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6 Remeriements



Introdution généraleLa modélisation des �ux �tièrs représente atuellement un dé� sienti�que très im-portant en ingénierie �tière. Les proessus hydrodynamiques liés à la transformationdes ondes dans des environnements peu profonds tels que les e�ets non linéaire, dis-persifs et les e�ets bathymétriques sont omplexes à étudier. Leur ompréhensionest essentielle, si l'on veut être en mesure de prévoir l'impat des phénoménes degrande éhelle tels que la propagation des vagues de type tsunami. Le problèmed'Euler surfae libre pour un �uide idéal onsiste à dérire le mouvement de la sur-fae libre et l'évolution de la vitesse de �uide parfait, inompressible, irrotationnelsous l'in�uene de la gravité. La propagation des ondes de surfae pour un �uideparfait homogène inompressible est dérit par les équations d'Euler 3D ombinéave des onditions limites non linéaires sur la surfae libre et le fond. Ce problèmeest extrémement di�ile à résoudre, notamment pare que son domaine fait partiede la solution. La omplexité de e problème a onduit les physiiens, oéanographeset mathématiiens de dériver ensembles d'équations simples dans ertains régimesphysiques spéi�ques. Les équations ainsi obtenues peuvent être divisées en deuxgroupes, à savoir les modèles en eau peu profonde et les modèles en eau profonde.Beauoup des modèles approhés ont ainsi été dérivés a�n de omprendre les pro-essus hydrodynamiques pour des paramètres physiques simpli�és. La onstrutiondes modèles lassiques de type Boussinesq remonte à la �n du XIXème sièle. Ceséquations ont été d'abord obtenues par Boussinesq [13, 14℄ pour dérire la propaga-tion des ondes de faibles amplitudes et de longues longueurs d'ondes à la surfae del'eau dans un anal. Ces équations se posent également lors de la modélisation dela propagation des ondes longues sur les grands las ou les oéans et dans d'autresontextes, et elles ont été largement utilisées et améliorées malgré que le problèmede la justi�ation mathématique n'a pas été abordé jusqu'à la �n du sièle dernier,[22, 45, 11, 12, 10℄. En plus, ils sont souvent limités dans le adre d'un fond plat, etne tiennent pas ompte de nombreux phénoménes. Le as des fonds non plat a égale-ment été étudié; quelques référenes signi�atives sont [61, 19, 18℄. Un autre modèleplus important est le modèle de Green�Naghdi (GN) - qui est un modèle largementutilisé en oéanographie �tière ([29, 9, 30℄ (et, par exemple,[40, 48℄) - pare qu'iltient ompte les e�ets dispersifs négligés par les équations de Saint-Venant et il estplus non linéaire que les équations de Boussinesq. 1



2 Introdution généraleL'objetif de ette thèse est de proposer de nouveaux modèles des �ux �tièrs entenant ompte l'in�uene de la topographie du fond sur les ondes de surfae, et dejusti�er mathématiquement ertains modèles approhés pour le problème d'Euler sur-fae libre omme le modèle de Green-Naghdi. Pour atteindre et objetif, nous avonsdivisé ette thèse en trois parties d'importane égale: la première partie présente lamodélisation et l'analyse mathématique de ertains modèles et les méthodes de on-strution en détail. Les modèles obtenus sont aussi systématiquement et rigoureuse-ment justi�és.La deuxième partie présente la dérivation et l'analyse mathématique de modèle deGreen-Naghdi omme un modèle asymptotique du probèlme d'Euler surfae libre.En�n, quelques simulations numériques des modèles de la première partie sont faiteset disutées dans la troisième partie.Tous les travaux de la modélisation nééssitent d'abord un adre physique spéi�que.Nous nous intéressons ii au as d'un �uide (l'eau) IDEAL, inompressible, irrota-tionnel et sous l'in�uene de la gravité. Ces hypothèses sont lassiquement utiliséesen oéanographie et peuvent être failement justi�ées (voir, par exemple [47, 27℄).En e�et,1. L'eau est (presque) inompressible. L'eau qui remplit un ertain volume pourratoujours ombler e même volume, quelle que soit la pression appliquée.2. L'eau n'a (presque) auune visosité. Il y a très peu de frottement interne dansl'eau et nous ne nous intéressons pas ii aux zones de surf et de swash, dans lesquellesles e�ets de rotationel ne sont pas négligeables. Une onséquene importante de espropriétés est que l'eau ne peut pas prendre de vortiité lorsque les vagues passent;il est impossible à des remous ou tourbillons d'être réés. On appelle souvent untel �uide irrotationnel. Le domaine d'étude est présenté omme suit: (voir la �gurei-dessous)Nous nous restreignons ii au as où la surfae est un graphe paramétré par unefontion ζ(t, X), où t désigne la variable de temps et X = (X1, . . . , Xd) ∈ R
d lesvariables horizontales. Le fond, non néessairement plat, est lui aussi paramètré parune fontion b(X), indépendante du temps. Nous notons Ωt le domaine oupé parle �uide à l'instant t, où

Ωt = {(X, z), X ∈ R
d,−h0 + b(x) ≤ z ≤ ζ(t, X)}.La propriété d'inompressibilité du �uide est traduite par l'équation

divV = 0 dans Ωt, t ≥ 0, (0.0.1)où V = (V1, . . . , Vd, Vd+1) désigne le hamp de vitesse (V1, . . . , Vd étant les om-posantes horizantales, et Vd+1 la omposante vertiale). L'irrotationnalité s'exprimequant à elle par la relation:
∇X,z ∧ V = 0 dans Ωt, t ≥ 0. (0.0.2)
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Figure 0.0.1: Domaine du �uideOn omplète le système d'équations à l'intérieur du �uide par l'équation d'Euler,
∂tV + V · ∇X,zV = −ged+1 −∇X,zP dans Ωt t ≥ 0. (0.0.3)Où ged+1 est l'aélération de la gravité, et P désigne la pression, qui est égalementune des inonnues du problème.Pour lore e systéme d'èquations, nous devons donner les onditions aux bordssatisfaites par la vitesse au fond et à la surfae ; elles sont obtenues en traduisantl'hypothèse physique qu'auune partiule de �uide n'est transportée au travers dees surfaes. Plus préisement, ela s'érit :

Vn |z=−h0+b(X)= n− · V |z=−h0+b(X)= 0 pour t ≥ 0, X ∈ R
d, (0.0.4)où n− :=

1√
1 + |∇b|2

(∇b,−1)T est le veteur normal sortant au bord inférieur de
Ωt. A la surfae libre, on a

∂tζ −
√

1 + |∇ζ |2n+ · V |z=ζ(t,X)= 0, pour t ≥ 0, X ∈ R
d, (0.0.5)Où n+ :=

1√
1 + |∇η|2

(−∇ζ, 1)T désigne le veteur normal sortant à la surfae .En négligant les e�ets de tension de surfae, P est onstante à la surfae. Quitte àrenormaliser, on peut supposer
P |z=ζ(t,X)= 0 pour t ≥ 0, X ∈ R

d. (0.0.6)En�n, l'ensemble d'équations est fermé par l'équation d'Euler,
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∂tV + V · ∇X,zV = −ged+1 −∇X,zP in Ωt, t ≥ 0, (0.0.7)où ged+1 est l'aélération de la gravité. Le système d'Euler surfae libre peut êtreérit omme suit:






∂tV + V · ∇X,zV = −ged+1 −∇X,zP dans Ωt, t ≥ 0 ,

∇X,z · V = 0 dans Ωt, t ≥ 0 ,

∇X,z ∧ V = 0 dans Ωt, t ≥ 0 ,

∂tζ −
√

1 + |∇Xζ |2 n+ · V |z=ζ(t,X) = 0 pour t ≥ 0, X ∈ R
d ,

P|z=ζ(t,X)
= 0 pour t ≥ 0, X ∈ R

d ,n− · V |z=−h0+b(X) = 0 pour t ≥ 0, X ∈ R
d .

(0.0.8)
Dans ette thèse, nous avons délibérément hoisi de travailler dans le paramètred'Eulérien (plut�t que lagrangien), ar il est le plus faile à manipuler, en partiulierlorsque les propriétés asymptotiques des solutions sont onernés. Nous utilisonsune autre formulation du problème (0.0.8). Des hypothèses d'inompressibilité etd'irrotationalité (0.0.1) et (0.0.2), il existe un �ux potentiel ϕ tel que V = ∇X,zϕ et

∆X,zϕ = 0 dans Ωt, t ≥ 0; (0.0.9)les onditions aux limites (0.0.4) et (0.0.5) peuvent aussi être exprimées en termesde ϕ:
∂n−ϕ |z=−h0+b(X)= 0, pour t ≥ 0, X ∈ R

d, (0.0.10)et
∂tζ −

√
1 + |∇Xζ |2∂n+ϕ = 0, pour t ≥ 0, X ∈ R

d, (0.0.11)dont on a utilisé les notations ∂n− := n− · ∇X,z et ∂n+ := n+ · ∇X,z. Finalement, l'équation d'Euler (0.0.38) s'érit sous forme de Bernoulli
∂tϕ+

1

2
[ |∇ϕ|2 + |∂zϕ|2 ] + gz = −P dans Ωt, t ≥ 0. (0.0.12)L'ensemble des équations (0.0.8) peut don être érit sous la formulation de Bernoulli,en termes de potentiel de la vitesse ϕ, qui est dé�ni sur

Ωt = {(X, z),−h0 + b(X) < z < ζ(t, X)}
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∂tϕ+
1

2

[
|∇ϕ|2 + |∂zϕ|2

]
+ gz = −P dans Ωt, t ≥ 0 ,

∆ϕ + ∂2
zϕ = 0 dans Ωt, t ≥ 0 ,

∂tζ −
√

1 + |∇ζ |2 ∂n+ϕ|z=ζ(t,X) = 0 pour t ≥ 0, X ∈ R
d ,

∂n−ϕ|z=−h0+b(X) = 0 pour t ≥ 0, X ∈ R
d .

(0.0.13)
Remark 0.0.1. Quand auune onfusion ne peut être faite, nous noterons ∇X par
∇.En séparant les dérivées partielles en X et z, et en prenant la trae de la premièreéquation à la surfae libre, on obtient le système suivant:





∆ϕ+ ∂2
zϕ = 0 dans Ωt, t ≥ 0 ,

∂tϕ+
1

2

[
|∇ϕ|2 + |∂zϕ|2

]
+ gζ = 0 pour z = ζ(t, X), X ∈ R

d, t ≥ 0 ,

∂tζ + ∇ζ · ∇ϕ− ∂zϕ = 0 pour z = ζ(t, X), X ∈ R
d, t ≥ 0 ,

∇b · ∇ϕ− ∂zϕ = 0 pour z = −h0 + b(X), X ∈ R
d, t ≥ 0 .(0.0.14)La plupart de l'étude du probème d'Euler surfae libre est basée sur l'utilisation demodèles asymptotiques, qui exigent des paramètres de petites tailles. Notre pre-mière hose est d'adimensionner les équations du modèle d'Euler. Cei néessited'introduire divers ordres de grandeur liés à un régime physique donné. Plus pré-isément, nous allons introduire les quantités suivantes: (voir la �gure i-dessous)

a est l'amplitude typique des vagues;
λ est la longueur d'onde des vagues;
b0 est l'ordre de l'amplitude des variations de la topographie du fond;
h0 est la profondeur moyenne.Nous introduisons également les paramètres sans dimensions suivants:

ε =
a

h0
, µ =

h2
0

λ2
, β =

b0
h0

;Le paramètre ε est souvent appelé le paramètre de non-linéarité; tandis que µ est leparamètre de dispersion (ou de faible profondeur). Ce dernier paramètre µ représentele arré du rapport de la profondeur moyenne à la longueur d'onde des vagues, et il
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b 0

h 0

λ

a

Figure 0.0.2: Régime physiqueprend l'ensemble des valeurs de 0 à ∞. La prinipale distintion à faire est d'imposer
µ≪ 1 (en eau peu profonde).L'intérêt d'avoir introduit les paramètres sans dimensions ε, β et µ est qu'il est sou-vent possible de déduire de leurs valeurs une idée du omportement de l'éoulement.Plus préisément, il est possible de déduire ertains modèles asymptotiques qui sontplus simples pour les simulations numériques et dont les propriétés soient plus trans-parentes. On peut maintenant à l'aide des relations suivantes:

X = λX ′, z = h0z
′, ζ = aζ ′,

ϕ =
a

h0

λ
√
gh0ϕ

′, b = b0b
′, t =

λ√
gh0

t′;
(0.0.15)érire le problème d'Euler lassique (0.0.14) sans dimensions





µ∂2
xϕ+ µ∂2

yϕ+ ∂2
zϕ = 0, pour −1 + βb < z < εζ,

∂zϕ− µβ∇b · ∇ϕ = 0, pour z = −1 + βb,

∂tζ −
1

µ
(−µε∇ζ · ∇ϕ+ ∂zϕ) = 0, pour z = εζ,

∂tϕ+
1

2
(ε|∇ϕ|2 +

ε

µ
(∂zϕ)2) + ζ = 0, pour z = εζ,

(0.0.16)



Introdution générale 7Les solutions de es équations sont très di�iles à dérire. À e stade, une méth-ode lassique onsiste à hoisir un régime spéi�que, dans lequel nous reherhonsdes modèles approximatifs, et don des solutions approhées. Les équations les plusfameuses de la physique mathématique qui ont été historiquement obtenues ommemodèle asymptotique des équations d'Euler surfae libre sont les équations de Saint-Venant, de Korteweg-de Vries (KdV) et de Kadomtsev-Petviashvili (KP) [47℄, et lessystèmes de Boussinesq [13, 14℄, et. Chaun de es modèles asymptotiques orre-spond à un régime physique très spéi�que dont la game de validité est déterminée enfontion des aratéristiques de l'éoulement du �uide (amplitude, longueur d'onde,anisotropie, la topographie, la profondeur, ...). La dérivation de es modèles remonteau XIXème sièle, mais l'analyse rigoureuse de es modèles en tant que modèles ap-proximatifs pour les équations d'Euler surfae libre est seulement ommené il y atrois déennies ave les travaux de Ovsjannikov [62, 63℄, Craig [22℄, et Kano-Nishida[46, 44, 45℄ qui sont les premiers à aborder le problème de justi�ation des modèlesasymptotique formels. Pour tous les di�érents modèles asymptotiques, le problèmepeut être formulé omme suit:1) le modèle d'Euler surfae libre est-il bien posé dans un intervalle de temps perti-nent?2) est e que es modèles asymptotiques fournissent une bonne approximation de lasolution du problème d'Euler ave surfae libre?Répondre à la première question néessite des théorèmes d'existene pour les équa-tions d'Euler surfae libre dans un intervalle de temps large, tandis que la seonde abesoin d'une dérivation rigoureuse des modèles asymptotiques et un ontr�le préis del'erreur d'approximation. Les travaux pour 1D de Ovsjannikov [63℄ et Nalimov [60℄(voir enore Yosihara [79, 80℄), Craig [22℄, et Kano-Nishida [44℄ donnent une justi�a-tion pour l'équation de KdV, et pour les systèmes de Boussinesq et de Saint-Venant.Cependant, la ompréhension de la théorie de bien posé pour les équations d'Eulersurfae libre entravait la justi�ation des autres modèles asymptotiques jusqu' à lesrésultats de S. Wu ([74℄ et [75℄ pour les as 1DH et 2DH respetivement, en profondein�nie et sans hypothèses restritives). La littérature sur les équations d'Euler sur-fae libre a été très atif: le as de la profondeur �nie a été prouvé par D.Lannes[50℄, et Lindblad [57, 58℄ a étudié la surfae libre d'un �uide dans le vide ave unegravité zéro. Plus réemment Coutand et Shkoller [21℄ et Shatah et Zeng [68℄ ontréussi à supprimer la ondition d'irrotationalité et/ou pris en ompte les e�ets detension super�ielle (voir aussi [5℄ pour 1DH ave la tension de surfae ). Dans leadre d'Eulérien qui est plus onvenable pour notre objetif, le aratère bien poséde es équations est �nalement démontré par Lannes [50℄ et, par Alvarez-Samaniegoet Lannes [3℄ sur le temps long. Voir aussi les travaux réents de T. Alazard, N. Burqet C. Zuily [1℄.A�n d'examiner les résultats existants de la justi�ation rigoureuse des modèlesasymptotiques pour le probleme d'Euler surfae libre, il onvient de lasser les dif-



8 Introdution généraleférents régimes physiques à l'aide de deux nombres sans dimensions: ε et µ.Faible profondeur, amplitude grande (µ≪ 1, ε ∼ 1).Formellement, e régime onduit au premier ordre aux équations de Saint-Venantet au deuxième ordre aux équations de "Green-Naghdi". La première justi�ationrigoureuse du modèle de Saint-Venant remonte à Ovsjannikov [62, 63℄ et Kano etNishida [44℄ qui ont prouvé la onvergene des solutions des es équations, aux so-lutions du modèle d'Euler lorsque µ → 0 en 1DH et, sous ertaines onditions. Plusréemment, Y.A. Li [55℄ a supprimé es hypothèses et a rigoureusement justi�é leséquations de Saint-Venant et Green-Naghdi, dans 1DH pour un fond plat. Ensuite,T. Iguhi [36℄ a justi�é dans le as de 2DH les équations de Saint-Venant, et pourun fond non plat. En�n, une justi�ation rigoureuse réente pour Green-Naghdi aufond non plat est donnée par [3, 38, 39℄.Dans le régime (µ ≪ 1), et sans auune donnée sur ε on peut dériver le modèledu Green-Naghdi (voir [29, 53℄ pour la dérivation et [3℄ pour la justi�ation), eséquations sont plus non linéaires que les équations de Boussinesq [54℄. Pour lesvariables sans dimensions, en désignant par u(t, X) la omposante horizontale de lavitesse intégrée sur la vertiale à l'instant t, les équations peuvent s'érire




∂tζ + ∇ · (hu) = 0,

(h+ µhT [h, εb])∂tu+ h∇ζ + εh(u · ∇)u

+ µε
{
− 1

3
∇[(h3((u · ∇)(∇ · u) − (∇ · u)2)] + hℜ[h, εb]u

}
= 0,

(0.0.17)où h = 1 + ε(ζ − b) et
T [h, εb]W = − 1

3h
∇(h3∇ ·W ) +

ε

2h
[∇(h2∇b ·W ) − h2∇b∇ ·W ] + ε2∇b∇b ·W,tandis que le terme topographique ℜ[h, εb]u est dé�ni par

ℜ[h, εb]u =
ε

2h
[∇(h2(u · ∇)2b) − h2((u · ∇)(∇ · u) − (∇ · u)2)∇b]

+ε2((u · ∇)2b)∇b.Ce modèle est souvent utilisé en oéanographie �tière pare qu'il prend en ompte lese�ets dispersifs négligés par les équations de Saint-Venant et il est plus non linéaireque les équations de Boussinesq. Une justi�ation rigoureuse réente du modèle GNa été donnée par Li [55℄ en 1D fond plat, B. Alvarez-Samaniego et D. Lannes et S.Israwi [3, 38, 39℄ dans le as général.Faible profondeur, amplitude petite (µ≪ 1, ε ∼ µ).



Introdution générale 9Ce régime (appelé aussi régime d'ondes-longues) provoque un gros intéressant math-ématiquement en raison de l'équilibre entre les e�ets non-linéaires et les e�ets dis-persifs:Les systèmes de Boussinesq: depuis la première dérivation de Boussinesq, de nom-breux modèles formellement équivalents (également nommés d'après Boussinesq) ontété dérivés. W. Craig [22℄ et Kano-Nishida [45℄ sont les premiers à donner une justi�-ation omplète de es modéles, en 1DH (et pour un fond plat ave données intitialesde taille petite). Notez, toutefois que le résultat de onvergene est donné dans [45℄sur une éhelle de temps trop ourt pour prendre en ompte les e�ets non-linéaireset dispersifs spéi�ques aux systèmes de Boussinesq; les résultats d'existene des so-lutions sur un intervalle de temps large (et la onvergene) pour le problème d'Eulersont donnés dans [22℄. La preuve, d'un tel résultat pour les équations d'Euler surfaelibre est le point le plus déliat dans le proessus de justi�ation. En outre, il est ladernière étape néessaire pour justi�er pleinement les systèmes de Boussinesq dans2DH, ependant, dans [10℄ (fond plat) et [17℄ (fond non plat), la propriété de on-vergene est établie en supposant que les équations de problème d'Euler sont bienposées dans un intervalle de temps large.Les modèles déouplés: au premier ordre, les systèmes de Boussinesq peuvent seréduire en une équation d'onde simple et, dans 1DH, le mouvement de la surfaelibre peut être dérit omme la somme des deux solitons modulés par l'équationde Korteweg-de Vries (KdV). En 2DH et pour ondes faiblement transervers, unphénomène similaire se produit, mais ave l'équation de Kadomtsev-Petviashvili(KP) qui remplae l'équation de KdV. De nombreux artiles ont soulevé le problèmede la justi�ation et de la validation du modèle de KdV (e.g. [22, 45, 10, 71, 67, 36℄).Le travail présenté dans ette thèse omporte trois parties.Nous étudions dans la première partie le problème d'Euler ave surfae libre sur unfond non plat et dans un régime fortement non linéaire où l'hypothèse de faible am-plitude de l'équation de KdV n'est pas véri�ée. On sait que, pour un tel régime, unegénéralisation de l'équation de KdV peut être dérivée et justi�ée lorsque le fond estplat. Nous généralisons ii es résultats en proposant une nouvelle lasse d'équationsprenant en ompte des topographies variables. Nous démontrons également que esnouveaux modèles sont bien posés.Ensuite, dans la deuxième partie nous améliorons quelques résultats sur l'existenedes équations de Green-Naghdi (GN) dans le as 1D. Dans le as de 2D, nousdérivons et étudions un nouveau système de la même préision que les équations deGN usuelles, mais ave un meilleur omportement mathématique.Dans la troisième partie, nous étudions numériquement les modèles dérivés en pre-mière partie en détaillant les shémas numériques utilisés.



10 Introdution généralePartie I : Équation de KdV au fond Variable et leurs général-isations à des régimes plus non linéaires
Le hapitre 1 traite le problème d'Euler surfae libre et quelques modèles approhés.Réemment, Alvarez-Samaniego et Lannes [3℄ ont rigoureusement justi�é les prini-paux modéles asymptotiques utilisés en oéanographie �tière, y ompris: les équa-tions de Saint-Venant, les systèmes de Boussinesq, Kadomtsev-Petviashvili (KP),Green-Naghdi (GN ), Serre. Certains de es modèles traitent l'existene des ondessolitaires et manifestent leurs phénomènes assoiés [41℄. L'exemple le plus famousest l'équation de Korteweg-de Vries (KdV) [49℄, qui est intégrable et présente untel phénomène de soliton. Le modèle de KdV a été dérivé sur un fond plat etrigoureusement justi�é dans [22, 67, 10, 36℄. Lorsque le fond n'est pas plat, dif-férentes généralisations de l'équation de KdV à oe�ients non onstants, ont étéproposées [47, 70, 27, 59, 32, 78, 64, 31, 43, 66℄. L'un des objetifs de e hapitre estde justi�er la dérivation de ette équation de Korteweg-de Vries pour un fond vari-able (KdV-top). Un autre développement asymptotique des équations de problèmed'Euler a été développé a�n de mieux omprendre les omportement des vagues, telque la rupture des vagues l'un des aspets les plus fondamentaux de e problème [28℄.En 2008, Constantin et Lannes [20℄ ont rigoureusement justi�é la généralisation enas fortement non linéaire de l'équation de KdV (es modèles sont liés à l'équationde Camassa-Holm [15℄ et à l'équation de Degasperis-Proesi [26℄) en tant que mod-èles approhés pour le problème d'Euler surfae libre en faible profondeur. Ils ontprouvé que es équations peuvent être utilisées pour fournir des approximations pourles équations d'Euler surfae libre et dans leur enquête, ils ont mis des proéduresasymptotiques (formelle) due à Johnson [42℄ sur une base robuste et rigoureuse math-ématiquement. Cependant, tous es résultats se véri�ent pour fond plat uniquement.L'objetif prinipal de e hapitre est que nous généralisons ii es résultats en pro-posant une nouvelle lasse d'équations prenant en ompte des topographies variables.Nous démontrons également que es nouveaux modèles sont bien posés.
Nous onsidérons dans ette partie un régime physique partiulier. Plus préisément,nous allons introduire les quantités suivantes: a, λ, h0 et b0 sont dé�nis ommepréédemment et λ/α est la longueur d'onde de la variation du fond (voir la �gurei-dessous). L'intérêt de e régime est que beauoup des équations de type KdVau fond variable existantes dans la littérature (par exemple [64, 59℄) peuvent êtreréupérées ii omme des as partiuliers.
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Figure 0.0.3: Régime physiqueAlors, les équations (0.0.14) peuvent s'érire (pour d = 1)




µ∂2
xϕ+ ∂2

zϕ = 0, pour −1 + βb(α) < z < εζ,

∂zϕ− µβα∂xb
(α)∂xϕ = 0 pour z = −1 + βb(α),

∂tζ −
1

µ
(−µε∂xζ∂xϕ+ ∂zϕ) = 0, pour z = εζ,

∂tϕ+
1

2
(ε(∂xϕ)2 +

ε

µ
(∂zϕ)2) + ζ = 0 pour z = εζ,

(0.0.18)
où, b(α)(x) = b(αx).Faisant des hypothèses sur la taille de ε, β, α et µ on peut dériver de (0.0.18) lemodèle asymptotique GN.Pour 1D surfae et sur un fond non plat es équations relient l'élévation de la surfaelibre ζ à la omposante horizontale de la vitesse intégrée sur la vertiale,

u(t, x) =
1

1 + εζ − βb(α)

∫ εζ

−1+βb(α)

∂xϕ(t, x, z)dz (0.0.19)et peuvent s'érire:




∂tζ + ∂x(hu) = 0,

(1 +
µ

h
T [h, βb(α)])∂tu+ ∂xζ + εu∂xu

+ µε
{
− 1

3h
∂x(h

3(u∂2
xu) − (∂xu)

2) + ℑ[h, βb(α)]u
}

= 0

(0.0.20)où, h = 1 + εζ − βb(α) et
T [h, βb(α)]W = −1

3
∂x(h

3∂xW ) +
β

2
∂x(h

2∂xb
(α))W + β2h(∂xb

(α))2W,



12 Introdution généraletandis que le terme topographique ℑ[h, βb(α)]u est dé�ni par:
ℑ[h, βb(α)]u =

β

2h
[∂x(h

2(u∂x)
2b(α)) − h2((u∂2

xu) − (∂xu)
2)∂xb

(α)]

+β2((u∂x)
2b(α))∂xb

(α).Dans le régime
µ≪ 1, ε = O(

√
µ), (0.0.21)les e�ets non linéaires sont plus forts, l'équation de KdV [49℄ et BBM [8℄ sont rem-plaées par la famille des équations suivante (voir [20, 42℄):

ut + ux +
3

2
εuux + µ(Auxxx +Buxxt) = εµ(Euuxxx + Fuxuxx), (0.0.22)on prouve qu'une bonne généralisation de l'équation (0.0.22) sous le régime (0.0.21)et ave les onditions suivantes sur les variations du fond
βα = O(µ), βα3/2 = O(µ2) βαε = O(µ2), (0.0.23)est donnée par:
ut + cux +

3

2
cxu+

3

2
εuux + µ(Ãuxxx +Buxxt)

= εµẼuuxxx + εµ
(
∂x(

F̃

2
u)uxx + ux∂

2
x(
F̃

2
u)

)
, (0.0.24)où c =

√
1 − βb(α) et à ause des e�ets topographiques les oe�ients Ã, Ẽ, F̃ sontdi�erents des oe�ients A, E, F dans (0.0.22)

Ã = Ac5 −Bc5 +Bc,

Ẽ = Ec4 − 3

2
Bc4 +

3

2
B,

F̃ = Fc4 − 9

2
Bc4 +

9

2
B.A�n de réupérer les nombreuses équations de KdV ave fond variable qui ont étédérivées par les oéanographes. On prouve même genre des résultats pour le régimede KdV. Dans ette setion de e hapitre, l'attention est aordée au régime dela variation lente de la topographie du fond sous la ondition d'ondes-langues ε =

O(µ). Nous donnons ii une justi�ation rigoureuse dans le sens de la onsistenede l'équation de KdV au fond variable (KdV-top) qui a été dérivée dans [47, 70, 27℄.Nous étudions aussi l'existene des solutions pour tous les modèles dérivés dans ehapitre. Deux approhes di�érentes sont utilisées, en fontion du oe�ient de Bdans (0.0.24): l'un traite le as B < 0 (dans e as, on peut étudier les possibiltésdu déferlemnt de la vague), et l'autre traite le as B = 0.



Introdution générale 13Partie II : Les équations de Green-NaghdiDans le hapitre 2, nous onsidérons le modèle 1D de Green-Naghdi qui est ouram-ment utilisé en oéanographie �tière pour dérire la propagation des ondes de sur-fae de grande amplitude. Une justi�ation rigoureuse réente du modèle GN aufond plat a été donnée par Li [55℄ en 1D , et par B. Alvarez-Samaniego et D. Lannes[3℄ dans le as général. Cette dernière référene donne des résultats d'existene pourles équations de GN en basant sur la référene [4℄ qui montre l'existene d'une so-lution pour un problème d'évolution plus général que elui de GN en utilisant unshéma d'existene de Nash-Moser. Le résultat de [4℄ ouvre à la fois le as de 1D et
2D surfaes de GN et pour un fond variable. La raison pour laquelle un shéma deNash-Moser est utilisé, est dû au fait que les estimations sur les équations linéariséespertent des dérivés. Toutefois, dans le as 1D ave un fond plat, es pertes ne seproduisent pas et il est possible de onstruire une solution ave un shéma itératifsimple de Piard omme dans [55℄. Notre but ii est de montrer qu'il est aussi possibled'utiliser un tel shéma simple dans le as 1D mais ave un fond non plat.Les équations de Green-Naghdi (0.0.17) peuvent simpli�er pour 1D, sous ette forme:( β = ε)

{
∂tζ + ∂x(hu) = 0,

(h+ µhT [h, εb])[∂tu+ εu∂xu] + h∂xζ + εµhQ[h, εb](u) = 0
(0.0.25)où, h = 1 + ε(ζ − b) et

T [h, εb]w = − 1

3h
∂x(h

3wx) +
ε

2h
[∂x(h

2bxw) − h2bxwx] + ε2b2xw,

Q[h, εb](w) =
2

3h
∂x(h

3w2
x) + εhw2

xbx + ε
1

2h
∂x(h

2w2bxx) + ε2w2bxxbx.Nous dé�nissons maintenant les espaes Xs, qui sont les espaes d'énergies pour eproblème.De�nition 0.0.1. Pour tout s ≥ 0 et T > 0, on note par Xs l'espae Hs(R) ×
Hs+1(R) munie de la norme

∀ U = (ζ, u) ∈ Xs, |U |2Xs := |ζ |2Hs + |u|2Hs + µ|∂xu|2Hs,tandis que Xs
T représente l'espae C([0,

T

ε
];Xs) muni de la norme anonique.



14 Introdution généraleTheorem 0.0.1. Soit b ∈ C∞
b (R), t0 > 1/2, s ≥ t0 + 1. Soient, la ondition initiale

U0 = (ζ0, u0)
T ∈ Xs, et qui véri�e

∃ hmin > 0, inf
x∈R

h ≥ hmin, h = 1 + ε(ζ − b). (0.0.26)Alors il existe Tmax > 0 maximal uniformément minoré par rapport à ε, µ ∈ (0, 1)sahant que le modèle de Green-Naghdi (0.0.25) admet une solution unique U =
(ζ, u)T ∈ Xs

Tmax
ave la ondition initiale (ζ0, u0)

T et véri�e (0.0.26) pour tout t ∈
[0,

Tmax

ε
). En partiulier, si Tmax <∞ on aura

|U(t, ·)|Xs −→ ∞ quand t −→ Tmax

ε
,ou

inf
R

h(t, ·) = inf
R

1 + ε(ζ(t, ·) − b(·)) −→ 0 quand t −→ Tmax

ε
.De plus, on a la onservation d'énergie suivante:

∂t

(
|ζ |22 + (hu, u) + µ(hT u, u)

)
= 0,où, T = T [h, εb].Le hapitre 3 est onsaré à la dérivation d'un nouveau modèle de 2D Green-Naghdiqui modélise la propagation des ondes dispersives non linéaires à la surfae de l'eaupeu profonde dans deux-diretionnes. Ce nouveau modèle a la même préision quele modèle usuel de 2D Green-Naghdi. Son intérêt mathématique est qu'il permet unontr�le de la partie rotationelle de la vitesse horizontale intégrée sur la vertiale, quin'est pas le as pour les équations de Green-Naghdi usuelles. En utilisant ette pro-priété, nous montrons que la solution de es nouvelles équations peut être onstruitepar un shéma simple de Piard a�n qu'il n'y avait pas eu de pertes de la régularité dela solution par rapport à la ondition initiale. En�n, nous prouvons que le nouveaumodèle de Green-Naghdi onserve l'irrotationalité de la vitesse horizontale intégréesur la vertiale.Pour 2D de surfae et sur un fond non plat es équations relient l'élévation de lasurfae libre ζ à la omposante horizontale de la vitesse intégrée sur la vertiale,

v(t, X) =
1

1 + εζ − βb

∫ εζ

−1+βb

∇ϕ(t, X, z)dz, (0.0.27)et peuvent s'érire




∂tζ + ∇ · (hv) = 0,(
h+ µT [h, βb]

)
∂tv + h∇ζ + ε

(
h+ µT [h, βb]

)
(v · ∇)v

+ µε
{2

3
∇[(h3(∂1v · ∂2v

⊥ + (∇ · v)2)] + ℜ[h, βb](v)
}

= 0,

(0.0.28)



Introdution générale 15où, h = 1 + εζ − βb, v = (V1, V2)
T et

T [h, εb]W = −1

3
∇(h3∇ ·W ) +

β

2
[∇(h2∇b ·W ) − h2∇b∇ ·W ] (0.0.29)

+β2h∇b∇b ·W,tandis que le terme topographique ℜ[h, βb](v) est dé�ni par:
ℜ[h, βb](v) =

β

2
∇(h2(V 2

1 ∂
2
1b+ 2V1V2∂1∂2b+ V 2

2 ∂
2
2b)) (0.0.30)

+βh2(∂1v · ∂2v
⊥ + (∇ · v)2)∇b

+β2h(V 2
1 ∂

2
1b+ 2V1V2∂1∂2b+ V 2

2 ∂
2
2b)∇b,où v⊥ = (−V2, V1)

T .On remarque que le term ∂1v · ∂2v
⊥ n'est pas �ntrolé par la norme | · |Y s assoiée à(0.0.28) (voir [4℄),

|(ζ, v)|2Y s = |ζ |2Hs + |v|2Hs + µ|∇ · v|2Hs.C'est la motivation pour dériver un nouveau modèle de 2D Green-Naghdi a la mêmepréision que le modèle de 2D Green-Naghdi usuel (0.0.28) et peut s'érire de laforme




∂tζ + ∇ · (hv) = 0,(
h+ µ

(
T [h, βb] −∇⊥(url )

))
∂tv + h∇ζ

+ ε
(
h + µ

(
T [h, βb] −∇⊥(url )

))
(v · ∇)v

+ µε
{2

3
∇[h3(∂1v · ∂2v

⊥ + (∇ · v)2)] + ℜ[h, βb](v)
}

= 0,

(0.0.31)où, ∇⊥ = (−∂2, ∂1)
T , url v = ∂1V2 − ∂2V1, et les opérateures linéaires T [h, εb] et

ℜ[h, βb] sont dé�nis dans (0.0.29) et (0.0.30) respetivement.La raison pour laquelle les nouveaux termes (∇⊥(url )) n'a�etent pas la préisiondu modèle est pare que les solutions de (0.0.28) sont presque irrotationnelles (dansle sens que url v est petit). Cette propriété est bien sûr satisfaite également parnotre nouveau modèle (0.0.31). La présene de es nouveaux termes permettent ladé�nition d'une nouvelle norme d'énergie qui ontr�le aussi la partie rotationelle de
v. En onséquene, nous montrons qu'il est possible d'utiliser un shéma simple dePiard pour prouver l'existene d'une solution de (0.0.31) a�n qu'il n'y avait pas eude pertes de la régularité de la solution par rapport à la ondition initiale.Nous dé�nissons maintenant les espaes Xs, qui sont les espaes d'énergies pour enouveau problème.



