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B8&6&4. =. /4+5&8&47 =1 678+9*. .94(+X9+94 8+ /7,+(+4&)9 .9 =.1< ,-+/./ 8&:1&=./ =&/4&9'4./0 =>19

678+9*. 8&:1&=. =>)<G=./ 8)(/ =. /+ 4(.6,. D!YH #EF" N+ 6&'()*(+,-&. +1 6&'()/'),. 78.'4()9&:1.

L 4(+9/6&//&)9 B%230 =>19. R9. /.'4&)9 =>19 OG')( 7930 =7')1,7 L 8>184(+6&'()4)6. DSYF .4

8+ (.')9/4(1'4&)9 9167(&:1. 4(&=&6.9/&)99.88. =>19 OG')( =. /1(I+'. /,7'&R:1. 100 m2.g−1
DS!F

&881/4(.94 5&.9 '. (7/.+1 =. ,)(./ &94.(')99.'47/ BR*1(. !"U0" ?)66. ,)1( 8./ ?PQ D#VFH 8+ /G9@

4-C/. =1 OG')( =7514. .9 '-+1T+94 L ∼ 1200 19 678+9*. :1+4.(9+&(. =>)<G=./ B62.7% =. Si02H

26.9% =. B2O3H 6.6% =. Na2O .4 3.5% =>Al2O30 D!YF Z1/:1>L I)94. .4 6&/'&5&8&47 =./ ,-+/./"

N. 678+9*. ./4 .9/1&4. 5(14+8.6.94 (.I()&=& Z1/:1>L 8+ (7*&)9 /,&9)=+8. /&417. +1< +8.94)1(/ =.

700 " [8 G + +8)(/ =76&<&)9 =1 678+9*. .9 =.1< ,-+/./ \ 8>19. (&'-. .9 /&8&'. .4 8>+14(. (&'-. .9



 ! ! "#$%&'() *( '+,-&,("(,$ !!!  

 !"# !"# $ %&'()*(+,-&./ +0 %12 3405 6789!: '+;'&5< ,)0( 3&=<(.5>. >+&;;./ 3. ,)(./ +? 60@A

B? 89@A '? 200@ .> 260@ C34+,(D/ E!#F?"

B)()/&;&'+>./ &5>.(')55.'><. .> G)(H+5> 3./ *<)H<>(&./ &((<*0;&D(./ 'I;&53(&J0./ J0& ')5/>&>0.()5>

+,(D/ (.>(+&> 3. ;+ ,-+/. ;+ ,)()/&>< 30 H+><(&+0" K;0/ ;. /I/>DH. (./>. L '.>>. >.H,<(+>0(.A ,;0/

;+ /<,+(+>&)5 3./ ,-+/./ ./> &H,)(>+5>." M)(/J0. ;. 3&+HD>(. 3. ,)(. /)0-+&>< ./> +>>.&5> C')(9

(./,)53+5> L ;+ ,-+/. 34)NI3. 3. B)(.? ;. H<;+5*. ./> >(.H,< O0/J04L ;+ >.H,<(+>0(. +HB&+5>.

,)0( G)(H.( 05 P.((." M+ ,-+/. &5>.(')55.'><. (&'-. .5 B)()/&;&'+>./ ./> ,+( ;+ /0&>. (.>&(<. +P.'

3./ /);0>&)5/ '-+03./ 3&;0<./ 34+'&3./ ,)0( G)(H.( ;+ ,)()/&>< EQRA #QF" M. /J0.;.>>. 3. /&;&'. (./9

>+5> ./> ;.5>.H.5> +H.5< L 05. >.H,<(+>0(. 3. (.'0&> 3. ∼ 1200 " 80 S5+;A ;. P.((. G)(H< ./>

')H,)/< 3. 96% 3. /&;&'.A 3% 3. B2O3A 0.04% 3. Na2O .> H)&5/ 3. 1% 34+;0H&5. CAl2O3? .> 3.

 !"# !"T $ U.,(</.5>+>&)5 /'-<H+>&J0. 3. H&'.;;./ 3. KKV9K1V .> 3./ .=.>/ 3. 3</-I3(+>+>&)5

.5 >.H,<(+>0(. 3+5/ 05 6789!: C34+,(D/ E!TF?"



 !  !"#$%&' () '"* '% +,-*%$,.+ /-' %&,-0%$1*'+  ,.2$./'+

 !"#  "# $ %&'()*+, -.)/0&/'1*.+ '( 2.)/03)01+ 45+)6/07.8(+ 9 6/'732.33.07 :;(7+ <7+ 3+)6.07

:;(7 =>)0/ 7930 :4)0(14 9 5;(56/'2.)/0602+ %:;'1/?3 @A!B, C %:/0.6+, D+)0736/()6.07 7(24/.8(+

:;(7 =>)0/ :+ 3(/E')+ 314).<8(+ 100 m2.g−1
" F+3 G07+3 H5'7)*+3 3(/ 5;.2'&+ )0736.6(+76 5' 10/0I

3.64 %:;'1/?3 @A B,"

G./)07+ %ZrO2, @AAB" J' :+73.64 +36 ρ = 1.5 g.cm−3
@AAB" K474/'5+2+76L 5' 6'.55+ :+ 10/+ :'73 5+

=>)0/ M'/.+ :+ 4 9 6nm +6L 2'5&/4 5+(/ E0/2+ )>5.7:/.8(+ :.360/:(+L 5' :.36/.H(6.07 8(. +7 /43(56+

+36 <7+ %±20%, @NOL APB" F' 10/03.64 :( =>)0/L :+ 5;0/:/+ :+ 28% @NQL A#BL +36 *020&?7+2+76

/41'/6.+ :'73 5' 36/()6(/+ @A!B +6 5+ /43+'( 60/6(+(R .76+/)077+)64 8(;+55+ +7&+7:/+ +7 E'.6 (7

2'64/.'( 1+/24'H5+ @AQB" S+ 15(3L 5' 3(/E')+ 314).<8(+ 8(. > +36 :4M+50114+ +36 :+ 5;0/:/+ :+ 90 9

200 m2.g−1
%:4:(.6 :+3 '7'5>3+3 TUV :+3 .306*+/2+3 :;':30/16.07 9 5;'G06+, @NQL A#B" F' 3(/E')+

' (7+ /(&03.64 8(. 7+ 3+2H5+ 1'3 :41'33+/ :+3 4)*+55+3 :+ 507&(+(/ 3(14/.+(/+3 9 2nm 0W 5'

36/()6(/+ 2054)(5'./+ 50)'5+ :( 2'64/.'( +36 0H3+/M'H5+ @A!B" X+66+ 3(/E')+ +36 E0/6+2+76 *>:/0I

1*.5+ @APB :(+ 9 5' 1/43+7)+ :+ &/0(1+3 *>:/0R>5+3 105'./+3 @AYL AZB :076 5' :+73.64 3(/E').8(+ +36

:+ ρOH = 5−7OH.nm−2
@AOL P!B" [06073 8(+ 5' )*.2.+ :+ 3(/E')+ +36 20:.<'H5+ +6 1+/2+6 :+

&/+\+/ :.\4/+763 6>1+3 :+ &/0(1+3 E07)6.077+53 10(/ '](36+/ 5+ )'/')6?/+ ':30/H'76 :( 2'64/.'("

J'6(/4 :;+'(L 5+3 10/+3 :( =>)0/ 7+ 3+ 20:.<+76 1'3 24)'7.8(+2+76 @APBL )'/L )022+ 10(/ 5+3

X^K +7 &474/'5L 5+ M+//+ 10/+(R ' :;+R)+55+76+3 1/01/.4643 24)'7.8(+3 @NQB" U7<7L .5 1+(6 _6/+

1/0:(.6 30(3 E0/2+ 20705.6*.8(+ 0( 30(3 E0/2+ :+ 10(:/+ @P B"

 ! !" #$% &'(')*+$% ,$ -*()'./ 01,2*+3%

F+3 3.5.)'6+3 :+ )'5).(2 *>:/'643 0(  !"!# +7 706'6.07 ).2+76.?/+L 'M+) C = CaOL S =

SiO2 +6 H = H2OL 3076 5+3 1/.7).1'(R *>:/'6+3 :+ 5' 1`6+ :+ ).2+76 +6 3076 2']0/.6'./+2+76

/+31073'H5+3 :+ 5+(/3 1/01/.4643 24)'7.8(+3 @PNB" a7*>:/+L 5+ ).2+76 +36 (7+ 10(:/+ /43(56'76 :+

5' )(.3307 :;(7 245'7&+ :;'/&.5+3 +6 :+ )'5)'./+" F' 702+7)5'6(/+L 5' 1/0:()6.07 +6 5' 1/010/6.07

:+3 :.\4/+76+3 1*'3+3 :'73 5+ ).2+76 '7*>:/+ +6 *>:/'64 3076 :46'.554+3 +7 '77+R+ a" ^0(/

0H6+7./ 5+ 2'64/.'( <7'5L :+ 5;+'( +36 ']0(64+ 9 5' 10(:/+ '7*>:/+ %*>:/'6'6.07," S+3 /4')6.073



 ! ! "#$%&'() *( '+,-&,("(,$ !!!   

!"#$#%&'( )*&+ !",!&-' .'( )",('( %&# !*$)*('-/ 0' !#$'-/ (&+1#'--'-/2 300'( '-4'-.+'-/5 ),+

,#00'&+(5 &- 6*+/ .74,4'$'-/ .' !",0'&+2 89":.+,/,/#*- (9';'!/&' ),+ &- $7!,-#($' .' .#((*0&/#*-<

)+7!#)#/,/#*- !*$$' )+*)*(7 ),+  ! "#$%!&'!( '- )**+2 =' )0&(5 0' .&+!#(('$'-/ .& !#$'-/ >0,

)+#('? -9'(/ ),( #-(/,-/,-7'2 3- ';'/5 #0 6,&/ ,//'-.+' &- 0,)( .' /'$)( 1,+#,-/ .' %&'0%&'( "'&+'(

@ %&'0%&'( A*&+( (&#1,-/ 0, %&,-/#/7 !*-(#.7+7'2 8'( $7!,-#($'( '/ 0, !"+*-*0*4#' .' 09":.+,/,/#*-

(*-/ .7!+#/( )0&( B-'$'-/ '- ,--'C' D2 E)+F( 0, )+#('5 0, )G/' .' !#$'-/ ":.+,/7' '(/ &- $#0#'&

)*+'&C $&0/#<7!"'00' !*-(/#/&7 )+#-!#),0'$'-/ .' ",-,.5 .' /0(%&$12'%! >Ca(OH)2?5 .' 4+,#-( .'

!#$'-/ -*- ":.+,/7( '/ .' )*+'( +'$)0#( .9',& #-/'+(/#/#'00' '- 7%&#0#H+' ,1'! 0'( ":.+,/'( 6*+$7(

)'-.,-/ 0, +7,!/#*- .9":.+,/,/#*-2

 !"#  2I J K('&.*<6*-!/#*-( .' .#(/+#H&/#*- +,.#,0' ,&/*&+ .'( ,/*$'( .' !,0!#&$ .7.&#/'( .'(

()'!/+'( 3LEMN >3C/'-.'. L<O,: E.(*+)/#*- M#-' N/+&!/&+'? ,& ('&#0 .& !,0!#&$ )*&+ .#;7+'-/(

$,/7+#,&C >.9,)+F( PQRS?2

E 097!"'00' .' 09,/*$'5 0'( ",-,. (' (/+&!/&+'-/ '- 6'&#00'/( !*-(/#/&7( .9&-' .*&H0' !*&!"'

*!/,F.+#%&' !,0!#%&' !*$)+#(' '-/+' .'&C !*&!"'( .' /7/+,F.+'( .' (#0#!'2 8' )+'$#'+ $*.F0'



 !  !"#$%&' () '"* '% +,-*%$,.+ /-' %&,-0%$1*'+  ,.2$./'+

"#$%&'() &*" *(# &)"*+)*"# &,-,+').# /0) $"%$%&. $'"  !"#$% #( &'() 12234 56#7'8#( 9# -' 8,:

+"%&)"*+)*"# 9#& *+,+- $'" &$#+)"%&+%$,# ./0 ;<.&%('(+# ='>(.),?*# @*+-.',"#A 9* &%-,9#

8*-),(*+-.',"# ;$%*" -#& #&$B+#&

29SiC 17O #)

1HA 12DC 2E3C &$#+)"%&+%$,# ,(/"'"%*># 12F3 #) &$#+:

)"%8.)",# 96'G&%"$),%( H '* &#*,- 9* +'-+,*8 12IC 2J3 ;K>*"#  4EA 8%()"# ?*6#--# #&) "#-'),L#8#()

$"%+M# 9# -' )%G#"8%",)# 14N 12I3C *( &,-,+')# 9# +'-+,*8 MO9"'). +",&)'--,( 12P34 Q( /',)C ,- '

.). 8%()". #7$.",8#()'-#8#() 12PRD!3 $'" '('-O&# 9# 9,&$#"&,%( 96.(#">,# 9#& "'O%(& H 9* *+,+

- 9'(& *(# $S)# 9# +,8#() T%")-'(9 '>.# 96*( U%*" V 3.5 '((.#& ?*6,- #7,&)# *(# L'",'),%( 9*

"'$$%") Ca/Si '--'() 9# 1.2 V 2.3 $%*" *(# L'-#*" 8%O#((# 9# 1.7 #(L,"%( ;K>*"#  4FA4 @%)%(&

?*# +#))# L'",'),%( 9.$#(9 .>'-#8#() 9* "'$$%") 8'&&,?*# #'* &*" +,8#() ;E/CA $%*" -#?*#-

-# +,8#() #&) MO9"'). 1D!34 W#*7 &)"*+)*"#& )O$# 9# *+,+- #7,&)#() 1DIC D23 X -6*(# 9# )O$# )%:

 !"#  4F R Y,&)%>"'88# 9#& /".?*#(+#& 96%++*"#(+# 9#& 9,Z."#()& "'$$%")& Ca/Si 9'(& *(# $S)#
9# *+,+- 96*( +,8#() T%")-'(9 '>.# 9# 1 U%*" V 3.5 '((.#& ;96'$"B& 1D!3A4

G#"8%",)# C/S ≤ 1 ;K>*"#  4J ;'AAC -6'*)"# 9# )O$# U#((,)# C/S > 1 ;K>*"#  4J ;GAA4 @%)%(&C

96*(# $'")C ?*# +#))# 9#"(,B"# &)"*+)*"# '"",L# )'"9,L#8#() 9'(& -# $"%+#&&*& 96MO9"')'),%( 1DD3

#)C 96'*)"# $'")C ?*6,- #7,&)# 96'*)"#& 8,(."'*7 ?*, %() *(# +%8$%&,),%( +M,8,?*# &,8,-',"# '*7

 !"#  4J R Q7#8$-#& 9# +",&)'*7 9# *+,+- ;96'$"B& 1D23A X ;'A )%G#"8%",)# 14N #) ;GA U#((,)#4

5#& ,%(& +'-+,*8 ,()#"-'8#--',"#& &%() "#$".&#().& $'" 9#& &$MB"#& %"'(>#&C -#& ')%8#& 9# +'-+,*8

,()"'-'8#--',"#& $'" 9#& $%-OB9"#&C -#& +M'[(#& &,-,+').& &%() "#$".&#().& $'" 9#& $%-OB9"#& L,%-#)&

#) #(K( -#& 8%-.+*-#& 96#'* &%() #( G-#*4



 ! ! "#$%&'() *( '+,-&,("(,$ !!!  !

 !"!#" #$%$&'(&)* +,- '+./0$&) '(&- ,1(00(&2$3$&) '$- ()43$-* %(0 ,$50 0(%%40) Ca/Si $) %(0

,$ &4360$ '$ 2045%$- 78'0498,$- :OH; $) '$ 34,<=5,$- '1$(5 '(&- ,( -)05=)50$ >??@"

A( -)05=)50$ '$ )8%$ )46$0340+)$ <)(&) ,( %,5- %04=7$ '$ =$,,$ '$-  !"!# >?B@* &45- &45-

=4&=$&)04&- -50 =$))$ '$0&+/0$ '(&- ,( -5+)$ '$ =$))$ %(0)+$" C, $9+-)$ )04+- -)05=)50$- +-4340%7$-

'$ ,( )46$0340+)$ D5+ -$ '+-)+&25$&) %(0 ,$50 $-%(=$ 6(-(, :'+-)(&=$ $&)0$ ,$- '$59 %,(&- '$

6(-$ '$ '$59 E$5+,,$)- %0$3+$0- F4+-+&-; G 9.3H* 11H >?I* ?J@ $) 14H >?K@" L4)4&- D5$ $% ,(

-)05=)50$ M 14H -$ )0(&-E403$ $& =$,,$ M 11H $& =7(5.(&) ,$ 3()<0+(5 '$ 60 M 100 * $) $$% $&

,$ =7(5.(&) $&-5+)$ %$&'(&) %,5-+$50- 7$50$- M 300 &45- 46)$&4&- ,( -)05=)50$ M 9.3H >BN@"

O(&- ,( ,+))<0()50$ +, $9+-)$ '$59 34'/,$- -)05=)50(59 ()43+-)+D5$3$&) 0<-4,5- '$ ,( )46$0340+)$

11H G ,15& 'P M #&'$( >?I@ $) ,1(5)0$ 'P M )*+,$-. */ &,0 >?J@" A( -)05=)50$ $) ,$ -=7<3( '$

,+(+-4& '$- =7(Q&$- -+,+=()<$- '+.<0$&=+$&) =$- '$59 34'/,$- >B @" R& $.$)* ,( -)05=)50$ '$ =45=7$-

+&'<%$&'(&)$- '1#&'$( :C/S = 1; >?I@ =4&-+'/0$ '$- =7(Q&$- -+,+=()<$- '$ )8%$ (+*$*+1*//*- 4S

,( %<0+4'+=+)< '$- )<)0(/'0$- ,$ ,4&2 '$- =7(Q&$- $-) '$ )04+- :T250$  "K :6;;" O$59 )<)0(/'0$-

 !"#  "K U (; V$%0<-$&)()+4& -=7<3()+D5$ '$- %7(-$- -)(6,$- (F$= ,( '+3+&5)+4& '$ ,1$-%(=$ 6(-(,

$) '$ ,( D5(&)+)< '$ 34,<=5,$- '1$(5 ('-406<$- '$ ,( )46$0340+)$ 14H :=7(Q&$- -+3%,$- '$ -+,+=$;*

11H :=7(Q&$- '456,$- '$ -+,+=$; $) 9H :=7(Q&$- -+3%,$- '$ -+,+=$;" 6; #7$3+& 3<)(-)(6,$ -522<0< M

%(0)+0 '$ ,( )46$0340+)$ 14H =7(5.<$" W&$ %7(-$ 3<)(-)(6,$ '$ ,( )46$0340+)$ 11H $-) 46)$&5$

(F$= '$- =7(Q&$- -+3%,$- '$ -+,+=$ :'1(%0/- >?K@;"

('X(=$&)- '$ -+,+=$ -4&) ,+<- (5 3Y3$ %4,8/'0$ '1498'$ '$ =(,=+53 %(0 ,15&$ '$ ,$50- (00Y)$-" A$

)04+-+/3$ )<)0(/'0$ $-) 40+$&)< '(&- ,( '+0$=)+4& 4%%4-<$ '$ ,( =45=7$ '1498'$ '$ =(,=+53 E403(&)

5&$ ,+(+-4& %$&'(&)$ '(&- ,( =7(Q&$ -+,+=()<$" O(&- ,( -)05=)50$ %(0E(+)$ '$ )46$0340+)$* =$))$

'$0&+/0$ $-) -()50<$ %(0 5& ()43$ '178'042/&$" A40-D5$ ,$ 0(%%40) Ca/Si (523$&)$* ,$- ()43$-

'178'042/&$ -4&) +4&+-<- $) -56-)+)5<- %(0 '$- +4&- =(,=+53" Z5 =4&)0(+0$* ,( -)05=)50$ '$ )*+,$-.

:C/S = 0.83; >?J@ %4--/'$ '$- =7(Q&$- -+,+=()<- '$ )8%$ [4,,(-)4&+)$* =1$-) M '+0$ D51+, $9+-)$ '$-

)<)0(/'0$- '$ -+,+=$ =7+3+D5$3$&) ,+<- $&)0$ '$59 =7(Q&$- '$ -+,+=$ -$ E(+-(&) E(=$ :T250$  "K :(;;"

#$- %4&)- =7+3+D5$- "$!2!"$ :+4&4\=4F(,$&)-; $&)0$ ,$- E$5+,,$)- 2<&/0$&) '$- =(F+)<- (&(,425$-



 !  !"#$%&' () '"* '% +,-*%$,.+ /-' %&,-0%$1*'+  ,.2$./'+

" #$%%$& $'(&)*+)$& ,*+& %$& -./%()0$& #/+)$+*+) ,$& 1/%.#2%$& ,3$*2 $) ,$& (/+& #*%#(21 45678 9

#*2&$ ,$ #$& :/+)& $+);$ %$& <$2(%%$)&= %* &);2#)2;$ $&)  !"#$"# ;(>(,$8 ?$& :*;*1@);$& ,$ 1*(%%$

.%.1$+)*(;$ ,$& );/(& (&/1/;:0$& ,$ %* )/A$;1/;()$ &/+) ,/++.& ,*+& %3*++$'$ B8 ?* &);2#)2;$ ,$

)/A$;1/;()$ 14C $&) #/1:/&.$ ,$& 1D1$& #/2#0$& #/1:%$'$& ,$ %* )/A$;1/;()$ 11C8 E/2)$</(&=

,*+& %* :0*&$ &)*A%$= (% +3$'(&)$ :*& ,$ %(*(&/+& (/+/F#/G*%$+)$& $+);$ %$& #0*H+$& &(%(#*).$& #/11$

/A&$;G. ,*+& %* )/A$;1/;()$ 11C IJ>2;$  8KL 4MK78

N% $'(&)$ ,$2' >;*+,$& 0O:/)0@&$& P2*+) " %3*>$+#$1$+) ,$& <$2(%%$)& ,$ %&'&( ,*+& 2+$ :Q)$

,$ #(1$+) 1Q)2;$8 ?* :;$1(@;$= ,.G$%/::.$ :*; )$*+", 45R7= #/+&(,@;$ 2+ >$% ,$ )/A$;1/;()$8 ?$&

:*;)(#2%$& %*1$%%*(;$& ,$ %&'&( &$ %($+) %$& 2+$& *2' *2);$& :/2; </;1$; ,$& A;(P2$& .%.1$+)*(;$&

I,$ 100 " 200C ,$ ,(*1@);$L ,$ >;*+,$ &2;<*#$ (+)$;+$ 4!K= 56= 5ST5578 U':.;(1$+)*%$1$+)= #$))$

/;>*+(&*)(/+ &3/A&$;G$ :*; 1(#;/&#/:($ .%$#);/+(P2$ " );*+&1(&&(/+ IVUEL /W ,$& &);($& :*;*%F

%@%$& ;$:;.&$+)*)(G$& ,$& <$2(%%$)& ,$ %&'&( &$ ,(&)(+>2$+) #%*(;$1$+) IJ>2;$  8 6L8 B$& ,/1*(+$&

 !"#  8 6 T V(#;/>;*:0($ *2 1(#;/&#/:$ .%$#);/+(P2$ " );*+&1(&&(/+ IVUEL ,32+ %&'&( #/+)$+2

,*+& 2+$ :Q)$ ,$ #(1$+) X/;)%*+, /;,(+*(;$ 45678 B$))$ (1*>$ * .). ;.*%(&.$ :*; 98 Y*;/++$) *2

BNZ*VFBZ[\ " V*;&$(%%$8

#;(&)*%%(+& *(+&( </;1.& &/+) ,(&)*+)& ,$ 18C %$& 2+& ,$& *2);$&8 N%& &/+) &.:*;.& :*; ,$& :/;$&

,$ ,(1$+&(/+ (+<.;($2;$ " 4C *##$&&(A%$& P23*2' 1/%$#2%$& ,3$*28 ?* #/0.&(/+ ,2 )/2) $&) /AF

)$+2$ >;Q#$ *2' </;#$& ,$ - . /+" 0  1, $) " %* :;.&$+#$ ,$ %(*(&/+& #0(1(P2$& *>(&&*+) $+);$

%$& ,(].;$+)& ,/1*(+$&8 ?* &$#/+,$ 0O:/)0@&$= ,.G$%/::.$ :*; 2+1/3 . $) '+"+/ 45S= 5^= 5_7

IJ>2;$  8  L &3*##/;,$ *G$# %* :;$1(@;$ &2; %3*&&$1A%*>$ ,$& <$2(%%$)& $+ A;(P2$& .%.1$+)*(;$&=

1*(& ,(]@;$ &2; %* </;1$ $) %3*;;*+>$1$+) ,$ #$& A%/#& 2+().&8 ?3$*2 <*() :*;)($ (+).>;*+)$ ,$ %*

&);2#)2;$ $) :*;)(#(:$ " %* ;(>(,(). ,2 &O&)@1$ :*; ,$& %(*(&/+& $+);$ %$& <$2(%%$)&8 E;/(& )O:$& ,$

1/%.#2%$& ,3$*2 &/+) /A&$;G.& 45K7 IJ>2;$  8  L ` #4 %3$*2 #0(1(P2$1$+) %(.$= P2( $&) #/+&)()2.$

,$ %3$*2 0O,;/'O%(P2$ I(/+& 0O,;/'O%$& ,$ %* &);2#)2;$ %&'&( L $) ,$ %3$*2 ,$ #/+&)()2)(/+ ,$&

0O,;*)$& &()2.$ ,*+& %$& $&:*#$& (+)$;<$2(%%$)& a ##4 %3$*2 *,&/;A.$ &2; %3$').;($2; ,$& <$2(%%$)& ,$

%&'&( I</;#$& ,$ - . /+" 0  1, $)b/2 .%$#);/&)*)(P2$&L a $) ###4 %3$*2 #*:(%%*(;$ I/2 $*2 %(A;$L P2(

/##2:$ %$ G/%21$ :/;$2' *2F,$%" ,$ %* #/2#0$ ,3$*2 *,&/;A.$8 Z/)/+& P2$ %3$*2 #*:(%%*(;$ $) %3$*2



 ! ! "#$%&'() *( '+,-&,("(,$ !!!  !

 !"#  "  # $%&'() *+,-./ ,/  !"#$%&'(!)!#% 0/1'/ 2&0 (*!))% 3456" 7/8 90+:; 0/20<8/=(/=( ./8

>+.<9'./8 ,?/&' 9%:>:@'/>/=( .:</8 20:8/=( ,&=8 .?/82&9/ :=(/0A/':../(8" 7/8 9/09./8 0/20<8/=(/=(

./8 >+.<9'./8 ,?/&' /;(/0=/8 &,8+0B</8" C+=( :=,:@'<8 2&0 ./ 0/2-0/ A ./8 8+','0/8 +' ./8 .:&:8+=8

:=(/02&0(:9'.&:0/8" C+=( :=,:@'<8 2&0 B ./8 A/':../(8 ,/ +'('," $B&8) D<2&0(:(:+= 2+88:B./ $A +'

B) ,/ .?/&' &,8+0B</ +' ,/ .?/&' .:</ ,&=8 ./8 A/':../(8 ,/ +'(',"

&,8+0B</ /;(/0=/ 8+=( <1&2+0&B./8 2&0 8<9%&E/ /= <('1/ F 105  " G' 9+=(0&:0/H .?/&' ,/ 9+=8(:('I

(:+= /( .?/&' .:</ 8+=( ,:(/8 =+=I<1&2+0&B./8 $8: .& (/>2<0&('0/ /8( :=A<0:/'0/ +' <E&./ F 105 )" 7&

9+%<8:+= ,&=8 9/((/ %J2+(%-8/ /8( 1'/ 9+>>/ <(&=( ,'/ F .& A+0>&(:+= ,/ .:&:8+=8 :+=+I9+1&./=(/8

(*'-'(* /( (*'-'+%'-'(* /=(0/ ./8 A/':../(8" K. /;:8(/ 9/2/=,&=( ,/8 A&:(8 9+=(0&,:9(+:0/8 (/.8 @'/ .&

>+,:L9&(:+= :>2+0(&=(/ ,/ .?/82&9/ :=(/0A/':../( &' 9+'08 ,/ .& ,<8%J,0&(&(:+= 3MM6H ./8 20+20:<(<8

><9&=:@'/8 ,/ 2+',0/8 ,?%J,0&(/8 9+>2&9(</8 9+>2&0&B./8 F 9/../8 ,?'=/ 2N(/ :=:(:&./>/=( A+0I

></ 34OH OP6 /( .?&990+:88/>/=( ,/ 0<8:8(&=9/ ,/8 2N(/8 ,/ 9:>/=( 20+2+0(:+==/. F .?&'E>/=(&(:+=



 !  !"#$%&' () '"* '% +,-*%$,.+ /-' %&,-0%$1*'+  ,.2$./'+

"# $% &'()%*# &+,*-./'# 0!123 45 )%-67 $% *89,&-85 : $;8(-<-5# "#& +(8+(-,6,& =,*%5-/'#& #6 "# $%

"'(%>-$-6, "#& *-=#56& (,&'$6# "# $;#5*9#?@6(#=#56 "#&  !"!# $%=#$$%-(#& )8(=,& $8(& "# $;9A"(%B

6%6-857 "# $;#C-&6#5*# "# +856& "# =%6-D(#& &8$-"#& E*(-&6%$$-5&F 8' $-/'-"# E#%' "# *85&6-6'6-85F

#6 "# )8(*#& &'+#(.*-#$$#& E$-%-&85& 9A"(8<D5# 8' "# $%& '() *%%+,F 0!G7 !H23 I% *856(->'6-85

#J#*6-?# "# *9%*'5# "# *#& )8(*#& "# *89,&-85 ?%(-# %' *8'(& "' 6#=+&3 K'8- /';-$ #5 &8-67 $#

&#*85" =8"D$# +(8+8&, #&6 *85&-",(, *8==# $# +$'& (%-&855%>$# #6 $# +$'& +(8*9# "# $% (,%$-6,3 I%

 !"#  3 1 L M-J,(#56#& )8(=#& "# +8(8&-6, "%5& $% +N6# "# *-=#56 "'(*-# E";%+(D& 0O 7 O12F3

+N6# "# *-=#56 *85&6-6'#7 %' .5%$7 '5 %&&#=>$%<# ",&8("855, "# >(-/'#& ,$,=#56%-(#& "# /'#$/'#&

*#56%-5#& ";%5<&6(P=& "# "-%=D6(# #5 <(%-5& 0!Q7 OR7 OQ2 %?#* '5# <(%5"# "-&6(->'6-85 "# 6%-$$#&

"# +8(#& "856 +$'&-#'(& 6A+#& &# "-&6-5<'#56 0O12 E.<'(#  3 1F S -. $#& +8(#& -56#(B)#'-$$#6& E8'

-56(%B*(-&6%$$-6#&F &-6',& "%5& $#& >(-/'#& ,$,=#56%-(#& T --. $#& +8(#& -56#(B*(-&6%$$-6#&7 &-6',& #56(#

$#& >(-/'#& ,$,=#56%-(#& "#  !"!# E/'#$/'#& UF T ---. $#& +8(#& *%+-$$%-(#&7 ?#&6-<#& "#& #&+%*#&

-56#(<(%5'$%-(#& "# $% +N6# )(%V*9#7 "856 $# ?8$'=# ",*(8V6 %' *8'(& "# $;9A"(%6%6-85 +8'( '5

(%++8(6 4%'WX-=#56 "855, T #6 -/. $#& -5*$'&-85& ";%-(7 +(8?#5%56 "# $;#=+(-&855#=#56 "# >'$$#&

";%-( +#5"%56 $# =%$%C%<# 8' "# $;#56(%V5#=#56 +%( $#& %"Y'?%56&3

 !" #$%$&'()*$+ +,& (-+ .&/.&)$*$+ 0- 1/(,2- 0- (3-', -* 0-+ +/(,4

*)/%+ $(-5*&/(6*)7,-+

Z%$<(, $% &-=+$-*-6, "# &% *8=+8&-6-857 $#& +(8+(-,6,& +9A&-/'#&7 69#(=8"A5%=-/'#& #6 *9-B

=-/'#& "# $;#%' &856 *8=+$#C#&3 X#(6%-5#& &856 #5*8(# =%$ *8=+(-&#&3 I;#%' #&6 '5 ,$,=#56

-=+8(6%567 586%==#56 #5 *9-=-# #6 #5 >-8$8<-#7 %>85"%==#56 ,6'"-,3 [85 (\$# #&6 *(-6-/'# "%5&

$#& 8(<%5-&=#& ?-?%56& #6 $% +$'+%(6 "#& (,%*6-85& *9-=-/'#& 6#((#&6(#& 0O]23 [8$?%56 &'>&6%5B

6-#$ #5 =-$-#' 5%6'(#$7 *;#&6 %'&&- $;'5# "#& (%(#& =%6-D(#& : #C-&6#( &+856%5,=#56 &8'& )8(=#

$-/'-"#7 &8$-"# #6 <%^#'&#3 I;#%' #&6 '5# =8$,*'$# +8$%-(# S $;,$#*6(85,<%6-?-6, )8(6# "# $;%68=#

";8CA<D5# %66-(# $#& ,$#*6(85& "' 5'%<# ,$#*6(85-/'# "# $% =8$,*'$# : $'-7 #56(%V5%56 '5 #C*D& "#



 !"! #$%$&'()*$+ +,& (-+ .&/.&)$*$+ 0- 1/(,2- !!!  !

"#$%&' (−2δ) '* "+,-./0$,* 1 ., -23"/* -' "#$%&' (+δ) 0.% 4'0 $*+5'0 -6#7-%+&8,'9 :$ ;$4'.%

'<=2%/5',*$4' %'*',.' =$% 46>?@AB (>,*'%,$*/+,$4 ?00+"/$*/+, C+% *#' @%+='%*/'0 +C A$*'% $,-

B*'$5) -. 5+5',* -/=+4$/%' -' 46'$. 1 462*$* &$D'.< '0* -' 1.85D9 ? 462*$* 4/E./-' '* =+.% .,'

*'5=2%$*.%' -' ∼ 25  "'**' ;$4'.% $.&5',*' '* -';/',* 2.95 D F!GH !!I9 J$,0 4$ &4$"' (2*$*

0+4/-')H 4' 5+5',* -/=+4$/%' '0* -' 3.09 D F!KI9 :' %$==+%* (ǫr) -' 4$ ='%5/**/;/*2 -/24'"*%/E.' -'

46'$. (ǫ)H E./ "$%$"*2%/0' 4$ %2=+,0' -. 5/4/'. 1 ., "#$5= 24'"*%/E.'H 0.% 4$ ='%5/**/;/*2 -. ;/-'

(ǫ0 = 8.854187×10−12 F.m−1
) -+,,' 4$ "+,0*$,*' -/24'"*%/E.'9 ? 462*$* 4/E./-'H ǫr = 87.9 1 0  H

ǫr = 78.4 1 25 '* ǫr = 55.6 1 100  F!LI9 M'0 ;$4'.%0 24';2'0 -' 4$ "+,0*$,*' -/24'"*%/E.' '* -.

5+5',* -/=N4$/%' $O$/00',* 462,'%&/' -' 4/$/0+, 24'"*%+0*$*/E.' (E = − 1
4πǫ

qq′

r2 ) "+,C2%$,* 1 46'$.

0'0 =%+=%/2*20 0+4;$,*'0H -/00+"/$,*'0 '* /+,/0$,*'0 FPKH KQI9 R,3,H 4' "+'S"/',* -6$.*+-/T.0/+,

"$%$"*2%/0$,* 4$ -/T.0/+, -6.,' 5+42".4' -$,0 ., 5/4/'. "+,0*/*.2 -' 5+42".4'0 /-',*/E.'0 (5/4/'.

=.%) '0* -' 2.30 × 105 cm2.s−1
=+.% 46'$. 1 *'5=2%$*.%' $5O/$,*' F!LI9

J6., =+/,* -' ;.' *#'%5+-7,$5/E.'H 462,'%&/' /,*'%,' -' 46'$. 4/E./-' '0* -' −41.5 kJ.mol−1

1 *'5=2%$*.%' $5O/$,*' FK I9 B+, "+'S"/',* -6'<=$,0/+, *#'%5/E.' '0* -' 2.53× 10−4
 

−1
FKUI9

:' -/$&%$55' -23,/00$,* 4'0 -/T2%',*'0 =#$0'0 ', *'5=2%$*.%' '* ', =%'00/+, '0* -2"%/* -$,0 4$

3&.%'  9 P9 :'0 4/&,'0 -' "+'</0*',"' 4/E./-'V0+4/-'H 4/E./-'V;$='.% '* 0+4/-'V;$='.% 0' %'W+/&,',*

$. =+/,* *%/=4' X Tt = 273.16K '* pt = 611.657 Pa (-6$=%80 46>?@AB)9 :' =+/,* "%/*/E.' (%2C2%',"2

C 0.% 4$ 3&.%'  9 P) Tc = 647.096 KH pc = 22.064 MPa '* ρc = 322 kg.m−3
'0*H E.$,* 1 4./H

0/*.2 0.% 4$ 4/&,' -' "+'</0*',"' 4/E./-'V;$='.%9 ?. -'41 -' "' =+/,*H 46'$. '0* 0.='%"%/*/E.'9 :'

"+%=0 =#70/E.' +O*',. '0* $4+%0 ,/ 4/E./-'H ,/ &$D'.<9 ? 462*$* 0+4/-' (&4$"')H /4 '</0*' 15 ;$%/2*20

 !"#  9 P Y J/$&%$55' -' =#$0'0 *'5=2%$*.%'V=%'00/+, -' 46'$. 5+,*%$,* 4'0 -+5$/,'0 -6'</0V

*',"' -'0 ;$%/2*20 0*$O4'0 '* 52*$0*$O4'0 -' 4$ &4$"' ,.52%+*2'0 -' I 1 XIV (-6$=%80 FKPI)9

"%/0*$44/,'0 (,.52%+*2'0 -' I 1 XIV 0.% 4$ 3&.%'  9 P)9 :$ =#$0' I "+5=%',- '44'V5Z5' -'.<



 !  !"#$%&' () '"* '% +,-*%$,.+ /-' %&,-0%$1*'+  ,.2$./'+

"#$%&'&( ) *# +*#,- .-/#+01#*- 2Ih34 56% -(' *# 7*6( ('#8*- #6/ ,019%'%01( ('#19#$9( 9- 7$-((%01

2∼ 105 Pa3 -' *# +*#,- ,68%56- 2Ic3: ;* 1<-/%('- 7#( 9<#6'$-( (68('#1,-( ,0116-( 70((&9#1' 61-

'-**- "#$%&'& 9- =0$>-( 9#1( (# 7.#(- ,$%('#**%1- ?@AB: C# ,.#*-6$ *#'-1'- 9- =6(%014 56% -(' *<&1-$+%-

56<%* =#6' =06$1%$ 706$ =#%$- =019$- *# +*#,-4 -(' %>70$'#1'- -' 9- 334 J.g−1  

: D-''- &1-$+%- -('

80 =0%( 7*6( +$#19- 56- *<&1-+%- 1&,-((#%$- 706$ =#%$- 7#((-$ *<-#6 *%56%9- 9- 0 E 1  4 E (#"0%$

4.2 J.g−1
: D-''- "#*-6$ &*-"&- 9- *# ,.#*-6$ *#'-1'-4 56% -(' *<61- 9-( 7*6( &*-"&- 56% (0%'4 (<-/7*%56-

7#$ *<#$$#1+->-1' (7&,%F56- 9-( >0*&,6*-( 9<-#6 9#1( *- "0*6>- 9G #6/ *%#%(01( .H9$0+I1-:

J1 -K-'4 ,01'$#%$->-1' E 61 *%56%9- (%>7*-4 *-( >0*&,6*-( 9<-#6 (01' *%&-( *-( 61-( 7#$ $#770$'

#6/ #6'$-( 7#$ *<%1'-$>&9%#%$- 9- 701'( #77-*&( *%#%(01( .H9$0+I1- (- '$#96%(#1' 7#$ 9-( >0*&,6*-(

9<-#6 70%1'#1' *-6$( #'0>-( 9<.H9$0+I1- "-$( *-( #'0>-( 9<0/H+I1- 9-( >0*&,6*-( "0%(%1-(: D.#56-

>0*&,6*- 9<-#6 -(' E *# =0%( 9011-6(- -' #,,-7'-6(- 9- 9-6/ *%#%(01( .H9$0+I1- ?!LB: D-( 9-$1%I$-(

%>70(-1' 61- ,01'$#%1'- 0$%-1'#'%011-**- (6$ *-( 70(%'%01( $&,%7$056-( 9-( >0*&,6*-( 9<-#6 -' (01'

9<%1'-1(%'& >#/%>#*- *0$(56<-**-( (01' *%1&#%$-( ?M!B: D-''- #((0,%#'%01 9-( >0*&,6*-( -1'$- -**-(

=0$>- 61 $&(-#6 '$%9%>-1(%011-* =0$' ?!N4 !LB 56% (<%**6('$- 8%-1 9#1( *# 7.#(- I 9- *# +*#,- #"-, 61-

('$6,'6$- ,$%('#**%1- =0$>&- 9<61 #$$#1+->-1' '&'$#I9$%56- 9- *%#%(01( .H9$0+I1- -/7*%56#1' *#

"#*-6$ &*-"&- 9- *# ,.#*-6$ *#'-1'- 9- *# +*#,- -' (# +$#19- $&(%('#1,- >&,#1%56-: C- >#%1'%-1 9-(

>0*&,6*-( 9<-#6 E 9%('#1,- 7#$ *-( 701'( .H9$0+I1- =#%' 56- *- "0*6>- (0*%9- -(' 7*6( %>70$'#1'

56- ,-*6% 96 *%56%9- O 9- ,- =#%'4 *# 9-1(%'& 9- *# +*#,- -(' 7*6( =#%8*- 56- ,-**- 96 *%56%9-: C0$(56-

*# +*#,- =0194 9-( *%#%(01( .H9$0+I1- (01' $0>76-( -' *# 9-1(%'& 9- *<-#6 ,$0P': D- 7.&10>I1- (-

706$(6%' Q6(56<E ,- 56- *<#,,$0P((->-1' 96 "0*6>- 9G E *<#+%'#'%01 '.-$>%56- ,01'$-8#*#1,- *#

9-1(%F,#'%01 9- *<-#6 *%&- #6/ 9-('$6,'%01( 9- *%#%(01( .H9$0+I1-: C<-#6 *%56%9- "0%' (# 9-1(%'&

7#((-$ 7#$ 61 >#/%>6> E 3.984  -'4 #6 9-*E 9- ,-''- '->7&$#'6$-4 *<0$9$- '&'$#&9$%56- 1<-('

7*6( 56- *0,#* ?!NB: R '->7&$#'6$- #>8%#1'-4 *-( >-(6$-( 7#$ 9%K6(%01 9- 1-6'$01( >01'$-1'

56<-1 >0H-11- ,.#56- >0*&,6*- 9<-#6 9#1( *- *%56%9- 70((I9- 3.5 *%#%(01( .H9$0+I1- ?M!B: C#

,011-,'%"%'& 9-( 9%K&$-1'-( $&+%01( 96 *%56%9- -(' #((6$&- 7#$ *-( *%#%(01( .H9$0+I1-: C- $&(-#6

'$%9%>-1(%011-* 56<-**-( ,01('%'6-1' -(' >09%F& -1 7-$>#1-1,- -' *-( *%#%(01( .H9$0+I1- ,#((&-(

(- $-=0$>-1' %>>&9%#'->-1' ?M!B: C# 96$&- 9- "%- 9- ,-( 9-$1%I$-( -(' 9<-1"%$01 1 ps: D-**- 9<61

9&=#6' 9#1( *- $&(-#6 =0$>& -(' %1=&$%-6$ E 200  ! ?M!4 !NB: R%1(%4 ,01'$#%$->-1' #6 ,#( 9- *# +*#,-4

%* 1<H # 7#( 9- ('$6,'6$- 7-$(%('#1' (6$ 9-( '->7( *01+( 9#1( *<-#6 *%56%9-:

C# 7$&(-1,- 9<61- %>76$-'& 56-*,0156- 9#1( *<-#6 7-$'6$8- (# ('$6,'6$- -1 >09%F#1'4 #6

>0%1( *0,#*->-1'4 *- $&(-#6 9- *%#%(01( .H9$0+I1- -' 7#$ *E >S>- *-( 7$07$%&'&( 9- *<-#6 *%T

56%9- ?!NB: U#$ -/->7*-4 9#1( 61- (0*6'%01 #56-6(- &*-,'$0*H'%56-4 ,0>>- *<-#6 9- >-$ 56% -('

61 >&*#1+- 9- >0*&,6*-( 9<-#6 -' 9- NaCl4 *# 7$&(-1,- 96 (-* >09%F- *- 70%1' 9- +-*: J1 -K-'4

7*6( *# ,01,-1'$#'%01 -1 (-* 9#1( *<-#6 -(' &*-"&-4 7*6( ,- 70%1' -(' #8#%((&: D-*# "%-1' 96 706"0%$

9-('$6,'6$#1' 96 ,.*0$6$- 9- (09%6> ?!AB4 ,<-('TET9%$- 9- (# ,#7#,%'& E 7-$'6$8-$ *- $&(-#6 9-
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 !"! #$$%&'()* '+#**,-.)* /. '&01,0)2)03 /#0* +)* 0#0&$&%)*  !

"#$#%&'% ()*+&,-'./ 0&1+ "2.$1 *. "$ 3.+ 45*#6.++$'5.7 *&'6 "$ 8&'8.'6+$6#&' .' NaCl .%6 *.

35g.L−1
.'9#+&'7 ". :&#'6 *. ,." %. 6+&19. ; 1'. 6.3:5+$61+. *. −2 / <' =$#67 *$'% 1'. %&"16#&'

$>1.1%. 5".86+&")6#>1. ?8&3:&%5. *2.$1 .6 *2#&'%@ "$ :+5%.'8. *.% #&'% 8&'*1#6 ; 6+&#% %#61$6#&'%

.' =&'86#&' *. ".1+ :&19&#+ :&"$+#%$'6 *5A'# 8&33. ". +$::&+6 z/r2
i ?z .6 ri 56$'6 +.%:.86#9.3.'6

"$ 8($+,. .6 ". +$)&' *. "2#&'@ B  ! ".% #&'% ; =&+6 :&19&#+ :&"$+#%$'6 ?Li+7 Na+
7 Mg2+

7 F−
7 OH−

@

C+#%.'6 ".% "#$#%&'% ()*+&,-'. .6 &+,$'#%.'6 *. '&3C+.1%.% 8&18(.% *2.$1 $16&1+ *2.1D E   ! ".%

#&'% *. :&19&#+ :&"$+#%$'6 3&).' ?K+
7 Cs+

7 NO−
3 @ 3&*#A.'6 "&8$".3.'6 ". +5%.$1 *. "#$#%&'%

()*+&,-'.7 3$#% '2&'6 >1. :.1 *. 3&"581".% *2.$1 $16&1+ *2.1D E    ! ".% #&'% *. =$#C". :&19&#+

:&"$+#%$'6 ?#&'% ()*+&:(&C.%@ '. C+#%.'6 :$% ".% "#$#%&'%/ F"% %2#'8&+:&+.'6 $1 %.#' *1 "#>1#*.7 *&'6

#"% 3&*#A.'6 "2$+8(#6.861+. "&8$". GHIJ/ K2#3$,. 8"$%%#>1. *. "$ %&"9$6$6#&' *.% #&'% :+59&#6 1'.

&+,$'#%$6#&' *.% 3&"581".% *2.$1 $16&1+ *.% 8$6#&'% $9.8 "2$6&3. *2&D),-'. &+#.'65 9.+% "2#&'7

$"&+% >1. 8. %&'6 ".% $6&3.% *2()*+&,-'. >1# %2&+#.'6.'6 9.+% ".% $'#&'%/ L'. 6."". &+#.'6$6#&'7 >1#

:.+61+C. ". +5%.$1 *. "#$#%&'% ()*+&,-'.7 '. 3&*#A. :$% %#,'#A8$6#9.3.'6 "$ *)'$3#>1. +&6$6#&'M

'."". *.% 3&"581".% *2.$1 $1 *."; *. "$ :+.3#-+. %:(-+. *2()*+$6$6#&' GNHJ/ 0$+ $#"".1+%7 1' %&"165

()*+&:(&C. *$'% "2.$1 =$#6 #'6.+9.'#+ *.% =&+8.% >1# 8$1%.'6 "2$,+5,$6#&' *.% #&'% ?.O.6% .'6+&M

:#>1.% *. "#$%&#''@/ <' .O.67 "2.$1 $16&1+ *21' #&' ()*+&:(&C. 6.'* ; %2&+,$'#%.+ *. 3$'#-+.

; :+5%.+9.+ "2#'65,+#65 *1 +5%.$1 *. "#$#%&'% ()*+&,-'. ?8$,. *2()*+$6$6#&'@/ P."$ $3-'. ; 1'.

+5*186#&' *.% "#C.+65% *. 3&19.3.'6 .' +&6$6#&' .6 .' 6+$'%"$6#&' *.% 3&"581".% *2.$1 :+5%.'6.%

*$'% "$ 8$,. *2()*+$6$6#&'7 8. >1# 8&'*1#6 ; 1'. *#3#'16#&' *. "2.'6+&:#./ K&+%>1. *.1D #&'% ()M

*+&:(&C.% .6 ".1+% 8$,.% *2()*+$6$6#&' +.%:.86#9.% %2$::+&8(.'6 "21' *. "2$16+.7 "2.$1 %6+1861+5.

*$'% "$ +5,#&' .'6+. ".% *.1D #&'% +.6&1+'. *$'% ". 9&"13./ Q#'%#7 "2.'6+&:#. $1,3.'6. .6 ,5'-+.

1'. =&+8. $66+$86#9. .'6+. ".% *.1D #&'%/ P.% #'6.+$86#&'% ()*+&:(&C#>1.% %&'6 +.%:&'%$C".% *.

:+&8.%%1% #3:&+6$'6% .' C#&"&,#. 8&33. "2$,+5,$6#&' *.% "#:#*.% $3:(#:(#"#>1.% .' C#8&18(.%

$9.8 ".1+ >1.1. ()*+&:(&C. %5:$+5. *.% 3&"581".% *2.$1 :$+ ".1+ 6R6. ()*+&:(#". GNHJ/

 !" #$$%&'()* '+,**-./)* 0/ '&121)3)14 0,1* +)* 1,1&$&%)*

P.66. :$+6#. .%6 *5*#5. $1D $::+&8(.% 6(.+3&*)'$3#>1.% *. "$ *.%8+#:6#&' *1 8&'A'.3.'6

*21' 5".86+&")6. $>1.1D/ Q#'%#7 *$'% 1' :+.3#.+ 6.3:%7 '&1% *56$#""&'% ".% .O.6% %1+ ".% *#O5+.'6%

5>1#"#C+.% *. :($%. .67 *$'% 1' %.8&'* 6.3:%7 '&1% *.8+#9&'% 1' 5".86+&")6. *$'% 1' :&+. :$+ ".

C#$#% *.% 6(5&+#.% *. 8($3: 3&).'/

 !"! #$%&'()*+,'-./% )%0 1./-2-3&%0 )% 4$,0% 5 6%&0 2%0 %7%80 )% 9&*(0/9:

9-(+

 !"#!$%&'() * +"#(,!-. $% /%01!. K&+%>1. *.1D :($%.%7 1 .6 27 8&.D#%6.'6 *$'% 1' 3R3.

%)%6-3.7 #" .D#%6. 1'. #'6.+=$8. S >1# ".% %5:$+./ P($>1. :($%. :&%%-*. 1'. :+.%%#&' >1# "1# .%6

:+&:+. ?p1 .6 p2@/ K$ *#O5+.'8. *. :+.%%#&' .'6+. ".% *.1D :($%.% ?∆p = p1 − p2@ #'*1#6 1'.



 !  !"#$%&' () '"* '% +,-*%$,.+ /-' %&,-0%$1*'+  ,.2$./'+

"#$%& f12 '() *+,--.)'(& *($ .+)/0&$",%& S1 2,$ ,/,.#3)& ,4&% (/ 5,..#/ 6& 5,(6$(%7&8 #9 .+,)$ &/

*($-$&**)#/ -,$ $,--#$0 ,( :).)&( &;0<$)&($ 4)&/0 0&/6$& ., *($",%& &/ <.,*0#:=$&8 %&00& "#$%& &*0 >

.+#$)3)/& 6+(/& 0&/*)#/ 6,/* .+)/0&$",%& &/0$& ., -7,*& 1 &0 ., -7,*& 2 (*(&..&:&/0 ,--&.<& 0&/*)#/

*(-&$?%)&..& #( 0&/*)#/ 6& *($",%& @?3($& A1ABC DEFG1 H..& -&(0 *+&;-$):&$ *#)0 &/ "#$%& -,$ (/)0<

6& .#/3(&($ @N.m−1
C *#)0 &/ </&$3)& -,$ (/)0< 6& *($",%& @J.m−2

C1 I, 0&/*)#/ 6& *($",%& *& /#0&

 !"# A1AB J K%7<:, 6& ., %#&;)*0&/%& 6& 6&(; -7,*&* @1 &0 2C %7,%(/& %,$,%0<$)*<& -,$ *, -$#-$&

-$&**)#/ @p1 &0 p2C > 0&:-<$,0($& %#/*0,/0&1 I, 0&/*)#/ 6& *($",%& γ12 &*0 ., %#/*<'(&/%& 6& .,

"#$%& ,--.)'(<& *($ .+)/0&$",%& 6(& > ., 6)L<$&/%& 6& -$&**)#/ &/0$& .&* 6&(; -7,*&*1

γ12 &0 *& 6<?/)0 07&$:#6M/,:)'(&:&/0 6& ., :,/)=$& *()4,/0& N

γ12 =

(
∂F

∂A

)

T,V,N,ǫ

@A1AC

#9 F 8 A8 T 8 V 8 N 8 ǫ *#/0 $&*-&%0)4&:&/0 .+</&$3)& .)5$& 6&  !"#$"%&8 .+,)$& 6& .+)/0&$",%& S8
., 0&:-<$,0($&8 .& 4#.(:&8 .& /#:5$& 6& -,$0)%(.&* &0 ., 6<"#$:,0)#/ 6( *M*0=:&1 I+<'().)5$&

6& ., %#&;)*0&/%& 6&* 6&(; -7,*&*8 #50&/( .#$*'(& .+</&$3)& .)5$& 6( *M*0=:& &*0 :)/):(:8 >

0&:-<$,0($& %#/*0,/0& *+<%$)0 N

dF = −∆p dV + γ dA − S dT = 0 ⇒ ∆p dV = γ dA. @A1 C

O& -.(*8 .& 0$,4,). /<%&**,)$& -#($ ,(3:&/0&$ .+,)$& 6& .+)/0&$",%& 6+(/& '(,/0)0< dA &*0 dW =

γ dA1 P/& 3#(00& 6+(/& -7,*& 1 6,/* (/& -7,*& 2 ,6#-0& > .+<'().)5$& (/& 3<#:<0$)& *-7<$)'(&

6& $,M#/ r ,?/ 6& :)/):)*&$ *#/ $,--#$0 surface/volume1 K#/ <.<:&/0 6+,)$& &0 *#/ <.<:&/0 6&

4#.(:& *#/0 $&*-&%0)4&:&/0 dA = 8πrdr &0 dV = 4πr2dr1 I& $,--#$0 dA/dV *+<%$)0 %#::& 2/r

&0 ., $&.,0)#/ @A1 C 6&4)&/0 N

∆p = p1 − p2 =
2 γ12

r
. @A1QC



 !"! #$$%&'()* '+#**,-.)* /. '&01,0)2)03 /#0* +)* 0#0&$&%)*  !

"#$$# %&'($)*+ &') ,#-)# -# ,(.*+ /# 0*',1',# #$ -( $#+2)*+ )+$#,3(0)(-# 4 -( /)5%,#+0# /# 6,#22)*+

/%0,)$ '+ %&')-)1,# 7%0(+)&'# #+$,# -#2 /#'8 69(2#2: ";#2$ -( ,#-($)*+ /#  !"#$%&'()'*+ <=>? =@A:

B(+2 -# 0(2 /;'+# C*'$$# /# -)&')/# #+$*',%# /# 2( 69(2# D(6#',? +*'2 6*'D*+2 %0,),# pl−pv =

2γlv/r (D#0 pl #$ pv -#2 6,#22)*+2 ,#26#0$)D#2 /# -( 69(2# -)&')/# #$ /# -( 69(2# D(6#',: B# 6-'2? 2',

-( -)C+# /;%&')-)1,# /#2 69(2#2? -*,2&'# -#2 /#'8 69(2#2 0*#8)2$#+$? -;%&')-)1,# $9#,7*/.+(7)&'#

)76-)&'# -;%C(-)$% /#2 6*$#+$)#-2 09)7)&'#2 E µl(pl, T ) = µv(pv, T )? µl #$ µv %$(+$? ,#26#0$)D#7#+$?

-#2 6*$#+$)#-2 09)7)&'#2 /# -( 69(2# -)&')/# #$ /# -( 69(2# C(F#'2#: G*'2 -( 3*,7# /)5%,#+$)#--#?

+*'2 (D*+2 E dµl(pl, T ) = dµv(pv, T ): H(, ()--#',2? 6*', '+# $#76%,($',# /*++%#? -( ,#-($)*+ /#

,-../%0"1+2 #2$ E

S̄l dT − V̄l dpl + dµl = 0 I!:JK

6*', -( 69(2# -)&')/# #$

S̄v dT − V̄v dpv + dµv = 0 I!:LK

6*', -( 69(2# C(F#'2#: S̄l? S̄v? V̄l #$ V̄v 2*+$? ,#26#0$)D#7#+$? -#2 #+$,*6)#2 7*-(),#2 #$ -#2 D*-'7#2

7*-(),#2 /# -( 69(2# -)&')/# #$ /# -( 69(2# C(F#'2#: M;%C(-)$% /)5%,#+$)#--# /#2 6*$#+$)#-2 09)7)&'#2

6#,7#$ /;%0,),# -( ,#-($)*+ I!:>K E

V̄v dpv − V̄l dpl = (S̄v − S̄l) dT. I!:>K

H*', '+# $#76%,($',# 0*+2$(+$# #$ #+ 0*71)+(+$ -( ,#-($)*+ I!:>K (D#0 -( ,#-($)*+ I!:NK /(+2 2(

3*,7# /)5%,#+$)#--# Idpl − dpv = d(2γ/r)K? +*'2 *1$#+*+2 E

dpv

(
V̄v − V̄l

V̄l

)

= d

(
2γlv

r

)

. I!:@K

M#2 9.6*$9O2#2 0*+P'C%#2 /' C(F 6(,3()$ 6*', -( 69(2# D(6#', IpvV̄v = RT K? *Q R #2$ -( 0*+2$(+$#

/#2 C(F 6(,3()$2? #$ /' D*-'7# 7*-(),# /' -)&')/# +%C-)C#(1-# /#D(+$ 0#-') /# -( D(6#', IV̄v ≫ V̄lK

6#,7#$$#+$ /# ,%%0,),# -( ,#-($)*+ I!:@K 0*77# E

dpv

pv
=

V̄l

RT
d

(
2γlv

r

)

. I!:=K

M;)+$%C,($)*+ /# 0#$$# %&'($)*+ 2;#5#0$'# #+$,# /#'8 %$($2 I,#-($)*+ I!:RKK E -# 6,#7)#, 0*,,#26*+/

4 -( 0*#8)2$#+0# /' -)&')/# #$ /' C(F 2%6(,%2 6(, '+# )+$#,3(0# 6-(+# I,(.*+ /# 0*',1',# r = ∞K S

-( 6,#22)*+ /' C(F #2$ 0#--# /# -( 6,#22)*+ /# D(6#', 2($',(+$# P0 S -# 2#0*+/ %$($ 0*,,#26*+/ 4 -(

C*'$$# /# -)&')/# /(+2 -# C(F S -# ,(.*+ r /# -( C*'$$# #2$ T+) #$ -( 6,#22)*+ /# 2($',($)*+ D('$ P :

∫ P

P0

dpv

pv
=

V̄l

RT

∫ r

∞
d

(
2γlv

r

)

 !"#$

%&'() *+,-.'/,*0+1 +02) 03,4+0+) 5/ 50* 64  !"#$%  472/,*0+  !"!8$$" 9554 &4':4, 64 &'-;0*' 5/



   !"#$%&' () '"* '% +,-*%$,.+ /-' %&,-0%$1*'+  ,.2$./'+

!"#$%&'($") #* +' ,-*..$") #* /',*0- .'(0-')(* #10) +$20$#* +"-.20* +1$)(*-3'&* +$20$#*4/',*0-

)1*.( ,+0. ,+')* !'$. ,"..5#* 0) -'6") #* &"0-70-*8

RT

V̄l
ln

(
P

P0

)

=
2γlv

r
= pl − pv 9:8:;<

=*!'-20"). 20* &*((* #*-)$5-* >20'($") *.( >&-$(* ,"0- 0)* ?"0((* #* +$20$#* #'). 0) ?'@ 9,-"A

&*..0. #* &")#*).'($")<8 B'). +* &'. #10)* 70++* #* ?'@ #'). 0) +$20$#* 9,-"&*..0. #1>/',"-'($")<C

0) .$?)* !"$). ',,'-'D( *) 3'&(*0- #0 (*-!* #* #-"$(*8 E) &")%)*!*)(C +1>20$+$7-* *)(-* 0)* ,F'.*

 !"# :8:G H I&F>!' #* +1>20$+$7-* +$20$#*A/',*0- #'). 0) ,"-*8 J' ,'-($* 7+*0* -*,->.*)(* +*

+$20$#* *( +' ,'-($* 7+')&F* +* ?'@8

+$20$#* 9!"0$++')(*< *( 0)* ,F'.* ?'@*0.* 9)") !"0$++')(*< #>&-$( ,'- +' +"$ #*  !"#$% .1>&-$( *)

3")&($") #0 -'6") #1*)(->* #0 ,"-* rp *( #* +1')?+* #* !"0$++'?* θ 9')?+* 3"-!> *)(-* +1$)(*-3'&*

+$20$#*A/',*0- *( +* !0- #0 ,"-*< '/*& rp = r cosθ 9%?0-* :8:G<8

RT

V̄l
ln

(
P

P0

)

= −2γlvcosθ

rp
= −(pv − pl) 9:8::<

J' -*+'($") 9:8::< $)(*-/$*)(C ,'- *K*!,+*C #'). +*. *K,>-$*)&*. #1'#."-,($") "L M ,'-($- #*.

,-*..$"). &',$++'$-*. 9pcap = pv − pl< +' 3-'&($") #0 /"+0!* ,"-*0K S(r)C &").($(0> #*. ,"-*. #*

-'6") #1*)(->* rpC *.( &'+&0+>*8 N'- '$++*0-.C +1>20'($") #* &'(%)*+,-",.! ,*-!*( 0)* *K,+$&'($")

',,-"K$!'($/* #0 ,F>)"!>)* #* -*!")(>* &',$++'$-* 9-*!")(>* #0 +$20$#* "7.*-/>* +"-.2010)

(07* &',$++'$-* *.( ,+")?> /*-($&'+*!*)( #'). 0) +$20$#*<8 E) *O*(C &"))'$..')( +' #$O>-*)&* #*

,-*..$") F6#-".('($20* *)(-* +1$)(>-$*0- *( +1*K(>-$*0- #0 (07* ,"0- +' /',*0- *( ,"0- +* +$20$#*C

+' -*+'($") #* &'(%)*+,-",.! ,*-!*( #* #>(*!$)*- +' +"$ #* /(0$% P

pl − pv =
2γcosθ

rp
+ (ρv − ρl) g h ⇒ h =

2γcosθ

rp g ∆ρ
avec ∆ρ = ρl − ρv 9:8: <

"L ρC g *( h .")( -*.,*&($/*!*)( +' #*).$(> #* +' ,F'.* &").$#>->*C +' &").(')(* #* ?-'/$(> *( +'

F'0(*0- #* +' -*!")(>* #'). +* &',$++'$-* ,'- -',,"-( M +' .0-3'&* +$7-*8



 !"! #$$%&'()* '+#**,-.)* /. '&01,0)2)03 /#0* +)* 0#0&$&%)*  !

 !"#!$%&'()!$% * +"#,-!(. $% /!00'&12(3'(. "#$% &' (#% )' &# (*'+,%-'$(' )./$' 01#%'

&,2/,)' '- )./$' 01#%' %*&,)'3 $*/% 0*/4*$%3 (*55' 0*/6 &.72/,&,86' &,2/,)'9:#;3 7(6,6' &.7:#&,-7

)'% 0*-'$-,'&% (1,5,2/'% µs(ps, T ) = µl(pl, T ) ⇒ dµs = dµl3 *< µs '%- &' 0*-'$-,'& (1,5,2/'

)' &# 01#%' %*&,)'= >*/6 /$ %*&,)' 0&*$:7 )#$% %*$ &,2/,)' ?(#% )./$' 06'%%,*$ 1@)6*%-#-,2/'A3

&.,$-6*)/(-,*$ )'% 72/#-,*$% )'  !""#$%&'() #00&,2/7'% B &# 01#%' %*&,)' '- B &# 01#%' &,2/,)'

)#$% &.7:#&,-7 )'% 0*-'$-,'&% (1,5,2/'% )*$$' C

V̄s dps − V̄l dpl = (S̄s − S̄l) dT. ?D=D!A

"#$% &' (#% )./$' 06'%%,*$ #00&,2/7' /$,2/'5'$- %/6 &' %*&,)' ?dpl = 0A3 &# 6'&#-,*$ ?D=D!A %.,$-E:6'

(*55' (,9)'%%*/% C ∫ ps

pe

dps =

∫ T

Tm

(S̄s − S̄l)

V̄s
dT ?D=DFA

*< Tm '%- &# -'5076#-/6' )' G/%,*$ )/ %*&,)' %*/5,% B /$' 06'%%,*$ ).72/,&,86' pe = ps = pl=

H.'$-6*0,' )' G/%,*$ 0#6 /$,-7 )' 4*&/5' )/ %*&,)' %.7(6,- ∆Sfv = (S̄l − S̄s)/V̄s= >*/6 )' 0'-,-'%

4#6,#-,*$% )' -'5076#-/6' ∆T = Tm − T 3 &# 6'&#-,*$ ?D=DFA %' 677(6,- '$ $' (*$%,)76#$- 2/' &#

4#6,#-,*$ #/ 06'5,'6 *6)6' '$ -'5076#-/6' IJJK=

ps − pl = ∆Sfv ∆T ?D=DLA

M'--' 6'&#-,*$ '%- #00'&7' &*, )' *'+)#+,= N&&' )7(6,- &# 4#6,#-,*$ )' &# -'5076#-/6' )' G/%,*$

)/ %*&,)' #4'( &# 06'%%,*$= N$ /-,&,%#$- &# 6'&#-,*$ )' -+&,.$/01203(3 ,& '%- 0*%%,8&' )' 6'&,'6 &'

6#@*$ )' (*/68/6' )' &.,$-'6G#(' ?rA '- &# -'$%,*$ )' %/6G#(' ?γslA B &# -'5076#-/6' )' G/%,*$ )/

%*&,)'=

ps − pl =
2 γsl

r
= ∆Sfv ∆T ?D=DOA

H# 6'&#-,*$ D=DO '%- #00'&7' &*, )'  !""#$*'+)#+,= N&&' 067),- /$' 5*),P(#-,*$ )' &# -'5079

6#-/6' )' G/%,*$ )/ %*&,)' ,$4'6%'5'$- 06*0*6-,*$$'&&' #/ 6#@*$ )/ %*&,)'= >*/6 )'% 4#6,#-,*$%

0&/% :6#$)'% '$ -'5076#-/6' ?%/076,'/6'% B &# ),;#,$' )' Q'&4,$A3 ,& '%- 5*$-67 IJRK 2/' &' )79

4'&*00'5'$- #/ 06'5,'6 *6)6' '$ -'5076#-/6' )' &# 06'%%,*$ (#0,&&#,6' ?pcap = pv − plA $' %/S-

0&/% ?7(#6- -6*0 ,50*6-#$- 0#6 6#00*6- B &.'+06'%%,*$ '+#(-' )' &# 06'%%,*$ (#0,&&#,6'A '- ,& '%-

$7('%%#,6' ).#&&'6 T/%2/.#/ %'(*$) *6)6'= H# 6'&#-,*$ ?D=DOA )'4,'$- #&*6% C

ps − pl =
2 γsl

r
= ∆Sfv ∆T − Cf

∆T 2

2Tm
?D=DUA

*< Cf '%- &# (#0#(,-7 (#&*6,P2/' '$-6' &' %*&,)' '- &' &,2/,)' 0#6 /$,-7 )' 4*&/5' )' %*&,)'= N$

(*$P$'5'$-3 ,& '+,%-' /$' (*/(1' 06E% )' &# %/6G#(' 2/, '%- G*6-'5'$- 0'6-/687' 0#6 &# 06*+,5,-7

)' ('--' )'6$,E6'= M'--' (*/(1' $' %' %*&,),P' 0#% (*55' )#$% &' 4*&/5' '$ (*$),-,*$ )' :'&= "#$%

&' (#% )' &.'#/3 )'% 7-/)'% '+076,5'$-#&'% '$ (#&*6,57-6,' ),V76'$-,'&&' B 8#&#@#:' ?"WMA IDU3 RXY



 !  !"#$%&' () '"* '% +,-*%$,.+ /-' %&,-0%$1*'+  ,.2$./'+

" # $% &'()*+*,$ -+.*'%/01$ *1,2'+/&$ 34567 8"9: "!# )*% ;$&-/($( 2<'=+21+%/)* >$ 2<';+/(($1&

>$ ,$%%$ ,)1,?$ >+*( >$( (/2/,$( ?@>&);?/2$( $% ?@>&);?)A$( B 4 ≤ e ≤ 10CD E)1& 2$( -+%&/,$(

,/-$*%+/&$(: /2 $F/(%$ >$( &$2+%/)*( $-;/&/01$( ;$&-$%%+*% >$ >'%$&-/*$& 2<';+/(($1& >$ 2+ ,)1,?$

><$+1 *)* .$2+A2$ G 2+ (1&H+,$ ><1* (1A(%&+% B e = 19.7 3
√

1/∆T 8C# 8I"#D J$22$ 01$22$: 2+ 2)/ >$

 !""#$%&'(#') '%+A2/$ >+*( 2$ ,+>&$ >$ 2+ %?$&-)>@*+-/01$ ,2+((/01$ *$ ;&$*> ;+( $* ,)-;%$

2<$F/(%$*,$ >$ ,$%%$ ,)1,?$D K<$(% ,$ 01/ $F;2/01$ 2<',+&% )A($&=' G 2+ 2)/ >$  !""#$%&'(#') ;)1&

2+ >'%$&-/*+%/)* >$ 2+ %$-;'&+%1&$ >$ H1(/)* ><+.&'.+%( ><+&.)* ,)*L*'( $* >$(()1( ><1* &+@)*

>$ ;)&$ >$ 30C 8"M#D N+ ;&/($ $* ,)-;%$ >$ ,$%%$ ,)1,?$ $(% >)*, ;&/-)&>/+2$ ;)1& +=)/& 1*$

A)**$ >$(,&/;%/)* >$( ;?'*)-O*$( >$ H1(/)*P,&/(%+22/(+%/)* $* ,)*L*$-$*%D Q*$ +;;&),?$ (/-;2$

$(% >$ ()1(%&+/&$ +1 &+@)* >$ 2</*%$&H+,$ 2<';+/(($1& >$ 2+ ,)1,?$ +>()&A'$ H)&%$-$*% /*R1$*,'$

;+& 2$ (1A(%&+%D S$ -+*/O&$ ;21( ();?/(%/01'$: /2 $(% ;)((/A2$ G ;+&%/& ><1* -)>O2$ &$;)(+*% (1&

2$ H)&-+2/(-$ >$ 2+ H)*,%/)**$22$ >$ 2+ >$*(/%' +;;2/01' G 2+ %?')&/$ >$ 2+ -',+*/01$ (%+%/(%/01$

><$* >'>1/&$ 1*$ 2)/ >$  !""#$%&'(#') .'*'&+2/('$ 8TT: "M# B

∆Sfv ∆T =
2 γsl

r

(

1 +
ξ

r − 2ξ

)

3TDTI7

)U ξ $(% 2+ 2)*.1$1& >$ ,)&&'2+%/)* >$( /*%$&+,%/)*( +%)-/01$(D K$%%$ *)1=$22$ 2)/ $(% ,)&&$,%$

-V-$ ;)1& >$( &+@)*( >$ ;)&$ $* >$(()1( >$ 30CD

 !"#$ %" &'()$*&&+), N+ ;W%$ >$ ,/-$*%: -+%'&/+1 ;)&$1F >'()&>)**' -12%/X',?$22$: (+%1&'$

$* $+1 $(% ()1-/($ G 1*$ >'%'&/)&+%/)* >$ (+ -+%&/,$ 2)&( >$ ,@,2$( >$ .$2P>'.$2 &';'%'(D N<1*$

>$( />'$( ,)1&+--$*% +>-/($ $(% 01<$* >$(()1( >1 ;)/*% >$ ()2/>/L,+%/)* >$ 2<$+1: 2<$F;+*(/)* >1

=)21-$ +((),/' +;;2/01$ 1*$ ,)*%&+/*%$ -',+*/01$ (1& 2$( -1&( >1 ;)&$ 3H)&,$( >$ ,&/(%+22/(+%/)*7D

Y1 A)1% ><1* ,$&%+/* *)-A&$ >$ ,@,2$( >$ .$2P>'.$2: 2$ -+%'&/+1 (<$*>)--+.$ &$-$%%+*% $* ,+1($

(+ >1&+A/2/%'D E+& +*+2)./$: ,<$(% 2</-+.$ ,2+((/01$ >$ 2+ A)1%$/22$ $* =$&&$ &$-;2/$ ><$+1 01/ +1&+/%

'%' )1A2/'$ +1 ,)*.'2+%$1& 3L.1&$ TDTZ7D N<$F;'&/$*,$ >$ *+,-.'!) $%/01))!# >$ 2345 8T# -)*%&$:

 !"# TDTZ [ \-+.$ ,2+((/01$ >$ 2+ A)1%$/22$ $* =$&&$ &$-;2/$ ><$+1 )1A2/'$ +1 ,)*.'2+%$1& 3><+;&O(

1* ,)1&( >$ 67 8,) 9,((+ 2)&( >$ 2<',)2$ %?'-+%/01$ ]E?@(/01$: K?/-/$ $% 5',+*/01$ >$(

5+%'&/+1F K/-$*%+/&$(] G 2</*/%/+%/=$ >$ 2<YJ\N^ $% >1 K64_ $* :;;< G N+ K)22$ (1& N)1;7D
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"#$ %# &#'($#')*+ ,-(+. "/'. ,. 0)1.+' #2.0 ,( 3.+45+.6 7() #( 0*+'$#)$. ,. %-.#( *3&.$2. (+.

