allow for b = (s Onligyys Oytigyy,)-
We suppose that v = 0 is almost a solution, that is that f = F(b,0)

vanishes in the past and satisfies for || < s and t < T*
el 105, = (O 2z y < €M Ch. (1.10.6)

This assumption holds for the problem correspondant to the residual since,
from Proposition 1.9.1, f = F(b,0) = eM G with G = O(1) in HZ.

Our aim in this section is to prove the following theorem:

Theorem 1.10.1. Under the assumptions above, if M > 1+4d/2, there exist
g0 > 0 and Cs, depending only on the constants Cy,C,Ca and coefficients
Aj and F, such that:

for € €]0,eq], the boundary value problem (1.10.1a)-(1.10.1b)-(1.10.1c)
has a unique solution u € No<p<sC*([0,T]; HE™*) which satisfies for 0 <
o] <sand0<t<T:

Mo u(t)ll 2rg < €0, (1.10.7)
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When u is a function of [0,T] x R%, for fixed ¢, u(t) is the function of
Ri obtained by freezing .

We introduce the following norms:
for u a function of Ri

ullgs = sup €|a“|a§u”L2(Ri)v (1.10.8)
la|<s

for u a function of [0, 7] x R%

lu)lloms = sup |oFu(t)] e (110.9)
0<k<s

= sup €|a|H3§fo(t)”L2(R§r) :
la|<s

The main new ingredients are the weighted Sobolev inequalities and a
multiplication lemma:

Proposition 1.10.2.

_d
fu)l ety < K& 8 fut) e (1.10.10)

_d_
10k atu() | oo ray < K e™2 7 u®)lom:- (1.10.11)

Lemma 1.10.3. For o > g and 1 >0, m >0 withl+m < o, we have

lu@v@)|ope-m < O 2 u®l et O oz (110.12)

Proof. These inequalities can be proved with the help of the following re-
mark: denoting by || . [|cxs the norm [ . [[ch;, we have
lu(t)|cus = e¥?||a(L)||cms where u(t,z) =@ (L, 2) = a(t, &).
Then we have:
. ot
lu@)ll oo ) = G Lo me)

IN

Cslla(2)llgre-1(ra) since s —1> §

IA
CER OIS

Calla(=)llcp=—

therefore, applying the remark, Hu(t)||Loo(Ri) < C'ss*%Hu(t)HCHEs_l. The
second inequality can be proved similarly: from O u(t,z) = 6*18511(; )
it follows Hf)xu(t)HLoo(Ri) = 5_1”8&:&(%)"@0(]1@1)7 we apply the Sobolev in-

equality for s — 1 > 2, and observe that ||ajﬂ(é)”Hs—l(Ri) < Hﬂ(é)HHs(Ri).
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The result for the derivative with respect to t is obtained by the same way,
from Opu(t, x) = 5_18~u(£ Z) and ||0; u( N gs-1 < ||u( Mems.

3
The lemma is a consequence of the similar result for the norm || . || Ho (R )’

fora>%andlEO,m20withl+m§a,wehave

[|lu(t)v(t) RY) < C||u(t)

HHU_z_m( HHU—Z(Rd)Hv(t)HH"—m(Rd)‘
+ +

Therefore for k <o —-101—m

Haf (u(t)v(t)) HHaflfmfk(Rd) <C Sup Hakl akz HHcrflfkrm*kz(Rd)
k1+ko +
<Ck1i%§_ |0 u(t HHU*l*kl(Ri)
[ ——
<Ot HCHU {(RL) (¢ HCHU*W(Ri)'
Passing to the sup we get
Hu(t)v(t)HCHG*l*m(Ri) < Cllu®)¢go-r (RY) ot “CHG*W(Ri)'

Applying the remark to u(t), v(t) and wv(t) we obtain the required result. [J

We are now ready to proceed with the proof of the theorem.

Proof. We write u = eMv, f = eMg and F(b,u) = f + eMG(b,u)v. The
problem for v reads:
d
L(a,u,d0)v := Ap(a,u)0w + Z Aj(a,u)0z;v — G(b,u)v = g(1.10.13a)
j=1
Cv|z,=0 =0 with C of constant rank(1.10.13b)
Yt <0 v(t) = 0. (1.10.13c)

The theorem can be deduced from the following proposition:

Proposition 1.10.4. There ezist €9 > 0 and Cs, depending only on the
constants C1,C7,Ca and on the coefficients Aj and F, such that, for e €
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10,e0] and for T" € [0,T], if v, solution on [0,T"] of the problem (1.10.13a)-
(1.10.13b)-(1.10.13c), satisfies

[o(t)||crs < C3 YVt e [0,T] (1.10.14)

then v satisfies
C
lo(t)]|cms < 73 vt € 0,T']. (1.10.15)

Assuming the proposition, we discuss the proof of the theorem. The
problem is symmetric hyperbolic, under the assumption (1.10.13c), v satisfies
the condition in the past V¢ €] —o00,0], [[v(t)|lcrs =0 < %, then there exist
T’ > 0, depending on € and on Cj3, and a unique solution v such that

VO <k <s, Ofv e CO[0, T); H*H(RY)),
that is v € CHZ([0,7"]), where we use the notation
CHZ([0,T1]) = No<r<sC* ([0, TT; HETY),

with v verifying
vt e 0,7, [[o(t)llons < Cs. (1.10.16)

We define Tp = sup {T/w 0,7, o) cns < 03}, (1.10.16) implies
Ty > T'. Let us prove Ty = T. By contradiction, we assume ‘Ehat To < T.
For 0 < ¢ < Tj, by definition of the least upper bound, 3T, ¢ < T <
Ty, Vs € [0,T], |lv(s)llcas < C3 hence |[v(t)||cas < C3, this gives Vi €
[0, To[, [[v(t)]|lcrs < Cs. Since 0 < T < Tp, we have 0 < Ty — L' < Tp, thus
vVt € [0,Th — %}, |v(t)|lcms < C3. The proposition allows us to write V¢ €
[0, Ty — %], lv()lcas < % By definition of 7" and since the data in the
past | —oo, Ty — T%] are upper bounded, we get V¢ € [0, T0+T7/], lv(®)llcms <
('3, which is contrary to the definition of Ty, since Ty + % > Ty.

We proved that there exist g > 0 and (3, depending only on the con-
stants C1, C}, Cy and on the coefficients A; and F, such that
for € €]0,¢0], the boundary value problem (1.10.1a)-(1.10.1b)-(1.10.1c)
has a solution u € NMo<k<sCF([0,T]; HE™F) satisfying for 0 < |a| < s and
0<t<T:
gl 10F )l 2rey < Mey . (1.10.17)

O]
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In order to demonstrate the proposition, let us prove some lemma.
We begin by this L? estimate:

Lemma 1.10.5. There exist constants C' and K, which depend only on
C1,C1,Cy and g9 > 0 which depends in addition on Cs, such that for e <
eo and w verifying (1.10.1a)-(1.10.1b)-(1.10.1c) on [0,T"], we have for t €
[0, T7):

t
Jo(®)| gt < € / K| L, o) ot (11018)
+ 0 +

Proof. Tt follows from the weighted Sobolev inequalities (1.10.10)-( 1.10.11):

IN

_d
leM ()| oo ray < K M2 0(®)ll s,

K M5 Y u(t) | oms.

IN

1™ Dav(t)l Lo (ra )

Since M > g + 1, these inequalities, combined with the inequality (1.10.14),
allow us to bound the Lipschitz norm of the coefficients A;(a,e™v) and the
norm L*® of G(b,eMv) by a constant independent of C3 if € is sufficiently
small.

We denote (Ag(a,u)v, ’U)LQ(Ri) by E(t).

Since Ay is continuous and since the ||. [ norm of a and u is bounded,
we have: 3C VaVu C1d < Ag(a,u) < C~'1d, we then obtain the following
result:

Cllu®)ll7. < E(t) < C ()13 (1.10.19)
We write

d d
O(Ao(a, u)v.v) + Z 0z, (Aj(a,u)v.v) = 2[Ag(a, )0 + Z Aj(a,u)0y;v].v

=1 j=1
+div(Ao, ..., Ag)v.v
thus, integrating on Ri
OE(t) = / (div(Ao, ..., Aq)v.v + 2L(a,u, 0)v.v + 2G(b, u)v.v) dx
i

—I—/ (Ag(a, u)v.v) |z =0 dz’.
R

d—1
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Since VtVz' u(t,2’,0) € kerC, v(t,2’,0) € ker C, we obtain from the as-
sumption (1.10.3a) and the Cauchy-Schwarz inequality:
0E(t) < ||div(Ay, ... ,Ad)||LooHvHQL2 + 2||L(a, u, 0)v|| 2]|v] 12
2], ]2z

Applying the left inequality of (1.10.19) and simplifying by /E(t), we get:

1 - _
OVE(t) < §C’*1||div(A0, e A L VE®) + CTYV|| La, u, 8)v)| 12
+CYG(b, u)|| L V/E(H).
therefore by comparison of differential equations and since v(0) = 0:
t t 1
VE® < / exp (/ o1 <2Hdiv(A0, A + GO, u)”Lm) ds>
0 %

C12| L(a, u, d)v(t)| 12 dt’.

Combining this with the fact that the Lipschitz norm of the coeflicients
Aj(a,eMv) and the norm L> of G(b,eM) are bounded and applying the left
inequality of (1.10.19), we obtain the inequality (1.10.18). O

As a result of this L? estimate, we derive a C'H? norm estimate.

Lemma 1.10.6. There exist constants C' and K, depending only on C1,C7, Ca
and g9 > 0 which depends in addition on Cs, such that for e < eg and u ver-
ifying (1.10.1a)-(1.10.1b)-(1.10.1¢) on [0,T"], we have for t € [0,T"]:

t
vt <T'[[v(t)llcn: < C/O U (o) loms + gt | ons) dt.
(1.10.20)

Proof. The first step is to localize the problem in order to commute with
-1
AL
Let {¢i(z)} be a smooth partition of unity for RZ, i.e. 3 ¢; =1 on R,
we introduce v; 1= ¢;v, then v; satisfies L(a,u,0)v; = gi, Cvj|z,—0 = 0 and
Vt <0 wvi(t) =0 with g; = ¢ig + Z?Zl Aj(a,u)aqubiv. From now on we
suppose that v vanishes outside of a set with a small diameter.
1) We begin by the case where this set contains a portion of the boundary
{z4 = 0}: by choosing the set sufficiently small, we obtain that A4 is non sin-
gular on this set from the assumption (1.10.2) Ag(a, u)|z,—0 invertible. We
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commute the equation with the weighted tangential derivative €|a|8f‘x, with
a' = (x1,...,24-1): we will obtain an estimate of sup,|<, Ha‘alﬁg‘x,v(t)HLz(Ri).

Left multiplying the equation by A;l, we will deduce an estimate of ||v(t)||cms.

Let us prove an estimate of the commutators:

Lemma 1.10.7. For |a| < s,
vt e [0,7] || gx,,L(a,u,@)]v(t)HLz(Ri) < Kljv(t)|lcms (1.10.21)

with K depending only on Ci, C| and Cy and for € < ey where g9 > 0 is
dependent of Cy, C7, C2 and Cs.

Proof. The commutator [el*l9® ,, A;8;]v is linear combination of terms
|| s 34 al P Y
e B(a,u)9, ya...0; ya Ofpu. .. Oy 9 v

with 0 < |87] < |a, 0 < |a*| < |a], 0 < 7| < |af and 3|87+ 3 o]+ |y] <
lof +1< s+ 1.

Let us bound the L? norm of these terms.

The L* norm of B(a,u) is bounded by a constant which is independent
of (5 if ¢ is sufficiently small, applying the weighted Sobolev inequality
(1.10.10)-( 1.10.11).

Let us examine the case p > 1.

Applying p times the multiplication lemma (1.10.12):

1 P —pd/2 1 P
|| gm/u' . ‘8gm/uazxv||CHg < Ce pd/ || gx :*Ial\ s ”81?,ém/u||CH55—\0<p|

167,

/UHCH

UHCHS*"H

with d=s—-1-(la!|-1) = = (la?| =) = (Y- D =s—1=_ [+ y)+p+1>0
—~—

>2

<s+1

We note that

107 ull opys-ter = sup |07 0wl e < e ulloms,
N [6]<s—|al

thus, the inequality (1.10.14) gives:

1 _ _ k
105w ... Ofud] || 2 < Ce pd/2= (e FDDAPM P 1y || o s
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From the assumption (1.10.4) on a and the fact that the L> norm of B(a, u)
is bounded, it follows:

I Bla, )8 a... 80 a 8. .. 00 8] 0|2 < eCCICH||ollc s

with p = |af +pM — (6] = D+ + X o]+ |v]) — pd/2.
Since Y (|6 — 1)+ < > |5, we have
p>lal+p(M—d/2)= > |18+ > o+ [y]) = p(M—d/2)—1>p-1>0

<|al+1

since M > d/2+ 1 and p > 1.

We finally get > 0, consequently, for & sufficiently small, e*CC]CY is
bounded by a constant which is independent of Cj.

We still have to examine the case p = 0, in this case there is no depen-
dence on C3: we apply the hypothesis (1.10.4) on a, the estimate of the L™
norm of B(a,u) and the inequality [|0] vl 2 < e |v|cas,

1
Hg\alB(%u)afI,a. ..8fi,a8;fvaLZ < €”CC?HUHCH§

with 1= [o| = (32(18°| = 1)+ + D). If ¢ > 0 then 3 (|5*| = 1)+ < 3|5 -1
therefore p > |af — Q|6+ |v]) +1 > 0. If ¢ = 0, since |y] < a, we also
obtain p > 0.

Finally we always have

I B(a, 0, a... 07"

" O 0 9], 2 < KJv|lcn:

with K depending only on C'y and Cy and for € < gg, where g9 depends in
addition on Cj.

We proceed in a similar way with the commutator [5'0“30‘

e G(b,u)]v, the
only difference is that the assumption (1.10.5) on b is weaker than the as-
sumption (1.10.4) on a, but this is compensated by the fact that the number
of derivatives is smaller by one:

the commutator is linear combination of terms

1 q 1 r 1 P
£l B(a, b, u)@fx,a. . .8590@ 82x/b. . .a;{w,b Oprth - Op gy O] v

with 32 |#7] + 30 18° + 32 || + |y] < |al.
Similarly we obtain:

1 q 51 5 1 )
I B(a, b,u)d) a0 a 0 b .. b Oy .. O mu O] |l 12

< ENCCfC{TC§|]vHCH§
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with o= o] +p(M —d/2) ~ Y _(1F] = Dy + 167+ ) la*| + [y]), thus
<le

p > p(M —d/2) we get u > 0 for p > 1, it is therefore bounded by a

constant which is independent of Cs for ¢ sufficiently small and in the case

p = 0, where there is no dependence on C3, we have y > 0.

Finally, we obtain the inequality (1.10.21): this finishes the proof of
Lemma 1.10.7. O

Applying the L? estimate (1.10.18) to 6"“‘8&,1}:

t
e, vl 2 ey < © /0 K (|[el0g,, Lia,u, 0)]o(t)|p2qas)
+ 11908 g (#) | 2 )
Applying Lemma 1.10.7, we then obtain, for ¢ € [0,7"]:
t
Vol <'s el op o)l 2y < C/ D (|l e
0
|a| fa ! /
1108, 9(E) agas ) dt
thus by passing to the sup, for ¢t € [0, T"]:

t
sup 1050y < C [ X0 (o) llom: + lo(®)lcns) o

|a|<s
(1.10.22)

In order to get a bound for the CHZ norm of v, it is necessary to bound
the derivatives of v which include derivatives with respect to x4: for this
purpose, we will use the equation verified by v.

We have: Ag(a,u)0w + Z;lzl Aj(a,u)0z;v — G(byu)v = g,
thus

U

-1
Opgv = A7 g + G(b,u)v — Ag(a,u)0v — Y  Aj(a,u)dy,v].
1

<.
Il
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We then obtain:
elelgpoas agay = el*lgp0a% 9= AT (g + G(b, u)v — Ag(a,u)dpv
d—

Aj(a,u)0z;v)].
7j=1

/ — . . . .
elolgroge, a1 A Y(a,u)g is linear combination of terms
o B! B39 al aP Y
¢l |B(a,u)8t7ma. Oppa Opu. . 07 u 0,9

with 3237+ X o[+ | < o] —1<s—1

whose L? norm is bounded by z—:“C’fC’g||g||CHg—1,

where p = Ja| +p (M = d/2) = (3 (16| = D+ + Y _la/| +]1]) = 1
—_— -

>0

<|la]—1
if p = 0, there is no dependence on Cj, if p >| Ol, we obtain p > 1, therefore
||€|0‘\&f06g,/8§;_114;1(a, u)glzz < Cllgllogs—1 with C a constant which is
independent of C5 for € sufficiently small.

6'“'8?08;’,/8%;_1 (A;l(a, u)G(b,u)v) is linear combination of terms:

1
% B(a, b, u)é?fxa. . .Ggia 8?;(). . .Ggi,b 8?‘;11 . Gf‘;u 9, v

with 3 [3] + 2 16°| + S lo*| + |y < o =1 < s =1 and v = (70,7 7a)

such that v4 < ag — 1, similarly we obtain:

lellofoas o2a=t (A7 (a, u)G (b, u)v) |12 < eC'supgi<s, gy<aq—1 5‘5|Ha£xUHL2

with C an independent of C3 constant for e sufficiently small.
6'“'8?085‘,/6?;*1 (A7 (a,u) A (a, u)0y,v) is linear combination of terms:

1 q 1 p
l*lB(a, u)@ﬁxa . .8&?(1 Opyu ... Opyu 9 v

with 6]+ 3 [o*| + 7] < |a] < s and v = (70,7 74),7a < @g — 1, whose
L? norm is bounded by e*C{CY sup|5/<; g,<a,-1 5|5|||8£xv||L2

where = |a|+p (M —d/2) — (Z(Wﬂ -4+ Z la?| + |y]) > 0 for p > 0.
>0

~
<le|

Thus:

e ore0g 05 (Ag (@) A0 w)dey0) iz <O sup - P07l
5, PdSaq—

with C' an independant of C'3 constant for ¢ sufficiently small.
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We then obtain:

lel*lagoas agev] 2 < eCligleyer + € sup P97 0]l 12
18]<s, Bg<ag—1

with C' depending only on C7, C] and C5 and for € < ¢ for g9 > 0 depending
on Cl, Ci, Cz and 03.
Therefore by induction:

Va = (ag, o, aq), la| < s,

Hé“a|a?08?,/8?jv||l/2 <eClgllys—+C Zuf 5|5\||8£x,v“L2
S

By passing to the sup, we finally obtain:

lwllcms < eCligllggs—r + C sup 07 ]l 2.
1B1<s
Let us bound the first term: since f vanishes in the past,
vz € RY g(0,2) = 0 thus eg(t, ) = f(f edig(t', z) dt’ then

t t
elg®llogs—1 < Jo 1609l cps—rdt’ < [y llg(t)llcms dt”.
We then get:

t
[v(@®)llcn: < C/ lg()lcrs dt' + C sup e?1)|0] vl 2.
0 <s

|8l
Therefore, it follows from (1.10.22):

t t
lo@llens < c/o 19| dt’+c/0 K (o lers + gt lcns) de'
Since VO < t/ < t, 1 < eX(=) we finally obtain the inequality (1.10.20):

t
lo®llen: < € / X (o) lem + gt loms) At (1.10.23)
0

2) In order to complete the proof of Lemma 1.10.6, it remains to examine
the case where the set does not intersect the boundary. The problem is
reduced to a Cauchy problem, with data equal to zero in the past, we can
then commute the equation with the weighted derivative 5‘“'81?7{,3 where © =

(1,...,2q). As before, we prove that for |a| <'s,
=108, . Lia,u, 0o@®)]| > < K[Jo®)] ¢
We then obtain directly the inequality (1.10.20) of Lemma 1.10.6. O
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The CH? norm estimate (1.10.20) allows us to prove the proposition.