16 Introdution généraleDe�nition 0.0.2. Pour tout s ≥ 0 et T > 0, on note par Xs l'espae Hs(R2) ×
(Hs+1(R2))2 muni de la norme

∀ U = (ζ, v) ∈ Xs, |U |2Xs := |ζ |2Hs + |v|2(Hs)2 + µ|∇ · v|2Hs + µ|url v|2Hs,tandis que Xs
T représente l'espae C([0,

T

ε
];Xs) muni de la norme anonique.Theorem 0.0.2. Soit b ∈ C∞

b (R2), t0 > 1, s ≥ t0 + 1. Soient, la ondition initiale
U0 = (ζ0, v

T
0 )T ∈ Xs, et qui véri�e

∃ hmin > 0, inf
X∈R2

h ≥ hmin, h = 1 + ε(ζ − b). (0.0.32)Alors il existe Tmax > 0 maximal uniformément minoré par rapport à ε, µ ∈ (0, 1)sahant que le nouveau modèle de Green-Naghdi (0.0.31) admet une solution unique
U = (ζ, vT )T ∈ Xs

Tmax
ave la ondition initiale (ζ0, v

T
0 )T et véri�e (0.0.32) pour tout

t ∈ [0,
Tmax

ε
). En partiulier, si Tmax <∞ on aura

|U(t, ·)|Xs −→ ∞ quand t −→ Tmax

ε
,ou

inf
R2
h(t, ·) = inf

R2
1 + ε(ζ(t, ·) − b(·)) −→ 0 quand t −→ Tmax

ε
.Partie III : Simulations numériquesLe hapitre 4 (e travail est e�etué en ollaboration ave Mar Duru�é) est onsaréà étudier numériquement les équations de KdV et �Camassa-Holm-like� dérivées dans[37℄/Chapitre 1. L'équation de Korteweg-de Vries (KdV) a été dérivée sur un fondplat [49℄ est une approximation des équations de Boussinesq, et ette relation a étérigoureusement justi�ée dans [22, 67, 10, 36℄. Lorsque le fond est non plat, diversesgénéralisations de l'équation de KdV (KdV-top) à oe�ients non onstants, ont étéproposées dans [47, 70, 27, 59, 32, 78, 64, 31, 43, 66℄, et rigoureusement justi�éesdans [37℄. L'un des objetifs de e hapitre est d'étudier numériquement es équations(KdV-top), et de les omparer ave les équations de Boussinesq sur un fond non plat.L'équation KdV sur fond plat peut être résolue numériquement par l'utilisation deshémas de di�érenes �nies [65, 81℄, ou par l'utilisation des shémas de type Galerkindisontinue [76℄. Elle est traitée ave des shémas des di�érenes �nies dans [18℄en utilisant un shéma de relaxation de Crank-Niolson sur le temps introduit parBesse-Bruneau dans [6℄ et justi�é par Besse dans [7℄. Notre shéma en di�érenes



Introdution générale 17�nies est inspiré de es travaux. Nous proposons une modi�ation de sorte que leshéma numérique onserve l'énergie disrète, pour le shéma totalement disrets(dans l'espae et le temps). Nous omparons aussi ette approhe ave la méthodede Galerkin disontinue [76℄. La généralisation de l'équation de KdV en régimes plusfort ontient des termes fortement non linéaires ne se trouvent pas dans les équationsde KdV et de BBM . En 2008, Constantin et Lannes [20℄ ont été, rigoureusementjusti�é es généralisations de l'équation de KdV dans le as de fond plat. Ils ontprouvé que es équations peuvent être utilisées pour fournir des approximations pourles équations d'Euler surfae libre. Ces équations (CH) sur le fond plat peut êtrenumériquement étudiées en utilisant des shémas des di�érenes �nies [34, 35, 20, 25℄,ou en utilisant des shémas de Galerkin disontinue [77℄. En 2009, et dans [37℄, nousavons étudié le as du fond variable dans le même régime que dans [20℄. Nous avonsdérivé une nouvelle lasse d'équations qui prend en ompte les e�ets topographiqueset généralise les équations de (CH) dérivées par Constantin-Lannes [20℄. Dans leprésent hapitre, nous trouvons des shémas des di�érenes �nies pour es nouveauxmodèles, de sorte que es shémas numériques onservent l'énergie disrète. Nousomparons aussi ette approhe numérique ave la méthode de Galerkin disontinue[77℄.Publiations� Variable depth KdV equations and generalizations to more nonlinear regimes.Livre des ommuniations Smai Canum 2009 P: 61.� Variable depth KdV equations and generalizations to more nonlinear regimes.ESAIM: M2AN Volume 44, Numéro 2, 2010, 347-370. (Voir hapitre 1)� Large Time existene For 1D Green-Naghdi equations. Soumis à NonlinearAnalysis. (Voir hapitre 2)� Derivation and analysis of A NEW 2D Green-Naghdi system. Soumis à Non-linearity. (Voir hapitre 3)� A numerial study of variable depth KdV equations and generalizations ofCamassa-Holm-like equations. (Ave M. DURUFlÉ). À soumettre. (Voir hapitre4).



18 Introdution générale



General introdution
The modeling of oastal �ows urrently represents a major sienti� size in oastalengineering. Hydrodynami proesses related to the transformation of waves in shal-low environments involve nonlinear, dispersive phenomena and bathymetri e�etsare omplex to study. Their understanding is essential, if one wants be able to preditthe impat of large sale phenomena suh as the spread type of tsunami waves. Thewater waves problem for an ideal liquid onsists in desribing the motion of the freesurfae and the evolution of the veloity �eld of a layer of perfet, inompressible,irrotational �uid under the in�uene of gravity. The propagation of surfae wavesthrough an inompressible homogenous invisid �uid is desribed by the 3D Eulerequations ombined with nonlinear boundary onditions at the free surfae and atthe bottom. This problem is extremely di�ult to solve, in partiular beause themoving surfae boundary is part of the solution. The omplexity of this problem ledphysiists, oeanographers and mathematiians to derive simpler sets of equationsin some spei� physial regimes. Equations thus obtained may be divided into twogroups, namely shallow-water models and deep-water models. Many approximatemodels have thus been derived in order to understand the hydrodynami proessesin simpli�ed physial settings. The onstrution of the lassial Boussinesq modelsof this kind goes bak to the late XIXth entury. Suh equations were �rst derivedby Boussinesq [13, 14℄ to desribe the two-way propagation of small-amplitude, longwavelength, gravity waves on the surfae of water in a anal. These equations arisealso when modeling the propagation of long-rested waves on large lakes or the oeanand in other ontexts, and they have been sine then widely used and improved al-though the problem of mathematial justi�ation was not addressed until the end ofthe last entury [22, 45, 11, 12, 10℄. Moreover, they are often restrited to the frame-work of a �at bottom, and do not aount for many phenomena. The ase of unevenbottoms has also been investigated; some of the signi�ant referenes are [61, 19, 18℄.The other prominent model is the Green-Naghdi equations (GN) � whih is a widelyused model in oastal oeanography ([29, 9, 30℄ and, for instane, [40, 48℄)�Thismodel is often used in oastal oeanography beause it takes into aount the dis-persive e�ets negleted by the shallow-water (or Saint-Venant) equations and it ismore nonlinear than the Boussinesq equations. 19



20 General introdutionThe objetive of this thesis is to propose new models of oastal �ows for reportingthe in�uene of bottom topography on surfae waves, and justify mathematiallysome approximate models for the water waves problem as the Green-Naghdi model.To ahieve this goal, we devided this thesis into three parts of equal importane:in the �rst part modeling and mathematial analysis of some models are addressed,and the onstrution methods are presented in detail. The obtained models are alsosystematially and rigorously justi�ed.In the seond part derivation and mathematial analysis of the Green-Naghdi asymp-toti model is proposed. Finally some numerial simulation of the models of the �rstpart are implemented and disussed in the third part.All modeling work �rst requires the establishment of a spei� physial setting. Wefous here on a ase of a �uid (water) IDEAL, inompressible, irrotational and underthe in�uene of gravity. Suh simplifying assumptions are onventionally used inoeanography and an be easily justi�ed (see for intane [47, 27℄). Indeed,1. Water is (almost) inompressible. In other words, it would be impossible tosqueeze a gallon of water into your pint-sized water bottle, regardless of how hard youtried. Water that �lls a ertain volume will always �ll that same volume regardlessof the pressure applied to it.2. Water has (almost) no visosity. There is very little internal frition in water, andwe are not interested here in the surf and swash zones, in whih rotational e�ets arenot negligible. An important onsequene of these properties is that the water an'tgain angular momentum as waves pass; it is impossible for eddies or whirlpools tobe reated. One often alls suh a �uid irrotational. The �eld study is presented asfollows:

Figure 0.0.4: Fluid domain



General introdution 21We restrit our attention to the ase when the surfae is a graph parameterized bya funtion ζ(t, X), where t denotes the time variable and X = (X1, ..., Xd) ∈ R
dthe horizontal spaial variables. But the only physially relevant ases are of ourse

d = 1 and d = 2. The layer of �uid is also delimited from below by a not neessarily�at bottom parameterized by a time-independent funtion −h0 + b(X). We denoteby Ωt the �uid domain at time t. The inompressibility of the �uids is expressed by
∇X,z · V = 0 in Ωt, t ≥ 0, (0.0.33)where V = (V1, ..., Vd, Vd+1) denotes the veloity �led ( V1, ..., Vd being the horizontal,and Vd+1 the vertial omponents of the veloity). Irrotationality means that
∇X,z ∧ V = 0 in Ωt, t ≥ 0. (0.0.34)The boundary onditions on the veloity at the surfae and at the bottom are givenby the usual assumption that they are both bounding surfaes, i.e. surfaes arosswhih no �uid partiles are transported. At the bottom, this is given by

Vn |z=−h0+b(X)= n− · V |z=−h0+b(X)= 0, for t ≥ 0, X ∈ R
d, (0.0.35)where n− :=

1√
1 + |∇Xb|2

(∇Xb,−1)T denotes the outward normal vetor to thelower boundary of Ωt . At the free surfae, the boundary ondition is kinemati andis given by
∂tζ −

√
1 + |∇Xζ |2Vn |z=ζ(t,X)= 0, for t ≥ 0, X ∈ R

d, (0.0.36)where Vn |z=ζ(t,X)= n+ · V |z=ζ(t,X), with n+ :=
1√

1 + |∇Xζ |2
(−∇Xζ, 1)T denotingthe outward normal vetor to the free surfae.Negleting the e�ets of surfae tension yields that the pressure P is onstant at theinterfae. Up to a renormalization, we an assume that

P |z=ζ(t,X)= 0, for t ≥ 0, X ∈ R
d. (0.0.37)Finally, the set of equations is losed with Euler's equation within the �uid,

∂tV + V · ∇X,zV = −ged+1 −∇X,zP in Ωt, t ≥ 0, (0.0.38)where −ged+1 is the aeleration of gravity. The water-waves system an thus be



22 General introdutionwritten as:




∂tV + V · ∇X,zV = −ged+1 −∇X,zP in Ωt, t ≥ 0 ,

∇X,z · V = 0 in Ωt, t ≥ 0 ,

∇X,z ∧ V = 0 in Ωt, t ≥ 0 ,

∂tζ −
√

1 + |∇Xζ |2 n+ · V |z=ζ(t,X) = 0 for t ≥ 0, X ∈ R
d ,

P|z=ζ(t,X)
= 0 for t ≥ 0, X ∈ R

d ,n− · V |z=−h0+b(X) = 0 for t ≥ 0, X ∈ R
d .

(0.0.39)
In this thesis, we deliberately hose to work in the Eulerian (rather than Lagrangian)setting, sine it is the easiest to handle, espeially when asymptoti properties of thesolutions are onerned. We use an alternate formulation of the water-waves equa-tions (0.0.39). From the inompressibility and irrotationality assumptions (0.0.33)and (0.0.34), there exists a potential �ow ϕ suh that V = ∇X,zϕ and

∆X,zϕ = 0 in Ωt, t ≥ 0, (0.0.40)the boundary onditions (0.0.35) and (0.0.36) an also be expressed in terms of ϕ:
∂n−ϕ |z=−h0+b(X)= 0, for t ≥ 0, X ∈ R

d, (0.0.41)and
∂tζ −

√
1 + |∇Xζ |2∂n+ϕ = 0, for t ≥ 0, X ∈ R

d, (0.0.42)where we used the notation ∂n− := n− · ∇X,z and ∂n+ := n+ · ∇X,z. Finally, Euler'sequation (0.0.38) an be put into bernoulli's form
∂tϕ+

1

2
[ |∇ϕ|2 + |∂zϕ|2 ] + gz = −P in Ωt, t ≥ 0. (0.0.43)The set of equations (0.0.39) an thus be written under Bernoulli's formulation, interms of the veloity potential ϕ de�ned on Ωt = {(X, z),−h0+b(X) < z < ζ(t, X)}:






∂tϕ+
1

2

[
|∇ϕ|2 + |∂zϕ|2

]
+ gz = −P in Ωt, t ≥ 0 ,

∆ϕ+ ∂2
zϕ = 0 in Ωt, t ≥ 0 ,

∂tζ −
√

1 + |∇ζ |2 ∂n+ϕ|z=ζ(t,X) = 0 for t ≥ 0, X ∈ R
d ,

∂n−ϕ|z=−h0+b(X) = 0 for t ≥ 0, X ∈ R
d .

(0.0.44)



General introdution 23Remark 0.0.2. When no onfusion an be made, we denote ∇X by ∇.By separating the partial derivatives in X and z, and taking the trae of the �rstequation on the free surfae, we obtain the following system:




∆ϕ+ ∂2
zϕ = 0 in Ωt, t ≥ 0 ,

∂tϕ+
1

2

[
|∇ϕ|2 + |∂zϕ|2

]
+ gζ = 0 at z = ζ(t, X), X ∈ R

d, t ≥ 0 ,

∂tζ + ∇ζ · ∇ϕ− ∂zϕ = 0 at z = ζ(t, X), X ∈ R
d, t ≥ 0 ,

∇b · ∇ϕ− ∂zϕ = 0 at z = −h0 + b(X), X ∈ R
d, t ≥ 0 .(0.0.45)Muh of the study of nonlinear water waves is based on the use of perturbation ex-pansions, whih require the identi�ation of small parameters. Our �rst task is toidentify the relevant small parameters, whih we do by way of non-dimensionalizingthe governing equations. This requires the introdution of various orders of mag-nitude linked to the physial regime under onsideration. More preisely, let usintrodue the following quantities: (see Figure below)

a is a typial amplitude of the waves;
λ is the wave-length of the waves;
b0 is the order of amplitude of the variations of the bottom topography;
h0 is the referene depth.We also introdue the following dimensionless parameters:

ε =
a

h0
, µ =

h2
0

λ2
, β =

b0
h0

;the parameter ε is often alled nonlinearity parameter; while µ is the shallownessparameter. This last parameter µ represents the square of the ratio of referenedepth to wavelength, and runs the entire range of values from 0 to ∞. The majordistintion to be made is µ ≪ 1 (shallow-water). The interest of having introduedthe dimensionless parameters ε, β and µ is that it is often possible to dedue fromtheir values some insight on the behavior of the �ow. More preisely, it is possibleto derive some (muh simpler) asymptoti models more amenable to numerial sim-ulations and whose properties are more transparent. We now perform the lassial
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b 0

h 0

λ

a

Figure 0.0.5: Physial regimeshallow water non-dimensionalization using the following relations:
X = λX ′, z = h0z

′, ζ = aζ ′,

ϕ =
a

h0
λ
√
gh0ϕ

′, b = b0b
′, t =

λ√
gh0

t′;
(0.0.46)so, the equations of motion (0.0.45) then beome (after dropping the primes for thesake of larity):






µ∂2
xϕ+ µ∂2

yϕ+ ∂2
zϕ = 0, at −1 + βb < z < εζ,

∂zϕ− µβ∇b · ∇ϕ = 0, at z = −1 + βb,

∂tζ −
1

µ
(−µε∇ζ · ∇ϕ+ ∂zϕ) = 0, at z = εζ,

∂tϕ+
1

2
(ε|∇ϕ|2 +

ε

µ
(∂zϕ)2) + ζ = 0, at z = εζ,

(0.0.47)
The solutions of these equations are very di�ult to desribe. At this point, a lassialmethod is to hoose an asymptoti regime, in whih we look for approximate modelsand hene for approximate solutions. In fat, many of the most famous equations ofmathematial physis were historially obtained as formal asymptoti limits of thewater-waves equations: the shallow-water equations, the Korteweg-de Vries (KdV)



General introdution 25and Kadomtsev-Petviashvili (KP) equations [47℄, the Boussinesq systems [13, 14℄, et.Eah of these asymptoti limits orresponds to a very spei� physial regime whoserange of validity is determined in terms of the harateristis of the �ow (amplitude,wavelength, anisotropy, bottom topography, depth, ...). The derivation of thesemodels goes bak to the XIXth entury, but the rigorous analysis of their relevaneas approximate models for the water-waves equations only began three deades agowith the works of Ovsjannikov [62, 63℄, Craig [22℄, and Kano and Nishida [46, 44, 45℄who �rst addressed the problem of justifying the formal asymptotis. For all thedi�erent asymptoti models, the problem an be formulated as follows:1) do the water-waves equations have a solution on the time sale relevant for theasymptoti model?2) does this model furnish a good approximation of the solution?Answering the �rst question requires a large-time existene theorem for the water-waves equations, while the seond one requires a rigorous derivation of the asymptotimodels and a preise ontrol of the approximation error.Following the pioneer works for one-dimensional surfaes (1DH) of Ovsjannikov [63℄and Nalimov [60℄ (see also Yosihara [79, 80℄), Craig [22℄, and Kano and Nishida[44℄ provided a justifation of the KdV and 1DH Boussinesq and shallow waterapproximations. However, the omprehension of the well-posedness theory for thewater-waves equations hindered the perspetive of justifying the other asymptotiregimes until the breakthroughs of S. Wu ( [74℄ and [75℄ respetively for the 1DHand 2DH ase, in in�nite depth, and without restritive assumptions). Sine then,the literature on free surfae Euler equations has been very ative: the ase of �nitedepth was proved in [50℄, and in the related ase of the study of the free surfaeof a liquid in vauum with zero gravity, Lindblad [57, 58℄. More reently Coutandand Shkoller [21℄ and Shatah and Zeng [68℄ managed to remove the irrotationalityondition and/or took into aount surfae tension e�ets (see also [5℄ for 1DH water-waves with surfae tension). In the Eulerian framework whih is more relevant forour purposes, the well-posedness of these equations is �nally demonstrated by Lannes[50℄ and, by Alvarez-Samaniego and Lannes [3℄ on long-time. See also the reent workby T. Alazard, N. Burq and C. Zuily [1℄.In order to review the existing results of the rigorous justi�ation of asymptoti mod-els for water-waves, it is suitable to lassify the di�erent physial regimes using twodimensionless numbers: the amplitude parameter ε and the shallowness parameter
µ.Shallow-water, large amplitude (µ≪ 1, ε ∼ 1).Formally, this regime leads at �rst order to the well-known "shallow-water equations"(or Saint-Venant) and at seond order to the so-alled "Green-Naghdi" model, The



26 General introdution�rst rigorous justi�ation of the shallow-water model goes bak to Ovsjannikov [62,63℄ and Kano and Nishida [44℄ who proved the onvergene of the solutions of theshallow-water equations to solutions of the water-waves equations as µ → 0 in 1DH,and under some restritive assumptions (small and analyti data). More reently,Y.A. Li [55℄ removed these assumptions and rigorously justi�ed the shallow-waterand Green-Naghdi equations, in 1DH for �at bottoms, a rigorous work on a 2DHasymptoti model is due to the work by T. Iguhi [36℄ in whih he justi�ed the2DH shallow-water equations, also allowing non �at bottoms. Finally a very reentrigorous justi�ation of the Green-Naghdi equations over uneven bottoms is given by[3, 38, 39℄In the shallow-water saling (µ ≪ 1), and without smallness assumption on ε onean derive the so-alled Green-Naghdi equations (see [29, 53℄ for a derivation and [3℄for a rigorous justi�ation) also alled Serre or fully nonlinear Boussinesq equations[54℄. In nondimensionalized variables, denoting by u(t, X) the vertially averagedhorizontal omponent of the veloity at time t, the equations read




∂tζ + ∇ · (hu) = 0,

(h+ µhT [h, εb])∂tu+ h∇ζ + εh(u · ∇)u

+ µε
{
− 1

3
∇[(h3((u · ∇)(∇ · u) − (∇ · u)2)] + hℜ[h, εb]u

}
= 0,

(0.0.48)where h = 1 + ε(ζ − b) and
T [h, εb]W = − 1

3h
∇(h3∇ ·W ) +

ε

2h
[∇(h2∇b ·W ) − h2∇b∇ ·W ] + ε2∇b∇b ·W,while the purely topographial term ℜ[h, εb]u is de�ned as:

ℜ[h, εb]u =
ε

2h
[∇(h2(u · ∇)2b) − h2((u · ∇)(∇ · u) − (∇ · u)2)∇b]

+ε2((u · ∇)2b)∇b.This model is often used in oastal oeanography beause it takes into aount thedispersive e�ets negleted by the shallow-water and it is more nonlinear than theBoussinesq equations. A reent rigorous justi�ation of the GN model was givenby Li [55℄ in 1D and for �at bottoms, and by B. Alvarez-Samaniego and D. Lannes[3, 38, 39℄ in the general ase.Shallow water, small amplitude (µ≪ 1, ε ∼ µ).This regime (also alled long-waves regime) leads to many mathematially interestingmodels due to the balane of nonlinear and dispersive e�ets: Boussinesq systems:sine the �rst derivation by Boussinesq, many formally equivalent models (also named



General introdution 27after Boussinesq) have been derived. W. Craig [22℄ and Kano and Nishida [45℄ werethe �rst to give a full justi�ation of these models, in 1DH (and for fat bottomsand small data). Note, however, that the onvergene result given in [45℄ is givenon a time sale too short to apture the nonlinear and dispersive e�ets spei� tothe Boussinesq systems; in [22℄, the orret large time existene (and onvergene)results for the water-waves equations are given. The proof, of suh a large timewell-posedness result for the water-waves equations, is the most deliate point inthe justi�ation proess. Furthermore, it is the last step needed to fully justify theBoussinesq systems in 2DH, owing to [10℄ (�at bottoms) and [17℄ (general bottomtopography), where the onvergene property is proved assuming that the large-timewell-posedness theorem holds.The unoupled models: at �rst order, the Boussinesq systems redue to a simple waveequation and, in 1DH, the motion of the free surfae an be desribed as the sumof two unoupled ounter-propagating waves, slightly modulated by a Korteweg-deVries (KdV) equation. In 2DH and for weakly transverse waves, a similar phe-nomenon ours, but with the Kadomtsev-Petviashvili (KP) equation replaing theKdV equation. Many papers addressed the problem of validating the KdV model(e.g. [22, 45, 10, 71, 67, 36℄ ) and its justi�ation.The work presented in this thesis has three parts. We study in the �rst part thewater-waves problem for uneven bottoms in a highly nonlinear regime where thesmall amplitude assumption of the Korteweg-de Vries (KdV) equation is enfored.In the seond part, we onsider the 1D Green-Naghdi equations. We show thatthe solution of the Green-Naghdi equations an be onstruted by a standard Piarditerative sheme so that there is no loss of regularity of the solution with respet to theinitial ondition. Our approah does not admit a straightforward generalization tothe 2D ase. Therefore, we derive a new system of the 2D Green-Naghdi equations(whih is shown to be equialent to the usual Green-Naghdi equations). Then weshow that the solution of this new Green-Naghdi equations an be onstruted by astandard Piard iterative sheme.Finally, in the third part we study numerially the KdV-top equation derived in[37℄/hapter 1, and ompare it with the Boussinesq equations over uneven bottom.We study also numerially the equations derived in the same referene [37℄/hapter 1,in the ase of stronger nonlinearities and related to the Camassa-Holm-like equation.
Part I : Variable depth KdV equations and generalizations tomore nonlinear regimesThe hapter 1 deals with the water-waves problem and their approximate models.



28 General introdutionMore reently Alvarez-Samaniego and Lannes [3℄ rigorously justi�ed the relevaneof the main asymptotial models used in oastal oeanography, inluding: shallow-water equations, Boussinesq systems, Kadomtsev-Petviashvili (KP) approximation,Green-Naghdi equations (GN), Serre approximation, full-dispersion model and deep-water equations. Some of these models apture the existene of solitary water wavesand the assoiated phenomenon of soliton manifestation [41℄. The most prominentexample is the Korteweg-de Vries (KdV) equation [49℄, that is integrable and relevantfor the phenomenon of soliton manifestation. The KdV approximation originallyderived over �at bottoms has been rigorously justi�ed in [22, 67, 10, 36℄. When thebottom is not �at, various generalizations of the KdV equation with non onstantoe�ients have been proposed [47, 70, 27, 59, 32, 78, 64, 31, 43, 66℄. One of the aimsof this hapter is to justify the derivation of this Korteweg-de Vries equation withtopography (alled KdV-top). Another development of models for water waves wasinitiated in order to gain insight into wave breaking, one of the most fundamentalaspets of water-waves [28℄. In 2008 Constantin and Lannes [20℄ rigorously justi�edthe relevane of more nonlinear generalization of the KdV equations (linked to theCamassa-Holm equation [15℄ and the Degasperis-Proesi equations [26℄) as modelsfor the propogation of shallow water waves. They proved that these equations anbe used to furnish approximations to the governing equations for water waves, and intheir investigation they put earlier (formal) asymptoti proedures due to Johnson[42℄ on a �rm and mathematially rigorous basis. However, all these results hold for�at bottoms only. The main goal of this hapter is to investigate the same salingas in [20℄ and to inlude topographial e�ets. To this end, we derive a new variableoe�ients lass of equations whih takes into aount these e�ets and generalizesthe CH like equations of Constantin-Lannes [20℄.We onsider in this part a partiular physial regime. More preisely, let us introduethe following quantities: a, λ, h0 and b0 are de�ned as above and λ/α is the wave-length of the bottom variations (see Figure below). The interset of this physialregime is that many variable depth KdV-top equations existing in the literature (e.g.[64, 59℄) an be reovered here as partiular ases.So, the equations of motion (0.0.45) then beome ( for d = 1)




µ∂2
xϕ+ ∂2

zϕ = 0, at −1 + βb(α) < z < εζ,

∂zϕ− µβα∂xb
(α)∂xϕ = 0 at z = −1 + βb(α),

∂tζ −
1

µ
(−µε∂xζ∂xϕ+ ∂zϕ) = 0, at z = εζ,

∂tϕ+
1

2
(ε(∂xϕ)2 +

ε

µ
(∂zϕ)2) + ζ = 0 at z = εζ,

(0.0.49)
where b(α)(x) = b(αx). Making assumptions on the size of ε, β, α, and µ one is
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Figure 0.0.6: Physial regimeled to derive the asymptoti GN model from (0.0.49). For one-dimensional surfaesand over uneven bottoms these equations ouple the free surfae elevation ζ to thevertially averaged horizontal omponent of the veloity,
u(t, x) =

1

1 + εζ − βb(α)

∫ εζ

−1+βb(α)

∂xϕ(t, x, z)dz (0.0.50)and an be written as:




∂tζ + ∂x(hu) = 0,

(1 +
µ

h
T [h, βb(α)])∂tu+ ∂xζ + εu∂xu

+ µε
{
− 1

3h
∂x(h

3(u∂2
xu) − (∂xu)

2) + ℑ[h, βb(α)]u
}

= 0

(0.0.51)where h = 1 + εζ − βb(α) and
T [h, βb(α)]W = −1

3
∂x(h

3∂xW ) +
β

2
∂x(h

2∂xb
(α))W + β2h(∂xb

(α))2W,while the purely topographial term ℑ[h, βb(α)]u is de�ned as:
ℑ[h, βb(α)]u =

β

2h
[∂x(h

2(u∂x)
2b(α)) − h2((u∂2

xu) − (∂xu)
2)∂xb

(α)]

+β2((u∂x)
2b(α))∂xb

(α).For higher values of ε, the nonlinear e�ets are stronger; in the regime
µ≪ 1, ε = O(

√
µ), (0.0.52)



30 General introdutionthe KdV [49℄ and BBM equations [8℄ should be replaed by the following family (see[20, 42℄):
ut + ux +

3

2
εuux + µ(Auxxx +Buxxt) = εµ(Euuxxx + Fuxuxx), (0.0.53)we show that the orret generalization of the equation (0.0.53) under the saling(0.0.52) and with the following onditions on the topographial variations:
βα = O(µ), βα3/2 = O(µ2) βαε = O(µ2), (0.0.54)is given by:
ut + cux +

3

2
cxu+

3

2
εuux + µ(Ãuxxx +Buxxt)

= εµẼuuxxx + εµ
(
∂x(

F̃

2
u)uxx + ux∂

2
x(
F̃

2
u)

)
, (0.0.55)where c =

√
1 − βb(α) and Ã, Ẽ, F̃ di�er from the oe�ients A, E, F in (0.0.53)beause of topographi e�ets:̃

A = Ac5 −Bc5 +Bc,

Ẽ = Ec4 − 3

2
Bc4 +

3

2
B,

F̃ = Fc4 − 9

2
Bc4 +

9

2
B.The same kind of result is given in the (more restritive) KdV saling in order toreover the many variable depth KdV equations formally derived by oeanographers.In this setion of this hapter, attention is given to the regime of slow variations of thebottom topography under the long-wave saling ε = O(µ). We give here a rigorousjusti�ation in the meaning of onsisteny of the variable-depth extensions of theKdV equation (alled KdV-top) originally derived in [47, 70, 27℄. We study also thewell posedness of the all models derived in this hapter. Two di�erent approahesare used, depending on the oe�ient B in (0.0.55): one deals with the ase B < 0(in that ase, further investigation on the breaking of waves an be performed), andother treats the ase B = 0.Part II : The Green-Naghdi equationsWe onsider in hapter 2 the 1D Green-Naghdi equations that are ommonly used inoastal oeanography to desribe the propagation of large amplitude surfae waves.A reent rigorous justi�ation of the GN model was given by Li [55℄ in 1D and for �atbottoms, and by B. Alvarez-Samaniego and D. Lannes [3℄ in the general ase. This



General introdution 31latter referene relies on well-posedness results for these equations given in [4℄ andbased on general well-posedness results for evolution equations using a Nash-Mosersheme. The result of [4℄ overs both the ase of 1D and 2D surfaes, and allows fornon �at bottoms. The reason why a Nash-Moser sheme is used there is beause theestimates on the linearized equations exhibit losses of derivatives. However, in the
1D ase with �at bottoms, suh losses do not our and it is possible to onstruta solution with a standard Piard iterative sheme as in [55℄. Our goal here is toshow that it is also possible to use suh a simple sheme in the 1D ase with non �atbottoms, thanks to a areful analysis of the linearized equations.For one dimensional surfaes, the Green-Naghdi equations (0.0.48) an be simpli�ed,after some omputations, into: ( β = ε)

{
∂tζ + ∂x(hu) = 0,

(h+ µhT [h, εb])[∂tu+ εu∂xu] + h∂xζ + εµhQ[h, εb](u) = 0
(0.0.56)where h = 1 + ε(ζ − b) and

T [h, εb]w = − 1

3h
∂x(h

3wx) +
ε

2h
[∂x(h

2bxw) − h2bxwx] + ε2b2xw,

Q[h, εb](w) =
2

3h
∂x(h

3w2
x) + εhw2

xbx + ε
1

2h
∂x(h

2w2bxx) + ε2w2bxxbx.We de�ne now the Xs spaes, whih are the energy spaes for this problem.De�nition 0.0.3. For all s ≥ 0 and T > 0, we denote by Xs the vetor spae
Hs(R) ×Hs+1(R) endowed with the norm

∀ U = (ζ, u) ∈ Xs, |U |2Xs := |ζ |2Hs + |u|2Hs + µ|∂xu|2Hs,while Xs
T stands for C([0,

T

ε
];Xs) endowed with its anonial norm.Theorem 0.0.3. Let b ∈ C∞

b (R), t0 > 1/2, s ≥ t0 + 1. Let also the initial ondition
U0 = (ζ0, u0)

T ∈ Xs, and satisfy
∃ hmin > 0, inf

x∈R

h ≥ hmin, h = 1 + ε(ζ − b). (0.0.57)Then there exists a maximal Tmax > 0, uniformly bounded from below with respet to
ε, µ ∈ (0, 1), suh that the Green-Naghdi equations (0.0.56) admit a unique solution
U = (ζ, u)T ∈ Xs

Tmax
with the initial ondition (ζ0, u0)

T and preserving the nonvan-ishing depth ondition (0.0.57) for any t ∈ [0,
Tmax

ε
). In partiular if Tmax <∞ onehas

|U(t, ·)|Xs −→ ∞ as t −→ Tmax

ε
,
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inf
R

h(t, ·) = inf
R

1 + ε(ζ(t, ·) − b(·)) −→ 0 as t −→ Tmax

ε
.Morever, the following onservation of energy property holds

∂t

(
|ζ |22 + (hu, u) + µ(hT u, u)

)
= 0,where T = T [h, εb].The hapter 3 is devoted to the derivation of a variant of the 2D Green-Naghdiequations that model the propagation of two-diretional, nonlinear dispersive wavesin shallow water. This new model has the same auray as the standard 2D Green-Naghdi equations. Its mathematial interest is that it allows a ontrol of the rota-tional part of the (vertially averaged) horizontal veloity, whih is not the ase forthe usual Green-Naghdi equations. Using this property, we show that the solutionof these new equations an be onstruted by a standard Piard iterative sheme sothat there is no loss of regularity of the solution with respet to the initial ondi-tion. Finally, we prove that the new Green-Naghdi equations onserves the almostirrotationality of the vertially averaged horizontal omponent of the veloity.For two-dimensional surfaes and over uneven bottoms these equations ouple the freesurfae elevation ζ to the vertially averaged horizontal omponent of the veloity,

v(t, X) =
1

1 + εζ − βb

∫ εζ

−1+βb

∇ϕ(t, X, z)dz, (0.0.58)and an be written as:




∂tζ + ∇ · (hv) = 0,(
h+ µT [h, βb]

)
∂tv + h∇ζ + ε

(
h+ µT [h, βb]

)
(v · ∇)v

+ µε
{2

3
∇[(h3(∂1v · ∂2v

⊥ + (∇ · v)2)] + ℜ[h, βb](v)
}

= 0,

(0.0.59)where h = 1 + εζ − βb, v = (V1, V2)
T and

T [h, εb]W = −1

3
∇(h3∇ ·W ) +

β

2
[∇(h2∇b ·W ) − h2∇b∇ ·W ] (0.0.60)

+β2h∇b∇b ·W,while the purely topographi l term ℜ[h, βb](v) is de�ned as:
ℜ[h, βb](v) =

β

2
∇(h2(V 2

1 ∂
2
1b+ 2V1V2∂1∂2b+ V 2

2 ∂
2
2b)) (0.0.61)

+βh2(∂1v · ∂2v
⊥ + (∇ · v)2)∇b

+β2h(V 2
1 ∂

2
1b+ 2V1V2∂1∂2b+ V 2

2 ∂
2
2b)∇b,



General introdution 33where v⊥ = (−V2, V1)
T , .Remarking that for instane, the term ∂1v ·∂2v

⊥ is not ontroled by the energy norm
| · |Y s naturally assoiated to (0.0.59) (see [4℄),

|(ζ, v)|2Y s = |ζ |2Hs + |v|2Hs + µ|∇ · v|2Hs.This is the motivation for the present derivation of a new variant of the 2D Green-Naghdi equations (0.0.59). This variant has the same auray as the standard 2DGreen-Naghdi equations (0.0.59) and an be written under the form:




∂tζ + ∇ · (hv) = 0,(
h+ µ

(
T [h, βb] −∇⊥(url )

))
∂tv + h∇ζ

+ ε
(
h + µ

(
T [h, βb] −∇⊥(url )

))
(v · ∇)v

+ µε
{2

3
∇[h3(∂1v · ∂2v

⊥ + (∇ · v)2)] + ℜ[h, βb](v)
}

= 0,

(0.0.62)where ∇⊥ = (−∂2, ∂1)
T , url v = ∂1V2 − ∂2V1, and the linear operators T [h, εb] and