,)1)+(')*+ ,. &*+ 2*%(1. %*$& ,. &# &*%),)80#')*+6 (+ 9*+:.1.+' %*$&7(. %# '.1";$#'($. ,;0$*<'

.' 7(. %. :(),. &. &*%),)8.= >. 0*1"*$'.1.+' .&' %. 1?1. 7(-#2.0 %-.#(= @. 7(. 0.''. .A";$).+0.

1.' .+ ;2),.+0. .&' 7(. +*(& +. "*(2*+& "#& #''$)3(.$ %# ,;'.$)*$#')*+ ,( 1#';$)#( 0)1.+'#)$.

7(-B %# &)1"%. .A"#+&)*+ ,( 2*%(1. ,. %-.#( %*$&7(-.%%. 95%. ,#+& %. "*$.= C% D#(' '$*(2.$ (+.

#('$. .A"%)0#')*+= E.0*+&),;$*+& %. $;&.#( ,. "*$.& )+'.$0*++.0';& &#'($;& .+ .#( F89($. G=GHI=

 !"# G=GH J K0L;1# ,( 9.% ,#+& (+. ,)&'$)3(')*+ ,;&*$,*++;. ,. "*$.& )+'.$0*++.0';& F,-#"$5&

 ! "#$%%& MNOPI=

K*)' r %. $#Q*+ ,-.+'$;. ,( 0#+#% ,*++#+' #005& #( "$.1).$ "*$. .' ρ < r %. $#Q*+ ,( 0#+#%

0*++.0'#+' %. "$.1).$ .' %. &.0*+, "*$.&= ># $.%#')*+ ,. '())%*+,#-%#. F;7(#')*+ G=GOI ,*++.

(+. '.1";$#'($. ,. 0$)&'#%%)&#')*+ Tr ,#+& %. 0#+#% ,-.+'$;. ,( "*$.= @.''. 1*,)80#')*+ ,. %#

'.1";$#'($. ,. 0$)&'#%%)&#')*+ "#$ $#""*$' B 0.%%. ,. %-.#( 1#&&)2. .&' $.%);. B %# ,)R;$.+0. ,.

"$.&&)*+ .+'$. %# 9%#0. .' %-.#( %)7(),.= K) %# '.1";$#'($. .&' #( ,.&&(& ,. Tr6 %-.#( $.&'. %)7(),.

,#+& %. $;&.#( ,. "*$.&= S+ ,.&&*(& ,. Tr6 %-.#( 0$)&'#%%)&. ,#+& %. 0#+#% ,-.+'$;.= >. "$.1).$

"*$. .&' ;9#%.1.+' .+2#L) "#$ %# 9%#0.= S+&()'.6 &) %# '.1";$#'($. 0*+')+(. ,. ,)1)+(.$ T(&7(-B

#''.)+,$. Tρ < Tr Fρ < rI6 %-)+2#&)*+ ,( &.0*+, 0#+#% "#$ %# 9%#0. &-*"5$.= U+ +*(2.% ;7()%)3$.

&. 0$;. *V %-;9#%)'; ,.& "*'.+').%& 0L)1)7(.& ,;0$)' "#$ %# %*) ,. '())%*+,#-%#. $.7().$' 7(.

%# ,)R;$.+0. ,. "$.&&)*+ .+'$. %# 9%#0. .' %. %)7(),. #(91.+'.= W#+& (+ &Q&'51. 0%*& '.% 7(.

$;#%)&; ,#+& %-.A";$).+0. ,. /01$2#(. .' 345..(% MGP6 0-.&' %# "$.&&)*+ ,( %)7(),. 7() ,)1)+(. .'

0.%%. ,( 0$)&'#% 7() #(91.+'.= W#+& 0. ,.$+).$ 0#&6 %-#(91.+'#')*+ .&' "$*9$.&&)2. .' &-.R.0'(.

"#$ %-#$$)2;. ,-.#( %)7(),. "$*2.+#+' ,.& "*$.& +*+ .+0*$. 9.%;& 6(1 %# 8+. 0*(0L. ,. %)7(),.

"LQ&)&*$3;. B %# &($D#0. ,( "*$. 7() 9#$,. (+ 0#$#0'5$. %)7(),. 1?1. .+ ,.&&*(& ,( "*)+' ,. 9.%=



 !  !"#$%&' () '"* '% +,-*%$,.+ /-' %&,-0%$1*'+  ,.2$./'+

"# $% &'()#*$ )% +,%-$.$%* *,*/# 0$ #/ 12*$ 0$ 34.$%* 5)4 $61#45)$ 74$% #$( 18'%,.9%$( ,7($&:'(

0/%( #;$61'&4$%3$ 0$  !"#$%&' $* ()*''&+< =,)( /11$#,%( 3$ 18'%,.9%$ 0$ *&/%(1,&* 0$ ./*49&$

#4' /) +$# #/ ),-%+#))&%'< =,*,%( 5)$ 3$* $>$* $(* '+/#$.$%* ,7($&:/7#$ 0/%( 0$( (?(*9.$( ,):$&*(

*$#( 5)$ #$( (,#( (4 #/ 1&$((4,% 0) *$&&/4% %;$(* 1/( *&,1 '#$:'$ $* #;/#4.$%*/*4,% $% $/) 3,%*4%)$<

 !"!# $%&'()*+),- ./0- 12%'+(,23+% ',-4-1

=,)( 3,%(40'&,%( 0$)6 ()&@/3$( 1#/%$( 38/&+'$( $* (/%( (*&)3*)&$ /11/&$%*$A ($ @/4(/%* @/3$ $*

7/4+%/%* 0/%( )% '#$3*&,#?*$ 3,.1,(' 0;$/) $* 0;4,%(< B$( 0$&%4$&(A (;4#( 3,.1$%($%* $6/3*$.$%*

#/ 38/&+$ 0$ ()&@/3$ (,%* /)((4 /11$#'( 3,%*&$C4,%(< B$#/ 3,&&$(1,%0 D 3$ 5)$ %,)( *&,):,%( 0/%(

#$ 34.$%*A 1/& $6$.1#$A $* 3;$(* 0/%( 3$**$ 3,%E+)&/*4,% 5)$ %,)( %,)( 1#/F,%( 0/%( #/ ()4*$ 0$

3$**$ 1/&*4$< G$ 1,*$%*4$# 384.45)$ &$#/*4@ /)6 4,%( 0$ #;$(193$ & 1$)* /#,&( (;'3&4&$ H

µi = zieψ + kBT ln ρi IJ<JKL

,M ψ $(* #$ 1,*$%*4$# '#$3*&,(*/*45)$A ρi $(* #$ %,.7&$ 0$ 0$%(4*' 0$( 4,%( 0$ #;$(193$ & 0$ :/#$%3$

zi 5)$##$ 5)$ (,4* #/ 1,(4*4,% ()4:/%* x $%*&$ #$( 0$)6 ()&@/3$(A e $(* #/ 38/&+$ 0$ #;'#$3*&,%A kB

$(* #/ 3,%(*/%*$ 0$  %./01"'' $* T $(* #/ *$.1'&/*)&$< N/%( 3$ (?(*9.$A #$( 3,%*&$C4,%( @,&.$%*

)% %)/+$ 04>)(A *8$&.45)$.$%* /3*4:'A $* +#,7/#$.$%* (4*)' 1&9( 0$( ()&@/3$( 0$ 38/&+$ ,11,('$

ID 3/)($ 0$ #/ &'1)#(4,% .)*)$##$ $%*&$ #$( 4,%( OKPQ $* 0) @/4* 5);4#( 3,.1$%($%* #/ 38/&+$L<

=,*,%( 5)$ 3$ %;$(* 1/( ./R,&4*/4&$.$%* 0S /) @/4* 5);4#( (,%* /**4&'( 1/& #$( ()&@/3$( 2&" #$(

@,&3$( '#$3*&,(*/*45)$(< T),4 5);4# $% (,4*A 3$**$ &$+4,% 0$ 3,%*&$C4,%( 0$ 38/&+$ ,11,('$ D 3$##$

0$ #/ ()&@/3$ '3&/%*$ #;4%*$&/3*4,% 3,)#,.74$%%$ $* $(* 3#/((45)$.$%* /11$#'$ #/ 0,)7#$ 3,)38$

'#$3*&45)$ IE+)&$ J<JUL< V##$ $(* 3,%(*4*)'$ 0;4,%( #4'( D #/ ()&@/3$A 3,)38$ 0$ 3/!,'A $* 0;4,%(

.,74#$( 1/& &/11,&* D 3$**$ .W.$ ()&@/3$A 3,)38$ 04>)($< X #;'5)4#47&$A #$ 1,*$%*4$# 384.45)$

$(* )%4@,&.$ $* $% 3,%(40'&/%* 0$( 4,%( 1,%3*)$#( 0/%( )% 3,%*4%)). 04'#$3*&45)$A %,)( 1,):,%(

'3&4&$ D 1/&*4& 0$ #/ &$#/*4,% IJ<JKL #/ &'1/&*4*4,% 0$( 3,%*&$C4,%( ()4:/%* x 1/& )%$ 04(*&47)*4,%

0$  %./01"'' I'5)/*4,% IJ< YLL<

ρi = ρi0 exp

(

− zieψ

kBT

)

IJ< YL

X:$3 ρi0 #/ 0$%(4*' $% 4,%( & D )%$ 04(*/%3$ 4%E%4$ 0$ #/ ()&@/3$< Z?145)$.$%*A 3;$(* #/ 0$%(4*' $%

:,#).$ OKUQ 5)$ %,)( 1&$%,%( 3,..$ '*/%* 3$##$ 0) 1#/% .'04/% I1#/% (4*)' / '+/#$ 04(*/%3$ 0$(

()&@/3$( 1#/%$( 0$ 3,%E%$.$%*L< N$ 1#)(A #/ &$#/*4,% 0$ 4%&++%' I'5)/*4,% IJ< JLL #4$ #$ 1,*$%*4$#

'#$3*&,(*/*45)$ ψ D #/ 38/&+$ :,#).45)$ #,3/#$ (zi e ρi0) 0$ 38/5)$ $(193$ & H

∆ψ = − 1

ǫ0ǫr

∑

i

zi e ρi IJ< JL
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 !"# "#"$ % &'()*+,- .*+/0( 1, 2( 13)42, *3)*+, /2,*5678), 9360/, :(6 1,; 73<; 4(7=<(<5 1(<; 1,

2>,() :63*+, 1>)<, ;)69(*, *+(6=/, &1>(:6?; @A$B-# &C6375,- D,:6/;,<5(573< ;*+/0(578), 1, 2>,;:(*,

7<5,6:(657*)2(76, )<7170,<;73<<,2 1/*675 1(<; 2>(::63*+, *+(0: 03E,< 1,  !"##!$%&!'()*+$$#

3F ǫ0 ,5 ǫr ;3<5 6,;:,*57G,0,<5 2( :,607557G75/ 1) G71, ,5 2( :,607557G75/ 6,2(57G, 1) 0727,)#

H( *3047<(7;3< 1,; 6,2(573<; &"# I- ,5 &"# "- 13<<, 2>/8)(573< 1,  !"##!$%&!'()*+$$J 4(;, 1,

2>(::63*+, *+(0: 03E,< 1/G,23::/, 7*7# .( 9360, 1(<; )< ,;:(*, )<7170,<;73<<,2 ,;5 2( ;)7G(<5, K

d2ψ

dx2
= −

∑

i

zi e ρi0

ǫr ǫ0
exp

(

− zi e ψ

kBT

)

. &"#  -

3F x 13<<, 2( :3;7573< :(6 6(::365 ()L ;)69(*,; 1(<; 2>,;:(*, 7<5,6:(657*)2(76, &M=)6, "#"$-#

H( ;32)573< 1, *,55, /8)(573< ;>3457,<5 ,< )5727;(<5 2,; *3<17573<; ()L 27075,; 1/5,607</,; :(6

,!-. @AAB ,5 /0+1*+$ @"IIB (::278)/,; () *(; 1, 1,)L ;)69(*,; :2(<,; :(6(22?2,; ;/:(6/,; 1>)<,

17;5(<*, D &M=)6, "#"$- K "2 2, *+(0: /2,*5678), E0 = (dψ
dx )0 ,;5 <)2 :(6 ;E0/567, 1(<; 2, :2(<

0/17(< ,5 ""2 2>/2,*563<,)56(275/ 70:3;, 8), 2( *+(6=, 535(2, 1(<; 2>,;:(*, 7<5,6:(657*)2(76, ,;5

/=(2, ,5 1, ;7=<, 3::3;/ N 2( *+(6=, 1, ;)69(*, &σs-# D/;32),J 2( 6,2(573< &"#  - 13<<, (**?;

() :35,<57,2 /2,*563;5(578), ψJ () *+(0: /2,*5678), E = ∂ψ/∂x ,5 N 2( 1,<;75/ ,< 73<; ρiJ N

*+(8), :3;7573< x 1, 2>,;:(*, ,<56, 2,; 1,)L ;)69(*,;# H( 1/5,607<(573< 1, *,55, 1,6<7?6, 8)(<575/

;>,O,*5), ,< :6,<(<5 2( 17O/6,<57,22, 1, 2( 6,2(573< &"# I- ,5 ,< E 7<5631)7;(<5 2>/8)(573< &"#  -#

dρi

dx
= −zi e ρi0

kBT
exp

(

− zi eψ

kBT

)(
dψ

dx

)

=
ǫrǫ0
kBT

(
dψ

dx

)(
d2ψ

dx2

)

=
ǫrǫ0

2kBT

d

dx

(
dψ

dx

)2

&"# P-
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"# $%&#'()* +,(-#*'% +% ./.,(' #&)$+ 0

ρix − ρi0 =

∫ x

0
dρi =

ǫrǫ0
2kBT

∫ x

0
d

(
dψ

dx

)2

= +
ǫrǫ0

2kBT

(
dψ

dx

)2

x

. 123 45

6(*#&%7%*'8 9%''% .%$*(:$% /;,#'()* +% $//9$(' 9)77% 0

ρix = ρi0 +
ǫrǫ0

2kBT

(
dψ

dx

)2

x

123 <5

)= ρi %+' ./'%$7(*/ > ,*% ?)+('()* x .)**/% %* @)*9'()* .% &# .%*+('/ %* ()*+ .#*+ &% ?&#* 7/.(#*

ρi0 %' (dψ/dx)2 #, ?)(*' x3 A &B#(.% .% &# $%&#'()* 123 <58 (& %+' ?)++(C&% .% ./'%$7(*%$ &# .%*+('/

%* ()*+ > &# +,$@#9%8 9B%+'D>D.($% ?),$ x = D/2 1$%&#'()* 123 E553

ρis = ρi0 +
σ2

s

2 ǫrǫ0kBT
123 E5

"B/;,#'()* .%  !"##!$%&!'()*+$$ 1/;,#'()* 123  55 ?%$7%' 9&#++(;,%7%*' .% ./'%$7(*%$ &#

?$%++()* %*'$% .%+ ?#$'(9,&%+ &#7%&&#($%+ /&/7%*'#($%+ 9)77% 9B%+' &% 9#+ .#*+ &%+ #$F(&%+ ), &%+

9(7%*'+3 G),$ 9% @#($%8 *),+ ?#$')*+ .% &# ./H*('()* 'I%$7).J*#7(;,% .% &# ?$%++()* ;,( &# $%&(%

#, ?)'%*'(%& 9I(7(;,% > 9I#;,% ?)+('()* x .% &B%+?#9% (*'%$?&#* 0

(
∂P

∂x

)

x,T

=
∑

i

ρi

(
∂µi

∂x

)

x,T

123 K5

)= &% ?)'%*'(%& 9I(7(;,% %+' .)**/ ?#$ &# $%&#'()* 1232L53 M)(' x′
&# ?)+('()* $%&#'(-% .B,* ?&#*

?#$ $#??)$' > &B#,'$% .#*+ &# .($%9'()* ?%$?%*.(9,&#($% > &# +,$@#9%3 A '%7?/$#',$% 9)*+'#*'%8

&% 9I#*F%7%*' .% ?$%++()* .#*+ &B/&%9'$)&J'% > &# ?)+('()* x &)$+;,% .%,N ?&#*+ (*('(#&%7%*' >

&B(*H*( 1x′ = ∞8 )= P = 05 +)*' #7%*/+ > ,*% .(+'#*9% x′ = D/2 +B/9$(' 0

Px =

∫ x′=∞

x′=D/2

[
∑

i

ρizie

(
dψ

dx

)

x

+
∑

i

kBTdρix

]

123 !5

"B/;,#'()* .%  !"##!$ 1$%&#'()* 123 255 %' &# $%&#'()* 7#'I/7#'(;,% +,(-#*'% 0

d

dx

(
dψ

dx

)2

= 2

(
dψ

dx

)(
d2ψ

dx2

)

?%$7%''%*' &# $//9$(',$% .% &# $%&#'()* 123 !5 0

Px(D) − Px(∞) = −1

2
ǫrǫ0

[(
dψ

dx

)2

x(D)

−
(

dψ

dx

)2

x(∞)

]

+ kBT

[
∑

i

ρix(D) −
∑

i

ρix(∞)

]

123 L5
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"# $%&'(&)* x +"',-* ./* $0 1-*22&"' *2, (3,*-+&'3* 4 $0 1"2&,&"' x ./0'( $*2 2/-50)*2 2"', 2"&,

2310-3*2 (%/'* (&2,0')* D6 2"&, 4 $%&'7'&8 90'2 )* (*-'&*- )026 '"/2 20:"'2 ./* Px(∞) = 08 ;0

1-*22&"' <3./0,&"' <=8 !>> *2, )"'2,&,/3* (* (*/? ,*-+*2 @!AB8 ;* 1-*+&*- *2, /' )0--3 1-3)3(3

(/ 2&C'* +"&'26 &$ *2, ,"/D"/-2 '3C0,&5 *,6 (* )* 50&,6 )"'2,&,/* /'* 1-*22&"' 0,,-0),&:*8 E%*2,

$0 )"',-&F/,&"' 3'*-C3,&./* (/ )G0+1 3$*),-"2,0,&./*8 ;* 2*)"'( ,*-+* *2, 1"2&,&5 *, )"'2,&,/*

/'* 1-*22&"' -*1/$2&:* <1-*22&"' "2+",&./*>8 H"' "-&C&'* *2, *',-"1&./* 1/&2./%*$$* -32/$,* (* $0

-3(/),&"' (/ '"+F-* (* )"'7C/-0,&"'2 0))*22&F$*2 <-310-,&,&"'> 0:*) $* )"'7'*+*', (*2 &"'2 (0'2

$%*210)* &',*-$0+*$$0&-* @I 6 =J=B8 9* 2/-)-"K,6 4 10-,&- (* $0 (*'2&,3 *' &"'2 <3./0,&"' <=8 L>>6 &$

*2, 1"22&F$* (%3)-&-* M

∑

i

ρxi =
∑

i

ρmi +
ǫrǫ0

2kBT

(
dψ

dx

)2

x

. <=8NJ>

E*,,* -*$0,&"' *2, &'(31*'(0',* (* D <+O+* 1"/- D = ∞> *,

∑

i ρmi -*1-32*',* $0 )"')*',-0,&"'

,",0$* *' &"'2 0/ 1$0' +3(&0'8 ;0 )"+F&'0&2"' (*2 3./0,&"'2 <=8 !> *, <=8NJ> )"'(/&, 4 M

Px(D) = kBT

[
∑

i

ρmi(D) −
∑

i

ρmi(∞)

]

. <=8N=>

;0 1-*22&"' (0'2 $%*210)* &',*-$0+*$$0&-* 0C&220', 2/- $*2 &"'2 *, $*2 2/-50)*2 *2, /'&5"-+* <&'(3P

1*'(0',* (* $0 1"2&,&"' x>8 9* 1$/26 *$$* '* (31*'( ./* (* $0 )"')*',-0,&"' *' &"'28 Q&'0$*+*',6

$0 1-*22&"' 2* -011"-,* 4 $%*?)R2 (%&"'2 1-32*',2 (0'2 $* 1$0' +3(&0' 10- -011"-, 4 $%&'7'& <(0'2

$* :"$/+*>8 ;0 1-*22&"' ,",0$* 1"2&,&:* *2, -*$0,&:* 4 (*2 5"-)*2 -31/$2&:*28 S"/- (*2 +0,3-&0/?

$0+*$$0&-*2 ,*$2 ./* $* )&+*',6 $%011-")G* )G0+1 +"T*' (*  !"##!$%&!'()*+$$ "# 2*/$*2 $*2 5"-)*2

3$*),-"2,0,&./*2 2"', (3)-&,*2 '* 2/U, 102 4 *?1$&./*- $0 )"G32&"' +*2/-3* *?13-&+*',0$*+*', 10-

'0'"&'(*',0,&"'8 V' *W*,6 $%011-")G*  !"##!$%&!'()*+$$ -*1"2* 2/- $* 50&, ./%*' +"T*''* $*2

(*/? +"&,&32 (/ 2T2,R+* 2"', 2T+3,-&./*26 "- )* '%*2, 102 $* )02 1"/- $0 ,-R2 C-0'(* +0D"-&,3 (*2

)"'7C/-0,&"'2 &'2,0',0'3*28 9* 1$/26 *$$* &C'"-* $*2 )"--3$0,&"'2 *',-* $*2 &"'2 *, $*2 X/),/0,&"'2

(* )"')*',-0,&"'2 &"'&./*2 ./& 1*/:*', 1"/-,0', )"'(/&-* 4 (*2 5"-)*2 3$*),-"2,0,&./*2 0,,-0),&:*2

5"-,*2 @YJB8

;* +"(R$* 9;Z[ <,-./+01"$6 2+$3+16 4-.5-6 *, 78-.9--: @=J 6 =JNB> ,&*', /'* 1$0)* 1-&+"-P

(&0$* *' 2)&*')* (*2 )"$$"\(*2 <+&$&*/ "/ $*2 10-,&)/$*2 2"', 2/U20++*', 1*,&,*2 1"/- ./%&$ 2"&,

G"+"CR'*>8 E%*2, /'* *?,*'2&"' 4 $%011-")G* )G0+1 +"T*' (*  !"##!$%&!'()*+$$ "# (*2 5"-)*2

(* 4+$ 3-. ;++'# @!AB 2"', 0D"/,3*2 0/? 5"-)*2 3$*),-"2,0,&./*28 ] $0 (&W3-*')* (* )*2 (*-'&R-*26

*$$*2 2"', &'(31*'(0',*2 (*2 :0-&0,&"'2 (* pH *, (* $0 )"')*',-0,&"' *' &"'2 (* $%*$*),-"$T,* @!^B8

;* 1",*',&*$ (3)"/$0', (*2 5"-)*2 (* 4+$ 3-. ;++'# 2%3)-&, 0/? 1*,&,*2 (&2,0')*2 *, *',-* (*/?

2/-50)*2 1$0'*2 )"++* M W (D) = −A/(12πD2)8 ;0 1-*22&"' -32/$,0',*6 P (D) = A/(6πD3)6 *2,

0,,-0),&:* *, -3C&* 10- $0 )"'2,0',* (* <+*+:-. A = π2C∗ρ2
8 C∗

*2, $0 )"'2,0',* (* (&21*-2&"'

(/ 1",*',&*$ &',*-0,"+&./* <$*2 (*/? )"-12 *' &',*-0),&"' 2"', )"'2,&,/32 (%/'* 2*/$* *, +O+*

*21R)* (%0,"+*2>8 ]/? )"/-,*2 (&2,0')*26 $%0,,-0),&"' (/* 0/? 5"-)*2 (* 4+$ 3-. ;++'# *?)R(*



 !  !"#$%&' () '"* '% +,-*%$,.+ /-' %&,-0%$1*'+  ,.2$./'+

"#$%#$&' () &*+$(',#- (,*. / () 0#$1(. 2#$23.4 5- .6."7 .((.' *8#($.-" 2#99. $-. (#, 0. +$,'')-2.

:W (D) ∝ −D−n
; )(#&' <$. (=.-.&>,. 0=,-".&)2",#- (,*. / () 0#$1(. 2#$23. &.'". ?-,. #$ *8#($.

1.)$2#$+ +($' (.-".9.-" (#&'<$. D → 0 @ABC4 D#$".E#,'7 9F9. ', (. 1,()- .'" )""&)2",E7 (=,-".-',"*

0.' E#&2.' 0.  !" #$% &!!'( .'" 1.)$2#$+ "&#+ E),1(. @GHC +#$& +&*".-0&. 0*2&,&. () 2#3*',#- 0=$-

9)"*&,)$ ".( <$. (. 2,9.-"4

I.' ',9$()",#-' )*"+$,-!%'* 0$ 9#0J(. .%/0/+/1 !"/(*+%*.$ 0. () 9*2)-,<$. '")",'",<$. 0)-'

(.' "&)8)$K 0. 2$''$"3740/%! $+ !'5 @L!7 LM7 M!GC +.&9."".-" 0. 0*+)''.& (. -,8.)$ 0=)++&#K,9)",#-

0. 23)9+ 9#N.-4 I. 'N'"J9. .'" +&.'<$. )$'', ',9+(. <$. 0)-' (=)++&#23. 2*/((*",6*'+70!""

:?>$&. M4MA;4 5- .6."7 (.' 9$&' '#-" 0.' +()-' ,-?-,' ')-' '"&$2"$&. )"#9,<$. :&.+&*'.-")",E'

0.' E.$,((."' 0. -,8,9 ; '*+)&*' 0=$-. 0,'")-2. D ." '#-" 2)&)2"*&,'*' +)& $-. 0.-',"* 0. 23)&>.

'$&E)2,<$. σ4 O(' '#-" '*+)&*' +)& $- 9,(,.$ / 2#-'")-". 0,*(.2"&,<$. &.()",8. *(.8*.7 2.((. 0.

(=.)$ (,<$,0. :ǫr = 78;7 0)-' (.<$.( 1),>-.-" 0.' ,#-' :0)-' (. 2)' 0$ 2,9.-" 2. '#-" (.' ,#-'

0,8)(.-"' Ca2+
; )N)-" $- 8#($9. +&#+&. -#- -*>(,>.)1(. ." $-. 23)&>. :qi;4 I.' ',9$()",#-' '#-"

 !"# M4MA P Q23*9) 0$ 9#0J(. +&,9,",E )-,'#"&#+. )8.2 D () 0,'")-2. ,-".&+()-7 σ () 0.-',"* 0.

23)&>. 0. '$&E)2,<$.7 ǫr () 2#-'")-". 0,*(.2"&,<$. &.()",8. 0$ 9,(,.$ '*+)&)-" (.' +()-' 0)-' (.<$.(

1),>-.-" (.' ,#-' 0. 8#($9. +&#+&. -#- -*>(,>.)1(. :+#,-"' -#,&';4

.6.2"$*.' 0)-' (=.-'.91(. 2)-#-,<$. :-#91&. 0. +)&",2$(.' :N;7 8#($9. :V ; ." ".9+*&)"$&.

:T ; 2#-'")-"'; )?- 0. 0*".&9,-.& () 2#9+#')-". +.&+.-0,2$(),&. )$K +()-' ,-?-,' 0$ ".-'.$& 0.

+&.'',#- :*<$)",#- M4 H;4

Ptotale(D) = Pélec(D) + Pcontact(D) + Pidéale(D) :M4 H;

D&#,' ".&9.' ,-".&8,.--.-" 0)-' 2."". 2#9+#')-". 0. () +&.'',#- R /: (. ".&9. *(.2"&#'")",<$.



 !"! #$$%&'()* '+#**,-.)* /. '&01,0)2)03 /#0* +)* 0#0&$&%)*  !

"Pélec(D)# $%& '()*+ )* ,-.'/) 0)1 &*/)(2,/&-*1 &-*3&-*4 &-*35)%&00)/ )/ 5)%&00)/35)%&00)/ 6   ! 0)

/)(.) +) ,-*/2,/ Pcontact(D) $%& ()*+ ,-.'/) +)1 ,-((702/&-*1 1/7(&$%)1 )/ &&&# 0) /)(.) &+720

Pidéale(D) ,-(()1'-*+2*/ 8 02 '()11&-* -1.-/&$%) &*+%&/) '2( 0) ,-*9*).)*/ +)1 &-*1: ;-/-*1

$%<%*) '()11&-* '-1&/&=) ,-(()1'-*+ 8 %* 1>1/?.) @-*A2*/ 20-(1 $%<%*) '()11&-* *7@2/&=) &*+&$%)

%* 1>1/?.) ,-B71&5: C2*1 02 1&.%02/&-*4 )* ()02D2*/ 0) 1>1/?.)4 02 +&1/2*,) &*/)(02.)002&() 7=-0%)

29* +) ()/(-%=)( 0<7$%&0&E() .7,2*&$%) "Ptotale = 0#: F2 9@%() !:GH +-**) 0) /(2,7 +) 02 '()11&-*

)* 5-*,/&-* +) 02 +&1/2*,) &*/)(02.)002&() D: C)%D (71%0/2/1 1-*/ ().2($%2E0)1 IJHK: F) '().&)(

 !"# !:GH L M(2,7 +) 02 '()11&-* +7+%&/) +)1 (71%0/2/1 +% .-+?0) '(&.&/&5 2*&1-/(-') )* 5-*,/&-* +)

02 +&1/2*,) &*/)(02.)002&() "D# '-%( +)%D )1'?,)1 +<&-*14 Na+
)/ Ca2+

: C)%D +)*1&/71 +) ,B2(@)1

+) 1%(52,) -*/ 7/7 ,-*1&+7(7)1 N σ = −0.73 e.nm−2
4 1-&/ σ = −0.12 C.m−2

"@2%,B)# ,2(2,/7(&13

/&$%) +)1 2(@&0)1 1.),/&/)1 /)00)1 $%) 02 O-*/.-(&00-*&/) )/ −3 e.nm−2
4 1-&/ σ = −0.48 C.m−2

"+(-&/)# ,2(2,/7(&1/&$%) +)1 "#$#% +) />') /-E)(.-(&/):

.-*/() $%) 02 '()11&-* &-*&$%) /-/20) )1/ /-%P-%(1 (7'%01&=) 2=), +)1 ,-*/()3&-*1 Na+
)/ ,) .Q.)

'-%( +)1 +)*1&/71 +) ,B2(@) 70)=7)1: R&*1&4 0)1 ,-((702/&-*1 &-*&$%)1 1-*/ *7@0&@)2E0)1 '-%( +)

')/&/1 &-*1 .-*-=20)*/1 E2&@*2*/ +2*1 +) 0<)2%: S-%( +)1 +)*1&/71 +) ,B2(@) +) 1%(52,) .-+7(7)14

0)1 =20)%(1 +) '()11&-* 1-*/ )* E-* 2,,-(+ 2=), 0<2''(-,B) ,B2.' .->)* +) &' ((')#*'+,-./)):

F) 1),-*+ (71%0/2/ .-*/() $%) '-%( +)1 &-*1 +&=20)*/1 Ca2+
&0 )D&1/) '0%1&)%(1 '%&/1 +) '()11&-*

0-(1$%) 02 +&1/2*,) &*/)(02.)002&() =2(&): S-%( %*) +)*1&/7 +) ,B2(@) +) 1%(52,) ,-(()1'-*+2*/ 8 02

.-*/.-(&00-*&/) "σ ∼ −0.12 C.m−2
#4 02 '(-5-*+)%( +% '%&/1 )1/ +) 0<-(+() +) −1MPa '-%( %*)

+&1/2*,) +) 17'2(2/&-* +) 14T: S-%( %*) +)*1&/7 +) ,B2(@) +) σ ∼ −0.48 C.m−2
,-(()1'-*+2*/

8 02 ,B2(@) /B7-(&$%) +<%* "#$#% 02.)002&() 2=), /-%1 0)1 @(-%')1 B>+(-D>0)1 "OH# +)1 ,B2U*)1

1&0&,2/7)1 &-*&17)1 "Ca/Si = 1# 02 '(-5-*+)%( +% '%&/1 +) '()11&-* )1/ +) −60 MPa '-%( %*)

17'2(2/&-* +) 7T: ;-/-*1 $%) ,)//) +)(*&?() =20)%( )1/ '0%1 @(2*+) +<%* -(+() +) @(2*+)%( $%)

02 '()11&-* +%) 2%D &*/)(2,/&-*1 +) 0/) 123 4//+( 8 02 .Q.) +&1/2*,): C) '0%14 0) ,-.'-(/).)*/

.7,2*&$%) )1/ +79*& )* 5-*,/&-* +) 02 +)*1&/7 +) ,B2(@) 1%(52,&$%) +)1 5)%&00)/1 IVGK: S-%( +)1



 !  !"#$%&' () '"* '% +,-*%$,.+ /-' %&,-0%$1*'+  ,.2$./'+

"#$%&'(% )*&+,#%- ,#% ./00(,*'&/$% (,#.'0/%'*'&12#% #' "# ./$'*.' &/$3&/$ %/$' $(4,&4#*+,#% "#5*$'

,#% )/0.#% 0(62,%&5#%7 8/20 "#% "#$%&'(% (,#5(#%- ,#% ./00(,*'&/$% (,#.'0/%'*'&12#% %/$' 9*:/0&'*&0#%

#' &96/%#$' ,# ./96/0'#9#$' 9(.*$&12# *2 %;%'<9#7 =$>$- ,#% 5*,#20% "# 60#%%&/$ /%9/'&12# "2

9/"<,# 60&9&'&) *$&%/'0/6# %/$' #$ "(%*../0" *5#. .#,,#% 60("&'#% "*$% ,?*660/.@# .@*96 9/;#$

ABCD7 E#,* 5&#$' "#% ./00(,*'&/$% &/$3&/$ 60&%#% #$ ./96'# "*$% ,#% %&92,*'&/$% F/$'#3E*0,/ "2

9/"<,# 60&9&'&) *$&%/'0/6#7 8/20 2$ ';6# "?&/$ "/$$( "*$% 2$ %/,5*$' "/$$(- 6*0 #G#96,# "#%

&/$% Ca2+
"*$% "# ,?#*2- &, #%' 6/%%&+,# "?('*+,&0 2$# .*0'# &%/+*0&12# "/$$*$' ,?(5/,2'&/$ "# ,*

60#%%&/$ "*$% ,?#%6*.# &$'#0,*9#,,*&0# #$ )/$.'&/$ "# ,* .@*04# "# %20)*.# HσI #' "# ,* "&%'*$.#

&$'#0,*9#,,*&0# H>420# J7!JI7 A*$% .# .*%- .?#%' 6/20 2$# "#$%&'( "# .@*04# 5/&%&$# K .#,,# "2

.&9#$' 12# ,# ./96/0'#9#$' #%' ,# 6,2% ./@(%&) LM!N7 A# 6,2%- ,# 60/>, "# "&%'0&+2'&/$ "#% &/$%

"*$% ,?#%6*.# &$'#0,*9#,,*&0# 9/$'0# 12# ,* '@(/0&# "# .@*96 9/;#$ ABCD %?*66,&12# +&#$ 6/20

,#% *04&,#%- /O ,* "#$%&'( "# .@*04# "# %20)*.# #%' )*&+,# "# 6*0 ,* 60(%#$.# "?&/$% 9/$/5*,#$'%-

9*&% #%' #00/$( 6/20 ,#%  !"!#- /O ,* "#$%&'( "# .@*04# "# %20)*.# #%' +&#$ 6,2% )/0'# H60(%#$.#

"?&/$% "&5*,#$'%I7 F*,40( ,# "#40( "# "#%.0&6'&/$ %266,(9#$'*&0# "2 9/"<,# $%&'&(&) *+&,-(%-$.

 !"# J7!J P E*0'# &%/+*0&12# "# ,?&$'#0*.'&/$ #$'0# "#2G 6*0'&.2,#% $(4*'&5#9#$' .@*04(#% %#

)*&%*$' )*.# #' %(6*0(#% 6*0 "# ,?#*2 "*$% ,*12#,,# +*&4$#$' "#% &/$%7 B#% 60#%%&/$% H#$ +*0I

%/$' 0(62,%&5#% ,/0%12?#,,#% %/$' "# %&4$# 6/%&'&) #' *''0*.'&5#% ,/0%12?#,,#% %/$' "# %&4$# $(4*'&)7

B?*+%.&%%# %20 .#''# >420# 0#60(%#$'# ,* "#$%&'( "# .@*04# "# %20)*.# #' #%' #G60&9(# #$ e.nm−2
-

%*.@*$' 12# 1 e.nm−2 ∼ 0.16 C.m−2
7 B?/0"/$$(# #%' #G60&9(# #$ "&%'*$.# &$'#0,*9#,,*&0# 0("2&'#

D∗ = D/d- /O d #%' ,# "&*9<'0# "# ,?&/$ .*,.&29 @;"0*'(7 B* ,&4$# "# 60#%%&/$ $2,,# ./00#%6/$"

K ,* 6/%&'&/$ "?(12&,&+0# "2 %;%'<9# H"?*60<% LQRNI7

6*0 0*66/0' K ,* '@(/0&# "# .@*96 9/;#$ /-&,,-+!0-1(2'*++- &, $# "(.0&' 6*% ./00#.'#9#$' ,#%

60/60&('(% (,*%'&12#% "2 .&9#$'7 =$ #S#'- #G6(0&9#$'*,#9#$' ,# 9/"2,# "# 3-4+5 "#% @;"0*'#%



 !"! #$%$ &# '(%)$ *+) '#* ,)-,)./$/* 0%0-*1-,.2+#*   

!" #$%"&' "(' !" )*+,!," !" 20 < E < 30 GPa- #" ./$ "(' #"&' 0+$( (/12,$"/, 3/4 ,2(/)'3'( +5'"&/(

!3&( )" #3!," !/ %+!6)"  !"#"$"% &'"()$!) * "& ($%/)3'$+& 7+&'"893,)+ ,"1+(3&' (/, !"( 0+,#"(

3'',3#'$:"( 3;3&' 1+/, +,$<$&" )"( #+,,2)3'$+&( $+&$./"(= 9"''" !$(13,$'2 !3&( )3 !"(#,$1'$+& !/

%+!/)" !" +),'- %+&'," ./" #" %+!6)" &" 0+/,&$' 13( )*"41)$#3'$+& #+%1)6'" !" )3 #+>2($+&

!"( #$%"&'(= ?) %3&./" /&" $&0+,%3'$+&= @$&($- )"( >;1+'>6("( ,"('"&' ',+1 ($%1)$A#3',$#"( :+$,"

",,+&2"(= B& "C"'- ',+$( 3(1"#'( $%1+,'3&'( (+&' &2<)$<2( D ". )" (+):3&' "(' !2#,$' #+%%" /&

#+&'$&//% !$2)"#',$./" !+&' )3 #+&('3&'" 3((+#$2" "(' 2<3)" E #"))" !" )3 1>3(" %3(($./" Fǫr = 78G H

#"''" 311,+4$%3'$+&- :3)35)" !3&( )" !+%3$&" !"( <,3&!"( !$('3&#"( $&'",)3%"))3$,"(- &" )*"(' 1)/(

E #+/,'" !$('3&#" !" 13, )3 (',/#'/,3'$+& !"( %+)2#/)"( !*"3/ 3/ :+$($&3<" !"( 0"/$))"'( H "". )"(

0"/$))"'( (+&' #+&($!2,2( #+%%" !"( 1)3&( $&A&$( (3&( (',/#'/," 3'+%$./"- +,- "))" 1+/,,3$' ',6( 5$"&

I+/", /& ,J)" !3&( )3 #+>2($+& H "' """. )*>;!,3'3'$+& !"( $+&( #3)#$/% !" )*"(13#" $&'",)3%"))3$,"

!"( #$%"&'( &" (" 03$' 1"/' K'," 13( !" )3 %K%" 03L+& ./" !3&( )"( 3,<$)"(= M23&%+$&(- )" %+!6)"

 !"#"$"% &'"()$!) * ,"('" :3)35)" 1+/, !" <,3&!"( !$('3&#"( $&'",)3%"))3$,"( NOPQ=

 !" #$%$ &' ()%*$ +,* ('+ -*.-*/0$0+ 1%1.+2.-/3,'+ &' ()'%, '$ &'+

+.(,$/.1+ 0('2$*.(4$/3,'+ 2.1510'+

R3&( )3 &3'/,"- )*"3/ #+&A&2" +/ E 1,+4$%$'2 !*/&" (/,03#" #+&('$'/" /& (;('6%" #+/,3%8

%"&' ,"&#+&',2= 9*"(' /& 2)2%"&' $%1+,'3&' "' 35+&!3%%"&' 2'/!$2 "& <2+)+<$"- "& 5$+)+<$"- "&

1>;($./"- "& #>$%$" "' !3&( )"( (;('6%"( $&!/(',$")(= S3, "4"%1)"- (+& ,J)" "(' #,$'$./" !3&( )"(

+,<3&$(%"( :$:3&'(- )3 1)/13,' !"( ,23#'$+&( #>$%$./"( '",,"(',"(- )*>;!,3'3'$+& "' )3 ,23#'$:$'2

!"( (/,03#"( %$&2,3)"( "& "&:$,+&&"%"&'( &3'/,")( "' )3 ('35$)$'2 !"( '$((/( "& !"((+/( !/ 1+$&' !"

#,$('3))$(3'$+& !" )3 <)3#" NTU- VWUQ= R3&( )"( 1,+#2!2( $&!/(',$")(- )"( (+)/'$+&( 3./"/("( 2)"#',+8

);'$./"( #+&A&2"( +/ $&'",03#$3)"( (+&' #,/#$3)"( 3:"# !"( 311)$#3'$+&( 3))3&' !" )3 &3&+A)',3'$+&-

)3 #3'3);("- )3 (213,3'$+& !" 1>3(" E )3 !/,35$)$'2 !"( 52'+&( N X- XX- VWY- VWTQ= R*/& 1+$&' !" :/"

0+&!3%"&'3)- )*"3/ :$#$&3)" "' )*"3/ #+&A&2" 1,2("&'"&' !"( 1,+1,$2'2( ($&</)$6,"( 13, ,311+,' 3/

#+%1+,'"%"&' !" )*"3/ %3(($./" NPZ- VWT- VWXQ= B& #+&(2./"&#"- !" &+%5,"/4 ',3:3/4 "412,$%"&8

'3/4 NT[Z-  P-   - OV- XW- VWZ[VOOQ "' !" ($%/)3'$+& NPP- PT-  O-  T-  Z- TU- VWU- VOU[VZZQ +&' 2'2

"C"#'/2( 1+/, #+%1,"&!," )"( "C"'( !" #+&A&"%"&' "' !" 0+,#"( !" (/,03#"( (/, (3 '>",%+!;&38

%$./" "' (3 !;&3%$./"= S3,%$ #"( 2'/!"(- 5"3/#+/1 +&' 1+,'2"( (/, )*"3/ #+&A&2" !3&( !"( ($)$#"(

&3&+1+,"/("( 3:"# /&" <2+%2',$" !" 1+," ($%1)" '"))" ./" )"( 1+,"( 0"&'"( NVOY- VOX- VU - VUO- VUYQ-

)"( 1+,"( #;)$&!,$./"( NPT- VOT- VOZ[VUV- VUX- VUZ- VZVQ +/ )"( ,2("3/4 1+,"/4 !2(+,!+&&2( '")(

./" )" \;#+, N Z- VPY- VPX- V V- VOO- VOU- PWWQ= ]"( (+)/'$+&( 3./"/("( 2)"#',+);'$./"( +&' 3/(($

2'2 2'/!$2"( !3&( )"( %3'2,$3/4 &3&+1+,"/4 NPWV[PWYQ- )"( 3,<$)"( NPWT[PWZQ "' )"( 1^'"( !" #$8

%"&' NVOW- PVW[PVUQ= _$- 1+/, !" <,3&!"( !$('3&#"(- )"( $&'",3#'$+&( "&'," !"/4 (/,03#"( #+&A&3&'"(

1"/:"&' K'," !2#,$'"( 13, )"( '>2+,$"( #+&'$&/"( !" #>3%1 %+;"& F:/"( 1,2#2!"%%"&'G- "& ,"8

:3&#>"- 3/4 #+/,'"( !$('3&#"( F./")./"( !$3%6',"( %+)2#/)3$,"(G- )3 &3'/," !$(#,6'" !/ (+):3&'

!":$"&' #,/#$3)" "' )*$&'"&($'2 !"( 0+,#"( "&'," )"( (/,03#"( !$C6,"&' !" #" ./" 1,2!$("&' )"( '>2+,$"(



 !  !"#$%&' () '"* '% +,-*%$,.+ /-' %&,-0%$1*'+  ,.2$./'+

"# $%&'( ')*#+ ,-!./ 0# 123 "# $#33# (&435# #637 (&4 $)+6892#+37 ":#;#$32#4 2+ 14#< 83&3 "# =:&43

"# $# +)26 6&>)+6 624 =#6 (4)(458386 (%*6592#67 3%#4')"*+&'592#67 6342$324&=#6 #3 "*+&'592#6

"# =:#&2 $)+?+8# "&+6 =#6 +&+)()4#6/

 !"! #$%&$'()(* &+,*'-./* /) 012')( 03/4 50 *.$604/

@)23 A25"# $)+?+8 6# $)'()43# "5;84#'#+3 (&4 4&(()43 &2 >)=2'# "2 <&53 "# =& (486#+$# "#6

'246 #3 "# =& 3&5==# ?+5# "2 ()4# 625>&+3 2+# )2 (=265#246 "5'#+65)+6 ,BC7 DE7 FG./ 0:#&2 ")+3 =#

$)'()43#'#+3 $)==#$35< #63 $)'(=#H# ,B- . <&53 "# 'I'#/ J#43&5+#6 "# 6#6 (4)(458386 (%*6592#6

6)+3 $%&+K8#6 #+ K8)'8345# $)+?+8# $)''# (&4 #H#'(=# =& >&=#24 "2 ')'#+3 "5()=&54#/ L#6

$&=$2=6  ! "#"$"% "# ')=8$2=#6 ":#&2 $)+3#+2#6 "&+6 "#6 6*63M'#6 ()4#2H %*"4)(%)1#6 3#=6 92#

=#6 N8)=53%#6 65=5$592#6 ,DBO7 DBF. )2 =#6 +&+)321#6 "# $&41)+# ,DB-. ')+34#+3 2+# 48"2$35)+ "#

10% "# =& >&=#24 "2 "5(P=# (&4 4&(()43 Q =& (%&6# =5925"# '&665>#/ L#6 4862=3&36 "# 65'2=&35)+

#+ L*+&'592# R)=8$2=&54# "# ')=8$2=#6 ":#&2 "8$453#6 (&4 =# ()3#+35#= STJUVW7 2+ ')"M=#

45K5"# #3 ()=&456&1=#7 #+ $)+?+#'#+3 "&+6 2+# N8)=53%# %*"4)(%5=# ')+34#+3 2+ $)'()43#'#+3

65'5=&54# ,DBE./ L# (=267 =# 3&2H ":%*"4&3&35)+7 $:#63 Q "54# =# +)'14# "# ')=8$2=#6 ":#&2 (486#+3#6

"&+6 =& ()4)65387 X)2# 624 =& >&=#24 "# $# ')'#+3 "5()=&54# ,DBF7 DBE./ T&4 &5==#2467 "#6 65'2=&35)+6

#+ "*+&'592# ')=8$2=&54# ')+34#+3 2+# "8$4)566&+$# "# 50 % "# =& $)+63&+3# "58=#$34592# "# =:#&2

$)+?+8# "&+6 2+# $&>538# "# 12Y "# "5&'M34# #3 6&+6 5+3#4&$35)+ 8=#$34)63&3592# &>#$ =& 624<&$#/

L# (=267 =#6 ')2>#'#+36 5+3#4+#6 "# =:#&2 $)''# =:8354#'#+3 "#6 =5&56)+6 OH 6)+3 34M6 6#+651=#6

Q =:#+>54)++#'#+3 =)$&= ,-!./ Z+ &234# (&4&'M34# 925 "83#4'5+# =# $)'()43#'#+3 (%*6592# "#

=:#&2 #+ $)+?+#'#+3 #63 6)+ &[+538 &>#$ =& 624<&$#/ L# '&+5M4# 5+32535>#7 2+# 624<&$# %*"4)(%5=#

\%*"4)(%)1#] &3354# =#6 ')=8$2=#6 ":#&2 (=26 \')5+6] <)43#'#+3 92# =:&334&$35)+ '232#==# #3 #63

$&(&1=# \5+$&(&1=#] "# <)4'#4 "#6 =5&56)+6 %*"4)KM+# <)43#6 &>#$ =:#&2/ 0:&[+538 "# =:#&2 &>#$

2+# 624<&$# %*"4)(%5=# \%*"4)(%)1#] #63 ")+$ <)43# \<&51=#]/ @)23#<)567 =:5+3#4&$35)+ "# =:#&2 &>#$
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/&0,%*0, @7* )1 /&2()(,. $*+ /&).57)*+ $6*17 '1%1))G)*/*0, 17- +7%?15*+ $10+ )1 %.L(&0 5*0,%1)*

$7 010&,72* *+, ')7+ L%10$* @7* 5*))* $7 3&)7/* A!OQDE F1 /&2()(,. $* )6*17 $10+ 5*+ '&%*+ *+,

10(+&,%&'*E S-'.%(/*0,1)*/*0,4 () 1 .,. /&0,%. $10+ )1 +()(5* @7* 5*,,* $*%0(G%* *+, $.'*0$10,* $*

)1 L.&/.,%(* $* 5&080*/*0,E I(0+(4 70* .,7$* A!CCD +7% )*+ '%&'%(.,.+ $* ,%10+'&%, *, )1 $(+,%(27;

,(&0 $*+ /&).57)*+ $6*17 5&080.*+ $10+ $*+ 010&'&%*+ "#$%&'"&2*+ 5#)(0$%(@7*+ *, ')10+ /&0,%*

@7* )1 $(<7+(&0 $10+ )* 5101) 5#)(0$%(@7* *+, ')7+ ?1(2)* @7* $10+ )* '&%* ?*0,* *, )1 3(+5&+(,.

')7+ L%10$*E F1 $(<7+(3(,. $.5%&T, )&%+@7* )1 ,1())* $* '&%* $(/(07* A!CODE F1 ,*/'.%1,7%* *, )1

$*0+(,. $* /&).57)*+ $6*17 1<*5,*0, 17++( +(L0(851,(3*/*0, )1 3(+5&+(,. *, )1 $(<7+(3(,. $10+ 5*+

010&'&%*+ A!CCDE S0804 $10+ $*+ '*,(,+ 51017- $* L%1'"(,*4 )* ,*/'+ $* %.+($*05* $*+ /&).57)*+

$6*17 *+, ')7+ (/'&%,10, '%&5"* $*+ +7%?15*+ ABUUDE

F6.,7$* '1% +(/7)1,(&0 /&).57)1(%* $6*17 *, $* +*)+ $(++&7+4 ,*)+ @7* NaCl &7 CaCl24 5&08;

0.+ $10+ )* J#5&% /&0,%* @7* )1 '%.+*05* $*+ +*)+ 061<*5,*0, '1+ +(L0(851,(3*/*0, )6.'1(++*7%4

)*+ '%&'%(.,.+ +,%75,7%1)*+ *, )*+ '%&'%(.,.+ $#01/(@7*+ $* )1 5&75"* ?&%,*/*0, 1$+&%2.* A!NODE

:*'*0$10,4 70 17,%* ,%131() '1% +(/7)1,(&0 $* $#01/(@7* /&).57)1(%* /&0,%* @7* )1 '%.+*05*

$6(&0+ 5&//* )* '&,1++(7/ VK+
W $10+ )6*17 5&080.* *0,%* $*7- +7%?15*+ $* /(51 $(/(07* ?&%;

,*/*0, )1 $(<7+(&0 $* )6*17 51% )6"#$%&'"()(5(,. 17L/*0,* A!CUDE SL1)*/*0,4 $* %.5*0,+ %.+7),1,+

$* $#01/(@7* /&).57)1(%* $6.)*5,%&)#,*+ 5&080.+ $10+ $*+ 010&,72*+ $* 51%2&0* $* $(1/G,%*+

$* 1 = 3nm /&0,%*0, 70 %1)*0,(++*/*0,4 (0$.'*0$10/*0, $* )1 01,7%* $*+ (&0+ 5&0+($.%.+4 $* )1

$#01/(@7* $*+ /&).57)*+ $6*17 *, $*+ (&0+ 5&/'1%1,(3*/*0, = )1 +&)7,(&0 *0 3&)7/* *, = )6(0;

,*%?15* *17;1(% ABNUDE X,()(+. 5&//* /*/2%10*4 13*5 70 1%%10L*/*0, "*-1L&01) $*+ 010&,72*+

$* 51%2&0* $* $(1/G,%* 13&(+(010, )* 010&/G,%*4 +.'1%10, $* )6*17 '7%* $670* +&)7,(&0 +1)(0*4

 !"#! $% !"& ABCBD /&0,%*0, *0 +(/7)1,(&0+ '1% $#01/(@7* /&).57)1(%*4 $670* '1%,4 @7* )1 ?&%5*

&+/&,(@7* *+, )* /&,*7% $7 H7- $6*17 = ,%13*%+ )*+ 51017- $* )1 /*/2%10* *,4 $617,%* '1%,4

@7* )* H7- *+, +10+ ?%(5,(&0+ V?1(2)*+ (0,*%15,(&0+ 13*5 )1 +7%?15*W *, )(/(,. '1% )1 21%%(G%* $6.0*%;
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"#$ % &'$()*+$ $) % &, -.*)#$ /0 1.*$2 3$ /+4#) /$ &'$,0 % )*,5$*- 6$- 6,(,07 $-) 8,6#&#)+ 1,* &$-

1*.1*#+)+- 0(#90$- /$ &'$,0 $) &, 8,#4&$ 1.&,*#)+ /$- 1,*.#$- /$- (,(.)04$- /$ 6,*4.($ :!!!;2 <$-

/$*(#$*- $71&#90$() ,0--# &$ )*,(-1.*) #.(#90$ % )*,5$*- 6$- 6,(,07 =$=4*,(,#*$- :!!!;2 >($ ,0)*$

+)0/$ :!?@; =.()*$ 90$ 1.0* /$- 6,(,07 -04(,(.=+)*#90$- &, 4,**#A*$ /'+($*"#$ $-) "*,(/$ 1.0*

&$- #.(- % &'$()*+$ /$- (,(.)04$- $) 90'$&&$ $-) 8.*)$=$() ,))+(0+$ &.*-90$ &, ),#&&$ /0 6,(,& $-)

-01+*#$0*$ % 1 nm2 B71+*#=$(),&$=$()C &'+)0/$ /$- DE/*,)$- /$ 6#=$()C 90# 1.--A/$() /$- 6.()*$F

#.(- 6,&6#0= GCa2+
H 1.0* 6.=1$(-$* &, 6D,*"$ /$ -0*8,6$ /$- 4*#90$- +&+=$(),#*$-C 5, /,(- &$

=I=$ -$(- 90$ &$ *,&$()#--$=$() .4-$*5+ /,(- &$ )*,5,#& /$  !"!#$ $% !&' :!JK; 10#-90'0($ 8.*)$

*+/06)#.( /$- =.05$=$()- /$- =.&+60&$- /'$,0 1,* *,11.*) ,0 5.&0=$ $-) .4-$*5+ :!LLC !L ;2

M,* ,#&&$0*-C #& E , 1&0-#$0*- )E1$- /'$,0 6.(N(+$ /,(- &$- =,)+*#,07 6#=$(),#*$- G1&0-#$0*- $(F

5#*.(($=$()-H ,5$6 0( -$0#& /$ =.4#&#)+ G=.=$() % 1,*)#* /090$& &'$,0 -$ =$0) /,(- &$ 1.*$H

/#O+*$()2 P.).(- 90$ /#O+*$()- $(5#*.(($=$()- -.() ,0--# .4-$*5+- /,(- /$- ,*"#&$- )$&&$- 90$ &,

P,F5$*=#60&#)$ .Q 0($ /#-)*#40)#.( /$- )$=1- /$ *$&,7,)#.( $-) .4-$*5+$ :L @;2 3$- $71+*#$(6$-

/$ -1$6)*.-6.1#$ /$ ($0)*.(- % $6D. /$ -1#( =.()*$() 0($ /#O0-#.( &.6,&$ /$- =.&+60&$- /'$,0

/,(- &$- 1.*$- /0 "$& /$ 6#=$() /$ &'.*/*$ /$ 6$&&$ .4)$(0$ 1.0* &'$,0 $( -0*80-#.(2 B&&$ $-) ,0--#

1&0- &$()$ 90$ 6$&&$ $7#-),()$ /,(- &$- 1.*$- 6,1#&&,#*$- =$-0*,() /$ 90$&90$- /#R,#($- % 90$&90$-

6$(),#($- /$ (,(.=A)*$- :!LLC !L!;2 B( 8,#)C &'$,0 6.(N(+$ /,(- &$- 1$)#)- 1.*$- /0 "$& /$ &, 1S)$

/$ 6#=$() , /$- 1*.1*#+)+- )*A- -#=#&,#*$- % &'$,0 #()$*8,6#,&$ /,(- &$- R+.&#)D$- G-+*#$ /$- Y HC

&$ TE6.* $) &$- 1*.)+#($- :L J;2 U0 6.()*,#*$C /,(- 0( 6.(N($=$() 1&,(,#*$ )$& 90'.4-$*5+ /,(-

&, =.()=.*#&&.(#)$C 90# $-) 0($ ,*"#&$ &,=$&&,#*$C &$- 6,)#.(- 6.==$ Na+
8,6#&#)$() &, =.4#&#)+

/$- =.&+60&$- /'$,0 #()$*6.06D$- V 6$6# $71&#90$ 1.0*90.# &$- /+1&,6$=$()- -.() $(6.*$ 1.--#4&$-

,07 1&0- 4,--$- )$=1+*,)0*$- :!J?;2 W$ 1&0-C /,(- &$- ,*"#&$-C #& E , 0( +6D,("$ /'$,0 $) /'#.(-

$()*$ &$- $-1,6$- #()$*&,=$&&,#*$- $) &, =#6*.1.*.-#)+ :!? ;2 W,(- 0( 6.(N($=$() )*#/#=$(-#.(($&

)$& 90$ (.0- &$ )*.05.(- /,(- &$- R+.&#)D$-C 90# -.() /$- ,&0=#(.F-#&#6,)$- 6*#-),&&#(- % -0*8,6$-

6D,*"+$- 6.=1$(-+$- 1,* /$- 6.()*$- #.(- G"+(+*,&$=$() Na+
$) Ca2+

HC &$- =.05$=$()- /$ &#4*,F

)#.( G4,&,(6$=$() /$ &, =.&+60&$ ,0).0* /$- )*.#- ,7$- /$ -.( *$1A*$ 1*.1*$H $) /$ *.),)#.( /$-

=.&+60&$- /'$,0 -.() 8.*)$=$() ,O$6)+- 1,* &, /$(-#)+ /$ 6D,*"$ /$- 6,)#.(- ,&.*- 90$ &, 6D,*"$

,(#.(#90$ /$ &, =,)*#6$ , 0( #=1,6) =.#(/*$ :LX@C !?K;2 <$ /$*(#$* 1.#() $-) ,110E+ 1,* 0($

+)0/$ $71+*#=$(),&$ /'$,0 6.(N(+$ /,(- /$- =#6$&&$- #(5$*-+$- .Q #& $-) .4-$*5+ 90$ -# &'#()$*8,6$

Y.0$ 0( *Z&$ /.=#(,() -0* &, /E(,=#90$ /0 [0#/$C -, (,)0*$ 6D#=#90$ G($0)*$ .0 #.(#90$H Y.0$C

90,() % $&&$C 0( *Z&$ -$6.(/,#*$ :!?\;2

B(N(C &, 5#-6.-#)+ $O$6)#5$C .4)$(0$ % &',#/$ /'0( ,11,*$#& % 8.*6$- /$ -0*8,6$- G]^UH % )$=F

1+*,)0*$ ,=4#,()$C /'0( +&$6)*.&E)$ ,90$07 6.(N(+ % /$- N&=- /'+1,#--$0* 1&0- "*,(/$ 90$

2−3nm $-) -01+*#$0*$C 90.#90$ /0 =I=$ .*/*$ /$ "*,(/$0*C % &, 5,&$0* $( 5.&0=$ /0 &#F

90#/$ :LJ?C L!!C L!@;2 3, (,)0*$ DE/*.1D#&$ .0 DE/*.1D.4$ /$ &, -0*8,6$ /$ 6.(N($=$() ('#([0$

90$ )*A- 1$0 -0* &, &#=#)$ -01+*#$0*$ /$ &, 5#-6.-#)+ $O$6)#5$ -0""+*,() 90$ &'.4-$*5,)#.( $-)

0(#90$=$() /+1$(/,()$ /$- 1*.1*#+)+- /0 [0#/$ :L!@;2 U 6$ /$"*+ /$ 6.(N($=$()C &'$,0 ($ -$
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"#$%&%'( )*" +&(,#-./0 )*/ $1*2"(-3( &( &%4(/5(-3( &( $* 4%"3#"%.06 3*/ $(" "7/8*3(" &( 3#-'-(,(-.

"7))/%,(-. $* 8#/,*.%#- &( $%*%"#-" 9:&/#5;-( 50-0/*$(,(-. *""#3%0(" *7 5($ &7 <7%&( =>??@ >?!AB

C(" /0"7$.*." *7 ,%3/#"3#)( D 8#/3( *.#,%E7( +FGH6 ,#-./(-. E7( $* &:-*,%E7( &7 ":".;,(

-1(". )*" "(7$(,(-. &0.(/,%-0( )*/ $* )/(""%#- %-.(/8*3%*$( ,*%" )$7" "%5-%'3*.%4(,(-. )*/ $("

(I(." &( "#$4*.*.%#- &0)(-&*-." &( $1(J*3.( "0)*/*.%#- (-./( $* )#%-.( (. $* "7/8*3( &( ,%3* +/0K

&73.%#- &( $* &:-*,%E7( &7 ":".;,( $#/"E7( $* &%".*-3( )#%-.(K"72"./*. (". /0&7%.(6 =>LMAB N*/

*%$$(7/"@ &(" "%,7$*.%#-" (- &:-*,%E7( ,#$037$*%/( ,#-./(-. E71(-./( &(" ,7/" O)$*-"O &1#/ $*

4%"3#"%.0 (. $(" )/#)/%0.0" &( 8/%3.%#- &( $1(*7 "#-. 8#/.(,(-. %-<7(-30(" )*/ $10)*%""(7/ &7 <7%&(

3#-'-0 =>PPAB Q-./( &(7J "7/8*3(" )$*-(" 9:&/#)9%$(" ,#&;$("@ &(" 3#-./*%-.(" &( 3%"*%$$(,(-.

*))*/*%""(-. #/.9#5#-*$(,(-. D $* "7/8*3( &7 )#/( &*-" 7- '$, &1(*7 8#/.(,(-. 3#-'-0 *$#/"

E7( ./*-"4(/"*$(,(-. $( 3*/*3.;/( &7 <7%&( (". 3($7% &7 4#$7,( +,#2%$%.0 &(" ,#$037$(" &1(*7

)/#39( &( 3($$( &7 4#$7,(6 =>RMAB

 !"!# $%&'%()*&*+) , -.//* )*&'0(.)1(*2 3*4 *) 51/6%+

Q- 3#-'-(,(-. &*-" 7-( ,*./%3( )#/(7"(@ $1(*7 $%0( D $* "7/8*3( 5*/&( 7-( "./73.7/( $%E7%&(

*7J 2*""(" .(,)0/*.7/(" ,S,( $#/"E71*7 3(-./( &7 )#/( $1(*7 $%2/( * 3/%".*$$%"0( =?PAB T(..( &%8K

80/(-3( &( 3#,)#/.(,(-. (-./( $(" &(7J (");3(" &1(*7 $#/"E7( $* .(,)0/*.7/( &%,%-7( "1#2"(/4(

*7""% &*-" $(" */5%$(" 9:&/*.0(" &( .:)( U*K4(/,%37$%.(" => !AB V( 5($ (. $* 87"%#- &( $1(*7 $%2/(@

E7% #-. 7-( 3%-0.%E7( $(-.( &*-" $( W:3#/@ -1*))*/*%""(-. )*" D $* ,S,( .(,)0/*.7/( =!!A@ $( "(7%$

&( 87"%#- +.(,)0/*.7/( D )*/.%/ &( $*E7($$( $* 5$*3( 8#-&6 0.*-. )$7" 2*" E7( $( "(7%$ &( 3/%".*$K

$%"*.%#- +.(,)0/*.7/( D )*/.%/ &( $*E7($$( $1(*7 "( "#$%&%'(6B C*-" $(" HTHK > #X $(" )#/(" "#-.

%-&0)(-&*-." $(" 7-" &(" *7./("@ "(7$ 7-( )(.%.( 9:".0/;"( (". #2"(/40( *7 5($Y&05($ "7550/*-.

E7( $19:".0/;"( $*/5( #2"(/40( )*/ *%$$(7/" &*-" &(" ,0"#)#/(" 3#-4(-.%#--($" 4%(-. &( $1%-.(/3#-K

-(J%#- &(" )#/(" +/0"(*76 =MAB U#.#-" E7( 3( &03*$*5( (-./( 87"%#- (. "#$%&%'3*.%#- &*-" $( )#/(

(". 05*$(,(-. &Z D &(" (I(." &( 2$#3*5( *))*/*%""*-. $#/"E7( $( &%*,;./( &7 )#/( 4*/%( +)/0"(-3(

&( 3#-"./%3.%#-" )*/ (J(,)$(6B C( )$7"@ $* .(,)0/*.7/( &( 5($ *7 3#(7/ &7 )#/(@ &0)(-&*-.( &(

"* .*%$$(@ "7/4%(-. D 7-( .(,)0/*.7/( %-80/%(7/( D 3($$( &7 4#$7,(B T(. (I(. (". ,#-./0 &*-" 7-(

0.7&( )*/ &%I/*3.%#- &( -(7./#-" &( $* "./73.7/( &( $1(*7 3#-'-0( &*-" $(" HTHK > (. HTHK

 R = >AB T(..( &%,%-7.%#- &7 )#%-. &( 5($ &( $1(*7 *7 3(-./( &7 )#/( (". (- *33#/& *4(3 $* /($*.%#-

&(  !""#$%&'(#') (- 3#-"%&0/*-. 3#,,( /*:#- &( )#/( R − t +t 0.*-. $10)*%""(7/ &7 '$, -#-

5($0 D $* "7/8*3(6 =?PAB T(..( ,S,( /($*.%#- ,#-./( E71(- )/0"(-3( &17-( &%"./%27.%#- &( .*%$$( &(

)#/("@ $* ./*-"%.%#- &( )9*"( $%E7%&(K5$*3( "1(I(3.7( "7/ 7-( )$*5( &( .(,)0/*.7/(" 0$*/5%( =!!AB

V(" 0.7&(" )*/ &%I/*3.%#- &( /*:#-" [ +[\C6 &( $1(*7 3#-'-0( &*-" $(" HTHK > (. $(" ]^FK>_

,#-./( E7( $( 5($ &( $1(*7 $%0(@ )/;" &(" ,7/" &7 )#/(@ (". 7- )/#3(""7" 3#-.%-7 "1(I(3.7*-. "7/

7-( $*/5( 5*,,( &( .(,)0/*.7/( (.@ 3(@ %-&0)(-&*,,(-. &( $* .*%$$( &7 )#/( =M@ R@ >>PAB T1(".

&#-3 7- (I(. &( "7/8*3( )$7" E7( &( 3#-'-(,(-.B N*/ (J(,)$(@ ,#&%'(/ $* 39%,%( &( "7/8*3(

(- 4*/%*-. $* &(-"%.0 &( 5/#7)(" 9:&/#J:$(" D $* "7/8*3( &(" HTHK > %-<7( "7/ $* .(,)0/*.7/(
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!" #"$ !" %"&&" %'(%)" *++,-. /01 02$$"(134 $" #"$ !" $5"0( $261" !073 (7 183"0( !" 9'1"3 27!89"7:

!07&3 &"$ ;(" $"3 <=<: + !'77" $2"( > $0 7(%$80&2'7 ?1(3&18" !5(7 #1027 @'7'%123&0$$27 *AA4 +BC-

9'(D07& %'@9'1&"1 !"3 !8?0(&3 * +-. E7 "F"&4 $5"0( $28" 23'$" $5"0( !( %"7&1" !( 9'1" !"3 "F"&3

!" 7(%$80&2'7 )8&81'#G7" *H-. I073 (7 183"0( !" 9'1"3 27&"1%'77"%&834 %'@@" !073 $" JK%'1 '(

$"3 32$2%"3 3'$:#"$4 !"3 9'$K%123&0(L !" #$0%" !8?"%&("(L 91'D"707& !( !83'1!1" 27&1'!(2& !073 $"

183"0( !" $2023'73 )K!1'#G7" 3'7& ?'1@83 *AA4 +BC-. I"3 8&(!"3 "L9812@"7&0$"3 @'7&1"7& 9'(1 !"3

9'1"3 !" 32$2%" M3'$:#"$4 JK%'14 <=<: + "& NOP:+QR ;(" $5"0( %'7S78" 3" 3&1(%&(1" 3'2& !073 30

9)03" %(62;(" MIcR *HTU4  +4 HQ4 ++H4 ++U4 BQ - 3'2& !073 30 9)03" )"L0#'70$" MIhR *,4 +BC4 +B+-.