Proof. We will absorb the term in v of the right member of the inequality
(1.10.20). We introduce ¢(t) ft el t=t No@)lcmsdt', ¢'(t) = |lv(®)|loms +
K¢(t) thus, from (1.10.20):

t
§(t) < C / KD gt s At + (K + C)o(2)

then 4 (e=(K+Ctg (1)) < C’ft ~Clte=K¥||g(t")|cp: dt’. Since ¢(0) = 0, we
obtain by integration:

t S
~(KHOt) < C / / e~ 5K || g(¢) || s dt'ds
s=0 Jt'=0

thus by Fubini theorem:
t t
6_(K+C)t¢(t) < C </ €_Csd8> e—Kt’Hg(tl)”CHS dt/.
t'=0 s=t’

We write f;:t, e C%ds = %(—(2_0’f +e O < %e‘Ct, and we obtain:

t

¢(t) <C . FHED g | e b
tl

thus from (1.10.20), it follows:

there exist C' and K, depending only on Cy, C] and Co, and €q, depending
in addition on C3, such that for ¢ < gy and v satisfying (1.10.16) Vt €
[0,T'] |lv(t)|lcus < Cs, we have, for t € [0,T"]

t
lo@) s < C / SO g o . (1.10.24)
0

We choose C3 such that C3 > 2%6(K+C)T and ey corresponding to
this choice.

Thus (1.10.24) shows that if v satisfies ||v(t)||cxs < C3 on [0,7"] then v
satisfies ||v(t)||cms < % on [0,77].

Indeed, the assumption (1.10.6) gives VO < t < T, ||g(t)|lcas < Co,
therefore (1.10.24) allows us to write:

t
vt < T ||o(t)|on: < CCy / (KON g < G2 ucrorr

Cs
0 K+C° 2

O
This finishes the proof of Theorem (1.2.15).
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Chapter 2

Internal rectification for elastic
surface waves

We prove that fast oscillatory elastic surface waves can produce
non trivial internal non oscillatory displacements, illustrating on
the example of elasticity a phenomena observed in the first chap-
ter for general first order systems.

2.1 Introduction

We prove that fast oscillatory elastic surface waves can produce non trivial
internal non oscillatory displacements. This phenomenon was observed and
explained in the first chapter for general first order systems. The goal of this
chapter is to prove that it does occur in the case of elastic waves.

For simplicity, we consider surface waves in space dimension two, on a
domain which is a half-plane. We seek surface waves which admit asymptotic
expansions of the form

e (t,x —ct
Uit = (e ) ~ zawk(my, 2,

on y > 0, with profiles Uy(t,z,y,Y,0) = Ui(t,x,y) + Uji(t,x,0,Y), where
Uy is periodic with respect to the variable § and exponentially decaying to
0 in the variable Y. U} contributes to a term localized near the boundary,
rapidly oscillating on the boundary, while U, is a slowly varying mean field,
which is not localized on the boundary.
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The first term Uy is determined for example in [54], [68] or [69] (see also
[36, 7] and the first chapter for the analysis of the equation). In partic-
ular, it is purely localized near the boundary, that is U, = 0, and Uj is
determined by a scalar unknown as(t,z,6), which satisfies a propagation
equation (2.2.2). Our main aim in what follows is to prove that, in general,
the corrector Uz is not purely localized near the boundary, that is Us does
not vanish, even if the source term is purely localized near the boundary. U,
is a solution of the linearized equations of elasticity, with boundary terms
which are determined by co and in general do not vanish. Us does depend
on the slow variable y and does not decay to 0 as Y tends to +oo, even if
the source term is exponentially decaying to 0.

The other terms of the expansion can be determined as in the first chap-
ter. In the first chapter, we have proved in the case of general first order
systems the existence of an exact solution admitting the given asymptotic ex-
pansion. This analysis, which is not done here, is expected to be extendable
to elasticity.

Following [54], we consider an elastic medium which in the rest state
occupies the half-space y > 0 and which is deformed in plane strain in the
x and y directions. The displacement components are denoted by u(t, z,y)
and v(t,z,y) in the z- and y-directions. Assuming the medium is isotropic
and hyperelastic, the equations of motion and boundary conditions on the
stress-free boundary y = 0 take the form

Ouu® — 10pau" — (1 — 1)0pyv® — Oyyu® = Op F1 + Oy F (2.1.1a)
Opv° — Ogget® — (1 — 1)0gyu® — 10yyv° = 0,G1 + 0yG2 (2.1.1b)
in y > 0 and
Oyu® + 0,v° = —Fp + f*© (2.1.2a)
(r —2)0,u® +10yv° = —Ga + ¢° (2.1.2b)
on y =0,

where f€ and ¢g° are given source terms and F}, F», G1 and G2 are quadratic
terms.
We consider a particular case of the equations given in [54] (see also [68]),

where the quadratic nonlinear terms are given by:
Fy = 0yuf0,0°
Fy = 0,0°(0,u® + 0y0v°)
G = Oyu(0u + Oyv°)
G = Oyu0,v° = Fi.
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Denoting by (—c, 1) one frequency such that there exist surface waves
associated to the phase ¢(t,z) = —ct + = (up to a homothetic change of
variable, there is no restriction in assuming that the spatial wave number
k = 1), one looks for oscillatory surface waves, that is for solutions of the
boundary value problem localized near the boundary and such that the trace
on the boundary has rapid oscillations with the phase § = £=¢¢,

2.2 Statement of the main results

2.2.1 Statement of the problem

Surface waves are real solutions
1>
Ug(t7x,y> — ( U (t7x7y) >

satisfying the equations (2.1.1) in y > 0 and the boundary conditions (2.1.2)
on y = 0, that admit asymptotic expansions

> T —ct
Ulta,y) ~ Y Uit oy, ——. ), (2:21)
k=2
. o uk(t7x7y79)y)
with profiles Uy (t,x,y,0,Y) = < on(t, .y, 0,Y) such that

ug(t, z,y,0,Y) = up(t,z,y) +up(t,z,0,Y) and v (t, z,y,0,Y) = v, (¢, z,y) +
vi(t,2,0,Y) belong to the space S = S @ 5* defined in the first chapter
(see Definition 1.2.4), that is u} and v} are periodic in 6 and exponentially
decaying in Y.

We denote by Uj' the Fourier coefficient, with respect to 6, of order
n of the profile Uy. From the definition of § = S @® S*, for n # 0, U}
is of the form U}’ = U""(t,z,Y), with U;"* € S* and U,g is of the form
UY = Up(t,z,y) + U™ (t,2,Y), with U, € S and U™ € S*.

For the sake of definitiveness, we suppose that the solution vanishes iden-
tically in the past:

V<0 US(t) =0,

and, to fix the ideas, that it is ignited by source terms f¢ and ¢° on the
boundary, which we assume to be small and localized near the boundary:

x —ct

f(tal‘) Nzgkfk(ta:Ev ),
k=2

£
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x — ct

o
g<t7x) Nnggk(t7$7 )7
k=2

€
with profiles f and g belonging to S*, that is exponentially decaying to 0
as Y tends to +oo, with zero mean and vanishing identically in the past:

VE<O0 fo(t) = g5 (t) = 0.

Remark 2.2.1. The order of magnitude U = O(e?) and f,g = O(?) as
€ — 0 corresponds to the regime of weakly nonlinear geometric optics where
the nonlinear effects are present in the propagation of the leading term Us.

2.2.2 Main results

Theorem 2.2.2. The profiles of main order us and va belong to S*, that is
are purely localized on the boundary: ws and vy vanish.
us and vy are determined by a scalar unknown

a(t,z,0) = Y as(n,t,z)e™

nez*

(see section 2.4 for an explicit form of vy and vy ), which solves an equation
of the form
Qg + cOzaa + a(ag, ) = U( f2, g2) (2.2.2)

where (f2,g92), up to a multiplicative constant, has Fourier coefficients of
order nequal to ‘%fg‘ + Lg3 (p1 and q given by (2.4.4) and (2.4.6) ) and
a 1s a nonlocal bilinear form such that the Fourier coefficients of order n of
a(ag, a) are equal to

k )
> Mk, KK (k=K oo (K )az(k—K)+ Y Aa(k, k) (k=K )az (K)o (k—K),
k=1 k'=k

where the expressions of the kernels Ay and Ao are given in [54].

This theorem is proved in section 2.8 and 2.9: we show that u, and
vy solve the linearized equations of elasticity with homogeneous boundary
conditions, so that they must vanish. The relation between u3, v5 and a9 as
well as the equation for ag are obtained in [54].

The main results of the chapter are the following theorem and corollary.
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Theorem 2.2.3. The profiles of higher order us and vs are of the form
us =ug+uz vz =vs+03,
with uz, vy € S* and ugz,v3 € S satisfying the equations

Oty — 10253 — (1 — 1)Opyv3 — Oyyug = 0 (2.2.3a)
04Uz — Oga3 — (1 — 1)Opyusz — 10yyvg = 0, (2.2.3b)

on {y > 0} and the boundary conditions

2 q 9
Oyus + Opvg = —— C, n|0z(las(n, t, x 2.2.4
s+ Outy = =G 3 ilosealnt ) (224
#0
(r — 2)dpus + royus = 0, (2.2.5)

ony =0.

The equation satisfied by us and wvs is obtained in section 2.10 and the
boundary condition is obtained in section 2.9.

Remark 2.2.4. u3 and v3 are determined by uz, va2 and a scalar unknown
as(t,z,0), which solves the linearized equation of (2.2.2).

Corollary 2.2.5. If fo and go satisfy 0:1(f2,92)|t=0 # 0, then < %3 ) does
U3
not vanish.

Proof. Since us and vo, and thus as, vanish in the past, we have

Oraali=0 = I(f2, 92)|i=0,
and therefore, for ¢ small
Qg ~ tl(f??.gQ)a

we then obtain that 9,1(f2, g2)|t=0 # 0 yields 3, c 5. |n|0x(Jaz(n, t, 2)])* # 0.
The right-hand side term of the first boundary condition satisfied by us

and v; does not vanish, we then obtain that < %3 ) does not vanish. O
Us

Remark 2.2.6. For example, we can take f1 and fo such that their Fourier
coefficients of order 1 satisfy O, (plf% — iqg%) lt=0 # 0 in order to have

051(f2, 92)i—0 £ 0 and thus ( s ) 20
3
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2.3 The cascade of equations and boundary condi-
tions

We introduce the linear terms:
L (U) . (02 — T)a,ggu — (’I” — 1)89}/1) — ayyu
S (¢2 = 1)dgov — (r — 1)dgyu — rdyyv

)’ (U) . —2¢0pru — 2r0pzu — (7“ - 1)39y1/ - (7“ - 1)6}@;@ — 25’yyu
fs o\ —2e0pv — 20950 — (r — 1)0gyu — (1 — 1)y zu — 2rdy v

o Ouu —1rOpu — (r —1)0gyv — Oyyu
Lss(U) : = < Opv — Oy — (1 — 1)yt — 1Oy v

o Oy u + Opv
(U) = < (r —2)0pu + royv >

o Oy + Ozv
L(U) = < (r = 2)0yu + r0yv >
and the quadratic terms

A(BXLZ; 8Z1,2; 8V[/'l,z)(Um’ Ul) = 8X1C(8Z1,2; 8W1,2)(Um’ Ul)
+ aXQD(aZLQa 8W172)(UM) Ul)7

with ; )
3 — ZQU’m lel
C(aZ1,278W1,2)(Um7Ul) = < 8ZQ’LLm(aW1ul +8W2Ul) )
07, vm (0 + 0
Dot i= (S5 )
> UWm Owy
and

Agpp:=A(99,y; 0,y 0y)

Aprs :=A(09,y;00,y;O0ry) + (393/,3”7391/)+A(8my,3ay,3ay)
(
(

Afss =A 89 Y7 T, y) asyyaH,Yyax,y) +A(ax,y78$,y789,Y)
Asss :=A(0y Y O ) O y)

Dyy:=D(0yy;09,y)
DfS ::D(GG,YQ 8:0,y) + D(&c,y? 8G,Y)
Dys :=D(0z,y; 0zy)-
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Plugging the expression (2.2.1) of U® into the equations and boundary
conditions and collecting the powers of ¢ yield, for all k£ > 2,

Lff(Uk) =+ LfS<Uk71) + Lgs(Ug—2) = Z Afff(Um, Uy)

mAl=k+1
+ Y AppUnn U+ > ApesUn, U+ Y Asss (U, U),
m+l=k m+l=k—1 m+l=k—2
on{Y >0,y > 0} and
Lp(Ug) + 1s(Up—1) = — Z Dy (Un,Up) — Z Dys(Un, Up)
m+l=k+1 m+l=k
- Z DSS(U’H’UUZ) + < fk ! > ;
m—+l=k—1 Jk—1
onY =y=0.
We thus obtain:
R(ug,vr) = Hp—1(ug—1, V-1, - -, u2,v2) (2.3.1a)
T(ug,vr) = Kp—1(Up—1,Vk—1,- .-, u2,v2) (2.3.1b)
on {Y >0,y >0},
where
R(u,v) = (¢* — r)0pgu — (r — 1)dpyv — Oyyu 3.2)
T(u,v) = (c* — 1)dpgv — (r — 1)Bpyu — rdyyv 2.3.3)
and
r(ug, vk) = hgp—1(u2,v2, ..., Up_1,Vk_1) (2.3.4a)
t(ug, vg) = kg—1(u2,v2, ..., Ug_1,V5_1) (2.3.4b)
onY =y =0,
where
r(u,v) = Oyu + Ogv 3.5)
t(u,v) = (r — 2)Jpu + rdyv. 6)
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The expressions of the right-hand sides are given by:

Hy,_
( KZ—i ) = —Lfs(Ug—1) — Lss(Ug—2) + Z Apsf(Um, U1)
m+l=k+1

+ Z Affs Uval Z Afss UmaUl Z Asss UmaUl)
m+l=k m+l=k—1 m+l=k—2

hi_
( . 1):—zs(Uk_1)— > DyiUnU) = 3 DyalUn, V)

m+l=k+1 m—+l=k

S Dss<Um,Uz>+<f’“),

mei—k—1 k=1

In particular, for £ = 1,2,3 and 4, the expressions of Hy, K, hy and ky,
are given by:

H =K =0 (2.3.7)
hy =k =0

Hy =2c0piun + 2r0gpus + (1 — 1)0pyv2 + (r — 1)0yzv2 + 20y yus
+ O [3yu289?.12] + Oy [89v2(09u2 + ayvg)] (2.3.9)

Ky =2¢0p1v2 + 209,02 + (1 — 1)0gyua + (1 — 1)0ygus + 2r0y o

+ Oy [8yu2(89uQ + ayvg)} + Oy [ayu289v2] (2.3.10)
hy = —ayUQ — Oy — Ogua(Dgug + Oy v2) + fa2 (2.3.11)
ky = —(r — 2)0yua — rdyva — Oy u20pva + go (2.3.12)

Hy =2c0pyus + 2rdgpus + (r — 1)9pyvs + (r — 1)dy 403 + 20y yus
— Opug + 102Uz + (1 — 1)Opyv2 + Oyyin
+ 0, [Oy u20gv2]| + 0y [Opva2(Dgug + Oy va)]
+ O [0y u2(Bgvs + Opv2) + Opua(dyug + Oyus)]

+ Oy [Opv2(Dpus + Oy vz + Opuz + Oyva) + (Jpvs + Oyv2)(Jgug + Oy va)]
(2.3.13)
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K3 =2¢0gv3 + 209,03 + (r — 1)0gyus + (r — 1)y pus + 2rdy,v3
— 02 + Ogav2 + (r — 1)Ogyua + 10,02
+ Oy [0y u2(Dpua + Oy va)| + Oy [Dy u20pva]
+ O[Oy ua(dgus + Oyvs + Oyuz + Oyv2) + (Oyus + dyua)(dgug + Oy vs)]

+ Oy [89’02(8}/’&3 + 8yUQ) + Oy uz(Opvs + 635’02)] (2.3.14)
h3 = *ayU3 — axvg
— Ogv2(0pus + Oy vz + Opuz + Oyva) — (Fpvs + 0zv2)(0guz + Oyv2) + f3
(2.3.15)

k3 = —(r — 2)0,us — royvs
— (99U2((9yU3 + 6yuQ) — 8}/’1@(39’03 + 6xv2) + g3. (2.3.16)

Hy = 2c0prug + 2r0ppus + (1 — 1)0pyv4 + (1 — 1)0y 204 + 20y us
— Opuz + 10rpgus + (r — 1)0zyv3 + Oyyus
+ 0, [(8}/’&3 + 8yu2)89v2 + Oy ua(gvs + 8901]2)]
+ Oy [(Dgv3 + Dpv2)(Dpua + Ay v2) + Dpva(dgus + Oyuz + Oy vs + Oyva)]
+ O [(Byus + Oyuz)(Opuvs + Oyv2) + Dy uz(Opva + Ozv3)
+ Opv2(Oy ug + dyus)]
+ Oy [(Bgv3 + Opv2)(Dpus + Opuz + Oy vz + Oyva)

+ 89@2(89u4 + Oyva + Opus + ayvg) + (891)4 + 8931}3)(891@ + 8}/1)2)]
(2.3.17)

K4 = 2¢0ptv4 + 209504 + (r — 1)0pyua + (1 — 1)0ypus + 2rdyyvs
— Onvs + Opav3 + (1 — 1)Onyus + 10yyv3
+ 05 [(Oy uz + Oyuz)(Dguz + Oy va) + Oy uz(Dpus + Opuz + dyvs + Oyva)]
+ Oy [(ayug + Oyu2)0pva + Oy uz(Oguz + 81122)}
+ 0y [(Dyug + Oyuz)(Jpus + yuz + Oy vs + Oyuv2)
+ Oy uz(Opus + Oy vy + Opuz + Oyv3) + (Oyus + Oyus)(Opug + 8;/112)]
+ Oy [(Bgv3 + Oyv2) (Oyuz + Oyug) + gva(dyus + Oyus)
+ Oy uz(Opva + Oyv3)] (2.3.18)
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h4 = —ayU4 — 8351)4
— (Ogv3 + axvg)(agu;g + Oyus + Oyvs + (%UQ)
— Opv2(Opus + Oy vy + Opus + Oyvz) — (Opva + 0pv3)(Ogua + Oy v2) + fa

(2.3.19)
]{34 = —(’I“ — 2)835U4 — rﬁym
— (Ogu3 + 0yv2)(Oy uz + Oyus)
— agvg(ﬁylm + ayU3) — ayu2(8gv4 + 8931}3) + 94. (2.3.20)

2.4 Form of the oscillatory parts of the profile U,
that is of the Fourier coefficients U3, n # 0

For n # 0, uy and vy satisfy the equations

—dyyul —i(r — Dndyvy — (¢ —r)nul =0 (2.4.1a)

—rdyy vy —i(r — 1)ndyuy — (2 — 1)n*v) =0 (2.4.1b)
on Y > 0 and the boundary conditions

Oyuy — vy =0 (2.4.2a)
(r —2)uy +rdy0y =0 (2.4.2b)

onY =0.

