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(ab)1/2
>N4N?]1.^ >NOPD? "6330,! L626' 3+.!( +/! CF = 0,6 "! $#-1"!,+ D;_ <1%" &1%'" /%(! L6! .+ "-*0,!$! &\&! /1.6&!4 0,7 !"( .+ /+.!6, $6 ,+--1,( ψp $!" "6,<+!" $! -,1B!(%1' &+7%&+.!" $! .+-+,(%6.! >#3+.! F πab/4? !( $! .+ "-*0,! $! &\&! /1.6&! >πd2/4 +/! d3 = abc?4 `16" +/1'" [
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dp =
3
√
abc 7%&9;^A+".#$, !#+01$"#, ,/0. 15 0-$,= $**$, 154$01$0. 1$ *+ 35.P/1$ ".-*-,5$ 4/"# *+,,$# *$, ,51-3$0.,&R/"# *$, ,51-3$0., .D4$ ,+Q*$ $. !+*$., @"- ,/0. .#-5, W *A+-1$ 1A"0 $0,$3Q*$ 1$ .+3-,= *+ .+-**$ 1"!#+-0 $,. +#+.5#-,5$ 4+# *$ 1-+3Z.#$ 4+# #-Q*+!$ 7/0 1 +0#2 % ';& ]* /##$,4/01 W *+ .+-**$ 1$*+ 3+-**$ 1" .+3-, @"- + #$.$0" *$ !#+-0& V"-?+0. $..$ 15 0-.-/0= *$ 1-+3Z.#$ 1A"0 !#+-0 +**/0!54$". B.#$ 1-a5#$0. ,$*/0 ,/0 /#-$0.+.-/0 +" 3/3$0. 1" 4+,,+!$ W .#+?$#, *+ 3+-**$& R/"# *$,,51-3$0., 4*", 4$.-., /33$ *$, 4+#.-"*$, 1A+#!-*$= *+ .+-**$ 1$, !#+-0, $,. /Q.$0"$ 1$ ,+ ?-.$,,$1$ ,51-3$0.+.-/0& b**$ $,. 1/005$ 4+# *$ 1-+3Z.#$ 1$ ,51-3$0.+.-/0 @"- $,. *$ 1-+3Z.#$ 1A"0$,4PZ#$ +D+0. "0$ 3+,,$ ?/*"3-@"$ $. "0$ ?-.$,,$ 1$ ,51-3$0.+.-/0 -1$0.-@"$, W $**$, 1" !#+-0&C+ ?-.$,,$ 1$ ,51-3$0.+.-/0 $,. 2/0.-/0 1$ *+ .+-**$= 1$ *+ 2/#3$ $. 1$ *+ 3+,,$ ?/*"3-@"$ 1"!#+-0= 1$ *+ ?-,/,-.5 1" c"-1$= 1$ *A-0.$0,-.5 ."#Q"*$0.$= 1$ *+ 4#5,$0$ 1$ 4+#/-, $. 1" 0/3Q#$1$ 4+#.-"*$, +" ?/-,-0+!$& 7H+"1J-?-= %88>; OA$,. *+ ?-.$,,$ 1$ *+ 4+#.-"*$ @"- ./3Q$ ,/", *A$a$.1$ *+ !#+?-.5 */#,@"$ *+ 2/#$ 1$ .#+d05$ $,. 5!+*$ W *+ 2/#$ 1$ c/..+Q-*-.5& e/", +?/0, 1+0, *A$+"4/"# 1$, 4$.-., !#+-0, 7dp < 100 µ3; *+ #$*+.-/0 1$ V./J$, 7?+0 H-I0= %8>YQ; @"- ,A5#-. `

ws =
(γ − 1)gd2p

18ν
7%&Y;F
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√
2π

exp
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(
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m
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N
∑

i=1

fidi * dg =

N
∏

i=1

d fi
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 !"#$ %&' ( )*+$#,-./+-0. !#/12-3"$ )$4 3"/.+-5$4 )$ 5/ )-4+#-6"+-0. )$ 5/ +/-55$ )$4 !#/-.478$ : N 5$ .0,6#$ )$ 5/44$4 )$ !#/-.4 ;#$+/.!5$4 )/.4 5<2-4+0!#/,,$= > di 5$ )-/,?+#$ ,0@$.)$4 !#/-.4 )$ 5/ 5/44$ i > fi 4/ A#*3"$.$&B/ A#*3"$.$ fi $4+ 5$ #/110#+ )$ 5/ ,/44$ )$ !#/-.4 0.+$."4 )/.4 5/ 5/44$ i $+ )$ 5/ ,/44$ +0+/5$)$ 4*)-,$.+&
fi =

mi

N
∑

i=1

mi

;%&%C=78$ mi 5/ ,/44$ )$4 !#/-.4 0.+$."4 )/.4 5/ 5/44$ i&B$ )-/,?+#$ d50 0##$410.) D 5<*!/5-+* ;%&%%=&
0,5 =

i50
∑

i=1

mi

N
∑

i=1

mi

;%&%%=78$ i50 5<-.)-$ )$ 5/ 5/44$ )$ )-/,?+#$ d50&E. !*.*#/5F 5$4 )-/,?+#$4 d50 $+ dm 40.+ )-G*#$.+4& H0"+$A0-4F 4- 5/ )-4+#-6"+-0. )" )-/,?+#$ $4+A/-65$,$.+ /.+-4@,*+#-3"$F -54 40.+ /11#0I-,/+-8$,$.+ *!/"I&B$4 )-/,?+#$4 d50F dm $+ dg .$ #$.4$-!.$.+ 1/4 5/ A0#,$ )$ 5/ )-4+#-6"+-0. )" )-/,?+#$& J$55$K-$4+ $4+-,*$ 1#-.-1/5$,$.+ 1/# +#0-4 !#/.)$"#4 3"- 40.+ 5<*/#+K+@1$ $+ 5$4 0$L-$.+4 )</4@,*+#-$; !"#$"  = $+ )</15/+-44$,$.+ ;!%&'( ) =& B<*/#+K+@1$ ,$4"#$ 5/ )-41$#4-0. )$ 5/ +/-55$ )$4 !#/-.4$+ 0,,$ 10"# 5$ )-/,?+#$ ,0@$.F 15"4-$"#4 )* .-+-0.4 )$ 5<*/#+K+@1$ $I-4+$.+ :( 5<*/#+K+@1$ /#-+2,*+-3"$ σa 3"- $4+ 1$" "+-5-4* :
σ2a =

N
∑

i=1

fi (di − dm)2 ;%&%M=( 5<*/#+K+@1$ !*0,*+#-3"$ σg :
(lnσg)

2 =

N
∑

i=1

fi

[

ln

(

di
dg

)]2 ;%&%N=%%



 !"#%&'(')*+ σφ ,-. +/' 0%/# /-& !% 1&%23+-& φ 4
σ2φ =

N
∑

i=1

fi (φi − φm)2 5 φm =
N
∑

i=1

fiφ 67879:;+/ #%&'(')*+/ σg +' σφ /<2' !.#/ *%& !% &+!%'.<2 σg = 2σφ 8 6=+ >?>+5 2<-/ %@<2/ dg = 2φm 8:;% 3./'&.0-'.<2 3+ !% '%.!!+ 3+/ 1&%.2/ 3- /#3.>+2' +/' <2/.3#&#+ <>>+ -2.A<&>+ /. !"#%&'(')*+1#<>#'&.,-+ σg +/' .2A#&.+-& B 1,358;+/ <+C.+2'/ 3"%/)>#'&.+ +' 3"%*!%'.//+>+2' /<2' !+/ ><>+2'/ 3"<&3&+ 3 +' 3"<&3&+ 4 3+ !%3./'&.0-'.<28 D!/ >+/-&+2' !"#%&' 3+ !% 3./'&.0-'.<2 *%& &%**<&' B !% !<. 2<&>%!+ 3+ ;%*!%+(E%-//,-. /"#&.' 4
f(x) =

1

σX
√
2π

exp

[

−1
2

(

x−Xm

σX

)2
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Sk =
1

2
(d75 + d25 − 2d50) 6787K:G@+ Sk

√

d75/d258 3+1&# 3+ !%//+>+2' √
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d∗ = d
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(γ − 1)g

ν2

]1/3 4565789( 1 < d∗ ≤ 10:
u∗cs =

4

d∗
ws 4565;89( d∗ > 10:
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Re =

ud4R

ν
D Fr =

ud√
gh
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uf (z) =

u∗
κ
ln

(

z

z0

) ;<2X<?Z4! κ +. ()'$.)$! -! 4() \]%&M) ;κ ≃ 0,4? !$ z0 +. +():"!"% .%.$,%*'$*E"! -! %":('*$,2K. +():"!"% -! %":('*$, z0 -,/!)- -! +. ).$"%! -! +. ("8! +*&*$! $"%L"+!)$!2 ^* +. ("8! +*&*$!$"%L"+!)$! !'$ 8R-%."+*E"!&!)$ +*''!D +. +():"!"% -! %":('*$, z0 !'$ /%(/(%$*())!++! M +6,/.*''!"%-! +. '("'7("8! 4*'E"!"'! δ′ !$ )("' .4()' 1
δ′ = 11,6

ν

u∗
D z0 =

δ′

107
= 0,108

ν

u∗
;<2XX?K. +(* +(:.%*$8&*E"! ;<2X<? -!4*!)$ '("' +. V(%&! .-*&!)'*())!++! 1

u+ =
1

κ
ln

(

z+
)

+ 5,5 ;<2XJ?Z4! u+ = uf (z)/u∗ !$ z+ = zu∗/ν2 .)' +. '("'7("8! 4*'E"!"'!D +. 4*$!''! uf !'$ /%(/(%$*())!++! M z !$ )("' .4()' 1
u+ = z+ ;<2XC?<_



 ! "#!#$%&' (%!) &*) $+,+-$*)' &% /01* &+2+3* *)3 14($%0&+50*2*!3 $0"0*0)*' 6*)3787(+$* &% 1%073*0$ (*) $0"/)+3#) k *)3 )09#$+*0$* 8 10δ′ *3 +& !64 % 9%) (* )/0)7/01* ,+)50*0)*: ;6*<9#$+*!*+!(+50* 9/0$ &% &/!"0*0$ z0 &% $*&%3+/! =>:?@A
z0 =

k

30,2
=>:?@A*3 &% &/+ &/"%$+312+50* *)3 (/!!#* 9%$ &% $*&%3+/! =>:?BA:

uf (z)

u∗
=
1

κ
ln

(z

k

)

+ 8,5 =>:?BA;% 1%03*0$ (*) $0"/)+3#) k *)3 %))+2+&#* 8 &% 1%03*0$ (* $0"/)+3# #50+,%&*!3* (* C+D0$%()* 50+*)3 !/3#* ks *3 50+ *)3 9$/9/$3+/!!*&&* %0 (+%2-3$* (0 "$%+!: E1&+13+!" =>FBGA 2/!3$* 50* &%$0"/)+3# %0"2*!3* %,* &% /29%+3# (0 &+3: H&0)+*0$) *<9$*))+/!) (* ks I%)#) )0$ &*) 50%!3+&*)(* &% (+)3$+I03+/! )/!3 9$/9/)#*): H/0$ 0! &+3 (* )%I&* 9&%3' JD*$) *3 K1+3* =>FLMA +!(+50*!3
ks = 1,25 d35' N%12//( =>FL>A' ks = 5,1 d84:  +!)3*+! *3 O%$I%$/))% =>F@?A 9$*!!*!3 ks = d65*3  !"*&0!( *3 P%!)*! =>FBLA 1/+)+))*!3 ks = 2 d65: ,%! Q+R! =>FS?A $*9/$3* 0!* )#$+* (* ,%&*0$)/29$+)*) *!3$* d90 *3 10 d90: T& 3$/0,* 506*! 2/4*!!* &% 1%03*0$ ks *)3 #"%&* 8 3 d90: U+/&&*3  !"#$ =?GG?A 03+&+)*!3 ks = 3 d90: V%!) &*) 2/(-&*)' &% $0"/)+3# ks *)3 W<#* 8 dp /0 8 2 dp:;% &/+ &/"%$+312+50* =>:?>A *)3 )3$+3*2*!3 ,%&+(* )*0&*2*!3 9/0$ z > 30ν/u∗ *3 z < 0,2h: &&* /!)3+30* *9*!(%!3 9/0$ (* !/2I$*0< /0$) (6*%0' 0!* %99$/<+2%3+/! $%+)/!!%I&* 9/0$(#$+$* &* 9$/W& (* ,+3*))* 8 3$%,*$) 3/03* &% )*3+/!: =X$%Y *3 J&3+!%D%$' ?GGG Z X%$+%' ?GGLA: H%$/!)#50*!3' *&&* *)3 /220!#2*!3 03+&+)#*:;% [/!* )+30#* *!3$* &% )/0)7/01* ,+)50*0)* *3 &% [/!* \ &/"%$+312+50* ] *)3 %99*&#* &% [/!*3%29/! =%&' ( #") (A *3 &% ,+3*))* 2/4*!!* uf 9*03 4 ^3$* *)3+2#* 9%$ &% $*&%3+/! (* Q*+1%$(3=>F@>A =_)1+R+2%' >FFSA `

u+ =
1

κ
ln

(

1 + κz+
)

+ 7.4

[

1− exp

(

−z
+

11

)

− z+

11
exp(−0,33z+)

] =>:?LAH/0$ z > 0,2h' &* 9$/W& (* ,+3*))* !6*)3 9&0) &/"%$+312+50* *3 &% ,+3*))* uf (#9*!( (* &% ,+3*))*2%<+2%&* Umax:  &&* 9*03 ^3$* %&0&#* *! 03+&+)%!3 &% $*&%3+/! 9$/9/)#* 9%$ X$%Y *3 J&3+!%D%$=?GGGA:
Umax − uf (z)

u∗
= 9,6

(

1− z

h

)2 =>:?SAa/&*) =>F@BA /I)*$,* 50* &6#%$3 8 &% &/+ &/"%$+312+50* *)3 )+2+&%+$* 8 *&0+ /I)*$,# (%!) 0! )+&&%"**3 +& 9$/9/)* &% &/+ (* )+&&%"* =>:?FA =Q%0(D+,+' >FFS Z X$%Y *3 J&3+!%D%$' ?GGGA:
Umax − uf (z)

u∗
=
1

κ
ln

(

z

zmax

)

+
Π

κ
ω

(

z

zmax

) =>:?FAJ,* ` zmax &% (+)3%!* %0 &+3 /b &% ,+3*))* uf *)3 2%<+2%&* Z Π &* 9%$%2-3$* (* )+&&%"* (* a/&*) Z
ω &% Y/!3+/! (* )+&&%"* 50+ *)3 (/!!#* 9%$ &6#50%3+/! =>:MGA `

ω

(

z

zmax

)

= 2cos2
(

π

2

z

zmax

) =>:MGA;* 9%$%2-3$* (* )+&&%"* Π $*9$#)*!3* &6#%$3 2%<+202 *!3$* &* 9$/W& &/"%$+312+50* *3 &* 9$/W&(* ,+3*))* *3 +& +!(+50* &6+!3*!)+3# (0 )+&&%"*: T& *)3 Y/!3+/! (0 "$%(+*!3 (* 9$*))+/! &/!"+30(+!%&:V%!) &* %) (*) #/0&*2*!3) 0!+Y/$2*) &+))*) *3 $0"0*0<' (%!) 0! %!%& (* Y%+I&* 9*!3* =*$ $%,* (*) Y%+I&*) "$%(+*!3) (* 9$*))+/!A' &* 9%$%2-3$* Π ,%$+* (* −0,1 8 0,3 *3 X$%Y *3 J&3+!%D%$=?GGGA )0""-$*!3 (* 9$*!($* Π ≃ 0,2: H/0$ (*) #/0&*2*!3) (* /01* &+2+3* %,* 0! "$%(+*!3(* 9$*))+/! !0&' &* 9%$%2-3$* Π *)3 #"%& 8 G'@@: =P+![*' >FL@A: ;% (+)3%!* zmax *)3 *! "#!#$%&+!Y#$+*0$* 8 &% 1%03*0$ (6*%0 8 %0)* (0 Y$/33*2*!3 (* &6*%0 )0$ &6%+$: a*9*!(%!3' (%!) (*) %!%0<>B



 !"# $%&'(# )B/h & 5 %*( B $% $%&'(,&  , %-%$.  %-# $(#/,($# $012,$(3(-" 4(," 5"&( %##!3!$1 6,- 12,$(3(-" 7! !3(-#!2--($8 -2,# %*2-# zmax ≃ h )9&%: (" ;$"!-%<%&8 =>>>.? @%-# $(# %-%,A/,! -( #2-" 4%# "&B# $%&'(# )B/h < 5.8 234"( "(-,  (# 12,$(3(-"# #(2- %!&(#8 $%  !#"%-( zmax(#" 1'%$( 6 0,75h )C!2$$("  ! "#$8 =>>=.?D-( %,"&( &(4&1#(-"%"!2-  , 4&2E$  ( *!"(##( (#" $% $2! 4,!##%-( /,! #01&!" #2,# $% :2&3( )F?GF.)H%, <!*!8 FIIJ.
uf (z)

u∗
=
m

κ

( z

h

)1/m )F?GF.K&%- "$ ,"!$!#( m = 7?L% *!"(##(  ( :&2""(3(-" u∗ (#" 2-#! 1&1(  %-# $% 4$,4%&"  (# 32 B$(# 233( $( 4%&%3B"&( 6,"!$!#(& 42,&  1&!&( $( 32,*(3(-"  (# '&%!-#? K%&  1E-!"!2-8 -2,# %*2-# M
u∗ =

√

τ0
ρ

)F?G=.;*( τ0 $% 2-"&%!-"(  ( :&2""(3(-" 6 $% #,&:%(  , $!"?L% 31"N2 ( $% 4$,# #!34$( 42,& %$,$(& $% *!"(##( u∗ 2-#!#"( 6 #,442#(& $012,$(3(-" ,-! !3(-O#!2--($ (" -2&3%$ )%$ $ #"%"!2--%!&(8 ,-!:2&3( ("  %-# $(/,($ $% 4(-"(  ( $% $!'-(  ( N%&'( (#"1'%$( 6 $% 4(-"(  , $!".? @%-# (# NP42"NB#(#8 $% *!"(##( u∗ (#"  2--1( 4%& $% &($%"!2- )F?GG. M
u∗ =

√

gRS0 )F?GG.;*( S0 $% 4(-"(  , $!"?Q! $012,$(3(-" -0(#" 4%# -2&3%$8 $% &($%"!2- (#" %44&2A!3%"!*(3(-" *1&!E1( (- &(34$%R%-" $%4(-"(  , $!" 4%& $% 4(-"(  ( $% $!'-(  ( N%&'(? L% *!"(##(  ( :&2""(3(-" u∗ 4(," %,##! 5"&(27"(-,(  ( $% :2&3,$(  ( S(!#7%NO@%&P 1"%7$!( 42,&  (# 2- ,!"(#? T$$( #01&!" M
u∗ =

√

f

8
Uf )F?GU.;*( Uf $% 32P(--(  ( $% *!"(##( V,! ( uf #,& $% N%,"(,&  0(%, (" f $( 2(W!(-"  ( :&2""(3(-"2,  ( 4(&"(  ( N%&'(?L( 2(W!(-" f  14(-  , -237&(  ( H(P-2$ # ("  ( $% &,'2#!"1 &($%"!*( 4%& &%442&" %, &%P2-NP &%,$!/,(? X$ (#"  1"(&3!-1 6 4%&"!&  ( $0%7%/,(  ( Y22 P 2,  ( :2&3,$(# (34!&!/,(# ):2&3,$( ( Z2$(7&22<8 $2!  ( ZN1[P8 $2!  ( Y%--!-'OQ"&!<$(&. M :? 4%& (A(34$( 9&%: (" ;$"!-%<%& )=>>>.)44? \= ] J\. (" C!2$$("  ! "#$ )=>>=. )44? ===]==U.? H%, <!*! )FIIJ. 4&242#( $% &($%"!2- )F?G^. #!$% 2,N( $!3!"( ",&7,$(-"( (#" NP &%,$!/,(3(-" &,',(,#(?

1√
f
= 2,03 log

(

4R

k

)

+ 0,91 )F?G^.L(# 1/,%"!2-# 4&11 (-"(# :2,&-!##(-" ,-( (#"!3%"!2-  ( $% *%$(,& 32P(--(  ( $% *!"(##( V,! (("  ( $% 2-"&%!-"(  ( :&2""(3(-"? _& $012,$(3(-" (#" ",&7,$(-" (" $(#  (,A '&%- (,&# V,",(-"%,"2,&  ( $(,& *%$(,& 32P(--(? `([, )FI\\. 32-"&( /,( $(# !-"(-#!"1#  (# V,",%"!2-#  ( *!O"(##( #2-" !- 14(- %-"(#  , -237&(  ( H(P-2$ # Re ("  , -237&(  ( a&2, ( Fr? X$  1"(&3!-((A41&!3(-"%$(3(-" $(,& (A4&(##!2- #! 0,1h < z < 0,95h M
√

u′2

u∗
≃ 2,30 exp

(

− z
h

) 8 √

v′2

u∗
≃ 1,63 exp

(

− z
h

) 8 √

w′2

u∗
≃ 1,27 exp

(

− z
h

) )F?Gb.;*( u′8 v′ (" w′ $(# V,",%"!2-#  ( *!"(##(  %-# $(#  !&("!2-# x8 y (" z?F\
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u′ "& w′ =78 !( /+&2-'" '"% J.('0()&%>8 I"% +6+)"/")&% -)& '"% "<"&% '$<+0")&% %.0 !" /-'" '" ! #$%&
$&# ,-#$%&$&(-,. $&# ,-#$%&

'(  )
u′

w′

%+#(-,.
 ! #$%&' u′ < 0A w′ > 0'(  )' u′ > 0A w′ < 0%+#(-,. $&# ,-#$%&' u′ > 0A w′ > 0$&(-,. $&# ,-#$%&' u′ < 0A w′�& '. &O3" !-:5)-0/(!" -. :(//(8
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 !"#$%&' #()*"'+", !" #$%&'!" %()*$"+$, %)-!*#+,!,- '!" $,%+-+$," %()$/'!#!,- 0/+ $**!"1$,%!,- 2/ "!/+' %()*$3"+$, %/ '+-4 52," '2 1'/12*- %!" #$%&'!"6 '!" #)2,+"#!" 7 '($*+8+,! %/ #$/9!#!,- %!" 8*2+," "$,-%)*+-" !, /-+'+"2,- '2 9+-!""! %! :*$--!#!,-4 ;!--! <=1$-<&"! 2112*2>- ?-*! '2 @$,,!4 5(2/-*!"#$%&'!" ABC/'"-*D#6 EFGH I J2,86 EFKGL *!1$"!,- "/* '2 9+-!""! %! M/+%! #$=!,,! Uf 4 N* '2 9+3-!""! %! :*$--!#!,- ,(!"- 12" $,"-2,-! 1$/* /,! 9+-!""! Uf %$,,)!6 !''! %)1!,% %! '2 "!-+$, %/2,2'4 O2* !P!#1'!6 !''! %+#+,/! '$*"0/! '2 <2/-!/* %(!2/ 2/8#!,-!4 ;!1!,%2,-6 !" #$%&'!" 0/+*!1$"!,- "/* %!" $!Q+!,-" !#1+*+0/!" :$/*,+""!,- %!" *)"/'-2-" "2-+":2+"2,-"4  2 :$*#! %!" *+39+&*!" )9$'/! 1!/ !- 1$/* /,! 9+-!""! Uf 6 '2 9+-!""! %! :*$--!#!,- !"- "!,"+@'!#!,- '2 #?#! %(/,!*+9+&*! 7 '(2/-*!4 R+,"+6 !" #$%&'!" "$,- $/*2##!,- /-+'+")" 12* '!" +,8),+!/*" 2* '2 9+-!""! Uf!"- /,! %$,,)! 1'/" :2+'!#!,- %+"1$,+@'! 0/! '2 9+-!""! %! :*$--!#!,- u∗q+ )82' 7 10−4 29! q+ = qt/dpu∗ !- qt '! %)@+- 9$'/#+0/! %! ")%+#!,-"-*2,"1$*-)" 12* '2*8!/* %/ 2,2'4 O2*W!*  ! "#$ AEF^XL %)T,+""!,- '! *211$*- "2," %+#!,"+$, W _
W =

(γ − 1)gqt
u3∗

AX4EL 2 $,-*2+,-! %! :*$--!#!,- *+-+0/! !"- 2'/')!6 12* +,-!*1$'2-+$, $/ 12* !P-*21$'2-+$,6 "!'$,/,! #)-<$%! "+#+'2+*! 7 !''! %! U<+!'%" AEFGVL '$*"0/! W = 0,0024 `''! !"- 211!')! $,-*2+,-!%! :*$--!#!,- %! *):)*!,! !- ,$-)! τrn %! 8*2+," %)1'2)" 12* /,+-) %! "/*:2! !- 12* /,+-) %! -!#1"4EF



 ! "!#$%& '% ()*+&$ n &-.-/%$ )&&$01)('!(. !% 0$%-# '23&)0-)( '31$(' '$0 !%.$%&04 5$-## $.6!#-( 789:9; 1&)1)0$(. '$ <=$& #$ ()*+&$ n &-.-/%$ )**$ 0%-.4
N = 10−6 > N =

n d3p
u∗

7?4?;@)%& A%0.-<$& #23B!#-.3 7?4?;> 5$-## $. 6!#-( 789:9; -('-/%$(. /%$ #$ ()*+&$ N "!%. 10−5 #)&0/%$ #!"-.$00$ '$ C&)..$*$(. $0. 3B!#$ D #! "!#$%& &-.-/%$ C)%&(-$ 1!& #$ &-.E&$ '$ FG-$#'04 H#0 *)(.&$(.1!& !-##$%&0 D 1!&.-& '2%($ !(!#I0$ '-*$(0-)(($##$> /%$ #$ ()*+&$ 0!(0 '-*$(0-)( N $0. %($C)(.-)( '$ '$%= ()*+&$0 0!(0 '-*$(0-)(> #$ ()*+&$ '$ J$I()#'0 Re∗ $. #$ 1!&!*E.&$ '$ FG-$#'0
θ4

Re∗ =
dpu∗
ν

> θ =
ρu2∗

(ρs − ρ)gdp
7?4K; $ 1!&!*E.&$ '$ FG-$#'0 &$1&30$(.$ #$ &!11)&. $(.&$ #$0 C)&$0 '30.!+-#-0!.&-$0 7C)&$0 '$ .&!L(3$$. '$ 1)&.!($; $. #$0 C)&$0 0.!+-#-0!.&-$0 7C)&$ '$ M)..!+-#-.3;4  $ &-.E&$ '$ 5$-# $. 6!#-( 789:9;$0. %.-#-03 '!(0 #2$!% $. '!(0 #2!-&4 N!-0 #$0 1!&!*E.&$0 '$ FG-$#'0 &-.-/%$0 )+.$(%0 !"$ $ &-.E&$0)(. '-O3&$(.0 '!(0 #$0 '$%= *-#-$%=4 P( $O$.> 0- #$ ()*+&$ n $0. -'$(.-/%$> ()%0 !")(0 Q

θcE =

√

ρE
ρs − ρE

ρs − ρA
ρA

θcA ≃ 1600 θcA 7?4R;S"$ Q θcE #$ 1!&!*E.&$ '$ FG-$#'0 '!(0 #2$!% T θcA #$ 1!&!*E.&$ '$ FG-$#'0 '!(0 #2!-& T ρE #! *!00$")#%*-/%$ '$ #2$!% 7ρE = 1000 UB4*−3; T ρA #! *!00$ ")#%*-/%$ '$ #2!-& 7ρA = 1 UB4*−3; T ρs #!*!00$ ")#%*-/%$ '% 03'-*$(. /%- $0. -- 1&-0$ 3B!#$ D 2650 UB4*−34V!($I  ! "#$ 7?WW?; '3"$#)11$(. %( &-.E&$ +!03 0%& #! 1&)+!+-#-.3 )('-.-)(($##$ Γ '2$(.&!L($X*$(. '% B&!-( 0!G!(. /%2%( 3"3($*$(. .%&+%#$(. 02$0. 1&)'%-.4 Y$##$X- $0. $=1&-*3$ $( C)(.-)('% ()*+&$ '$ B&!-(0 '31#!30 1!& %(-.3 '$ .$*10> n′ $. '$ #! 13&-)'$ *)I$(($ '2!11!&-.-)( '$03"3($*$(.0 .%&+%#$(.0> I 4 V!($I  ! "#$ 7?WW?; *)(.&$(. 1)%& '$0 .$*10 '2)+0$&"!.-)( #)(B0 Q
Γ =
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I 7?4Z;S"$ ns #$ ()*+&$ '$ B&!-(0 '-01)(-+#$0 D #! 0%&C!$ '% #-.4 ! "!#$%& &-.-/%$ Γc $0. '3.$&*-(3$ '$ C![)( /%$ #$0 &-.E&$0 '23&)0-)( $=-0.!(.0 7&-.E&$0 '$FG-$#'0 789K:; $. '$ 5$-## $. 6!#-( 789:9; 1!& $=$*1#$; 0)-$(. "3&-<304  $0 $=13&-$($0 -('-/%$(.

Γc = 3,58.10−54 Y$..$ "!#$%& )&&$01)(' D N = 2,78.10−64\%$##$ /%$ 0)-. #2!11&)G$ %.-#-03$> #! '3<(-.-)( '% 0$%-# '23&)0-)( $0. 0%+A$.-"$4  ! "-.$00$ '$C&)..$*$(. &-.-/%$ '31$(' '!(0 #! 1&$*-E&$ !11&)G$ '$ #! *3.G)'$ '2$=.&!1)#!.-)( $. '$ #!"!#$%& '% .&!(01)&. *-(-*!# G)-0-$0 7C4 1!& $=$*1#$ #23.%'$ '$ ]-#)U $. F)%.G!&' 789^^;;4V$ *_*$> $##$ $0. #-3$> '!(0 #$0 &-.E&$0 '$ 5$-## $. 6!#-( 789:9; $. '$ V!($I  ! "#$ 7?WW?;> D #!"!#$%& &-.-/%$ '$ N $. '$ Γ4 `&> )**$ #! "!#$%& '% .&!(01)&. *-(-*!#> $..$ "!#$%& $0. <=3$1#%0 )% *)-(0 !&+-.&!-&$*$(. 1!& #$0 !%.$%&04 a%bB.)( $. N)(.B)*$&I 7899c; ().$(. /%$ #$0&-.E&$0 +!030 0%& #$ ()*+&$ '$ B&!-(0 '31#!30 0)(. 1$% %.-#-0304 ! "#$%&' $' ()*+' ,-./01 $ *)'E#$ '$ ]G-.$ 789RW; C!-. 1!&.-$ '$0 *)'E#$0 '-.0 !(!#I.-/%$0 7a&-'B$ $. a$(($..> 899? Td!*$0> 899W;4 Y$%=X- '3.$&*-($(. #23)%#$*$(. /%- *$. $( *)%"$*$(. %( B&!-( -0)#3 D #! 0%&C!$'% #-.4  $ B&!-( $0. 0%11)03 -(-.-!#$*$(. $( 3/%-#-+&$ 0%& '2!%.&$0 B&!-(0 7'$%= )% .&)-0 $( C)(.-)('$ #! '-*$(0-)( '% *)'E#$;4 F! *-0$ $( *)%"$*$(. 0$ C!-. '$ '$%= C![)(0 Q 1!& .&!(0#!.-)( )%1!& &).!.-)(4  $ B&!-( $0. $(.&!L(3 1!& .&!(0#!.-)( #)&0/%$ #! C)&$ $=$&3$ 1!& #$ M%-'$ '$"-$(.0%13&-$%&$ D #! C)&$ /%- *!-(.-$(. #$ B&!-( 0%& #$ #-.4  ! 1&$*-E&$ C)&$ $0. )(0.-.%3$ '$0 C)&$0?W
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L0,#! ;7: M 4-.! !& 4),A!4!&"  , 0#$-& ($# #)"$"-)&0#$-&3  !. 4)4!&".  !. 2)#!.  ! "#$%&'! !"  ! =)""$K-/-"' !<(#-4'. G ,&  !. ()-&".  ! )&"$"$,"),#  ,+,!/ /! 0#$-& !." .,(().' "),#&!#7 H6-"! 8:EIJ> 6)-.-"  ! #!(#'.!&"!# /! 4)4!&"  ! /$2)#!  ! "#$%&'! !<(#-4' $, ()-&"  ! )&"$"  ! /$ 2$N)& .,-A$&"!7
MD = βρu2∗(πa

2
p)ap cosα 8;7O>PA! 1MD /! 4)4!&"  ! /$ 2)#!  ! "#$%&'! Q ap /! #$D)&  , 0#$-& Q β ,& ($#$4@"#!7?B$&0/! α !."  'L&-  $&. /$ L0,#! ;7:7 ?! ($#$4@"#! β 4) '/-.! /!. !R!". +,- &! .)&" ($. (#-. !&)4("! ($# !""! #!(#'.!&"$"-)& .-4(/!  ! /$ 2)#!  ! "#$%&'! )44! ($# !<!4(/! /!. !R!". /-'. G/$ ",#K,/!&! !" /!. !R!". /-'. G /$ ().-"-)& #'!//!  , ()-&"  B$((/-$"-)&  ! /$ 2)#!7 ?! 4)4!&" ! /$ 2)#!  ! =)""$K-/-"' MG $, ()-&"  ! )&"$" .B'#-" 1

MG =
4πa3p
3

(ρs − ρ)gap sinα 8;7S>?B'0$/-"'  !. 4)4!&". MD !" MG /)#.  ! /$ 4-.! !& 4),A!4!&"  , 0#$-& (!#4!" G H6-"!8:EIJ>  !  '"!#4-&!# /B!<(#!..-)& 8;7T>  ! /$ A-"!..!  ! 2#)""!4!&" #-"-+,! u∗c .,.!("-K/!  !2$-#! K),0!# /! 0#$-&  !  -$4@"#! dp7
u∗c = B

√

(γ − 1)gdp 3 B =

√

2 tanα

3β
8;7T>?$ A-"!..!  ! 2#)""!4!&" #-"-+,! u∗c $(($#$%" (#)()#"-)&&!//! G √

dp7 U$0&)/ 8:EI:> #!"#),A!!<('#-4!&"$/!4!&" ! #'.,/"$"7 C$&. /B!$,3 !""! #!/$"-)& !." .$"-.2$-"! .- /!  -$4@"#!  !. ($#V"-,/!. !." .,('#-!,# G J3OW 44 1 /! ($#$4@"#! B !." $/)#. '0$/ G J3;7 C$&. /B$-#3 &),. $A)&.
u∗c ≃ 0,1

√

(γ − 1)gdp .- dp > 0,1 447 8X$, Y-A-3 :EET>7;:
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2
f = F1

(

a1,
dpuf
ν

)

ρd2pu
2
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uf
u∗

= 5.75 log

(

a2dp
k

)

+
(a2dp)u∗

ν
= 5.75 log a2 + F2(Re∗) =H7>RBI:! Re∗ *! -/.N#! '! O!4-/*'+ N3+9 +,# *3 :$%!++! '! ;#/%%!.!-%7E3-+ !+ )40/%)&+!+F *3 ;/#! !<!#9! 03# *! G,$'! +29#$% /..! ,-! ;/-%$/- '!+ ;3%!,#+ a1 !%

a2 !% ', -/.N#! '! O!4-/*'+ Re∗ J
FD = ρd2pu

2
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θc ∝ Re−1∗ E,. U-W26&& E !"X- 4297@0 7% 2<&7(464 )3Y<20%4 Z &3 0,7 < Re∗ < 2*
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!"#$!%& '!('(&)& '*! +(,,%-..% /012345 6*, 7"8, /019:*4 %# ;<."%, /011:4= 6*, 7"8, /019:*4 !%."%.% '*!*>$#!% ?% @A"%.?& !"#"B<% *< ?"*>$#!% &*,& ?">%,&"(, d∗ B<" %&# ?(,,) '*! .C)B<*#"(,/D=0E4=
d∗ = d

[

(γ − 1)g

ν2

]1/3 /D=0E4F% !"#$!% (G#%,< '*! 6*, 7"8, /019:*4 %&# '!)&%,#) ?*,& .% #*G.%*< D=H=@" d∗ ≤ 4 θc = 0,24 d−1∗@" 4 < d∗ ≤ 10 θc = 0,14 d−0,64∗@" 10 < d∗ ≤ 20 θc = 0,04 d−0,10∗@" 20 < d∗ ≤ 150 θc = 0,013 d 0,29
∗@" d∗ > 150 θc = 0,055#*G.%*< D=H I !"#$!% ?% @A"%.?& '!('(&) '*! 6*, 7"8, /019:*4

θri ?%& .*&&%& ?%& M!*",& (>'(&*,# .%&)?">%,# %, K(,#"(, ?< ?"*>$#!% &*,& ?">%,&"(, d∗id50 (< .% ?"*>$#!% >(Z%, *!"#A>)#"B<% dm= Y!(^## %# @<#A%!.*,? /01934(,&"?$!%,# B<% .% ?"*>$#!% ",6*!"*,# %&# ",K)!"%<! (< )M*. *< ?"*>$#!% d50 %# B<C". '%<# %&#">)%, <#"."&*,# .% #*G.%*< 3=9= V<A,.% /01134 #!(<6% <, !)&<.#*# ?"_)!%,# '(<! .* !"6"$!% `((?a",X!%%T= F% ?"*>$#!% ",6*!"*,# %&# &<')!"%<! *< ?"*>$#!% d50 ?< &)?">%,# ?< ."#= b(<#%K("&5 .*M!*,<.(>)#!"% ?% % &)?">%,# %&# !%.*#"6%>%,# ?"&'%!&)% %# .* ?"&#!"G<#"(, ?% .* #*"..% ?%& M!*",&L .* &<!K*% %&# ?"_)!%,#% ?% %..% ?< &)?">%,# ?< ."#= F% ?"*>$#!% ",6*!"*,# &C*6$!% %, K*"# ?*,&% *& .)M$!%>%,# ",K)!"%<! *< ?"*>$#!% d50 ?< &)?">%,# ?% .* &<!K*%5 M!*,?%<! B<" *''*!*c# ""'.<& '%!#",%,#%= D:
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 !"#$ %&' ( )*+,"-.+/ 0" 12#234-#$ 0$ 56.$,07 0$ #)8)#$/$ θri $/ 8+/-.+/ 0" 0.234-#$ d∗i 0"!#2./ :;.,+< $- 5+"-62#0= >?@@A/+3 2"-$"#7 dm :33A σgBCDE ;.,+< $- 5+"-62#0 :>?@@A >=@F >=>G
1/2 φ ;.,+< $- 5+"-62#0 :>?@@A >=@% >=H>
1 φ



 !"$% &' ($)'*+,- ./0112 ',$)3&4' 5$), "&6 67-!8&4'6 $46!-7,76 -+46 "& '+9"&+) :;< =)& "+,&"+'!$4 θri = f(di/d50) 6>&?5,!8& 6$)6 "+ @$,8& ->)4& "$! 5)!66+4& A
θri = α

(

di
d50

)β .:;/12B3& β )4 $&C!&4' =)! &6' $85,!6 &4',& −0,809 &' 1,091;B!46!D "&6 "+66&6 -& E,+!46 $85$6+4' "& 67-!8&4' 6$4' 8!6&6 &4 8$)3&8&4' +55,$?!8+'!3&8&4'F "+ 8G8& $4',+!4'& -& @,$''&8&4'; H& ,76)"'+' $46'!')& "& $4&5' -!'  !"#$ %&'($()* =)! &6'!4',$-)!' 5+, I+,%&,  ) #$+ ./01:2 &' =)! !85$6& β = 1; (&"$4 J"&!4*+46 &' 3+4 K!L4 .:MM:2 &'-& N!4+,&6 &' O&""&)-P .:MMQ2D & $4&5' 6>+55"!=)& "$,6=)& "&6 5+,'!)"&6 -& -!R7,&4'&6 '+!""&66$4' ,75+,'!&6 +"7+'$!,&8&4' -+46 "& "!' .&4 5+,'!)"!&, F 6+ 6),@+&2D $88& -+46 "&6 67-!8&4'6-& -!6',!9)'!$4 )4!S8$-+"&; N& 6&)!" ->7,$6!$4 -& '&"6 67-!8&4'6 &6' -7'&,8!47 &4 $46!-7,+4' "+8!6& &4 8$)3&8&4' -&6 E,+!46 -& -!+8T',& U 8$P&4 V =)! &6' &4 @$4'!$4 -&6 +)'&),6 "& -!+8T',&8$P&4 +,!'*87'!=)& dm $) "& -!+8T',& 87-!+4 d50;W+46 "&6 67-!8&4'6 9!S8$-+)? .87"+4E&6 -& 6+9"& &' -& E,+3!&, 5+, &?&85"&2D "&6 E,+!46 4& 6$4' 5+68!6 &4 8$)3&8&4' F "+ 8G8& 3!'&66& -& @,$''&8&4' &' !" &?!6'& )4 ',+465$,' 5+,'!&" =)! &6' $8S5$676 5+, "&6 5")6 5&'!'6 E,+!46; N& $4&5'  !"#$ %&'($()* 4>&6' 5")6 37,!X7; N+ XE),& :;Y 8$4',&">73$")'!$4 -& "+ 3!'&66& -& @,$''&8&4' -& ,7@7,&4& u∗ri -&6 "+66&6 -& E,+!46 -+46 -&6 87"+4E&6-& 6+9"& &' -& E,+3!&,D 73$")'!$4 =)! &6' -7'&,8!47& 5+, J)*4"& ./00Z2 &4 "+9$,+'$!,& &' -+46 "+,!3!T,& [$$-\!4 H,&&%; N&6 "+66&6 $46'!')7&6 5+, "&6 E,+!46 -& 6+9"& .0,2 ≤ di ≤ 2 882 6$4'
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di %#( :01# :)'"'"+%0')#D1% 0! :)':')(,'"  % <)!8,%) %#( +<!0% ; K5P-.! :)':')(,'"  % <)!8,%) 3'1  % #!A0%7 ,"R1% +<!0%&%"( #1) 0%# :J+"'&*"%#  % #'1#B %( #1)%9:'B#,(,'"- 3I1J"0%? KLLM S T,0'U  ! "#$? 455K7 .')#D1% 0! :)':')(,'" %" #!A0%  ,&,"1%? 0! &'A,0,(+ %# :!)(,10%#  % #!A0%  ,&,"1% %( 0! '"()!,"(%  % F)'((%&%"( ),(,D1% τci )%0!(,8% ; 0! 0!##%  % ,!&*()% di  ,&,"1%- .% "'&A)%  % :!)(,10%#  % #!A0% :)'(+<+%#  %)),*)% 1"% :!)(,10%  % <)!B8,%) )'G(- V"8%)#%&%"(? 0')#D1% 0! :)':')(,'"  % #!A0% !1<&%"(%? 0! '"()!,"(% τci`47 )%:*)%"( +<!0%&%"(  %#A!" %#  % #!A0% #1) 0%# 0,(#  %# ),8,*)%# ="!U% %( Y0%!)a!(%)- V0# )%&!)D1%"( D1% 0! :)+#%"%  %%# A!" %# !1<&%"(% 0! )+#,#(!"%  %# 0,(#  % <)!8,%) ; 0@+)'#,'"-H!"# 0%# #+ ,&%"(# :'1) 0%#D1%0# ,0 %9,#(% 1" ()!"#:')( :!)(,%0? 0% #%1,0  @+)'#,'"  1 0,( "% :%1(:!# E()%  +Z", ; :!)(,)  1  ,!&*()% &'2%"- b" <+"+)!0? 0%# <)!,"#  1 #+ ,&%"( #'"( #+),+# %"0!##%# %( :'1) J!D1% 0!##%? 1"% '"()!,"(%  % F)'((%&%"( ),(,D1% τci 3)%0!(,8% !1  ,!&*()% di7%#(  +(%)&,"+%- .! &'A,0,(+  %# <)!,"#  !"# 1" #+ ,&%"(  ,#:%)#+  +:%" "'" #%10%&%"(  % 0%1)(!,00% di &!,# !1##,  % 0! (!,00%  %# :!)(,10%# #1) 0%#D1%00%# ,0# #'"( :'#+# %( D1,  +Z",( 0%1) &'A,0,(+)%0!(,8%- .! &'A,0,(+ )%0!(,8% %#( 0,+% ; 0!  ,#(),A1(,'"  % 0! (!,00%  %# <)!,"# %( 0% :01# #'18%"()%:)+#%"(+% :!) 0%# )!::')(# di/dm %( di/d50- .%# +(1 %#  % T,0'U 3KLL47 %( I1J"0% 3KLLM7#1) 0%# &+0!"<%# A,B&' !19 &%((%"( +<!0%&%"( %" +8, %"% 0% )�0%  %# &' %#- d)',# :!)!&*()%#:%)(,"%"(# #'"( !,"#, , %"(,Z+%# e 0!  ,C+)%"%  %# (!,00%#  %#  %19 &' %#? 0! :)':')(,'"  % <)!,"#'"(%"1#  !"# J!D1% &' % %( 0! :)':')(,'"  % <)!,"#  %# 0!##%# #,(1+%# %"()% 0%#  %19 &' %#-_'1) %# )!,#'"#? 0! '"()!,"(%  % F)'((%&%"( ),(,D1% τci "% :%1( :!# E()%  +(%)&,"+% :!) 0% ),(*)% % =J,%0 # %(  %# &' *0%# #:+,ZD1%# #'"( +(!A0,#-b<,!f!)'C 3KLgO7 '"#, *)% 1"% :!)(,10% #:J+),D1% #1) 1" !))!"<%&%"(  % <)!,"#  %  ,!&*()%#8!),!A0%#  !"# 1" +'10%&%"( :0%,"%&%"( (1)A10%"( %( 'A(,%"( 0@%9:)%##,'" !"!02(,D1% 34-KL7-
θci =

0,1

[log (19di/d50)]
2 34-KL746



 !"#$#%&' ()*+,- ./"0"12 3 0# 40#2 6. 6"#78/%2 d50 02 6"#78/%2 d̄avg 9 :2 6"#78/%2 d̄avg 6;/2%7"<20# %.!&1"/; 6. 0"/ 2< &<1"6;%#</ 3 0# =&"1 0# !%#<.0&7;/%"2 6. 1;6"72</ 6. 0"/ 2/ 0# !%#<.0&7;/%"26. 1;6"72</ 2< 7&.>272</ 4&.% 02 6;?"/ @."62 &<1"6;%;9 :# 7;/A&62 62 #0.0 2740&B;2 <&.1#44#%#C/ #112$ &?1.%2 2/ 20# 2D40"E.2 42./FG/%2 4&.%E.&" 0# 4%;12</#/"&< 62 2//2 =&%7.02 6#<1 0#0"//;%#/.%2 (H#.6I">"J )**K L M.  ! "#$J NOOO L P02"<A#<1 2/ >#< H"Q<J NOON- %24&12 1.% 02 6"#78/%2
d50 6. 1;6"72</ 6. 0"/9P&7#% ()*KR- (H#.6I">"J )**K- 7&</%2 2< ./"0"1#</ 021 6&<<;21 62 S#B ()*KO- E.2 0# %20#/"&<2</%2 θci 2/ di/d50 6;42<6 62 0T;#%/F/B42 !;&7;/%"E.2 σg9 U0 /%&.>2J 4&.% .< 1;6"72</ =#"?0272</6"142%1; #>2 d50 = 0,42 77 2/ σg = 1,82J 0T2D4%211"&< (N9NO- 6. 4#%#78/%2 θci V