V'&'73 ;(" !073 %"1&0273 %03 !" $0 #$0%" 0@'19)" "3& '63"1D8" * +4 +UA-. W" &K9" !" #$0%" ?'1@8

"3& !89"7!07& !" $0 #8'@8&12" !( 9'1" "& !" $0 3(1?0%" !" %'7S7"@"7& *+BC-. E7S74 (7" 8&(!"

3(1 $0 %'"L23&"7%" !5"0( "& !" #$0%" !073 $"3 %2@"7&3 @'7&1" ;(" $5"7&)0$92" !" ?(32'7 !" $5"0(

"3& !" ∆Hf = 749 J.g−1
M∆Hvolume

f = 333.4J.g−1
> T = 273.15 K "& P = 101.325 kPa *BHH-R "&

$0 &"732'7 !" 3(1?0%" "3& γsl = 0.13 J.m−2
MD0$"(1 0991'%)8" 3(1 $0 603" !5(7 @'!G$" $2;(2!":#0X

'Y γlg = 0.0756 J.m−2
> T = 273 KR *++ 4 BH,-.

I5(7 9'27& !" D(" ?'7!0@"7&0$4 $58&(!" !" $5"0( %'7S78" 0(L 6033"3 &"@9810&(1"3 "3& 27&81"3:

307&" 9(23;(5"$$" 9"1@"& !5"L9$'1"1 !"3 18#2'73 'Y $5"0( "3& "7%'1" $2;(2!" M"0( 3(1?'7!("R 0$'13

;(" !073 $" D'$(@" "$$" 0 !8Z> %123&0$$238" *+C,4 BHU-. I" %" ?02&4 $5"L9$'10&2'7 !( [7' @0753 $07![

!" $5"0( "3& 9'3326$". /01 "L"@9$"4 !073 $"3 <=<: + $5"0( 1"3&" $2;(2!" Z(3;(5> 100 "7 !"33'(3

!" 3'7 9'27& !" #"$ "7 D'$(@". I073 $" JK%'14 2$ "3& 9'3326$" !5'6&"721 !" $5"0( 3(1?'7!("4 @023

903 3(1 $0 #0@@" !" &"@9810&(1" 0&&"7!(" 9'(1 $0 &02$$" !" 9'1" %'732!818" > %0(3" !" $0 918:

3"7%" !" $01#"3 3(1?0%"3 )K!1'9)2$"3 ?0D'12307& $0 7(%$80&2'7 !" $0 #$0%" *BQ -. =" %'@9'1&"@"7&4

9"1@"& "7&1" 0(&1"3 !58&(!2"1 $0 &10732&2'7 $2;(2!":$2;(2!" 270%%"3326$" "L9812@"7&0$"@"7& 9'(1

$5"0( "7 D'$(@" 9(23;(" 9'(1 $0 &"@9810&(1" %'732!818" T ∼ 227 K "$$" "3& !8Z> !073 (7 8&0&

%123&0$$27 M#$0%" )"L0#'70$"R *+C,4 + C4 B+A4 B+ 4 BHU-. W5"0( %'7S78" 9033" !5(7 $2;(2!" )0(&"

!"732&8 > (7 $2;(2!" 6033" !"732&8 *+ C-. ="&&" &10732&2'7 350%%'@90#7" !5(7 %)07#"@"7& !073 $0

!K70@2;(" !" $5"0( %'@@" '63"1D8 901 !2F(32'7 ;(032 8$03&2;(" !" 7"(&1'73 !073 $" %'7S7"@"7&

&12!2@"732'77"$$"@"7& %'7?818 901 (7" 9\&" !" %2@"7& /'1&$07! *B+ATB+Q-. E7 "F"&4 $" &"@93 !"

1"$0L0&2'7 &1073$0&2'77"$ 9033" !5(7 %'@9'1&"@"7& 3(9"1:011)872"74 &K92;(" !5(7 $2;(2!" ?10#2$"4

> 011)872"74 &K92;(" !5(7 $2;(2!" ?'1& *B+A4 B+ 4 BHU-. =" &K9" !" %'@9'1&"@"7& "3& %$0332;("

!5(7 $2;(2!" D2&12S8. I" 9$(34 > $0 &10732&2'7 $2;(2!":$2;(2!"4 (7 92% !" !8#0#"@"7& !" %)0$"(1
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J,),"# 6-% 2% )%*0% /% /*,()% /!"# 2! *%2!)(," =H:I? %3'*(0% 2% 4!() 6-% 2! *9#-2)!")% /%# 4,*$%#

~Fi

!;(##!") #-* -"% '!*)($-2% i /9*(>% /% #," 9"%*;(% ',)%")(%22% Ui: @,""!(##!") 279)!) /- #8#)10%

!- )%0'# t0+ 2! 2,( /79>,2-)(," /%  !"#$% '%*0%) /% $,""!K)*% #," 9)!) ',-* "7(0',*)% 6-%2

LM



 !  !"#$%&' () *+%!,-'.

"#$%& $&'() t1 *+,-.$/,--& 0/&- )#% #- $&'() $%1) .,#%$ t1 = t0 + δt23 45&. .&$$& "((%,.6&7 8&)

(,)/$/,-) &$ 8&) /'(#8)/,-) 9&) ("%$/.#8&) ),-$ .,--#&) (%:./):'&-$7 .& ;#/ &)$ #-& "((%,</'"$/,-

+,%$& 5/) = 5/) 9# (%/-./(& 9>/-.&%$/$#9& 9&  !"#!$%!&' */'(,))/0/8/$: 9& .,--"?$%& "5&. &<".$/@

$#9& (,)/$/,-) &$ 5/$&))&) 9&) ("%$/.#8&) )/'#8$"-:'&-$2 ABCDE3 F& (8#)7 -/ 8&) &G&$) ;#"-$/;#&)7

-/ 8&) &G&$) %&8"$/5/)$&) -& ),-$ (%/) &- .,'($& ABC E3 H&./ &)$ %&-9# (,))/08& &- %"/),- 9# +"/$

;#& (,#% #-& 8,-I#&#% 9>,-9& $6&%'/;#& 9& (! )&*'+"! *Λ =
√

h2/(2πmkBT ) "5&. h7 m7 kB &$

T :$"-$ %&(&.$/5&'&-$ 8" .,-)$"-$& 9& ,+-$./7 8" '"))& 9& 8" ("%$/.#8& .,-)/9:%:&7 8" .,-)$"-$&

9& )*+012-$$ &$ 8" $&'(:%"$#%&2 $%1) /-+:%/&#%& = 8" 8,-I#&#% ."%".$:%/)$/;#& 9& 8" ("%$/.#8& *)"

$"/88&2 "8,%) 8" ':."-/;#& .8"))/;#& 9& 3!40*$ (&#$ )>"((8/;#&%3 J/-,-7 #-& 9&).%/($/,- ;#"-@

$/;#& 9& 8" ':."-/;#& )$"$/)$/;#& &)$ -:.&))"/%&3 F"-) -,$%& .")7 -,#) :$#9/,-) 9& 8>&"# &$ 9&)

/,-) *&- ("%$/.#8/&% 9&) /,-) ."8./#'2 &- )/$#"$/,- 9& .,-K-&'&-$3 L" ':."-/;#& .8"))/;#& )>"(@

(8/;#& (#/);#>= $&'(:%"$#%& "'0/"-$& *T = 300 K2 ΛH2O ≈ 0.24M &$ ΛCa ≈ 0.16M (,#% 9&)

$"/88&) ."%".$:%/)$/;#&) 9& 8>,%9%& 9& 2−3M3 N:I8/I&% 8&) &G&$) ;#"-$/;#&) &$ 8&) &G&$) %&8"$/5/)$&)

(&%'&$ #-& )/'(8/K."$/,- /'(,%$"-$& .,-)/)$"-$ = 9:.,#(8&% 8" .,-$%/0#$/,- (%,5&-"-$ 9# ',#@

5&'&-$ $6&%'/;#& *("%$/& ./-:$/;#& 9& 8>:-&%I/&2 9& 8" .,-$%/0#$/,- 9#& "#< /-$&%".$/,-) &-$%& 8&)

("%$/.#8&) *("%$/& (,$&-$/&88& 9& 8>:-&%I/&23 O-K-7 8" +,%'& 9&) :;#"$/,-) 9# ',#5&'&-$ 9"-) 8&

+,%'"8/)'& N&P$,-/&- *:;#"$/,- *B3Q22 &)$7 9>#-& ("%$7 9:(&-9"-$& 9# )R)$1'& 9& .,,%9,--:&)

&$7 9>"#$%& ("%$7 (&# "((%,(%/:&) (,#% 8" 9&).%/($/,- 9& )R)$1'&) .,'(%&-"-$ #- I%"-9 -,'0%&

9& ("%$/.#8&)3 S8 &</)$& 9&) +,%'#8"$/,-) I:-:%"8&) */-9:(&-9"-$&) 9# )R)$1'& 9& .,,%9,--:&)2

"9:;#"$&) (,#% 9:.%/%& 8>:5,8#$/,- )("$/,@$&'(,%&88& 9>#- )R)$1'& = N ("%$/.#8&)3 S8 )>"I/$ 9&)

+,%'#8"$/,-) L"I%"-I/&--&) &$ T"'/8$,-/&--&)3

L& +,%'"8/)'& L"I%"-I/&- &)$ 0/&- (8#) +,-9"'&-$"8 ;#& 8& +,%'"8/)'& N&P$,-/&- 9"-) 8& )&-)

,U 8& )&.,-9 &)$ #- .") ("%$/.#8/&% 9# (%&'/&% ABCVE3 S./7 8>,0$&-$/,- 9&) :;#"$/,-) 9# ',#5&'&-$

)>&G&.$#& = ("%$/% 9>#-& ;#"-$/$:7 8& L"I%"-I/&- L(qk, q̇k)7 :.%/$& &- +,-.$/,- 9&) .,,%9,--:&)

I:-:%"8/):&) qk *5"%/"08&) +,-9"'&-$"8&) 9&).%/($/5&) 9# )R)$1'&2 &$ 9& 8&#% 9:%/5:& ("% %"((,%$

"# $&'() q̇k *"5&. k = 1, ..., n23 H,-$%"/%&'&-$ "# +,%'"8/)'& N&P$,-/&- %&(,)"-$ )#% 8&) +,%.&)

"I/))"-$ )#% 8& )R)$1'&7 8& +,%'"8/)'& L"I%"-I/&- )>:.%/$ &- +,-.$/,- 9& 8>:-&%I/& (,$&-$/&88& $,$"8&

U &$ 9& 8>:-&%I/& ./-:$/;#& $,$"8& K 9# )R)$1'& *&;#"$/,- B3B23

L(qk, q̇k) = K(q̇k) − U(qk) *B3B2

W"% "/88&#%)7 8& L"I%"-I/&- /-$:I%: ("% %"((,%$ "# $&'() 9,--& 8>4.$/,- X

S(qk) =

∫ t

t0

L(qk(t), q̇k(t), t) dt *B3Y2

,U t0 &)$ 8>/-)$"-$ /-/$/"83 L>4.$/,- &)$ %&(%:)&-$"$/5& 9# 5%"/ .6&'/- )#/5/ ("% 8& )R)$1'&3 L&

(%/-./(& 9&  -2"+0*$ /'(,)& ;#& S(qk) ),/$ )$"$/,--"/%&3 4/-)/7 S(qk) (&%$#%0: "# (%&'/&% ,%9%&

&)$ -#88& *δS = 023 H& 9&%-/&% (,/-$ .,-)$/$#& 8& (%/-./(& 9& ',/-9%& ".$/,- ;#/ :$"08/$ ;#&



 ! ! "#$%&'()* +,%,'+,'()*  !

"#$%& '()* +,* -.,%&/* "(**&0+,*1 +, -.,%&/ ".2*&3), ,*' -,+)& 3)& %&/&%&*, +45-'&(/ ,' 6, -, 7#&'

+48/,$9&,: ;,+# ",$%,' 648-$&$, +,* 83)#'&(/* 6) %()<,%,/' 6,  !"#!$"% =83)#'&(/ =>:?@@:

d

dt

(
∂L

∂q̇k

)

−
(

∂L

∂qk

)

= 0 avec k = 1, ..., n =>:?@

;,'', 6,$/&A$, $,+#'&(/ ",$%,' 64(0',/&$ n 83)#'&(/* 6&B8$,/'&,++,* 6) *,-(/6 ($6$, C>DEF: G4&/'8$H'

6,* 83)#'&(/* 6,  !"#!$"% ,*' 3), +,)$ 7($%, ,*' &/68",/6#/', 6) *2*'A%, 6, -(($6(//8,*

$,/6#/' +,* 83)#'&(/* 6) %()<,%,/' "+)* 7#-&+,* I 8-$&$, 3), 6#/* +, 7($%#+&*%, J,K'(/&,/ C>D?F:

L& /()* $,<,/(/* I /('$, *2*'A%, 6, N "#$'&-)+,*1 -(//#&**#/' *(/ 8'#' &/&'&#+1 *(/ 8'#' "()$

/4&%"($', 3),+ #)'$, &/*'#/' ,*' 68',$%&/8 9$M-, #)N 3N 83)#'&(/* 6,  !"#!$"% ,' #)N 6N qk ,'

q̇k -(($6(//8,* &/&'&#+,*: G, "$(0+A%, 6) 7($%#+&*%, G#9$#/9&,/ ,*' 3)4&+ &/'$(6)&' 6,* 83)#'&(/*

6&B8$,/'&,++,* 6) *,-(/6 ($6$,: O, "+)*1 &+ ,*' %#+ #6#"'8 #)N '.8($&,* 6, +# %8-#/&3), 3)#/'&3),

,' 6, +# %8-#/&3), *'#'&*'&3),:

G4#""$(-., #<,- +, 7($%#+&*%, P#%&+'(/&,/1 I +# 6&B8$,/-, 6) 7($%#+&*%, G#9$#/9&,/1 ,*'

8-$&', ,/ 7(/-'&(/ 6,* %(%,/'* 98/8$#+&*8* pk = ∂L/∂q̇k ,' 6,* -(($6(//8,* 98/8$#+&*8,* #**(-&8,*

qk: G4P#%&+'(/&,/1 68-$&' +48/,$9&, '('#+, 6) *2*'A%, =83)#'&(/ =>: @@:

H(qk, pk) = K(pk) + U(qk) =>: @

G,* 83)#'&(/* 6) %()<,%,/' *48-$&<,/' #+($* Q

∂H

∂pk
= q̇k

∂H

∂qk
= −ṗk avec k = 1, ..., 3N. =>:E@

;, 7($%#+&*%, -(/6)&' I 6N 83)#'&(/* 6&B8$,/'&,++,* 6) "$,%&,$ ($6$,: ;(%%, +4P#%&+'(/&,/

,*' 8'$(&',%,/' +&8 I +48/,$9&, '('#+, 6) *2*'A%, ,' 3), -,'', 6,$/&A$, 3)#/'&'8 ,*' 7(/6#%,/'#+,

,/ %8-#/&3), 3)#/'&3), ,' ,/ %8-#/&3), *'#'&*'&3),1 +, 7($%#+&*%, P#%&+'(/&,/ ,*' 6, -, 7#&' +,

"+)* #6#"'8 "()$ -,* '.8($&,*:

 ! "#$%&'()* +,%,'+,'()*

 ! !" #$%&'%()* +%,%-) '+.//%01) )- ,)/1$) 2) +3%&45$,.-%5& /-.-%/-%01)

RN"8$&%,/'#+,%,/'1 "()$ 8')6&,$ +,* "$("$&8'8* 6483)&+&0$, 64)/ *2*'A%,1 +,* 9$#/6,)$* %#S

-$(*-("&3),*1 ',++,* 3), +# ',%"8$#')$, () +# "$,**&(/1 *(/' %,*)$8,*: ;,* 9$#/6,)$* (/' )/ +&,/

/(/ '$&<&#+ #<,- +48'#' %&-$(*-("&3), 6, -, %H%, *2*'A%,: G# %8-#/&3), *'#'&*'&3), *, -.#$9,1 I

"#$'&$ 6, +4#/#+2*, "$(0#0&+&*', 6,* T)-')#'&(/* &/*'#/'#/8,* #)'()$ 6, +483)&+&0$, '.,$%(62/#S

%&3), 6,* 8'#'* %&-$(*-("&3),*1 6, $,%(/',$ #)N "$("$&8'8* %#-$(*-("&3),*: G4,/*,%0+, 6, -,*

8'#'* #--,**&0+,* 68-$&'* "#$ +,)$* "(*&'&(/* ,' +,)$* %(%,/'* 7($%,/' ,/ %8-#/&3), *'#'&*'&3),



 !  !"#$%&' () *+%!,-'.

"#$%%&'() (* "+*,&*((- . 6N /&-)*%&+*% $00)#1 )%0$") /)% 02$%)% 3Γ4 5!6789

:;(* 0+&*, /) <() '($*,&'()= (*) 0$>,&"(#) #&?>) )%, >)0>1%)*,1) 0$> #$ @+*",&+* /;+*/) '(&

#(& )%, $%%+"&1)9 A),,) /)>*&B>) +""(0) (* <+#(-) %0$,&$# v $"")%%&?#)9 :) 0#(%= 0+(> (* 1,$,  

/+**1= #) <+#(-) "+>>)%0+*/$*, /$*% #;)%0$") >1"&0>+'() 3)%0$") /)%

~k4 )%, C (2π)3/v9 D) <+#(-)

"+>>)%0+*/$*, . #;&-0(#%&+* ~p = h/(2π)~k %;1">&, /$*% #;)%0$") /)% ~p C h3/v9 E)-&% /$*% #;)%0$")

/)% 02$%)% 3Γ4= #) <+#(-) +""(01 0+(> (* 1,$, /) 0$>,&"(#) )%, C v × h3/v = h3
9 F+,+*% '()

 ! ") >1%(#,$, 0)(, G,>) 1,)*/( . (*) 0$>,&"(#) 0$>,&)##)-)*, #+"$#&%1) +H #) <+#(-) /;(* 1,$,

'($*,&'() "+>>)%0+*/ ,+(I+(>% . h3
),   ! '() 0+(> /)% 1,$,% '($*,&'()% (*&@+>-1-)*, >10$>,&%

/$*% #;)%0$") /)% 02$%)% #)(> /)*%&,1 )%, 1J$#) . 1/h3
9 K* %) 0#$L$*, /$*% #$ #&-&,) "#$%%&'() /)

#$ -1"$*&'() %,$,&%,&'()= ,+(,) %+--$,&+* /&%">B,) %(> #)% 1,$,% $"")%%&?#)% %) >)-0#$") 0$> (*)

&*,1J>$#) %(> #;)%0$") /)% 02$%)% 56M8 C

∑

i

⇒ 1

h3

∫

dΓ avec dΓ = dx dy dz dpx dpy dpz 3!974

#) ,)>-) )* 1/h3
0)>-),,$*, /) >)*/>) "+-0$,&?#) #$ -1"$*&'() %,$,&%,&'() $<)" #$ -1"$*&'()

"#$%%&'()9

N$">+%"+0&'()-)*,= %)(#)% '()#'()% <$>&$?#)% %+*, *1")%%$&>)% 0+(> /1">&>) (* %O%,B-)9 P$>

)Q)-0#)= (* J$R )%, "+-0#B,)-)*, /1S*& 0$> %$ 0>)%%&+*= %+* <+#(-) ), %$ ,)-01>$,(>)9 N&">+%"+T

0&'()-)*,= #) %O%,B-) )%, /1S*& 0$> %)% 6N <$>&$?#)% /) 0+%&,&+* ), /) -+-)*,9 D+>% /( 0$%%$J)

/( -&">+%"+0&'() $( -$">+%"+0&'()= (*) 0)>,) /;&*@+>-$,&+* )%, +?%)><1)9 A)0)*/$*,= )##) )%,

"+-0)*%1) 0$> #$ >1$#&%$,&+* /) -+O)**)% %(> #)% 1,$,% -&">+%"+0&'()%9 A),,) 0)>,) /;&*@+>-$,&+*

%,$,&%,&'() )%, /1,)>-&*1) . 0$>,&> /) #;)*,>+0&) %,$,&%,&'() &*,>+/(&,) 0$> "#$%&'())  

S = −kB

∑

i

Pi ln(Pi) !"#$%

&' kB () Pi *&+) ,(*-(.)/0(1(+) 23 .&+*)3+)( 4(  !"#$%&'' () 23 -,&535/2/)6 47&..8-3)/&+ 478+

6)3) (#

 ! ! "#$%&&% '%()#*%++%, (#$%&&% -.%&/%(0+% %' 1$)#'12/% %*3#-456%

9(* :,3+4(8,* -;<*/=8(* 13.,&*.&-/=8(* )(22(* =8( 23 )(1-6,3)8,(> 23 -,(**/&+> 276+(,:/( &8

273/13+)3)/&+ 46-(+4(+) 478+ -&/+) 4( 08( 1/.,&*.&-/=8( 4(* -&*/)/&+* () 4(* 1&1(+)* =8( .&1?

-&*(+) 2(* N -3,)/.82(* 4( .( *<*)@1(# A,> B .38*( 4( 23 )(1-6,3)8,(> 2(* -3,)/.82(* 2&,*=8( 2(

*<*)@1( (*) B 276=8/2/5,( );(,1&4<+31/=8( *&+) (+ 1&80(1(+) /+.(**3+)# C())( 3:/)3)/&+ (*) B

27&,/:/+( -&8, 8+( :,3+4(8, -;<*/=8( =8(2.&+=8( A(~r N (t), ~pN (t)) 4( *(* D8.)83)/&+* /+*)3+)3?

+6(*> &' ~r N (t) () ~pN (t) ,(-,6*(+)(+) 27(+*(152( 4(* -&*/)/&+* () 4(* 1&1(+)* 3**&./6* 4(* -3,)/?

.82(* 48 *<*)@1( 43+* 2( )(1-* E"$$F# GH-6,/1(+)32(1(+)> 23 :,3+4(8, -;<*/=8( 13.,&*.&-/=8(



 ! ! "#$%&'()* +,%,'+,'()*  !

"#$%&'# #$( %)# "*+#))# $%& ,# (#"-$. )*%$ -/&,*)$ 010 2#  !"#$$# %# &!'#((#3 45'16/)(0,,*))/7#

$5#8#1(%# $%& %)# -'&0*2# τ /$$#9 ,*)7%# /:) ;%# ,#$ -&*-&0'('$ 2% $+$(<"# $*0#)( 0)2'-#)2/)(#$

2# ,50)$(/)( 0)0(0/,. 15#$(=>=20&# $%& %) (#"-$ )'1#$$/0&# -*%& ;%# ,# $+$(<"# $# &#20$(&0?%# /%

6/$/&2 @ABC3 D0)$0. ,/ E/,#%& "*+#))# (#)2 E#&$ ,/ E&/0# E/,#%& 2# Aobservable F&#,/(0*) FG3HII J

Ātemps = lim
τ→∞

1

τ

∫ t0+τ

t0

A(~r N (t), ~pN (t)) dt FG3HI

*K t0 &#-&'$#)(# ,50)$(/)( 0)0(0/, 2# ,/ "#$%&#3 L, #M0$(# %)# /%(&# /--&*16#. 1#,,# 2# )!(%* +$$

#( ,-../. 1*)1#-(%#,,#"#)( 208'&#)(# 2# ,/ -&'1'2#)(#. -#&"#((/)( 25#$(0"#& %)# 7&/)2#%& -6+=

$0;%# "/1&*$1*-0;%# 2% $+$(<"# > ,5';%0,0?&# (6#&"*2+)/"0;%# @AB. GAAC3 N) #8#(. ,/ "'1/)0;%#

$(/(0$(0;%# -#&"#( 2# $%?$(0(%#& %) $+$(<"# 'E*,%/)( 2/)$ ,# (#"-$ -/& %) #)$#"?,# &#-&'$#)=

(/(0O 2# &'-,0;%#$ $0"%,(/)'#$ 2# 1# $+$(<"# -&'-/&'#$ 2/)$ ,# "P"# '(/( "01&*$1*-0;%#3 Q#$

&'-,0;%#$ $*)( $#"?,/?,#$ #( 20$(&0?%'#$ $%& (*%$ ,#$ '(/($ /11#$$0?,#$ @ABC3 R0 1#$ &'-,0;%#$. > %)

0)$(/)( 2*))' t. -&'$#)(#)( (*%(#$ 2#$ E/,#%&$ 208'&#)(#$ 2# ,/ 7&/)2#%& > "#$%&#& Aobservable. ,#%&

"*+#))# F"*+#))# 25#)$#"?,#I (#)2 E#&$ ,/ "*+#))# "#$%&'# 2/)$ ,# (#"-$ -*%& %) )*"?&# /$=

$#9 7&/)2 2# &'-,0;%#$3 Q5#$( ,50"&!%01/# #'2!3-45#. ,5%) 2#$ /M0*"#$ O*)2/"#)(/%M #) "'1/)0;%#

$(/(0$(0;%#. ;%0 $# (&/2%0( -/& ,/ &#,/(0*) FG3STI #) 1*)$02'&/)( %) )*"?&# 2# 1*):7%&/(0*)$ #(

%) (#"-$ 25'16/)(0,,*))/7# 0):)0$ @GAU. GAA. GAHC3

Aobservable = Ātemps = 〈Aensemble〉 FG3STI

4/  !"#$$# 36#$/# .(# $5'1&0( > )*"?&# 2# -/&(01%,#$. E*,%"# #( (#"-'&/(%&# 1*)$(/)($ 1*""#

2/)$ ,5';%/(0*) FG3SSI3

〈Aensemble〉 =

∫ ∫
d~r N d~pN A(~r N , ~pN ) exp[−βH(~r N , ~pN )]

∫ ∫
d~r N d~pN exp[−βH(~r N , ~pN )]

FG3SSI

Q#((# &#,/(0*) O/0$/)( /--/&/V(&# 2#$ 0)('7&/,#$ 2*%?,#$ 2#E&/0(. #) O/0(. #) /E*0& 6N 1*&&#$-*)2/)(

/%M 6N -*$0(0*)$ #( "*"#)($ 2#$ -/&(01%,#$ @GAAC3

 ! !" #$% $&%$'()$% *+$,'-./&0'123$% 3%3$)%

N) (6#&"*2+)/"0;%# $(/(0$(0;%#. %) #)$#"?,# (6#&"*2+)/"0;%# $# 2':)0( 1*""# ,5#)$#"?,#

2# (*%$ ,#$ '(/($ "01&*$1*-0;%#$ 25%) $+$(<"# 1*"-/(0?,# /E#1 ,#$ 1*)(&/0)(#$3 45#)$#"?,# "0=

1&*1/)*)0;%#. ,5#)$#"?,# 1/)*)0;%# #( ,5#)$#"?,# 7&/)2 1/)*)0;%# $*)( -/&"0 ,#$ -,%$ %(0,0$'$ #)

$0"%,/(0*) )%"'&0;%#3 W*%$ ,#$ 2'E#,*--*)$ 2/)$ ,/ $%0(# 2# 1#((# -/&(0#3



 !  !"#$%&' () *+%!,-'.

 !"#$%&# $'()*(+!*!',-#

"#$%&$'()$ '*+,-+.%-%*/0$ $&1 ,$2,3&$%1.1*4 5#0% &6&17'$ *&-)3 5$ )#$813,*$0,9 :% $;$1< +$

&6&17'$ $&1 +)-& $1 %$ 2$,'$1 2.& )#3+=.%>$ 5$ '.1*7,$< )#3+=.%>$ 5$ 1,.?.*) $1 )#3+=.%>$ 5$

+=.)$0,9 "$& 2.,.'71,$& $813,*$0,& +.,.+13,*&.%1 +$1 $%&$'()$ &-%1 )#3%$,>*$ *%1$,%$ E< )$ %-'(,$

5$ 2.,1*+0)$& N $1 )$ ?-)0'$ V 50 &6&17'$9 @$0)& )$& 31.1&  5#3%$,>*$ Ei 1$))$ /0$ E < Ei < E+δE

&-%1 .++$&&*()$& AδE $&1 )#*%+$,1*105$ &0, )#3%$,>*$ '.+,-&+-2*/0$ '$&0,3$ 50 &6&17'$B9 "$ %-'(,$

5$ +-'2)$8*-% AΩ(E)B< 5-%%.%1 )$ %-'(,$ 1-1.) 5$& 31.1& '*+,-&+-2*/0$& 2-&&*()$& 50 &6&17'$<

C-0$ 5.%& )#$%&$'()$ '*+,-+.%-%*/0$ )$ ,D)$ 5$ 4-%+1*-% 5$ 2.,1*1*-% E

Ω(N,V,E) ≡ 1

N ! h3N

∫ ∫

d~r N d~pN δ[H(~r N , ~pN ) − E]. AF9GFB

@0*?.%1 ). 53H%*1*-% 5$ ). '-6$%%$ 5#$%&$'()$< )#3%$,>*$ *%1$,%$ 5#0% &6&17'$ 5$ N 2.,1*+0)$&

*%5*&+$,%.()$& 5.%& )#$%&$'()$ '*+,-+.%-%*/0$ $&1 5-%%3$ 2., E

U(N,V,E) ≡ 1

N ! h3N Ω(N,V,E)

∫ ∫

d~r N d~pN δ[H(~r N , ~pN ) − E] U(~r N , ~pN ). AF9GIB

J., .*))$0,&< )$ 2-&10).1 4-%5.'$%1.) 5$ ). '3+.%*/0$ &1.1*&1*/0$ 2-&$ /0$ 2-0, 0% &6&17'$ *&-)3<

'.+,-&+-2*/0$'$%1 K )#3/0*)*(,$< 1-0& )$& 31.1& '*+,-&+-2*/0$& .++$&&*()$& &-%1 3/0*2,-(.()$&9

L*%&*< 2-0, 0% 31.1  5-%%3 ,$).1*4 K 0%$ 3%$>*$ E < Ei < E + δE &. 2,-(.(*)*13 5#-++02.M

1*-% $&1 Pi(Ei) = 1/Ω(E)9 "#$%1,-2*$ .&&-+*3$ K +$1 $%&$'()$ -N ). 5*&1,*(01*-% 5$& 31.1& $&1

'*+,-+.%-%*/0$ $&1 5#.2,7& )#3/0.1*-% AF9OB ). &0*?.%1$ E

S = −kB Ω(E)

[
1

Ω(E)
ln

(
1

Ω(E)

)]

= kB ln Ω(E). AF9G!B

 !"#$%&# (+!*!',-#

"#$%&$'()$ +.%-%*/0$ $&1 )#$%&$'()$ &1.1*&1*/0$ -N )$ %-'(,$ 5$ 2.,1*+0)$& N < )$ ?-)0'$ V

$1 ). 1$'23,.10,$ T &-%1 H83&9 P) $&1 ,$2,3&$%1.1*4 5#0% &6&17'$ 4$,'3 S &.%& 3+=.%>$ 5$ '.1*7,$

%* 5$ 1,.?.*) .?$+ )$ '*)*$0 $813,*$0, '.*& $% +-%1.+1 1=$,'*/0$ .?$+ 0% ,3&$,?-*, 5#3%$,>*$ R9

"#$%&$'()$ G =Q&6&17'$R,3&$,?-*,S $&1 *&-)3 $1 +-%50*1 K 0%$ 5*&1,*(01*-% 5#31.1& '*+,-+.%-M

%*/0$ TOUV9 "$ ,3&$,?-*, $1 )$ &6&17'$ &-%1 4.*()$'$%1 +-02)3& 5$ &-,1$ /0$ )$0,& 3%$,>*$& &-%1

+-%&*53,3$& +-''$ .55*1*?$& AE = ES + ERB9 J., .*))$0,&< )$ ,3&$,?-*, $&1 ($.0+-02 2)0& >,-&

/0$ )$ &6&17'$ AER ≫ ESB 5$ '.%*7,$ K +$ /0$ )#31.1 50 &6&17'$ *%W0$ 1,7& 2$0 &0, ). 5*&1,*(0M

1*-% &1.1*&1*/0$ 50 ,3&$,?-*, TFXYV9 L*%&*< )$ ,3&$,?-*, &$ +-'2-,1$ +-''$ 0% 1=$,'-&1.1 2-0, )$

&6&17'$ )0* >.,.%1*&&.%1 )$ '.*%1*$% 5$ &. 1$'23,.10,$9

Z-%&*53,-%& 0% 31.1  5#3%$,>*$ Ei 50 &6&17'$ S $1 α 5#3%$,>*$ Eα 50 ,3&$,?-*, R9 [% 31.1 5$

)#$%&$'()$ G =Q&6&17'$R,3&$,?-*,S $&1 +.,.+13,*&3 2., )$& *%5*+$& (i, α) 5#3%$,>*$ Ei+Eα9 G 31.%1

*&-)3< )$& 3%$,>*$& .&&-+*3$& .08 31.1& .++$&&*()$& 3/0*2,-(.()$&< 1$)& /0$ 53H%*& 5.%& )#$%&$'()$



 ! ! "#$%&'()* +,%,'+,'()*   

!"#$%#&'%'"()*+ ,%'- . E < Ei + Eα < E + δE &/*# Ei ≪ Eα0 1%',"23$&'- 2*, ,4,-5!*,

6&"78*!*'- #%)983,+ 8* '%!7$* 2:3-&-, &##*,,"78*, 2:3'*$;"* Ei 2) ,4,-5!* G *,- . ΩG(Ei) =

ΩS(Ei) × ΩR(E − Ei)0 <&#=&'- ()* 8*, 3-&-, 2) ,4,-5!* S %'- 8& !>!* 3'*$;"*+ 8& 9$%7&7"8"-3

Pi 9%)$ ()* 8* ,4,-5!* ,%"- 2&', 8:3-&-  *,- .

Pi =
ΩG(Ei)

ΩG(E)
=

ΩG(Ei)
∑

i ΩG(Ei)
=

ΩR(E − Ei)
∑

i ΩR(E − Ei)
. ?@0A B

C:"'D)*'#* 2) ,4,-5!* S 3-&'- '3;8";*&78* ,)$ 8* $3,*$/%"$ R+ 8:3'*$;"* Ei $*,-* 9*-"-* 2*/&'-

E0 E&$ #%',3()*'-+ '%), 9%)/%', *F*#-)*$ 8* 23/*8%99*!*'- 8"!"-3 2* 8:*'-$%9"* 2) $3,*$/%"$

SR(E − Ei) &) /%","'&;* 2* E .

SR(E − Ei) = SR(E) − Ei
∂SR(E)

∂E
+

E2
i

2

∂2SR(E)

∂E2
+ O((E − Ei)

3). ?@0AGB

C& -*!93$&-)$* !"#$%#&'%'"()* T 2) $3,*$/%"$ *,- 23H'"* #%!!* . 1/T = ∂SR(E)/∂E0 C&

$*8&-"%' ?@0AGB ,:3#$"- &8%$, .

SR(E − Ei) = SR(E) − Ei

T
+

E2
i

2

∂(1/T )

∂E
+ O((E − Ei)

3). ?@0AIB

<%), 8& 6%$!* !"#$%#&'%'"()*+ 8:*'-$%9"* 2) $3,*$/%"$ 9$*'2 &),," 8& 6%$!* ,)"/&'-* . SR(E−Ei) =

kB ln ΩR(E−Ei)0 J' #%!7"'&'- #*--* 2*$'"5$* *K9$*,,"%' &/*# 8& $*8&-"%' ?@0AIB 9$",* ,*)8*!*'-

&) 9$*!"*$ %$2$*+ '%), %7-*'%', .

ΩR(E − Ei) = exp

(
SR(E − Ei)

kB

)

= exp

(
SR(E)

kB

)

exp

( −Ei

kB T

)

. ?@0ALB

C& 9$%7&7"8"-3 Pi 9%)$ ()* 8* ,4,-5!* ,%"- 2&', 8:3-&-  *,- 2%'# .

Pi(Ei) =
exp

(SR(E)
kB

)
exp(−β Ei)

∑

i exp
(SR(E)

kB

)
exp(−β Ei)

=
exp(−β Ei)

∑

i exp(−β Ei)
?@0AMB

%N exp(SR(E)/kB) *,- )' -*$!* #%',-&'- *- β = 1/(kB T )0 C& $*8&-"%' ?@0AMB *,- &99*83* ! "#$ %

&'# () *+)() ,'- *- *,- $*9$3,*'-&-"/* 2:)' ,4,-5!* *' 3()"8"7$* &/*# )' -=*$!%,-&-0 exp(−βEi)

*,- 8* 6&#-*)$ 2* .(/#01+))0 C& -*!93$&-)$* *,- 23H'"* 2* 8:*K-3$"*)$ #%!!* )'* #%'-$&"'-*

&998"()3* &) ,4,-5!*0 E&$ #%',3()*'-+ 8:3'*$;"* D)#-)* 8"7$*!*'- *- ':*,- 98), #%',-&'-* OLGP0 C&

6%'#-"%' 2* 9&$-"-"%' 2* 8:*',*!78* #&'%'"()* ,:3#$"- .

Q(N,V, T ) =
∑

i

exp(−β Ei). ?@0@QB



 !  !"#$%&' () *+%!,-'.

"#$% &# &'(')* +&#%%',-* +*))* ./$+)'/$ 0* 1#2)')'/$ 1/-2 0*% 1#2)'+-&*% '$0'%+*2$#3&*% 0*4'*$) 5

Q(N,V, T ) ≡ 1

N !h3N

∫ ∫

d~r N d~pN exp(−β H(~r N , ~pN )) 67879:

#4*+ H(~r N , ~pN ) &;<#('&)/$'*$ +#2#+)=2'%#$) +*% N 1#2)'+-&*% 62*&#)'/$ 78 :8 >-'4#$) &# 0=?$')'/$

0* &# (/@*$$* 0;*$%*(3&*A -$* B2#$0*-2 1C@%',-* A(~r N , ~pN ) *%) 0=)*2('$=* +/((* 0#$% &#

2*&#)'/$ 67877: 5

A(N,V, T ) ≡ 1

N ! h3N Q(N,V, T )

∫ ∫

d~r N d~pN exp(−β H(~r N , ~pN )) A(~r N , ~pN ). 67877:

 !"#$%&# '()!*+,)!-!./0#

D;*$%*(3&* B2#$0 +#$/$',-* 0=+2') -$ %@%)E(* /-4*2) /F &* 1/)*$)'*& +C'(',-* µA &* 4/&-(*

V *) &# )*(1=2#)-2* T %/$) +/$%)#$)%8 "#$% +*) *$%*(3&*A -$ %@%)E(* S *%) *$ +/$)#+) #4*+

-$ B2#$0 2*%*24/'2 R #4*+ &*,-*& '& =+C#$B* $/$ %*-&*(*$) 0* &;=$*2B'* 6+C#&*-2: (#'% #-%%' 0*

&# (#)'E2*8 G*) *$%*(3&* 0/$$* 0*% '$./2(#)'/$% %-2 &* $/(32* 0* 1#2)'+-&*% (/@*$ 0#$% -$

%@%)E(* *$ ./$+)'/$ 0*% +/$0')'/$% *H)*2$*%8 I#2 *H*(1&*A 0#$% &;=)-0*% 0;#0%/21)'/$ 0;-$ J-'0*

0#$% -$ (#)=2'#- 1/2*-HA &# ,-#$)')= 0* (#)'E2* #0%/23=* *$ ./$+)'/$ 0* &# )*(1=2#)-2* *) 0*

&# 12*%%'/$ 0- 2=%*24/'2 #4*+ &*,-*& &* (#)=2'#- *%) *$ +/$)#+) *%) -$* 0/$$=* )2E% -)'&* K7LMN8

I#2 #'&&*-2%A =$*2B'* *) ,-#$)')= 0* (#)'E2* %/$) +/$%'0=2=*% +/((* 0*% 4#2'#3&*% '$)*2$*% 0-

%@%)E(* '%/&= G =O%@%)E(*P2=%*24/'2Q8 S *) R %/$) .#'3&*(*$) +/-1&=%8 D*% 4/&-(*% 0- %@%)E(*

S *) 0- 2=%*24/'2 R %/$) +/$%)#$)%8 D;=$*2B'* E = Ei + Eα 6R δE 12E%: *) &* $/(32* )/)#& 0*

1#2)'+-&*% N = Ni + Nα 0* G %/$) ?H=%8 "* 1&-%A &# )#'&&* 0- 2=%*24/'2 R =)#$) 3*#-+/-1 1&-%

B2#$0* ,-* &* %@%)E(* SA $/-% #4/$% Ei ≪ Eα *) Ni ≪ Nα8 D*% =)#)% #++*%%'3&*% (i, α) 0*

G =O%@%)E(*P2=%*24/'2Q %/$) )*&% ,-* E < Ei + Eα < E + δE *) Ni + Nα = N 8 D# 12/3#3'&')=

Pi 0;/3%*24*2 -$ =)#)  0- %@%)E(* *%) 5

Pi =
ΩG(Ei, Ni)

∑

i ΩG(Ei, Ni)
=

ΩR(E − Ei, N − Ni)
∑

i ΩR(E − Ei, N − Ni)
. 6787S:

G/((* 0#$% &;*$%*(3&* +#$/$',-*A &* $/(32* 0;=)#)% #++*%%'3&*% 0- 2=%*24/'2 %* 2*&'* R &;*$)2/1'*

('+2/+#$/$',-* 5

ΩR(E − Ei, N − Ni) = exp

(
SR(E − Ei, N − Ni)

kB

)

. 6787T:

U/-% *V*+)-/$% -$ 0=4*&/11*(*$) &'(')= 0* SR(E − Ei, N − Ni) #- 12*('*2 /202* 5

SR(E − Ei, N − Ni) = SR(E,N) −
(

∂SR

∂E

)

Nα

Ei −
(

∂SR

∂N

)

Eα

Ni 6787 :

/F (∂SR/∂E)Nα = 1/T *) (∂SR/∂N)Eα = −µ/T A #4*+ T &# )*(1=2#)-2* *) µ &* 1/)*$)'*&

+C'(',-* 0- B2#$0 2=%*24/'28 G/$%'0=2#$) &# 2*&#)'/$ 6787 :A &* $/(32* 0;=)#)% #++*%%'3&*% 0-



 ! ! "#$%&'()* +,%,'+,'()*  !

"#"$%&' "()*+,$ -./+" 0

ΩR(E − Ei, N − Ni) = exp

(
SR(E,N)

kB

)

× exp

(−Ei + µNi

kB T

)

. 123245

6- 7+/8-8,.,$) Pi 9' $+/:;'+ .' "#"$%&' S 9-<" .()$-$  9';,'<$ 0

Pi(Ei, Ni) =
exp(−β (Ei − µNi))

∑

i exp(−β (Ei − µNi))
=

exp(−β (Ei − µNi))

Ξ(µ, V, T )
1232!5

/= Ξ(µ, V, T ) '"$ .- >/<*$,/< 9' 7-+$,$,/< 9' .('<"'&8.' ?+-<9 *-</<,@:'3 A..' 7':$ "()*+,+' B

7-+$,+ 9' .- >/<*$,/< 9' 9,"$+,8:$,/< *-</<,@:' 0

Ξ(µ, V, T ) =
∑

i

exp(−β (Ei − µNi)) =
∑

i

Q(Ni, V, T ) × exp(β µ)Ni . 1232C5

6- +'.-$,/< 1232!5 '"$ -77'.)' ! "#$ %&# '( )$*(! +*('( ,&- '$ '"$ +'7+)"'<$-$,;' 9(:< "#"$%&' '<

)@:,.,8+' *-7-8.' 9()*D-<?'+ 9' .()<'+?,' '$ 9' .- &-$,%+' EC4F 2GHI3 J-<" .- .,&,$' *.-"",@:' '$

7/:+ N 7-+$,*:.'" ,<9,"*'+<-8.'"F *'$$' >/<*$,/< 9';,'<$ 0

Ξ(µ, V, T ) ≡
∞∑

N=0

exp(βµN) V N

N ! h3N

∫ ∫

d~r N d~pN exp(−β H(~r N , ~pN )). 1232G5

K:,;-<$ .- 9)L<,$,/< 9' .- &/#'<<' 9('<"'&8.'F :<' ?+-<9':+ 7D#",@:' A(~r N , ~pN ) '"$ 9)$'+&,<)'

*/&&' 9-<" .- +'.-$,/< 123MH53

A(µ, V, T ) ≡
∞∑

N=0

exp(βµN) V N

N ! h3N Ξ(µ, V, T )

∫ ∫

d~r N d~pN exp(−β H(~r N , ~pN )) A(~r N , ~pN ). 123MH5

A<L<F .'" 7+/7+,)$)" $D'+&/9#<-&,@:'" 9: "#"$%&' "' +'$+/:;'<$ B 7-+$,+ 9' .('N7+'"",/< 9' .-

?+-<9' >/<*$,/< 9' 7-+$,$,/<3 O,<",F </:" 7/:;/<" &/<$+'+ @:' .' </&8+' &/#'< 9' 7-+$,*:.'" '$

.()<'+?,' ,<$'+<' 9: "#"$%&' "/<$ 9/<<)" 7-+ 0

〈N〉 =
1

β

∂lnΞ(µ, V, T )

∂µ
et 〈U〉 = −∂lnΞ(µ, V, T )

∂β
. 123MP5

Q/:" 7/:;/<" )?-.'&'<$ 9)*+,+' .'" R:*$:-$,/<" "$-$,"$,@:'" 9: </&8+' 9' 7-+$,*:.'" 7-+ 0

〈N2〉 − 〈N〉2 =
∂〈N〉
∂βµ

. 123M25

6'" )@:-$,/<" 123MP5 ,&7/"'<$ 7-+ -,..':+" .- +'.-$,/< ":,;-<$' 0

∂〈N〉
∂β

= −∂〈U〉
∂βµ

. 123MM5



 !  !"#$%&' () *+%!,-'.

"# $%&'( ')*+),- .&# 〈N〉 #'- &,# /0,*-10, 2# β #- 2# µ #- *0,,)1''),- %) 3#%)-10, 456778( ,0&'

)90,' 20,* :

∂βµ

∂β
=

∂〈N〉
∂β

∂〈N〉
∂βµ

= −
∂〈U〉
∂βµ

∂〈N〉
∂βµ

= − ∂〈U〉
∂〈N〉 . 4567;8

<1 %# *0=$03-#=#,- 2& 3>'#39013 #'- *#%&1 2?&, @)A $)3/)1-( '0, $0-#,-1#% *+1=1.&# µ #- ') $3#''10,

p '0,- 3#%1>' $)3 %?#B$3#''10, :

exp(βµ)

Λ3
=

p

kBT
. 4567 8

C?1,-302&*-10, 2# *#--# 3#%)-10, 2),' %?>@)%1-> 4567;8 $#3=#- 2?0D-#,13 &,# #B$3#''10, 2# %?#,-+)%E

$1# 21F>3#,-1#%%# ∆ḣ :

−∆ḣ = kB

(
∂lnp

∂1/T

)

〈N〉

= kBT − ∂〈U〉
∂〈N〉 . 4567G8

H#--# .&),-1-> 20,,# %) 21F>3#,*# 2?#,-+)%$1# #,-3# 2#&B >-)-' $30*+#' 2& 'I'-J=# *)3)*->31'>'

$)3 2#' -31$%#-' (〈N〉, 〈U〉, µ)6 K0&3 %?)2'03$-10, 2?&, @)A '&3 &,# '&3/)*#( ,0&' $0&90,' 2>L,13 &,#

.&),-1->( %) *+)%#&3 1'0'->31.&# 2?)2'03$-10, qst( 3>$3>'#,-),- %?0$$0'> 2# %?#,-+)%$1# 21F>3#,-1#%%#

2?)2'03$-10, : qst = −∆ḣ( .&1 2>*31- %?>90%&-10, 2# %?>,#3@1# 1,-#3,# 2& 'I'-J=# #, /0,*-10, 2#

%) .&),-1-> )2'03D>#6

 !" #$ %&'()*+ ,)-'+./$01)

M'- @>,>3)%#=#,- )$$#%> N0,-#EH)3%0 -0&-# =>-+02# .&1 *)%*&%# &,# 9)%#&3 ,&=>31.&# $)3

2#' $30*>2>' )%>)-013#' 4-#*+,1.&#' $30D)D1%1'-#'86 M, $+I'1.&# '-)-1'-1.&#( *#--# =>-+02# $#3=#-

2?>9)%&#3 %#' 1,->@3)%#' =&%-121=#,'10,,#%%#' )$$)3)O''),- 2),' %# *)%*&% 2# %) =0I#,,# 2?#,'#=D%#

2?&,# $30$31>-> $+I'1.&# 20,,># P5QRS6 "),' &,# $3#=1J3# $)3-1#( ,0&' $3>'#,-0,' %) =>-+02#

N0,-#EH)3%0 )9#* >*+),-1%%0,,)@# $)3 1=$03-),*#6 "),' &,# '#*0,2# $)3-1#( %# $31,*1$# 2# %?)%E

@031-+=# 2#  !"#$%$&'( 3#$0'),- '&3 %) *+)O,# 2#  )#*$+ )$$%1.&> T %?#,'#=D%# *),0,1.&# #'-

>90.&>6 M,L,( 2),' &,# -301'1J=# $)3-1#( ,0&' #B$0'0,' %?#B-#,'10, 2# %?)%@031-+=# 2#  !"#$%$&'(

T %?#,'#=D%# @3),2 *),0,1.&#6

 !"!# $%&'()*++,(('-. /'0 *1/,0)'(%.

K0&3 D1#, *0=$3#,23# %?12># 2?>*+),-1%%0,,)@# $)3 1=$03-),*# 2>9#%0$$># 2),' %) =>-+02#

N0,-#EH)3%0( ,0&' ,0&' 3#$0'0,' '&3 %?#B#=$%# 2# %?1,->@3)-10, ,&=>31.&# 2?&,# /0,*-10, &,121E

=#,'10,,#%%# f(x) $0&3 x ∈ [a, b] :

I =

∫ b

a
f(x)dx. 4567U8

<&$$0'0,' &,# 9)%#&3 y0 .&1 #'- $31'# -#%%# .&?#%%# #,*)23# %) /0,*-10, f(x) '&3 %?1,-#39)%%# [a, b](

'01- y0 > f(x), ∀x ∈ [a, b]6 "# *#--# =),1J3#( %?)13 *0,-#,& '0&' %) *0&3D# f(x)( .&1 ,?#'- 31#,

2?)&-3# .&# I( #'- $30$03-10,,#%%# T %?)13 /03=> $)3 %# 3#*-),@%# .&1 %?#,*)23# I0 = y0 × (b − a)6



 !"! #$ %&'()*+ %),'+-.$/#)  !

"#$%&$'(#$$&))&*&$'+ )& ,-),.) /& I 01&2&,'.& 3-4 .$ *-())-5& 465.)(&4 /& 3#($'0 (xi, yi) /-$0

)1-(4& I07 8& $#*94& '#'-) /& 3#($'0 -($0( :#4*6 &0' n7 ;( .$ 3#($' 0& '4#.%& /-$0 )- 0.4:-,& I

/6<$( 3-4 f(x)+ )& $#*94& ns -.5*&$'& /1.$& .$('67 =#.4 .$ $#*94& -00&> 54-$/ /& 3#($'0 n+

)1($'654-)& I 3&.' -)#40 ?'4& &0'(*6& @

I = lim
n→∞

ns

n
× I0 ≃ ns

n
× I0. AB7CDE

F. )(&. /16'-9)(4 .$ *-())-5& 465.)(&4 /& 3#($'0 (xi, yi)+ () &0' 3#00(9)& /& 56$64&4 -)6-'#(4&*&$'

,&' &$0&*9)&7 G-$0 ,& ,-0+ ns ,#44&03#$/ -. $#*94& /& 3#($'0 H.( 0& '4#.%&$' /-$0 )- 0.4:-,&

I+ )& $#*94& /& 0.,,I0+ &' n ,#44&03#$/ -. $#*94& '#'-) /1&00-(07 G& )- *?*& *-$(I4& H.&

346,6/&**&$'+ )- 4&)-'(#$ AB7CDE 3&4*&' /1&0'(*&4 )1($'654-)& I7 "&''& /&4$(I4& :-J#$ /& ,-),.)&4

I &0' -33&)6& *6'K#/& L#$'&M"-4)# -%&, '(4-5& 3-4 $#(4 #. 9)-$, NB!BO7 ;#$ ($,#$%6$(&$' *-P&.4

&0' H.1&))& ,#$%&45& '4I0 )&$'&*&$'+ ,-4 () &0' $6,&00-(4& /1&2&,'.&4 .$ '4I0 54-$/ $#*94& /1&00-(0

3#.4 H.& )1&44&.4 3-4 4-33#4' Q )- %-)&.4 46&))& 0#(' 0-'(0:-(0-$'&7 R$ :-('+ )1($'654-)& AB7CSE 3&.'

0& 466,4(4& 0#.0 )- :#4*& @

I = (b − a)〈f(x)〉 AB7C!E

#T 〈f(x)〉 &0' )- *#U&$$& $#$ 3#$/646& /& f(x) 0.4 )1($'&4%-))& [a, b]7 R$ 34&$-$' .$& /(0'4(9.'(#$

/& 34#9-9()('6 .$(:#4*& /& n 3#($'0 xi 0.4 )1($'&4%-))& [a, b] &' &$ ,-),.)-$' )- %-)&.4 /& )- :#$,'(#$

3#.4 ,K-,.$ /& ,&0 3#($'0+ .$& &0'(*-'(#$ /& )1($'654-)& AB7CSE &0' #9'&$.& 3#.4 .$ n -00&> 54-$/

-%&, )1&V34&00(#$ @

In =
b − a

n

n∑

i=1

f(xi). AB7WXE

G-$0 )1($'&4%-))& ,#$0(/646 )- /&$0('6 /& 34#9-9()('6 &0' ,#$0'-$'&+ '#.'&0 )&0 %-)&.40 /& f(xi) 0#$'

6H.(34#9-9)&07 =-4 -())&.40+ )16,K-$'())#$$-5& &0' K#*#5I$& 0(5$(<-$' H.& '#.'&0 )&0 465(#$0 /&

)1($'&4%-))& [a, b] 0#$' .$(:#4*6*&$' %(0('6&7 "&''& *6'K#/& &0' H.-)(<6& /& L#$'&M"-4)# 6)6*&$M

'-(4& A#. 0(*3)&E7 8- ,#$%&45&$,& &0' &0'(*6& Q 3-4'(4& /& )- %-4(-$,& /& )- 0#**& In @

σ2 =
1

n2

n∑

i=1

n∑

j=1

(f(xi) − 〈f(xi)〉)(f(xj) − 〈f(xj)〉) =
1

n
(〈f(x)2〉 − 〈f(x)〉2). AB7WYE

Z(&$ H.1-*6)(#46& 3-4 4-33#4' -. '(4-5& 3-4 $#(4 #. 9)-$,+ )- ,#$%&45&$,& -%&, .$& /63&$/-$,&

&$ 1/n 4&0'& -00&> )&$'& 0.4'#.' 0( )- :#$,'(#$ f &0' :#4'&*&$' ($K#*#5I$&7 R$ &2&'+ )16,K-$M

'())#$$-5& /&0 465(#$0 #T f(x) &0' :-(9)& &0' '4#3 (*3#4'-$' ,#*3-46 Q ,&))&0 #T f(x) &0' 6)&%67

[$ 4&*I/& Q ,&)- &0' /1.'()(0&4 .$& /(0'4(9.'(#$ -)6-'#(4& /& $#*94&0 xi $#$ .$(:#4*& H.( 0#$/&

*(&.V )&0 465(#$0 /& )1($'&4%-))& [a, b] #T )&0 %-)&.40 /& f 0#$' 0(5$(<,-'(%&07 =#.4 ,& :-(4&+ .$&

/&$0('6 /& 34#9-9()('6 $#$ .$(:#4*& ρ(x) 4&34#/.(0-$' )& ,#*3#4'&*&$' /& f(x) &' ($'654-9)&

-$-)U'(H.&*&$' &0' ,#$0(/646&7 =-4 -())&.40+ ,&''& /(0'4(9.'(#$ &0' ,K#(0(& $#4*6& 0.4 )1($'&4%-))&



 !  !"#$%&' () *+%!,-'.

[a, b] "
∫ b

a
ρ(x)dx = 1. #$%&$'

()*+,-./012 #$%34' 52 /--6/*, 5785 10 97/:2 "

I =

∫ b

a

f(x)

ρ(x)
ρ(x)dx. #$%&3'

;78/ ρ(x) ,78<78/5 =75*,*9> *1 +785 25, =755*?12 @2 =752/ du = ρ(x)dx 0A26 u(a) = a 2, u(b) = b

#6B0+.2:2+, @2 A0/*0?12'% C785 0A7+5 017/5 "

I =

∫ b

a

f(x(u))

ρ(x(u))
du #$%&&'

2, 1)25,*:0,*7+ @2 1)*+,-./012 $%&& 5)-6/*A0+, D =0/,*/ @2 10 A0128/ :7E2++2 @2 f(x) 2112F:G:2

:7E2++2 @2 10 97+6,*7+

f(x(u))
ρ(x(u)) =7+@-/-2 =0/ ρ(x(u)) 25, @7++-2 =0/ "

I ≃ b − a

n

n∑

i=1

f(x(ui))

ρ(x(ui))
#$%&H'

0A26 n 0552I ./0+@% J7::2 @0+5 10 :-,B7@2 -1-:2+,0*/2> 10 A0/*0+62 "

σ2 =
1

n

(〈(
f(x(u))

ρ(x(u))

)2〉

−
〈

f(x(u))

ρ(x(u))

〉2)

#$%& '

25, @-=2+@0+,2 @2 1/n% J2=2+@0+,> 1)-60/, ,E=2 K8* 18* 25, 05576*- 25, 67+5*@-/0?12:2+, /-F

@8*, L$MN> $NOP% J2,,2 :-,B7@2 0==21-2  !"#$%&''($$#)* +#, &-+(,%#$!* 25, ?*2+ =185 2Q6062 K82

10 :-,B7@2 -1-:2+,0*/2 ,78, 2+ .0/@0+, 8+2 :2*1128/2 =/-6*5*7+ =0/ /0==7/, D 10 :-,B7@2 =0/

,*/0.2 =0/ +7*/ 78 ?10+6% C-0+:7*+5> ,78, @-=2+@ *6* @8 6B7*R @2 ρ(x)% S+ 2T2,> 2+ =/2+0+, ρ(x)

=/7=7/,*7++21 D f(x)> /2+@0+, 12 /0==7/, f(x)/ρ(x) 67+5,0+,> 10 A0/*0+62 5)0++812% U78,297*5>

6)25, 8+ 605 *@-01 2, /2+@8 =755*?12 K8)D 8+2 52812 @*:2+5*7+% ;78/ @25 *+,-./0125 @2 @*:2+5*7+5

58=-/*28/25> 12 6B0+.2:2+, @2 A0/*0?12 90*, *+,2/A2+*/ 10 A0128/ 0?57182 @)8+ <067?*2+ L$NOP% V1

25, @2 62 90*, @*Q6*12 @2 ,/78A2/ *+,8*,*A2:2+, 12 ?7+ 6B0+.2:2+, D 2T26,82/ =78/ 7?,2+*/ 8+2

97+6,*7+ ρ(x) 50,*590*50+,2% J26* 25, @)08,0+, =185 A/0* @0+5 12 605 @25 2+52:?125 5,0,*5,*K825 @2

10 ,B2/:7@E+0:*K82 7W *1 908@/0*, ,/78A2/ 8+2 ,/0+597/:0,*7+ K8* =2/:2,,/0*, @2 .-+-/2/ @25

=7*+,5 @0+5 1)25=062 @25 =B0525 0A26 8+2 @2+5*,- @2 =/7?0?*1*,- ρ =/7=7/,*7++2112 08 906,28/ @2

.('%/-#$$ L$MNP% S+ 90*,> 8+2 67+@*,*7+ +-62550*/2> :0*5 +7+ 58Q50+,2> 52/0*, @2 67++0X,/2 0+0F

1E,*K82:2+, 10 97+6,*7+ @2 =0/,*,*7+ @8 5E5,Y:2 K80+,*,- K8* # +,&(,& +2 =28, G,/2 @-,2/:*+-2

@*/26,2:2+, 5089 @0+5 62/,0*+5 :7@Y125 5*:=125 67::2 12 :7@Y12 @)01&$) 78 12 :7@Y12 ZSU% S+

2T2,> *1 908@/0*, 57+@2/ ,78, 1)25=062 @25 =B0525% [*+012:2+,> :G:2 5* 10 :-,B7@2 @)-6B0+,*117+F

+0.2 =0/ *:=7/,0+62 +)25, =05 8,*1*5-2 ,2112 K8)2112 @0+5 +75 5*:810,*7+5> 2112 2+ :7+,/2 ?*2+ 10



 !"! #$ %&'()*+ %),'+-.$/#)  !

"#$%&'&"#$( )*$ ('+ ,-(."%&/(/ %(' /01$&2' )*$ 2&*' $2+0/(''(2+3

 !"! #$%&'()*+, -, .,)'&/&$(0 1 2//$(32)(&4 5 $6,40,+7$, 324&4(89,

4( "%*' '&*5(2+ (2 60782$)*( '+8+$'+$)*( 7( 2-('+ "8' %8 9&27+$&2 ,( "8/+$+$&2 (%%(:6;6( )*$

2&*' $2+0/(''(< 68$' %8 58%(*/ 6&=(22( ,-*2( 1/82,(*/ "#='$)*( A3 >2 '( "%8?82+ ,82' %-(2'(6@%(

782&2$)*(< A 2&6@/( ,( "8/+$7*%(' N < 5&%*6( V (+ +(6"0/8+*/( T 7&2'+82+'< 2&*' 85&2' 5* )*(

7(++( ,(/2$B/( '-07/$+ C/(%8+$&2 D3DDE 7&66( *2( $2+01/8%( 6*%+$,$6(2'$&22(%%( ,( %-('"87( C6N

,$6(2'$&2'E3 F&*' 85&2' 018%(6(2+ 5* )*( %-G86$%+&2$(2 H(~r N , ~pN ) ,* '='+B6( ('+ %8 '&66(

,( %-02(/1$( 7$20+$)*( K(~pN ) (+ ,( %-02(/1$( "&+(2+$(%%( U(~r N )3 H8/ 8$%%(*/'< A %-0)*$%$@/( %('

"/&"/$0+0' "#='$)*(' ,-*2 '='+B6( 2( ,0"(2,(2+ "8' (."%$7$+(6(2+ ,(' )*82+$+0' ,( 6&*5(6(2+3

I82' %-8""/&.$68+$&2 7%8''$)*(< $% ('+ 8$2'$ "&''$@%( ,( ,$'+$21*(/ %(' $2+01/8%(' ,( "&'$+$&2 ,('

$2+01/8%(' '*/ %(' $6"*%'$&2'3 48 9&27+$&2 ,( "8/+$+$&2 Q(N,V, T ) ,(5$(2+ 8%&/' J

Q(N,V, T ) ≡ 1

N ! h3N

∫

d~r N exp(−β U(~r N ))

∫

d~pN exp(−β K(~pN ))

≡ 1

N ! h3N

∫

d~r Nexp(−β U(~r N ))

∫

d~pN exp

(

− β
(~pN )2

2m

)

.

CD3KLE

M %-0)*$%$@/(< 2&*' "&*5&2' 6&2+/(/ )*( %-$2+01/8%( '*/ %(' $6"*%'$&2' ,&22( (2mπ/β) 3N/2
85(7 m

%8 68''( ,-*2( "8/+$7*%( (+ h %8 7&2'+82+( ,(  !"#$%3 N87#82+ )*( %8 %&21*(*/ ,-&2,( +#(/6$)*(

,( &' ()*+!,' ('+ ,0O2$( 7&66( Λ =
√

βh2/2mπ< 2&*' 85&2' J

Q(N,V, T ) ≡ 1

N ! Λ3N

∫

d~r N exp(−β U(~r N )) =
1

N ! Λ3N
Z ′(N,V, T ) CD3KPE

85(7 Z ′(N,V, T ) %-$2+01/8%( ,(' 7&2O1*/8+$&2'3 I( %8 6;6( 682$B/(< %8 6&=(22( ,( %8 1/82,(*/

"#='$)*( A %-0)*$%$@/( '-07/$+ 7&66( J

A(N,V, T ) =

∫

d~r N exp(−β U(~r N ))

Z ′(N,V, T )
A(~r N ) =

∫

d~r N ρ(~r N ) A(~r N ) CD3KQE

&R ρ(~r N ) ('+ %8 ,(2'$+0 ,( "/&@8@$%$+03 F&*' 85&2' 5* ,82' %8 "8/+$( "/070,(2+( )*-(2 1020/8%

$% 2-0+8$+ "8' "&''$@%( ,8 78%7*%(/ 828%=+$)*(6(2+ %8 9&27+$&2 ,( "8/+$+$&23 S% (2 58 ,( 6;6(

"&*/ %-$2+01/8%( ,(' 7&2O1*/8+$&2'3 MO2 ,-&*+/("8''(/ 7(++( ,$T7*%+0 9&2,86(2+8%(< %8 60+#&,(

U&2+(:V8/%& 85(7 07#82+$%%&2281( "8/ $6"&/+827( ('+ *+$%$'0(3 W&*+ %-(2X(* ('+ ,-0+8@%$/ %-(2'(6@%(

,-0+8+' , ,$'+/$@*0' '*$582+ %8 ,(2'$+0 ,( "/&@8@$%$+0 ρ(~r N )3

Y2 ,(' 6&=(2' ,( %( 98$/( ('+ ,( 1020/(/ %-(2'(6@%( ,-0+8+' , A "8/+$/ ,-*2( 7#8Z2( ,( -")%*.

)*$ /("&'( '*/ %( "/$27$"( ,( %8 68/7#( 8%08+&$/(3 V#8)*( "8' ('+ ,07&//0%0 ,( '&2 "8''0 C"(/+( ,(

606&$/(E (+ 2( ,0"(2, )*( ,( '&2 0+8+ "/070,(2+ (i− 1)3 I( 7( 98$+< %8 7#8Z2( ,( -")%*. /0"&2,

A 7(' ,(*. 7&2,$+$&2' J ,/ %( /0'*%+8+ ,( 7#8)*( "8' ('+ '(*%(6(2+ ,0"(2,82+ ,* "8' "/070,(2+ (+



 !  !"#$%&' () *+%!,-'.

  ! "#$%&' ($) $(($*+,'-+ . &- '-)'/01' 2' *3)&1+$+) (4)),01') 5!6678 94&) $(('14-) π(i → j) 1$

(*40$0,1,+3 2' +*$-),+,4- ('*/'++$-+ 2:$11'* 2:&- 3+$+  ;'*) &- 3+$+ "8 <, M ')+ 1' -4/0*' +4+$1

2:3+$+) $""')),01') 2& )=)+>/'? 1:'-)'/01' 2') ;$1'&*) π(i → j) )4-+ 1') "4'@",'-+) 2' 1$ /$+*,"'

2' +*$-),+,4- π A4& /$+*,"' 2' +*$-)B'*+C 2' 2,/'-),4- M × M 8 D:')+ &-' /$+*,"' )+4"#$)+,%&'

%&, *3(4-2 . 1$ "4-2,+,4- 2' -4*/$1,)$+,4- E

∑

i

π(i → j) = 1. A!8FGC

H4*)%&:,1 ')+ $++',-+? 1:3%&,1,0*' -' 24,+ ($) I+*' *4/(&8 J&+*'/'-+ 2,+? (4&* &- 3+$+ )+$+,4--$,*'?

1' -4/0*' 2' 23(1$"'/'-+) $""'(+3) . ($*+,* 2:&- 3+$+  ;'*) +4&) 1') $&+*') 3+$+) " 3K$1' 1' -4/0*'

2' 23(1$"'/'-+) $""'(+3) "4-2&,)$-+ . 1:3+$+  '- %&,++$-+ +4&) 1') $&+*') 3+$+) " 5!6L? !L!78 J,-), E

∑

i

ρi π(i → j) =
∑

j

ρj π(j → i) A!8FMC

4N ρi ')+ 1$ (*40$0,1,+3 2:I+*' 2$-) 1:3+$+  8 O- (*$+,%&'? &-' "4-2,+,4- (1&) )3;>*' ')+ ,/(4)3' $;'"

&- -4/0*' /4='- 2' 23(1$"'/'-+) $""'(+3) . ($*+,* 2:&- %&'1"4-%&' 3+$+  ;'*) -:,/(4*+' %&'1

3+$+ " 3K$1 $& -4/0*' /4='- 2' 23(1$"'/'-+) ,-;'*)')8 D:')+ 1$ "4-2,+,4- 2' /,"*4*3;'*),0,1,+3

A4& 2' 0,1$- 23+$,113C P 1$ (*40$0,1,+3 2' ($))$K' 2' 1:3+$+  . 1:3+$+ " ')+ 1$ /I/' %&' "'11' %&,

('*/'+ 2' ($))'* 2' " .  E

ρi π(i → j) = ρj π(j → i). A!8F!C

Q1 'R,)+' (1&),'&*) B4*/') (4)),01') 2' 1$ /$+*,"' 2' +*$-),+,4- (4&;$-+ )$+,)B$,*' 1$ *'1$+,4- A!8F!C8

O- (*$+,%&'? π(i → j) ')+ "4-)+*&,+' '- (*'-$-+ '- "4/(+' 1') 2'&R 3+$(') 2:&- ($) S4-+'TD$*148

H$ (*'/,>*' ')+ &- '))$, 'U'"+&3 (4&* $11'* 2' 1:3+$+  . 1:3+$+ " 4N 1$ /$+*,"' 2' +*$-),+,4-

('*/'++$-+ 1$ *3$1,)$+,4- 2' "'+ '))$, ')+ -4+3' α(i → j)8 D'++' 2'*-,>*' ')+ $(('13' 1$ /$+*,"'

2' 0$)' 2' 1$ "#$V-' 2' #$%&'( 5!6L78 H$ )'"4-2' 3+$('? "4-),)+' . "#4,),* ), 1' ($) 'U'"+&3 2'

1:3+$+  . 1:3+$+ " ')+ $""'(+3 4& -4-? $;'" acc(i → j) 1$ (*40$0,1,+3 2:$""'(+'* &- +'1 '))$,8 O-

"4-)3%&'-"'? 1$ (*40$0,1,+3 2' +*$-),+,4- ):3"*,+ E

π(i → j) = α(i → j) × acc(i → j). A!8FWC

X$-) 1:$1K4*,+#/' 2' #)*%'+', - 4*,K,-$1? 1$ /$+*,"' α ')+ )=/3+*,%&' "$* ,1 -:= $ $&"&-' *$,)4-

2' B$;4*,)'* &- )'-) 2' 23(1$"'/'-+ Aα(i → j) = α(j → i)C8 Y$* "4-)3%&'-+? 1$ "4-2,+,4- 2'

/,"*4*3;'*),0,1,+3 A!8F!C 2';,'-+ E

ρi acc(i → j) = ρj acc(j → i). A!8FZC

D4-),23*$-+ 1$ 2'-),+3 2' (*40$0,1,+3 23[-,' (4&* 1:'-)'/01' "$-4-,%&' '+ 1$ *'1$+,4- A!8FZC? 1$



 !"! #$ %&'()*+ %),'+-.$/#)  !

"#$%&%'(')* +,&--.")&/-. acc(i → j) 0,*-#') '/+*"./+&11./) +. (,'/)*2#&(. +.0 -$/324#&)'$/0 5

acc(i → j)

acc(j → i)
=

ρj

ρi
= exp(−β(Uj − Ui)). 67899:

;$4# 0&)'0<&'#. (& -$/+')'$/ *)&%('. +&/0 (& #.(&)'$/ 67899:= '( .>'0). "(40'.4#0 -?$'> "$4# (& "#$@

%&%'(')* +,&--.")&/-. acc(i → j)8 A. -?$'> +.  !"#$%$&'( !" )&* B7C!D "$4# *-?&/)'(($//.# (,.0"&-.

+.0 -$/324#&)'$/0 B7ECD <4) (. 04'F&/) 5

acc(i → j) =
ρj

ρi
si ρj < ρi

= 1 si ρj ≥ ρi.
6789 :

A& "#$%&%'(')* +. )#&/0')'$/ "$4# "&00.# +,4/ *)&) ' G 4/ *)&) + +.F'./) +$/- 5

π(i → j) = α(i → j) si ρj ≥ ρi

= α(i → j)
ρj

ρi
si ρj < ρi

π(i → i) = 1 −
∑

j 6=i

π(i → j).