ℜ[h, βb] being de�ned in (0.0.60) and (0.0.61).The reason why the new terms (involving ∇⊥(url ) ) do not a�et the preision ofthe model is beause the solutions to (0.0.59) are nearly irrotational (in the sensethat url v is small). This property is of ourse satis�ed also by our new model(0.0.62). The presene of these new term allow the de�nition of a new energy normthat ontrols also the rotational part of v. Consequently, we show that it is possibleto use a standard Piard iterative sheme to prove the well-posedness of (0.0.62), sothat there is no loss of regularity of the solution with respet to the initial ondition.We de�ne now the Xs spaes, whih are the energy spaes for this new GN problem.De�nition 0.0.4. For all s ≥ 0 and T > 0, we denote by Xs the vetor spae
Hs(R2) × (Hs+1(R2))2 endowed with the norm

∀ U = (ζ, v) ∈ Xs, |U |2Xs := |ζ |2Hs + |v|2(Hs)2 + µ|∇ · v|2Hs + µ|url v|2Hs,while Xs
T stands for C([0,

T

ε
];Xs) endowed with its anonial norm.Theorem 0.0.4. Let b ∈ C∞
b (R2), t0 > 1, s ≥ t0 + 1. Let also the initial ondition

U0 = (ζ0, v
T
0 )T ∈ Xs and satisfy

∃ hmin > 0, inf
X∈R2

h ≥ hmin, h = 1 + ε(ζ − b). (0.0.63)



34 General introdutionThen there exists a maximal Tmax > 0, uniformly bounded from below with respetto ε, µ ∈ (0, 1), suh that the new Green-Naghdi equations (0.0.62) admit a uniquesolution U = (ζ, vT )T ∈ Xs
Tmax

with the initial ondition (ζ0, v
T
0 )T and preservingthe nonvanishing depth ondition (0.0.63) for any t ∈ [0,

Tmax

ε
). In partiular if

Tmax <∞ one has
|U(t, ·)|Xs −→ ∞ as t −→ Tmax

ε
,or

inf
R2
h(t, ·) = inf

R2
1 + ε(ζ(t, ·) − b(·)) −→ 0 as t −→ Tmax

ε
.Part III : Numerial simulationThe hapter 4 (this work is done in ollaboration with Mar Duru�é) is devoted tostudy numerially the variable depth KdV and Camassa-Holm-like equations derivedin [37℄/hapter 1. The Korteweg-de Vries (KdV) equation originally derived over �atbottoms [49℄ is an approximation of the Boussinesq equations, and this relation hasbeen rigorously justi�ed in [22, 67, 10, 36℄. When the bottom is uneven, variousgeneralizations of the KdV equation with non onstant oe�ients (alled KdV-top)have been proposed [47, 70, 27, 59, 32, 78, 64, 31, 43, 66℄, and rigorously justi�ed in[37℄. One of the aims of this hapter is to study numerially these KdV-top equa-tions, and to ompare them with the Boussinesq equations over uneven bottom. TheKdV equation on �at bottom an be numerially solved by using �nite di�ereneshemes [65, 81℄, or disontinuous Galerkin shemes [76℄. It is treated with �nitedi�erenes in [18℄ by using a Crank-Niolson relaxation method in time introduedby Besse-Bruneau in [6℄ and justi�ed by Besse in [7℄. Our �nite-di�erene shemeis inspired from these earlier works. We propose a modi�ation so that the numer-ial sheme onserves a disrete energy for the fully disrete sheme (in spae andtime). We also ompare this approah with the disontinuous Galerkin method of[76℄. The generalization of the KdV-top equation to more nonlinear regimes (relatedto Camassa-Holm [15℄ and Degasperis-Proesi [26℄ equations) ontains higher ordernonlinear dispersive/nonloal balanes not present in the KdV and BBM equations.In 2008 Constantin and Lannes [20℄, rigorously justi�ed these generalizations of theKdV equation in the ase of �at bottoms . They proved that these equations an beused to furnish approximations to the governing equations for water waves. TheseCamassa-Holm (CH) equations on �at bottom an be numerially studied by using�nite di�erene shemes [34, 35, 20, 25℄, or disontinous Galerkin shemes [77℄. In2009 [37℄, we investigated the ase of variable bottoms in the same saling as in [20℄.We derived a new variable oe�ients lass of equations whih takes into aounttopographi e�ets and generalizes the CH-like equations of Constantin-Lannes [20℄.In the present hapter, we �nd many �nite di�erene shemes for these new models,



General introdution 35so that the numerial sheme onserves a disrete energy for the fully disrete sheme(in spae and time). We also ompare this approah with the disontinuous Galerkinmethod [77℄.Publiations� Variable depth KdV equations and generalizations to more nonlinear regimes.Livre des ommuniations Smai Canum 2009 P: 61.� Variable depth KdV equations and generalizations to more nonlinear regimes.ESAIM: M2AN Volume 44, Number 2, 2010, 347-370. (See hapter 1)� Large Time existene For 1D Green-Naghdi equations. Submitted to NonlinearAnalysis. (See hapter 2)� Derivation and analysis of A NEW 2D Green-Naghdi system. Submitted toNonlinearity. (See hapter 3)� A numerial study of variable depth KdV equations and generalizations ofCamassa-Holm-like equations. (With M. DURUFlÉ). To be submitted. (Seehapter 4).
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PARTIE I
Variable depth KdV equations andgeneralizations to more nonlinearregimes





Chapitre 1
Derivation and analysis of thevariable depth KdV andCamassa-Holm-like equations

We study in this hapter the water waves problem for uneven bottoms in a highlynonlinear regime where the small amplitude assumption of the Korteweg-de Vries(KdV) equation is enfored. It is known that, for suh regimes, a generalization ofthe KdV equation (somehow linked to the Camassa-Holm equation) an be derivedand justi�ed [20℄ when the bottom is �at. We generalize here this result with a newlass of equations taking into aount variable bottom topographies. Of ourse, manyvariable depth KdV equations existing in the literature are reovered as partiularases. Various regimes for the topography regimes are investigated and we proveonsisteny of these models, as well as a full justi�ation for some of them. We alsostudy the problem of wave breaking for our new variable depth and highly nonlineargeneralizations of the KdV equations.1.1 Introdution1.1.1 General SettingThis hapter deals with the water waves problem for uneven bottoms, whih on-sists in studying the motion of the free surfae and the evolution of the veloity�eld of a layer of �uid under the following assumptions: the �uid is ideal, inom-pressible, irrotationnal, and under the only in�uene of gravity. Earlier works haveset a good theoretial bakground for this problem. Its well-posedness has been39



40 1. DERIVATION AND ANALYSIS OF THE VARIABLE DEPTH KDV ANDCAMASSA-HOLM-LIKE EQUATIONSdisussed among others by Nalimov [60℄, Yasihara [79℄, Craig [22℄, Wu [74℄, [75℄and Lannes [50℄. Nevertheless, the solutions of these equations are very di�ultto desribe, beause of the omplexity of these equations. At this point, a lassi-al method is to hoose an asymptoti regime, in whih we look for approximatemodels and hene for approximate solutions. More reently Alvarez-Samaniego andLannes [3℄ rigorously justi�ed the relevane of the main asymptotial models usedin oastal oeanography, inluding: shallow-water equations, Boussinesq systems,Kadomtsev-Petviashvili (KP) approximation, Green-Naghdi equations (GN), Serreapproximation, full-dispersion model and deep-water equations. Some of these mod-els apture the existene of solitary water waves and the assoiated phenomenon ofsoliton manifestation [41℄. The most prominent example is the Korteweg-de Vries(KdV) equation [49℄, that is integrable and relevant for the phenomenon of soli-ton manifestation. The KdV approximation originally derived over �at bottoms hasbeen rigorously justi�ed in [22, 67, 10, 36℄. When the bottom is not �at, variousgeneralizations of the KdV equation with non onstant oe�ients have been pro-posed [47, 70, 27, 59, 32, 78, 64, 31, 43, 66℄. One of the aims of this hapter is tojustify the derivation of this Korteweg-de Vries equation with topography (alledKdV-top). Another development of models for water waves was initiated in order togain insight into wave breaking, one of the most fundamental aspets of water waves[28℄. In 2008 Constantin and Lannes [20℄ rigorously justi�ed the relevane of morenonlinear generalization of the KdV equations (linked to the Camassa-Holm equa-tion [15℄ and the Degasperis-Proesi equations [26℄) as models for the propogationof shallow water waves. They proved that these equations an be used to furnishapproximations to the governing equations for water waves, and in their investiga-tion they put earlier (formal) asymptoti proedures due to Johnson [42℄ on a �rmand mathematially rigorous basis. However, all these results hold for �at bottomsonly. The main goal of this artile is to investigate the same saling as in [20℄ andto inlude topographial e�ets. To this end, we derive a new variable oe�ientslass of equations whih takes into aount these e�ets and generalizes the CH likeequations of Constantin-Lannes [20℄. The presene of the topography terms indueseular growth e�ets whih do not always allow a full justi�ation of the model. Wehowever give some onsisteny results for all the models derived here, and then showthat under some additional assumptions on the topography variations, the seularterms an be ontroled and a full justi�ation given.1.1.2 Presentation of the resultsParameterizing the free surfae by z = ζ(t, x) (with x ∈ R) and the bottom by
z = −h0 + b(x) (with h0 > 0 onstant), one an use the inompressibility and irrota-tionality onditions to write the water waves equations under Bernoulli's formulation,in terms of a veloity potential ϕ assoiated with the �ow, and where ϕ(t, .) is de-�ned on Ωt = {(x, z),−h0 + b(x) < z < ζ(t, x)} (i.e. the veloity �eld is given by
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v = ∇x,zϕ) :






∂2
xϕ+ ∂2

zϕ = 0, in Ωt,

∂nϕ = 0, at z = −h0 + b,

∂tζ + ∂xζ∂xϕ = ∂zϕ, at z = ζ,

∂tϕ+
1

2
((∂xϕ)2 + (∂zϕ)2) + gζ = 0 at z = ζ,

(1.1.1)where g is the gravitational aeleration, ∂nϕ is the outward normal derivative at theboundary of the �uid domain. The qualitative study of the water waves equationsis made easier by the introdution of dimensionless variables and unknowns. Thisrequires the introdution of various orders of magnitude linked to the physial regimeunder onsideration. More preisely, let us introdue the following quantities: a isa typial amplitude of the waves; λ is the wave-length of the waves; b0 is the orderof amplitude of the variations of the bottom topography; λ/α is the wave-length ofthe bottom variations; h0 is the referene depth. We also introdue the followingdimensionless parameters:
ε =

a

h0

, µ =
h2

0

λ2
, β =

b0
h0

;the parameter ε is often alled nonlinearity parameter; while µ is the shallownessparameter. We now perform the lassial shallow water non-dimensionalization usingthe following relations:
x = λx′, z = h0z

′, ζ = aζ ′,

ϕ =
a

h0
λ
√
gh0ϕ

′, b = b0b
′, t =

λ√
gh0

t′;
(1.1.2)so, the equations of motion (1.1.1) then beome (after dropping the primes for thesake of larity):






µ∂2
xϕ+ ∂2

zϕ = 0, at −1 + βb(α) < z < εζ,

∂zϕ− µβα∂xb
(α)∂xϕ = 0 at z = −1 + βb(α),

∂tζ −
1

µ
(−µε∂xζ∂xϕ+ ∂zϕ) = 0, at z = εζ,

∂tϕ+
1

2
(ε(∂xϕ)2 +

ε

µ
(∂zϕ)2) + ζ = 0 at z = εζ,

(1.1.3)
where b(α)(x) = b(αx).Making assumptions on the size of ε, β, α, and µ one is led to derive (simpler)asymptoti models from (1.1.3). In the shallow-water saling (µ ≪ 1), one an



42 1. DERIVATION AND ANALYSIS OF THE VARIABLE DEPTH KDV ANDCAMASSA-HOLM-LIKE EQUATIONSderive (when no smallness assumption is made on ε, β and α) the so-alled Green-Naghdi equations (see [29, 53℄ for a derivation and [3℄ for a rigorous justi�ation). Forone-dimensional surfaes and over uneven bottoms these equations ouple the freesurfae elevation ζ to the vertially averaged horizontal omponent of the veloity,
u(t, x) =

1

1 + εζ − βb(α)

∫ εζ

−1+βb(α)

∂xϕ(t, x, z)dz (1.1.4)and an be written as:




∂tζ + ∂x(hu) = 0,

(1 +
µ

h
T [h, βb(α)])∂tu+ ∂xζ + εu∂xu

+ µε
{
− 1

3h
∂x(h

3(u∂2
xu) − (∂xu)

2) + ℑ[h, βb(α)]u
}

= 0

(1.1.5)where h = 1 + εζ − βb(α) and
T [h, βb(α)]W = −1

3
∂x(h

3∂xW ) +
β

2
∂x(h

2∂xb
(α))W + β2h(∂xb

(α))2W,while the purely topographial term ℑ[h, βb(α)]u is de�ned as:
ℑ[h, βb(α)]u =

β

2h
[∂x(h

2(u∂x)
2b(α)) − h2((u∂2

xu) − (∂xu)
2)∂xb

(α)]

+β2((u∂x)
2b(α))∂xb

(α).If we make the additional assumption that ε ≪ 1, β ≪ 1 then the above systemredues at �rst order to a wave equation of speed ±1 and any perturbation of thesurfae splits up into two omponents moving in opposite diretions. A natural issueis therefore to desribe more aurately the motion of these two "unidiretional"waves. In the so alled long-wave regime
µ ≪ 1, ε = O(µ), (1.1.6)and for �at bottoms, Korteweg and de Vries [49℄ found that say, the right-going waveshould satisfy the KdV equation:

ut + ux +
3

2
εuux +

µ

6
uxxx = 0, (1.1.7)and (ζ = u+O(ε, µ)).At leading order, this equation redues to the expeted transport equation at speed1. It has been notied by Benjamin, Bona, Mahoney [8℄ that the KdV equationbelongs to a wider lass of equations. For instane, the BBM equation �rst usedby Peregrine [61℄, and sometimes also alled the regularized long-wave equation,



1.1. Introdution 43provides an approximation of the exat water waves equations of the same aurayas the KdV equation and an be written under the form1:
ut + ux +

3

2
εuux + µ(Auxxx +Buxxt) = 0 with A−B =

1

6
. (1.1.8)For higher values of ε, the nonlinear e�ets are stronger; in the regime

µ≪ 1, ε = O(
√
µ), (1.1.9)the BBM equations (1.1.8) should be replaed by the following family (see [20, 42℄):

ut + ux +
3

2
εuux + µ(Auxxx +Buxxt) = εµ(Euuxxx + Fuxuxx), (1.1.10)(with some onditions on A, B, E, and F ) in order to keep the same O(µ2) aurayof the approximation. However, all these results only hold for �at bottoms; for thesituation of an uneven bottom, various generalizations of the KdV equations withnon onstant oe�ients have been proposed [47, 70, 27, 59, 32, 78, 64, 31, 43, 66℄.We justify in this paper the derivation of the generalized KdV equation and also weshow that the orret generalization of the equation (1.1.10) under the saling (1.1.9)and with the following onditions on the topographial variations:
βα = O(µ), βα3/2 = O(µ2) βαε = O(µ2), (1.1.11)is given by:
ut + cux +

3

2
cxu+

3

2
εuux + µ(Ãuxxx +Buxxt)

= εµẼuuxxx + εµ
(
∂x(

F̃

2
u)uxx + ux∂

2
x(
F̃

2
u)

)
, (1.1.12)where c =

√
1 − βb(α) and Ã, Ẽ, F̃ di�er from the oe�ients A, E, F in (1.1.10)beause of topographi e�ets:̃

A = Ac5 −Bc5 +Bc,

Ẽ = Ec4 − 3

2
Bc4 +

3

2
B,

F̃ = Fc4 − 9

2
Bc4 +

9

2
B.Notie that for an equation of the family (1.1.12) to be linearly well-posed it isneessary that B ≤ 0. In Se. 1.2, we derive asymptotial approximations of the1The BBM equation orresponds to A = 0 in (1.1.8), and KdV to B = 0. The intermediateases an be found in [12℄.



44 1. DERIVATION AND ANALYSIS OF THE VARIABLE DEPTH KDV ANDCAMASSA-HOLM-LIKE EQUATIONSGreen-Naghdi equations over non �at bottoms: equations on the veloity are givenin Set. 1.2.1 and equations on the surfae elevation are obtained in Set. 1.2.2;for these equations, L∞-onsisteny results are given (see De�nition 1.2.1). In Set.1.2.3, the same kind of result is given in the (more restritive) KdV saling in order toreover the many variable depth KdV equations formally derived by oeanographers.Setion 1.3 is devoted to the study of the well posedness of the equations derived inSetion 1.2. Two di�erent approahes are used, depending on the oe�ient B in(1.1.12): �1.3.1 deals with the ase B < 0 (in that ase, further investigation on thebreaking of waves an be performed, see �1.3.2) and �1.3.3 treats the ase B = 0.While seular growth e�ets prevent is from proving Hs-onsisteny (see De�nition1.4.1) for the models derived in Setion 1.2, we show in Setion 1.4 that suh resultshold if one makes stronger assumptions on the parameters. A full justi�ation of themodels an then be given (see Th. 1.4.2).1.2 Unidiretional limit of the Green-Naghdi equa-tions over uneven bottom in the CH and KdVsalingsWe derive here asymptotial approximations of the Green-Naghdi equations over non�at bottoms in the salings (1.1.11) and (1.1.9). We remark that the Green-Naghdiequations an then be simpli�ed into(denoting h = 1 + εζ − βb(α)):
{
ζt + [hu]x = 0

ut + ζx + εuux =
µ

3h
[h3(uxt + εuuxx − εu2

x)]x,
(1.2.1)where O(µ2) terms have been disarded.We onsider here parameters ε, β, α and µ linked by the relations

ε = O(
√
µ), βα = O(ε), βα = O(µ), βα3/2 = O(µ2), βαε = O(µ2), (1.2.2)(note that in the ase of �at bottoms, one an take β = 0, so that this set of relationsredue to ε = O(
√
µ)).Equations for the veloity u are �rst derived in �1.2.1 and equations for the surfaeelevation ζ are obtained in �1.2.2. The onsiderations we make on the derivation ofthese equations are related to the approah initiated by Constantin and Lannes [20℄.In addition, in �1.2.3 we reover and justify the KdV equation over a slowly varyingdepth (formally derived in [47, 70, 27℄).



1.2. Unidiretional limit of the Green-Naghdi equations over uneven bottom in theCH and KdV salings 451.2.1 Equations on the veloity.If we want to �nd an approximation at order O(µ2) of the GN equations under thesalings (1.2.2), it is natural to look for u as a solution of (1.1.12) with variableoe�ients Ã, B̃, Ẽ, F̃ to be determined. We prove in this setion that one anassoiate to the solution of (1.1.12) a family of approximate solutions onsistentwith the Green-Naghdi equations (1.2.1) in the following sense:De�nition 1.2.1. Let ℘ be a family of parameters θ = (ε, β, α, µ) satisfying (1.2.2).A family (ζθ, uθ)θ∈℘ is L∞-onsistent on [0,
T

ε
] with the GN equations (1.2.1), if forall θ ∈ ℘ (and denoting hθ = 1 + εζθ − βb(α)),

{
ζθ
t + [hθuθ]x = µ2rθ

1

uθ
t + ζθ

x + εuθuθ
x =

µ

3hθ
[(hθ)3(uθ

xt + εuθuθ
xx − ε(uθ

x)
2)]x + µ2rθ

2,with (rθ
1, r

θ
2)θ∈℘ bounded in L∞([0,

T

ε
] × R).Remark 1.2.1. The notion of L∞-onsisteny is weaker then the notion of Hs-onsisteny given in �1.4 (De�nition 1.4.1) and does not allow a full justi�ation ofthe asymptoti models. Sine seular growth e�ets do not allow in general an Hs-onsisteny, we state here an L∞-onsisteny result under very general assumptionson the topography parameters α and β. Hs-onsisteny and full justi�ation of themodels will then be ahieved under additional assumptions in �1.4.The following proposition shows that there is a one parameter family of equations(1.1.12) L∞-onsistent with the GN equations (1.2.1). (For the sake of simpliity,here and throughout the rest of this hapter, we take an in�nitely smooth bottomparameterized by the funtion b).Proposition 1.2.1. Let b ∈ H∞(R) and p ∈ R. Assume that

A = p, B = p− 1

6
E = −3

2
p− 1

6
, F = −9

2
p− 23

24
.Then:� For any family ℘ of parameters satisfying (1.2.2),� For all s ≥ 0 large enough and T > 0,� For any bounded family (uθ)θ∈℘ ∈ C([0,

T

ε
], Hs(R)) solving (1.1.12),



46 1. DERIVATION AND ANALYSIS OF THE VARIABLE DEPTH KDV ANDCAMASSA-HOLM-LIKE EQUATIONSthe familly (ζθ, uθ)θ∈℘ with (omitting the index θ)
ζ := cu+

1

2

∫ x

−∞

cxu+
ε

4
u2 +

µ

6
c4uxt − εµc4[

1

6
uuxx +

5

48
u2

x], (1.2.3)is L∞-onsistent on [0,
T

ε
] with the GN equations (1.2.1).Remark 1.2.2. If we take b = 0 -i.e if we onsider a �at bottom-, then one anreover the equation (7) of [20℄ and the equations (26a) and (26b) of [42℄ with p =

− 1

12
and p =

1

6
respetively.Proof. For the sake of simpliity, we denote by O(µ) any family of funtions (f θ)θ∈℘suh that 1

µ
f θ remains bounded in L∞([0,

T

ε
], Hr(R)) for all θ ∈ ℘, (and for possiblydi�erent values of r). The same notation is also used for real numbers, e.g ε = O(µ),but this should not yield any onfusion. We use the notation OL∞(µ) if 1

µ
f θ remainsbounded in L∞([0,

T

ε
] × R). Of ourse, similar notations are used for O(µ2) et. Tosimplify the text, we also omit the index θ and write u instead of uθ.Step 1. We begin the proof by the following Lemma where a new lass of equationsis dedued from (1.1.12). The oe�ients A, B, E, F in this new lass of equationsare onstants (as opposed to Ã, Ẽ and F̃ in (1.1.12) that are funtions of x).Lemma 1.2.1. Under the assumptions of Proposition 1.2.1, there is a family (Rθ)θ∈℘bounded in L∞([0,

T

ε
], Hr(R)) (for some r < s) suh that (omitting the index θ)

ut + cux +
3

2
cxu+

3

2
εuux + µc5Auxxx + µB∂x(c

4uxt) (1.2.4)
= εµc4Euuxxx + εµ

1

2
F (c4u)xuxx + εµ

1

2
Fux(c

4u)xx + µ2R.Proof. Remark that the relation αβ = O(µ) and the de�nitions of Ã, B̃, and Ẽ interms of A, B, E and F imply that
µ(−Bc5 +Bc)uxxx + εµ(−3

2
Bc4 +

3

2
B)uuxxx

+εµ∂x

((−9
2
Bc4 + 9

2
B

2

)
u
)
uxx + εµux∂

2
x

((−9
2
Bc4 + 9

2
B

2

)
u
)

= −µB∂x(c(c
4 − 1)∂xux) −

3

2
µεB∂x((c

4 − 1)∂x(uux)) +O(µ2)

= −µB∂x

[
(c4 − 1)∂x(cux +

3

2
εuux)

]
+O(µ2)

= µB∂x((c
4 − 1)uxt) +O(µ2),



1.2. Unidiretional limit of the Green-Naghdi equations over uneven bottom in theCH and KdV salings 47the last line being a onsequene of the identity ut = −(cux+
3

2
εuux)+O(µ) providedby (1.1.12) sine we have

|cxu|Hr =
∣∣ − 1

2c
βαb(α)

x u
∣∣
Hr ≤ Cst αβ∣∣∂xb

(α)
∣∣
W [r]+1,∞|u|Hr = O(βα) = O(µ)where [r] is the largest integer smaller or equal to r. The equation (1.1.12) an thusbe written under the form:

ut + cux +
3

2
cxu+

3

2
εuux + µc5Auxxx + µB∂x(c

4uxt)

= εµc4Euuxxx + εµ
1

2
F (c4u)xuxx + εµ

1

2
Fux(c

4u)xx +O(µ2),whih is exatly the result stated in the Lemma.If u satis�es (1.1.12) one also has
ut + cux +

3

2
εuux = −3

2
cxu+O(µ) (1.2.5)

= O(µ),Di�erentiating (1.2.5) twie with respet to x, and using again the fat that cxf =
O(βα) = O(µ) for all f smooth enough, one gets

cuxxx = −uxxt −
3

2
ε∂2

x(uux) +O(µ).It is then easy to dedue that
c5uxxx = −c4uxxt −

3

2
c4ε∂2

x(uux) +O(µ)

= −∂x(c
4uxt) −

3

2
εc4(uuxxx + 3uxuxx) +O(µ)so that we an replae the c5uxxx term of (1.2.4) by this expression. By using Lemma1.2.1, one gets therefore the following equation where the linear term in uxxx has beenremoved:

ut + cux +
3

2
cxu+

3

2
εuux + µc4auxxt = εµc4[euuxx + du2

x]x +O(µ2) (1.2.6)with a = B − A, e = E +
3

2
A, d =

1

2
(F + 3A−E).Step 2. We seek v suh that if ζ := cu + εv and u solves (1.1.12) then the seond



48 1. DERIVATION AND ANALYSIS OF THE VARIABLE DEPTH KDV ANDCAMASSA-HOLM-LIKE EQUATIONSequation of (1.2.1) is satis�ed up to a O(µ2) term. This is equivalent to hekingthat
ut + [cu+ εv]x + εuux = µ(1 − βb(α))ε∂x(cu)uxt +

µ

3
((1 − βb(α)) + εcu)2uxxt

+
εµ

3
(1 − βb(α))2(uuxx − u2

x)x +O(µ2)

=
µ

3
c4uxxt + εµ

(
c3uxuxt +

2

3
c3uuxxt +

c4

3
(uuxx − u2

x)x

)

+O(µ2),where we used the relations O(ε2) = O(µ), O(βα) = O(µ) and the fat that c2 =
1 − βb(α). This ondition an be reast under the form

εvx + [ut + cux +
3

2
cxu+

3

2
εuux + µc4auxxt − εµc4[euuxx + du2

x]x]

=
1

2
cxu+

ε

2
uux + µc4(a +

1

3
)uxxt

+εµc3
(
uxuxt +

2

3
uuxxt + c[(

1

3
− e)uuxx − (

1

3
+ d)u2

x]x

)
+O(µ2).Sine morever one gets from (1.2.5) that uxt = −cuxx +O(µ, ε) and uxxt = −cuxxx +

O(µ, ε), one gets readily
εvx + [ut + cux +

3

2
cxu+

3

2
εuux + µc4auxxt − εµ[euuxx + du2

x]x]

=
1

2
cxu+

ε

2
uux + µc4(a+

1

3
)uxxt − εµc4[(e+

1

3
)uuxx + (d+

1

2
)u2

x]x +O(µ2).From Step 1, we know that the term between brakets in the lhs of this equation isof order O(µ2) so that the seond equation of (1.2.1) is satis�ed up to O(µ2) terms if
εvx =

1

2
cxu+

ε

2
uux+µc4(a+

1

3
)uxxt−εµc4[(e+

1

3
)uuxx+(d+

1

2
)u2

x]x+O(µ2). (1.2.7)At this point we need also the following lemmaLemma 1.2.2. With u and b as in the statement of Proposition 1.2.1, the mapping
(t, x) −→

∫ x

−∞

cxu dx is well de�ned on [0,
T

ε
] × R.Morever one has that

∣∣∣
∫ x

−∞

cxu dx
∣∣∣
L∞([0, T

ε
]×R)

≤ Cst√αβ|bx|2|u|2.Proof. We used here the Cauhy-Shwarz inequality and the de�nition c2 = 1−βb(α)to get ∫ x

−∞

cxu dx ≤ Cst αβ|(bx)(α)|2|u|2 ≤ Cst √αβ|bx|2|u|2 <∞.It is then easy to onlude the proof of the lemma.



1.2. Unidiretional limit of the Green-Naghdi equations over uneven bottom in theCH and KdV salings 49Thanks to this lemma there is a solution v ∈ C([0,
T

ε
] × R) to (1.2.7), namely

εv =
1

2

∫ x

−∞

cxu+
ε

4
u2 + µc4(a +

1

3
)uxt − εµc4[(e+

1

3
)uuxx + (d+

1

2
)u2

x]. (1.2.8)Step 3. We show here that it is possible to hoose the oe�ients A, B, E, Fsuh that the �rst equation of (1.2.1) is also satis�ed up to OL∞(µ2) terms. This isequivalent to heking that
[cu+ εv]t + [(1 + ε(cu+ εv) − βb(α))u]x = 0 (1.2.9)Remarking that the relations O(βα) = O(µ), O(βα3/2) = O(µ2), and O(βαε) =

O(µ2) imply that
1

2

∫ x

−∞

cxut = −1

2
ccxu+OL∞(µ2),one infers from (1.2.8) that

εvt =
1

2

∫ x

−∞

cxut +
ε

2
uut + µc4(a+

1

3
)uxtt − εµc4[(e+

1

3
)uuxx + (d+

1

2
)u2

x]t

= −1

2
ccxu−

ε

2
u(cux +

3ε

2
uux + µc4auxxt) − µc4(a+

1

3
)∂2

xt(cux + ε
3

2
uux)

+εµc5[(e+
1

3
)uuxx + (d+

1

2
)u2

x]x +O(µ2) +OL∞(µ2)

= −1

2
ccxu− ε

1

2
cuux − ε23

4
u2ux − µ(a+

1

3
)c5uxxt

+εµc5[(2a+ e+
5

6
)uuxx + (

5

4
a+ d+ 1)u2

x]x +O(µ2) +OL∞(µ2).Similarly, one gets
ε2[vu]x = ε23

4
u2ux − εµc5(a+

1

3
)[uuxx]x +O(µ2) +OL∞(µ2),so (1.2.9) is equivalent to

cut + εvt + c2ux + 2ccxu+ 2εcuux + ε2[vu]x = OL∞(µ2).Multiplying by 1

c
, we get
ut + cux +

3

2
cxu+ ε

3

2
uux − µc4(a+

1

3
)uxxt

= εµc4[−(e+ a +
1

2
)uuxx − (

5

4
a + d+ 1)u2

x]x +OL∞(µ2).



50 1. DERIVATION AND ANALYSIS OF THE VARIABLE DEPTH KDV ANDCAMASSA-HOLM-LIKE EQUATIONSEquating the oe�ients of this equation with those of (1.2.6) shows that the �rstequation of (1.2.1) is also satis�ed at order OL∞(µ2) if the following relations hold:
a = −1

6
, e = −1

6
, d = −19

48
,and the onditions given in the statement of the proposition on A, B, E, and Ffollows from the expressions of a, e and d given after (1.2.6).1.2.2 Equations on the surfae elevation.Proeeding exatly as in the proof of Proposition 1.2.1, one an prove that the familyof equations of the surfae elevation

ζt + cζx +
1

2
cxζ +

3

2c
εζζx −

3

8c3
ε2ζ2ζx +

3

16c5
ε3ζ3ζx

+µ(Ãζxxx +Bζxxt) = εµẼζζxxx + εµ
(
∂x(

F̃

2
ζ)ζxx + ζx∂

2
x(
F̃

2
ζ)

)
, (1.2.10)where

Ã = Ac5 −Bc5 +Bc

Ẽ = Ec3 − 3

2
Bc3 +

3

2c
B

F̃ = Fc3 − 9

2
Bc3 +

9

2c
B,an be used to onstrut an approximate solution onsistent with the Green-Naghdiequations:Proposition 1.2.2. Let b ∈ H∞(R) and q ∈ R. Assume that

A = q, B = q − 1

6
E = −3

2
q − 1

6
, F = −9

2
q − 5

24
.Then:� For any family ℘ of parameters satisfying (1.2.2),� For all s ≥ 0 large enough and T > 0,� For any bounded family (ζθ)θ∈℘ ∈ C([0,

T

ε
], Hs(R)) solving (1.2.10),the familly (ζθ, uθ)θ∈℘ with (omitting the index θ)

u :=
1

c

(
ζ +

c2

c2 + εζ

(
− 1

2

∫ x

−∞

cx
c
ζ − ε

4c2
ζ2 − ε2

8c4
ζ3 (1.2.11)

+
3ε3

64c6
ζ4 − µ

1

6
c3ζxt + εµc2

[1

6
ζζxx +

1

48
ζ2
x

]))



1.2. Unidiretional limit of the Green-Naghdi equations over uneven bottom in theCH and KdV salings 51is L∞-onsistent on [0,
T

ε
] with the GN equations (1.2.1).Remark 1.2.3. If we take b = 0 -i.e if we onsider a �at bottom-, then one anreover the equation (18) of [20℄.Remark 1.2.4. Choosing q =

1

12
, α = ε and β = µ3/2 the equation (1.2.10) readsafter negleting the O(µ2) terms:

ζt + cζx +
1

2
cxζ +

3

2
εζζx −

3

8
ε2ζ2ζx +

3

16
ε3ζ3ζx

+
µ

12
(ζxxx − ζxxt) = − 7

24
εµ(ζζxxx + 2ζxζxx), (1.2.12)it is more advantageous to use this equation (1.2.12) to study the pattern of wave-breaking for the variable bottom CH equation (see �3.2 below).Proof. As in Proposition 1.2.1, we make the proof in 3 steps (we just sketh the proofhere sine it is similar to the proof of Proposition 1.2.1).Step 1. We prove that if ζ solves (1.2.10) one gets

ζt + cζx +
1

2
cxu+

3

2c
εζζx −

3

8c3
ε2ζ2ζx +

3

16c5
ε3ζ3ζx + µc4aζxxt (1.2.13)

= εµc3[eζζxx + dζ2
x]x +O(µ2)with a = B − A, e = E +

3

2
A, d =

1

2
(F + 3A−E).Step 2. We seek v suh that if u :=

1

c
(ζ + εv) and ζ solves (1.2.10) then the �rstequation of (1.2.1) is satis�ed up to a OL∞(µ2) term. Proeeding as in the proof ofProposition 1.2.1, one an hek that a good hoie for v is

(c2 + εζ

c2

)
εv = −1

2

∫ x

−∞

cx
c
ζ − ε

4c2
ζ2 − ε2

8c4
ζ3 +

3ε3

64c6
ζ4 (1.2.14)

+µc3aζxt − εµc2[eζζxx + dζ2
x].Step 3. We show here that it is possible to hoose the oe�ients A, B, E, F suhthat the seond equation of (1.2.1) is also satis�ed up to OL∞(µ2) terms. Replaing

u by 1

c
(ζ + εv) with v given by (1.2.14), one an hek that that this ondition isequivalent to

ζt + cζx +
1

2
cxζ +

3

2c
εζζx −

3

8c3
ε2ζ2ζx +

3

16c5
ε3ζ3ζx − µc4(a+

1

3
)ζxxt

= εµc3[−(e+ a− 1

6
)ζζxx − (

7

4
a + d+

1

3
)ζ2

x]x +OL∞(µ2).