θci =
0,075

[log (17di/d50)]
2 (N9NO-2/ 4&.% .< 1;6"72</ 6"142%1; #>2 d50 = 1,75 77 2/ σg = 4,28J 0T2D4%211"&< (N9N)- V

θci =
0,051

[log (29di/d50)]
2 (N9N)-M"0&I 2/ W&./A#%6 ()*KK- <&/2</ #. &</%#"%2 E.2 02 4#%#78/%2 62 WA"2061 θri <2 6;42<6 4#162 0T;#%/F/B42 !;&7;/%"E.2J 12.0272</ 6. %#44&%/ di/d509 :# 6"1/%"?./"&< 62 0# /#"002 621 !%#"<1621 /%&"1 1;6"72</1 ./"0"1;1 6#<1 021 2D4;%"2<21 21/ .<"F7&6#029 :2 6"#78/%2 7&B2< >#./ 2<>"%&<)JK 77 2/ 0T;#%/F/B42 σg >#%"2 62 )J) 3 N9 (:21 1;6"72</1 1&</ 6;1"!<;1 4#% 021 /2%721 XYZUJ

1/2 φ 2/ 1 φ 6#<1 02 /#?02#. N9+9-M.  ! "#$ (NOOO- 6;>20&442</ .< 7&6802 #<#0B/"E.2 ?#1; 1.% 0# 4%&?#?"0"/; phi E.2 02 !%#"< 626"#78/%2 di 1&"/ 4%&/;!; 62 0T;&.0272</ 2/ 1.% 0# 4%&?#?"0"/; pei E.T"0 1&"/ 2D4&1; (phi + pei = 1-9:2 4#%#78/%2 62 WA"2061 %"/"E.2 21/ 6&<<;2 4#% 0# %20#/"&< 274"%"E.2 (N9NN-9
θci = 0,03

(

pei
phi

)−0,6 (N9NN-[>2 V
phi =

N
∑

j=1

phij J pei =

N
∑

j=1

peij (N9N\-
N 02 <&7?%2 62 0#1121 62 !%#"<1 6#<1 02 1;6"72</9
phij 21/ 0# 4%&?#?"0"/; E.2 02 !%#"< 62 6"#78/%2 di 1&"/ 4%&/;!; 4#% 02 !%#"< 62 6"#78/%2 dj 2/
peij 0# 4%&?#?"0"/; E.2 02 !%#"< 62 6"#78/%2 di <2 1&"/ 4#1 4%&/;!; 4#% 02 !%#"< 62 6"#78/%2 dj 9:21 4%&?#?"0"/;1 phij 2/ peij 1&</ 6;/2%7"<;21 2< &<1"6;%#</ 62.D !%#"<1 62 6"#78/%21 di 2/ dj4&1;1 �/2 3 �/2 V 02 !%#"< 62 6"#78/%2 di 21/ 4%&/;!; 4#% 02 !%#"< 62 6"#78/%2 dj 1" 0# A#./2.%6T2D4&1"/"&< ∆i 21/ <;!#/">2 (=9 ^!.%2 N9,-9 :# A#./2.% 6T2D4&1"/"&< ∆i E." 21/ &74%"12 2</%2
−dj 2/ di 21/ " %&'(&' .<2 >#%"#?02 #0;#/&"%2 #% 0# 6"14&1"/"&< 621 !%#"<1 6#<1 02 0"/ 21/ #0;#/&"%29M.  ! "#$ (NOOO- 1.44&12 E.2 0# 6"1/%"?./"&< 62 0# !%#<62.% ∆i 21/ .<"=&%72 2/ 0# 4%&?#?"0"/; E.20# !%#<62.% ∆i 1&"/ <;!#/">2 21/ ;!#02 3 dj/(di + dj)9 :# 4%&?#?"0"/; phij 21/ ;!#02 #. 4%&6."/ 620# 4%&?#?"0"/; E.T.< !%#"< 62 6"#78/%2 dj 1&"/ 62>#</ .< !%#"< 62 6"#78/%2 di (1.44&1;2 ;!#02 3 0#=%;E.2<2 fj- 2/ 62 0# 4%&?#?"0"/; E.2 0# !%#<62.% ∆i 1&"/ <;!#/">29 :T2D4%211"&< 62 0# 4%&?#?"0"/;
peij 21/ &?/2<.2 62 =#_&< 1"7"0#"%29 Z&.1 #>&<1 #0&%1 V

phij = fj
dj

di + dj
J peij = fj

di
di + dj

(N9N`-[>2 fj 0# 4%&4&%/"&< 62 !%#"<1 62 6"#78/%2 dj 6#<1 02 1;6"72</9S#<1 021 7;0#<!21 62 1#?02 2/ 62 !%#>"2%J 0# 6"1/%"?./"&< 62 0# /#"002 621 !%#"<1 4%;12</1 3 0#1.%=#2 6. 0"/ 21/ 2< !;<;%#0 6"';%2</2 62 2002 6. 1;6"72</9 a&.% 2//2 %#"1&<J M"0&I 2/ b%&c2(NOO\- 4%&4&12</ .< 7&6802 ?#1; 1.% 0# !%#<.0&7;/%"2 6. 1;6"72</ 3 0# 1.%=#29 :2 4#%#78/%2NK



 "#$%&%'()*+,' i)*+,' j∆i

-)#*% ./0 1 2 -',(,"' 2% $+ 3+#(%#* 24%56"7,(,"' ∆i 89#  ! "#$: .;;;<2% =3,%$27 *,(,>#% θci %7( %56*,& %' ?"'(,"' 2# 2,+&@(*% &"A%' dsm 2# 7 2,&%'( 2% $+ 7#*?+%%( 2# 6+*+&@(*% 2% =3,%$27 *,(,>#% θcsm "**%76"'2+'( B % 2,+&@(*% "&&% 7#,( C
θci = θcsm

(

di
dsm

)β−1 : β =
0,67

1 + exp

(

1,5− di
dsm

) 8./.0<9,$"D %( ="#(3+*2 8.;;E< &"'(*%'( >#% $% 6+*+&@(*% 2% =3,%$27 θcsm 2 6%'2 2% $+ 6*"6"*(,"'
Fs 2% 7+F$% B $+ 7#*?+%/ G$7 2 (%*&,'%'( 7"' %56*%77,"' B 6+*(,* 2% * 7#$(+(7 %&6,*,>#%7 C

θcsm = 0,021 + 0,015 exp(−20Fs) 8./.H<I% 6+*+&@(*% 2% =3,%$27 *,(,>#% θci %7( +#77, 2 -', (*@7 7"#J%'( B 6+*(,* 2# 6+*+&@(*% 2% =3,%$2*,(,>#% θcm >#, "**%76"'2 +# 2,+&@(*% K &"A%' L 2# 7 2,&%'( 8dm: d50< %( #'% *%$+(,"' 2#(A6% 8./.M< %7( 6*"6"7 %/
θci = ξiθcm 8./.M<

ξi %7( #' ?+(%#* "**%(,? >#, %7( 2 7,)' 7"#7 $% (%*&% %&'&()* +,-./0 1/(!&-(/ G$ &"2 $,7%:%'(*% +#(*%7: $%7 63 '"&@'%7 2% 7"#7N %( 7#*%56"7,(,"'7/ I% 6+*+&@(*% θcm %7( 2 2#,( 2# *,(@*%2% =3,%$27 "'?"*& &%'( +#5 %56 *,%'%7 2% O,7*,  ! "# 8PQRS<: 2% 9,$"D %( ="#(3+*2 8PQRR<:2% T#3'$% 8PQQE< >#, ,'2,>#%'( >#% $% 2,+&@(*% ,'J+*,+'( %7( $% 2,+&@(*% &"A%'/U% '"&F*%#7%7  (#2%7 7"'( * +$,7 %7 +-' 2% 2 (%*&,'%* $+ 2 -',(,"' %( $4%56*%77,"' 2% $+ ?"'N(,"' ξi/ V"#* #'% *%J#% F,F$,")*+63,>#%: '"#7 6"#J"'7 '"#7 *%6"*(%* +#5  (#2%7 2% W#X')("'%( O"'()"&%*A 8PQQM< %( 2% T$%,'3+'7 %( J+' Y,Z' 8.;;.</ I%7 (*+J+#5 2% [),+\+*"] 8PQH0<?"#*',77%'( #'% 6*%&,@*% %56*%77,"' +'+$A(,>#% 2% $+ ?"'(,"' ξi/
ξi =

[

log 19

log (19di/d50)

]2 8./.R<^+F,(#%$$%&%'(: $+ ?"'(,"' ξi %7( 2 *,J % 2% 2"'' %7 %56 *,&%'(+$%7 %( 74 *,( "&&% #'% $",6#,77+'% 2# *+66"*( di/d50/ _,'7,:
ξi =

(

di
d50

)β 8./.Q<`%, ,&6$,>#% τci = τc50(di/d50)
β+1/=%$"' $%7 2"'' %7 *%#%,$$,%7 6+* W#X')("' %( O"'()"&%*A 8PQQM<: $% 6+*+&@(*% β %7( "&6*,7%'(*% −0,32 %( −1,25/ I"*7>#% β = −1: $%7 6+*(,#$%7 7% &%((%'( %' &"#J%&%'( B $+ &a&%.Q



!"#$%&"#' (' )$!##'*'"#+ ,'-# .' !"'/#  !"#$ %&'($()*0 1!$-23' β < −1+.% !"#$%&"#' (' )$!#4#'*'"# $&#&23' ('- /'#&#- 5$%&"- '-# -3/6$&'3$' 7 '..' ('- 5$!- 5$%&"-+ .% *!8&.&#6 '-# &"9'$-6'0:.'&";%"- '# 9%" <&=" >?@@?A $'.B9'"# 23' ,'-# /%$)!&- .' %- /!3$ .'- -%8.'- #$B- C"-0 1' #%8.'%3?0D &"(&23' 23'.23'- 9%.'3$- (3 /%$%*B#$' β 3#&.&-6'- (%"- .% .&##6$%#3$'0 E-;&(% '# F&;&3'%3#'3$- β dm >**A σg1'!/!.( '# G**'## >HIDJA −0,86 1,25 3,48:3;".' >HIIKA −0,81 11,7 1,87L&.!M '# FE$('.. >HIIKA −0,45 2,6 5,87F&-$&  ) #$+ >HINOA −1,0 2,4 2,00#%8.'%3 ?0D P 9%.'3$- (' /%$%*B#$' β 3#&.&-6'- (%"- .% .&##6$%#3$' >Q3R"5#!" '# F!"#5!*'$S>HIIDA>HID?A *!"#$'"# /!3$ ('- .&#- (' -%8.' 23' .% $'.%#&!" '"#$' ξi '# di/dm '-# (&T6$'"#' /!3$ .'-/'#&#- '# 5$!- 5$%&"-0 U.- #$!39'"# /!3$ di/dm ≤ 0,4 .% )!"#&!" ξi -3&9%"#' V
ξi = 0,843

(

di
dm

)−1 >?0K@AW!3$ di/dm > 0,4+ .% )!"#&!" ξi '-# (!""6' /%$ .,623%#&!" >?0KHA0
ξi =

[

log 19

log (19di/dm)

]2 >?0KHA

K@



σg < 1,3I4 5'" -$+( /+(!)J!+/) '! ()*+",$)( "*+" %/#!+"/$+ φ %0Z+/ $##! "./(4
φ =

qt
√

(γ − 1)gd3p

<D4AI=J! qt '! %01/( J$'.#/X.! %! "0%/#!+(" ()*+",$)(0" ,*) .+/(0 %! '*)7!.)4 $)"X.! '* %/"()/1.(/$+ %. %/*#&()! %. 7)*/+ !"( %/",!)"0!@ '! %/*#&()! dp !"( )!#,'*0 ,*) '!%/*#&()! : #$L!+ ; <dm@ d50I4[/($+" ,$.) "$+ $)/7/+*'/(0 '!" ()*J*.6 %! F/+"(!/+ <ABQRI X./ )!,$"! ".) '* ,)$1*1/'/(0 X.3.+7)*/+ "$/( #/" !+ #$.J!#!+(4 W$." ,$.J$+" +$." )!,$)(!) ,$.) .+! %!")/,(/$+ %! !" ()*J*.6*.6 '/J)!" %! S*.%>/J/ <ABBUI <,,4 ADB\AP]I !( %! ^)*- !( ='(/+*>*) <]RRRI <,,4 DCH\DU]I4 !"!" #$%&'( %( )(*(+,-(.(+ (. )/''(+ 0"1234 ! #$%&'! %! K!L!)MN!(!) !( KO''!) <ABPUI %0(!)#/+! '! ()*+",$)( ,*) 9*))/*7! !( $#,(! (!+.%!" %$++0!" !6,0)/#!+(*'!" .(/'/"0!" <3 ≤ dp ≤ 29 ##I@ /' !"( ,)0$+/"0 ,$.) ,)0%/)! '! ()*+",$)(%! 7)$" "0%/#!+("4  ! %01/( %! "0%/#!+(" !"( !6,)/#0 $##! '* %/Y0)!+! %!" $+()*/+(!" %!-)$((!#!+( τ0 − τc *J! τc '* $+()*/+(! %! -)$((!#!+( )/(/X.!4  * %/Y0)!+! τ0 − τc $))!",$+%_ '* $+()*/+(! %! -)$((!#!+( : %/",$+/1'! ; ,$.) '! ()*+",$)(4 W$." *J$+"
φ = 8 (ξmθ − θc)3/2 <D4]I=J! 8 θc '! ,*)*#&()! %! `9/!'%" )/(/X.! X./ !"( Z60 ,*) K!L!)MN!(!) !( KO''!) _ R@RPC E ξm .+,*)*#&()! %! ).7$"/(0 <^)*- !( ='(/+*>*)@ ]RRRI 8
ξm =

(

Ks

K ′
s

)3/2 <D4DIDA



Ks  !" #$ %&'(!)"* "("$# +& #)"  " K ′
s #$ %&'(!)"* #)* $&, '%$)-!. / ! + &, %&'(!)"*! !(-" *0$#&* !% !1 ")0 3 -" 1$% #$ 4(%3&# + 5$--)-'67"%)8# %  " 1$% #$ 4(%3&# + 7"%)8# % 9:;*(&# 3 -" !" !&11(!* <=+%$&#)>& 3 -" %&'& &,.?.

Ks =
Uf

R3/2S
1/2
f

@ K ′
s =

26

d
1/6
90

9A.B?C0  D Sf #$ 1 -" + #$ #)'- + <$%' E Uf #$ 0)" !! 3(= -- E R # %$=(- <=+%$&#)>& .: 1$%$3F"% + %&'(!)"* ξm  !" (31%)!  -"% G@AH  " I 9J$&+8)0)@ IKKL E M%$4  " C#")-$8$%@NGGG?. M%$4  " C#")-$8$% 9NGGG? % (33$-+ -" + 1% -+% @  - #;$O! - + +&- ! !&% # #)"@ ξm = 1.:;$11%(< +*0 #(11* +$-! # 3(+F# + 5 = %6P " %  " 5Q## %  !" &")#)!* *'$# 3 -" 1$% R&S(=! 9ILTK?@ 1$% 7<(8#)"!< 9IKAB?  " 1$% U %-$-+ V6:&>&  " 0$- S  8 9IKTB?. P$%  , 31# @U %-$-+ V6:&>&  " 0$- S  8 9IKTB? 1%(1(! -" #$ % #$")(- 9A.H? >&)  !" O$!* !&% # &%! %*!&#"$"! ,1*%)3 -"$&, 9'%$)-! + 4(%3 !  " + 3$!! ! 0(#&3)>& ! +)W*% -" !? D
φ = α (θ − θc)3/2 @ α = 5,7 9A.H?J)OO %)-8 9IKKL? 9X# )-<$-!  " 0$- J)Y-@ NGGN? (-!)+F% >& # 4$" &% α +*1 -+ +& +*O)" + !*+)3 -"!. Z# % (33$-+ + 1% -+% α = 5,7 1(&% + ! 1 ")"! +*O)"!@ α = 8 1(&% + ! +*O)"!)-" %3*+)$)% !  " α = 13 1(&% + ! '%$-+! +*O)"!. !"!# $%&'() &) *+,)(-+& ). /0+1)+ 2"3456[-' #&-+  " \$-! - 9IK]T? $11#)>& -" #;$11%(< 1%(1(!* 1$% S$'-(#+ 9IKH]? 1(&% +*" %3)- %# +*O)" + !*+)3 -"! "("$# qt. R$-!  "" $11%(< @ # +*O)" + !*+)3 -"!  !" )31(!* 1$% #$1$%" &")# + #;*- %') +)!1(-)O# +$-! #;*(&# 3 -". [-' #&-+  " \$-! - 9IK]T? (-!)+F% -" # "%$-!1(%" + !*+)3 -" $&6+ !!&! +;&- +&- >&) % (&0% #$ !&%4$ +& #)". : "%$-!1(%"  !" #)*^ #;*- %') % >&)! 1(&% >& # ! '%$)-! 1$!! -" $&6+ !!&! + #$ +&- . C0   ! (-!)+*%$")(-!@[-' #&-+  " \$-! - 9IK]T? (O") -- -" #; ,1% !!)(- 9A.]? >&) +(-- # +*O)" qt.

fφ = 0,1 θ 5/2 @ 9A.]?C0  D f # ( _) -" + 4%("" 3 -" D
f =

2ghSf
U2
f

=
2g

C2
9A.T?

C # ( _) -" + /<*V=  " h #$ <$&" &% +; $&.:$ % #$")(- 9A.]?  !" $#)O%* ^ 1$%")% + +(--* !  ,1*%)3 -"$# ! *"$O#) ! $0  + ! 3*#$-' ! + !$O# 4$)O# 3 -" +)!1 %!*!. : -(3O% + J =-(#+! Re∗ +$-! # !  ,1*%) - !  !" !&1*%) &% ^IN. J$&+8)0) 9IKKL? -(" >& #$ 4(%3&# 4(&%-)" + ! %*!&#"$"! !$")!4$)!$-"! +;&- 1$%"@ #(%!>& #; !")3$")(- +& ( _) -" C !;$11&) !&% + ! (O! %0$")(-! )-6!)"&  " +;$&"% 1$%"@ #(%!>& # "%$-!1(%"  - !&!1 -!)(-  !" !)'-)`$")4. !"! $%&'() &) 79):1 ). ;<=.) 2"35 6: 3(+F# + C8 %!  " a<)" 9IKTA? $#&# # +*O)" "("$# + !*+)3 -"! "%$-!1(%"*!@ )# ") -"(31" 1(&%  #$ + #;)-b& - + #$ "$)## + ! '%$)-! !&% # 3(+ + "%$-!1(%" 9<$%%)$' (&!&!1 -!)(-?. C8 %!  " a<)" 9IKTA? !&11(! -" >& # ! '%(! '%$)-! !(-" "%$-!1(%"*! 1$% <$%%)$' @>& # ! 1 ")"! '%$)-!  - !&!1 -!)(-  " >& # ! '%$)-! + "$)## )-" %3*+)$)% ! #(- # ! + &, 3(+ !.: ! 3*$-)!3 ! ^ #;(%)')- + ! + &, "=1 ! + "%$-!1(%" - !(-" 1$! # ! 3c3 !  " )#! !(-" +*%)"!1$% + ! '%$-+ &%! +)W*% -" !. : "%$-!1(%" 1$% <$%%)$'  !" (-"%�#* 1$% #$ 0)" !! + 4%("" 3 -"AN



u′∗  !" #$% &"'# ( &) *!+,$"%' -!# )!. +*)"/$0 1# %*)/$2,*% #/ $!$2#/$",/ -'2#/- -# &) 3"%#$$# -#4*,%%#5#/% 6 %,%)&# 7 u∗01# -'8"% -# $'-"5#/% #$% -'9/" -)/$ &# 5,-:&# 2)* &# /,58*# $)/$ -"5#/$",/ Ggr #% "& #$% -,//'2)* &;' !)%",/ <=0>?0
Ggr = C

(

Fgr

A
− 1

)m @ Ggr =
qt

Ufdp

(

u∗
Uf

)n <=0>?A3# C Fgr &# 2)*)5:%*# -# 5,8"&"%' C
Fgr =

un∗
√

(γ − 1)gdp

[

Uf

321/2
log

(

αh

dp

)]n−1 <=0D?
α@ n@ A@ C@ m -#$ ,#E"#/%$ -# )&"8*)%",/01# 2)*)5:%*# Ggr *#2*'$#/%# &# *)22,*% -# &) 2!"$$)/# !%"&# )! %*)/$2,*% -# $'-"5#/%$ #% -#&) 2!"$$)/# 4,!*/"# 2)* &;',!&#5#/%0 1# 2)*)5:%*# -# 5,8"&"%' Fgr $;"-#/%"9# )! 2)*)5:%*# -#FG"#&-$0 F) 3)&#!* *"%" !# #$% -,//'# 2)* &# ,#E"#/% A0 F" 4 < d∗ < 60@

A ≃ θc <=0HI?F" d∗ < 4@
A < θc <=0HH?1# ,#E"#/% α #$% '3)&!' ( 2)*%"* -# 5#$!*#$ -)/$ -#$ ',!&#5#/%$ %!*8!&#/%$ GJ-*)!&" !#5#/%*!+!#!. #% $) 3)&#!* #$% 9.'# ( 100 1# ,#E"#/% n "/-" !# &) /)%!*# -! %*)/$2,*% C $" &# %*)/$2,*%$# 4)"% 2)* G)**")+#@ n = 0 K $;"& #$% #/ $!$2#/$",/@ n = 10 1#$ ,#E"#/%$ A@ C #% m $,/% -'-!"%$#/ !%"&"$)/% -#$ 5'%G,-#$ -;,2%"5"$)%",/0 1#!* #.2*#$$",/ -'2#/- -# &) %)"&&# -! +*)"/ d∗ #% -#&) /)%!*# -! %*)/$2,*%0 1#$ #.2'*"#/#$ $,/% *')&"$'#$ )3# -#$ $'-"5#/%$ -# -"$%*"8!%",/  !)$"L!/"4,*5# -,/% &# -")5:%*# d∗ #$% ,52*"$ #/%*# H #% HII0M,!* &#$ +*,$ +*)"/$ <d∗ ≥ 60?@ &# %*)/$2,*% $# 4)"% 2)* G)**")+# #% &# 2)*)5:%*# -# 5,8"&"%' Fgr$;'*"% )3# n = 0 C

Fgr =
u′∗

√

(γ − 1)gdp
@ u′∗ ≡

Uf

321/2
log

(

αh

dp

) <=0HN?1#$ ,#E"#/%$ A@ C #% m $,/% ,/$%)/%$ #% $,/% -,//'$ 2)* &;' !)%",/ <=0H=?0
A = 0,17 @ C = 0,025 @ m = 1,50 <=0H=?M,!* &#$ +*)"/$ -# %)"&&# "/%#*5'-")"*# <60 > d∗ ≥ 1?@ &# %*)/$2,*% $# 4)"% 2)* G)**")+# #%#/ $!$2#/$",/0 1# ,#E"#/% n #$% ,52*"$ #/%*# I #% H #%  !)/%"9# &) 2*,2,*%",/ -# +*)"/$%*)/$2,*%'$ $#&,/ !/ -#$ -#!. 5,-#$0 O,!$ )3,/$ C

n = 1− 0,56 log d∗ <=0HP?1#$ ,#E"#/%$ A@ C #% m $,/% -#$ 4,/%",/$ -! -")5:%*# d∗@ "&$ $,/% -'%#*5"/'$ #/ !%"&"$)/% &)*#&)%",/ <=0HQ?0
A =

0,23√
d∗

+ 0,14 @ logC = 2,86 log d∗ − (log d∗)
2 − 3,54 @ m =

9,66

d∗
+ 1,34 <=0HQ?1#$ 2#%"%$ +*)"/$ <d∗ < 1? $,/% %*)/$2,*%'$ #/ $!$2#/$",/0 R,52%# %#/! -#$ -,//'#$ #.2'*"5#/L%)&#$ !%"&"$'#$@ "& /;#$% 2)$ 2,$$"8&# ( AS#*$ #% TG"%# <HDU=? -# -'%#*5"/#* &#$ ,#E"#/%$ A@ C#% m0 ==



 !"!# $%&'() &) *+, -./, 0"12#3 ! "#$%&! $! '() *+,) -./01(2325 !67 8) "#$%&! 9 $!8: #8;!6 <= >& $?7!@"+)! &! $?3+7 qb$!6 6?$+"!)76 7@()6A#@7?6 A(@ ;(@@+(B! !7 &! $?3+7 qs $!6 6?$+"!)76 7@()6A#@7?6 !) 6(&7(7+#)=  !7@()6A#@7 A(@ ;(@@+(B! !67 #)67+78? $()6 &! "#$%&! $!6 6?$+"!)76 C8+ @#8&!)7 !7 B&+66!)7 &! &#)B $!&( 68@D(! $8 &+7 !7 $!6 6?$+"!)76 7@()6A#@7?6 !) 6(&7(7+#)=  ! 7@()6A#@7 A(@ ;(@@+(B! !67 &#(&+6?$()6 8)! E#)! A@#;! $! &( 68@D(! $8 &+7 $F?A(+66!8@ δb=  ! $?3+7 qb $!6 A(@7+8&!6 7@()6A#@7?!6A(@ ;(@@+(B! $?A!)$ $! &( #)!)7@(7+#) cb !) A(@7+8&!6 $()6 !77! E#)!2 $! &F?A(+66!8@ δb !7 $!&( '+7!66! "#G!))! ub $!6 A(@7+8&!6= >& !67 $?H)+ #""! 68+7 I
qb = δbubcb -J=.K5L'! qb &! $?3+7 A(@ 8)+7? $! &(@B!8@= F?A(+66!8@ δb !67 (66+"+&?! M &( ;(87!8@ "#G!))! $!6 @!3#)$6 $!6 B@(+)6 -N)! '(&!8@ "+)+"(&!!67 H:?! M 2dp5= '() *+,) -./01(5 "#)7@! M A(@7+@ $F8)! ()(&G6! $+"!)6+#))!&&! C8! &!6 @(AA#@7

δb/dp !7 ub/u∗ !7 &( #)!)7@(7+#) cb $?A!)$!)7 $! $!8: )#"3@!6 6()6 $+"!)6+#)2 &! A(@("%7@!$! "#3+&+7? T !7 &! $+("%7@! d∗=  ! A(@("%7@! $! "#3+&+7? T !67 $#))? A(@ &F?C8(7+#) -J=.O5=
T =

u′∗
2 − u2∗c
u2∗c

-J=.O5L'! u′∗ &( '+7!66! $! D@#77!"!)7 &+?! M &( @8B#6+7? $8! (8: B@(+)6= F!:A@!66+#) $!6 B@()$!8@6 δb !7 ub !67 $?@+'?! $! &( 6+"8&(7+#) )8"?@+C8! $8 @!3#)$ $F8) B@(+)68@ &! &+7=  F?C8(7+#) $! "#8'!"!)7 $8 B@(+) 87+&+6?! !67 (&+3@?! M A(@7+@ $!6 !:A?@+!)!6 $!P!@)()$!EQ 8C8! !7 '() R!!S -./OK5 -D= &! A(@(B@(A;! .=K=J $()6 &( A(@7+! T5=  ( #)!)7@(7+#)
cb !67 #37!)8!2 !) D#)7+#) $! T !7 $! d∗2 $! "!68@!6 $8 $?3+7 qb !7 $!6 !:A@!66+#)6 $! δb !7 ub='() *+,) -./01(5 $?$8+7 $! !6 @?68&7(76 &F!:A@!66+#) -J=.05 $8 $?3+7 6()6 $+"!)6+#) φb=

φb = 0,053
T 2,1

d 0,3
∗

2 φb =
qb

√

(γ − 1)gd3p

-J=.05U#8@ (&8&!@ &( '+7!66! u′∗2 '() *+,) -./01(5 A@#A#6! &F!:A@!66+#) -J=./5=
u′∗ =

√
g Uf

C ′
-J=./5L'! C ′ &! #!V+!)7 $! W;?EG &+? M &( @8B#6+7? $!6 B@(+)6=

C ′ = 18 log

(

12Rb

3d90

) -J=TX5
Rb !67 &! @(G#) ;G$@(8&+C8! &+? (8 &+7 C8+ !67 (&8&? 6!&#) &( "?7;#$! $! Y()#)+QR@##S6 -Z8&+!)2.//15= ! 7@()6A#@7 !) 686A!)6+#) $?A!)$ $8 A(@("%7@! Z C8+ C8()7+H! &F+"A#@7()! $!6 D#@!6 [8+$!78@38&!)7!6 $()6 &( $+@!7+#) '!@7+(&! '+6QMQ'+6 $! &( D#@! $! [#77(3+&+7?=  ! A(@("%7@! Z !67$?H)+ #""! 68+7=

Z =
ws

βκu∗
-J=T.5L'! ws &( '+7!66! $! 6?$+"!)7(7+#) $F8)! A(@7+8&! +6#&?! !7 β 8) #!V+!)7 @!&(7+D M &( $+\86+#)$!6 A(@7+8&!6= !6 B@(+)6 !) 686A!)6+#) 6#)7 68AA#6?6 6! $?A&(!@ $()6 8)! E#)! 6+78?! M 8)! $+67()! a $8&+7=  ( $+67()! $! @?D?@!)! a !67 ?B(&! M &( "#+7+? $! &( ;(87!8@ $!6 $8)!6 !7 !) &F(36!)!$F+)D#@"(7+#) 68@ &!8@ B?#"?7@+!2 M &( ;(87!8@ $! @8B#6+7? ks -ks = 3 d905= U#8@ $!6 @(+6#)6 $!J1



 !"$%$&'( )*' +$,' -./0123 !4&55*'64 64  !4'6!4 0,01h &554 )*748! 5$'$5*74 64 a9 :4 6"2$;
qs 64 %"6$54';% 4' %8% 4'%$&' 4%; 6&''"  *! 7<"=8*;$&' ->9??39

qs =

∫ h

a
c(z)uf (z) dz ->9??3@)4 c 7* &'4';!*;$&' 64  *!;$874% A 7* 6$%;*'4 *8 7$; z9:4  !&B7 )4!;$*7 64 &'4';!*;$&' c(z) 4%; &2;4'8 64 7<"=8*;$&' 64 6$C8%$&' =8$ %<"!$; 6*'% 8'"&87454';  4!5*'4'; 4; 8'$D&!54 E

(1− c)cwsm + εs
dc

dz
= 0 ->9?>3@)4 E wsm 7* )$;4%%4 64 %"6$54';*;$&' 6*'% 8' "&87454'; F*!G" 64 %"6$54';% E wsm = (1− c)4ws H

εs 7* 6$C8%$)$;" 64%  *!;$874% 4' %8% 4'%$&'9)*' +$,' -./0123 4I !$54 7* 6$C8%$)$;" εs 4' D&';$&' 64 7* 6$C8%$)$;" 68 J8$64 εf E
εs = βϕεf ->9?13:4  *!*5K;!4 ϕ 5&6"7$%4 7* 6$5$'8;$&' 64 7* ;8!2874'4 7$"4 A 7*  !"%4'4 64%  *!;$874%9 L7 4%;%8  &%" 6" 4'6!4 64 7* &'4';!*;$&' c9 :&!%=84 7* &'4';!*;$&' 4%; D*$274( ϕ ≃ 19 :4 &4M$4';

β !4 !"%4';4 7* 6$C"!4'4 64 6$C8%$)$;" 64 7*  *!;$874 64 %"6$54'; 4; 64 7*  *!;$874 J8$649 L7 4%; !$% &'%;*'; %8! 7* F*8;48! 6<4*89 N$ ws/u∗ < 2( $7 4%; "G*7 A .9 N$ ws/u∗ > 2(
β = 1 + 2

(

ws

u∗

)2 ->9?O3:4 &4M$4'; 64 6$C8%$&' εf 4%; 4' G"'"!*7 5&6"7$%"  *! 8'  !&B7  *!*2&7$=849 L$ 74  !&B7 *!*2&7$=84 4%; 8;$7$%" %487454'; %$ z/h < 0,5 E
εf = 4

z

h

(

1− z

h

)

εf max ( εf max = 0,25κu∗h ->9?P3Q&8! z/h ≥ 0,5( 74 &4M$4'; εf 4%; &'%;*'; 4; "G*7 A εf max9 N47&' )*' +$,' -./0123( 4;;45&6"7$%*;$&'  4!54; 8'4 54$7748! 64%!$ ;$&' 68  !&B7 64 &'4';!*;$&'9)*' +$,' -./0123 !"%&8; 7<"=8*;$&' 64 6$C8%$&' ->9?>3 6*'% 7<FR &;FK%4 ϕ = 1 4; 7* %&78;$&' %<"!$; &8! 64%  4;$;4% &'4';!*;$&'% - !"! c < ca < 0,0013 E %$ z/h < 0,5(
c

ca
=

[

a

h− a
h− z
z

]Z ->9?S34; %$ z/h ≥ 0,5(
c

ca
=

[

a

h− a

]Z

exp
[

−4Z
( z

h
− 0,5

)] ->9?03:* &'4';!*;$&' 64 !"D"!4'4 ca 4%; 6"B'$4  *! 7<"=8*;$&' ->9?/39
qb = cauaa ->9?/3:* )$;4%%4 ua 4%; %8  &%"4 "G*74 A α2ub9 :* &'%;*';4 α2 4%; 6";4!5$'"4 4' &5 *!*'; 64% !&B7% 64 &'4';!*;$&' 54%8!"% 4; *787"%9 T*'% 74% 4I "!$4'4% 8;$7$%"4%( 7* &'4';!*;$&' c4%; !47*;$)454'; D*$274 4; φ ≃ 19 :* &'%;*';4 α2 4%; BI"4 A ?(>9 )*' +$,' -./0123 4I !$54 7*&'4';!*;$&' ca 4' D&';$&' 64% '&52!4% %*'% 6$54'%$&' T 4; d∗ E

ca = 0,015
d50
a

T 1,5

d 0,3
∗

->9>U3>O



 !" #$%" &'()*+, -."./!0$12 021 234/211$5"1 &6789, 2: &678), ;2 0! 5"2":/!:$5" 45=/ c 2: ϕ>=205">=217 ?5=/ 20!@ $0 /2A40!2 02 4!/!AB:/2 Z 4!/ 0! 15AA2 Z + ϕ′ = Z ′ ! 2 ϕ′ ="52C$2": ;2 !0$+/!:$5"7 D2 52C$2": ϕ′ 21: 21:$A. 2" =:$0$1!": 0E.>=!:$5" &676',7
ϕ′ = 2,5

(

ws

u∗

) 0,8 ( ca
0,65

) 0,4 &676',DE$":.-/!02 &6788, "E! 4!1 ;2 150=:$5" !"!0F:$>=27  !" #$%" &'()*+, 1=44512 >=2 02 4/5G0 ;2  $:211221: 05-!/$:HA$>=2 2: !0=02 "=A./$>=2A2": 02 ;.+$: qs7 I0 2" ;.;=$: 0E234/211$5" !44/5H.2 &6768,&D! 4/.$1$5" 21: ;2 0E5/;/2 ;2 9JK7,7
qs = FUfhca @ F =

(a/h)Z
′ − (a/h)2,1

[1− (a/h)]Z
′
[1,2− Z ′]

&6768,D5/1>=2 0! ;$1:/$+=:$5" ;2 0! :!$002 ;21 -/!$"1 "E21: 4!1 ="$L5/A2@  !" #$%" &'()*!@+, 4/.5"$12 ;24/2";/2 02 ;$!AB:/2 d50 45=/ 21:$A2/ 02 ;.+$: qb7 M!"1 02 A5;B02 ;2 :/!"145/: 2" 1=142"1$5"@ 0! $:2112 ;2 1.;$A2":!:$5" 21: !0=0.2 45=/ =" -/!$" ;2 ;$!AB:/2 ds7 DE234/211$5" ;= ;$!AB:/2 ds21: ;.:2/A$".2 ;2 L!N5" >=2 02 ;.+$: !0=0. 15$: .-!0 O 20=$ 5+:2"= 4!/ 0! A.:H5;2 ;21 0!11217
ds
d50

= 1 + 0,011(σg − 1)(T − 25) &6766, !"!# $%%&'$)'*+ ,-. /*,0&-. ,- )1$+.%*1)?5=/ 5A4!/2/ 21 A5;B021@ "5=1 !0=05"1 02 :/!"145/: ;E=" 1.;$A2": ;2 ;$!AB:/2 A5F2" .-!0 O'@J AA 2: ;E.!/:P:F42 -.5A.:/$>=2 .-!0 O '@87 Q5=1 1=44515"1 >=2 0E.5=02A2": !=P;211=1 ;= 0$:21: ="$;$/2:$5""20 2: >=E$0 21: ;./$: 4!/ 0! 05$ 05-!/$:HA$>=27 D! H!=:2=/ ;E2!= 21: G3.2 O R@J A2: 02 !"!0 21: 4/$1 :/B1 0!/-2 &R ∼ h,7 D! G-=/2 67' A5":/2 0E. 50=:$5" ;= ;.+$: ;2 1.;$A2":1 1!"1;$A2"1$5" φ 2" L5":$5" ;= 4!/!AB:/2 ;2 SH$20;1 θ 45=/ 021 A5;B021 ;2 T2F2/P?2:2/ 2: TU002/&'(*),@ ;2 V"-20="; 2: W!"12" &'(X9,@ ;2 YZ2/1 2: [H$:2 &'(96,@ ;2 \2/"!";2]PD=>=2 2:  !"^22Z &'(9X, 2: ;2  !" #$%" &'()*!@+,7 M!"1 0! L5/A=02 ;2 T2F2/P?2:2/ 2: TU002/ &'(*),@ R@R*9 21:/2A40!. 4!/ 0!  !02=/ ;= 4!/!AB:/2 ;2 SH$20;1 /$:$>=27 D21 A5;B021 ;2 T2F2/P?2:2/ 2: TU002/&'(*),@ ;2 \2/"!";2]PD=>=2 2:  !" ^22Z &'(9X, 2: ;2  !" #$%" &'()*!@+, 15": ;21 A5;B021 ;$:1 O12=$0@ E21:POP;$/2 $01 !0=02": =" ;.+$: "5" "=0 12=02A2": 1$ u∗ > u∗c@ 5":/!$/2A2": !=3 A5;B021;2 V"-20="; 2: W!"12" &'(X9, 2: ;2 YZ2/1 2: [H$:2 &'(96,7 _2=3P$ 21:$A2":@ >=2002 >=2 15$: 0! $:2112 u∗@ =" ;.+$: "5" "=0 >=$ 21: :/B1 L!$+02 4/5H2 ;= 12=$0 ;E./51$5"7D21 ;.+$:1 ;2 1.;$A2":1 !0=0.1 15": ;$142/1.17 Y$"1$@ 02 :/!"145/: φ  !/$2@ 1205" 021 A5;B021@ ;2'@9 O 6@( 05/1>=2 θ − θc ≃ 0,447 D! 4/.$1$5" ;21 A21=/21 2" 0!+5/!:5$/2 2: $"P1$:= 21: /20!:$ 2A2":L!$+02 2: 1205"  !" #$%" &'()*+,@ 5A4:2 :2"= ;2 0! 4/.$1$5" ;21 4!/!AB:/21 ;E2":/.2@ $0 "E21:4!1 4511$+02 ;2 4/.;$/2 02 ;.+$: ;2 1.;$A2":1 ! 2 ="2 $A4/.$1$5" $"L./$2=/2 O =" L!:2=/ 8&E21:POP;$/2 ! 2 0,5 < r < 2@ r 02 /!445/: ;21 ;.+$:1 /.20 2: !0=0.,7D2 ;.+$: ;2 1.;$A2":1 2" 1=142"1$5" φs 4/.;$: 4!/ 02 A5;B02 ;2  !" #$%" &'()*+, 21: L!$+02 2:$"L./$2=/ O 10−37 _2 /.1=0:!: 21: 5H./2": ! 2 021  $:21121 ;2 L/5::2A2": =:$0$1.217 D!  $:2112;2 L/5::2A2": A!3$A!02 ;!"1 021 !0=01 21: R@'' A71−17 `/ 45=/ dp = 1,5 AA@ 0!  $:2112 ;2L/5::2A2": /$:$>=2 ;2 A$12 2" 1=142"1$5" 21: .-!02 1205" 02 /$:B/2 ;2  !" #$%" &'()*+, O R@R(A71−1 2: 1205" 02 /$:B/2 ;2 #!=;Z$ $ &'((), O R@8) A71−17 !" #$%&'() )*+*,)*,-.()D21 A5;B021 1:!:$1:$>=21 4/2""2": 2" 5A4:2 02 !/!:B/2 :=/+=02": ;2 0E.5=02A2": 2: 45=/ 20!@/24512": 1=/ 0! L5":$5" ;2 ;2"1$:. ;2 4/5+!+$0$:. ;2 0! 5":/!$":2 ;2 L/5::2A2":7 M!"1 21 A5;B021&^/$;-2 2: ^2""2::@ '((8 a b02$"H!"1 2:  !" #$%"@ 8RR8,@ 02 :/!"145/: φ 21: ;5"". 4!/ 0! /20!:$5"&676*, c
φ =

∫ −τc

−∞
pτjφ

D(τj) dτj +

∫ +∞

τc

pτjφ
D(τj) dτj &676*,6X
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K%L%!7M%#%!&%#&KN**%!&,-.?O1

PC;%*5C'&%#&Q8C+%C&,-.0R1

 !"#$%&#'&()*'#&+,-./0

1#$2324#567898#&#'&:32&;##"&+,-.<0

:32&=*>2&+,-?@0

 !"#$ %&' ( )*+,"-.+/ 0" -#1/23+#- 21/2 0.4$/2.+/ $/ 5+/-.+/ 0" 31#147-#$ 0$ 89.$,02 0)-$#4./)$/ "-.,.21/- 0.:)#$/-2 4+07,$2 0$ -#1/23+#- ; ,$ 2)0.4$/- $2- 1#1-)#.2) 31# "/ 0.147-#$ 4+<$/)!1, = '>? 44 $- "/ )1#-@-<3$ !)+4)-#.A"$ )!1, = '>BC*$ D pτj ,E./-$#*1,,$ 0$ -$432 3+"# ,$A"$, ,1 +/-#1./-$ 0$ 5#+--$4$/- $2- +43#.2$ $/-#$ τj ±∆τ ;
φD(τj) ,$ -#1/23+#- 0$ 2)0.4$/-2 +F-$/" 1*$ "/ 4+07,$ 0)-$#4./.2-$ ,+#2A"$ ,1 +/-#1./-$ 0$5#+--$4$/- $2- )!1,$ = τj ; τc ,1 +/-#1./-$ 0$ 5#+--$4$/- #.-.A"$ 0" 2)0.4$/-&G$ -#1/23+#- $2- 2"33+2) /", 2. |τj | < τc& H+"2 1*+/2 D

pτ = f(τ)∆τ I%&%?JC*$ f(τ) ,1 5+/-.+/ 0$ 0$/2.-) 0$ 3#+F1F.,.-) 0$ ,1 +/-#1./-$ 0$ 5#+--$4$/-&8$,+/ K#.0!$ $- K$//$-- I'LLBJ $- M,$./91/2 $- *1/ N.O/ IBPPBJ> ,1 5+/-.+/ 0$ 0$/2.-) 0$ 3#+F1@F.,.-) 3$"- Q-#$ 0)#.-$ 31# "/$ 0.2-#.F"-.+/ /+#41,$ +" ,+!@/+#41,$& K#.0!$ $- K$//$-- 4+/-#$/-A"$ $2 0$"R 0.2-#.F"-.+/2 0+//$/- 0$2 #)2",-1-2 -#72 3#+9$2& S1/2 ,$ 12 0E"/$ ,+. /+#41,$>
f(τ) =

1√
2πστ

exp

[

−1
2

(

τ − τ̄
στ

)2
] I%&%TJC*$ τ̄ $- στ ,1 4+<$//$ $- ,E)1#-@-<3$ 0$ ,1 +/-#1./-$ 0$ 5#+--$4$/-&GE$R3)#.$/$ IU#122> 'LVPJ 4+/-#$ στ ∼ 0,4τ̄ & G$ 1,", 0$2 ./-)!#1,$2 $2- #)1,.2) /"4)#.A"$4$/-$- 3+"# $,1> K#.0!$ $- K$//$-- I'LLBJ 2"33+2$/- A"$ 2.R )1#-@-<3$2 ./,"$/- ,1 41O+#.-) 0$ ,10.2-#.F"-.+/& GE./-$#*1,,$ ∆τ $2- )!1, = 6στ/N 1*$ N ,$ /+4F#$ 0E./-$#*1,,$2& W$,".@. $2-  R) ='T 01/2 ,$ 4+07,$ 0$ M,$./91/2 $- *1/ N.O/ IBPPBJ&GE$:$- 0$ ,1 -"#F",$/$ 2"# ,$ -#1/23+#- $2- 2"#-+"- 2.!/. 1-.5 3#+9$ 0" 2$"., 0E)#+2.+/& X+"#$--$ #1.2+/> M,$./91/2 $- *1/ N.O/ IBPPBJ 2"!!7#$/- 0E"-.,.2$# ,$2 4+07,$2 2-1-.2-.A"$2 2$",$4$/-2. τ̄ ∼ τc& ! "##$%"'%() "*+ ,-.%/0)', .%,#01,-,Y/ !)/)#1,> ,$ -#1/23+#- 0$ 2)0.4$/-2 0.23$#2)2 $2- $2-.4) $/ "-.,.21/- ,$2 4+07,$2 )-1F,.2 1*$0$2 !#1/",+4)-#.$2 Z "/.5+#4$2 [& W$2 4+07,$2 2+/- 1013-)2 1 / 0$ 3#$/0#$ $/ +43-$ ,E$:$- 0$%V
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(
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] 230385=:( A0< A1< A2< A3< A4< A5 (# A6 +() *(>$(,#) 9&$ +- (,+(,# +& ,*.;"( +( ?(@,*'+)0A( *(>$(,# CD0 ()# !'&'- B  !" '! "('!#$*, +( C*")$ (# ='(7!,+(" 234DE50 F!,) '() )$.&'!#$*,)<'! "*#!#$*, ()# "--(  !" &, .*.(,# (7#-"$(&"0A*")9&( '!  !"#$&'( )*'$+( ()# .$)( (, "*#!#$*, )*&) '6(G(# +& )(&' $)!$''(.(,#< '6(G(# +( '!"*#!#$*, )&" '( *(>$(,# CD ()# /!$;'( (# ('&$H$  (&# I#"( ()#$.-  *&" Rep < 200  !" '! "('!#$*,+( JK$''(" (# L!&.!, 2348850 2M!NK$ (# M!'!K!,+!"< EOOE5 ! !" #$#% &# '( )*+,#-# &# )(*/0, (1 2/0,0-(3# &# '( )(*%01'# ,/'0&#
lp

l∗p

ap
O

PN&"( 30Q R  !"#$&'( )*'$+( !& :*$)$,!N( +6&,(  !"*$ S +-P,$#$*, +() '*,N&(&") lp (# l∗p
−→
F D = 3πµ dp C. (