6789H:

I$)$/0 J4,./ +.?$#0 +. (& -$/+')'$/ +. 0K1*)#'. 04# (& 1&)#'-. α= .((. /,& "&0 *)* 0"*-'3*. (&'00&/)

4/. 2#&/+. F&#'*)* +. -?$'> 04# (.0 .00&'0 L$/).@M&#($ B7ECD8 A& 04'). L&#N$F'.//. +,*)&)0 &'/0'

*(&%$#*. -$/F.#2. ) %#'$#' F.#0 4/. "$"4(&)'$/ +,*)&)0 #."#*0./)&)'F. +. (,*)&) +,*J4'('%#. +4

0K0)O1.8 P/ "#&)'J4.= (& 2*/*#&)'$/ +. -.)). -?&Q/. .0) $%)./4. 2#R-. G (,&(2$#')?1. +. !"#$%$&'(

 !"# 78S T U-?*1& +. (& "#$%&%'(')* +,&--.")&)'$/ +4 "&00&2. +,4/ *)&) ' G 4/ *)&) + +&/0

(,&(2$#')?1. +.  !"#$%$&'( 6+,&"#O0 B7C7D:8



 !  !"#$%&' () *+%!,-'.

"#$ %& '()%&*+& ,& -. /.*$0(& %#$1.*+& 234#(& 5678 9

76 :.-;#- ,& -<)*&(4$& Ui ,& -. ;=*34#(.+$=* $*$+$.-&>

56 ;?=$@ .-).+=$(& ,<#*& /=-);#-& ,# %A%+0/&>

B6 .''-$;.+$=* ,<#* ,)'-.;&/&*+>

!6 ;.-;#- ,& -<)*&(4$& Uj ,& -. ;=*34#(.+$=* *=#1&--&/&*+ =C+&*#&>

D6 .;;&'+.+$=* ,# ,)'-.;&/&*+ .1&; -. '(=C.C$-$+) 9

acc(i → j) = min[1, exp{−β(Uj − Ui)}]. 256DE8

F.;?.*+ "#& acc(i → j) = min[1, γ] %$4*$3& "#& -. ;=*34#(.+$=* 3*.-&  %&(. .;;&'+)& %$ -& +&(/&

γ &%+ %#')($&#( G #* *=/C(& ;?=$%$ .-).+=$(&/&*+ ,.*% -<$*+&(1.--& [0, 1]6

H- (&%+& G ,)3*$( -. /.+($;& ,& C.%& α ,& -. ;?.I*& ,& !"#$%& '=#( -& '.%%.4& ,<#*& ;=*3J

4#(.+$=* ' G #*& ;=*34#(.+$=*  6 K* '()%&*;& ,& /=-);#-&% ($4$,&% ,&#@ +A'&% ,& ,)'-.;&/&*+

.# ?.%.(, '&#1&*+ L+(& &M&;+#)% 9 %=$+ #*& +(.*%-.+$=*> %=$+ #*& (=+.+$=*6 N.*% -& '(&/$&( ;.%>

-& '.%%.4& ,<#* )+.+ G #* .#+(& %<&M&;+#& &* ().-$%.*+ #* ,)'-.;&/&*+ /.@$/#/ δr ,<#*& =#

'-#%$&#(% /=-);#-&% 2&* O=*;+$=* ,# %A%+0/& )+#,$) &+ .3* ,<.1=$( #* );?.*+$--=**.4& &P;.;&8 9

xj = xi + (2ξx − 1) δr

yj = yi + (2ξy − 1) δr

zj = zi + (2ξz − 1) δr

256DQ8

=R ξx> ξy &+ ξz %=*+ +(=$% *=/C(&% .-).+=$(&% ,=*+ -. 1.-&#( &%+ ;=/'($%& ,.*% -<$*+&(1.--& [0, 1]6

N.*% -& %&;=*, ;.%> -& '.%%.4& ,<#* )+.+ G #* .#+(& %<&M&;+#& &* ().-$%.*+ #*& (=+.+$=* ,<.*4-&

/.@$/#/ δa ,& -. /=-);#-& .#+=#( ,& %=* ;&*+(& ,& /.%%&6 S&% 1.($.+$=*% ,<.*4-& %#$1.*+ -&%

+(=$% .*4-&% ,<K#-&( ψ> θ &+ φ %=*+ .-=(% 9

dψ = (2ξψ − 1) δa

dθ = (2ξθ − 1) δa

dφ = (2ξφ − 1) δa

256 T8

=R ξψ> ξθ &+ ξφ %=*+ +(=$% *=/C(&% .-).+=$(&% ,=*+ -. 1.-&#( &%+ ;=/'($%& ,.*% -<$*+&(1.--& [0, 1]6

S. ;=*34#(.+$=* 3*.-& ,# %A%+0/& &%+ =C+&*#& 4(U;& G -. /.+($;& ,& (=+.+$=* "#$ &%+ .''-$"#)&



 !"! #$ %&'()*+ %),'+-.$/#)  !

"#$ %&&'(&))*+, (+ -" .&-*%#-+ ,*-+%/0&))*+ 1






xj

yj

zj




 =






cosφ cosψ − sinφ cosθ sinψ sinφ cosψ + cosφ cosθ sinψ sinθ sinψ

−cosφ sinψ − sinφ cosθ cosψ −sinφ sinψ + cosφ cosθ cosψ sinθ cosψ

sinφ sinθ −cosφ sinθ cosθ






︸ ︷︷ ︸

A






xi

yi

zi






234 56

7# 8)"-9 δr +/ δa ,&)/ %:&0,0, (+ /+--+ ,&'/+ ;#<+)/'+ 40 +/ 60% (+, =", >&)/+?@"'-& /+)/*, ,&)/

"%%+=/*,4 @+ %'0/A'+ (+ %:&0$ +,/ +.=0'0;#+ +/ =+#/ B/'+ '+.=-"C* ="' #) "#/'+ =-#, '0D&#'+#$ ;#0

%&),0,/+ E .0)0.0,+' -" F"'0")%+ (〈A2〉− 〈A〉2) (+ -" D'")(+#' =:G,0;#+ =&#' -";#+--+ -" .&G+))+

+,/ (*/+'.0)*+ 〈A〉 H3I3J4 K)8)9 -+, %+--#-+,9 &# L&M/+, (+ ,0.#-"/0&)9 #/0-0,*+, ("), %+, .*/:&(+,

 !"# 343 N O%:*." (+, %&)(0/0&), "#$ -0.0/+, =*'0&(0;#+,4 P" L&M/+ (+ ,0.#-"/0&) +,/ '*Q*'+)%*+ 1
"-&', ;#+ -+, L&M/+, 0."D+, ,&)/ '*Q*'+)%*+, 29 39 49 59 69 79 8 +/ 94 R#")( #) "/&.+ ,&'/ (+, -0.0/+,

(+ -" %+--#-+ 21 → 46 ,&)/ 0."D+ ("), -" %+--#-+ 0."D+ &==&,*+ +)/'+ ("), -" %+--#-+ 28 → 164

,&)/ (+ /"0--+ 8)0+4 78) (+ -0.0/+' -+, +S+/, (+ L&'(,9 (+, %&)(0/0&), "#$ -0.0/+, =*'0&(0;#+, ,&)/

"==-0;#*+, 28D#'+ 34364 T+ %+//+ .")0A'+9 %:";#+ %+--#-+ +,/ '*=-0;#*+ ("), -+, /'&0, (0.+),0&), (+

-<+,="%+ /&#/ +) D"'(")/ -" .B.+ =&,0/0&) '+-"/0F+ =&#' %:";#+ ="'/0%#-+4 O0 #) =", (+ '&/"/0&)

&# (+ /'"),-"/0&) (*=-"%+ #) %+)/'+ "/&.0;#+ +) (+:&', (+, -0.0/+, (+ -" %+--#-+ 0)0/0"-+9 ,&)

0."D+ "=="'/+)")/ E -" L&M/+ 0."D+ &==&,*+ +,/ "-&', (*=-"%*+ E -<0)/*'0+#' (+ -" %+--#-+ 0)0/0"-+4

P+ )&.L'+ /&/"- (+ ="'/0%#-+, )+ %:")D+ =", ("), -" L&M/+ (+ ,0.#-"/0&)4

 !"!" #$%& '$& &()*+,-(./& ',/& +0$/&$)1+$ 2%,/' 3,/./(4*$

P<+),+.L-+ D'")( %")&)0;#+ +,/ '+='*,+)/"/0Q (<#) ,G,/A.+ &#F+'/9 (+ F&-#.+ %&),/")/ V 9 +)

*;#0-0L'+ "F+% #) '*,+'F&0' 0)8)0 (+ ="'/0%#-+, 2"/&.+, &# .&-*%#-+,6 ;#0 0.=&,+ ," /+.=*'"/#'+ T

+/ ,&) =&/+)/0+- %:0.0;#+ µ "# ,G,/A.+4 @+/ +),+.L-+9 &U (+, *%:")D+, (+ ="'/0%#-+, ,&)/ "#/&'0,*,

+)/'+ -+ ,G,/A.+ +/ -+ '*,+'F&0'9 +,/ "("=/* =&#' -" ,0.#-"/0&) (+ =:*)&.A)+, (<"(,&'=/0&)4 P"



   !"#$%&' () *+%!,-'.

!"#$%&#'%() *+ &%,-$#'%()& .()'+/0#!$( *#)& $1+)&+,2$+ 3!#)* 4#)()%5-+ &1+6+4'-+ 3!74+ 8 -)

#$3(!%'9,+ *+  !"#$%$&'( ,(*%:" 5-% +)3+)*!+ *+& "'#'& *+ $# 49#;)+ *+  )#*$+ 4()*-%&#)' 8

*+& <-4'-#'%()& *+ $1")+!3%+ +' *- )(,2!+ *+ =#!'%4-$+&> ?(-' 4(,,+ *#)& $1+)&+,2$+ 4#)()%5-+@

)(-& '!#A#%$$()& #A+4 $# =#!'%+ 4():3-!#'%())+$$+ *+ $# B()4'%() *+ =#!'%'%() *- &C&'D,+ E

Ξ(µ, V, T ) ≡
∞∑

N=0

exp(βµN)V N

Λ3NN !

∫

d~r N exp[−βU(~r N )]. FG> GH

I#! #%$$+-!&@ $# *+)&%'" *+ =!(2#2%$%'" FB#4'+-! *+ ,$&"-.)//H *1-)+ 4():3-!#'%() *#)& $1"'#' '

#A+4 Ni =#!'%4-$+& +&' E

ρi(~r
Ni) =

exp(−β (Ui(~r
Ni) − µNi) − ln(Ni!) − 3NilnΛ + NilnV )

Ξ(µ, V, T )
. FG> JH

K+& 49#;)+& *+  )#*$+ *+& +)&+,2$+& 4#)()%5-+ +' 3!#)* 4#)()%5-+ &()' &+,2$#2$+& ,L,+ &%

*+-M )(-A+$$+& "'#=+& &()' %)4$-+& *#)& 4+ *+!)%+! 4#& =(-! +)3+)*!+! *+& "'#'& *- &C&'D,+ #A+4

-) )(,2!+ *+ =#!'%4-$+& *%6"!+)'> N%)&%@ $+ =#&&#3+ *1-) "'#' ' A+!& -) "'#' 0 &1#44(,=#3)+

*1-) *"=$#4+,+)' F'!#)&$#'%() (- !('#'%()H@ *1-)+ 4!"#'%() (- *1-)+ *+&'!-4'%() *+ =#!'%4-$+> K#

,#'!%4+ *+ =#&&#3+ 49#)3+ +' A"!%:+ $+& =!(=!%"'"& *+ &C,"'!%+ "A(5-"+& =$-& 9#-' F!+$#'%() FG>OGHH

+) %,=(&#)' 5-+ $# =!(2#2%$%'" *+ '+)'+! *+ 4!"+! -)+ =#!'%4-$+ +&' %*+)'%5-+ 8 4+$$+ *+ '+)'+!

*1+) *"'!-%!+ -)+ PGQRS> T) *"=$#4+,+)' *+ =#!'%4-$+ &1+6+4'-+ *+ $# ,L,+ ,#)%D!+ 5-+ *#)&

$1+)&+,2$+ 4#)()%5-+ #A+4 $# =!(2#2%$%'" *1#44+='#)4+ &-%A#)'+ E

acc(i → j) = min[1, exp{−β(Uj − Ui)}]. FG> UH

I(-! $# 4!"#'%()@ )(-& =#&&()& *1-) "'#' ' 8 Ni =#!'%4-$+& 8 -) "'#' 0 8 Nj = Ni + 1 =#!'%4-$+&>

K# =!(2#2%$%'" *1#44+='#)4+ 5-% +) !"&-$'+ +&' E

acc(i → j) = min

[

1,
V

Λ3 Nj
exp{β ( µ − Uj + Ui)}

]

. FG> OH

I#! #%$$+-!&@ $1#4'%A%'" 49%,%5-+ &+ *":)%+ 4(,,+ E

z =
exp(βµ)

Λ3
= βf FG>  H

(V f +&' $# B-3#4%'"@ 41+&'/8/*%!+ $# =!+&&%() 5-1#-!#%' $# =9#&+ 3#W+-&+ #- ,L,+ =('+)'%+$ 49%,%5-+

&% +$$+ "'#%' =#!B#%'+ F3#W =#!B#%'H> X$$+ &+ *"'+!,%)+ &%,=$+,+)' 8 =#!'%! *+& 4(+Y4%+)'& *- A%!%+$>

K# =!(2#2%$%'" *1#44+='#)4+ =+-' #$(!& &+ !""4!%!+ E

acc(i → j) = min

[

1,
zV

Nj
exp{−β (Uj − Ui)}

]

. FG> ZH



 !"! #$ %&'$()*+, (-#./+#$)0,  !

"#$%&'(')*+ ,-+*./0123.'%&+ +2,*+ (3 4-35+ 305/*)$+ +, (3 4-35+ 637+&5+ 0& *$5+*8/'* 9/20&',

: (#$63(',$ 0+5 4/,+2,'+(5 9-'.'%&+5; <2 9/25'0$*32, (3 4-35+ 637+&5+ 9/..+ 43*=3',+ >83(3)(+  

!"#$"# 4/&* (+ *$5+*8/'* +, 0+5 ,+.4$*3,&*+5 )355+5 43* *344/*, : (3 ,+.4$*3,&*+ 9*','%&+?@ 2/&5

38/25 3(/*5 f = p +, (#39,'8',$ 9-'.'%&+ 0+8'+2, A z = βp; B+ .32'C*+ 323(/6&+@ (3 0+5,*&9,'/2

9#+5, : 0'*+ (+ 435536+ 0#&2 $,3, # : Ni 43*,'9&(+5 : &2 $,3, % : Nj = Ni − 1 43*,'9&(+5 5#+D+9,&+

38+9 (3 4*/)3)'(',$ 0#399+4,329+ A

acc(i → j) = min

[

1,
Λ3 Ni

V
exp{−β( µ + Uj − Ui)}

]

= min

[

1,
Ni

zV
exp{−β(Uj − Ui)}

]

.

>E; F?

B325 9+, +25+.)(+@ (#$%&'(')*+ ,-+*./0123.'%&+ +5, 3,,+'2, >9/28+*6+29+ 0+ (3 5'.&(3,'/2? (/*5%&+

(#$2+*6'+ '2,+*2+ 0& 515,C.+ /59'((+ 3&,/&* 0+ 53 83(+&* ./1+22+ +, %&+ (+5 ,3&G 0#'25+*,'/25 +,

0+ 0+5,*&9,'/25 *$&55'+5 5/2, $63&G;

 !" #$ %&'$()*+, -./01+/$)2,

H2+ 4*/4*'$,$ '2,*'25C%&+ 0+5 5'.&(3,'/25 I/2,+JK3*(/ +5, %&+ (3 0123.'%&+ L*$+((+L 0&

515,C.+ 2#+5, 435 9/25'0$*$+@ 2#/D*32, 435 399C5 3&G 6*320+&*5 4-15'%&+5 0123.'%&+5 0& 515J

,C.+ MENOP; Q/&* &2 515,C.+ 0$R2' : 43*,'* 0#&2 S3.'(,/2'+2 9(355'%&+@ '( +5, 4/55')(+ 0+ *$5/&0*+

(+5 $%&3,'/25 0+ ./&8+.+2, 4/&* (#+25+.)(+ 0+5 3,/.+5 +,T/& ./($9&(+5; <2 +D+,@ 9#+5, (+ 4*'2J

9'4+ 0+ (3 0123.'%&+ ./($9&(3'*+ %&' 9/25'5,+ : +26+20*+* (+5 ,*3U+9,/'*+5 4/55')(+5 0#&2 +25+.)(+

R2' 0+ 43*,'9&(+5 +2 '2,$6*32, 0+ =3V/2 2&.$*'%&+ (+5 $%&3,'/25 9(355'%&+5 0& ./&8+.+2, MENWP;

B325 &2+ 4*+.'C*+ 43*,'+@ 2/&5 ./2,*/25 9/..+2, '2,$6*+* 9+5 $%&3,'/25; B325 &2+ 5+9/20+

43*,'+@ 2/&5 3)/*0/25 (+5 .$,-/0+5 4/&* 4*+20*+ +2 9/.4,+ (3 0123.'%&+ */,3,'/22+((+ 0+ ./J

($9&(+5 *'6'0+5; <2R2@ 0325 &2+ ,*/'5'C.+ 43*,'+@ 2/&5 $,&0'/25 (#&,'('53,'/2 0+ ,-+*./5,3,5 +2

0123.'%&+ ./($9&(3'*+;

 !"!# $%&'()*&+,% -./ '01*&+,%/ -1 2,13.2.%& 4-+/5)'&+/*&+,%6

"+5 3(6/*',-.+5 0#'2,$6*3,'/2 &,'('5$5 +2 0123.'%&+ ./($9&(3'*+ *+4/5+2, 4/&* &2+ .3U/*',$

0#+2,*+ +&G 5&* 0+5 .$,-/0+5 0+ 0'D$*+29+5 R2'+5; "+ 4*'29'4+ +5, 0+ 0'59*$,'5+* 43* *344/*,

3& ,+.45 (+5 $%&3,'/25 0'D$*+2,'+((+5 0& 4*+.'+* /& 0& 5+9/20 /*0*+ 3R2 0#/),+2'*@ : 43*,'*

0+ 0/22$+5 32,$*'+&*+5@ 0+5 '2=/*.3,'/25 0+ 4*$9'5'/2 5&X532,+ : &2 '25,32, 0/22$; K+ 5/2,

0+5 .$,-/0+5 5,3203*05 4/&* (3 *$5/(&,'/2 0#$%&3,'/25 0'D$*+2,'+((+5 MEF @ ENOP; <5, 9/25'0$*$

9/..+ &2 )/2 '2,$6*3,+&*@ &2 3(6/*',-.+ %&' 2$9+55',+ &2 +D/*, 0+ 93(9&( .'2'.&.; Y( =3&, 0+

4(&5 %&#'( 5/', 5,3)(+ 4/&* 4+*.+,,*+ (#&,'('53,'/2 0+ 435 0+ ,+.45 355+7 6*3205@ %&#'( 3', &2+

)/22+ 4*$9'5'/2 +, %&#'( 9/25+*8+ (#$2+*6'+ +, (+ ./.+2, ,/,3( 0& 515,C.+; Q3* 3'((+&*5@ '( =3&,

%&+ (#'2,$6*3,+&* 5/', *$8+*5')(+ 43* *344/*, 3& ,+.45 +, %&#'( 5/', 51.4(+9,'%&+@ 9#+5, : 0'*+ %&#'(



 !  !"#$%&' () *+%!,-'.

"#$%&'(& )*+$&',-& .& )*/01-)2#$-&$3 4$5$6 )& (#)71& .& )*&%80"& .&% 890%&% .#-2 :2'& "#$%&'(+3

;*&$%&1<)& .&% 0),#'-291&% .& .=$01->7& 1#)+"7)0-'& '&8#%&$2 %7' )& .+(&)#88&1&$2 &$ %+'-& .&

 !"#$% .& )0 8#%-2-#$ r 8'-%& 07 2&18% t + δt ?

~r(t + δt) = ~r(t) + δt ~̇r(t) +
δt2

2!
~̈r(t) +

δt3

3!

333

~r (t) + O(δt4) @A3 BC

D0$% )0 '&)02-#$ @A3 BC6 $#7% -.&$2-5#$% )0 (-2&%%& @#7 )*-187)%-#$C ~v(t) = ~p(t)/m = ~̇r(t) &2

)*0""+)+'02-#$ ~a(t) = ~F (t)/m = ~̈r(t)6 "& >7- $#7% 8&'1&2 .*+"'-'& ?

~r(t + δt) = ~r(t) + δt
~p(t)

m
+

δt2

2!

~F (t)

m
+

δt3

3!

333

~r (t) + O(δt4) @A3EFC

D& )0 1:1& 10$-G'&6 $#7% 8#7(#$% +"'-'& )& .+(&)#88&1&$2 .& )0 8#%-2-#$ 07 2&18% t − δt ?

~r(t − δt) = ~r(t) − δt
~p(t)

m
+

δt2

2!

~F (t)

m
− δt3

3!

333

~r (t) + O(δt4) @A3EHC

4$ 0.-2-#$$0$2 )&% '&)02-#$% @A3EFC &2 @A3EHC6 $#7% #<2&$#$% ?

~r(t + δt) + ~r(t − δt) = 2~r(t) + δt2
~F (t)

m
+ O(δt4)

~r(t + δt) = 2~r(t) − ~r(t − δt) + δt2
~F (t)

m
+ O(δt4)

@A3EAC

I&22& .&'$-G'& '&)02-#$ 1#$2'&6 .*7$& 80'26 >7& )& "0)"7) .&% $#7(&))&% 8#%-2-#$% %*&J&"27& 0(&"

7$& 8'+"-%-#$ .& )*#'.'& .& δt4 &26 .*072'& 80'26 >7& )0 '+0"270)-%02-#$ .&% 8#%-2-#$%6 &$ %#11& )&

"0)"7) .& )0 2'0K&"2#-'&6 %*&J&"27& %0$% )& <&%#-$ .&% (-2&%%&%3 I&8&$.0$26 "&22& .&'$-G'& >70$2-2+

&%2 $+"&%%0-'& 8#7' )*&%2-102-#$ .& )*+$&',-& "-$+2->7& .7 %=%2G1&3 4$ L0-26 )0 (-2&%%& 8&72 :2'&

.+2&'1-$+& &'! )0 '&)02-#$ %7-(0$2& ?

~v(t) =
~p(t)

m
=

~r(t + δt) − ~r(t − δt)

2δt
@A3EMC

0(&" 7$& 8'+"-%-#$ .& )*#'.'& .& δt23 N$& 1&-))&7' 8'+"-%-#$ .& )0 (-2&%%& 8&72 %*#<2&$-' &$ 8'&$0$2

&$ "#182& .&% 2&'1&% .*#'.'& %78+'-&7' O 2 .0$% )& .+(&)#88&1&$2 &$ %+'-& .&  !"#$%3 I&8&$.0$26

"&)0 $& L0-2 >7*0""&$27&' )& 8'#<)G1& .+KO 8'+%&$2 .0$% )*+>702-#$ @A3EMC #P )0 "#$$0-%%0$"& .& )0

(-2&%%& 07 2&18% t $& 8&72 %& L0-'& >7& )#'%>7& )0 8#%-2-#$ 07 2&18% t+δt &%2 "#$$7&3 Q0' 0-))&7'%6

.0$% )0 '&)02-#$ @A3EAC )&% 2&'1&% ~r(t+δt) &2 ~r(t−δt) K#7&$2 7$ 'R)& "#18)G2&1&$2 %=1+2'->7& "&

>7- .+$#2& .*7$& '+(&'%-<-)-2+ 80' '088#'2 07 2&18%3 D& 8)7%6 )*0(0$"& .& )0 8#%-2-#$ 80' '088#'2

07 2&18% %*&J&"27& &$ 7$& %&7)& L#-% "#$2'0-'&1&$2 O .*072'&% 0),#'-291&% "#11& )& 8'+.-"2&7'S

"#''&"2&7' .& ()!% TABU6 AB V3 4$5$6 O )0 "#$5,7'02-#$ .& .+80'26 -) $*= 0 80% .*-$L#'102-#$% %7'

)&% 8#%-2-#$% 0$2+'-&7'&% "& >7- 01G$& O )0 >7&%2-#$ %7-(0$2& ? "#11&$2 "#11&$"&' W 4$ L0-26



 !"! #$ %&'$()*+, (-#./+#$)0,  !

"#$%%&'()*$+)', -)*%". %&/-.,+/. 0)12.--'3- 0',-+)+3. 3, 4', 0'*%&'*)- 5

~r(t0 − δt) = ~r(t0) − ~v(t0)δt. 6789:;

<.- %'-)+)',- $,+/&).3&.- -',+ &.0',-+&3)+.- = %$&+)& 2.- %'-)+)',- .+ >)+.--.- 2. "#),-+$,+ ),)+)$"8

<#$"?'&)+@*. 2/0&)+ 0)12.--3- .-+ "#$"?'&)+@*. 2.  !"#!$8 A)-+'&)B3.*.,+C )" D3+ "#3, 2.- %&.*).&-

),+&'23)+ 2$,- ".- */+@'2.- 2. 2E,$*)B3. *'"/03"$)&. .+ .-+ .,0'&. $3F'3&2#@3) "$&?.*.,+ 3+)")-/

2. %$& -$ -)*%")0)+/ .+ -$ 4',,. .G0$0)+/ H7I C 7I!J8 K.%.,2$,+C "$ *$,)%3"$+)', 2.- >)+.--.-

.-+ D$)+. 2. D$L', *$"$2&')+. .+ 2.- )*%&/0)-)',- ,3*/&)B3.- -',+ ),+&'23)+.- %$& ". D',2.*.,+

*M*. 2. "#$"?'&)+@*. H7!9J8 N, .O.+C 2$,- "$ &."$+)', 67897; 2.- +.&*.- 2#'&2&. 2 6O(δt2); -',+

$22)+)',,/- = 3,. 2)O/&.,0. 2. %"3- ?&'- +.&*.- 6O(δt0); %'3& ?/,/&.& "$ +&$F.0+')&.8 P$& $)"".3&-C

"$ >)+.--. ,#.-+ 0',+&Q"/. B3#= "$ R, 23 %$- 2. +.*%- 6t + δt; 0. B3) &.,2 "#$"?'&)+@*. 2.  !"#!$

2)G0)". = *.++&. ., %"$0. $>.0 3, .,-.*4". -+$+)-+)B3.8 SR, 2. %$"").& 0.- 2/R0).,0.-C 3,. $"+.&1

,$+)>. = /+/ %&'%'-/. %&' "#$"?'&)+@*. (!')*"+, 6-$3+.1*'3+',;8 T" &.%'-. -3& ". %&),0)%. -3)>$,+ 5

".- >)+.--.- -',+ 0$"03"/.- %'3& 2.- ),+.&>$"".- 2. +.*%- 2.*)1.,+).&- .+ ".- %'-)+)',- %'3& 2.-

),+.&>$"".- 2. +.*%- .,+).&- H7!UJ8 V. "$ -'&+.C ".- >)+.--.- %'3& ".- +.*%- t + δt/2 .+ t − δt/2

-#/0&)>.,+ 5

~v

(

t +
δt

2

)

=
~r(t + δt) − ~r(t)

δt

~v

(

t − δt

2

)

=
~r(t) − ~r(t − δt)

δt

6789W;

,'3- '4+.,',- $"'&- ".- %'-)+)',- $3( ),-+$,+- t + δt .+ t − δt8

~r(t + δt) = ~r(t) + ~v

(

t +
δt

2

)

δt

~r(t − δt) = ~r(t) − ~v

(

t − δt

2

)

δt

6789 ;

N, ),+&'23)-$,+- 0.- 2.&,)X&.- /B3$+)',- 2$,- "$ &."$+)', 67897;C ,'3- $>',- 3,. /B3$+)', %.&1

*.++$,+ "$ &/$0+3$")-$+)', 2. "$ >)+.--.8

~v

(

t +
δt

2

)

= ~v

(

t − δt

2

)

+ δt
~F (t)

m
+ O(δt3) 67899;

K. D'&*$")-*. .-+ *$+@/*$+)B3.*.,+ /B3)>$".,+ = 0."3) 2.  !"#!$ %'3& ". 0$"03" 2. "$ +&$F.0+')&.

%3)-B3#)" &.%'-. -3& "$ &."$+)', 67897;8 <.- >$".3&- 2.- >)+.--.- $3( +.*%- 2.*)1.,+).&- -',+ %.&L3.-

0'**. 2.- ),+.&*/2)$)&.- 2. 0$"03"8 Y'3+.D')-C "#$"?'&)+@*. (!')*"+, 2)OX&. 2.  !"#!$ 2$,- "$

2/+.&*),$+)', 2.- ?&$,2.3&- +@.&*'2E,$*)B3.-8 N, .O.+C 0'**. >)+.--.- .+ %'-)+)',- ,. -',+ %$-

0$"03"/.- $3 *M*. ),-+$,+C "#/,.&?). %'+.,+)."". .+ "#/,.&?). 0),/+)B3. ,. -',+ %$- 2/R,).- $3 *M*.
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~v(t) =
~v(t + δt/2) + ~v(t − δt/2)
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~v(t0 − δt) = ~v(t0) −
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∑
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+
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∑
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∑
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
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+

(
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+

(
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~τ p
i = A · ~τi

~ωi = A−1 · ~ω p = AT · ~ω p
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





φ̇i = −ωxi

sinφi cosθi

sinθi
+ ωyi

cosφi cosθi
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+ ωzi

θ̇i = ωxi
cosφi + ωyi

sinφi

ψ̇i = ωxi

sinφi

sinθi
− ωyi

cosφi

sinθi
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q0 = cos(θ/2) · cos((φ + ψ)/2)

q1 = sin(θ/2) · cos((φ − ψ)/2)

q2 = sin(θ/2) · sin((φ − ψ)/2)

q3 = cos(θ/2) · sin((φ + ψ)/2)
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
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δt

2
~̇Qi(t) 456759

M,%(*#"E

~̇Qi(t + δt/2) "%# 1)$1($& )( #".=% -".*K",#*"26 ;" .+.",# ),:($)*2" 3

~li(t + δt/2) = ~li(t − δt/2) + δt ~τi(t) 4567!9

"# $" '()#"2,*+, 3
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-(5)'$(*' /)$,)+"(2)3 Ŵ )$" #,,)1! *,!/#")&/ -) ,)/"&/9#"(*' )" ,)/5)" -.!+/(/) 1.T#5(1"*'()'

-& $7$"85) ,)/"&/9! -) 1# 5#'(8/) $&(2#'") K Ĥ = Ĥ0 + Ŵ3 :)$ H*'+"(*'$ -.*'-) '*' ,)/"&/9!)$
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)$(%.(30%+"' Ŵ $&% 41,$/"))1 $' -./%+)O/$&5 R".( *$ 70+($D /0 4+&%0'*$ rij 2.+ $&% /0 4+&%0'*$

$'%($ /0  

 !"

*E0(;$ qA
i 4$ /0 )0(%+*./$ A $% /0 !

 !"

*E0(;$ qB
j 4$ /0 )0(%+*./$ B $&% $C)(+-1$

$' 7"'*%+"' 4$ RABD /0 4+&%0'*$ $'%($ /$ *$'%($ 4$ /0 )0(%+*./$ A $% /$ *$'%($ 4$ /0 )0(%+*./$ BD

riaD /0 4+&%0'*$ $'%($ /$ *$'%($ 4$ /0 )0(%+*./$ A $% /0  

 !"

*E0(;$ qA
i D $% rjbD /0 4+&%0'*$ $'%($ /$



 !"! #$% &'($)(*$#% +,*)($-./(*')% .('0*12$%  !

"#$%&# '# () *)&%+",(# B #% ()  

 !"

"-)&.# qB
j /

~rij = ~RAB + ~ria + ~rjb 01/2234

56%6$7 8,# (9#:*)$7+6$ ;,(%+*<()+&# $# *#,% 7# =)+&# 8,# 7+ () '+7%)$"# RAB #7% 7,>7);;#$%

.&)$'# *)& &)**6&% ? ria #% rjb %#((# 8,# RAB ≫ ria #% RAB ≫ rjb/ @96*A&)%#,& '# *#&%,&B)%+6$

*#,% )(6&7 79A"&+&# C
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Tαβγ...ν =
1

4πǫ0
∇α∇β∇γ · · · ∇νR

−1
AB 01/2114



 !  !"#$%&' () *+%!,-'.

"# $%&' (') *#%+' ,%''"-#( ./01+"+( #( 12*3,' φB
.( #* 3*$"4+( '&"5*$)( 6

φB = TqA − TαµA
α +

1

3
TαβθA

αβ . 789:8;<

=$)+%.&") .*$' #( .05(#%,,(3($) #"3")0 > #/%+.+( 2 .( #/%,0+*)(&+ .( ,(+)&+-*)"%$ Ŵ? $%&' %-)(@

$%$' *& A$*# 6

Ŵ = TqAqB − Tα(qAµB
α − qBµA

α ) + Tαβ

(
1

3
qBθA

αβ +
1

3
qAθB

αβ − µA
αµB

β

)

. 789:8B<

C( 1())( 3*$"4+(? "# $%&' (') ,%''"-#( .( +0(D,+"3(+ #( ,%)($)"(# .( ,%#*+"'*)"%$ #"3")0 *& ,+(3"(+

%+.+( .& .05(#%,,(3($) 3&#)",%#*"+( 1%33( 6

Upol = −1

2
αA

αβ E2
B − 1

2
αB

αβ E2
A 789:8E<

%F αA
αβ +(,+0'($)( #* ,%#*+"'*-"#")0 .( #* ,*+)"1&#( A () EB #* $%+3( .& 12*3, ')*)"G&( "$.&") ,*+

#* ,*+)"1&#( B9 H*+ *"##(&+'? #/(D,*$'"%$ 3&#)",%#*"+( .& )(+3( .( ."',(+'"%$ ,%&+ .(&D ,*+)"1&#('

,+"'(' .*$' #(&+ 0)*) I%$.*3($)*# () '0,*+0(' ./&$( ."')*$1( r '/01+") 6

UAB
disp =

C6

r6
+

C8

r8
+

C10

r10
+ · · · 789:8J<

%F C6? C8 () C10 '%$) +(',(1)"5(3($) #(' "$)(+*1)"%$' .",K#(@.",K#(? #(' "$)(+*1)"%$' G&*.+&,K#(@

.",K#( () #(' "$)(+*1)"%$' %1)%,K#(@.",K#( () G&*.+&,K#(@G&*.+&,K#(9 L(' 2M,%)24'(' .& )+*")(3($)

G&*$)"G&( ,(+)&+-*)"I I%$) G&( #( .05(#%,,(3($) #"3")0 *-%&)"''*$) *& )(+3( ."',(+'"I 7+(#*@

)"%$ 789:8J<< $/(') 5*#".( G&( ,%&+ .(' ."')*$1(' *''(N O+*$.('? %F #( +(1%&5+(3($) .(' I%$1)"%$'

./%$.(' (') $0O#"O(*-#(9 P&D 1%&+)(' ."')*$1('? 1( $/(') ,#&' 5+*" () #* +(#*)"%$ 789:8J< $/(') ,#&'

5*#".(9 PA$? .( ,*##"(+ 1( ,+%-#43(  !"# ()  $%""&%' Q;:JR %$) 3%$)+0 G&/"# (') ,%''"-#( ./"$@

)+%.&"+( .(5*$) 12*G&( )(+3( ."',(+'"I &$( I%$1)"%$ ./*))0$&*)"%$ G&" #(' 0)("$) ,+%O+(''"5(3($)

#%+'G&( #* ."')*$1( '0,*+*$) .(&D *)%3(' ."3"$&( 6

UAB
disp =
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n=3

f2n
C2n

r2n
789:8S<

%F #(' C2n () #(' f2n '%$)? +(',(1)"5(3($)? #(' 1%(T1"($)' .( ."',(+'"%$ () #(' I%$1)"%$' ./*))0@

$&*)"%$ .%$) #* I%+3( (') .0A$"( ,*+ 6

f2n = 1 −
2n∑

m=0

[
(bijrij)

m

m!

]

e−bijrij . 789:8 <

U(' I%$1)"%$' '%$) )%&V%&+' ,%'")"5('9 W##(' )($.($) 5(+' 1 *&D ."')*$1(' '&T'*33($) O+*$.('

%F #( +(1%&5+(3($) .(' I%$1)"%$' ./%$.( (') $0O#"O(*-#( 7AO&+( 89;< () '%$) "$I0+"(&+(' > 1 *&D



 !"! #$% &'($)(*$#% +,*)($-./(*')% .('0*12$%  !
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 !"# 879 : ;*-0) ")$ 1*'(%#*'$ "2&%%5'.&%#*' f2n 3*.- ,2#'%)-&(%#*' "2.' &%*0) "2<="-*6>')

"2.') 0*,5(.,) "2)&. &/)( .' &%*0) "2*?=6>') "2.' 0.- ") $#,#()7

@'A'B ,) %)-0) 5,)(%-*$%&%#C.) $2&D*.%) &.? &.%-)$ (*'%-#E.%#*'$ "5A'#)$ (#F")$$.$7 G*.$ /)-F

-*'$ "&'$ .') ")$ 3&-%#)$ C.# $.#% .' 0*=)' ") 3-)'"-) )' (*03%) () ")-'#)-7 H. A'&,B ,) 3*%)'%#),

IGFJ-HKB "5(-#/&'% ,)$ #'%)-&(%#*'$ )'%-) ,) L.#") &"$*-E5 )% ,) $.E$%-&%B 3*.- ,)  

 !"

&%*0)

"2.') 0*,5(.,) A M ,& 3*$#%#*' ! )' #'%)-&(%#*' &/)( ,)$ Nsub &%*0)$ ". $.E$%-&% "&'$ ,& E*N%)

") $#0.,&%#*' $25(-#% )' .'#%5$ &%*0#C.)$ Oa0 = 0.529177PB Ha = 4.359744 × 10−18 J "*''&'%

1/(4πǫ0) = 1B e2 = 1 )% h̄2 = 1Q ") ,& 0&'#>-) $.#/&'%) R

U i
k∈A =

Nsub∑

j=1

[

Akj e−bkjrij −
5∑

n=3

f2n
C2n,kj

r2n
ij

+
qkqj

rij

]

− 1

2
αk

~Ei
2
. O87!8SQ

G*%*'$ C.) ,)$ 1*-()$ C.# "5-#/)'% ") () 3*%)'%#), $*'% "5(-#%)$ "&'$ ,2&'')?) T7

$%&# 87! : I&-&0>%-)$ IGFJ-HK 3*.- ,2)&.B ,)$ #*'$ )% ,& $#,#()7

@&. U*'$ V#,#()

 !"#$% Ow Hw Ca2+ Na+ Cl− Si Os Hs

q (e) −0.82 0.41 2 1 −1 2 −1 +0.5

A (Ha) 247.7 1.338 1167.655 6.987 1.964 6163.4 1543.5 1.338

b (a−1

0
) 2.075 2.11 3.9 2.042 1.647 2.395 2.19 2.11

α (a3
0
) 7.56 2.665 3.193 1.002 19.98 2.36 8.03 2.25

Neff 4.476 0.414 4.106 3.455 7.550 1.52 4.656 0.324



 !  !"#$%&' () *+%!,-'.

 !"# !"! # $%&%'()&*+ $,-.&/0 123& 45*%36 4*+ 728+ *) 4*  !"!#"

9%3 :28 ;*3744*) < !"!# =

 !"#$% Ow Hw Caw Si Os Cas

q (e) −0.82 0.41 1.7 2.25 −1.37 1.66

A (Ha) 247.7 1.338 1167.655 6163.4 1543.5 1167.655

b (a−1

0
) 2.075 2.11 3.9 2.395 2.19 3.9

α (a3
0
) 7.56 2.665 3.193 2.36 8.03 3.193

Neff 4.476 0.414 4.406 1.279 5.029 4.446

 !"# !"> # $%&%'()&*+ ?&27+@+ A* A7+1*&+728 *) A* &@134+728 A3 12)*8)7*4 $,-.&/0 123& A* 45*%3

*) A*+ 728+ *8 78)*&%?)728 %B*? A* 4% +747?*" C*+ &(D4*+ A* ?2'E78%7+28+ A* $%&' *) (&)*+,&- +28)

3)747+@*+ 123& 4*+ 78)*&%?)728+ &@134+7B*+"

&'()*%' +% ,! '-,#".-/ &'()*%' +% ,! '.,.*% C6(Ha a6
0
) C8(Ha a8

0
) C10(Ha a10

0
) A(Ha) b(a−1

0
)

Hw O 8.3157 151.22 2668.6 45.444 2.149

Hw Si 2.4874 32.919 0 90.811 2.243

Hw H 1.7340 22.983 0 1.338 2.11

Ow O 34.850 735.319 13540.4 618.3 2.131

Ow Si 10.513 172.72 0 1235.5 2.223

Ow H 6.4843 116.27 0 18.2 2.092

Ca2+ O 17.5207 266.6935 4878.0932 1342.4883 2.805

Ca2+ Si 5.3211 65.6643 987.5146 2682.67 2.968

Na+ O 6.5175 84.2387 1620.8252 103.8475 2.113

Na+ Si 1.9917 20.3139 284.7197 207.5166 2.204

Cl− O 81.8561 1732.7239 45779.9613 55.0575 1.8797

Cl− Si 24.6517 445.8518 11042.2114 110.0205 1.9514

F%8+ ?*))* @)3A*6 823+ 823+ +2''*+ 78)@&@++@+ %3 ?2'12&)*'*8) A538 G37A* ?2'12+@ A5*%3

*) A5728+ ?28H8@ A%8+ A* 4% +747?* 23 A3  !"!#" I7 123& 4578)*&%?)728 *%3-+747?* 4*+ 1%&%'()&*+ +28)

A288@+ A%8+ 4% 47))@&%)3&* J!KKL6 ?* 85*+) 1%+ 4* ?%+ A*+ 78)*&%?)728+ *%3- !"!#6 728+-+747?* *) 728+-

 !"!#" F%8+ ?* ?%+6 823+ 3)747+28+ 4% 1&2?@A3&* @)%E47* 1%& ./))/01 *) 2+,&3)-30 J>M!6 >MNL O376 P

1%&)7& A* 4% ?Q%&D*6 A* 4% 124%&7+%E747)@ *) A3 82'E&* *R*?)7; A5@4*?)&28+ 123& ?Q%O3* %)2'* A288*

4*+ 1%&%'()&*+ A7+1*&+7;+ A3 12)*8)7*4" C*+ )%E4*%3S !"M *) !"! A288*8) 4*+ A7R@&*8)+ 1%&%'()&*+

1QT+7O3*+ 8@?*++%7&*+ A*+ *+1(?*+ ?28)*83*+ A%8+ 4*+ +T+)('*+ &*+1*?)7;+ A* +747?* %'2&1Q* *) A*

 !"!# 123& A@)*&'78*& 4*+ 1%&%'()&*+ ?&27+@+ A288@+ A%8+ 4*+ )%E4*%3S !"> *) !"U" ,2)28+ O3*

4*+ ?Q%&D*+ 1%&)7*44*+ 123& 4*+ *+1(?*+ ?28)*83*+ A%8+ 4*+ '3&+ A*  !"!# 28) @)@ *+)7'@*+ P 1%&)7&

A*+ ?Q%&D*+ A* 45))+6/0 JVVL" C53)747+%)728 A3 12)*8)7*4 $,-.&/0 A%8+ 4% +7'34%)728 *8 W28)*-

X%&42 Y&%8A X%8287O3* *+) ?2Z)*3S *8 )*'1+ A* ?%4?34" $23& %3D'*8)*& 4% &%17A7)@ A3 ?%4?346



 !"! #$% &'($)(*$#% +,*)($-./(*')% .('0*12$%  !

 !"# "#$ % &'(')*+(,- .(/0-1- 2, 20-3,(-0/4 ,+ 2, (1356-0/4 25 3/+,4+0,6 &789(:; 3/5( 2, 6<,'5

,+ 2,- 0/4- ,4 04+,('.+0/4 '=,. 2,- >,5066,+- 2,  !"!## ?,- (*@6,- 2, ./)A04'0-/4- 2, $%&' ,+

(&)*+,&- -/4+ 5+060-1,- 3/5( 6,- 04+,('.+0/4- (1356-0=,-#

 !"#$%! &% '( !)'*+,)-  !"#$%! &*  !"!# C6(Ha a6
0
) C8(Ha a8

0
) C10(Ha a10

0
) A(Ha) b(a−1

0
)

Hw O 8.42454 133.47826 4167.60651 45.4445 2.14926

Hw Si 2.41564 31.44501 964.78805 90.81095 2.22355

Hw Cas 3.76233 65.42294 1983.43517 39.52622 2.73844

Ow O 35.52585 603.04867 20551.93111 618.32431 2.13095

Ow Si 10.06864 145.36364 4673.83238 1235.58657 2.22355

Ow Cas 16.86420 298.70228 9846.27427 537.79928 2.70879

Caw O 18.18528 255.19655 5305.36012 1342.48836 2.80494

Caw Si 5.11535 59.62811 957.11413 2682.67083 2.96760

Caw Cas 9.00248 130.19478 1657.92589 1167.65467 3.90003

4/5- ./4-021(/4- 6, -5A-+('+ ./)), BC, D(0@02,E# F,++, GH3/+G*-, 3,(),+ 2, .'6.56,( I 6<'='4.,

6, 3/+,4+0,6 2<04+,('.+0/4 2, .G'J5, ,-3*., 25 K502, ./4B41 D)/61.56,- 2<,'5 ,+ 0/4-E '=,. 6,

-5A-+('+ ,4 .G'J5, 3/04+ 2<54, @(066,# ?, 3/+,4+0,6 ,-+ ,4-50+, (,./4-+(50+ 2'4- 6' -0)56'+0/4 3'(

04+,(3/6'+0/4 6041'0(, 2, .,- @(066,- 2'4- .G'J5, 20(,.+0/4 2, 6<,-3'.,# &/5( 54 3'- 2, @(066, '--,L

3,+0+M 2, 6</(2(, 2, 0.1σ '=,. σ 6' +'066, 2, 6' )/61.56,M 6<,((,5( -5( 6<,-+0)'+0/4 25 3/+,4+0,6

2<04+,('.+0/4 ,-+ @141('6,),4+ >'0A6,#

N4 ., J50 ./4.,(4, 6,- -0)56'+0/4 2, 2H4')0J5, )/61.56'0(, /O 6, ./2, ./012/3 45)6,7)8*

"+'7)89+5: 18,;8<6 ' 1+1 ,)36/H1M 6<5+060-'+0/4 25 3/+,4+0,6 &789(:; 4<,-+ 3'- 3/--0A6,M .'( 06

,-+ 4/4 20-3/40A6,# :B4 2, 3'660,( ., 3(/A6*), 4/5- '=/4- 'P5-+1 '=,. 54 3/+,4+0,6 /6::8*=!>5:6-

?:!'@M 2/4+ 6' >/(), ,-+ 2/441, 2'4- 6' (,6'+0/4 D"#Q!REM 6,- ./5(A,- 2<1=/65+0/4 25 3/+,4+0,6

&789(:; ,4 >/4.+0/4 2, 6' 20-+'4., 3/5( 2,5C ,-3*.,- '+/)0J5,-#

U i
k∈A =

Nsub∑

j=1

E0

n − m

[

m

(
r0

rkj

)n

− n

(
r0

rkj

)m]

D"#Q!RE

SO E0 ./((,-3/42 I 6' 3(/>/42,5( 25 350+- 2, 3/+,4+0,6 ,+ r0 I 6' 20-+'4., ,4+(, 2,5C 3'(+0.56,-

6/(-J5, U i
k∈A = 0# n ,+ m -/4+ 6,- ='6,5(- 2, 6' 350--'4., 3/5( 6,- +,(),- 2, (1356-0/4 ,+ 2,

20-3,(-0/4# ?' B@5(, "#$ )/4+(, 6<'P5-+,),4+ 2,- ./5(A,- 2<04+,('.+0/4 ,4+(, 6<'+/), 2</CH@*4,

2<54, )/61.56, 2<,'5 ,+ 6,- ,-3*.,- 2<54 -5A-+('+ 2, -060., GH2(/CH61,# ?' 20T1(,4., 2<14,(@0, ,4+(,

6,- 2,5C 3/+,4+0,6- ,-+ 04>1(0,5(, I 2% ,+ 6,- >/4.+0/4- 2, 20-+(0A5+0/4 ('20'6, D4/4 )/4+(1,-E

,4+(, 6,- '+/),- 2</CH@*4, 2,- )/61.56,- 2<,'5 )/4+(,4+ J5, 6' -+(5.+5(, 25 K502, I 6<04+1(0,5( 2,

6' 3/(/-0+1 ,-+ 6' )U), 3/5( 6,- 2,5C P,5C 2, 3/+,4+0,6 2<04+,('.+0/4# ?,- 3'(')*+(,- 25 3/+,4+0,6

/6::8*=!>5:6- ?:!'@ 3/5( +/5+,- 6,- ,-3*.,- 2'4- 6, 3/(, -/4+ (13,(+/(01- 2'4- 6,- +'A6,'5C "#V



 !  !"#$%&' () *+%!,-'.

 !"# "#! $ %&'()*+*,) -./0,* 12'0*3 4' 52)*,)/*. 67891%: -./0,* ,2/1*3 5;1 .* 52)*,)/*.  !""#$%&

'("!) *"&+, 52'1 ', ;)2+* 4<2=>0?,* 4<',* +2.@A'.* 4<*;' *, /,)*1;A)/2, ;B*A .* ('C()1;) 4*

(/./A* D>412=>.@*# E*( A2'1C*( *, 52/,)/..@( ,2/1( 1*51@(*,)*,) .; 5;1)/* 1@5'.(/B* 4' 52)*,)/*.

67891%: *) .*( A2'1C*( *, )1;/)( +/=)*( .; 5;1)/* 4/(5*1(/B*#



 !"! #$% &'($)(*$#% +,*)($-./(*')% .('0*12$%  !

"# $%&%

 !"# $%! ' ()*)+,#*"- .*/0-1- 2" 20-3"*-0/4 "# 2" *1356-0/4 25 3/#"4#0"6  !""#$%&'("!) *"&+,

3/5* 2" 67")5 "# 2"- 0/4- "4 04#"*).#0/4 )8". 2" 6) -060."%

 !"#$%! &% '( !)'*+,)-  !"#$%! &% '( !,',$% E0 × 10−4(Ha) r0 (a0) n m

Hw O 1.810 5.7243 8.25792 8.25791

Hw Si 0.134 7.2049 13.2725 6.71192

Hw H 1.861 3.9646 6.32666 6.32705

Ow O 2.507 6.9991 11.6132 7.28875

Ow Si 0.278 8.1989 15.4967 6.58589

Ow H 1.493 5.5304 7.85993 7.85989

Ca2+ O 10.028 5.0433 10.3521 7.93894

Ca2+ Si 1.1724 5.8617 14.7799 6.84728

 !"# $%& ' ()*)+,#*"- .*/0-1- 2" 20-3"*-0/4 "# 2" *1356-0/4 25 3/#"4#0"6  !""#$%&'("!) *"&+,

3/5* 2" 67")5 "# 2"- 0/4- "4 04#"*).#0/4 )8". 2"- 9"5066"#- 2" -&.&/%

 !"#$%! &% '( !)'*+,)-  !"#$%! &*  !"!# E0 × 10−4(Ha) r0 (a0) n m

Hw O 1.970 5.6602 8.21669 8.21697

Hw Si 0.151 7.1040 7.01886 12.7945

Hw Cas 43.795 3.0481 7.02004 6.95923

Ow O 2.564 6.9767 11.8295 7.20474

Ow Si 0.283 8.1633 15.2893 6.74811

Ow Cas 27.449 4.3560 8.57418 8.57417

Caw O 11.130 4.9906 10.7853 7.68319

Caw Si 1.117 5.8757 14.793 6.87792

Caw Cas 1065.199 2.1758 6.85959 6.86106

 !"! #$%&'()%*+$, -.*/&0-.*/&

:)4- 4/- -;-#,+"-< 6" =502" ./4>41 ./+3/*#" 2"- +/61.56"- 27")5< "4 ?*)42" +)@/*0#1< "#

2"- 0/4-% ()*+0 6" ?*)42 4/+A*" 2" 3/#"4#0"6- .6)--0B5"- *)33/*#1- 2)4- 6) 60##1*)#5*" 3/5* 6"-

+/61.56"- 27")5 C.9% )44"D" E "# *191*"4." FGHIJ 4/5- )8/4- 5#060-1 6" 3/#"4#0"6 .0- F$H I B50

"-# 6754 2"- 365- -0+36"% :)4- ." +/2,6"< 6) 6/4?5"5* 2"- 60)0-/4- OH "-# 2" rOH = 1K "#

67)4?6" "4#*" 6"- 60)0-/4- "-# 2" θ = 109.47 % L6 3/--,2" #*/0- ."4#*"- 2" .M)*?" "# 54 ."4#*" 2"



 !  !"#$%&' () *+%!,-'.

 !""#$%&'("!) "#$%& "'$ ()'%#*+ ,)#-./01+ 2

ULJ(rij) = 4 ǫij

[(

σij

rij

)12

−
(

σij

rij

)6]

3456768

#9 rij +:% (' ,;:%'1<+ +1%$+ ,+=- <+1%$+: ,);1%+$'<%;#1> σij +:% (' ,;:%'1<+ *;1;*'(+ +1%$+ ,+=-

"'$%;<=(+:> #?%+1=+ (#$:@=+ ULJ(rij) = 0> +% ǫij +:% (+ "=;%: ,);1%+$'<%;#1 +1%$+ ,+=- <+1%$+:>

*;1;*=* ,+ ULJ(rij)5 A+ "#%+1%;+( *+, +:% $;/;,+ +% 1#1 "#('$;:'?(+> B :'C#;$ @=+ 1#=: 1+ <#1:;D

,&$#1: "': ,);1%+$'<%;#1: ;1%$'*#(&<=(';$+:> +%> ,+ <+ E';%> "': ,+ ,&E#$*'%;#1: ;1%$'*#(&<=(';$+:>

+% "': ,+ ,&E#$*'%;#1: ,= 1='/+ &(+<%$#1;@=+ ,+ (' *#(&<=(+ +1 E#1<%;#1 ,+ :#1 +1C;$#11+*+1%5

A);1%+$'<%;#1 +1%$+ (+: <F'$/+: "'$%;+((+: ,+: '%#*+: ,+: *#(&<=(+: ,)+'= :)+G+<%=+ -.# (' :#*D

*'%;#1 ,)/0#1%5 H+ (' *I*+ *'1;0$+> (+: ;#1: :#1% ,&<$;%: "'$ =1+ :"F0$+ ,+  !""#$%&'("!) +%

=1+ <F'$/+ "'$%;+((+5 A+=$: "'$'*0%$+: :#1% +-%$';%: ,= %$'C';( ,+ 2("!)3#" !4 #15 J76 K5 A#$:@=+

,+=- '%#*+: ,+ 1'%=$+ ,;G&$+1%+ :#1% +1 ;1%+$'<%;#1> (+: "'$'*0%$+: ,= "#%+1%;+( :#1% ,&,=;%: B

"'$%;$ ,+: $0/(+: ,+ *&('1/+ ,+  ($!"46&7!$43!1(4 2

σij =
1

2
(σi + σj) et ǫij =

√
ǫiǫj . 3456748

A+: "'$'*0%$+: +% (+: <F'$/+: ,+ <F'<=1+ ,+: +:"0<+: "$&:+1%+: ,'1: (+ L=;,+ :#1% $&"+$%#$;&:

,'1: (+ %'?(+'= 45M5

 !"# 45M N OF'$/+: +% "'$'*0%$+:  !""#$%&'("!) "#=$ (+: +:"0<+: ,= L=;,+5

 !"#$%! σ (a0) ǫ × 10−4 (Ha) q (e)

Ow 5.98 2.4757 −0.82

Hw & & 0.41

Ca2+ 5.71 1.9867 2
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.%$3 &' 3B3)C(' .5/$#)13 %),(#4/'37 D' 2'))' (%$#C-'* &'3 2,,-.,$$1'3 .'3 3#)'3 .5#$)'-%2)#,$

3,$) .#E#31'3 0%- a0 = 0.529177F ') &'3 1$'-G#'3 3,$) '$ H%-)-'' 6Ha = 4.359744 × 10−18 J;7

I5%E%$)%G' (%J'/- .5/$ )'& 3B3)C(' .5/$#)13 '3) 4/' .'3 )'-('3 2,((' &% 2K%-G' 1&1('$)%#-' e

') &' 0-1+%2)'/-

1
4πǫ0

3,$) $,-(%&#313 61G%/L M 1;7 N$ .1O$#)#E'* 2,$3#.1-%$) &% 2K%-G' ),)%&' .5/$

3#)' 6z; 2,((' &' 0-,./#) .' &% 2K%-G' 1&1('$)%#-' 6e; 0%- &% 4/%$)#)1 .' 2K%-G' 6q; 3,#) z = q ∗e*

&' 0,)'$)#'& ),)%& '$ /$#)13 %),(#4/'3 3512-#) P

U total
Coulomb =

1

2

N∑

i=1

N∑

j=1

ns∑

a=1

ns∑

b=1

qiaqjb
erfc(

√
αria,jb)

ria,jb

+
1

2V

∑

~k 6=~0

4πe−k2/4α

k2

∣
∣
∣
∣
∣

N∑

i=1

ns∑

a=1

qiae
ı.~k. ~ria

∣
∣
∣
∣
∣

2

−
(

α

π

)1/2 N∑

i=1

ns∑

a=1

q2
ia

−
N∑

i=1

ns−1∑

a=1

ns∑

b=a+1

qia qib
erf(

√
αria,ib)

ria,ib

+
2π

3V

∣
∣
∣
∣
∣

N∑

i=1

ns∑

a=1

ziaria

∣
∣
∣
∣
∣

2

.

6!78QR;

I'3 +,-2'3 4/# .1-#E'$) .' 2' 0,)'$)#'& 3,$) .12-#)'3 .%$3 &5%$$'L' "7



 !"! #$%#&$&'()* +,- -./-'$&'-  !

 !" #$%&'$'()*+ ,-. ./0.($'(.

 !"!# $%&%'( )*+,-.( /)/+-+,(01(

"# $%&$#%#'()* +,- $)%,- .,*', +, -(/(0, -1,2,0'3, 4 $#%'(% +13* 5/)0 +, -(/(0, +, /# $6#-,

0%(-'#//(*, (+&#/, β70%(-')5#/(',8 ",- #')9,- +1):;<=*, ,' +, -(/(0(39 +,- 93%- +3 $)%, -)*' #(*-(

,:'%#('- +, -;-'=9,- +, +(9,*-()*- 4 × 4 × 2 .)(- /# 0,//3/, $%(9('(>, $)3% /,- $)%,- +, /#%<,3%

H = 10 et 20? ,' 8 × 8 × 2 .)(- /# 0,//3/, $%(9('(>, $)3% /, $)%, +, /#%<,3% H = 40?8 "# 5)@',

)%'6)%6)95(A3, 0)*',*#*' /,- #')9,- ,-' +, 28.48×28.48×14.46?3
)3 +, 56.96×56.96×14.46?3

8

"# .#0, (001) +3 -35-'%#' ,-' -,/,0'()**&, $)3% /# -3%.#0, (*',%*, +, *)- $)%,- +, -(/(0,8 B*-3(',C /,-

#')9,- +, -(/(0(39 +#*- 3* ,*>(%)**,9,*' '&'%#&+%(A3, (*0)9$/,' -)*' ,*/,>&- #D* +1&>(',% A31(/-

#(,*' +,- /(#(-)*- $,*+#*',- E*)* -#'3%&,-F8 G,'', &'#$, $,3' (*'%)+3(%, +,- #')9,- +1):;<=*,

#>,0 +,3: /(#(-)*- $,*+#*',- A3( -)*' #3--( %,'(%&-8 "# $)%)-('& ,-' 0%&&, ,* &0#%'#*' /,- 93%- +,

10C 20 ,' 40? /13* +, /1#3'%,8 H)3% )5',*(% 3* -35-'%#' #>,0 +,- -3%.#0,- (*',%*,- 0)9$/=',9,*'

6;+%):;/&,-C *)3- #>)*- -#'3%& /,- /(#(-)*- $,*+#*',- +,- #')9,- +1):;<=*, +, -3%.#0, $#% +,-

#')9,- +16;+%)<=*, $/#0&- 4 3*, +(-'#*0, +, 1? +, 0,3:70( ,' $,%$,*+(03/#(%,9,*' 4 /# -3%.#0,8

"# +,*-('& +, <%)3$,- 6;+%):;/,- #(*-( )5',*3, -3% /# .#0, (001) +, /# β70%(-')5#/(', ,-' +,

ρOH ∼ 0.078 ?

−2
C 3*, >#/,3% A3( ,-' $%)06, +, 0,//,- '%)3>&,- ,:$&%(9,*'#/,9,*' $)3% /,- >,%%,-

$)%,3: +, -(/(0, 6;+%)$6(/, ',/- A3, /, I;0)% JK!LC !KKM8 "1#9)%$6(-#'()* +3 -;-'=9, ,-' )5',*3,

$#% /# 9&'6)+, +&0%(', +#*- /# %&.&%,*0, JK! M A3( 0)*-(-', 4 #$$/(A3,% 3* +&$/#0,9,*' #/&#')(%,

9#:(939 +, ±0.35? $)3% 06#A3, #')9, +3 93% +3 $)%, +#*- /,- '%)(- +(%,0'()*- +, /1,-$#0,8

"# -3%.#0, 6;+%)$6(/, +, -(/(0, #(*-( %&#/(-&, *1,-' $#- #3--( %&#/(-', A3, 0,//,- )5',*3,- $#% /,-

9&'6)+,- +, %,03(' -(93/& )3 /,- #/<)%('69, +, 0)3$3%, J!K!M8 B* ,2,'C 0,- +,%*(=%,- 9,'6)+,-

$%,**,*' ,* 0)9$', /# $%&-,*0, +,- +&.#3'- $)*0'3,/- 3-3,/- ',/- A3, /,- /#03*,- )3 /,- #')9,-

(*',%-'('(,/- A3( *, -)*' $#- $%&-,*'- +#*- /# 9&'6)+, 3'(/(-&, (0(8 G,$,*+#*'C ,//, $,%9,' 3*,

+,-0%($'()* +,- -3%.#0,- +, -(/(0, #>,0 +,- $%)$%(&'&- (9$)%'#*',- ',//,- A3, /1&/,0'%)*,3'%#/('& ,'

3*, +,*-('& +, <%)3$,- 6;+%):;/,- -(9(/#(%,- 4 3* 9#'&%(#3 6;+%)$6(/, %&,/ JK! M8 H#% #(//,3%-C

/, +&-)%+%, '6,%9(A3, $)3% /,- #')9,- +#*- /, 93% ,-' 5(,* %,$%)+3(' 4 /1#(+, +3 +&$/#0,9,*'

+,- #')9,-8 N*, 0)*D<3%#'()* +13* $)%, .,*', +, -(/(0, #9)%$6, +, H = 20? +, /#%<, ,-'

9)*'%&, -3% /# D<3%, K8O8 ", -;-'=9, #(*-( %,$%&-,*'& ,-' 0)*',*3 +#*- 3*, 5)@', )%'6)%6)95(A3,

+, +(9,*-()*- 28.48 × 28.48 × 34.46?3
8 P#*- /, 53' +, -1#$$%)06,% +, /# %&#/('& +,- 9#'&%(#3:

0(9,*'#(%,-C *)3- #>)*- $#% /# -3(', 0)*-'%3(' +,- -35-'%#'- +, -(/(0, *#*)$)%,3-, #>,0 +,- -3%.#0,-

06#%<&,- 0)9$,*-&,- $#% +,- 0)*'%,7()*- Ca2+
8 P#*- 0, 0#-C /,- /(#(-)*- ):;<=*, $,*+#*',- #3:

-3%.#0,- *, -)*' $/3- -#'3%&,- #>,0 +,- #')9,- +16;+%)<=*,8 Q/ ,* %&-3/', 3*, 06#%<, +, -3%.#0,

+, σ = −0.6C.m−2
8 G,'', >#/,3% ,-' &/,>&, ,' $%)06, +, 0,//, +, /# ')5,%9)%(', ECa/Si = 1F

#>,0 σ = −0.5 C.m−2
A3( ,-' 3* 9(*&%#/ #*#/)<3, #3  !"!# ECa/Si = 1.7F JORM8 P, $/3-C

/# 06#%<, +, -3%.#0, ,-' 3 4 5 .)(- $/3- <%#*+, A3, 0,//,- '%)3>&,- +#*- /,- #%<(/,- *#'3%,//,-

0)99, /# 9)*'9)%(//)*(', )3 /# >,%9(03/(', J!KSM8 H#% #(//,3%-C /1&/,0'%)*,3'%#/('& +, /# 5)@',

+, -(93/#'()* +#*- *)- -;-'=9,- ,-' #--3%&, $#% /# $%&-,*0, +, 0)*'%,7()*- Ca2+
0)9$,*-#*'



 !  !"#$%&' () *+%!,-'.

 !"# "#$ % &'()*+,- ./(0, 12)3 456, 7,38, 1, 9:;:*, (/564+, +<165=<;>, 1, 8(:;;, H = 20?#

&@65:8,- ./(0, 12)3 456, 7,38, 1, 9:;:*, (/564+, (A,* 1,9 *5386,B:539 Ca2+
1, 8(:;;, H = 20?#

C,9 1:/,39:539 1,9 D5E8,9 9538 28.48×28.48×34.46?3
# C,9 9,0/,389 65)0, ,8 F()3, *566,94531,38

()= ;:(:9539 ,386, ;,9 (85/,9 125=<0G3, ,8 ;,9 (85/,9 1, 9:;:*:)/ ,8 ;,9 9,0/,389 65)0, ,8 D;(3*

*566,94531,38 ()= ;:(:9539 ,386, ;,9 (85/,9 125=<0G3, ,8 ;,9 (85/,9 12+<1650G3,# C,9 1:9H),9

(60,38>9 *566,94531,38 ()= :539 Ca2+
#

;( *+(60, 3>0(8:A, ,30,316>, 4(6 ;,9 ;:(:9539 5=<0G3, 4,31(38,9 ()= 9)67(*,9# I(*+(38 H)2)3,

;:(:953 4,31(38, *5386:D), J ;( *+(60, 0;5D(;, 1, −0.5 eK )3 :53 Ca2+
*5386,D(;(3*, ;( *+(60, 1,

H)(86, ;:(:9539 353 9(8)6>,9# L) *5)69 1, ;( 9:/);(8:53 M538,BN(6;5 '6(31 N(353:H),K ;,9 :539

Ca2+
9538 /5D:;,9 ,8 86(:8>9 1, /(3:G6, *(353:H),K J 9(A5:6K 35)9 32()856:9539 4(9 1, *6>(8:53 5)

1, 1,986)*8:53 12:539 1(39 ;, D)8 1, /(:38,3:6 ;2>;,*8653,)86(;:8> 1) 9<98G/,# C2:31>4,31(3*, 1,

;( *53O0)6(8:53 :3:8:(;, 45)6 ;( 459:8:53 1, *,9 :539 1(39 ;2,94(*, 456(; ( >8> 8,98>, ,3 46>4(6(38

1,)= 9<98G/,9 P ;2)3 5Q ;,9 :539 9538 4;(*>9 465*+,9 1, ;( 9)67(*,K () D(6<*,386, 1,9 ;:(:9539

4,31(38,9 H)2:;9 *5/4,39,38K ,8 ;2()86, 5Q ;,9 :539 9538 4;(*>9 (;>(85:6,/,38 1(39 ;2,94(*, 456(;#

L)*)3, 1:R>6,3*, /(F,)6, 32,98 5D9,6A>, ,386, ;,9 1,)= *53O0)6(8:539 9)6 ;,9 1533>,9 1, 9568:,

1,9 9:/);(8:539# S3, *53O0)6(8:53 12)3 456, 7,38, 1, 9:;:*, (/564+, 1, H = 20? 1, ;(60, (A,*

1,9 *5386,B:539 Ca2+
,98 /5386>, 9)6 ;( O0)6, "#$#

 !"! #$%&'($')*& +,-&.*/&/0&

C2)3 1,9 >;>/,389 *;,7 45)6 *53*,A5:6 )3 /51G;, /5;>*);(:6, 1,  !"!# ,98 ;, 6(44568 *(;*:)/

9)6 9:;:*:)/ &C/S- TU"VW# X3 ,R,8K *5//, /:9 ,3 >A:1,3*, ,=4>6:/,38(;,/,38 TVYK VZWK ;2(3(;<9,

1, ;( 1:94,69:53 12>3,60:, 1,9 6(<539 [ 1)  !"!# 1(39 )3, 4\8, 1, *:/,38 ]568;(31 (0>, 12)3

F5)6 J 3.5 (33>,9 /5386, )3, A(6:(8:53 1) 6(44568 C/S (;;(38 1, 1.2 J 2.3 45)6 )3, A(;,)6

/5<,33, 1, 1.7# ^58539 H), *,88, A(6:(8:53 1>4,31 >0(;,/,38 1) 6(44568 /(99:H), ,() 9)6

*:/,38 &E/C- 45)6 ;,H),; ;, *:/,38 ,98 +<16(8> TV"W# @,9 :3756/(8:539 H)(38:8(8:A,9 J 4(68:6



 !"! #$%#&$&'()* +,- -./-'$&'-  !

"#$%&"'( )*+ +$(,-*-.' /*0-$%12&' -&.3$*1+' 45678 "&

29Si 9:;<= :;>? /,-%+'-% 3* @+*.%1,- "'

Si 1/)312&$' "*-( 3'( "1A$+'-%'( .,--'.%1B1%$( "'( %$%+*C"+'( "' (131.'D E' 3* (,+%'= .'( $%&"'(

,-% /,-%+$ 2&' 3' "1/C+' '% 3' )'-%*/C+' "' (131.' (,-% 3'( '()C.'( 3'( )3&( )+$('-%'( "*-( 3'

 !"!#D F,&+ .,-(%+&1+' &- /,"C3' .,G$+'-% *B'. 3'( ",--$'( 'H)$+1/'-%*3'(= 3' ),1-% "' "$)*+%

"& %+*B*13 "' $%&&%'( %) *&+ 9:;!? * $%$ &-' .'33&3' /,-,.31-12&' "' %,I'+/,+1%' 11J "' @,+/&3'

Ca6Si6O16D K33' * $%$ +$)$%$' 4= 2 '% 1 @,1( (&1B*-% 3'( *H'( +'()'.%1@( ~a= ~b '% ~cD E' .'%%' /*-1C+'=

"'&H @'&133'%( "' %,I'+/,+1%' (,-% )+$('-%( "*-( 3* .'33&3'D L' +*)),+% C/S "' .'%%' .,-M0&+*%1,-

1-1%1*3' '(% "' 1D L#$3'.%+,-'&%+*31%$ "& (N(%C/' *B'. &- %'3 +*)),+% -#'(% )*( *((&+$ '% 13 '(%

-$.'((*1+' "#1-%+,"&1+' "'( 1,-( .*3.1&/ 1-%'+.,&.G'( *M- "' +*/'-'+ 3* .G*+0' %,%*3' "& (N(%C/'

O 0D L'( "$@*&%( "*-( 3'( .G*P-'( (131.*%$'( "'( @'&133'%( "' %,I'+/,+1%' (,-% '-(&1%' 1-%+,"&1%(

'- '-3'B*-% "'( 0+,&)'( SiO2 4-'&%+'(8 '% '- +'()'.%*-% 3'( +$(&3%*%( 'H)$+1/'-%*&H "'

29Si

765 9Q!= :;>?D L' +$(&3%*% "' .'%%' )+,.$"&+' "#1/)3*-%*%1,- "'( "$@*&%( ",--' &-' (%+&.%&+'

"$@'.%&'&(' "' %,I'+/,+1%' .,/)+'-*-% 13% "#*%,/'( "' (131.1&/ @,+/*-% "'( /,-,/C+'( "'

(131.'= 67% "#*%,/'( "' (131.1&/ (1%&$( '- I,&% "' .G*P-' '% 20% "#*%,/'( "' (131.1&/ (1%&$( '-

/131'& "' .G*P-'D L' +*)),+% C/S "' 3* (%+&.%&+' M-*3' '(% "' 1.65D R'%%' )+,.$"&+' '(% 'A'.%&$'

(*-( %'-1+ .,/)%' "' 3* )+$('-.' "' 0+,&)'( GN"+,HN3'( "*-( 3* (%+&.%&+' *M- "#,I%'-1+ &-

+*)),+% C/S +*1(,--*I3' %,&% '- +'(%*-% $3'.%+12&'/'-% -'&%+' 9Q ?D L* (%+&.%&+' '(% )*+ 3* (&1%'

+'3*H$' O T = 0 K '- 'A'.%&*-% &-' /1-1/1(*%1,- "' 3#$-'+01' .3*((12&'D F&1(= 3#*"(,+)%1,- "'

/,3$.&3'( "#'*& '(% (1/&3$' )*+ 3' I1*1( "' .*3.&3( 6,-%'SR*+3, T+*-" R*-,-12&' O T = 300KD

L,+(2&' 3#$2&131I+' '(% *%%'1-%= 3* "'-(1%$ "& (N(%C/' '(% "' 2.56 g.cm−3
= .' 2&1 '(% )+,.G' "' 3*

B*3'&+ 'H)$+1/'-%*3' 42.6 g.cm−3
8 "'(  !"!# ,I%'-&' )*+ "1A&(1,- "' -'&%+,-( 9<!?D 5,%,-( 2&'

3'( /,3$.&3'( "#'*& (#*"(,+I'-% "*-( 3'( +$01,-( 1-%'+S '% 1-%+*3*/'33*1+'(D E*-( .' "'+-1'+ .*(=

3#'*& '(% .,-(1"$+$' .,//' @*1(*-% )*+%1' 1-%$0+*-%' "' 3* (%+&.%&+'D U& M-*3= 3* .,/),(1%1,- "&

/,"C3' "'  !"!# GN"+*%$ *1-(1 .,-(%+&1% '(% (CaO)1.65(SiO2)(H2O)1.75= .' 2&1 '(% '- *..,+" *B'.