2.4.1 Equations for Fourier coefficients uf, v}, n # 0

For n # 0, we introduce

Y = |n|]Y, o8 = —isign(n)vy,
we obtain
—Opyuy + (r—1)9505 — (¢ —r)uz =0 (2.4.3a)
—rdgy 0y — (r —1)dgul — (¢ = 1)35 = 0. (2.4.3b)
We have considered § = £=%. For the general phase § = &Ejﬁ, we obtain,

for n #0

—Opyuy + (r —1)£0505 — (72 = r&)ul =0

—1055 08 — (r — 1)€05uly — (72 — €)1 = 0.
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uy
~n

Thus, introducing (72” = < 5
2

), we have
d¢5 Uy — BoyUy — DU =0,

. —(r?=r&%) 0 0 (r—1)¢
w1thD—< 0 _M)and3_<(i_1)§ 0 )

We obtain the first order equation satisfied by Uy = < aU[%]n >:
V2

T

0;Uy — AUy =0,

with A = ( IO) g ) We denote A(—c,1) by Ap.
The negative eigenvalues of A are defined by
A <0 Ao <0
P N=¢g2-T

We denote by p1 (resp. p2) A1(—c, 1) (resp. Aa(—c, 1)), that is we define py
and po by

pi=1-¢ p1<0 (2.4.4)

C2
pr=1- — p2<0. (2.4.5)

We also introduce g defined by

q2 =p1p2, ¢q>0. (2.4.6)

The corresponding right eigenvectors are

A1 —£
—£ _ A2

S (Pt e N
—Ng A2

We denote by RY (resp. RY) Ri(—c,1) (resp. Ra(—c,1)).
From the expressions of RY and RJ, we obtain the following form of u}
and vy

uy (t,x,Y) = q(qag(n,t,:):)eply - ﬁg(n,t,:):)em?) (2.4.7)
5 (t,z,Y) = pa(—as(n, t,z)ePY + qBo(n,t, x)eP?Y). (2.4.8)
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Remark 2.4.1. us and ve being real, as and Bo satisfy
Vn € Z, ag(—n,t,z) = aa(n,t,x), Bo(—n,t,z) = By(n,t,x),

where Z denotes the complex conjugate of z.

2.4.2 The boundary conditions
The boundary conditions read
83~,u3 - 563 =0
E(r —2)uy +1rdy 0y =0
that is
CUy =0,

with C = (D I ) and D = < 5(10_2) _Og > We denote C(—c, 1) by
Co. '

We introduce

(Z)(T, f) = det[CRl, CRQ]

zlwe—#ﬁ—uggﬂ

-
= %[(252 — ) - 4/E -2 e - 7:52].

There exists a surface wave related to the phase ¢ = x — ct if and only
if there is a non trivial oscillating solution of the equations (2.4.1) and the
boundary conditions (2.4.2), that is if and only if

¢(—c, 1) =0.

The following assumption has thus to be satisfied in order to have the exis-
tence of surface waves:

Assumption 2.4.2. We assume that
(2 — )2 = 44> (2.4.9)

Since g and 2 — ¢? are both positive, we have 2 — ¢? = 2q.
¢ is homogeneous in (7,&) of degree 4. ¢(—c,1) = 0 yields ¢(7,¢&) =
e(r,&) (T + c€), with e such that e(—c,1) # 0. From the first chapter (see
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section 1.6), we thus obtain that the speed of propagation is equal to ¢: ¢ is
the Rayleigh speed.
2

The matrix My = [CoRY}, CoRY] = < 2 B § N

~2p, %(2 ~ 2 ) has a kernel

and a cokernel equal to

KerMy = Span ( 22?202 ) (2.4.10)

CokerMy = Span ( p1 7q ). (2.4.11)

The boundary conditions satisfied by w5 and v3 thus yield

Vi, x,y ag(n,t,x) = Ba(n,t, ). (2.4.12)

Therefore
ug (t,z,Y) = qas(n, t,x)(qem{/ - em?) (2.4.13)
vy (t,z,Y) = isign(n)paaa(n,t, x)(—epl? + qem?). (2.4.14)

2.5 Form of Uy, n # 0, and equation for as

2.5.1 The equations
2.5.2 Form of the profile U; and resolubility condition
a) Form of the profile U3

We seek a solution Ug‘ of the equation
05U — AU} = FY,

inY >0,

under the form Ug” = U; ohom U; P art, with Ug ohom o homogeneous solution
of the equation, that is satisfying G?U;’hom — AoUg’hom =0 and U;P" a
particular solution, that is satisfying 5 Us " AU = By

U;’hom is of the form

UgL,hom = paaz(n,t, a:)eplYR(f + qBs3(n,t, x)epQ?Rg.
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. . . ¢ t ~n,part
Let us determine a particular solution U3 """, We seek uz ™" and 057"

satisfying the equations

H}

O™+ (r = DT - (P =)y =

~n,part n,part 2 ~n,part ng
10550y P — (r — 1)0puy P — (¢ — D)oyt = It

K3

i ' Y p2Y ite Hz
Grouping the terms proportional to eP'* and to eP2* | we write nf2 and ]

under the form

ﬁ = l |:L16p1Y + L2€P2Y + Z Rl(n, nl)eTi(nm )Y:|
n n —

i,n
nln] ~ n [Mlepl + MaeP" + ZSi(n, n')eli(mn’) ]
min n

i,n’

The final terms represent symbolically the terms which are not proportional
to eP1Y or to eP?Y. The coefficients and exponents in these terms are given
in [54].

We introduce I,(n) and J,(n) defined by

Jo(n) = Z n'(n —n)a(n)a(n —n').

n’'=n

The coefficients of eP*¥ and of eP2¥ are given by:

L1 = 2?00 + (r + 1)¢20p a2 + ¢*1ny (n)

Ly = —2cqdsas — (2r + p} — rp3)qduan + ¢*p3(2 — p3)La, (n)
My = —2c¢p20ias — pa(2 + Tp% - P%)amOQ - q4p1[a2 (n)

My = 2¢paqdyas + (7 + 1)gp20san + ¢*p2(1 — 2p3)Ia, (n).

. t ~ t
Writing u3?*" and 057" under the form

ug’p‘m = (A4Y + U1)ep1f/ + (AQY + U2)€p2{/ + Z Wi(n, n’)eTi(”’"/)?
i,n’

ot = (ByY + Vi)Y + (ByY + Va)er?¥ + 37 Xi(n, n/)eTi )Y

i,n’
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and plugging these expressions into the equations, we obtain the equations

]
(T‘ — 1)[U1 —l—p1V1] — 2p1A1 + (T‘ — 1)Bl = *Ll

.3

—(r=1)p[U1 + ;mVi] = 2p1rB1 — (r — 1)A; = ﬁMl
1
(T - 1)p2[V2 +p2U2] — 2p2A2 —+ (fr — ]_)_B2 — ELQ

i
—(r —1)[Va + p2Us] — 2porBy — (r — 1) Ay = EMQ

A+ p1B1 =0
By +paAs =0

_TiQWi +(r—- 11X, — (62 —r\W; = %Ri
_TTiQXi —(r=1TW; — (> = 1)X; = iSl-
n

We eliminate A1 and By and obtain
(r—=D[U +piVi]+ (1 =2 +7r)B; = %Ll

i
~(r = Dp U1 +p1Vi] = (r + Dp1Br = My

(r = Dp2[Va + p2Us] — (1 +1)paAs = %Lg

—(r = 1)[Va + paUs] + (r — 2¢* + 1) Ay = %MQ.

Therefore

(My +p1L1) = —2¢°p1 By

S|=3|=

(Lo + paMys) = —2¢%py As.
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We thus obtain

i My +p1la
Bi=—— 5
n  2pic
i Lo+ paMy
Ap=— =5
n  2pac
) M L
Ay = —pBy = 1%
n 2c
i L M
By = —paAy = 1%222
n 2c

Substituting these expressions into the equations satisfied by Uy, Vi, Uy and
V2, we obtain

11 1+7r 1 /1+7r
Ur+piVi = ——— [ L+ — (0 = 1) M
1+p1iWa nr— 1l 22 1+p1 902 1
i1 1 /1+r 147
Vot polly = ———— | — (5 —1)L My).
2+ p2U2 nr—1lpy\ 22 2+ o2 2
We take
Vi=U=0
and

U, — i1[1+TL1+p11(1+T_1>M1}

nr—1L1 2¢2 2c?
1 1 /1+7r 1+7r
| p— [7< —1)L M]
2 nr—1Llpy \ 2c¢2 2+ 2¢2 2

W; and X; are solution of a Cramer system, they are given by:

(1—c2—rT)R; — (r — 1)T;S;

)
W = —
Con (T - )T - p3)
7 (T — 2 - Tf)SZ‘ + (T‘ — 1)TiRZ‘
X =~ s
n T( 7 pl)( 7 pQ)

b) Resolubility condition

Uy satisfies the boundary condition
COU:? = 1217

onY =0.
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The boundary condition reads
CoUY = GY < COU;)"a,hom —an - COUg,part
< paag(n,t, x)CoR(f + qB3(n,t, a:)CORg =Gy — COU:;Lpart

%83 (TL, t? CC)
There exist ag and B3 such that the boundary condition is satisfied if
and only if

o [COR(I)’CORQ] ( p2a3(n7t,ﬂf) > _ G»g . COng,part‘

G% — CoUyP*™" € Range[CoRY, CoRY)
that is, from the expression (2.4.11) of the Cokernel of [CoRY, CoRY], if and
only if
(i ra) (@ - CoOP™™) =0,
We then obtain the resolubility condition

hy kD
_plﬁg,part_i_pla{/ug,part+q(r_2)u’g,part_i_rqa{/f);z,part _ p172+ 2

—=. (2.5.1

Consider the case n > 0.
From the expressions (2.3.11) and (2.3.12) of hy and ko, we get:

(22] _ %[p2(1 _ q)axOQ + qp2(q — 1)(—1 +p%)1042 (’I’L)] + "f:j’
];727: - %[(r —2)q(q — 1)dpaz + qpa(qp1 — p2) (1 — q)[—2Jay (1) + Lny (n)] + %'

For n < 0, there are similar expressions, that can be deduced from the
relation ag(—n) = ag(n).
k3

Plugging into the equation (2.5.1) these expressions of % and -2, and

: t _n,part L . .
the expression of ug?*"" and 05" obtained in the section 2.5.2, we obtain

an equation of the form:
Oraa + cOro + a(ag, a) = I( f2, 92), (2.5.2)
where [(f2,¢g2), up to a multiplicative constant, has Fourier coefficients of

order n equal to %' f3 + £gy. The contributions to the quadratic term

a(ag, az) are the quadratic terms R; and S; and the factors of I,,(n) and
Jay(n) in L1, Lo, M; and M. The bilinear form a(ag, ) has Fourier
coefficients of order n equal to

k 00
D Mk KK (k=Ko (K )az(k—E)+ > Ag(k, k') (k=K )aa(K oz (k— k'),
k'=1 k'=k

where the expressions of the kernels A; and Ay are given in [54].
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2.6 Equation and boundary condition for Fourier
coefficients U,g

2.6.1 Equations

0 0 wats
uy, and v, satisfy

—Oyyup = H_, (2.6.1a)
—rdyyvy = Kj_;. (2.6.1b)

Since ug, v,g € S, we obtain the resolubility conditions
ﬂ271 = K271 =0. (2.6.2)

Remark 2.6.1. The resolubility conditions (2.6.2) yield equations satisfied
by u) o and v)_5 on {Y >0,y > 0}.
The equations 2.6.1 yield
u = ud(t,z,y) + ug’*(t, z,y,Y) (2.6.3)
’ug = yg(t, z,y) + vg’*(t, z,y,Y), (2.6.4)
with gg, yg € S unknown functions that have to be determined and ug’*, ’Ug’* S
S* known functions given by the following expressions:

u%* = —/ (/ HY [(t,z,y,5) ds’) ds (2.6.5)
Y s
. 1 o0 o0
ot = _?”/y (/ K,g_l(t,x,y,s’)ds’> ds. (2.6.6)

2.6.2 Boundary conditions for Fourier coefficients u) and v}
The boundary conditions for ug and vg read

oyul) = hd_, (2.6.7a)

royv) =k, (2.6.7b)

on Y =y = 0. Plugging the expressions (2.6.3) and (2.6.4) in (2.6.7), we
obtain

o]
/ ngfl(tax7y7 S) dS = hgq(t,%%y) (268&)
0

o
/ K ((t,z,y,8)ds = kY |(t,z,y,Y), onY =y =0. (2.6.8b)
0

Remark 2.6.2. The boundary conditions (2.6.7) yield boundary conditions
satisfied by 2%71 and 92—1 ony =0.
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2.6.3 Determination of u) and v}

The Fourier coefficients u? and UZO are determined in 3 steps. First, from the
equations (2.6.1) with k = [, satisfied by u? and v}, we obtain expressions
of u? and vlo, where g? € S and y? € S have to be determined. Afterwards,
the boundary conditions (2.6.7) with k = [ + 1 satisfied by u{,; and v},
yield boundary conditions satisfied by g? and Q? on y = 0. Finally, it follows
from the equations (2.6.1) with & = [ + 2, satisfied by u?+2 and vlo+2, the
resolubility conditions (2.6.2) Hjy1, K41 € S*, leading to equations satisfied
by g? and y? ony > 0.

2.7 Form of UY

The Fourier coefficients uJ and v§ satisfy
dyyuy =0 (2.7.1a)
dyyvd =0 (2.7.1b)

on {Y >0,y > 0}. Therefore, since uy € S, v9 € 9,

Ug(t,.%,y,Y) :QQ(ta-fay) (272)
’Ug(t, z,Y, Y) = Q2(t7 €z, y)»

with us € S and v, € S. The boundary conditions read

dyuy =0 (2.7.4a)
royvy = 0, (2.7.4b)

onY =y=0.
It follows from the expressions (2.7.2) and (2.7.3) of u) and vJ that the
boundary conditions (2.7.4) are automatically satisfied.

2.8 Form of U} and boundary condition for u,

The equations (2.6.1) for k = 3 satisfied by u3 and vJ yield the resolubility
conditions
HY = K5 =0. (2.8.1)

These conditions are automatically satisfied, since all the terms in Hy and
K> are derived with respect to 6 or Y and thus belong to S* (for f = f4f* €
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S=8+4S5% 0gf =0pf" € S* and Oy f = Oy f* € S*, since the functions in
S are independent of § and Y).

From the equations (2.6.1) for kK = 3, we obtain the expressions (2.6.3)
and (2.6.4) of ug and vg where us,v3 € S have to be determined.

The boundary conditions (2.6.7) for k = 3 yield

/ HO(t, 2,0, ) ds = h3(t, 2, 0,0) (2.8.2a)
0

/ K9(t,,0,5) ds = k3(t, z,0,0). (2.8.2b)
0
From the expression (2.3.9) of Ha, we obtain

HY = By [(r = 1)0,08 + 20,08 + Oy [[0gva(Dpus + Oy v)]°],

where, for f € S, [f]° denotes the Fourier coefficient of order 0 of f.
Remark 2.8.1. For f=f+ f* € S=8+5*

/ 8Yf(t7x7y>978)dszyhr£ f(taxvyaevy)_f(tax7y7‘91Y)
Y T
:f(t7$7y) _f(tawvyaevy)

=—f"(t,z,0,Y).
From this remark, and since ug = Uy and vg = vy belong to S and
Opv2(Ogug + Oy ve) belongs to S*, we obtain
o
/ HY(t,z,y,s)ds = —[Opv2(Dpua + Oyvz)]o. (2.8.3)
Y
Since hY = —0yu3 — 9,03 — [Opv2(Jguz + By v2)]°, the equation (2.8.2a) yields
Oyu + 0,09 = 0, that is, since ud = uy and v§ = vy:
ayﬂz + azyz = 07
on y = 0. Similarly, the equation (2.8.2a) yields:
(r —2)0zuy + 10yvy = 0,

ony=0.
We thus obtained that the boundary conditions (2.6.7) for k& = 3 are
equivalent to the boundary conditions on uy and vy:

6yﬂ2 + 6$QQ =0 (284&)
(r —2)0ug + 10yvy =0 (2.8.4b)

ony=0.
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2.9 Equation for u, and boundary condition for u,

The equations (2.6.1) for k = 4 satisfied by u} and v} yields the resolubility

conditions
HY=K}=0. (2.9.1)

From the expressions (2.3.13) and (2.3.14) of H3 and K3, we then obtain
from the resolubility condition (2.9.1) the following equations satisfied by wuy
and vy:
Opttty — 7023y — (1 — 1)Opytg — Oyyty = 0 (2.9.2a)
04Uy — Opay — (1 — 1)Opyty — 10yyuy = 0, (2.9.2b)
on {y > 0}.
From the equations (2.9.2) and the boundary conditions (2.8.4), we then
obtain u, = 0 and v, = 0, that is:

ud = v3 = 0. (2.9.3)

The boundary conditions (2.6.7) for k = 4 yield

/ HO(t, 2,0, ) ds = hO(t, 2,0, 0) (2.9.42)
OOO

/ K(t,x,0,s) ds = k3(t, z,0,0). (2.9.4b)
0

From the expression (2.3.13) of Hs, and since ug = vg =0 and ug, vy € S*
and thus wueo, vo independent of y, we obtain

HY = oy [(’r’ —1)0,v) + 28yug} + 0, [Oyurdpua)”
+ Oy [Opv2(Dgus + Oyvg + Opug + Oyv2) + (Opus + Ozv2) (Bgua + aYU?)}O’
thus

/ HI(t,x,y,s) ds = / B, [Oyusdpu]° ds — (r — 1)0,05" — 28,us”
y Y

— [Bgv2(Dpus + Dy vs + Dpua + Dyva) + (Bgvg + Opv2)(Dgug + Oy va)] .

From the expression (2.3.15) of h3, we then obtain that the equation (2.9.4a)
is equivalent to

Dy + Opvg =(r — 2)0p05"
N / O[Oy 1u209v2]° + B, [Ova(Dgua + Dyva)]° ds, (2.9.5)
0
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onY =y=0.
From the definition of vg’* (2.6.6):

0,% L[> > 0 / /
vy = —— ( K2(t,x,y,s)ds>ds
rJy s

= 1/oo[ayu?89’02]0 ds.

rJy
Therefore, equation (2.9.5) yields the boundary condition satisfied by us
and v;:

O,ts + Oy = _§ / 0,0y usdgua]” ds, (2.9.6)
0

ony =0.
Similarly, we obtain from the boundary condition (2.9.4b),

(r — 2)Dpug + 10,4 = /0 " 0, 1(Byva — By us)(Bpus + Oyve) s, (2.9.7)

ony=0.
Plugging the expressions (2.4.7) and (2.4.8) of u4 and v4, n # 0 and
since u§ = v§ = 0, we obtain:
Oy up0pva]” = Y Dy uf(—in)vy "
nezZ*
=Y —Infgp2las(n,t, z)|? [ — gpr eIy — gpo?inie2Y
nezL*

+ (®p1 + pQ)eln\(erpz)Y} ‘

Thus
o0 2
| 0vusduea ds = 3 —pnlapafaatn, b0 [g - TR
0 =. P14 P2
q
= > —In ——-laa(n,t, z)[? [Q(le +p3) — ¢*p1p2 — pg}
el p1 T+ P2
q 2
= Z In| Crlaz(n,t,x)|
neme D1 + p2
with

C, = —q(p1p2 + p3) + ¢pip2 + p3,
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that is, since ¢> = p1p2, p% =1- % and, from the equation (2.4.9) satisfied
byc,qzzl_fg)

Cr=—¢"—ap3 +¢" +p3
g—1)+p3(1—q)
=(1-qp;—¢*)
C2 2 2

25{3‘%—(3—%f]

c satisfies the equation (2.4.9), therefore
24 c?
(1-5) =d =pips=(1-)01-—),

thus

(L:C[Uffb4_u_caﬂ

2 1—¢2 2
-9
T4 12

Since 1 — ¢ = p% > 0, we have 1 — % > 0 and therefore

4 1_&3
@:Z&J£>Q (2.9.8)

The boundary condition (2.9.6) is thus equivalent to

2
Oy + Orvy =~ Cr 3 nlon(laa(n b 0))?)  (299)
nez*
#0
ony=0.

We compute the right-hand side term of the boundary condition (2.9.6):

[(Dgv2 — Oyuz)(Dguz + dyv2)]” = > inn||az(n,t,z)|
nez*

[m( ey gelnlpYy g (gpyelnipY p26|n|p2Y)}

[q(qe\n\ply — ellp2Y) gy (= prelPY oy gpyelniaY)],
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Thus

[(Bpva — Dy uz)(Dguz + Oy v2)]°ly=0

=Y apa(p? — 1)(p3 — 1) infnl|az(n, t, z)[2el|Prip2)Y
nez*

odd with respectton
=0

The boundary condition (2.9.7) is thus equivalent to
(r — 2)0pug + royvs = 0, (2.9.10)

ony=0.
Finally, we obtained the boundary conditions for u; and vs:

2 q 2
Oys + Opig = —— C n|0;(Jas(n, t, x 2.9.11
ys + Outs = = rgz:*l |0 (| aa( = )
£0
(r —2)0yug + r0yv3 = 0, (2.9.12)

ony=0.