−→u f −−→u p) < C =















C‖ 0 0

0 C‖ 0

0 0 C⊥















2303`5=:( C‖ (# C⊥ +(&7 *(>$(,#) *""(#$/) 9&$ .*+-'$)(,# '6$,U&(,( +( '!  !"*$ '*")9&( '!  !"#$&'()( +- '!(  !"!''Y'(.(,# (#  (" (,+$&'!$"(.(,# B '!  !"*$0a*&" +-#(".$,(" '() *(>$(,#) C‖ (# C⊥< ,*&)  *&:*,) ,*&) "( *"#("< +6&,(  !"#< !&7 -#&+() +(b!7(, 234E85 (# +( T6L($'' 234c`5 )&" +()  !"#$&'() )*'$+() )( +- '!d!,#  !"!''Y'(.(,# B '!  !"*$ (#+6!&#"(  !"#< !&7 -#&+() +( M"(,,(" 234c35< +( C!&+( 234c85 (# +( ^*7 (# M"(,,(" 234cD5 )&" +() !"#$&'() )( +- '!d!,#  (" (,+$&'!$"(.(,#0 ?$\V (# X'NK*;!)K$ 234]Q5 (# ^K(, (# CA!&NK'$,2344Q5 "-! $#&'(,# !&))$ +( ,*.;"(&)() /*".&'() !,!'@#$9&() 9&$ )*,# -#!;'$() +!,) '6K@ *#KY)(
Rep ≪ 1 +!,) +$G-"(,#() )$#&!#$*,) 2 !"#$&'() )*'$+( )!,) "*#!#$*, (# (, "*#!#$*,< -*&'(.(,#)Qc



 !"#$%&' '( )"!*+"%'&'!( "-+"))*./ 0+% '1'&2)'3 )'- (+4)'+ 1 5/5 '( 5/6 2%*-'!('!( )'- '12%'--"$!-7'- $'8"'!(- $%%'("#- )$%-9 ' )+ 2+%(" )' '-( -+!- %$(+("$! 7+!-  ! *$ )'&'!(  !"#$%&' '!#$!("$! 7' )+ 7"-(+!' l∗p '!(%' )+ - %#+' 7' )+ 2+%(" )' '( )+ 2+%$"/ :))'- -$!(  (")"-*'- 2+% ;<'!'( =>+ ?<)"! @5AAB. 2$ % &$7*)"-'% )+ 7*2$-"("$! 7C+*%$-$)- 7+!- 7'- $!7 "('- D'%("+)'- 7+!- ! *$ )'&'!( ( %4 )'!( @Rep . 1 1,0 < dp < 24,3 µ!"#
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T(0)4U4 *+,.@"/(6&4(5 +#B E 49:24;;3%); '5 %4F34)/ %224/3G C⊥ 1/(6&34; '(); &>0H:%/0I;4 Rep ≪ 1 &%2;J54&( :(2/35&4 4;/ ;(); 2%/(/3%) '(); 5) 1%5&4!4)/ 5)3G%2!4 *K04) 4/ LM(5N0&3) +,,O" P G# &(7N524 +#O :%52 &4; )%/(/3%);M( 7N524 +#- !%)/24 &>1S%&5/3%) '4; %4F34)/; C‖ 4/ C⊥ 4) G%)/3%) '5 2(::%2/ l∗p/ap# M( 7N524+#- 3)'3J54 J54 &( :21;4)4 '4 :(2%3; 4)/2(V)4 &>(5N!4)/(/3%) '5 %4F34)/ '4 /2(V)14# W54& J54;%3/ &4 2(::%2/ l∗p/ap )%5; (S%); C‖  C⊥ ≥ 1# M%2;J54 l∗p/ap < 0,1 &4; %4F34)/; C‖ 4/ C⊥ ;%)/634) ;5:123452; X +# M%2;J54 &4 2(::%2/ l∗p/ap (5N!4)/4 4/ '4S34)/ ;5:123452 X +Y 3&; /4)'4)/S42; +#Z4)N  ! "#$ *BYYO" /2%5S4)/ 5) 21;5&/(/ '3[124)/# \&; 21(&3;4)/ '4; ;3!5&(/3%); )5!123J54; :%52O.
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 #" C⊥ !"#$ %&' ( )*+,"-.+/ 0$1 +$3.$/-1 +##$-.41 C‖ $- C⊥ $/ 4+/-.+/ 0" #566+#- l∗p/ap 789$/ $-:;5"!9,./< %==>?0$1 /+@A#$1 0$ B$C/+,01 +@6#.1 $/-#$ D<> $- E>D $- 6+"# F"5-#$ #566+#-1 l∗/ap F". 1+/- D<><%< G $- H& ;+#1F"$ l∗p/ap ≤ 1< ,$ +$3.$/- 0$ -#5I/)$ CD $1- 1"6)#.$"# 5" +$3.$/- CD0 -#+"*)$/ ,J5A1$/$ 0$ 65#+.< +@@$ 05/1 ,5  !"#$ %&'& ;+#1F"$ ,5 0.1-5/$ l∗p ≥ 3< ,$ +$3.$/- CD $1-./4)#.$"# K CD0 1. Rep ≤ 100 $- 1"6)#.$"# K CD0 1. Rep > 100& 8$ #)1",-5- $1- 5"11. +A-$/" 05/1$#-5./$1 +/0.-.+/1 65# L511$"# $- 8+M 7%=HH? $- 65# N.@  ! "#$ 7%==G?& L511$"# $- 8+M 7%=HH?)-"0.$/- ,$ @+"*$@$/- 0J"/$ 169O#$ -+@A5/- 1+"1 ,J$P$- 0$ ,5 !#5*.-) 5" *+.1./5!$ 0J"/$ 65#+.*$#-.5,$ ,+#1F"$ Re≪ 1& ;$ -#5*5., 0$ N.@  ! "#$ 7%==G? ./-)#$11$ 0$"M 169O#$1 F". -+@A$/- �-$K �-$& R5/1 $1 0$"M )-"0$1< ,$ +$3.$/- 0$ -#5I/)$ $1- ./4)#.$"# K CD0 ,+#1F"$ ,5 0.1-5/$ 0$1)65#5-.+/ $1- 1"315@@$/- ),$*)$& S$/!  ! "#$ 7EDD>? 0)0".1$/- 0$ ,$"#1 #)1",-5-1 ,J$M6#$11.+/7%&%>? 0" +$3.$/- 0$ -#5I/)$ 6+"# "/$ 65#-.",$ 1+,.0$ 1$ 0)6,5T5/- 65#5,,O,$@$/- K ,5 65#+.&
CD = CD0 +

133,31

Rep

ap
lp
− 8,36 7%&%>?;$ +$3.$/- CD0 $1- 0+//) 65# ,5 #$,5-.+/ 0$ L511$"# $- 8+M 7%=HH? )-5A,.$ $/ ,J5A1$/$ 0$65#+. $- 05/1 ,J9C6+-9O1$ 0$ U-+V$1 W

CD0 =
24

Rep

(

1 +
3

8
Rep





 !" !#$ %&"'(!*$  +*(,$  %-."(/!$ ,&# !# .+!*$0$#' (#1#(2 !#(,("$'(+##$*2 *(#.&("$0$#' ( &(**.34&  %-5"$  $ ,.%*&$ %&"&**5*$0$#' 6 *7.+!*$0$#' &8$ !#$ 8('$  $ ,$ "+'&'(+# ωp
−→e y3 9&:0&#;<=>?2 <=>@A +B'($#' *7$C%"$  (+# &#&*D'(/!$ ;<3<EA3

FL = 6,46ρ ν1/2a2p εG|G|1/2 (uf − up) ;<3<EAF8$ εG = 1  ( G > 0 $' εG = −1  ( G < 0347$C%"$  (+# ;<3<EA $ ' 8&*(,$  ( *& +#,('(+# ;<3<@A $ ' 8."(1.$3
Rep ≪ 1 2 ReΩ ≪ 1 2 ReG ≪ 1 2 ε≫ 1 ;<3<@AF8$ G Rep *$ #+0B"$ ,$ H$D#+*, ,$ *& %&"'(!*$ I ReΩ *$ #+0B"$ ,$ H$D#+*, B& .  !" *& 8('$  $,$ "+'&'(+# ,$ *& %&"'(!*$ ωp I ReG !# #+0B"$ ,$ H$D#+*, *(. &! ( &(**$0$#' G3
ReΩ =

d2p ωp

ν
2 ReG =

d2p |G|
ν

2 ε =
Re

1/2
G

Rep
;<3<=A9( *& 8('$  $ "$*&'(8$ uf − upε /!$*+#/!$3

FL =
J(ε)

2,255
FLS ;<3RSAF8$ FLS *& J+"$ ,$ %+"'&#$ /!( $ ' ,+##.$ %&" *7./!&'(+# ;<3<EA $' /!( $ ' ,('$ ,$ 9&:0&#34& J+#'(+# J $ ' !#$ (#'.L"&*$ 8+*!0(/!$3 M**$ '$#, 8$" 2,255 *+" /!$ ε '$#, 8$" *7(#1#( $',."+T' "&%(,$0$#' *+" /!$ ε ,(0(#!$3 4+" /!$ ε '$#, 8$" S2 *& J+"$ ,$ %+"'&#$ $ ' '"5 %$'('$$' -&#L$ ,$  (L#$3 O$( ;<==RA ,.'$"0(#$ !#$ $C%"$  (+# &%%"+-.$ ,$ *& J+#'(+# J 6 %&"'(" ,$ ". !*'&' ,$ O4&!L-*(# ;<==<A *+" /!$ 0,1 ≤ ε ≤ 203

J(ε) ≈ 0,6765 {1 + tanh [2,5 log (ε+ 0,191)]} {0,667 + tanh [6(ε − 0,32)]} ;<3R<AF!'+# ;<=@EA +B'($#' *7$C%"$  (+# ,$ *& J+"$ ,$ %+"'&#$  !" !#$  %-5"$ %*&.$ ,&# !# .+!*$U0$#' J&(B*$0$#' ( &(**. ,7!# V!(,$ #+# 8( /!$!C ;Rep ≫ 1A3
−→
FL = CL ρVp (

−→u f −−→u p) ∧ −→ωf ;<3RRAF8$ −→ω f *& 8+"'(('. ,! V!(,$ G −→ω f = ∇∧−→u f 3P$''$ $C%"$  (+# "$%+ $  !" *7-D%+'-5 $ /!$ *& 8&"(&'(+# ,$ *& 8('$  $ (#(,$#'$ ,$ *7.+!*$0$#'#+# %$"'!"B. *$ *+#L ,$ *&  %-5"$ $ ' B($# (#J."($!"$ 6 *& 8('$  $ "$*&'(8$ ,$ *&  %-5"$2 %$ $
ap ‖−→ω f‖ ≪ ‖−→u f − −→u p‖ +! $#+"$ αωf

≪ 13 F!'+# ;<=@EA 0+#'"$ /!$ *$ +$W($#' ,$ %+"U'&#$ 8&!' <XR3 P$ ". !*'&'  7&%%*(/!$ %*!'�' 6 ,$ B!**$ /!(2 ,&# !#$ $&!  !W &00$#' %!"$$' %+!" ,$ #+0B"$ ,$ H$D#+*,  !W &00$#' .*$8. 2  $ ,.%*&$#' +00$  ( *7.+!*$0$#' $ '#+# 8( /!$!C3Z&#,D $' Z[D$" ;<==SA $ '(0$#'2 6 *7&(,$ ,$  (0!*&'(+# #!0."(/!$ 2 *$ +$W($#' ,$ %+"'&#$
CL %+!" !#$ %&"'(!*$  +*(,$ 1C$ *+" /!$ *$ #+0B"$ ,$ H$D#+*, 8&"($ ,$ S2< 6 <SS $' *$ #+0B"$ &# ,(0$# (+# αG ,$ S2S< 6 S2\3 Z&# *$  (0!*&'(+# 2 *$ +$W($#' CL $ ' $C%"(0. %&" *& "$*&'(+#;<3R]A3

CL =
FL

1

2
ρπa2p‖−→uf −−→up‖2

;<3R]A?=



 ! #!$%!&' CL ()*!&( (!+ &#,-.!+ +/&+ (%,!&+%#& Rep !' αG01  ! #!$%!&' CL /23,!&'! 4#.+52! 4! &#,-.! αG /23,!&'! 6#,,! 4! #!$%!&' (! './7&)!
CD801 9% Rep < Rep lim: %4 (%,%&2! 6./*%(!,!&'8 4#.+52! 4! &#,-.! Rep /23,!&'!01 9% Rep > Rep lim: %4 !+' %&()*!&(/&' (2 &#,-.! (! ;!<&#4(+ !' *.#*#.'%#&&!4 = αG01  ! &#,-.! Rep lim !+' /**.#>%,/'%?!,!&' )3/4 = @A B %4 /23,!&'! 4)3C.!,!&' /?! 4! &#,-.!
αG0 #.+52! Rep = 0,1: 4! #!$%!&' CL !+' )3/4 /**.#>%,/'%?!,!&' = 4/ ?/4!2. CLS 52% !+' 4!#!$%!&' (! *#.'/&! /424) = */.'%. (! 4D!>*.!++%#& (! 9/E,/& 6FGHI: FGHJ8 6K0 4D)52/'%#&6F0FL880

CLS ≃ 5,82

(

αG

Rep

)1/2 6F0M@8N! .)+24'/' *!2' */./7'.! +2*.!&/&'0 O& !E!': (/&+ 4!+ +%,24/'%#&+: 4/ #&(%'%#& 6F0FJ8 &D!+' !&3)&)./4 */+ ?).%P)!0  / 3./&(!2. +/&+ (%,!&+%#& ε 652% !+' (#&&)! */. (2αG/Rep)
1/28 !+' /%&+%+'.%'!,!&' %&K).%!2.! = F +!24!,!&' +% αG < 0,050  !+ .)+24'/'+ (! Q/&(< !' QR<!. 6FGGA8 +#&'#-'!&2+ (/&+ (!+ #&(%'%#&+ *.#S!+ (! !44!+ 2'%4%+)!+ (/&+ 4!+ './?/2> (! T /23S4%& 6FGGF8 !'*!2?!&' U'.! (#& #,*/.)+ = 4D!>*.!++%#& 6F0MF8 )'/-4%! */. T!% 6FGGM80 V#2+ .!*.)+!&'#&+ (/&+4/ P32.! F0L 4! #!$%!&' (! *#.'/&! (! 9/E,/& CLS : 4! #!$%!&' ()'!.,%&) */. 4/ .!4/'%#&6F0MF8 !' 4! #!$%!&' #-'!&2 &2,).%52!,!&' */. Q/&(< !' QR<!. 6FGGA80 N! (!.&%!. !+' ()(2%'

  6"  6$ %6! %6# !

7α8)90':
%)!
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$
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%!

-
;

<*==>*1?7%@#,A?%@#$:

B*12C?0D?BEC0.?7%@@ :

F4;*5GH&31?7%@@%:

P32.! F0L 1 #!$%!&' (! *#.'/&! ()'!.,%&) */. Q/&(< !' QR<!. 6FGGA8 +% Rep = 0,1 !'
0,01 ≤ αG ≤ 0,4(! 4/ P32.! W (! 4!2. /.'%4!0 Q/&+ !''! P32.!: 4/ *#+%'%#& (! 4/ ,!+2.! *#2. 4! &#,-.! αG 4! *42+K/%-4! +!,-4! !..#&)!0 O& !E!': !44! < !+' *4/)! = 4D/-+%++! (αG/Rep)

1/2 = 0,22 652% #..!+*#&(= αG = 0,0058 !' &#& = 4D/-+%++! (αG/Rep)
1/2 = 0,32 6αG = 0,0180 X. Q/&(< !' QR<!. 6FGGA8%&(%52!&' 52D%4 !+' %,*#++%-4! (! ()'!.,%&!.: *#2. αG = 0,005: 4/ K#.! (! *#.'/&! #,*'! '!&2(! +/ K/%-4!++! !' (! 4D%,*.)%+%#& (!+ /424+0 Y#2. !''! ./%+#&: (/&+ 4/ P32.! F0L: 4/ *#+%'%#&(! 4/ *.!,%C.! ,!+2.! !+' *4/)! = 4D/-+%++! (αG/Rep)

1/2 = 0,320 N!''! #-+!.?/'%#& ,#(%P!4!+ #&42+%#&+ (! Q/&(< !' QR<!. 6FGGA80  !2.+ .)+24'/'+ #%&%(!&' /?! !2> (! (! 9/E,/&6FGHI: FGHJ8 +!24!,!&' *#2. αG ≥ 0,05 /4#.+ 52! 4!+ S<*#'SC+!+ 2'%4%+)!+ */. 9/E,/& 6FGHI:FGHJ8 &! +#&' */+ ?).%P)!+0 Y#2. αG = 0,01: 4!+ +%,24/'%#&+ (#&&!&' 2& #!$%!&' %&K).%!2. =HA



CLS !"# "$%%&'#() *"%+#, -&( /0-$1$/0( $-&01$2'&( ('# %&( 0/*3#&( ("0( -$*&0($/0 αG) Rep &1
ε) %&( #,('%1"1( -& 4"0-5 &1 465&# 7899:; 0& (/01 <"( ($*$%"$#&( = &'> -& ?@"'+A%$0 78998;&1 -& ?&$ 7899B; 7,2'"1$/0 78 B8;; C&0 D"%&* &1 E(1&#%& 7899F; /0($-G#&01 2'& %&( ($*'%"1$/0(-& 4"0-5 &1 465&# 7899:; 0& (/01 <"( H"%$-&( "# %& -/*"$0& -I$01,+#"1$/0 '1$%$(, &(1 1#/< <&1$170/1"**&01 </'# %&( <&1$1( 0/*3#&( -& J&50/%-(; K/'1&L/$() 0/1/0( 2'& %/#(2'& αG = 0 &1 </'#
10 ≤ Rep ≤ 100) %&( #,('%1"1( -& 4"0-5 &1 465&# 7899:; (/01 /##/3/#,( <"# %&( -/00,&( -& M//789N8; &1 -& O%$L1  ! "#$ 789NF; 2'$ /0&#0&01 #&(<&1$H&*&01 %" -$(1#$3'1$/0 -& %" <#&(($/0 = %"('#L"& -& %" <"#1$'%& &1 %& </$01 -& -,/%%&*&01 &1 %" %/0+'&'# -' ($%%"+& ?&$ 7899B; #&<#&0- %&( #,('%1"1( -& D"P*"0 789QR) 89QF; &1 -& 4"0-5 &1 465&# 7899:; &1 <#/</(&'0& &><#&(($/0 -' /&S$&01 -& </#1"0& ($ Rep < 100 D$ Rep ≤ 40)

CL

CLS
= (1− 0,3314α

1/2
G ) exp

(

−Rep
10

)

+ 0,3314α
1/2
G 78 BR;D$ Rep > 40)

CL

CLS
= 0,0524 (αGRep)

1/2 78 BQ;T'#/(& &1 T/*/#$ 78999; -,1&#*$0&01 ,+"%&*&01 0'*,#$2'&*&01 %& /&S$&01 -& </#1"0& %/#(2'&
1 ≤ Rep ≤ 500 &1 0 ≤ αG ≤ 0,4 @&( #,('%1"1( (/01 '0 <&' -$P,#&01( -& &'> -& 4"0-5 &1465&# 7899:; O/**& -"0( %&( ($*'%"1$/0( -& 4"0-5 &1 465&# 7899:;) %& /&S$&01 CL -$*$0'&%/#(2'& %& 0/*3#& -& J&50/%-( Rep "'+*&01& O&<&0-"01) </'# -&( 0/*3#&( -& J&50/%-( ,%&H,(7Rep > 60;) %& /&S$&01 CL 0I&(1 <"( /0(1"01 &1 -&H$&01 0,+"1$L @" -$#&1$/0 -& %" L/#& -&</#1"0& &(1 /<</(,& = &%%& /31&0'& -"0( %&( ($1'"1$/0( "(5*<1/1$2'&( 7,/'%&*&01 0/0 H$(2'&'>&1 ,/'%&*&01 -& D1/U&(; VW0 -& H,#$W&# &( #,('%1"1( 0'*,#$2'&() -&( &><,#$&0&( (/01 #,"%$(,&( T'#/(& &1 T/*/#$ 78999; %"$((&01 1/*3&# '0& 3$%%& -"0( '0 ,/'%&*&01 H&#1$"% %$0,"$#&*&01$("$%%, <#/-'$1 <"# -&'> #/'%&"'> 2'$ (& -,<%"&01 -"0( -&( -$#&1$/0( /<</(,&( X0$1$"%&*&01)%" 3$%%& &(1 ,Y&1,& "' &01#& -& %I,/'%&*&01 7&0 z = 0; !/'# -&( L"$3%&( 0/*3#&( -& J&50/%-()%" 3$%%& 1/*3& $0-$P,#&**&01 -&( -&'> �1,( -& %I">& *,-$"0 @/#(2'& %& 0/*3#& -& J&50/%-("'+*&01&) &%%& 1/*3&) -"0( <#&(2'& F:[ -&( "() -' �1, -&( L"$3%&( H$1&((&( 7z < 0; V$0($)&( /3(&#H"1$/0( 1&0-&01 = /0W#*&# %I&>$(1&0& -I'0& L/#& -& </#1"0& -$#$+,& H&#( %&( H$1&((&(%&( <%'( L"$3%&( 7&1 -/0 -I'0 /&S&01 CL 0,+"1$L; O& #,('%1"1 &(1 "'(($ /31&0' <"# C"+A$&1 C"%"A"0-"# 7B::B; C"+A$ &1 C"%"A"0-"# 7B::B; "%'%&01 %& /&S$&01 -& </#1"0& </'#-&( 0/*3#&( -& J&50/%-( /*<#$( &01#& : &1 B:: &1 -&( 0/*3#&( αG /*<#$( &01#& : &1 :)B &11#/'H&01 '0 /&S$&01 -& </#1"0& 0,+"1$L) ($ Rep ≈ 200 @&( ($*'%"1$/0( -& T'#/(& &1 T/*/#$78999; &1 -& C"+A$ &1 C"%"A"0-"# 7B::B; (/01 H"%$-,&( </'# %&( L"$3%&( 0/*3#& -& J&50/%-( @& /&S$&01 CL "%'%, <&'1 \1#& -/00, <"# %I,2'"1$/0 78 B8; </'#H' 2'& Rep < 5 O&11&/0-$1$/0 /##&(</0- "<<#/>$*"1$H&*&01 "' -/*"$0& -I"<<%$"1$/0 -& %I,2'"1$/0 !"# /01#&) %&(&><#&(($/0( -& D"P*"0 789QR) 89QF; &1 -& ?&$ 7899B; 7,2'"1$/0( 78 BR; &1 78 BQ;; 0& (/01 <"(H,#$W,&() &%%&( ('#&(1$*&01 %& /&S$&01 CL O&( #&*"#2'&( /0W#*&01 %&( /0%'($/0( -& C&0D"%&* &1 E(1&#%& 7899F; ('# %" H"%$-$1, -&( ($*'%"1$/0( -& 4"0-5 &1 465&# 7899:;D#$-A"# &1 T"1] 7899R; *&('#&01 %" L/#& -& </#1"0& ('# '0& 3'%%& (<A,#$2'& &01#"^0,& <"# '01/'#3$%%/0 %/#(2'& 20 < Rep < 80 &1 0,01 < αω < 0,1 

αω =
ap ωf

‖−→u f −−→u p‖
78 BN;@& /&S$&01 -& </#1"0& *&('#, 0& -,<&0- <"( -' 0/*3#& -& J&50/%-( X% H"#$& &01#& :)8 &1:)_ D#$-A"# &1 T"1] 7899R; -,-'$(&01 '0& &><#&(($/0 -' /&S$&01 -& </#1"0& &0 L/01$/0 -&

αω 
CL = 0,59α0,25

ω 78 BF;Q8



 !"# $" %'$()*)"+ ,$)('",$) ! "#$"!%& '() *,$#(-(.&) ,.)/'*%*) '!.) #() *&$'() &0*,%/1$() ,$ '!.) #() )/-$#!&/,.) .$-*2%/1$() ),.& '() *,$#(-(.&) )/-"#() 34 '() *,$#(-(.&) $./'/%(&/,..(#) #/.*!/%(-(.& /)!/##*) 54 '() *,$#(-(.&) '( '*6,%-!&/,. "$%( 7#( &(.)($% '() &!$8 '( %,&!&/,. Ω ()& .$#9 5 "!%(8(-"#( 3
−→u f (x,z) = (u∞ +G/2z)−→e x +G/2x−→e z 7:;<=94 '() *,$#(-(.&) '( %,&!&/,. "$%( 7#( &(.)($% '() &!$8 '( '*6,%-!&/,. S ()& .$#9 5 "!%(8(-"#( 3
−→u f (x,z) = (u∞ +G/2z)−→e x −G/2x−→e z 7:;>?9@() &(.&!&/A() ),.& 6!/&() ",$% "%,",)(% $.( (8"%())/,. '( #! 6,%( '( ",%&!.( A!#/'( '!.) $.*,$#(-(.& 1$(#,.1$(; B%,C(  ! "#$ 7:==D9 )( "#!(.& '!.) #() 0E",&0F)() $&/#/)*() "!% G!H-!.7:=IJK :=ID9 (& L*.*%!#/)(.& #M(8"%())/,. "%,",)*( "!% #M!$&($% N $. *,$#(-(.& &%/'/-(.)/,..(#;
−→
F L = CLρν

1/2d2p
(−→u f −−→u p) ∧ −→ω f

‖−→ω f‖1/2
7:;>:9OA( CL = 1,61;O0-!'/ (& P! 7:==?9 (& P!)),$'/ 7<??I9 !""#/1$(.& N $. *,$#(-(.& 1$(#,.1$( #( %*)$#&!&,Q&(.$ "!% @%(C 7:=RIK :=RD9 ",$% $. *,$#(-(.& '( '*6,%-!&/,. "$%( (& ",$% '() "(&/&) .,-Q%()'( S(E.,#');

−→
F L = 6,46ρν1/2

a2p


2
∑

i,j

SijSij





0,25 2S. (
−→u f −−→u p) 7:;><9OA( S #( &(.)($% '() &!$8 '( '*6,%-!&/,. 3

Sij =
1

2

(

∂ufi
∂xj

+
∂ufj
∂xi

) 7:;>>9T,$&(6,/)K .,$) %(-!%1$,.) 1$( #! %(#!&/,. 7:;><9 .M()& "!) A!#/'( '!.) $. *,$#(-(.& 1$(#,.1$(;B,.)/'F%,.)K "!% (8(-"#(K #M*,$#(-(.& $./'/%(&/,..(# '*%/& "!% −→u f = f(z)−→e x 7!) '( #! #,/#,L!%/&0-/1$(9 (& $.( )"0F%( 1$/ )( '*"#!( '!.) (& *,$#(-(.&K !A( $.( A/&())( (up , 0 , wp); ! 6,%( −→F L )M*%/& !A( #! %(#!&/,. 7:;><9 3
−→
F L = 6,46ρν1/2a2p|f ′(z)|1/2 [−wp

−→e x + (uf − up)−→e z] 7:;>U9 ! 6,%( ,Q&(.$( .M()& "!) ,%&0,L,.!#( N #! A/&())( %(#!&/A( −→u f − −→u p−→
F L = ρVp CL (

−→u f −−→u p) ∧ −→ω f +
−→
F LG +

−→
F LΩ 7:;>J9 ( "%(-/(% &(%-( ,%%()",.' N #! 6,%( '*&(%-/.*( "!% O$&,. 7:=DR9 '!.) #M0E",&0F)( 'M$. W$/'(.,. A/)1$($8;  ( ,(\/(.& CL ()& *L!# N 1/2;  () '($8/F-( (& &%,/)/F-( &(%-() ,%%()",.'(.&!$8 6,%() '( ",%&!.( L*.*%*() %()"(&/A(-(.& '!.) $. *,$#(-(.& '( '*6,%-!&/,. "$%( (&'!.) $. *,$#(-(.& '( %,&!&/,. "$%(; P!L.!$'(& (&  (L(.'%( 7:==D9 (8!-/.(.& #M(8"%())/,. '()6,%() −→F LG (& −→F LΩ N #M!/'( '( )/-$#!&/,.) .$-*%/1$() (. ,.)/'*%!.& $.( Q$##( ]8( '!.) #()*,$#(-(.&) '*%/&) "!% #() *1$!&/,.) 7:;<=9 (& 7:;>?9;I<



 ! "#$& '& (#$)!*& '!*+ ,* -#,.&/&*) '& '-"#$/!)0#* (,$&  !"# $#!$!%&# '(&)$#&%*%+!, -& '. /!#& −→F LG1 2.3,."-&4 &4 5&3&,-#& 67889: #&$#&,,&,41 &, '& ;!-+<.,41 '& #=%"'4.4 -&>#&? 678@A:B
−→
F LG = 2ρVp CLG

[

S− (−→u f −−→u p).S.(
−→u f −−→u p)

(−→u f −−→u p).(
−→u f −−→u p)

1

]

.(−→u f −−→u p) 67BCA:DE& 1 '& 4&,%&"# ",+4=B5& %&!,- 4&#;& -.,% '&% #!F&4% .%%"#& G"& '. /!#& −→F LG &%4 !#4F!3!,.'& H '. E+4&%%& #&'.4+E&
−→u f −−→u pB 5& !&I+&,4 CLG -=$&,- -" ,!;J#& -& K&L,!'-% Rep &4 -" ,!;J#& %.,% -+;&,%+!,
αSB

αS =

dp



2
∑

i,j

SijSij





1/2

‖−→u f −−→u p‖
67BC@: !"# -&% $&4+4% ,!;J#&% -& K&L,!'-%1 '& !&I+&,4 CLG &%4 -!,,= $.# '. #&'.4+!, 67BC9: M

CLG = (αS Rep)
−1/2 JG(εG) 67BC9:DE& εG = (αS/Rep)

1/2B5. /!,4+!, JG ,(&%4 $.% !;$'N4&;&,4 -=4&#;+,=&1 %&"' %!, !;$!#4&;&,4 &%4 !,," '!#%G"&
εG 4&,- E&#% '(+,<,+ M '. /!,4+!, JG &%4 .'!#% =3.'& H 71O7B  !"# '&% 3#.,-% ,!;J#&% -& K&L,!'-%6Rep > 100:1

CLG = 1,2(Rep)
−1/3 + o(Re−1p ) 67BC8: ! "#$& '& (#$)!*& '!*+ ,* -#,.&/&*) '& $#)!)0#* (,$& 5. /!#& −→F LΩ &%4 -!,,=&$.# '. #&'.4+!, 67BOP: M

−→
F LΩ = 2ρVp CLΩ (

−→u f −−→u p)
T
.Ω = ρVp CLΩ (

−→u f −−→u p) ∧ −→ω f 67BOP:DE& Ω '& 4&,%&"# -&% 4.") -& #!4.4+!, M
Ωij =

1

2

(

∂ufi
∂xj

− ∂ufj
∂xi

) 67BO7:5& !&I+&,4 -& $!#4.,& CLΩ -=$&,- -" ,!;J#& -& K&L,!'-% Rep &4 -" ,!;J#& %.,% -+;&,%+!,
αΩB

αΩ =

dp



2
∑

i,j

ΩijΩij





1/2

‖−→u f −−→u p‖
67BOQ: !"# -&% $&4+4% ,!;J#&% -& K&L,!'-%1 '& !&I+&,4 CLΩ &%4 -!,,= $.# '. #&'.4+!, 67BOC:B

CLΩ = (Rep αΩ)
−1/2JΩ(ǫΩ) 67BOC:DE& εΩ = (αΩ/Rep)

1/2BR+ εΩ 4&,- E&#% '(+,<,+1 JΩ 4&,- E&#% −1,20B  !"# '&% 3#.,-% ,!;J#&% -& K&L,!'-% 6Rep > 100:1
CLΩ = 1,2Re−1/3p − 6,5Re−1p + o(Re−1p ) 67BOO:5(&)$#&%%+!, -& '. /!#& -& $!#4.,& 67BCS: &%4 E.'+-=& $.# 2.3,."-&4 &4 5&3&,-#& 67889: -.,%'& .% -(",& J"''& <)& -.,% ", =!"'&;&,4 '+,=.+#&;&,4 +%.+''= 6/B '(=G".4+!, 67B@::B T''& $&"4%(.$$'+G"&# H -&% $.#4+"'&% %!'+-&% $!"# -&% $&4+4% ,!;J#&% -& K&L,!'-% &4 -.,% '&% FL$!4FN%&%AC



 !"#$%& '() *,(-./0$# 1233245 ,%.%# )% %6 *(.#(- %6 123378 23394 :;#6)%#6 <-%  (#& %&;# $6$;#&8 0% )('';)6  %& =;)%&  % ';)6(#% &-) -#% >-00% %6 &-) -#% '()6$-0% &;0$ % %&6 !.(0 ?
(2/3)25 ,%& ;:';)6%:%#6&  - @-$ % (- A;$&$#(.%  % 0( >-00% %6  % 0( '()6$-0% &;0$ %  $BC)%#6'() 0( ;# $6$;# 0$:$6% ? 0( &-)=(% <-$ %&6 )%&'%6$A%:%#6 -#% ;# $6$;#  % $&($00%:%#6 #-0 %6-#% ;# $6$;#  % #;#D.0$&&%:%#65E;#&$ !);#&  % #;-A%(- 0F%G%:'0%  % 0( '()6$-0% &;0$ % %# :;-A%:%#6  (#& -# !;-0%:%#6  !"#$'() −→u f = f(z)−→e x5 ,( A$6%&&%  % 0( '()6$-0%  (#& 0(  $)%6$;# y %&6 &-'';&!% #-00%5 ,( )%0(6$;#125HI4 ');';&!% '() *(.#(- %6 %6 ,%.%# )% 123394 &F!)$6 J

−→
F L = ρVp

[

CL + CLΩ + CLG

(uf − up)2 −w2
p

‖−→u f −−→u p‖2

]

f ′(z) (wp
−→e x + (uf − up)−→e z) 125KI4L(#& 0%& :M:%& ;# $6$;#&8 0( .!#!)(0$&(6$;# '() E);N%  ! "#$ 123394  % 0( =;)%  % O(B:(# ;##% J −→

F L = ρCL d
2
p ν

1/2
f

√

f ′(z) (wp
−→e x + (uf − up)−→e z�6!  % 0( '()6$-0%8 0% @-$ % %&6 (!0!)! '() 0( );6(6$;#8  % 0F(-6)% �6!8 $0 %&6)(0%#6$5 E% .)( $%#6  % A$6%&&% @-$ % $# -$6 -#%  $B!)%#%  % ')%&&$;#& <-$ '); -$6 -#% =;)%  %';)6(#%8 0( =;)%  % *(.#-&5 E%66% =;)%  % *(.#-& %&6 '() %G%:'0% ? 0F;)$.$#%  - ;:';)6%:%#6 - >;;:%)(#. ;-  % 0F%B%6 0$=6! (- 6%##$&5R->$#;N %6 V%00%) 123P24 (0-0%#68 %# -6$0$&(#6  %&  !A%0;''%:%#6& (&S:'6;6$<-%&8 0( =;)%  %';)6(#% &-) -#% &'/C)% %# 6)(#&0(6$;# %6 %# );6(6$;#  (#& -# @-$ % (- )%';& ';-)  %& '%6$6&#;:>)%&  % R%S#;0 & 1Rep ∼ 145

−→
F LM = πa3p ρ

−→ω p ∧−→u p 125K74WA% −→ω p 0( A$6%&&%  % );6(6$;#  % 0( '()6$-0%5,( )%0(6$;# =;-)#$6 -#% A(0%-) ? 0F;) )% o(Rep)5 O(B:(# 123PI4 :;#6)% <-%8  (#& 0F/S';6/C&%X Rep '%6$6 Y8 0( =;)%  % *(.#-& %&6  F-# ;) )% $#=!)$%-) ? 0( =;)%  % ';)6(#% $# -$6% '()0% $&($00%:%#68 ? :;$#& <-% 0( A$6%&&%  % );6(6$;#  % 0( &'/C)% &;$6 >$%# &-'!)$%-)% (- 6(-G  %$&($00%:%#65 E);N%  ! "#$ 123394 !6%# %#6 0% )!&-06(6  % R->$#;N %6 V%00%) 123P24 ? -#% &'/C)%%# );6(6$;#  (#& -# @-$ % %# );6(6$;#5
−→
F LM = πa3p ρ (

−→u f −−→u p) ∧
−→
Ω r 125K94WA% J −→Ω r 0( A$6%&&%  % );6(6$;# )%0(6$A%  % 0( '()6$-0% '() )('';)6 (- @-$ % J

−→
Ω r =

−→ω p −
1

2
−→ω f 125K34

−→ω f/2 )%')!&%#6% 0( A$6%&&%  % );6(6$;# 0;(0%  - @-$ %5 Z# ;%Q$%#6  % ';)6(#%  $6  % *(.#-&%6 #;6! CLM '%-6 M6)%  !"#$  % 0( :M:% =([;# <-% 0% ;%Q$%#6 CL 1=5 0F!<-(6$;# 125\H445 ,(=;)%  % *(.#-& &F!)$6 (0;)& J
−→
F LM =

1

2
ρCLMAp‖−→u f −−→u p‖

[

(−→u f −−→u p) ∧
−→
Ω r

‖−→Ω r‖

] 125I]4PK



 ! "#$%&'(' )! *%+,-./ !' 0!&&!" 123425 $! "#)%,' 6 &7#8%(',.- 129:259
CLM =

dp‖
−→
Ω r‖

‖−→u f −−→u p‖
= 2αΩr 129:25 7#8%(',.- 129:25 ;.-'"! 8%! )(-$ %- #.%&!;!-' )! ='.>!$? &! .!@,!-' CLM A(",! &,-#(,"!;!-'(A! αΩr 9 B(-(>(  ! "#$ 1233C5 ;!$%"!-' &! .!@,!-' CLM D.%" )!$ -.;+"!$ )! *!E-.&)$$%D#",!%"$ 6 104 &."$8%! &! -.;+"! $(-$ ),;!-$,.- αΩr A(",! )! C?2 6 29  ! .!@,!-' CLM(%F;!-'! &,-#(,"!;!-' (A! αΩr $!%&!;!-' $, αΩr !$' D!','9  ."$8%! αΩr (%F;!-'!? ,& ),;,-%!"(D,)!;!-' !' )!A,!-' ;G;! -#F(',H D.%" Rep = 6.104 !' Rep = 1059 B(-(>(  ! "#$ 1233C5D".D.$!-' )7!ID",;!" &! .!@,!-' CLM .;;! $%,'9

CLM = 0,5min(1 , αΩr ) 129:J5K-! (%'"! !ID"!$$,.- !$' )#)%,'! D("  %- !'  ,% 1233L5 6 D("'," )!$ "#$%&'('$ 'M#.",8%!$ )!*%+,-./ !' 0!&&!" 123425 1Rep . 15 !' )!$ "#$%&'('$ !;D,",8%!$ )! N!$'!"&!  ! "#$ 123325110 < Rep < 605 !' )! B$%O,  ! "#$ 123P:+5 1550 < Rep < 160059 Q.%$ (A.-$ $, Rep < 1000 R
CLM = 2αΩr

(

0,178 + 0,822Re−0,522p

) 129:S50%".$! !' 0.;.", 123335 !$',;!-' &( H."! )! D."'(-! $%" %-! D("',%&! $.&,)! !- ".'(',.- &."$8%!&! -.;+"! )! *!E-.&)$ !$' .;D",$ !-'"! C !' :CC !' &! -.;+"! $(-$ ),;!-$,.- αΩ !-'"! C !' C?J:9T(-$ &!$ $,;%&(',.-$? &! .!@,!-' )! D."'(-! CLM !$' D.$,',H 8%!& 8%! $.,' Rep9 =, Rep > 200?,& '!-) A!"$ %-! .-$'(-'! 8%, (%F;!-'! (A! &! -.;+"! $(-$ ),;!-$,.- αΩ9 0%".$! !' 0.;.",123335 .-$,)U"!-' &( H."! )! D."'(-! $%" %-! D("',%&! $.&,)! !- ".'(',.- )(-$ %- #.%&!;!-',$(,&&#9 V.%" &!$ F"(-)$ -.;+"!$ )! *!E-.&)$ 1Rep = 2005? &!$ !W!'$ )% ,$(,&&!;!-' !' )! &(".'(',.- $.-' .""#&#$9 V(" .-$#8%!-'? &! .!@,!-' )! D."'(-! D.%" %-! D("',%&! $.&,)! !-".'(',.- )(-$ %- #.%&!;!-' &,-#(,"!;!-' ,$(,&&# -7!$' D($ #F(& 6 &( $.;;! )% .!@,!-' )!D."'(-! )! &( D("',%&! $.&,)! $(-$ ".'(',.- )(-$ %- #.%&!;!-' ,$(,&&# !' )% .!@,!-' )!D."'(-! )! &( D("',%&! !- ".'(',.- )(-$ %- #.%&!;!-' %-,H.";!9 0%".$! !' 0.;.", 123335D".D.$!-' (&."$ &7!ID"!$$,.- 129:X5 )% .!@,!-' CL9
CL = A0α

0,9
G +A1α

1,1
G +

(

A2 +A3αG +A4α
2,0
G +A5α

9,5
G

)

αΩ 129:X5YA! A0? A1? A2? A3? A4 !' A5 )!$ .!@,!-'$ 8%, )#D!-)!-' )% -.;+"! Rep9T(-$ &!$ #'%)!$ D"##)!-'!$? &( ".'(',.- )! &( D("',%&! !$' ,;D.$#! D(" %- ;.;!-' !I'#",!%"9Z(FM, !' Z(&(M(-)(" 1JCCJ5 )#'!";,-!-' &( H."! )! D."'(-! $%" %-! $DMU"! ;,$! !- ".'(',.-D(" &! ,$(,&&!;!-'9  ( ".'(',.- )! &( $DMU"! '!-) 6 (%F;!-'!" &( H."! )! D."'(-! D(" "(DD."' (%($ $(-$ ".'(',.-9 [&&! !$' .",!-'#! )!$ \.-!$ )! H(,+&!$ A,'!$$!$ A!"$ &!$ \.-!$ )! A,'!$$!$ #&!A#!$?%$ $ &! .!@,!-' )! D."'(-! !$' D.$,',H9 =, Rep ≤ 1? &7,-]%!-! )! &( ".'(',.- $%" &( H."! )!D."'(-! !$' H(,+&! R &."$8%! Rep = 0,5? &7(%F;!-'(',.- )! &( H."! )! D."'(-! !$' )! &7.")"! )!:^9  ."$8%! &! -.;+"! )! *!E-.&)$ (%F;!-'!? &( A,'!$$! )! ".'(',.- ,-)%,'! D(" &! ,$(,&&!;!-'),;,-%!9  7,-]%!-! )! &( ".'(',.- !$' (,-$, $,F-,_(',A! $!%&!;!-' D.%" &!$ -.;+"!$ )! *!E-.&)$,-'!";#),(,"!$? !- D("',%&,!" (" &( H."! )! D."'(-! $%" %-! $DMU"! $(-$ ".'(',.- '!-) A!"$ \#".9=, Rep > 200? !&&! !$' -#F&,F!(+&!9 Z(FM, !' Z(&(M(-)(" 1JCCJ5 )#)%,$!-' &7!ID"!$$,.- 129::5 )%.!@,!-' CLM 9
CLM ≈ 1,1αΩr 129::5T(-$ &!$ .-),',.-$ !ID#",;!-'(&!$? .;;! &( A,'!$$! )! ".'(',.- F#-#"#! D(" &! ,$(,&&!;!-'),;,-%! (A! Rep? &!$ !W!'$ )! &( ".'(',.- !' )% ,$(,&&!;!-' $.-' ,-)#D!-)(-'$ 8%!& 8%! $.,' Rep!' &( H."! )! D."'(-! $%" %-! $DMU"! !- ".'(',.- ,-)%,'! D(" &! ,$(,&&!;!-' !$' &( $.;;! )! &(H."! )! D."'(-! $%" &( $DMU"! $(-$ ".'(',.- )(-$ %- #.%&!;!-' ,$(,&&# !' )! &( H."! D."'(-!$%" &( $DMU"! !- ".'(',.- ` H."#! a )(-$ %- #.%&!;!-' %-,H.";!9 b!-F  ! "#$ 1JCC:5 .-$,)U"!-'%-! $DMU"! $! )#D&(c(-' D("(&&U&!;!-' 6 %-! D(".,? !- ".'(',.- ` &,+"! a9  ! .!@,!-' CLM A(",!)! 0,8 6 1,4αΩr R &( D"#$!-! )! D(".,$ ;.),_! D!% &( A(&!%" CLM 9T(-$ '.%'!$ !$ #'%)!$ "#(&,$#!$ D.%" Rep > 1? &! .!@,!-' )! D."'(-! CLM $7(AU"! ,-H#",!%" 6

2αΩr ? "#$%&'(' #'(+&, )(-$ &7MED.'MU$! )! ='.>!$94:



 !"!# $%$& '$ () *+,-$.$ '$ *)+01- )2 301-1.)4$ '$ () *)+&12($ -0(1'$ ! "#$%&'& )& "!#*+% +',-& %-# .! /*#& )& "*#0!'& &0 )& '*12#&-%&% &3"#&%%+*'% !'!.40+5-&%%*'0 )$)-+0&% %*-% &#0!+'&% *')+0+*'% 6%-# .! )+%0!'& lp7 %-# .& '*12#& )& 8&4'*.)%9: ;*-%"*-<*'% '*-% #&"*#0&#7 "!# &3&1".&7 !-3 0#!<!-3 )& =*3 &0 *!-0&-#% 6>?@A7 >?BB97 )& C* &0 &!. 6>?BD97 )&  &+EF0*' &0 G#+<*% 6>?AH97 )& I !-EF.+' 6>??J9 &0 )& K!'E  ! "#$ 6>??B9:=F&#-L!0 &0 I !-EF.+' 6>??D9 )$0&#1+'&'0 .! /*#& )& "*#0!'& &3&#$& %-# -'& %"FM#& 5-+ %&)$".!& "!#!..M.&1&'0 N .! "!#*+ )!'% -' $*-.&1&'0 .+'$!+#& +%!+..$: O*-# &.!7 +.% %-""*%&'0
lp ∼ ap:  ! /*#& )& "*#0!'& %P$#+0 N .P*#)#& O(Rep) &0 )!'% .PF4"*0FM%& Rep ≪ 1 *11& %-+0 Q

FL

µapV
= Rep I 6>:H@9G<& Q V -'& <+0&%%& !#!0$#+%0+5-& )& .P$*-.&1&'0 R Rep .& '*12#& )& 8&4'*.)% )& .! "!#0+-.&2!%$ %-# .! <+0&%%& V R I -'& +'0$E#!.& )& %-#/!& 5-+ )$"&') )&% '*12#&% %!'% )+1&'%+*' κ &0

αG Q
κ =

ap
lp

7 αG =
Gap
V

6>:HB9 ! <+0&%%& V )$"&') )& .! '*#1& )& .! <+0&%%& #&.!0+<& −→u f −−→u p: S+ ‖−→u f −−→u p‖ 6= 07
V = ‖−→u f −−→u p‖ 6>:HA9S+ ‖−→u f −−→u p‖ = 07