3* .,/),(1%1,- 'H)$+1/'-%*3' ,I%'-&' )*+ "1A&(1,- "' -'&%+,-( (CaO)1.70(SiO2)(H2O)1.8 9<!?D

E#&- ),1-% "' B&' (%+&.%&+*3= 13 N * &-' %+C( I,--' .,-.,+"*-.' '-%+' 3'( (1/&3*%1,-( (&+ 3'

/,"C3' "'  !"!# '% 3'( @,-.%1,-( "' .,++$3*%1,- "' )*1+' %,%*3' "& .*3.1&/ 'H%+*1%'( "'( ",--$'(

'H)$+1/'-%*3'( "#KVUWX 4KH%'-%'" VS7*N UI(,+)%1,- W1-' X%+&.%&+'8= "'( "1A+*.%,0+*//'(

*&H +*N,-( V= '% "& ()'.%+' "#*I(,+)%1,- 1-@+*+,&0'D L#1-@,+/*%1,- 1/),+%*-%' 'H%+*1%' "& .+,1S

('/'-% "' .'( ",--$'( '(% 2&' 3' 0'3 "'  !"!# )+$('-%' &- $%*% B1%+'&H *&H .,&+%'( "1(%*-.'(

431$ O &-' @,+%' "$@,+/*%1,- "' 3* (%+&.%&+' 1-%'+-' "'( @'&133'%(8 '% "'( .*+*.%$+1(%12&'( "& .+1(S

%*3 *&H )3&( 3,-0&'( "1(%*-.'( 431$ O 3#'()*.'/'-% 1-%'+3*/'33*1+'8 9:;!?D R'%%' 1"$' '(% *))&N$'

)*+ 3* +$"&.%1,- "' .+1(%*331-1%$ ,I('+B$' )*+ +*)),+% O 3* Y,I'+/,+1%' 11J "*-( 3' "1A+*.%,S

0+*//' "' +*N,-( VD E#&- ),1-% "' B&' /$.*-12&'= 3'( )+,)+1$%$( "& /,"C3' "'  !"!# (,-%

.,/)*+$'( ,-* 3#*))31.*%1,- "' "'&H /,"C3'( "' /1.+,/$.*-12&' *&H +$(&3%*%( 'H)$+1/'-%*&H

"' -*-,1-"'-%*%1,-D L' )+'/1'+ /,"C3' '(% .'3&1 "' ./0-!1*'*2* 9:;Z? '% 3' ('.,-" '(% &-'

*))+,.G' 0+*-&3*1+' *&%,S.,G$+'-%' 9:; ?D R#'(% 3' /,"C3' *&%,S.,G$+'-% 2&1 "$.+1% 3' /1'&H 3'(



 !  !"#$%&' () *+%!,-'.

"#$%&' ()"*+$,(%&-.) '.+ &#.&( /- 0-,,( 1( 2#,"-2$&* 1('  !"!#3 /( ,#14/( 1( $%&'!()*)+) %(

5#.+%$''-%& 1(' "+*1$2&$#%' +-$'#%%-6/(' 7.8-.) /-+0(' 2#,"-2$&*' 9:;<=> ?( "/.'3 /- 2#,6$%-$'#%

1(' 2#%'&-%&(' */-'&$7.(' ,') /- 1*,-+2@( 1( -./00!1%'23!#'44 "(+,(& /8('&$,-&$#% 1. ,#1./( 1(

2#,"+(''$6$/$&* AKRV H = 49GPaB3 1. ,#1./( 1( 2$'-$//(,(%& AGRV H = 23 GPaB3 1. ,#1./(

1( 5%/*2 AERV H = 59.7GPaB (& 1. 2#(C2$(%& 1( D#$''#% AνV RH = 0.3B> E(' F-/(.+' '#%& (%

-22#+1 +-$'#%%-6/( -F(2 /(' 1#%%*(' ()"*+$,(%&-/(' 9<G=>

H- "+*"-+-&$#% 1( %#' "#+(' 1(  !"!# '8(I(2&.( '.+ /- 6-'( 18.%( 2(//./( .%$&* &+$2/$%$7.(

2#,"#'*( 1( 1(.) 5(.$//(&' 1#%& /(' 2-+-2&*+$'&$7.(' '#%& /(' '.$F-%&(' J a = 13.31K3 b = 29.52K3

c = 23.69K3 α = 92.02  3 β = 88.52  3 γ = 123.58  > L#&#%' 7.( /- 2@-+0( 1( '.+5-2( 1-%' 2(

,#14/( ('& 1( σ ≈ −0.73C.m−2
> M "-+&$+ 1( 2(&&( 2(//./( .%$&*3 %#.' 2+*#%' /(' ,.+' 1( %#'

"#+(' (% /- 1*,./&$"/$-%& '.$F-%& /(' &+#$' 1$+(2&$#%' 1( /8('"-2( J 2 × 1 × 1 "#.+ H = 10K (&

4× 2× 1 "#.+ H = 20 et 40K> N%'.$&(3 /(' ,.+' '#%& ('"-2*' 1( H = 103 20 #. 40K (% 5#%2&$#%

1( /- "#+#'$&* '#.@-$&*(> O%( 2#%P0.+-&$#% 18.% "#+( 5(%&( 1( &#6(+,#+$&( 1*5(2&.(.'(3 ,#14/(

1(  !"!#3 1( H = 20K 1( /-+0( ('& ,#%&+*( 1-%' /- P0.+( ;>Q>

 !"# ;>Q R S,-0( 18.% "#+( 5(%&( 1( &#6(+,#+$&( 1*5(2&.(.'(3 ,#14/( 1(  !"!#3 1( &-$//( H =
20K> H(' 1$,(%'$#%' 1( /- 6#T&( '#%& 53.23 × 59.04 × 43.69K3

> H(' '(0,(%&' +#.0( (& U-.%(

2#++('"#%1(%& -.) /$-$'#%' (%&+( /(' -&#,(' 18#)V04%( (& /(' -&#,(' 1( '$/$2$.,> H(' 1$'7.('

-+0(%&*' 2#++('"#%1(%& -.) $#%' 2-/2$., @V1+-&*> H(' 1$'7.(' 0+$' 2#++('"#%1(%& -.) $#%' 2-/2$.,

1( 2#%'&$&.&$#% 1. 5(.$//(&>

 !" #$%&'()*$%

L#.' -F#%' F. 1-%' 2( 2@-"$&+( /(' #.&$/' 1( ,*2-%$7.( 2/-''$7.( (& 1( ,*2-%$7.( '&-&$'&$7.(

%*2(''-$+(' W /8*/-6#+-&$#% (& W /- 2#,"+*@(%'$#% 1(' &(2@%$7.(' 1( '$,./-&$#% .&$/$'*(' 1-%' 2(



 !"! #$%#&'()$%  !

"#$%$&'( ) *$%+&# ', -+.",/0$#'+ 1#$.2 0$.+.&34, ," '$ 56.$7&34, -+'894'$&#,: ;+4* $%+.* %4

34, 9,"", <#,7&=#, ",9>.&34, 9+.*&*"$&" ) ?8.8#,# 4. ,.*,7@', 2, 9+.A?4#$"&+.* ) <$#"&# 2B4.,

9>$C., 2,  !"#$% %&! 'B$'?+#&">7, 2,  '("$)$*&+ *4# ',*34,'',* .+4* ,D,9"4+.* 2,* 7+6,..,*

2B,.*,7@',* <+4# 9$#$9"8#&*,# '$ <#+<#&8"8 <>6*&34, A %+4'4,: ;+4* $%+.* 89#&" .+"#, <#+<#,

9+2, 2, 9$'94' <+4# 9,* *&74'$"&+.*: E' *4<<+#", ',* @+C",* "#&9'&.&34,* ," $ 8"8 %$'&28 $%,9 ',*

F+.9"&+.* 2, 2&*"#&@4"&+. #$2&$', 2, 'B,$4: 5$.* '$ *,9+.2, ",9>.&34,( 'B$<<#+9>, ,*" 2&D8#,.",

2$.* ', *,.* +G .+4* .+4* *,#%+.* 2,* 834$"&+.* 9'$**&34,* 24 7+4%,7,." <+4# ?8.8#,# 4.,

"#$H,9"+&#, <+**&@', 24 *6*"=7,: E' ,I&*", <'4*&,4#* F$J+.* 2B&."8?#,# 9,* 834$"&+.*( 9,'', 34, .+4*

$%+.* #,",.4 2$.* .+"#, "#$%$&' ,*" 'B$'?+#&">7, ,'!)-"$.: K$# $&'',4#*( 24 F$&" 2, 'B4"&'&*$"&+. 2,

7+'894',* 2B,$4 #&?&2,* '$ ",9>.+'+?&, 2,* 34$",#.&+.* $ 8"8 ,7<'+68, <+4# &."8?#,# ',* 834$"&+.*

#+"$"&+..,'',* 24 7+4%,7,.": ;+4* $%+.* %4 34B,. 2,>+#* 2, 'B,.*,7@', 7&9#+9$.+.&34,( 'B$</

<'&9$"&+. 2B4. ">,#7+*"$" 8"$&" .89,**$&#, <+4# 7$&.",.&# '$ ",7<8#$"4#, $4"+4# 2B4., %$',4#

7+6,..,: K'4*&,4#* $<<#+9>,* *+." 2&*<+.&@',* $%,9 <'4* +4 7+&.* 2B,D,"* *4# '$ 26.$7&34, 2,*

7+'894',* 24 *6*"=7,: 5$.* .+"#, 9$*( .+4* $%+.* 4"&'&*8 ', ">,#7+*"$" 2, /$+012$$%'" 2+."

'B&.L4,.9, *4# '$ 26.$7&34, ,*" '$ <'4* F$&@',:

M.*4&",( .+4* $%+.* 28"$&''8 ',* <+",."&,'* 2B&.",#$9"&+. L4&2,N*4@*"#$" ," L4&2,NL4&2, 4"&'&*8*

2$.* 9, "#$%$&': ;+4* $%+.* %4 34, ',* ",#7,* 2, 2&*<,#*&+. ," 2, #8<4'*&+. 9+.",.4* 2$.* 9,*

<+",."&,'* <#,.$&,." ',4# F+.2,7,." 2$.* '$ ">8+#&, 34$."&34,: K$# $&'',4#*( .+4* $%+.* 7+."#8

9+77,." <#,.2#, ,. 9+7<", '$ '+.?4, <+#"8, 24 <+",."&,' 8',9"#+*"$"&34, <$# ', @&$&* 2, '$

*+77$"&+. 2B34!*5:

M.A.( '$ 2,#.&=#, <$#"&, 2, 9, 9>$<&"#, 8"$&" 9+.*$9#8, ) '$ 2,*9#&<"&+. 2,* *6*"=7,* 34,

.+4* $%+.* 4"&'&*8 2$.* 9, "#$%$&': ;+4* *+77,* <$#"& 2B4. <+#, F,.", 2, *&'&9, 2+." ',* *4#F$9,*

*+." 9+7<'=",7,." >62#+I6'8,*: ;+4* 'B$%+.* 9+7<',I&A8 $%,9 'B$H+4" 2B4., 9>$#?, 2, *4#F$9,(

'&$&*+.* +I6?=., <,.2$.",* 2, *4#F$9, .+. *$"4#8,*( 9+7<,.*8, <$# 2,* 9+."#,/&+.* Ca2+
<+4#

*, #$<<#+9>,# 2, '$ #8$'&"8 2,* 7$"8#&$4I 9&7,."$&#,*: M.A.( .+4* $%+.* 9+.*&28#8 ', 7+2=', 2,

61712 28%,'+<<8 #89,77,.":



 !  !"#$%&' () *+%!,-'.



 !"#$%&' (

 !"#$%&%" ' %()*+,-./&+01#) )%

"%*#2%#*) -) $3)&# )% -)" 0,/" 2,/4/!"

 ! "#$%&'(! !)' *+*&+ , -.$/$-0)! *!) %(1%(&+'+) '#!(21*0/$2&34!) !' )'(4"'4($-!) , '!2%+($5

'4(! $26&$/'! 7T = 300 K8 *! -.!$4 14 *.4/ +-!"'(1-0'! !/ )&'4$'&1/ *! "1/9/!2!/': ;14) $<1/)

"1/)&*+(+ -!) )0'=2!) 21*=-!) *! 2$'+(&$4> '!-) 34! -!) ? ?5@AB -!) <!((!) %1(!4> 14 -!)  !"!#B

%(+)!/'+) *$/) -! "#$%&'(! C: D14( "! E$&(!B /14) $<1/) 4'&-&)+ /1'(! "1*! *! "$-"4- ?1/'!5 $(-1

F($/*  $/1/&34! %14( 16'!/&( -.+34&-&6(! *!) %1'!/'&!-) "#&2&34!) !/'(! /1) *&G+(!/') )0)'=2!)

!' -! H($/* (+)!(<1&(: ;14) 21/'(1/)B *$/) 4/! %(!2&=(! %$('&!B -!) &)1'#!(2!) *.$*)1(%'&1/ !'

*! *+)1(%'&1/ *! -.!$4 16'!/4!) )4( /1) )0)'=2!) *.+'4*!: I.+<1-4'&1/ *!) "#$-!4() &)1)'+(&34!)

*.$*)1(%'&1/ "$($"'+(&)'&34!) *!) *&G+(!/') )46)'($') !)' !/)4&'! $/$-0)+! $&/)& 34! -$ )'(4"'4(!

*4 J4&*! "1/9/+:

 !" #$%&'()*+,'-./% 0 -1(2$%&'%1 )3,)1(&42-(+

I!) 9H4(!) K:AB K:CB K:K !' K:@ %(+)!/'!/' -!) &)1'#!(2!) *.$*)1(%'&1/ )&24-+!) *! -.!$4 , T =

300 K *$/) -!) %1(!) E!/'! *! )&-&"! #0*(1>0-+!B *! )&-&"! $<!" 4/! "#$(H! *! )4(E$"! "12%!/)+! %$(

*!) "1/'(!5&1/) Ca2+
!' *4  !"!# %14( *!) '$&--!) *! %1(!) <$(&$/' *! H = 10 , 40L: I$ 34$/'&'+

*.!$4 $*)1(6+! !)'B *.4/! %$('B /1(2$-&)+! %$( -! /126(! '1'$- *! 21-+"4-!) *.!$4 $*)1(6+!) N0

!'B *.$4'(! %$('B *1//+! !/ E1/"'&1/ *! -$ %(!))&1/ %$('&!--! P/P0 1M P0 !)' -$ %(!))&1/ *! <$%!4(

)$'4($/'! *! -.!$4: N$/) -! "$) *4 21*=-! SPC , T = 300K O P0 = 4400 Pa PKKQR: ;1'1/)

34! %14( &--4)'(!( -! 2+"$/&)2! *! (!2%-&))$H! *$/) /1) /$/1%1(!)B /14) $<1/) (!%(+)!/'+ *$/)

-!) 9H4(!) K:SB K:T !' K:U -!) %1(!) E!/'! *!B (!)%!"'&<!2!/'B )&-&"! $21(%#! $<!" *!) )4(E$"!)

#0*(1>0-+!)B )&-&"! $21%(#! $<!" "#$(H! *! )4(E$"! "12%!/)+! %$( *!) "1/'(!5&1/) Ca2+
!'  !"!#

%14( %-4)&!4() %(!))&1/) !' %-4)&!4() '$&--!) *! %1(!): D14( -!) )0)'=2!) *! H = 20 !' 40L !'

%14( -! %1(! *! )&-&"! $21(%#! , )4(E$"! #0*(1>0-+! *! H = 10L -!) &)1'#!(2!) *.$*)1(%'&1/

)! "1/E1(2!/' , -.&2$H! "-$))&34! *! -$ "1/*!/)$'&1/ "$%&--$&(!: V/ !G!'B -$ 34$/'&'+ $*)1(6+!

WW
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 !"# "# $ %&'()*+,*& -./-&'+0(1'2 *( -* -3&'+0(1'2 -* 4.*/5 6 T = 300K -/2& 52 0'+* 7*2(* -*

&1418* /,'+0)* 6 &5+7/8* )9-+':943* ;8/++3& <*1=*&>? -* &1418* /,'+0)* /@*8 52* 8)/+=* -* &5+7/8*

8'20*2&3* 0/+ -*& 8'2(+*A1'2& Ca2+
;+'2-& 2'1+&>? 2'(3*  !"# Ca2+

? *( -* $%&%' ;(+1/2=4*&

+'5=*&> 0'5+ 52* (/144* -* 0'+* -* H = 10B# C'5+ 045& -* 84/+(3? 4*& 1&'()*+,*& &'2( -38/43*&

4*& 52*& 0/+ +/00'+( /5: /5(+*& -* +0.5 &51@/2( 4./:* -*& '+-'223*&#

/5=,*2(* -* ,/21D+* 8'2(125* -/2& 52 +3=1,* -./-&'+0(1'2 *2 ,54(18'58)*& E5&F5.6 8* F5.52

&/5( /00/+/1&&* -G 6 4/ 8'2-*2&/(1'2 -5 H51-* -/2& 4* 0'+*# I* 045&? F5*44*& F5* &'1*2( 4/ 2/(5+*

*( 4/ (/144* -5 0'+* 8'2&1-3+3*&? 2'& +3&54(/(& -* &1,54/(1'2 +3@D4*2( 52 8/+/8(D+* )9-+'0)14*

7'+( -5 &5<&(+/( /@*8 52* F5/2(1(3 -* ,'43854*& -.*/5 6 </&&* 0+*&&1'2 /5=,*2(/2( +/01-*,*2(

/@*8 4./88+'1&&*,*2( -* 4/ 0+*&&1'2# C'5+ 4*& &1418*& )9-+':943*&? 8* +3&54(/( *&( /((*2-5 *2 +/1&'2

-* 4/ 7'+(* -*2&1(3 -* =+'50*& &14/2'4& ;ρOH = 0.078B−2
> 6 4/ &5+7/8* -5 0'+*# I/2& 4* 8/&

-*& &1418*& /@*8 52* 8)/+=* -* &5+7/8* 8',0*2&3* 0/+ -*& 8'2(+*A1'2& Ca2+
*( 0'5+ 4* $%&%'?

4/ F5/2(1(3 -* ,'43854*& -.*/5 /-&'+<3* *&( 045& =+/2-* F5* 0'5+ 4*& 0'+*& -* &1418* /,'+0)* 6

&5+7/8* )9-+':943*# J*4/ ,'2(+* F5* 4/ 0+3&*28* -.1'2& *( -.52* 8)/+=* -* &5+7/8* +*2- 4* &5<&(+/(

*28'+* 045& )9-+'0)14* F5* 4* 0'+* -* &1418* )9-+':943* *(? 8*? ,K,* 0'5+ -*& -*2&1(3& -* =+'50*&

&14/2'4& -* &5+7/8* 34*@3*&# C/+ /144*5+&? -5 7/1( -* 4/ 4/+=* F5/2(1(3 -.1'2& 8/4815, -/2& 4* $%&%'?

8* &'2( 4*& 1&'()*+,*& 0'5+ 8* &9&(D,* F51 *2+*=1&(+*2( 4/ 045& 4/+=* F5/2(1(3 -* ,'43854*& -.*/5

/-&'+<3* 6 </&&* 0+*&&1'2 8'2L+,/2( F5* 4*& )9-+/(*& 81,*2(/1+*& &'2( -*& *2@1+'22*,*2(& ()"*+

,- +!",./*(# M/ 8'2-*2&/(1'2 8/0144/1+*? F51 &* 0+'-51( 4'+&F5* 4*& L4,& /-&'+<3& /5: &5+7/8*&
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 !"# "#$ % &'()*+,-+' ./0.'(,1)2(3 +) .+ .4'(,1)2(3 .+ 5/+06 7 T = 300K .03' 63 1(,+ 8+3)+ .+

'2529+ 0-(,1*+ 7 '6,809+ *:.,(;:54+ <90,,4' =+2>+'?@ .+ '2529+ 0-(,1*+ 0A+9 63+ 9*0,>+ .+ '6,809+

9(-1+3'4+ 10, .+' 9(3),+B2(3' Ca2+
<,(3.' 3(2,'?@ 3()4+  !"# Ca2+

@ +) .+ $%&%' <),203>5+'

,(6>+'? 1(6, 63+ )0255+ .+ 1(,+ .+ H = 20C# D(6, 156' .+ 950,)4@ 5+' 2'()*+,-+' '(3) .49054+'

5+' 63+' 10, ,011(,) 06; 06),+' .+ +0.5 '62A03) 5/0;+ .+' (,.(334+'#

.+A2+33+3) 23')0=5+' <98# E>6,+' "#F@ "#G +) "#H?@ '6,A2+3) +3 .+''(6' .+ 50 1,+''2(3 .+ A01+6,

'0)6,03)+ <P0 = 4400 Pa?# I+' A05+6,' .+ 1,+''2(3 ,+50)2A+ .+ 9(3.+3'0)2(3 90125502,+ <Pcc? '(3)

,41+,)(,24+' .03' 5+ )0=5+06 "# # J()(3' 06''2 K6+@ .6 802) K6+ 5+' '2-650)2(3' 1(6, 5+' 1(,+'

$%&# "# % L05+6,' .+ 50 1,+''2(3 .+ 9(3.+3'0)2(3 90125502,+ Pcc .03' 5+' ':')M-+' .+ '2529+

0-(,1*+ 7 '6,809+' *:.,(;:54+' <3()4 SiO2 *:.,(;:54?@ .+ '2529+ 0-(,1*+ 0A+9 63+ 9*0,>+ .+

'6,809+ 9(-1+3'4+ 10, .+' 9(3),+B2(3' Ca2+
<3()4 SiO2 .(14 Ca2+

? +) .+ $%&%'# I+' ,4'65)0)'

'(3) .(334' 1(6, .+' )0255+' .+ 1(,+' 05503) .+ 10 7 40C#

 !"##$ %$ &'($ Pcc )P0*

H )+* SiO2 ,-%('.-#/ SiO2 %'&/ Ca2+
 !"!#

10 0.05 N N

20 0.50 0.40 ∼ 0.40

40 ∼ 0.80 ∼ 0.80 N
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40 Å

 !"# #$# % &'()*+,-+' ./0.'(,1)2(3 +) .+ .4'(,1)2(3 .+ 5/+06 7 T = 300K .03' 63 1(,+ 8+3)+ .+

'2529+ 0-(,1*+ 7 '6,809+ *:.,(;:54+ <90,,4' =+2>+'?@ .+ '2529+ 0-(,1*+ 0A+9 63+ 9*0,>+ .+ '6,809+

9(-1+3'4+ 10, .+' 9(3),+B2(3' Ca2+
<,(3.' 3(2,'?@ 3()4+  !"# Ca2+

@ +) .+ $%&%' <),203>5+'

,(6>+'? 1(6, 63+ )0255+ .+ 1(,+ .+ H = 40C$ D(6, 156' .+ 950,)4@ 5+' 2'()*+,-+' '(3) .49054+'

5+' 63+' 10, ,011(,) 06; 06),+' .+ +1 '62A03) 5/0;+ .+' (,.(334+'$

.+ H = 40C +) 1(6, 5+ 1(,+ .+ $%&%' .+ H = 20C 349+''2)+3) .+ 5(3>' )+-1' .+ '2-650)2(3

<>,03. 3(-=,+ .+ -(54965+' E 2000 < NH20 < 5000?@ )(6' 5+' 1(23)' 7 5/4F6252=,+ <+3),+ 0.5 +)

0.65 P0 1(6, 5+ $%&%' .+ H = 20C +) +3),+ 0.8 +) 0.98P0 1(6, 5+' ':')G-+' .+ H = 40C? .+

9+' 2'()*+,-+' 3/(3) 16 H),+ (=)+36'$ D0, 0255+6,'@ '2 1(6, 5+ 156' >,03. 1(,+ .+' '6='),0)' .+

'2529+ 0-(,1*+ <H = 40C? 5+' 1,+''2(3' .+ 9(3.+3'0)2(3 90125502,+ '+-=5+3) H),+ 0''+I 1,(9*+'@

63 .49050>+ A+,' 63 156' =0' Pcc 1(6, 5+ '6='),0) 0A+9 63+ 9*0,>+ .+ '6,809+ 9(-1+3'4+ 10, .+'

9(3),+B2(3' Ca2+
+') (='+,A4 1(6, H = 20C$ J+' ,4'65)0)' '6>>G,+3) F6+ 1(6, 5+' 156' >,03.'

1(,+' 50 9*2-2+ .+ '6,809+ 0@ 06 K305@ 1+6 ./23L6+39+ '6, 50 A05+6, .+ Pcc 05(,' F6/+55+ +3 0 63+

1(6, .+' 1(,+' ./63+ )0255+ 2384,2+6,+ (6 4>05+ 7 H = 20C$ M+ '6,9,(N)@ .03' 9+))+ .+,32G,+ )0255+

.+ 1(,+@ 5+' 9(3.+3'0)2(3' 90125502,+' 1(6, 5+ $%&%' +) 1(6, 50 '2529+ 0-(,1*+ 0A+9 63+ 9*0,>+

.+ '6,809+ 9(-1+3'4+ 10, .+' 9(3),+ 2(3' Ca2+
'6,A2+33+3) 1,0)2F6+-+3) 06; -H-+' 1,+''2(3'

-(3),03) F6+ 3(),+ -(.G5+ .+ '2529+ 9(--+ 011,(;2-0)2(3 ./63+ )+;)6,+ .+ 92-+3) +') =(3@ 7 50

)0255+ 9(3'2.4,4+@ 1(6, .49,2,+ 5/0.'(,1)2(3 ./+06 .03' 5+' 303(1(,+'$ O0 1,4'+39+ ./63+ ,6>('2)4

.+ '6,809+ =+069(61 156' -0,F64+ F6+ .03' 5+ ':')G-+ .+ '2529+ 0-(,1*+ 3/23L6+ K305+-+3) 10'@

292@ .+ -032G,+ .4)+,-2303)+ '6, 1,+''2(3 .+ 9(3.+3'0)2(3 90125502,+$ P()(3'@ 9+1+3.03)@ F6+ 5+'

),0A06; .+ $!()*+ +, (-. '6, 5/0.'(,1)2(3 .+ L62.+' '2-15+' <0,>(3 +) ;43(3? .03' .+' 1(,+' .+
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 !"# "#$ % &'()*+,-+' ./0.'(,1)2(3 +) .+ .4'(,1)2(3 .+ 5/+06 7 T = 300 K .03' 63 1(,+ 8+3)+

.+ '2529+ 0-(,1*+ 7 '6,809+ *:.,(;:54+ <.,(2)+=> .+ '2529+ 0-(,1*+ 0?+9 63+ 9*0,@+ .+ '6,809+

9(-1+3'4+ 10, .+' 9(3),+A2(3' Ca2+
<-252+6=> 3()4+  !"# Ca2+

> +) .+ $%&%' <@069*+=> 1(6, 156A

'2+6,' )0255+' .+ 1(,+' B H = 10C <90,,4' D+2@+'=> H = 20C <,(3.' 3(2,'= +) H = 40C <),203@5+'

,(6@+'=# E(6, 156' .+ 950,)4> 5+' 2'()*+,-+' '(3) .49054+' 5+' 63+' 10, ,011(,) 06; 06),+' .+ +1
'62?03) 5/0;+ .+' (,.(334+'#

'2529+ 0?+9 .2F4,+3)' 4)0)' .+ '6,809+ G HI (3) -(3),4' J6+ 50 ,6@('2)4 .+ '6,809+ 1(6?02) 0?(2, 63+

23K6+39+ '6, 1,+''2(3 .+ 9(3.+3'0)2(3 90125502,+# L(39+,303) 50 1,+''2(3 ./4?01(,0)2(3 90125502,+>

J62 +') .+ Pec = 0.25 P0 1(6, 5+' 303(1(,+' .+ H = 20 +) 40C> +55+ '+ '2)6+ 7 63+ 1,+''2(3 D2+3

156' D0''+ J6+ 50 1,+''2(3 .+ 9(3.+3'0)2(3 90125502,+ .+ )+55+ '(,)+ J6/63+ 50,@+ D(695+ ./*:')4,4'2'

+') (D'+,?4+ .03' 9+' 1(,+'# L(--+ 3(' 1(,+' '(3) .+ )0255+ 23M32+ '62?03) 5+' .2,+9)2(3' x +) y

<9(3.2)2(3' 06; 52-2)+' 14,2(.2J6+'=> 5+ K62.+ 3+ 1+6) '/4?01(,+, 7 5/4J6252D,+# N+ 1(,+ '+ ?2.+ ./63

'+65 9(61 7 ),0?+,' 63 1,(9+''6' .+ 90?2)0)2(3 9(3'2')03) +3 50 @+,-230)2(3 '1(3)034+ .+ D655+' .+

@0O .03' 5+ K62.+ GP$ > "" %""QI# L+ 1,(9+''6' +') 63 0,)+809) .+ '2-650)2(3# &5 3+ ,+1,(.62) 10'

5+ 9(-1(,)+-+3) +;14,2-+3)05 .03' 5+J6+5> 7 906'+ .6 9(3)09) +3),+ 5+ K62.+ 9(3M34 +) 50 1*0'+

@0O+6'+ 7 5/+3),4+ .6 1(,+> 5/4?01(,0)2(3 '+ 1,(.62) 7 5/4J6252D,+ 7 ),0?+,' 5+ .41509+-+3) 9(3)236

./63 -432'J6+ .+-2A9:523.,2J6+ <50 9(6,D6,+ .+ 5/23)+,809+ 52J62.+A@0O= 7 5/23)4,2+6, .6 1(,+#

E(6, 5+' 1(,+' .+ )0255+ H = 10C> 50 9*0,@+ .+ '6,809+ 0F+9)+ 06''2 5/2'()*+,-+ ./0.'(,1)2(3#

R23'2> 5(,'J6+ 50 9(3.+3'0)2(3 90125502,+ +') (D'+,?4+ .03' 5+' 303(1(,+' .+ '2529+ *:.,(;:54+

<'06) .03' 50 J603)2)4 0.'(,D4+=> 5+ ,+-152''0@+ .+' 1(,+' .+ H = 10C 0?+9 63+ 9*0,@+ .+

'6,809+ <'2529+ 0-(,1*+ +) $%&%' = '/+F+9)6+ .+ -032S,+ 9(3)236+ +) ,4?+,'2D5+# N/*:')4,S'+ +3),+

9(3.+3'0)2(3 +) 4?01(,0)2(3 +') '611,2-4+ 7 906'+ .6 8(,) 9(3M3+-+3) +) .+ 50 8(,)+ 0T32)4

+3),+ 5+ '6D'),0) +) 5/+06# N0 8(,-+ .+ 5/2'()*+,-+ 1(6, 5+ 1(,+ .+ '2529+ 0?+9 5+' 9(3),+A2(3'

Ca2+
+') 90,09)4,2')2J6+ .6 ,+-152''0@+ .+ 1+)2)' 1(,+' )+5' J6+ 3(6' 1(6?(3' +3 ),(6?+, .03'

5+' O4(52)*+' *:.,(1*25+' <056-23(A'25290)+' 0?+9 9(3),+A2(3' .03' 5+6,' 90?2)4'= G HP> P HI# L+



 !"  !"#$%&' () &*+,-%"%+ . %!'&/0123"/$4,' '% +%&, %,&'

 !"# #$% & '()*+,-./0()1 2(345,3.0-61 /7809,61 :;6., 5()*)46 :.)1 :61 ).)(8(-61 :6 103056

.2(-8<6 .=65 :61 1,->.561 <7:-(?73461 @ T = 300 K 8(,- :0A4-6)/61 8-6110()1 :.)1 36 8(-6 6/

:0A4-6)/61 /.03361 B  !" H = 10C 6/  #" H = 20C$ D61 16+26)/1 -(,+61 6/ E.,)61 -68-416)/6)/

361 30.01()1 6)/-6 361 ./(261 :6 103050,2 6/ 361 ./(261 :;(?7+F)6 :.)1 36 1,G1/-./ :6 103056$ D61

16+26)/1 -(,+61 6/ G3.)51 1()/ 361 30.01()1 6)/-6 361 ./(261 :;(?7+F)6 6/ 361 ./(261 :;<7:-(+F)6$

D61 /.03361 :6 G(H/6 1()/ -61865/0=626)/ :6 28.48 × 28.48 × 24.46C3
8(,- H = 10C 6/ 28.48 ×

28.48 × 34.46C3
8(,- H = 20C$

5<.)+626)/ :6 5(28(-/626)/ :.)1 3;01(/<6-26 :;.:1(-8/0() 6/ :6 :41(-8/0() 6)/-6 361 1,->.561

<7:-(?73461 6/ 361 1,->.561 103056I0()1 Ca2+
61/ :J @ 3. 8-416)56 :6 561 :6-)06-1 9,0 .0:6)/ @ 3.

+6-20)./0() :6 3. 8<.16 :;6., 309,0:6 K1(3=././0()L$ M0)10N 361 0()1 .//0-6)/ 361 2(345,361 :;6.,

:;,)6 2.)0F-6 10203.0-6 .,? 5()/-6I0()1 :.)1 361 .-+0361N 2./4-0.,? 9,0 16-.06)/ <7:-(8<(G61

.,/-626)/$ O.- .0336,-1N 8(,- 56//6 2P26 /.0336 :6 8(-6 KH = 10CLN 3. :0A4-6)56 (G16-=46 :.)1

361 01(/<6-261 6)/-6 3. 103056 .=65 5()/-6I0()1 Ca2+
6/ 36 2(:F36 :6 $%&%' =06)/ :6 3. 8-416)56

:.)1 56 :6-)06- 171/F26 :;,)6 205-(8(-(10/4 :61 2,-1 :, 8(-6 6/ :;,)6 -,+(10/4 :6 1,->.56 )()

)4+30+6.G361$ Q) 56 16)1N 36 2(:F36 :6 $%&%' . ,)6 8(-(10/4 20?/6 K205-(I 6/ 241(8(-6,16LN 36

-6283011.+6 :6 3. ).)(/6?/,-6 1;6A65/,.)/ 6) 8-6206- K=(0- 02.+6 :61 8(-61 .,? >.0G361 8-6110()1

:6 3. *+,-6 #$RL$ Q) 6A6/N 03 6?01/6 :61 10/61 :;.:1(-8/0() >(-/1 8(,- 361 2(345,361 :;6., :.)1

561 171/F261 :, >.0/ 9,;63361 >()/ 8.-/06 0)/4+-.)/6 :6 36,- 5(28(10/0()$ D(-1 :, -6283011.+6N 361



 !"! #$%&'()*+,'-./% 0 -1(#$%&'%1 )2,)1(&3#-(+  !"

 !"# #$% & '()*+,-./0()1 2(345,3.0-61 /7809,61 :;6., 5()*)46 :.)1 :61 ).)(8(-61 :6 103056 .<65

,)6 5=.-+6 :6 1,->.56 5(286)146 8.- :61 5()/-6?0()1 Ca2+
@ T = 300K 8(,- :0A4-6)/61 8-6110()1

:.)1 36 8(-6 6/ :0A4-6)/61 /.03361 B  !" H = 10C 6/  #" H = 20C$ D61 16+26)/1 -(,+61 6/ E.,)61

-68-416)/6)/ 361 30.01()1 6)/-6 361 ./(261 :6 103050,2 6/ 361 ./(261 :;(F7+G)6 :.)1 36 1,H1/-./ :6

103056$ D61 18=G-61 .-+6)/461 1()/ 361 5()/-6?0()1 5.350,2 9,0 5(286)16)/ 3. 5=.-+6 )4+./0<6 :6 3.

1,->.56 +4)4-46 8.- 361 30.01()1 3.011461 86):.)/61 :61 ./(261 :;(F7+G)6$ D61 16+26)/1 -(,+61 6/

H3.)51 1()/ 361 30.01()1 OH :61 2(345,361 :;6., .:1(-H461$ D61 /.03361 :6 H(I/6 1()/ -61865/0<626)/

:6 28.48 × 28.48 × 24.46C3
8(,- H = 10C 6/ 28.48 × 28.48 × 34.46C3

8(,- H = 20C$

2(345,361 1;.:1(-H6)/ :.)1 361 10/61 4)6-+4/09,61 361 83,1 >(-/1 3(5.30141 :.)1 361 5.<0/41 :61 2,-1

J205-(8(-(10/4K @ >.0H36 8-6110()$ L,01M 3(-19,;031 1()/ /(,1 -628301M 361 2(345,361 1;.:1(-H6)/

.,F 1,->.561M :.)1 36 241(8(-6M :.)1 :61 10/61 4)6-+4/09,61 :6 2(0)1 6) 2(0)1 >(-/1 E,19,;@

1() -6283011.+6 5(2836/$ D. -,+(10/4M 9,.)/ @ 6336M E(,6 1,- 36 /.,F :6 -6283011.+6 J.,+26)/6

3. 9,.)/0/4 .:1(-H46K N %O$ P6 1,-5-(I/M 3;0--4<6-10H030/4 :, 8-(5611,1 :;.:1(-8/0() :.)1 361 8(-6

:6 H = 20 6/ 40C 6/ 3. -4<6-10H030/4 :.)1 361 8(-61 :6 H = 10C 86,/ 1;6F8309,6- @ 8.-/0- :,

5()568/ :6 /6284-./,-6 5-0/09,6 :6 5():6)1./0() 5.8033.0-6 JTccKM 5;61/?@?:0-6 3. /6284-./,-6 .,

:63@ :6 3.9,6336 3;01(/=6-26 :6<06)/ -4<6-10H36 6/ 5()/0),6 J5>$ 5=.80/-6  K$ Q) 6A6/M Tcc(H) 61/



 !"  !"#$%&' () &*+,-%"%+ . %!'&/0123"/$4,' '% +%&, %,&'

 !"# #$% & '()*+,-./0()1 2(345,3.0-61 /7809,61 :;6., 5()*)46 :.)1 :61 ).)(8(-61 :6  !"!# <

T = 300 K 8(,- :0=4-6)/61 8-6110()1 :.)1 36 8(-6 6/ :0=4-6)/61 /.03361 > $%& H = 10? 6/ $'&

H = 20?$ @61 16+26)/1 -(,+61 6/ A.,)61 -68-416)/6)/ 361 30.01()1 6)/-6 361 ./(261 :6 103050,2

6/ 361 ./(261 :;(B7+C)6 :.)1 36 1,D1/-./ :6 103056$ @61 18EC-61 .-+6)/461 1()/ 361 5()/-6F0()1

5.350,2 9,0 5(286)16)/ 3. 5E.-+6 )4+./0G6 :6 3. 1,-H.56 +4)4-46 8.- 361 30.01()1 3.011461 86):.)/61

:61 ./(261 :;(B7+C)6$ @61 16+26)/1 -(,+61 6/ D3.)51 1()/ 361 30.01()1 OH :61 2(345,361 :;6.,

.:1(-D461$ @61 /.03361 :6 D(I/6 1()/ -61865/0G626)/ :6 {a = 26.62? J b = 29.52? J c = 33.69? J

α = 92.02 J β = 88.52 J γ = 123.58 } 8(,- H = 10? 6/ {a = 53.23? J b = 59.04? J c = 43.69? J

α = 92.02 J β = 88.52 J γ = 123.58 } 8(,- H = 20?$

:486):.)/6 :6 3. :01/.)56 0)/6-F2,-1 H :.)1 ,) 8(-6 H6)/6 1,0G.)/ 3. -63./0() KLLMN ##"O >

∆Tc

Tc
=

Tc − Tcc

Tc
≈ 2σ

H
P#$ Q

(R Tc 61/ 3. /6284-./,-6 5-0/09,6 :, 309,0:6 )() 5()*)4 6/ σ 36 :0.2C/-6 2(345,3.0-6 :6 56 2S26

309,0:6$ T(,- 36 2(:C36 :;6., UT'N Tc = 593.8K K##%O 6/ σ = 3.166?$ T.- 5()149,6)/N 8(,-

,)6 /6284-./,-6 :())46N 050 T = 300 KN 36 /.D36., #$L 2()/-6 9,6 361 01(/E6-261 :;.:1(-8/0()

8(,- 361 86/0/1 8(-61 1()/ -4G6-10D361 PT > Tcc(H)Q .3(-1 9,6 563361 8(,- 361 8(-61 83,1 3.-+61

PH = 20 6/ 40?Q 1()/ 0--4G6-10D361 PT < Tcc(H)Q$ @;6B01/6)56 :6 56//6 E71/4-C16 .2C)6 :()5

3;.88.-0/0() :6 :6,B D-.)5E61 :01/0)5/61 24/.1/.D361 :.)1 361 01(/E6-261$ U0 8(,- 3;.:1(-8/0()
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 !"# #$% & '()*+,)*-. /0 1, )0+234,)540 64*)*750 /0 6-./0.(,)*-. 6,2*11,*40 8 19,*/0 /0 1, 401,:

)*-. ;#$ < 2-54 10( )4-*( ),*110( /0 2-40( 6-.(*/3430( = H = 10> 20 0) 40?$

H  !" 10 20 40

Tcc  K" 218 406 500

19-4*@*.0 /0 60))0 +3),(),A*1*)3 0() 2BC(*750> /5 6-)3 /0 1, /3(-42)*-. 601, 0() /D 8 5. ,4)0E,6)

/-.) 19-4*@*.0 F*0.) /5 +,.750 /95.0 6-..06)*-. /*406)0 0.)40 .-)40 (C()G+0 0) 10 @4,./ 43(04F-*4$

H,4 6-.(3750.)> 19375,)*-. /0  !"#$% ;401,)*-.  $ !< 3),A1*0 /,.( 10 6B,2*)40  =

RT

V̄l
ln

(
P

P0

)

=
2γlv

r
= pl − pv ;#$%<

-I V̄l 0) r (-.)> 40(206)*F0+0.)> 10 F-15+0 +-1,*40 0) 10 4,C-. /5 +3.*(750 E-4+3 /,.( 10 2-40>

75* (522-(0 19375*1*A40 )B04+-/C.,+*750> .0 205) J)40 ,221*7530 /*406)0+0.) (54 .-( (C()G+0($

H-54 601,> *1 E,5/4,*)> 0. 0K0)> /3/5*40 1, 240((*-. /0 6-0L*()0.60 1*75*/0:@,M 8 19375*1*A40 2,4

5.0 *.)3@4,)*-. )B04+-/C.,+*750 ;6E$ 10( )4,F,5L /0 &'$()**!+ !+ )", N%#OP<$ Q020./,.)> .-5(

(,F-.( /,.( .-)40 6,( 750 1, 240((*-. /9375*1*A40 1*75*/0:F,2054 0() (*)530 0.)40 1, 240((*-. /0

6-./0.(,)*-. 0) 1, 240((*-. /93F,2-4,)*-. 6,2*11,*40 = Pec < Peq < Pcc$ '. 240+*G40 ,224-L*:

+,)*-.> .-5( 2-5F-.( /-.6 (522-(04 750 60))0 240((*-. /9375*1*A40 1*75*/0:F,2054 0() (*)530 8

375*/*(),.60 /0( /05L 240((*-.( 6,4,6)34*()*750( = Peq = (Pec + Pcc)/2$ R-5( E,*(-.( /0 +J+0

2-54 /3)04+*.04 10 .-+A40 +-C0. /0 +-136510( /90,5 〈N〉 0) 1932,*((054 +-C0..0 ē /0 1, 6-56B0

,/(-4A30$ Q0))0 /04.*G40 0() 0()*+30 8 2,4)*4 /0( 24-S1( /0 /0.(*)3 /0( ,)-+0( /9-LC@G.0 /0(

+-136510( /90,5 8 1, /*(),.60 -I 1, /0.(*)3 /0F*0.) .5110 /,.( 10 2-40$ T, )0.(*-. /0 (54E,60

1*75*/0:F,2054 5)*1*(30 /,.( 60))0 ,224-6B0 0() 60110 /-..30 8 T = 25 2,4 19-.&/0 /,.( 5.0

.-)0

#

/0 1223 = γlv = 71.98 mJ.m−2
$ '.S.> 6-.(*/34,.) 10 +3.*(750 6-++0 /0+*:6C1*./4*750> 1,

),*110 /5 2-40 0()*+30 2,4 1, 1-* /0  !"#$% 0() = HKelvin = 2r$ T0( F,1054( /0 H 750 .-5( ,F-.(

-A)0.50( (-.) 402-4)30( /,.( 10 ),A10,5 #$#$ R-5( 40+,475-.(> )-5) /9,A-4/> 750 10( 215( @4,./(

36,4)( 2,4 4,22-4) ,5L F,1054( )B3-4*750( (-.) -A(04F3( /,.( 10( /05L 215( 20)*)0( 2-4-(*)3( /5

(C()G+0 /0 (*1*60 ,+-42B0 ,F06 /0( (54E,60( BC/4-LC130($ U,.( 60( 2-40( ;H = 10 0) 20?<> 1,

/*K340.60 *+2-4),.)0 0() ,))4*A530 8 .-)40 BC2-)BG(0 /0 /32,4)> Peq = (Pcc+Pec)/2> 75* .90() 2,(

F,1*/0 2-54 60( (C()G+0(> 6,4 0110 0()*+0 1, 240((*-. /9375*1*A40 )4-2 1-*. /0 1, F4,*0 F,1054$ H-54

10 40()0 /0( (C()G+0( 3)5/*3(> 19044054 2,4 4,22-4) 8 1, F,1054 )B3-4*750 .0 /32,((0 2,( 12.2%>

+-.)4,.) 750 190()*+,)*-. @4-((*G40 750 .-5( ,F-.( E,*) /0 1, 240((*-. /9375*1*A40 1*75*/0:F,2054

.90() 2,( )4-2 +,5F,*(0 0) 204+0) 19,221*6,)*-. /0 1, 1-* /0  !"#$% 2-54 1, /3)04+*.,)*-. /0 1,

),*110 /0 .-( 2-40($ R-)-.( )-5) /0 +J+0 750 10 )4G( A-. ,66-4/ -A(04F3 /,.( 10 6,( /5 45056

0() 8 240./40 ,F06 2436,5)*-.> /,.( 10 (0.( -I .-5( ,F-.( 24*( *./*()*.6)0+0.) 10( +-136510( /0

 

 !!" #$$%%%&'("%)&*+,



 !"  !"#$%&' () &*+,-%"%+ . %!'&/0123"/$4,' '% +%&, %,&'

 !"# #$# % &'()*+(),- ./ 0+ (+)00/ ./ 1,2/ ./ -,' '34'(2+(' ./ ')0)5/ +*,216/ 7 '328+5/ 69.2,:90;/

<-,(; SiO2 69.2,:90;=> ./ ')0)5/ +*,216/ 7 '328+5/ 56+2?;/ 5,*1/-';/ 1+2 ./' 5,-(2/@),-' Ca2+

<-,(; SiO2 .,1; Ca2+
= /( ./  !"!# 1+2 0+ 2/0+(),- ./ $%&'()$ Hsim 2/12;'/-(/ 0/ (+)00/ 2;/00/ ./

-,(2/ '9'(A*/ /( HKelvin 0B/'()*+(),- 1+2 0/ 4)+)' ./ 0+ 2/0+(),- ./ $%&'() <;C3+(),-  $ !=$

 !"#$% SiO2 &'($)*'+, SiO2 ()-, Ca2+
 !"!#

Hsim ./0 10 20 40 20 20

ē ./0 4.70 5.00 6.33 5.30 8.7

V ./3
0 7624.44 8111.10 41042.19 8597.77 42632.72

〈N〉 128.7 202.4 1062.1 253.5 1206.0

Peq (P0) 0.05 0.35 0.5 0.3 0.3

HKelvin ./0 13.75 26.50 35.14 19.59 20.42

∆H [%] 37.5 32.8 12.2 2.0 2.10

0+ *)52,1,2,')(; /( ./ 0+ 5,356/ +.',24;/> 5/ C3) + 1,32 5,-';C3/-5/ ./ '32/'()*/2 0+ ./-')(; ./

0+ 5,356/ +.',24;/$

&-'3)(/> )0 /:)'(/ ./' 0,)' '/*)@/*1)2)C3/' (/00/' C3/ 5/00/ .;2)D+-( ./ 0+ (6;,2)/ ./ *+%),%&>

#-&.%/ /( #(&& E##"%#F!G <HII= C3) 1/2*/((/-( ./ .;(/2*)-/2 0B;1+)''/32 e ./ 0+ 5,356/ +.',24;/

/- 8,-5(),- ./ 0+ 12/''),- 1+2()/00/ P/P0 .+-' 3- *)0)/3 *;',1,2/3: J

e(P/P0) = σ

[ −α

ln(P/P0)

]1/n

<#$#=

,K σ /'( 0/ .)+*A(2/ ./ 0B+(,*/ +.',24;$ L+-' 5/ (2+D+)0> -,3' +D,-' 12)' σ ;?+0 7 0+ D+0/32

.3 1+2+*A(2/ ./ 0%))-+1!23)%. ./ 0B,:9?A-/ .+-' 0/ 1,(/-()/0 MNO> ',)( σ = 3.166P$ α /'( 0/

1+2+*A(2/ .B)-(/2+5(),- .B3- +(,*/ +.',24; +D/5 0B/-'/*40/ ./' +(,*/' .3 '34'(2+( <U(r) =

−α/r3
=$ Q0 /'( .;1/-.+-( ./ 0+ C3+-()(; C6 = 4ǫσ6

8,2*;/ 1+2 0/' 1+2+*A(2/' ./ 0%))-+1!23)%.

/( ./ 0+ ./-')(; .3 '34'(2+($ M+ D+0/32 *,.)R/ 1,32 3- n .,--; 0B;1+)''/32 .3 R0* +.',24;$ &-R->

0B/:1,'+-( n )-.)C3/ 0B)*1,2(+-5/ ./' )-(/2+5(),-' +.',24+(@'34'(2+($ S+ D+0/32 (6;,2)C3/ ./ n

1,32 3- '34'(2+( 10+- /'( ./ 3 /( 1,32 ./' '34'(2+(' -,- 10+-+)2/' '+ D+0/32 D+2)/> ?;-;2+0/*/-(>

/-(2/ 2 /( 3$ L+-' 5/((/ +112,56/> 0B;D,03(),- ./ 0B;1+)''/32 e .3 R0* /'( '311,';/ 5,-()-3/> 5/ C3)

/'( 0/ 5+' .+-' -,' '9'(A*/ .B;(3./$ N+2 +)00/32'> 0+ 8,2*/ ./ 5/((/ 0,) )*10)C3/ 3-/ .)D/2?/-5/ -,-

16)')C3/ ./ 0B;1+)''/32 .3 R0* 1,32 ./' 6+3(/' 12/''),-'> 5,-';C3/-5/ ./ 0B691,(6A'/ 5,-').;2+-(

0/ '34'(2+( 5,**/ 3- *)0)/3 5,-()-3$ S+ R?32/ #$" .,--/ 0B;D,03(),- ./ 0B;1+)''/32 ./ 0+ 5,356/

+.',24;/ /- 8,-5(),- ./ 0+ 12/''),- 2/0+()D/ P/P0 /( 0B+T3'(/*/-( 1+2 0+ 0,) '/*)@/*1)2)C3/ <#$#=

.+-' -,' .)U;2/-(' '9'(A*/'$ S/' 1+2+*A(2/' .B+T3'(/*/-( ',-(> C3+-( 7 /3:> .,--;' .+-' 0/

(+40/+3 #$F$ V,3' 2/*+2C3,-'> .+-' 3- 12/*)/2 (/*1'> C3/ 0+ 0,) HII +T3'(/ 5,22/5(/*/-( 0/'

.,--;/' ,4(/-3/' 1,32 0B/-'/*40/ ./ -,' '9'(A*/' *,-(2+-( C3/ 0/ 2/*10)''+?/ /'( 4)/- 5,-()-3$

O,-5/2-+-( 0/ (/2*/ α> 5,**/ +((/-.3> 3-/ D+2)+(),- +D/5 0/ 56+-?/*/-( ./ 56)*)/ ./ '328+5/ /(
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C-S-H

 !"# #$% & '()*+,-). /0 *1234-550+6 e /0 *4 7)+780 /104+ 4/5)6920 0. :).7,-). /0 *4 36055-).

346,-0**0 P/P0 ; T = 300 K /4.5 +. 3)60 :0.,0 /0 5-*-70 4<)6380 ; 5+6:470 8=/6)>=*20 ?84+,@A

/0 5-*-70 4<)6380 4(07 +.0 7846B0 /0 5+6:470 7)<30.520 346 /05 7).,60C-).5 Ca2+
?<-*-0+@A

.),20  !"# Ca2+
A 0, /0 $%&%' ?945@A 3)+6 3*+5-0+65 ,4-**05 /0 3)605 D H = 10E ?746625 .)-65@A

H = 20E ?6)./5 6)+B05@ 0, H = 40E ?,6-4.B*05 9*0+5@$ F05 *-B.05 3*0-.05 6036250.,0., *05

4G+5,0<0.,5 605307,-:5 /05 3)-.,5 346 *4 *)- 50<-C0<3-6-H+0 ?#$#@$

*14+B<0.,4,-). /0 *18=/6)38-*-7-,2 /4.5 *0 3)60 05, )9506(20$ '. 0I0,A /4.5 *0 5=5,J<0 ; 5+6:470

8=/6)>=*20A 54 (4*0+6 05, /0 *1)6/60 /0 ∼ 4K.E3
4*)65 H+10**0 05, /0 ∼ 15 K.E3

/4.5 *0 5=5,J<0

/0 5-*-70 ; 5+6:470 7846B20 7)<30.520 346 /05 7).,60C-).5 Ca2+
0, /0 ∼ 20 K.E3

/4.5 *0 $%&%'$

K)+6 705 /0+> /06.-065 5=5,J<05A *05 (4*0+65 2*0(205 /0 α <).,60., H+1-* = 4 +.0 -.,0647,-).

3*+5 :)6,0 4(07 *0 5+95,64, ?74647,J60 3*+5 8=/6)38-*0 /05 5=5,J<05 4(07 +.0 7846B0 /0 5+6:470@$

K46 4-**0+65A *10>3)54., n 74647,26-54., *1-<3)6,4.70 /05 -.,0647,-).5 4/5)694,C5+95,64, 4+B<0.,0

4(07 *18=/6)38-*-7-,2$ L-.5-A *05 3*+5 B64./05 (4*0+65 )9506(205 5)., /4.5 *0 5=5,J<0 /0 $%&%' )M

*05 -.,0647,-).5 /05 <)*27+*05 /104+ 4(07 *0 5+95,64, 5)., *05 3*+5 :)6,05$ N0 3*+5A 5- n (46-0



  !  !"#$%&' () &*+,-%"%+ . %!'&/0123"/$4,' '% +%&, %,&'

 !"# "#$ % &'(')*+(,- ./'01-+,),2+ 3'( 4' 456 -,)67,)36(681, 9"#": ., 4/;<541+652 ., 4/;3'6--,1( .,

4' =51=>, '.-5(?;, ,2 @52=+652 ., 4' 3(,--652 3'(+6,44, P/P0 351( 4,- -1?-+('+- ., -646=, ')5(3>,

A -1(@'=, >B.(5CB4;, 925+; SiO2 >B.(5CB4;:D ., -646=, ')5(3>, A -1(@'=, =>'(E;, =5)3,2-;, 3'(

.,- =52+(,7652- Ca2+
925+; SiO2 .53; Ca2+

: ,+ .,  !"!##

 !"#$% SiO2 &'($)*'+, SiO2 ()-, Ca2+
 !"!#

H ./0 10 20 40 10 20 40 10 20 40

α [K./3] 5.05 4.41 3.62 15.96 17.32 22.32 11.43 18.89 24.76

n 1.10 2.63 3.00 2.03 3.15 3.52 3.97 3.57 3.84

@5(+,),2+ '<,= 4' +'644, ., 35(, .'2- 4' -646=, A -1(@'=, >B.(5CB4;,D -52 ')346+1., ., <'(6'+652

.6)621, '<,= 4/'1E),2+'+652 ., 4/>B.(53>646=6+; .'2- 4, 35(, 9=>'2E,),2+ ., =>6)6, ., -1(@'=,:

351( .,<,26( -+'?4, 81,44, 81, -56+ 4' +'644, ., 35(, .'2- 4,  !"!## F,)'(8152- '1--6 .'2- =,

.,(26,( ='- 81, 4/;<541+652 ., 4' =51=>, '.-5(?;, ,-+ -6)64'6(, 351( +51+,- 4,- +'644,- ., 35(,- 9=@#

GE1(, "#H:# I45?'4,),2+D 4,- <'4,1(- ., n <'(6,2+ ,2+(, 1 ,+ 4 =, 816 ,-+ 341- 4'(E, 81, =, 816 ,-+

E;2;('4,),2+ 5?-,(<; 92 < n < 3: JKL# M5+52-D ,2G2D 81, 4/;3'6--,1( .1 G4) '.-5(?; A 4' -1(@'=,

., 25- 35(,- .,<('6+ 45E681,),2+ '1E),2+,( '<,= 4' .6)621+652 ., 4' +,)3;('+1(, 9E,4:#

&51( +,()62,(D 251- 351<52- '334681,( '1C 6-5+>,(),- .;=(6+,- .'2- 4,- GE1(,- "# D "#K ,+ "#"

4, )5.*4, ?6,2 =5221 ., $%&'(&)%D *++),, ,+ -)..)% 9NOP: J"$ L (,35-'2+ -1( 4/'33(5=>, -+'7

+6-+681, ./12 E'Q -1( (;-,'1 R

P/P0

〈N〉 (1 − P/P0)
=

1

NmcC
+

C − 1

NmcC
P/P0 9"#$:

5S Nmc ,-+ 4' ='3'=6+; ., 4' )525=51=>, ,C3(6);, .'2- 4,- )T), 126+;- 81, N ,+ C = exp((ǫ−
L)/kBT ) ,-+ (,46; A 4' .6U;(,2=, ,2+(, 4' =>'4,1( ./'.-5(3+652 .1 -1?-+('+ ǫ ,+ 4' =>'4,1( 4'+,2+, .,

@1-652 .1 <541), L# V,- .,1C >B35+>*-,- @5(+,- ., =, )5.*4, -52+D ./12, 3'(+D 81, 4,- 62+,('=+652-

,2+(, 4/'.-5(?'+ ,+ 4, -1?-+('+ -52+ 2;E46E;,- .*- 4' .,1C6*), =51=>, ,+D ./'1+(, 3'(+D 81, 4,- -6+,-

./'.-5(3+652 -52+ 62.;3,2.'2+- 4,- 12- .,- '1+(,- 2;E46E,'2+ '62-6 4,- 62+,('=+652- 4'+;('4,- ,2+(,

4,- 3'(+6=14,- '.-5(?;,- 93'- ./,U,+- =544,=+6@-: JKL# O2 .;36+ ., =,- >B35+>*-,- -6)346G='+(6=,-

816 2, =5((,-352.,2+ 3'- A 4' (;'46+;D 4, )5.*4, NOP ,-+ +(*- 1+646-;D ='( 64 3,(),+ A 3'(+6( .,-

6-5+>,(),- ./'.-5(3+652 ./12 )'+;(6'1 35(,1C ./,-+6),( -' -1(@'=, -3;=6G81,# O2 ,U,+D 4, +,(),

., E'1=>, ., 4' (,4'+652 9"#$: 3,(),+D =522'6--'2+ 4' 81'2+6+; '.-5(?;, A 12, 3(,--652 (,4'+6<,

.522;,D ., +('=,( 4,- .(56+,- NOP =5)), 4, )52+(, 4' GE1(, "#W .'2- 4, ='- ., 25- -B-+*),-#

F,)'(8152- 81, 4,- .5)'62,- ., <'46.6+; .1 )5.*4, NOP -52+ .'2- 4,- 62+,(<'44,- ., 3(,--652-

3'(+6,44,- P/P0 ., [0; 0.05] 351( 4,- 35(,- ., H = 10 ,+ 20X ,+ ., [0; 0.1] 351( H = 40X#

V/5(.522;, A 4/5(6E62, y0 ,+ 4' 3,2+, ∆ .,- .(56+,- NOP 3,(),++,2+ ., .;+,()62,( Nmc ,+ C .,
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 !"# !"# $ %&'()*+ ,-. '/)*01*+ 2 34&)(& 5*+ (+')6*&7*+ 5845+'&3)('0 2 T = 300 K 540+ 10

3'&* 9*0)* 5* +(:(;* 47'&36* 2 +1&94;* 6<5&'=<:>* ?;4&&>+ 0'(&+@A 5* +(:(;* 47'&36* 4B*; 10*

;64&C* 5* +1&94;* ;'73*0+>* 34& 5*+ ;'0)&*D('0+ Ca2+
?&'05+ &'1C*+@A 0')>*  !"# Ca2+

A *) 5*

$%&%' ?)&(40C:*+ /:*1+@A 3'1& 3:1+(*1&+ )4(::*+ 5* 3'&*+ E H = 10F ?641)@A H = 20F ?7(:(*1@

*) H = 40F ?/4+@" G*+ :(C0*+ 3:*(0*+ &*3&>+*0)*0) :*+ &>C&*++('0+ :(0>4(&*+ &*+3*;)(B*+ 5*+ 3'(0)+

34& :4 :'( +*7(D*73(&(H1* ?!"I@"

:4 &*:4)('0 ?!"I@ 5* :4 740(J&* +1(B40)* E

Nmc =
1

∆ + y0
et C =

∆ + y0

y0
. ?!"K@

G*+ &>+1:)4)+ +'0) 5'00>+ 540+ :* )4/:*41 !"K" L4& 4(::*1&+A ;'004(++40) :4 74++* 5810* 7':>;1:*+

58*41 ?mH20@ *) +4 5*0+()> ?ρH20 = 999.972 kg.m−3
@A (: *+) 3'++(/:* 58*+)(7*& +4 +1&94;* ';;13>*

34& :4 &*:4)('0 E

am = f

(
mH20

ρH20

) 2

3

?!"M@



  !  !"#$%&' () &*+,-%"%+ . %!'&/0123"/$4,' '% +%&, %,&'

 !"# "#$ % &'(')*+(,- ./ )0.*1, 234 ,+ ,-+5)'+506 ., 1' -/(7'8, ./ 90(, 90/( 1,- -/:-+('+- .,

-5158, ')0(9;, < -/(7'8, ;=.(0>=1?, @60+? SiO2 ;=.(0>=1?AB ., -5158, ')0(9;, < -/(7'8, 8;'(C?,

80)9,6-?, 9'( .,- 806+(,D506- Ca2+
@60+? SiO2 .09? Ca2+

A ,+ .,  !"!##

 !"#$% SiO2 &'($)*'+, SiO2 ()-, Ca2+
 !"!#

H ./0 10 20 40 10 20 40 10 20 40

C 76.83 351.64 92.16 252.38 760.25 451.86 491.65 829.64 553.59

Nmc 151 111 585 265 189 806 239 908 915

SBET ./
2
0 1450.3 1069.6 5636.2 2556.9 1820.5 7767.6 2303.4 8748.4 8815.3

Ssim ./

2
0 1622.2 1622.2 6488.9 1622.2 1622.2 6488.9 2620.3 10481.5 10481.5

∆S[%] 10.6 34.1 13.1 57.6 12.2 19.7 12.1 16.5 15.9

0E f ,-+ /6 7'8+,/( ., 80)9'85+, F/, 60/- 9(,6.(06-B ,6 9(,)5*(, '99(0>5)'+506B ?C'1 < 1 .'6- 8,

+('G'51# H, 8,++, )'65*(,B 1I,'/ ' /6, -/(7'8, 088/9?, ., J am = 9.63K# L0):56? 'G,8 1, 60):(,

., )01?8/1,- .'6- 1' )06080/8;, Nmc 9(?8?.,)),6+ .?+,()56? 'G,8 1,- .(05+,- 234B 51 ,-+ .,

8,++, 7'M06 90--5:1, .I,-+5),( 1' -/(7'8, ., 60- 90(,- 7,6+,# N0- (?-/1+'+- -06+ (,90(+?- .'6- 1,

+':1,'/ "#$ 0E 51- -06+ 80)9'(?- < 1' G'1,/( (?,11, ., 1' -/(7'8, ., 60- -=-+*),-# N0+06- 90/( 1,-

-=-+*),- .,  !"!# F/,B .I/6, 9'(+B 1,- -/(7'8,- ., 8;'8/6 .,- .,/> 7,/511,+- F/5 80)90-,6+ 1,-

)/(- .,- -=-+*),- -06+ 9(5-,- ,6 80)9+, ,+B .I'/+(, 9'(+B F/, 1' -/(7'8, 15?, < 1' )58(090(5-5+? 6,

1I,-+ 9'-# 36 )0=,66, 1I,((,/( 9'( ('990(+ < 1' -/(7'8, (?,11, ., 60- -=-+*),- ,-+ ., 24%B 8, F/5

,-+ 5)90(+'6+# H, 91/-B 1' -/(7'8, 234 -0/-D,-+5), 1' -/(7'8, (?,11, .'6- 1,- -5158,- ')0(9;,- <

-/(7'8, ;=.(0>=1?, ,+ .'6- 1,-  !"!#B '10(- F/I,11, 1' -/(,-+5), .'6- 1' -5158, ')0(9;, < -/(7'8,

8;'(C?, 80)9,6-?, 9'( .,- 806+(,D506- Ca2+
# N0/- 90/G06- ,>915F/,( 8,+ ?8'(+ 5)90(+'6+ ,6+(,

1, )0.*1, 234 ,+ 60- -=-+*),- 9'( 1, 7'5+ F/, 1,- ;=90+;*-,- 706.'),6+'1,- 70()/1?,- .'6- 8,

9(,)5,( 6, 80((,-906.,6+ 9'- < 8, F/, 60/- 'G06- .'6- 60- -=-+*),-# O56-5B 60/- 6, 90/G06-

6?C15C,( 1,- 56+,('8+506- ,'/D-/:-+('+ '/ .,1< ., 1' 9(,)5*(, 80/8;, 80)), 60/- 6, 90/G06-

6?C15C,( 1,- 56+,('8+506- ,'/D,'/ .'6- 1' 9(,)5*(, 80/8;,#

 !" #$%&'()*+,'-./% 0 1$,2%/& -3(345&-./% )6,)3(&74-(+

&0/( '11,( 91/- 1056 .'6- 1I?+/., ., 1' +;,()0.=6')5F/, ., 1I,'/ 806P6?, .'6- 60- -=-+*),-

90(,/>B 60/- 8'18/106- 1' 8;'1,/( 5-0-+?(5F/, .I'.-0(9+506 F/5 ,-+ 1I0990-?, ., 1I,6+;'195, .5Q?D

(,6+5,11, .I'.-0(9+506# 311, ,-+ ?+':15, < 9'(+5( .,- R/8+/'+506- .,- 806+(5:/+506- '.-0(:'+S-/(7'8,

,+ '.-0(:'+S'.-0(:'+ ., 1I?6,(C5, 90+,6+5,11, ./ -=-+*), @UA ,+ ., 1' F/'6+5+? ., )01?8/1,- .I,'/

'.-0(:?, @NH2OA T"U!V J

qst = RT − 〈UNH2O〉 − 〈U〉 〈NH2O〉
〈N2

H2O〉 − 〈NH2O〉2
@"#WA

0E T ,-+ 1' +,)9?('+/(, ,+ R 1' 806-+'6+, .,- C'X 9'(7'5+-# Y,- PC/(,- "# Z ,+ "#  )06+(,6+ 1,-
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 !"# !" # $ %&'()*+, -,.,/0+-1*), 23'2,.+4/-.5 6qst7 4.*+ (3)'* 8 T = 300 K 2'5, (), 90,.4.+),

2) ,-(-:) '9.+4&) 8 ,*+;':) &<2+.=<(0) 6:'++0, >)-?),7@ 2) ,-(-:) '9.+4&) 'A): *5) :&'+?) 2)

,*+;':) :.94)5,0) 4'+ 2), :.5/+)B-.5, Ca2+
6+.52, 5.-+,7 )/ 2)  !"!# 6/+-'5?(), +.*?),7 4.*+

2-C0+)5/), /'-((), 2) 4.+), D 6&'*/7 H = 10E@ 69-(-)*7 H = 20E )/ 6>',7 H = 40E" F), 1*'5/-/0,

'2,.+>0), ,.5/ 5.+9'(-,0), 4'+ () 5.9>+) /./'( 2) 9.(0:*(), 6N07 1*'52 () 4.+) ),/ +)94(-" F'

(-?5) )5 4.-5/-((0, 9-=/), 5.-+, +)4+0,)5/) (' A'()*+ 2) (' :&'()*+ 2) (-1*0;':/-.5 2) (3)'* 1*-

),/ 2) ∼ 44 kJ.mol−1
" F), /-+)/, 5.-+, +)4+0,)5/)5/ (' A'()*+ 2* qst ∼ 55 kJ.mol−1

'//)-5/) '*=

?+'52), 1*'5/-/0, 2) 9.(0:*(), 23)'* '2,.+>0),"



  !  !"#$%&' () &*+,-%"%+ . %!'&/0123"/$4,' '% +%&, %,&'
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 !"# "#  $ %&'()*+, -,.,/0+-1*), 23'2,.+4/-.5 6qst !"#$ %&'(# ) T = 300 K *(+, %', -.,"!"$',

*' ,/%/0' (-"$!1' ) ,#$2(0' 13*$"43%.' 51(#6 7 *' ,/%/0' (-"$!1' (8'0 #+' 01($9' *' ,#$2(0'

0"-!'+,.' !($ *', 0"+6$':/"+, Ca2+
5-/%/'# '6 %'  !"!# 5;(, !"#$ */<.$'+6', 6(/%%', *' !"$', =

50($$., ;'/9', H = 10>7 5$"+*, +"/$, H = 20> '6 56$/(+9%', $"#9', H = 40>? @', A#(+6/6.,

(*,"$;.', ,"+6 +"$-(%/,.', !($ %' +"-;$' 6"6(% *' -"%.0#%', 5N0 A#(+* %' !"$' ',6 $'-!%/? @(

%/9+' '+ !"/+6/%%., -/46', +"/$, $'!$.,'+6' %( 8(%'#$ *' %( 01(%'#$ *' %/A#.2(06/"+ *' %&'(# A#/

',6 *' ∼ 44 kJ.mol−1
? @', 6/$'6, +"/$, $'!$.,'+6'+6 %( 8(%'#$ *# qst ∼ 55 kJ.mol−1

(66'/+6' (#4

9$(+*', A#(+6/6., *' -"%.0#%', *&'(# (*,"$;.',?