The right-hand side term of the first equation does not vanish if and only
if In € Z*0,(|aa(n,t,x)?) # 0, that is if and only if
O (2= 02” g (t, x,0) 2 df) # 0, where a(t, x,6) is the function with Fourier
coefficients of order n # 0 equal to as(n,t,x) and of order 0 equal to 0.

In this case, we obtain that u; and v3 do not vanish.

2.10 Equation for u,

The equations (2.6.1) for k = 5 satisfied by u? and v? yields the resolubility
conditions
HY=K}=0. (2.10.1)

From the expressions (2.3.17) and (2.3.18) of Hsy and K4, we then obtain
from the resolubility condition (2.10.1) the following equations satisfied by
us and v;:

8tt@3 - Tax:c@g - (T - 1)81‘1/23 - 3yyg3 =0 (2102&)
Ouv3 — Opgvy — (1 — 1)y — rOyyv3 = 0, (2.10.2Db)

on {y > 0}.
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Chapter 3

Reflection of discontinuities for
nonlinear weakly stable
boundary value problems

This chapter is concerned with the reflection of non linear dis-
continuous waves, for weakly well-posed hyperbolic boundary
value problems, satisfying the (WR) condition, which has been
introduced in |10, 77], that is in a case where the IBVP is neither
strongly stable, nor strongly unstable. We study how the singu-
larities of a striated solution are reflected when the solution hits
the boundary. We prove striated estimates and L°° estimates
and observe the loss of one derivative: we show that a disconti-
nuity of the gradient of the solution across a hyperplane can be
reflected in a discontinuity across a hyperplane of the solution
itself.

3.1 Introduction

We consider the reflection of non linear discontinuous waves, for weakly well-
posed boundary value problems. In this paper, we study boundary value
problems for wave equations on a half space R; x R} x Rg_l, with a given
integer d > 2, of the form:

q0(0f, O, Oy)u + 1(0y, 03, Oy)u = f+ F(.,u) x>0 (3.1.1a)
(Op + B0 +v-0y)ut+cu=g+G(.,u) =0, (3.1.1b)
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where ¢o(7,&,7) is a second order strictly hyperbolic homogeneous polyno-
mial and [ is a first order homogeneous polynomial (see Assumption 3.2.1).
We assume that the (WR) condition (for "weakly stable of real type") which
has been introduced in [10, 77|, is satisfied. This condition is weaker than
the uniform Lopatinski condition which characterizes the strongly well-posed
IBVPs. In short, the (WR) condition holds when the weak Lopatinski condi-
tion is satisfied and remains satisfied for perturbations. The (WR) condition
implies that the IBVP is neither strongly stable, nor strongly unstable (see
section 3.2.1). In particular, it implies that there is a loss of one derivative
in the main a-priori estimate, compared to strongly stable problems.

The reflections of nonlinear discontinuous waves for problems satisfying
the uniform Lopatinski condition is studied in [65, 19]. The framework of
striated solutions (see [19, 73|) is well adapted to the description of reflection
of discontinuities. Striated solutions are regular with respect to a special set
of derivatives Y}, where the independent vector fields Y; for j =1,...,d -1
are tangent to the striation {¢4+ = a4,¢p_ = a_}, corresponding to the
phases:

o+ = Exx + wot + ko - y, (3.1.2)

with real frequencies (£4,wy, ko). Striated solutions arise naturally in a va-
riety of physical situations where the solutions are smooth in all but two
variables. The phases ¢4+ which carry the possible singularities of the solu-
tions are characteristic, i.e. satisfy

qo(wo, &+, ko) = 0. (3.1.3)

We assume that £ # £_, which, in the classification of boundary frequencies
for hyperbolic boundary value problems, means that (wp, ko) is a hyperbolic
point.

One of the properties of the problem is that it reads (up to the multipli-
cation by a positive factor):

Xy X u—-QY)u=f+F(.,u) >0 (3.1.4)

where Q(Y') is a polynomial in Y = (Y1,...,Y31) of degree 2 and X1 =
Xt + cg are first order operators, with principal parts X such that X
[resp. X _| is tangent to the foliation {p = const} [resp. {@_ = const}|.
This means that

X (pp)=0 and X_(p_)=0. (3.1.5)

Under Assumption 3.2.1, we can label the pluses and minuses so that the field
X_ is outgoing, meaning that it propagates signal towards the left in x for
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increasing times, while the field )?+ is incoming meaning that it propagates
to the right in x.

In this framework, the main question addressed in this paper is the fol-
lowing : if a solution u is reqular with respect to the Y; and X_, and singular
in Xy in the past, how is this singularity reflected when it hits the boundary?
Typically, if u (or Vu) has a discontinuity across X_ = {p_ = 0} in the
past, how is it reflected?

This question is studied in [19, 65] when the IBVP is strongly stable, and
the main result can be summarized in the following manner: discontinuities
of u (resp. Vu) across ¥_ = {¢_ = 0} are reflected in discontinuities of u
(resp. Vu) across Xy = {¢4+ = 0}.

In this paper, we study the case where the IBVP is only weakly stable,
satisfying the (WR) condition, and where the tangential frequency (wo, ko)
1s precisely a point where the Lopatinski condition fails. In this case, it turns
out that the boundary condition reads:

Xyu+v-Yu+cu=9g+G(.,u), x=0. (3.1.6)

Moreover, the coefficient of 9; in the tangent vector field 9-Y does not vanish.

The main outcome of the present paper is that, in this case, discontinu-
ities of Vu across ¥— = {p_ = 0} are reflected in discontinuities of u across
Y1+ = {p4 = 0}, see Theorem 3.2.27 for a precise statement. The spirit of
this result is in complete accordance with the above mentioned loss of one
derivative for the problems satisfying the (WR) condition.

The main step in the analysis is to solve the problem in spaces of striated
functions. Denote by Ho’m(ng) space of functions in L?(R?), such that all
the derivatives, of order less than or equal to m, with respect to the set
Y;, are in L?(R%). Then we study and solve locally in time the problem
in spaces of functions u € L>* N L%(Ho’m(Rg{y)), such that X u € L>® N
Li(HO’m_Q(Rf’y)), and u|y—o € Ho’m(ng), provided that m is large enough
(see Theorem 3.2.26 for a precise statement). From this, an analysis of
piecewise Lipschitz solutions is given in section 3.8.

The nonlinear problem is solved by Picard’s iterations, using linear prob-
lems of the form

q0(0r, Oz, Oy)u + 1(0y, O, Oy)u = f, x>0, (3.1.7a)
(Op + B0 +v-0y)ut+cu=g, x=0. (3.1.7b)
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The analysis of such linear problem is twofold : first one proves striated
estimates in spaces Lg(Hovm(Rzy)). Next, knowing these estimates, one
proves L™ estimates.

Commuting the equations with the vector fields Y; which are tangent to
the boundary, the proof of the striated estimates reduces immediately to the
case m = 0. L? energy estimates are proved in [77] for the wave equation,
using an auxiliary strongly well-posed problem for Pu where P is a well
chosen operator; the loss of one derivative is observed when passing from
estimates for Pu to estimates for u. We stress here that, in contrast with
the strongly stable case, the first order terms (0, 0,, 0y)u in (3.1.7a) and the
constant term cu in (3.1.7b) cannot be considered as simple perturbations,
because of the loss of one derivative in the estimates. However, the (WR)
condition only involves the principal terms go(0¢, 9z, 0y) in the interior and
Oy + B0 +v -0y on the boundary. In the present paper, we give a direct proof
of the L? estimates which gives a detailed account of how the terms lu and
cu are absorbed in the estimates. There are other places in the literature
where energy estimates for weakly stable hyperbolic problems are given (see
[22, 24] and references therein). We point out here that for (WR) problems
(3.1.7) in dimension d > 3, for a large set of parameters (see Remark 3.4.9),
the Lopatinski condition necessarily fails at glancing points, that is at points
(1,m) such that the equation go(7,&,n) has a double real root in . It does
not seem that there is a general treatment of this situation in the literature,
so our analysis seems also to be new in this respect.

The new point in the derivation of the L* estimate is the following. The
L2(H*™(R{,)) estimates provide L2(H*™ ?(R{,)) estimates for the term
Q(Y)u and the equation 3.1.7a reads

“X_Xpu=f+Q(Y)u. (3.1.8)

Integrating along the characteristics of the outgoing field X_, one obtains
bounds for X,u and the trace of (X u)y—o. If the Lopatinski condition
were satisfied at (wo, ko), then the boundary condition and the Y; would
provide an elliptic system for the trace of u on the boundary. In our case,
the boundary condition yields a transport equation for uj,—o:

(0-Y + E)ujp—g = g — (X5u)jg=0- (3.1.9)

Integrating along the characteristics of ¥ - Y, one gets estimates for uj,—.
The loss of one derivative is clear at that point, since this method shows that
U)z—o has the smoothness of (X yu),—o. The L estimates are obtained using
this reduction of the equations, together with a partial Sobolev embedding
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in the directions of the striation and integrations along the characteristics of
X_, X4 and 0 -Y. The details are given in section 3.6.

3.2 Statement of the main results

3.2.1 Structural assumptions and the (WR) condition

Let us consider the equation and the boundary condition:

(0, Oz, Oy)u= qo(0, Oz, Oy)u + 1(0, 0z, Oy)u = f + F(.,u) x>0,

(3.2.1a)

m(0p, O, Oy)u = (Op + O +v-Oy)u+cu=9g+G(.,u) =z=0.
(3.2.1b)
Assumption 3.2.1. i) qo is a quadratic form of signature (+1,—1,...,—1),

strictly hyperbolic in the time direction and such that the boundary {x = 0}
s not time like:
9(1,0,0,...,0) >0, (3.2.2)
4(0,1,0,...,0) < 0.

it) 1 is a real linear form and c is a real constant.

For simplicity, we assume, as we can (up to the multiplication by a pos-
itive factor), that ¢o(0,1,0,...,0) = —1.

Remark 3.2.2. The problem being hyperbolic in the time direction, if £, 1
are real, then the roots ¢ of qo(¢,&,n) are real.

Assumption 3.2.3. The functions F : R x Rt x R*!1 x R — R and
G:R xR xR — R satisfy

F (resp. G) and their derivatives OF (resp. 0“G) are continuous on R x
Rt x R xR (resp. R x R x R) and satisfy:
Va € N*2 VR > 0, 3C > 0,
V(t,z,y) € R x RY x R Vju| < R, |0°F(t,z,y,u)| < C,
Va e N YR > 0, 3C > 0,
V(t,y) e Rx RTL Vju| < R, |0°G(t,y,u)| < C.
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Remark 3.2.4. All the results of this paper can be extended to complex fields
I and complex valued solutions u, assuming that F' and G are C* functions

of Re(u) and Im(u).
We begin by the study of the linear problem:

q(04, Oz, Oy)u = qo(0, O, Oy)u + (0, 0y, Oy)u = f x>0, (3.2.4a)
m(0, Oz, Oy)u = (0 + B0y +v-0y)u+cu=g x=0. (3.2.4b)
We consider the weak and uniform Lopatinski conditions on the problem

without the first order terms [(0;, 0,, 0y) in the equation and the constant
term ¢ in the boundary condition:

QO(8t78z7ay)U = f
mO(ata 8x78y)u = (8:10 + ﬂat +v- ay) u=4g

, (3.2.5a)
(3.2.5b)

Performing a Laplace transform in the time variable ¢ and a Fourier trans-
form in the tangential space variables y, we obtain from the problem (3.2.5)
an ODE and a boundary condition of the form:

q0(i¢, O, in)w = ¢ = > 0, (3.2.6a)
mo(i€, Oz, in)w = (Op + B¢ +iv-nw =1, = =0, (3.2.6b)
with ¢ = 7 — iy, 7,y real numbers and n € R4~
The Lopatinski condition is satisfied at (( = 7 —ivy,n), v > 0, when
the problem (3.2.6) with ¢ = 0 and ¢ = 0 has only w = 0 as a solution in
L*(Ry).
The weak Lopatinski condition is satisfied when the Lopatinski condition

is satisfied at each (( =71 —iv,7n), v > 0.
For all ( =7 — 47, v > 0 and 7, let A9 4+ be defined by:

qo(T — i, Xo+,1) =0
Im/\0,+ > 0.

Introducing the Lopatinski determinant at (( =7 — ivy,n), 7 > 0:
D(r —iy,m) = Xo+ + BT —iy) +v-m,

we obtain that the Lopatinski condition is satisfied at (( = 7 —iv,7), v > 0,
if and only if the Lopatinski determinant does not vanish:

D(t —iv,n) = X+ + B(T —iy) +v-n#0.
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Notations 3.2.5. Denote by qg(-, -) the symmetric bilinear form on E* :=
R associated to gy and by qy the dual quadratic form of qo on E, that is
defined by

@G(X)=qQ 'X)=Q'X X,

where = - X denotes the canonical duality pairing on E* X E and @ s the
linear map from E* to & such that

—_ —_
—

qo(E) = = =,

Let F be defined by F := {eg, e1}(®), where e = (1,0,...) is timelike and
er1 = (0,1,0...) is conormal to the boundary. Let m% € E denote the lin-
ear form on E* equal to the boundary condition mg on F and vanishing on

{60,61}.

We introduce

5= (aoleo) + (abteo.e1)?) (3 + dhfeosen).

Remark 3.2.6. Since F and Span(eg,e1) are orthogonal for qo and qo is
definite negative on F, we have

g5 (mg) <0

Remark 3.2.7. For the wave equation:

(20} —Npyu=f x>0, (3.2.7a)
(0r+ B0 +v-0y)u=g x=0, (3.2.7b)

B and —q5 (m%) are given by:

B=cB —as(mp) = [vf*.
We then prove (see section 3.4):

Proposition 3.2.8. The weak Lopatinski condition is satisfied if and only if

B <4/1— q;(mp) and B+1  in dimension d =2,

B <1 in dimension d > 3.

Remark 3.2.9. In the case of the wave equation (3.2.7), we obtain that the
weak Lopatinski condition is satisfied if and only if

cB<+/1+v[?andcB#1 in dimension d=2,

cB <1 in dimension d > 3.
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Under the weak Lopatinski condition, for all |7| 4+ |y|+ |n| =1, v > 0,
there is a constant Cy ,, such that the L? solution w of the problem (3.2.6)
with ¢ = 0 satisfies:

w(O)] < Cryl¥l. (3.2.8)

The Lopatinski condition is satisfied at (7,7n) when, for all
(t—iv,n), v > 0, in a neighbourhood V, ) of (f,ﬂ), the Lopatinski condition
is satisfied at (7 —i,7n) and there is a constant C, independent of (7,~v,7),
such that, for all (7 — iv,n), v > 0 in Ve, the L? solution w of the
problem (3.2.6) with ¢ = 0 satisfies:

lw(0)] < Clyl.

At a hyperbolic point (7,7), the square root Ao 4, and thus the Lopatinski
determinant D, can be extended by continuity: we can define the value
D(r,n) for all (1,n) hyperbolic points. We then obtain that the Lopatinski
condition is satisfied at a hyperbolic point (7,7) if and only if

D(r,n) # 0.

The uniform Lopatinski condition is satisfied when the Lopatinski con-
dition is satisfied at each point (7 —iv,n), v >0, (7 —ivy,n) # (0,0). Under
the uniform Lopatinski condition, the constant C in the estimate (3.2.8) is
uniform for |7|+ |v|+ |n| =1, v > 0.

Proposition 3.2.10. The uniform Lopatinski condition is satisfied if and
only if B < —\/—qg(mb).

Remark 3.2.11. In the case of the wave equation (3.2.7), we obtain that
the uniform Lopatinski condition is satisfied if and only if ¢ < —|v|.

In the case —y/—gg(m}) < B < /11— qi(mp) and B # 1 in dimension

d=2and —/—qi(m}) < B < 1 in dimension d > 3, the weak Lopatinski
condition is satisfied whereas the uniform Lopatinski condition is violated.
This weak stability without a strong stability has been studied in [10, 77|,
where is introduced the (WR) condition:

Definition 3.2.12. The (WR) condition is satisfied when:

i) the weak Lopatinski condition is satisfied

i1) the Lopatinski condition is not satisfied at, at least, one point (T,n),
which is hyperbolic and such that the Lopatinski determinant satisfies

0rD(z,m) # 0.
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Proposition 3.2.13. The (WR) condition is satisfied if and only if
—\/—qg(mp) < B <4/1-— qi(mp) and B#1 in dimension d =2,

—\/M < B <1 in dimension d > 3.

Remark 3.2.14. In the case of the wave equation (3.2.7), we obtain that
the (WR) condition is satisfied if and only if

—|v] <eB < /1+ w2 and cB#1 in dimension d =2,

—|v| <eB <1 in dimension d > 3.

This result, and the previous characterizations of the weak and uniform
Lopatinski conditions, are consistent with [77].

3.2.2 The geometry
The frame

Assumption 3.2.15. We assume that the (WR) condition is satisfied. Let
(wo, ko) € R x RET be a hyperbolic point, where the Lopatinski condition is
violated.

Remark 3.2.16. Lemma 3.4.4 implies that the Lopatinski condition is vi-
olated at a hyperbolic point (wy, ko = 0) if and only if 3=1. Since f # 1
under the (WR) condition (the weak Lopatinski condition is not satisfied for
B = 1), we obtain that, necessarily, ko # 0.

Let
wo = wot + ko -y

be the "phase" on the boundary.

We denote by &4+ the continuous limit of Mg+ when 7 — wg, v 20 and
1 — ko, where Ao + is defined by

qo(T — 17, Xo,+,m) =0
+ImAg+ > 0.

Since the Lopatinski condition is violated at (wo, ko), &+ satisfies:
£+ = —(Bwo + v - ko). (3.2.9)

The characteristic phases ¢, which are equal to ¢g on the boundary
{z =0}, are

pr =&rx 4+ wot + ko - y.

117



The striation

The "striation" is the family of spaces of dimension d—1 in R'*¢ given by the
equations {4 = ¢4, = c_} parametrized by constants ¢y and c¢_. These
spaces are also given by {z = ¢, p9 = ¢o} with other constants ¢ and ¢y. The
fields tangent to the striation are the fields Y such that Yo = Yep_ =0,
that is Yo = Y = 0. They generate a space of dimension d — 1, endowed
with a basis {Y7,...,Y3_1}. A convenient choice of the basis will be made
later on at (3.3.6).

Proposition 3.2.17. The equation 3.2.4a reads:
X X u—-QY)u=f x>0,

where Q(Y) is a polynomial in'Y of degree 2
and X4 are first order operators such that:

X4 = )ﬁ(:i + c4,
with c+ constants and )A(;i satisfying
Xi(pt) =0, Xi(pg) # 0.

Furthermore, the coefficient of 0, in Xy and X_ is equal to 1 and the coef-
ficient of Oy in X4+ (resp. X_) is positive (resp. negative).
The boundary condition is of the form:

Xyu+v-Yu+cu=g x=0, (3.2.10)

with ¢ a constant and ¥ a constant vector such that the coefficient of 0y in
¥ -Y does not vanish.

3.2.3 Main results
We introduce the notations:
OF =R, xRS xRIT', Q¥ :=RY, .
On the space H*(Q"), we introduce the weighted norm:
Definition 3.2.18.
Vu € H(QY), ‘u‘%s = || A% Fe ")

HLQ(QO), (3.2.11)

where F is the Fourier transform with respect to (t,y) and A = (7'2 +792 +
1
nl?)z.
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For the functions depending on x > 0, we define on L2(H?*(Q°)) the
following norm:

Definition 3.2.19.