V = Gap 6>:H?9 ! #&.!0+*' 6>:H@9 "&-0 T0#& -0+.+%$& 5-&..& 5-& %*+0 .! )+%0!'& lp "*-#<- 5-& Q
lp ≪ min((ν/α)1/2, ν/‖−→u f −−→u p‖) 6>:@U9=&00& *')+0+*' %+E'+V& 5-& .! "!#*+ &%0 %+0-$& )!'% .! W*'& )& .P$*-.&1&'0 )!'% .!5-&..& .&%&X&0% <+%5-&-3 %*'0 "#$"*')$#!'0% 6%&& ' ' (%)&9: =F&#-L!0 &0 I !-EF.+' 6>??D9 $<!.-&'0 '-Y1$#+5-&1&'0 .P+'0$E#!.& I "*-# )+X$#&'0&% <!.&-#% )& κ &0 )& αG )!'% )&-3 !% Q .*#%5-& .! %"FM#&&%0 &' 0#!'%.!0+*' &0 .*#%5-& .! %"FM#& &%0 &' 0#!'%.!0+*' &0 &' #*0!0+*': G+'%+7 .*#%5-& .! %"FM#&&%0 &' 0#!'%.!0+*'7 .P+'0$E#!.& I "&-0 T0#& &%0+1$& N .P!+)& )& .P$5-!0+*' 6>:@>9:

I = 1,7716 + 0,2160κ − 0,7292κ2 + 0,4854κ3 6>:@>9
−

[

3,2397

κ
+ 1,1450 + 2,0840κ − 0,9059κ2

]

αG

+
[

2,0069 + 1,0575κ − 2,4007κ2 + 1,3174κ3
]

α2
GO!# !+..&-#%7 )&% &3"$#+&'&% 6C!..7 >?AA R =F&#-L!0 &0 I !-EF.+'7 >??U R O!0'!+L  ! "#$7 >??D9%*'0 #$!.+%$&%: C!.. 6>?AA9 *'%+)M#& .! /*#& )& "*#0!'& %-# -'& "!#0+-.& %*.+)& %"F$#+5-& !-<*+%+'!E& )P-'& "!#*+ .+%%& )!'% -'& *-F& .+1+0& 0-#2-.&'0&: Z!'% .&% &3"$#+&'&%7 .& '*12#& )&8&4'*.)% Re∗ 2!%$ %-# .! <+0&%%& )& /#*00&1&'0 u∗ <!#+& )& J7@ N >DU: C!.. 6>?AA9 )$)-+0 )& %&%1&%-#&% -'& #&.!0+*' &'0#& .&% )&-3 '*12#&% %!'% )+1&'%+*' F+

L &0 Re∗ Q
F+
L = (20,90 ± 1,57)

(

Re∗
2

)2,31±0,02 6>:@[9G<& Q
F+
L =

FL

ρν2
7 Re∗ =

dp u∗
ν

6>:@J96Z!'% .P$0-)& )& C!.. 6>?AA97 .& '*12#& Re∗ &%0 #&1".!$ "!# .& '*12#& %!'% )+1&'%+*' a+ 5-+&%0 $E!. apu∗/ν:9 @@



 !"#$%&' &( )#&*+,(-.( /01123 .4(&'5#$&$(6 7!*' .&, $!58'&, .& 9&:$!"., !57'#, &$('& <62 &(=6 *$& -*('& &>7'&,,#!$ .& "- ?!'& F+
L @

F+
L = (56,9 ± 1,1)

(

Re∗
2

)1,87±0,04 /0A2=3B-$, "&*', &>74'#&$&,6 "&, 7-'(#*"&, ,!"#.&, ,!$( .&, 8#""&, '&*,&, &$ C&''& .& .#-5D('& 4%-" E 0F<
µ5 7!,4&, ,*' *$& 7-'!# "#,,&A G""&, ,!$( ,*H,-55&$( 7&(#(&, 7!*' I('& !$(&$*&, .-$, "- ,!*,J!*K& C#,L*&*,& .& "- !*K& "#5#(& (*'8*"&$(& .-$, "-L*&""& "M4!*"&5&$( &,( *$#.#'&(#!$$&"6"#$4-#'&5&$( #,-#""46 !$('-#'&5&$( E "M4(*.& .& N-"" /01OO3A B-$, "M4(*.& .& N-"" /01OO36 "-7-'(#*"& ,& ,#(*& .-$, "- P!$& Q (-57!$ R &( 5I5& .-$, "- P!$& "!%-'#(K5#L*&A S (#('& .&!57-'-#,!$6 "- ?!'& 7'!7!,4& 7-' T-U5-$ /012V6 012O3 ,M4'#(6 &$ ,*77!,-$( "- 7-'(#*"& ,!"#.&!$(&$*& .-$, "- ,!*, !*K& C#,L*&*,& @

F+
L = 6,46

(

Re∗
2

)3 /0A2V3W"*, '4&55&$(6 X-Y&5*'- &(  -%$-*.&( /F<<Z3 5&,*'&$( "- ?!'& .& 7!'(-$& ,*' .&, 8*""&,!$(-5#$4&, /.!$( "& !57!'(&5&$( ,M-,,#5#"& E &"*# .&, 7-'(#*"&, ,!"#.&,3 -* C!#,#$-%& .M*$&7-'!# "!',L*& "& $!58'& .& 9&:$!"., Rep &,( !57'#, &$('& 0 &( 1FA [", 7'!7!,&$( "M&>7'&,,#!$/0A223 .* !&H#&$( .& 7!'(-$&A
CL = CL0 a

2

(

lp
1,5dp

)−2 tanh(0,01Rep) /0A223SC& @ lp "- .#,(-$& &$('& "& &$('& .& "- ,7KD'& &( "- 7-'!# \
a = 1 + 0,6Re1/2p − 0,55Re0,08p /0A2]3^& !&H#&$( CL0 .47&$. .* $!58'& .& 9&:$!"., Relp !$,('*#( E 7-'(#' .& "- .#,(-$& lpA

Relp =
lp‖−→u f −−→u p‖

ν
/0A2O3)!*, -C!$, @ ,# 0 < Relp < 106

CL0 =

(

9

8
+ 5,78.10−6Re4.58lp

)

β2 exp(−0,292Relp) /0A213&( ,# 10 ≤ Relp < 3006
CL0 = 8,94β2Re−2,09lp

/0A]<3SC& β = 0,50698A^- '&"-(#!$ /0A223 &,( '&('!*C4& .-$, "&, ,#5*"-(#!$, .& _&$%  ! "#$ /F<<V3 ,# Relp < 100A S#$,#6"& !&H#&$( .& 7!'(-$& .#5#$*& -C& "& $!58'& ,-$, .#5&$,#!$ Relp &( "- .#5#$*(#!$ &,( *$&?!$(#!$ '!#,,-$(& .* '-77!'( lp/dpA ^!',L*& Relp > 1006 "& !&H#&$( -*%5&$(& -C& "& $!58'&
Relp &( "- '&"-(#!$ /0A223 ,!*,J&,(#5& "- C-"&*' $*54'#L*&A )!*, 7!*C!$, #(&' -*,,# "&, ,#5*"-J(#!$, $*54'#L*&, .& `#5  ! "#$ /011Z3A)!*, !57-'!$,6 .-$, "- a%*'& 0AO6 "&, .#U4'&$(&, '&"-(#!$, '-77!'(4&, ##A W!*' & ?-#'&6 $!*,!$,#.4'!$, *$& 7-'(#*"& ,7K4'#L*& 7!,4& ,*' *$& 7-'!# "#,,& /lp = ap3 .-$, *$ 4!*"&5&$("#$4-#'&5&$( #,-#""4A ^& 7'!a" .& C#(&,,& &,( .!$$4 7-' "- "!# 4(-8"#& .-$, "- ,!*,J!*K& C#,L*&*,&6E ,-C!#' @

uf (z) =
u2∗
ν
z /0A]032]
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1*23456*,37,
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=3> !" 0.5 < Re∗ < 140 !"#$ %&' ( )*+,"-.+/ 0$ ,1 2+#$ 0$ 4+#-1/$ 51/5 0.6$/5.+/ F+
L $/ 2+/-.+/ 0" /+67#$ 0$8$9/+,05 Re∗:1  !"#$ %&'1 6+/-#$ ,;)*+,"-.+/ 0$ ,1 2+#$ F+

L 1,",)$ 1*$ ,$5 #$,1-.+/5 0$ <1=61/ >%?@AB%?@'CB 0$ D1,, >%?''CB 0$ EF$#"G1- $- H:1"!F,./ >%??ICB 0$ H+,./!$# $- J.$"K5-10- >%??@C $- 0$L1G$6"#1 $- H1!/1"0$- >MNNOC 4+"# Re∗ < 4& E$--$ +/0.-.+/ +##$54+/0 144#+P.61-.*$6$/- 1"0+61./$ 0;144,.1-.+/ 0$5 #$,1-.+/5& :$5 *1,$"#5 +7-$/"$5 5+/- 0.=)#$/-$5& <. Re∗ = 4B ,;)1#- 4$"-Q-#$ 0;+#0#$ MN $- ,1 #$,1-.+/ 0$ EF$#"G1- $- H:1"!F,./ >%??IC )-17,.- "/$ 2+#$ F+
L /)!1-.*$&:1 4#)5$/$ 0$ ,1 41#+. 1 "/ $=$- +44+5) 5$,+/ ,$5 6+0R,$5& S1/5 ,$5 6+0R,$5 0$ D1,, >%?''C$- 0$ H+,./!$# $- J.$"K5-10- >%??@CB $,,$ -$/0 T 1"!6$/-$# ,1 2+#$ 0$ 4+#-1/$ 41# #144+#-1" 15 51/5 41#+. U". $5- 0)#.- 41# ,1 #$,1-.+/ 0$ <1=61/ >%?@AB %?@'C& V/*$#5$6$/-B 01/5 ,$6+0R,$ 0$ L1G$6"#1 $- H1!/1"0$- >MNNOCB ,1 2+#$ FL $5- 0.6./")$& S1/5 ,1  !"#$ %&'7B /+"5$P16./+/5 ,$ 15 Re∗ > 4 W /+"5 #$4#)5$/-+/5 ,$ +64+#-$6$/- 0$ ,1 2+#$ F+

L +7-$/" T 41#-.#0$5 #$,1-.+/5 0$ D1,, >%?''C $- 0$ L1G$6"#1 $- H1!/1"0$- >MNNOC& :1 #$,1-.+/ 0$ D1,, >%?''C0+//$ "/$ *1,$"# 7.$/ 5"4)#.$"#$ T $,,$ $5-.6)$ 41# L1G$6"#1 $- H1!/1"0$- >MNNOC $- 0+/B T$,,$ 1,",)$ /"6)#.U"$6$/- 41# X$/!  ! "#$ >MNNAC& !" #$%' ()*+,+%*-.$/L+"- 5+,.0$ U". 5$ 0)4,1$ 01/5 "/ )+",$6$/- "/.2+#6$ 1*$ "/$ *.-$55$ −→u p U". *1#.$ 1*$ ,$-$645 $5- 5+"6.5 T ,1 2+#$ 0$ 6155$ 1Y+"-)$& E$--$ 2+#$ 1 4+"# +#.!./$ ,;1),)#1-.+/ 41# ,$5+,.0$ 0;"/$ $#-1./$ 6155$ 0$ Z".0$ $/*.#+//1/- W ,+#5U"$ ,$ 5+,.0$ 5$ 0)4,1$B ., 6+0. $ ,;)/$#!.$./)-.U"$ 0" Z".0$& :1 2+#$ 0$ 6155$ 1Y+"-)$ 01/5 "/ Z".0$ 1" #$4+5 5;)#.- W
−→
F M = −ρCM Vp

d−→u p

dt
>%&[MC\*$ CM ,$ +$].$/- 0$ 6155$ 1Y+"-)$&S1/5 ,$ 15 0;"/$ 54FR#$ $- 01/5 ,;F94+-FR5$ 0;"/ Z".0$ /+/ *.5U"$"P +" 0;"/ )+",$6$/-0$ <-+G$5B ,$ +$].$/- CM $5- )!1, T 1/2& :1 6155$ ρVpCM $5- ,1 6155$ 0" Z".0$ U".B 5.$,,$ 5$ 0)4,1^1.- 1*$ ,1 *.-$55$ −→u pB 1"#1.- ,1 6Q6$ )/$#!.$ ./)-.U"$ U"$ ,$ Z".0$ 1),)#)&:+#5U"$ ,;)+",$6$/- $5- "/.2+#6$ $- /+/ 5-1-.+//1.#$B ,1 2+#$ $P$#)$ 5"# ,1 54FR#$ $5- ,.)$ 1"P1),)#1-.+/5 0" Z".0$ $- 0$ ,1 54FR#$& _,,$ 5;)#.- >`1-F$,+#B %?@[ a H1!/1"0$- $- _16$5B MNNNC W

−→
F A = ρVp

d−→u f

dt
+ ρCM Vp

(

d−→u f

dt
− d−→u p

dt

) >%&[OC@'



 ! "#!$%!# &!#$! !'& () * +, "#-'!.! (! 0#,(%!.&' (! "#!''%1. (,.' +! 23%(! ,3 41%'%.,0! (!+, ",#&%3+! 53% '1.& %.(3%&' ",# +6,-+-#,&%1. (3 23%(!7  ! '!1.( &!#$! !'& +, 81#! (! $,''!,913&-!7:,.' +! ,' 0-.-#,+ ;-13+!$!.& .1. 3.%81#$! !& .1. '&,&%1..,%#!<= .13' ,41.' ;>3&1.  ! "#$=?@AA B C,0.,3(!&  ! "#$= ?@@D B E'F%9%$,= ?@@A< G
−→
F A = ρVp

D−→u f

Dt
+ ρCM Vp

[

D−→u f

Dt
− d−→u p

dt

] ;?7HI<>4! D/Dt = ∂/∂t+−→u f .∇7J!"!.(,.&= %+ .6!K%'&! ",' (! 1.'!.'3' '3# +6!K"#!''%1. (! +, 81#! −→F A7 >%.'%= L%M1 !& N,#%,;?@@AO< 3&%+%'!.&= (,.' +!3# $1(P+! (! &#,9!&1%#!= +6!K"#!''%1. ;?7HD< 53% 8,%& %.&!#4!.%# +, (-#%4-!&1&,+! d/dt (-Q.%! ",# d/dt = ∂/∂t+−→u p.∇7
−→
F A = ρVp

D−→u f

Dt
+ ρCM Vp

[

d−→u f

dt
− d−→u p

dt


0,1 * 300 !& +! .1$O#! ',.' (%$!.'%1. αG !'& 1$"#%' !.&#! −0,1 !& 0,17  ! 1!Z%!.& CM ,+3+-!'& ,""#1K%$,&%4!$!.& -0,+ * 0,57[(,# !& \,$%+&1. ;?@WI< '6%.&-#!''!.& ,3 ,' (63.! ",#&%3+! '1+%(! !. &#,.'+,&%1. (,.' 3. 23%(!,3 #!"1'= (1.& +! $134!$!.& !'& ,-+-#- ;$134!$!.& 1'%++,&1%#!<7 ]13# !'&%$!# +, 81#! 23%(!= %+'#-,+%'!.& (!' !K"-#%!.!' (,.' +!'53!++!' +! .1$O#! (! R!S.1+(' Rep 4,#%! (! ^ * WX7 U+ ,"",#,_&53! +! 1!Z%!.& (! $,''! ,913&-! !'& %.(-"!.(,.& (3 .1$O#! (! R!S.1+(' !& 536%+ !'& 3.!81.&%1. (3 ",#,$P&#! ',.' (%$!.'%1. Ac7

Ac =
‖−→u f −−→u p‖2

dp

∥

∥

∥

∥

d(−→u f −−→u p)

dt

∥

∥

∥

∥

;?7HW< ! ",#,$P&#! Ac 53,.&%Q! +6%$"1#&,.! (! +6,-+-#,&%1. 1.4!&%4! 4%'`*`4%' (! +6,-+-#,&%1.+1,+!7 ]13# +!' .1$O#!' Ac 1.'%(-#-' ;Ac < 2,5<= +! 1!Z%!.& CM !'& '3"-#%!3# * ^=D !& &!.(4!#' 3.! 4,+!3# +%$%&! -0,+! * ?=^D +1#'53! Ac > 1,5 ;87 +, Q03#! D (! +!3# ,#&%+!<7 [(,# ;?@WW<,""+%53! ! #-'3+&,& * 3.! ",#&%3+! &1$O,.& '13' +6!a!& (! +, 0#,4%&- (,.' 3. 23%(! ,3 #!"1'7 U+&#134! 3. ,1#( ',&%'8,%',.& '3# +, 4%&!''! (! +, ",#&%3+! !.&#! +6!K"-#%!.! !& +! ,+3+7 L%M1 !&N,#%, ;?@@AO< %&!.& +!' #-'3+&,&' (! b!. ;?@@X< 53% !a!&3! (!' !K"-#%!.!' (,.' (!' 1.(%&%1.'"#1F!' !& 53% &#134! -0,+!$!.& (!' 4,+!3#' '3"-#%!3#!' * ^=D7 J#1c!  ! "#$ ;?@@A< #!"#!..!.& +!'&#,4,3K (! [(,# !& \,$%+&1. ;?@WI< !& "#1"1'!.& "13# +! 1!Z%!.& CM +6!K"#!''%1. ;?7HH< G
CM = 1,05 − 0,066

0,12 +A2
c

;?7HH< !" #$%' ()*+$)%' , 81#! F%'&1%#! , "13# 1#%0%.! +, #-"1.'! .1. %.'&,.&,.-! (! +, 13F! +%$%&! ,3&13# (! +,",#&%3+! '1+%(! * 3.! 4,#%,&%1. (,.' +! &!$"' (! +, 4%&!''! #!+,&%4! (! !&&! ",#&%3+! ",# #,""1#&,3 23%(!7 d++! "!3& T&#! ,''%$%+-! * 3.! &#,_.-! 4%'53!3'! 53% '!#,%& (3! * +6,-+-#,&%1. #!+,&%4!7:,.' +, $T$! %(-!= +, 81#! (! $,''! ,913&-! !'& 3.! &#,_.-! (! 81#$! 0-.-#-! ",# +6,-+-#,&%1.7W@



 !"#$%  ! "#$& '(()* +, -#".% FH %/0 1-% 2#-04#- 51 0%.6/ %0 %77% %/0 589-4% #..% 7:4-08;",7% '<=)* ,>% K 7% -#?,1  @,//%0& ')))*<
FH(t) = 6πµap

∫ t

−∞
K(t,s,Rep)

d

ds
(uf − up) ds  '<=)*+% #.6#"0%.%-0 51 -#?,1 K 586%-5 51 #-0%A0% 5:8015%  -#.B"% 5% C%?-#75/& -,01"% 5% 7,>,"4,04#- 5% 7, >40%//% "%7,04>%*< D#- %A6"%//4#- %/0 580%".4-8% 1-4E1%.%-0 5,-/ E1%7E1%/ ,/6,"04174%"/< @,//%0  ')))* .#-0"% 5,-/ 1- 8#17%.%-0 5% D0#F%/ 6#1" 1-% /6GH"% %- 0",-/7,04#-5,-/ 1- I145% ,1 "%6#/& 5#-0 7% .#1>%.%-0 %/0 ,878"8 E1% 7% -#?,1 K /:8"40 J

K(t,s) = ap
√

πν(t− s)
 '<=(*K,"%477%.%-0& L5," %0 M,.470#-  '(NO* #-/45H"%-0 1-% 6,"0417% %- 0",-/7,04#- 5,-/ 1- I145%,1 "%6#/< P,-/ %00% 8015%& 7% .#1>%.%-0 5% 7, 6,"0417% %/0 /4-1/#Q5,7 %0 7% -#.B"% 5% C%?-#75/

Rep %/0 #.6"4/ %-0"% R %0 NS< +% -#?,1 K %/0 %A6"4.8 #..% /140 J
K(t,s) = CH

ap
√

πν(t− s)
 '<)R*T>% CH 1- #%U4%-0 E14 %/0 580%".4-8 %A68"4.%-0,7%.%-0 6," 7%/ ,10%1"/<+% #%U4%-0 CH %/0 4-586%-5,-0 51 -#.B"% 5% C%?-#75/ %0 47 %/0 1-% 2#-04#- 58"#4//,-0%51 6,",.H0"% /,-/ 54.%-/4#- Ac E14 %/0 5#--8 6," 7:8E1,04#-  '<=N* %0 E14 .#5874/% 7:%V%0 5%7:,878",04#-< K#1" 7%/ -#.B"%/ Ac 801548/  Ac < 2,5*& 7% #%U4%-0 CH %/0 4-28"4%1" W ' %0 0%-57#"/E1% Ac > 1,5 >%"/ R&O)< !"#$%  ! "#$  '(()* 6"#6#/% 7:%A6"%//4#-  '<)'*<

CH = 0,48 +
0,52

(1 +Ac)
3  '<)'*P,-/ 7%/ %A6"%//4#-/  '<=(* %0  '<)R*& 7% -#?,1 K 58"#X0 ,>% 7% 0%.6/ #..% t−1/2< P%/ 0",>,1A671/ "8%-0/ E14 "%6#/%-0 /1" 5%/ /4.17,04#-/ -1.8"4E1%/ ,B#104//%-0 W 1- ,10"% "8/170,0< +%#.6#"0%.%-0 %- t−1/2 %/0 >8"498 /%17%.%-0 6#1" 5%/ 0%.6/ #1"0/& :%/0YWY54"% 6#1" t∗ < 1 ,>%

t∗ = t‖−→u f − −→u p‖/dp< K#1" 5%/ 0%.6/ 7#-;/& 7% -#?,1 58"#X0 671/ >40%< D#- #.6#"0%.%-0 %/0748 W 7, -,01"% 5% 7, >,"4,04#- 5% 7, >40%//% "%7,04>% −→u f −−→u p J 2< 6," %A%.67% 7%/ 0",>,1A 5% Z%4%0 #,10%1"/ E14 /#-0 B4%- "8/1.8/ 5,-/ 7:,"047% 5% +,$"%-% %0 Z%4  '(([*< Z%4  ! "#$  '(('*580%".4-%-0 7% -#?,1 K 6#1" 1-% 6,"0417% 9A% 5,-/ 1- 8#17%.%-0 1-454"%04#--%7 /6,04,7%.%-01-42#".% 7#"/E1% 7, >40%//% I145% >,"4% 2,4B7%.%-0 ,10#1" 5:1-% >,7%1" .#?%--%< \7/ 0"#1>%-0 6#1"5%/ 0%.6/ 7#-;/ E1% 7% -#?,1 K 58"#X0 #..% t−2< +#"/E1% 7, >40%//% I145% >,"4% B"1/E1%.%-05% uf1 W uf2& +,$"%-% %0 Z%4  '(([* 4-54E1%-0 1- #.6#"0%.%-0 1- 6%1 54V8"%-0< D4 uf1 ≤ 0%0 uf2 > 0& 7% -#?,1 K 58"#X0 %-#"% #..% t−2< K," #-0"%& 5,-/ 7%/ ,/ #] uf1 < 0 %0 uf2 > 0%0 #] uf1 > 0 %0 uf2 = 0& 47 58"#X0 #..% t−1<+#"/E1% 7:8#17%.%-0 %/0 1-454"%04#--%7 74-8,4"%.%-0 4/,4778& 7, 2#"% G4/0#4"% %/0 #-/04018% 5:1-%#.6#/,-0% 6,",77H7% W 7, >40%//% "%7,04>% uf − up& #..% 5,-/ 7:8#17%.%-0 1-42#".% %0 5:1-%#.6#/,-0% 6%"6%-5417,4"% W %00% >40%//% E14 %/0 -#08% FL
H <  @,;G4 %0 @,7,G,-5,"& SRRS ^_,F,B, %0 @,7,G,-5,"& SRR[* +, 2#"% FL

t∗ < 1*&7:8>#7104#- 51 ",66#"0 K/√Rep1  ,>% Rep1 = dp(uf1 − up1)/ν 7% -#.B"% 5% C%?-#75/ ` 4-4Y04,7 a* %/0 4-586%-5,-0% 5%/ #-5404#-/ 4-404,7% %0 9-,7%< +% -#?,1 KL 586%-5 51 4/,477%.%-0 %0=R



 !" $% &'&$%" &%&'&()! !' *%()!+ ,(-(.( !' /()(0(% (1 234456 $78(1!%' )9:;$)<'&$%  < 1(88$1'
KL/Reα (;! Reα = d2p|α|/ν= $.'!%<! 8$<1  !<> &"(&))!7!%'" 2αG1 = apα/(uf1−up1) = 0,04 !'
0,026+ ?))! !"' '1$<;:! & !%'&@<!+ A!" (<'!<1" 81$8$"!%'  9!>81&7!1 )! %$B(< KL $77! "<&' C

KL(t) = Reα {a1 [1− tanh (b1t
∗ − c1)] + a2 [1− tanh (b2t

∗ − c2)] cos(ω2t+ φ2)} 2D+E36F;! t∗ = t‖−→u f −−→u p‖/dp G a1= b1= c1= a2= b2= c2= ω2 !' φ2  !" $%"'(%'!"+,(-(.( !' /()(0(% (1 234456  : <&"!%'  ! )!<1" 1:"<)'('" "!<)!7!%' )( ;()!<1  !" $%"'(%'!"
a1= b1 !' c

−→M = −8πµa3p
(

−→ω p −
1

2
−→ω f

) 2D+E[6A$1"@<! )! %$7.1!  ! Y!B%$) " (<O7!%'!= )! 7$7!%'M 8!<' ^'1! ()<): !% <'&)&"(%' )( 1!)('&$% ! /!% I()!7  ! "#$ 2DLLE6+
CM = − 32

Rep

(

αΩ +
1

2
εα|αG|0,9 + 1,625.105 εα|αG|0,2Re2p

) 2D+E_6F;! εα = 1 "& αG > 0 !' εα = −1 "& αG < 0 G
CM =

M
1

2
ρ πa3p ‖−→u f −−→u p‖2

2D+E56A( 1!)('&$% 2D+E_6 1!8$"! "<1  !" "&7<)('&$%" %<7:1&@<!" 1:()&":!" )$1"@<! Rep ≤ 40= −2 < αΩ < 2!' −0,3 < αG < 0,3+ `!%'&$%%$%" :O()!7!%' )9:'< !  ! H!%&"  ! "#$ 2DLE46 @<& !"'&7!%'= 8(1 <%!7:'0$ ! "8!'1()!= )! 7$7!%'M "<1 <%! "80S1! !% 1$'('&$%  (%" <% R<& ! (< 1!8$"+ A! %$7.1! ! Y!B%$) " ReΩ .(": "<1 )( ;&'!""!  ! 1$'('&$%  ! )( 8(1'&<)! !"' $781&"  (%" )9:'< ! !%'1!D !' D44+ A!" 1:"<)'('" "$%' $%N$17!" Q !<> $.'!%<" !>8:1&7!%'()!7!%' 8(1 I(]('K-& 2DLV4622 ≤ ReΩ ≤ 1,5.1066+ \1$]!  ! "#$ 2DLLE6  : <&"!%'  !" 1:"<)'('"  ! H!%&"  ! "#$ 2DLE46 !'  !I(]('K-& 2DLV46 )9!>81!""&$% 2D+Ea6  < 7$7!%' 8$<1 1000 ≥ ReΩ ≥ 20 C
M = −16,1µa3pωp

(

1 + 0,201Re
1/2
Ω

) 2D+Ea6b!%O  ! "#$ 234456 !>(7&%!%'= 8(1 (&))!<1"= )! 7$<;!7!%'  9<%! "80S1! (< ;$&"&%(O!  9<%! 8(1$&+A! 7$7!%' M !"' &% <&' 8(1 )( %$%P"B7:'1&!  ! )9:$<)!7!%'  (%" )! "&))(O!  ! )( "80S1!  <!Q )( 81:"!%!  ! )( 8(1$&+ A!" "&7<)('&$%" %<7:1&@<!" "$%' 1:()&":!" 8$<1 10 ≤ Rep ≤ 300 !'
0,75 ≤ lp/dp ≤ 4+ A! 7$7!%' M !"' !% O:%:1() 8!'&' !'  &7&%<! 1(8& !7!%' (;! )! %$7.1!  !Y!B%$) " Rep !' )(  &"'(%! lp+ I& Rep ≥ 100= CM ≤ 0,004+ A! 7$7!%' !"' 8$"&'&N+ F )9&%;!1"!=J&7  ! "# 2DLL[6 $.'&!%' 8$<1  !<> "80S1!" @<& '$7.!%' �'! Q �'!  !" ;()!<1" %:O('&;!" )$1"@<!
Rep ≥ 50 !' lp/dp ≥ 2+ VD



` @ )- 2*2F.,(8& &2 *3.#& %-28 )&8 8(3$)-#(*28 %& )- ,*#-#(*2 %$ +,-(2< C*$,;",(E&, &##& /K.*#/78&: X/(#& &# =/$)\ HNO]]I ,&F-)$)&2# )&8 #,-?&#*(,&8 %$ +,-(2 &2 (2#,*F%$(8-2# %-28 )!"0$-#(*2 %& 3*$;&3&2# )- 4*,& %& a-+2$8 &# %"#&,3(2&2# )&8 ;(#&88&8 %& ,*#-#(*20$( .&,3&##&2# %!-;*(, $2 '*2 -*,% &2#,& )!&5.",(&2& &# )& -)$)< L)8 *'#(&22&2# %&8 ;(#&88&8%& ,*#-#(*2 *3.,(8&8 &2#,& NVV &# ^VV ,&;<8−1< D&8 ;-)&$,8 8*2# %$ 3G3& *,%,& %& +,-2%&$,0$& &))&8 3&8$,"&8 .-, X/(#& HNOPUI %-28 %&8 *2%(#(*28 8(3()-(,&8 H350 ≤ ωp ≤ 400 ,&;<8−1I<C-,&())&3&2#: )&8 &5.",(&2&8 %& b-+2*)% HNOQNI: %& c-d-3$,- HNOeNI &# %& D/&.() &# X**%,$fHNOW^I (2%(0$&2# %&8 ;(#&88&8 %& ,*#-#(*2 %$ +,-(2 ")&;"&8: 0$( ;-,(&2# &2#,& NVV &# ]eV ,&;<8−18&)*2 )& %(-37#,& &# )!-2+)& %!&2;*)< g*$ "# $%! HUVV]I ,&.,*%$(8&2# &2 8*$h&,(& )& 3*$;&3&2# %&]U



 !"#!#$%& '()& *+!$& ',  !-", .dm ∼ 0,25 //0 1%)+ #+%$ 2$#,  , ', 3+%##,/,&# .u∗ = 0,674 0,83 ,#
0,87 /5 −105 6" /, )+,&# ', 2$#,  , ', +%#!#$%& /%7,&&, %/1+$ , ,&#+, 9:: ,# ;:: +,25 −15<%//, =>$#, ,# ?>)"@ .ABCC04 $" /%&#+,&# D), "($&#+%')#$%& ', "! 3%+, ', E!*&) '!& "(FD)!#$%& ') /%)2,/,&# 1,+/,# '(!)*/,&#,+ ', 3!G%&  )- #!&#$,"", .+, 1,#$2,/,&# H) D)(IA:J ,# KLJ0 "! >!)#,)+ ,# "! "%&*),)+ ') +,-%&'5 M%)#,3%$ 4 ", +F )"#!# ', =>$#, ,# ?>)"@.ABCC0 ,# ', N%)  ! "#$ .K::C0 1,)2,&# O#+,4 '!& )& ,+#!$&  ,& 4 +,/$ ,& !) , !+ "(,P1+,  $%&', "! 3%+, ', E!*&) )#$"$ F, , # ,"", ', Q)-$&%R ,# S,"",+ .AB;A0 F#!-"$, '!& "(>71%#>T ,U Rep 1,#$# V5 <,##, %&'$#$%& &(, # 1! +, 1,#F, '!& ", ,P1F+$,&, 1%)+ ", D),"", ", &%/-+,', Q,7&%"' , # -$,&  )1F+$,)+ I A5W!& "(,!)4 "! +%#!#$%& ', "! 1!+#$)", , # 3!$-",5 X,, ,# Y ) .ABB;0 +!11%+#,&# ', 2$#,  , ',+%#!#$%& H) #, !1+T "($/1!# %/1+$ , ,&#+, AA ,# ZK +,25 −1 .4 ≤ dp ≤ 5,95 //05 W, /O/,4[$\% ,# ]!+$! .ABB^!0 /, )+,&# 1%)+ ', 1!+#$)", ',  !-", .dp = 0,5 //0 ', 2$#,  , ',+%#!#$%& /%7,&&, 1,&'!&# ", +,-%&' 2!+$!&# ,&#+, A: ,# 9: +,25 −15 X! 2$#,  , ', +%#!#$%& 'F1,&',  ,&#$,"",/,&# ', %""$ $%& ,&#+, ", 1!+#$)", ,# 1%)+ ,##, +!$ %&4  ! 2!",)+ , # >!)#,/,&#!"F!#%$+,5 [$\% ,# ]!+$! .ABB^!0 'F')$ ,&# ', ",)+ /, )+, "! +,"!#$%& .A5^C05

S ≃ 5,11 − 1,13

(

u∗
u∗c

)2 4 S =
ωp dp
u∗

.A5^C0_2, u∗c "! 2$#,  , ', 3+%##,/,&# +$#$D), ', /$ , ,& /%)2,/,&# ') *+!$& .35 ", +$#T+, ',?>$,"' 05?)$2!&# )&, /F#>%',  $/$"!$+, I ,"", 1+%1% F, 1!+ =>$#, ,# ?>)"@ .ABCC04 X,, ,# Y ) .ABB90, #$/,&# '!& "(,!) "(,`,# ', "! 3%+, ', E!*&)  )+ "! #+!H,#%$+, ') *+!$&5 X%+ D), ,##, 3%+,, # %& $'F+F, '!& ", /%'T",4 "! "%&*),)+ ') +,-%&' , # !)*/,&#F, .H) D)(I AKJ05 <,1,&'!&#4", 2$#,  , ', +%#!#$%& #+%)2F,  %&# ', "(%+'+, ', ;:aC: +,25 −14 2!",)+  )1F+$,)+, I ,"", ', ,P1F+$,&, 5 b+!&$ .ABCZ0 &%#, D), D)," D),  %$# ", /%', ', #+!& 1%+# .>!++$!*,4  !"#!#$%&4 ) 1,& $%&04 ", *+!$& #%)+&, !)#%)+ ',  %& !P, #+!& 2,+ !" ,# D), "! 2$#,  , ', +%#!#$%& , # 1") 3!$-", 1%)+ ", *+!$&  1>F+$D), D), 1%)+ ", *+!$& !&*)",)P5<%/1#, #,&) ', 2!",)+ /, )+F, '!& "(,!)4 $" , # 1+%-!-", '!& , /$"$,) D), "! +%#!#$%& ')*+!$& /%'$c, 1,) "! 3%+, d)$', ,# D),  %& ,`,#  )+ "! #+!H,#%$+, ') *+!$& 1)$  , O#+, &F*"$*F5 !"!# $%&( ()(&*( +,& -( ./01(6" &(,P$ #, 1! ', /, )+, '$+,#, ', "! 3%+, d)$',  )+ )& *+!$& ,&  !"#!#$%&5 X, /, )+,  %&#+F!"$ F,  )+ )&, 1!+#$)", cP, I 1+%P$/$#F '()&, 1!+%$5 e& ,+#!$& &%/-+, ', +F )"#!# +,"!#$3 I )&, 1!+%$ "$  ,  %&# +!11%+#F '!& ", 1!+!*+!1>, A5A5Z ,# A5K5Z5 X, +F )"#!# 1+F ,&#F $$1+%2$,&&,&# '(,P1F+$,&, ,`,#)F, '!& ', %&'$#$%& D)$ #,&',&# I O#+, ,"", '()& *+!$&  )+", "$#5 W!& , ,P1F+$,&, 4 "! 1!+#$)", &(, # 1! $ %"F,4 ,"", 1,)# O#+, 1% F,  )+ )&, +!&*F, ',1!+#$)", 4 ,"", 1,)# O#+, F*!",/,&# 1"!F, '!& ",  $""!*, '(!)#+, *+!$& 5 X, ,P1F+$,&, I &%#+,%&&!$  !&,  %&# +,"!#$2,/,&# !&$,&&, I "(,P,1#$%& ', ,"", ', ?>/,,f",  ! "#$ .K::C05 ! "#$%& !'( !& )*+%,%-#! '+# +&! #$&")! .! /$#(%+,!'<%",/!& .AB;C0 'F#,+/$&, "! 3%+, d)$', ,P,+F,  )+ ',  1>T+, ,& 1"! #$D), ,# ,& !$,+ 1%g F,  )+ ', !++!&*,/,&# ',  1>T+, $',&#$D), 5 X, &%/-+, ', Q,7&%"' Rep , # %/1+$ ,&#+,L: ,# A::::5 X, /, )+, /%&#+,&# D), ", %,h$,&# ', #+!i&F, 1,)# O#+, , #$/F ,& 1+,/$T+,!11+%P$/!#$%& 1!+ )&, "%$ F#!-"$, ,& "(!- ,&, ', 1!+%$4 1!+ ,P,/1", "! +,"!#$%& ', ?>$"",+ ,#[!)/!& .ABZZ05 <,1,&'!&#4 ,"",  %&# #+T '$ 1,+ F, !2, )&, 2!+$!#$%& D)$ 1,)# O#+, '(%+'+,A  $ Rep < 2005 .E!+ >  ! "#$4 K::90 X, /, )+, $&#F+,  ,&# !)  $ "! 3%+, ', 1%+#!&, D)$ , #/%&#+F H%),+ )& +�", ,  ,&#$," '!& "! /$ , ,& /%)2,/,&# ', *+!$& 5 k"", , # #+%)2F, &F*!#$2,  $
Re∗ < 1005 X(F#)', -$-"$%*+!1>$D), ', l!/, .ABB:0 $&'$D), D),  %&  $*&, 'F1,&' ', "! &!#)+,', "(F%)",/,&#5 6" , # 1% $#$3  $ "(F%)",/,&# , # >7'+!)"$D),/,&# +)*),)P .%$ $ Re∗ ≫ 50 ,#CZ



 !"#$%& '% ( ) *#+%,' ,$ -#.#/ 012345 6#77(6$, $ #% '% 7(86 /,' 7,$%$'  (.96,' /, :,; (</' Re∗/,' +#<,86'  !"#$%+,' /, <# &(6, FL) *# ' <,' ,>7!6%, ,'? <# '7@A6, /, /%#.A$6, !"#< B CD?E ..,'$ 7<#!, /# ' 8 F8%/,  (  ,G$( %, '86 8 , 7#6(% 68"8,8', &(6.!, /, '7@A6,' %/, $%H8,') I#+%'('%$! % !.#$%H8, +#6%, /, 1?C)1J−5 B C?K)1J−4 .2)'−1) I, (,L%, $ /, 7(6$# , C∗L /!7, /B <# &(%' /8  (.96, /, :,; (</' Re∗ ,$ /M8 , #6#$!6%'$%H8, 6@!(<("%H8, /8 F8%/,)
C∗L =
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01)445N(86 8 , +%'('%$! /(  !,? <, (,L%, $ C∗L ,'$ 8 , &( $%( 6(%''# $, /, Re∗) *#+%,' ,$ -#.#/012345 /!/8%', $ /, ,' 6!'8<$#$' 8 , <(% +#<%/, /# ' <M,#8 ,$ /# ' <, #' /, <# 7#6(% 68"8,8',)O,$$, <(% 'M!6%$ (.., '8%$ P
C∗L = −31,74 ± 1,43 + 20,61 lnRe∗ ? 2 ≤ Re∗ ≤ 10 01)425-,<( ,$$, <(%? <, (,L%, $ C∗L ,'$  !"#$%& '% Re∗ < 5) *#+%,' ,$ -#.#/ 012345 6,<%, $ , 6!'8<$#$B <#  #$86, /,' /!7<#,., $' /,' "6#% '? B '#+(%6 PQ 7(86 <,' 7,$%$'  (.96,' /, :,; (</'? <, $6# '7(6$ ', &#%$ 7#6 @#66%#",? <# &(6, F8%/, ,'$/%6%"!, +,6' <, <%$ 0C∗L < 05 RQ 7(86 <,' "6# /'  (.96,' /, :,; (</'? <, $6# '7(6$ ', &#%$ 7#6 '#<$#$%( ,$ , '8'7, '%( ?<# &(6, F8%/, ,'$ /%6%"!, +,6' <# '86&#, <%96, 0C∗∗ep ,'$ (.76%' , $6, CJJJ,$ 2JJJ ,$ <, 6#77(6$ /,' +#<,86' % '$# $# !, ,$ .(;,  , /, <# &(6, +#6%, /# ' <# /%6,$%( x? /,

−1 B 4 ,$ /# ' <# /%6,$%( z? /, −6 B 6) O@, " ,$ O<;/, 0123C5 ,'$%., $?7(86 /,'  (.96,' /,:,; (</' $6A' '87!6%,86'? 8 , +#6%#$%( /, <# &(6, /, 7(6$# , 9,#8(87 7<8' &#%9<,) W<' $6(8+, $#% '% <(6'H8, 32000 < Re∗ < 55000 H8, <, 6#77(6$ /,' +#<,86' % '$# $# !, ,$ .(;,  , +#6%, /,1?1[ B 1?CC) 0\#6'@  ! "#$? CJJE5 I(6'H8, <# 7#6$%8<, ,'$ 7('!, '86 8 , 7#6(% <%'',? <,' F8$8#$%( '$8698<, $,' /, <# &(6, F8%/, /%.% 8, $) -@.,,Z<,  ! "#$ 0CJJ35 $6(8+, $ H8, <, 6#77(6$ /,'+#<,86' % '$# $# !,' ,$ .(;,  ,' +#6%, #<(6' /# ' <# /%6,$%( x? /, 0,5 B 1,5 ,$ /# ' <# /%6,$%( 
z? /, 0 B 1,5) ](8' 6,76!', $( '? /# ' <# T"86, 1)2? <# +#<,86 % '$# $# !, /, <# (.7('# $, /# '<# /%6,$%( x /, <# &(6, F8%/, 0 ($!, Fx5 .,'86!, 7#6 -@.,,Z<,  ! "#$ 0CJJ35 <(6'H8, <# '7@A6,,'$ 7('!, '86 <, <%$) I# (.7('# $, Fx 7,8$ ^$6, /(  !,? /, &#_( #776(>%.#$%+,? 7#6 8 , <(%#L , /, <# &(6., 0&) <# T"86, 1)25 P

Fx = a
1
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ρApu

2
f + b 01)2J5V+, a ∼ 0,4 ,$ b ∼ 0,005)I# +#<,86 /8 (,L%, $ a ,'$ (.7#6#9<, B <# +#<,86 /8 (,L%, $ /, $6#` !, H8% ,'$ (86#.., $#/.%', 7(86 8 , '7@A6, /# ' 8 F8%/, #8 6,7(') O,% ,'$ #8''% ( &(6., #8 6!'8<$#$ /, O(<,.# 3E
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JKL433K2+3, !"#$%,-#  I0

 !"#$ %&' ( )*+,"-.+/ 0$ ,1 *1,$"# ./2-1/-1/)$ 0$ ,1 +45+21/-$ 01/2 ,1 0.#$-.+/ x 0$ ,1 6+#$7".0$ Fx $/ 6+/-.+/ 0$ ,1 *.-$22$ 7".0$ uf 4$2"#)$ 01/2 ,$2 $85)#.$/$2 0$ 9:4$$;,$  ! "#$<=>>?@ 5+"# "/$ 51#-.",$ 25:)#.A"$ 5+2)$ 2"# ,$ ,.-<%'B?@& C$ +$D.$/- b $2- /+/ /", $- ,E:F5+-:G2$ 0$ 9:4$$;,$  ! "#$ <=>>?@ 2$,+/ ,1A"$,,$ ,1 6+#$7".0$ 01/2 ,1 0.#$-.+/ x 2$ #)0".- H ,1 6+#$ 0$ -#1I/)$ <E$2-JHJ0.#$ $,,$ $2- 5#+5+#-.+//$,,$ H u2f @K/E$2- 512 *1,.0)$ 5+"# ,$2 *1,$"#2 ./2-1/-1/)$2& L*$ $--$ :F5+-:G2$K 9:4$$;,$  ! "#$ <=>>?@+M-.$//$/- "/ +$D.$/- 4+F$/ a )!1, H >K? A". $2- M.$/ 2"5)#.$"# H ,1 *1,$"# 0$ #)6)#$/$&N+"-$6+.2K ,E1+#0 $/-#$ ,$2 4$2"#$2 $- ,1 ,+. ,./)1.#$ /E$2- 512 M+/& O/ 61.-K ,E:F5+-:G2$ 0$9:4$$;,$  ! "#$ <=>>?@ 2E155,.A"$ 1"8 *1,$"#2 4+F$//$2& P+"2 1*+/2 1,+#2 Q
F x =

1

2
ρ a′Apu

2
f <%&'%@L*$ F x $- uf ,$2 *1,$"#2 4+F$//$2 0$ ,1 6+#$ 7".0$ $- 0$ ,1 *.-$22$ 7".0$&C$ +$D.$/- a′ $2- )!1, H >K?%& C+#2A"$ ,1 25:G#$ $2- #$45,1)$ 51# 0$2 51#-.",$2 0$ !#1*.$#<0,43 ≤ CF ≤ 0,82@K ,$ +$D.$/- a′ 1"!4$/-$ $- *1"- >K'%& C$ -#1*1., 0$ 9:4$$;,$  ! "#$<=>>?@ 5+2$ ,1 A"$2-.+/ 0$2 !#1/0$"#2 H "-.,.2$# 5+"# 0)-$#4./$# ,$ +$D.$/- 0$ -#1I/)$K *1,$"#2./2-1/-1/)$2 +" *1,$"#2 4+F$//$2& C$ #)2",-1- +M-$/" 5$"- R-#$ -#G2 0.S)#$/-& 9:4$$;,$  ! "#$<=>>?@ :+.2.22$/- 0E$2-.4$# ,$ +$D.$/- 0$ -#1I/)$ H 51#-.# 0$2 *1,$"#2 4+F$//$2 1# 01/2 ,$24+0G,$2K E$2- ,1 *.-$22$ 4+F$//$ uf A". 2$#- H 1,",$# ,1 6+#$ 7".0$& C1 *1,$"# 1./2. $2-.4)$KM.$/ A"E),$*)$K $2- 2$4M,1M,$ 1" #)2",-1- 0$ T+M$#2+/ $- U:$/ <%'?>@ A". +M-.$//$/- "/ +$D.$/-

CD +45#.2 $/-#$ >KB $- >K?& ! "#$%& !'( )*$, -$&' *! '%**$"! -./& $/(#! "#$%&9"# ,$ ,.-K ,$ !#1./ 2$ -#+"*$ 01/2 ,$ 2.,,1!$ 0E1"-#$2 !#1./2& U$--$ 2.-"1-.+/ $2- )-"0.)$ /+-144$/-01/2 ,$2 $85)#.$/$2 0$ U:$5., <%'VW@K 0$ X1--$#2 $- T1+ <%'?%@K 0$ Y#1F2:1Z  ! "#$ <%'W[@$- 0$ \1,, <%'WW@& U:$5., <%'VW@ 4$2"#$ 01/2 ,E1.# ,1 6+#$ 0$ -#1I/)$ $- 0$ 5+#-1/$ 2"# "/$0$4.J25:G#$ $/ 4)-1, 5,1)$ 1" *+.2./1!$ 0$ 5,"2.$"#2 4+/-.",$2 0$ -1.,,$ .0$/-.A"$ $- 6+#4)20$ 51#-.",$2 0$ !#1*.$# <2 ≤ dp ≤ 6,4 44@& C1 0.2-1/$ $/-#$ ,$2 :)4.25:G#$2 $2-  8)$ H 3D1*$ D ,$ 0.14G-#$ 0$2 :)4.25:G#$2 <=KV] 4K VK>W 4 $- %>K%B 4@& C1 51#+. $2- #$+"*$#-$51# 0$2 51#-.",$2 0$ !#1*.$#& C$ /+4M#$ 0$ T$F/+,02 Re∗ *1#.$ 0$ %>[] H %[BW>& C$2 4$2"#$24+/-#$/- A"$ ,$ #155+#- 0$2 6+#$2 0$ 5+#-1/$ $- 0$ -#1I/)$ FL/FD $2- #$,1-.*$4$/- +/2-1/- $-?V