52 1. DERIVATION AND ANALYSIS OF THE VARIABLE DEPTH KDV ANDCAMASSA-HOLM-LIKE EQUATIONSEquating the oe�ients of this equation with those of (1.2.13) shows that the seondequation of (1.2.1) is also satis�ed at order OL∞(µ2) if the following relations hold:
a = −1

6
, e = −1

6
, d = − 1

48
,and the onditions given in the statement of the proposition on A, B, E, and Ffollows from the expressions of a, e and d given after (1.2.13).1.2.3 Derivation of the KdV equation in the long-wave sal-ing.In this subsetion, attention is given to the regime of slow variations of the bottomtopography under the long-wave saling ε = O(µ). We give here a rigorous justi-�ation in the meaning of onsisteny of the variable-depth extensions of the KdVequation (alled KdV-top) originally derived in [47, 70, 27℄. We onsider the valuesof ε, β, α and µ satisfying:

ε = O(µ), αβ = O(ε), α3/2β = O(ε2). (1.2.15)Remark 1.2.5. Any family of parameters θ = (ε, β, α, µ) satisfying (1.2.15), alsosatis�es (1.2.2) .Negleting theO(µ2) terms, one obtains from (1.2.1) the following Boussinesq system:
{
ζt + [hu]x = 0

ut + ζx + εuux =
µ

3
c4uxxt,

(1.2.16)where we reall that h = 1 + εζ − βb(α) and c2 = 1 − βb(α). The next propositionproves that the KdV-top equation
ζt + cζx +

3

2c
εζζx +

1

6
µc5ζxxx +

1

2
cxζ = 0, (1.2.17)is L∞-onsistent with the equations (1.2.16).Proposition 1.2.3. Let b ∈ H∞(R). Then:� For any family ℘′ of parameters satisfying (1.2.15),� For all s ≥ 0 large enough and T > 0,� For any bounded family (ζθ)θ∈℘′ ∈ C([0,

T

ε
], Hs(R)) solving (1.2.17)



1.3. Mathematial analysis of the variable bottom models 53the familly (ζθ, uθ)θ∈℘′ with (omitting the index θ)
u :=

1

c

(
ζ − 1

2

∫ x

−∞

cx
c
ζ − ε

4c2
ζ2 + µ

1

6
c4ζxx

)is L∞-onsistent on [0,
T

ε
] with the equations (4.1.7).Remark 1.2.6. Similarly, one an prove that a family (ζθ, uθ)θ∈℘′ with uθ solutionof the KdV-top equation

ut + cux +
3

2
εuux +

1

6
µc5uxxx +

3

2
cxu = 0, (1.2.18)and ζθ given by

ζ := cu+
1

2

∫ x

−∞

cxu+
ε

4
u2 − µ

6
c5uxx, (1.2.19)is L∞-onsistent with the equations (4.1.7).Proof. We saw in the previous subsetion that if (ζθ)θ∈℘ is a family of solutionsof (1.2.10), then the family (ζθ, uθ)θ∈℘ with uθ is given by (4.3.2) is L∞-onsistentwith the equations (1.2.1). Sine θ = (ε, β, α, µ) ∈ ℘′ ⊂ ℘ then by taking q =

1

6
,we remark that the equations (1.2.10) and (1.2.17) are equivalent in the meaningof L∞-onsisteny and the systems (1.2.1) and (1.2.16) are also, so it is lear that

(ζθ, uθ)θ∈℘′ is L∞-onsistent with the equations (1.2.16).1.3 Mathematial analysis of the variable bottommodels1.3.1 Well-posedness for the variable bottom CH equationWe prove here the well posedness of the general lass of equations
(1 − µm∂2

x)ut + cux + kcxu+
∑

j∈J

εjfju
jux + µguxxx (1.3.1)

= εµ
[
h1uuxxx + ∂x(h2u)uxx + ux∂

2
x(h2u)

]
,where m > 0 , k ∈ R , J is a �nite subset of N

∗ and fj = fj(c), g = g(c), h1 = h1(c)and h2 = h2(c) are smooth funtions of c. We also reall that c =
√

1 − βb(α).



54 1. DERIVATION AND ANALYSIS OF THE VARIABLE DEPTH KDV ANDCAMASSA-HOLM-LIKE EQUATIONSExample 1.3.1. Taking
m = −B, k =

3

2
, J = {1}, f1(c) =

3

2
,

g(c) = Ac5 − Bc5 +Bc, h1(c) = c4E − 3

2
Bc4 +

3

2
B,

h2(c) =
Fc4 − 9

2
Bc4 + 9

2
B

2
,the equation (1.3.1) oinides with (1.1.12).Example 1.3.2. Taking

m = −B, k =
1

2
, J = {1, 2, 3},

f1(c) =
3

2c
, f2(c) = − 3

8c3
, f3(c) =

3

16c5
,

g(c) = Ac5 − Bc5 +Bc, h1(c) = c3E − 3

2
Bc3 +

3

2c
B,

h2(c) =
Fc3 − 9

2
Bc3 + 9

2c
B

2
,the equation (1.3.1) oinides with (1.2.10).More preisely, Theorem 2.2.1 below shows that one an solve the initial-value prob-lem ∣∣∣∣∣∣∣∣∣

(1 − µm∂2
x)ut + cux + kcxu+

∑

j∈J

εjfju
jux + µguxxx

= εµ
[
h1uuxxx + ∂x(h2u)uxx + ux∂

2
x(h2u)

]
,

u|t=0 = u0

(1.3.2)on a time sale O(1/ε), and under the ondition m > 0. In order to state the result,we need to de�ne the energy spae Xs (s ∈ R) as
Xs+1(R) = Hs+1(R) endowed with the norm |f |2Xs+1 = |f |2Hs + µm|∂xf |2Hs.Theorem 1.3.1. Let m > 0, s >

3

2
and b ∈ H∞(R). Let also ℘ be a fam-ily of parameters θ = (ε, β, α, µ) satisfying (1.2.2). Then for all u0 ∈ Hs+1(R),there exists T > 0 and a unique family of solutions (uθ)θ∈℘ to (1.3.2) bounded in

C([0,
T

ε
];Xs+1(R)) ∩ C1([0,

T

ε
];Xs(R)).Proof. In this proof, we use the generi notation
C = C(ε, µ, α, β, s, |b|Hσ)



1.3. Mathematial analysis of the variable bottom models 55for some σ > s + 1/2 large enough. When the onstant also depends on |v|Xs+1,we write C(|v|Xs+1). Note that the dependene on the parameters is assumed to benondereasing.For all v smooth enough, let us de�ne the �linearized� operator L(v, ∂) as
L(v, ∂) = (1 − µm∂2

x)∂t + c∂x + kcx + εjfjv
j∂x + µg∂3

x

−εµ
[
h1v∂

3
x + (h2v)x∂

2
x + (h2v)xx∂x

]
;for the sake of simpliity we use the onvention of summation over repated indexes,∑

j∈J

εjfjv
j = εjfjv

j. To onstrut a solution of (1.3.1) using an iterative sheme, wehave to study the initial-value problem
{

L(v, ∂)u = εf,
u|t=0 = u0.

(1.3.3)If v is smooth enough, it is ompletely standard to hek that for all s ≥ 0, f ∈
L1

loc(R
+
t ;Hs(Rx)) and u0 ∈ Hs(R), there exists a unique solution u ∈ C(R+;Hs+1(R))to (1.3.3) (reall that m > 0). We thus take for granted the existene of a solutionto (1.3.3) and establish some preise energy estimates on the solution. These energyestimates are given in terms of the | · |Xs+1 norm introdued above:

|u|2Xs+1 = |u|2Hs + µm|∂xu|2Hs.Di�erentiating 1

2
e−ελt|u|2Xs+1 with respet to time, one gets using the equation (1.3.3)and integrating by parts,

1

2
eελt∂t(e

−ελt|u|2Xs+1) = −ελ
2
|u|2Xs+1 − (Λs(c∂xu),Λ

su) − k(Λs(u∂xc),Λ
su)

+ε(Λsf,Λsu) − εj(Λs(fjv
j∂xu),Λ

su) − µ(Λs(g∂3
xu),Λ

su)

−εµ(Λs(h1v∂
3
xu),Λ

su) − εµ(Λs((h2v)x∂xu),Λ
s∂xu),where Λ = (1 − ∂2

x)
1/2. Sine for all onstant oe�ient skewsymmetri di�erentialpolynomial P (that is, P ∗ = −P ), and all h smooth enough, one has

(Λs(hPu),Λsu) = ([Λs, h]Pu,Λsu) − 1

2
([P, h]Λsu,Λsu),



56 1. DERIVATION AND ANALYSIS OF THE VARIABLE DEPTH KDV ANDCAMASSA-HOLM-LIKE EQUATIONSwe dedue (applying this identity with P = ∂x and P = ∂3
x),

1

2
eελt∂t(e

−ελt|u|2Xs+1) = −ελ
2
|u|2Xs+1 + ε(Λsf,Λsu)

−
(
[Λs, c]∂xu,Λ

su
)

+
1

2
((∂xc)Λ

su,Λsu
)
− k(Λs(u∂xc),Λ

su)

−εj
(
[Λs, fjv

j]∂xu,Λ
su

)
+
εj

2
(∂x(fjv

j)Λsu,Λsu
)

−µ
(
[Λs, g]∂2

xu−
3

2
gxΛ

s∂xu− gxxΛ
su,Λs∂xu

)
− µ

(
[Λs, gx]∂

2
xu,Λ

su
)

−εµ
(
[Λs, h1v]∂

2
xu−

3

2
(h1v)xΛ

s∂xu− (h1v)xxΛ
su,Λs∂xu

)

−εµ
(
[Λs, (h1v)x]∂

2
xu,Λ

su
)
− εµ

(
Λs((h2v)x∂xu),Λ

s∂xu
)
. (1.3.4)Note that we also used the identities

[Λs, h]∂3
xu = ∂x

(
[Λs, h]∂2

xu
)
− [Λs, hx]∂

2
xuand

1

2
(hxxxΛ

su,Λsu) = −(hxxΛ
su,Λsux).The terms involving the veloity c (seond line in the r.h.s of (1.3.4)) are ontrolledusing the following lemma:Lemma 1.3.1. Let s > 3/2 and (ε, β, α, µ) satisfy (1.2.2). Then there exists C > 0suh that

|
(
[Λs, c]∂xu,Λ

su
)
| ≤ εC|u|2Xs+1 (1.3.5)

|
(
(∂xc)Λ

su,Λsu
)
| ≤ εC|u|2Xs+1 (1.3.6)

|
(
Λs(u∂xc),Λ

su
)
| ≤ εC|u|2Xs+1. (1.3.7)Proof. • Estimate of |([Λs, c]∂xu,Λ

su
)
|. One ould ontrol this term by a standardommutator estimates in terms of |cx|Hs−1 ; however, one has |cx|Hs−1 = O(

√
αβ) andnot O(αβ) as needed. We thus write

(
[Λs, c]∂xu,Λ

su
)

=
(
([Λs, c] − {Λs, c})∂xu,Λ

su
)

+
(
{Λs, c}∂xu,Λ

su
)
,where for all funtion F , {Λs, F} stands for the Poisson braket,

{Λs, F} = −s∂xFΛs−2∂x.We an then use the following ommutator estimate ([51℄, Theorem 5): for all F and
U smooth enough, one has

∀s > 3/2, |([Λs, F ] − {Λs, F})U |2 ≤ Cst |∂2
xF |Hs|U |Hs−2 .
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xc|Hs = O(αβ) = O(ε), we dedue

|
(
([Λs, c] − {Λs, c})∂xu,Λ

su
)
| ≤ Cβα|u|2Xs+1 ≤ Cε|u|2Xs+1.Morever

|
(
{Λs, c}∂xu,Λ

su
)
| ≤ | − s∂(c)Λs−2∂2

xu|2|u|Xs+1 ≤ C|∂(c)|∞|u|2Xs+1 ≤ εC|u|2Xs+1,and thus (1.3.5) follows easily.
• Estimate of |

(
(∂xc)Λ

su,Λsu
)
|. Sine |u|Hs ≤ |u|Xs+1, one has by the Cauhy-Shwarz inequality (

(∂xc)Λ
su,Λsu

)
≤ |∂xc|∞|u|2Xs+1;therefore, by using the fat that |∂xc|∞ ≤ Cst αβ|∂xb|∞ and αβ = O(ε), one getseasily (

(∂xc)Λ
su,Λsu

)
≤ εC|u|2Xs+1.

• Estimate of |(Λs(u∂xc),Λ
su

)
|. By Cauhy-Shwarz we get

|(Λs(u∂xc),Λ
su)| ≤ |u∂xc|Hs |u|Hs.We have also that

|u∂xc|Hs ≤ |∂xc|W [s]+1,∞|u|Xs+1where [s] is the largest integer smaller or equal to s (this estimate is obvious for
s integer and is obtained by interpolation for non integer values of s.) Using thisestimate, and the fat that βα = O(ε), it is easy to dedue (1.3.7).For the terms involving the fj , (third line in the r.h.s of (1.3.4)) we use the ontrolsgiven by:Lemma 1.3.2. Under the assumptions of Theorem 2.2.1, one has that

|εj
(
[Λs, fjv

j]∂xu,Λ
su

)
| ≤ εC(|v|Xs+1)|u|2Xs+1 (1.3.8)

|εj
(
∂x(fjv

j)Λsu,Λsu
)
| ≤ εC(|v|Xs+1)|u|2Xs+1. (1.3.9)Proof. • Estimate of εj

(
[Λs, fjv

j]∂xu,Λ
su

). By Cauhy-Shwarz we get
|εj

(
[Λs, fjv

j ]∂xu,Λ
su

)
| ≤ εj |[Λs, fjv

j]∂xu|2|u|Xs+1.we use here the well-known Calderon-Coifman-Meyer ommutator estimate: for all
F and U smooth enough, one has

∀s > 3/2, |[Λs, F ]U |2 ≤ Cst|F |Hs|U |Hs−1 ;using this estimate, it is easy to hek that one gets (1.3.8).
• Estimate of εj

(
∂x(fjv

j)Λsu,Λsu
). It is lear that

|
(
∂x(fjv

j)Λsu,Λsu
)
| ≤ |∂x(fjv

j)|∞|u|2Xs+1.Therefore (1.3.9) follows from the ontinuous embedding Hs ⊂W 1,∞ (s > 3/2).



58 1. DERIVATION AND ANALYSIS OF THE VARIABLE DEPTH KDV ANDCAMASSA-HOLM-LIKE EQUATIONSSimilarly, the terms involving g (fourth line in the r.h.s of (1.3.4)) are ontroled usingthe following lemma:Lemma 1.3.3. Under the assumptions of Theorem 2.2.1, one has that
∣∣∣ − µ

(
[Λs, g]∂2

xu−
3

2
gxΛ

s∂xu− gxxΛ
su,Λs∂xu

) (1.3.10)
−µ

(
[Λs, gx]∂

2
xu,Λ

su
)∣∣∣ ≤ εC|u|2Xs+1.Proof. Sine |u|Hs ≤ |u|Xs+1 and √

µ|∂xu|Hs ≤ 1√
m
|u|Xs+1 , by using the Cauhy-Shwarz inequality and proeeding as for the proofs of Lemmas 1.3.1, 1.3.2 one getsdiretly (1.3.10).Finally to ontrol the terms involving hi, (�fth and sixth lines in the r.h.s of (1.3.4))let us state the following lemma:Lemma 1.3.4. Under the assumptions of Theorem 2.2.1, one has that

| − εµ
(
[Λs, h1v]∂

2
xu−

3

2
(h1v)xΛ

s∂xu− (h1v)xxΛ
su,Λs∂xu

) (1.3.11)
−εµ

(
[Λs, (h1v)x]∂

2
xu,Λ

su
)
| ≤ εC(|v|Xs+1)|u|2Xs+1,

| − εµ
(
Λs((h2v)x∂xu),Λ

s∂xu
)
| ≤ εC(|v|Xs+1)|u|2Xs+1. (1.3.12)Proof. We remark �rst that

|µ
(
(h1v)xxΛ

su,Λs∂xu
)
| ≤ |∂x(

√
µ∂x(h1v))|∞|u|2Xs+1sine s− 1 >

1

2
, so by using the imbedding Hs−1(R) ⊂ L∞(R) we get

|∂x(
√
µ∂x(h1v))|∞ ≤ C(|v|Xs+1).Proeeding now as in the proof of Lemma 1.3.3 one gets diretly (1.3.11) and (1.3.12).Gathering the information provided by the above lemmas, we get

eελt∂t(e
−ελt|u|2Xs+1) ≤ ε

(
C(|v|Xs+1) − λ

)
|u|2Xs+1 + 2ε|f |Xs+1|u|Xs+1.Taking λ = λT large enough (how large depending on sup

t∈[0, T
ε
]

C(|v(t)|Xs+1) to have the�rst term of the right hand side negative for all t ∈ [0,
T

ε
], one dedues

∀t ∈ [0,
T

ε
], ∂t(e

−ελT t|u|2Xs+1) ≤ 2εe−ελT t|f |Xs+1|u|Xs+1.



1.3. Mathematial analysis of the variable bottom models 59Integrating this di�erential inequality yields therefore
∀t ∈ [0,

T

ε
], |u(t)|Xs+1 ≤ eελT t|u0|Xs+1 + 2ε

∫ t

0

eελT (t−t′)|u(t′)|Xs+1dt′.Thanks to this energy estimate, we onlude lassially (see e.g. [2℄) the existene ofa
T = T (|u0|Xs+1) > 0,and of a unique solution u ∈ C([0,

T

ε
];Xs+1(R)) to (1.3.2) as a limit of the iterativesheme

u0 = u0, and ∀n ∈ N,

{ L(un, ∂)un+1 = 0,
un+1
|t=0

= u0.Sine u solves (1.3.1), we have L(u, ∂)u = 0 and therefore
(Λs−1(1 − µm∂2

x)∂tu,Λ
s−1∂tu) = −(Λs−1M(u, ∂)u,Λs−1∂tu),with M(u, ∂) = L(u, ∂) − (1 − µm∂2

x)∂t. Proeeding as above, one gets
|∂tu|Xs ≤ C(|u0|Xs+1 , |u|Xs+1),and it follows that the family of solution is also bounded in C1([0,

T

ε
];Xs).1.3.2 Explosion ondition for the variable bottom CH equa-tionAs in the ase of �at bottoms, it is possible to give some information on the blow-uppattern for the equation (1.2.12) for the free surfae.Proposition 1.3.1. Let b ∈ H∞(R), ζ0 ∈ H3(R). If the maximal existene time

Tm > 0 of the solution of (1.2.12) with initial pro�le ζ(0, ·) = ζ0 is �nite, the solution
ζ ∈ C([0, Tm);H3(R)) ∩ C1([0, Tm);H2(R) is suh that

sup
t∈[0,Tm), x∈R

{|ζ(t, x)|} <∞ (1.3.13)and
sup
x∈R

{ζx(t, x)} ↑ ∞ as t ↑ Tm. (1.3.14)Remark 1.3.1. It is worth remarking that even though topography e�ets are intro-dued in our equation (1.2.12), wave breaking remains of 'surging' type (i.e the slopegrows to +∞) as for �at bottoms. This shows that plunging breakers (i.e the slopedeays to -∞) our for stronger topography variations then those onsiderd in thishapter.



60 1. DERIVATION AND ANALYSIS OF THE VARIABLE DEPTH KDV ANDCAMASSA-HOLM-LIKE EQUATIONSProof. By using the Theorem 1.3.1 given ζ0 ∈ H3(R), the maximal existene timeof the solution ζ(t) to (1.2.12) with initial data ζ(0) = ζ0 is �nite if and only if
|ζ(t)|H3(R) blows-up in �nite time. To omplete the proof it is enough to show that(i) the solution ζ(t) given by Theorem 1.3.1 remains uniformly bounded as long asit is de�ned;and(ii) if we an �nd some M = M(ζ0) > 0 with

ζx(t, x) ≤ M, x ∈ R, (1.3.15)as long as the solution is de�ned, then |ζ(t)|H3(R) remains bounded on [0, Tm) .Remarking that
∫

R

[(cζx +
1

2
cxζ)ζ ] dx = −

∫

R

[(cζ)xζ −
1

2
cxζ

2] dx = −
∫

R

[(cζx +
1

2
cxζ)ζ ] dx,we an dedue ∫

R

[(cζx +
1

2
cxζ)ζ ] dx = 0. (1.3.16)We have also that ∫

R

[(ζ iζx)ζ ] dx = 0, ∀i ∈ N
∗. (1.3.17)Item (i) follows at one from (1.3.16), (1.3.17) and the imbedding H1(R) ⊂ L∞(R)sine multiplying (1.2.12) by ζ and integrating on R yields

∂t

(∫

R

[ζ2 +
1

12
µ

∫

R

ζ2
x] dx

)
= 0. (1.3.18)To prove item (ii), as in [20℄ we multiply the equation (1.2.12) by ζxxxx and afterperforming several integrations by parts we obtains the following identity:

∂t

(∫

R

[ζ2
xx +

1

12
µ

∫

R

ζ2
xxx] dx

)
= 15 ε

∫

R

ζζxxζxxx dx (1.3.19)
−15

4
ε2

∫

R

ζ2ζxxζxxx dx+
9

16
ε3

∫

R

ζ5
x dx+

15

8
ε3

∫

R

ζ3ζxxζxxx dx

+
7

4
µε

∫

R

ζxζ
2
xxx dx+ I + J.Where,

I =

∫

R

cζxζxxxx dx J =
1

2

∫

R

cxζζxxxx dx.One an use the Caushy-shwarz inequality to obtain
I = −

∫

R

ζx(cζx)xxx = −1

2

∫

R

cxxxζ
2
x − 3

2

∫

R

cxxζxxζx (1.3.20)
−3

2

∫

R

cxζxxxζx ≤M1

(1

2
|ζx|2|ζx|2 +

3

2
|ζxx|2|ζx|2 +

3

2
|ζxxx|2|ζx|2

)
,
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J = −1

2

∫

R

cxxζζxxx −
1

2

∫

R

cxζxζxxx (1.3.21)
≤M1

(1

2
|ζ |2|ζxxx|2 +

1

2
|ζx|2|ζxxx|2

)
,for some M1 = M1(|c|W 3,∞) > 0. If (1.3.15) holds, let in aordane with (1.3.18)

M0 > 0 be suh that
|ζ(t, x)| ≤M0, x ∈ R, (1.3.22)for as long as the solution exists. Using the Cauhy-Shwarz inequality as well asthe fat that µ ≤ 1, we infer from (1.3.18), (1.3.19), (1.3.20) , (1.3.21) and (1.3.22)that there exists C(M0,M1,M, ε, µ) suh that

∂tE(t) ≤ C(M0,M1,M, ε, µ)E(t),where
E(t) =

∫

R

[ζ2 +
1

12
µζ2

x + ζ2
xx +

1

12
µζ2

xxx] dx.(Note that we do not give any details for the omponents of (1.3.19) other than I and
J beause these omponents do not involve any topography term and an thereforebe handled exatly as in [20℄). An appliation of Gronwall's inequality enables us toobtain the result.Our next aim is to show as in the ase of �at bottoms that there are solutions to(1.2.12) that blow-up in �nite time as surging breakers, that is, following the patterngiven in Proposition 1.3.1.Proposition 1.3.2. Let b ∈ H∞(R). If the initial wave pro�le ζ0 ∈ H3(R) satis�es

∣∣∣ sup
x∈R

{ζ0(x)}
∣∣∣
2

≥ 28

3
C0 µ

−3/4 +
1

2
ε C

3/2
0 µ−3/4 +

1

4
ε2C2

0 µ
−3/4

+
7

3
C0 µ

−1/2 +
8

3
C

1/2
0 C1 µ

−3/4 ε−1 +
4

3
C

1/2
0 C1 µ

−3/4 ε−1,where
C0 =

∫

R

[ζ2
0 +

1

12
µ(ζ ′0)

2] dx > 0, C1 = |c|W 1,∞ > 0then wave breaking ours for the solution of (1.2.12) in �nite time T = O(
1

ε
).Proof. One an adapt the proof of this Proposition in the same way of the proof ofthe Proposition 6 in [20℄, and we omit the proof here.



62 1. DERIVATION AND ANALYSIS OF THE VARIABLE DEPTH KDV ANDCAMASSA-HOLM-LIKE EQUATIONS1.3.3 Well-posedness for the variable bottom KdV equationWe prove now the well-posedness of the equations (1.2.17), (1.2.18). We onsider thefollowing general lass of equations
∣∣∣∣∣
ut + cux + kcxu+ εguux +

1

6
µc5uxxx = 0

u|t=0
= u0,

(1.3.23)where k ∈ R, g =
3

2
for (1.2.18) and g =

3

2c
for (1.2.17). This lass of equations isnot inluded in the family of equations stated in �3.1 beause m = 0 (here there isno ∂2

x∂tu term).Theorem 1.3.2. Let s > 3

2
and b ∈ H∞(R). Let also ℘′ be a family of parameters

θ = (ε, β, α, µ) satisfying (1.2.15). Assume morever that
∃c0 > 0, ∀ θ ∈ ℘′, c(x) =

√
1 − βb(α)(x) ≥ c0.Then for all u0 ∈ Hs+1(R), there exists T > 0 and a unique family of solutions

(uθ)θ∈℘ to (1.3.23) bounded in C([0,
T

ε
];Hs+1(R)) ∩ C1([0,

T

ε
];Hs(R)).Proof. As in the proof of Theorem 1.3.1, for all v smooth enough, let us de�ne the�linearized� operator L(v, ∂) as:

L(v, ∂) = ∂t + c∂x + kcx + εgv∂x +
1

6
µc5∂3

x.We de�ne now the initial value problem as:
{

L(v, ∂)u = εf,
u|t=0 = u0.

(1.3.24)Equation (1.3.24) is a linear equation whih an be solved in any interval of time inwhih the oe�ients are de�ned. We establish some preise energy estimates on thesolution. First remark that when m = 0, the energy norm | · |Xs de�ned in the proofof Theorem 1.3.1 does not allow to ontrol the term guxxx (for instane). Indeed,Lemma 1.3.3 requires m 6= 0 to be true. We show that a ontrol of this term ishowever possible if we use an adequate weight funtion to de�ned the energy anduse the dispersive properties of the equation. More preisely, inspired by [24℄ let usde�ne the �energy� norm for all s ≥ 0 as:
Es(u)2 = |wΛsu|22



1.3. Mathematial analysis of the variable bottom models 63where the weight funtion w will be determined later. For the moment, we justrequire that there exists two positive numbers w1, w2 suh that ∀ x ∈ R

w1 ≤ w(x) ≤ w2,so that Es(u) is uniformly equivalent to the standard Hs-norm. Di�erentiating
1

2
e−ελtEs(u)2 with respet to time, one gets using (1.3.24)

1

2
eελt∂t(e

−ελtEs(u)2) = −ελ
2
Es(u)2 −

(
[Λs, c]∂xu, wΛsu

)
− (c∂Λsu, wΛsu

)

−k(Λs(u∂xc), wΛsu) − ε
(
[Λs, gv]∂xu, wΛsu) − ε

(
gv∂Λsu, wΛsu

)

−1

6
µ
(
[Λs, c5]∂3

xu, wΛsu
)
− 1

6
µ
(
c5∂3Λsu, wΛsu

)
+ ε

(
Λsf, wΛsu

)
.It is lear, by a simple integration by parts that

|ε
(
gv∂Λsu, wΛsu

)
| ≤ εC(|v|W 1,∞, |w|W 1,∞)Es(u)2. (1.3.25)Let us now fous on the seventh and eighth terms of the right hand side of theprevious identity. In order to get an adequate ontrol of the seventh term, we haveto write expliitly the ommutator [Λs, c5]:

[Λs, c5]∂3
xu = {Λs, c5}2∂

3
xu+Q1∂

3
xu,where {·, ·}2 stands for the seond order Poisson brakets,

{Λs, c5}2 = −s∂x(c
5)Λs−2∂x +

1

2
[s∂2

x(c
5)Λs−2 − s(s− 2)∂2

x(c
5)Λs−4∂2

x]and Q1 is an operator of order s−3 that an be ontrolled by the general ommutatorestimates of (see [51℄). We thus get
|
(
Q1∂

3
xu, wΛsu

)
| ≤ CεEs(u)2.We now use the identity Λ2 = 1 − ∂2

x and the fat that αβ = O(ε), to get, as in(1.3.25),
|
(
[s∂2

x(c
5)Λs−2 − s(s− 2)∂2

x(c
5)Λs−4∂2

x]∂
3
xu, wΛsu

)
| ≤ εC(|w|W 1,∞)Es(u)2.This leads to the expression

1

6
µ
(
[Λs, c5]∂3

xu, wΛsu
)

=
s

6
µ
(
∂c5Λs∂2u, wΛsu

)
+Q2,



64 1. DERIVATION AND ANALYSIS OF THE VARIABLE DEPTH KDV ANDCAMASSA-HOLM-LIKE EQUATIONSwhere |Q2| ≤ εC(|w|W 1,∞)Es(u)2. Remarking now that:
s

6
µ
(
∂c5Λs∂2u, wΛsu

)
=

−s
6
µ
(
∂(∂(c5)w)Λs∂u,Λsu

)
− s

6
µ
(
∂(c5)w, (Λs∂u)2

)
.The ontrol of the eighth term omes in the same way:

1

6
µ
(
c5∂3Λsu, wΛsu

)
= − 1

12
µ
(
∂3(c5w)Λsu,Λsu

)

−1

4
µ
(
∂2(wc5)Λs∂u,Λsu

)
− 1

4
µ
(
∂(wc5)Λsu,Λs∂2u

)similarly:
−1

4
µ
(
∂(wc5)Λsu,Λs∂2u

)
=

1

4
µ
(
∂2(c5w)Λs∂u,Λsu

)
+

1

4
µ
(
∂(c5w), (Λs∂u)2

)
.We hoie here w so that

−s
6
µ
(
∂(c5)w, (Λs∂u)2

)
+

1

4
µ
(
∂(c5w), (Λs∂u)2

)
= 0 (1.3.26)therefore if one take w = c5(

2s
3
−1) we get easily (1.3.26). Finally, one has

1

6
µ
(
[Λs, c5]∂3

xu, wΛsu
)

+
1

6
µ
(
c5∂3Λsu, wΛsu

)

= Q2 −
s

6
µ
(
∂(∂(c5)w)Λs∂u,Λsu

)
− 1

12
µ
(
∂3(c5w)Λsu,Λsu

)

−1

4
µ
(
∂2(c5w)Λs∂u,Λsu

)
+

1

4
µ
(
∂2(c5w)Λs∂u,Λsu

)
,using again the fat that αβ = O(ε) one an dedue

eελt∂t(e
−ελtEs(u)2) ≤ ε

(
C(Es(v)) − λ

)
Es(u)2 + 4εEs(f)Es(u).This inequality, together with end of the proof of Theorem 1.3.1, easily yields theresult.1.4 Rigorous justi�ation of the variable bottom equa-tions1.4.1 Rigorous justi�ation of the variable bottom CH equa-tionWe restrit here our attention to parameters ε, β, α and µ linked by the relations

ε = O(
√
µ), βα = O(ε), βα = O(µ2). (1.4.1)



1.4. Rigorous justi�ation of the variable bottom equations 65These onditions are stronger than (1.2.2), and this allows us to ontrol the seulare�ets that prevented us from proving an Hs-onsisteny (and a fortiori a full justi-�ation) for the variable bottom equations of �1.2. The notion of Hs-onsisteny isde�ned below:De�nition 1.4.1. Let ℘1 be a family of parameters θ = (ε, β, α, µ) satisfying (4.2.3).A family (ζθ, uθ)θ∈℘1 is Hs-onsistent of order s ≥ 0 and on [0,
T

ε
] with the GN equa-tions (1.2.1), if for all θ ∈ ℘1, (and denoting hθ = 1 + εζθ − βb(α)),

{
ζθ
t + [hθu]x = µ2rθ

1

uθ
t + ζθ

x + εuθuθ
x =

µ

3

1

hθ
[(hθ)3(uθ

xt + εuθuθ
xx − ε(uθ

x)
2)]x + µ2rθ

2with (rθ
1, r

θ
2)θ∈℘1 bounded in L∞([0,

T

ε
], Hs(R)2).Remark 1.4.1. Sine Hs(R) is ontinously embedded in L∞(R) for s > 1/2, the

Hs-onsisteny implies the L∞-onsisteny when s > 1/2.Proposition 1.4.1. Let b ∈ H∞(R) and p ∈ R. Assume that
A = p, B = p− 1

6
E = −3

2
p− 1

6
, F = −9

2
p− 23

24
.Then:� For any family ℘1 of parameters satisfying (4.2.3),� For all s ≥ 0 large enough and T > 0,� For any bounded family (uθ)θ∈℘1 ∈ C([0,

T

ε
], Hs(R)) solving (1.1.12),the familly (ζθ, uθ)θ∈℘1 with (omitting the index θ)

ζ := cu+
ε

4
u2 +

µ

6
c4uxt − εµc4[

1

6
uuxx +

5

48
u2

x], (1.4.2)is Hs-onsistent on [0,
T

ε
] with the GN equations (1.2.1).Proof. This is lear by using the same arguments of the proof of Proposition 1.2.1if we remark that now the term cxu (responsible of the seular growth e�ets) isof order O(µ2) in L∞([0,
T

ε
], Hs(R)). Therefore this quantity is not required in theidentity (1.2.7) that de�nes v. In the proof of Proposition 1.2.1 there is therefore no

cxu term and the OL∞(µ2) terms in Proposition 1.2.1 are now of order O(µ2).