Vu € L2(H*(02°)), HuH%S = (/OOO ’u(~,x)‘37s dm)i. (3.2.12)

We introduce the striated space H*™(Q") with respect to the set of
derivatives Y;:

Definition 3.2.20. H5™(Q°) is the space of functions in H*(Q°) such that
for all € N1 of length |a| < m, You =Y ... Y, 'u € H5(QO).

H*™(Q0) and L2(H*>™(Q)) are equipped with the following norms:
Definition 3.2.21.

Yu € H5™(QY), ‘u}mms = Z ’ym*|a|‘Yau‘%s, (3.2.13)
laj<m
Vu e Ly(HY™(Q0), |, o= > A" Yl (32.14)
|| <m

For T' > 0, we introduce the notations:
Qf =0 N{t <T}=] -0, T] x Rf x RI,
07 :=Q"N{t <T}=]—o00,T] x R
We introduce the space H*(Q%) = {u]QoT/u € H*(Q")} and the stri-
ated space H*™(Q}) = {u]QoT/u € H5™(Q")}. For general s, the norms

’ : |'y,s,T’ | : }m,’y,s,T’ : H'y,s,T and H : Hm;y,s,T
s = 0, we use the equivalent norms (for the construction of extensions, see
Lemma 3.7.2):

Definition 3.2.22.
vu € H°(QY),

are defined in the usual way. For

{U‘V,D,T = Hei'yt“Hm(QOT)’
00 1
vu e L2(HYQ9)), |[ul, o7 = (/0 \u(.,x)(imda;)?,

Yu € HO™(Q7), ‘u‘m;y,O,T = Z ’Vmiw‘ya“}%o,:r?

laj<m

Vu € Ly(H™Q9)), [ullyror = D 7"Vl o0

laj<m
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For T' > 0 and m € N, we introduce the space:

H™T:={u € L2(H"™(Q%))/0,u € LZ(H™V™(Q})),02u € L2(H >™(Q7)),
u(0) € H"™(QF),9,u(0) € H-™(Q7)}.

In section 3.5.4, we obtain the striated estimate:

Theorem 3.2.23. Under the (WR) condition, there exists vy > 0 such that,
for all T > 0, m € N and for all f in L2(H®™(Q%)) and g in H*™(QY)
functions vanishing in the past, the linear problem (3.2.4) has a solution
w vanishing in the past which belongs to the space H™T and satisfies the
following estimate:

Yy >0 '72<HamuHm,%71,T + HuHm,w,O,T)

3 1
+72 (‘833u(0)‘m,7,—1,T + ‘u(())‘m;y,&T) < c <Hme,'y,0,T +72 ‘g|m,'y70,T> )
(3.2.15)
with C' a constant independent of T and ~y.

We prove this result for 7' = oo and, by classical arguments, we deduce
the theorem for all T' > 0.

Remark 3.2.24. Under the (WR) condition, the L? estimate (that is the
estimate for m = 0) gives an estimate of 72HUHL2(Q+)’ whereas, in the case
T

of the uniform Lopatinski condition, an estimate of'yHuHHl( ) 1s obtained.

of
We observe a loss of reqularity.

We introduce the space:
LT = {u e L®(QF) /X u e L™(QF)} .
In section 3.6, we obtain the L™ estimate:

Theorem 3.2.25. Under the (WR) condition, there exists vo > 0 such that,
forallm > 4+ %, v > v and T > 0 fived numbers that satisfy vT ~ 1 and
for all f in L°(QL)NL2(HO™(QY)) and g in L>°(Q%)NHO™(QY.) functions
vanishing in the past, the linear problem (3.2.4) has a solution u vanishing
in the past which belongs to LT NH™T and satisfies the following estimate:

[ull poo oty + 1Kl Loty
< OT (I oz + 1wy + l9ll gy +19)nnar): (3236)

with C' a constant independent of T and ~y.
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Here vT = 1 means that, for given ¢ > 0, C' > 0, v and T satisfy
c<~yT <C.

In section 3.7, we generalize these results to the semi-linear problem and
obtain:

Theorem 3.2.26. Under the (WR) condition, there exist g > 0 and Ty > 0
such that, for allm > 4+ % and v > 7o satisfying 71y = 1 and for all f in
LOO(Q;O)QL?C(HOJ”(QOTO)) and g in LOO(QE)DHO”"(Q%O) functions vanishing
in the past , the semi-linear problem (3.2.1) has a solution u vanishing in the
past, which belongs to LT NH™T0 gnd satisfies the following estimate:

HuHm,'y,O,To + HUHL‘X’(Q;O) + ‘u(o)}m,y,O,To

+ HXJr“HLOO(QE)) + HawuHm,w,—l,To T }azu(o)’mmfl,To

< CTy (Hmem&TO + HfHLoo(Q;O) T HgHLm(ﬂ(’TO) * ‘g‘ma%@TO) ’
(3.2.17)

with C' a constant independent of Ty and .

Finally, in section 3.8, we study, for piecewise Lipschitz solutions, how a
singularity located on ¥_ = {¢_ = 0} is reflected on ¥ = {4 = 0}. We
obtain:

Theorem 3.2.27. Under the (WR) condition, suppose that Y*f € L>®(Q£)N
LE(HY™(Q9)) and Y*g € L>®(Q%) N HO™(Q%) for all || < 2; suppose in
addition that they vanish for t < 0 where m > 4 + % and are piecewise
Lipschitz, with

Ml £0,  [gs =0, (3:218)

where ¥ = X4 NX_.

Suppose that u € L(QF) N L2(HY™(QY.)) satisfies (3.2.1). Then,

i) u and X u are piecewise Lipschitz on QF, and the trace U= 1S piece-
wise Lipschitz on Q%.

ii) u is continuous across Y., while the jump of X u across X_ satisfies
the propagation equation

“X_((Xypuls) = [fls.. (3.2.19)

Therefore, in general, 31 = ([Xiuls_)z—0, the trace of [Xiu]s_ on the
boundary, does not vanish identically on Y.

i) If 31 # 0, then jo = [ujz—o]s,, the jump of the trace uj,—q across Yo,
does not vanish identically.
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i) The jump of u across ¥4 satisfies the propagation equation

X4 ([ulg,) =0, ([u]s, )jz=0 = Jo0 (3.2.20)

and therefore, does not vanish identically if 31 # 0.

3.3 Preliminary computations

3.3.1 Factorization of the differential equation (3.2.5a)

Lemma 3.3.1. There is a change of variables

(Cafvn) = (575777) - (aC“‘b?%faPW)?

where a > 0 and P is a non singular matriz of size d — 1,
such that qo can be written under the form.:

V¢ € qo(iC, i€, in) = Go(iC, 8, 77))
= (E+50)* = C + 1A%,
where so = al +v -1, |a| <1, v € R a suitable vector

- d -~
and 7> = Y5_o 773

For all { =7 — 11y, ¥ > 0, introducing Ay such that
A2 =2 — |7 and TmXg > 0,
we have
VE I,V = F —i4,5 >0, Go(iC, i€, i) = (§ — Ao+ )(€ = Ao,-)
with Ao+ = —so = Ao, satisfying £ImAg 4+ > 0.
Remark 3.3.2. The coefficients a and o are given by:

—aqb €, €
o qo (€0, €1) a = [qoleo) + (¢5(e0, €1))’]

[C]o(eo) + (qg(eo, 61))2] 1z’

Proof. The quadratic form gq on E* = R1*9 satisfies (see Notations 3.2.5):

1/2

qo(eo) > 0, qo(e1) = —1.

Set &1 = e1 and let &y = a~'eg — ae; € Span(eg, e1) be such that
w(é) =1,  q)(éo.é1)=0, a>0.
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Then, o being of signature (4+,—, —,...), —qo is definite positive on F =
{eg, e1}(®). Denote by {és,...,éq} an orthonormal basis of —go on F. We
obtain that {ép,...,€é4} is a basis of E* in which ¢ is diagonal :

d d
%(550 +&e1 + Zﬁjéj) =& - Zﬁ?
Jj=2 j=2

€y = a~leg—ae; yields that 5, 57 7 satisfying Ceo+§el+2§l:2 nje; = C~é0+
fer + Z?:Q €5, where {eg,e1,ea,...,eq} are the vectors of the canonical
basis of E* = R4, are of the form ( = al +b-n, E =& +so=E+al+v -7
and 77 = Pn, with b € R*! and v € R%! suitable vectors, and P a suitable
non singular matrix.

The coeflicients a and « satisfy

a_lqg(eo, e1) +a =0, a_qu(eo) — 2aa_1q8(eo, e1) — =1
thus

b
o= qo (€0, e1) S a = [qoleo) + (qg(eo,el))Q]l/Q.
[QO(GU)JF (qS(eo,el)) }
It follows from go(eg) > 0 that |a| < 1.
For all ( = 7 — iy, v > 0 and n € R%"1, the roots & of qo(T — v,£,7)
cannot be real: thus the number of roots £ with positive imaginary part does
not depend on 7. For n = 0, we can write

90(¢,€,0) = agoC* + ap1¢E — &2 ao,0 = qo(eo) > 0,
= —(§ — ag)(§ = B),

with o, 8 such that a8 = —agp < 0, thus there is, for n = 0, one root of
qo with a positive imaginary part and one root with a negative imaginary
part. We have therefore, for all 1, one root Ao 4 = —sg + A\g with a positive
imaginary part and one root A\g_ = —sg — Ap with a negative imaginary
part. O

3.3.2 Intrinsic expression of the Lopatinski determinant

Lemma 3.3.3. The Lopatinski determinant D(T—ivy,n) can be written under
the form:

VT7n7va > 07 D(T _ZPY')TI) = D(’]: - Zﬁ/vﬁ)
=X+ B(F —i7)+ 017, (3.3.1)
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where

B = (%(60) + (g5 (eo, 61))2) e (B + a(eo,e1))

and ¥ is the restriction to F = {ey, el}L(qo) of the linear form my.
Introducing
d
<12 ~ 12
5> = |91
i=2

if v = Z?ZQ 0;Z; in the basis {Za, ..., Zq} of F* which is dual to {€, ..., €4}
orthonormal basis of —qy on IF, we have

[6* = —g5(mg),
where g and m% have been introduced in Notations 3.2.5.

Proof. With the notations introduced in Lemma 3.3.1 and its proof, the
boundary condition reads, since mg-e; =1,

d
mg - (560-5-561 +j§:;ﬁjéj> —E4+3C+T-7, (3.3.2)

where

ﬁ:mg-éo:a_lmo-eg—amo-el :a_lﬁ—oz
—1/2
= (QO(GO) + (qg(€07€1))2) (B + ah(eo, €1)).

Considering go|r the restriction of g to F, the intrinsic definition of |5]? is

Tl—e)

where qo‘*F is the dual quadratic form of gop on the dual space F*.
Since IF and Span(eg, e1) are orthogonal for gy, we see that

- b ~
_‘JO|*1F(U) = —gg(mp) = [o]*.

The boundary condition (3.3.2) yields the form (3.3.1) of the Lopatinski
determinant. I
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3.3.3 In the new variables

We introduce the dual variables 5 = 7 — 1% and 7 given by Lemma 3.3.1.
The Lopatinski condition is satisfied at (7 — i7,n), v > 0 (for simplicity, we
may also say at (7 — i9,1)), if and only if the Lopatinski determinant does
not vanish:

D(r —iv,n) = D(F —i%,7) = Xo + B(F — i7) + o - 7§ # 0.

A point (1,7) € R x R is hyperbolic when 72 > |7|? (for simplicity,
we may say that (7,7) is hyperbolic). For (7,7) a hyperbolic point,

D(7,7) = —7\/1 = |i|2/72 + B7 + 0 - .

Remark 3.3.4. The condition (ii) in the definition 3.2.12 of the (WR)
condition can be written under the form:

ii) the Lopatinski condition is not satisfied at, at least, one point (T,7),
which is hyperbolic and such that the Lopatinski determinant B

D(7,7]) = /1~ [P /72 + f7 + 77
vanishes at (7,1) and satisfies 9:D(7, 1) # 0.

Introduce
w=awy+b-ky, k= Pky.

From Assumption 3.2.15, (wo, ko) is a hyperbolic point, that is such that w? >
|k|?, where the Lopatinski condition is violated. Without loss of generality,
we assume that w > 0 and then:

w2 — k2= —(Bw+0-k). (3.3.3)
Introduce the variables £, § corresponding to the dual variables C~ , T
t=a't, §= (Pt)_l(y —a 'ht).

The phase on the boundary ¢y = wot + ko - y and the characteristic phases
p+ = &+x + wot + ko - y can be written under the form

gpozwf—l-k-g,
or =&y +wt+ k-7,

with
Er = —aw—v-k Fyw?— k% (3.3.4)
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Note that
& < E_. (3.3.5)

For j = 2,...,d — 1, we define the fields tangent to the striation {z =

¢, po = co:
Yj = 6‘1(w85j — /ﬂjag), (3.3.6)

with § = \/w? — |k|%.

3.4 The Lopatinski condition

3.4.1 The weak Lopatinski condition: proof of Proposition 3.2.8

The Lopatinski condition is not satisfied at (7 — i9,7),5 > 0 if and only if
the Lopatinski determinant vanishes at (7 — 7,7), that is:

D(F —i%,7) = Mo+ B(F —i7) + 9 -7 = 0. (3.4.1)

If 3 <0, then, for all (7 —i7,7),7 > 0,

Im(D(7 — i7,7)) = ImAg — 7 > ImAg > 0,

therefore the weak Lopatinski condition is satisfied when 3 <0.
We assume now that § > 0. Since ImA\g > 0 and Im(3(7 — i) + 0 - 7)) =
—B37 < 0, we get that
D(7 —i7,7) =06 A\§ — (B(7 —i7) +7-7)* =0
& (F—i3)? = il> - (B(F - i7) +7-7)* = 0.
Then, the weak Lopatinski condition is satisfied if, for all 7, the roots ¢

of
Py = —|il* — (B + 0 7)? (3.4.2)

are all in Imé > 0.
The equation can be written under the form

(1= ¢ =26 -0)C = (Il + (3-7)%) =0.
In the degenerate case 32 = 1, the equation is 2677 ¢ +|7j|* 4 (0-7)% = 0.

The Lopatinski condition is not satisfied at (7 —i%,7 = 0), ¥ > 0: the weak
Lopatinski condition is therefore not satisfied.
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In the non degenerate case 32 # 1, since the equation has real coefficients,
the roots are all in Im¢ > 0 if and only if the roots are real. The discriminant

is
A=F@-7)+ (1= (il + (@-7)°)
(1—52)|?7!2 +(0-7)*
The roots are real when A > 0.
For d = 2, we get

(3.4.3)

A= (1-p3%+ )i
Thus y
Vi, A>0e (2 <1492
For d > 3, choosing the coordinates such that
5= ([3],0,...,0) and 7 = (71, 77), we get
A= (1= @) + |7 ) + it |5,
thus A > 0 for all 7 if and only if f2<1.
~We proved that, if § <0, the weak Lopatinski condition is satisfied and
if § > 0, the weak Lopatinski condition is satisfied if and only if
F?<1+40%and 5 #1ifd =2,
f2<1ifd>3.
Finally, we obtain that the weak Lopatinski condition is satisfied if and
only if
ﬂ<\/1+v2 and f £ 1ifd =2,
ﬁ <1lifd>3.

3.4.2 The uniform Lopatinski condition: proof of Proposi-
tion 3.2.10

When the square root Ag, which has been defined for (7 —i%,7),5 > 0, can
be extended at (7,7) by continuity, the Lopatinski condition is satisfied at
(7,7) if the value of A\g at (7,7) does not satisfy the equation (3.4.1).

The elliptic case: 72 — |7j|? < 0.
In this case, the limit of \g is
ho = iVTE= 7.
Since ( and @ are real, the equation (3.4.1) is never satisfied.

Lemma 3.4.1. The Lopatinski condition is always satisfied in the elliptic
zone.
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The glancing case: 72 — |j|2> =0, (7,7) # (0,0).
In this case, the limit of Ay is A\g = 0.
Lemma 3.4.2. The Lopatinski condition is not satisfied at a glancing point
(7,7) if and only if
(Br+5-7)° =7 -7 =o0. (3.4.4)
In particular, we have
Br+v-71=0, (v-7)° =07 (3.4.5)
This lemma implies immediately the following proposition.

Proposition 3.4.3. The Lopatinski condition is satisfied at all the glancing
points if and only if

i) B2 # |02 in dimension d = 2,

i) 52 > |6]* in dimension d > 3.

The hyperbolic case: 72 — |fj|? > 0.

The sign being deduced by continuity from the case 7 = 0, where the limit
of Ay is \g = —7, we obtain that the limit of )¢ is

Ao = —e\/72 —|7]?, € =signT,

that is
_nl?

Ao =—T4/1 .
0 T F)

Lemma 3.4.4. The Lopatinski condition is violated at a hyperbolic point if
and only if

(37 +v-m)" =7 = [i]* > 0, (3.4.6)
F(BF+0-7) > 0. (3.4.7)

By homogeneity and symmetry, we can fix 7 = 1, in which case the
conditions are:

(B+a-7)°=1-72>0, (3.4.8)
(B+7-7) > 0.
In particular, (3.4.8) means that 7 belongs to the ellipsoid

D= {ij /Il + (8- 7+ B =1}, (3.4.10)
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Lemma 3.4.5. The Lopatinski condition is satisfied at each hyperbolic point
if and only if the set T is contained in the half space {0 -1+ [ < 0}.

To simplify the computations, we choose the coordinates such that
v = (|9],0,...,0) and 77 = (71, 7); then we obtain that the equation of T" is
71 + (1 + [9)iit + 26]007 + 5% — 1
MM){J—@+W2
1+ 02 1+ 02

= Ji/[2 + (L+ [5) (7 +
=0.
In particular, the condition
1-3*+15> >0 (3.4.11)

is necessary in order to have I' not empty.
Under this condition, we introduce

11— 40

R?:
1+ |92

<1

The set I" is contained in {|/| < R}. The roots in 7; are

and

I VU 3 Ui
0.+ B =0+ B R || TR

Thus T is contained in {# -7 + 3 < 0} if and only if

B+ |0]v/R2(1+[8]2) = B+ |o]y/1 - B2+ 0|2 < 0.

This condition is never satisfied for 3 > 0. For 3 < 0, the condition is

equivalent to 3 3
p > [P+ [0 - %) > 0,

that is .
(1+[3) (8% — [8]*) > 0.

We obtain that, when the condition (3.4.11) is satisfied, the Lopatinski
condition is satisfied at each hyperbolic point if and only if § < 0 and
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(2 > |5|?. Furthermore, when the condition (3.4.11) is not satisfied (that is
when T' is empty), the Lopatinski condition is satisfied at each hyperbolic
point. Finally the Lopatinki condition is satisfied at each hyperbolic point if
and only if § > /14 [8]2 or 3 < —|3]. Since § < /1 + |0]2 under the weak

Lopatinski condition, we get the following proposition.

Proposition 3.4.6. Under the weak Lopatinski condition, the Lopatinski
condition 1s satisfied at each hyperbolic point if and only if

B < —|o]. (3.4.12)

3.4.3 The (WR) condition: proof of Proposition 3.2.13

Lemma 3.4.7. Under the weak Lopatinski condition,

i dimension d = 2, the Lopatinski condition is violated at a hyperbolic
point where the Lopatinski determinant D and its derivative 9z D vanish if
and only if B = V1 + 02;

in dimension d > 3, if the Lopatinski condition is violated at a hyperbolic
point, then the Lopatinski determinant D vanishes at this point, whereas its
derivative -D does not vanish at this point.

Remark 3.4.8. It follows from this lemma that, under the weak Lopatinski
condition, if the Lopatinski determinant vanishes at a hyperbolic point, where
its derivative d=D does not vanish, then the Lopatinski determinant vanishes
and its derivative d:D does not vanish at each hyperbolic point where the
Lopatinski condition is violated.