 !"#$% &'( () *#('
3D

",)-#./( 0(%*'-#./($ 0( 1'*2#('31.'( 4546 7 ,)31.'*-#,) .-#/#$!( %*' 8 (%#/ 94:;<= %,.' ($-#"(' /( '*%%,'- FL/FD > /($ "($.'($0( /* ?,'( @.#0( $,)- '!*/#$!($ $.' /A !"#$% &'( () *#(' > D ($- /( 0#*"&-'( 0($  !"#$% &'($,"%'#$ ()-'( 6BC4 (- 6B:4 (D(%-! $# Re∗ > 100005 E,.' /($ %/.$ 1'*)0$ ),"F'($ 0( G(H),/0$B /('*%%,'- 2*'#( 0( 4BI J 4BK5 L) ",H())(B /,'$M.( Re∗ < 10000B #/ ($- !1*/( J 6B<45 N($ (D%!'#()($$#"#/*#'($ $,)- '!*/#$!($ *2( 0($ ",)-#./($ 0( 1'*2#(' 9D = 12,8 (- 2,54 ""= (- 0($ ",)-#./($0( $*F/( ",.#//! 9D = 3,2 (- 6,4 ""=5 O( '*%%,'- FL/FD ($- ,"%'#$ ()-'( 6BCP (- 4B46B *2(.)( 2*/(.' ",H())( !1*/( J 6B<< 994 ≤ Re∗ ≤ 2394=5 8 (%#/ 94:;<= %',%,$( 0( %'()0'( 0*)$ /(*$ 1!)!'*/ Q
FL

FD
≃ 0,85 945:I=8(--( 2*/(.' ($- $.%!'#(.'( J (//( -',.2!( %*' R*1),/0 94:CS=5 R*1),/0 94:CS= ($-#"( /* ?,'(@.#0( $.' .)( $% &'( 9dp = 16 ""= $.' .)( %*',# /#$$(5 T/ -',.2( M.( /( '*%%,'- 0($ ?,'($ 0(%,'-*)( (- 0( -'*U)!( ($- !1*/ J 6B;5 O( ),"F'( 0( G(H),/0$ Rep 2*.- 0*)$ /($ (D%!'#()($*%%',D#"*-#2("()- IC665 R'*H$ *V  ! "#$ 94:<K= ,)$#0&'()- 0*)$ /A*#' 0(.D  !"#$% &'($ %,$!$!,./("()-1'*#) W ,F$-*/( X
G

∼ 0,45=5 N( "]"(B /(,(\#()- 0( %,'-*)( ($- '(/*-#2("()- #)0!%()0*)- 0. 0#*"&-'( D (- $# G/D0 > 0,4B0( /* 0#$-*)( G5 ^,.$ *2,)$ */,'$ CL = 0,4 − 0,45 9*$ 0( /* $% &'( #$,/!(=5 O,'$M.( /*0#$-*)( G 0#"#).(B /( ,(\#()- CL *.1"()-( (- *--(#)- .) "*D#"." () G/D0 = 0,257 Y# /( 1'*#) ",F#/( ($- %/*! () *2*/ 0( /A,F$-*/(B #/ ($- $#-.! 0*)$ /( $#//*1( -.'F./()- 0(/A,F$-*/(B _,)( 0*)$ /*M.(//( /A!,./("()- ($- ?,'-("()- %('-.'F! 9_,)( 0( '(Z#'./*-#,)=5O($ ,(\#()-$ 0( -'*U)!( (- 0( %,'-*)( $,)- -'&$ 0#`!'()-$ 0. *$ #$,/!5 T/$ 0!%()0()-0. 0#*"&-'( D (- *.1"()-()- /#)!*#'("()- *2( /( '*%%,'- G/D05 O( ,(\#()- CD ($-#)?!'#(.' J /* 2*/(.' ($-#"!( %,.' /( 1'*#) #$,/!5 T/ ($- )!1*-#? %,.' /($ %/.$ %(-#-($ 0#$-*)($CP



G  !"#$%&  & '()*+,"& D &#, (-./"(&%" !% /0) 1 D02 3- &4&,5  & 0")(- #& #(,%& ')-#  ) 6!-&'& '/7"&##(!- )##!(/ )% #(  )0& &,  ) '(4/"&-& '& 7"&##(!-# )*!-, &, )9) 1  :!"(0(-& '&  ).!"& '& ,");-/& &#, -/0),(9&2<!%# '/,&"*(-!-#5 1 7)",(" '&# 9) &%"# '&# !&=(&-,# CL &, CD '!--/&# 7)" >")?#@)A  ! "#$BCDEFG5  :/9! %,(!- '% ")77!", '&# .!"&# '& 7!",)-& &, '& ,");-/& ')-#  &# &H7/"(&-&#2 I) J0%"&C2CK *!-,"&  & "/#% ,), &- .!-,(!- '&  ) '(#,)-& G &, '% '()*+,"& D2 I& ")77!", FL/FD &#,
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N,F,N 

N,F, HI,N 

J0%"& C2CK L /9! %,(!- '% ")77!", '&# .!"&# '& 7!",)-& &, '& ,");-/& &- .!-,(!- '&  ) '(#,)-&
G &-,"&  &# '&%H @/*(#7@+"&#5 !M,&-%& &H7/"(*&-,) &*&-, 7)" >")?#@)A  ! "#$ BCDEFG  !"#$%&  &0")(- *!M( & &#, #(,%/ &- )9) '&  :!M#,) &#%7/"(&%" 1  ) 9) &%" ,"!%9/& 7)" N@&7( BCDOEG2 P &#, *)H(*)  !"#$%& CD ≃ 0 &, ,&-' 9&"# 1,6 !"#$%&  ) '(#,)-& G/D0 )%0*&-,& BG/D0 > 1,7G2 P &#, ) !"# (-'/7&-')-, '% '()*+,"& D &, '& ) '(#,)-& G2Q)-#  &# &H7/"(&-&# '& R),,&"# &, S)! BCDTCG5  ) .!"& U%('& &#, *&#%"/& 7!%" '(4/"&-,&#!-J0%"),(!-# 7"/#&-,/&# ')-#  ) J0%"& C2CF ) !"# $%&  & -!*M"& '& S&?-! '# Re∗ 9)"(& '& CV1 CVV2 I) .!"& '& 7!",)-& &#, ,"!%9/& -/0),(9& ')-#  &# $%),"& )# W .2  ) J0%"& C2CT2 Q)-#  )

!-J0%"),(!- F
!-J0%"),(!- C !-J0%"),(!- K

!-J0%"),(!- XJ0%"& C2CF L !-J0%"),(!-# /,%'(/&# ')-#  &# &H7/"(&-&# '& R),,&"# &, S)! BCDTCG Y  ) .!"& U%('&&#, *&#%"/& #%"  ) 7)",(% & @)@%"/&2!-J0%"),(!- C $%( &#, !*7)")M & 1 &  & %,( (#/& ')-#  &# &H7/"(&-&# '& N@&7( BCDOEG &, '&>")?#@)A  ! "#$ BCDEFG )9& G = 05  & ")77!", |FL/FD| 9)"(& '& F5O 1 V5X  !"#$%&  & -!*M"& '&S&?-! '# Re∗ )%0*&-,& '& FK 1 EV2 TT



 !"" #$%&&' ()*+,( "! -./( 1( 2./*!3( )4/ 43( )256/( 2"!7( !4 ,+"+(4 1843 !//!39(,(3* 1(:"+31/(); <() :"+31/() ).3* 2.)7) )4/ 43( 2!/.+ "+))( 1!3) "! 1+/(*+.3 2(/2(31+4"!+/( = "87.4>"(,(3*;  !"" #$%&&' 7*41+( "8+3?4(3( 14 1+!,6*/( 1() :"+31/() )4/ "! -./(; <() .3@94/!*+.3)*()*7() #$AB' ).3* 17/+*() 1!3) "! @94/( $;$C; <! -./( 1( 2./*!3( ()* /714+*( 2!/ /!22./* !4.3-; $ D D0 = 3 ,,.3-; E D D0 = 5 ,,.3-; B D D0 = 2 ,,D0 DD0

7.4"(,(3*

.3-; F D D0 = 2 ,,7.4"(,(3* .3-; C D D0 = 2 ,,7.4"(,(3*
D0

.3-; G7.4"(,(3*
@94/( $;$C A .3@94/!*+.3) 7*41+7() 1!3) "() (H27/+(3() 1(  !"" #$%&&' I "! -./( ?4+1( ()*,()4/7( )4/ "! 2!/*+4"( 5!54/7( I 1!3) "() .3@94/!*+.3) $AFJ "( 1+!,6*/( D 1( "! 2!/*+4"( ()*79!" = 3 ,, (* 1!3) "! .3@94/!*+.3 GJ +" K!/+( 1( $ = F ,,!) 1( "! )256/( +)."7( )4/ 43( 2!/.+ "+))( #.3-; G'; L() K!"(4/) 379!*+K() ).3* /("(K7() 2.4/ "!.3@94/!*+.3 $ 2.4/ Re∗ < 16; <! 1+,(3)+.3 1() :"+31/()J 2"4) 2(*+*( .4 2"4) 9/!31( M4( "(1+!,6*/( 1( "! )256/(J +3?4( 2(4 )4/ "! K!"(4/ ,()4/7( .,,( "( ,.3*/( "87K."4*+.3 14 .(N+(3*
C∗e∗ < 150 D

CL

CD
= −0,560 + 0,212 lnRe∗ #$;%B'V+ Re∗ ≥ 150J "( /!22./* ()* 2/+) .3)*!3* (* 79!" = SJF; <() ,()4/() 4*+"+)7() 2/.K+(33(3* 1()(H27/+(3() 1( W5(2+" #$%F&'J 18X22(/"(: #$%G&'J 1( Y!**(/) (* Z!. #$%O$'J 1( W5(39 (* W":1(#$%OE'J 18X)[.: #$%OB'J 1( \!93."1 #$%OC' (* 1( \/!:)5!] #$%&B'; <() .31+*+.3) (H27/+,(3*!"()).3* 1+K(/)() D 5(,+)256/()^)256/()J 2!/.+ "+))(^2!/.+ /494(4)(J (*; <! /("!*+.3 #$;%B' ()* .P*(34(2.4/ "() 2(*+*) 3.,P/() 1( Z(:3."1) 1() )(4") /7)4"*!*) 1( Y!**(/) (* Z!. #$%O$'; _.4) */.4K.3)O&



 !" #$ &'($)$*+&, -"+ .$#"!)+ $#!#/"+ "0 '"+!)/"+ "+0 ("! ()&1$,0"2 3$ )"#$0*&, 452678 +!)"+90*'" +:+0/'$0* !"'",0 #" )$((&)0 -"+ &";*",0+ ($) )$((&)0 < #=">(/)*"," &''" #" '&,0)"#$ ?@!)" 525A2 B$) &,+/ !",0C ,&!+ ," +$.&,+ ($+ &''",0 D$'"+ 4566E8 $ &10",! +$ )"#$0*&,2

 ! "  "! #  #! 

=3>

OI

O<

O!

O%

O$

O#

O"

 

"

#

&
'
C&

N

PL3AQ+,-".!/0H,RS;Q43:7R

T*7736R,37,=*U,-".I"0H,KU:B?,"

T*7736R,37,=*U,-".I"0H,KU:B?,#

T*7736R,37,=*U,-".I"0H,KU:B?,$

T*7736R,37,=*U,-".I"0H,KU:B?,%

V*9:U+;,-".I%0

W*43R,-".. 0

?@!)" 525A F &'($)$*+&, -" #$ )"#$0*&, -" D$'"+ 4566E8 "0 -"+ -&,,/"+ ">(/)*'",0$#"+ !0*#*+/"+G$)+H  ! "#$ 4IEEJ8 0"+0",0 $!++* #$ .$#*-*0/ -" "00" )"#$0*&, "0 *#+ 0)&!.",0C &,0)$*)"'",0 <,&!+C  !=*# : $ !, 1&, $&)- ",0)" #"+ )/+!#0$0+ -! '&-K#" "0 #"+ -&,,/"+ ">(/)*'",0$#"+C :&'()*+ (&!) #"+ ("0*0+ ,&'1)"+ -" L":,&#-+2 M, "N"0C -$,+ #$ ?@!)" I -" #"!) $)0*#" 4 !* "+0

?@!)" 525O F ?@!)" I -" #=$)0*#" -" G$)+H  ! "#$ 4IEEJ8 P #" &";*",0 -" (&)0$," 4%&'! ) *& +!8'"+!)/ ($) -*N/)",0+ $!0"!)+ "+0 )"()/+",0/ ", Q&,0*&, -! ,&'1)" -" L":,&#-+ -" #$ ($)0*!#"
Re∗ 4,"-!&# ./ "- 0 1+)#2. +345 -8 P #$ #*@," ", (&*,0*##/ &))"+(&,- < #=/ !$0*&, 452678'&,0)/" -$,+ #$ ?@!)" 525O8C #$ &!)1" +" +*0!" $! '*#*"! -"+ (&*,0+ -" '"+!)"+2 R"(",-$,0C*# : $ !, -&!0" +!) #"+ -&,,/"+ !0*#*+/"+2 3$ ?@!)" I *,-* !"  !" ")0$*,"+ '"+!)"+ *++!"+ -"+">(/)*","+ -" S$00")+ "0 L$& 456T58 +&,0 )/$#*+/"+ < -"+ ,&'1)"+ -" L":,&#-+ *,Q/)*"!)+ < 52U$,+ #=$)0*#" -" S$00")+ "0 L$& 456T58 4"0 $!++* -$,+ #=$)0*#" -" D$'"+ 4566E88C #=",+"'1#" -"+T6



 !""#$% &'#%$"(#$% $%( !)($"* &!*'  $% "!+)'$%  $ ,$-"!. % %*&#'/$*'% 0 1234!*% &'#%$"(!"%  5"% .5 67*'$ 1318 .5 &.*&5'(  $% '#%*.(5(% $9&#'/+$"(5*9 /(#%; '$.5(/<% 0 .5<!'$  $ &!'(5"$ =*/ $%( $9&'/+#$ %!*% .5 <!'+$  * !$>/$"( C∗L3 ?$%  !""#$%  $ @57"!. 

O< 

O% 

O# 
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% 

< 

/ 

P
'
>

)*++,-".//0

KU:B?,"

KU:B?,#

KU:B?,$

KU:B?,%

KU:B?,!

KU:B?,<

T*7736R,37,=*U,-".I"0

KU:B?,"

KU:B?,#

KU:B?,$

KU:B?,%

N*XQ3R,37,J*4*;,-".I/0

8U+Q:936,37,DQ35YR7*;7,-"..<0

1*23456*,37,8*9:*5;37,-#  $0

" " "  "   "    

=3>

PL3AQ+,-".!/0

*KQ36

RS;Q43:7R

67*'$ 1318 A #B!.*(/!"  * !$>/$"(  $ &!'(5"$ C∗L !)($"*$  5"% .$% $9&#'/$"$% $" <!"(/!"  *"!+)'$  $ ,$-"!. % Re∗C1D8EF $(  $ @'5-%G5H  ! "#$ C1DIJF "$ %!"( &5% +!"('#$% 5' .$% /"<!'+5(/!"% 0 "!('$  /%&!%/(/!""$ &$'+$(($"( &5%  $ 5.*.$' .$ !$>/$"( C∗L3 ?$% '$.5(/!"%  $ K!./"7$' $( 4/$*H%(5 ( C1DDLF$(  $ M5N$+*'5 $( K57"5* $( CO22JF %!"( #(5)./$% &!*' *"$ %&GP'$ /%!.#$ %*' *"$ &5'!/ ./%%$C<3 .$ &5'57'5&G$ 13O3JF3 QR*"$ <5S!" 7#"#'5.$; 0 .R$9$&(/!"  $% $9&#'/$"$%  $ K!./"7$' $(4/$H%(5 ( C1DDLF; .$ !$>/$"( C∗L 5*7+$"($ 5B$ .$ "!+)'$  $ ,$-"!. % Re∗3 ?$%  !""#$% %!"( /%&$'%#$%; $" &5'(/$ 5' $..$% %!"( !)($"*$%  5"%  $% !" /(/!"% $9&#'/+$"(5.$%  /T#'$"($%3 U.$%(  />/.$  $  #($'+/"$' 0 &5'(/'  $ .5 67*'$ 1318 *"$ $9&'$%%/!" 7#"#'5.$  * !$>/$"( C∗∗L $%(/+#% &!*' .$% !"67*'5(/!"% E $( L %!"( %$+).5).$%3 !"!# %&' ()*+,-. *- /012-/)%0-4!*% '5&&!'(!"% /"= +! P.$%  $ ('5^$(!/'$ *(/./%#% &!*'  #'/'$ .$ +!*B$+$"(  $ 7'5/"%  5"%.R$5*3A .$ +! P.$  $ B5" ,/^" C1DIE5F;A .$ +! P.$  $ ?$$; ?/"; _!* $( X5"7 CO22LF;A .$ +! P.$  $ Y* $( Y*/ C1DDLF;A .$ +! P.$  $ 4/`! $( a5'/5 C1DDI)F;A .$ +! P.$  $ Q$-; Q$- \5'N$' $( Q$)"5(G C1DDDF3I2



 !" #$%&'" "(') %""&*&+," - .!" "/01$!"2  3,(5+!*!') !") "5//(", 5'&.&$!)&(''!+ !) +! /$(6+ .!7&)!""! !") .('', /%$ +% +(& +(#%$&)0*&85!2
uf (z) =

u∗
κ
ln

(

z

z0

) 9:2;<= 3($&#&'! .5 /$(6+ !) +% $5#("&), z0 .,/!'.!') .5 *(.1+!2  !" 7&)!""!" .5 #$%&' .%'" +!" .&$!)&('"
x> y !) z "(') '()," up> vp !) wp2 ?!$)%&'" *(.1+!" )&!''!') (*/)! .! +3&'+&'%&"(' .5 +&) !) .%'"! %"> +!" 7&)!""!" .5 #$%&' !) .5 @5&.! "(') .,6'&!" .%'" +! $!/1$! +&, %5 +&)2 !"#$% "% &'( )*+( ,-./0'1 3,85%)&(' .! *(57!*!') .5 #$%&' !' "%+)%)&(' "3,$&) A

(mp + CMρVp)
dup
dt

= FD
uf − up

‖−→u f −−→u p‖
+ FL

wp

‖−→u f −−→u p‖
9:2;B%=

(mp + CMρVp)
dwp

dt
= −(ρs − ρ)Vpg − FD

wp

‖−→u f −−→u p‖
+ FL

uf − up
‖−→u f −−→u p‖

9:2;BC=D7! FD !) FL +!" E($!" .! )$%F',! !) .! /($)%'! !) CM +! (!G&!') .! *%""! %H(5),! ,#%+ -
1/22 % E($! .! )$%F',! FD !") .('',! /%$ +% $!+%)&(' .! I($"& !) D+!J%'.!$ 9:;KL= A

FD =
1

2
ρApCD‖−→u f −−→u p‖2 > CD = A0 +A1Re

−1
p +A2Re

−2
p 9:2;M=D7! A0> A1 !) A2 .!" (!G&!')" !*/&$&85!"2 % 7%+!5$ .!" (!G&!')" A0> A1 !) A2 !") ,)%C+&! - /%$)&$ .! *!"5$!" $,%+&",!" .%'" .!" ,(5N+!*!')" 5'&E($*!" /(5$ 05&) &')!$7%++!" .! '(*C$!" .! O!P'(+."2  % E($! .! /($)%'! !") +%#,',$%+&"%)&(' .! +% E($! .! Q%R*%' 9?$(S!  ! "#$> :;;T= 9E2 +3,85%)&(' :2U:= A

FL = ρ ν1/2 d2p CL

(

duf
dz

)0.5

‖−→u f −−→u p‖ 9:2;K= 3!J/$!""&(' .5 (!G&!') .! /($)%'! .,/!'. .5 '(*C$! .! O!P'(+." Re∗2 Q& Re∗ < 5> +3,(5N+!*!') !") 0P.$%5+&85!*!') +&""! !) +! (!G&!') CL !") ,#%+ - +% 7%+!5$ /$(/(",! /%$ Q%R*%'9:;MB> :;MT=> 3!")N-N.&$! A
CL = 1,6 9:2;T=Q& Re∗ > 70> +3,(5+!*!') !") 0P.$%5+&85!*!') $5#5!5J !) +! (!G&!') CL !") /$&" ,#%+ - LV2W(5$ +!" '(*C$!" .! O!P'(+." &')!$*,.&%&$!"> '(5" %7('" A

CL = 1,6 +
18,4

65
(Re∗ − 5) 9:2;;= 3!J/$!""&(' .5 (!G&!') CL  !" #!! $ #%%&'()*#")+ , -.  / "0 1# #1)3&#")'. 45 *'461 & %'! !5& 4 5( 7&#.4 5&!0 1 ' 8) ." CL  " 1# &57'!)"9 9:5)+#1 ." ks  " !5& "&')! "&#; "')& ! * !5&9 !%#& < &.#.4 $=>5:5  " +#. ?  @ ABCDEF 1'&!:5 Re∗ = 70, > 7&#).  . !#1"#")'. # 5. 4)#*6"& 97#1 G B0H **, I#.! 1 *'461 0 ! ! +)" !! ! up  " wp !'." G 1J).!"#." ).)")#1 97#1 ! G 2u∗ :5)  !" 1#+#1 5& '3" .5 %#& <&#.)!  " K33'"" ABCDL0 BCDDF, M# %'!)")'. ).)")#1  !" !)"59 G 5. 4)!"#. 97#1 G 0,6 dp 4 1# !5&N# 45 1)" AO 11 =)  !" %'!)")'..9 G 0,25 dp #5=4 !!'5! 45 !'** " 4 !7&#).! !5%9&) 5&!,F, ># P#5" 5& 4 &57'!)"9 z0  !" 4'..9 %#& 1# & 1#")'. AB,BQQF R

z0 = 0,11
ν

u∗
+ 0,03 ks AB,BQQF> ! !)*51#")'.! 4 +#. S);. ABCHT#F A " #5!!) 4 >   " U!5 ABCCTFF *'."& ." 1 &�1 4 ! 4 5(%#&#*6"& ! CL  " ks !5& 1 ! %&'%&)9"9! 45 & 3'.4, K).!)0 !) 1 ' 8) ." CL #57* ." 0 1# 1'.75 5&HB



 ! "#$%& '#& ( "%*'"#+ ,! %&'"-."#/ 0. 1- 2-!'#!"  # "!3%0.'4 ks -!35#&'#/ 1- 1%&3!#!"  .5.&!#+6- -1.$"-'.%&  ! 5% 71# .& .8!# 9%!" Re∗ = 70 : CL = 20/ ks = 2 dp+ ;-& <.=& >?@AB-C 0!99%0#-1%"0 9%!" 5 < Re∗ < 70 8!# 1# %#D.#&' CL #0'  %&&4 9-" !&# 1%. 1.&4-."#  # Re∗+;-& <.=& >?@AB-C !'.1.0# 0%& 5% 71# 9%!"  4"."# 1# 5%!;#5#&'  # 0-1'-'.%&  # 3"-.&0  %&' 1# .-57'"# ;-".# #&'"# E/? #' F 55 1%"08!# 1- ;.'#00#  # G"%''#5#&' #0' %59".0# #&'"# E/EF #'E/?B 5+0−1+ >6# &%5$"#  # <#H&%1 0 Re∗ #0' %59".0 #&'"# F #' FAE+C !"#$% "% &' %( &') *+,,-.6I48!-'.%&  ! 5%!;#5#&'  ! 3"-.& 0I4".' :
(mp + CMρVp)

dup
dt

= FD
uf − up

‖−→u f −−→u p‖
+ FL

wp

‖−→u f −−→u p‖
+ FA >?+?E?-C

(mp + CMρVp)
dwp

dt
= −(ρs − ρ)Vpg − FD

wp

‖−→u f −−→u p‖
+ FL

uf − up
‖−→u f −−→u p‖

>?+?E?$C,;# CM = 1/2+6- G%"# FA #0' 34&4"4# 9-" 1I-414"-'.%&  ! J!. # -!'%!"  ! 3"-.&+ K11# #0'  %&&4#  -&0 1#5% 71# 9-" 1- "#1-'.%& >?+?EFC 8!. #0' !&# -!'"# G%"5!1-'.%&  # 1I#L9"#00.%& >?+MBC :
FA =

3

2
ρVp

duf
dz

wp >?+?EFCN%!'#G%.0/ O02.=.5- >?@@AC 5%&'"# 8!# 0#!1# 1I#L9"#00.%& >?+MBC #0' %""#'#+ 6#0 G%"#0  # '"-*&4##'  # 9%"'-&# FD #' FL 0%&'  4P&.#0  # 1- G-Q%& 0!.;-&'#+
FD =

1

2
ρApCD‖−→u f −−→u p‖2 / FL =

1

2
ρApCL‖−→u f −−→u p‖2 >?+?ERC6#0 %#D.#&'0 CD #' CL 0%&'  4 !.'#0  # 5#0!"#0  # '"-=#'%."#0 "4-1.04#0 -;#  #0 3"-.&0  # .-57'"# #'  # 5-00# ;%1!5.8!# ;-".-$1#0 >1,34 ≤ dp ≤ 7,6 55 #' 1043 ≤ ρs ≤ 2650 S3+5−3C-!T #00!0  # 9-"%.0 1.00#0 #' "!3!#!0#0+ 6I#L94".#&# 5%&'"# 8!# 1#0 %#D.#&'0  49#& #&'  # 1-&-'!"#  ! 5%!;#5#&'  ! 3"-.&/ -0#& -&' %!  #0#& -&'+ U. 1# 3"-.& 0#  491-# ;#"0 1- 0!"G-# # 1I#-! >wp > 0C/ &%!0 -;%&0 :

CD = 1,55

(

ρs
ρ

)2,34 ( lp
h

)0,97 / CL = −0,3 + 0,09

(

ρs
ρ

)0,66 ( lp
h

)−0,37 >?+?EBC,;# lp 1-  .0'-&# #&'"# 1# #&'"#  ! 3"-.& #' 1- 9-"%. #' h 1- 2-!'#!"  I#-!+U. 1# 3"-.& 0#  491-# ;#"0 1- 0!"G-#  ! 1.' >wp < 0C/
CD = 0,36

(

ρs
ρ

)2,51 ( lp
h

)0,68 / CL = −0,3 + 0,19

(

ρs
ρ

)0,66 ( lp
h

)−0,18 >?+?EVC6#0 %#D.#&'0 CD #' CL 0%&' !&# G%&'.%&  ! "-99%"'  #0 5-00#0 ;%1!5.8!#0 ρs/ρ/ %55# 1#0'"-=#'%."#0 >G+ 1I-&-1H0#  .5#&0.%&&#11#  # 1- 2-!'#!" #'  # 1- 1%&3!#!" 5%H#&&#0  ! "#$%& C#'  ! "-99%"' lp/h+ W10 &#  49#& #&' 9-0 #L91..'#5#&'  ! &%5$"#  # <#H&%1 0 %!  # 1- ;.'#00#"#1-'.;#  ! 3"-.&/ %&'"-."#5#&' ( 1- 91!9-"'  #0 5% 41.0-'.%&0 >#& 9-"'.!1.#" 9%!" 1# %#D.#&' # '"-*&4#C+ 6# 5% 71# -99-"-*' -00#X 094.P8!#/ 9"%9"# -!L #L94".#&#0  # Y! #' Y!. >?@@ZC #'.1 #0' 9"%$-$1# 8!# 0%& -991.-'.%&  -&0  I-!'"#0 %& .'.%&0  %&&#  #0 "40!1'-'0 9#! 0-'.0G-.0-&'0>G+ 1# 9-"-3"-92# ?+Z+BC+ AF



 !"#$% "% &'(! %) *+,'+ ./00123 ! "#$%& !'( ')*+%' ,$&' ! +),./! 0 /$ 1)#! ,! 2$"&*' !( 0 /$ 1)#! 3%'()%#!4 5$ 6)'%(%)& !( '$7%(!''! ')&( ,89&%!' ,$&' /! #!6.#! /%8 $* /%( :*% !'( %&/%&8 ,;*& $&"/! θ4  ;8:*$(%)& ,! +)*7!+!&(';8#%( <
(mp + CMρVp)

dup
dt

= (ρs − ρ)Vp g sin θ +
1

2
ρApCD‖−→u f −−→u p‖ (uf − up) =>4>?@$A

+ ρVp CM
duf
dz

wp + 6πµ ap

∫ t

0

ap
√

πµ(t− s)
d(uf − up)

ds
ds

(mp + CMρVp)
dwp

dt
= −(ρs − ρ)Vp g cos θ −

1

2
ρApCD‖−→u f −−→u p‖wp =>4>?@BA

+
1

2
ρApCL

(

u2T − u2B
)

− 6πµ ap

∫ t

0

ap
√

πµ(t− s)
dwp

ds
ds

+
1

2
ρAp‖−→u f −−→u p‖

[

ωp −
1

2
ωf

]C7! < ωp /$ 7%(!''! ,! #)($(%)& ,! /$ 6$#(%*/! D ωf /$ 7)#(%%(8 ,* E*%,! =ωf = duf/dzAF ωf/2 /$7%(!''! ,! #)($(%)& /)$/! ,* E*%,! D uT !( uB /!' 7%(!''!' #!/$(%7!' $*G,!''*' !( $*G,!'')*' ,! /$6$#(%*/! = $ 7%(!''! E*%,! !'( !H6#%+8! #!'6!(%7!+!&( !& zp + ap !( zp − ap4A <
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‖−→x pj −−→x pk‖ < apj + apk ?@5AB6-! −→x pj !0 −→x pk &2 .#/+0+#'/ $!/ $!(< 1*2+'/ $)/+1')/ .2* &!/ +'$+!/ j !0 k !0 apj !0 apken 0!'$ 3 ,(2'0+E!* &2 $+//+.20+#' )'!*1)0+,(! ,(+ /! .*#$(+0 &#*/ $! &2#&&+/+#'5 H' 1)')*2&9 +& !/0 $)E'+ #""! &! *2..#*0 $!/ -+0!//!/ $! .)')0*20+#' 2-2'0 !0 2.*%/ &!:#5 C& !/0 #".*+/ !'0*! N !0 A5 X+ en = 19 &!/ /#&+$!/ /#'0 .2*72+0!"!'0 )&2/0+,(!/5 X+ en = 09KR



xzP4 H(',*( >CDIJP 2%'3! %
−→e x

−→e z −→u (0)
p

θiR:,(* O4C S #!! " #$ *$%(* ,$* &'(% ,!* "&.2( T,* *% ,$* &'(# &!'$* G /2R$ % #$ /* !9'$:!* θi&#,( !' #!! " #$ /9,$* &'(% ,!* "&.2( T,* *$ ' *( '<* ,$* &'(# *$ &#!U+2%.U!+2%.'(U!'%*!9*1&(*"" #$ >O4OP /, #*6 *$% en *$ )#$% #$ /* !9'$:!*  $ /*$% θi >/2R$ /'$" !' R:,(* O4CP4= θi < 30-
en ≃ −0,00233 θi + 1,0 >O4OPV<* tan θi = w

(0)
p /u

(0)
p *% u(0)p *% w(0)

p !*" #+&#"'$%*" .#( N#$%'!* *% <*(% '!* /* !' < %*""* /* !'"&.7(* '<'$% !* .#4= θi ≥ 30- !* #*6 *$% *"% #$"%'$% *% 2:'! W J-DX4Q'$" !*" *1&2( *$*" /* ?('$% *% @'3'A#B >CDEFP- !* #*6 *$% en *"% /#$$2 &'( !92T,'% #$ >O4XP4
en = 0,993 − 1,76 θi + 1,56 θ2i − 0,49 θ3i >O4XP5* #*6 *$% /* (*"% %,% #$ en *"% :2$2('!*+*$% ,$* )#$% #$ /2(# ""'$%* /* !9'$:!* θi4 Y! /2&*$/2:'!*+*$% /, $#+3(* =%#A*" St T, *"% ,$ $#+3(* "'$" / +*$" #$ /2R$ #++* !* ('&&#(% /,%*+&" /* (2&#$"* /* !' &'(% ,!* "#! /* *% /, %*+&" '('%2( "% T,* /* !92#,!*+*$%4

St =
ρsLU

µ
>O4ZPV<* 8 L !' %' !!* '('%2( "% T,* /* !' &'(% ,!* G ρs "' +'""* <#!,+ T,* G U ,$* 2.*!!* /* < %*""* G

µ !' < "#" %2 /U$'+ T,* /, ;, /*45* $#+3(* /* =%#A*" +*",(* !9 $*(% * /* !' &'(% ,!* &'( ('&&#(% ',1 *B*%" < "T,*,14 [#"*&.  !"#$ >OJJCP *% ?#$/(*%  ! "#$ >OJJOP 2%,/ *$% "#$  $;,*$* ",( !' #!! " #$4 Q'$" !*,(" 2%,/*"- !*$#+3(* /* =%#A*" *"% /2R$ #++* ", %4
St =

1

9

ρsupdp
µ

>O4FPV<* dp !* / '+7%(* /* !' &'(% ,!* "#! /* *% up "' < %*""*4= !* $#+3(* /* =%#A*" *"%  $)2( *,( W ,$* <'!*,( / %* ( % T,* *% $#%2* Stc- !' &'(% ,!* "#! /*$* (*3#$/ % &'" *% !* #*6 *$% /* (*"% %,% #$ *"% $,!4 = !* $#+3(* /* =%#A*" *"% ",&2( *,( W
Stc- !' &'(% ,!* (*3#$/ %4 5* #*6 *$% /* (*"% %,% #$ ',:+*$%* ('& /*+*$% '<* St \,"T,9W ,$*<'!*,( ! + %* enmax4 5' <'!*,( ! + %* enmax *"% !' <'!*,( /, #*6 *$% en #3%*$,* /'$" ,$ ;, /*/* (2" "%'$* $2:! :*'3!* >:'N #, < /*P4 Q'$" !*" *1&2( *$*" /* ?#$/(*%  ! "#$ >OJJOP- *!!* *"%'%%* $%* !#("T,* St > 10004 5* $#+3(* /* =%#A*" ( % T,* *"% %(#,<2 &'( [#"*&.  ! "#$ >OJJCP *%?#$/(*%  ! "#$ >OJJOP  $/2&*$/'$% /*" &(#&( 2%2" 2!'"% T,*" /* !' &'(% ,!* "#! /* *% /* !' &'(# 4Y! *"% 2:'! '&&(#1 +'% <*+*$% W CJ4 ?#$/(*%  ! "#$ >OJJOP +#$%(*$% ',"" T,* !92<#!,% #$ /, ('&]&#(% en/enmax *$ )#$% #$ /, $#+3(* /* =%#A*" *"%  $/2&*$/'$%* /*" +'%2( ',1 #$"% %,'$% !'DZ



−→F  (.0!.# '@$.#("<!''( 0( #(2 , [t1, t2] (,#'@$.#-7"!'( <(#+"$(''( −→I )
−→
I =

∫ t2

t1

−→
F dt  !"#$%& '()*+'&,-./ .- 0/,/-2 −→F ./0&/3, 42)3./ +/3.)3, -3 ,/*+5 ,265 7-2,8 '(&3,942)'/ −→I /5,)++/'9/ +/2-55&73":/ +;937*63/ ./ ;7 /5, )2),92&59 +)2 -3/ <2-5=-/ 0)2&),&73 ./5 0&,/55/5 ,2)&,9/ && 7**/./5 .&573,&3-&,95 /, +)2 '()<5/3/ ./ ;)34/*/3, .)35 '/5 +75&,&735 ./5 57'&./5" >' /5, .92&, +)2'/5 9=-),&735 .(&*+-'5&73 =-& 573, '/5 9=-),&735 ./ *7-0/*/3, ./5 ./-? 57'&./5 &3,9429/5 5-2 ').-29/ ./ ') 7''&5&73" :725 ./ ') 7''&5&738 '/5 @72/5 ./ 73,), =-& )4&55/3, 5-2 -3 ,/*+5 ,2657-2, 73, -3/ )*+'&,-./ ,265 42)3./ /, '(&*+-'5&73 −→J ./5 @72/5 ./ 73,), +/3.)3, ') .-29/./ ') 7''&5&73 /5, A3&/" :(&*+-'5&73 ./5 @72/5 B-&./  @72/ ./ B7,,)<&'&,98 @72/ ./ ,2)C39/8 @72/./ +72,)3/8 /,"$ /5, &3A3&*/3, +/,&,/ /, /5, 394'&4/)<'/ 0&5DED0&5 ./ '(&*+-'5&73 −→J " F&35&8 '/5

57'&./ !
57'&./ G

−→u (2)
p2

−→u (0)
p2

−→u (2)
p1

−→u (0)
p1

−→n

A4-2/ !"! H 7''&5&73 /3,2/ ./-? 57'&./5 G /, ! I .9A3&,&73 ./5 37,),&735 -,&'&59/59=-),&735 .(&*+-'5&73 5(92&0/3, +7-2 ./-? 57'&./5 G /, ! /3 7''&5&73 7**/ 5-&, J
mp1

(−→u (2)
p1 −−→u

(0)
p1

)

=
−→
J  !"K)$

mp2

(−→u (2)
p2 −−→u

(0)
p2

)

= −−→J  !"K<$
I1

(−→ω (2)
p1 −−→ω

(0)
p1

)

= ap1
−→n ∧ −→J  !"K$

I2
(−→ω (2)

p2 −−→ω
(0)
p2

)

= ap2
−→n ∧ −→J  !"K.$F0/ J −→u (0)

p1 /, −→u (2)
p1 ') 0&,/55/ .- 57'&./ G )0)3, /, )+265 ') 7''&5&73 I −→u (0)

p2 /, −→u (2)
p2 ') 0&,/55/ .-57'&./ ! )0)3, /, )+265 ') 7''&5&73 I −→J '(&*+-'5&73 ./ ') @72/ ./ 73,), /?/29/ 5-2 '/ 57'&./ G +)2LM



 ! "# $%! & ' mp1 !( mp2  ) *)""! %!" "# $%!" + !( & ' −→ω (0)
p1 , −→ω (2)

p1 , −→ω (0)
p2 !( −→ω (2)

p2  ) -$(!""! )./0 )$1!%!" "# $%!" + !( & )-).( !( )213"  ) #  $"$#. ' −→n  ! -!(!01 0.$(5 %$1$/5 %0 "# $%! + -!1"  ! "# $%!&, .#1*) )0 2 ). %! #.()( ' I1 !( I2  ! *#*!.( %6$.!1($! %!" "# $%!" ' ap1 !( ap2  ! 1)7#. %!"%!08 "# $%!" 9:;  ) </01! &;&=;>) 15"# 0($#. %!  65?0)($#. 9&;@= :#01.$(  !" -$(!""!" %!" "# $%!" )213"  ) #  $"$#.; A#*2(! (!.0%0 .#*B1! %6$.#..0!" 9 !" -$(!""!" !(  6$*20 "$#. −→J ,  !"! +C $.#..0!"=,  !" +& 5?0)($#." 2155D%!.(!" "#.( $."0E").(!" !( %6)0(1!" 1! )($#." "#.( .5!"")$1!"; F  !" "#.( 5()B $!" !. 1!21!.).(  )%5<.$($#. %0 #!E$!.( %! 1!"($(0($#. !(  )  #$ %! A#0 #*B; !"#%"&' (" )"*'%'+'%!& enG 0"$!01" %5<.$($#." %0 #!E$!.( %! 1!"($(0($#. en !8$"(!.(; >) %5<.$($#.  ) 2 0" #01).(! !"(!  ! %! H)1B#08 9I1#"")1%, +JJ@=; >! #!E$!.( %! 1!"($(0($#. 7 !"( %5<.$ #**!  ! 1)22#1( %!"#*2#").(!" .#1*) !" %!  ) -$(!""! 1! )($-! −→G %0 "# $%! + 2)1 1)22#1( )0 "# $%! & )213" !( )-).( ) #  $"$#. .#(5!" G(2)
n !( G(0)

n ;
en = −

G
(2)
n

G
(0)
n

9&;K=L-! M Gn  ) #*2#").(! .#1*) ! %!  ) -$(!""! 1! )($-! −→G 9)0""$ -$(!""! %! 25.5(1)($#.= M
Gn =

−→
G.−→n , −→

G = −→u p1 −−→u p2 9&;J=A1#N! "# $%! 9+JJK= .#(!.( ?06)-! !((! %5<.$($#.,  ! #!E$!.( en %60. "# $%! .#. "2O51$?0!%52!.% %!  ) 2#"$($#. %0 2#$.( %! #.()(; G#01 !((! 1)$"#., P"0Q$ "# $%! 9+JKJ),B= !( A1#N! "#$%! 9+JJK= 0($ $"!.( 0.! )0(1! %5<.$($#. ?0$ 1!2#"! "01  !" #*2#").(!" .#1*) !" J (21)
n !( J (10)

n %! 6$*20 "$#. −→J 2!.%).(  ) 2O)"! %! 1!"($(0($#. !( 2!.%).(  ) 2O)"! %! #*21!""$#.;
en =

J
(21)
n

J
(10)
n

9&;+R=H)."  ! )" %60.! #  $"$#. !.(1! 0.! "2O31! !( 0.! 2)1#$,  !" %5<.$($#." 9&;K= !( 9&;+R= "#.(5?0$-) !.(!";,!% ("  !+-!./>)  #$ %! A#0 #*B 15/$(  ) :#1! %! #.()( −→F c !.(1!  !" %!08 "# $%!"; S#$( −→G cτ  ) #*2#").(!()./!.($!  ! %!  ) -$(!""! 1! )($-! −→G c !821$*5! )0 2#$.( %! #.()(, )22! 5! -$(!""! %! / $""!*!.(;
−→
G cτ =

−→
G c −Gn

−→n = −→n ∧
(−→
G c ∧ −→n

) , −→
G c = (−→u p1 + ap1

−→ω p1 ∧ −→n )− (−→u p2 − ap2−→ω p2 ∧ −→n )9&;++=S$  ) -$(!""! %! / $""!*!.( −→G cτ !"( %$T51!.(! %! R, $ 7 ) / $""!*!.( ")." 1#0 !*!.(; >)  #$ %!A#0 #*B "651$( M
−→
F τ = −f‖

−→
F n‖−→τ , −→τ =

−→
G cτ

‖−→G cτ‖
9&;+&=L-! −→F n !( −→F τ  !" #*2#").(!" .#1*) ! !( ()./!.($!  ! %!  ) :#1! %! #.()( !( f  ! #!E$!.(%! :1#((!*!.( %7.)*$?0!;S$  ) -$(!""! %! / $""!*!.( −→G cτ !"( .0  !, $ 7 ) 1#0 !*!.( ")." / $""!*!.( !(  !" #*2#").(!" %! ) :#1! %! #.()( -51$<!.(  ) #.%$($#. 9&;+U=;

‖−→F τ‖ < f0‖
−→
F n‖ 9&;+U=L-! f0  ! #!E$!.( %! :1#((!*!.( "()($?0!; JV



 !" $!%&!'(" )! *+$((!,!'( f !( f0 '! "$'( -." '/!"".&+!,!'( /0.123  ! -41" "$15!'(6 4!$!%&!'( )! *+$((!,!'( "(.(&71! f0 !"( "1-/+&!1+ .1 $!%&!'( )! *+$((!,!'( )8'.,&71! f
−→v (2)

p
−→e y

−→ω (0)
p

−→e x

−→e z

−→v (0)
p

−→ω (2)
p

E01+! V3T H $44&"&$' !'(+! 1'! -.+(&14! "->/+&71! !( 1'! -.+$& O )/E'&(&$' )!" '$(.(&$'" 1(&4&"/!" !" 5&(!""!" )! 4. -.+(&14! "->/+&71! .-+F" 4. $44&"&$' "$'( $;(!'1!" )!" /71.(&$'" )<&,-14"&$')! 4. "->F+!3  !1+ +/"$41(&$' "<.--1&! "1+ (+$&" >8-$(>F"!" 9H Q8-$(>F"! A 9 4. )/*$+,.(&$' )! 4. "->F+! !"( '/04&0!.;4! 9 -!').'( 4. $44&"&$'6 4. )&"(.'!!'(+! 4! !'(+! )! 4. "->F+! !( 4. -.+$& +!"(! $'"(.'(! !( /0.4! W "$' +.8$' ap



 ! "#$%&' !&&()' *' +,-""'& #'.*!.) ,! 0,,-"-0. 1"-)2!)-0. 34 !" #$%!""!" −→u (2)
p !% −→ω (2)

p &! '( )(*%$,'! ()*-" '( .''$"$./ "./% &.//0!" )(* '!" 01,(%$./" 234567!% 2345874
u(2)p =

5

7

[

u(0)p +
2

5
ap ω

(0)
py

] 9 v(2)p =
5

7

[

v(0)p − 2

5
ap ω

(0)
px

] 9 w(2)
p = −enw(0)

p 234567
ω(2)
px = − 1

ap
u(2)py 9 ω(2)

py =
1

ap
u(2)px 9 ω(2)

pz = ω(0)
pz 234587:#! up9 vp !% wp '!" .;)."(/%!" &! '( #$%!""! &! %*(/"'(%$./ &! '( )(*%$,'! !% ωpx9 ωpy !% ωpz'!" .;)."(/%!" &! "( #$%!""! &! *.%(%$./4  !" $/&$!" (0) !% (2) &0"$</!/% &!" <*(/&!,*" 0%(='$!"(#(/% !% ()*-" '! >.4 ! "#$%&' +,-""' #'.*!.) )02)' ,! 0,,-"-0. 1"-)2!)-0. 54 !" #$%!""!" −→u (2)

p !% −→ω (2)
p "./% ?./%$./" &, .!@$!/% &! ?*.%%!;!/% f !% "A0*$#!/% B

u(2)p = u(0)p + ǫxf(1 + en)w
(0)
p 9 v(2)p = v(0)p + ǫyf(1 + en)w

(0)
p 9 w(2)

p = −ew(0)
p 2345C7

ω(2)
px = ω(0)

px +
5

2ap
ǫyf(1 + en)w

(0)
p 9 ω(2)

py = ω(0)
py −

5

2ap
ǫxf(1 + en)w

(0)
p 9 ω(2)

pz = ω(0)
pz 2345D7:#! B

εx =
up − ap ωpy

‖−→G cτ‖
9 εy =

vp + ap ωpx

‖−→G cτ‖
2345E7

−→
G cτ '( .;)."(/%! %(/<!/%$!''! &! '( #$%!""! &! '( ")>-*! !F)*$;0! (, ).$/% &! ./%(%4 !" .!@$!/%" εx !% εy 1,(/%$G!/% '( *0)(*%$%$./ &! '( #$%!""! #!*%$('! &(/" '!" &$*!%$./" x !%
y4  ( "$%,(%$./ 3 !"% .="!*#0! "$ '( ./&$%$./ 2345H7 !"% #0*$G0!4