66 1. DERIVATION AND ANALYSIS OF THE VARIABLE DEPTH KDV ANDCAMASSA-HOLM-LIKE EQUATIONSIn Proposition 1.4.1 , we onstruted a family (uθ, ζθ) onsistent with the Green-Naghdi equations in the sense of De�nition 1.4.1. A onsequene of the followingtheorem is a stronger result: this family provides a good approximation of the exatsolutions (uθ, ζθ) of the Green-Naghdi equations with same initial data in the sensethat (uθ, ζθ) = (uθ, ζθ) +O(µ2t) for times O(1/ε).Theorem 1.4.1. Let b ∈ H∞(R), s ≥ 0 and ℘1 be a family of parameters satisfying(4.2.3) with β = O(ε). Let also A, B, E and F be as in Proposition 1.4.1. If B < 0then there exists D > 0, P > D and T > 0 suh that for all uθ
0 ∈ Hs+P (R):� There is a unique family (uθ, ζθ)θ∈℘1 ∈ C([0,

T

ε
];Hs+P (R) ×Hs+P−2) given bythe resolution of (1.1.12) with initial ondition uθ

0 and formula (1.4.2);� There is a unique family (uθ, ζθ)θ∈℘1 ∈ C([0,
T

ε
];Hs+D(R)2) solving the Green-Naghdi equations (1.2.1) with initial ondition (uθ

0, ζ
θ
|t=0

).Moreover, one has for all θ ∈ ℘1,
∀t ∈ [0,

T

ε
], |uθ − uθ|L∞([0,t]×R) + |ζθ − ζθ|L∞([0,t]×R) ≤ Cst µ2t.Remark 1.4.2. It is known (see [3℄) that the Green-Naghdi equations give, underthe saling (1.1.9) with β = O(ε) a orret approximation of the exat solutions of thefull water waves equations (with a preision O(µ2t) and over a time sale O(1/ε)).It follows that the unidiretional approximation disussed above approximates thesolution of the water waves equations with the same auray.Remark 1.4.3. We used the unidiretional equations derived on the veloity as thebasis for the approximation justi�ed in the Theorem 1.4.1. One ould of ourse useinstead the unidiretional approximation (1.2.10) derived on the surfae elevation.Proof. The �rst point of the theorem is a diret onsequene of Theorem 1.3.1.Thanks to Proposition 1.4.1, we know that (uθ, ζθ)θ∈℘1 is Hs-onsistent with theGreen-Naghdi equations (1.2.1), so that the seond point of the theorem and theerror estimate follow at one from the well-posedness and stability of the Green-Naghdi equations under the present saling (see Theorem 4.10 of [4℄).1.4.2 Rigorous justi�ation of the variable bottom KdV-topequationIn this subsetion the parameters ε, β, α and µ are assumed to satisfy

ε = O(µ), βα = O(ε2). (1.4.3)



1.4. Rigorous justi�ation of the variable bottom equations 67We give �rst a Proposition regarding the Hs-onsisteny result for the KdV-topequation.
ζt + cζx +

3

2c
εζζx +

1

6
µc5ζxxx +

1

2
cxζ = 0, (1.4.4)Proposition 1.4.2. Let b ∈ H∞(R). Then:� For any family ℘′

1 of parameters satisfying (4.2.5),� For all s ≥ 0 large enough and T > 0,� For any bounded family (ζθ)θ∈℘′
1
∈ C([0,

T

ε
], Hs(R)) solving (1.4.4)the familly (ζθ, uθ)θ∈℘′ with (omitting the index θ)

u :=
1

c

(
ζ − ε

4c2
ζ2 + µ

1

6
c4ζxx

) (1.4.5)is Hs-onsistent on [0,
T

ε
] with the equations (1.2.1).Remark 1.4.4. Similarly, one an prove that the solution of the following KdV-topequations

ut + cux +
3

2
εuux +

1

6
µc5uxxx +

3

2
cxu = 0, (1.4.6)on the veloity, with

ζ := cu+
ε

4
u2 − µ

6
c5uxx (1.4.7)is Hs-onsistent with the equations Green-Naghdi equations (1.2.1).Proof. One an adapt the proof of Proposition 1.2.3 in the same way as we adaptedthe proof of Proposition 1.2.1 to establish Proposition 1.4.1 (we also use the fat thatif a family is onsistent with the Boussinesq equations (4.1.7), it is also onsistentwith the Green-Naghdi equations (1.2.1) under the present saling).The following Theorem deals with the rigorous justi�ation of the KdV variablebottom equation:Theorem 1.4.2. Let b ∈ H∞(R), s ≥ 0 and ℘′

1 be a family of parameters satisfying(4.2.5) with β = O(ε). If B < 0 then there exist D > 0, P > D and T > 0 suh thatfor all ζθ
0 ∈ Hs+P (R):� There is a unique family (ζθ, uθ)θ∈℘′

1
∈ C([0,

T

ε
];Hs+P−2(R) ×Hs+P ) given bythe resolution of (1.4.4) with initial ondition ζθ
0 and formula (1.4.5);



68 1. DERIVATION AND ANALYSIS OF THE VARIABLE DEPTH KDV ANDCAMASSA-HOLM-LIKE EQUATIONS� There is a unique family (ζθ, uθ)θ∈℘′
1
∈ C([0,

T

ε
];Hs+D(R)2) solving the Green-Naghdi equations (1.2.1) with initial ondition (ζθ

0 , u
θ
|t=0

).Moreover, one has for all θ ∈ ℘′
1,

∀t ∈ [0,
T

ε
], |uθ − uθ|L∞([0,t]×R) + |ζθ − ζθ|L∞([0,t]×R) ≤ Cst ε2t.Remark 1.4.5. We used the unidiretional equation derived for the free surfaeelevation as the basis for the approximation justi�ed in the Theorem 1.4.2. One ouldof ourse use instead the unidiretional approximation (1.4.6) derived on veloity.Remark 1.4.6. It is known (see [10, 67, 36℄) that in the KdV saling ε = O(µ) andfor �at bottoms, any initial ondition for the Boussinesq (or Green-Naghdi) equationssplits up into two ounter propagating waves, eah of whih evolving aording to aKdV equation. It is possible to hoose the initial ondition in order to anel theleft going wave (for instane); one thus gets a purely rightgoing wave. In the morenonlinear regime ε = O(

√
µ) investigated in [20℄ and in the present paper, the initialondition under onsideration is of this kind in the sense that it leads to a rightgoing wave (up to small orretor terms). It is not lear however that any generalinitial ondition splits up into two ounter propagating waves, eah of whih evolvingaording to an equation of the form (1.1.12). Indeed, the nonlinear terms are moreimportant in this regime and the nonlinear interation of the ounter propagatingomponents may grow seularly (see [52℄ for a desription of this phenomenon). Thepresene of topography terms makes suh a general deoupling even more di�ult toestablish sine they also indue seular terms in the baksattered omponent (this isthe reason why we an only prove L∞-onsisteny in Proposition 1.2.1). If suh adeoupling holds, it will therefore be with a weaker preision than in the KdV, �atbottom, regime.Proof. The �rst point of the theorem is a diret onsequene of Theorem 1.3.2.Thanks to Proposition 1.4.2, we know that (uθ, ζθ)θ∈℘′

1
is Hs-onsistent with theGreen-Naghdi equations (1.2.1), so that the seond point follows as in Theorem1.4.1.
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Chapitre 2
Large Time existene For 1DGreen-Naghdi equations

We onsider in this hapter the 1D Green-Naghdi equations that are ommonly usedin oastal oeanography to desribe the propagation of large amplitude surfae waves.We show that the solution of the Green-Naghdi equations an be onstruted by astandard Piard iterative sheme so that there is no loss of regularity of the solutionwith respet to the initial ondition.2.1 Introdution2.1.1 Presentation of the problemThe water-waves problem for an ideal liquid onsists of desribing the motion of thefree surfae and the evolution of the veloity �eld of a layer of perfet, inompressible,irrotational �uid under the in�uene of gravity. This motion is desribed by thefree surfae Euler equations that are known to be well-posed after the works ofNalimov [60℄, Yasihara [79℄, Craig [22℄, Wu [74, 75℄ and Lannes [50℄. But, beauseof the omplexity of these equations, they are often replaed for pratial purposesby approximate asymptoti systems. The most prominent examples are the Green-Naghdi equations (GN) � whih is a widely used model in oastal oeanography ([29,9, 30℄ and, for instane, [40, 48℄)�, the Shallow-Water equations, and the Boussinesqsystems; their range of validity depends on the physial harateristis of the �owunder onsideration. In other words, they depend on ertain assumptions made onthe dimensionless parameters ε, µ de�ned as:
ε =

a

h0
, µ =

h2
0

λ2
; 71



72 2. LARGE TIME EXISTENCE FOR 1D GREEN-NAGHDI EQUATIONSwhere a is the order of amplitude of the waves and the bottom variations; λ isthe wave-length of the waves and the bottom variations; h0 is the referene depth.The parameter ε is often alled nonlinearity parameter; while µ is the shallownessparameter. In the shallow-water saling (µ≪ 1), and without smallness assumptionon ε one an derive the so-alled Green-Naghdi equations (see [29, 53℄ for a derivationand [3℄ for a rigorous justi�ation) also alled Serre or fully nonlinear Boussinesqequations [54℄.In nondimensionalized variables, denoting by u(t, x) the parameterization of the ver-tially averaged horizontal omponent of the veloity at time t, the equations read




∂tζ + ∇ · (hu) = 0,

(h+ µhT [h, εb])∂tu+ h∇ζ + εh(u · ∇)u

+ µε
{
− 1

3
∇[(h3((u · ∇)(∇ · u) − (∇ · u)2)] + hℜ[h, εb]u

}
= 0,

(2.1.1)where h = 1 + ε(ζ − b) and
T [h, εb]W = − 1

3h
∇(h3∇ ·W ) +

ε

2h
[∇(h2∇b ·W ) − h2∇b∇ ·W ] + ε2∇b∇b ·W,while the purely topographial term ℜ[h, εb]u is de�ned as:

ℜ[h, εb]u =
ε

2h
[∇(h2(u · ∇)2b) − h2((u · ∇)(∇ · u) − (∇ · u)2)∇b]

+ε2((u · ∇)2b)∇b.This model is often used in oastal oeanography beause it takes into aount thedispersive e�ets negleted by the shallow-water and it is more nonlinear than theBoussinesq equations. A reent rigorous justi�ation of the GN model was given byLi [55℄ in 1D and for �at bottoms, and by B. Alvarez-Samaniego and D. Lannes [3℄in 2008 in the general ase. This latter referene relies on well-posedness results forthese equations given in [4℄ and based on general well-posedness results for evolutionequations using a Nash-Moser sheme. The result of [4℄ overs both the ase of 1Dand 2D surfaes, and allows for non �at bottoms. The reason why a Nash-Mosersheme is used there is beause the estimates on the linearized equations exhibitlosses of derivatives. However, in the 1D ase with �at bottoms, suh losses donot our and it is possible to onstrut a solution with a standard Piard iterativesheme as in [55℄. Our goal here is to show that it is also possible to use suh asimple sheme in the 1D ase with non �at bottoms, thanks to a areful analysis ofthe linearized equations.2.1.2 Organization of the hapterWe start by giving some preliminary results in Setion 2.2.1; the main theorem isthen stated in Setion 2.2.2 and proved in Setion 2.2.3. Finally, in Setion 2.3,



2.1. Introdution 73we give the existene and uniqueness of a solution to the linear Cauhy problemassoiated to the Green-Naghdi equations. The proof of the energy onservation,stated in the main theorem, is given in Setion 2.4.2.1.3 NotationWe denote by C(λ1, λ2, ...) a onstant depending on the parameters λ1, λ2, ... andwhose dependene on the λj is always assumed to be nondereasing.The notation a . b means that a ≤ Cb, for some nonegative onstant C whoseexat expression is of no importane (in partiular, it is independent of the smallparameters involved).Let p be any onstant with 1 ≤ p < ∞ and denote Lp = Lp(R) the spae of allLebesgue-measurable funtions f with the standard norm
|f |Lp =

( ∫

R

|f(x)|pdx
)1/p

<∞.When p = 2, we denote the norm | · |L2 simply by | · |2. The inner produt of anyfuntions f1 and f2 in the Hilbert spae L2(R) is denoted by
(f1, f2) =

∫

R

f1(x)f2(x)dx.The spae L∞ = L∞(R) onsists of all essentially bounded, Lebesgue-measurablefuntions f with the norm
|f |L∞ = ess sup |f(x)| <∞.We denote by W 1,∞ = W 1,∞(R) = {f ∈ L∞, ∂xf ∈ L∞} endowed with its anonialnorm.For any real onstant s, Hs = Hs(R) denotes the Sobolev spae of all tempered dis-tributions f with the norm |f |Hs = |Λsf |2 < ∞, where Λ is the pseudo-di�erentialoperator Λ = (1 − ∂2

x)
1/2.For any funtions u = u(x, t) and v(x, t) de�ned on R × [0, T ) with T > 0, wedenote the inner produt, the Lp-norm and espeially the L2-norm, as well as theSobolev norm, with respet to the spatial variable x, by (u, v) = (u(·, t), v(·, t)),

|u|Lp = |u(·, t)|Lp, |u|L2 = |u(·, t)|L2 , and |u|Hs = |u(·, t)|Hs, respetively.Let Ck(R) denote the spae of k-times ontinuously di�erentiable funtions and
C∞

0 (R) denote the spae of in�nitely di�erentiable funtions, with ompat sup-port in R; we also denote by C∞
b (R) the spae of in�nitely di�erentiable funtionsthat are bounded together with all their derivatives.Let f be a funtion of the independent variables x1, x2,...,xm; its partial derivativewith respet to xk is denoted by ∂xk

f = fxk
for 1 ≤ k ≤ m.



74 2. LARGE TIME EXISTENCE FOR 1D GREEN-NAGHDI EQUATIONSFor any losed operator T de�ned on a Banah spae X of funtions, the ommuta-tor [T, f ] is de�ned by [T, f ]g = T (fg) − fT (g) with f , g and fg belonging to thedomain of T .2.2 Well-posedness of the Green-Naghdi equationsin 1DFor one dimensional surfaes, the Green-Naghdi equations (2.1.1) an be simpli�ed,after some omputations, into
{
∂tζ + ∂x(hu) = 0,

(h + µhT [h, εb])[∂tu+ εu∂xu] + h∂xζ + εµhQ[h, εb](u) = 0
(2.2.1)where h = 1 + ε(ζ − b) and

T [h, εb]w = − 1

3h
∂x(h

3wx) +
ε

2h
[∂x(h

2bxw) − h2bxwx] + ε2b2xw,

Q[h, εb](w) =
2

3h
∂x(h

3w2
x) + εhw2

xbx + ε
1

2h
∂x(h

2w2bxx) + ε2w2bxxbx.Remark 2.2.1. The interest of the formulation (2.2.1) of the Green-Naghdi equationis that all the third order derivatives of u have been fatorized by (h + µhT [h, εb]).Indeed, Q[h, εb] is a seond order di�erential operator. This was used in [55℄ in thease of �at bottoms (b = 0).2.2.1 Preliminary resultsFor the sake of simpliity, we write
T = h + µhT [h, εb].We always assume that the nonzero depth ondition

∃ h0 > 0, inf
x∈R

h ≥ h0, h = 1 + ε(ζ − b) (2.2.2)is valid initially, whih is a neessary ondition for the GN system (2.2.1) to bephysially valid. We shall demonstrate that the operator T plays an importantrole in the energy estimate and the loal well-posedness of the GN system (2.2.1).Therefore, we give here some of its properties.The following lemma gives an important invertibility result on T.



2.2. Well-posedness of the Green-Naghdi equations in 1D 75Lemma 2.2.1. Let b ∈ C∞
b (R) and ζ ∈ W 1,∞(R) be suh that (2.2.2) is satis�ed.Then the operator

T : H2(R) −→ L2(R)is well de�ned, one-to-one and onto.Remark 2.2.2. Here and throughout the rest of this hapter, and for the sake ofsimpliity, we do not try to give some optimal regularity assumption on the bottomparameterization b. This ould easily be done, but is of no interest for our presentpurpose. Consequently, we ommit to write the dependane on b of the di�erent quan-tities that appear in the proof.Proof. In order to prove the invertibility of T, let us �rst remark that the quantity
|v|2∗ de�ned as

|v|2∗ = |v|22 + µ|∂xv|22,is equivalent to the H1(R)-norm but not uniformly with respet to µ ∈ (0, 1). Wede�ne by H1
∗ (R) the spae H1(R) endowed with this norm. The bilinear form:

a(u, v) = (hu, v) + µ
(
h
( h√

3
ux −

√
3

2
εbxu

)
,
h√
3
vx −

√
3

2
εbxv

)
+
µε2

4
(hbxu, bxv).is obviously ontinous on H1

∗ (R) ×H1
∗ (R). Remarking that

a(v, v) = (Tv, v) = (hv, v)

+µ
(
h
( h√

3
vx −

√
3

2
εbxv

)
,
h√
3
vx −

√
3

2
εbxv

)
+
µε2

4
(hbxv, bxv),we have

|v|2∗ ≤ |v|22 +
3µ

h2
0

| h√
3
vx|22

≤ |v|22 +
6µ

h2
0

(
| h√

3
vx −

√
3

2
εbxv|22 +

3ε2

4
|bxv|22

)
.One dedues that

max
{

1,
18

h2
0

}(
|v|22 + µ| h√

3
vx −

√
3

2
εbxv|22 +

µε2

4
|bxv|22

)
≥ |v|2∗.Sine from (2.2.2) we also get

a(v, v) ≥ h0|v|22 + µh0

(
| h√

3
vx −

√
3

2
εbxv|22 +

µε2

4
|bxv|22

)
,



76 2. LARGE TIME EXISTENCE FOR 1D GREEN-NAGHDI EQUATIONSit is easy to dedue that
a(v, v) ≥ h0

max
{
1, 18

h2
0

} |v|2∗. (2.2.3)In partiular, a is oerive on H1
∗ . Using Lax-Milgram lemma, for all f ∈ L2(R),there exists unique u ∈ H1

∗ (R) suh that, for all v ∈ H1
∗ (R)

a(u, v) = (f, v);equivalently, there is a unique variational solution to the equation
Tu = f. (2.2.4)We then get from the de�nition of T that

∂2
xu =

hu+ εµ
2
∂x(h

2bx)u+ ε2µhb2xu− µ
3
∂xh

3∂xu− f
µh3

3

;sine u ∈ H1(R) and f ∈ L2(R), we get ∂2
xu ∈ L2(R) and thus u ∈ H2(R).The following lemma then gives some properties of the inverse operator T

−1.Lemma 2.2.2. Let b ∈ C∞
b (R), t0 > 1/2 and ζ ∈ H t0+1(R) be suh that (2.2.2) issatis�ed. Then:(i) ∀0 ≤ s ≤ t0 + 1, |T−1f |Hs +

√
µ|∂xT

−1f |Hs ≤ C(
1

h0
, |h− 1|Ht0+1)|f |Hs;(ii) ∀0 ≤ s ≤ t0 + 1, √

µ|T−1∂xg|Hs ≤ C(
1

h0

, |h− 1|Ht0+1)|g|Hs;(iii) If s ≥ t0 + 1 and ζ ∈ Hs(R) then:
‖ T

−1 ‖Hs(R)→Hs(R) +
√
µ ‖ T

−1∂x ‖Hs(R)→Hs(R)≤ cs,where cs is a onstant depending on 1

h0

, |h−1|Hs and independent of (µ,ε) ∈ (0, 1)2.Proof. Step 1. We prove that if u ∈ H1
∗ (R) solves

Tu = f +
√
µ∂xgfor f, g ∈ L2(R), then one has

|u|H1
∗
≤ C

( 1

h0

)(
|f |2 + |g|2

)
.



2.2. Well-posedness of the Green-Naghdi equations in 1D 77Indeed, multiplying the equation by u and integrating by parts, one gets, with thenotations used in the proof of lemma 2.2.1
a(u, u) ≤ (f, u) − (g,

√
µ∂xu).We thus get from the proof of Lemma 2.2.1 and Cauhy-Shwarz inequality that

h0

max{1, 18
h2
0
}|u|

2
H1

∗
≤ |f |2|u|2 + |g|2|u|H1

∗
,and the result follows easily.Step 2. We prove here that |T−1f |Hs +

√
µ|∂xT

−1f |Hs ≤ C(
1

h0

, |h − 1|Ht0+1)|f |Hs.Indeed, if f ∈ Hs and u = T
−1f then Tu = f . Applying Λs to this identity, we get
T(Λsu) = Λsf + [T,Λs]u

= f̃ +
√
µ∂xg̃,with,

f̃ = Λsf − [Λs, h]u+
εµ

2
[Λs, h2bx]ux − ε2µ[Λs, h2bx]u,and

g̃ =

√
µ

3
[Λs, h3]ux −

ε
√
µ

2
[Λs, h2bx]u.Now, one an dedue from the ommutator estimate (see e.g Lemma 4.6 of [4℄)

|[Λs, F ]G|2 . |∇F |Ht0 |G|Hs−1 (2.2.5)that
|f̃ |2 + |g̃|2 ≤ |f |Hs + C

( 1

h0

, |h− 1|Ht0+1

)(
|u|Hs−1 +

√
µ|∂xu|Hs−1

)
.One an use Step 1 and a ontinuous indution on s to show that the inequality (i)holds for 0 ≤ s ≤ t0 + 1.Step 3. We prove here that √

µ|T−1∂xg|Hs ≤ C(
1

h0
, |h − 1|Ht0+1)|g|Hs. Indeed, if

g ∈ Hs and u =
√
µT

−1∂xg then Tu =
√
µ∂xg and thus

T(Λsu) = f̃ +
√
µ∂xg̃,with,

f̃ = −[Λs, h]u+
εµ

2
[Λs, h2bx]ux − ε2µ[Λs, h2bx]u,and

g̃ = Λsg +

√
µ

3
[Λs, h3]ux −

ε
√
µ

2
[Λs, h2bx]u.



78 2. LARGE TIME EXISTENCE FOR 1D GREEN-NAGHDI EQUATIONSProeeding now as for the Step 2, one an dedue (ii).Step 4. If s ≥ t0 + 1 then one an prove (iii) proeeding as in Step 2 and 3 above,but replaing the ommutator estimate (2.2.5) by the following one
|[Λs, F ]G|2 . |∇F |Hs−1|G|Hs−1. (2.2.6)2.2.2 Linear analysisIn order to rewrite the GN equations (2.2.1) in a ondensed form, let us deompose

Q[h, εb](u) as
εµhQ[h, εb](u) = Q1[U ]ux + q2(U)where U = (ζ, u)T and

Q1[U ]f =
2

3
εµ∂x(h

3uxf) + ε2µh2bxuxf + ε2µh2bxxuf (2.2.7)
q2(U) = ε3µhbxxbxu

2 +
1

2
ε2µ∂x(h

2bxx)u
2.The Green-Naghdi equations (2.2.1) an be written after applying T

−1 to both sidesof the seond equation in (2.2.1) as
∂tU + A[U ]∂xU +B(U) = 0, (2.2.8)with U = (ζ, u)T and where

A[U ] =




εu h

T
−1(h·) εu+ T

−1Q1[U ]


 (2.2.9)and

B(U) =




εbxu

T
−1q2(U)


 . (2.2.10)This subsetion is devoted to the proof of energy estimates for the following initialvalue problem around some referene state U = (ζ, u)T :

{
∂tU + A[U ]∂xU +B(U) = 0;
U|t=0

= U0.
(2.2.11)We de�ne now the Xs spaes, whih are the energy spaes for this problem.



2.2. Well-posedness of the Green-Naghdi equations in 1D 79De�nition 2.2.1. For all s ≥ 0 and T > 0, we denote by Xs the vetor spae
Hs(R) ×Hs+1(R) endowed with the norm

∀ U = (ζ, u) ∈ Xs, |U |2Xs := |ζ |2Hs + |u|2Hs + µ|∂xu|2Hs,while Xs
T stands for C([0,

T

ε
];Xs) endowed with its anonial norm.First remark that a symmetrizer for A[U ] is given by

S =




1 0

0 T


 , (2.2.12)with h = 1 + ε(ζ − b) and T = h+ µhT [h, εb]. A natural energy for the IVP (2.2.11)is given by

Es(U)2 = (ΛsU, SΛsU). (2.2.13)The link between Es(U) and the Xs-norm is investigated in the following Lemma.Lemma 2.2.3. Let b ∈ C∞
b (R), s ≥ 0 and ζ ∈ W 1,∞(R). Under the ondition(2.2.2), Es(U) is uniformly equivalent to the | · |Xs-norm with respet to (µ, ε) ∈

(0, 1)2:
Es(U) ≤ C

(
|h|L∞, |hx|L∞

)
|U |Xs,and

|U |Xs ≤ C
( 1

h0

)
Es(U).Proof. Notie �rst that

Es(U)2 = |Λsζ |22 + (Λsu,TΛsu),one gets the �rst estimate using the expliit expression of T, integration by partsand Cauhy-Shwarz inequality.The other inequality an be proved by using that inf
x∈R

h ≥ h0 > 0 and proeeding asin the proof of Lemma 2.2.1.We prove now the energy estimates in the following proposition:Proposition 2.2.1. Let b ∈ C∞
b (R), t0 > 1/2, s ≥ t0 + 1. Let also U = (ζ, u)T

∈ Xs
T be suh that ∂tU ∈ Xs−1

T and satisfying the ondition (2.2.2) on [0,
T

ε
]. Thenfor all U0 ∈ Xs there exists a unique solution U = (ζ, u)T ∈ Xs

T to (2.2.11) and forall 0 ≤ t ≤ T

ε

Es(U(t)) ≤ eελT tEs(U0) + ε

∫ t

0

eελT (t−t′)C(Es(U)(t′))dt′.For some λT = λT ( sup
0≤t≤T/ε

Es(U(t)), sup
0≤t≤T/ε

|∂th(t)|L∞) .



80 2. LARGE TIME EXISTENCE FOR 1D GREEN-NAGHDI EQUATIONSProof. Existene and uniqueness of a solution to the IVP (2.2.11) is ahieved inSetion 2.3 and we thus fous our attention on the proof of the energy estimate. Forany λ ∈ R, we ompute
eελt∂t(e

−ελtEs(U)2) = −ελEs(U)2 + ∂t(E
s(U)2).Sine

Es(U)2 = (ΛsU, SΛsU),we have
∂t(E

s(U)2) = 2(Λsζ,Λsζt) + 2(Λsu,TΛsut) + (Λsu, [∂t,T]Λsu). (2.2.14)One gets using the equations (2.2.11) and integrating by parts,
1

2
eελt∂t(e

−ελtEs(U)2) = −ελ
2
Es(U)2 − (SA[U ]Λs∂xU,Λ

sU)

−
([

Λs, A[U ]
]
∂xU, SΛsU

)
− (ΛsB(U), SΛsU)

+
1

2
(Λsu, [∂t,T]Λsu). (2.2.15)We now turn to bound from above the di�erent omponents of the r.h.s of (2.2.15).

• Estimate of (SA[U ]Λs∂xU,Λ
sU). Remarking that

SA[U ] =




εu h

h T(εu·) +Q1[U ]



 ,we get
(SA[U ]Λs∂xU,Λ

sU) = (εuΛsζx,Λ
sζ) + (hΛsux,Λ

sζ)

+(hΛsζx,Λ
su) +

(
(T(εu·) +Q1[U ])Λsux,Λ

su
)

=: A1 + A2 + A3 + A4.We now fous to ontrol (Aj)1≤j≤4.
− Control of A1. Integrating by parts, one obtains

A1 = (εuΛsζ,Λsζx) = −1

2
(εuxΛ

sζ,Λsζ)one an onlude by Cauhy-Shwarz inequality that
|A1| ≤ εC(|ux|L∞)Es(U)2.
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− Control of A2 + A3. First remark that

|A2 + A3| = |(hxΛ
su,Λsζ)| ≤ |hx|L∞Es(U)2;we get,

|A2 + A3| ≤ εC(|hx|L∞)Es(U)2.

− Control of A4. One omputes,
A4 = ε

(
T(uΛsux),Λ

su
)

+ (Q1[U ]Λsux,Λ
su)

=: A41 + A42.Note that
A41 = ε(h uΛsux,Λ

su) +
εµ

3
(h3 (uΛsux)x,Λ

sux)

−ε
2µ

2
(h2 bx(uΛ

sux)x,Λ
su) − ε2µ

2
(h2bxuΛ

sux,Λ
sux)

+ε3µ(h ub2xΛ
sux,Λ

su);sine
(h3 (uΛsux)x,Λ

sux) =
1

2

(
− (h3

x uΛ
sux,Λ

sux) + (h3 uxΛ
sux,Λ

sux)
)
,by using suessively integration by parts and the Cauhy-Shwarz inequality, oneobtains diretly:

|A41| ≤ εC(|u|W 1,∞, |ζ|W 1,∞)Es(U)2.For A42, remark that
|A42| = |(Q1[U ]Λsux,Λ

su)|

=
∣∣ − 2

3
εµ(h3uxΛ

sux,Λ
sux) + ε2µ(h2 uxbxΛ

sux,Λ
su)

+ε2µ(h2 ubxxΛ
sux,Λ

su)
∣∣therefore

|A42| ≤ εC(|u|W 1,∞, |ζ|W 1,∞)Es(U)2.This shows that
|A4| ≤ εC(|u|W 1,∞, |ζ|W 1,∞)Es(U)2.
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• Estimate of ([

Λs, A[U ]
]
∂xU, SΛsU

). Remark �rst that
([

Λs, A[U ]
]
∂xU, SΛsU

)
= ([Λs, εu]ζx,Λ

sζ) + ([Λs, h]ux,Λ
sζ)

+([Λs,T−1 h]ζx,TΛsu) + ([Λs, εu]ux,TΛsu)

+
([

Λs,T−1Q1[U ]
]
ux,TΛsu

)

=: B1 +B2 +B3 +B4 +B5.

− Control of B1 +B2 = ([Λs, εu]ζx,Λ
sζ) + ([Λs, h]ux,Λ

sζ). Sine s ≥ t0 + 1, we anuse the ommutator estimate (3.3.11) to get
|B1 +B2| ≤ εC(Es(U))Es(U)2.

− Control of B4 = ([Λs, εu]ux,TΛsu). By using the expliit expression of T we get
B4 = ([Λs, εu]ux, hΛ

su) +
µ

3
(∂x[Λ

s, εu]ux, h
3 Λsux)

−εµ
2

([Λs, εu]ux, h
2 bxΛ

sux) +
εµ

2
([Λs, εu]ux, ∂x(h

2 bxΛ
su))

+ε2µ([Λs, εu]ux, h b
2
xΛ

su),using the Cauhy-Shwarz inequality and the fat that
∂x[Λ

s, f ]g = [Λs, fx]g + [Λs, f ]gxone obtains diretly:
|B4| ≤ εC(Es(U))Es(U)2.

− Control of B3 = ([Λs,T−1 h]ζx,TΛsu). Remark �rst that
T[Λs,T−1]hζx = T[Λs,T−1 h]ζx − [Λs, h]ζx;morever, sine [Λs,T−1] = −T

−1[Λs,T]T−1, one gets
T[Λs,T−1 h]ζx = −[Λs,T]T−1hζx + [Λs, h]ζx,and one an hek by using the expliit expression of T that

T[Λs,T−1 h]ζx = −[Λs, h]T−1hζx +
µ

3
∂x{[Λs, h3]∂x(T

−1hζx)}

−εµ
2
∂x[Λ

s, h2bx]T
−1hζx +

εµ

2
[Λs, h2bx]∂xT

−1hζx

−ε2µ[Λs, hb2x]T
−1hζx + [Λs, h]ζx.



2.2. Well-posedness of the Green-Naghdi equations in 1D 83One dedues diretly from Lemma 2.2.2, an integration by parts, and Cauhy-Shwarz inequality that
|B3| ≤ C

( 1

h0

, |h− 1|Hs

) {(
|hx|Hs−1 +

εµ

2
|h2bx|Hs + ε2µ|hb2x|Hs

)
|hζx|Hs−1

+
(1

3
|h3

x|Hs−1 +
ε
√
µ

2
|h2bx|Hs

)
|hζx|Hs−1 + |hx|Hs−1|ζx|Hs−1

)}
|Λsu|H1

∗
.Finally, sine

|hζx|Hs−1 ≤ C(Es(U))Es(U) and |hb2x|Hs + |h2bx|Hs ≤ C(Es(U)),we dedue
|B3| ≤ εC(Es(U))Es(U)2.

− Control of B5 =
([

Λs,T−1Q1[U ]
]
ux,TΛsu

). Let us �rst write
T

[
Λs,T−1Q1[U ]

]
ux = −[Λs,T]T−1Q1[U ]ux +

[
Λs, Q1[U ]

]
uxso, that

T
[
Λs,T−1Q1[U ]

]
ux = −[Λs, h]T−1Q1[U ]ux +

µ

3
∂x{[Λs, h3]∂x(T

−1Q1[U ]ux)}

−εµ
2
∂x{[Λs, h2bx]T

−1Q1[U ]ux} +
εµ

2
[Λs, h2bx]∂x(T

−1Q1[U ]ux)

−ε2µ[Λs, hb2x]T
−1Q1[U ]ux + [Λs, Q1[U ]]ux.To ontrol the term ([

Λs, Q1[U ]
]
ux,Λ

su
) we use the expliit expression of Q1[U ]:

Q1[U ]f =
2

3
εµ∂(h3uxf) + ε2µh2bxuxf + ε2µh2bxxuf,and the fat that
∂x[Λ

s, f ]g = [Λs, ∂x(f ·)]g.Similarly to ontrol the term (
∂x{[Λs, h3]∂x(T

−1Q1[U ]ux)},Λsu
) we use the expliitexpression of Q1[U ], the ommutator estimate (3.3.11) and Lemma 2.2.2. Indeed,

(
∂x{[Λs, h3]∂x(T

−1Q1[U ]ux)},Λsu
)

= −2

3
εµ

(
[Λs, h3]∂x(T

−1∂x(h
3uxux)),Λ

sux

)

−ε2µ
(
[Λs, h3]∂x(T

−1(h2bxuxux)),Λ
sux

)

−ε2µ
(
[Λs, h3]∂x(T

−1(h2bxxuux)),Λ
sux

)
.



84 2. LARGE TIME EXISTENCE FOR 1D GREEN-NAGHDI EQUATIONSand thus, after remarking that
|∂x(T

−1∂x(h
3uxux))|Hs−1 ≤ |T−1∂x(h

3uxux)|Hs

≤ ‖ T
−1∂x ‖Hs(R)→Hs(R) |h3uxux|Hs.we an proeed as for the ontrol of B3 to get

|B5| ≤ εC(Es(U))Es(U)2.

• Estimate of (ΛsB(U), SΛsU). Note �rst that
B(U) =




εbxu

T
−1q2(U)



where, q2(·) as in (3.3.2), so that
(ΛsB(U), SΛsU) = (Λs(εbxu),Λ

sζ) + (Λs(T−1q2(U)),TΛsu)

= (Λs(εbxu),Λ
sζ) −

(
[Λs,T]T−1q2(U),Λsu

)

+
(
Λsq2(U),Λsu

)
.Using again here the expliit expressions of T, q2(U) and Lemma 2.2.2, we get

(ΛsB(U), SΛsU) ≤ εC(Es(U))Es(U).

• Estimate of (Λsu, [∂t,T]Λsu). We have that
(Λsu, [∂t,T]Λsu) = (Λsu, ∂thΛ

su) +
µ

3
(Λsux, ∂th

3Λsux)

−εµ
2

(Λsu, ∂th
2bxΛ

sux) −
εµ

2
(Λsux, ∂th

2bxΛ
su)

+ε2µ(Λsu, ∂thb
2
xΛ

su).Controlling these terms by εC(Es(U), |∂th|L∞)Es(U)2 follows diretly from a Cauhy-Shwarz inequality and an integration by parts.Gathering the informations provided by the above estimates and using the fat that
Hs(R) ⊂W 1,∞, we get

eελt∂t(e
−ελtEs(U)2) ≤ ε

(
C(Es(U), |∂th|L∞) − λ

)
Es(U)2 + εC(Es(U))Es(U).



2.2. Well-posedness of the Green-Naghdi equations in 1D 85Taking λ = λT large enough (how large depending on sup
t∈[0, T

ε
]

C(Es(U), |∂th|L∞) tohave the �rst term of the right hand side negative for all t ∈ [0,
T

ε
], one dedues

∀t ∈ [0,
T

ε
], eελt∂t(e

−ελtEs(U)2) ≤ εC(Es(U))Es(U).Integrating this di�erential inequality yields therefore
∀t ∈ [0,

T

ε
], Es(U) ≤ eελT tEs(U0) + ε

∫ t

0

eελT (t−t′)C(Es(U)(t′))dt′.

2.2.3 Main resultIn this subsetion we prove the main result of this hapter, whih shows well-posedness of the Green-Naghdi equations over large times.Theorem 2.2.1. Let b ∈ C∞
b (R), t0 > 1/2, s ≥ t0 + 1. Let also the initial ondition

U0 = (ζ0, u0)
T ∈ Xs, and satisfy (2.2.2). Then there exists a maximal Tmax > 0,uniformly bounded from below with respet to ε, µ ∈ (0, 1), suh that the Green-Naghdi equations (2.2.1) admit a unique solution U = (ζ, u)T ∈ Xs

Tmax
with theinitial ondition (ζ0, u0)

T and preserving the nonvanishing depth ondition (2.2.2)for any t ∈ [0,
Tmax

ε
). In partiular if Tmax <∞ one has

|U(t, ·)|Xs −→ ∞ as t −→ Tmax

ε
,or

inf
R

h(t, ·) = inf
R

1 + ε(ζ(t, ·) − b(·)) −→ 0 as t −→ Tmax

ε
.Morever, the following onservation of energy property holds

∂t

(
|ζ |22 + (hu, u) + µ(hT u, u)

)
= 0,where T = T [h, εb].Remark 2.2.3. For 2D surfae waves, non �at bottoms, B. A. Samaniego and D.Lannes [4℄ proved a well-posedness result to the Green-Naghdi using a Nash-Mosersheme. Our result only use a standard Piard iterative and there is therefore noloss of regularity of the solution with respet to the initial ondition. In the one-dimensional ase and for �at bottoms, our result oinides with the one proved by Liin [55℄.



86 2. LARGE TIME EXISTENCE FOR 1D GREEN-NAGHDI EQUATIONSRemark 2.2.4. Our approah does not admit a straightforward generalization to the2D ase. The main reason is that the natural energy norm Xs is then given by
|U |2Xs = |ζ |2Hs + |u|2Hs + µ|∇ · u|2Hs,whih does not ontrol the H1(R2) norm of u (sine u takes its values in R

2, theinformation on the rotational of u is missing).Remark 2.2.5. No smallness assumption on ε nor µ is required in the theorem. Thefat that Tmax is uniformly bounded from below with respet to these parameters allowsus to say that if some smallness assumption is made on ε, then the existene timebeomes larger, namely of order O(1/ε). This is onsistent with the existene timeobtained for the (simpler) physial models derived under some smallness assumptionon ε, like the Boussinesq models. In fat, suh models an be derived from the Green-Naghdi equations [53℄. The present theorem also has some diret impliation for thejusti�ation of variable-bottom Camassa-Holm equations [37℄.Proof. We want to onstrut a sequene of approximate solution (Un = (ζn, un))n≥0by the indution relation
U0 = U0, and ∀n ∈ N,

{
∂tU

n+1 + A[Un]∂xU
n+1 +B(Un) = 0;

Un+1
|t=0

= U0.
(2.2.16)By Proposition 2.2.1, we know that there is a unique solution Un+1 ∈ C([0,∞);Xs)to (2.2.16) if Un ∈ C([0,∞);Xs) and Un satis�es (2.2.2) for all times. Let R > 0be suh that Es(U0) ≤ R/2, it follows from Proposition 2.2.1 that Un+1 satis�es thefollowing inequality

Es(Un+1(t)) ≤ eελT tEs(U0) + ε

∫ t

0

eελT (t−t′)C(Es(Un(t′))dt′,we suppose now that
sup

t∈[0, T
ε
]

Es(Un(t)) ≤ R,therefore
Es(Un+1(t)) ≤ R/2 + (eελT t − 1)(R/2 +

C(R)

λT
).Hene, there is T > 0 small enough suh that

sup
t∈[0, T

ε
]

Es(Un+1(t)) ≤ R.Using now the link between Es(U) and |U |Xs given by Lemma 3.3.2 we get
sup

t∈[0, T
ε
]

|Un+1(t)|Xs ≤ C
( 1

h0

)
R.
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∂tζ

n+1 = −hnun+1
x − εζn

xu
n+1 + εbxu

n+1.Hene, one gets
|∂th

n+1|L∞ = ε|∂tζ
n+1|L∞ ≤ εC

( 1

h0

)
R. (2.2.17)Sine moreover

hn+1 = hn+1
t=0 +

∫ t

0

∂tζ
n+1,we an dedue from (2.2.17) and the fat that hn+1

t=0 = 1 + ε(ζ0 − b) ≥ h0 that itis possible to hoose T small enough for Un+1 to satisfy (2.2.2) on [0,
T

ε
], with h0replaed by h0/2.Finally, we dedue that the Cauhy problem

{
∂tU

n+1 + A[Un]∂xU
n+1 +B(Un) = 0;

Un+1
|t=0

= U0has a unique solution Un+1 satis�ng (2.2.2) and the inequality
Es(Un+1) ≤ eελT tEs(U0) + ε

∫ t

0

eελT (t−t′)C(Es(Un)(t′))dt′,when 0 ≤ t ≤ T

ε
and λT depending only on sup

t∈[0, T
ε
]

Es(Un). Thanks to this energyestimate, one an onlude lassially (see e.g. [2℄) to the existene of
Tmax = T (Es(U0)) > 0,and of a unique solution U ∈ Xs

Tmax
to (2.2.1) preserving the inequality (2.2.2) forany t ∈ [0,

Tmax

ε
] as a limit of the iterative sheme

U0 = U0, and ∀n ∈ N,

{
∂tU

n+1 + A[Un]∂xU
n+1 +B(Un) = 0;

Un+1
|t=0

= U0.The fat that Tmax is bounded from below by some T > 0 independent of ε, µ ∈ (0, 1)follows from the analysis above, while the behavior of the solution as t → Tmax/ε if
Tmax <∞ follows from standard ontinuation arguments.Though the onservation of the energy an be found in some referenes (e.g. [18℄),we reprodue it in Setion 2.4 for the sake of ompleteness.