Proof. We assume that the weak Lopatinski condition is satisfied.
If the Lopatinski determinant

D(7,7) = Mo+ BT+ -7
vanishes at a hyperbolic point (7,7) and satisfies 9:D(7, 7) =0, then 7 is a
root of order 2 of the polynomial in (:

Py= A2 — (35+6-ﬁ)2=52—\ﬁ\2— (55”}@)2'

Conversely, let (7,7) be a hyperbolic point such that 7 is a root of order
2 of the the polynomial Py.

From Lemma 3.4.4, the Lopatinski condition is violated at the hyperbolic
point (7,7) if and only if

F(BT+7-7) > 0.
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Since 7 is a root of order 2 of Fy, we obtain by derivation that
7—B(BT+0-7) =0. Thus

BE(PT+0-7) =7° >0,
Thus, we get that the Lopatinski condition is violated at (7,7) if and only if

G > 0. (3.4.13)

Under the weak Lopatinski condition, 3 # 1 (cf. Proposition 3.2.8); thus,
if 3> 0, then 7 # 0 (otherwise, from 7T root of Py and 1 — 2 £ 0, it follows
7 = 0, which is absurd).

The discriminant A = (1 — 32)|ﬁ|2 + (- 7)? of Py vanishes, since Py has
a double root.

In dimension d = 2, the discriminant vanishes if and only if B = +v1+ 02
or 7 = 0. Therefore, from (3.4.13), the Lopatinski condition is violated at
the hyperbolic point (7,7) if and only if

B =1+

Furthermore, in this case, the Lopatinski determinant D and its derivative
97D vanish at the hyperbolic point (7,7), since the determinant vanishes
(that is (3.4.1) is satisfied) and 7 is a root of order 2 of Py. Finally, the
Lopatinski condition is violated at a hyperbolic point where the Lopatinski
determinant D and its derivative 8; D vanish if and only if B=+v1+02

In dimension d > 3, the Lopatinski condition cannot be violated at (7, 7).
Indeed, if 3 > 0, then it follows from the weak Lopatinski condition (that is
G < 1), that 1 — (2 > 0 and thus, since 71 # 0, we get that the discriminant
A does not vanish, which is absurd. Finally, if the Lopatinski condition is
violated at a hyperbolic point, then the Lopatinski determinant D vanishes
at this point, whereas its derivative 9> D does not vanish. ]

The Lopatinski condition is not satisfied at, at least, one hyperbolic point,
whereas the weak Lopatinski condition is satisfied, when:

—|5| < B<V1+02 and § # 1 in dimension d = 2

—|5| < 8 < 1 in dimension d > 3.

We deduce then Proposition 3.2.13 from Lemma 3.4.7.

Remark 3.4.9. From Propostion 3.4.3, in dimension d > 3, the Lopatinski
condition fails at a glancing point if and only if (% < |02, Therefore, for
parameters such that |0] > 1, we obtain that, in dimension d > 3, if the
(WR) condition is satisfied, then the Lopatinski condition fails at a glancing
point.
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3.5 Energy estimates
Let us consider the equation and the boundary condition:

q(0r, Or, Oy)u = qo(0f, O, Oy)u + (0, O, Oy)u = f x>0, (3.5.1a)
(Op + B0 +v-0y +c)u=g x=0. (3.5.1Db)

3.5.1 Factorization of the differential equation (3.5.1a)

Lemma 3.5.1. i) ¢ can be written under the form
a(i€, i, in) = (iC, i€, i)
= (& +s0+is1)" = ¢ + [ + p(ic, i7),

with C, 7 and so defined in Lemma 3.5.1,
s1 a real constant and
p a polynomial of degree 1 which does not depend on .

i1) Ao defined in Lemma 3.3.1 satisfies

i11) There is g > 0 such that, for all { =T —iv,v > Yo:
there is a unique \ satisfying

A= G il = plid, i),
ImA > 0;
furthermore, X is of the form X = \g + N, with N = O(2,), where A is

[Aol
defined in Definition 3.2.18, and satisfy ’
ImA—lolf—|si/ 25 AmA—[alf—lsi) 2745 (35.3)
introducing
)\:I: = =S50 — i81 + )\,
we have .
and

+ImAL > 0.
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Remark 3.5.2. The notation a 2, b denotes 3C > 0, a > Cb, with C' a
constant independent of the parameters under consideration.

Proof. 1) Lemma 3.3.1 yields, with [ the real linear form such that
1(i¢, i€, in) = 1(iC, i€, in):
q(i¢, i&, in) = q(iC, i€, i) = qo(iC, i€, i) + U(iC, i, if])
= (64 50)” = ¢+ [7l” + U(iC, i€ i7).
We choose s; a constant, such that all the terms depending on £ are in the

square (& +sg+14s1)?, more precisely, we choose 51 = M € R; we thus
get:

q(i¢, i€, in) = (i, i€, i) = (& + so +is1)* = ¢ + |7 + p(iC. i),
with p a polynomial of degree 1 which does not depend on &.
Forall (=7 —14y, 5 >0,

& — il — p i) = X — (s, i) = 33 (1~ L),
0

ii) We prove now (3.5. )
From A2 = (? — |7j]? = 72 — 4% — |fj|* — 2i77, we get
~ ~ ~12\ 2 ~O~
ol = (72 = 32 = [f*)” + 47252
= (7 = [01*)* + 5 (27 + 2}al” + 77).
Thus
Dol = 7% (72 + []* +7%) = 7°A%,
that is
|Xol? > AA. (3.5.4)

Writing A3 = |Ao|%e with 6 €]0,27[ yields ImAg = |A|sin(36), since
ImAp > 0.
1) Let us prove |Ao|ImAg 2 vA.

a) If 6 € [r/4,7r /4] then sin(36) > sin(m/8) and

m\o > | Aol

From (3.5.4), we get |Ag|ImAg 2 A 2 vA.
b) If  €]0, 7/4]U[77 /4, 27 [, then cos § > 0, thus Re(\3) = |Ag|> cos 6 > 0.
Since Re(A\2) = 72 — 4% — |7}, we get |7}|? + 4% < 72 and thus

AP =72yt Il S 7247 [ S 7

133



1
Moreover |sinf| = 28111(50) |cos(36)| < 2sin(36), therefore

N——
>0

olTmdo = [Xof? sin(56) > 2ol sin ] = £ [Im(3)] = |75 2 A~
2) Let us show that ImX\g > 7.
From A3 = 72 — 52 — || — 2i77 = (Re)o + ilm\g)?, we get
(ReXp)? — (ImAg)? = 72 — 3% — |7j|* = S,
2ReMgImAg = —277,

that is
(ReXo)*(—(ImAg)?) = —7°5% =: P.

Therefore (ReAg)? and —(Im)\g)? are the roots of X2 — SX + P and thus are
equal to

72 _ 12 _ WQ N \/(%2 — 72— |ﬁ|2)2 + 47252
2 2
Since —(ImAg)? < 0 < (Re)g)?, we get
2(ImAg)2 = \/(%2 — 72 — |7|2)? + 47232 — (72 — 7% — |7]?) .
Writing

(7 =7 i) +475° = (7 + 7 — [i)” + 4l
yields
+
LY =l = (72 =5 = 1Al

and finally ImAg > 7.
This finishes the proof of (3.5.2).

i1i) For ~ large, p(iC, if}) = O(A); therefore, since |A\g|? = yA from (3.5.2),
we get Re(1 — @) > 0 for v large. We can define A = X\gy/1 — @,
0

0

where, for a = pe'?, p € R, § €] —m, 7|, \/a is defined by /a = \/ﬁeie/z. Ais
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of the form A = Xp + X, with X' = O(20&) = O( ). Since, from (3.5.2),

|>/\\70| < IH‘VAO, we get that, for v large, ImA > 0.
We prove now (3.5.3).

From (3.5.2), we have the estimates
A Im/\o < ‘)\0‘

ImV| < V| < — < —22 < 200
| <X Aol ¥ ¥

DAImA 2 ~vA.
It follows from the estimates |\| < % and [Im)\'| < % that, for
large,
Al Z Aol ImA Z ImAo,

therefore, from (3.5.2):
IAIImA 2 | Ao[ImAg = YA.

2) T — fal§ 2 .

Since |a| < 1, there exists € > 0 such that |o| +€ < 1.

ImA > Im)g — [Im\'| and [Im\'| < %, thus there is 79 > 0 such that for
all v = 70,
ImA > (1 — €)ImAo.
Therefore, Im\g > 7 yields ImA — |a|7 > (1 — € — |al) 7.
>0
3) (1mA — [af)A] 2 TmAA.

ImA — |a|y > ¢, with ¢ =1 — € — |a| > 0, that is ImA — (|a| +¢)7 > 0:
to obtain Im\ — |a|y > ¢ ImA, that is (1 — ¢)Im\ — |«|y > 0, it is sufficient
to have 1'3‘6/ = |a] + ¢ and ¢ < 1. Thus, with ¢ = Mﬁ > 0, we get
Im\ — o]y > ¢ ImA and finally (ImA — |a|%)|A] = ImA|A|.

1) (A — [a7)|\] 2 7A.

Applying 3) and 1), we get:

(ImA — [al3)|A] 2 TmAJA] 2 7A.

Finally, s; being a constant, we get from 4) and 2) the estimates (3.5.3)
for v large. .
For all ( = 7 — 9, v large, the roots in £ of G(i(, £, in) are equal to

)\i = —S50 —’L'Sl + A

From (3.5.3), there is 79 > 0 such that, for all v > 7o,
Im\ — |a|y 2 7; since ImAy = a¥ £+ Im\ — s1, we get that, for v large,
+ImA4 > 0. ]
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Recall that 4 = ay. Proving an estimate with ~ is equivalent to proving
the same estimate with 4 (only the constants change).

3.5.2 Optimal L? estimates

It follows from Lemma 3.5.1 that taking the tangential Fourier Laplace trans-
form of the problem (3.5.1) yields the following ODE and boundary condi-
tion:

(8 — iy ) (O —ir)a = —f (3.5.5)
0,0(0) + (ip + c)u(0) = g, (3.5.6)

where , f and ¢ are the Fourier Laplace transforms of u, f and g,
and p= B¢ +v-n=p(1—iy)+v-n.

Remark 3.5.3. The form (3.3.2) of the boundary condition yields
Mot + 1=Kt +B(r—iv)+v-n=X+B(F—i7) +7-7,
that is, since Ao+ = Xo — s0 = Ao — (a(T — %) + v - 7)),
=(B+a)+@+v) =@ +a)F—id)+ @ +v) 0
Introducing @4+ = 0,1 — i\, we obtain the equations:

Opily —idyliy = —f x>0, (3.5.7)
Opili —iX_d_=—f x>0. (3.5.8)

Writing 4 = i~ 2)\u+ and 0,1 = w yields the boundary condition

)\+ﬂ+(0) — A_l_ (0) + m— ’LC(
2 2

Lemma 3.5.4. For v large,

4(0) — 4_(0)) = §. (3.5.9)

~

f

2
LQ(R+) I

Pe——
—Im)\_

that is

~ 2 p
I o<
(TmA a-(0)] S s+

|

L2 (R+)
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Proof. For ~y large, A_ is well defined. Furthermore ImA_ < 0: it is possible
to divide by —ImA_.

Multiplying (3.5.8) by —2@_, taking the real part and integrating on
[0, +00] yields

O + 2(-TmA)[a_|Pams, =2 [ Re(fi)
&) =2 |

§2Amﬁﬂ!

~

S 2 f L2(R+) a_HLQ(RJr)
flI7
L2(R+) 2
< o T (—=ImA_)| u,HLQ(Rﬂ.
O
Lemma 3.5.5. For v large,
_2 1 2112 N 2
Im/\+H“+HL2(R+) = T HfHL2(R+) + [ (0)],
that is
Im\ + i || g < |7 i4(0)]
(A + o = i)l oy < fyrog =5 Ml + 12+ O
The proof of this lemma is similar to the proof of Lemma 3.5.4.
The boundary condition yields
A+ —ic)i(0) = (A= + p—ic) 4—(0) + 2Ag. (3.5.10)
Introducing
)\+ + m— ic
= r - 3.5.11
g (35.11)
we get from (3.5.10):
X X Al
i (0)] £ -] + 2 J3]. (35.12)

where A has been defined in Definition 3.2.18.
Then, we deduce from Lemmas 3.5.4 and 3.5.5:
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Proposition 3.5.6.

- .2 .2 . 2 . 2
(1A = [al7 = Js1) (- [[Fogae + 004 [ Fary ) + - ©) + [pis (0)
1 A112 A2
< Tan =y~ Jor] I 2y * 1391
(3.5.13)
From Lemma 3.5.1, we have
ImA — |y — |1/ 25 [A(ImA = [a]¥ = |s1]) Z YA (3.5.14)
We are now looking for lower bounds of p.
3.5.3 Lower bound of p under the (WR) condition
Lower bound of |\t + p|: the homogeneous case
Proposition 3.5.7. If the condition (WR) is satisfied, then
Ao+ + w1l Z - (3.5.15)

Proof. When 3 < 0, from (3.5.2), Im(Ao,+ + p) = ImAg — 35 > ImXg > .
When 3 > 0, we factorize the polynomial Py defined by (3.4.2) and derive
a lower bound for each of its two factors.
The condition (WR) implies that

Ax i~ Inf?, (3.5.16)

where A is the discriminant of the polynomial P.
Indeed, when d = 2, A = (1 + 0% — 5?) |7|?,
~—_——

>0
when d > 3, (1 — 32) 172 <A< (1-p6%+ 0|72
0
>

Let us denote by (4 the roots f(_LBZ) + % of

Po =A% — (B(7 —i7) + 7 7)°
=— (Ao + 1) (Ao + 1)
=(1 = p)(F =7 = ()(F = 7 = ().
When 7 =0, we get A =0 and (4 = 0.
When 77 # 0, we get A # 0 and thus the roots (4 are distinct.
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Therefore, the functions fy : (7,9,7) — |7 — % — (+(77)| do not vanish
A =1
720
7 = 0, their product is equal to |7 —i7|? # 0 and when 7 # 0, the roots (4 are
distinct. We can construct for each point z of S4 an open neighbourhood V),
in S, such that either f, or f_ does not vanish on the closure V,. Suppose
that this is f4, the other case being similar. The compactness of V, yields

the existence of a constant C, > 0 such that

v(%a’?vﬁ) € Vﬂv f+(7~_75/7ﬁ) > Cﬂ?
Since ¥(7,%,7) € R* f_(7,%,7) = |7 — 7 — (- ()| > 7, we get
v(%v;?aﬁ) € V$ f+f—(7:7;% ﬁ) > Cx’?

The compactness of S; yields the existence of a finite cover {V,, }1<i<s of
Si. With C = minj<i<s Cxi, we get

V(7 7%,1) € Sp fof-(7,%, 1) = [(T =iy = () (T —i7 — ()| = CF.

Homogeneity yields

simultaneously on the half sphere S5 : { . Indeed, when

V(7,9,7) €ERx Ry xR |(F =17 = ()(F =17 = )| = CV 72+ 72 + [il[* 7,
thus
Qo+ +m) Qo+l = 1= FIF =7 = )F =i = ¢
2 WFE A [P
> T A2 .
Since | Ao~ + pu| S /72 + % + |n|?, we finally proved

Ao+ +ul 2.
O
Lower bound of |\ + p —ic|: the general case
Theorem 3.5.8. If the condition (WR) is satisfied, then
there is o > 0 such that for all v > vy:
Ar +p—icl 2, (3.5.17)

that is o
>
Pl Z %



Proof. a) When 3 < 0, the estimate is trivial since
Im()\++u—ic):Im)\—B’y—sl—cZIm)\—sl—czf)f—sl—cZ%

for ~ large. )
b) Suppose that 5 > 0. Consider

P=—(\p+p—ic)( Ao+ p—ic)

=\ — (u—ic— (so +1is1))
:)\2—(3@:4-17 ﬁ—zsl—zc)
:PO+P/7

with Py = A2 — (3¢ +5-7).

P'=)2 =X~ [(BC+5-7—isy —ic)?

Therefore, since N = O(A/|X\o|) and, from (3.5.2), \)\13|2 = O(%), we get, for
v large: P = O(A).
We have shown, in the proof of Proposition 3.5.7, that

[Pol 2 vA-
We see then that, for v large:
[P| 2 yA.
Since |A_ 4+ p — ic| < A, this implies that Ay + p —ic| 2 7. O
3.5.4 Energy estimate under the (WR) condition
L? estimate

We deduce from Proposition 3.5.6 and the estimates (3.5.14):

Theorem 3.5.9. There is vg > 0 such that for all v > ~y:
S (X

+ 102 (|02a(0)* + A%

2

2
ey TA

ﬁHiQ(Rﬂ)

mwﬁ§0<ﬂv

g

2) (3.5.18)

2
2R+ T

with C' a constant independent of .
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Proof. 1) Estimate of 'y|p|2<”8x&Hig(R+) + A2 |4l

2
L2(R+))
R T
Oyt = %
Ut —;u_ + Su_2—)\u+ with s = so +is1 = O(A) for v large
Uy +0— .
- _isq.

2

Thus, for v large,

112 o2 o2 2112
Outt|| oy S Nl oy + 18-l o @ey + A2l 2y
From Proposition 3.5.6, the estimates (3.5.14) and since |p| < 1, we obtain

’YHPazaHiZ(RH S 7A2|p|2|mHi?(R+)

+ (ImA — |y - ’51|)(Ha_||iQ(R+) + [|pity

~ 1 f
S 7A2|P|2H“Hi2(ﬂ&+) + ImA — ||y — |s1] Hf

. Lz .
S 7A2’P|2H“Hi2(n@+) + ;Hin%Rﬂ + ‘9|2'

From 4 = iﬁ’Q_Aﬂ* and Proposition 3.5.6, we get

’iQ(RJr))

2

2 Al
L2(R+) + ’Xg

] ) 1
(ImA — |y — \51|)||P)‘“Hi2<ﬂ%+)

o A
< 2 A2,
~ Im\ — |C¥”~Y— |81’HfHL2(]R+) + ‘Ag ’

thus, from the estimates (3.5.14),

£112
YA f L2(R+) Y

(ImA — Jaly — [s1])?

2

2
v|p|*A?

~

g
ImA — ||y — |s1]

112
HuHL2(R+) ~ R

1,2 .
< My + 1ol
thus, finally

ol (19032 + A2l sy ) S

T2 12

5 2@y + 1917
2) Estimate of |p|2<{axﬁ(0)‘2 + A2|12(0)‘2)

Similarly as for H@xﬂHiQ(Rﬂ, we get

02|02 2(0)|° < [p[2A2

. Lz .
a(0)|* + ;HinQ(Rﬂ +1g[*.
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u(0) = 'w and the boundary condition

Aetiticg (0) = 2=FETCq(0) + g yield

iy + = i0)a(0) = § — a_(0),
thus |pAa(0)| < |a—(0)| + |g| and Proposition 3.5.6 yields

~

f

2

2 2
r2®+) T

ey 19l

s

1
A (0)]? < -

f

g

= |+

Thus, finally

X X 1, - X
o ([0:0(0) + 22[a(0)*) £ 11 + oI

This finishes the proof of the estimate (3.5.18)
O

Using the inverse Fourier transform with respect to (¢,y), we deduce
from Theorem 3.5.8, Theorem 3.5.9 and Plancherel theorem the following
corollary (see section 3.2.3 for the definition of the norms):

Corollary 3.5.10. Under the (WR) condition, there is 9 > 0 such that,
for all v > g, the following estimate holds:

([0l + ull o)

\ . (3.5.19)
+78 ([0:uO)], O] ) < O (IF]L0+7%101,.0)

with C' a constant independent of .