‖−→G (0)
cτ ‖

|w(0)
p |

>
7

2
f(1 + en) 2345H7 !"! $%%&'&$( )(*+) ,)-. '/01+)'

−→n

−→τ ")>-*! 5
")>-*! 3

−→u (2)
p1

−→u (0)
p1

−→u (2)
p2

−→u (0)
p2

−→e y

−→e x

−→e z

G<,*! 346 I .''$"$./ &! &!,F ")>-*!" J &0G/$%$./ &!" /.%(%$./" ,%$'$"0!" !" !F)*!""$./" &!" #$%!""!" &!" &!,F ")>-*!" ()*-" '( .''$"$./ "./% .=%!/,!" &! '( *0".',%$./ &!"01,(%$./" &A$;),'"$./ &!" &!,F ".'$&!"4  A())*.>! !;)'.K0! !"% $&!/%$1,! L !''! ,%$'$"0! ).,*'( .''$"$./ &A,/! )(*%$,'! ")>0*$1,! (#! '( )(*.$4  !" !F)*!""$./" &!" #$%!""!" &!" &!,F ".'$&!"()*-" '( .''$"$./ &0)!/&!/% &! '( /(%,*! &, ;.,#!;!/% *!'(%$? &!" &!,F ")>-*!"4 2M*.N!  ! "#$95HHE7 O!,F "$%,(%$./" "./% !/#$"(<0!" BI '!" &!,F ")>-*!" (**P%!/% &! <'$""!* )!/&(/% '( .''$"$./ 2"$%,(%$./ 57 JI '!" &!,F ")>-*!" <'$""!/% )!/&(/% %.,%! '( &,*0! &! '( .''$"$./ 2"$%,(%$./ 374HE



 !" "#$%&!" '&&()!*) +! ,-.""!& #!*+'*) -' 0--.".0* 1".)2').0* 34 !" #$%!""!" −→u (2)
p1 & −→ω (2)

p1 & −→u (2)
p2 !% −→ω (2)
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eτ =

u
(2)
p

u
(0)
p

?@1ABCD!)/ $% ('-:$%  !"# $% &"&5 $'+/3,% $! 9!+*",$% !++E*% -% 0$"//%+ 9%)-!)* $! '$$"/"') ?/"*,!*"') FC5$% '%."%)* eτ %/* ')/*!)* %* ;0!$ G 5/71 $'+/3,% $! 9!+*",$% 0$"//% 9%)-!)* *',*% $! '$$"/"')?/"*,!*"') @C5 )',/ !6')/ H
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eτ = 1− 0,275(1 + en) tan θi ?@1AJC2! <0,+% @1FJ (')*+% 3,% $% ('-:$% $'() $% &"& *%)- G /',/P%/*"(%+ $! 6"*%//% u(2)p -% $! 9!+*",$%!9+:/ $! '$$"/"') %* G /,+%/*"(%+ /! 6"*%//% -% +'*!*"') ω
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 !"#$ %&'( ) *+,-"./,0 1" ,$3/$0. 1$ #$4./."./,0 .50!$0./$--$ eτ $0 6,0./,0 1$ -750!-$ /0/1$0.
θi 1*.$#8/0*$ 0"8*#/9"$8$0. :5# -$ 8,1;-$  !"#  $%&'& $. $<:*#/8$0.5-$8$0. :5# =,#>58 $.?>5#5@ A%BBBCD7*+,-"./,0 1" ,$3/$0. eτ $0 6,0./,0 1$ θi $4. ,8:5#*$ 1504 -5  !"#$ %&'( 5"< #*4"-.5.4 1$=,#>58 $. ?>5#5@ A%BBBC ,E.$0"4 $<:*#/8$0.5-$8$0. :,"# "0$ :5#./"-$ 4:>*#/9"$ $0 ,<F1$175-"8/0/"8 9"/ $0.#$ $0 ,--/4/,0 5+$ "0$ :5#,/ $0 +$##$& D$4 ,01/./,04 $<:*#/8$0.5-$4 $. -$4:5#58;.#$4 17$0.#*$ 1" 8,1;-$  !"#  $%&'& 4,0. /01/9"*4 1504 -$ .5E-$5" %&G& D$4 #*4"-.5.4 0"8*H

dp I 88 en B
ρs GJBB K!&8−3 eτ BLMM
‖−→u p(0)‖ GLM 8&4−1 cn B K!&4−1
‖−→ω p(0)‖ B #51&4−1 cτ BLBB%N K!&4−1
knL kτ 'BBB O&8−1 f BLBBM%.5E-$5" %&G ) :5#58;.#$4 17$0.#*$ 1" 8,1;-$  !"#  $%&'& "./-/4*4 :,"# 4/8"-$# -5 ,--/4/,0 ,E4$#+*$1504 -$4 $<:*#/$0$4 1$ =,#>58 $. ?>5#5@ A%BBBC#/9"$4 4,0. ,06,#8$4 5"< +5-$"#4 $<:*#/8$0.5-$4 :,"# θi < 60◦& D,#49"$ -750!-$ θi 5"!8$0.$L -$,$3/$0. eτ 5-"-* :5# -$ 8,1;-$  !"#  $%&'& $4. ,04.50. $. *!5- P 5/7& Q504 -$4 $<:*#/$0$4L/- 1/8/0"$L 5..$/0. "0 8/0/8"8 :,"# θi ≃ 70◦L :"/4 5"!8$0.$ $. 1$+/$0. 4":*#/$"# P 5/7& R$..$*+,-"./,0 $4. -/*$ P 1$4 :>*0,8;0$4 1$ 8/#,H!-/44$8$0. AS5T &# ()* L 'MNUL 'M('CL 7$4.HPH1/#$ -54"#65$ 1$ ,0.5. $0.#$ -5 :5#./"-$ $. -5 :5#,/ ,8:#$01 1$4 @,0$4 1$ !-/44$8$0. $. 1$4 @,0$41$ 0,0H!-/44$8$0.& R$4 :>*0,8;0$4 5::5#5/44$0. -,#49"$ -750!-$ θi $4. 4"34588$0. !#501& V-40$ 4,0. :54 :#/4 $0 ,8:.$ 1504 -$ 8,1;-$  !"#  $%&'& A,88$ 1504 -$ 8,1;-$ %('+  $%&'&C& W0$8,1*-/45./,0 $4. :#,:,4*$ :5# S5T &# ()* A'MNUL 'M('C&''(
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&$ '(%)! $*+0)& ,-."*-1%& & ,$ &3-!$(')$ )!-+)4 $5,-+$(6)!%+)"! , !"67($ ,$ "!+%+*

,-+$(6)!%+)"! ,$ &% ."*)+)"!%& & ,$* #)+$**$* , '(%)! 8 ti,-+$(6)!%+)"! ,$ &% 9"($ : ),$ 8 ti
, '(%)! 8 ti+1 &$ '(%)! !3$*+ .%* ,-."*-/.%**%'$ 8 &3)+-(%+)"! ti+1

'(%)! $*+&;<-/
 !"#$ % !"#$ & !"#$ '
 !"#$ (
 !"#$ )

%& & ,$ &% 9"($ ,$ "!+%+ 8 ti
<")= ,$ &% ."*)+)"! )!)+)%&$ , '(%)!<")= , ,)%6>+($ , '(%)!

,-+$(6)!%+)"! ,$* '(%)!* k$! "!+%+ %#$ &$ '(%)!
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 !"#$ ,

 !"#$ %&' ( )#*+$,-.-/0, +2*3.-/4"$ 5$ 6. 5*3.#2$ "-/6/+*$ )0"# 5*)0+$# ", !#./,
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!"#$% &'() *% "!&+*%, -% ./'0( )120$ '1))0 1(% 3!/% &% !($'$ )40* %)$ %( !**0)0!( '5% &4'1$/%)./'0() &1 *0$, 6'() %) !(&0$0!()7 *4891'$0!( &% "!15%"%($ )48/0$ :
ρVp (γ + CM )

d−→u p

dt
= (ρs − ρ)Vp−→g +

−→
F D +

−→
F c ;<,='>

I d
−→ω p

dt
=
−→Mc ;<,=2>?5% : −→u p %$ −→ω p *' 50$%))% &% $/'()*'$0!( %$ &% /!$'$0!( &1 ./'0( @ Vp *% 5!*1"% &1 ./'0( @ ρs %$

ρ *' "'))% 5!*1"091% &1 )8&0"%($ %$ &1 A10&% @ γ = ρs/ρ @ CM *% !%B0%($ &% "'))% 'C!1$8%;CM = 0,5> @ −→F D *' 3!/% &% $/'D(8% @ −→F c *' 3!/% &% !($'$ @ I *% "!"%($ &40(%/$0% &1 ./'0(%E#/0"8 %( )!( %($/% @ −→Mc *% "!"%($ &% *' 3!/% &% !($'$ %E#/0"8 '1 %($/% &1 ./'0(, ;3, *%#'/'./'#F% =,G &% %$$% #'/$0%>-% "!"%($ &40(%/$0% I %)$ %*10 &41(% )#F+/% #*%0(% %$ 0* %)$ 8.'* H (2/5)mp a
2
p '5% ap *% /'I!(&% *' )#F+/%, -' 3!/% &% $/'D(8% −→F D %)$ &!((8% #'/ *' /%*'$0!( &% JF0**%/ %$ K'1"'( ;=L<<> )0

Rep < 800, −→
F D = −6πµap

(

1 + 0,15Re0,687p

)−→u p ;<,M>?5% Rep *% (!"2/% &% N%I(!*&) &% *' #'/$01*% 2')8 )1/ )!( &0'"+$/%,J0 Rep ≥ 8007 *% !%B0%($ &% $/'D(8% %)$ !()$'($ %$ *' 3!/% −→F D )48/0$ :
−→
F D = −1

2
CDπa

2
p‖−→u p‖−→u p 7 CD = 0,445 ;<,<> !"$" %& "! '()& %& (*+!+-' 3!/% &% !($'$ −→F C %)$ %E#/0"8% H *40()$'($ t H #'/$0/ &1 "!&+*% &% !**0)0!( &% O1(&'** %$J$/'P ;=LGL>,

−→
F n = −kn[‖−→x pj −−→x pk‖ − apj − apk]−→n + cnGn

−→n ;<,Q'>
−→
F τ = −kτ

∫ t

t0

−→
G cτ dt

′ + cτ
−→
G cτ ;<,Q2>?5% : −→F n %$ −→F τ *%) !"#!)'($%) (!/"'*% %$ $'(.%($0%**% &% *' 3!/% &% !($'$ %E%/8% #'/ *%./'0( k )1/ *% ./'0( j @ −→x pj %$ −→x pk *' #!)0$0!( &%) %($/%) &%) ./'0() j %$ k @ apj %$ apk *%1/ /'I!( @

Gn %$ −→G cτ *%) !"#!)'($%) (!/"'*% %$ $'(.%($0%**% &% *' 50$%))% /%*'$05% &1 ./'0( j #'/ /'##!/$'1 ./'0( k %E#/0"8% '1 #!0($ &% !($'$ @ t0 *40()$'($ &1 &821$ &% *' !**0)0!(,
kn %$ kτ )!($ *%) /'0&%1/) &%) /%))!/$) &'() *%) &0/%$0!() (!/"'*% %$ $'(.%($0%**%7 %**%) )!($)1##!)8%) 0&%($091%) %$ )!($ RE8%) H 104 K,"−1 !1 =S5 K,"−1 %( 3!($0!( &% *' $'0**% &%) ./'0(),
cn %$ cτ )!($ *%) !%B0%($) &4'"!/$0))%"%($ (!/"'* %$ $'(.%($0%*, T*) )!($ %)$0"8) H #'/$0/ &%)!%B0%($) &% /%)$0$1$0!( en %$ eτ 910 )!($ 8.'1E H S7M %$ S7UL,-% !"#!/$%"%($ &% *' 3!/% $'(.%($0%**% %)$ /8.0 #'/ *' *!0 &% O!1*!"2, ?0()07 )0 ‖−→F τ‖ > f‖−→F n‖7%**% %)$ &!((8% #'/ *4891'$0!( ;<,V>,

−→
F τ = −f‖

−→
F n‖−→τ 7 −→τ =

−→
G cτ

‖−→G cτ‖
;<,V>-% !%B0%($ &% 3/!$$%"%($ &I('"091% f %)$ 8.'* H S7MV !1 S7GV, -' 5'*%1/ &%) !%B0%($) &1"!&+*% &% !**0)0!( %)$ &0)1$8% &'() *% #'/'./'#F% M,M,< &% %$$% #'/$0%,-40($8./'$0!( &% *' 50$%))% −→G cτ &'() *4891'$0!( ;<,Q> )4%W%$1% &% &%1E 3'X!(),=> J0 *' !**0)0!( &%) &%1E ./'0() !""%(% %($/% &%1E #') &% $%"#) ; !"! )0 *% ./'0( (4%)$ #')%( !**0)0!( '5% *% ./'0( k H *40()$'($ ti %$ )40* %)$ %( !**0)0!( '5% % ./'0( H *40()$'($ ti+1>7*40($8./'$0!( /%#!)% )1/ *' "8$F!&% &%) /%$'(.*%) :

∫ ti+1

t0

−→
G cτ (t

′) dt′ =
−→
G cτ (ti+1) (ti+1 − t0) ;<,Y>=M<



 !"#$%&'())% *% $%+,- ti+1 − t0 %-$ (,,&.01% ,(& )( &%)($".# 234564
ti+1 − t0 ∼

‖−→x pj(ti+1)−−→x pk‖ − apj − apk
|Gn(ti+1)|

2345676 8" )% 9&("# j %-$ %# .))"-".# ('% )% 9&("#- k (:; *%:; "#-$(#$- ti %$ ti+1< )!"#$19&()% %-$():)1% ,(& )( +1$0.*% *%- $&(,=>%-4 ?.:- ('.#- @
∫ ti+1

t0

−→
G cτ (t

′) dt′ =
1

2

(−→
G cτ (ti) +

−→
G cτ (ti+1)

)

∆t+

∫ ti

t0

−→
G cτ (t
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−→x p =

d−→u p

dt
234S6 ( &1-.):$".# *% %- 1J:($".#- %-$ &1()"-1% N )!("*% *!:# -01+( *!T:)%&4 Q )!"#-$(#$ "#"$"()< )('"$%--% *: 9&("# %-$ 19()% N -( '"$%--% *% -1*"+%#$($".# ws %$ -( '"$%--% *% &.$($".# %-$ #:))%4

−→u p = −ws
−→e z < −→ω p =

−→
0 234RE6 ( '"$%--% *% -1*"+%#$($".# %-$ .K$%#:% *% )!1J:($".# 234R(6 %# ,&%#(#$ −→u p .#-$(#$4 % ,(- *% $%+,- ∆t %-$ *.##1 ,(& )!1J:($".# 234RR64
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λ (!) +-(!) /!$' J'+! !)'-".! 9 /,+'-+ (! 0, +!0,'-#& <?4?@ !' ($ (-,"='+! dp (!)*+,-&)4
λ = 245 d 0,35

p <?4?@O%! λ !' dp !5/+-".) !& "-00-"='+!4O-&)-E )- dp = 1 ""E 0, 0#&*$!$+ (!) +-(!) !)' (! 01#+(+! (! PQR ""4 S!''! %,0!$+ !)' F-!&)$/.+-!$+! 9 0, (-"!&)-#& (,&) 0, (-+!'-#& x (!) 0-') 6$- )#&' $'-0-).) (,&) 0!) )-"$0,'-#&)<≃ 30 dp
∂Ui

∂Xi
= 0 <?4P,@

∂Ui

∂T
+ Uj

∂Ui

∂Xj
= − ∂P

∂Xi
+

1

Re

∂2Ui

∂Xj∂Xj
<?4PF@O%! [

Ui =
ufi
U

E Xi =
xi
L
E P =

p

ρU2
E T =

tU

L

ufi 0!) #"/#),&'!) (! 0, %-'!))! D$-(! \ xi 0!) ##+(#&&.!) ,+'.)-!&&!) (! 0, /,+'-$0! D$-(! \
p 0, /+!))-#& \ t 0! '!"/) \ U !' L $&! %-'!))! !' $&! 0#&*$!$+ ,+,'.+-)'-6$!) (! 01.#$0!"!&'<(,&) $&! #&($-'! (! (-,"='+! DE L = DE (,&) $& ,&,0 (! 8,$'!$+ (1!,$ hE L = h@ \ ρ 0, ",))!?PM



 !"#$%&#' (# )#%(' * Re "' +!$,-' (' .'/+!"(0 *
Re =

LU

ν
12345

ν "6  %0!0%89 %+9$68%&#' (# )#%(' 1(6+0 ":'6#; ν ≃ 10−6 $230−153<' +!$,-' (' .'/+!"(0 $'0#-' ":%$=!-86+' ('0 >!-'0 (:%+'-8%' =6- -6==!-8 6#? >!-'0  %0&#'#0'0(6+0 ":9&#68%!+ 123@53 <!-0&#:%" 8'+(  '-0 ":%+A+%; "'0 8'-$'0 (' (%B#0%!+ 0!+8 +9C"%C'6,"'0 (' 6+8"'0 8'-$'0 (' =-'00%!+ '8 "'0 8'-$'0 (' 8-6+0=!-83 <'0 9&#68%!+0 (' D6 %'-EF8!G'0 !--'0=!+('+86"!-0 6#? 9&#68%!+0 (:H#"'- '8 ":9!#"'$'+8 '08 0%$%"6%-' I '"#% (:#+ )#%(' =6->6%8 1ν = 053 J6+0"' $!(K"' (# )#%(' =6->6%8; "6 !+(%8%!+ "%$%8' I "6 =6-!% '08 #+' !+(%8%!+ (' C"%00'$'+8;  !"!"6 !$=!06+8' +!-$6"' (' "6  %8'00' )#%(' '08 +#""'3 J6+0 "' 60 (:#+ )#%(' -9'" 1νk S ε3 <6$98L!(' JDF '08 ="#0 =-9%0'3 T!#8'0 "'0 9L'""'0 (' "6 8#-,#"'+' 0!+8 $!(9"%09'0 '8 6##+$!(K"' (' >'-$'8#-' +:'08 #8%"%093 <' $6%""6C' '08 8-K0 A+; "6 86%""' ('0 $6%""'0 (!%8 U8-' ="#0='8%8' &#' "6 ="#0 ='8%8' 9L'""' ='-8%+'+8' (' ":9!#"'$'+83 V- "6 86%""' ('0 ='8%8'0 9L'""'0(%$%+#' 8-K0 -6=%('$'+8 "!-0&#' "' +!$,-' (' .'/+!"(0 6#C$'+8' '8 "' +!$,-' (' +W#(0 (#$6%""6C' '08 =-!=!-8%!++'" I Reee∗ 1Re∗ = dpu∗/ν5 '08 9C6" I ]44 '8 "' +!$,-' (' .'/+!"(0 Re 1Re = ud h/ν;
ud "6  %8'00' (9,%86+8'5 '08 9C6" 6==-!?%$68% '$'+8 I 422@3 <:9!#"'$'+8 '08 #+ 9!#"'$'+88#-,#"'+8 L/(-6#"%&#'$'+8 -#C#'#?3 F%+CL "2 .'! 1@NNZ5 #8%"%0'+8 !$$' (!$6%+' (' 0%$#"68%!+;#+ -'86+C"' (' (%$'+0%!+0 16√3dp × 16dp × 4dp3 <:%+8'- 6""' '+8-' ('#? +W#(0 0#'00%>0 '08 ('":!-(-' (' 0,03 dp '8 "' +!$,-' (' +W#(0 (# $6%""6C' '08 0#=9-%'#- I ^Z $%""%!+03 <6 -90!"#8%!+('0 9&#68%!+0 (' D6 %'-EF8!G'0 -'=!0' 0#- "6 =6-6""9"%068%!+ (# 0L9$6 +#$9-%&#' '8 "' 8'$=0 ('6"#" 8!86" 'B'8%> '08 (' @NN NNN L'#-'0 _<6 $98L!(' JDF; !$$' "'0 $98L!('0 <HF '8 .RDF; +' ='#8 =60 0'- %- (6+0 +!8-' 60 =!#-(98'-$%+'- "' L6$= ('  %8'00' )#%(' 6#E('00#0 (# "%83 J6+0 "'0 $!(K"'0 (' `%6+C '8 a6B 12bb45'8 (' a'6"( "2 .'! 1@NNc5; ":9!#"'$'+8 '08 -'=-90'+89 =6- #+' !#L' (' )#%(' &#% 0' (9="6'(6+0 "6 (%-'8%!+ x 6 ' #+'  %8'00' !+086+8' U03 <6 =!0%8%!+ (' "6 !#L' (' )#%(' =6- -6==!-8I ":6--6+C'$'+8 '08 A?9' =6- `%6+C '8 a6B 12bb45 6# (9,#8 ('0 0%$#"68%!+0 6A+ &#' "' '+8-' ('4Nd ('0 C-6%+0 I "6 0#->6' / 0!%8 !+8'+#3 <:9=6%00'#- '08 9C6"' I 4 d50;  6"'#- &#% '08 0#=9-%'#-' I"6 L6#8'#- $!/'++' ('0 -',!+(0 (' 06"868%!+ 1∼ 1 I @ dp53 <6  %8'00' U0 '08 '08%$9' I L6&#' =6024N



◦`'!."! '- #, <*! !%" 0-! *' ",$,;('$3)!;+.<(! -.! $!("-(G'"),. "() )#!.%),..!**!  - 3'#$  ! 1)"!%%! "!**! 0-! *! 3'#$  ! 1)"!%%! (+!*$!-" Z"(! !:$()#+ ,##! *' %,##!  - 3'#$ a .,. $!("-(G+ bV !. */'G%!.!  ! *' ,**).!V !"  -3'#$ a $!("-(G+ b5 R).%)V .,-% '1,.% [
uf (x,y,z) = U0(z) + u(x,y,z) V vf (x,y,z) = v(x,y,z) V wf (x,y,z) = w(x,y,z) BJ5TF

uf V vf !" wf %,." *!% ,#$,%'."!%  ! *' 1)"!%%! (+!**!  - 4-) !  '.% *!%  )(!"),.% xV y !" zV 0-)!%"  )"! $!("-(G+!5 uV vV w %,." *!% ,#$,%'."!%  ! *' $!("-(G'"),.  ! *' 1)"!%%! (++! $'( *'$(+%!.!  ! *' ,**).!5 U0 !%" *' 1)"!%%! .,. $!("-(G+! !. '#,."  ! *' ,**).!5L' $!("-(G'"),.  ! *' 1)"!%%! !%" ,G"!.-! & $'(")(  !% +0-'"),.%  ! H'1)!(7P",@!% *).+'()%+!%5L' *).+'()%'"),. !%" (+'*)%+! !. ,#$'('." *!% ,( (!%  ! ;('. !-(  !% "!(#!% )."!(1!.'."  '.%*!% +0-'"),.%V ,( (!% 0-)  +$!. !."  ! *'  )%"'.! '- %,*5 L/+,-*!#!." !%"  )1)%+ !.  !-: ,-"(,)% ,-3!% '1! -.! *).+'()%'"),.  )Y+(!."!  '.% 3'0-! ,-3!5 c'.% *! #, <*!  ! .-#+()0-! +1!*,$$+V *' 1)"!%%! .,. $!("-(G+! !%"  +()"! $'( *! $(,=* *,;'()"3#)0-!5
U0(z) =

u∗
κ
log

(

z

z0

) BJ5^FR1! u∗ *' 1)"!%%!  ! 8(,""!#!." !" κ *' ,.%"'."!  ! 1,. d&(#&. Bκ = 0,4F5JWJ



 ! "#$%&'() z0 *+ ,! &#"-!+ +&( +/0"'1)+ %11+ &#'( 23!4 5'647 89:;! <  ++ +( =&#7 899; < #>+"?+4>%  ! "#$7 @AABC D
z0 = 0,11

ν

u∗
+ 0,03 ks 28EBCF3+ ks ,! ?!#(+#" *+ "#$%&'() )G#'3!,+4(+ *+ H'>#"!*&+EI!4& ,J'10,)1+4(!('%4 ?%'&'+7 ,J)%#,+1+4( +&( *'3'&)+ +4 *+#/ ")$'%4& D ,! ")$'%4 '4(+"4+ 2%&& '' (%)&C *!4& ,!G#+,,+ ,! 0+"(#"K!('%4 *+ ,! %4("!'4(+ *+ '&!',,+1+4( ! #4 +L+( '10%"(!4( &#",J)%#,+1+4( 1%M+4 +( ,! ")$'%4 +/(+"4+ 2)*! ' ' (%)&C *!4& ,!G#+,,+ ,+ '&!',,+1+4( +&( -!'K,++( ,J)%#,+1+4( +&( 4%4 3'&G#+#/E  +& *+#/ ")$'%4& &%4( *'3'&)+& +4 *+#/ %#?+&E  ! N$#"+ 8E81%4("+ #4+ "+0")&+4(!('%4 &?)1!('G#+ *+ ,J)%#,+1+4( !#O*+&&#& *+ ,! %,,'4+E

U0

x

z

H
L1

hm

l

)*,  -! '& )*, %&! './0%"%' )*, 0 )&!'"%&! )*, 0 1*'2" 0 %1"%## . &! 5PQRSH PTUP5HP5PQRSH RHUP5HPN$#"+ 8E8 V *'3'&'%4 *+ ,J)%#,+1+4( #(','&)+ ,%"& *+ ,! ,'4)!"'&!('%4 *+& )G#!('%4& *+ H!3'+"OW(%>+&2X!""#(?+"& +( =#4(7 899A < X!""#(?+"&  ! "#$7 @AA;C8E  ! ")$'%4 '4(+"4+ +&( %10%&)+ *J#4+ N4+ %#?+ *+ &#"-!+ 2%&& ' 1*'2" #"3 'C *J)0!'&&+#"
ls�̂#"'+"E ! ! "#$%&'(#)*+ ,+ -(.#/+# ! ("!4&-%"1)+ *+ %̂#"'+" g̃ *+ ,! -%4('%4 g Y *+#/ 3!"'!K,+& x +( y +&( *)N4'+ 0!" ,! "+,!('%428E_CE

g̃(k1,k2) =
1

(2π)2

∫ ∞

−∞

∫ ∞

−∞
g(x,y) exp [−i(k1x+ k2y)] dxdy 28E_C8`@



 !" k1 "$ k2 %"& '()*+"& ,-('," ./0 (++"&1(',"'$ 2/3 !2+02*%"& x "$ y ,2'& %-"&12" ," 4(/+0"+562 $+2'&7(+)8" ," 4(/+0"+ 0'!"+&" &-8+0$ 9
g(x,y) =

∫ ∞

−∞

∫ ∞

−∞
g̃(k1,k2) exp [i(k1x+ k2y)] dk1dk2 :;5<=>2'& %"& &0)/%2$0('&? %"& 7('$0('& &('$ (''/"& ,2'& %-"&12" +8"% &"/%")"'$ "' "+$20'& 1(0'$&:'@/,&= :xi? yj= $"%& ./" 9

xi = i
Lx

Nx
? 0 ≤ i ≤ Nx :;5A2=

yj = j
Ly

Ny
? 0 ≤ j ≤ Ny :;5A*= !" Lx "$ Ly %2 ,0)"'&0(' ,/ ,()20'" ,2'& %"& ,0+"$0('& x "$ y "$ Nx "$ Ny %" '()*+" ,"'@/,& ,2'& "& ,0+"$0('&6"& '()*+"& ,-('," k1 "$ k2 &('$ ,8B'0& 12+ %-8./2$0(' :;5;C= 9

k1l = l
2π

Lx
? − Nx

2
< l ≤ Nx

2
:;5;C2=

k2m = m
2π

Ly
? − Ny

2
< m ≤ Ny

2
:;5;C*=6"& $+2'&7(+)8"& ," 4(/+0"+ &('$ ,0$"& ,0&+D$"&? "%%"& &('$ 2%/%8"& "' /$0%0&2'$ %2 )8$E(,"," F+2'&7(+)8" ," 4(/+0"+ G210," : !"#  $%&'(& )&!*"+$&,? 44F= ,('$ /'" ,"&+01$0(' 1"/$H$+" $+(/!8" ,2'& %-(/!+2I" J/)"+02% G"01"& ," K+"&& (# !-. :LCCL? 115 MANOPQN=5 >2'& "$$")8$E(,"? %"& '()*+"& ," '@/,& Nx "$ Ny

Z = z − f(x,y) :;5;;= !" f /'" 7('$0(' ./0 ,8+0$ %-8%8!2$0(' ," %2 &/+72" &(%0," 12+ +211(+$ W /'" (+0I0'"56(+&./" %" '()*+" ,-('," k1 "&$ '/%? %2 $+2'&7(+)8" ," 4(/+0"+ ," %2 1"+$/+*2$0(' "&$ 1+0&" '/%%"5;5 >2'& %2 (/E" "3$"+'" 2!" Z > hm? %"& ()1(&2'$"& ," %2 1"+$/+*2$0(' &('$ ,(''8"& 12+%" &V&$D)" ,-8./2$0('& :;5;L=
ũ(k1,k2,Z) = −i k1

k12
w̃(k1,k2,Z) :;5;L2=

ṽ(k1,k2,Z) = −i k2
k12

w̃(k1,k2,Z) :;5;L*=
w̃(k1,k2,Z) = ik1 exp(−k12Z)f̃(k1,k2)U0(hm) :;5;L= !" 9 ũ? ṽ "$ w̃ %"& $+2'&7(+)8"& ," 4(/+0"+ ,"& ()1(&2'$"& u? v "$ w ," %2 1"+$/+*2$0('," !0$"&&" Y U0(hm) %2 !0$"&&" '(' 1"+$/+*8" 2%/%8" "' Z = hm Y

k12 =
√

k21 + k22 :;5;Q=;QQ



 ! "#$% &# ()*+ ,$-+./01,#,.+ #2+ l < Z ≤ hm3 $()% #2($% 4
ũ(k1,k2,Z) =

k21
k12

Γu exp(−k12Z)f̃(k1,k2)U0(hm) 56!67#8
ṽ(k1,k2,Z) =

k2k1
k12

Γv exp(−k12Z)f̃(k1,k2)U0(hm) 56!6798
w(x,y,Z) = [U0(Z) + u(x,y,Z)]F−11 + v(x,y,Z)

[

1− Z

hm

]

F−12 56!678:2+ 4 Γu3 Γv &+% ;($-,($% 1+ .#(.1+/+$- <), #%%).+$- &# ($-,$),-0 1+ &# =+.-).9#-,($1+ &# 2,-+%%+ +$ Z = l >
Γu =

[

1− 1

2
exp

(

−4Z − l
l

)]

Γmuh +
1

2
exp

(

−4Z − l
l

)

Γmul 56!6?8
Γv =

[

1− 1

2
exp

(

−4Z − l
l

)]

U0(hm)

U0(Z)
+
1

2
exp

(

−4Z − l
l

)

Γmvl 56!6@8
Γmuh =

[

1 +
k12

k21 ln(Z/z0)

]

U0(hm)

U0(Z)
56!6A8

Γmul = [1 + δ −Gu1 −Gu2]
U0(hm)

U0(l)
56!6B8

Γmvl =

[

1− 4δKo(α
√
2Z)

ln(Z/l)

ln(l/z0)

]

U0(hm)

U0(l)
56!6C8

Gu1 = δ

[

ln(Z/l)− k12
k21

+ 1

] 56! D8
Gu2 =

[

2 + δ
k12
k21

]

Ko(α
√
Z)

Ko(α
√
z0)

56! 68
δ =

1

ln(l/z0)
56!  8

α = 2

√

k1 ln(l/z0)

2κ2
56! E8

Ko +%- &# ;($-,($ 1+ F+%%+& /(1,G0+ <), +%- +H=.,/0+ I &J#,1+ 1+% ;($-,($% 1+ K+&2,$ ker+- kei 4
Ko(x) = ker(x) + i kei(x) %, x +%- .0+& 56! 7#8

= ker(|x|) − i kei(|x|) %, x +%- )$ ,/#L,$#,.+ =). 56! 798M+% ;($-,($% 1+ K+&2,$ %($- 101),-+% 1+ ;($-,($% #==.(*0+% 1+ -N=+ =(&N$�/+ <), %($-,$1,<)0+% =#. :9.#/(P,-Q +- R-+L)$ 56C@73 ==! EB7SEB?8! F−11 +- F−12 %($- 1+% -.#$%;(./0+%1+ T().,+. ,$2+.%+% <), 10=+$1+$- 1+ &# ;($-,($ f !
F−11 =

∫ ∞

−∞

∫ ∞

−∞
ik1 exp(−k12Z)f̃(k1,k2) exp [i(k1x+ k2y)] dk1dk2 56! ?#8

F−12 =

∫ ∞

−∞

∫ ∞

−∞
ik2 exp(−k12Z)f̃(k1,k2) exp [i(k1x+ k2y)] dk1dk2 56! ?986E7



 ! "#$% &# ()*+ ,+ ($-.#/$-+ ,+ /%#/&&+0+$- #1+ ls < Z ≤ l2 &# 3+.-).4#-/($ ,+ &# 1/-+%%+%56./- 7
ũ(k1,k2,Z) =

k21
k12

Γ∗u exp(−k12Z)f̃(k1,k2)U0(hm) 89!:;#<
ṽ(k1,k2,Z) =

k2k1
k12

Γ∗v exp(−k12Z)f̃(k1,k2)U0(hm) 89!:;4<
w(x,y,Z) = [U0(Z) + u(x,y,Z)]F−11 + v(x,y,Z)

[

1− Z

hm

]

F−12 89!:;<=1+ Γ∗u +- Γ∗v &+% >($-/($% ,+ .#(.,+0+$- 7
Γ∗u =

1

2
exp

(

−4 l − Z
l

)

Γmuh +

[

1− 1

2
exp

(

−4 l − Z
l

)]

Γmul 89!:?<
Γ∗v =

1

2
exp

(

−4 l − Z
l

)

U0(hm)

U0(Z)
+

[

1− 1

2
exp

(

−4 l − Z
l

)]

Γmvl 89!:@<A! "#$% &# ()*+ ,+ %).>#+ #1+ Z ≤ ls2 &# 3+.-).4#-/($ ,+ &# 1/-+%%+ +%- BC6+ D E6.(! F(.%G)+
Z < z02 &# 1/-+%%+ $($ 3+.-).46+ +%- %)33(%6+ $)&&+!F+ 0(,H&+ IFJKLM=N +%- 6-#4&/ +$ %)33(%#$- G)+ &# 1/-+%%+ $($ 3+.-).46+ +$ #0($- ,+ &#(&&/$+ %(/- )$+ >($-/($ 0($(-($+ +- .(/%%#$-+ ,+ &# 1#./#4&+ z +- G)+ &# ()*+ ,+ /%#/&&+0+$-$+ %(/- 3#% -.(3 ,61+&(336+! F+ *#03 ,+ 1/-+%%+ ,) O)/,+ 3+)- P-.+ 61#&)6 .#3/,+0+$- D 3#.-/. ,+%6G)#-/($% 3.66,+$-+% #1+ ,+% >($-/($% $)06./G)+% %-#$,#.,% 8-.#$%>(.06+ ,+ I()./+. /$1+.%+3#. +C+03&+<! Q()% ($%-#-($% G)+ &+ *#03 ,+ 1/-+%%+ (4-+$) #1+ &+ 0(,H&+ IFJKLM=N +%-,/%($-/$) +$ Z = hm! ! !" $%&'%()* +, -$+./%F+ *#03 ,+ 1/-+%%+ ,) O)/,+ ,63+$, ,+% ,/%-#$+% hm2 l +- ls G)/ ,6B$/%%+$- &# ,/1/%/($ ,+&56()&+0+$- #)R,+%%)% ,+ &# %).>#+! S+% ,/%-#$+% %($- ,6-+.0/$6+% 3#. &# &($T)+). *(./E($-#&+

f ,6B$/+ ,+ &# >#]($%)/1#$-+! L/ √x2 + y2 < L2
f(x,y) = H

[

cos

(

π
√

x2 + y2

2L

)]2 89!:W<L/$($2 f(x,y) = 0! F# &($T)+). L1 +%- 3./%+ 6T#&+ D L! M#V&(.  ! "#$ 89W@ < ($%/,H.+$- &56()&+0+$-#)R,+%%)% ,5)$+ %6G)+$+ /$B$/+ ,+ (&&/$+% 4/,/0+$%/($$+&&+% +- %/$)%(^,#&+% ,($- &# >(.0+ +%-,6B$/+ 3#. &# >($-/($ f %)/1#$-+!
f(x,y) =

H

2

[

1 + cos

(

2πx

λ

)] 2 − λ

2
< x <

λ

2
89! _<M#V&(.  ! "#$ 89W@ < 6-),/+$- &5/$O)+$+ ,+ &# &($T)+). L1 %). &# 3.+%%/($ D &# %).>#+ +- %). &+0#C/0)0 ,+ &# 3+.-).4#-/($ ,+ &# 1/-+%%+ *(./E($-#&+ #) %(00+- ,+ &# (&&/$+! 8F# 3+.-).4#-/($9 [



 ! "# $%&!''! !'& (#)%(#"! "*+',-! z − f(x,y) &!. $!+' z0/0 1!' +2'-"&#&' '*.& *(4#+2' 5 !-) ! (* 6"!' 4"-' 4+2%' 7#'2' '-+ "# +2'*"-&%*. .-(2+%,-!  !' 2,-#&%*.'  ! 8#$%!+9:&*;!'/ :-%$#.&"#  2<.%&%*.  ! =#;'*. !& >-.& ?@ABC0D "# "*.E-!-+ L1 !'& 2E#"! 5 λ/4/ F#G"*+  ! "#$ ?@AHI0(*.&+!.& ,-J#$! !&&! $#"!-+D "# 4+!''%*. 5 "# '-+K#! !& "! (#)%(-(  ! "# 4!+&-+7#&%*.  ! "#$%&!''! '*.& '-+!'&%(2'/ L*-+ ,-! "# 4+!''%*. 5 "# '-+K#! !& "# (#)%(-(  ! "# 4!+&-+7#&%*.  !"# $%&!''! '*%!.& !. #*+ #$! "!' +2'-"&#&' .-(2+%,-!'D "# "*.E-!-+ L1  *%& M&+! *(4+%'! !.&+!
λ/40 !& λ/20/ N!' $#"!-+' '*.& 7%!. %.K2+%!-+!' 5 !""! '-EE2+2! 4#+ =#;'*. !& >-.& ?@ABC0/O#.' "!' '%&-#&%*.' +2!""!'D "! +!"%!K  - &!++#%. 4+2'!.&! -. E+#. .*(7+!  ! '&+-&-+!'  ! "*.E-!-+' %P2+!.&!'/ F#G"*+  ! "#$ ?@AHI0 -&%"%'!.&  !' "*.E-!-+' L1 ,-%  24!. !.&  !' .*(7+!'  J*. ! k1l!& k2m/ O#.' "! (* 6"! Q1RS:FTU D "# "*.E-!-+ L1 !'& !)4+%(2! !. K*.&%*.  ! "# &+#.'K*+(2! ! Q*-+%!+ f̃  ! "# K*.&%*. '-+K#! f / V""! !'&  2<.%! *((! '-%&/

L1 =
1

k̄1
D k̄1 =

1

2π

∫ ∞

−∞

∫ ∞

−∞
k1f̃(k1,k2) dδk1dδk2

∫ ∞

−∞

∫ ∞

−∞
f̃(k1,k2) dδk1dδk2

?@/I@01*+'  - #"-"  - .*(7+!  J*. ! k̄1D '!-"' "!' 32 4"-' 4!&%&' .*(7+!'  J*. ! '*.& *.'% 29+2'/ 1# "*.E-!-+ L1 +!4+2'!.&! #"*+' "!' 4+%.%4#"!' "*.E-!-+' W*+%X*.&#"!' #+#&2+%'&%,-!'/ 1# 2<.%&%*. 4+*4*'2! 4#+ N#++-&W!+'  ! "#$ ?YZZ[0 .! 'J#44"%,-! 4#' &*-\*-+'/ L#+ !)!(4"!D '%
f(x,y) = H cos(2πx/λ)D "# &+#.'K*+(2!  ! Q*-+%!+ f̃ !'&  %P2+!.&!  ! X2+* !& 2E#"! 5 H/2 '!-"!9(!.& 4*-+  !-) .*(7+!'  J*. ! k1 !& k−1 #$! k1 = −k−1 = 2π/λ/ ]" $%!.& k̄1 = 0 !& "# "*.E-!-+
L1 &!. $!+' "J%.<.%/ !"#$%$& hm>-.&  ! "#$ ?@AHH0 (*.&+!.& ,-! 4*-+  !' *""%.!' ^ "*.E-!' _ 4*-+ "!',-!""!' "# "*.E-!-+ L1!'& '-42+%!-+! 5 "J24#%''!-+ δ  ! "# *-W! "%(%&!D "# W#-&!-+ hm !'& 2E#" 5 L1/ L*-+  !' *""%.!'^ *-+&!' _ &!""!' ,-! L1 ≪ δD "# W#-&!-+ hm !'&  *..2! 4#+ "J2,-#&%*. ?@/IY0/

hm

[

ln

(

hm
z0

)]1/2

= L1 ?@/IY0'*%& !. -&%"%'#.& "# K*.&%*.  ! 1#(7!+& WD
hm = z0 exp

[

0,5W
(

2

(

L1

z0

)2
)] ?@/II0O#.' "! (* 6"! Q1RS:FTUD "#  %'&#.! hm  24!.  - .*(7+!  J*. ! k12/ :% k12 < 3/L1D "#W#-&!-+ hm !'& '*"-&%*.  ! "J2,-#&%*. ?@/I[0

∣

∣

∣

∣

1

U0(hm)

d2U0

dz2
(hm)

∣

∣

∣

∣

=
1

L2
1

?@/I[01*+',-! "# $%&!''! .*. 4!+&-+72! !'& (* 2"%'2! 4#+ "# "*% "*E#+%&W(%,-!D "!' 2,-#&%*.' ?@/IY0 !&?@/I[0 '*.& 2,-%$#"!.&!'/ :% k12 ≥ 3/L1D .*-' #$*.' `
∣

∣

∣

∣

1

U0(hm)

d2U0

dz2
(hm)

∣

∣

∣

∣

=

[

1

2

(

3

L1
+ k∗

)]2 ?@/IC0T$! k∗ = 1/δL∗ !& δL∗ "J%.&!+$#""! !.&+!  !-) .a- '  - (#%""#E!  #.' "! 4"#. W*+%X*.&#"/N#++-&W!+'  ! "#$ ?YZZ[0 .! 4+2%'!.& 4#' ,-!""! $#"!-+ %" K#-& -&%"%'!+ 4*-+ δL∗ "*+',-! "J%.&!+$#""!!.&+!  !-) .a- '  #.' "!'  %+!&%*.' x !& y !'&  %P2+!.&/@Ib



 !"#$%$& l !#$%& '( )*&( +,-./0 '( )*&(  ! "#$ +,-110 2%&(3'&( !4' 5'$ !36*2'&($ 57893'&($ :*' ;!57$(!&' l '$( $%;*(7%& 5' ;<9:*!(7%& +,=>?0=
l ln

(

l

z0

)

= 2κ2L1 +,=>?0@%22' ;! 57$(!&' hmA ;! 57$(!&' l B'*( C(3' 'DB3729' !4' ;! E%&(7%& 5' F!2G'3( W=
l = 2κ2L1

[

W
(

2κ2L1

z0

)]−1 +,=>.0H!&$ ;' 2%5I;' JFKLMNOPA $7 k12 < 3/L1A ;! 57$(!&' l '$( 5%&&9' B!3 ;<9:*!(7%& +,=>?0= M7
k12 ≥ 3/L1A ';;' '$( '$(729' Q B!3(73 5' ;<9:*!(7%& +,=>10=

l =
2κ2

ln(l/z0)

[

1

2

(

3k̄12 + k∗
)

]−1 +,=>10H!&$ ;'$ 'DB937'&'$A ;! 57$(!&' l '$( 59R&7' %22' ;! 57$(!&' !*S5'$$*$ 5* $%22'( 5' ;! %;;7&'B%*3 ;!:*';;' ;! B'3(*3G!(7%& 5' 47('$$' u '$( 2!D72!;'= T%*3 N!U;%3  ! "#$ +,-1.0 '( L!;#'3 '(V7#;7&6 +WXXW0A '((' 59R&7(7%& E%*3&7( B;*(�( *&' Z!*('*3 !3!(937$(7:*' 5' ;! %*Z' :*<*&'Z!*('*3 B%*3 ;!:*';;' $' B3%5*7( [ :*';:*' Z%$' \= @!33*(Z'3$ '( )*&( +,--X0 '$(72'&( :*';' 2!D72*2 5' u '$( %G('&* B%*3 Z = l/3= @'((' 59R&7(7%& &<'$( B!$ %&E%32' Q ;<ZUB%(ZI$'*(7;7$9' B!3 N!U;%3  ! "#$ +,-1>0 $';%& ;!:*';;' u '$( 2!D72*2 ;%3$:*' z − f(x,y) ('&5 4'3$ z0=F! ;%&6*'*3 l '$( %2B37$' 5!&$ ;<!73 '&(3' XA, '( , 2 B%*3 5'$ 5*&'$ 5' B'(7(' (!7;;' '( 5' (!7;;'7&('32957!73'= +J3!&# '( ]%*3'#A ,--? ^ _]'&&! V'*2!&  ! "#$A ,--. ^ L!;#'3 '( V7#;7&6AWXXW0 F'$ 4!;'*3$ 'DB9372'&(!;'$ $%&( '& 69&93!; 7&E937'*3'$ Q ';;'$ B3957('$ B!3 ;<9:*!(7%& +,=>?0= !"#$%$& lsF<9B!7$$'*3 5' ;! $%*$S%*Z' 47$:*'*$' ls '$( 59R&7' %22' $*7( +)*&(  ! "#$A ,-110 `
ls = (lz0)

1/2 +,=>-0a;;' '$( 96!;' 5!&$ ;<!73 B%*3 5'$ 5*&'$ 5' B'(7(' (!7;;' '( 5' (!7;;' 7&('32957!73'$ Q :*';:*'$'&(72I(3'$= +J3!&# '( ]%*3'#A ,--? ^ _]'&&! V'*2!&  ! "#$A ,--.0 !" #%&'()(*+ ,&+%&- ./&*( %''0*( 01%'#(F' 2%5I;' JFKLMNOP '$( !BB;7:*9 Q ;<9%*;'2'&( 5!&$ *&' %*Z' ;727(' !(2%$BZ937:*' !*(%*35<*&' %;;7&' 6!*$$7'&&' !R& 5' 4937R'3 ;! 4!;757(9 5' &%(3' 72B;92'&(!(7%&= F'$ 39$*;(!($ $%&(2%&(39$ '& !&&'D'= b;$ $%&( %&E%32'$ Q '*D B39$'&(9$ B!3 @!33*(Z'3$  ! "#$ +WXXc0=F' 2%5I;' JFKLMNOP '$( 77 *(7;7$9 B%*3 3'B3%5*73' ;<9%*;'2'&( 2'$*39 B!3 b$Z7Z!3!  ! "#$+WXX,0 '& $%*d'37' !*S5'$$*$ 5<*&' %;;7&' G7572'&$7%&&';;'= K&e' B3%R;$ 4'3(7!*D 5' ;! %2B%S$!&(' 5!&$ ;! 573'(7%& x 5' ;! 47('$$' 2%U'&&' 5* f*75' $%&( 59('327&9$ '& !2%&( '( '& !4!; 5';! %;;7&'= F! %2B!3!7$%& '&(3' ;' 2%5I;' '( ;<'DB937'&' 3'B%$' $*3 5'$ 5%&&9'$ :*7 B3%47'&&'&(5' ;! R6*3' > 5' ;<!3(7;' 5' F*&  ! "#$ +WXX.0 +F! $*3E!' '$( %&$75939' %22' 3*6*'*$'=0=F! E%32' 5' ;! %;;7&' '$( 59R&7' B!3 ;! E%&(7%& f = M7 −0,1 < x < 0,1 2A ';;' '$( 5%&&9' B!3;<9:*!(7%& +,=cX0=
f(x,y) = H

[

cos
(πx

2L

)]2 +,=cX0O4' H = 0,04 2 '( L = 0,1 2=M7 x ≤ −0,1 2 '( $7 x ≥ 0,1 2A &%*$ !4%&$ f(x,y) = 0= F! E%&(7%& f '$( 3'B39$'&(9' 5!&$ ;!R6*3' ,=W!= a;;' '$( 7&59B'&5!&(' 5' ;! 4!37!G;' y '( ;! (3!&$E%329' 5' J%*37'3 '$( &*;;' ;%3$:*',>.
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 !" #$%&'()$*+, -, .)/$0,$ -, 1% ()&#0)& f !"#$ %&' ( )* +,-,.+/ )$ 01 2.+-,.+ f 4", )* +,- 01 .00,+$ 5,),6$+/,.++$00$ "-,0,/*$ )1+/ 0$/$78*#,$+$/ )$ 9/:,:1#1  ! "#$ ;'<<%= $- )$ 01 -#1+/2.#6*$ )$ >."#,$# f̃0$ +.65#$ )?.+)$ k2 $/- ),@*#$+- )$ A*#.& B?*C.0"-,.+ )$ 01 -#1+/2.#6*$ )$ >."#,$# f̃ $+ 2.+-,.+)" +.65#$ )?.+)$ k1 $/- 6.+-#*$ 8."# k2 = 0 )1+/ 01  !"#$ %&'5&B$/ 81#16D-#$/ )?$+-#*$ )" 6.)D0$ >BEFGHIJ /.+- 0$ 8#. 0 C$#-,10 )$ 01 C,-$//$ +.+ 8$#-"#5*$$+ 16.+- )$ 01 .00,+$K U0 $- 01 0.+!"$"# :.#,A.+-10$ 1#1-*#,/-,4"$K L1& !"#$ %&!'(*$ +& $* %('&,,& -"- .&!'/!01&B1 C,-$//$ )" L",)$ +.+ 8$#-"#5*$ $/- )*#,-$ 81# 01 0., 0.!1#,-:6,4"$& B1 C,-$//$ )$ 2#.--$6$+- u∗$- 01 #"!./,-* z0 /.+- )*-$#6,+*$/ M 81#-,# )$/ 6$/"#$/ )$/ 8#. 0/ C$#-,1"7 )$ 01 21N.+ /",C1+-$&O."/ .+/-1-.+/ 4"$ 0$ )*5,- )$ L",)$ )1+/ 01 ),#$-,.+ x +?$/- 81/ .+/$#C*& P$ #*/"0-1- $/- 0,*1"7 .+),-,.+/ $78*#,6$+-10$/ ;8#*,/,.+ )$/ 6$/"#$/K *."0$6$+- QR 81# $7$680$=& S."# $--$#1,/.+K 0$/ 8#. 0/ )$ C,-$//$ /.+- 6.), */& B1 C,-$//$ 6$/"#*$ M 01 8./,-,.+ xi $/- #$6801*$ 81#01 C,-$//$ 6$/"#*$ 6"0-,80,*$ 81# 0$ #188.#- Qm/Qi 1C$ Qm 0$ )*5,- 6.T$+ $- Qi 0$ )*5,- $/-,6*$+ xi& O."/ C*#, .+/ 1,+/,K 1C$ $/ C,-$//$/K 01 .+/$#C1-,.+ )" )*5,-& B$ )*5,- Qi $/- ).++* 81#0?*4"1-,.+ ;%&U%=&
Qi =

∫ h

zf

uf (z) dz ;%&U%=IC$ h 0?*81,//$"# )?1,# 1"V)$//"/ )$ 01 81#., $- zf 01 8./,-,.+ )$ 01 81#., $+ xi&B1 C,-$//$ )$ 2#.--$6$+- u∗ $- 01 #"!./,-* z0 /.+- 10.#/ $/-,6*$/ 81# 01 6*-:.)$ )$/ 6.,+)#$/1##*$/ M 81#-,# )$/ 8#. 0/ 6.), */& P$"7V, /.+- #$8#*/$+-*/ $+ 2.+-,.+ )" #188.#- z/H )1+/01  !"#$ %&Q& W1X/.+ ;%YZ%= .+/,)D#$ 4"$ /"[/166$+- 0.,+ )" /.0K %$ $ z > d0K 01 .68./1+-$
uf )$ 01 C,-$//$ L",)$ $/- ).++*$ 81# 01 0., 0.!1#,-:6,4"$ ;%&U'= \

uf (z) =
u∗
κ
ln

(

z − d
z0

) ;%&U'=IC$ d 01 :1"-$"# )$ )*801$6$+-&B1  !"#$ %&Q 6.+-#$ 4"$ 01 0., 0.!1#,-:6,4"$ $/- C*#, *$ M 81#-,# )?"+$ ),/-1+$ 1" /.0 d0 .68#,/$$+-#$ ]< $- Y< 66 ;$+-#$ %K^H $- 'K^H=& O."/ 10"0.+/ 01 C,-$//$ u∗ $- 01 :1"-$"# )$ #"!./,-*
z0 8."# 80"/,$"#/ ."80$/ ;d0K d=& B$ -150$1" %&% ,+),4"$ 8."# /$8- ),/-1+$/ d0 0$/ C10$"#/ dK u∗%QZ



" & $ + # 9

:;<

 &

"

&

$

+

#

7
1'(

)
=0

 &
*

>'?' +@A9'<

>'?' $@9'<

>'?' &@$9'<

>'?'"'