88 2. LARGE TIME EXISTENCE FOR 1D GREEN-NAGHDI EQUATIONS2.3 Existene of solutions for the linearized equa-tionsIn this setion we examine existene, uniqueness, and regularity for solutions to thefollowing system of equations:
{
∂tU + A[U ]∂xU = f ;
U|t=0

= U0,
(2.3.1)where U = (ζ, u)T ∈ Xs

T is suh that ∂tU ∈ Xs−1
T and satisfy the ondition (2.2.2)on [0,

T

ε
]. We begin the proof by the following lemma (see for instane [72℄):Lemma 2.3.1. Let ϕ ∈ C∞

0 (R), suh that ϕ(r) = 1 for |r| ≤ 1. Let also
Jδ = ϕ(δ|D|), δ > 0.Then:(i) ∀s, s′ ∈ R, Jδ: Hs(R) 7−→ Hs′(R) is a bounded linear operator.(ii) Jδ ommutes with Λs and is self-adjoint operator.(iii) ∀f ∈ C1(R) ∩ L∞(R), v ∈ L2(R) there exists C independent of δ suh that

|[f, Jδ]v|H1 ≤ C|f |C1|v|L2.(iv) ∀f ∈ Hs(R), s > 1

2
, Jδf ∈ L∞(R) with

|Jδf |L∞ ≤ C|f |L∞where C is a onstant independent of δ.Our strategy will be to obtain a solution to (2.3.1) as a limit of solutions Uδ to
{
∂tUδ + JδA[U ]Jδ∂xUδ = f ;
Uδ|t=0

= U0.
(2.3.2)For any δ > 0, Aδ = JδA[U ]Jδ is a bounded linear operator on eah Xs, and F δ =

Aδ∂x+B(U) ∈ C1(Xs) so by Cauhy-Lipshitz the ODE (2.3.2) has a unique solution,
Uδ ∈ C([0, T/ε], Xs). Our task will be to obtain estimates on Uδ, independent of
δ ∈ (0, 1) and to show that the solution Uδ has a limit as δ ց 0 solving (2.3.1). Todo this, we remark that
1

2
∂tE

s(Uδ)
2 = −(SA[U ]Λs∂xJ

δUδ,Λ
sJδUδ) −

([
Λs, A[U ]

]
∂xJ

δUδ, SΛsJδUδ

)

+(Λsf, SΛsUδ) +
1

2
(Λsuδ, [∂t,T]Λsuδ) (2.3.3)

+
([
S, Jδ

]
ΛsUδ, A[U ]Λs∂xJ

δUδ

)
+

([
S, Jδ

]
ΛsUδ,

[
Λs, A[U ]

]
∂xJ

δUδ

)
.



2.3. Existene of solutions for the linearized equations 89Note that we do not give any details for the ontrol of the omponents of the r.h.s(2.3.3) other than the last two terms beause the others an be handled exatly asin Proposition 2.2.1. To estimate the last two terms of the r.h.s (2.3.3), we have that
([
S, Jδ

]
ΛsUδ, A[U ]Λs∂xJ

δUδ

)
=

([
T, Jδ

]
Λsuδ,T

−1(hΛs∂xJ
δuδ)

)

+
([

T, Jδ
]
Λsuδ, εuΛ

s∂xJ
δuδ

)

+
([

T, Jδ
]
Λsuδ,T

−1Q1[U ]Λs∂xJ
δuδ

)
.One an hek by using the expliit expression of T that

[
T, Jδ

]
=

[
h, Jδ

]
− µ

3
∂x

[
h3, Jδ

]
∂x −

εµ

2

[
h2bx, J

δ
]
∂x

+
εµ

2
∂x

[
h2bx, J

δ
]
+ ε2µ

[
hb2x, J

δ
]
.One dedues diretly from Lemma 2.3.1, an integration by parts, the Cauhy-Shwarzinequality and the expliit expression of Q1[U ] that

([
S, Jδ

]
ΛsUδ, A[U ]Λs∂xJ

δUδ

)
≤ CEs(Uδ)

2,similarly, one an onlude
([
S, Jδ

]
ΛsUδ,

[
Λs, A[U ]

]
∂xJ

δUδ

)
≤ CEs(Uδ)

2,where C is a onstant independent of δ. By the Proposition 2.2.1, we have
−(SA[U ]Λs∂xJ

δUδ,Λ
sJδUδ) −

([
Λs, A[U ]

]
∂xJ

δUδ, SΛsJδUδ

)

+(Λsf, SΛsUδ) +
1

2
(Λsuδ, [∂t,T]Λsuδ)

≤ CEs(Uδ)
2 + CEs(f)2.Consequently, we obtain an estimate of the form
d

dt
Es(Uδ)

2 ≤ CEs(Uδ)
2 + CEs(f)2. (2.3.4)Thus Gronwall's inequality yields an estimate

Es(Uδ)
2 ≤ C(t)

[
Es(U0)

2 + sup
[0,t]

Es(f)2
]
, (2.3.5)independent of δ ∈ (0, 1). Thanks to this energy estimate, one an onlude las-sially (see e.g. [72℄) to the existene of a unique solution U ∈ C([0, T ], Xs) to(2.3.1).



90 2. LARGE TIME EXISTENCE FOR 1D GREEN-NAGHDI EQUATIONS2.4 Conservation of the energyIn order to prove that
∂t

(
|ζ |22 + (hu, u) + µ(hT u, u)

)
= 0,we multiply the �rst equation of (2.2.1) by ζ and the seond by u, integrateon R,and sum both equations to �nd

1

2
∂t|ζ |22+(∂x(hu), ζ)+(∂tu, hu)+µ(hT ∂tu, u)+(∂xζ, hu)+ε(u∂xu, hu)+µε(Qu, u) = 0.Therefore
1

2
∂t|ζ |22 +

1

2
∂t(hu, u) −

1

2
(∂th, u

2) + ε(u∂xu, hu) + µ(hT ∂tu, u) + µε(Qu, u) = 0,where the term Qu is de�ned as:
Qu = −1

3
∂x[(h

3(u∂2
xu− (∂xu)

2) +
ε

2
[∂x(h

2u∂x(u∂xb) − h2∂xb(u∂
2
xu− (∂xu)

2)]

+ε2h∂xb(u∂x(u∂xb)).Using now the fat that h = 1 + ε(ζ − b) and the �rst equation of (2.2.1), we get
−1

2
(∂th, u

2) + ε(u∂xu, hu) = −ε
2
(∂x(hu), u

2) + ε(u∂xu, hu) = 0.Thus,
1

2
∂t|ζ |22 +

1

2
∂t(hu, u) + µ(hT ∂tu, u) + µε(Qu, u) = 0. (2.4.1)Regarding now the term µ(hT ∂tu, u), we remark as in [18℄ that

µ(hT ∂tu, u) = µ(T ∗
1 hT1∂tu, u) + µ(T ∗

2 hT2∂tu, u),

= µ(hT1∂tu, T1u) + µ(hT2∂tu, T2u),

= µ(h(∂t(T1u) − ∂tT1u), T1u) + µ(h∂t(T2u), T2u),with T ∗
j (j = 1, 2) denoting the adjoint of the operators Tj given by

T1u =
h√
3
∂xu− ε

√
3

2
∂xbu, and T2u =

ε

2
∂xbu.It omes:

µ(hT ∂tu, u) =
µ

2
∂t(hT1u, T1u) −

µ

2
(∂th, (T1u)

2) − µ(h(∂tT1u, T1u)

+
µ

2
∂t(hT2u, T2u) −

µ

2
(∂th, (T2u)

2),

=
µ

2
∂t(hT1u, T1u) +

µ

2
∂t(hT2u, T2u) −

µ

2
(∂th, (T1u)

2 + (T2u)
2)

−µ(h∂tT1u, T1u).



2.4. Conservation of the energy 91Injet this result in (2.4.1) to get:
1

2
∂t

(
|ζ |22 + (hu, u) + µ(hT u, u)

)
=

µ

2
(∂th, (T1u)

2 + (T2u)
2)

+µ(h∂tT1u, T1u) − µε(Qu, u).Noting that h∂tT1u = ∂th(T1u+
√

3T2u), it omes:
1

2
(∂th, (T1u)

2 + (T2u)
2) + (h∂tT1u, T1u) =

1

2

(
∂th, 3(T1u)

2 + (T2u)
2 + 2

√
3T1uT2u

)
,

=
µ

2

(
∂th, (

√
3T1u+ T2u)

2
)
,

= ε
(
u,
h

2
∂x(

√
3T1u+ T2u)

2
)
,where we used here the �rst equation of (2.2.1). Finally, we get:

1

2
∂t

(
|ζ |22 + (hu, u) + µ(hT u, u)

)
= µε

(h
2
∂x(

√
3T1u+ T2u)

2 −Qu, u
)
.One an easily show that (h

2
∂x(

√
3T1u + T2u)

2 − Qu, u
)

= 0, whih implies easilythe result.
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Chapitre 3
Derivation and analysis of a new 2DGreen-Naghdi system

In this hapter we derive a variant of the 2D Green-Naghdi equations that modelthe propagation of two-diretional, nonlinear dispersive waves in shallow water. Thisnew model has the same auray as the standard 2D Green-Naghdi equations.Its mathematial interest is that it allows a ontrol of the rotational part of the(vertially averaged) horizontal veloity, whih is not the ase for the usual Green-Naghdi equations. Using this property, we show that the solution of these newequations an be onstruted by a standard Piard iterative sheme so that thereis no loss of regularity of the solution with respet to the initial ondition. Finally,we prove that the new Green-Naghdi equations onserve the almost irrotationalityof the vertially averaged horizontal omponent of the veloity.3.1 Introdution3.1.1 General settingThe water-waves problem, onsists in studying the motion of the free surfae and theevolution of the veloity �eld of a layer of �uid under the following assumptions: the�uid is ideal, inompressible, irrotationnal, and under the only in�uene of gravity.Many works have set a good theoretial bakground for this problem. Its loal well-posedness has been disussed among others by Nalimov [60℄, Yosihara [79℄, Craig[22℄, Wu [74, 75℄ and Lannes [50℄. Sine we are interested here in the asymptotibehavior of the solutions, it is onvenient to work with a non-dimensionalized versionof the equations. In this framework, (see for instane [3℄ for details), the free surfae93



94 3. DERIVATION AND ANALYSIS OF A NEW 2D GREEN-NAGHDISYSTEMis parametrized by z = εζ(t, X) (with X = (x, y) ∈ R
2) and the bottom by z =

−1 + βb(X). Here, ε and β are dimensionless parameters de�ned as
ε =

asurf

h0
, β =

bbott

h0
;where asurf is the typial amplitude of the waves and bbott is the typial amplitude ofthe bottom deformations, while h0 is the depth. One an use the inompressibilityand irrotationality onditions to write the non-dimensionalized water-waves equa-tions under Bernoulli's formulation, in terms of a veloity potential ϕ assoiated tothe �ow, where ϕ(t, .) is de�ned on Ωt = {(X, z),−1 + βb(x) < z < εζ(t, X)} (i.e.the veloity �eld is given by U = ∇X,zϕ) :





µ∂2
xϕ+ µ∂2

yϕ+ ∂2
zϕ = 0, at −1 + βb < z < εζ,

∂zϕ− µβ∇b · ∇ϕ = 0 at z = −1 + βb,

∂tζ −
1

µ
(−µε∇ζ · ∇ϕ+ ∂zϕ) = 0, at z = εζ,

∂tϕ+
1

2
(ε|∇ϕ|2 +

ε

µ
(∂zϕ)2) + ζ = 0 at z = εζ,

(3.1.1)where ∇ = (∂x, ∂y)
T = (∂1, ∂2)

T . The shallowness parameter µ appearing in this setof equations is de�ned as
µ =

h2
0

λ2
,where, λ is the typial wave-length of the waves. Making assumptions on the sizeof ε, β, and µ one is led to derive (simpler) asymptoti models from (3.1.1). Inthe shallow-water saling (µ ≪ 1), one an derive (when no smallness assumptionis made on ε and β ) the standard Green-Naghdi equations (see �3.2.1 below for aderivation and [3℄ for a rigorous justi�ation). For two-dimensional surfaes and overuneven bottoms these equations ouple the free surfae elevation ζ to the vertiallyaveraged horizontal omponent of the veloity,

v(t, X) =
1

1 + εζ − βb

∫ εζ

−1+βb

∇ϕ(t, X, z)dz, (3.1.2)and an be written as:




∂tζ + ∇ · (hv) = 0,(
h+ µT [h, βb]

)
∂tv + h∇ζ + ε

(
h+ µT [h, βb]

)
(v · ∇)v

+ µε
{2

3
∇[(h3(∂1v · ∂2v

⊥ + (∇ · v)2)] + ℜ[h, βb](v)
}

= 0,

(3.1.3)where h = 1 + εζ − βb, v = (V1, V2)
T , v⊥ = (−V2, V1)

T , and
T [h, βb]W = −1

3
∇(h3∇ ·W ) +

β

2
[∇(h2∇b ·W ) − h2∇b∇ ·W ] (3.1.4)

+β2h∇b∇b ·W,



3.1. Introdution 95while the purely topographi term ℜ[h, βb](v) is de�ned as:
ℜ[h, βb](v) =

β

2
∇

(
h2(V 2

1 ∂
2
1b+ 2V1V2∂1∂2b+ V 2

2 ∂
2
2b)

) (3.1.5)
+βh2

(
∂1v · ∂2v

⊥ + (∇ · v)2
)
∇b

+β2h
(
V 2

1 ∂
2
1b+ 2V1V2∂1∂2b+ V 2

2 ∂
2
2b

)
∇b.A rigorous justi�ation of the standard GN model was given by Li [55℄ in 1D andfor �at bottoms, and by B. Alvarez-Samaniego and D. Lannes [3℄ in the general ase.This latter referene relies on well-posedness results for these equations given in [4℄and based on general well-posedness results for evolution equations using a Nash-Moser sheme. The result of [4℄ overs both the ase of 1D and 2D surfaes, andallows for non �at bottoms. The reason why a Nash-Moser sheme is used thereis beause the estimates on the linearized equations exhibit losses of derivatives.However, in the 1D ase, suh losses do not our and it is possible to onstrut asolution with a standard Piard iterative sheme as in [55, 38℄ with �at and non �atbottoms respetively. But, this is not the ase in 2D, sine for instane, the term

∂1v · ∂2v
⊥ is not ontroled by the energy norm | · |Y s naturally assoiated to (3.1.3)(see [4℄),

|(ζ, v)|2Y s = |ζ |2Hs + |v|2Hs + µ|∇ · v|2Hs.This is the motivation for the present derivation of a new variant of the 2D Green-Naghdi equations (3.1.3). This variant has the same auray as the standard 2DGreen-Naghdi equations (3.1.3) (see �3.2.2 below for a derivation) and an be writtenunder the form:





∂tζ + ∇ · (hv) = 0,(
h+ µ

(
T [h, βb] −∇⊥url ))

∂tv + h∇ζ

+ ε
(
h + µ

(
T [h, βb] −∇⊥url ))

(v · ∇)v

+ µε
{2

3
∇[h3(∂1v · ∂2v

⊥ + (∇ · v)2)] + ℜ[h, βb](v)
}

= 0,

(3.1.6)
where ∇⊥ = (−∂y, ∂x)

T , url v = ∂1V2 − ∂2V1, while the linear operators T [h, εb] and
ℜ[h, βb] are de�ned in (3.1.4) and (3.1.5).The reason why the new terms (involving ∇⊥url ) do not a�et the preision of themodel is beause the solutions to (3.1.3) are nearly irrotational (in the sense thaturl v is small). This property is of ourse satis�ed also by our new model (3.1.6).The presene of these new terms allows the de�nition of a new energy norm thatontrols also the rotational part of v. Consequently, we show that it is possible touse a standard Piard iterative sheme to prove the well-posedness of (3.1.6), so thatthere is no loss of regularity of the solution with respet to the initial ondition.



96 3. DERIVATION AND ANALYSIS OF A NEW 2D GREEN-NAGHDISYSTEM3.1.2 Organization of the hapterWe �rst reall the derivation of the standard 2D Green-Naghdi equations in Setion3.2.1 while in Setion 3.2.2 we derive the new model (3.1.6). We give some prelim-inary results in Setion 3.3.1; the main theorem whih proves the well-posedness ofthis new Green-Naghdi system is then stated in Setion 3.3.2 and proved in Setion3.3.3. Finally, in Setion 3.3.4 we prove that (3.1.6) onserves the almost irrotation-ality of v.3.1.3 NotationWe denote by C(λ1, λ2, ...) a onstant depending on the parameters λ1, λ2, ... andwhose dependene on the λj is always assumed to be nondereasing.The notation a . b means that a ≤ Cb, for some nonegative onstant C whoseexat expression is of no importane (in partiular, it is independent of the smallparameters involved).Let p be any onstant with 1 ≤ p < ∞ and denote Lp = Lp(R2) the spae of allLebesgue-measurable funtions f with the standard norm
|f |Lp =

( ∫

R2

|f(X)|pdX
)1/p

<∞.When p = 2, we denote the norm | · |L2 simply by | · |2. The inner produt of anyfuntions f1 and f2 in the Hilbert spae L2(R2) is denoted by
(f1, f2) =

∫

R2

f1(X)f2(X)dX.The spae L∞ = L∞(R2) onsists of all essentially bounded, Lebesgue-measurablefuntions f with the norm
|f |L∞ = ess sup |f(X)| <∞.We denote by W 1,∞ = W 1,∞(R2) = {f ∈ L∞,∇f ∈ (L∞)2} endowed with itsanonial norm.For any real onstant s, Hs = Hs(R2) denotes the Sobolev spae of all tempereddistributions f with the norm |f |Hs = |Λsf |2 <∞, where Λ is the pseudo-di�erentialoperator Λ = (1 − ∆)1/2.For any funtions u = u(x, t) and v(x, t) de�ned on R

2 × [0, T ) with T > 0, wedenote the inner produt, the Lp-norm and espeially the L2-norm, as well as theSobolev norm, with respet to the spatial variable X, by (u, v) = (u(·, t), v(·, t)),
|u|Lp = |u(·, t)|Lp, |u|L2 = |u(·, t)|L2 , and |u|Hs = |u(·, t)|Hs, respetively.Let Ck(R2) denote the spae of k-times ontinuously di�erentiable funtions and
C∞

0 (R2) denote the spae of in�nitely di�erentiable funtions, with ompat support
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2; we also denote by C∞

b (R2) the spae of in�nitely di�erentiable funtions thatare bounded together with all their derivatives.For any losed operator T de�ned on a Banah spae X of funtions, the ommutator
[T, f ] is de�ned by [T, f ]g = T (fg)−fT (g) with f , g and fg belonging to the domainof T .We denote v⊥ = (−V2, V1)

T and url v = ∂1V2 − ∂2V1 where v = (V1, V2)
T .3.2 Derivation of the new Green-Naghdi modelThis setion is devoted to the derivation of a new Green-Naghdi asymptoti modelfor the water-waves equations in the shallow water (µ≪ 1) of the same auray asthe standard 2D Green-Naghdi equations (3.1.3).3.2.1 Derivation of the standard Green-Naghdi equations (3.1.3)We reall here the main steps of [53℄ for the derivation of the standard 2D Green-Naghdi equations (3.1.3). In order to redue the model (3.1.1) into a model of twoequations we introdue the trae of the veloity potential at the free surfae, de�nedas

ψ = ϕ|z=εζ
,and the Dirihlet-Neumann operator Gµ[εζ, βb]· as

Gµ[εζ, βb]ψ = −µε∇ζ · ∇ϕ|z=εζ
+ ∂zϕ|z=εζ

,with ϕ solving the boundary value problem




µ∂2
xϕ+ µ∂2

yϕ+ ∂2
zϕ = 0,

∂nϕ|z=−1+βb
= 0,

ϕ|z=εζ
= ψ.

(3.2.1)As remarked in [82, 23℄, the equations (3.1.1) are equivalent to a set of two equationson the free surfae parametrization ζ and the trae of the veloity potential at thesurfae ψ = ϕ|z=εζ
involving the Dirihlet-Neumann operator. Namely






∂tζ +
1

µ
Gµ[εζ, βb]ψ = 0,

∂tψ + ζ +
ε

2
|∇ψ|2 − εµ

( 1
µ
Gµ[εζ, βb]ψ + ∇(εζ) · ∇ψ)2

2(1 + ε2µ|∇ζ |2) = 0.
(3.2.2)It is a straightforward onsequene of Green's identity that

1

µ
Gµ[εζ, βb]ψ = −∇ · (hv),



98 3. DERIVATION AND ANALYSIS OF A NEW 2D GREEN-NAGHDISYSTEMwith h = 1 + εζ − βb and v =
1

1 + εζ − βb

∫ εζ

−1+βb

∇ϕ(t, X, z)dz. Therefore, the �rstequation of (3.2.2) exatly oinides with the �rst equation of (3.1.3). In order toderive the evolution equation on v, the key point is to obtain an asymptoti expansionof∇ψ with respet to µ and in terms of v and ζ . As in [53℄, we look for an asymptotiexpansion of ϕ under the form
ϕapp =

N∑

j=0

µjϕj. (3.2.3)Plugging this expression into the boundary value problem (3.2.1) one an anel theresidual up to the order O(µN+1) provided that
∀j = 0, ..., N, ∂2

zϕj = −∂2
xϕj−1 − ∂2

yϕj−1 (3.2.4)(with the onvention that ϕ−1 = 0), together with the boundary onditions
∀j = 0, ..., N,

{
ϕj|z=εζ

= δ0,jψ,

∂zϕj = β∇b · ∇ϕj−1|z=−1+βb

(3.2.5)(where δ0,j = 1 if j = 0 and 0 otherwise).By solving the ODE (3.2.4) with the boundary onditions (3.2.5), one �nds (see [53℄)
ϕ0 = ψ, (3.2.6)
ϕ1 = (z − εζ)

(
− 1

2
(z + εζ) − 1 + βb

)
∆ψ + β(z − εζ)∇b.∇ψ. (3.2.7)Aording to formulae (3.2.6), (3.2.7), the horizontal omponent of the veloity inthe �uid domain is given by

V (z) = ∇ϕ0(z) + ∇ϕ1(z) +O(µ2).The averaged veloity is thus given by
v =

1

h

∫ εζ

−1+βb

(∇ϕ0(z) + ∇ϕ1(z)) dz +O(µ2),or equivalently
v = ∇ψ − µ

1

h
T [h, βb]∇ψ +O(µ2),and thus

∇ψ = v + µ
1

h
T [h, βb]∇ψ +O(µ2), (3.2.8)



3.2. Derivation of the new Green-Naghdi model 99where T [h, βb] is as in (3.1.4). As in [53℄, taking the gradient of the seond equationof (3.2.2), replaing ∇ψ by its expression (3.2.8) and 1

µ
Gµ[εζ, βb]ψ by −∇ · (hv) inthe resulting equation, gives the standard Green-Naghdi equations (after droppingthe O(µ2) terms),





∂tζ + ∇ · (hv) = 0,(
h + µT [h, βb]

)
∂tv + h∇ζ + ε

(
h + µT [h, βb]

)
(v · ∇)v

+ µε
{2

3
∇[h3(∂1v · ∂2v

⊥ + (∇ · v)2)] + ℜ[h, βb](v)
}

= 0,where h = 1 + εζ − βb, v = (V1, V2)
T , v⊥ = (−V2, V1)

T , and the linear operators
T [h, εb] and ℜ[h, βb] being de�ned in (3.1.4) and (3.1.5).3.2.2 Derivation of the new Green-Naghdi system (3.1.6)It is quite ommon in the literature to work with variants of the Green-Naghdiequations (3.1.6) that di�er only up to terms of order O(µ2) in order to improvethe dispersive properties of the model (see for instane [73, 16℄) or to hange itsmathematial properties [56℄. Our approah here is in the same spirit sine our goalis to derive a new model with better energy estimates.In order to obtain the new Green-Naghdi system (3.1.6), let us remark that, fromthe expression of v one has

∇ψ = v +
µ

h
T [h, βb]∇ψ +O(µ2);and sine v = ∇ψ +O(µ), one gets the following Lemma:Lemma 3.2.1. Let v be the vertially averaged horizontal omponent of the veloitygiven above, one obtains url ∂tv = O(µ),url (v · ∇)v = O(µ). (3.2.9)Remark 3.2.1. For the sake of simpliity, we denote by O(µ) any family of funtions

(fµ)0<µ<1 suh that (1

µ
fµ

)
0<µ<1

remains bounded in L∞([0,
T

ε
], Hr(R2)), for some rlarge enough.Proof. By applying the operator (url ∂t)(·) to the identity v = ∇ψ +O(µ) one getsurl ∂tv = O(µ).In order to prove the seond identity of (3.2.9), replae v = ∇ψ + O(µ) in (v · ∇)vand apply the operator url (·) to dedueurl (v · ∇)v = O(µ).



100 3. DERIVATION AND ANALYSIS OF A NEW 2D GREEN-NAGHDISYSTEMUsing Lemma 3.2.1, the quantities µ∇⊥url ∂tv and µ∇⊥url ε(v · ∇)v are of size
O(µ2), whih is the preision of the GN equations (3.1.3). We an thus inlude thesenew terms in the seond equation of (3.1.3) to get





∂tζ + ∇ · (hv) = 0,(
h + µ

(
T [h, βb] −∇⊥url ))

∂tv + h∇ζ

+ ε
(
h + µ

(
T [h, βb] −∇⊥url ))

(v · ∇)v

+ µε
{2

3
∇[h3(∂1v · ∂2v

⊥ + (∇ · v)2)] + ℜ[h, βb](v)
}

= O(µ2),(the linear operators T [h, εb] and ℜ[h, βb] being de�ned in (3.1.4) and (3.1.5)).Remark 3.2.2. We added the quantity µ∇⊥url ∂tv = O(µ2) to the standard GNequations (3.1.3) to obtain an energy norm | · |Xs:
|(ζ, v)|2Xs = |ζ |2Hs + |v|2Hs + µ|∇ · v|2Hs + µ|url v|2Hs.The last term is absent from the energy | · |Y s assoiated to the standard GN equations(3.1.3) (see [4℄). We will see in the next setion that it allows a ontrol of the term

∂1v · ∂2v
⊥.Remark 3.2.3. The bilinear operator ℜ[h, βb](v) only involves seond order deriva-tives of v while third order derivatives of v have been fatorized by h + µ

(
T [h, εb] −

∇⊥url ). The fat that the operator ℜ[h, βb](v) does not involve third order deriva-tives is of great interest for the well-posedness of the new Green-Naghdi model.3.3 Mathematial analysis of the new Green-Naghdimodel3.3.1 Preliminary resultsFor the sake of simpliity, we take here and throughout the rest of this hapter(β = ε) and we write
T = h+ µ

(
T [h, εb] −∇⊥url )

.We always assume that the nonzero depth ondition
∃ hmin > 0, inf

X∈R2
h ≥ hmin, h = 1 + ε(ζ − b) (3.3.1)is valid initially, whih is a neessary ondition for the new GN type system (3.1.6)to be physially valid. We shall demonstrate that the operator T plays an important



3.3. Mathematial analysis of the new Green-Naghdi model 101role in the energy estimate and the loal well-posedness of the GN type system(3.1.6). Therefore, we give here some of its properties.The following lemma gives an important invertibility result on T and some propertiesof the inverse operator T
−1.Lemma 3.3.1. Let b ∈ C∞

b (R2), t0 > 1 and ζ ∈ H t0+1(R2) be suh that (3.3.1) issatis�ed. Then, the operator T has a bounded inverse on (L2(R2))2, and(i) For all 0 ≤ s ≤ t0 + 1, one has
|T−1f |Hs +

√
µ|∇ · T−1f |Hs +

√
µ|urlT−1f |Hs ≤ C(

1

hmin
, |h− 1|Ht0+1)|f |Hs,and √

µ|T−1∇g|Hs +
√
µ|T−1∇⊥g|Hs ≤ C(

1

hmin
, |h− 1|Ht0+1)|g|Hs.(ii) If s ≥ t0 + 1 and ζ ∈ Hs(R2) then

‖ T
−1 ‖(Hs)2→(Hs)2 +

√
µ ‖ T

−1∇ ‖(Hs)2→(Hs)2 +
√
µ ‖ T

−1∇⊥ ‖(Hs)2→(Hs)2≤ cs,and √
µ ‖ ∇ · T−1 ‖(Hs)2→(Hs)2 +

√
µ ‖ urlT−1 ‖(Hs)2→(Hs)2≤ cs,where cs is a onstant depending on 1

hmin
, |h−1|Hs and independent of (µ,ε) ∈ (0, 1)2.Remark 3.3.1. Here and throughout the rest of this hapter, and for the sake ofsimpliity, we do not try to give some optimal regularity assumption on the bottomparametrization b. This ould easily be done, but is of no interest for our present pur-pose. Consequently, we omit to write the dependene on b of the di�erent quantitiesthat appear in the proof.Proof. It an be remarked that the operator T is L2 self-adjoint; sine, one has

(
h+ µ

(
T [h, εb] −∇⊥url )

v, v
)

= (hv, v)

+µ
(
h
( h√

3
∇ · v − ε

√
3

2
∇b · v

)
,
h√
3
∇ · v − ε

√
3

2
∇b · v

)
+
µε2

4
(h∇b · v,∇b · v)

+µ(url v, url v),and using the fat that inf
R2
h ≥ hmin, one dedues that

(Tv, v) ≥ E(εb, v),with
E(εb, v) := hmin|v|22 + µhmin|

h√
3
∇ · v − ε

√
3

2
∇b · v|22 +

µε2hmin

4
|∇b · v|22 + µ|url v|22,



102 3. DERIVATION AND ANALYSIS OF A NEW 2D GREEN-NAGHDISYSTEMproeeding exatly as in the proof of the Lemma 1 of [38℄ it follows that T has aninverse bounded on (L2(R2))2.For the rest of the proof, One an proeed as in the proof of Lemma 4.7 of [4℄, to getthe result.3.3.2 Linear analysis of (3.1.6)In order to rewrite the new GN type equations (3.1.6) in a ondensed form, let uswrite U = (ζ, vT )T , v = (V1, V2)
T and

Q = h3(−∂1v · ∂2v
⊥ − (∇ · v)2).We deompose now the O(εµ) term of the seond equation of (3.1.6) under the form

−2

3
∇Q+R[h, εb](v) = R1[U ]v + r2(U),with for all f = (F1, F2)

T

R1[U ]f = −2

3
∇Q[U ]f +

ε

2
∇(h2(V1F1∂

2
1b+ 2V1F2∂1∂2b+ V2F2∂

2
2b))

−εh2(−∂1v · ∂2f
⊥ − (∇ · v)(∇ · f))∇b;

r2(U) = ε2h(V 2
1 ∂

2
1b+ 2V1V2∂1∂2b+ V 2

2 ∂
2
2b)∇b,where

Q[U ]f = h3(−∂1v · ∂2f
⊥ − (∇ · v)(∇ · f)),(in partiular, Q = Q[U ]v). The new Green-Naghdi equations (3.1.6) an thus bewritten after applying T

−1 to both sides of the seond equation in (3.1.6) as
∂tU + A[U ]U +B(U) = 0, (3.3.2)with U = (ζ, V1, V2)

T , v = (V1, V2)
T and where

A[U ] =

(
εv · ∇ h∇·

T
−1(h∇) ε(v · ∇) + εµT

−1R1[U ]

) (3.3.3)and
B(U) =

(
ε∇b · v

εµT
−1r2(U)

)
. (3.3.4)This subsetion is devoted to the proof of energy estimates for the following initialvalue problem around some referene state U = (ζ, V1, V2)

T :
{
∂tU + A[U ]U +B(U) = 0;
U|t=0

= U0.
(3.3.5)



3.3. Mathematial analysis of the new Green-Naghdi model 103We de�ne �rst the Xs spaes, whih are the energy spaes for this problem.De�nition 3.3.1. For all s ≥ 0 and T > 0, we denote by Xs the vetor spae
Hs(R2) × (Hs+1(R2))2 endowed with the norm

∀ U = (ζ, v) ∈ Xs, |U |2Xs := |ζ |2Hs + |v|2(Hs)2 + µ|∇ · v|2Hs + µ|url v|2Hs,while Xs
T stands for C([0,

T

ε
];Xs) endowed with its anonial norm.We de�ne the matrix S as

S =

(
1 0
0 T

)
, (3.3.6)with h = 1 + ε(ζ − b) and T = h+ µ(T [h, εb]−∇⊥(url )). A natural energy for theIVP (3.3.5) is given by

Es(U)2 = (ΛsU, SΛsU). (3.3.7)The link between Es(U) and the Xs-norm is investigated in the following Lemma.Lemma 3.3.2. Let b ∈ C∞
b (R2), s ≥ 0 and ζ ∈ W 1,∞(R2). Under the ondition(3.3.1), Es(U) is uniformly equivalent to the | · |Xs-norm with respet to (µ, ε) ∈

(0, 1)2:
Es(U) ≤ C

(
|h|W 1,∞

)
|U |Xs,and

|U |Xs ≤ C
( 1

hmin

)
Es(U).Proof. Notie �rst that

Es(U)2 = |Λsζ |22 + (Λsv,TΛsv),one gets the �rst estimate using the expliit expression of T, integration by partsand Cauhy-Shwarz inequality.The other inequality an be proved by using that inf
x∈R2

h ≥ hmin > 0 and proeedingas in the proof of Lemma 3.3.1.We prove now the energy estimates in the following proposition. It is worth insistingon the fat that these estimates are uniform with respet to ε, µ ∈ (0, 1); sine theontrol of the s + 1 order derivatives by the Xs-norm disappears as µ → 0, theuniformity with respet to µ requires partiular are (see the ontrol of B46 in theproof for instane), but is very important for the appliation sine µ≪ 1.