Striated estimates: Proof of Theorem 3.2.23

The fields Y}, defined in section 3.2.2, commute exactly with the equation
and the boundary condition, thus the corollary 3.5.10 yields:

Theorem 3.5.11. Under the (WR) condition, there is o > 0 such that for
all v > v, the following estimate holds:

V2 (10wl 1+ 12l 0)

3 1
+ 2 (‘a‘ru(o)}m,%fl + ‘U(O)}m,'y,O) < C <Hme,'y,0 +2 ’g‘m;y,O) ’
(3.5.20)
with C' a constant independent of .
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We now show how Theorem 3.2.23 follows from Theorem 3.5.11. We first
solve the boundary value problem for a fixed v > 0. From the general analy-
sis by Coulombel ([23]) about the weak well-posedness of hyperbolic initial
boundary value problems, we can pass from a priori energy estimates with
a loss of one derivative to weak well-posedness. We thus obtain the well-
posedness from the estimate (3.5.20). By passing to the limit as v — 400,
we get, by classical arguments, the causality principle (see [17]), that is that,
if, for Ty € R, f and g vanish on {t < Ty}, then the striated solution also
vanishes on {t < Tp}. For f in LZ(H®™(Q%)) and g in HO™(Q%.), let f and
g be functions in L2(H*™(Q%)) and H>™(Q°) equal to f and g on {t < T}
and such that Hme,w,O S CHme;y,O,T and ‘§|m,'y,0 S C’g‘m,%O,T with ¢
a constant not depending on T (for the construction of such extensions see
e.g. the proof of Lemma 3.7.2). We have the existence and uniqueness of
a solution u in L2(H%™(Q°)) of the problem with f and g source terms,
which, furthermore, satisfies the estimate (3.5.20). Since, from the causality
principle, the restriction of u on {¢ < T'} does not depend on the choice of
the extensions f and g, we get the existence and uniqueness of a solution
in L2(H%™(Q%.)) of the problem (3.2.4). Moreover, this solution belongs to
H™T and satisfies the estimate (3.2.15). This finishes the proof of Theo-
rem 3.2.23.

Remark 3.5.12. For all v > v and T > 0 such that vT ~ 1, the esti-
mate (3.2.15) of Theorem 3.2.23 yields

Ha:cuHm,'y,fl,T + HuHm,fy,O,T + ’axU(O)‘m(%iLT + ‘U(O)}m’%O’T
sCT <Hmem0,T + \g\mmo,T) ) (3.5.21)

with C' a constant not depending on T' and 7.

3.6 L™ estimates: Proof of Theorem 3.2.25

3.6.1 Reduction of the equation
Proposition 3.6.1. The equation (3.2.4a) reads:

X X u—-QY)u=f x>0,

where Q(Y) is a polynomial in'Y of degree 2
and X4+ are first order operators such that:

Xy =Xy +ey,
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with c+ constants and X, satisfying )?i(cpi) =0, )?i(cij) #0.
More precisely, X+ are given by:

Xi :8x+0i8£+vi'ag,
with ox = £5 +a (o4 > 0,0 <0) andyi:V:Fg.

Proof. Let us introduce S = Span(e}, pg) C E* := R4 with ef = x. Let
U be the orthogonal of S for qo; qo|w is definite negative.
Let (¥q,...,¥4 1) be an orthonormal basis of ¥ for —gy and

let (XO,Xl,Yl, ..., Y;_1) be the dual basis of (ef,¢0,U1,...,¥4_1). Thus
Vi (i, el) = (Y5, cp()) = 0: the fields Y; are tangent to the strlatlon that is
belong to the space generated by (Y1,...,Y_1).

Writing £ = €5 + &y, with {g € S and &g € ¥, we obtain, since q|g is of
signature (1, —1), the following form of go(€):

o(€) = — X4+ X_ — Zf/f
= _X-F)Z— - Q(Y)a

with Q(Y) a polynomial in Y of degree 2 and X, in Span(Xo, X1).
Since ¢0(0,1,0,...,0) = —1, X1 can be written under the form

Xi =0, +0s0;+vs 0y

Furthermore, X4 are proportional to dqo(dep).

Indeed, Y being tangent to the striation, Y; (dgpi) = 0 and, ¢+ being
characteristic phases, qo(dyp+) = 0. Thus Xy (dp+)X_(dps) = 0. Since
X: € Span(Xy, X1), X+(dpy) = Xi(dp_) = 0 implies )Z'i = 0, which
is absurd. Therefore we obtain that either X, (dgpy) = X _(dp-) =0 or
)~(+(dg0 ) = X_(dpy) = 0. We label the plus and minus so that X+(dg0+)
X_(dp-) =0 (and thus X4 (dp_) # 0, X_(dypy) # 0). i

With ¢, (6,€) = =3 X4 () X-(¢) — 3X4 (€)X (§) - ZY( )Y;(¢) the
bilinear form associated to gy, we get bq (&, dp4) = X (6)X_(dp )

Since X_ (dey) # 0, we obtain that X, is proportional to dgo(dpy) an
similarly, that X_ is proportional to dgo(dy-—).

1
idqo(ds%) =—[(&x + aw +v - k)(0; + ad; + v - 05) — w; + k - 0]
- [q: W2 — K2(0y + ad; + v - D) — wds + k - Oy
— [F00,; + (Foa — w)0; + (Fov + k) - 0] .
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It follows from X4 proportional to dqo(dp+) that o = £% +« and vy =
v ¥ & Furthermore, |a| < 1 yields o4 > 0 and o_ < 0.
Finally, we introduce two constants cy,c_ such that, with

X4 :)?:t-i-ci,

we get
q=q+1l=-X;X_ —-Q(),

with Q(Y) a polynomial in Y of degree 2 (Q is of the form Q = Q + Q with
Q a polynomial of degree 1). O

3.6.2 The propagation field
Proposition 3.6.2. The boundary condition (3.2.4b) reads:

Xyu+v-Yu+cu=g =0 (3.6.1)

with
0= w1 (k + 00), (3.6.2)

and
¢=c—cy. (3.6.3)

Proof. The boundary condition reads (see Remark 3.5.3):
Opti + (B + a)Opu+ (T +v) - Qpu+cu=g z=0.

Thus, writing

wl'+(k—ov)-Y  WwI'+(k—dv) Y

T T wato+kov B+o)w+ (O+v) -k

W'+ (k—0v) Y

WwI'+ (k—dv)-Y
5V
w0y = 0 + k; wa+d6+k-v

j(ﬁ—i—a)w—i—(ﬁ—i—u)'k’

— 5V + k

where T' = 040; + v4 - 05, we get the expression (3.6.1) of the boundary
condition. O

In (3.6.1) appears the field tangent to the striation
H=7-Y =w- 82? — ’wgag, (3.6.4)

with wy =0+ 6 Yk, wy = 6w — .
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The Lopatinski determinant in the neighbourhood of (w, k) reads
D(#,7) = —/72 = [ii]2 + B7 + ¥ - ij.
The propagation field associated to the equation D=0is
Hpop := 0:D0; + (9;D) - 9y,

the derivatives being calculated at (w, k).
From (3.6.4), we then obtain:

Proposition 3.6.3. H = Hy,, and Hy,, is tangent to the striation.
We then deduce from the (WR) condition:
Proposition 3.6.4. The coefficient of 0; in H does not vanish.

Proof. From the (WR) condition, the derivative d; D of the Lopatinski de-
terminant D does not vanish at (w, k), that is wy # 0. Since 0y = PO, and
07 = a0y +b-0y, a > 0, we get H = (Ptuy —wab) - Oy — aw20;. The coefficient
of 9; in H is equal to —aws and thus does not vanish. O

Proposition 3.2.17 follows from Proposition 3.6.1, Proposition 3.6.2 and
Proposition 3.6.4.

3.6.3 Additional L? regularity
We have the equation:
X_(Xpu) = —f — Q(Y)u. (3.6.5)

The field X_ being outgoing (o_ < 0), the problem X_v = h is well-posed
without boundary condition, thus:

Proposition 3.6.5. For all f in LZ2(H*™(QY.)) and g in HO™(Q.) func-
tions vanishing in the past, the solution u of the problem (3.5.1) vanishing
i the past satisfies

F0>0Vy 29 VI'>0 7}|X+uHm—2,7,O7T < C(Hme—Q,%O,T—"_HuHm,'y,O,T)’
with C' a constant independent of T', v, u, f and g.

Remark 3.6.6. From now on, C' will be a constant, independent of T, ~,
u, f and g, which may vary from an expression to another.
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Proof. Let us introduce v = X u and h = —f — Q(Y)u. The equation 3.6.5
reads X_v = h, with

X_ =X_+4c_
:6x+a_8t~+u_-8g+c_
=0, +aoc_0; + (bo_ + P'v_) - Oy +c_,

where o_ < 0, a > 0.
We introduce vy = e "y and hy = e h.

2

e X _v)v = (55_%) Uy — fya|a_\v$ +c v,

2AX_v,) vy = Bp(v2) = alo—|0h(v2) + (bo— + Pl - 9, (v2);

thus, integrating on QF = RF 4N {t < T} N {z > 0}, we get

2/ (X_vy)v :—/ v? —alo_| v? <0.
o B QFn{z=0} | QEn{t=T} |

Thus, for ~ large

alo—
7|20 |/ v3§7a|0_\/ vf—c_/ 1)3
o o QF

< - eZVtX_vv:—/ hey V-,
/Q; xpo==[ ho,

T

that is

Iy >0 VT >0 v[[vloq0r < C|h

0707 < Ol flloqor + llull2q07)-

Applying Y® to (3.6.5), for |a| < m — 2, we obtain, since Y exactly com-
mutes with the equation:

’Y”X-Fu”m—?mO,T < C(”me—Z'y,O,T + ”UHm,'y,O,T)~
O

Notations 3.6.7. From now on, we consider v > g, where yq is given by
Theorem 3.2.23, and T such that vT =~ 1. We work on Q}“ and we assume
that f in L2(H%™(QY)) and g in HO™(QY) vanish on {t < 0}. By the
causality principle, it implies that u, solution of the problem (3.5.1), also
vanishes on {t < 0}.
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Remark 3.6.8. For all v > g, T > 0 such that vT ~ 1, we have, for all u
vanishing in the past,

V(t,z,y) € QF, clult,z,y)| < e ult,z,y)| < e Mult,z,y)| < Jult,z,y)].

Therefore HuH%O’T R~ HuHLQ(Q;) = HuHO’T. Thus, since v > g, we obtain

lalln 0.7 3= Ejatzmll Y “ullor < € Ejaem 7Y ull, 0= Clltll , 0.1

3.6.4 Sobolev embeddings related to the striation

We consider the variables (£, 9) with £ = 6~} (wi+k-g) and g; = 5~ H(wg;+k;t)
(recall 6 = \/w? — |k|?) such that the striation is given by the spaces family
(f = constant,x = constant) of dimension d — 1. The fields Y; generate and
are generated by the fields dy; .

From the expression of ¢, §j, wy and kg defined in section 3.2.2, we get
t=0"1a Y w—P k- -b)t+ P 'k-y] =5 wot + ko - y] and
g=0"a (k= w(P) )t + w(P) "My,

Lemma 3.6.9. For all m > %, and uw € HO™(QL) there exists a function
u* € L2(R x R™™), such that:

V(t,z,y) € O ‘u(t,x,y)} <u*(f,x), with “u*“LQ(RxR+*) < C’HuHmmO’T.
Proof. When (t,z,y) is in Qf = RN {z > 0}n{t < T}, ({,2,7) is in
RF4N{z >0} N{wl <k-9+da"'T}. For each leaf F = {i = {,x = z},
x>0, Gy, =FNR™IN{wi <k-j+da"'T} is a half-space of dimension
d — 1 in which we use the Sobolev embedding H™(G; ) C L*=(Gy,):

Vi, z,y € QF, |u(t,z,y)| = |a(t, z,9)| < u*(f,z),
with u*(f,x) = HﬂHL‘X’(G{,I) < CHTLHHm(GﬁI), thus
u*[| L2@xr++) < Cllullmor (the norm [| - ||, 0,7 is defined in Remark 3.6.8).
From [[ulm,01 < Clluflmq07, we get [[u*|[L2@xrt+) < Cllullmqyor. O

3.6.5 Partial L*° estimate of u

Proposition 3.6.5 yields an estimate of X u in L2(H*™2(Q9%)) and The-
orem 3.2.23 yields an estimate of u on the boundary. Integrating on the
characteristics of X and applying Lemma 3.6.9, we obtain
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Proposition 3.6.10. For all o] <m — 2 — %, there exists a function
u** € L*(R), such that:

V(t,z,y) € QO {Yau(t,x,y)‘ < u™(f — cx), (3.6.6)
with ¢ a constant depending on w,k,b, P,v and o4, and

H“**HH(R) < CTHme—z%o,T + C(HuHm,'y,O,T + }u|x:0}m—2;y,0,T)' (3.6.7)

Proof. We introduce h = Y* X u.
From Proposition 3.6.5, we have h € L2(H%™27121(09.)) and
17llm—2-jalm07 < CIX tullm—2501 < CT([| fllm—2~.07 + [ullmq07)-

The characteristic of Xy = 0, +ao40;+ (bo+P'vy)-9,+c4 containing
(to, o, yo) is (t,x,y) = (aoy (v —x0)+to, z, (bo + Plvy)(x—x0)+vyo). Thus,
for 0 <t <T and z > %, the characteristic containing (¢, z,y) intersects
{t = 0} before {z = 0}.

Let us begin by the case where the characteristic containing (¢, z,y) in-
tersects the boundary {z = 0} before {t = 0}, thus, necessarily, z < -

aoy”

Yult,z,y) =
/ e+ @ (e, (s — ) + t, s, (boy + Plvy)(s —x) +y)ds
0
+ Yt — acy 2,0,y — (boy + Plvy)z)e 7.

For (t,z,y), we have { = 6 'wot + ko - y], thus, for (t1,z1,y1) = (t —
aox,0,y—(boy+ Plvy)x), we have {1 = {—cz, with ¢ a constant depending
on w, k,b, P,v and o4. Thus, from Lemma 3.6.9 (adapted to the functions
defined on the boundary {x = 0}), we have:

.
u(t —aoyx,0,y — (boy + P'vy)x)e” _ec+|“‘7+u*t—cx
Youl(t — aoyx,0,y — (boy + Pl )z)e= 7| < ¢ *
< Cuj(t — cx),
with [[u]|lp2m) < ClY Yula=0lm-2-jal7,01 < Clttlz=0lm—2.~.07

Similarly, defining h* from h as u* was defined from w in the proof of
Lemma 3.6.9, we have
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12*[| L2 xrt) < Cllhllm—2-jaly.00 < CT ([ fllm-2~07 + luflmq07) and
/ et h(aoy (s — @) + 1,5, (boy + Plvy)(s —z) +y)| ds
0
< eIC+|W+ / R*(t+c(s —x),s)ds

|+|‘“’+ * cs—x S
\/aa+\// he(f + ),5))°d

< Ch**(f — cx),

with h**(t \/fR h*(t + cs s)) ds and therefore
12 2y s Clb* | 2@xzsy < CT(Iflmsm0 + lullmyor)s we thus
get (3.6.6) with v** = Cuj + Ch**.

It remains to study the case where the characteristic containing (¢, z,y)
intersects {t = 0} before {x = 0}.

Since u vanishes in the past, we get

Yu(t, z,y) :/e_”(x_s)h(acu(s — ) +t,s,(boy + Plvy)(s—z) +y)ds,
t

aa+

thus, from Lemma 3.6.9,

Y %u(t, xz,y)| < / e TSR ({4 o(s — ), s) ds
ot

xr
ao
1

< leHlas \/z (/R (h*( + (s — x),s))2d8>2

< Ch*(t — cx).

O

Remark 3.6.11. The scalar nature of the equation (3.2.4a) is crucial in
order to integrate along characteristics.

3.6.6 L> estimate of X u
Proposition 3.6.12. For all m > 4 + %, we have

HX+“HLO<>(Q;) = CT(Hme—Z,'y,O,T + HfHLoo(Q;))

+ C(HuHm,’y,O,T + ’u|120’m72,'y,0,T) :
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Proof. X_(Xiu) = —f — Q(Y)u with X_ = 9, + ac_0; + (bo_ + Plv_) -
Oy + c—. We introduce h := —f — Q(Y)u. @ is a polynomial of degree 2,
thus, applying Proposition 3.6.10 to « such that |«| < 2, we obtain

d—1 d—1
Vm>4+?2]al+2+?,

Vt,z,y € O bt ,9)] < O fll oy +u™(F — ex)),

with HU**HLQ(R) < CT”me—Q,'y,O,T + C(H“Hm,’y,ﬂ,T + |u’$:0‘m—2,’y,0,T)~

The characteristic of X_ containing (¢g, o, yo) is
(t,z,y) = (—alo_|(z — xo) + to, x, (bo_ + P'v_)(x — mo) + yo); thus, since u
vanishes in the past:

V(t,z,y) € QF, Xyu(t,z,y) =

/ e~ =@ p(—alo_|(s — x) + t,5, (bo_ + Pv_)(s — x) + y) ds.
Tt

alo_|

For (ta,x9,y2) = (—alo_|(s —x) +t,s,(bo_ + Plv_)(s — z) + y),
to = {4 (z — s), with ¢ a constant depending on w, k,b, P,v and o_, thus

V(t,x,y) € Q;,
e |-L_ [TFapT 3
Xeu(t,a9)] < CE T [T gt o e+ ¢)s)) ds
T

le—l a2
< O T | o e+
1
T er% . 2
o] (/x | (&**(t +dz—(c+ c’)s))2d3> }

< CT( flleo oy + Cllu™ 2@
< CT(IIfll ooy + 1/ lm-2170,7)

+ C(HUHmmO,T + ‘U|x=0|m—2,%07T)'

3.6.7 L™ estimate of the trace of u
We use the boundary condition
Hu+éu=9g—-Xju =0,

where H is the transport field (3.6.4). Since the coefficient of d; in H does
not vanish, we can propagate L regularity along the integral curves of H.
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Lemma 3.6.13.

H“I:E=OHLOO(Q;m{x:0}) S CT(HQHLOO(Q%) + HX‘*‘UHLOO(QJTF))‘ (3.6.8)
PTOOf. H = wq - 8@ - w28t~ = Hjlay — Tf)gat with ’lDQ = aw2 7é 0. The

characteristic of H containing (to, xo,yo) is (¢, z,y) = (—was, o, (s+;—g)w1+
Yo); from w vanishing in the past, we get:

Y(t,y) € Q% |u(t,0,y)| =

t
. ) t
‘/ P e (g = Xu)(—ib25,0, (s + — )in +y) ds
0 2
lelay L

<o (190 sy + X +tla=oll s @amopy )

thus
ltlo=oll Lo @z ngz=0y) < CT (9]l e (g + 1K+l Lo at))-

O
3.6.8 L estimate of u
Lemma 3.6.14.
H“HLOO(Q;) < CTHXJr“HLoo(Q;) + CHU\OUZOHLOO(QJTrﬁ{x:O})‘ (3.6.9)

Proof. When the characteristic (¢, z,y) = (ao4(x — z9) + to, ,
(boy + P'vy)(x — o) + yo) intersects the boundary {z = 0} before {t = 0},
we have, necessarily, z < %, thus:

V(t,2,y) € O, Jult,z,y)|=

‘ /Oz e @)X u(aoy (s — x) +t,s, (boy + Pluy)(s —x) +y) ds
+u(t —aoyz,0,y — (boy + Plvy)x)e "
letlagr T

< X oul, o
se aa+H +ullp (of) T€

e ‘L
ot HU‘JJZOHLOO(Q;n{x:O})'

When the characteristic intersects {t = 0} before {x = 0}, we have, from u
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vanishing in the past:

V(t,z,y) € QF, |u(t,z,y)| =

‘ / e X u(aoi (s — @) + t, 5, (boy + Pluy)(s — x) +y) ds

ao 4

lerlzz= T
S e aoy E||X+U||Lw(ﬂ¥)

Finally, Theorem 3.2.25 follows from Lemma 3.6.14, Lemma 3.6.13, Propo-

sition 3.6.12, Theorem 3.2.23 and Remark 3.5.12.