 !"! #$%&'()*+,'-./% 0 1$,2%/& -3(3#4&-./% )5,)3(&6#-(+   !

"#$%&'() *)+),-(*.'&) /0$/)+(1,*+2 3qst4 &2 5+2",*+2 /& %$ .'$2,*,- /& 6+%-"'%&) /0&$' $/)+(7-&

/$2) %&) 2$2+1+(&) /& )*%*"& 8 )'(5$"& #9/(+:9%-&; /& )*%*"& 8 )'(5$"& "#$(<-& "+61&2)-& 1$( /&)

"+2,(&=*+2) Ca2+
&, /&  !"!# 1+'( /&) ,$*%%&) /& 1+(&) /& H = 10; 20 &, 40>? @+66& $,,&2/'

1+'( /&) )'(5$"&) -2&(<-,*.'&6&2, #-,-(+<A2&); %&) "#$%&'() *)+),-(*.'&) /0$/)+(1,*+2 1+'( %&)

/*B-(&2,) )9),A6&) /-"(+*))&2, "+2,*2'6&2, $C&" %0$'<6&2,$,*+2 /& %$ .'$2,*,- $/)+(7-&? D+'( %&)

1+(&) /& )*%*"& 8 )'(5$"& #9/(+:9%-& %$ "#$%&'( *)+),-(*.'& /0$/)+(1,*+2 ,&2/ $': 5$*7%&) .'$2,*,-)

$/)+(7-&) C&() /&) C$%&'() /& ∼ 70−75 kJ.mol−1
? @0&), ,(A) 1(+"#& /&) C$%&'() /& )*6'%$,*+2

+7,&2'&) 1+'( %& E9"+( 3qst ∼ 80kJ.mol−1
4 FGHHI? @&%$ &), /J $': 1$($6A,(&) /0*2,&($",*+2 /&

%0&$' $C&" %$ )*%*"& .'* )+2, %&) 6K6&) &, 8 %$ /&2)*,- /& <(+'1&) #9/(+:9%&) 8 %$ )'(5$"& .'*

&), )*6*%$*(& 3ρOH = 0.078>−2
1+'( 2+) )9),A6&) "+2,(& ρOH = 0.07>−2

1+'( %& E9"+(4? @&)

C$%&'() -%&C-&) /& qst "+((&)1+2/&2, $': )*,&) /0$/)+(1,*+2 5+(,) 8 %$ )'(5$"& /& )*%*"&? D+'( %&)

1+(&) /& )*%*"& 8 )'(5$"& "#$(<-& "+61&2)-& 1$( /&) "+2,(&=*+2) Ca2+
&, /&  !"!#; %&) qst ,&2/&2,

C&() 120 kJ.mol−1
? L0'2& 1$(,; "&,,& /&(2*A(& C$%&'( &), &2 $""+(/ $C&" %&) C$%&'() +7)&(C-&) /$2)

%&) "$C*,-) /& M-+%*,#&) "+2,&2$2, /&) *+2) Na+
&,N+' Ca2+

3qst ∼ 90−125 kJ.mol−1
4 FG O; PQPI?

L0$',(& 1$(,; %&) C$%&'() /& qst )+2, 1%') %$(<&) .'& %&) (-)'%,$,) 1+'( %$ )*%*"& #9/(+:9%-&? @&%$

6+2,(& %& "+61+(,&6&2, $%&'( )*+(,&)-.' /&) 1+(&) /& )*%*"& 8 )'(5$"& "#$(<-& "+61&2)-& 1$( /&)

"+2,(&=*+2) Ca2+
&, /&  !"!#? R2 ,&% "+61+(,&6&2, &), /J $': 5+(,&) *2,&($",*+2) "+'%+67*&22&)

/& %0&$' $C&" -/ %&) )*,&) /0$/)+(1,*+2 /& %$ )'(5$"& "#$(<-& /' )'7),($, &, --/ %&) "+2,(&=*+2) "$%"*'6

)*,'-) 1(+"#& /& %$ )'(5$"&? D+'( %&) 1%') 1&,*,) 1+(&) 3H = 10>4; %& qst ,&2/ "+2,*2'6&2, C&()

'2& C$%&'( 1(+"#& /& 55 kJ.mol−1
$ 5+(, ,$': /0$/)+(1,*+2? @&,,& C$%&'( &), )'1-(*&'(& 8 %0-2&(<*&

*2,&(2& /& "+#-)*+2 /& %0&$' &2 C+%'6& 3∼ 44 kJ.mol−1
4? S+,+2); 1+'( %& 1+(& /& )*%*"& #9/(+:9%-&

/& H = 10>; .'0'2 )$', /$2) %& qst (&%$,*5 8 %$ "+2/&2)$,*+2 "$1*%%$*(& &), +7)&(C-? D+'( %&) 1%')

<($2/) 1+(&); H = 20 &, 40>; $' )&'*% /& %$ "+2/&2)$,*+2 "$1*%%$*(&; %& qst ,&2/ C&() '2& C$%&'(

1(+"#& /& %0-2&(<*& /& "+#-)*+2 /& %0&$' &2 C+%'6&; 1'*); $'<6&2,& 7(',$%&6&2, $': <($2/&)

.'$2,*,-) /& 6+%-"'%&) $/)+(7-&) T').'08 ∼ 55 kJ.mol−1
1+'( H = 20> &, ∼ 50 kJ.mol−1

1+'(

H = 40>? @&) C$%&'() 8 (&61%*))$<& "+61%&, 6+2,(&2, .'& 6K6& %&) 6+%-"'%&) /0&$' $' "&2,(&

/' 1+(& (&))&2,&2, %$ 1&(,'(7$,*+2 *2/'*,& 1$( %&) )'(5$"&)? U2V2; %$ "+61$($*)+2 /&) qst 1$(

,$*%%& /& 1+(& 3V<'(& P?  4 6+2,(& .'& 1%') %$ 1+(+)*,- &), <($2/& 1%') -/ %& qst &), 1&,*, 8 %$

6K6& .'$2,*,- (&%$,*C& $/)+(7-& &, --/ 1%') *% ,&2/ ($1*/&6&2, C&() %$ "#$%&'( /& %*.'-5$",*+2 /&

%0&$'?

WV2 /0$%%&( 1%') %+*2 /$2) %0&:1%*"$,*+2 /& %0$/)+(1,*+2 )'( /&) )'(5$"&) 2+2 )&'%&6&2, ,(A)

#9/(+1#*%&) 6$*) -<$%&6&2, -2&(<-,*.'&6&2, #-,-(+<A2&); 2+') $C+2) )-1$(- %&) "+2,(*7,',*+2)

-2&(<-,*.'&)? U2 &B&,; *% &), 1+))*7%& /& /*),*2<'&( %$ .'$2,*,- /& "#$%&'( *)+),-(*.'& 1(+C&2$2,

/&) *2,&($",*+2) X'*/&=X'*/& 3qff
st 4 /& "&%%& 1(+C&2$2, /&) *2,&($",*+2) X'*/&=)+%*/& 3qfs

st 4 Y

qtotal
st = qff

st + qfs
st 3P?Z4



  !  !"#$%&' () &*+,-%"%+ . %!'&/0123"/$4,' '% +%&, %,&'

"# qff
st $% qfs

st &"'% ()*'+& ,"--$ &.+% /

qff
st =

RT

2
− 〈UffNH2O〉 − 〈Uff 〉 〈NH2O〉

〈N2
H2O〉 − 〈NH2O〉2

et qfs
st =

RT

2
− 〈UfsNH2O〉 − 〈Ufs〉 〈NH2O〉

〈N2
H2O〉 − 〈NH2O〉2

. 01234

5$& 6)&.7%8%& &.6 7$& 9"6$& ($ &+7+,$ 8-"69:$ &"'% -"'%6)& (8'& 78 *;.6$ 12 <2 ="%"'& >.$ 7$& 9"6$&

($  !"!# '$ &"'% 98& -"'%6)& $' 68+&"' ($ ?.,%.8%+"'& %6"9 ;68'($& ($& (+@)6$'%$& ,"'%6+A.%+"'&

6$'(8'% 7B8'87C&$ ($& ("'')$& (+D,+7$&2 E".6 7$& '8'"9"6$& ($ &+7+,$ F &.6G8,$ :C(6"HC7)$I qff
st

8.;-$'%$ 7"6&>.$ 7$ '"-A6$ %"%87 ($ -"7),.7$& (B$8. (8'& 7$ 9"6$ 8.;-$'%$2 J$ 6)&.7%8% $&% (K

F 7B)'$6;+$ 9"%$'%+$77$ 7+)$ 8.H +'%$68,%+"'& ?.+($L?.+($ >.+ ,6"M% >.8'( 7$ '"-A6$ ($ -"7),.7$&

(B$8. 8.;-$'%$2 58 ,"'%6+A.%+"' ?.+($L&.A&%68% F 78 ,:87$.6 +&"&%)6+>.$ (B8(&"69%+"'I >.8'% F

$77$I (+-+'.$ 7"6&>.$ 78 >.8'%+%) ($ -"7),.7$& (B$8. 8(&"6A)$& 8.;-$'%$2 J$,+ &B$H97+>.$ 986

7B)'$6;+$ 9"%$'%+$77$ 7+)$ 8.H +'%$68,%+"'& ?.+($L&.A&%68% >.+ (),6"M%2 N' $@$%I 7"6&>.$ ($ 97.&

$' 97.& ($ -"7),.7$& (B$8. &B8(&"6A$'% (8'& 7$ 9"6$I $77$& 7$ G"'% &.6 ($& &+%$& ($ 97.& A8&&$&

)'$6;+$& ,"-9868%+O$-$'% 8.H 96$-+P6$& 8(&"6A)$&2 Q$ 97.&I ,"--$ 8%%$'(. &.6 78 A8&$ (B.'

68+&"''$-$'% %:$6-"(C'8-+>.$ &+-97$I 78 ,"'($'&8%+"' ,89+778+6$ (. ?.+($ (8'& 7$ 9"6$ &.6O+$'%

>.8'( 78 >.8'%+%) %"%87$ ($ 78 ,:87$.6 +&"&%)6+>.$ (B8(&"69%+"' ($O+$'% 96",:$ ($ 78 O87$.6 ($

7B)'$6;+$ +'%$6'$ ($ ,":)&+"' (8'& 7$ O"7.-$I &"+% 44 kJ.mol−1
2 QB.' 9"+'% ($ O.$ >.87+%8%+GI ,$&

6)&.7%8%& &"'% $' 8,,"6( 8O$, ,$.H "A%$'.& (8'& 7$ %68O8+7 ($ $%&' () %*+ R1SST >.+ -"'%6$'% >.$ 78

,"'($'&8%+"' ,89+778+6$ (B.' ?.+($ ($ ,(&&%-.!/0&(1 (8'& ($& '8'"9"6$& G$'%$ ($ &+7+,$ 8-"69:$

&.6O+$'% 7"6&>.$ 7$& +'%$68,%+"'& ?.+($L?.+($ ($O+$''$'% ("-+'8'%$& 986 6899"6% 8.H +'%$68,%+"'&

?.+($L&.A&%68%2 J"',$6'8'% 7$ &.A&%68% ($ &+7+,$ 8-"69:$ F &.6G8,$ ,:86;)$ ,"-9$'&)$ 986 ($&

,"'%6$L+"'& Ca2+
I 78 ,"'%6+A%.%+"' ?.+($L&.A&%68% F G8+A7$ 96$&&+"' $&% +'G)6+$.6$ F ,$77$ "A&$6O)$

(8'& 7$& '8'"9"6$& G$'%$ ($ &+7+,$ 8-"69:$ F &.6G8,$ :C(6"HC7)$2 J$78 9$.% 78+&&$6 $'%$'(6$ >.$ 7$

&.A&%68% F &.6G8,$ ,:86;)$ 9"&&P($ ($& &+%$& (B8(&"69%+"' -"+'& G"6%& >.$ (8'& 78 &+7+,$ :C(6"HC7)$2

N' G8+%I ,"--$ +7 &$68 -"'%6) (8'& 7B)%.($ ($ 78 &%6.,%.6$ (. ?.+($ 986 7$ A+8+& ($& 96"*7& ($

($'&+%)I +7 &B8OP6$ >.$ (8'& '"& &C&%P-$& 7$& +"'& ,87,+.- 6$&%$'% 96",:$& ($& &.6G8,$& (. &.A&%68%

",,.98'% 9".6 ,$6%8+'& (B$'%6$ $.H .'$ 986%+$ ($& &+%$& (B8(&"69%+"' 7$& 97.& G"6%& 78+&&8'% ($&

&+%$& ($ 97.& A8&&$& )'$6;+$& 8.H -"7),.7$& (B$8.2 N'*'I +7 $&% ,78+6 &.6 78 *;.6$ 12 < >.$ 7$

,"-9"6%$-$'% ($ 78 ,"'%6+A.%+"' ?.+($L?.+($ (8'& 7$& &C&%P-$& 8O$, ,"'%6$L+"'& ,87,+.- (+@P6$

'$%%$-$'% ($ ,$7.+ "A%$'. (8'& 78 &+7+,$ 8-"69:$ F &.6G8,$ :C(6"HC7)$2 N' G8+%I ,$78 &B$H97+>.$ 986

78 96)&$',$ (8'& 7$ ?.+($ '"' 97.& ($& -"7),.7$& (B$8. &$.7$& -8+& 8.&&+ ($& +"'& ,"-9$'&8%$.6&2

U+'&+I (+&%+',%$-$'%I '".& "A&$6O"'& >.$ 7B+'%$68,%+"' >.$ ,$& ($6'+$6& "'% 8O$, 7$& -"7),.7$&

(B$8. $&% (B+'%$'&+%) 8. -"+'& );87$ F ,$77$ ($& &+%$& (B8(&"69%+"' $8.L&.A&%68% 7$& 97.& G"6%& F A8&

%8.H ($ -"7),.7$& 8(&"6A)$&2 J$,+ ,"-97P%$ 7B+-8;$ "A%$'.$ F 986%+6 ($& +&"%:$6-$& &$.7$& ($

7B8,%+"' ($& +"'& ,"-9$'&8%$.6& ,"--$ 8%%68,%$.6& ($ -"7),.7$& (B$8. (8'& 78 9"6"&+%) 6$'(8'%

7$ &.A&%68% 123(- 45.-0346*(2
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 !"# "# $ % &'()*+,-)+'(. /-+012/-+01 1) /-+012.'3+01 04(. 31. 56431-*. +.'.)7*+8-1. 0940.'*:)+'(

;qst< :'-* 3914- = T = 300 K 04(. 31. >7.':'*1. 01 .+3+51 4>'*:61 = .-*?451 6@0*'A@371 ;B4-561<

1) 01 .+3+51 4>'*:61 4C15 -(1 564*B1 01 .-*?451 5'>:1(.71 :4* 01. 5'()*12+'(. Ca2+
;0*'+)1< :'-*

0+D7*1()1. )4+331. 01 :'*1. E ;64-)< H = 10FG ;>+3+1-< H = 20F 1) ;,4.< H = 40F# H1. *'(0.

('+*. +(0+8-1() 34 8-4()+)7 )')431 0- qstG 31. 54**7. *'-B1. 34 5'()*+,-)+'( /-+012/-+01 ;qff
st < 1) 31.

)*+4(B31. ,31-. 34 5'()*+,-)+'( /-+012.'3+01 ;qfs
st <# H1. 8-4()+)7. 40.'*,71. .'() ('*>43+.71. :4*

31 ('>,*1 )')43 01 >'375-31. ;N0< 8-4(0 31 :'*1 1.) *1>:3+# H4 3+B(1 1( :'+()+337. >+A)1. ('+*.

*1:*7.1()1 34 C431-* 01 34 56431-* 01 3+8-7?45)+'( 01 3914- 8-+ 1.) 01 ∼ 44 kJ.mol−1
# H1. )+*1).

('+*. *1:*7.1()1() 34 C431-* 0- qst ∼ 55 kJ.mol−1
4))1+() 4-A B*4(01. 8-4()+)7. 01 >'375-31.

0914- 40.'*,71.#
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 !"# "# " $ %&'()* +, +,-*./0 +,* 1/'2,* +3'4567-, 8/&1./* -'.&*9 ,/ +,* 1/'2,* +3:5+&'67-,

8/&1./* &';6,*9 +,* 2')0<;),* +3,1; = T = 300 K ,/ ,- *./;1/.'- +, <'-(-,2,-/ +1-* +,* >'&,*

&,2>).* 8*.).<, 12'&>:, = *;&?1<, :5+&'45)0, +, H = 10@ 20 ,/ 40A9#

B1-* <,//, >1&/.,@ -';* &,*/&,.6-'-* )30/;+, +, )1 */&;</;&, +; C;.+, 1; <1* 'D ), >'&, ,*/

&,2>). +, ).E;.+,@ <3,*/ = +.&, )'&*E;, P = P0# F,* >&'()* +, +,-*./0 >';& ),* 1/'2,* +3:5+&'67-,

,/ +3'4567-, +,* 2')0<;),* +3,1; 1.-*. E;, ),* .'-* <1)<.;2 *'-/ /&1<0* >';& ),* *.).<,* :5+&'45)0,*@

),* *.).<,* = <:1&6, +, *;&?1<, ,/ <'-/&,G.'-* <1)<.;2 ,/ ),  !"!# +1-* ),* (6;&,* "# "@ "# H ,/

"# I# %';& <:1E;, /5>, +, *;J*/&1/@ +.K0&,-/,* /1.)),* +, >'&,* *'-/ <'-*.+0&0,* L H = 10@ 20

,/ 40A# F31J*<.**, *;& <,* (6;&,* &,>&0*,-/, )1 >'*./.'- ), )'-6 +, )314, z@ +.&,</.'- -'&21),

= )1 *;&?1<, +; >'&,# z = 0A <'&&,*>'-+ = )1 >'*./.'- 1; <,-/&, +; >'&,# M;,)), E;, *'./ )1

-1/;&, +; >'&,@ 2N2, *. )3,K,/ ,*/ 2'.-* .2>'&/1-/ +1-* ), *5*/72, +,  !"!#@ +,* '*<.))1/.'-*

21&E;0,* *'-/ 'J*,&O0,* +1-* ),* >&'()* +, +,-*./0 >';& ),* 1/'2,* +3:5+&'67-, ,/ ),* 1/'2,*

+3'4567-, +, )3,1;@ &0O0)1-/ )1 */&;</;&1/.'- ?'&/, +, )3,1; >&'<:, +, -'* +.K0&,-/,* *;&?1<,*#

P,//, 2.*, ,- <';<:, +; C;.+, >&'<:, +3;-, *;&?1<, '; <'-(-0 +1-* ;- 21/0&.1; >'&,;4 1 0/0

0/;+.0 ,- +0/1.) +1-* )1 ).//0&1/;&, +1-* ), <1* +, )3,1; 1; O'.*.-16, +, *;&?1<,* :5+&'>:.),*

,/ :5+&'>:'J,* Q IH@ R"S@ RII@ "HI@ "HST 8O'.& )1 &,O;, +1-* )1 &0?0&,-<, QRHST9# B, &0<,-/,*

0/;+,* Q"HU@ "H!T '-/ 2'-/&0 E;, ),* ?'&/,* '*<.))1/.'-* +, +,-*./0 +3,1; = )3.-/,&?1<, +3;- <&.*/1) +,

NaCl 'J*,&O0,* 1O,< +,* <:12>* +, ?'&<, <)1**.E;,* *'-/ 1//0-;0,* ,- *.2;)1/.'-* $% &'&(&)# V.-*.@

)1 2.*, ,- <';<:, 'J*,&O0, ,- *.2;)1/.'- 2')0<;)1.&, <)1**.E;, +1-* -'/&, /&1O1.) >';&&1.,-/ N/&,

*;&,*/.20,# P,>,-+1-/@ <,* 0/;+,* $% &'&(&) &,>'*,-/ *;& )1 /:0'&., E;1-/.E;, +, )1 ?'-</.'--,)),
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 !"# "# $ % &'()*+ ,- ,-.+/01 ,-+ 20(3-+ ,4(5678.- 90'2/0+ .(/'+: -0 ,-+ 20(3-+ ,4;6,'(78.-

90'2/0+ '(<7-+: ,-+ 3(*1=<*-+ ,4-2< 2/.+/ ><- *-+ /(.+ Ca2+
90'2/0+ ?*-<+: @ T = 300 K -0 -.

+/0<20/(. ,- =(.).-3-.0 ,2.+ ,-+ A('-+ '-3A*/+ 9+/*/=- 23('A;- @ +<'B2=- =;2'71- =(3A-.+1- A2'

,-+ =(.0'-C/(.+ Ca2+
,- H = 10D 20D -0 20E:#
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 !"# "# F % &'()*+ ,- ,-.+/01 ,-+ 20(3-+ ,4(5678.- 90'2/0+ .(/'+: -0 ,-+ 20(3-+ ,4;6,'(78.- 90'2/0+

'(<7-+: ,-+ 3(*1=<*-+ ,4-2< 2/.+/ ><- *-+ /(.+ =2*=/<3 9Cw: +(*G201+ 90'2/0+ ?*-<+: @ T = 300 K
-0 -. +/0<20/(. ,- =(.).-3-.0 ,2.+ ,-+ A('-+ '-3A*/+ 9 !"!# ,- H = 10 -0 20E:#



 !"  !"#$%&' () &*+,-%"%+ . %!'&/0123"/$4,' '% +%&, %,&'

#$ %& #$'()*+ ,-./0 #&'( %1&22345)6&*)4' #7 83&#)$'* 94':787+ ,;;<0= -&'( 9$**$ &22349>$ 4?

%& (*379*73$ +%$9*34')@7$ $(* 23)($ $' 9462*$ %$( A4'$( #$ #$'()*+ +%$9*34')@7$ '4' >4648B'$(

(4'* C&D43)(+$( 9$ @7) *$'# E (73$(*)6$3 %$( %4'87$73( #$ %)&)(4'( $* %$( #)(*&'9$( )'*$3&*46)@7$(=

-$ 9$ C&)*F %$( #)(*&'9$( $'*3$ %$( 64%+97%$( #1$&7 (4'* 2%7( 83&'#$( @71$%%$( '$ #$D3&)$'* %1G*3$F 9$

@7) & 2473 94'(+@7$'9$ #$ #)6)'7$3 %& #$'()*+ #7 H7)#$= I$9) 24733&)* $52%)@7$3 %$( H79*7&*)4'(

2%7( C&)J%$( #$ #$'()*+ 2349>$ #$( (73C&9$(= -$( +*7#$( 9462%+6$'*&)3$( (4'* '+9$((&)3$( 2473

9%&3)K$3 9$ 24)'*= -$ (73934L*F %$( 3+(7%*&*( (73 '4( (M(*B6$( 64'*3$'* @7$ 9$( 4(9)%%&*)4'( (4'*

6&3@7+$( :7(@71E 8N #$( (73C&9$( $'D)34'= <7 #$%E #$ 9$**$ D&%$73F %$( 4(9)%%&*)4'( #$ #$'()*+

(4'* &**+'7+$( O %$( 64%+97%$( #1$&7 3$*347D$'* %$73 946243*$6$'* #$ D4%76$F 91$(* E #)3$ 7'$

#$'()*+ 64M$''$ #$ ρH20 ∼ 0.033N−3
E T = 300 K ,(4)* ∼ 1g.cm−3

0= P4*4'( @7$ 2473 %$  !"!#

%1$&7 $(* ∼ 20% 64)'( #$'($ &7 9$'*3$ #7 243$ @7$ #&'( %1$&7 '4' 94'K'+$= I$( 3+(7%*&*(F #7

64)'( 2473 %$( 243$( #$ ()%)9$ >M#345M%+$F (4'* $' &9943# &D$9 9$75 #$ $%&'%() *+ ,-. Q RST 4? #$(

4(9)%%&*)4'( #$ #$'()*+ *3B( 234'4'9+$( #1$&7 &#(43J+$ (4'* 4J($3D+$( $' #$((47( #17'$ #)(*&'9$ #$

8N #$( (73C&9$(= /47:473( 2473 9$( (7J(*3&*( #$ ()%)9$ >M#345M%+$F )% $(* )'*+3$((&'* #$ '4*$3 @7$

%$( 64%+97%$( #1$&7 (4'* 9&2&J%$( #$ (1&#(43J$3 $'*3$ %$( 83472$( >M#345M%$( ,OH0 #$ (73C&9$ O

%& #$'()*+ #$ 64%+97%$( #1$&7 $(* '4' '7%%$ #&'( %$ (7J(*3&* #&'( 7' )'*$3D&%%$ #$ 1.5N E 2&3*)3

#$ %& (73C&9$F (4)* &7 #$%E #$ |z| = 5F 10 47 20N (7)D&'* %& *&)%%$ #7 (7J(*3&*= U&3 &)%%$73(F %&

24()*)4' #$( 2)9( #&'( %$( 234K%( #$ #$'()*+ #$( &*46$( #145M8B'$ $* #1>M#348B'$ (788B3$ @7$ %$(

64%+97%$( #1$&7 (143)$'*$'* 23+C+3$'*)$%%$6$'* #&'( 7'$ 94'K873&*)4' 4? 7'$ %)&)(4' OH #$ %&

64%+97%$ $(* *473'+$ D$3( %$ (7J(*3&* #$ ()%)9$ $* 23$(@7$ 2$32$'#)97%&)3$ 2&3 3&2243* E %& (73C&9$

#$ 9$ #$3')$3= V' $W$*F %43(@7$ '47( '47( #+2%&X4'( #7 673 D$3( %$ 9$'*3$ #7 243$ %$( #$75

23$6)$3( 2)9( 4J($3D+( (4'* 3$(2$9*)D$6$'* 7' 2)9 #$ #$'()*+ #$ %1>M#348B'$ (7)D) #17' 2)9 #$

#$'()*+ #$ %145M8B'$= Y& #)(*&'9$ $'*3$ 9$( #$75 2)9( $(* ∼ 1NF 9$ @7) 9433$(24'# E %& %4'87$73

#$ %& %)&)(4' OH #&'( %$ 64#B%$ #1$&7 ZUI= Y$ ($94'# 2)9 #&'( %$( 234K%( #$ #$'()*+ #$( &*46$(

#1>M#348B'$F ()*7+ E 7'$ #)(*&'9$ #$ ∼ 0.25N #7 23$6)$3F 9433$(24'# &7 ($94'# >M#348B'$ #$

%& 64%+97%$ #1$&7 &#(43J+$= <)'()F 94'()#+3&'* %1&'8%$ C436+ 2&3 %$( %)&)(4'( OH #$( 64%+97%$(

#1$&7 ,109.47 0 $* %& 23$6)B3$ %)&)(4' 2$32$'#)97%&)3$ E %& (73C&9$ #7 (7J(*3&*F )% $(* %48)@7$ #$

3$*347D$3 9$ ($94'# 2)9 #$ #$'()*+ #$ %1&*46$ #1>M#348B'$ E 0.25N #7 23$6)$3 2)9 #$ #$'()*+ #$

%145M8B'$= I$**$ 43)$'*&*)4' 2&3*)97%)B3$ #$( 64%+97%$( #1$&7 $(* )%%7(*3+$ #&'( %& K873$ [= \= V%%$

& +8&%$6$'* +*+ 4J($3D+$ #&'( #1&7*3$( *3&D&75 #$ #M'&6)@7$ 64%+97%&)3$ #1$&7 ZUI]V &#(43J+$

E %& (73C&9$ #$ ()%)9$( 93)(*&%%)'$( #$ #)W+3$'*$( #$'()*+( #$ 83472$ >M#345M%$ Q R[^ RRF !\_T= -&'(

%$ 9&( #$( (M(*B6$( &D$9 7'$ 9>&38$ #$ (73C&9$F '47( 4J($3D4'( #&'( %$( 234K%( #$ #$'()*+ #$( )4'(

9&%9)76 9462$'(&*$73( @71)%( (4'* %49&%)(+( 2349>$( #$( (73C&9$(= <)'()F 2473 %& ()%)9$ 6+(4243$7($

'47( &D4'( 4 < |zion| < 6N @7&'# H = 10N $* 9 < |zion| < 12N @7&'# H = 20N $* 2473 %$

64#B%$ #$  !"!# 6 < |zion| < 9N @7&'# H = 10N $* 11 < |zion| < 15N @7&'# H = 20N= -&'(

%$( #$75 *M2$( #$ (M(*B6$F #$75 2)9( 6&3@7+( (4'* 4J($3D+( #&'( %$( 234K%( #$ #$'()*+ #$( 94'*3$`

)4'(= Y$ 23$6)$3 2)9 9433$(24'# E 7'$ 2427%&*)4' #1)4'( C43*$6$'* 2>M()(43J+( $* C&)J%$6$'*

(4%D&*+( ,%$ 2%7( 2349>$ #$ %& (73C&9$0= Y$ ($94'# 2)9 9433$(24'# E #$( )4'( 2&3*)$%%$6$'* (4%D&*+(=
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 !"# "# $ % &'()* +* ,( -./0)12(34./ +* '.,5-1,*6 +7*(1 64315*6 (1 8.464/()* +71/* 6129(-* +*

64,4-* :;+2.<;,5* +(/6 1/ =.2* +* H = 20> ? T = 300 K *3 P = 2.5 × 10−3 P0# @*6 6*)'*/36

2.1)*6 *3 A(1/*6 2*=256*/3*/3 ,*6 ,4(46./6 */32* ,*6 (3.'*6 +* 64,4-41' *3 ,*6 (3.'*6 +7.<;)B/*

+(/6 ,* 61C632(3 +* 64,4-*# @*6 6*)'*/36 2.1)*6 *3 C,(/-6 6./3 ,*6 ,4(46./6 OH +*6 '.,5-1,*6 +7*(1

(+6.2C5*6 *3 ,*6 )2.1=*6 :;+2.<;,*6#
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 !"# "# D % EF2.43*G H2.0,6 +* +*/6435 +*6 (3.'*6 +7.<;)B/* +*6 '.,5-1,*6 +7*(1 E32(436 /.426GI +*6

4./6 Na+
E32(436 C,*16G *3 +*6 4./6 Cl− E32(436 2.1)*6G ? T = 300K */ 6431(34./ +* -./0/*'*/3

+(/6 1/ =.2* 2*'=,4 EP = P0G +* 64,4-* ? 6129(-* -:(2)5* -.'=*/65* =(2 +*6 -./32*J4./6 Na+

+* H = 10> E:(13G *3 +(/6 ,( 'K'* =.2.6435 (8*- 1/ -.1=,* +74./6 NaCl */ =,16 +*6 4./6

-.'=*/6(3*126 EC(6G# EL(1-:*G H2.0,6 +* +*/6435 +*6 (3.'*6 +7.<;)B/* E32(436 /.426G *3 +*6

(3.'*6 +7:;+2.)B/* E32(436 2.1)*6G +*6 '.,5-1,*6 +7*(1I +*6 4./6 Ca2+
E32(436 C,*16G *3 +*6

4./6 Cl− E32(436 2.1)*6G ? T = 300 K */ 6431(34./ +* -./0/*'*/3 +(/6 1/ =.2* +* 64,4-* +*

H = 10> ? 6129(-* -:(2)5* -.'=*/65* =(2 +*6 -./32*J4./6 Ca2+
I 2*'=,4 +7*(1 EP = P0G *3

=.665+(/3 1/ -.1=,* +74./6 CaCl2 */ =,16 +*6 4./6 -.'=*/6(3*126#

F(/6 ,* '.+B,* -,(664M1* +* ,( +.1C,* -.1-:* 5,*-324M1* =.12 ,* +*6-24=34./ +7*(1 *3 +74./6

(1 -./3(-3 +71/* 6129(-* -:(2)5*I -*6 +*1< =4-6 +74./6I 9.23*'*/3 =:;646.2C56 *3 =(234*,,*'*/3

6.,8(356I -.22*6=./+*/3 ? ,( -.1-:* +*  !"#$ NOPQ E-9# 0)12*  # PG# R* 2561,3(3 61))B2* +./- M171/*

+*6-24=34./ +46-2B3* +7*(1 E6.,8(/3G *3 +74./6 */ 6431(34./ +* -./0/*'*/3 +(/6 1/ '56.=.2* /*

=*2'*3 =(6 +* 2*32.18*2 ,( -.1-:* +4S16* -.''* +53*2'4/5* +(/6 ,* '.+B,* +* %&'()*+,-.,$#

T132*'*/3 +43I (1< -:(2)*6 +* 6129(-*6 *3 (1< 3(4,,*6 +* =.2*6 -./64+525*6I ,* '.+B,* +* ,( +.1C,*

-.1-:* 5,*-324M1* *63 +59(4,,(/3 +(/6 ,( +*6-24=34./ +71/ 5,*-32.,;3* (1 8.464/()* +71/* 6129(-*#

T -* 2561,3(3I 4, *63 =.664C,* +75'*332* +*1< -.''*/3(42*6 U ,* =2*'4*2 *63 M1* ,( =.6434./
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"#$ %&'$ ( )# "#*+, "# )&'-'#.#'/ #$/ "0# ( 12 321#')# "# 14%&' )21)%0. 5+26 #/ 70# )# +,$01/2/

$#+2%/ 8#0/9:/+# "%;,+#'/ #' 8+,$#')# "4%&'$ .&'&321#'/$ /#1$ 70# 1# $&"%0. 5Na+
6 < 1# $#)&'"

)&..#'/2%+# #$/ 70# "2'$ '&$ $=$/>.#$? '&0$ '&0$ )&'/#'/&'$ "# )&.8#'$#+ #@2)/#.#'/ 12 )A2+*#

"# $0+B2)#? "2'$ )# $#'$? '&0$ '# $&..#$ 82$ +,#11#.#'/ #' 8+,$#')# "40' ,1#)/+&1=/#C D&0+

+,8&'"+# 20 8+#.%#+ )&..#'/2%+#? '&0$ 23&'$ #;#)/0, 1# .:.# )21)01 $0+ 0' 8&+# B#'/# "# $%1%)#

2.&+8A# 23#) "#$ $0+B2)#$ )A2+*,#$ "# H = 10 #/ 20E? .2%$ 23#) "#$ %&'$ .&'&321#'/$ Na+
C D&0+

+#$8#)/#+ 14,1#)/+&'#0/+21%/, "0 $=$/>.#? %1 = 2 "#0@ B&%$ 810$ "4%&'$ Na+
70# "4%&'$ Ca2+

C F#$

8+&-1$ "# "#'$%/, #@/+2%/$ "# 12 $%.012/%&' 5-*0+# GC H "2'$ 1# )2$ "0 8&+# "# H = 10E6 .&'/+#'/

70#? )&..# &I$#+3, "2'$ 1# $=$/>.# 23#) 1#$ )&'/+#9%&'$ Ca2+
? 1#$ Na+

+#$/#'/ 8+&)A#$ "# 12

$0+B2)# "# $%1%)# .,$&8&+#0$#C J&/&'$ 70# 12 8+,$#')# "4%&'$ )&.8#'$2/#0+$ #' 810$ *+2'" '&.I+#

8#+/0+I# I#20)&08 810$ 12 $/+0)/0+# "# 14#20 "2'$ 1# 8&+# 23#) K  ! 1#$ 8%)$ )&++#$8&'"2'/ 20@ "#0@

)&0)A#$ "4#20 8+&)A#$ "#$ $0+B2)#$ .&%'$ I%#' ",-'%$ #' 8&$%/%&' #/ +,"0%/$ #' %'/#'$%/, <   ! #/ 1#

L0%"# 20 )#'/+# "0 8&+# '&' 810$ B&+., "40' $#01 8%) )&++#$8&'"2'/ ( 0'# )&0)A# .&1,)012%+# .2%$

"# /+&%$ 810$ B2%I1#$ ,*21#.#'/ #' %'/#'$%/,C D2+ 2%11#0+$? 8&0+ +,8&'"+# 20 $#)&'" )&..#'/2%+#?

'&0$ 23&'$ ,*21#.#'/ #;#)/0, "#$ $%.012/%&'$ #' 2M&0/2'/ "#$ %&'$? CaCl2 &0 NaCl $0%32'/ 1#

$=$/>.#? #' 810$ "#$ %&'$ )&.8#'$2/#0+$ "# 12 )A2+*# "# $0+B2)#C F#$ +,$01/2/$ .&'/+,$ "2'$ 12

-*0+# GC H 8&0+ 1#$ $=/>.#$ "# H = 10E 23#) )&'/+#9%&'$ Na+
#/ Ca2+

.#//#'/ )12%+#.#'/ #'

,3%"#')# 70# 12 8&$%/%&' "#$ %&'$ '# )A2'*# 82$ .:.# #' 8+,$#')# "4%&'$ $0881,.#'/2%+#$C J&/&'$

70# 1#$ %&'$ #' #@)>$ .&"%-#'/ 12 $/+0)/0+# "# 14#20C D2+ #@#.81#? "2'$ 1# 8&+# "# $%1%)# 2.&+8A#

"&'/ 12 )A2+*# "# $0+B2)# #$/ )&.8#'$,# 82+ "#$ %&'$ )21)%0.? '&0$ &I$#+3&'$ 70# 14%'/+&"0)/%&'

"4%&'$ Cl− "2'$ 12 )&0)A# "# $0+B2)# 5( z = −5E6 8#+/0+I# 1#$ "#0@ )&0)A#$ "4#20 2"$&+I,#$ #'

"%.%'02'/ 14%'/#'$%/, "#$ 8%)$ 1#0+ )&++#$8&'"2'/C N# 810$ 20 )#'/# "0 8&+#? "#$ 8%)$ 2882+2%$$#'/

#' 810$ "# )#10% $%/0, #' z = 0C N2'$ 1# )2$ "#$ $=$/>.#$ 23#) 1#$ %&'$ $&"%0. )&.8#'$2/#0+$?

14%'/+&"0)/%&' "4%&'$ #' #@)>$ .&"%-# 12 $/+0)0/+# "# 14#20 #/ )4#$/ 20 )#'/+# "0 8&+# 70# 1#$

)A2'*#.#'/$ $&'/ 1#$ 810$ %.8&+/2'/$C O' #;#/? 1#$ /+&%$ 8%)$ "# "#'$%/, "%$82+2%$$#'/ 8&0+ '4#'

B&+.#+ 810$ 7040' #' z ∼ 0C P#)% #$/ "Q? )&..# "2'$ 1# )2$ 8+,),"#'/? ( 12 8+,$#')# "0 Cl−C

D&0+ )&')10+#? 12 )&0)A# "%;0$# "# "#$%&'()*+), &R 12 "#'$%/, "#$ %&'$ ",)+&S/ #@8&'#'/%#19

1#.#'/ #' $4,1&%*'2'/ "# 12 $0+B2)# '42882+2S/ 82$ #' $%/02/%&' "# '2'&)&'-'#.#'/C D2+ )&'$,9

70#'/? $% )# +,$01/2/ $# )&'-+.#? )#12 %.81%70# 70# 1#$ /A,&+%#$ "# /=8# NFTU #/ "# )&++,12/%&'$

%&'%70#$ '# $42881%70#'/ 82$ "2'$ )#$ )&'"%/%&'$ &R 1# )2+2)/>+# "%$)+#/ "0 $&132'/? 14#20? '# 8#0/

:/+# ',*1%*,C

 !" #$%&'$&%( ) *+,'$-+, .( .-/$%-0&$-+, %1.-12( ($ ,+30%( .( /+24

51$1$-+,

F#$ B&')/%&'$ "# "%$/+%I0/%&' +2"%21# 8#+.#//#'/ "4&I/#'%+ 0'# %'B&+.2/%&' $0+ 14#'3%+&''#9

.#'/ 1&)21 "#$ #$8>)#$ "40' $=$/>.#C O11#$ "&''#'/ 12 8+&I2I%1%/, "# /+&03#+ ( 0'# "%$/2')# r



 !"! #$%&'$&%( ) *+,'$-+, .( .-#$%-/&$-+, %0.-01( !!!  !"

#$%%&' #()% *+$,' )% *)+-' *+$,'. /('0+ '% 1*2+ 3* 4*-2*+2$% #' 3* #'%02+& 3$5*3' #) 060+7,' ρ(r)

8*- -*88$-+ 9 3* #'%02+& ,$6'%%' #) 4$3),' ρ0 = N/V :$) #'%02+& 2#&*3'; <

g(r) =
ρ(r)

ρ0
:". =;

$> N '+ V 0$%+ 3' %$,?-' +$+*3 #(*+$,'0 #*%0 3' 060+7,' '+ 3' 4$3),' +$+*3 #) 060+7,'. @%'

#&A%2+2$% 83)0 5$,,$#' '% 02,)3*+2$% %),&-2B)' '0+ #$%%&' 8*- <

g(r) =
V

N2

〈
∑

i

∑

i6=j

δ(~r − ~rij)

〉

:".  ;

$> 3'0 5-$5C'+0 02D%2A'%+ B)' 5('0+ )%' ,$6'%%' #('%0',?3' 0)- +$)0 3'0 *+$,'0. E* AD)-' ". F

,$%+-' 3'0 1$%5+2$%0 #' #20+-2?)+2$% -*#2*3' :g(r); '%+-' 3'0 2$%0 5*352), 5$,8'%0*+')-0 '+ 3'0

*+$,'0 #($G6D7%' #'0 ,$3&5)3'0 #('*) #*%0 3'0 0)?0+-*+0 #' 02325' *,$-8C' 9 0)-1*5' 5C*-D&'

'+ #'  !"!#. E'0 -&0)3+*+0 0$%+ 5$,8*-&0 9 3* 4*3')- #) 4$3),' $?+'%)' 8$)- )%' 0$3)+2$%

*B)')0' &3'5+-$36+2B)' #' CaCl2 #' 5$%5'%+-*+2$% [CaCl2] ≈ 12.96 g.L−1
9 T = 300 K. H$)0

-',*-B)$%0I +$)+ #(*?$-#I B)' 3'0 1$%5+2$%0 #' #20+-2?)+2$% -*#2*3' '% 5$%A%','%+ %' +'%#'%+

8*0 4'-0 3()%2+& *) 3$%D)'0 #20+*%5'0 5$,,' 5('0+ %$-,*3','%+ 3' 5*0 #*%0 )% J)2#'. /'52 '0+

#K 9 #')G 5C$0'0 < #()%' 8*-+I 3* #2L5)3+& #' 02+)'- 'G*5+','%+ 3* 0)-1*5' #*%0 3' 8$-' %$)0

*,7%' 9 )%' 02,832A5*+2$% D&$,&+-2B)' :83*% #&A%2 8*- -*88$-+ 9 3* 8$02+2$% #) #'-%2'- *+$,'

#' 3* 0)-1*5'; B)2 0$)0M'0+2,' 3' 4$3),' +$+*3 #) 8$-'I 0)-'0+2,*%+ 3* #'%02+& ,$6'%%' ρ0I '+I

#(*)+-' 8*-+I #'0 'N'+0 #' 4$3),' 'G53) 8-$5C'0 #'0 0)-1*5'0 0)-'0+2,'%+ 3' 4$3),' 3$5*3 0$%#&I

0$)0M'0+2,*%+ 3* #'%02+& 3$5*3'. O$)+'1$20I 02 3(2%+'%02+& #'0 g(r) '0+ *N'5+&'I 3* 8$02+2$% #'0 8250I

'33'I %' 3('0+ 8*0 %$)0 8'-,'++*%+ )%' *%*360' 0)- 3* 0+-)5+)-' #' 3('*) *)+$)- #'0 2$%0. P*%0 3*

02325' *,$-8C' 9 0)-1*5' 5C*-D&' 5$,8'%0&' 8*- #'0 5$%+-'M2$%0 Ca2+
I 3'0 8$02+2$%0 #'0 8-',2'- '+

0'5$%# 8250 #*%0 3'0 #')G +*233'0 #' 8$-'0 *2%02 B)' 3* 8$02+2$% #) 8-',2'- ,2%2,), %' 5C*%D'%+

8*0 5$,8*-*+24','%+ *) 4$3),'. /'3* ,$%+-' B)' 3'0 #20+*%5'0 2%+'-,$3&5)3*2-'0 %' 0' ,$#2A'%+

8*0 9 5$)-+'0 #20+*%5'0 '% 02+)*+2$% #' 5$%A%','%+. P*%0 3' 5*0 #)  !"!#I ,Q,' 02 ,2%2,'I 3*

8$02+2$% #) 8-',2'- 825 '0+ #&83*5&' 4'-0 3'0 83)0 3$%D)'0 #20+*%5'0 '+ 3* 8$02+2$% #) 0'5$%# 825

#&83*5&' 4'-0 3'0 83)0 5$)-+'0 #20+*%5'0. /'++' ,$#2A5*+2$% #*%0 3'  !"!# '0+ #)' 9 3* 5C*-D'

8*-+2'33' #2N&-'%+' :+1.7; 8$-+&' 8*- 3'0 2$%0 5*352), C6#-*+&0 B)2 '0+ 15% 2%1&-2')-' 9 3* 5C*-D'

8*-+2'33' )+2320&' 8$)- $?+'%2- 3' g(r) #*%0 3' 4$3),' :+2;. R2%02I 3(*++-*5+2$% '%+-' 5C*-D'0 &+*%+

,$2%0 1$-+' 8$)- 3'0 ,Q,'0 8*-*,7+-'0 #' #208'-02$%M-&8)302$%I 23 '0+ 3$D2B)' #($?0'-4'- )%

&3$2D%','%+ #' 5' 8-',2'- 825.

S$)- 5$,83&+'- 5'++' 2,*D' #' 3($-D*%20*+2$% #'0 ,$3&5)3'0 #('*) *)+$)- #'0 2$%0 5*352),I

%$)0 *4$%0 5*35)3& 3' %$,?-' #' 0$34*+*+2$% '% 2%+&D-*%+ 3' 8-',2'- 825 #'0 1$%5+2$%0 #' #20+-2M
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 !"# #$ % & '()*+,()- ./ .,-+0,12+,() 03.,34/ /)+0/ 4/- ,()- *34*,25 *(56/)-3+/20- /+ 4/- 3+(5/-

.7(89:;)/ ./- 5(4<*24/- .7/32 +03*</- 6(20 ./28 +96/- ./ -9-+;5/- = ./- 6(0/- >/)+/ ./ -,4,*/-

35(06?/ 3@/* ./- -20>3*/- *?30:</- *(56/)-</- 630 ./- *()+0/A,()- Ca2+
B:32*?/CD )(+< .(6<

Ca2+
D /+ ./  !"!# B.0(,+/C$ E/28 +3,44/- ./ 6(0/- -()+ <+2.,</-D H = 10F B?32+C /+ H =

20F B13-C$ G/- 0<-24+3+- -()+ *(5630<- H 43 >()*+,() (1+/)2/ .3)- 4/ @(425/ 6(20 2)/ -(42+,()

3I2/2-/ <4/*+0(49+,I2/ ./ CaCl2 ./ *()*/)+03+,() [CaCl2] ≈ 12.96 g.L−1
$

12+,() 03.,34/ /)+0/ 4/- 3+(5/- .7(89:;)/ ./- 5(4<*24/- .7/32 /+ 4/- ,()- *34*,25 =

ns(R) =

∫ R

0
ρH2O · g(r) · 4πr2 · dr B#$ !C

(J ρH2O /-+ 43 ./)-,+< 5(9/))/ ./ 47/32 *()K)</ /+ R 43 6(-,+,() .2 60/5,/0 5,),525 .3)-

43 >()*+,() g(r)$ G/ +314/32 #$L 5()+0/ 4/- )(510/- ./ -(4@3+3+,() /+ 43 6(-,+,() R .2 60/5,/0

5,),525 .3)- 43 >()*+,() ./ .,-+0,12+,() 03.,34/ g(r) 6(20 4/- -9-+;5/- ./ -,4,*/ 35(06?/ H

-20>3*/ *?30:</ *(56/)-</ 630 ./- *()+0/A,()- Ca2+
/+ 4/- -9-+;5/- ./  !"!#$ E/28 +3,44/-

./ 6(0/- -()+ *()-,.<0</- = H = 10 /+ 20F$ M(+()- I2/ -/24- 4/- ,()- 60<-/)+- .3)- 43 642-

:03)./ 6(0(-,+< B4/ 5<-(6(0/C ./- -21-+03+- ./  !"!# -()+ 60,- /) *(56+/$ G/- 0<-24+3+- -()+



 !"! #$%&'$&%( ) *+%+,-$%( ./0%.%( #  !"

#$%&'()* + ,' -',./( -$,/%01/. nCa
s = 8.05 $23.4/. &$/( /4. *$,/30$4 '1/./*. ),.#3($,5301/.

4$4 #$464). 7. CaCl2 7. #$4#.43('30$4 [CaCl2] ≈ 12.96 g.L−1
+ T = 300 K8 9.33. -',./( 7.

():)(.4#. .*3 .4 '##$(7 '-.# #.,,.* $2*.(-).* 7'4* 7;'/3(.* 3('-'/< .<&)(0%.43'/< .3 7. *0%/,'30$4

=6 < nCa
s < 10> ?@ AB @CDE8 F4 *03/'30$4 7. #$464.%.43B ns(R) .*3 %$5.44) */( 3$/* ,.* 0$4* 7/

*5*3G%. 047)&.47'%%.43 7. ,./( 7.H() 7. *$,-'3'30$4B #;.*3I+I70(. *'4* &(.47(. .4 #$%&3. ,. :'03

1/;0,* *$0.43 :$(3.%.43 &J5*0*$(2)* $/ 4$48 K' -',./( $23.4/. ∼ 3.3 .*3 ()7/03. &'( ('&&$(3 '/

-$,/%. + #'/*. 7.* .L.3* 7. -$,/%. .<#,/ &($#J.* 7. ,' */(:'#.8 F4 .L.3B 4$/* '-$4* -/ 7'4* ,.*

&($6,* 7. 7.4*03) 1/. ,.* 0$4* *$43 ,$#',0*)* &($#J.* 7.* %/(* 7/ &$(. #. 1/0 (.47 /4. &'(30. 7.

,./( */(:'#. =#.,,. .4 #$43'#3 '-.# ,. %/(> 04'##.**02,. '/< %$,)#/,.* 7;.'/8 9.33. 043.(&()3'30$4

.*3 */&&$(3). &'( ,. :'03 1/. ,' -',./( ns(R) .*3 (.,'30-.%.43 04*.4*02,. + ,' 3'0,,. 7. &$(.8 M$3$4*B

&'( '0,,./(*B 1/. &$/( 7.* &$(.* 4$4 &,'4'0(.* #.33. -',./( *.('03 70L)(.43. + #'/*. 7. ,' #$/(2/(.

7. */(:'#.8

 !" #$%&'$&%( ) *+%+,-$%( ./0%.%( #

F4 */0-'43 7. &()#)7.43* 3('-'/< */( ,. 2.4NG4. ?@"OEB 4$/* '-$4* )3/70) ,;$(0.43'30$4 7.*

%$,)#/,.* 7;.'/ + ,;'07. 7/ &'('%G3(. 7;$(7(. S */0-'43 P

S =
3

2
〈cos2θ〉 − 1

2
=@8 @>

$Q ,.* #($#J.3* *0H406.43 1/. ,. &'('%G3(. 7;$(7(. .*3 /4. %$5.44. $23.4/. */( #J'1/. %$,)#/,.

7;.'/ #$43.4/. 7'4* ,. *5*3G%. .3 */( ,;.4*.%2,. 7.* #$46H/('30$4* R$43.I9'(,$ .4H.47().* +

,;)1/0,02(.8 θ (.&()*.43. ,;'4H,. .43(. ,.* ,0'0*$4* OH 7.* %$,)#/,.* 7;.'/ .3 ,. -.#3./( 4$(%', +

,' */(:'#. 7/ &$(. :.43.8 K$(*1/. S ∼ −0.5B ,.* ,0'0*$4* OH 7.* %$,)#/,.* 7;.'/ *$43 $(0.43).*

&'(',,G,.%.43 + ,' */(:'#. 7. *0,0#.8 K$(*1/. S ∼ 0B ,.* ,0'0*$4* OH 4;$43 &'* 7;$(0.43'30$4

&'(30#/,0G(. &'( ('&&$(3 + ,' */(:'#. =7)*$(7$44).*>8 F464B S ∼ 1 04701/. 1/. ,.* ,0'0*$4* OH *$43

&.(&.470#/,'0(.* + ,' */(:'#. 7/ &$(. :.43.8 S'4* 4$3(. 3('-'0,B 4$/* '-$4* #',#/,) /4. 70*3(02/30$4

7. #. &'('%G3(. 7;$(7(. S .4 :$4#30$4 7. ,' &$*030$4 7.* %$,)#/,.* 7;.'/ &'( ('&&$(3 + ,' */(:'#.

 !"# @8T U M$%2(.* 7. *$,-'3'30$4 &$/( ,.* 0$4* #',#0/% #$464)* 7'4* ,. %)*$&$(. .3 &$/( ,.

-$,/%.8 R 7$44. ,' &$*030$4 7/ &(.%0.( %040%/% 7'4* ,' :$4#30$4 7. 70*3(02/30$4 ('70',. g(r)8

 !"#  $%&&# '# "()# *H+ nCa
s R*,+

-(&./# V 8.05 3.23

SiO2 '("0 Ca2+ 20, 3.48 3.45

10, 3.29 3.29

 !"!# 20, 3.22 3.45

10, 3.20 3.37



 !"  !"#$%&' () &*+,-%"%+ . %!'&/0123"/$4,' '% +%&, %,&'

#$ %$&%'()'* +,-%'./.#0(- 1- 1234 #- 1) #0(-+'023 32(5)1- z6 7-% 84$(-% 96 : -' 96!; 523'(-3'

1-% (<%$1')'% =2$( 1-% =2(-% #-* (-%=-+'0>-5-3'* H = 10 -' 20?6 @12&)1-5-3'* 1,2(0-3')'023
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 !"# 96 : A B0%'(0&$'023% #$ =)()5C'(- #,2(#(- S -3 D23+'023 #- z #0%')3+- =)( ()==2(' / 1)

%$(D)+- #$ =2(- %$0>)3' %) 32(5)1- =2$( #-% 521<+$1-% #,-)$ / T = 300 K -' / (-5=10%%)4-

+25=1-' EP = P0F #)3% $3 =2(- D-3'- #- 1)(4-$( H = 10?6 z = 0 +2((-%=23# / 1) =2%0'023 )$

5010-$ #$ =2(-6 G(20% %H%'C5-% %23' <'$#0<% I EJ)$'F %010+- )52(=J- / %$(D)+- JH#(2KH1<-* E5010-$F

%010+- )52(=J- / %$(D)+- +J)(4<- +25=-3%<- =)( #-% +23'(-.023% Ca2+
-' E&)%F  !"!#6

#-% 521<+$1-% #,-)$ )$ >20%03)4- #- 1) %$(D)+- #)3% 1-% '(20% %H%'C5-% <'$#0<% +J)34-6 L(2+J-

#-% %$(D)+-% JH#(2KH1<-% #- %010+- )52(=J-* -'* +-* =2$( 1-% #-$K ')011-% #- =2(-% <'$#0<-%* 32$%

(-'(2$>23% #)3% 1) #0%'(0&$'023 #$ =)()5C'(- #,2(#(- S 1,2(0-3')'023 =)('0+$10C(- #<M/ 2&%-(><-

#)3% 1-% =(281% #- #-3%0'< #-% 521<+$1-% #,-)$ )>-+ $3- 10)0%23 OH =203')3' >-(% 1- %$&%'()'6 N3

-O-'* 12(%P$- 32$% 32$% #<=1)Q23% #- 1) %$(D)+- >-(% 1- +-3'(- #$ =2(-* 1,03'-3%0'< #$ =(-50-( =0+

(-3+23'(<* / |z| ≈ 5? =2$( H = 10? -' |z| ≈ 10? =2$( H = 20?* -%' S(z) ≈ 0.56 R-''- >)1-$(

-%' (-10<- / #-$K =2=$1)'023% #- 521<+$1-% #,-)$ I 1,$3- +2((-%=23#)3' / +-11-% P$0 23' $3- 10)0%23

OH =203')3' >-(% 1) %$(D)+- #$ %$&%'()' E521<+$1- M5 #- 1) 84$(- 96! F* 1,)$'(-* +2((-%=23#)3'

)$K 521<+$1-% #,-)$ =2%%<#)3' #-$K 10)0%23% OH '2$(3<-% >-(% 1- %$&%'()' E521<+$1- M4 #- 1)

84$(- 96! F6 R- =(-50-( =0+ #)3% 1) #0%'(0&$'023 #$ =)()5C'(- #,2(#(- S -%' %$0>0 #,$3 =$0'% #-

=(2D23#-$( S(z) ≈ −0.125 )$K =2%0'023% |z| ≈ 3.75? =2$( H = 10? )3# |z| ≈ 8.75? =2$(

H = 20?6 R-''- >)1-$(* P$0 -%' =(2+J- #- 0* 03#0P$- P$,01 3,-K0%'- =)% #,2(0-3')'023 =(<D<(-3'0-11-

#0%'03+'- #)3% +-''- (<4023 #- 1,-%=)+- =2()16 N3 #,)$'(-% '-(5-%* )$ #-1/ #- 1) =(-50C(- +2$+J-

)#%2(&<- 1-% 521<+$1-% #,-)$ +2383<-% )#2='-3' $3 +25=2('-5-3' #- >21$5- =2$( 1-% #-$K ')011-%

#- =2(-% +23%0#<(<-%6 S2'23%* P$- 1) #0%'03+'023 #-% #0O<(-3'% 'H=-% #- 521<+$1-% / 1) %$(D)+- %-

(-'(2$>- #- 5)30C(- =1$% (042$(-$%- #)3% 1-% #0%'(0&$'023% #,)341-% P$- D23' 1-% 10)0%23% OH

#-% 521<+$1-% #,-)$ #)3% 1) =(-50C(- +2$+J- )#%2(&<- )>-+ 1) #0(-+'023 32(5)1- / 1) %$(D)+-
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 !"# #$!% & '()*+(,-*(./) 0- 12+234*+5 06.+0+5 S 5/ 7./8*(./ 05 z 0()*2/85 12+ +211.+* 9 :2 )-+7285

0- 1.+5 )-(;2/* )2 0(+58*(./ /.+32:5 1.-+ 05) 3.:<8-:5) 0652- 9 T = 300 K 5* 9 +531:())2=5

8.31:5* >P = P0? 02/) -/ 1.+5 75/*5 05 :2+=5-+ H = 20@$ z = 0 8.++5)1./0 9 :2 1.)(*(./ 2-

3(:(5- 0- 1.+5$ A+.() )B)*435) )./* <*-0(<) C >D2-*? )(:(85 23.+1D5 9 )-+7285 DB0+.EB:<5F >3(:(5-?

)(:(85 23.+1D5 9 )-+7285 8D2+=<5 8.315/)<5 12+ 05) 8./*+5G(./) Ca2+
5* >,2)?  !"!#$

 !"# #$! & H8D<32 05 :6.+(5/*2*(./ 05) 3.:<8-:5) 0652- 2- ;.()(/2=5 06-/5 )-+7285 05 )(:(85

DB0+.EB:<5 .- 9 )-+7285 8D2+=<5 8.315/)<5 12+ 05) 8./*+5G(./) Ca2+
$ I5) 3.:<8-:5) 0652- )./*

+51+<)5/*<5) 12+ 05) 0()J-5) +.-=5) 5* ,:2/8) 2:.+) J-5 :5) (./) 82:8(-3 )./* +51+<)5/*<) 12+ 05)

0()J-5) =+()$

0- 1.+5 ~n >K=-+5 #$!!?$ L/ 5M5*F 1.-+ :5 )B)*435 05 )(:(85 23.+1D5 DB0+.EB:<5F /.-) .,)5+;./)

-/ 1+53(5+ 1(8 9 -/ 2/=:5 065/;(+./ 160 J-( 8.++5)1./0 2-E OH 05) 3.:<8-:5) 0652- 1+5)J-5

15+15/0(8-:2(+5) 9 :2 )-+7285 0- 1.+5 >3.:<8-:5 M5 05 :2 K=-+5 #$! ?$ I5 )58./0 1(8F 85/*+< 2-*.-+

06-/ 2/=:5 065/;(+./ 80−85 F 8.++5)1./0 9 :2 05-E(435 :(2()./ OH 05 :2 3.:<8-:5) M5 J-( 5)*

1+2*(J-535/* 12+2::4:5 9 :2 )-+7285 0- 1.+5$ L/ 1:-) 05 85) 05-E 1+53(5+) 1(8)F -/ *+.()(435

1(8 5)* .,)5+;< 2-E 2:5/*.-+) 05 125 $ N: 5)* +5:(< 2-E 3.:<8-:5) 0652- 1.))<02/* 05-E 2*.35)
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 !"# <=!! ? @.1/'.85/.(+1 #$4+)3,1 #4+1 34 -',:.*', 7(57%, 4#1('80, A 34 15'647, #5 -(', -(5' #,1

1&1/*:,1 #, 1.3.7, 4:('-%, A 15'647, %&#'(B&30, 93.)+,1 8,.),1>C 1.3.7, 4:('-%, A 15'647, 7%4')0,

7(:-,+10, -4' #,1 7(+/',D.(+1 Ca2+
93.)+,1 +(.'1>C +(/0 #(-0 Ca2+

C ,/ #,  !"!# 93.)+,1 '(5),1>C

-(5' #,5B /4.33,1 #, -(',1 E 9)457%,> H = 10F ,/ 9#'(./,> H = 20F=

@4+1 3, 741 #5 -(', 6,+/, #, 1.3.7, 4:('-%, A 15'647, 7%4')0, 7(:-,+10, -4' #,1 7(+/',D.(+1

Ca2+
C 3$(')4+.14/.(+ #,1 :(30753,1 #$,45 -'(7%, #, 34 15'647, #.G*', #5 741 -'070#,+/= H+ ,G,/C 3,

-',:.,' -.7 (81,'20 #4+1 3,1 #.1/'.85/.(+1 #5 -4'4:*/', #$('#', SC 1./501 A 5.5 < |z| < 5.9F -(5'

H = 10F ,/ 11 < |z| < 11.5F -(5' H = 20FC 7('',1-(+# 45B #,5B -(-534/.(+1 15.24+/,1 E $%

34 -',:.*', ',)'(5-, 3,1 :(30753,1 #$,45 -(.+/4+/ 3,5'1 #,5B 4/(:,1 #$%&#'()*+, 2,'1 34 15'647,

#5 1581/'4/ 42,7 34 -(11.8.3./0 I5, 3$4/(:, #$(B&)*+, .+/,'4).11, 42,7 5+ .(+ Ca2+
9:(30753,1

M2 ,/ M4 #, 34 ;)5', <=! > J $$% 34 1,7(+#, ',)'(5-, 3,1 :(30753,1 #$,45 42,7 5+, 3.4.1(+ OH

-,'-,+#.7534.', A 34 15'647, 9:(30753, M5 #, 34 ;)5', <=! >= K3 ,B.1/,C -4' 4.33,5'1C 5+, /'(.1.*:,

-(-534/.(+ I5. 2.,+/ 1(324/,' 3,1 .(+1 -%&1.1('801 A 34 15'647, #5 -(',= L,//, #,'+.*', ',)'(5-,

#,1 :(30753,1 #$,45 4&4+/ 5+, 3.4.1(+ OH -'4/.I5,:,+/ -4'433*3, A 34 15'647, #5 -(', ,/ 3$45/',

/(5'+0, #4+1 34 #.',7/.(+ (--(10, A 34 15'647, #5 -(', 9:(30753, M1 #, 34 ;)5', <=! >= H+7(', 5+,

6(.1C 3$,B.1/,+7, #, 7,1 -(-534/.(+1 ,1/ 15--('/0, -4' 3,1 #.1/'.85/.(+1 #$4+)3,1 ,+/', 3,1 3.4.1(+1

OH #,1 :(30753,1 #$,45 ,/ 3, 2,7/,5' +(':43 A 34 15'647, #5 1581/'4/ ~n #4+1 34 -',:.*', 7(57%,

4#1('80, 9;)5', <=!!>= H+ ,G,/C 3,1 :(30753,1 #5 /&-, M2 ,/ M4 7(+/'.85,+/ 45 -.7 (81,'20 A

3$4+)3, #, 125 ,+2.'(+C 3,1 :(30753,1 M5 7(+/'.85,+/ A 3$0-453,:,+/ 1./50 A 160 ,/ 3,1 :(30753,1

M1 7(+/'.85,+/ 45 -.7 ,/ A 3$0-453,:,+/ 1./501C ',1-,7/.2,:,+/C A 60 ,/ 30 = @4+1 3,1 #.1/'.85/.(+1

#5 -4'4:*/', #$('#', SC 3,1 243,5'1 :4B.:43,1 4//,.+/,1 #4+1 3, -(', 6,+/, #, 1.3.7, 4:('-%, A

15'647, 7%4')0, 7(:-,+10, -4' #,1 7(+/',D.(+1 Ca2+
1(+/ 1,+1.83,:,+/ 3,1 :M:,1 I5, #4+1 3, 741

#5 -(', 6,+/, #, 1.3.7, A 15'647, %&#'(B&30,= L,-,+#4+/C +(51 ',:4'I5(+1 I5, 3,1 -(1./.(+1 #,1



 !"! #$%#&'()$%  !"

#$%& &'() *+#,-%+.& /.0& ,- &102-%. *. &$,$%.3 4.,- &5.6#,$71. *. ,- 8-($90. &1$/-(). : *-(& ,. %-&

*1 #'0. -/.% ,.& %'()0.;$'(& Ca2+
< %.& *.0($.0& 0.8#,-%.() %=-%1( 71-)0. -)'8.& *5=>*0'?9(.

.) &'() -1)'0$&+& @ &. *+#,-%.0 *-(& ,5.&#-%. #'0-,3 A$(&$< ,5'0?-($&-)$'( *.& 8',+%1,.& *5.-1 .&)

#,1& ,$B0. @ ,- &102-%. #.08.))-() *5.( C)0. #,1& #0'%=.3

D'10 ,. #'0. 2.(). *.  !"!#< ,- &)01%)10. *. ,5.-1 .&) 0-*$%-,.8.() *$E+0.(). *. %. 71. ('1&

-/'(& #1 /'$0 *-(& ,.& &>&)98.& #0+%+*.()&3 F( .E.)< ('1& 'B&.0/'(& 71. S(z) (5- #-& *. #$%

8-071+ *-(& ,.& /-,.10& #'&$)$/.&3 D-0 %'()0.< ,- *$&)0$B1)$'( ).(* /.0& S(z) ∼ −0.5< &$?($G-()

71. ,.& ,$-$&'(& OH *.& 8',+%1,.& *5.-1 &'() #0-)$71.8.() #-0-,,9,.& @ ,- &102-%. *1 #'0.3 4.%$

&. 0.)0'1/. *-(& ,.& *$&)0$B1)$'(& *5-(?,.& -/.% ,- *$0.%)$'( ('08-,. @ ,- &102-%. *1 #'0. 'H ('1&

'B&.0/'(& 1( #$% B$.( 8-071+ /.0& ∼ 70 3 I. #,1&< *.& +#-1,.8.()& &'() 'B&.0/+& /.0& ∼ 120 .)

∼ 160 < 8'()0-() ,5.6$&).(%. *. 8',+%1,.& *5.-1 ->-() ,.10& *.16 -)'8.& *5=>*0'?9(. #'$()+&

/.0& ,- &102-%. *1 &1B&)0-) J8',+%1,. M4 *. ,- G?10. K3! L *-(& ,. #0.8$.0 %-& .) ->-() 1(.

,$-$&'( OH #0-)$71.8.() #.0#.(*$%1,-$0. @ ,- &102-%. *1 &1B&)0-) .) ,5-1)0. #-0-,,9,. @ %.)).

*.0($90. J8',+%1,. M5 *. ,- G?10. K3! L *-(& ,. &.%'(* %-&3 M.8-071'(&< .(G(< 71. ('1& (.

%'(&$*+0'(& #-& ,- 0.,-6-)$'( *.& 2.1$,,.)& *.  !"!# *-(& %. 8'*9,. -1 %'10& *. ,- &$81,-)$'(3

A$(&$< ,5'0?-($&-)$'( #-0)$%1,$90. 71. ('1& -/'(& *.& 8',+%1,.& *5.-1 -1 /'$&$(-?. *. ,- &102-%.

.&) *'((+. #'10 1(. %'(G?10-)$'( *'((+. *1 810 *1 #'0.3 N+-(8'$(&< %.,,.;%$ .&) 0.#0+&.()-)$/.

*. ,- ).6)10. *.&  !"!#3

 !" #$%&'()*$%

I-(& %. %=-#$)0.< ('1& -/'(& *-(& 1( #0.8$.0 ).8#& %=.0%=+ @ %'8#0.(*0. %'88.() &. %'8;

#'0). )=.08'*>(-8$71.8.() *. ,5.-1 .) *.& $'(& -*&'0B+& *-(& *.& #'0.& 2.(). *. &$,$%. -8'0#=.

'1 *.  !"!#3 A$(&$< ('1& ('1& &'88.& $()+0+&&+& -16 $&')=.08.& *5-*&'0#)$'( .) *. *+&'0#)$'(

*. ,5.-13 O.& $(2'08-)$'(& $8#'0)-().& 71. ('1& .( -/'(& 0.)$0+.& &'() 71. ,- 8-($90. *'() &.

0.8#,$&&.() ('& &>&)98.& .&) *+#.(*-(). *. ,- %=$8$. *. &102-%. .( #-0)$%1,$.0 #'10 ,- #,1& #.;

)$). #'0'&$)+ +)1*$+.3 F( .E.)< ('1& -/'(& /1 &10 ,.& &1B&)0-)& *. &$,$%. -8'0#=. ,- *$&#-0$)$'(

*51(. *$&%'()$(1$)+ *-(& ,5$&')=.08. .( #-&&-() *51(. &102-%. &-)10+. #-0 *.& ?0'1#.8.()& =>;

*0'6>,.& @ 1(. &102-%. %=-0?+. %'8#.(&+. #-0 *.& %'()0.;$'(& Ca2+
3 D-0 -$,,.10&< ('1& -/'(& /1

,5.E.) *51(. 8$%0'#'0'&$)+ .) *51(. 01?'&$)+ *. &102-%. ('( (+?,$?.-B,. &10 ,. 0.8#,$&&-?.3 I-(&

,.& #,1& ?0-(*.& #'0'&$)+& %.& .E.)& *. %=$8$. *. &102-%. -?$&&.() &10 ,- /-,.10 *. ,- #0.&&$'(

*. %'(*.(&-)$'( %-#$,,-$0.3 4.,- P'1. -1&&$ &10 ,. %-0-%)90. =>*0'#=$,. *1 &1B&)0-) #1$&7151(.

#,1& ,-0?. 71-()$)+ *. 8',+%1,.& *5.-1 -*&'0B+.& .&) 'B&.0/+. #'10 ,.& #'0.& -/.% 1(. %=-0?. *.

&102-%. %'8#.(&+. #-0 *.& %'()0.;$'(& Ca2+
3 4.) .E.) &. 0.)0'1/. *-(& ,.& %=-,.10& $&'&)+0$71.&

*5-*&'0#)$'( -/.% 1(. /-,.10 71$ ).(*< -16 ?0-(*.& 71-()$)+& *. 8',+%1,.& *5.-1 -*&'0B+.&< /.0&

*.& +(.0?$.& #,1& +,./+.& %'8#-0-)$/.8.() @ ,- &$,$%. =>*0'6>,+.3 D'10 ,. 8'*9,. *.  !"!#< 71$

.&) ,. &1B&)0-) ,. #,1& =>*0'#=$,. 71. ('1& ->'(& %'(&$*+0+< ,- %=$8$. .) ,- 01?'&$)+ *. &102-%.