104 3. DERIVATION AND ANALYSIS OF A NEW 2D GREEN-NAGHDISYSTEMProposition 3.3.1. Let b ∈ C∞
b (R2), t0 > 1, s ≥ t0 + 1. Let also U = (ζ, V1, V2)

T

∈ Xs
T be suh that ∂tU ∈ Xs−1

T and satisfying the ondition (3.3.1) on [0,
T

ε
]. Thenfor all U0 ∈ Xs there exists a unique solution U = (ζ, V1, V2)

T ∈ Xs
T to (3.3.5) andfor all 0 ≤ t ≤ T

ε

Es(U(t)) ≤ eελT tEs(U0) + ε

∫ t

0

eελT (t−t′)C(Es(U)(t′))dt′,for some λT = λT ( sup
0≤t≤T/ε

Es(U(t)), sup
0≤t≤T/ε

|∂th(t)|L∞) .Proof. Existene and uniqueness of a solution to the IVP (3.3.5) is ahieved byusing lassial methods as in appendix A of [38℄ for the standard 1D Green-Naghdiequations and we thus fous our attention on the proof of the energy estimate. Forany λ ∈ R, we ompute
eελt∂t(e

−ελtEs(U)2) = −ελEs(U)2 + ∂t(E
s(U)2).Sine

Es(U)2 = (ΛsU, SΛsU),and U = (ζ, V1, V2)
T , v = (V1, V2)

T , we have
∂t(E

s(U)2) = 2(Λsζ,Λsζt) + 2(Λsv,TΛsvt) + (Λsv, [∂t,T]Λsv). (3.3.8)One gets using the equations (3.3.5) and integrating by parts,
1

2
eελt∂t(e

−ελtEs(U)2) = −ελ
2
Es(U)2 − (SA[U ]ΛsU,ΛsU)

−
([

Λs, A[U ]
]
U, SΛsU

)
− (ΛsB(U), SΛsU) +

1

2
(Λsv, [∂t,T]Λsv). (3.3.9)We now turn to bound from above the di�erent omponents of the r.h.s of (3.3.9).

• Estimate of (SA[U ]ΛsU,ΛsU). Remarking that
SA[U ] =

(
εv · ∇ h∇·
h∇ T(εv · ∇) + εµR1[U ]

)
,we get

(SA[U ]ΛsU,ΛsU) = (εv · ∇Λsζ,Λsζ) + (h∇ · Λsv,Λsζ)

+(h∇Λsζ,Λsv) +
(
(T(εv · ∇) + εµR1[U ])Λsv,Λsv

)

=: A1 + A2 + A3 + A4.



3.3. Mathematial analysis of the new Green-Naghdi model 105We now fous on the ontrol of (Aj)1≤j≤4.
− Control of A1. Integrating by parts, one obtains

A1 = (εv · ∇Λsζ,Λsζ) = −1

2
(ε∇ · vΛsζ,Λsζ),and one an onlude by Cauhy-Shwarz inequality that

|A1| ≤ εC(|∇ · v|L∞)Es(U)2.

− Control of A2 + A3. First remark that
|A2 + A3| = |(∇h · Λsv,Λsζ)| ≤ |∇h|(L∞)2E

s(U)2;we get,
|A2 + A3| ≤ εC(|∇h|(L∞)2E

s(U)2.

− Control of A4. One omputes,
A4 = ε

(
T((v · ∇) Λsv),Λsv

)
+ (εµR1[U ]Λsv,Λsv)

=: A41 + A42.Note �rst that
A41 = ε(h (v · ∇)Λsv,Λsv) +

εµ

3
(h3 ∇ · (v · ∇)Λsv),Λs∇ · v)

−ε
2µ

2
(h2 ∇b · (v · ∇)Λsv,Λs∇ · v) − ε2µ

2
(h2∇b∇ · (v · ∇)Λsv,Λsv)

+ε3µ(h ∇b∇b · (v · ∇)Λsv,Λsv) + εµ(url (v · ∇)Λsv),Λsurl v);remark also that
(url (v · ∇)Λsv),Λsurl v) = −1

2

(
(urlΛsv, ∂1V1urlΛsv) + (∇∧ Λsv, ∂2V2∇∧ Λsv)

)

+(urlΛsv, ∂1v · ∇ΛsV2) − (urlΛsv, ∂2v · ∇ΛsV1),and that, for all F and G smooth enough, one has
((G · ∇)v, F ) = −(v, F ∇ ·G) − (v, (G · ∇)F ).By using suessively the above identities, the following relation (3.3.10)

|∇F1|22 + |∇F2|22 = |∇ · F |22 + |urlF |22, (3.3.10)integration by parts and the Cauhy-Shwarz inequality, one obtains diretly:
|A41| ≤ εC(|v|(W 1,∞)2 , |ζ|W 1,∞)Es(U)2.



106 3. DERIVATION AND ANALYSIS OF A NEW 2D GREEN-NAGHDISYSTEMFor A42, remark that
|A42| = |(εµR1[U ]Λsv,Λsv)|

=
∣∣∣ +

2

3
εµ(Q[U ]Λsv,Λs∇ · v) − µε2

(
h2(−∂1v · ∂2Λ

sv⊥ − (∇ · v)(∇ · Λsv))∇b,Λsv
)

−µε
2

2

(
h2(V 1Λ

sV1∂
2
1b+ 2V 1Λ

sV2∂1∂2b+ V 2Λ
sV2∂

2
2b),Λ

s∇ · v
)∣∣∣,where

Q[U ]f = h3(−∂1v · ∂2f
⊥ − (∇ · v)(∇ · f)).we dedue that

|A42| ≤ εC(|v|(W 1,∞)2 , |ζ|W 1,∞)Es(U)2.The estimates proved in A41 and A42 show that
|A4| ≤ εC(|v|(W 1,∞)2 , |ζ|W 1,∞)Es(U)2.

• Estimate of ([
Λs, A[U ]

]
U, SΛsU

). Remark �rst that
([

Λs, A[U ]
]
U, SΛsU

)
= ([Λs, εv] · ∇ζ,Λsζ) + ([Λs, h]∇ · v,Λsζ)

+ ([Λs,T−1 h]∇ζ,TΛsv) + ([Λs, ε(v · ∇)]v,TΛsv) + εµ
([

Λs,T−1R1[U ]
]
v,TΛsv

)

=: B1 +B2 +B3 +B4 +B5.

− Control of B1 +B2 = ([Λs, εv] · ∇ζ,Λsζ) + ([Λs, h]∇ · v,Λsζ).Sine s ≥ t0 +1, we an use the following ommutator estimate (3.3.11) (see e.g [51℄)
|[Λs, F ]G|2 . |∇F |Hs−1|G|Hs−1. (3.3.11)to get
|B1 +B2| ≤ εC(Es(U))Es(U)2.

− Control of B4 = ([Λs, ε(v · ∇)]v,TΛsv). By using the expliit expression of T weget
B4 = ([Λs, εv · ∇]v, hΛsv) +

µ

3
(∇ · [Λs, ε(v · ∇)]v, h3 Λs∇ · v)

−εµ
2

([Λs, ε(v · ∇)]v, h2 ∇bΛs∇ · v) +
εµ

2
([Λs, ε(v · ∇)]v,∇(h2 ∇b · Λsv))

+ε2µ([Λs, ε(v · ∇)]v, h ∇b∇b · Λsv) + µ(url [Λs, ε(v · ∇)]v,Λsurl v)
:= B41 +B42 +B43 +B44 +B45 +B46.One obtains as for the ontrol of B1 and B2 above that

|B4j| ≤ εC(Es(U))Es(U)2, j ∈ {1, 3, 4, 5}.



3.3. Mathematial analysis of the new Green-Naghdi model 107The ontrol of B42 and B46 is more deliate beause of the dependene on µ (reallthat the energy Es(U) ontrols s+1 derivatives of v, but with a small oe�ient √µin front of the derivatives of order O(
√
µ)). For B46, we thus proeed as follows: we�rst write

B46 = µ(url [Λs, ε(v · ∇)]v,Λsurl v)
= µ(∂1[Λ

s, εV1∂1]V2,Λ
surl v) + µ(∂1[Λ

s, εV2∂2]V2,Λ
surl v)

−µ(∂2[Λ
s, εV1∂1]V1,Λ

surl v) − µ(∂2[Λ
s, εV2∂2]V1,Λ

surl v)
:= B461 +B462 +B463 +B464.Remarking that for all j ∈ {1, 2} we have

∂j [Λ
s, f ]g = [Λs, ∂jf ]g + [Λs, f ]∂jg,and

[Λs, f∂j]g = [Λs, f ]∂jg,we an rewrite B461 under the form
B461 = µ(∂1[Λ

s, εV1∂1]V2,Λ
surl v)

= µ([Λs, ε∂1V1]∂1V2,Λ
surl v) + µ([Λs, εV1]∂

2
1V2,Λ

surl v).It is then easy to use the ommutator estimate (3.3.11) in order to obtain
|B46j | ≤ εC(Es(U))Es(U)2, j ∈ {1, 2, 3, 4}.Similarly, B42 is ontroled by εC(Es(U))Es(U)2. The estimates proved in

(B4j)j∈{1,2,3,4,5,6} show that
|B4| ≤ εC(Es(U))Es(U)2.

− Control of B3 = ([Λs,T−1 h]∇ζ,TΛsv). Remark �rst that
T[Λs,T−1]h∇ζ = T[Λs,T−1 h]∇ζ − [Λs, h]∇ζ ;moreover, sine [Λs,T−1] = −T

−1[Λs,T]T−1, one gets
T[Λs,T−1 h]∇ζ = −[Λs,T]T−1h∇ζ + [Λs, h]∇ζ,and one an hek by using the expliit expression of T that

T[Λs,T−1 h]∇ζ = −[Λs, h]T−1h∇ζ +
µ

3
∇{[Λs, h3]∇ · (T−1h∇ζ)}

−εµ
2
∇[Λs, h2∇b] · T−1h∇ζ +

εµ

2
[Λs, h2∇b]∇ · (T−1h∇ζ)

−ε2µ[Λs, h∇b∇bT ]T−1h∇ζ + [Λs, h]∇ζ.
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B3 =

(
T[Λs,T−1 h]∇ζ,Λsv

)

= −
(
[Λs, h]T−1h∇ζ,Λsv

)
− µ

3

(
{[Λs, h3]∇ · (T−1h∇ζ)},Λs∇ · v

)

+
εµ

2

(
[Λs, h2∇b] · T−1h∇ζ,Λs∇ · v

)
+
εµ

2

(
[Λs, h2∇b]∇ · (T−1h∇ζ),Λsv

)

−ε2µ
(
[Λs, h∇b∇bT ]T−1h∇ζ,Λsv

)
+

(
[Λs, h]∇ζ,Λsv

)
.One dedues diretly from Lemma 3.3.1, the ommutator estimate (3.3.11), andCauhy-Shwarz inequality that

|B3| ≤ C
( 1

hmin
, |h− 1|Hs

) {(
|∇h|Hs−1 + ε2µ|h2∇b∇bT |Hs +

εµ

2
|h∇b|Hs

)
|h∇ζ |Hs−1

+
(1

3
|∇h3|Hs−1 +

ε
√
µ

2
|h2∇b|Hs

)
|h∇ζ |Hs−1 + |∇h|Hs−1|∇ζ |Hs−1

)}
|v|Xs.Finally, we dedue

|B3| ≤ εC(Es(U))Es(U)2.

− Control of B5 = εµ
([

Λs,T−1R1[U ]
]
v,TΛsv

). Let us �rst write
T
[
Λs,T−1R1[U ]

]
v = −[Λs,T]T−1R1[U ]v +

[
Λs, R1[U ]

]
vso, that

T
[
Λs,T−1R1[U ]

]
v = −[Λs, h]T−1R1[U ]v +

µ

3
∇{[Λs, h3]∇ · (T−1R1[U ]v)}

−εµ
2
∇{[Λs, h2∇b] · T−1R1[U ]v} +

εµ

2
[Λs, h2∇b]∇ · (T−1R1[U ]v)

−ε2µ[Λs, h∇b∇bT ]T−1R1[U ]v + [Λs, R1[U ]]v.To ontrol the term ([
Λs, R1[U ]

]
v,Λsv

) we use the expliit expression of R1[U ]:
R1[U ]f = −2

3
∇Q[U ]f +

ε

2
∇(h2(V1F1∂

2
1b+ 2V1F2∂1∂2b+ V2F2∂

2
2b))

−εh2(−∂1v · ∂2f
⊥ − (∇ · v)(∇ · f))∇b,where,

Q[U ]f = h3(−∂1v∂2f
⊥ − (∇ · v)(∇ · f)).As for the ontrol of the term (

∇{[Λs, h3]∇ · (T−1R1[U ]v)},Λsv
) we use the expliitexpression of R1[U ], the relation (3.3.10), the ommutator estimate (3.3.11) and
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(
∇{[Λs, h3]∇ · (T−1R1[U ]v)},Λsv

)
= −2

3

(
[Λs, h3]∇ · (T−1∇Q[U ]v),Λs∇ · v

)

− ε

2

(
[Λs, h3]∇ · T−1∇(h2(V1V1∂

2
1b+ 2V1V2∂1∂2b+ V2V2∂

2
2b)),Λ

s∇ · v
)

− ε
(
[Λs, h3]∇ · T−1(h2(−∂1v · ∂2Λ

sv⊥ − (∇ · v)(∇ · v))∇b),Λs∇ · v
)
.and thus, after remarking that

|∇ · (T−1∇Q[U ]v)|Hs−1 ≤ |T−1∇Q[U ]v|Hs,we an proeed as for the ontrol of B3 to get
|B5| ≤ εC(Es(U))Es(U)2.

• Estimate of (ΛsB(U), SΛsU). Note �rst that
B(U) =

(
ε∇b · v

εµT
−1r2(U)

)so that
(ΛsB(U), SΛsU) = (Λs(ε∇b · v),Λsζ) + (Λs(T−1r2(U)),TΛsv)

= (Λs(ε∇b · v),Λsζ) − εµ
(
[Λs,T]T−1r2(U),Λsv

)

+εµ
(
Λsr2(U),Λsv

)
.Using again here the expliit expressions of T, r2(U) and Lemma 3.3.1, we get

(ΛsB(U), SΛsU) ≤ εC(Es(U))Es(U).

• Estimate of (Λsv, [∂t,T]Λsv). We have that
(Λsv, [∂t,T]Λsv) = (Λsv, ∂thΛ

sv) +
µ

3
(Λs∇ · v, ∂th

3Λs∇ · v)

−εµ
2

(Λsv, ∂th
2∇bΛs∇ · v) − εµ

2
(Λs∇ · v, ∂th

2∇b · Λsv)

+ε2µ(Λsv, ∂th∇b∇bT Λsv).Controlling these terms by εC(Es(U), |∂th|L∞)Es(U)2 follows diretly from a Cauhy-Shwarz inequality and an integration by parts.Gathering the informations provided by the above estimates and using the fat thatthe embedding Hs(R2) ⊂W 1,∞(R2) is ontinuous, we get
eελt∂t(e

−ελtEs(U)2) ≤ ε
(
C(Es(U), |∂th|L∞) − λ

)
Es(U)2 + εC(Es(U))Es(U).



110 3. DERIVATION AND ANALYSIS OF A NEW 2D GREEN-NAGHDISYSTEMTaking λ = λT large enough (how large depending on sup
t∈[0, T

ε
]

C(Es(U), |∂th|L∞) tohave the �rst term of the right hand side negative for all t ∈ [0,
T

ε
], one dedues

∀t ∈ [0,
T

ε
], eελt∂t(e

−ελtEs(U)2) ≤ εC(Es(U))Es(U).Integrating this di�erential inequality yields therefore
∀t ∈ [0,

T

ε
], Es(U) ≤ eελT tEs(U0) + ε

∫ t

0

eελT (t−t′)C(Es(U)(t′))dt′,whih is the desired result.3.3.3 Main resultIn this subsetion we prove the main result of this hapter, whih shows the well-posedness of the new Green-Naghdi equations (3.1.6) for times of order O(
1

ε
).Theorem 3.3.1. Let b ∈ C∞

b (R2), t0 > 1, s ≥ t0 + 1. Let also U0 = (ζ0, v
T
0 )T ∈ Xsbe suh that (3.3.1) is satis�ed. Then there exists a maximal Tmax > 0, uniformlybounded from below with respet to ε, µ ∈ (0, 1), suh that the new Green-Naghdiequations (3.1.6) admit a unique solution U = (ζ, vT )T ∈ Xs

Tmax
with the initialondition (ζ0, v

T
0 )T and preserving the nonvanishing depth ondition (3.3.1) for any

t ∈ [0,
Tmax

ε
). In partiular if Tmax <∞ one has

|U(t, ·)|Xs −→ ∞ as t −→ Tmax

ε
,or

inf
R2
h(t, ·) = inf

R2
1 + ε(ζ(t, ·) − b(·)) −→ 0 as t −→ Tmax

ε
.Remark 3.3.2. For 2D surfae waves, non �at bottoms, B. A. Samaniego and D.Lannes [4℄ proved a well-posedness result for the standard 2D Green-Naghdi equationsusing a Nash-Moser sheme. Our result only uses a standard Piard iterative andthere is therefore no loss of regularity of the solution of the new 2D Green-Naghdiequations with respet to the initial ondition.Remark 3.3.3. No smallness assumption on ε nor µ is required in the theorem.The fat that Tmax is uniformly bounded from below with respet to these parametersallows us to say that if some smallness assumption is made on ε, then the existenetime beomes larger, namely of order O(1/ε).Proof. Using the energy estimate of Proposition 3.3.1, one proves the result followingthe same lines as in the proof of Theorem 1 in [38℄, whih is itself an adaptation ofthe standard proof of well-posedness of hyperboli systems (e.g [2, 72℄).



3.3. Mathematial analysis of the new Green-Naghdi model 1113.3.4 Conservation of the almost irrotationality of vTo obtain the new 2D Green-Naghdi model (3.1.6) we used the fat that url v =
O(µ), we prove in the following Theorem that the new model (3.1.6) onserves ofourse this property.Theorem 3.3.2. Let t0 > 1, s ≥ t0 + 1, U0 = (ζ0, v

T
0 )T ∈ Xs+4 with |url v0|Hs ≤

µC(|U0|Xs). Then, the solution U = (ζ, vT )T ∈ Xs+4
Tmax

of the new Green-Naghdiequations (3.1.6) with the initial ondition (ζ0, v
T
0 )T satis�es

∀ 0 < T < Tmax, |url v|L∞([0, T
ε
],Hs) ≤ µC(T, |U0|Xs+4).Proof. Applying the operator url (·) to the seond equation of the model (3.1.6)after multiplying it by 1

h
yields
∂tw + ε∇ · (vw) = εµf1 + g,where

f1 = −url (1

h
T [h, εb] − 1

h
∇⊥url )

v · ∇v

−url 1

h

{2

3
∇[h3(∂1v · ∂2v

⊥ + (∇ · v)2)] + ℜ[h, εb](v)
}and

g = −µurl (1

h
T [h, εb] − 1

h
∇⊥url )

∂tv.From the identity url( 1

h
W ) = −ε 1

h2
∇⊥(ζ− b) ·W +

1

h
url W , we dedue that g anbe put under the form

g = εµf2 + µurl ( 1

h
∇⊥∂tw),with

f2 =
1

h2
∇⊥(ζ − b) · T [h, εb]∂tv +

1

2h
url(h2∇b ∂t∇ · v) − ε

h
url(h∇b∇b · ∂tv).We have thus shown that w solves

(
I − µurl (1

h
∇⊥

))
∂tw + ε∇ · (vw) = εµf1 + εµf2.Energy estimates on this equation then show that for all 0 < T < Tmax, one has

|w|L∞([0,T/ε],Hs) ≤ µC(T, |U |Xs
T
)
(
|f1|L∞([0,T/ε],Hs) + |f2|L∞([0,T/ε],Hs)

)
.Now, one dedues from the expliit expression of fj (j = 1, 2) that |fj|L∞([0,T/ε],Hs) ≤

C(|U |Xs+4
T

); with Theorem 3.3.1, we dedue that |fj|L∞([0,T/ε],Hs) ≤ C(T, |U0|Xs+4
T

),and the result follows.
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PARTIE III
Numerial simulation





Chapitre 4
A numerial study of variable depthKdV equations and generalizations ofCamassa-Holm-like equations

In this present hapter we study numerially the KdV-top equation derived in [37℄,and ompare it with the Boussinesq equations over uneven bottom. We use here a�nite-di�erene sheme that onserves a disrete energy for the fully disrete sheme.We also ompare this the approah with disontinuous Galerkin method of [76℄. Forthe equations derived in the same referene [37℄, in the ase of stronger nonlinearitiesand related to the Camassa-Holm equation we �nd many �nite di�erene shemesthat onserve a disrete energy for the fully disrete sheme. We ompare this ap-proah with the disontinuous Galerkin method of [77℄.4.1 Introdution4.1.1 General settingThis hapter is devoted to the numerial omparison of di�erent asymptoti mod-els for the water waves problem for uneven bottoms. These equations desribe themotion of the free surfae and the evolution of the veloity �eld of a layer of �uidunder the following assumptions: the �uid is ideal, inompressible, irrotationnal,and under the in�uene of gravity. The solutions of these equations are very di�-ult to desribe, beause of their omplexity. We thus look for approximate modelsand hene for approximate solutions. The main asymptotial models used in oastaloeanography, inluding shallow-water equations, Boussinesq systems, Green-Naghdi115



1164. A NUMERICAL STUDY OF VARIABLE DEPTH KDV EQUATIONS ANDGENERALIZATIONS OF CAMASSA-HOLM-LIKE EQUATIONSequations (GN) have been rigorously justi�ed in [3℄. Some of these models apturethe existene of solitary water waves and the assoiated phenomenon of soliton man-ifestation [41℄. The Korteweg-de Vries (KdV) equation originally derived over �atbottoms [49℄ is an approximation of the Boussinesq equations, and this relation hasbeen rigorously justi�ed in [22, 67, 10, 36℄. When the bottom is uneven, variousgeneralizations of the KdV equation with non onstant oe�ients (alled KdV-top)have been proposed [47, 70, 27, 59, 32, 78, 64, 31, 43, 66℄, and rigorously justi�ed in[37℄. One of the aims of this hapter is to study numerially these KdV-top equa-tions, and to ompare them with the Boussinesq equations over uneven bottom. TheKdV equation on �at bottom an be numerially solved by using �nite di�ereneshemes [65, 81℄, or disontinuous Galerkin shemes [76℄. It is treated with �nitedi�erenes in [18℄ by using a Crank-Niolson relaxation method in time introduedby Besse-Bruneau in [6℄ and justi�ed by Besse in [7℄. Our �nite-di�erene sheme isinspired from these earlier works. We propose a modi�ation so that the numerialsheme onserves a disrete energy for the fully disrete sheme (in spae and time).We also ompare this approah with the disontinuous Galerkin method of [76℄.The generalization of the KdV-top equation to more nonlinear regimes (related toCamassa-Holm [15℄ and Degasperis-Proesi [26℄ equations) ontains higher order non-linear dispersive/nonloal balanes not present in the KdV and BBM equations. In2008 Constantin and Lannes [20℄, rigorously justi�ed these generalizations of theKdV equation in the ase of �at bottoms . They proved that these equations an beused to furnish approximations to the governing equations for water waves. TheseCamassa-Holm (CH) equations on �at bottom an be numerially studied by using�nite di�erene shemes [34, 35, 20, 25℄, or disontinous Galerkin shemes [77℄. In2009 S. Israwi [37℄, investigated the ase of variable bottoms in the same saling as in[20℄. He derived a new variable oe�ients lass of equations whih takes into aounttopographi e�ets and generalizes the CH-like equations of Constantin-Lannes [20℄.In the present artile, we �nd many �nite di�erene shemes for these new models, sothat the numerial sheme onserves a disrete energy for the fully disrete sheme(in spae and time). We also ompare this approah with the disontinuous Galerkinmethod [77℄.4.1.2 Presentation of two-ways models : Boussinesq and Green-Naghdi equationsParameterizing the free surfae by z = εζ(t, x) (with x ∈ R) and the bottom by
z = −1 + βb(α)(x) (with b(α)(x) = b(αx)), one an use the inompressibility andirrotationality onditions to write the lassial adimensionalized water waves in termsof a veloity potential ϕ assoiated with the �ow, and where ϕ(t, .) is de�ned on
Ωt = {(x, z),−1 + βb(α)(x) < z < εζ(t, x)} (i.e. the veloity �eld is given by



4.1. Introdution 117
v = ∇x,zϕ):






µ∂2
xϕ+ ∂2

zϕ = 0, at −1 + βb(α) < z < εζ,

∂zϕ− µβα∂xb
(α)∂xϕ = 0 at z = −1 + βb(α),

∂tζ −
1

µ
(−µε∂xζ∂xϕ+ ∂zϕ) = 0, at z = εζ,

∂tϕ+
1

2
(ε(∂xϕ)2 +

ε

µ
(∂zϕ)2) + ζ = 0 at z = εζ.

(4.1.1)
The dimensionless parameters are de�ned as :

ε =
a

h0
, µ =

h2
0

λ2
, β =

b0
h0

;where a is a typial amplitude of the waves; λ is the wavelength, b0 is the order ofamplitude of the variations of the bottom topography; λ/α is the wavelength of thebottom variations; h0 is the referene depth. We also reall that b(α)(x) = b(αx).The parameter ε is often alled nonlinearity parameter; while µ is the shallownessparameter. Asymptoti models from (1.1.3) are derived by making assumptions onthe size of ε, β, α, and µ. In the shallow-water saling (µ ≪ 1), one an derive (ε,
β and α do not need to be small) the so-alled Green-Naghdi equations (see [29, 53℄for a derivation and [3, 38℄ for a rigorous justi�ation). For one-dimensional surfaesand over uneven bottoms these equations ouple the free surfae elevation ζ to thevertially averaged horizontal omponent of the veloity,

u(t, x) =
1

1 + εζ − βb(α)

∫ εζ

−1+βb(α)

∂xϕ(t, x, z)dz (4.1.2)and an be written as:




∂tζ + ∂x(hu) = 0,

(1 +
µ

h
T [h, βb(α)])∂tu+ ∂xζ + εu∂xu

+ µε
{
− 1

3h
∂x(h

3(u∂2
xu) − (∂xu)

2) + ℑ[h, βb(α)]u
}

= 0

(4.1.3)where h = 1 + εζ − βb(α) and
T [h, βb(α)]W = −1

3
∂x(h

3∂xW ) +
β

2
∂x(h

2∂xb
(α))W + β2h(∂xb

(α))2W,while the purely topographial term ℑ[h, βb(α)]u is de�ned as:
ℑ[h, βb(α)]u =

β

2h
[∂x(h

2(u∂x)
2b(α)) − h2((u∂2

xu) − (∂xu)
2)∂xb

(α)]

+β2((u∂x)
2b(α))∂xb

(α).



1184. A NUMERICAL STUDY OF VARIABLE DEPTH KDV EQUATIONS ANDGENERALIZATIONS OF CAMASSA-HOLM-LIKE EQUATIONSWe remark that the Green-Naghdi equations an then be simpli�ed over unevenbottoms into
{
ζt + [hu]x = 0

ut + ζx + εuux =
µ

3h
[h3(uxt + εuuxx − εu2

x)]x,
(4.1.4)where O(µ2) terms have been disarded, and provided that the parameters satisfy

θ = (α, β, ε, µ) ∈ ℘, where the set ℘ is de�ned as
℘ = {(α, β, ε, µ) suh that ε = O(

√
µ), βα = O(µ), βα = O(ε), (4.1.5)

βα3/2 = O(µ2), βαε = O(µ2)}.In order to obtain the KdV equation (alled KdV-top) originally derived in [47, 70,27℄, stronger assumptions on ε, β, α and µ must be made namely that the paramtersbelong to the subset ℘′ ⊂ ℘ de�ned as:
℘′ = {(α, β, ε, µ) suh that ε = O(µ), αβ = O(ε), α3/2β = O(ε2)}. (4.1.6)Negleting theO(µ2) terms, one obtains from (1.2.1) the following Boussinesq system:

{
ζt + [hu]x = 0

ut + ζx + εuux =
µ

3
(c4uxt)x,

(4.1.7)where c =
√

1 − βb(α).4.2 Numerial sheme for the Kdv-top equationsIn this setion, attention is given to the regime of slow variations of the bottomtopography under the long-wave saling ε = O(µ). We investigate several situationssatisfying the ondition (4.1.6) on the parameters ε, β, α and µ.4.2.1 The ontinuous aseThe KDV-top (or original) modelThe model studied in this setion is the following (ζ is the elevation)
ζt + Γ1ζ +

3

2c
εζζx +

1

6
µc5ζxxx = 0, (4.2.1)and

Γ1ζ =
1

2
(c ζx + ∂x(c ζ)),



4.2. Numerial sheme for the Kdv-top equations 119where c =
√

1 − βb(α). We assume that (4.1.6) is satis�ed without any furtherassumptions; to this regime orresponds the so-alled KDV-top (or original) model(4.2.1). It is related to the Boussinesq equations in the meaning of onsisteny (seebelow) and it was originally derived in [47, 70, 27℄. We list here some of the propertiesof this model. The proof of all the results below an be found in [37℄. Let us �rstde�ne two di�erent kinds of onsisteny, namely, L∞ and Hs onsisteny.De�nition 4.2.1. Let ℘0 ⊂ ℘ be a family of parameters (with ℘ as in (4.1.5)). Afamily (ζθ, uθ)θ∈℘0 is L∞-onsistent on [0,
T

ε
] with the GN equations (4.1.4), if forall θ ∈ ℘0 (and denoting hθ = 1 + εζθ − βb(α)),

{
ζθ
t + [hθuθ]x = µ2rθ

1

uθ
t + ζθ

x + εuθuθ
x =

µ

3hθ
[(hθ)3(uθ

xt + εuθuθ
xx − ε(uθ

x)
2)]x + µ2rθ

2with (rθ
1, r

θ
2)θ∈℘0 bounded in L∞([0,

T

ε
] × R).When the residual is bounded in Hs and not in L∞, we speak of Hs-onsisteny.When s > 1/2, this Hs-onsisteny is obviously stronger than the L∞-onsisteny.De�nition 4.2.2. Let ℘0 ⊂ ℘ be a family of parameters (with ℘ as in (4.1.5)). Afamily (ζθ, uθ)θ∈℘0 is Hs-onsistent of order s ≥ 0 and on [0,

T

ε
] with the GN equa-tions (4.1.4), if for all θ ∈ ℘0, (and denoting hθ = 1 + εζθ − βb(α)),

{
ζθ
t + [hθu]x = µ2rθ

1

uθ
t + ζθ

x + εuθuθ
x =

µ

3

1

hθ
[(hθ)3(uθ

xt + εuθuθ
xx − ε(uθ

x)
2)]x + µ2rθ

2with (rθ
1, r

θ
2)θ∈℘0 bounded in L∞([0,

T

ε
], Hs(R)2).Remark 4.2.1. The de�nitions an be adapted to de�ne L∞ and Hs onsistenywith the Boussinesq equations (4.1.7) rather then the GN equations (4.1.4).For the KdV-top model (4.2.1), Hs-onsisteny annot be established, but L∞-onsisteny holds as shown below:Theorem 4.2.1. Let s > 3

2
, b ∈ H∞(R) and ζ0 ∈ Hs+1(R). For all θ ∈ ℘′

℘′ = {(α, β, ε, µ) suh that ε = O(µ), αβ = O(ε), α3/2β = O(ε2)},we obtain the following properties :



1204. A NUMERICAL STUDY OF VARIABLE DEPTH KDV EQUATIONS ANDGENERALIZATIONS OF CAMASSA-HOLM-LIKE EQUATIONS� there exists T > 0 and a unique family of solutions (ζθ)θ∈℘′ to (4.2.1) boundedin C([0,
T

ε
];Hs+1(R)) with initial ondition ζ0 ;� the familly (ζθ, uθ)θ∈℘′ with (omitting the index θ)

u :=
1

c

(
ζ − 1

2

∫ x

−∞

cx
c
ζ ds− ε

4c2
ζ2 + µ

1

6
c4ζxx

) (4.2.2)is L∞-onsistent on [0,
T

ε
] with the equations (4.1.7).Remark 4.2.2. The term ∫ x

−∞

cx
c
ζ ds does not neessarily deay at in�nity, and thisthe reason why Hs-onsisteny does not hold in general. The problem of the onver-gene of the solution of (4.2.1) to the solution of (4.1.7) remains open; numerialsimulations are performed in �2.2 to being some insight on this matter.The gentle modelIn a �rst stage, we restrit here our attention to parameters ε, β, α and µ suh that

ε = µ, β = O(ε), α = O(ε). (4.2.3)These onditions are stronger than (α, β, ε, µ) ∈ ℘′; we remark in partiular thatunder the ondition (4.2.3), the model (4.2.1) an be written after negleting the
O(µ2) terms as :

ζt + cζx +
3

2
εζζx +

1

6
εζxxx +

1

2
cxζ = 0, (4.2.4)we keep here the term 1

2
cxζ whih is of order O(µ2), to obtain a onservative sheme,and in that ase, we are able to dedue an energy preserved by this model. This model(4.2.4) will be alled gentle model sine it is only able to handle gentle variations ofbottom topography.Proposition 4.2.1. Let b and ζ0 be given by the above theorem and ζ solve (4.2.4).Then, for all t ∈ [0,

T

ε
],

∫

R

|ζ(t)|2 dx =

∫

R

|ζ0|2 dx.Remark 4.2.3. With the hoie of parameters (4.2.3), the model (4.2.4), is Hs-onsistent on [0,
T

ε
] with the equations (4.1.7), and a full justi�ation (onvergene)an given for this model (see [37℄).



4.2. Numerial sheme for the Kdv-top equations 121The strong modelWe onsider here stronger variations of the topography, i.e. :
µ = ε, β = O(1), α = O(ε4/3). (4.2.5)In order to obtain model with better properties, we add terms of order O(µ2), sothat we get equation (4.2.6) :

ζt + Γ1ζ + ε
3

2

(1

c

)2/3

ζ
((1

c

)1/3

ζ
)

x
+
µ

6
Γ3ζ = 0, (4.2.6)where, the skew-symmetri operators Γ1 and Γ3 are de�ned as

Γ1ζ =
1

2
(c ζx + ∂x(c ζ)),and

Γ3ζ = c5 ζxxx +
3

2
(c5)x ζxx +

3

4
(c5)xx ζx +

1

8
(c5)xxx ζ.It is remarked that (4.2.6) di�er from (4.2.1) only up to terms of order O(µ2) underthe ondition (4.2.5), indeed

ε
3

2c
ζζx = ε

3

2

(1

c

)2/3

ζ
((1

c

)1/3

ζ
)

x
+O(µ2),

µ

6
c5ζxxx =

µ

6
Γ3ζ +O(µ2).The interest of this formulation of the nonlinear and of the dispersive term is that itallows for exat onservation of the energy.Proposition 4.2.2. Let b and ζ0 be given by the above theorem and ζ solve (4.2.6).Then, for all t ∈ [0,

T

ε
],

∫

R

|ζ(t)|2 dx =

∫

R

|ζ0|2 dx.4.2.2 The numerial aseFor any funtion f , let us denote by fn(x) the approximation of f(t, x) with t = n∆t,
fn+1/2(x) the one of f(t, x) with t = (n + 1/2)∆t and by fi(t) the approximation of
f(t, x) with x = i∆x, fi+1/2(t) the one of f(t, x) with x = (i+ 1/2)∆x.
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L2 onservative �nite-di�erene shemesWe derive in the Lemma below a spatial disretization for the following nonlinearterms

ut + upux and ut + 2f [u]ux + f [u]xu;where, p ∈ N
∗, f [u] = uxx and f [u]x = uxxx so that the �nite di�erene shemesonserve the disrete L2 norm.Lemma 4.2.1. The following shemes for ut + upux and ut + 2f [u]ux + f [u]xu :

un+1 − un

∆t
+

1

p+ 2

(
D1

(un+1 + un

2

)
i
(un+1/2)p

i +D1

(
(un+1/2)pu

n+1 + un

2

)
i

)
,and

un+1 − un

∆t
+ D1

(un+1 + un

2

)
i
f [un+1/2)]i +D1

(
f [un+1/2]

un+1 + un

2

)
i
,respetively are onservatives, that is to say we have the equality :

∑

i

(un
i )2 =

∑

i

(u0
i )

2,where, the matrix D1 is the lassial entered disretizations of the derivative ∂x.Proof. Taking in the above shemes the inner produt with un+1
i + un

i

2
, using the fatthat for all v, w ∈ R

m

(D1v, w) = −(v,D1w),where m = dim(D1), one easily obtains :
∑

i

(un+1
i )2 =

∑

i

(un
i )

2.