3.7 The semi-linear problem

We consider the semi-linear problem (3.2.1):

q(0r, 03, 0y)u = f+ F(.,u) x>0,
m(0, 0z, Oy)u =g+ G(.,u) =0,

with m(0, O, 0y) = 0x + B0, + v - Oy + ¢,
fin Lo(QF) N LE(HO™(QF)),
and g in L>®(Q%) N H*™(QY),
where m > 4 + %.
We assume that the (WR) condition is satisfied.

We introduce the following norms:

Definition 3.7.1.

Vu € L®(Q1) N L2(H*™(Q0)),

el oo m 0 = llull ooy + el 00

Vu € L¥(QF) N L3(H*™(QF)),

HuHoo,m,%O,T = HUHLOO(Q;) + HuHm,%O,T’

Yo € L®(Q%) n 7HO™(QY),

‘U‘oo,m,%() - H’UHLOO(QO) + ‘U‘m,’y,o’

Yo € L>®(9%) n H%™(QY),

‘U‘oo,m,%O,T - HUHLOO(Q%) + ‘v‘m,'y,O,T'

The notations O, Q°, Q}r and QOT have been introduced in section 3.2.3.

153



3.7.1 Preliminary results

Lemma 3.7.2 (Extension lemma). For allT > 0, m € N and u in L>=(QF)N
LZ(HO™(09.)), there exists u in L°° () N LE(H%™(Q0)), equal to u on Q.
and such that

0 < Cllu|

g
H oo7m7’y7 oo7m7’y707T

with C' a constant not depending on T.

Proof. The vector fields Y; tangent to the striation are given by:
Y; =07} (wdy, — kydh)
=—0lak;0 +67" Y (WPik — kbi)Oy,.
1<k<d—1

Since k # 0 (see Remark 3.2.16) and a > 0, the coefficient of 9; does not
vanish for at least one of the Y;. We can thus obtain Z; such that the Z;
generate the Y; and are generated by the Y; and

leat+d1-6y
Z,=d; 0, ¥2<j<d—1.

We perform a change of variable u(t,z,y) = v(t,x,2) = v(t,z,y — tdy) in
order to have

Zu =0y,
Oyu =0 v.
For (¢t,z,y) in Q;, (t,z,z) is also in Q;

We use a Babitch extension (see [59]). More precisely, we define ¥ such
that

S

V(t,x,2) € — 00, T] x R} x szl, (t,z,2z) =v(t,z,2)
V(t,x,z) €T, +oo[xR} x Rgfl, v(t,x,z) = Ru(t,z, 2)

= Zakv(T —k(t-T),z,z),
k=1

with a; real numbers which satisfy the condition

m

Vi=0,om—1, Y ap(~k) =1 (3.7.1)
k=1



U is well defined since, for t > T, we get T — k(t —T) < T for k=1,...,m.
0, commutes with R:

9.(Rv) = R(.v)

and O; satisfies:

Vji=0,...,m—1 0/ (Rv) = ap(—k) 0jo(T — k(t — T),=,2).
k=1

From the condition (3.7.1), the traces are equal on {t = T'}.
With u defined by

V(t,z,y) € R x RY x R a(t, z,y) = 0(t, z,y — tdy),

we get u in L®°(Q27) N Li(Ho’m(QO)) and

[l e ety + 1l 0 < € (el gy + Nl

since Z1u = 0w and Vj = 2,...,d — 1, Z;ju =d;-0yu = d; - 0,7.
O

Lemma 3.7.3 (Gagliardo-Nirenberg inequality). For all n € N and § €
N9t |§| < n, there exists a constant C > 0, depending on n,d,d, such that,
for all w € L=®(QT) N L2(H"™(Q°)),

181
n

L8l
Ioull 2 < Cllullpefon lulliyo

2
ol (0+)

Proof. This inequality is a particular case of the Gagliardo-Nirenberg in-
equalities on QT (see [29], Appendice 2). O

3.7.2 Properties of ' and G
Proposition 3.7.4. For all T > 0 and m € N,
if u is in L®(Q5) N L2(HY™(9Y.)), then
F(.;u) ds in L®(Q4) N L2(H*™(QY.)) and satisfies
HF( : ;u)Hoqm;y,O,T = C<HUHL°°(Q;)) (1 + HuHm,%O,T)’
G(.;u(0)) is in L>®(Q%) N HO™(Q%) and satisfies

|G( .3 U(O))‘oo,m,y,o,T < C(HU(O)HLoo(QOT)) (1+ ’u(o)‘m,y,O,T)'
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Proof. 1t follows from the Assumption 3.2.3 on F that F'(.;u) and 0*F(.;u)
are in L (1) and satisfy

Vo € N2 [|9°F ( ‘;U)HLOO(QJTF) < C(H“HLoo(Q;))'

For all |a| < m, v 1¢lY*(F(.;u)) is a linear combination of terms:

k
el P P(u) [[Y P, with Y 18] < ol
) =1

From Lemma 3.7.2 and the Gagliardo-Nirenberg inequality on Q; 3.7.3, we
get, for n = Zle 1Gi| <la| <m

IBZI
n,y,0,7""

Sl
T

The product ™~ Hle YHiy is thus in L?(Q7) and satisfies

o HHYBUHLQ ap) ST ""HHYﬁU\ e

+
i=1 i=1 (QT)

Sl gy el 0.
s '“‘H [erse 1
< llull= @ 1l (3.7.2)

Thus, for all |a] < m, YY(F(.;u)) is in L?(Q}), that is F(.;u) is in
L2(H%™(09.)), and

1 C sy 00 < Ol oo gz el 07

The result on G is proved similarly. O
Proposition 3.7.5. For all T > 0 and m € N,
Yu,v € L(Q4) N L2(H"™(Q5)),
15 0) = FC50) | g0 < Cllu =2
G 3u(0) = G v ()] g < Clul0) = 0(O)] 1 o

with € = C(|[u] ooy, 101l oo o)) [+ el 0.0+ W0l 0]

¢ = C(H“(O)”Lw(ﬂg)’ v(0

oo,m,y,0,17

)HLOO(QOT)) [1+ ‘“(0)‘m,7,o,T + ‘U(O)|m,w,O,T]'
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Proof. The Assumption 3.2.3 on F yields, for all o € N¢+2,

[0°F (., w) = 8*F (., 0)|| poo oy < Cllu = 0| pooart): (3.7.3)

with €' = C<H“HLO<>(Q;)7 UHLOO(QJTF))'
For all o € N1 |a| < m, ™1 (YF(.;u) = Y*(F(.;v))) is a linear

combination of terms:

m—|al (85F( Su) — 85F( . v)) H Y i,
and

m—|al 35 ZHYB yﬁz )Hyﬁjv’

=1 i<l Jg>l

with 3724 6] < fa
From (3.7.2) and (3.7.3), we get that

k
mlel (9 F (. u) — 8°F( .;v))H Yﬁz‘uHLQ(m)

< C(Hu

HLOC H“HLOO () HuHm,'y,O,T [Ju — ”HLoo(Q;)‘

Similarly as in the proof of Prop081t10n 3.7.4, we get that, for y1 = >, ; 5,
k
Yo =2 B and n= 320 [Bi < laf <m

m—|a] HO(SF( : )Eyﬂz wY? (u ];[ly ]UHL2 @)
4 J
|71l |72l I—M
<CH Hm'yOT”u vawOT“ Hm'yOTHu UHLOO Q+)
18 1—@
< Cllu=vll,2 o [Wellnmor + 1000z 1o = oll o]

< c |:H’LL - UHm,fy,O,T <HuHm,fy,0,T + HUHm,'y,O,T) Hu B UHLOO(Q;)} )

with €' = C<H“HLO<>(Q;)7 UHLOO(QJTF))'
We finally get that:
HF( .;’LL) - F( ';v)Hoom'yOT — H HL°° Q+ H HL°° Q+) |:1 + HuHm,'y,O,T
+ Hva,'y,O,T] HU - vHoo,m,’y,O,T'
The result on G is proved similarly. O
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3.7.3 Proof of Theorem 3.2.26

We solve the semi-linear problem by Picard’s iterations. The Picard’s itera-
tions are adapted to the problem, despite the loss of one derivative, because
the nonlinearity is weak enough. Let (u,),>0 be a sequence defined by iter-
ation by:

ug = 0,

for all v > 1, u,, is the solution vanishing in the past of the linear problem:

q(0, 0z, Oy)uy = f+ F(.,up—1) >0, (3.7.4a)
m(0¢, Og, Oy)uy = g+ G(.,u,—1(0)) = =0. (3.7.4b)

By induction, we obtain from Proposition 3.7.4 and from the previous
study of the linear problem:

Lemma 3.7.6. The sequence (uy),>0 is well-defined in 1L°>T N H™T.

Proof. ug is in LT nH™T. For all v > 1, if u,_q is in LT n H™T,
then, from Proposition 3.7.4, f + F(.,u,—1) (resp. g + G(.,u,—1(0))) is
in L>®°(QF) N L2(H*™(9%)) (resp. in L>®(Q%) N H*™(Q9.)). Then, from
Theorem 3.2.23 and Theorem 3.2.25, the linear problem (3.7.4) has a unique
solution vanishing in the past w,, which belongs to LT nH™T. ]

It follows from Theorem 3.2.23, Theorem 3.2.25 and Remark 3.5.12, that
u solution vanishing in the past of the linear problem (3.2.4) satisfies the
following estimate:

d—1
Vm>4+?,EIC>0,V727o,VT>O/7T%1,

HuHoo,m,'y,O,T + ‘u(o)‘oo,m,w,O,T
+ [ Xl ety + 190tll, -y 0+ [0 (0)]
<CT(|f]]

m777_17T

+|g] (3.7.5)

w7m7770’T Oo7m7770)T)‘

We deduce from this estimate:
Lemma 3.7.7. There exists 0 < Ty < T such that the sequence
([l sg im0y T [60(0)| g 0,73 Jw0 18 bounded.
Proof. For all v > 1, u, being the solution vanishing in the past of the linear

problem (3.7.4), we get from the estimate (3.7.5):

+ |u, (0)] <CT

Hu”H oo,m,y,0,T — (HfHoo,m,'y,O,T

oco,m,v,0,T"
+ HF( : ’uV_l) Hoo,m,'y,O,T + |g‘oo,m,’y,0,T + ’G( : ’u”_l(o)) ’oo,m,'y,O,T) :
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Thus, from Proposition 3.7.4
’ + |uV(O)}oo,m,'y,O,T < CT(HfHoo,m,'y,O,T + }g’oo,m,’y,O,T
+ Cl(HuV_l HLOO(Q;)) (1 + HuV_l Hm,’y,O,T + |u”_1(0> }m,'y,O,T)) :

We introduce R = HulH + ’ul(O)’

and CO = HfHoo,m,fy,O,T + |g‘oo,m;y,0,T
and we choose 77 such that

CTi(Co+ C'(R)(1+R)) <R.
We then obtain by induction that, for all v > 0,
+ |u, (0)] <R

oco,m,y,0,11 —

Uy Hoo,m,’y,O,T

Oo7m7’770’T Oovm77707T

HUV Hoo,m,'y,[),Tl

O]

Lemma 3.7.8. There exists Ty in ]0,T1] such that
(up)v>0 is a Cauchy sequence in LOO(Q;*) N LZ(HY™(QY.)), for the norm

H : Hoo,m,’y,O,T* + ‘ ! (0)‘oo,m,'y,O,T*'

Proof. For all v > 2, (u, — u,—1) is the solution vanishing in the past of the
linear problem:

q(0r, O, Oy) (uy — up—1) = F(.,up—1) — F(.,up—2) >0

m (0O, O, Oy) (uy — up—1) = G(.,up—1(0)) — G(.,up—2(0)) z=0.

We have, for all 0 < T < Ty, the estimate:

o~ el e+ I~ 6 -2)O)
< CT'(|F(- uv—1) = F(ostw2)|| gm0

+|G(., uy-1(0)) — G(. ,qu2(0))’oo,m,%gm)-

Oo7m7’y707Tl

Since (||uy| vont us (0)| 0 1, )v>0 is bounded, we get from Propo-
sition 3.7.5: S
Hu’/ - u’jfluoo,m;y,O,T’ + ‘(ul’ B ul’*l)(o)}oo,m,%O,T’ =< CT/é

(s =2l g+ (001 = 0 2) O )

with C' a constant depending on the bound
of (HUVHOOam,%Qﬂ + ‘uy(o)‘oo,m,%Qﬁ)VZO' ~
We finally choose 0 < Ty, < T} such that CT.C < 1. (uy),>0 is then a

Cauchy sequence in L (QF, )N L2(H"™ (9, )), for the norm ||. || 0T,

‘ ' (O)‘oo,m,'y,(LT*' =
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Lemma 3.7.9. (u,),>0 is a Cauchy sequence in LT NH™ T for the norm
1O, + 15K i) + 125

H ) Hoo,m,’y,O,T* ‘m;y,fl,T*

+ ‘a;t : (O>|

oo,m,’y,O,T*
m777_17T* ’

Proof. The estimate (3.7.5) leads

e = | 0,7, + 1 = 0O 0, + (XK (0 = )| e
1102 (= )y + Oy = w)O)]
<CT, (HF( 1) = P )| o
16w (0) = G O)] o)

Furthermore, from Lemma 3.7.8 and Proposition 3.7.5, (F(.,u,))u>0
(resp. (G(.,u,(0)))y>0) is a Cauchy sequence in L>®(Qf, ) N L2(H*™(QY,))
(resp. in L>(Q,) N H*™ (9, )), for the norm ||. “w7m77707T*

(resp. |. (O)|oo,m,’y,O,T*)' This finishes the proof of Lemma 3.7.9. O

We obtain from Lemma 3.7.9 that (u,),>0 converges to a limit u in
Lo T« H™ T+ for the norm H . H —|—‘ . (0)‘ —1—HX+ . HLOO(Q}. )+

Hax ' Hm,’y,—l,T* + ‘aw ' (0)‘m,'y,—1,T*'
Passing to the limit as ¥ — 400 in the problem (3.7.4), we obtain, since
F and G are continuous, that the limit u of the sequence (u,),>0 is the
solution vanishing in the past of the semi-linear problem (3.2.1).
Furthermore, from the estimate (3.7.5), we have, for m > 4 + %1 fixed
integer, the estimate:

o0,m,y,0,Tx 00,m,,0,T%

3C>0,¥y >4, VO<T <T. /[ Ty=1,
[10]] s g 07+ |12 (0)]
+ HXJFUVHLOO(Q;) + Haﬂc“VHm,y,,LT + |02y (0))

< CT(HfHoo,mN’QT +[|F(C

19l maor + |G w1 (0))

00,m,7,0,T
mf}/:*l:T

) Hoo,m,'y,O,T

oo,m,v,O,T) .
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Passing to the limit as ¥ — oo, we obtain

HuHoo,m,’y,O,T + "LL(O) ‘oo7m,’y70,T
[ X oy + (10

< CT(HfHoo,m,'y,O,T + HF( . 7u)Hoo,m,'y,O,T
+ ‘g‘oo,m,'y,O,T + ‘G( ’ ’u(0)>‘oo,m,'y707T)'

From Proposition 3.7.4 on F' and G, and taking 0 < Ty < T, sufficiently
small, we obtain:

+ [0,u(0)]

m777_17T m,%—l,T

HuHoo,m,'y,O,To + ‘u(o)‘oo,m,v,O,To
+ HX+UHL°°(Q¥O) + Haqum,'y,—l,To + ‘a$u(0){m,'y,—l,To
S HfHoo,m,'y,O,To + ’g‘oo,m,'y,O,To'

This finishes the proof of Theorem 3.2.26.

3.8 Reflection of discontinuities: Proof of Theo-
rem 3.2.27

Recall that we are given the phases
o+ =&+ +wot + ko -y, such that ¢i,—9 = o =wot +ko-y. (3.8.1)

Introduce ¥4+ = {p+ = 0} and ¥g = Xy NX_ C {z = 0}. Recall that the
fields Y; are tangent to both ¥ and ¥_ and thus to ¥g. Moreover, X is

tangent to X4 and X_ is tangent to >_.
Our goal is to study how a singularity located on X _ is reflected on 3.
For some T > 0, consider the domain

Of = {t <T,z >0} =] — 00, T]; x R} x R&L, (3.8.2)

Noticing that £ < &_, by (3.3.5), introduce the subdomains

Q1 = Q8 n{p_ <0}, (3.8.3)
Q=07 N{py <0< e}, (3.84)
Q3 = Qf N {ps >0} (3.8.5)
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On the boundary {x = 0}, introduce the subdomains

QY = Q% N {po <0}, (3.8.6)
03 = Q% N {gy > 0}, (3.8.7)

where
OF = {t <T} =] —o00,T] x RS (3.8.8)

We say that a function u is piecewise Lipschitz on Q;, [resp. Q9] if its
restrictions to the €; [resp. Q?] are uniformly Lipschitz continuous, that is
belong to the Sobolev space W1>(€);) [resp. Wl’OO(Q?)]. Such functions
have continuous traces from above and from below on ¥4 and ¥_ [resp. Y|
and we denote by [u]x, and [u]x_ the jumps of u across ¥ and ¥_ [resp.
[u]s, the jump of u across ¥|.

We now prove Theorem 3.2.27.

a) We know from the analysis of Section 3.6 that u € L>° and X ,u € L.
Differentiating twice the equation in the directions Y}, we conclude that also
Yeu € L and Y* X u € L*> when |a| < 2. Therefore, v = X u satisfies

—X_ v=f+F(.,u)+Q(Y)ue L*(QL). (3.8.9)

Next, because f is piecewise Lipschitz and X, is tangent to ¥, we see
that X, f € L* on both sides of ¥X_. Therefore, one can differentiate the
equation for v outside of X _ and

—X_(X4v) = X f + (X4 F) (- u) + (0uF) (-, u)v+ Q(Y)v € L®(QE\Z_).
(3.8.10)

Integrating along the characteristics of the outgoing field X_, yields
Xiv € L¥(QF\Z0). (3.8.11)

Therefore, together with (3.8.9) and the known L* estimates for v and the
Yjv, we see that v is Lipschitz continuous on QJTF\E,. In particular, v is
piecewise Lipschitz, [v]s, =0 and vg := v, is piecewise Lipschitz.

b) The boundary equation for ug := uj,—o reads
0 Yug+ éug — G(.,ug) =g — vp. (3.8.12)

The characteristics of © - Y reach {¢ < 0} in finite time since the coefficient
of 0; does not vanish. Moreover, they are parallel to ¥g. Therefore, since
the right-hand side is piecewise Lipschitz and, from the causality principle,
the condition ug = 0 for ¢ < 0 is satisfied, the equation (3.8.12) implies that
ug is piecewise Lipschitz.
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c) Next we use the propagation equation for u:
Xyu =, Ujp— = Up- (3.8.13)

Because v and wg are piecewise Lipschitz and X, is parallel to ¥, this
implies that u itself is piecewise Lipschitz.

d) We now investigate the equations for the jumps. Because X u=1v €
L>®(QF) and X is transverse to $_, we see that

[u]s_ = 0. (3.8.14)

From the regularity of F', we thus get [F(.,u)]s_ = 0. Similarly, since
X+Q(Y)u € L™, the traces of Q(Y)u on X_ from above and from below
in the direction of the characteristics of X are well defined, and coincide.
Therefore, taking traces on X _ in (3.8.9), yields

—X_([v]=2) = [fl=_. (3.8.15)
Moreover, since v is Lipschitz continuous on Q}\E_,
71 = ([v]s_)je=0 = [Vjz=0]x0 = [v0]50- (3.8.16)
With (3.8.12) this implies that
(0-Y + &)[uolsy — [G(-,u0)]zo = [9]50 — 21- (3.8.17)

In particular, if [g]s, = 0 and 7; # 0, then the jump [ug]y, cannot vanish
identically.
Furthermore, from u continuous across %, we get [uo]s, = ([u]x, )jz—0
Finally we take traces on X in the equation (3.8.13). Since v is bounded
and Lipschitz continuous on QF\X_, we see that [u]y, satisfies (3.2.20).
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