 !"  !"#$%&' () &*+,-%"%+ . %!'&/0123"/$4,' '% +%&, %,&'

#$%&'( )%**+ %' ,-.& *%, .& /01.)2&3&'( /& .) 2$'/&'*)'(+$' 2)1+..)+,& 4&,* .&* 1.%* 5)+6.&* 4).&%,*

/& 1,&**+$' 1),(+&..&7 8& /&,'+&, *& 2$31$,(& /& 3)'+9,& *+3+.)+,& )% *%6*(,)( /& *+.+2& )3$,1:&

; *%,5)2& 2:),<0& 2$31&'*0& 1), /&* 2$'(,&=+$'* Ca2+
/)'* .& 1$,& /& H = 20>7

?@)11.+2)(+$' /&* 3$/9.&* 2.)**+A%&* /@)/*$,1(+$' ; '$* /$''0&* $'( 2$'/%+(* ; /& 1.%* $%

3$+'* 6$'* ,0*%.()(*7 ?& 3$/9.& BCDE 1), &F&31.&E 5$%,'+( %' &*(+3)(+$' 3$/0,0& /& .) *%,5)2&

/@)/*$,1(+$' )4&2 %' &,,&%, 3$G&''& /& 24%7 ?) ,&.)(+$' /&  !"#$%E /& *%,2,$H(E /$''& )%**+ /&*

,0*%.()(* 3$/0,0* 1$%, .&* *G*(93&* /& *+.+2& )3$,1:& ; *%,5)2& :G/,$FG.0& *%, .@&*(+3)(+$' /&

.) ()+..& /% 1$,& )4&2 %' 02),( ; .) 4).&%, ,0&..& /& 28% &'4+,$'7 I$%, .&* *G*(93&* ; *%,5)2&

2:),<0&E .@)22$,/ &*( 6+&' 3&+..&%, J2%KE 3L3& *+ 1$%, .& &'(') +. 5)%( 1,&'/,& .& ,0*%.()( )4&2

1,02)%(+$' &' ,)+*$' /& .) *%,&*(+3)(+$' /& .) /&'*+(0 /& .@&)% /)'* .) 2$%2:& )/*$,60&7 C'M'E

.& 3$/9.& NOO )#%*(& 6+&' '$* ,0*%.()(* *%, .@04$.(+$' /& .@01)+**&%, /% M.3 )/*$,60 &' 5$'2(+$'

/& .) 1,&**+$' 1),(+&..& P/P07 ?) 4),+)(+$' /% 1),)39(,& αE /& 1.%*E 04$.%& 2$33& )((&'/% )4&2

.& 2:)'<&3&'( /& 2:+3+& /& *%,5)2& P +. )%<3&'(& .$,*A%& .@:G/,$1:+.+2+(0 /% *G*(93& 2,$H(7 I$%,

.@&F1$*)'( nE .&* 4).&%,* $6(&'%&* *%, '$* *G*(93&* *$'( 2$31,+*&* &'(,& 1 &( 4E 2& A%+ &*( %'&

<)33& 6+&' 1.%* .),<& A%& 2&..& <0'0,).&3&'( $6*&,40& J2 < n < 3K7 Q$($'* A%& .& M.3 /@&)%

.+A%+/& )/*$,60& ; .) *%,5)2& /&4,)+( L(,& 1.%* 01)+* /)'* '$* 1$,&* &' )6)+**)'( .) (&310,)(%,&7

R@%' 1$+'( /& 4%& *(,%2(%,).E '$%* )4$'* 4% A%& .@&)% 0()+( 5$,(&3&'( 1&,(%,60& *%, %'&

/+*()'2& /& 8> &'4+,$' ; .@)11,$2:& /&* *%,5)2&* 2$,,&*1$'/)'( ; /&%FS(,$+* /+)39(,&* 3$.0=

2%.)+,&* &' )22$,/ )4&2 2& A%+ ) /0#; 0(0 $6*&,40 /)'* .) .+((0,)(%,&7 R& 1.%*E '$%* )4$'* 4%

A%& .) *(,%2(%,& /&* 3$.02%.&* /@&)% )% 4$+*+')<& /&* *%,5)2&* 0()+( /01&'/)'(& /& .&%, 2:+3+&7

T+'*+E .& 1$*+(+$''&3&'( &( .@$,+&'()(+$' /&* 3$.02%.&* /@&)% '@&*( 1)* .& 3L3& &' 1,0*&'2& /&

<,$%1&3&'(* :G/,$FG.&* $% /& *%,5)2&* 2:),<0&* 2$31&'*0&* 1), /&* 2$'(,&=+$'* 2).2+%37 C'M'E

/)'* 2& /&,'+&, 2)*E '$%* )4$'* 4%E A%& 2& *$+( /)'* .) *+.+2& )3$,1:& $% /)'* .& &'(')E A%& .&*

+$'* ,&*(&'( 1,$2:&* /&* *%,5)2&* )4&2 %'& 1$1%.)(+$' 5$,(&3&'( 1:G*+*$,60& &( %'& 1$1%.)(+$'

1),(+&..&3&'( :G/,)(0&7 8&* /&%F 2$%2:&* 2$,,&*1$'/&'( ; .) 2$%2:& /& (*!+% /)'* .& 3$/9.&

2.)**+A%& /& .) /$%6.& 2$%2:& 0.&2(,+A%& /02,+4)'( /& .@&)% &( /&* +$'* 1,9* /@%'& *%,5)2& 2:),<0&7

8& ,0*%.()(E &' 2$'(,)/+2(+$' /+,&2(& )4&2 .) (:0$,+& 2.)**+A%& 2:)31 3$G&' R?UV &( .) (:0$,+&

/& 2$,,0.)(+$'* +$'+A%&* A%+ 1,0/+*&'( %'& 2$%2:& /+W%*& )% /&.; /& .) 2$%2:& /& (*!+%E 3$'(,&

A%& .& 2),)2(9,& /+*2,&( /& .@&)% J*$.4)'(K '& 1&%( L(,& '0<.+<0 &' *+(%)(+$' /& ')'$2$'M'&3&'(7

X+ 2& ,0*%.()( &*( 2$'M,30E ).$,* 2&.) +'/+A%&,)+( A%& .&* 3$/9.&* 2.)**+A%&* '& *$'( 1.%* 4).+/&

1$%, .&* ()+..&* /& 1$,&* &( .&* 2:),<&* /& *%,5)2&* 2$'*+/0,0&*7 Q$($'* A%& .@:G/,)()(+$' 1),(+&..&

/&* +$'* *& ,&(,$%4& /)'* .&* '$36,&* /& *$.4)()(+$' /$'( .) 4).&%, &*( 5$,(&3&'( /+3+'%0& 1),

,)11$,( )% 4$.%3&7

N+').&3&'(E 2& 2:)1+(,& 1$,()'( *%, .) (:&,3$/G')3+A%& &( .) *(,%2(%,& /% Y%+/& 2$'M'0

3$'(,& A%@+. &F+*(& %'& 2$%2:& /@%'& 01)+**&%, /& /&%F ; (,$+* /+)39(,&* 3$.02%.)+,&* /$'( .)

*(,%2(%,& &*( 5$,(&3&'( +'Y%&'20& 1), .& 3%, /% 1$,& &( /$'( .& 2$31$,(&3&'( &*( /+W0,&'(
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"# $)..-710# $)**#.1 /# $)*2)01# $#11# $)&$8# "9#-& : %- /&0;-$# "& 2)0# "9&. 2)'.1 "# (&#
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 !" #$"%&'('" "%# &!" )#*)#+$'$" ,-.(/+0%!" ,! &1!(% *% ,1%. $&!2'#*&-'! 2*.3.$ "*.' *4'!.%"

5 &1(+,! ,! "+/%&('+*." ,! ,-.(/+0%! /*&$2%&(+#! 2&(""+0%! !6!2'%$!" ,(." &1!."!/4&! 2(.*.+0%!

7NV T 89 :*%# 2!&(; .*%" (<*." %'+&+"$ &( <!#"+*. 2.19 ,% )#*=#(//!  !"#$!% >?@AB9  ! )(" ,!

'!/)" %'+&+"$ !"' δt = 1 &' )*%# ,!" '#(C!2'*+#!" &*.=%!" ,! 20 ns9  !" 2*.3=%#('+*." +.+'+(&!" "*.'

*4'!.%!" 5 )(#'+# ,!" 2*.3=%#('+*." 3.(&!" 4+!. $0%+&+4#$!" 5 P = P0 ,!" "+/%&('+*." D*.'!E

F(#&* G#(., F(.*.+0%!9 F! '#(<(+& "%# &( ,-.(/+0%! "1!6!2'%! ,*.2 "%# ,!" )*#!" #!/)&+"9 H(."

%.! )#!/+I#! )(#'+!; .*%" )#$"!.'*." .*" #$"%&'('" "%# &!" ,$)&(2!/!.'" 0%(,#('+0%!" /*-!."

,(." &! )*#! (+."+ 0%! &!" 2*!J2+!.'" ,1(%'*E,+6%"+*. (""*2+$"9 H(." %.! "!2*.,! )(#'+!; .*%"

!K)*"*." &!" #$"%&'('" "%# &!" L*.2'+*." ,1(%'*E2*##$&('+*. '!/)*#!&&! '#(,%+"(.' &1$2M(.=! ,!"

/*&$2%&!" ,1!(% !.'#! &( 2*%2M! (,"*#4$! 5 &( "%#L(2! !' &! 2!.'#! ,% )*#!9 N.3.; .*%" )#$"!.'*."

%. /*,I&! ,$<!&*))$ )(# #()**) !)+(,- )*%# ,$2#+#! 2!" L*.2'+*." ,1(%'*E2*##$&('+*. '!/)*#!&&!9

 !" #$%&'()*)+, -.'/0',1-.) *23)+ ), (2)4(1)+, /5'.,26/177.6

812+

O3. ,1$'%,+!# &( ,-.(/+0%! ,!" /*&$2%&!" ,1!(% ,(." .*" "-"'I/!"; .*%" (<*." 2(&2%&$; 5

)(#'+# ,!" '#(C!2'*+#!" *4'!.%!" !. ,-.(/+0%! /*&$2%&(+#!; &!" ,$)&(2!/!.'" 0%(,#('+0%!" /*-!."

,(." &( ,+#!2'+*. .*#/(&! 5 &( "%#L(2! ,% /%# ,% )*#! 7MSDz(t)8 !' ,(." &! )&(. )(#(&&I&! 5 &(

"%#L(2! ,% )*#! 7MSDxy(t)8 P

MSDz(t) = 〈|z(t) − z(0)|2〉 et MSDxy(t) = 〈|x(t) − x(0)|2 + |y(t) − y(0)|2〉 7Q9R8

*S &!" 2#*2M!'" "+=.+3!.' 0%! MSDz(t) !' MSDxy(t) "*.' /*-!..$" "%# 2M(0%! /*&$2%&! ,1!(%

,% "-"'I/! !' "%# %. =#(., .*/4#! ,! 2*.3=%#('+*."9 (x(t), y(t), z(t)) !' (x(0), y(0), z(0)) "*.'

R??
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#$% &''()'**+$% )$% &$*,($% )$ -.%%$ )$% -'#+&/#$% )0$./ 1(2% ./3 ,$-1% ($%1$&,24% t $, t =

05 6. 78/($ "5 -'*,($ #$% )+1#.&$-$*,% 9/.)(.,29/$% -':$*% )$% -'#+&/#$% )0$./ %/2;.*, #.

)2($&,2'* *'(-.#$ < #. %/(4.&$ )/ 1'($ z =MSDz(t)> $, ).*% #$ 1#.* 1.(.##?#$ < #. %/(4.&$ )/

1'($ =MSDxy(t)>5 @'/( ,'/,$% #$% ,.2##$% )$ 1'($A #$ )+1#.&$-$*, 9/.)(.,29/$ -':$* %/2;.*, #.
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 !"# "5 B C+1#.&$-$*,% 9/.)(.,29/$% -':$*% =DEC> ,(.&+% $* 4'*&,2'* )/ ,$-1% ).*% )$%

1'($% 4$*,$ )$ %2#2&$ < %/(4.&$ F:)('3:#+$ )$ )2G+($*,$% ,.2##$%A H = 10 =#28*$% ('/8$%>A 20 =#28*$%

H#$/$%>A $, 40I =#28*$% ;$(,$%>5 J 8./&F$A #$ DEC $%, ,(.&+ $* *$ &'*%2)+(.*, 9/$ #$% )+1#.&$-$*,%

%/2;.*, #. )2($&,2'* z .#'(% 9/0< )('2,$ &$ %'*, #$% )2($&,2'*% %/2;.*, x $, y 9/2 %'*, &'*%2)+(+$%5

)2($&,2'* z &('K, (.12)$-$*, ./3 ,$-1% &'/(,% .;.*, )0.,,$2*)($ /* 1#.,$./ ./3 ,$-1% #'*8%5

L$ (+%/#,., -'*,($ 9/02# *0$32%,$ 1.% )$ )2G/%2'* ./3 ,$-1% #'*8% 1'/( #$% -'#+&/#$% )0$./ ).*%

#. )2($&,2'* 1$(1$*)2&/#.2($ < #. %/(4.&$ )/ 1'($5 L$#. 1(';2$*, )$ #. ,.2##$ 7*2$ )$ &$ )$(*2$(5

@'/( #$% )+1#.&$-$*,% 9/.)(.,29/$% -':$*% ).*% #$ 1#.* 1.(.##?#$ < #. %/(4.&$ )/ 1'($A ./3

,$-1% &'/(,% MSDxy(t) +;'#/$ &'--$ #$ &.((+ )/ ,$-1% =*'* -'*,(+ ).*% #. 78/($ "5 >5 J/

)$#< )$ &$ (+82-$ )2, H.#2%,29/$A MSDxy(t) ;.(2$ &'--$ /*$ 4'*&,2'* #2*+.2($ )/ ,$-1% t .;$&

/*$ 1$*,$ )$ 1 &.(.&,+(2%,29/$ )/ (+82-$ )2G/%24 ./3 ,$-1% #'*8%5 C$ 1#/%A #$% )+1#.&$-$*,%

9/.)(.,29/$% -':$*% ).*% #$% 1'($% )$ %2#2&$ < %/(4.&$ F:)('3:#+$ %'*, 2*4+(2$/(% < #. ;.#$/( 1'/(

#0$./ *'* &'*7*+$ =;'#/-$>5 L$ (.#$*,2%%$-$*, )$% -'#+&/#$% )0$./ $* &'*7*$-$*, %0$31#29/$

1.( #$% 2*,$(.&,2'*% F:)('1F2#$% 4'(,$% 9/0$##$% '*, .;$& #. %/(4.&$ F:)('3:#+$ )/ %/H%,(.,5 M/.*)

#. ,.2##$ )$ 1'($ ./8-$*,$A #$ )+1#.&$-$*, 9/.)(.,29/$ -':$* ,$*) ;$(% #. ;.#$/( )/ ;'#/-$5 N*

$G$,A #$% -'#+&/#$% )0$./ )/ &$*,($ )/ 1'($A 9/2 %'*, )$ 1#/% $* 1#/% *'-H($/%$%A 2*,$(.82%%$*,

-'2*% .;$& #. %/(4.&$ $, %$ &'-1'(,$*, 1(.,29/$-$*, &'--$ ).*% #$ ;'#/-$5 L$ (+%/#,., $%,

$* .&&'() .;$& )$ 1(+&+)$*,% ,(.;./3 )$ O/2)$% &'*7*+% ).*% )$% 1'($% 1#.*% P!Q B!Q"R5 C.*%

#$ &.% 1.(,2&/#2$( )$ #0$./A  !"#!$% &' ()* P QQR 'H%$(;$*, /* (.#$*,2%%$-$*, )$% -'#+&/#$% )0$./

&'*7*+$% ).*% )$% 1'($% )$ %2#2&$ &(2%,.##2*$ .;$& /*$ )$*%2,+ )$ 8('/1$% %2#.*'# )$ %/(4.&$ )$
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ρOH = 0.136 OH.#−2
$% &'( %)* +,%)&'% -%'. /0() +1') 2,34- &'% -34) 40) )5)*67%)8 9%) 7:7%)

3'*%',) 04*; +3, 3(11%',); $04)*,'(* -%) )',/3$%) <=*=,0264%) 3>%$ '4% -%4)(*= 705%44% -% 2,0'+%)

)(13401 ? 13 )',/3$% -% ρOH = 0.068 OH.#−2
%4 %41%>34* -%) 3*07%) -@<5-,0264% -% 13 )',/3$%8

A34) $% -%,4(%, $3); 0B 13 -%4)(*= -% OH -% )',/3$% %)* +,0$<% -% $% &'% 40') $04)(-=,04)

-34) 40) )5)*67%) -% )(1($% 370,+<% ? )',/3$% <5-,0.51=% CρOH = 0.078 OH.#−2
D; 13 70E(1(*=

*,34)13*(044%11% -% 1@%3' (4*%,/3$(31% $,0F* %4 )@=10(2434* -% 13 )',/3$%8 G0*04); %4H4; &'% 1%

-=+13$%7%4* &'3-,3*(&'% 705%4 +3,31161%7%4* ? 13 )',/3$% -34) 1% +1') 2,34- +0,% CH = 40#D

=>01'% -% 734(6,% )',+,%434*% -34) 1% )%4) 0B 40') 40') 3**%4-04) ? $% &'@(1 )0(* )(*'= %4*,% 1%

,=)'1*3* +0', 1% +0,% -% H = 20# %* $%1'( -' >01'7% C$/8 H2',% I8 D8 J4 %K%*; 1%) )',/3$%) -%

$04H4%7%4* =*34* *,6) =10(24=%) 1@'4% -% 1@3'*,% '4 2,34- 407E,% -% 701=$'1%) -@%3' )04* -34)

'4 %4>(,044%7%4* -% >01'7%8 L,; $% 4@%)* +3) 1% $3); +'()&'@(1 =>01% +,%)&'% $077% -34) 1% +0,%

-% H = 10#8 G0') >%,,04) -34) 1@=*'-% -%) $0%M$(%4*) -% -(K')(04 3))0$(=) ? $%) -=+13$%7%4*)

&'3-,3*(&'%) 705%4) &'% $% 4@%)* +3) 1(= ? '4 %K%* +<5)(&'%; 73() +1'*N* ? '4 3,*%/3$* -%

)(7'13*(048
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 !"# I8O P A=+13$%7%4*) &'3-,3*(&'%) 705%4) CQRAD -34) 1% +134 +3,31161% ? 13 )',/3$% -' +0,%

*,3$=) %4 /04$*(04 -' *%7+) -34) -%) +0,%) /%4*% -% H = 10# C23'$<%D %* 20# C-,0(*%D8 S,0()

*5+%) -% )'E)*,3*) )04* $04)(-=,=) T )(1($% 370,+<% ? )',/3$% <5-,0.51=% C1(24%) ,0'2%)D; )(1($%

370,+<% ? )',/3$% $<3,2=% $07+%4)=% +3, -%) $04*,%U(04) Ca2+
C1(24%) E1%'%)D %*  !"!# C1(24%)

%4 +0(4*(11=) 40(,)D8

93 H2',% I8O 704*,% 1@%K%* -% 13 $<(7(% -% )',/3$% )', 1%) -=+13$%7%4*) &'3-,3*(&'%) 705%4)8

V10E31%7%4*; 40') ,%73,&'04) &'% 1@3W0'* -@'4% $<3,2% -% )',/3$% %* -% $04*,%U(04) $31$('7

,%4- 1% +0,% +1') <5-,0+<(1% %* ,31%4*(* -04$ 13 -5437(&'% -%) 701=$'1%) -@%3'8 A34) 1% +1')

2,34- +0,% CH = 20#D; $@%)* +0', 1%  !"!# &'% 40') 0E)%,>04) 13 -5437(&'% 13 +1') 1%4*%8

X%+%4-34*; +0', $%**% *3(11% -% +0,% 1%) -(K=,%4$%) )04* 3))%Y /3(E1%) 704*,34* &'% 13 $<(7(% -%
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#$%&'() *+,$) -)$ #$% .' /0+'1*2$) /) .3)'$ (4+5+6)7 8$ (4+9%'*%): /'+# .) -4%) /) H = 10;: ()

/)%+*)% -'%'1<9%) ' $+) *+,$)+() +4+ +6=.*=)'>.) #$% .' /0+'1*2$) /)# 14.6($.)# /3)'$7 8*+#*:

$+) /*?6%)+() &4%9) )#9 4>#)%@6) )+9%) .)# #$>#9%'9# /) #*.*() '14%-A) B #$%&'() A0/%4C0.6) )9

B #$%&'() (A'%=6) (41-)+#6) -'% /)# (4+9%)D*4+# Ca2+
7 E494+# 2$): /) 1'+*<%) #$%-%)+'+9):

.) MSDxy(t) -4$% .) #$>#9%'9 /)  !"!# #) (41-4%9) (411) .) #$>#9%'9 /) #*.*() '14%-A) B

#$%&'() A0/%4C0.6)7 F411) .3A0/%4-A*.*(*96 )#9 .' -.$# &4%9) /'+# .)  !"!# G(A'%=) /) #$%&'()

6.)@6)H: +4$# +4$# '99)+/4+# -.$9I9 B () 2$) .' /0+'1*2$) #4*9 .' -.$# .)+9) (41-'%'9*@)1)+9

'$C '$9%)# #0#9<1)#7 J+ &'*9: ().' #3)C-.*2$) -'% $% $+ -4%) /)  !"!# .6=6%)1)+9 -.$# =%'+/ 2$)

.)# '$9%)# #0#9<1)# )9 $$% $+ (41-4%9)1)+9 @4.$1*2$) /)# 14.6($.)# /3)'$ #$% $+ )#-'() -.$#

*1-4%9'+9 2$) /'+# .)# /)$C '$9%)# -4%4#*96# G@4*% .)# -%45.# /) /)+#*96 5=$%) !7 K -'=)   L )9

.)# /*#9%*>$9*4+# /$ -'%'1<9%) /34%/%) S(z) 5=$%) !7 L -'=)  M"H7 8*+#*: .' /0+'1*2$) 140)++)

/'+# () #0#9<1) )#9 %6A'$##6)7

E4$# )C9%'04+# )+#$*9) .)# (4)N(*)+9# /3'$94D/*?$#*4+ /'+# .) -.'+ -'%'..<.) B .' #$%&'()

/$ -4%) B -'%9*% /) .' -)+9) '$C 9)1-# .4+=# /) MSDxy(t) -'% .3*+9)%16/*'*%) /) .' %).'9*4+

/3&$'()*$' B /)$C /*1)+#*4+# O

D� =
1

4
lim
t→∞

d

dt
〈|x(t) − x(0)|2 + |y(t) − y(0)|2〉 . GP7MH

4Q D�
)#9 .) (4)N(*)+9 /3'$94D/*?$#*4+ /'+# .) -.'+7 R)# (%4(A)9# /'+# .' %).'9*4+ GP7MH *+/*2$)+9

2$) .' @'.)$% )#9 140)++6) #$% 94$9)# .)# 14.6($.)# -%6#)+9)# /'+# .) #0#9<1) )9 #$% $+ =%'+/

+41>%) /) (4+5=$%'9*4+#7 R' /*?$#*4+ )#9 /6(%*9) (411) $+) .4* /) -$*##'+() f(t) = D�tα7 S4$%

α = 2: .) 9%'+#-4%9 )#9 /*9 >'.*#9*2$)7 F) %6=*1): 2$* #) 9%'/$*9 -'% $+ (41-4%9)1)+9 -'%'>4.*2$)

/$ TUV: '--'%'W9 =6+6%'.)1)+9 '$C 9)1-# 9%<# (4$%9#: .4%#2$) .3'941) 4$ .' 14.6($.) +3)#9 -'#

)+(4%) )+9%6 )+ (4..*#*4+ '@)( #)# -%)1*)%# @4*#*+# X!KKY7 S$*# @*)+9 .) 9)1-# 4Q .' -'%9*($.) #)

A)$%9) B .' ('=) &4%16) -'% #)# -%4(A)# @4*#*+# Z )..) +) /*?$#) -'# )9 #) 9%'/$*9 -'% .3'--'%*9*4+

/3$+ -.'9)'$ /'+# .) TUV7 8$ >4$9 /3$+ 9)1-# #$N#'11)+9 .4+=: ()99) >'%%*<%) /) /*?$#*4+ )#9

&%'+(A*) )9 .)# '941)# #) /6-.'()+9 #$*@'+9 $+) 1'%(A) '.6'94*%)7 V'+# () /)%+*)% ('# α = 1: .)

9%'+#-4%9 )#9 /*9 /*?$#*& G'$ #)+# /)# .4*# /) +$,- XM[KYH )9 D�
/4++) .) (4)N(*)+9 /) /*?$#*4+7

J+ /)A4%# /) ()# @'.)$%# /) α: +4$# -'%.4+# /) 9%'+#-4%9 '+41'. O %6=*1)# #$>D/*?$#*& Gα < 1H )9

#$-)%D/*?$#*& Gα = 3H7 R) 9'>.)'$ P7 %)=%4$-) .)# (4)N(*)+9# D�
4>9)+$# -4$% $+ %6=*1) /*?$#*&

/'+# +4# #0#9<1)# -4%)$C -4$% /*?6%)+9)# 9'*..)# /) -4%)#7 E494+# 2$) .)# (4)N(*)+9# /3'$94D

/*?$#*4+ #4+9 6(%*9# )+ &4+(9*4+ /) .' @'.)$% @4.$1*2$) 140)++) D0 = 4.17 × 10−5 cm2.s−1
B

T = 300 K7 F)99) @'.)$% )#9 6% -.$# .'%=) 2$) ()..) 4>9)+$) -'% ./01'*2 )9 3145*'(*' X!K"Y:

D0 = 3.85 × 10−5 cm2.s−1
: )9 3% -.$# -)9*9) 2$) ()..) 4>9)+$) -'% 6*4*'7(*' *) /89 X[ Y: D0 =

4.3 × 10−5 cm2.s−1
7 F)# /*?6%)+()# )+9%) .)# (4)N(*)+9# /) /*?$#*4+ /) .3)'$ )+ @4.$1) #4+9

/$)# B /)# /)+#*96# )9 /)# 9'*..)# /) >4W9) 2$* +) #4+9 -'# )C'(9)1)+9 .)# 1\1)# /'+# .)# ])$C

/) #*1$.'9*4+#7 S4$% 94$9)# .)# 9'*..)# /) -4%) (4+#*/6%6)#: D�
)#9 94$]4$%# *+&6%*)$% B .' @'.)$%

@4.$1*2$) /$ (4)N(*)+9 /3'$94D/*?$#*4+ /) .3)'$7 F) %6#$.9'9 )#9: )+(4%) $+) &4*#: /^ '$ ('%'(9<%)
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 !"# #$ % &'()*+(,-. /012-'3/+42.+', /( 50(12 *',6,7( /1,. /(. 8'9(. :(,-( /( .+5+*( 1;'98<(

<=/9'>=57(? /( .+5+*( 1;'98<( @ .29:1*( *<19A7( *';8(,.7( 819 /(. *',-9(3+',. Ca2+
(- /(  !"!

#$ B(. *'()*+(,-. .',- 7*9+-. (, :',*-+', /( D0 = 4.17 × 10−5 cm2.s−1
51 C15(29 C'52;+D2( /2

*'()*+(,- /012-'3/+42.+', /( 50(12 @ P = P0 (- T = 300K$

 !"#  $%&&# '# "()# *H+ D�
*D0+

SiO2 ,!')(-!&. 40/ 0.29

20/ 0.58

10/ 0.25

SiO2 '(". Ca2+ 20/ 0.48

10/ 0.13

 !"!# 20/ 0.44

10/ 0.30

<=/9'8<+5( /( ,'. .=-E;(. D2+ 915(,-+- 5(. ;'57*25(. /0(12 (, 91+.', /0+,-(91*-+',. :'9-(. 1C(*

51 .29:1*( /2 .2F.-91-$ &( 97.25-1- (.- 12..+ (, 1**'9/ 1C(* 5( :1+- D2( 5012-'3/+42.+', /1,. 5(.

,1,'8'9(. /( H = 10G (.- 852. F1..( D2( *(55( /1,. 5(. ,1,'8'9(. /( H = 20G$ H, (4(-? 5'9.D2(

51 -1+55( /( 8'9( /7*9'I-? +5 = 1 2,( :91*-+', 852. 519A( /( ;'57*25(. /0(12 *',6,7(. D2+ +,-(91A+..(,-

1C(* 51 .29:1*( /2 .2F.-91- /( -(55( ;1,+E9( D2( 5012-'3/+42.+', .0(, -9'2C( /+;+,27($ J'29 51 .+5+*(

1;'98<( @ .29:1*( <=/9'>=57( 5(. C15(29. /2 *'()*+(,- /012-'3/+42.+', /1,. 5( 8'9( /( H = 10G?

D� = 0.25D0? (- /( H = 20G? D� = 0.58D0? .',- *';8197(. @ *(55(. -9'2C7(. 819  $%&'())*+

,& $)- KLMNO D2+ ',- 7-2/+7 5(. *'()*+(,-. /012-'3/+42.+', 8'29 /( 50(12 PJ&QH *',6,7( /1,.

/(. ,1,'8'9(. /( .+5+*( *9+.-155+,($ &(. 12-(29. ',- ;',-97 D2( 5(. *'()*+(,-. /012-'3/+42.+',

/1,. 5(. 8'9(. /( H = 10? 20 (- 40G .',-? 9(.8(*-+C(;(,-? D� = 0.43D0? D� = 0.69 D0 (-

D� = 0.91 D0$ &(. C15(29. .',- 852. 519A(. D2( *(55(. D2( ,'2. -9'2C',. /1,. ,'. .+;251-+',.$

H, :1+-? 8'29 5(. /(2> 852. 8(-+-(. 8'9'.+-7.? 51 /+479(,*( ;1R(29( (,-9( ,'. /(2> R(2> /( 97.25-1-.

(.- +;82-1F5( 12> .29:1*(. /( .+5+*( ;'+,. <=/9'8<+5(. *',.+/797(. /1,. 5( -91C1+5 /(  $%&'())*+

,& $)- H, (4(-? +5. *',.+/E9(,- 51 :1*( (111) /( 51 *9+.-'F15+-( 1C(* 2,( /(,.+-7 /( A9'28(. .+51,'5

/( .29:1*( /( ρOH = 0.045 OH.G−2
KLL!O$ H, *',.7D2(,*(? 5(. ;'57*25(. /0(12 /1,. 5( -91C1+5

/(  $%&'())*+ ,& $)- .',- ;'+,. :'9-(;(,- 8<=.+.'9F7(. (-? /( *( :1+-? 897.(,-(,- 2,( /+42.+C+-7

852. 519A($ J'29 5( 8'9( /( H = 40G? 507*19- +;8'9-1,- (,-9( ,'-9( C15(29 (- *(55( /(  $%&'())*+

,& $)- (.-? ;+. @ 819- 50(4(- /0<=/9'8<+5+*+-7 /( 51 .29:1*(? /S @ 2, 19-(:1*- /( .+;251-+',$ H,

(4(-? (, -91T1,- 5(. *'()*+(,-. /( /+42.+', (, :',*-+', /( 50+,C(9.( /( 51 /+.-1,*( +,-(93;29.

U6A29( #$!V? ,'2. 'F.(9C',. D2( 5(. C15(29. 'F-(,2(. 8'29 5(. /(2> 852. 8(-+-(. 8'9'.+-7. .2+C(,-

2,( -(,/1,*( .+;+51+9( @ *(55( /(. 8'+,-. 'F-(,2. 819  $%&'())*+ ,& $)- J19 *',-9(? 8'29 5( 8'9( /(

H = 40G? 5( 8'+,- .07*19-( /( 51 -(,/1,*( ;',-91,- D2( 51 C15(29 'F-(,2( 8'29 *( .=.-E;( (.-

+,*'99(*-($ J19 1+55(29.? ,'2. 'F.(9C',. 12..+ /1,. ,'. .=.-E;(. /( .+5+*( 1;'98<( U-1F5(12 #$ V?

@ -1+55( /( 8'9( +/(,-+D2(? D2( 5012-'3/+42.+', /(. ;'5(*25(. /0(12 (.- 915(,-+( (, 897.(,*( /(

.29:1*(. *<19A7(. *';8(,.7(. 819 /(. *',-9(3+',. Ca2+
U*191*-E9( 852. <=/9'8<+5(V 819 9188'9-
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0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

10/H [Å
-1

]

0

0.2

0.4

0.6

0.8

1

D
//
 x

 1
0-5

 [
cm

2 .s
-1

]

SPC/E
SPC

 !"# #$! % &'()*+(,-. /012-'3/+42.+', (, 5',*-+', /( 60+,7(8.( /( 61 -1+66( /2 9'8( 9'28 6(.

.2:.-81-. /( .+6+*( 1;'89<( = .2851*( <>/8'?>6@( /( H = 10A 20 (- 40B ':-(,2. 17(* 6( 9'-(,-+(6

CD& E*188@. 8'2F(.G$ H(. 8@.26-1-. .',- *';918@. 12? 716(28. /( .+;261-+', ':-(,2(. /1,. 6(.

-81712? /(  !"#$%&&'( )# !&* 17(* 6( 9'-(,-+(6 CD&IJ E8',/. ,'+8.G KLM"N$

12? .2851*(. <>/8'?>6@(.$ J,O,A /1,. 6( *1. /2  +,+- E6( .>.-P;( 6( 962. <>/8'9<+6( (, 81+.', /(

.', ,';:8( +;9'8-1,- /0+',. *16*+2;GA ,'2. 8(;18Q2',. Q2( .+ /1,. 6( 9'8( /( H = 20B 60(12

*',O,@( 9'..P/( 61 /+42.+7+-@ 61 962. 6(,-(A *( ,0(.- 91. 6( *1. /1,. 6( 9'8( /( H = 10B 'R 61

/+42.+7+-@ (.- 98'*<( /( *(66( /( 60(12 *',O,@( /1,. /( 61 .+6+*( 1;'89<( = .2851*( <>/8'?>6@($

J,*'8( 2,( 5'+.A *(*+ (.- /S = 61 -1+66( /2 9'8( /(  +,+- Q2+ (.- 6@FP8(;(,- 962. F81,/( E.2851*(.

;'+,. :+(, /@O,+(. (- 9'8'.+-@ 98@.(,-( (,-8( 6(. 5(2+66(-. /(  +,+- /1,. 6( .>.-P;( /( /@918-

,', *';9-@( /1,. 61 *',.-82*-+', /2 .>.-P;(G 9(8;(--1,- = 962. /( ;'6@*26(. /0(12 /0T-8( /1,.

2, (,7+8',,(;(,- /( 7'62;(A *( Q2+ 12F;(,-( 61 /+42.+7+-@ ;'>(,,($

J,O,A ,'2. ,'2. .';;(. +,-@8@..@. = 61 />,1;+Q2( /(. +',. /1,. 6(. .>.-P;(. = .2851*(.

*<18F@(. .%! 6(. /@961*(;(,-. Q21/81-+Q2(. ;'>(,. ':-(,2. .28 6(. -8'+. /+8(*-+',. /( 60(.91*(

17(* 61 8(61-+', .2+71,-( U

MSD(t) = 〈|x(t) − x(0)|2 + |y(t) − y(0)|2 + |z(t) − z(0)|2〉 E#$!G

H1 OF28( #$# ;',-8( 6(. 8@.26-1-. ':-(,2. .28 6(. .>.-P;(. /( .+6+*( 1;'89<( = .2851*( *<18F@(

*';9(,.@( 918 /(. *',-8(3+',. Ca2+
(- /(  +,+-$ V'2. ':.(87',. Q2(A Q2(6 Q2( .'+- 6( .>.-P;(

(- Q2(66( Q2( .'+- 61 -1+66( /( 9'8(A 61 />,1;+Q2( /(. +',. (.- -8P. 6(,-( EMSD(t) < 1B2
12 :'2-

/( t ∼ 10nsG$ J, 51+-A /1,. ,'. .>.-P;(.A 6(. +',. 8(.-(,- 12-'28 /( 6(28 9'.+-+', /0@Q2+6+:8($ &(

8@.26-1- (.- (, :', 1**'8/ 17(* *( Q2( ,'2. 17',. /@W= 72 /1,. 6(. 98'O6. /( /(,.+-@ /(. +',.

E91F(   XG 98@.(,-@. /1,. 6( *<19+-8( ! 'R ,'2. 17',. ;',-8@ Q20+6. 8(.-(,- 98'*<( /( 61 .2851*(
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 !"# #$# % &'()*+,-,./0 12*34*/512,0 -67,.0 89:&; 3,0 56.0 +*)+52- 3*.0 )* (64605/' 8/4650

354,+/56.0 3, )<,0(*+,; /4*+'0 ,. =6.+/56. 32 /,-(0 3*.0 ),0 070/>-,0 3, 05)5+, *-64(?, @ 024=*+,

+?*4A', +6-(,.0', (*4 3,0 +6./4,B56.0 Ca2+
8)5A.,0 .654,0; ,/ 3,  !"!# 8)5A.,0 462A,0;$ &,2C

/*5)),0 3, (64,0 06./ +6.053'4',0 D H = 10E 8A*2+?,; ,/ H = 20E 83465/,;$

3, +6.F.,-,./ /62/ *2 )6.A 3, )* 05-2)*/56.$ &, ()20G 3,0 ()*/,*2C 06./ 6H0,4I'0 3*.0 )* ()2(*4/

3,0 MSD(t) 810 < t < 500 ps; -6./4*./ 12<*(4>0 ), 4'A5-, H*)50/512, 8'I6)2/56. (*4*H6)512, 3,

MSD(t); ),0 56.0 0, ?,24/,./ @ )* +*A, 3, 06)I*/*/56. =64-', (*4 ),0 -6)'+2),0 3<,*2 (46+?,0

I6505.,0$ J,0 /,-(0 3, 05-2)*/56. +6.053'4'0 ., (,4-,//,./ (*0 3<6H0,4I,4 2. +6-(64/,-,./

35K205= 3,0 56.0$ L. *2/4, 4'02)/*/ 4,-*412*H), ,0/ 12, ),0 3'()*+,-,./0 12*34*/512,0 -67,.0

3,0 56.0 06./ ()20 5-(64/*./0 3*.0 )* ()20 (,/5/, (64605/' 8H = 10E; 02AA'4*./ 12, ),0 +62+?,0

*3064H',0 @ )* 024=*+, 7 06./ -65.0 0/*H),0 12, 3*.0 ), (64, 3, H = 20E$ M, 3,4.5,4 (65./

0<5./,4(4>/, 3, )* -*.5>4, 025I*./, D +6--, ),0 024=*+,0 3, +6.F.,-,./ 06./ ()20 (46+?,0G ),0

56.0 4,00,./,./ ()20 =64/,-,./ ),0 +644,)*/56.0 56.512,0 3, )* 024=*+, 6((60', 84'(2)056. 56.B56.;

,/ ), 3'()*+,-,./ *2/624 3, ),24 (605/56. 3<'125)5H4, ,0/ ()20 5-(64/*./$

N624 *)),4 ()20 )65. 3*.0 )<'/23, 3, )* 37.*-512, 32 O253, +6.F.'G .620 *I6.0 +6-()'/' .6/4,

/4*I*5) (*4 2., *.*)70, +62+?, (*4 +62+?, 3, )* 35K205I5/' 3,0 -6)'+2),0 3<,*2$ P. ,K,/G .620

*I6.0 +*)+2)' ),0 3'()*+,-,./0 12*34*/512,0 -67,.0 3*.0 ),0 3,2C (4,-5>4,0 +62+?,0 *3064H',0

@ )* 024=*+, 3, .60 02H0/4*/0 ,/ 3*.0 ), +6,24 32 (64,$ &*.0 ), (4,-5,4 +*0G )<'(*500,24 3, +62+?,

+6.053'4', ,0/ e2C ≈ 4E ,. 0, 4,(60*./ 024 ), 0,+6.3 -5.5-2- 3,0 (46F)0 3, 3,.05/' 3,0 */6-,0

3<6C7A>., 3,0 -6)'+2),0 3<,*2$ J,0 4'02)/*/0 (624 ),0 (64,0 3, H = 10 ,/ 20E 06./ (4'0,./'0

3*.0 )* FA24, #$Q$ R62/ 3<*H643G .620 6H0,4I6.0G (624 /620 ),0 07/>-,0 '/235'0 ,/ (624 /62/,0

),0 /*5)),0 3, (64605/'G 12, ),0 3'()*+,-,./0 3,0 -6)'+2),0 3<,*2 3*.0 ),0 3,2C (4,-5>4,0 +62+?,0

*3064H',0 06./ 4'325/0 (*4 4*((64/ @ +,2C 3,0 -6)'+2),0 *2 +6,24 32 (64,$ &*.0 )* ()20 (,/5/,
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 !"# !#$ % &'()*+,-,./0 12*34*/512,0 -67,.0 89:&; +62+<, (*4 +62+<, 3*.0 ), ()*. (*4*))=),

> )* 024?*+, 32 (64,@ > T = 300 K ,/ P = P0 /4*+'0 ,. ?6.+/56. 32 /,-(0 3*.0 3,0 (64,0

?,./, 3, 05)5+, *-64(<, > 024?*+, <7346A7)', 8)5B.,0 .654,0;@ 3, 05)5+, *-64(<, > 024?*+, +<*4B',

+6-(,.0', (*4 3,0 +6./4,C56.0 Ca2+
8)5B.,0 462B,0; ,/ 3*.0 ),  !"!# 8)5B.,0 D),2,0;# E,0 36..',0

06./ +6-(*4',0 *2A 3'()*+,-,./0 12*34*/512,0 -67,.0 6D/,.20 (624 3,0 -6)'+2),0 3F,*2 3*.0

), G6)2-, 8)5B.,0 ,. (65./5))'0 .6540;# H 3465/, 06./ 4,(4'0,./'0 ),0 9:& 3*.0 ),0 3,2A (4,-5=4,0

+62+<,0 *3064D',0 > )* 024?*+, 32 (64, 8Lads;# H B*2+<,@ 06./ 4,(4'0,./'0 ),0 9:& 3*.0 ),

+6,24 32 (64, 8Lmid;# &,2A /*5)),0 3, (64, 06./ +6.053'4',0 I H = 10J 8KB24, 32 <*2/; ,/

H = 20J 8KB24, 32 D*0;#

(64605/'@ )> 6L +,/ ,M,/ ,0/ ), ()20 -*412'@ ),0 -6)'+2),0 3F,*2 3,0 3,2A (4,-5=4,0 +62+<,0 32

02D0/4*/ 3,  !"!# 0, +6-(64/,./@ (*4 *5)),240@ 3, -*.5=4, 05-5)*54, > +,)),0 3,0 3,2A (4,-5=4,0

+62+<,0 32 02D0/4*/ 3, 05)5+, <7346A7)',# N, 4'02)/*/ ,0/ 024(4,.*./ (25012, ),  !"!# (600=3,



 !"! #$%&'($% )*+,'$-&$../0+'($% '123$.1001  ! 

"#$ %&'$ ()*(%+, ")'$ *) -&.&$%/0 #/ +'# (1).2# "# $+.3)(# %,-&./)'/#4 5&+$ '&+$ )//#'"&'$ "&'(

6 (# 7+# *#$ ,&*0(+*#$ "8#)+ $# (&,-&./#'/ -*+$ (&,,# ")'$ *# -&.# "# $%*%(# ),&.-1# )9#( +'#

(1).2# "# $+.3)(# (&,-#'$0# -). "#$ (&'/.#:%&'$ Ca2+
4 ;)'$ *) -.#,%<.# (&+(1# )"$&.=0# +'

#>#/ "# ()2# #$/ &=$#.90 -&+. *#$ ,&*0(+*#$ "8#)+ ")'$ *#$ /.&%$ $?$/<,#$ @ -*)/#)+ ")'$ *# AB;

6 t ∼ 100 ps4 C+ "#*6D -&+. *) $%*%(# ),&.-1# 6 $+.3)(# (1).20# (&,-#'$0# -). "#$ (&'/.#:%&'$

Ca2+
"# H = 10ED =%#' 7+# *) "?'),%7+# "#$ ,&*0(+*#$ "8#)+ $&%/ /.<$ .)*#'/%# -). .)--&./

)+F "#+F )+/.#$ $?$/<,#$D %* #$/ -&$$%=*# "8#F/.)%.# )+F /#,-$ *&'2$ G-#'/# "# ∼ 1 ")'$ *# AB;H

+' (&#I(%#'/ "# "%>+$%&' @ D
�
ads = 1.8 × 10−3 D04 J* #$/ 02)*#,#'/ -&$$%=*# "8#F/.)%.# -&+. (#

,K,# $?$/<,# +' (&#I(%#'/ "# "%>+$%&' -&+. *#$ ,&*0(+*#$ "8#)+ $%/+0#$ )+ (#'/.# "+ -&.# @

D
�
mid = 0.16 D04 ;)'$ *) -*+$ 2.)'"# /)%**# "# -&.# GH = 20EHD *# $?$/<,#  !"!# $# (&,-&./#

")'$ *#$ "#+F -.#,%<.#$ (&+(1#$ )"$&.=0#$ "# ,)'%<.# $%,%*)%.# )+ $?$/<,# "# $%*%(# ),&.-1#

)9#( +'# $+.3)(# (1).20# (&,-#'$0# -). "#$ (&'/.#:%&'$ Ca2+
)+F /#,-$ (&+./$ G< 200 psH4

L&+. *) $%*%(# ),&.-1# +' (&#I(%#'/ "# "%>+$%&' -#+/:K/.# #F/.)%/ "+ $?$/<,# 6 $+.3)(# (1).20#

(&,-#'$0# -). "#$ (&'/.#:%&'$ Ca2+
D D

�
ads = 1.86×10−2 D0D #/ "+ $?$/<,# 6 $+.3)(# 1?".&F?*0#D

D
�
ads = 2.40 × 10−2 D04 5&/&'$ %(% #'(&.# *8#>#/ "#$ %&'$ $+. *) "?'),%7+# "#$ ,&*0(+*#$ "8#)+

")'$ (#$ (&+(1#$ -.&(1#$ "+ $+=$/.)/ 7+% .)*#'/%$$#'/ *) "?'),%7+# "# *8#)+ -). .)--&./ )+

$+=$/.)/ "# $%*%(# 1?".&F?*0#4 M#$ AB; )+ (&#+. "+ -&.# ,&'/.#'/ +' (&,-&./#,#'/ "?'),%7+#

"# *8#)+ -*+$ -.&(1# "# (#*+% "+ 9&*+,#4 M) "?'),%7+# *) -*+$ .)-%"# )+ (#'/.# "+ -&.# #$/

&=/#'+# -&+. *# $?$/<,# "# $%*%(# ),&.-1# 6 $+.3)(# 1?".&F?*0# )*&.$ 7+# *) "?'),%7+# *) -*+$

*#'/# #$/ &=/#'+# -&+. *# $+=$/.)/ "#  !"!#4 N' .0$+*/)/ 7+% #$/ )//#'"+4 ;# -*+$D ")'$ *) $%*%(#

),&.-1# *# (&,-&./#,#'/ "#$ ,&*0(+*#$ "8#)+ #$/ "%>+$%3 -&+. 10 < t < 100 ps )9#( +'# -#'/#

"# α ∼ 1 "&'')'/ *%#+ )+F (&#I(%#'/$ "# "%>+$%&' $+%9)'/$ @ D
�
mid = 0.84 D0 -&+. "#$ $+.3)(#$

1?".&F?*0#$ #/ D
�
mid = 0.54 D0 #' -.0$#'(# "# $+.3)(#$ (1).20#$ #/ "# (&'/.#:%&'$ Ca2+

4 AK,#

)+ (#'/.# "+ -&.# *) "?'),%7+# #$/ -*+$ .)-%"# $)'$ *#$ %&'$4 ;# ,)'%<.# %'/0.#$$)'/#D )+ "#*6

"# t = 100 ps *# (&,-&./#,#'/ "#$ ,&*0(+*#$ "8#)+ "#9%#'/ $+=:"%>+$%3 Gα < 1H4 O#*) $8%'/#.-.</#

"# *) ,)'%<.# $+%9)'/# @ )+F /#,-$ %'/#.,0"%)%.#$ G10 < t < 100 psH *) ,&*0(+*# $&./ "#$ "#+F

(&+(1#$ )"$&.=0#$ 6 *) $+.3)(# #/ "%>+$# )+ ,%*%#+ "+ -&.#4 C-.<$ 100 psD *) ,&*0(+*# "8#)+ .#9%#'/

-.&(1# "#$ $+.3)(#$ )//#'")'/ "# -&+9&%. $# .0)"$&.=#. ")'$ *#$ "#+F (&+(1#$4 P'/.# *# /#,-$ &Q

*) ,&*0(+*# "8#)+ )..%9# -.&(1# "# *) $+.3)(# #/ *# /#,-$ &Q #**# $# .0)"$&.=#D *) "?'),%7+# "#

*8#)+ #$/ .)*#'/%#D (8#$/ -&+.7+&% '&+$ &=$#.9&'$ (# (&,-&./#,#'/ $+=:"%>+$%34

 !" #$%&'($% )*+,'$-&$../0+'($% '123$.1001

M# /.)'$3#./ "# ,&*0(+*#$ "8#)+ #'/.# *) (&+(1# )"$&.=0# 6 *) $+.3)(# #/ *# (#'/.# "+ -&.# #$/

0/+"%0 ")'$ (#//# -)./%# 6 *8)%"# "# *) 3&'(/%&' "8)+/&:(&..0*)/%&' "+ /#,-&.#**# RS TD SUVW @

G(τ) = 〈θ(t) · θ(t + τ)〉 G!4!H



 !"  !"#$%&' () &*+,-%"%+ . /01"2$3,'

#$ θ(t) %&' () *#+,'-#+ .%  !"#$%$&! / 01)(% 2 1 &- () 3#(0,4(% .5%)4 &% '6#47% .)+& () ,#4,8% .5%)4

).&#690% 2 () &46*),% .4 :#6% %' 0 &-+#+; <% ,%''% 3)+-=6%> :)6')+' .54+% 3#(0,4(% .5%)4 :60&%+'%

.)+& ,%''% ,#4,8% 2 () &46*),% 2 4+ '%3:& τ = 0> G(τ) .#++% () :6#9)9-(-'0 ?4% ,%''% 3#(0,4(%

@ &#-' .% +#47%)4 )4 '%3:& τ ; A-+&-> () 3#(0,4(% .5%)4 ,#+&-.060% :%4' &#6'-6 .% () ,#4,8%

).&#690% %' @ 6%7%+-6 :(4&-%46& *#-& :%+.)+' ,%' -+'%67)((% .% '%3:&; A4'6%3%+' .-'> G(τ) .#++%

() :6#9)9-(-'0 .% B&467-%B .54+% 3#(0,4(% 2 () &46*),% :#46 4+ τ .#++0 CDEFG; H#'#+& ?4% .)+& ,%

'6)7)-(> +#4& +% *)-&#+& :)& .% .-&'-+,'-#+ %+'6% (%& .%4I &46*),%& .4 :#6% *%+'% ?4- :%63%''%+'

.%4I 30,)+-&3%& .% 60).&#6:'-#+ ):6=& (% .0:)6' .54+% 3#(0,4(% .5%)4 .% () ,#4,8% 7-,-+)(% / $'

() 3#(0,4(% .5%)4 *)-' 4+% 9#4,(% .)+& (% ,#%46 .4 :#6% %' 6%7-%+' &5).&#69%6 .)+& () 3J3% ,#4,8%

K∼ 80−95% .%& 3#(0,4(%&L %' $$' () 3#(0,4(% .5%)4 '6)7%6&% (% :#6% %' 7-%+' &5).&#69%6 .)+& ()

&46*),% #::#&0% K∼ 5−20% .%& 3#(0,4(%&L; M) N146% !;O 3#+'6% (%& *#+,'-#+& .5)4'#P,#660()'-#+

'%3:#6%((% :#46 (%& '6#-& &@&'=3%& 0'4.-0& %' .%4I ')-((%& .% :#6#&-'0 / H = 10Q %' H = 20Q;

<%4I 0:)-&&%46& .% ,#4,8% K4+% %' .%4I ,#4,8%& .5%)4L &#+' 01)(%3%+' :6-&%& %+ ,#3:'% &46 ()

9)&% .4 :6%3-%6 %' .4 &%,#+. 3-+-343 .%& :6#N(& .% .%+&-'0 .%& )'#3%& .5#I@1=+% .%& 3#(0,4(%&

.5%)4 / e1C ≈ 2.3Q Ke1C ≈ 2Q :#46 (% ()*) L %' e2C ≈ 4Q; R#33% )''%+.4> () *#+,'-#+ .5)4'#P

,#660()'-#+ '%3:#6%((% G(τ) .0,6#S' )7%, τ 3#+'6)+' ?4% (% '6)+&*%6' .% 3#(0,4(%& .5%)4 %+'6% (%&

:6%3-=6%& ,#4,8%& ).&#690%& %' (% ,%+'6% .4 :#6% +5%&' :)& +01(-1%)9(%; T+ +% ,#+&-.06)+' ?4%

() :6%3-=6% ,#4,8% ).&#690% 2 () &46*),% .4 :#6%> +#4& #9&%67#+& ?4% (% G(τ) 2 4+ τ .#++0 %&'

:(4& 16)+. :#46 (%& &@&'=3%& )7%, .%& ,8)61%& .% &46*),% %' .%& ,#+'6%P-#+& ,)(,-43 ?4% :#46

(% &@&'=3% .% &-(-,% )3#6:8% 2 &46*),% 8@.6#I@(0%; R% 60&4(')' -+.-?4% ?4% () :60&%+,% .%& -#+&

.)+& () :#6#&-'0 6)(%+'-' () .@+)3-?4% .50,8)+1% .%& 3#(0,4(%& %+'6% () &46*),% %' (% ,%+'6% .4

:#6%; M58@.6#:8-(-,-'0 *#6'% .%& &@&'=3%& )7%, ,#+'6%P-#+& 6%'-%+' (%& 3#(0,4(%& .5%)4 2 () &46*),%

.4 :#6%; U%3)6?4#+& ?4% ,5%&' :#46 (% ()*) > &@&'=3% ?4- :#&&=.% () :(4& *#6'% 8@.6#:8-(-,-'0>

?4% (%& 3#(0,4(%& &#+' (% :(4& 6%'%+4%& 2 () &46*),%; V-> %+ ,#+&-.06)+' .%4I ,#4,8%& .5%)4> ,%'

%W%' %&' 3)-+'%+4 .)+& (% :#6% .% H = 20Q> +#4& 6%3)6?4#+& 4+ ,8)+1%3%+' .)+& (% :#6%

.% H = 10Q; T+ %W%'> &- )4I '%3:& ,#46'& ,% &#+' (%& &@&'=3%& )7%, -#+& ?4- #9&%67%+' (%

3#-+& .50,8)+1% )7%, (% ,#%46 .4 :#6% K(%& 3#(0,4(%& 6%&'%+' :(4& (#+1'%3:& .)+& () ,#4,8%L>

)4I '%3:& (#+1& K&4:06-%46& 2 4+ τ .% ?4%(?4%& .-X)-+%& .% :-,#&%,#+.%&L () '%+.)+,% &5-+7%6&%

%' ,5%&' (% &49&'6)' .% &-(-,% )3#6:8% )7%, &46*),% 8@.6#I@(0% ?4- 6%'-%+' (% :(4& (%& 3#(0,4(%&

.5%)4 2 () &46*),%; H#4& :#47#+&> .)+& 4+% :6%3-=6% )::6#I-3)'-#+> )''6-94%6 ,%' %W%' 2 ()

,#+&')+'% )4I '%3:& (#+1& .)+& (%& *#+,'-#+& .5)4'#P,#660()'-#+ '%3:#6%((%; R%''% ,#+&')+'%> ?4-

%&' .-W06%+'% &4-7)+' (%& &@&'=3%& K,*; ')9(%)4 !;"L> .0*#63% (507#(4'-#+ .% G(τ) %+ (5)::()'-&&)+'>

,% ?4- %+ *)4&&% (5-+'%6:60')'-#+; A-+&-> &- +#4& +#4& )W6)+,8-&&#+& .% ,%& ,#+&')+'%& )4I '%3:&

(#+1& #$" 4+% '6)+&*#630% .% +,-.$!.> +#4& .%76-#+& 6%'6#47%6 (% 9#+ ,#3:#6'%3%+'; R5%&' ,%

?4% +#4& )7#+& *)-' .)+& () N146% !;Y; H#4& +#4& ):%6,%7#+& ?4% &- () ,#+&')+'% 2 .-&:)64%>

(% ,6#-&%3%+' .%& ,#469%& ?4)+' 2 (4- .%3%46% K∼ 104 MHzL; R%,- 3#+'6% ?4% ,% ,6#-&%3%+'

+5%&' :)& (-0 2 () ,#+&')+'% )4I '%3:& (#+1&; Z)6 )-((%46&> +#4& )7#+& '%&'0 .)+& (% ')9(%)4 !;"

() .0:%+.)+,% .% ,%''% ,#+&')+'%> 6%()'-7% 2 () :6#9)9-(-'0 .% B&467-%B .% () 3#(0,4(% .5%)4 .)+&
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20 Å

 !"# !#$ % &'()*+'(, -./0*'1)'2234/*+'( *567'25445 *2/)35, 7'02 0(5 87'+(*+443,9 5* -50: 84+;(5,

745+(5,9 )'0)<5, -.5/0# =2'+, ,>,*?65, ,'(* )'(,+-323, @ ,+4+)5 /6'27<5 A ,02B/)5 <>-2':>435

84+;(5, ('+25,9C ,+4+)5 /6'27<5 A ,02B/)5 )</2;35 )'675(,35 7/2 -5, )'(*251+'(, Ca2+
84+;(5,

2'0;5,9 5*  !"!# 84+;(5, D4505,9# E50: */+445, -5 7'25 ,'(* 72+,5, 5( )'67*5 @ H = 10F 8</0*9

5* H = 20F 8D/,9#

)5**5 )'0)<5C /0 2/77'2* -0 G'4065 -5 4/ )'0)<5 /-,'2D35 Vc ,02 45 G'4065 *'*/4 Vpore# H'0,

6'(*2'(, I05 )5 2/77'2* 5,* /7*5 A 5,*+652 4/ 72'D/D+4+*3 -5 J,02G+5J -.0(5 6'43)045 -.5/0 -/(,

4/ )'0)<5 G+)+(/45 /0: *567, 4'(;, 7'02 I054I05, )/, ,504565(*# E/(, 45 7'25 -5 H = 10FC

+4 (.5,* )'225)* I0.5( (5 )'(,+-32/(* I05 45, -50: 7256+?25, )'0)<5, /-,'2D35, 7'02 4/ ,+4+)5

<>-2':>435 8∼ 1.5% -.5225029# K'02 45 25,*5 -5, ,>,*?65, A )5**5 */+445 -5 7'25C 4.522502 6'>5((5

)'66+,5 7/2 2/77'2* /0: 23,04*/*, -5 ,+604/*+'( 5,* -5 25%# E/(, 45 7'25 -5 H = 20FC )5**5

/772')<5 -'((5 0(5 5,*+6/*+'( /,,5L D'((5 7'02 *'0, (', ,0D,*2/*, 4'2,I05 ('0, )'(,+-32'(,



 !!  !"#$%&' () &*+,-%"%+ . /01"2$3,'
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Dopé Ca
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10 Å

 !"# !"# $ %&'()*+&,-.) /.  !"#$%# /.) *+(012+() /3'41+50+&&-6'12+( 1.,7+&.66. 1&'0-.) 7+4&

/.48 0+409.) /3.'4" %&+2) ):)1;,.) )+(1 0+()2/-&-) < )2620. ',+&79. = )4&*'0. 9:/&+8:6-. >62?(.)

(+2&.)@A )2620. ',+&79. = )4&*'0. 09'&?-. 0+,7.()-. 7'& /.) 0+(1&.52+() Ca2+
>62?(.) &+4?.)@ .1

&'(') >62?(.) B6.4.)@" C' 1'266. /. 7+&. .)1 H = 10D"

$%&# !"E $ F&+B'B2621-) /. G)4&H2.G Psurv /.) ,+6-046.) /3.'4 /'() 6' 0+409. '/)+&B-. /.)

):)1;,.) /. )2620. ',+&79. = )4&*'0. 9:/&+8:6-. >(+1- SiO2 9:/&+8:6-@A /. )2620. ',+&79. 'H.0

4(. 09'&?. /. )4&*'0. 0+,7.()-. 7'& /.) 0+(1&.52+() Ca2+
>(+1- SiO2 /+7- Ca2+

@ .1 /. &'(')"

C.) &-)461'1) )+(1 /+((-) 7+4& /.) 1'266.) /. 7+&. /. 10 .1 20D" I.48 -7'2)).4&) /. 0+409. )+(1

0+()2/-&-.) e1C ≈ 2.3D >e1C ≈ 2D 7+4& 6. &'(') @ .1 e2C ≈ 4D" C.) &-)461'1) )+(1 0+,7'&-) '4

&'77+&1 /4 H+64,. /. 6' 0+409. Vc )4& 6. H+64,. /4 7+&. Vpore"

 !"#$%  &'($% )% *&#*+%, H = 10- H = 20-

).%!# *&/,0)1$1%, Psurv Vc/Vpore ∆(%) Psurv Vc/Vpore ∆(%)

SiO2  !"#$%!&' () 0.30 0.46 53.33 0.17 0.23 35.29

*) 0.78 0.79 1.54 0.37 0.40 7.03

SiO2 "$+' Ca2+
() 0.40 0.46 15.00 0.27 0.23 14.81

*) 0.66 0.79 20.00 0.37 0.40 7.03

 !"!# () 0.49 0.40 18.37 0.52 0.20 61.54

*) 0.56 0.80 42.86 0.44 0.40 9.09

 !" #!$% &'!()*'!" +,$+-!" .#",'/0!" 1  . "$'2.+! 3!''!$' )420')!$'! 1 10%56 7,$'  ! '!"8!  .

#09).8),4 '!"8! 2,'8! !8 !4 (,:!44! 4,$" ,/"!'9,4" $4! !''!$' #! 22%6 ;4! .$8'! -:&,8-*"!

&,$' !%& )<$!' +! +',)"!(!48 #!" +,$'/!" #.4"  ! G(τ) "!'.)8 #! #)'! <$!= +,(&8! 8!4$ <$!

#!  . 8.)  ! #!  >),4 Ca2+
3#).(*8'! #! σCa = 3 ?5 <$) !"8 & $" @'.4#! &.' '.&&,'8 1 +!  !

#!  >.8,(! #>-:#',@*4! #!" @',$&!" -:#',%: ! #! "$'2.+! 3#).(*8'! #! σH = 2.1 ? #>.&'*"  !"

&.'.(*8'!"  !""#$%&'("!) *"&+,5=  ! 9, $(! .++!"")/ ! #.4"  ! &,'! !"8 #)()4$0 #.4"  ! +." #!"
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#$%$&'# ()*+,-'# . #/+0(&' &-(+12' &*),'3#2' ,(+ 4'# &*35+'6$*3# Ca2+
,(+ +(,,*+5 (/7 #$%$&'#

()*+,-'# . #/+0(&' -84+*78%2'9 :3 0($5; &' 3<'#5 ,(# =+($ ,/$#>/</3 $*3 &(%&$/) +'),%(&' >/(5+'

(5*)'# 4<-84+*1?3'9 @$3#$; 4(3# %' &(# 4'# #/A#5+(5# 4' #$%$&' ()*+,-'; 3*/# (=*3# (/ 5*5(% 32 $*3#

Ca2+
&*35+' 128 (5*)'# 4<-84+*1?3'9 B' =*%/)' *&&/,2 &*++'#,*34(35 (/7 (5*)'# 4<-84+*1?3'

'5 (/7 $*3# &(%&$/) '#5 +'#,'&5$=')'35 4' 619C3
'5 4' 461C3

9 D*3&; 3*/# *A#'+=*3# >/<'3

+'),%(E(35 %'# (5*)'# 4<-84+*1?3' ,(+ 4'# $*3#; %' =*%/)' *&&/,2 '#5 +24/$5 4' 25% '3=$+*3

%($##(35 ,%/# 4<'#,(&' %$A+' ,*/+ %'# )*%2&/%'# 4<'(/ 4(3# %( &*/&-'9 B<-8,*5-?#' %( ,%/# ,+*A(A%'

#'+($5 %( )*A$%$52 4'# $*3# ,+*&-' 4'# #/+0(&'#9 :3 'F'5; )G)' #$ %'/+ )*A$%$52 '#5 0($A%'; $% 3<'3

+'#5' ,(# )*$3# >/<$%# =*35; &*))' %' )*35+' %' ,%(5'(/ 4(3# %'/+# 42,%(&')'35# >/(4+(5$>/'#

)*8'3# H&09 I1/+' !9!J; #' -'/+5'+ . %'/+ &(1' 4' #*%=(5(5$*3; %( ,'+5/+A(35 ,(+ %( )G)' *&&(#$*39

B<(3(%8#' 4'# 5+(K'&5*$+'# )*35+' >/' %'# )*%2&/%'# 4<'(/ #' +2*+1(3$#'35 (/5*/+ 4<'/7 '5; &';

3*5())'35 4(3# %( 4'/7$?)' &*/&-' (4#*+A2'9 L'%( ,'+)'5 (/7 )*%2&/%'# 4<'(/ 4' &'# &*/&-'#

4<2&-(31'+ ,%/# 0(&$%')'35 (='& %' &'35+' 4/ ,*+'9 D(3# %( #$%$&' ()*+,-' . #/+0(&' -84+*78%2';

%'# 1+*/,'# OH 4' #/+0(&' #*35 +$1$4'# &*34/$#(35 . /3' #5+/&5/+' =$&$3(%' ,%/#  !"#9 L' +2#/%5(5

'#5 '3 (&&*+4 (='& %'# G(τ) >/$ )*35+'35 /3' ,+')$?+' &*/&-' 5+?# #5(A%' '5 /3' #'&*34' &*/&-'

)*$3# #5(A%' 4(3# %( #$%$&' . #/+0(&' &-(+12' &*),'3#2' ,(+ 4'# &*35+'6$*3# Ca2+
,(+ +(,,*+5 .

%( #$%$&' . #/+0(&' -84+*78%2'9 M(+ ($%%'/+#; #$ &'5 'F'5 3<'#5 ,(# =$#$A%' 4(3# %' ,*+' 4' H = 20C;

&<'#5 >/' %'# $*3# A*/1'35 A'(/&*/, )*$3# (/5*/+ 4' %'/+ ,*#$5$*3 4<2>/$%$A+' &*))' %' )*35+'

%'# MSD(t) 4' %( I1/+' !9! '5 /3' $3#,'&5$*3 4'# 5+(K'&5*$+'# 4' 483()$>/' )*%2&/%($+'9

:7,2+$)'35(%')'35; %( +'%(7*)25+$' ,(+ +2#*3(3&' )(1325$>/' 3/&%2($+' ,'+)'5 4' )'#/+'+

%( 483()$>/' %'35' 4' N/$4'# &*3I32# 4(3# 4'# ,*+*#$52# )2#*#&*,$>/'# ,(+ %' A$($# 4/ 5(/7

4' +'%(7(5$*3 4/ #,$3 3/&%2($+' 4(3# %' +2#'(/ R1(ω) OP"QR9 :3 'F'5; %'# N/&5/(5$*3# %$2'# (/7

$35'+(&5$*3# (='& %<'3=$+*33')'35 4/ #,$3 3/&%2($+' 4</3' )*%2&/%' 4/ N/$4' ,'34(35 #*3 (/5*6

4$F/#$*3 ,'/='35 G5+' +'%$2'# 4$+'&5')'35 . %( 483()$>/' 4' %( )*%2&/%'9 L' $%&'( )(1325$>/';

3*52 I(t); . %( 0+2>/'3&' 4' )*%+,%; $34/$5 /3' +'%(7(5$*3 )(1325$>/'9 S*5*3# >/' %( 0+2>/'3&'

4' )*%+,% '#5 %( 0+2>/'3&' . %(>/'%%' %' &-(), )(1325$>/' 5*/+3(35 4' %<(,,(+'$% 4' )'#/+'

HTUSJ ( %( )G)' 0+2>/'3&' >/' &'%%' 4/ )*)'35 )(1325$>/' 4' #,$3 4/ 3*8(/ 4' %<(5*)'

#*342 H+2#*3(3&'J9 M(+ ($%%'/+#; I(t) '#5 /3' #*))' (%5'+32' 4' 0*3&5$*3# 4' -#*.'/'0# 4' )G)'

(),%$5/4' H&09 I1/+' !9QJ9 L'55' >/(35$52 ,'+)'5 4' 425'+)$3'+ ,(+ /3 ,+*4/$5 4' &*3=*%/5$*3 %(

0*3&5$*3 4<(/5*6&*++2%(5$*3 4(3# %' 5'),# V

G(τ) = 〈I(t) ∗ I(−t)〉 H!9"J

4*35 %( 5+(3#0*+)2' 4' 1,&%'#% 4*33' %( 4'3#$52 #,'&5+(%' J(ω) V

J(ω) = FTt

[〈I(t) ∗ I(−t)〉
〈I(0) ∗ I(0)〉

]

. H!9WJ

@/7 A(##'# 0+2>/'3&'#; %' 5(/7 4' +'%(7(5$*3 4/ #,$3 3/&%2($+' 4(3# %' +2#'(/; R1(ω); #' 42&*),*#'



 !"  !"#$%&' () &*+,-%"%+ . /01"2$3,'

 !"# !#$ % &'()*+ ,- ./01'0.- ,- 2+ *-34/- ,4 5/406 *+7)6084- 84- 7)19/- 2- 1:;+4 ,<41- *:2)'42-

*-34/) -1 /-2+=:*)6/0- .+/ /)3:1+1'- *+71)6084- 14'2)+0/- >,<+./93  !"##" $"%!&' ?@ABCD#

-1 ,-4= ':16/05460:13 36+6036084-*-16 01,).-1,+16-3 ?@ABC E

R1(ω) = Rlent
1 (ω) + Rrapide

1 >!#FD

:G Rrapide
1 -36 2+ ':16/05460:1 '://-3.:1,+16 H 2+ ,;1+*084- 2:'+2- ,- 2+ *:2)'42- -6 -36 ':130,)/)-

':**- 41- ':136+16- +4= 5+33-3 I/)84-1'-3 +2:/3 84- Rlent
1 (ω) -36 2+ ':16/05460:1 '://-3.:1,+16

H 2+ ,;1+*084- 2-16- ,- 2+ *:2)'42-# J- ,-/10-/ 6-/*- -36 ./:.:/60:11-2 H 41- 3:**- ':16-1+16

2+ ,-1306) 3.-'6/+2- J(ω) E

R1(ω) ∝ J(ω) + 4J(2ω). >!#$D

K- 34/'/:06L -1 .243 ,- 2+ I:1'60:1 +2)+6:0/- I(t)L 02 -36 .:33052- ,<-1 016/:,40/- 41- +46/- K(t)L

01,).-1,+16- ,- I(t)L .-/*-66+16 ,<)'/0/- J(ω) ':**- 2- ./:,406 ,- ':1M:2460:1 340M+16 E

J(ω) = C(ω) ∗ L(ω) >!#BD

:G C(ω) -36 2+ 6/+13I:/*)- ,- ()*#!"# ,+13 2- 6-*.3 ,- 〈K(t)〉L 2+ ./:5+50206) ,- N34/M0-N ,- 2+

*:2)'42- H 2+ 34/I+'- E

C(t) =

∫ ∞

t
〈K(t′)〉 dt′. >!# OD

P+/ +022-4/3L 2- 6-/*- L(ω) 3<)'/06 -1 I:1'60:1 ,-3 6/+13I:/*)-3 ,- ()*#!"# ,- ψR(t) -6 ψA(t) 2-3

I:1'60:13 ,- ,-1306) ,- ./:5+50206) >.,ID '+/+'6)/03+16L /-3.-'60M-*-16L 2+ /-2:'+60:1 ,-3 *:2)'42-3

,<-+4 H 2+ 34/I+'- >,036/05460:1 ,- ./:5+50206) ,-3 6-*.3 -16/- ,-4= .)/0:,-3 ,<+,3:/.60:1 H 2+

34/I+'-D -6 2<+,3:/.60:1# Q+ 6/+13I:/*)- ,- ()*#!"# ,- 2+ /-2:'+60:1 3<-=./0*- -1 I:1'60:1 ,-

2+ 6/+13I:/*)- ,- ()*#!"# ,<41- 6/:0309*- I:1'60:1 ,- ,-1306) ,- ./:5+50206)L ψB(t)L 840 -36 2+



 !"! #$%&'($% )*+,'$-&$../0+'($% '123$.1001  !"