>'?'&@$9'<

>'?'$@9'<

>'?'+@A9'<

>'?'9'<

>'?'!@$9'<

>'?'A@9'<

>'?'B@A9'<

 !"#$ %&' ( )#* +, -$#./1"2 3$ +1 -/.$,,$ 3" 4"/3$ 5*3/ 6, 1 7 3$ *7,$#-$# +$ 368/. 9 +1 :1".$"#
H $,. 6!1+$ ; <=<> 55$. z0 5/7/5/,17. +?$##$"# E @

E =
1

N

√

√

√

√

N
∑

i=1

(uf − ufm)2 A%&>'BC-$ @ uf +1 -/.$,,$ 3$ 4"/3$ 1+"+6$ 1-$ +$ )#* + +*!1#/.:5/D"$ 9 ufm +1 -/.$,,$ 3$ 4"/3$ 5$,"#6$ 9
N +$ 7*58#$ 3$ 5$,"#$, *7,/36#6$,& E$, -/.$,,$, 3$ F#*..$5$7. *8.$7"$, ,*7. 1,,$G )#*:$,=*5)#/,$, $7.#$ <=HI $. <=HJ 5&,−1& E$, :1".$"#, 3$ #"!*,/.6 ,*7. 3$ +?*#3#$ 3" 5/++/5K.#$&E?$##$"# E $,. 5/7/51+$ +*#,D"$ d0 = 80 55& L17, $ 1,M+;= +1 -/.$,,$ 3$ F#*..$5$7. u∗ $,. 6!1+$; <=HJ 5&,−1 $. +1 #"!*,/.6 z0 -1". H=% 55& N$, 3$"2 -1+$"#, ,*7. :*/,/$, 317, +$, ,/5"+1./*7,7"56#/D"$,& !"#$ %& '()&**&E$, 3/5$7,/*7, 3" 3*51/7$ "./+/,6 317, +$, ,/5"+1./*7, ,*7. 6!1+$, 317, +$ )+17 :*#/G*7.1+ ; 20HA<=O 5B& E$ 7*58#$ 3$ 7P"3, $,.  26 ; 26 317, +1 3/#$./*7 x $. ; 25 317, +1 3/#$./*7 y& E1+*7!"$"# :*#/G*7.1+$ L1 $,. 6!1+$ ; +1 3/,.17$ L *7F*#565$7. ; Q1,*7 $. RST$, A%JUJB& V*",$7 363"/,*7, @
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 !"#$%"% '% () '!*+,!-$+!." '% () +)!((%'%* /,)!"*
lb &, Lb +/#, "(&#,"6%&+? * D*%,&%- Hb &+, (2P#"& /55& )* ("+,*#& &#,-& )& &#,-& (% 0-*"# )& 1)%+ .*+ &, )& &#,-&(% 0-*"# )& 1)%+ D*%,? Q))& ;*-"& (& BI 3 FR dm? S/%+ 5/#,-/#+ 6%& )* D*%,&%- "#$%& 1&% +%-)& ,-*#+1/-, ,/,*) (& +2("5&#,+ A >? 1*- &G&51)& )&+ (2.",+ (& +2("5&#,+ 2,*.)"+ 1/%- )&+ )",+ B<BB< BK &, BL &, )!2;/)%,"/# (% (2.", +*#+ ("5&#+"/# (&+ )",+ 5/#/C("+1&-+2+? Q# >*",< )* ;",&++&(&+ 0-*"#+ ("5"#%& -*1"(&5&#, 3 )!"#,2-"&%- (% )",?  &+ /&T"&#,+ (% 5/(=)& (& ,-*#+1/-, +/#,D/"+"+ /55& +%", 8>? *%++" )& 1*-*0-*1D& F?F?K (*#+ )* 1*-,"& F:?  &+ -*"(&%-+ (&+ -&++/-,+ (*#+)&+ ("-&,"/#+ #/-5*)& &, ,*#0&#,"&))& kn &, kτ +/#, "(&#,"6%&+?  &+ /&T"&#,+ (!*5/-,"++&5&#,+/#, *)%)2+ &# 1-&#*#, en = 0,2 &, eτ = 0,89 *;& en &, eτ )&+ /&T"&#,+ (& -&+,",%,"/# #/-5*)&, ,*#0&#,"&) 8>? )&+ &G12-"&#&+ (& S"U/ &, N*-"* 8BRRL*<BRRV*::?  & /&T"&#, (& >-/,,&5&#,
f &+, PG2 3 I<WM?  & 1*+ (& ,&51+ &+, /.,&#% 3 1*-,"- (& )!26%*,"/# 8K?B:?

∆t = α
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m &+, )* 5*++& (% 1)%+ 0-/+ 0-*"# /#,&#% (*#+ )!*--*#0&5&#, /% )* 5*++& (% 0-*"# (& ("*5=,-&5/9&# dm?  &+ ;*)&%-+ kn &, α +/#, (2,&-5"#2&+ 1*- ,X,/##&5&#, *P# 6%& )& 1*+ (& ,&51+ #&+/", 1*+ ,-/1 1&,", &, 6%& )& D&;*%D&5&#, (&+ ;/)%5&+ 1*+ ,-/1 0-*#(? Y/%- &,,& -*"+/#< &))&+;*-"&#, &# >/#,"/# (& )* ,*"))& (&+ 0-*"#+? BWR



 !"# dm $%%& σg N lb $%%& Hb α kn $'(%−1&#)*!%+,"# -./- 0 01--- 2.1 21 dm -.-31 0--%4,45*!#6+7#)# -.83 0 01--- 0-.1 22 dm -.-0 0---.1- 0 01--- 03.1 21 dm -.-0 49 -.-1 0----.2- 0 03--- 30 13 dm -.-0 0---0 0 01--- /- 15 dm -.-1 0---0.1 0 0---- 81 10 dm -.-1 0---3 0 0---- :- 10 dm -.-0 0---3.1 0 0---- 21 10 dm -.-0 31--;<0- 0.=: 0.08 0---- /- 29 dm -.-0 0---;<00 0.=3 0.3- 0---- /- 24 dm -.-0 0---;<03 0.>= 0.38 0---- /- 22 dm -.-0 0---;<0/ 0.>8 0.3= 0---- /- 19 dm -.-0 0---;<3- -.=8 0.3= 0---- 0:.1 15 dm -.-1 0---;<30 -.>= 0.8- 0---- 08.1 13 dm -.-1 0---#)*!%+,"# ? @A!B +%+," -./0 0.0- 01--- 2.1 23 dm -.-31 0--*!#6+7#)# C -.8/ 0.00 01--- 0-.1 22 dm -.-0 0---.13 0.0- 01--- 03.1 22 dm -.-0 49 -.-1 0----.23 0.0- 03--- 30 13 dm -.-0 0---$;D0-& 0 .0- 0.00 0---- /- 11 dm -.-1 0--- !"# 0E8 0.:1 0.0> 0---- /- 21 dm -.-0 +" -.-31 0--- !" 00 0.:1 0.0> 1--- /- 10 dm -.-0 0--- !" 03 0.:1 0.0> 0---- /- 23 dm -.-0 0--- !" 0/ 0.:8 0.3- 0---- 83.1 10 dm -.-0 0--- !" 08 0.:1 0.0> 0---- /1 15 dm -.-0 0---;D00 0.01 0.30 0---- /- 11 dm -.-0 0---;D03 0./8 0.// 0---- /- 11 dm -.-0 0---;D0/ 0.12 0.83 0---- /- 11 dm -.-0 0---"AB +A9 /(0 E 67467!)")# *+#  !"# *+ #)*!%+,"# )"9*!)# F dm +#"  + *!A%G"7+ %4H+, $A7!"I%)"!J9+& *9#)*!%+,". σg  K)A7"5"H6+ M)4%)"7!J9+ *+  A *!#"7!B9"!4, *+  A "A!  + *+# M7A!,# N N +#"  + ,4%B7+*+ M7A!,# 4,#"!"9A,"  +  !" N lb +#"  A  4,M9+97 *+  KA77A,M+%+," *A,#  A *!7+"!4, *+  K)49 +%+,",4, 6+7"97B) $+  + +#" )MA + O  A  4,M9+97 Lb *9  !" *A,#  A *!7+"!4,  A")7A +& N Hb +#"  A IA9"+97*9  !" )MA + O  A *!#"A,+ +,"7+  +# +,"7+# *+# M7A!,#  + 6 9# BA# +"  + 6 9# IA9" *9  !" N  + 6A# *+"+%6# #K)7!" ∆t = α
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∏
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N !,' .! +)%A(! "! -($#+, "$+, ./$(($+-!%!+'8  ! "#$%&'(! %)*!+ dmdmin dmax Nmin Nmin/N mmin/mtotal K=J = %% 9 %% 9IJJ 9IL FL K== = %% 9 %% FJJJ FJL ML K=9 = %% 9 %% IJJJ IJL ==L K=7 = %% 9 %% HJJJ HJL =IL K9J J>F9 %% = %% HJJJ HJL =JL K9= J>F9 %% = %% NIJJ NIL =ML'$A.!$5 789 E )%3),#'#)+ "!, ,#D ,0"#%!+', A#2"#,3!(,0, O dmin !' dmax ,)+' .!, "#$%&'(!, "!,3!'#', !' "!, -(), -($#+, P Nmin !' mmin ,)+' .! +)%A(! !' .$ %$,,! "!, -($#+, "! "#$%&'(! dmin P
N !' mtotal ,)+' .! +)%A(! !' .$ %$,,! "!, -($#+, "$+, .! .#'"!, ,0"#%!+', A#2"#,3!(,0, !,' )%3$(0 G !.5# "!, ,0"#%!+', %)+)2"#,3!(,0, "! "#$%&'(!, dmin!' dmax !' G !.5# "!, ,0"#%!+', "! -($+5.)%0'(#! Q 5+#;)(%! R 6.#', =EF !' ==E=F:8 S. !,' $5,,#5'#.#,0 3)5( 0'5"#!( .!, 3<0+)%&+!, "! 3$@$-! !' "! ,0-(0-$'#)+ "!, 3!'#'!, 3$('#5.!,8 T$+,.!, ,0"#%!+',  K9J !' 9=> .! "#$%&'(! "!, 3!'#', -($#+,> dmin !,' 0-$. $33()D#%$'#@!%!+' $5"#$%&'(! "! .$ ,3<&(! .$ 3.5, -(),,! 45# 3$,,! !+'(! 45$'(! ,3<&(!, U)#+'!,> ,#'50!, "$+, .! %V%!3.$+ <)(#W)+'$. !' "! "#$%&'(! dmax O
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 !"#$  % &! #'%($& qt ) !*(# +,- ./!01,$#2( )34566 ,1 21-&  1 $%'+&4
qt =

1

Sb

N
∑

i=1

Vpiupi )345689% : Sb ., &1-;,%  1 .#$ < N .% (2'"-%  % =-,#(&  ,(& .% .#$ < Vpi .% 92.1'%  1 =-,#( i < upi .,2'+2&,($%  % ., 9#$%&&%  1 =-,#( i  ,(& .,  #-%$#2( x4>21& 2(&$,$2(& 01% ./,..1-% =!(!-,.%  % ./!92.1$#2(  1  !"#$ %&$ #( !+%( ,($%  1 $?+%  % &!@ #'%($&4 A1%..% 01% &2#$ ., =-,(1.2'!$-#%  1 &! #'%($B .%  !"#$ qt C1$1% ,1 21-&  1 $%'+& <./,'+.#$1 % %$ ., ;-!01%(%  %& +#& ,1='%($%($ ,9% ., 9#$%&&%  % ;-2$$%'%($4 D% +.1&B .%  !"#$
qtθc %$  ,(& 1( &%2( $%'+&B ., .2#  % $-,(&+2-$
φ %( ;2($#2(  % θ − θc4 !"!# $%&'()*+$ (,*,-&'$.)/$%$ !"#$ %&'()*#)+K%& *=1-%& 34N %$ 345 '2($-%($ ./!92.1$#2(  1  !"#$  % &! #'%($& )#(&$,($,(! %$ '2?%(6 ,1 21-& 1 $%'+& %$ +21- +.1&#%1-& 9#$%&&%&  % ;-2$$%'%($B 01# %&$ !$,".#% +,- .% '2 O.% (1'!-#01% +21- %1M &! #'%($& '2(2@ #&+%-&!&4 >21& -%',-012(& 01% .,  1-!%  % ., +F,&%  % -!2-=,(#&,$#2( %& =-,#(& E ./#($!-#%1-  1 .#$B +%( ,($ .,01%..% .%  !"#$ qt 9,-#% &#=(#*,$#9%'%($ ,9% .% $%'+&B !+%(  % ., $,#..%  %& =-,#(& %$  % ., 9#$%&&%  % ;-2$$%'%($4 >21& -%+-!&%($2(& !=,.%'%($ +21-%&  %1M &! #'%($&B  ,(& ., *=1-% 34QB .%  !"#$  % &! #'%($& '2?%( &,(&  #'%(&#2( φ 01# %&$2"$%(1 E ., *(  % ., &#'1.,$#2(B %( ;2($#2(  1 +,-,'O$-%  % PF#%. & θ4K, '#&% %( '219%'%($  1 .#$  % &! #'%($& %($-,R(% 1(% '2 #*,$#2(  ,(& ./!92.1$#2(  1  !"#$ % &! #'%($&B 01# %&$ 9#&#".%  ,(& .%& *=1-%& 34NB 345 %$ 34Q4 S..% &% +-2 1#$ +21- 1(% 9#$%&&%  %;-2$$%'%($ 01# %&$ 2'+-#&% %($-% .%& 9#$%&&%& u∗c1 %$ u∗c24 S( %T%$BU &# u∗ ≤ u∗c1B .%  !"#$ %&$ 01,&#@(1. %$ ./,$#9#$!  1 .#$ %&$ ;,#".% <U &# u∗ ≥ u∗c2B .%  !"#$ C1$1% ,1$21-  /1(% 9,.%1- (2( (1..% %$ ., +.1+,-$  %& =-,#(& E .,&1-;,%  1 .#$ &2($ %( '219%'%($4K, '#&% %( '219%'%($  1 .#$ 2--%&+2( ,1 F,(=%'%($  % +%($%  % ., 21-"%  /!92.1$#2(  1 !"#$ '2?%( qt %( ;2($#2(  % ., 9#$%&&% u∗ );4 ., *=1-% 34V64 >21& +-%(2(&B 2''% 9#$%&&%  %;-2$$%'%($ -#$#01%B ., '2?%((%  %&  %1M 9#$%&&%& u∗c1 %$ u∗c24
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#φ

#O$φ

E 6!( K/TU Z &#%+!#56+#-$ &6 &#"*7+!( &(%  !"#$% &"$% 4(% %)&#*($+% )+6&#)% ,"! N#4-O (+P-6+."!& J<Q>>M
1/2 φ (+ 1 φ= 6$( 4-# 4- 2$-!*"4(/ X-6% #$&#A6-$%= &"$% 4( +"54("6 K/>= 4( &#"*7+!( *-3($ dm &(% !"#$% "#$%# A6( 41)"!+2+3,(  )-*)+!#A6( σg &( 4" &#%+!#56+#-$ &( 4(6! &#"*7+!(/N#4-O (+ P-6+."!& J<Q>>M &-$$($+= ,-6! ."A6( %)&#*($+= 6$( %)!#( &( *(%6!(% &( &)5#+% qt($ 9-$+#-$ &( 4" C#+(%%( &( 9!-++(*($+ u∗ (+ &( 4" C#+(%%( &( 9!-++(*($+ u′∗ 4#)( ; 4" !6 -%#+) &6("6@  !"#$% J0(% 4#+% %-$+ !(-6C(!+% 4( ,46% %-6C($+ &( !#&(%/M/ 0(% %)&#*($+% %-$+ +!"$%,-!+)% ,"!."!!#" (/ 0" C#+(%%( u′∗ (%+ "4-!% 4"  !"$&(6! ,(!+#$($+( ,-6! (%+#*(! 4" 4-# &( +!"$%,-!+= (44( (%+6+#4#%)( ,-6! "464(! 4( ,"!"*7+!( &( P.#(4&% &"$% 4" E 6!( K/T[/ X-6% *-$+!-$%= &"$% 4" E 6!(K/T[= 41)C-46+#-$ &6 &)5#+ %"$% &#*($%#-$ φ ($ 9-$+#-$ &6 ,"!"*7+!( &( P.#(4&% θ &)+(!*#$)(; ,"!+#! &(% *(%6!(% &( N#4-O (+ P-6+."!& J<Q>>M/ 0" &)E$#+#-$ &(% &(6@  !"$&(6!% %"$%&#*($%#-$ !(,-%( %6! 4( &#"*7+!( *-3($ dm/ 01"446!(  )$)!"4( &( 4" !(4"+#-$ ($+!( 4( &)5#+ φ(+ 4( ,"!"*7+!( θ &"$% 4(% (@,)!#($(% (%+ #&($+#A6( ; (44( )+"54#( ,"! 4( *-&74( &( +!"$%,-!+=1(%+2;2&#!( 4" !(4"+#-$ ,(6+ F+!( &)!#+( ,"! &(6@ 4-#% "\$(% (+ 41"6 *($+"+#-$ &6 &)5#+ φ "C(
θ (%+ ,46% #*,-!+"$+( 4-!%A6( 4(% C#+(%%(% &( 9!-++(*($+ %-$+ )4(C)(%/ X-6% -5%(!C-$% "6%%# A6(41)C-46+#-$ &6 &)5#+ φ ($ 9-$+#-$ &6 ,"!"*7+!( &( P.#(4&% θ (%+ %#*#4"#!( ,-6! 4(% +!-#% %)&#*($+%TH>



 !"#$%&' dm ($$) σg*+,- ./01 ./.2
1/2 φ ./03 ./4.
1 φ ./02 ./556+,- 2/7. ./.78+,- 9/::3 ./39';<=%;> 7?0 @ "#;$A'B% $CD%& dm "% EB;#& %' !;B'G'DH% E!C$!'B#I>% σg "% =; "# 'B#<>'#C& "%=%>B "#;$A'B% HC>B =%  !"#$%&' !'>"#! ";& =% %JH!B#%&% "% K#=CL %' MC>'N;B" (.500)*+,-/ 1/2 φ %' 1 φ/ "C&' =; "# 'B#<>'#C& "> "#;$A'B% "% EB;#& % ' =CEG&CB$;=%? 6%  !"#$%&' /I># C&' =% $O$% "#;$A'B% $CD%&/ "#PAB%&'  %>=%$%&' H;B =; "# H%B #C& "% =; ';#==% "% H;B'#>=% =% C& '#'>;&' (Q? =; R;=%>B σg)? S; "# H%B #C& "% =; ';#==% "% EB;#&  %$<=% HC>B % 'DH% "%
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PQRS,
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#φ

#O$,φ

TE>B% 7?31 @ !RC=>'#C& "> "!<#' "%  !"#$%&'  ;& "#$%& #C& φ %& QC&'#C& "> H;B;$A'B% "%MN#%=" θθri "% =;  % "% EB;#& /  %=C& =% B#'AB% "% Z;BL%B  ! "#$ (.503)395



 "# $% &'(')('&*% +#, -% $' &'(./% ,0# 1$2 .(345%6. -% $' 787% "'936 :4% $%2 &'('7;.(%2 θri 236./-%6./:4%2 &34( $%2 2<-/7%6.2 1/2 φ %. 1 φ# =377% &(<<-%77%6.> 6342 -<.%(7/6362 $' 5/.%22%-% "(3..%7%6. (/./:4% u∗c -%2 /6: $/.2 <.4-/<2 &'( ?/$3@ %. A34.*'(-  ,BCC0> D &'(./( -% $'&32/./36 -4 *'6)%7%6. -% &%6.% -'62 $' 34(E% -F<53$4./36 -4 -<E/. φ -'62 $' G)4(% H#+I#J%2 5'$%4(2 3E.%64%2 236. /6-/:4<%2 -'62 $% .'E$%'4 H#B# K$$%2 236. 24&<(/%4(%2 '4L 5/.%22%2 -%2<-/7%6. u∗c  7#2−10 u∗r  7#2−10MNO1 P>PHQ 6##
1/2 φ P>PHR P>P+B
1 φ P>PHS P>PHP=NO1 P>PQI P>PQRTNO1 P>P,C P>P,Q.'E$%'4 H#B U 5/.%22% -% "(3..%7%6. (/./:4% u∗c -<.%(7/6<% &34( $%2 /6: 2<-/7%6.2 <.4-/<2 &'(?/$3@ %. A34.*'(-  ,BCC0 D &'(./( -% $' &32/./36 -4 *'6)%7%6. -% &%6.% -'62 $' 34(E%-F<53$4./36 -4 -<E/. φ %6 "36./36 -4 &'('7;.(% -% A*/%$-2 θ V $' 5/.%22% -% "(3..%7%6. -% (<"<(%6%

u∗r %2. %2./7<% &'( ?/$3@ %. A34.*'(-  ,BCC0 &34( $' $'22% -% )('/62 (%$'./5% '4 -/'7;.(% 73W%6
dm  X446% 5'$%4( 6F%2. /6-/:4<% &34( $% 2<-/7%6. MNO1#0"(3..%7%6. -% (<"<(%6% u∗r %2./7<%2 &'( ?/$3@ %. A34.*'(-  ,BCC0 &34( $' $'22% -% )('/62 -%-/'7;.(% 73W%6# O342 (%7'(:4362 &34( $%2 2<-/7%6.2 MNO1> 1 φ %. TNO1 :4% $% 2%4/$ -F<(32/36-<G6/ &'( $' 5/.%22% u∗c 3Y6/-% '&&(3L/7'./5%7%6. D $F'&&'(/./36 -% (/-%2   !""#$%0 D $' 24("'%-4 $/.# Z34( $% 2<-/7%6. 1/2 φ> $%2 (/-%2 '&&'('/22%6. D -%2 5/.%22%2 /6"<(/%4(%2 D u∗c# Z34( $%2<-/7%6. =NO1 :4/ %2. 46 7<$'6)% -% )('5/%(2> '446% 36-4$'./36 -% $' 24("'% -4 $/. 6F%2.3E2%(5<%#O342 37&'(362> -'62 $' G)4(% H#+C> $F<53$4./36 -4 -<E/. 2'62 -/7%62/36 φ %6 "36./36 -% $'-/[<(%6% -%2 &'('7;.(%2 -% A*/%$-2 θ− θc 3E.%64% -'62 $%2 %L&<(/%6%2 -% ?/$3@ %. A34.*'(- ,BCC0 %. -'62 632 2/74$'./362 647<(/:4%2# J% &'('7;.(% -% A*/%$-2 (/./:4% %2. -<.%(7/6< &34(*':4% 2<-/7%6. D &'(./( -% $F<53$4./36 -4 -<E/. 73W%6# J' 37&'('/236 %2. 2'./2"'/2'6.% \ /$ W 46E36 '3(- %6.(% $%2 (<24$.'.2 %L&<(/7%6.'4L %. 647<(/:4%2# J%2 -<E/.2 7%24(<2 5<(/G%6. $' 787%(%$'./36 :4% $%2 2<-/7%6.2 37&32<2 -% )('/62 -% &$42/%4(2 .'/$$%2  2<-/7%6.2 -% )('64$37<.(/%] 46/"3(7% >̂φ %6 "36./36 -4 &'('7;.(% -% A*/%$-2 θ# J% (<24$.'. %2. 736.(< -'62$' G)4(% H#+B# JF'$$4(% )<6<('$% -% $' (%$'./36 %6.(% $% -<E/. φ %. $% &'('7;.(% θ %2.> $D %63(%>36"3(7% '4L (<24$.'.2 647<(/:4%2# J' (%$'./36 &%4. 8.(% -<(/.% &'( -%4L $3/2 '`6%2# K$$% -<&%6->//> -% $' .%6%4( %6 2'E$% -4 7<$'6)%# a%4L $3/2 236. /-%6./G<%2> $F46% &34( $%2 2<-/7%6.2 bPR>b,S %. b+, %. $F'4.(% &34( $%2 2<-/7%6.2 b+, %. cdM=# J%2 -<E/.2 7%24(<2 &34( $%2 2<-/7%6.2bPR> b,S %. b+, 236. &$42 "'/E$%2 %. $% 2%4/$ -F<(32/36 2% &(3-4/. D -%2 5/.%22%2 -% "(3..%7%6.+,P



 !"$  !"# ! !"# !"$ !"% !"&
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φ

49*:+2;1,+@;@ *:432=49

49*:+2;1,<,AB:CD2+2;1
*:432=49,>,*+,-#.#,++

49*:+2;1,*2,?=B;7D@+91=:2
<,7;:A@=+2,>

49*:+2;1,<,*:432=49,>

V:D'@'H,21,K@71LB=*
5#I))6

 !"#$ %&'( ) *+,-"./,0 1" 1*2/. 1$ 3*1/4$0.3 3503 1/4$03/,0 φ $0 6,0./,0 1$ -5 1/8*#$0$ 1$395#54:.#$3 1$ ;</$-13 θ − θc 1*.$#4/0*$ = 95#./# 1" 4,1:-$ 1$ .#5039,#. $. 1$3 $>9*#/$0$3 1$?/-,@ $. ;,".<5#1 ABC((D
3*1/4$0. E 1$ 352-$ $0 9,/13 dm A44D σgFGH HI' BGIJ 'ICBFBK BKIC (IK %IKBF'B 'GIH LI% %IH(F'L 'L HIB %I(CMNOP %KI% KIB JI%B.52-$5" %&BG ) 1/54:.#$ 4,Q$0 1$3 !#5/03 $. *5#.R.Q9$ !*,4*.#/S"$ 1$ -5 1/3.#/2"./,0 1$ -$"#1/54:.#$ 9,"# -$3 3*1/4$0.3 *."1/*3 1503 -$3 $>9*#/$0$3 1$ ?/-,@ $. ,5".$"#3 A'GGBI 'GG%D

'BB
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!
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!"$

!"$/

φ

W!(
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 !"#$ %&'( ) *+,-"./,0 1" 1*2/. 1$ 3*1/4$0.3 3503 1/4$03/,0 φ $0 6,0./,0 1" 85#549.#$ 1$:;/$-13 θ�-$ 1$ /4$0.& O$ 3*1/4$0.$3. 5-,#3 .#93 #*3/3.50. M -T*#,3/,0& U" ,0.#5/#$B -,#3D"$ -$ 3*1/4$0. ,0./$0. 2$5","8 1$ 8$./.$385#./"-$3 ?5" 4,/03 %@V $0 8,/13 ?J;"#; $( "01B A(WFCCB ,44$ -$3 4*-50!$3 E'F $. GHIJB-$3 !#,3 !#5/03 0$ 3,0. 8-"3 R,/0./63 $. -$ 4*-50!$ $3. 1/. #"(!)*+,-..&!($/& O$3 8$./.$3 85#./"-$33$ 1*8-5$0. 65/-$4$0. $0.#$ -$3 !#,33$3 85#./"-$3& J$3 *+,-"./,03 1" 1*2/. φ 1/K*#$0.$3 3$-,0 -5.$0$"# $0 352-$ 6,0. 8$03$# M $--$3 1*.$#4/0*$3 1503 -$3 3/4"-5./,03 8,"# -$3 3*1/4$0.3 OXA@)A%&O$3 #*3"-.5.3 ,2.$0"3 8,"# -$ 3*1/4$0. OXA@ 3$42-$0. -/*3 M 35 .$<."#$ D"/ 3$#5/. 8-".�. 1" .Y8$ !"#$%&!'+,-..&!($/&N$3 3/4/-/."1$3 $0.#$ -$3 $<8*#/$0$3 $. -$3 3/4"-5./,03 3,0. 5"33/ .#,"+*$3 -,#3D"$ 0,"3 1*.$#Z4/0,03 -5 +/.$33$ 1$ 6#,..$4$0. #/./D"$ u∗c 1$3 3*1/4$0.3 E@P)'F $. GHIJ& O5 +/.$33$ u∗c $3.$3./4*$ M 85#./# 1" ;50!$4$0. 1$ 8$0.$ 1503 -5 ,"#2$ 1T*+,-"./,0 1" 1*2/. qt $0 6,0./,0 1$-5 +/.$33$ 1$ 6#,..$4$0.& :5 +5-$"# $3. /01/D"*$ 1503 -$ .52-$5" %&AA& [--$ Y $3. ,485#*$ M -5+5-$"# uE∗c 1*1"/.$ 1$3 #$-5./,03 $48/#/D"$3 1$ +50 \/R0 ?A(WQ5C& ],"3 #$8#*3$0.,03 *!5-$4$0.-$3 #*3"-.5.3 1503 -$ 1/5!#544$ 1" #/.9#$ 1$ :;/$-13 ?6& -5  !"#$ %&%@C& ^,"# -$3 3*1/4$0.3 E'F$. GHIJB /- Y 5 "0 5,#1 #5/3,0052-$ $0.#$ -5 +/.$33$ u∗c 1*.$#4/0*$ M 85#./# 1$ -T*+,-"./,0 1"1*2/. 4,Y$0 $. -$3 +5-$"#3 ,2.$0"$3 1503 -$3 $<8*#/$0$3 5+$ 1$3 3*1/4$0.3 1$ !#50"-,4*.#/$D"53/Z"0/6,#4$ ?σg . 1,3C& ^5# ,0.#$B -5 +/.$33$ u∗c $3.B 8,"# -$3 3*1/4$0.3 E@P)'A ?,44$ 1503-$3 3/4"-5./,03B 8,"# -$ 3*1/4$0. OXA@CB 2/$0 3"8*#/$"#$ M $3 +5-$"#3 $<8*#/4$0.5-$3&O5  !"#$ %&%A ,485#$ -T*+,-"./,0 1" 1*2/. 3503 1/4$03/,0 φ $0 6,0./,0 1$3 85#549.#$3 1$:;/$-13 θ − θc 1*.$#4/0*$ M 85#./# 1$3 3/4"-5./,03 0"4*#/D"$3 $. 1$3 $<8*#/$0$3 1$ =/-,>$. ,5".$"#3 ?'@@AB '@@%C& ?O$ 85#549.#$ 1$ :;/$-13 #/./D"$ "./-/3* $3. $-"/ 1*.$#4/0* M 85#./#'A'



 !"#$%&' u∗c1 ($) −1* u∗c2 ($) −1* u∗c ($) −1* θc uE∗c ($) −1*+,- ,./01 ,./23 ,./30 ,./10 ,.,45+/3 ,./15 ,./16 ,./16 ,./10 ,.,6-+1/ ,./,3 ,.//1- ,.//2 ,.//2 ,.,6,+15 ,.,64 ,.,45 ,.,40 ,.,4, ,.,53789: ,.,2- ,.,55 ,.,-- ,.,-6 ,.,26';<=%;> 0)// ?  %>#= "@!AB #B& !';<=# C D;A'#A "% =@!EB=>'#B& "> "!<#' "%  !"#$%&' φ %& FB&'#B&"> D;A;$H'A% θ DB>A =%  !"#$%&' !'>"#! D;A I#=BJ %' B;>'%>A (1,,/. 1,,0* K u∗c1 %' u∗c2"!L&#  %&' =@#&'%AE;==% "% =; E#'%  % "% FAB''%$%&' DB>A =%M>%=  % DAB">#' =%  %>#= "@!AB #B& K u∗c% ' =; E;=%>A $BN%&&% "% % "%>O E#'%  % %' θc % ' =% D;A;$H'A% "% PQ#%=" A#'#M>% ;  B#! K uE∗c% ' =; E#'%  % "% FAB''%$%&' A#'#M>% ;=>=!% C D;A'#A "% A%=;'#B& "% E;& R#S& (/463;*
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sédiments J06-14

sédiment J27

sédiment BOMC

critère de Shields proposé par
van Rijn (1984a)

intervalle dans lequel se situe
la plupart des données
publiées (Raudkivi, 1998)

LT>A% 0)0, ? !EB=>'#B& "> D;A;$H'A% "% PQ#%=" A#'#M>% %& FB&'#B& "> &B$<A% "% R%N&B=" "!'%A$#&!% C D;A'#A "% $% >A% "% I#=BJ %' :ABU% (1,,/. 1,,0* K =; DB #'#B& ">  N$<B=% % 'LO!% D;A =; E#'%  % "% FAB''%$%&' A#'#M>% u∗c %' =% %O'A!$#'! ">  %T$%&' D;A =% E#'%  % u∗c1%' u∗c2
1/0
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0.5 sédiment mono-dispersé

sédiment « faiblement
dispersé » d

!
=1,1 mm

sédiment de granulométrie
« uniforme »

sédiment « dispersé »

Wilcock et coauteurs
(2001, 2003)

 !"#$ %&%' ( )*+,"-.+/ 0" 0)1.- 0$ 2)0.3$/-2 24/2 0.3$/2.+/ φ $/ 5+/-.+/ 0$ ,4 0.7)#$/$ 0$284#439-#$2 0$ :;.$,02 θ − θc 0)-$#3./)$ < 84#-.# 0" 3+09,$ 0$ -#4/28+#- $- 0$2 $=8)#.$/$2 0$>.,+? $- +4"-$"#2 @ABB'C ABB%D0$ ,E)*+,"-.+/ 0" 0)1.- 3+F$/&D G, F 4 "/$ +/*$#!$/$ $/-#$ ,$2 #)2",-4-2 $=8)#.3$/-4"= $-/"3)#.H"$2& I4 ,+. 0$ -#4/28+#- φ = F(θ − θc) )-41,.$ < 84#-.# 0$2 3$2"#$2 0$ >.,+? $-+4"-$"#2 @ABB'C ABB%D $2- 2$31,41,$ < $,,$2 +1-$/"$2 0$2 2.3",4-.+/2& !"#$%&!'() *+ ,+%$*  ! "#$ -.//01I$2 2.3",4-.+/2 0$ J$4,0  ! "#$ @ABBKD 2+/- #)4,.2)$2 $/ "-.,.24/- "/ 3+09,$ LMN 142) 2"# "/3+09,$ 0$ +,,.2.+/ 0$ -F8$ %"&' ()% & & IE)+",$3$/- F $2- #$8#)2$/-) 84# "/$ +";$ 0$ O".0$H". 2$ 0)8,4$ 4"P0$22"2 0" ,.-C 04/2 ,4 0.#$-.+/ x 4*$ "/$ *.-$22$ +/2-4/-$ @5& ,$ 84#4!#48;$K&' 04/2 ,4 84#-.$ 'D& I$ 2)0.3$/- +/2.0)#) $2- "/ 3),4/!$ 0$ !#4./2 0$ 0.439-#$2 +38#.2 $/-#$A $- Q 33 @dm = 4 33C σg = 1,33DC 0+/- ,4 0.2-#.1"-.+/ $2- "/$ ,+. ,+!P/+#34,$& J$4,0  ! "#$@ABBKD $2-.3$/-C 8+"# $ 2)0.3$/-C ,$ 84#439-#$ 0$ :;.$,02 #.-.H"$ θc < BCBR&S+"2 #$8#)2$/-+/2C 04/2 ,4  !"#$ %&%AC ,E)*+,"-.+/ 0" 0)1.- 0$ 2)0.3$/-2 24/2 0.3$/2.+/ φ $/5+/-.+/ 0$ ,4 0.7)#$/$ 0$2 84#439-#$2 0$ :;.$,02 θ− θc H". $2- 0)-$#3./)$ /"3)#.H"$3$/- 84#J$4,0  ! "#$ @ABBKD& S+"2 ./0.H"+/2 4"22.C 04/2 ,4  !"#$ %&%AC ,$2 #)2",-4-2 0$ /+2 2.3",4-.+/2& G,F 4 "/ 1+/ 4+#0 $/-#$ ,$2 #)2",-4-2 0$2 0$"= 3+09,$2 LMNC $/ 84#-.",.$# 8+"# θ− θc < 0,2 $-8+"# ,$2 2)0.3$/-2 0$ !#4/",+3)-#.$ T "/.5+#3$ U @,.-2 '(K $- ''('KD $- ,$2 2)0.3$/-2 T 0.28$#2)2 U@IV''('%D& I+#2H"$ ,4 0.7)#$/$ θ−θc 4"!3$/-$ $- 0$*.$/- 2"8)#.$"#$ < BCAWC ,$ 3+09,$ 0$ J$4,0 ! "#$ @ABBKD -$/0 < 2"#$2-.3$# ,$ 0)1.- 84# #488+#- < /+-#$ 3+09,$ /"3)#.H"$& X$ #)2",-4- 8$"-2E$=8,.H"$# 84# Y'D ,$ 3+09,$ 0E)+",$3$/- Y ,$2 *.-$22$2 0$ O".0$ 2"1.$2 84# ,$2 !#4./2 < ,4 2"#54$ 0" ,.- 8+"#"/$ 3Z3$ *.-$22$ 0$ 5#+--$3$/- 8$"*$/- Z-#$ 0.7)#$/-$2 04/2 ,$2 0$"= 3+09,$2 [AD ,$ 3+09,$ 0$ +,,.2.+/ Y 04/2 ,$ 3+09,$ 0$ J$4,0  ! "#$ @ABBKDC ,$ +$\.$/- 0$ #$2-.-"-.+//+#34, en $2- )!4, < BCWC ,4 +38+24/-$ -4/!$/-.$,,$ 0$ ,4 *.-$22$ 0" !#4./ /E$2- 842 3+0. )$84# ,4 +,,.2.+/ $- ,4 +,,.2.+/ $/-#$ "/ !#4./ 3+1.,$ $- "/ !#4./  =$ 0" ,.- $2- 422.3.,)$ <A'K
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49*:+2;1,+@;@ *:432=49

49*:+2;1,<,AB:CD2+2;1
*:432=49,>
*+,-#.#,++

49*:+2;1,*2
?=B;7D@+91=:2
<,7;:A@=+2,>

49*:+2;1,<,*:432=49,>

Z2BD*,"#$%&',5$!!&6

[2?B;2L XBHL1:B=\
"#$%&',,5$!!I6

D@:4,2+3:=:G724

U2\2= ]212=,21
U^DD2=,5#I&)6

EB7*H:F:,5#II)6
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qt =

∫

cb(z)up(z) dz ;F4<C?8̂% cb '/ ()%)*"/*!()  % ./"*!,'%& *"/)&.("*$%& ./" 0/""!/#% %) z %* up '/ 8!*%&&%;1(O%))%?  % %& ./"*!,'%&  /)& '/  !"%*!() x4G<K
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34*5* 6 #*'1)/!

34*5* 6 0*'1)/!

34*5* 6 9*'1)/!

 7" #$%&'()* '+)+,%&#-(.#$ %( %&!'/*.( $0!12 348 ''

 0 ! !0 " 

%&'()*+),

 1   8#

 1   8$

 1   80

 1   8-

 1   89

 1   87

 1   88

.
(
*+
2,

34*5* 6 "*'1)/!