The numerial sheme of the gentle modelWe hoose here a spatial disretization for the gentle model (4.2.4) so that thedisrete L2-norm is preserved by the fully disrete sheme. Lemma 1 shows howto disretize the nonlinear term 3

2
εζζx in a onservative way, and the third orderterm µ

6
ζxxx does not raise any di�ulties. For the variable oe�ients linear terms
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Γ1ζ =

1

2
(c ζx + ∂x(c ζ)), the situation is more deliate, we propose a speial onser-vative disretization that allows a disrete version of Proposition 4.2.1, whih givesthe �nal disretization of (4.2.4):

ζn+1
i − ζn

i

∆t
+

(
Dv

1

ζn+1 + ζn

2

)
i
+ ε

[1

2

(
ζ

n+ 1
2

i +
ζ

n+ 1
2

i+1 + ζ
n+ 1

2
i−1

2

)(
D1

ζn+1 + ζn

2

)
i(4.2.7)

+
1

2

ζn+1
i+1 + ζn

i+1 + ζn+1
i−1 + ζn

i−1

4

(
D1ζ

n+ 1
2

)

i
+

1

6

(
D3

ζn+1 + ζn

2

)

i

]
= 0,where the matries D1 and D3 are the lassial entered disretizations of the deriva-tives ∂x and ∂3

x, while the skew-symmetri matrix Dv
1 is as follows:

(
Dv

1ζ
n
)

i
=

ci+1/2 ζ
n
i+1 − ci−1/2 ζ

n
i−1

2∆x
,(the index v stands for "variable oe�ients", if c = 1 one hasDv

1 = D1.) Throughoutthis setion, we will denote by (ζn)n∈N the unique sequene whih solves (4.2.7) forall n ∈ N. We obtain the onservation of a disrete energy (whose ontinuous versionis stated in Propostion 4.2.1).Theorem 4.2.2. The L2-norm of ζn is onserved, that is,
∀n ∈ N,

∑

i

(ζn
i )2 =

∑

i

(ζ0
i )2.Therefore, the �nite-di�erene sheme (4.2.7) is stable.Proof. Taking in (4.2.7) the inner produt with ζn+1

i + ζn
i

2
, using the fat that D1,

D3 and Dv
1 are skew-symmetri matries, we obtain

∑

i

(ζn+1
i − ζn

i

∆t

ζn+1
i + ζn

i

2

)
+ ε

∑

i

([1

2

(
ζ

n+ 1
2

i +
ζ

n+ 1
2

i+1 + ζ
n+ 1

2
i−1

2

)(
D1

ζn+1 + ζn

2

)
i

+
1

2

ζn+1
i+1 + ζn

i+1 + ζn+1
i−1 + ζn

i−1

4

(
D1ζ

n+ 1
2

)
i

]ζn+1
i + ζn

i

2

)
= S1(ζ) + εS2(ζ) = 0.
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S2(ζ) =

1

2

∑

i

ζ
n+ 1

2
i

(ζn+1
i+1 − ζn+1

i−1 + ζn
i+1 − ζn

i−1

4∆x

)ζn+1
i + ζn

i

2

+
1

2

∑

i

ζ
n+ 1

2
i+1 + ζ

n+ 1
2

i−1

2

(ζn+1
i+1 − ζn+1

i−1 + ζn
i+1 − ζn

i−1

4∆x

)ζn+1
i + ζn

i

2

+
1

2

∑

i

ζn+1
i+1 + ζn

i+1 + ζn+1
i−1 + ζn

i−1

4

(
D1ζ

n+ 1
2

)
i

ζn+1
i + ζn

i

2

= S21 + S22 + S23;with a hange of subsripts in S21, we get
S21 =

1

8∆x

∑

i

ζ
n+ 1

2
i−1 ζ

n+1
i

ζn+1
i−1 + ζn

i−1

2
− ζ

n+ 1
2

i+1 ζ
n+1
i

ζn+1
i+1 + ζn

i+1

2

+ζ
n+ 1

2
i−1 ζ

n
i

ζn+1
i−1 + ζn

i−1

2
− ζ

n+ 1
2

i+1 ζ
n
i

ζn+1
i+1 + ζn

i+1

2

=
1

16∆x

∑

i

ζn+1
i + ζn

i

2

[
2ζ

n+ 1
2

i−1

(
ζn+1
i−1 + ζn

i−1

)
− 2ζ

n+ 1
2

i+1

(
ζn+1
i+1 + ζn

i+1

)]
,and we remind that

S22 =
1

16∆x

∑

i

[
ζ

n+ 1
2

i−1

(
ζn+1
i+1 + ζn

i+1 − ζn+1
i−1 − ζn

i−1

)
+ ζ

n+ 1
2

i+1

(
ζn+1
i+1 + ζn

i+1 − ζn+1
i−1

−ζn
i−1

)]ζn+1
i + ζn

i

2
.Summing S21 and S22, we get

S21 + S22 =
1

16∆x

∑

i

[
(ζ

n+ 1
2

i−1 − ζ
n+ 1

2
i+1 )(ζn+1

i+1 + ζn
i+1 + ζn+1

i−1 + ζn
i−1)

]ζn+1
i + ζn

i

2

= −S23.Finally, we dedue that S2(ζ) = 0. It follows now that S1(ζ) = 0, whih implieseasily the result.
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Γ1ζ =

1

2
(c ζx + ∂x(c ζ)),and

Γ3ζ = c5 ζxxx +
3

2
(c5)x ζxx +

3

4
(c5)xx ζx +

1

8
(c5)xxx ζ.These two operators are disretized by matries Dv

1 and Dv
3 :

(
Dv

1ζ
n
)

i
=

ci+1/2 ζ
n
i+1 − ci−1/2 ζ

n
i−1

2∆x
.

(
Dv

3ζ
n
)

i
=

c5i+1 ζ
n
i+2 − 2 c5i+1/2 ζ

n
i+1 + 2 c5i−1/2 ζ

n
i−1 − c5i−1 ζ

n
i−2

2∆x3
.These two matries are skew-symmetri and do not modify the stability of the sheme.We hoose for the strong model (4.2.6) a fully disrete sheme, similar to the previoussetion :

ζn+1
i − ζn

i

∆t
+

(
Dv

1

ζn+1 + ζn

2

)

i
+ ε

(1

c

)1/3

i

[1

2

((1

c

)1/3

i
ζ

n+ 1
2

i

+

(
1
c

)1/3

i+1
ζ

n+ 1
2

i+1 +
(

1
c

)1/3

i−1
ζ

n+ 1
2

i−1

2

)(
D1

(1

c

)1/3 ζn+1 + ζn

2

)

i (4.2.8)
+

1

2

(
1
c

)1/3

i+1
ζn+1
i+1 +

(
1
c

)1/3

i+1
ζn
i+1 +

(
1
c

)1/3

i−1
ζn+1
i−1 +

(
1
c

)1/3

i−1
ζn
i−1

4
×

(
D1

(1

c

)1/3

ζn+ 1
2

)
i

]
+
µ

6

(
Dv

3

ζn+1 + ζn

2

)
i
= 0.Theorem 4.2.3. The disrete sheme (4.2.8) of the model (4.2.6) onserves anenergy i.e

∀n ∈ N,
∑

i

(ζn
i )2 =

∑

i

(ζ0
i )2.Proof. Taking in (4.2.8) the inner produt with ζn+1

i + ζn
i

2
, using the fat that D1,

Dv
3 and Dv

1 are skew-symmetri matrix, we obtain
∑

i

(ζn+1
i − ζn

i

∆t

ζn+1
i + ζn

i

2

)
+ ε

∑

i

([1

2

(
v

n+ 1
2

i +
v

n+ 1
2

i+1 + v
n+ 1

2
i−1

2

)(
D1

vn+1 + vn

2

)
i

+
1

2

vn+1
i+1 + vn

i+1 + vn+1
i−1 + vn

i−1

4

(
D1v

n+ 1
2

)
i

]vn+1
i + vn

i

2

)
= S1(ζ) + εS2(v) = 0,
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v =

(1

c

)1/3

ζ.Numerial validationSine there does not exist expliit solutions of (4.2.4) or (4.2.6), we have hosena high-order Loal Disontinuous Galerkin (LDG) in spae and high-order Gauss-Runge-Kutta sheme in time (see [33℄), in order to obtain very aurate of implemen-tation results, that an be used as referene solutions to validate the �nite di�erenemethod. The main advantage of �nite di�erene shemes are their simpliity andquikness. It also gives very good onservation of energy. Details about the LDGmethod an be found in [76℄ (for a �at bottom), the extension to variable bottomdoes not raise important di�ulties. In the ase of �at bottoms, analytial solutionsare well-known, and onsist of solitary-waves. Let us onsider the following initialondition parameterized by c1
ζ0(x) = 2 c1 seh2(

√
3c1ε

2µ
x),Therefore, the analytial solution for a �at bottom of (4.2.1) is equal to

ζ(x, t) = ζ0(x− c′ t),with a real veloity c′
c′ = 1 + εc1.We an wonder what is the in�uene of the bottom for this solitary-wave. To thisaim, we onsider a sinusoidal bottom

b(x) = sin(2παx).In the �gure 4.2.1, we have displayed the solution for this initial ondition (c1 = 0.5)for a sinusoidal bottom and with di�erent models.In the tables 4.1, 4.2, 4.3, the L2 error has been omputed for the LDG method andthe �nite-di�erene method for a �at bottom and a sinusoidal bottom for the twomodels (4.2.4), (4.2.6) presented. In these tables, the time step ∆t has been hosensmall enough so that there is no error due to time-disretization, the error omesonly beause of spae disretization.In �gure 4.2.2, we displayed the variation of the L2-norm for the di�erent proposedshemes. In this �gure, we observe that the disrete energy of (4.2.7) and (4.2.8)is onserved (the magnitude of the variations is 10−15 due to mahine preision),whereas the energy of LDG sheme is dereasing (in the �gure, we see that thevariation of energy is inreasing, so that the total energy is stritly dereasing).



4.2. Numerial sheme for the Kdv-top equations 127LDG, order 1N Error Order160 1.083e-1 -320 2.859e-2 1.92640 5.049e-3 2.501280 8.414e-4 2.592560 1.545e-4 2.46
LDG, order 3Error Order1.889e-3 -1.489e-4 3.676.231e-6 4.584.469e-7 3.802.606e-8 4.10

LDG, order 7Error Order2.168e-4 -8.367e-7 8.021.882e-9 8.801.328e-11 7.157.580e-14 7.45
Finite Di�ereneError Order2.129e-1 -6.195e-2 1.781.634e-2 1.924.392e-3 1.901.100e-3 1.997Table 4.1: L2 errors for the solitary-wave and �at bottom between the numerialsolution and the analytial one for t = 13.333. N denotes here the number of degreesof freedom. (c1 = 0.5 ε = µ = 0.1)LDG, order 1N Error Order160 1.350e-1 -320 4.469e-2 1.59640 1.119e-2 2.001280 1.950e-3 2.522560 2.908e-4 2.75

LDG, order 3Error Order1.770e-2 -2.124e-3 3.064.347e-5 5.612.460e-6 4.141.600e-7 3.95
LDG, order 7Error Order9.192e-3 -3.247e-5 8.151.785e-7 7.517.071e-10 7.982.926e-12 7.92

Finite Di�ereneError Order2.395e-1 -6.804e-2 1.821.743e-2 1.974.367e-3 1.9971.092e-3 2.00Table 4.2: L2 errors for the solitary-wave and sinusoidal bottom between the numer-ial solution and a referene solution for t = 13.33 and for the gentle model (4.2.4).N denotes here the number of degrees of freedom. (c1 = 0.5 β = 0.5, ε = µ =
0.1 α = 0.05)LDG, order 1N Error Order160 2.419e-1 -320 1.312e-1 0.88640 4.514e-2 1.541280 8.523e-3 2.412560 1.218e-3 2.81

LDG, order 3Error Order8.4212e-2 -8.751e-3 3.272.718e-4 5.018.208e-6 5.055.246e-7 3.97
LDG, order 7Error Order2.263e-2 -3.780e-4 5.901.819e-6 7.704.460e-9 8.674.131e-11 6.75

Finite Di�ereneError Order4.263e-1 -2.202e-1 0.957.546e-2 1.552.294e-2 1.728.924e-3 1.36Table 4.3: L2 errors for the solitary-wave and sinusoidal bottom between the numer-ial solution and a referene solution for t = 13.33 and for the strong model (4.2.6).N denotes here the number of degrees of freedom. (c1 = 0.5 β = 0.5, ε = µ =
0.1 α = 0.05)As a �nal test, we propose to hek numerially the auray of the approximationprovided by the KdV-top models (4.2.4), and the strong model (4.2.6) ( we reallhere that the strong model (4.2.6) is not fully justi�ed mathematially, and thatwe are only able to get L∞ onsisteny) in omparison to the Boussinesq equations(4.1.7). The initial ondition for ζ is the solitary wave (the same as previously, butentered at x = −10), and the expression of initial ondition for u in the Boussinesq



1284. A NUMERICAL STUDY OF VARIABLE DEPTH KDV EQUATIONS ANDGENERALIZATIONS OF CAMASSA-HOLM-LIKE EQUATIONSequations is given by (4.2.2). The omputational domain is [−100, 100] and we haveomputed the relative error for T = 50. For a �at bottom (see Fig. 4.2.3), we see thatthe solutions of the KdV and Boussinesq equations di�er from O(ε2). For an unevenbottom (see Fig. 4.2.4) the relative error seems to be in O(ε2) when α = β = O(ε),whereas it seems to be in O(ε) when β = O(1). We an see that the strong modelgives almost the same solutions as the original model (4.2.1).We have displayed the solution obtained for β = 0.5, ε = 0.018 and T = 50 on Fig.4.2.5. We an see that the solution of the Boussinesq equations is non-null for a largerange of x, on the interval [−60, 40], whereas solutions of KdV models are non-nullfor a smaller range [−20, 40]. And we learly see that in this ase, the strong andoriginal model give muh better solution (relative L2 error is respetively equal to6.4 % and 7.4%) than gentle model (relative L2 error is equal to 62.2 %).
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Figure 4.2.1: Solution of KdV equation for a sinusoidal bottom, with gentle, strongmodel and Boussinesq model, for t = 0, t = 6.67, t = 13.33. (c1 = 0.5 β =
0.5, ε = µ = 0.1 α = 0.05)
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Figure 4.2.2: Logarithm of variation of energy versus time for gentle sheme (4.2.7)and strong sheme (4.2.8) for solitary-wave and sinusoidal bottom (c1 = 0.5 β =
0.5, ε = µ = 0.1 α = 0.05). Finite di�erene and third order LDG with 640degrees of freedom.

Figure 4.2.3: Relative error between solutions of Boussinesq equations and KdV fora �at bottom (Log-log sale)
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Figure 4.2.4: Relative error between solutions of Boussinesq equations and KdV fora sinusoidal bottom (Log-log sale). We have onsidered gentle model (4.2.4), strongmodel (4.2.6) and original model (4.2.1). On above α = 0.5 ε, β = 0.5, on below
α = 0.5ε, β = ε.
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Figure 4.2.5: Solution obtained for a solitary-wave with a sinusoidal bottom for
β = 0.5, ε = 0.018, α = 0.5ε, and T = 50. On bottom, you an see the solution ona redued interval so that you an observe the di�erenes.



4.3. Numerial sheme for the Camassa-Holm-like equations 1334.3 Numerial sheme for the Camassa-Holm-likeequationsNow we onsider the generalizations to more nonlinear regimes of the KdV-top equa-tion derived in [20℄ for �at bottoms and [37℄ for variable bottoms.4.3.1 The ontinuous aseThe original modelThe family of equations on the surfae elevation ζ (see [37℄) :
ζt + cζx +

1

2
cxζ +

3

2c
εζζx −

3

8c3
ε2ζ2ζx +

3

16c5
ε3ζ3ζx

+µ(Ãζxxx +Bζxxt) = εµẼζζxxx + εµ
(
∂x(

F̃

2
ζ)ζxx + ζx∂

2
x(
F̃

2
ζ)

)
, (4.3.1)where

Ã = Ac5 −Bc5 +Bc

Ẽ = Ec3 − 3

2
Bc3 +

3

2c
B

F̃ = Fc3 − 9

2
Bc3 +

9

2c
B,alled here original model, an be used to onstrut an approximate solution onsis-tent with the Green-Naghdi equations.Theorem 4.3.1. Let s > 3

2
, b ∈ H∞(R) and ζ0 ∈ Hs+1(R). Assume that

A = q, B = q − 1

6
E = −3

2
q − 1

6
, F = −9

2
q − 5

24
.For all θ ∈ ℘ suh that

℘ = {(α, β, ε, µ) suh that ε = O(
√
µ), βα = O(µ), βα = O(ε),

βα3/2 = O(µ2), βαε = O(µ2)}we obtain� there exists T > 0 and a unique family of solutions (ζθ)θ∈℘ to (4.3.1) boundedin C([0,
T

ε
];Hs+1(R)) with initial ondition ζ0 ;
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u :=

1

c

(
ζ +

c2

c2 + εζ

(
− 1

2

∫ x

−∞

cx
c
ζ − ε

4c2
ζ2 − ε2

8c4
ζ3 +

3ε3

64c6
ζ4

−µ1

6
c3ζxt + εµc2

[1

6
ζζxx +

1

48
ζ2
x

]))is L∞-onsistent on [0,
T

ε
] with the GN equations (4.1.4).Remark 4.3.1. If we take q =

1

12
, b = 0, i.e if we onsider a �at bottom, then onean reover the equation (19) of [20℄:

ζt + ζx +
3

2
εζζx −

3

8
ε2ζ2ζx +

3

16
ε3ζ3ζx

+
µ

12
(ζxxx − ζxxt) = − 7

24
εµ(ζζxxx + 2ζxζxx). (4.3.2)The ratio 2 : 1 between the oe�ients of ζxζxx and ζζxxx is ruial in our onsider-ations.The gentle modelChoosing q =

1

12
, α = ε and β = µ3/2 the equation (4.3.1) reads after negleting the

O(µ2) terms:
ζt + cζx +

1

2
cxζ +

3

2
εζζx −

3

8
ε2ζ2ζx +

3

16
ε3ζ3ζx

+
µ

12
(ζxxx − ζxxt) = − 7

24
εµ(ζζxxx + 2ζxζxx). (4.3.3)This model (4.3.3) is alled gentle model sine it is only able to handle gentle vari-ations of bottom topography. It is more advantageous to use the equations (4.3.2)and (4.3.3), to study numerially the Camassa-Holm-like equations. In that ase, weare able to dedue in the following Proposition (see [37℄, in the ase of (4.3.3)) anenergy preserved by these two models.Proposition 4.3.1. Let b and ζ0 be given by the above theorem and ζ solves (4.3.2)or (4.3.3). Then, for all t ∈ [0,

T

ε
],

∫

R

|ζ |2 +
µ

12
|ζx|2 dx =

∫

R

|ζ0|2 +
µ

12
|ζ0x|2 dx.



4.3. Numerial sheme for the Camassa-Holm-like equations 135The strong modelWe onsider here stronger variations of the parameters, i.e. :
ε =

√
µ, β = O(ε), α = O(µ). (4.3.4)In order to obtain a stable model, as in the KdV-saling we add terms of order O(µ2).Choosing q =

1

12
, so that we get equation (4.3.5) after negleting the O(µ2) termsof (4.3.1):

ζt + cζx +
1

2
cxζ +

3

2
ε
(1

c

)2/3

ζ
((1

c

)1/3

ζ
)

x

−3ε2

8

( 1

c3

)1/4(( 1

c3

)1/4

ζ
)2 (( 1

c3

)1/4

ζ
)

x
+

3

16
ε31

c

(1

c
ζ
)3(1

c
ζ
)

x

+µ(a1/12)
1/2

(
(a1/12)

1/2ζ
)

xxx
− µ(b1/12)

1/2
(
(b1/12)

1/2ζ
)

xxx

− µ

12
ζxxt = − 7

24
εµ(ζζxxx + 2ζxζxx). (4.3.5)where, a1/12 =

1

6
c5 and b1/12 =

1

12
c. This model (4.3.5) is alled strong model sineit is able to handle strong variations of bottom topography.Proposition 4.3.2. Let b and ζ0 be given by the above theorem and ζ solves (4.3.5).Then, for all t ∈ [0,

T

ε
],

∫

R

|ζ |2 +
µ

12
|ζx|2 dx =

∫

R

|ζ0|2 +
µ

12
|ζ0x|2 dx.4.3.2 The numerial aseThe numerial sheme of the model (4.3.2)In this subsetion, we propose a numerial sheme suh that the disrete version ofthe salar produt ((

1 − µ

12
∂2

x

)
ζ, ζ

)
,is preserved as in Propostion 4.3.1. The numerial sheme used here is a simple �nitedi�erene sheme whose �nal disretized version reads

M
ζn+1 − ζn

∆t
+D1

ζn+1 + ζn

2
+ εD 3

2
uux

(ζn+1/2,
ζn + ζn+1

2
)

−3ε2

8
Du2ux

(ζn+1/2,
ζn + ζn+1

2
) +

3ε3

16
Du3ux

(ζn+1/2,
ζn + ζn+1

2
)

+
µ

12
D3

ζn+1 + ζn

2
= − 7

24
εµD2uxuxx+uuxxx

(ζn+1/2,
ζn + ζn+1

2
) (4.3.6)
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M = (1 − µ

12
D2),and (see Lemma 1 in order to justify these hoie of D 3

2
uux

, Du2ux
and Du3ux

)
(
D 3

2
uux

(ζn+1/2,
ζn + ζn+1

2
)
)

i
=

1

2

(
ζ

n+ 1
2

i +
ζ

n+ 1
2

i+1 + ζ
n+ 1

2
i−1

2

)(
D1

ζn+1 + ζn

2

)

i

+
1

2

ζn+1
i+1 + ζn

i+1 + ζn+1
i−1 + ζn

i−1

4

(
D1ζ

n+ 1
2

)
i
,

(
Du2ux

(ζn+1/2,
ζn + ζn+1

2
)
)

i
=

1

4

(
(ζ

n+ 1
2

i )2 +
(ζ

n+ 1
2

i+1 )2 + (ζ
n+ 1

2
i−1 )2

2

)(
D1

ζn+1 + ζn

2

)

i

+
1

2

ζn+1
i+1 + ζn

i+1 + ζn+1
i−1 + ζn

i−1

4

ζ
n+ 1

2
i+1 + ζ

n+ 1
2

i−1

2
×

(
D1ζ

n+ 1
2

)

i
,

(
Du3ux

(ζn+1/2,
ζn + ζn+1

2
)
)

i
=

1

5

(
(ζ

n+ 1
2

i )3 +
(ζ

n+ 1
2

i+1 )3 + (ζ
n+ 1

2
i−1 )3

2

)(
D1

ζn+1 + ζn

2

)
i

+
3

5

ζn+1
i+1 + ζn

i+1 + ζn+1
i−1 + ζn

i−1

4
×

(ζ
n+ 1

2
i+1 )2 + ζ

n+ 1
2

i+1 ζ
n+ 1

2
i−1 + (ζ

n+ 1
2

i−1 )2

3

(
D1ζ

n+ 1
2

)
i
,for the term 2ζxζxx + ζζxxx we propose the following speial onservative disretiza-tions

(
D2uxuxx+uuxxx

(ζn+1/2,
ζn + ζn+1

2
)
)

i
=

(
D1

ζn+1 + ζn

2

)
i
(D2ζ

n+ 1
2 )i

+
[
D1

(
D2ζ

n+ 1
2

(ζn+1 + ζn

2

))]

i
,or one an use the Lemma 1 to get a simple onservative disretizations of this term.The numerial sheme of the gentle model (4.3.3)We hoose here a fully disrete sheme for the model (4.3.3) , similar to the previoussheme but taking into aount the topography e�ets: (we replae the matrix D1
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1)

M
ζn+1 − ζn

∆t
+Dv

1

ζn+1 + ζn

2
+ εD 3

2
uux

(ζn+1/2,
ζn + ζn+1

2
)

−3ε2

8
Du2ux

(ζn+1/2,
ζn + ζn+1

2
) +

3ε3

16
Du3ux

(ζn+1/2,
ζn + ζn+1

2
)

+
µ

12
D3

ζn+1 + ζn

2
= − 7

24
εµD2uxuxx+uuxxx

, (ζn+1/2,
ζn + ζn+1

2
) (4.3.7)



1384. A NUMERICAL STUDY OF VARIABLE DEPTH KDV EQUATIONS ANDGENERALIZATIONS OF CAMASSA-HOLM-LIKE EQUATIONSThe following theorem proves that the disrete equations of the model (4.3.2) and(4.3.3) are stable.Theorem 4.3.2. The inner produt
(
Mζn, ζn

)
,where ζn solves (4.3.6) or (4.3.7), is onserved.Remark 4.3.2. We used the disrete stable sheme (4.3.6) for the equation (4.3.2)and (4.3.7) for the equation (4.3.3) , but one an similarly hoose a stable disretesheme using the spatial disretizations for the ζζxxx +2ζxζxx found in Lemma 4.2.1.In pratie, we hose this solution, sine the disrete shemes are simpler to imple-ment in that ase.Proof. We only prove the theorem for (4.3.7), whih is the most di�ult one beauseof the topography e�ets. Taking in (4.3.7) the inner produt with ζn+1

i + ζn
i

2
, usingthe fat that D1, D3 and Dv

1 are skew-symmetri matries, we obtain
∑

i

M
(ζn+1

i − ζn
i

∆t

)ζn+1
i + ζn

i

2
+ ε

∑

i

([1

2

(
ζ

n+ 1
2

i +
ζ

n+ 1
2

i+1 + ζ
n+ 1

2
i−1

2

)(
D1

ζn+1 + ζn

2

)

i

+
1

2

ζn+1
i+1 + ζn

i+1 + ζn+1
i−1 + ζn

i−1

4

(
D1ζ

n+ 1
2

)

i

]ζn+1
i + ζn

i

2

)

−3ε2

8

∑

i

(1

4

(
(ζ

n+ 1
2

i )2 +
(ζ

n+ 1
2

i+1 )2 + (ζ
n+ 1

2
i−1 )2

2

)(
D1

ζn+1 + ζn

2

)

i

+
1

2

ζn+1
i+1 + ζn

i+1 + ζn+1
i−1 + ζn

i−1

4

ζ
n+ 1

2
i+1 + ζ

n+ 1
2

i−1

2

(
D1ζ

n+ 1
2

)
i

)ζn+1
i + ζn

i

2

+
3ε3

16

∑

i

(1

5

(
(ζ

n+ 1
2

i )3 +
(ζ

n+ 1
2

i+1 )3 + (ζ
n+ 1

2
i−1 )3

2

)(
D1

ζn+1 + ζn

2

)
i

+
3

5

ζn+1
i+1 + ζn

i+1 + ζn+1
i−1 + ζn

i−1

4

(ζ
n+ 1

2
i+1 )2 + ζ

n+ 1
2

i+1 ζ
n+ 1

2
i−1 + (ζ

n+ 1
2

i−1 )2

3

(
D1ζ

n+ 1
2

)

i

)ζn+1
i + ζn

i

2

+
7εµ

24

∑

i

((
D1

ζn+1 + ζn

2

)
i
(D2ζ

n+ 1
2 )i +

[
D1

(
D2ζ

n+ 1
2

(ζn+1 + ζn

2

))]
i

)ζn+1
i + ζn

i

2

= S1(ζ) + εS2(ζ) −
3ε2

8
S3(ζ) +

3ε3

16
S4(ζ) +

7εµ

24
S5(ζ) = 0.Proeeding exatly as in the proof of Theorem 4.2.2, one an show that S2(ζ) =

S3(ζ) = S4(ζ) = 0.Using now the fat that for all u, v ∈ R
m, one has

(D1v, u) = −(v,D1u),



4.3. Numerial sheme for the Camassa-Holm-like equations 139to obtain S5(ζ) = 0, and sineM is a symmetri matrix one gets easily the result.The numerial sheme of the strong model (4.3.5)Here again, we use numerial sheme for the equation (4.3.5) so that the disretequantity (
Mζn, ζn

) is preserved.
M

ζn+1 − ζn

∆t
+Dv

1

ζn+1 + ζn

2

+ε
(1

c

)1/3

D 3
2
uux

((1

c

)1/3

ζn+1/2,
(1

c

)1/3 ζn + ζn+1

2

)

−3ε2

8

( 1

c3

)1/4

Du2ux

(( 1

c3

)1/4

ζn+1/2,
( 1

c3

)1/4 ζn + ζn+1

2

)

+
3ε3

16

1

c
Du3ux

(
1

c
ζn+1/2,

1

c

ζn + ζn+1

2
)

+µ (a1/12)
1/2D3(a1/12)

1/2 ζ
n+1 + ζn

2

−µ (b1/12)
1/2D3(b1/12)

1/2 ζ
n+1 + ζn

2

= − 7

24
εµD2uxuxx+uuxxx

(ζn+1/2,
ζn + ζn+1

2
) (4.3.8)where, a1/12 =

1

6
c5 and b1/12 =

1

12
c.Theorem 4.3.3. The inner produt (

Mζn, ζn
)
, where ζn solves (4.3.8), is on-served.Proof. Taking in (4.3.8) the inner produt with ζn+1
i + ζn

i

2
, remarking that

(
D3(a1/12)

1/2 ζ
n+1 + ζn

2
, (a1/12)

1/2 ζ
n+1 + ζn

2

)
= 0,and

(
D3(b1/12)

1/2 ζ
n+1 + ζn

2
, (b1/12)

1/2 ζ
n+1 + ζn

2

)
= 0.
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1 are skew-symmetri matrix, we obtain

∑

i

M
(ζn+1

i − ζn
i

∆t

)ζn+1
i + ζn

i

2
+ ε

∑

i

([1

2

(
v

n+ 1
2

i +
v

n+ 1
2

i+1 + v
n+ 1

2
i−1

2

)(
D1

vn+1 + vn

2

)

i

+
1

2

vn+1
i+1 + vn

i+1 + vn+1
i−1 + vn

i−1

4

(
D1v

n+ 1
2

)

i

]vn+1
i + vn

i

2

)

−3ε2

8

∑

i

(1

4

(
(w

n+ 1
2

i )2 +
(w

n+ 1
2

i+1 )2 + (w
n+ 1

2
i−1 )2

2

)(
D1

wn+1 + wn

2

)

i

+
1

2

wn+1
i+1 + wn

i+1 + wn+1
i−1 + wn

i−1

4

w
n+ 1

2
i+1 + w

n+ 1
2

i−1

2

(
D1w

n+ 1
2

)
i

)wn+1
i + wn

i

2

+
3ε3

16

∑

i

(1

5

(
(ζ

n+ 1
2

i )3 +
(ζ

n+ 1
2

i+1 )3 + (ζ
n+ 1

2
i−1 )3

2

)(
D1

ζn+1 + ζn

2

)
i

+
3

5

ζn+1
i+1 + ζn

i+1 + ζn+1
i−1 + ζn

i−1

4

(ζ
n+ 1

2
i+1 )2 + ζ

n+ 1
2

i+1 ζ
n+ 1

2
i−1 + (ζ

n+ 1
2

i−1 )2

3

(
D1ζ

n+ 1
2

)
i

)ζn+1
i + ζn

i

2

+
7εµ

24

∑

i

((
D1

ζn+1 + ζn

2

)

i
(D2ζ

n+ 1
2 )i +

[
D1

(
D2ζ

n+ 1
2

(ζn+1 + ζn

2

))]

i

)ζn+1
i + ζn

i

2

= S1(ζ) + εS2(v) −
3ε2

8
S3(w) +

3ε3

16
S4(ζ) +

7εµ

24
S5(ζ) = 0.where,

v =
(1

c

)1/3

ζ, w =
( 1

c2

)1/4

ζ.Numerial validationWe onsider the same initial ondition as for KdV equation:
ζ0(x) = 2 c1 seh2(

√
3c1ε

2µ
x).We will produe the same experiment as for KdV equation with a sinusoidal bottom

b(x) = sin(2παx).In the �gure 4.3.1, we have displayed the solution for this initial ondition (c1 = 0.5)for a sinusoidal bottom and with di�erent models.However, the domain of interest of Camassa-Holm equations appears when ε =
√
µ,that's why we will always onsider this relation in the sequel. With the same initial



4.3. Numerial sheme for the Camassa-Holm-like equations 141ondition, we have omputed the solution for T = 20 for the di�erent models asshown in Fig. 4.3.2.We an see that strong and original models give very lose solutions while the gentlemodel provides a di�erent solution. For this problem, we have performed a study ofthe onvergene in order to ompare LDG method and the presented �nite di�erenemethod. However, for LDG method, entered �uxes have been used, induing anon-optimal onvergene for odd orders. As in tables 4.4, 4.5, the onvergene ofLDG method seems to be in O(hr+1) (r being the order of approximation) for evenorders, while we observe a onvergene of O(hr−1) (h = ∆x) for odd orders. For�nite-di�erene ode, we have used the following time step :
∆t = 0.01

320

Nwhere N denotes the number of points.LDG, order 1N Error Order320 1.05e-1 -640 5.79e-2 0.861280 4.85e-2 0.262560 4.54e-2 0.095120 4.49e-2 0.02
LDG, order 3Error Order2.74e-2 -3.79e-3 2.852.55e-4 3.897.90e-5 1.692.28e-5 1.79

LDG, order 4Error Order2.32e-2 -7.97e-4 4.861.25e-5 5.992.04e-7 5.941.39e-8 3.88
Finite Di�ereneError Order3.33e-1 -1.08e-1 1.622.95e-2 1.877.41e-3 1.991.85e-3 2.00Table 4.4: L2 errors for the solitary-wave and sinusoidal bottom between the numer-ial solution and a referene solution for t = 20 and for the gentle model (4.3.3). Ndenotes here the number of degrees of freedom. (c1 = 0.5, µ = 0.05, ε =

√
µ, α =

0.5 ε, β = ε)LDG, order 1N Error Order320 1.14e-1 -640 5.59e-2 1.031280 4.78e-2 0.232560 4.62e-2 0.055120 4.59e-2 0.01
LDG, order 3Error Order1.58e-2 -3.12e-3 2.344.06e-4 2.948.23e-5 2.302.37e-5 1.80

LDG, order 4Error Order9.81e-3 -2.03e-3 2.276.40e-5 4.982.00e-6 5.005.11e-8 5.29
Finite Di�ereneError Order3.51e-1 -1.12e-1 1.652.84e-2 1.987.58e-3 1.911.90e-3 2.00Table 4.5: L2 errors for the solitary-wave and sinusoidal bottom between the numer-ial solution and a referene solution for t = 20 and for the strong model (4.3.5). Ndenotes here the number of degrees of freedom. (c1 = 0.5, µ = 0.05, ε =

√
µ, α =

0.5 ε, β = ε)In �gure 4.3.3, we displayed the variation of the L2-norm for the di�erent proposedshemes. In this �gure, we observe that the disrete energy of �nite di�erene shemesis onserved, however the onservation is not as good as for KdV-top equation.
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Figure 4.3.1: Solution of Camassa-Holm equation for a sinusoidal bottom, with gentleor strong model for t = 0, t = 6.67, t = 13.33. (c1 = 0.5 β = 0.5, ε = µ =
0.1 α = 0.05)



4.3. Numerial sheme for the Camassa-Holm-like equations 143

Figure 4.3.2: Solution of Camassa-Holm equation for a sinusoidal bottom, with gentle(4.3.3), strong (4.3.5) and original model (4.3.1) for t = 20. (c1 = 0.5, µ = 0.05, ε =√
µ, α = 0.5 ε, β = ε)
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Figure 4.3.3: Logarithm of variation of energy versus time for gentle sheme, strongsheme and original sheme for solitary-wave and sinusoidal bottom (c1 = 0.5, µ =
0.05, ε =

√
µ, α = 0.5 ε, β = ε) Finite di�erene and fourth order LDG with 5120degrees of freedom.
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Abstract

We study here the water-waves problem for uneven bottoms in a highly nonlinear
regime where the small amplitude assumption of the KdV equation is enforced.
It is known, that for such regimes, a generalization of the KdV equation can
be derived and justi�ed when the bottom is �at. We generalize here this result
with a new class of equations taking into account variable bottom topographies.
We also demonstrate that these new models are well-posed. We then proceed
to study them numerically and compare their behavior with the Boussinesq
equations over uneven bottoms. Regimes with stronger nonlinearities than the
KdV/Boussinesq regime are then investigated. In particular, a variable coe�-
cient generalization of a Camassa-Holm type equation is derived and justi�ed.
We also study the Green-Naghdi equations that are commonly used in coastal
oceanography to describe the propagation of large amplitude surface waves. We
improve previous results on the well posedness of these equations in the case
of one dimensional surface waves. In the 2D case, we derive and study a new
system of the same accuracy as the standard 2D Green-Naghdi equations, but
with better mathematical behavior.

Keywords : Water-waves, uneven bottoms, shallow water models, Boussinesq
models, Korteweg-de Vries approximation, Camassa-Holm approximation, Green-
Naghdi equations.