34*5* 6 #*'1)/!
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p /E∗p ". E4.0-4. )* )-&'/0," )"( +,&-.( dp 1 Ef
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dmin "$ dmax5 "& -*&&"& %" .)*'(& &,($ %3H('"& 0*) "& %"/1 %'*2B$)"&5  !'(F/"(" %"& '($")*$',(& "($)" -"&.)*'(& &/) -" $)*(&0,)$ %" &3%'2"($& "&$ "&$'23" 0*) -" 9*$"/) ξi )"-*$'9 C -* -*&&" %" %'*2B$)"
di5  " 9*$"/) ξi "&$ %,((3 0*) -!3A/*$',( I?5?=J5

ξi =
φi
fiφ∗i

I?5?=JK@" L fi -* 0),0,)$',( "( 0,'%& %" -* -*&&" %" %'*2B$)" di %*(& -" &3%'2"($ M φi -" %34'$ &*(&%'2"(&',( %" .)*'(& %" %'*2B$)" di "&$'23 0,/) -" &3%'2"($ 8 %'&0")&3 : M φ∗i -" %34'$ &*(&%'2"(&',( %" .)*'(& %" %'*2B$)" di "&$'23 0,/) -" &3%'2"($ 2,(,7%'&0")&35 " 9*$"/) ξi "&$ 3.*- C < &!'- (!G * 0*& %!'($")*$',( "($)" -"& .)*'(&5  " $)*(&0,)$ %" -*&&" %"%'*2B$)" di "&$ 3A/'@*-"($ C "-/' %/ &3%'2"($ 2,(,7%'&0")&3 %" 2N2" %'*2B$)" "$ (,/& *@,(& L
φi
fi
= φ∗i I?5?<J " 9*$"/) ξi "&$ /$'-'&3 0,/) 2,%3-'&") -"& 0E3(,2B("& %" &,/&7 "$ &/)"10,&'$',( %"& .)*'(& C-!3,/-"2"($ "( 9,($',( %" -"/) %'*2B$)"5 O- "&$ %3&'.(3 0*) -" $")2" *(.-*'&  !"!#$%&'()*+,&-+#/!)# IP/Q(.$,( "$ R,($.,2")G6 <SST M U-"'(E*(& "$ @*( V'W(6 X==XJ5 Y*(& -"& "103)'"("&6'- "&$ $),/@3 '(93)'"/) C < -,)&A/" di < dm5  "& 0"$'$& .)*'(& &,($ 0),$3.3& %" -!3,/-"2"($ 0*) -"&.),&&"& 0*)$'/-"&6 '-& &,($ &,/&7"10,&3& 0*) )*00,)$ */ *& 2,(,7%'&0")&35  ,)&A/" di > dm6 -"9*$"/) ξi "&$ &/03)'"/) C <5  "& .),& .)*'(& &,($ &/)"10,&3& C -!3,/-"2"($ *) '-& *00*)*'&&"($'&,-3& C -* &/)9*" %/ -'$5 * H./)" ?5Z= 2,($)"6 0,/) -* -*&&" %" .)*'(& %" %'*2B$)" dmin6 -!3@,-/$',( %/ )*00,)$ φi/fi "(9,($',( %/ 0*)*2B$)" %" [E'"-%& θi %3$")2'(3" 0,/) -"& &3%'2"($& 4'7%'&0")&3&  P<=><? "$  PX=>X<5 \,/& '(%'A/,(&6 3.*-"2"($ %*(& -* H./)" ?5Z=6 -!3@,-/$',( %/ %34'$ φ∗i A/' "&$ %3$")2'(3" C0*)$') %/ 2,%B-" (/23)'A/" 0,/) -" &3%'2"($ 2,(,7%'&0")&3 %" %'*2B$)" dmin5  " $)*(&0,)$ %"-* -*&&" %" %'*2B$)" dmindmax6 -!3@,-/$',( %/ )*00,)$ φi/fi "(9,($',( %/ 0*)*2B$)" %" [E'"-%& θi5  !"#"$ %"& '($")*$',(& "($)" -"& .)*'(& &/) -" $)*(&0,)$ %"&.),& .)*'(& "&$ '' -'3 C -* %'#3)"(" %"& %'*2B$)"& dmin "$ dmax5 _,/) -"& &3%'2"($&  P<=><? A/'&,($ ,20,&3& %" &0EB)"& %" %'*2B$)" 3.*- C < "$ X 226 -" $)*(&0,)$ %" -* -*&&" %" %'*2B$)"
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ks = -%*-$ )* $-;',&%" "O-&6 #*(%* )* R&F-$ ),* ./1JVH



k1 k2 !"#$%&' ()"!(& *+, "%%&'."!(&!/ 0+1 20%,0$3&' x &/ y (0!' 3)&'.0& (& 4"+5%,&% 6%0(7#−18
k12 !"#$%& ()"!(& 6%0(7#−18 9 k12 = √

k21 + k22

k∗ "!'/0!/& 6:0%%+/;&%'  ! "#$ <==>8 9 k∗ = 1

δL∗

k̄1 !"#$%& ()"!(& 6#−18 6:0%%+/;&%'  ! "#$ <==>8
ker kei ?"!/,"!' (& @&32,!
Ks %+A"',/B /"/03& (+ 3,/ 6C&D&%5E&/&% &/ CF33&% GH>I8
Kn "&J,&!/ ()B30'/,,/B 6K7#−3/28 6L&%/M GII<8
K ′

s %+A"',/B 3,B& 0+1 A%0,!' 6C&D&%5E&/&% &/ CF33&% GH>I8
K0 ?"!/,"! (& N&''&3 #"(,OB&
K !"D0+ (& 30 ?"%& ;,'/",%& FH

KL !"D0+ (& 30 ?"%& ;,'/",%& FHL 6P0Q0$0 &/ N030;0!(0% <==R8
l ."',/,"! (& 30 "+;& ,!/&%#B(,0,%& 6#8 6?7 3& #"(S3& ()B"+3&#&!/8
lb (,#&!',"! (& 3)0%%0!A&#&!/ (0!' 30 (,%&/,"! x 6#8
lp (,'/0!& &!/%& 3& &!/%& (& 30 .0%/,+3& &/ 30 .0%", 6#8
l∗p (,'/0!& &!/%& 30 '+%?0& (& 30 .0%/,+3& &/ 30 .0%", 6#8
ls B.0,''&+% (& 30 "+;& (& '+%?0& 6#8 6?7 3& #"(S3& ()B"+3&#&!/8
L B;&33& (& 3"!A+&+% 6#8 T (&#,53"!A+&+% (& 30 "33,!& 6#8 6?7 3& #"(S3& ()B"+3&5#&!/8
Lb (,#&!',"! (& 3)0%%0!A&#&!/ (0!' 30 (,%&/,"! y 6#8
Li,j (,'/0!& &!/%& 3& !U+( (i,j) &/ 3& '"##&/ (+ �!& *+, 3+, &'/ 3& .3+' .%";&
Lr (,'/0!& &!/%& (&+1 %+A"',/B' 6#8 6C0/'+#"/" &/ W0,/" GHX=8
Lx Ly (,#&!',"!' (+ ("#0,!& (0!' 3&' (,%&/,"!' x &/ y 6#8 6?7 30 (BO!,/,"! (& 30/%0!'?"%#B& (& 4"+%,&% (,'%S/&8
L1 3"!A+&+% ;"%,M"!/03& 0%0/B%,'/,*+& 6#8 6?7 3& #"(S3& ()B"+3&#&!/8
m #"D&!!& (& 30 20%,0$3& lnX T "!'/0!/& *+, ,!/&%2,&!/ (0!' 30 3", .+,''0!& (B5%,20!/ 30 2,/&''& Y+,(& uf T "&J,&!/ (& 03,$%0/,"! (0!' 3& #"(S3& (& ZQ&%' &/P;,/& 6GHX[8 T ,!(,& %&30/,? \ 30 30''& (& (,0#S/%& #"D&! dm T #0''& 6QA8
mi #0''& (&' A%0,!' 0..0%/&!0!/ \ 30 30''& i 6QA8
mj  mk #0''&' ."!/+&33&' 6QA8 6?7 "33,',"! (,%&/& &!/%& (&+1 '.;S%&'8
mjk #0''& %B(+,/& 9 mjk =

mjmk

mj +mk<]I



mmin  !""# $#" %&!'(" $# $'! )*&# +%!, - dmin ./%0
mp  !""# $# ,! 1!&*'3,# ./%0
mtotal  !""# *4*!,# $#" %&!'(" 4(*#(3" $!(" ,5!&&!(%# #(* ./%0
M (4& # $3 6#*#3& −→M .78 0
MD  4 #(* $# ,! 94&# $# *&!:(+# .78 0
MG  4 #(* $# ,! 94&# $# ;4**!<','*+ .78 0
Mcy 4 14"!(*# $3  4 #(* $# ,! 94&# $# 4(*!* $!(" ,! $'&#*'4( y .78 0
Mmn 1&4=#*'4( $# ,! "4  # −→MG #* −→MF "3& ,5!># amn

n (4 <&# $# %&!'(" $+1,!+" 1!& 3('*+ $# *# 1" #* 1!& 3('*+ $# "3&9!# ? 4#@'#(*$!(" ,#  4$),# $# A/#&" #* BC'*# .DEFG0 ? 4#@'#(* $# H!(('(% ? '($'# &#,!*'9- ,! $'&#*'4( (4& !,# !3 1,!( $# 4(*!*
nch (4 <&# $# 43C#" $# %&!'(" $!(" ,5!&&!(%# #(* .!" $#" !&&!(%# #(*" I &+%3J,'#&" K0 L nch = N

Nch

ni (4 <&# $# %&!'(" $# ,! ,!""# i ? (4 <&# $# %&!'(" $# ,! ,!""# i 4(*#(3" $!(" ,!*&!(C#
ns (4 <&# $# %&!'(" $'"14('<,#" - ,! "3&9!#
n0 '($'# $# ,! 43C# 143& ,#M3#, ,! 6'*#""# #"* (3,,# .N3 O4P"Q DRFE0
n′ (4 <&# $# %&!'(" $+1,!+" 1!& 3('*+ $# *# 1"
N (4 <&# $# ,!""#" $# %&!'(" $!(" ,# "+$' #(* ? (4 <&# $# 1!&*'3,#" 3*','"+#"$!(" ,#  4$),# (3 +&'M3# ? (4 <&# "!(" $' #("'4( <!"+ "3& ,# (4 <&# $# %&!'("$+1,!+" n .7#',, #* S!,'(Q DETE0 ? (4 <&# $#  #"3&#"
Nc (4 <&# $# �(#" M3' &#436&#(* ,! "3&9!# $3 ,'*
Nch (4 <&# $# %&!'(" 4 14"!(* 3(# 43C# $# ,5!&&!(%# #(* .!" $#" !&&!(%# #(*"I &+%3,'#&" K0 L Nch =

lbLb

d2p

Nk (4 <&# $# %&!'(" 4(*#(3" '('*'!,# #(* $!(" ,! *&!(C# $# ,5!&&!(%# #(*
NL (4 <&# $# %&!'(" 4(*#(3" $!(" ,! *&!(C# - ,5'("*!(* t
N+

L (4 <&# $# %&!'(" 4(*#(3" $!(" ,! *&!(C# - ,5'("*!(* t $4(* ,! 6'*#""# upi #"*14"'*'9
N−L (4 <&#" $# %&!'(" 4(*#(3" $!(" ,! *&!(C# - ,5'("*!(* t $4(* ,! 6'*#""# upi #"*(+%!*'9
Nmin (4 <&# $# %&!'(" $# $'! )*&# +%!, - dmin

Nt (4 <&# $5#(&#%'"*&# #(*" &+!,'"+" - ,5'("*!(* tVTE



Nx Ny !"#$%& '& !()'* '+!* ,&* '-%&/-"!* x &/ y 012 ,+ '34!-/-"! '& ,+ /%+!*1"%#3&'& 5")%-&%6
O &!/%& '& ,+ 7+%/-),&
p 7%&**-"! 08+6
pei 7%"$+$-,-/3 9)& ,& :%+-! '& '-+#;/%& di *"-/ &<7"*3 = ,>3"),&#&!/ 0?)  ! "#$ @AAA6
peij 7%"$+$-,-/3 9)& ,& :%+-! '& '-+#;/%& di !& *"-/ 7+* 7%"/3:3 7+% ,& :%+-! '& '-+#;/%&

dj 0?)  ! "#$ @AAA6
phi 7%"$+$-,-/3 9)& ,& :%+-! '& '-+#;/%& di *"-/ 7%"/3:3 = ,>3"),&#&!/ 0?)  ! "#$ @AAA6
phij 7%"$+$-,-/3 9)& ,& :%+-! '& '-+#;/%& di *"-/ 7%"/3:3 7+% ,& :%+-! '& '-+#;/%& dj0?)  ! "#$ @AAA6
pτj -!/&%B+,,& '& /&#7* 7&!'+!/ ,&9)&, ,+ "!/%+-!/& '& 1%"//&#&!/ &*/ "#7%-*& &!/%&

τj −∆τ &/ τj +∆τ

P !"#$%& *+!* '-#&!*-"! %&,+/-1 = ,+ 7%&**-"! p 012 ,&* 39)+/-"!* '& C+B-&%DE/"F&**")* ,+ 1"%#& +'-#&!*-"!!&,,&6
qb '3$-/ B",)#-9)& '& *3'-#&!/* /%+!*7"%/3* 7+% G+%%-+:& 7+% )!-/3 '& ,+%:&)%0#22*−16
qs '3$-/ B",)#-9)& '& *3'-#&!/* /%+!*7"%/3* &! *)*7&!*-"! 7+% )!-/3 '& ,+%D:&)% 0#22*−16
qt '3$-/ B",)#-9)& '& *3'-#&!/* /%+!*7"%/3* 7+% )!-/3 '& ,+%:&)% 0#22*−16 0H-+!:&/ I+J KLLM6 N qt = 1

Sb

N
∑

i=1

Vpiupi

qti '3$-/ B",)#-9)& '& *3'-#&!/* +77+%/&!+!/ = ,+ ,+**& i 0#22*−16
qtk '3$-/* '& *3'-#&!/* &*/-#3* +)< Nt -!*/+!/* *)&**-1* 0#22*−16
qtm '3$-/ #"O&! '& *3'-#&!/* = ,>-!*/+!/ t 0#22*−16 N qtm =

1

Nt

Nt
∑

k=1

qtk

qLt  qVt '3$-/* '& *3'-#&!/* '+!* ,&* '-%&/-"!* ,+/3%+,& &/ B&%/-+,& 0#22*−16
qL+t  qL−t '3$-/* '& *3'-#&!/* '+!* ,&* '-%&/-"!* y > 0 &/ y < 0 0#22*−16
qV+
t  qV−t '3$-/* '& *3'-#&!/* '+!* ,&* '-%&/-"!* z > 0 &/ z < 0 0#22*−16
q+ '3$-/ '& *3'-#&!/* *+!* '-#&!*-"! N q+ =

qt
dpu∗

Qi '3$-/ '& ,>3"),&#&!/ &*/-#3 &! xi 0#22*−16
Qm '3$-/ '& ,>3"),&#&!/ #"O&! 0#22*−16
r %+77"%/ '&* '3$-/* %3&, &/ +,),3 P '-*/+!& &!/%& ,& &!/%& '& ,+ 7+%/-),& &/ ,&7"-!/ '& "!/+/ 0#6 0Q*)R-  ! "#% KLSL+ $6 P B+%-+$,& +,3+/"-%& 0C-T"  ! "#$ KLLU+6@VA



R  !"#$ %"& !'()*'+ *') +,- ./!( !'  !00# - &+ (! ,+-)#$ &' !$!( +- &' 0. )23- +2#')((. 425 6 7# + %# )8#$-!(+ 2!)$-+$!$- (+ / !)$ 495 47: (+  )-3 + &+ ;%)+(&,5 6<! )!=(+ !(.!-#) + 4>,'?)  ! "#$ !"#$%
Rb &'()* +(,&'-./0-1 ./2 '- ./3 45% 4523+),1 ,1 6'*)*/78&))9:%
Re *)5;&1 ,1 <1(*).,: = Re = LU

ν

ReG *)5;&1 ,1 <1(*).,: ;':2 :-& .1 3'-> ,1 /:'/..151*3 G = ReG =
d2p|G|
ν

Relp *)5;&1 ,1 <1(*).,: ;':2 :-& .' ,/:3'*1 lp = Relp = lp‖−→u f −−→u p‖
ν

Rep *)5;&1 ,1 <1(*).,: ,1 .' @'&3/-.1 0-/ 0-'*3/A1 .B/5@)&3'*1 &1.'3/C1 ,1: D)&1:,B/*1&3/1 @'& &'@@)&3 '-> D)&1: C/:0-1-:1: = Rep = dp‖−→u f −−→u p‖
ν

ReΩ *)5;&1 ,1 <1(*).,: ;':2 :-& .' C/31::1 ,1 &)3'3/)* ,1 .' @'&3/-.1 = ReΩ =
d2pΩp

ν

Re∗ *)5;&1 ,1 <1(*).,: ;':2 :-& .' C/31::1 ,1 D&)33151*3 = Re∗ = dpu∗
ν

s /*,/1 &1.'3/D '- 3&'*:@)&3 1* :-:@1*:/)*
S :-&D'1 ,1 .' @'&3/-.1 452%
S 31*:1-& ,1: 3'-> ,1 ,2D)&5'3/)* 4@'&3/1 :(523&/0-1 ,- 31*:1-& ,1 E&',/1*3 ,1C/31::1 F-/,1%
Sf @1*31 ,1 .' ./E*1 ,1 +'&E1
Sij )1G/1*3: ,- 31*:1-& S

Sk )1G/1*3 ,B':(523&/1 '&/3+523/0-1 45%
S0 @1*31 ,- ./3
St *)5;&1 ,1 H3)91: = St = ρsLU

µ

Stc *)5;&1 ,1 H3)91: &/3/0-1 4I):1@+  ! "#$ JKK! L M)*,&13  ! "#$ JKKJ%
t 315@: 4:%
t0 /*:3'*3 )&&1:@)*,'*3 '- ,2;-3 ,1 .' )../:/)* 4:%
T @'&'5N3&1 ,1 5);/./32 4C'* </O* !"#P'% = T =

u′∗
2 − u2∗c
u2∗c

L *)5;&1 :'*: ,/51*:/)*&1.'3/D '- 315@: 4DQ .1: 20-'3/)*: ,1 R'C/1&7H3)91: :)-: .' D)&51 ',/51*:/)**1..1%
T0 ,-&21 43+2)&/0-1% ,1 .' )../:/)* 2.':3/0-1 1*3&1 ,1-> :@+N&1: 4:%
T1 ,-&21 43+2)&/0-1% ,1 .' )../:/)* *)* 2.':3/0-1 1*3&1 ,1-> :@+N&1: 4:%
Tdamp )*:3'*31 ,1 315@: 4:% = Tdamp =

1

β
4DQ .' )../:/)* ,/&131 1*3&1 ,1-> :@+N&1:%

T50 @'&'5N3&1 ,1 5);/./32 ;':2 :-& .1 ,/'5N3&1 d50 4S&)G33 13 H-3+1&.'*, !"#T L C'*</O* !"#P'% J$!



ub  !"#$$# %&'#((# )#$ *+,"!./#$ #( $+/"+"!&( )+($ /+ )!,#"!&( x 0%1$−12
ud  !"#$$# )34!"+("# 35+/# +. )34!" )! !$3 *+, /+ $#"!&( )# *+$$+5# 0%1$−12
u6 v6 w &%*&$+("#$ )# /+ *#,".,4+"!&( )# /+  !"#$$# ). 7.!)# ,33# *+, /+ *,3$#(# )# /+&//!(# 0%1$−12
ũ6 ṽ6 w̃ ",+($8&,%3# )# 9&.,!#, )#$ &%*&$+("#$ )# /+ *#,".,4+"!&( )#  !"#$$# 7.!)#
uf 6 vf 6 wf &%*&$+("#$ )# /+  !"#$$# ). 7.!)# )+($ /#$ )!,#"!&($ x6 y #" z 0%1$−12
ufm  !"#$$# ). 7.!)# %#$.,3# 0%1$−12
umax  +/#., %+:!%+/# )# /+ &%*&$+("# )# /+  !"#$$# −→u moy )+($ /+ )!,#"!&( x 0%1$−12
udmoy  !"#$$# %&'#((# )#$ 5,+!($ +**+,"#(+(" ; /+ /+$$# )# )!+%<",# di 0%1$−12 =

udmoy =
1

Nc

Nc
∑

i=1

upi

u+moy6 u−moy  !"#$$#$ %&'#((#$ )#$ 5,+!($ )+($ /#$ )!,#"!&($ x *&$!"!8 #" x (35+"!8 0%1$−12
up6 vp6 wp &%*&$+("#$ )# /+  !"#$$# )# /+ *+,"!./# )+($ /#$ )!,#"!&($ x6 y #" z 0%1$−12
u∞  !"#$$# 7.!)# +. #(",# )# /+ *+,"!./# 0%1$−12
u∗  !"#$$# )# 8,&""#%#(" 0%1$−12
u′∗  !"#$$# )# 8,&""#%#(" /!3# ; /+ ,.5&$!"3 ).# +.: 5,+!($ 0%1$−12
u∗c  !"#$$# )# 8,&""#%#(" ,!"!>.# 0%1$−12
u∗ci  !"#$$# )# 8,&""#%#(" ,!"!>.# ,#/+"! # ; /+ /+$$# )# 5,+!($ )# )!+%<",# di 0%1$−12
u∗cs  !"#$$# )# 8,&""#%#(" ,!"!>.# )# %!$# #( $.$*#($!&( 0%1$−12
u∗c16 u∗c2  !"#$$#$ )# 8,&""#%#(" >.! )3?(!$$#(" )+($ /#$ $!%./+"!&($ /@!("#, +//# *&., /#>.#/$# *,&).!" /# $#.!/ )@3,&$!&( 0%1$−12
uS∗c  !"#$$# )# 8,&""#%#(" ,!"!>.# )3"#,%!(3# $.! +(" /+ %3"A&)# )# BA!#/)$ 0CDEF20%1$−12
uE∗c  !"#$$# )# 8,&""#%#(" ,!"!>.# )3"#,%!(3# ; *+,"!, )#$ ,#/+"!&($ )#  +( G!H(0CDIJ+2 0%1$−12
u∗r  !"#$$# )# 8,&""#%#(" )# ,383,#(# 0%1$−12 0K+,L#,  ! "#$6 CDIM2
uf  +/#., %&'#((# )# /+ &%*&$+("# uf 0%1$−12
u′6 v′6 w′ 7.".+"!&($ )# /+  !"#$$# 7.!)# )+($ /#$ )!,#"!&( x6 y #" z 0%1$−12
u+ (&%4,# $+($ )!%#($!&( 4+$3 $., /+  !"#$$# uf = u+ =

uf
u∗

U 3A#//# )#  !"#$$# 0%1$−12
Uf %&'#((# )# /+  !"#$$# 7.!)# uf $., /+ A+."#., )@#+. 0%1$−12MNM



Ui  !"#$% &' & ()"% &)! $%*'+), - *' !"/!&' +% ufi (% *' 0)+%&&% (1 21)(% 3,4 *%&561'+)! & (% 7'0)%$89+!:%& &!1& *' ,!$"% '()"% &)!  %**%;
Umax 0'*%1$ "'<)"'*% (% *' 0)+%&&% uf !#+% 1% % z = zmax 3"4&−1;
U0 0)+%&&%  ! /%$+1$#5%= % '"! + (% *' !**) % 3"4&−1; 3,4 *% "!(>*% (?5!1*%"% +;
v+moy= v−moy 0)+%&&%& "!@%  %& (%& A$') & (' & *%& ()$%+)! & y /!&)+), %+ y  5A'+), 3"4&−1;
vn 0)+%&&% (% *' !1B% n (' & *% "!(>*% (% C1 D!@& 3EFGH; 3"4&−1;
v
(0)
n 0)+%&&% $%*'+)0% (%& (%1< "'&&%& /! +1%**%& - *?) &+' + ) )+)'* 3"4&−1; 3,4 *'!**)&)! ()$%+% % +$% (%1< &/B>$%&;
V 0)+%&&% '$'+5$)&+)61% 3"4&−1;
Vp 0!*1"% (% *' /'$+)1*% 3"3;
w+
moy= w−moy 0)+%&&%& "!@%  %& (%& A$') & (' & *%& ()$%+)! & z /!&)+), %+ z  5A'+), 3"4&−1;

ws 0)+%&&% (% &5()"% +'+)! (?1 % /'$+)1*% )&!*5% 3"4&−1;
wsm 0)+%&&% (% &5()"% +'+)! (?1 % /'$+)1*% (' & 1 5!1*%"% + B'$A5 (% &5()8"% +& 3"4&−1;
W (5#)+ &' & ()"% &)! I W =

(γ − 1) gqt
u3∗

x= y= x !!$(!  5%& '$+5&)%  %& (1 /!) +
xp= yp= zp !"/!&' +%& (1 0%+%1$ /!&)+)! (% *' /'$+)1*% (' & *%& ()$%+)! & x= y %+ z
xck= yck= zck !!$(!  5%& (1 &!""%+ (1 � %
Xm "!@%  % (% *' 0'$)'#*% X
X 0'$)'#*% '*5'+!)$%
Xi  !"#$% &' & ()"% &)! $%*'+), '1< !!$(!  5%& xi 3,4 *%& 561'+)! & (% 7'0)%$89+!:%& &!1& *' ,!$"% '()"% &)!  %**%;
z ()&+' % '1 *)+ 3";
zf /!&)+)! (% *' /'$!) % xi 3";
zfm /!&)+)! "!@%  % (% *' &1$,'% (1 *)+ 3";
zmax ()&+' % '1 *)+ !K *' 0)+%&&% uf %&+ "'<)"'*% 3";
z0 *! A1%1$ '$'+5$)&+)61% (% $1A!&)+5 3";
zparoi /!&)+)! (% *' /'$!) 3"; 3L'+&1"!+! %+ 9')+!= EHGM;
z+  !"#$% &' & ()"% &)! #'&5 &1$ *' ()&+' % '1 *)+ z I z+ =

zu∗
ν

Z /'$'">+$% (% &1&/% &)! I Z =
ws

βκu∗
N ()&+' % *!'*% - *' &1$,'% &!*)(% 3"; I

Z = z − f(x,y) 3,4 *% "!(>*% (% *?5!1*%"% +;OGP



Z ′  !"!#$%"& '& ()( &*(+,* -.!* /+0*1 234567 8 Z ′ = Z + ϕ′

α !*9:& -◦7 ; ,&=+&*% '& !:+6"!%+,* '!*( :& #,'$:& '& >?&"( &% @A+%& -23BC7 ;,*(%!*%& -DE :! 'FG*+%+,* ')  !( '& %&# ( )%+:+(F&7 ; .!"+!6:& !:F!%,+"& -H!%()I#,%, &% J!+%,1 23BK7 ; ,*(%!*%& -L!"")%A&"(  ! "#$1 MKK57 8 α = 2

√

k1 ln(l/z0)

2κ2

αd .!"+!6:& !:F!%,+"& -DE :&( (F'+#&*%( '& 9"!*):,#F%"+& '+%& N )*+D,"#& O7
αG *,#6"& (!*( '+#&*(+,* 6!(F ()" :& %!)P '& +(!+::&#&*% G 8 αG =

d 2
pG

‖−→u f −−→u p‖

αS *,#6"& (!*( '+#&*(+,* 8 αS =

dp



2
∑

i,j

SijSij





1/2

‖−→u f −−→u p‖

αΩ *,#6"& (!*( '+#&*(+,* 6!(F ()" :! .+%&((& '& ",%!%+,* '& :!  !"%+):& 8
αΩ =

apΩp

‖−→u f −−→u p‖
; *,#6"& (!*( '+#&*(+,* 6!(F ()" :& %&*(&)" '&( %!)P '& ",%!I%+,* -H!9*!)'&% &% Q&9&*'"&1 23347 8 αΩ =

dp



2
∑

i,j

ΩijΩij





1/2

‖−→u f −−→u p‖

αΩr *,#6"& (!*( '+#&*(+,* 8 αΩr =
ap‖
−→
Ω r‖

‖−→u f −−→u p‖

αωf
*,#6"& (!*( '+#&*(+,* 6!(F ()" :! .,"%++%F 8 αωf

=
ap‖−→ω f‖

‖−→u f −−→u p‖

α2 ,*(%!*%& -.!* /+0*1 234567
β  !"!#$%"& +*%&".&*!*% '!*( :R&P "&((+,* ') #,#&*% MD  ", ,(F&  !" @A+%&-235K7 ;  !"!#$%"& #,'F:+(!*% :! '+SF"&*& '& '+S)(+.+%F( '& :!  !"%+):& '& (FI'+#&*% &% '& :!  !"%+):& T)+'& -.!* /+0*1 234567 ; ,&=+&*% 'R!#,"%+((&#&*%-(−17 -DE :! ,::+(+,* '+"&%& &*%"& '&)P ( A$"&(7 ; ,*(%!*%&
δ ,*(%!*%& -L!"")%A&"(  ! "#$1 MKK57 8 δ = 1

ln(l/z0)
; F !+((&)" '& :! ,)A& :+#+%&

δb A!)%&)" #,U&**& ') "&6,*' '& (!:%!%+,* -#7
δn1 δτ "&,)."&#&*% '&( .,:)#&( '&( '&)P  !"%+):&(  &*'!*% :! ,::+(+,* '!*( :&( '+I"&%+,*( *,"#!:& &% %!*9&*%+&::& -#7 -L)*'!:: &% J%"!?1 23B37
δnmax 01
δnmax 1

"&,)."&#&*% #!P+#!: '!*( :! '+"&%+,* *,"#!:& -#7 -DE :! ,::+(+,* '+"&%& &*%"&'&)P ( A$"&(7
δ0 ,&=+&*% -V()0+  ! "#$1 234B7
δ′ F !+((&)" '& :! (,)(I,)A& .+(W)&)(& -#7
δL∗ +*%&".!::& &*%"& '&)P *X)'( ') #!+::!9& -#7 -L!"")%A&"(  ! "#$1 MKK57
∆Ep .!"+!%+,* '& :RF*&"9+&  ,%&*%+&::& %,%!:& '&( 9"!+*( ') :+% &*%"& :&( +*(%!*%( +*+%+!:&% G*!: -Y7 MB5



∆i  !"#$"% &'$()*+,#,*- &" .%!,- i /01 /2"  ! "#$3 45551
∆t )!+ &$ #$0)+ /+1
∆tc )!+ &$ #$0)+ %,#,7"$ /+1 /8"-&!99 $# :#%!;3 <=>=1 ? ∆tc = 2

√

m

kn

∆t∗ ,-#$%@!99$ &$ #$0)+ )$-&!-# 9$7"$9 9! *0)*+!-#$ #!-.$-#,$99$ &$ 9! A*%$ &$*-#!# $+# B.!9$ C 9! A*%$ %BB$ )!% 9$ %$++*%# $# 9'!0*%#,++$"% /+1
∆v &,DB%$-$ &$ @,#$++$+ $-#%$ &$"( *" $+ +"$++,@$+ &!-+ 9$ 0*&E9$ &$ F" G*H+/<I>=1 /0J+−11
ε -*0K%$ +!-+ &,0$-+,*- ? ε = Re

1/2
G

Rep

εf &,D"+,@,#B &$+ )!%#,"9$+ L",&$ /02J+−11
εf max &,D"+,@,#B 0!(,0!9$ &$+ )!%#,"9$+ L",&$ /02J+−11 /@!- M,N-3 <=IOK1
εG *-+#!-#$ 7", $+# B.!9$ C 1 *" −1 +$9*- 9$ +,.-$ &" #!"( &$ ,+!,99$0$-# G/:!D0!-3 <=PQ3 <=PI1 R -*0K%$ +!-+ &,0$-+,*- /S!.-!"&$# $# T$.$-&%$3 <==I1 ?

εG =

(

αS

Rep

)1/2

εs &,D"+,@,#B &$+ )!%#,"9$+ +*9,&$+ /02J+−11
εx3 εy *$U,$-#+ /AJ 9! *99,+,*- &'"-$ )!%#,"9$ +*9,&$ $# &'"-$ )!%*,1 ?

εx =
up − ap ωpy

‖−→G cτ‖
3 εy = vp + ap ωpx

‖−→G cτ‖

εΩ -*0K%$ +!-+ &,0$-+,*- /S!.-!"&$# $# T$.$-&%$3 <==I1 ? εΩ =

(

αΩ

Rep

)1/2

η  !"#$"% &$ 9! &"-$ /01
γ %!))*%# &$+ 0!++$+ @*9"0,7"$+ &$ 9! )!%#,"9$ $# &" L",&$
Γ )%*K!K,9,#B *-&,#,*--$99$ &'$-#%!V-$0$-# &" .%!,- +! !-# 7"'"- B@E-$0$-# #"%WK"9$-# +'$+# )%*&",# /F!-$H  ! "#$3 45541
Γc @!9$"% %,#,7"$ &$ Γ
Γu3 Γv3 Γ∗u3
Γ∗v

A*-#,*-+ &$ %!*%&$0$-# /8!%%"# $%+  ! "#$3 455O1
Γmuh3 Γmul3
Γmvl

A*-#,*-+ &$ 9! @!%,!K9$ Z /8!%%"# $%+  ! "#$3 455O1
κ *-+#!-#$ &$ @*- XC%0C- R -*0K%$ +!-+ &,0$-+,*- ? κ =

ap
lp

/8 $%";!# $#ST!". 9,-3 <==O1
λ 9*-."$"% &$ 9! %,&$ /01
µ @,+*+,#B &H-!0,7"$ /;.J0−1J+−11
ν @,+*+,#B ,-B0!#,7"$ /02J+−114>Q



ν1 ν2 "#$%#&'( )# *"%(("& )#( +,'-.%,/0 1 #' 2 34#.'5 16627
ω 8"&'%"& )# (%99,:# )# ;"9#(
Ω '#&(#/. )#( ',/0 )# ."','%"& 3<,.'%# ,&'%=(>+-'.%?/# )/ '#&(#/. )# :.,)%#&' )#@%'#((# A/%)#7
ωf @".'%%'- )/ A/%)# 3&".+# )/ ."','%"&&#9 )# 9, @%'#((# A/%)#7 3(−17
ωp &".+# )# 9, @%'#((# )# ."','%"& )# 9, <,.'%/9# 3.,)B(−17
ωpx ωpy ωpz @%'#((#( )# ."','%"& )# 9, <,.'%/9# ),&( 9#( )%.#'%"&( x y #' z 3.,)B(−17
ω0 ω1 @%'#((#( ,&:/9,%.#( 3.,)B(−17 38B 9, "99%(%"& )%.#'# #&'.# )#/0 (<CD.#(7
Ωij "#$%#&'( )/ '#&(#/. Ω

Π <,.,+D'.# )# (%99,:# )# ;"9#(
φ :.,&)#/. /'%9%(-# <"/. )-E&%. 9, ',%99# )/ :.,%& F φ = log2 dp F '.,&(<".' (,&()%+#&(%"& F φ = qt

√

(γ − 1)gd3p

φc )-G%' )# (-)%+#&'( )%' .%'%?/# #('%+- ),&( 9#( (%+/9,'%"&( #& u∗ = u∗c

φc1 φc2 )-G%'( )# (-)%+#&'( #('%+-( ),&( 9#( (%+/9,'%"&( #& u∗ = u∗c1 #' u∗ = u∗c2

φi )-G%' (,&( )%+#&(%"& )# :.,%&( )# )%,+D'.# di #('%+- <"/. 9# (-)%+#&' H )%(<#.(- I
φ∗i )-G%' (,&( )%+#&(%"& )# :.,%&( )# )%,+D'.# di #('%+- <"/. 9# (-)%+#&' +"&"=)%(<#.(-
φm +">#&&# )#( H )%,+D'.#( I φ )#( :.,%&( )/ (-)%+#&'
φD )-G%' )# (-)%+#&'( ,9/9- ,@# /& +")D9# )-'#.+%&%('#
φL+ )-G%' )# (-)%+#&'( (,&( )%+#&(%"& ),&( 9, )%.#'%"& y > 0

φV+ φV− )-G%'( )# (-)%+#&'( (,&( )%+#&(%"& ),&( 9#( )%.#'%"&( z > 0 #' z < 0

ϕ "#$%#&' +")-9%(,&' 9, )%+%&/'%"& )# 9, '/.G/9#&# )/# J 9, <.-(#&# )#( :.,%&(3@,& K%L& 1M6NG7
ϕ′ "#$%#&' "..#'%8 3@,& K%L& 1M6NG7
ρ +,((# @"9/+%?/# )/ A/%)# 3O:B+−37
ρA +,((# @"9/+%?/# )# 9P,%. 3O:B+−37
ρE +,((# @"9/+%?/# )# 9P#,/ 3O:B+−37
ρs +,((# @"9/+%?/# )/ (-)%+#&' 3O:B+−37
σ -,.'='><# )# 9, @,.%,G9# lnX
σa -,.'='><# ,.%'C+-'%?/# )# 9, )%('.%G/'%"& )# 9, ',%99# )#( :.,%&( 3+72QR



σg  "#$%$&'( ) *+ $#,-.( /( 0" /,1$#,2.$,*3 /( 0" $",00( /(1 )#",31
σij *+'*1"3$(1 /. $(31(.# /( *3$#",3$(1 4.,/( 567+−28
σX  "#$%$&'( /( 0" 9"#,"20( X
σφ  "#$%$&'( /( 0" /,1$#,2.$,*3 /( 0" $",00( /(1 )#",31 (:'#,+ ( ; 0<",/( /( 0" )#"3%/(.# φ
στ  "#$%$&'( /( 0" /,1$#,2.$,*3 /( 0" *3$#",3$( /( =#*$$(+(3$ 5>)7+−171−28
τ ,3/,( #(0"$,= ; 0" /,#($,*3 $"3)(3$,(00( ". '0"3 /( *3$"$
τc *3$#",3$( /( =#*$$(+(3$ #,$,-.( 5>)7+−171−28
τci *3$#",3$( /( =#*$$(+(3$ #,$,-.( /(1 )#",31 /( /,"+?$#( di 5>)7+−171−28
τc50 *3$#",3$( /( =#*$$(+(3$ #,$,-.( /(1 )#",31 /( /,"+?$#( d50 5>)7+−171−28
τcm *3$#",3$( /( =#*$$(+(3$ #,$,-.( /(1 )#",31 /( /,"+?$#( dm 5>)7+−171−28
τ0 *3$#",3$( /( =#*$$(+(3$ ; 0" 1.#="( 5>)7+−171−28
τ ′0 *3$#",3$( /( =#*$$(+(3$ 0, ( ; 0" #.)*1,$ /.( ".: )#",31 5*3$#",3$( /('(".8 5>)7+−171−28
τr *3$#",3$( /( =#*$$(+(3$ /( # = #(3( 5>)7+−171−28
τ̄ +*&(33( /( 0" *3$#",3$( /( =#*$$(+(3$ 5>)7+−171−28
θ '"#"+?$#( /( @A,(0/1 B θ = ρu2∗

(ρs − ρ)gdp
C "3)0( (3$#( 0( 9($(.# −−→OC ($ 0" 9(#$,%"0( 5◦8 5D1.E,  ! "#$F GHIH"F28

θb "3)0( /<,30,3",1*3 /( 0" '"#*, 9,#$.(00( 5◦8 5D1.E,  ! "#$F GHIJ"FGHIK8 C "3)0( /<,3%0,3",1*3 /. '0"3 /( *3$"$ 5◦8 56,L* ($ M"#,"F GHHI8
θc '"#"+?$#( /( @A,(0/1 #,$,-.(
θcA '"#"+?$#( /( @A,(0/1 #,$,-.( /"31 0<",#
θcE '"#"+?$#( /( @A,(0/1 #,$,-.( /"31 0<(".
θci '"#"+?$#( /( @A,(0/1 #,$,-.( /(1 )#",31 *31$,$."3$ 0" 0"11( #(0"$,9( ". /,"+?$#(

di

θcm '"#"+?$#( /( @A,(0/1 #,$,-.( /(1 )#",31 /( /,"+?$#( N +*&(3 O 5dmF d508
θcsm '"#"+?$#( /( @A,(0/1 #,$,-.( /(1 )#",31 /( /,"+?$#( dsm 5P,0*> ($ Q#*R(FSTTU8
θi "3)0( /<,+'"$ /. )#",3 1.# 0" '"#*, 5◦8 C "3)0( /<,+'"$ /. )#",3 +(1.# '"##"''*#$ ; 0<A*#,V*3$"0( 5◦8 56,L*  ! "#$F GHHW"8
θr "3)0( /( #(2*3/ /. )#",3 1.# 0( '0"3 /( *3$"$ 5◦8
θri '"#"+?$#( /( @A,(0/1 /( # = #(3( /(1 )#",31 *31$,$."3$ 0" 0"11( #(0"$,= ". /,"%+?$#( di 5X"#>(#  ! "#$F GHIS8SKK



θ′i  !"!#$%"& '& ()*&+', -!,. ,/" +! 0*%&,,& '& 1"2%%&#&3% u′∗ &% +& '*!#$%"& di 45+&*36)!3, &% 0!3 7*839 :;;:<
ξi 1!%&/" 2""&%*1 /%*+*,.  2/" #2'.+*,&" +&,  ).32#$3&, '& ,2/,6 &% ,/"&> 2,*%*23,'!3, +&, ,.'*#&3%, '*, &",., ? ξi = φi

fiφ∗i

ξbi 1!%&/" 2""&%*1 @/* #2'.+*,& +&, &A&%, '&, *3%&"!%*23, &3%"& +&, +!,,&, ,/" +&%"!3, 2"%  !" )!""*!B& 4(!#!B!  ! "#$9 CDEF!<
ξsi 1!%&/" 2""&%*1 @/* #2'.+*,& +&, &A&%, '&, *3%&"!%*23, &3%"& +&, +!,,&, ,/" +&%"!3, 2"% &3 ,/, &3,*23 4(!#!B!  ! "#$9 CDEF-<
ξh 1!%&/" 2""&%*1 @/* #2'.+*,& +&  ).32#$3& %&'()"' 45+&*3)!3, &% 0!3 7*839:;;:<
ξm  !"!#$%"& '& "/B2,*%. ? ξm =

(

Ks

K ′
s

)3/2 4G&H&"6I&%&" &% GJ++&"9 CDKE<
−→a mn 0&%&/" /3*%!*"& '*"&%&/" '& +L!>& amn @/* "&+*&3% +&, &3%"&, '&, B"!*3, m &% n
−→e x9 −→e y9 −→e z 0&%&/", /3*%. '!3, +&, '*"&%*23, x9 y &% z
−→
F A 12"& 'L!.+."!%*23 4M<
−→
F B 12"& '& N2%%!-*+*%. 4M<
−→
F c 12"& '& 23%!% 4M<
−→
F D 12"& '& %"!O3.& 4M<
−→
F H 12"& )*,%2*"& 4M<
−→
F L 12"& '&  2"%!3& 4M<
−→
F LG 12"& '&  2"%!3& '!3, /3 .2/+&#&3% '& '.12"#!%*23  /"& 4M<
−→
F LΩ 12"& '&  2"%!3& '!3, /3 .2/+&#&3% '& "2%!%*23  /"& 4M<
−→
F n 2# 2,!3%& '!3, +! '*"&%*23 32"#!+& '& +! 12"& −→F c 4M<
−→
F τ 2# 2,!3%& '!3, +! '*"&%*23 %!3B&3%*&++& '& +! 12"& −→F c 4M<
−→g 0&%&/" '& +L!.+."!%*23 '& +!  &,!3%&/" 4#P,−1<
−→
G 0*%&,,& "&+!%*0& '/ ,2+*'& C  !" "!  2"% !/ ,2+*'& : 4#P,−1<
−→
G c 0*%&,,& "&+!%*0& '/ ,2+*'& C  !" "!  2"% !/ ,2+*'& : &> "*#.& !/  2*3% '& 23%!%4#P,−1<
−→
G cτ 2# 2,!3%& '!3, +! '*"&%*23 %!3B&3%*&++& '& +! 0*%&,,& "&+!%*0& −→G c 4#P,−1<
−→
I *# /+,*23 *3%.B".& !/ 0&%&/" −→F  &3'!3% +L*3%&"0!++& '& %&# , [t1, t2] 4MP,<
−→
J *# /+,*23 "&+!%*0& Q +! 12"& '& 23%!% 4MP,<:RE



−→M  ! "#$ "%"&( )*& +" ,-./" 0-& +* )*&$.-+" 123 4
−→Mc  ! "#$ /" +* 5!&" /" !#$*$ "%)&. ( *- "#$&" /" +* )*&$.-+" 123 4
−→MF  ! "#$ /" +* 5!&" ,-./" "%)&. ( 6 -# /"0 )!.#$0 /" !#$*$ 123 4
−→MG  ! "#$ /" +* 5!&" /" ,!$$*7.+.$( "%)&. ( 6 -# /"0 )!.#$0 /" !#$*$ 123 4
−→n 8"$"-& -#.$( )"&)"#/.-+*.&" *- )+*# /" !#$*$
−→u f 8.$"00" /- ,-./" 1 30−14 9 8.$"00" /- ,-./" 6 +:.#0$*#$ t; 6 +* )!0.$.!# /" +* )*&$.<-+"; "# +:*70"#" /" "++"<. 1 30−14
−→u moy 8.$"00"  !="##" /"0 >&*.#0 !#$"#-0 /*#0 +* $&*#?" 6 +:.#0$*#$ t 1 30−14 @

−→u moy =
1

NL

NL
∑

i=1

−→u pi

−→u p 8.$"00" /" +* )*&$.-+" 16 +:.#0$*#$ t4 1 30−14
−→x p 8"$"-& )!0.$.!# /" +* )*&$.-+" 16 +:.#0$*#$ t4 1 4
−→x pj 8"$"-& )!0.$.!# /" +* )*&$.-+" j 16 +:.#0$*#$ t4 1 4
−→
δ τ &"!-8&" "#$ /"0 8!+- "0 /"0 /"-% )*&$.-+"0 )"#/*#$ +* !++.0.!# /*#0 +* /.&"<$.!# $*#>"#$."++" 1 4 1A-#/*++ "$ B$&*C; DEFE4 @ −→δ τ =

∫ t′

t0

−→
G cτ dτ

′

−→ω f 8"$"-& 8!&$..$( 10−14 @ −→ω f = ∇∧−→u f

−→ω p 8.$"00" /" &!$*$.!# /" +* )*&$.-+" 16 +:.#0$*#$ t4 1&*/30 −14
−→τ 8"$"-& -#.$*.&" /*#0 +* /.&"$.!# $*#>"#$."++" *- )+*# /" !#$*$

GFE



 !"
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(>=4;! A@A B #&&29! =04..2!99! 4/2&2.5! &#;. $! &0 .2"4&0/2#9 C &!. ?0;20D&!. xE y !/ f .#9/ !F1;2"5.!9 "%/;!G&&! !./ $5>92! 10; &0 H#9/2#9 .4;H0! f I
f(x,y) = H exp

(

−x
2 + y2

L2

) JA@AK,?! H = 300 " !/ L = 1500 "@ ! :0"1 $! ?2/!..! 9#9 1!;/4;D5! !./ $5;2/ 10; &0 &#2 &#=0;2/:"234!@  0 ?2/!..! $4 L42$! !./>F5!E 1#4; Z = 10 "E 6 M "@.−1E Z 5/09/ &0 $2./09! 04 .#&@  0 ;4=#.2/5 z0 !./ .411#.5! 5=0&! 6N "@  0 ?2/!..! $! H;#//!"!9/ u∗ !./ !./2"5! 6 OEPN "@.−1@ !. $2"!9.2#9. $4 $#"029! $75/4$! $09. &! 1&09 :#;2Q#9/0& .#9/ 1;2.!. 5=0&!. 6 ROOO "@  !9#"D;! $! 9S4$. $4 "02&&0=! 342 .!;/ 6 0&4&!; &!. /;09.H#;"5!. $! '#4;2!; $! &0 H#9/2#9 f !/$4 :0"1 $! ?2/!..! L42$! !./ 5=0& 6 25 $09. &!. $2;!/2#9. x !/ y@  0 &#9=4!4; L1 !./ !./2"5!.42?09/ &0 $5>92/2#9 $! T0U.#9 !/ V49/ JAWXMK@ G&&! !./ 5=0&! 6 √ln 2L@ ,?! &!. ?0&!4;. 94"5<;234!. :#2.2!.E 9#4. 0?#9. I L1 ≃ 1249 "@  !. 1#.2/2#9. $!. /;#2. #4:!. $! &75#4&!"!9/ lsE l !/
hm .#9/ $5$42/!. $!. 5340/2#9. JA@PNKE JA@PYK !/ JA@PWK $5>92!. $09. &! :012/;! A $! &0 10;/2! P@G&&!. .#9/ .2/45!. ;!.1!/2?!"!9/ 6 49! $2./09! $4 .#& 5=0&! 6 A "E MM " !/ PWX "@ 0 >=4;! A@N "#9/;! &! :0"1 $! ?2/!..! 1!;/4;D5! 1#4; Z = 10 "@  ! ;!&2!H "#$2>! &#0&!"!9/&75#4&!"!9/@  75#4&!"!9/ !./ $5?25 !9 0"#9/ !/ !9 0?0& $! &0 #&&29! $09. &!. $2;!/2#9. &0/5;0&!!/ ?!;/20&! !/ &0 1!;/4;D0/2#9 $! &0 ?2/!..! $09. !. $!4F $2;!/2#9. !./ 9#9 94&&!@  0 #"1#.09/!$! &0 ?2/!..! $09. &0 $2;!/2#9 x !./ $55&5;5! !9 0"#9/ !/ !9 0?0& !/ 05&5;5! 04<$!..4. $! &0#&&29!@ NRA
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