#$%$&#$&'() *) +,-$# *%-# .) /,)(0 *( +,0) )-$0) *)(1 #2'()-/)# %*#,032)# 4

ψ̃R(ω) =
pψ̃B(ω)

1 − (1 − p)ψ̃B(ω)
. 5!6  7

8,(0 (-) %*#,0+$&,- 9,0$) -,(# %:,-# p = 1; #,&$ (- #)(. +,-$; )$ ψ̃R(ω) = ψ̃B(ω) )$ +,(0 (-)

%*#,0+$&,- 9%&3.) p < 1; #,&$ +.(#&)(0# +,-$#; )$ ψ̃R(ω) 6= ψ̃B(ω)6 <%-# .)# $0%:%(1 *)  !"#$% !$

&'( =>?@; >?AB; (-) 9,0C) #&C+.) )#$ 0)$)-() +,(0 ψA(t) 4

ψA(t) ∝ 1

τA
exp(−t/τA) 5!6 D7

,E τA )#$ .% *(02) C,F)--) *G%*#,0+$&,- H .% #(09%/) )$ ψB(t) #G2/0&$ 4

ψB(t) ∝ 1

t1+µ
5!6 >7

/,00)#+,-*%-$ H (- C,(:)C)-$ I0,J-&)- *%-# .) /,)(0 *( +,0) )$ 0 < µ < 16 8,(0 (-) #(09%/)

 !"# !6A K L2#(.$%$ *) .G%++.&/%$&,- *( C,*M.) *)  !"#$% 5)'(%$&,- 5!6 !77 5.&N-) 3.)()7 #(0 .)#

02#(.$%$# *) *F-%C&'() C,.2/(.%&0) *G(- +,0) 9)-$) *) #&.&/) H #(09%/)# OF*0,1F.2)# *) H =
20P H T = 300K )$ P = P06 QG2+%&##)(0 *) .% /,(/O) %*#,032) H .% #(09%/) )#$ *) e2C ≈
4P /,00)#+,-*%-$ H *)(1 /,(/O)# *G)%( %*#,032)#6 Q)# 02#(.$%$# #,-$ /,C+%02# %( G(τ) ,3$)-(#
*%-# -,# #&C(.%$&,-# 5+,&-$# 0,#)#76 R N%(/O); .)# 02#(.$%$# #,-$ /,C+%02# )- 902'()-/)# %.,0#

'(GH *0,&$) &.# #,-$ /,C+%02 )- $)C+#6



 !"  !"#$%&' () &*+,-%"%+ . /01"2$3,'

#$%&' (&)&(' * µ = 1/2+ ,%&- .' .%-/  !"#$% !$ &'( 01234 5&6 75&689 :;' *

J(ω) = L̃2(ω) =
1

τAω2
Re

[
(1 − ψ̃R)(1 − ψ̃A(ω))

1 − ψ̃R(ω)ψ̃R(ω)

]

. <!+ !=

>' 75?@$'/ -( .'$% '-6 .5&)879/ #5;88%(6 A68' #'86(&'&6 ?%&- $% ?'-.8(#6(5& ?; &%&5B75;($$%C' ?'-

-;8D%.'-+ E& ;6($(-%&6 $'- #?D- .%$.;$9'- F #%86(8 ?'- 68%G'.65(8'- ?' ?H&%7(:;' 75$9.;$%(8' :;'

&5;- %I5&- 5J6'&;/ )#!**!  !"#$% % 8'.5&-68;(6 J(ω) F #%86(8 ?' -5& 75?@$' ?9I'$5##9 ?%&- $%

8'$%6(5& !+ !+ K%8 %($$';8-/ #5;8 I%$(?'8 $L%##$(.%J($(69 ?' .' 75?@$' F &5- -H-6@7'-/ $'- 89-;$6%6-

5&6 969 .57#%89- %; J(ω) ?96'87(&9 F #%86(8 ?' $% 68%&-D5879' ?' +,-*#!* ?' G(τ) 5J6'&;

#%8 ?H&%7(:;' 75$9.;$%(8'+ M% )C;8' !+3 #89-'&6' ;& #8'7('8 89-;$6%6 5J6'&; -;8 $' #58' D'&6'

?' -($(.' %758#N' F -;8D%.' NH?85OH$9' ?' H = 20P F T = 300K '6 P = P0+ Q5;6 ?L%J58?/

$' 7'($$';8 %..58? '&68' $' 75?@$' ?'  !"#$% <8'$%6(5& !+ != '6 $% D5&.6(5& ?L%;65B.5889$%6(5&

6'7#58'$$' <G(τ)= %##%8%R6 $58-:;' &5;- .5&-(?985&- ?';O .5;.N'- ?L'%; %?-58J9'- F $% -;8D%.'+

>' J5& %..58? '-6 5J-'8I9 #5;8 ?'- 6'7#- %;B?'$F ?' 10 ps <∼ 2 × 105 MHz=+ E& ?'--5;-/ $'

75?@$' ?'  !"#$% -L9.%86' ?' .' :;' &5;- 5J-'8I5&- '& -(7;$%6(5&+ >'$% I('&6 ?; D%(6 :;' .L'-6 ;&

75?@$' ?' 6H#' S85T&('& :;( &L% #%- #5;8 J;6 ?' ?9.8(8' .588'.6'7'&6 $'- .5889$%6(5&- %;O 6'7#-

.5;86- <.5$$(-(5&- 75$9.;$%(8'-=+ E&)&/ $L'O(-6'&.' ?L;& )$7 $(:;(?' ?L9#%(--';8 2σ <2 .5;.N'-= '-6

I%$(?9 6N958(:;'7'&6 #%8 $' 75?@$' ?'  !"#$%+

 !" #$%&'()*$%

U5;- %I5&- 96;?(9 ?%&- .'66' #%86(' $'- #85#8(969- ?H&%7(:;'- ?' $L'%; 5; ?L;& 9$'.685$H6'

.5&)&9 ?%&- ?'- 79-5#58'- ?' -($(.' %758#N' %I'. ?(V98'&6'- .N(7('- ?' -;8D%.' '6 $'- 79-5#58'-

?' ./0/1+ M'- ?9#$%.'7'&6- :;%?8%6(:;'- 75H'&- 5&6 969 ;& #8'7('8 5;6($ #5;8 %&%$H-'8 $%

?H&%7(:;' ?'- '-#@.'- ?%&- $' #58'+ WI'. .'- ?'8&('8-/ &5;- %I5&- 5J-'8I9 :;L'& 75H'&&' $'

.5&)&'7'&6 ?%&- ;& 79-5#58' NH?85#N($' 8%$'&6(--%(6 $% ?H&%7(:;' ?'- 75$9.;$'- ?L'%;+ K$;-

$' .5&)&'7'&6 '-6 D586/ #$;- .' ?'8&('8 'V'6 -' D%(6 8'--'&6(8+ K%8 %($$';8-/ &5;- %I5&- 9C%$'7'&6

#; I5(8 :;L%;C7'&6'8 $LNH?85#N($(.(69 ?'- 7;8- ?; #58' '& %G5;6%&6 ;&' .N%8C' ?' -;8D%.' '6 ?'-

.5&68'B(5&- .%$.(;7 ?(7(&;%(6 '&.58' #$;- $% ?H&%7(:;' ?' $L'%;+ W; &(I'%; ?'- (5&-/ $'- XY,

'6 ;&' (&-#'.6(5& ?'- 68%G'.65(8'- ?' ?H&%7(:;' 75$9.;$%(8' &5;- 5&6 75&689 :;L($- 5-.($$%('&6

%;65;8 ?' $';8 #5-(6(5& ?L9:;($(J8' '6 :;L($- 8'-6%('&6/ .577' 5J-'8I9 ?%&- ?%&- $'- #85)$- ?'

?'&-(69/ #85.N'- ?'- -;8D%.'- ?' .5&)&'7'&6+ W #%86(8 ?'- ?9#$%.'7'&6- :;%?8%6(:;'- 75H'&-

&5;- %I5&-/ ?' #$;-/ 'O68%(6 ?'- .5'Z.('&6- ?' ?(V;-(5& :;( .5&)87%('&6 $' .57#586'7'&6 ?9GF

#89--'&6( ?%&- $'- XY,+ K5;8 %$$'8 #$;- $5(& ?%&- &568' %&%$H-'/ &5;- %I5&- '&-;(6' #85.9?9 F ;&'

96;?' .5;.N' #%8 .5;.N' ?; [;(?' .5&)&9+ U5;- %I5&- I; :;' .L'-6 #85.N' ?' $% -;8D%.' :;' $%

?H&%7(:;' ?' $L'%; '-6 $% #$;- $'&6' ?%&- 65;- &5- -H-6@7'-+ >'.( #85I('&6 ?' $L(&6'8%.6(5& D586'

?'- 75$9.;$'- %I'. $' -;J-68%6+ W; .'&68' ?; #58'/ $% ?H&%7(:;' '-6 #$;- 8%#(?' '6 #';6 %I5(-(&'8/

.577' .L'-6 $' .%- ?%&- $'- #$;- C8%&?- #58'-/ ;& .57#586'7'&6 ?' I5$;7'+ ,5&./ #85.N' ?L;&'



 !"! #$%#&'()$%  !"

#$%&'() *) (+,-,).),/0 1' #/%$(/$%) )/ 1' *2,'.34$) *5$, 6$3*) #+,/ /+$/)# 1)# *)$7 '8)(/9)#:

;+$# '<+,#0 ='% 1' #$3/)0 ','12#9 159(>',?) *)# .+19($1)# *5)'$ *)# (+$(>)# '*#+%@9)# '<)(

1) (),/%) *$ =+%)  !" 1)# &+,(/3+,# *5'$/+A(+%%91'/3+, /).=+%)11): ;+$# '<+,# .+,/%9 4$) 1'

*2,'.34$) *59(>',?) 1' =1$# 1),/) )#/ +@#)%<9) =+$% 1) #$%$&0 *B C 1' =%9#),() *)# 3+,# )/ C 1'

&+%/) (>'%?) *) #$%&'(): D) .',3E%) %).'%4$'@1)0 ,+$# '<+,# <$ 4$) #3 () *)%,3)% )8)/ )#/ <%'3

), ,) (+,#3*9%',/ 4$) 1' =%).3E%) (+$(>) '*#+%@9) *',# 1) =+%) *) H = 10F0 31 ,) 15)#/ =1$# ),

=%),',/ 1)# *)$7 =%).3E%)# (+$(>)#: G, )8)/0 $, (%+3#).),/ )#/ +@#)%<9 *',# 1)# (+$%@)# *) G(τ)0

)/ (5)#/ 1) #$@#/%'/ *) #313() '.+%=>) C #$%&'() >2*%+7219) 4$3 ' 1' *2,'.34$) *59(>',?) 1' =1$#

1),/) '$7 1+,?# /).=#: H)1' .+,/%) 4$) *',# 1)# #2#/E.)# '<)( (+,/%)A3+,# ('1(3$. )/ (>'%?) *)

#$%&'() 1' #)(+,*) (+$(>) #) %),+$<)11) =1$# %'=3*).),/ 4$) *',# 1) #2#/E.) *) #313() '.+%=>)

>2*%+7219): G, +@#)%<',/ 1)# *9=1'().),/# 4$'*%'/34$)# .+2),# *)# 3+,# )/ ), 3,#=)(/',/ 1)#

/%'I)(/+3%)# *) *2,'.34$) .+19($1'3%)0 ,+$# ,+$# '=)%()<+,# 4$) ()/ )8)/ )#/ *B C 1' .+@313/9

*)# 3+,#: G, )8)/0 1' =%+73.3/9 *) 1' #$%&'() +==+#9) %),&+%() 1)# (+%%91'/3+,# ),/%) 1)# =+#3/3+,#

3+,34$)# *5$, .$% C 15'$/%): J$/%).),/ *3/0 1' =)/3/) /'311) *$ =+%) KH = 10FL &'3/ 4$) 1'

#)(+,*) (+$(>) )#/ ), 3,/)%'(/3+, '<)( 1) .$% *5), &'(): M)# 3+,# @+$?),/ '$/+$% *) 1)$% =+#3/3+,

*594$313@%) )/ 1)# .+19($1)# *5)'$ #) %9+%?',3#),/ '$/+$% *5)$7 1'3##',/ =1'() '$ *9='%/ )/ C

15'%%3<9) *) ,+$<)11)# .+19($1)#: G,-,0 *',# $, *)%,3)% =+3,/0 ,+$# '<+,# (+.='%9 ,+# %9#$1/'/#

#$% 1) =+%) *) H = 20F *) #313() '.+%=>) C #$%&'() >2*%+7219) '<)( 1) .+*E1) *) '!())( *( !+,

*9<)1+==9 =+$% *)# .)#$%)# #3.31'3%)# ), %9#+,',() .'?,9/34$) ,$(19'3%): M5'((+%* '<)( 1) .+*E1)

)#/ /%E# @+, =+$% *)# /).=# #$=9%3)$%# C 10 ps )/ ),(+$%'?)',/ *',# 15+=/34$) *59/'@13% $, (%3/E%)

*) ,',+A.+$311'@313/9 *)# #$%&'()#: H) .+*E1) (+,-%.) 9?'1).),/ 15)73#/),() *5$, -1. *5)'$

*5$,) 9='3##)$% *) *)$7 (+$(>)# *5)'$ K2σL C 1' #$%&'() *$ =+%):

N3,'1).),/0 () (>'=3/%) #$% 1' *2,'.34$) *)# )#=E()# ), (+,-,).),/ ,+$# ' =)%.3# *) .)//%)

), 9<3*),() 4$) 1)# (+$(>)# *5)'$ '*#+%@9)# C 1' #$%&'()0 *+,/ 1' #/%$(/$%) )#/ .+*3-9) ='%

%'==+%/ '$ <+1$.)0 +@#)%<) $,) *2,'.34$) 1),/) ='% %'==+%/ C 15)'$ '$ (),/%) *$ =+%) )/ =1$#

?9,9%'1).),/ '$ <+1$.): ;+$# '<+,# <$ 4$) 1' *2,'.34$) *59(>',?) *) ()# (+$(>)# <3(3,'1)#

'<)( 1) .313)$ *$ =+%) )#/ &+%/).),/ 3,6$),(9) ='% 1' (>3.3) *) #$%&'(): O'3,/),',/ 4$) ,+$#

(+,,'3##+,# 1' #/%$(/$%) )/ 1' *2,'.34$) *) ()//) (+$(>) '*#+%@9) C 1' #$%&'() C T = 300 K )/

=+$% %9=+,*%) C 1' =%+@19.'/34$) #$% 1)# .'/9%3'$7 (3.),/'3%)# =+#9) *',# () /%'<'310 ,+$# '11+,#

*',# 1) =%+(>'3, (>'=3/%) 9/$*3)% 1)# )8)/# *) /).=9%'/$%) #$% ()//) (+$(>):



 !"  !"#$%&' () &*+,-%"%+ . /01"2$3,'



 !"#$%&' (

 !"#$%&%" ' ()$ *) $+)&# ,# *+#-

!$).%/,$0%) .,-1-!

 ! "#$%&'(! !)' *+*&+ , -.+'/*! *!) !0!') *! -$ '!1%+($'/(! )/( -$ )'(/"'/(! !' -$ *23$1&4/!

*! -.!$/ "5363+!7 8!) (+)/-'$') *! )&1/-$'&539 5:'!3/) %5/( *!) %5(!) (!1%-&) , )$'/($'&539 )53'

%(+)!3'+) %5/( *!) '!1%+($'/(!) $--$3' *! T = 175 , 300 K7 8$ '!1%+($'/(! 1&3&1$-! !)' "#5&)&!

*! '!--! )5('! 4/.!--! !)' &3;+(&!/(! , -$ '!1%+($'/(! *! ;/)&53 */ 15*<-! *! %5'!3'&!- => *$3)

-! ?5-/1! @Tfusion = 190.5KA BCDEF7 8$ '!1%+($'/(! *! "(&)'$--&)$'&53 @G!-A !)' "533/! %5/( H'(!

)&'/+! 4/!-4/!) *+G(+)  !-)&/) !3 *!))5/) *! -$ '!1%+($'/(! *! ;/)&537 I$3) 35) )&1/-$'&53) 35/)

)511!) *53" %(5"#! *! "!''! *!(3&<(!7 J3 "! )!3)9 35/) 3.$?53) %$) (+!--!1!3' !K%-5(+ -!) !0!')

*! G!-9 1$&) %-/'L' "!/K -&+) , /3! *&1&3/'&53 *! -.$G&'$'&53 '#!(1&4/!7 M5) (+)/-'$') *533!3'

/3! %(!1&<(! &1$G! *! -.!$/ %5/( -!) G$11!) *! '!1%+($'/(!) 1!3'&533+!) "&N*!))/)7 M5'53)9

!3639 4/! -!) )2)'<1!) *!  !"!# 3! )53' %$) '($&'+) *$3) -$ %$('&! *23$1&4/!7 O5/'!;5&)9 35/)

$?53) 153'(+ *$3) -!) %(+"+*!3') "#$%&'(!) 4/! -!) %#+351<3!) (!3"53'(+) *$3) -$ )&-&"! $15(%#!

, )/(;$"! "#$(G+! "51%!3)+! %$( *!) "53'(!N&53) "$-"&/1 )53' )&1&-$&(!)7

 !" #$%&' '() *+ '&)(,&()%

8.+'/*! *! -$ )'(/"'/(! *! -.!$/ 5/ *./3 +-!"'(5-2'! "5363+ !3 ;53"'&53 *! -$ '!1%+($'/(!

!)'9 *$3) /3 %(!1&!( '!1%)9 !0!"'/+! , %$('&( *!) %(56-) *! *!3)&'+ *!) $'51!) *.5K2G<3! *!)

15-+"/-!) *.!$/ @6G/(! P7QA !' *!) &53) "$-"&/1 "51%!3)$'!/() @6G/(! P7RA7  53"!(3$3' -!)

$'51!) *.5K2G<3! *!) 15-+"/-!) *.!$/9 *$3) '5/) -!) )2)'<1!) !' %5/( '5/'!) -!) '$&--!) *! %5(!

"53)&*+(+!)9 *!) %&") 1$(4/+) $%%$($&))!3' $/ "!3'(! */ %5(! -5()4/! -$ '!1%+($'/(! *&1&3/!7

 !) %&") &3*&4/!3' -.$%%$(&'&53 *./3! 5(G$3&)$'&53 1$(4/+! *!) 15-+"/-!) *.!$/ *$3) -! S/&*!

-5()4/! -$ '!1%+($'/(! *&1&3/!7 O5/'!;5&)9 "!''! 5(G$3&)$'&53 3! %!/' H'(! "53)&*+(+! "511!

/3! "(&)'$--&)$'&53 *! -.!$/ */ ;$&' 4/! -$ %-/) :$))! '!1%+($'/(! "5((!)%53* , -$ '!1%+($'/(!

*! "(&)'$--&)$'&53 */ 15*<-! => !3 ?5-/1!7 >$( $&--!/()9 *$3) -$ ?!()&53 *! "! 15*<-! 5T -!

QPQ
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C-S-H

 !"# !# $ %&'()* +, +,-*./0 +,* 1/'2,* +3'4567-, +,* 2')089),* +3,19 : T = 300 K ;/&1./*

<,.6,*= ,/ T = 175 K ;/&1./* -'.&*= ,- *./91/.'- +, 8'-(-,2,-/ +1-* +,* >'&,* &,2>).* +, *.).8,

12'&>?, : *9&@18, ?5+&'45)0, ;?19/=A +, *.).8, 12'&>?, : *9&@18, 8?1&60, 8'2>,-*0 >1& +,*

8'-/&,B.'-* Ca2+
;2.).,9= ,/ +,  !"!# ;<1*=# C,94 /1.)),* *'-/ 8'-*.+0&0,* D H = 10 ,/ 20E#

2'2,-/ +.>')1.&, 1 0/0 2'+.(0 ;F%GHI=A )1 /&1-*./.'- *>'-/1-0, ).J9.+,H8&.*/1) -31 K121.* 0/0

'<*,&L0, M""NO# %'9& 8,)1A .) @19+&1./ 9/.).*,& +,* 2'+7),* +3,19 +, /5>, PQ%R% '9 PQ%!% ;8@#

1--,4, I= >'**0+1-/ +,* *./,* +3.-/,&18/.'- *9>>)02,-/1.&,* 8'S/,94 ,- /,&2, +, /,2>* +, 81)89)
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 !"# !#$ % &'()*+ ,- ,-.+/01 ,-+ /(.+ 23*2/45 2(56-.+30-4'+ 7 T = 300 K 80'3/0+ 9-/:-+; -0

T = 175 K 80'3/0+ .(/'+; ,3.+ *3 6('(+/01 '-56*/- ,-+ +<+0=5-+ 7 +4'>32- 2?3':1- ,- +/*2- 35('6?-

8.(01 ,(61 Ca2+
; -0 ,-  !"!## @-4A 03/**-+ ,- 6('- +(.0 2(.+/,1'1-+ B H = 10 8:342?-; -0

20C 8,'(/0-;#

*('+D4- .(4+ 2(.+/,1'(.+ 4. :'3., .(59'- ,- 5(*124*-+ ,E-34# @3.+ *3 +/*/2- 35('6?- 3<3.0

,-+ +4'>32-+ ?<,'(A<*1-+F .(4+ G(<(.+ 3663'3/0'- 4. 6/2 +466*15-.03/'- ,3.+ *- 6('- ,- 03/**-

H = 10C -. 6*4+ ,E4.- /.0-.+/)230/(. ,4 6/2 +/041 -. z = 0# H-*3 +E/.0-'6'I0- 63' *3 6'1+-.2-

,- ,-4A 2(42?-+ ,E-34 34 2-.0'- ,4 6('- 7 93++- 0-561'304'- 8T = 175 K; 34 */-4 ,E4.- +-4*-

2(42?- 7 T = 300 K# H-0 -J-0 ,- ,-.+/)230/(. -0 ,E(':3./+30/(. ,- *E-34 34 2-.0'- ,4 6('-

+E(9+-'G- 34++/ ,3.+ *- 6('- ,- 03/**- H = 20C 3G-2 4. 63++3:- ,- ρH2O(300K) = 0.033C−3

82(''-+6(.,3.0 7 *3 ,-.+/01 ,- *E-34 -. G(*45- ,- 1 g.cm−3
; 7 ρH2O(175K) ∼ 0.040C−3

# H-0

-J-0 ,- ,-.+/)230/(. +E(9+-'G- 34++/ ,3.+ *-+ +/54*30/(.+ 6(4' ,- *E-34 .(. 2(.).1- (K *3 ,-.+/01

,- ∼ 0.041C−3
-+0 300-/.0- 7 T = 175 K# L2/ -.2('-F .(4+ 5(.0'(.+ D4- *E-34 34 2-.0'- ,4

6('- +- 2(56('0- 2(55- *E-34 -. G(*45-# &'(2?- ,-+ +4'>32-+ ,- +/*/2-F 6(4' *-+ ,-4A 6'-5/='-+

2(42?-+ ,E-34 3,+('91-+ .(4+ .E(9+-'G(.+ D4E4.- *1:='- 34:5-.030/(. ,- *E356*/04,- ,-+ 6/2+ ,-

,-.+/01# H- '1+4*030F (9+-'G1 6(4' *-+ ,-4A 03/**-+ ,- 6('-F 5(.0'- D4- *3 0-561'304'- 3 6-4 ,E-J-0

+4' *3 +0'4204'- ,- 2-+ 2(42?-+# M. 2- +-.+F .(4+ '-0'(4G(.+ *E/53:- 2*3++/D4- /.0'(,4/0- ,3.+ *-

2?36/0'-  (K 4.- 2(42?- ,E-34 6'(2?- ,- *3 +4'>32- .- +- +(*/,/)- 63+ -. 2(.,/0/(.+ ,- :-* -0 '-+0-

3G-2 4. 23'30='- */D4/,-# M. >3/0F *3 6-'04'930/(. /.,4/0- 63' *3 6'(A/5/01 ,- *3 +4'>32- -56I2?- *3

+0'4204'30/(. ,- *E-34 -0 ,(.2 +3 2'/+03**/+30/(.# H-+ '1+4*030+ +(.0 -. 322(', 3G-2 $%&'()*(++%,+(

-+ (./ N OPQ D4/ 5(.0'-.0 D4- *3 +0'4204'- ,- *E-34 .- +- 5(,/)- D4- 0'=+ 6-4 34 G(/+/.3:- ,E4.-

+4'>32- ,- +/*/2- ?<,'(6?/*- ,3.+ 4. 6('- ,- 03/**- H = 16C *('+D4- *3 0-561'304'- ,/5/.4-# M.

'-G3.2?-F 2-+ 340-4'+ 5(.0'-.0 34++/ D4- 6'(2?- ,E4.- +4'>32- ?<,'(6?(9- *E/.0-.+/01 ,-+ 6/2+ ,-

,-.+/01 ,-+ 5(*124*-+ ,E-34 34:5-.0- 3G-2 *3 ,/5/.40/(. ,- *3 0-561'304'-# @3.+ *- 23+ ,- *3

+/*/2- 35('6?- 3G-2 ,-+ +4'>32-+ 2?3':1-+ 2(56-.+1-+ 63' ,-+ 2(.0'-R/(.+ Ca2+
F .(4+ (9+-'G(.+F

2(55- ,3.+ *- 23+ ,- +4'>32-+ ?<,'(A<*1-+F 4.- ,-.+/)230/(. ,- *E-34 34 2-.0'- ,4 6('- 3G-2

4.- G3*-4' 5(<-..- 300-/.0- 340(4' ,- ρH2O(175K) ∼ 0.040C−3
# H- 2(56('0-5-.0 ,- *E-34 34



 !"  !"#$%&' () &*+,-%"%+ . /'- 0' -1'", 2, 01,3 *-' %&2-4%'  235$3*

#$%$&' (' )*+& &,- ,$#$%.$+& / 0&%'$ (& #*%10'%&, (2&.' (.3, %& 4*%'#&5 6.3, %& )%', )&-$- )*+&

7H = 1089: %. )+1,&30& (& (&'; 0*'0<&, .' #$%$&' (' )*+& / =.,,& -&#)1+.-'+& .' %$&' (2'3&

/ T = 300 K &,- =$&3 )%', #.+>'1& >'& (.3, %& 0., (& %. ,$%$0& <?(+*;?%1&5 @3A3: 0*##& (.3,

0& (&+3$&+ ,?,-B#&: %&, (&'; 0*'0<&, #*%10'%.$+&, )+*0<&, (& %. ,'+C.0& (' )*+& 3& ,& #*($A&3-

>'& -+B, )&' .4&0 %. -&#)1+.-'+& #*3-+.3- >'& 02&,- =$&3 %$1 / %2<?(+*)<$%$0$-1 (& %. ,'+C.0&5

D*'+ %&, ,?,-B#&, (&  !"!#: %&, )$0, .' 0&3-+& (' )*+& %$1, / %. ($#$3'-$*3 (& %. -&#)1+.-'+&

,*3-: 0*#).+.-$4&#&3- .'; .'-+&, ,?,-B#&,: =&.'0*') )%', =+'$-1,5 E&, 4.+$.-$*3, (& (&3,$-1 ,*3-

($,0*3-$3'&, &- 0.+.0-1+$,&3- '3 (1,*+(+& (.3, %. ,-+'0-'+& (& %2&.'5 F&)&3(.3-: %. (&3,$A0.-$*3

&- %. ,-+'0-'+.-$*3 (& %2&.' .' 0&3-+& (' )*+& ,2*=,&+4&3- )'$,>'& %. (&3,$-1 #*?&33& 4.+$& (&

ρH2O(300K) ∼ 0.0278−3
/ ρH2O(175K) ∼ 0.0328−3

5 G*-*3, >'& 0*##& (1H/ *=,&+41 (.3, %&

0<.)$-+& I: %2&.' &,- 20% #*$3, (&3,& &34$+*3 .' 0&3-+& (' )*+& (&  !"!# ).+ +.))*+- .'; 4.%&'+,

*=-&3'&, (.3, %&, .'-+&, ,?,-B#&, &- )*'+ (& %2&.' 3*3 0*3A31&5 D+*0<& (&, ,'+C.0&,: %. ,-+'0-'+&

(& %2&.' 14*%'& .',,$ -+B, )&' .4&0 %. ($#$3'-$*3 (& %. -&#)1+.-'+&5 @3 ,& C*0.%$,.3- #.$3-&3.3-

,'+ %&, )+*A%, (& (&3,$-1 (&, $*3, 0.%0$'# 0*#)&3,.-&'+, )+1,&3-, (.3, %&, ,?,-B#&, (& ,$%$0&

.4&0 '3& 0<.+J& (& ,'+C.0& &- (&  !"!# 7AJ'+& !5K9: 3*', 3& +&#.+>'*3, )., (& 0<.3J&#&3-,

#.H&'+, (& %&'+, )*,$-$*3, .4&0 %. ($#$3'-$*3 (& %. -&#)1+.-'+&5 @3 C.$-: %&, )+*A%, (& (&3,$-1

,*3- )+&,>'& ,')&+)*,1,: #*3-+.3- >'& )*'+ %. J.##& (& -&#)1+.-'+& 0*3,$(1+1& $% 32? . ).,

(2&L&- ,'+ %. )*,$-$*3 (&, $*3,5

E. AJ'+& !5I #*3-+& %&, &L&-, (& %. -&#)1+.-'+& ,'+ %&, ($,-+$='-$*3, (2.3J%&, >'& C*+#&3-

%&, %$.$,*3, OH (&, #*%10'%&, (2&.' (.3, %. )+&#$B+& 0*'0<& .(,*+=1& .4&0 %. ($+&0-$*3 3*+#.%&

~n / %. ,'+C.0& (' )*+&5 6.3, %& 0., (& %. ,$%$0& .#*+)<& / ,'+C.0& <?(+*;?%1&: 3*', *=,&+4*3,:

-*'- (2.=*+(: '3 .M3&#&3- (&, )$0, )+1,&3-, / 80−85 : ∼ 125 &- ∼ 160 .4&0 %. ($#$3'-$*3

(& %. -&#)1+.-'+&5 6& )%',: %2.'J#&3-.-$*3 (& %2$3-&3,$-1 (' )$0 / ∼ 125 &- %2.)).+$-$*3 (2'3

.'-+& / ∼ 15 %*+,>'& %. -&#)1+.-'+& ($#$3'& 0*++&,)*3( / %. )+1,&30& (2'3& 3*'4&%%& )*)'%.-$*3

(& #*%10'%&, (2&.' *N %2'3& (&, %$.$,*3, OH )*$3-& &3 ($+&0-$*3 (' ,'=,-+.- &- C*+#& '3 .3J%&

(& ∼ 124 .4&0 ,. 3*+#.%& ~n &- %2.'-+& )*$3-& &3 ($+&0-$*3 (' 0&3-+& (' )*+& .4&0 '3 .3J%& (&

∼ 15 .4&0 %. 3*+#.%& ~n5 F&--& )*)'%.-$*3 &,- '3 &L&- %$1 / %2.'J#&3-.-$*3 (& %2*+(+& -1-+.B(+$>'&

(' O'$(& (.3, 0&--& )+&#$B+& 0*'0<& .(,*+=1& / %. ,'+C.0& (' )*+&5 @3 &L&-: 0&%. 0*++&)*3( /

(&, #*%10'%&, (2&.' (.3, %. 0*3AJ'+.-$*3 M5 70C5 AJ'+& I5K ).J&  KP9 >'$ ,2*'4+&3- )*'+

#.;$#$,&+ %& +1,&.' (& %$.$,*3, <?(+*JB3&5 6.3, %. ,$%$0& .#*+)<& / ,'+C.0& 0<.+J1& 0*#)&3,1&

).+ (&, 0*3-+&Q$*3, Ca2+
: -*'- 0*##& (.3, %. ,$%$0& / ,'+C.0& <?(+*;?%1&: '3 .M3&#&3- (&, )$0,

,$-'1, / ∼ 125 : 160 &- '3 0.+.0-1+& )%', #.+>'1 (&, 1).'%&#&3-, ,$-'1, / 60 &- 30 &,- .',,$

*=,&+41 (.3, %&, (&'; -.$%%&, (& )*+& .4&0 %. ($#$3'-$*3 (& %. -&#)1+.-'+&5 @3A3: (.3, %&  !"!#:

0*##& (.3, %& 0., (&, (&'; .'-+&, ,?,-B#&,: '3 .M3&#&3- (' )$0 ,$-'1 / ∼ 70 &- '3 0.+.0-B+&

)%', #.+>'1 (&, 1).'%&#&3-, / ∼ 120 &- ∼ 160 &,- *=,&+41 )*'+ %&, (&'; -.$%%&, (& )*+&5 R$3,$:

(.3, -*', 3*, ,?,-B#&,: $% 32? . )., (& 0<.3J&#&3- (+.,-$>'& (& %. ,-+'0-'+& (& %2&.' (.3, %.

)+&#$B+& 0*'0<& .(,*+=1& .4&0 %2.=.$,,&#&3- (& %. -&#)1+.-'+&5 E&, *+$&3-.-$*3, (&, #*%10'%&,
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 !"# !"# $ %&'() *' +, ('-./0,(10' )10 +') *2)(0231(245) *6,57+') 81' 940-'5( +') +2,2)45) OH
*') -4+/:1+') *6',1 ,;': +, *20':(245 540-,+' < +, )109,:' *,5) +, .0'-2=0' :41:>' ,*)403/'"

?'1@ ('-./0,(10') )45( :45)2*/0/')A T = 300K B(0,2() 3'27')C '( T = 175 K B(0,2() 5420)CA .410

+') )D)(=-') *' )2+2:' ,-40.>' < )109,:' >D*04@D+/' B>,1(CA *' )2+2:' ,-40.>' < )109,:' :>,07/'

:4-.'5)/' .,0 *') :45(0'E245) :,+:21- B-2+2'1C '( *'  !"!# B3,)C" F') 0/)1+(,() .410 *'1@ (,2++')

*' .40' )45( -45(0/') G H = 10 '( 20H"

)45( .+1) -,081/') +40)81' +, ('-./0,(10' ')( ,3,2))/' B0'5940:'-'5( *' +6407,52),(245 '( *' +,

)(01:(10,(245C"

IJ5 *6/(1*2'0 .+1) '5 */(,2+) +, )(01:(10,(245 *' +6',1 :45J5/'A 541) -45(045) *,5) +, JE

710' !"K +') *2)(0231(245) *1 .,0,-=(0' *640*0' S '5 945:(245 *' +, *2)(,5:' z )12;,5( +, *20':(245

540-,+' ~n < +, )109,:' *1 )13)(0,(" L41) 0,..'+45) 81' S(z) -')10' +640*0' *') +2,2)45) OH
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 !"# !#$ % &'()*'+,)'-.( /, 01*123)*4 /5-*/*4 S 4. 6-.7)'-. /4 z 81 /'()1.74 01* *100-*) 9 81

(,*6174 /, (,+()*1) (,':1.) 81 /'*47)'-. .-*2184 9 74))4 /4*.'3*4 0-,* /4( 2-8;7,84( /541, 9

T = 300 K <)*1')( +4'=4(> 4) T = 175 K <)*1')( .-'*(> /1.( 81 0-*-('); *4208'4 /4( (?()324(

/4 ('8'74 12-*0@4 9 (,*6174 @?/*-A?8;4 <@1,)>B /4 ('8'74 12-*0@4 9 (,*6174 7@1*=;4 7-204.(;4

01* /4( 7-.)*4C'-.( 7187',2 <2'8'4,> 4) /4  !"!# <+1(># &4,A )1'884( /4 0-*4 (-.) 7-.('/;*;4( D

H = 10 4) 20E#

/4( 2-8;7,84( /541, 01* *100-*) 9 81 /'*47)'-. .-*2184 ~n 9 81 (,*6174 /, (,+()*1)# F'.('B 8-*(G,4



 !"! #$$#%& &'( )* &%('+%'(#  !"

S ∼ −0.5# $%& $'('&)*& OH +%& ,)$-./$%& +0%(/ &)*1 )2'%*1-%& 3(2($$4$%,%*1 5 $( &/26(.%7 8)2&9/%

S ∼ 0# $%& $'('&)*& OH *0)*1 3(& +0)2'%*1(1')* 3(21'./$'42% 3(2 2(33)21 5 $( &/26(.% :+-&)2+)*;

*-%&<7 =*>*# S ∼ 1 '*+'9/% 9/% $%& $'('&)*& OH &)*1 3%23%*+'./$('2%& 5 $( &/26(.% +/ 3)2% 6%*1%7

?%& +'&12'@/1')*& &/AA42%*1# 9/0%* ,)B%**%# $%& )2'%*1(1')*& +%& ,)$%./$%& +0%(/ &)*1 124& 3%/

.C(*A-%& &/2 /*% -3('&&%/2 +% +%/D 5 12)'& .)/.C%& ,)$-./$('2%& :8E %*F'2)*< 32).C% +%& &/2;

6(.%& $)2&9/% $( 1%,3-2(1/2% +','*/%7 8% .(& $% 3$/& ,(29/(*1 %&1 .%$/' +%& &B&14,%& +% &'$'.%

(,)23C% 5 &/26(.% CB+2)DB$-% )G $( &/3%23)&'1')* +%& 32)>$& )@1%*/& 5 T = 175 %1 300 K %&1

32%&9/% 3(26('1% +(*& .%11% H)*% F'.'*($%7 =* 6('1# .),,% *)/& ,('*1%*)*& 2'A'+%& $%& A2)/3%& CB;

+2)DB$%&# '$ B ( 3%/ +% 2-)2A(*'&(1')* +%& ,)$-./$%& +0%(/ 5 $( &/26(.% +/ 3)2%7 =* 2%F(*.C%# +(*&

$% .(& +/ &/@&12(1 +% &'$'.% (,)23C% 5 &/26(.% .C(2A-% .),3%*&-% 3(2 +%& .)*12%;')*& .($.'/,#

$( &/3%23)&'1')* +%& 32)>$& S(z) )@1%*/& 5 T = 175 %1 300 K *0%&1 3(& 3(26('1%7 I%& +'J-2%*.%&

&/@&'&1%*1 .),,%# 3(2 %D%,3$%# +(*& $% .(& +/ &B&14,% +% 1('$$% H = 20E 5 z ∼ 10E7 K.'#

.%$( %&1 +L (/ 6('1 9/% $%& ')*& +(*& $% 3)2% &)*1 ,)@'$%& 3%2,%11(*1 ('*&' $% 2-(22(*A%,%*1 +%&

,)$-./$%& +0%(/7 ?%3%*+(*1# %* ,)B%**%# $%& +%/D .)/.C%& +0%(/ 32).C%& +%& &/26(.%& +(*& .%&

&B&14,%& &)*1 124& 3%/ '*M/%*.-%& 3(2 $( 1%,3-2(1/2%7 =* %J%1# *)/& )@&%2F)*& /*% &/3%23)&'1')*

9/(&' 3(26('1% %*12% $% 32)>$ 5 T = 175 K %1 .%$/' 5 T = 300 K7 ?% 9/% *)/& )@&%2F)*& +(*& .%

+%2*'%2 &B&14,% %&1 (/&&' F($(@$% 3)/2 $%& 3)2%& +%  !"!#7 =* %J%1# 9/%$9/%& +'J-2%*.%& %*12%

$%& 32)>$& S(z) )@1%*/& 5 T = 175 %1 300 K &)*1 )@&%2F-%&7 ?%$( %&1 +L 5 $( ,)@'$'1- +%& ')*&

2%*+(*1 $( 2-)2A(*'&(1')* +%& ,)$-./$%& +0%(/ F'.'*($%& 3)&&'@$%7 N$)@($%,%*1# $%& 32)>$& S(z)

&% &/3%23)&%*1 @'%*7 O(2 ('$$%/2&# (/ .%*12% +/ 3)2% %1# .%# +(*& 1)/& *)& &B&14,%& +0-1/+%# +%&

3'.& @'%* +'&1'*.1& (33(2('&&%*1 +(*& $%& 32)>$& +/ 3(2(,412% +0)2+2% S $)2&9/% $( 1%,3-2(1/2%

%&1 +','*/-%7 ?%$(# .),,% +(*& $%& 32)>$& +% +%*&'1- +%& (1),%& +0)DBA4*% +%& ,)$-./$%& +0%(/#

'*+'9/% /*% )2A(*'&(1')* +/ M/'+% (/ .%*12% +/ 3)2%7

8% 3(2(,412% +0)2+2% S 3%2,%1 $0-1/+% +% $( &12/.1/2% +/ M/'+% 3(2 2(33)21 5 $( &/26(.% +/

3)2%7 =* 2%F(*.C%# .% 3(2(,412% *0%&1 3(& 3%21'*%*1 3)/2 +-.2'2% $0%J%1 +% $( 1%,3-2(1/2% &/2 $(

&12/.1/2(1')* +% $0%(/7 =* %J%1# *)/& .)*&'+-2)*& +(*& S(z) $%& (*A$%& 9/% 6)2,%*1 $%& $'('&)*&

OH +%& ,)$-./$%& +0%(/ (F%. $( +'2%.1')* *)2,($% ~n 5 $( &/26(.% +/ 3)2%7 P* )/1'$ 3$/& (+-9/(1

%1 +-Q5 /1'$'&- +(*& $0-1/+% +% $( &12/.1/2% +% $0%(/ R S"# TTU# US VUSUW %&1 $% 3(2(,412% +0)2+2%

q7 K$ 9/(*1'>% $0-.(21 5 $( &12/.1/2% 1-12(4+2'9/% 3(26('1%7 X'*&'# 3)/2 /*% ,)$-./$% +)**-% $# qi

%&1 +->*' +% $( ,(*'42% &/'F(*1% Y

qi = 1 − 3

8

3∑

j=1

4∑

k=j+1

(

cosψkj +
1

3

)2

:!7 <

)G ψkj %&1 $0(*A$% 6)2,- 3(2 $%& &%A,%*1& Q)'A*(*1& $0(1),% +0)DBA4*% +% $( ,)$-./$% +0%(/ $ (/D

(1),%& +0)DBA4*% % %1 & 32%,'%2& F)'&'*& +% $( ,)$-./$%7 qi %&1 .),32'& %*12% 0 %1 17 8)2&9/%

q = 1# $( ,)$-./$% +0%(/ %&1 +(*& /* )2+2% 1-12(4+2'9/% 3(26('17 I(*& *)12% 12(F('$# *)/& -1/+')*&

$( +'&12'@/1')* +% q %* 6)*.1')* +% $( +'&1(*.% *)2,($% 5 $( &/26(.% +/ &/@&12(1 z7 q %&1 /*%



 !"  !"#$%&' () &*+,-%"%+ . /'- 0' -1'", 2, 01,3 *-' %&2-4%'  235$3*

#$%&''& (&) qi *$+, (&) #$-./+-&) ($'0 -1 *$)202$' &)0 zi = z ± dz 314&/ dz 0,5) *&02067 8$+, (&

-9&1+ &' 4$-+#& : T = 300 K &0 T = 175 K; -&) 41-&+,) #$%&''&) (+ *1,1#50,& (9$,(,& q )$'0

q300K = 0.597 &0 q175K = 0.6767 <1 *,&#25,& 41-&+, &)0 *,$/=& (& /& >+2 1 .0. $?0&'+ *1,  !"#$

&0 %#&'!$# @ABAC 3q = 0.5936 &0 ()!*+',+--).-+ #- +/0 @ BDC 3q = 0.586 14&/ -& #$(5-& E8FGH7 <1

(&+I25#& 41-&+, &)0 2'J.,2&+,& : /& >+& 0,$+4&'0 /&) (&,'2&,) : +'& 0&#*.,10+,& (& T = 220 K

30&#*.,10+,& (& J+)2$' (+ #$(5-& E8FGH6 K q220K = 0.757 L+ /&'0,& (+ *$,&; -&) (2)0,2?+02$')
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 !"# !7! M N2)0,2?+02$') (+ *1,1#50,& (9$,(,& q &' J$'/02$' (& -1 (2)01'/& '$,#1-& : -1 )+,J1/&

(+ )+?)0,10 z *$+, (&) *$,&) J&'0& (& )2-2/& 1#$,*=& =%(,$I%-.&; (&) *$,&) J&'0& (& )2-2/& 1#$,*=&

14&/ +'& /=1,O& (& )+,J1/& /$#*&').& *1, (&) /$'0,&P2$') Ca2+
3'$0. ($*. Ca2+

6 &0 (& 12 23;

(1') (&+I 012--&) (& *$,& (2Q.,&'0&) K H = 10R 3O1+/=&6 &0 H = 20R 3(,$20&67 <1 -2O'& &'

*$2'02--.) &0 -1 -2O'& &' 0,120) #2I0&) ,&*,.)&'0&'0 -&) 41-&+,) $?0&'+&) ,&)*&/024&#&'0 *$+, (&

-9&1+ &' 4$-+#& : T = 300K &0 : T = 175K7

(+ *1,1#50,& (9$,(,& q $?0&'+&) )+, '$) (2Q.,&'0) )%)05#&) J$,#&'0 +' *-10&1+ ($'0 -92'0&')20.

&)0 4$2)2'& (& -1 41-&+, #$%&''& (+ 4$-+#&7 L2')2; *$+, T = 300K; -&) (2)0,2?+02$') 100&2O'&'0

q = 0.597; 1-$,) >+& *$+, T = 175K; &--&) 100&2O'&'0 q = 0.6767 N& /&00& #1'25,&; +'& (2#2'+02$'

(& -1 0&#*.,10+,& &'0,12'&; /$##& (1') -& /1) (& -9&1+ #1))2>+&; +' 1//,$2))&#&'0 (& -9$,(,&

0.0,15(,2>+& (&) #$-./+-&) (9&1+ )20+.&) 1+ /&'0,& (+ *$,&7 F&) ,.)+-010) )$'0 &' 1//$,( 14&/

+' ,./&'0 0,1412- (& ()!*+',+--).-+ #- +/0 @ BDC )+, -& /$'S'&#&'0 (& -9&1+ (1') (&) *$,&) (&

)2-2/& 14&/ (&) )+,J1/&) (9=%(,$*=2-2/20. (2Q.,&'0&)7 F$')2(.,1'0 -&) #$-./+-&) (9&1+ 42/2'1-&);

'$+) ,&#1,>+$') >+&; >+&-) >+& )$2&'0 -& )+?)0,10 &0 -1 012--& (+ *$,&; -9$,(,& 0.0,15(,2>+& &)0

1Q&/0. &0; /&; 2'(.*&'(1##&'0 (& -1 0&#*.,10+,&7 F& ,.)+-010 &)0 &' 1//$,( 14&/ /& >+2 1 (.T:

.0. $?)&,4. (1') -&) *,$S-) (& (&')20. &0 -&) (2)0,2?+02$') (+ *1,1#50,& (9$,(,& S7 H' &Q&0;

-&) *,$*,2.0.) (& -9&1+ 1()$,?.& )$'0 1Q&/0.&) T+)>+9: ∼ 8R (& -1 )+,J1/& 3)$20 &'42,$' (&+I :

0,$2) /$+/=&) #$-./+-12,&)67 N1') -& )%)05#& (& )2-2/& 1#$,*=& : )+,J1/& =%(,$I%-.&; '$+) 14$')

q(z) = 0.5 : T = 300K7 F&00& 41-&+, &)0 16% 2'J.,2&+,& 1+I 41-&+,) $?0&'+&) 1+ /&'0,& (+

*$,&7 <$,)>+& -1 0&#*.,10+,& (2#2'+&; q(z) (1') -& *$,& (& H = 10R *,.)&'0& (&) *2/) *,5) (&)

)+,J1/&) : (&) 41-&+,) (& q = 0.6257 F&0 &Q&0 &)0 (U : -1 *,.)&'/& (& O,$+*&) OH *,$/=&) (&)
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 !"# !#$ % &'()*+'(, -. -+,*/+01*+'( /2-+23. .(*/. 3., +'(, )23)+14 )'45.(,2*.1/, .* 3., 2*'4.,

-6'789:(. -., 4'3;)13., -6.21 */2);., 5'1/ -.17 *85., -. ,8,*:4., < -., 5'/., =.(*. -. ,+3+).

24'/5>. 2?.) -., ,1/=2)., )>2/9;., .* -., )'(*/.@+'(, Ca2+
A('*; -'5; Ca2+

B921)>.C .* -.  !

"!# B-/'+*.C# D.17 *2+33., -. 5'/. ,'(* ;*1-+;.,A H = 10E B>21*C .* H = 20E B02,CA .* -.17

*.45;/2*1/., ,'(* )'(,+-;/;., T = 300K B3+9(., 0.+9.,C .* T = 175K B3+9(., ('+/.,C#

,1/=2)., B5/+, .( )'45*. -2(, 3. )23)13C F1+ 5./4.**.(* 362))/'+,,.4.(* -. 36'/-/. *;*/2:-/+F1.

21 ?'+,+(29. -. 32 ,1/=2).# G1 -.3H -. ). 5/.4+./ 5+)A ,'+* H 52/*+/ -. 32 ,.)'(-. )'1)>. 2-,'/0;.A

32 -+,*/+01*+'( /.*/'1?. 3., ?23.1/, -. q(z) '0*.(1., H T = 300 K 2?2(* -62194.(*./ ?./, 32

?23.1/ -. q(z) H T = 175 K .( ,6;3'+92(* -. 32 ,1/=2). -1 5'/.# D2(, 3. 5'/. -. ,+3+). 24'/5>.

H ,1/=2). >8-/'783;. -. H = 20EA 3. )'(5'/*.4.(* -. q(z) H T = 175 K 5/')>. -., ,1/=2).,

.,* ,+4+32+/. H ).31+ '0*.(1 H T = 300 K# I'()./(2(*A 3., ,10,*/2*, -. ,+3+). 24'/5>. H ,1/=2).

)>2/9;. )'45.(,;. 52/ -., )'(*/.@+'(, )23)+14A 3., -+,*/+01*+'(, -., q(z) 5/')>., -., ,1/=2).,

H T = 175 K ,'(* 93'023.4.(* ,+4+32+/., H ).17 '0*.(1, H T = 300 K# &+(23.4.(*A 2J'1*; 217

5/'K3, -. -.(,+*; .* 217 -+,*/+01*+'(, -1 52/24:*/. -6'/-/. SA )., -./(+./, /;,13*2*, 4'(*/.(*

F1. 32 ,*/1)*1/. -. 36.21 5/')>. -. 32 ,1/=2). .,* */:, 5.1 -;5.(-2(*. -. 32 *.45;/2*1/. .* F16.33.

.,* .( =2+* 5+3'*;. 52/ 32 5/'7+4+*; -1 41/ -1 5'/.#



 !"  !"#$%&' () &*+,-%"%+ . /'- 0' -1'", 2, 01,3 *-' %&2-4%'  235$3*

#$%& '(()& *(%+ ($,- .'-+ /)00) 10%.) .) (213$(%0,$- .) (' +0&%/0%&) .) (2)'% /$-4-1) )- 0)56

*1&'0%&)7 -$%+ -$%+ +$55)+ ,-01&)++1+ 8 (' +0&%/0%&'0,$- .) (2)'% '%0$%& .)+ ,$-+ /'(/,%5 /$56

*)-+'0)%&+ .) (' /9'&:) .) +%&;'/)< #$%& /)('7 -$%+ '3$-+ 0&'/1 +%& (' 4:%&) =<! ()+ ;$-/0,$-+ .)

.,+0&,>%0,$- &'.,'() ?g(r)@ )-0&) ()+ ,$-+ /'(/,%5 )0 ()+ '0$5)+ .2$AB:C-) .)+ 5$(1/%()+ .2)'%<

D'-+ () +B+0C5) .) +,(,/) '5$&*9) 8 +%&;'/) /9'&:1)7 (2)E)0 .) (' 0)5*1&'0%&) )+0 *)% 3,+,>()

.'-+ () +)-+ $F ()+ g(r) $>0)-%)+ '%A .)%A 0)5*1&'0%&)+ +$-0 0&C+ +,5,(',&)+< G- ;',07 (2)E)0 .)

(' 0)5*1&'0%&) +) 0&'.%,0 )++)-0,)(()5)-0 *'& %-) '%:5)-0'0,$- .) (2'5*(,0%.) )0 %- 'H-)5)-0

.% *&)5,)& *,/< D) *(%+7 '%/%- )E)0 .) /$-4-)5)-0 -2)+0 $>+)&31 +%& (' ;$&5) .) (' ;$-/0,$- .)

.,+0&,>%0,$- &'.,'()< I)+ 5J5)+ &)5'&K%)+ *)%3)-0 +2'**(,K%)& 8 -$+ +B+0C5)+ .)  !"!#7 5J5)

+, (2'%:5)-0'0,$- .) (2'5*(,0%.) )0 (2'H-)5)-0 .% *&)5,)& *,/ +$-0 5$,-+ 13,.)-0+ 8 $>+)&3)&<

L,-+,7 (' +0&%/0%&) .) (2)'% '%0$%& .)+ ,$-+ /$5*)-+'0)%&+7 .$-0 -$%+ +'3$-+ *'& ()+ *&$4(+ .)

.)-+,01 K%2,(+ +$-0 ($/'(,+1+ *&$/9) .)+ +%&;'/)+7 -) /9'-:) K%) 0&C+ *)% .'-+ ()+ +B+0C5)+ K%)

-$%+ '3$-+ 10%.,1+< M)(' /$&&$>$&) (2,.1) K%) ()+ .)%A /$%/9)+ 5$(1/%(',&)+ 3,/,-'()+ -) +$-0

*'+ .1*)-.'-0)+ .) (' 0)5*1&'0%&)< #'& ',(()%&+7 /$55) .'-+ () /9'*,0&) N7 -$%+ '3$-+ ,-01:&1

 !"# =< O GE)0+ .) (' 0)5*1&'0%&) +%& ()+ -$5>&)+ .) +$(3'0'0,$- *$%& ()+ ,$-+ /'(/,%5 /$-4-1+

.'-+ () 51+$*$&)< R .$--) (' *$+,0,$- .% *&)5,)& 5,-,5%5 .'-+ (' ;$-/0,$- .) .,+0&,>%0,$-

&'.,'() g(r)<

 !"#  $%&&# '# "()# *H+ T = 300 K T = 175 K ∆nCa
s (%) ∆R(%)

nCa
s R*,+ nCa

s R*,+

SiO2 '("- Ca2+ 20, 3.48 3.45 3.33 3.29 −4.31 −4.64

10, 3.29 3.29 3.41 3.21 +3.65 −2.43

 !"!# 20, 3.22 3.45 3.18 3.37 −1.24 −2.32

10, 3.20 3.37 3.56 3.44 +11.25 +2.08

() *&)5,)& *,/ .)+ ;$-/0,$-+ .) .,+0&,>%0,$- &'.,'() *&1+)-01)+ +%& (' 4:%&) =<! *$%& .10)&5,-)&

() -$5>&) .) +$(3'0'0,$- .)+ ,$-+ .'-+ -$+ .,E1&)-0+ +B+0C5)+< P$%+ '3$-+ %0,(,+1 (' .14-,0,$-

.$--1) .'-+ (' &)('0,$- ?N< Q@< I)+ &1+%(0'0+ +$-0 *&1+)-01+ .'-+ () 0'>()'% =< )0 /$5*'&1+ 8

/) K%) -$%+ '3,$-+ $>0)-% 8 T = 300 K< P$%+ &)5'&K%$-+7 0$%0 .2'>$&.7 K%) ()+ 3'&,'0,$-+ .%

-$5>&) .) +$(3'0'0,$- ($&+ .) (' .,5,-%0,$- .) (' 0)5*1&'0%&) +$-0 &)('0,3)5)-0 ;',>()+ ?K%)(K%)+

*$%&/)-0+@< P$0$-+ (2)A/)*0,$- ;',0) *'& () +%>+0&'0 .)  !"!# .) H = 10R .$-0 ()+ 3'&,'0,$-+

'00),:-)-0 ∼ 11%< M)/, ,-.,K%) K%) (' *&)5,C&) /$%/9) .) +$(3'0'0,$- .)+ ,$-+ )+0 *)% ,-S%)-/1)

*'& (' 0)5*1&'0%&)< T- '%0&) )E)0 ,-01&)++'-0 )+0 K%) .'-+ () *(%+ :&'-. *$&) ?H = 20R@ ()

-$5>&) .) +$(3'0'0,$- )+0 &1.%,0 '3)/ (' .,5,-%0,$- .) (' 0)5*1&'0%&) '($&+ K%) .'-+ () *(%+

*)0,0 *$&) ?H = 10R@ /) .)&-,)& )+0 '%:5)-01< M)0 )E)0 )+0 (,1 '% /$-4-)5)-0 *%,+K%) -$%+ ()

&)0&$%3$-+ '%++, >,)- .'-+ ()+ +B+0C5)+ .) +,(,/) '5$&*9) 8 +%&;'/) /9'&:1) /$5*)-+1) *'& .)+

/$-0&)6,$-+ /'/(,%5 K%) .'-+ ()+ +B+0C5)+ .)  !"!#<
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 !" #$%&' '() *+ ,-.+/01(%

"#$ %&'()%*+, -&+.+( %+ -/ (+01',/(),+ 2), -/ %3$/0*4)+ %+ -&+/) 56$#$'+7 $6)2 /86$2 5/-5)-'

-+2 %'1-/5+0+$(2 4)/%,/(*4)+2 063+$2 9:;<= %+2 +21>5+2 %/$2 -+ 16,+? @+2 #A),+2 B?C +( B?D 1,'E

2+$(+$(7 ,+21+5(*8+0+$(7 -+2 :;< 6F(+$)2 16), -+2 06-'5)-+2 %&+/) +( -+2 *6$2 %/$2 $62 %*.',+$(2

232(>0+2 %+ 2*-*5+ /06,1G+? H6$5+,$/$( -/ %3$/0*4)+ %+2 06-'5)-+2 %&+/)7 $6)2 ,+0/,4)6$2
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 !"# B?C I J.+(2 %+ -/ (+01',/(),+ 2), -+2 %'1-/5+0+$(2 4)/%,/(*4)+2 063+$2 %/$2 -+ 1-/$

MSDxy 9G/)(= +( %/$2 -/ %*,+5(*6$ $6,0/-+ K -/ 2),L/5+ %) 16,+ MSDz 9F/2= %+2 06-'5)-+2

%&+/)? <+)M 232(>0+2 26$( '()%*'2 N 9A/)5G+= -/ 2*-*5+ /06,1G+ K 2),L/5+ G3%,6M3-'+ +( 9%,6*(+=

-/ 2*-*5+ /06,1G+ K 2),L/5+ 5G/,A'+ 5601+$2'+ 1/, %+2 56$(,+E*6$2 Ca2+
7 $6(' %61' Ca2+

? <+)M

(/*--+2 %+ 16,+ 26$( 56$2*%','+2 N H = 10O +( H = 20O? @+2 ,'2)-(/(2 26$( 5601/,'2 /)M 8/-+),2

6F(+$)+2 %/$2 -+ 86-)0+?

4)+ -/ %*0*$)(*6$ %+ -/ (+01',/(),+ ,/-+$(*+ %,/2(*4)+0+$( -+2 %'1-/5+0+$(2 %/$2 -&+21/5+ 16,/-?

</$2 -/ %*,+5(*6$ $6,0/-+ K -/ 2),L/5+ %) 16,+7 -+ 1-/(+/) *$*(*/-+0+$( 6F2+,8' K T = 300 K

$&/11/,/P( 0Q0+ 1-)2? R6(6$2 4)+ 16), %+2 (+012 %+ 2*0)-/(*6$ 1-)2 -6$A27 5+ 1-/(+/) 2+,/*( %+

$6)8+/) 8*2*F-+? S)+--+ 4)+ 26*( -/ $/(),+ %) 2)F2(,/(7 5&+2( %/$2 -+ 1-)2 1+(*( 16,+ 9H = 10O=

4)+ -+ %'1-/5+0+$( -+ 1-)2 L/*F-+ 2)*8/$( -/ %*,+5(*6$ $6,0/-+ z +2( 6F2+,8'? R6)2 ,+(,6)86$2 5+(

+.+( %/$2 -+2 %'1-/5+0+$(2 1/,/-->-+2 K -/ 2),L/5+ %) 16,+ 6T -/ %3$/0*4)+ +2( 'A/-+0+$( ,/-+$(*+?
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 !"# #$I & J4)./ 0) 82 .):;652.35) /35 8)/ 06;82+):)-./ K32052.,K3)/ :(B)-/ 0)/ ,(-/ 02-/ 8)

;(5) 0) /,8,+) 2:(5;A) D /3572+) +A25=6) +(:;)-/6) ;25 0)/ +(-.5)E,(-/ Ca2+
@ -(.6 0(;6 Ca2+

$

F)3C .2,88)/ 0) ;(5) /(-. +(-/,0656)/ G H = 10H ). H = 20H$

L25 2,88)35/@ -(3/ 5):25K3(-/ 23//, K3)@ K3)88) K3) /(,. 82 0,5)+.,(- 0) 06;82+):)-.@ 3- .):;/

>,)- /3;65,)35 )/. -6+)//2,5) 23C :(86+38)/ 01)23 ;(35 2..),-05) 8) 56=,:) 0,43/,7 <;)-.) 0) 1

02-/ 8)/ MNF? ;25 52;;(5. D +) K3, )/. (>/)596 D T = 300K$ F(-+@ +)/ 56/38.2./ -(3/ :(-.5)-.
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#$% &'()*'%+%,- '* ./,*+0#$% .% '1%*$ %2- 3*'%,-0% 4*3 '* .0+0,$-0(, .% '* -%+453*-$3%6 7 4*3-03

.%2 .54'*8%+%,-2 #$*.3*-0#$%2 +(/%,2 .*,2 '% 4'*, ()-%,$2 9 .0:53%,-%2 -%+453*-$3%2; ,($2

*<(,2 %=-3*0- '%2 8(%>80%,-2 .1*$-(?.0:$20(, 9 '1*0.% .% '* 3%'*-0(, .1 !"#$%!" @5#$*-0(, @A6BC

4*&%  "!C6 D'2 2(,- 4352%,-52 2$3 '* E&$3% F6G %, H(,8-0(, .% '10,<%32% .% '* -%+453*-$3% 4($3

'%2 2/2-I+%2 .% 20'08% 4(3%$2% *+(34J% *<%8 .%2 2$3H*8%2 J/.3(=/'5%2 ($ *<%8 $,% 8J*3&% .% 2$3?

H*8%6 K3%+0I3%+%,-; ,($2 3%-3($<(,2 '1%:%- .$ 8(,E,%+%,- .*,2 $, %,<03(,,%+%,- J/.3(4J0'%

4$02#$% -($-%2 '%2 <*'%$32 ()-%,$%2 .*,2 ,(2 2/2-I+%2 4(3%$= %-; 8%; #$%''% #$% 2(0- '* -%+453*?

-$3%; 2(,- 0,H530%$3%2 9 8%''%2 ()-%,$%2 .*,2 '% <('$+%6 L% 3*'%,-022%+%,- 4*3 3*44(3- 9 '* <*'%$3

<('$+0#$% %2- .M *$= 0,-%3*8-0(,2 H(3-%2 .%2 +('58$'%2 .1%*$ *<%8 '* 2$3H*8%6 L%80 %2- 9 +%--3% %,

4%324%8-0<% *<%8 '% -3*<*0' .% &'#$(!))*" %$ ')+ NB!GO #$0 +(,-3% #$% '* ./,*+0#$% '%,-% ()2%3<5%

.*,2 .%2 4(3%2 H%,-% *4('*03%2 %- J/.3(4J()%2 .% 20'08% β?8302-()*'0-% %2- .$% 9 '* 2$3H*8% #$0

0+430+% 2(, (3&*,02*-0(, 9 '1%*$ %- 8%'$0 .% &','-% %$ ')+ NBPFO #$0 <(0%,- $, 3*'%,-022%+%,-

4($3 .%2 5'%8-3('/-%2 8(,E,52 .*,2 .%2 ,*,(-$)%2 .% 8*3)(,%2 @J/.3(4J()%2C .% 10 9 30Q .%

.0*+I-3%6 R%$=0I+%+%,-; 8(++% .5S9 ()2%3<5 .*,2 '%2 .54'*8%+%,-2 #$*.3*-0#$%2 +(/%,2; '*

.0:$20(, .583(T- H(3-%+%,- *<%8 '* .0+0,$-0(, .% '* -%+453*-$3%6 U, H*0-; '%2 8(%>80%,-2 .1*$-(?

.0:$20(, 2(,- 35.$0-2 .% 4'$20%$32 (3.3%2 .% &3*,.%$3 V '%2 <*'%$32 2(,- +0''% H(02 4'$2 4%-0-%2 9

T = 175 K #$19 T = 300 K 4($3 H = 10Q %- 8%,- H(02 4'$2 4%-0-%2 4($3 H = 20Q %- 4($3

'1%*$ ,(, 8(,E,5%6 W3(020I+%+%,-; ,($2 ()2%3<(,2 #$%; .*,2 '% 4'$2 &3*,. 4(3% @H = 20QC;

'%2 .0:$20<0-52 .% '1%*$ .*,2 ,(2 2/2-I+%2 4(3%$= .% .0:53%,-%2 8J0+0%2 .% 2$3H*8% 2(,- 43(8J%26

R(,8; 4($3 8%--% -*0''% .% 4(3%; '* .0:$20(, .% '1%*$ %2- 3%'*-0<%+%,- 4%$ 0,X$%,85% 4*3 '% .%&35

.1J/.3(4J0'080-5 .% '* 2$3H*8%6 7$ 8(,-3*03%; ,($2 ()2%3<(,2 #$% .*,2 '% 4(3% .% H = 10Q; '%2

8(%>80%,-2 .1*$-(?.0:$20(,2 .*,2 '%2 .%$= 4(3(20-52 5-$.05%2 2(,- .0:53%,-26 Y%2 8(%>80%,-2 '%2

+(0,2 5'%<52 2(,- ()-%,$2 4($3 '% 2/2-I+% .% 20'08% *+(34J% '% 4'$2 J/.3(4J0'% V 8%'$0 *<%8 $,%

2$3H*8% 8J*3&5% 8(+4%,25% 4*3 .%2 8(,-3%?0(,2 Ca2+
6 U, $-0'02*,- '% +(.I'% .1733J5,0$2 V

D = D′ exp

(

− Ea

RT

)

@F6BC

(Z D′
%2- $,% 8(,2-*,-%; ,($2 4($<(,2 %=-3*03% '15,%3&0% .1*8-0<*-0(, Ea 4($3 .58'%,8J%3 '%

43(8%22$2 .% .0:$20(,6 Y%2 352$'-*-2 2$3 ,(2 2/2-I+%2 2(,- 3*44(3-52 .*,2 '% -*)'%*$ F6B6 [($2

()2%3<(,2 #$%; #$%' #$% 2(0- '% 2/2-I+% 8(,20.535; '15,%3&0% .1*8-0<*-0(, *$&+%,-% #$*,. H .0+0?

,$%6 R% 4'$2; 9 -*0''% .% 4(3% 5&*'%; '15,%3&0% .1*8-0<*-0(, .$ 43(8%22$2 .*,2 '* 20'08% J/.3(=/'5%

%2- 5 9 6% 2$4530%$3% 9 8%''% ()-%,$% .*,2 '* 20'08% *<%8 .%2 2$3H*8%2 8J*3&5%26 L(,8%3,*,- '%

.54'*8%+%,- .%2 0(,2 8(+4%,2*-%$32 @E&$3% F6\C; ,($2 3%+*3#$(,2 #$% '% ]^R ()-%,$ .*,2 '%

2/2-I+% .% 20'08% *+(34J% 9 2$3H*8% 8J*3&5% 8(+4%,25% 4*3 .%2 8(,-3%?0(,2 Ca2+
%2- -3I2 4%-0-6

R% 4'$2; 8(++% 9 T = 300K; '%2 0(,2 ,1*--%0&,%,- 4*2 '% 35&0+% .0:$20H6 U, .58$4'*,- '% -%+42

.% 20+$'*-0(, t ∼ 200 ns; '% 35&0+% .0:$20H ,1%2- -($S($32 4*2 *--%0,-6 L%'* +(,-3% #$1$, -%+42

)0%, 2$4530%$3 9 200 ns %2- ,58%22*03% 4($3 ()2%3<%3 $, 8(+4(3-%+%,- .0:$20H .%2 0(,26 K*3 '*

+_+% (88*20(,; 8(++% '%2 0(,2 2(,- '(8*'0252 43(8J%2 .%2 2$3H*8%2; 8%'* +(,-3% *$220 #$% '* ./?



 !"  !"#$%&' () &*+,-%"%+ . /'- 0' -1'", 2, 01,3 *-' %&2-4%'  235$3*

 !"# #$% & '()*+,)+-* .- ./01*/() D′
-+ 2)-34/-* .5,6+/7,+/() Ea .1 8(.9:- .5;33<2)/1* =(13

:-* *>*+98-* .- */:/6- ,8(3=<- ? *13@,6- <>.3(A>:2- -+ ? *13@,6- 6<,342- 6(8=-)*2- =,3 .-*

6()+3-B/()* Ca2+
$ C-1A +,/::-* .- =(3- *()+ 6()*/.232-* D H = 10 -+ 20E$

 !"#  $%&&# '# "()# *H+ D′[×10−5 cm2.s−1] Ea [kJ.mol−1]

,(&-.# F 1479.69 14.72

/!')(0!&1 202 1498.42 16.03

102 4951.00 21.14

SiO2 '("1 Ca2+ 202 884.73 15.04

102 1671.00 20.03

),8/G1- .-* /()* 6,:6/18 .,)* 6-++- 6(16<- -*+ +39* :-)+-$ H(13 *- 3-=(*/+/())-3 .,)* :5(=+/G1-

.- :, .2+-3/(3,+/() .-* 8,+23/,1A 6/8-)+,/3-*I */ )(1* 6()*/.23()* :5<>=(+<9*- .-  !"#$#$ JKKL

*-:() :,G1-::- .-* 63/*+,1A .- *-:* 63(M+3,/+ .,)* :, =(3(*/+2 =(13 26,3+-3 :-* 43,/)* .- %& &'

-)+3- -1AI )(1* 8()+3()* G1- 65-*+ 1) =<2)(89)- G1/ *5-0-6+1- *13 .-* 26<-::-* .- +-8=* ,1

8(/)* *1=23/-13-* ? 200 ns -) 6()./+/() .- 4-:$ H(13 (N*-37-3 .- +-:* =3(6-**1* -) */81:,+/()

8(:261:,/3-I /: @,1.3,/+ *().-3 .- 43,).* +-8=* .- */81:,+/() O.-* 8/63(B 7(/3 .-* 8/::/*-6().-*P$

H(13 6-:,I /: -A/*+- .- )(* Q(13* .-* +-6<)/G1-* =(13 :- @,/3- +-::-* G1- :- 8(.9:- 82*(*6(=/G1-

.- .>),8/G1- N3(R)/-))-I :- 6(1=:,4- .51)- .>),8/G1- 8(:261:,/3- ,7-6 1) S26<,)+/::()),4-S

=,3,=:1/- OT8N3-::, *,8=:/)4P J%KUL (1 -)6(3- :, 82+,.>),8/G1- JV!"L$

H(13 2+1./-3 =:1* -) .2+,/:* :5-0-+ .- :, +-8=23,+13- *13 :, .>),8/G1- .- :5-,1I )(1* 8()+3()*

.,)* :, W413- #$ X :-* .2=:,6-8-)+* G1,.3,+/G1-* 8(>-)* .,)* :-* ./023-)+-* 6(16<-* .- )(*

=(3-* .- */:/6- ,8(3=<-$ Y(+()* G1- :-* Z16+1,+/()* ,1A :()4* +-8=* *()+ .1-* ? 1) 8,)G1- .-

*+,+/*+/G1-$ C,)* :- =(3- ? *13@,6- <>.3(A>:2-I :- .2=:,6-8-)+ .-* 8(:261:-* .5-,1 *()+I G1-::-

G1- *(/+ :, +,/::- .1 =(3-I 32.1/+* .5-)7/3() 1) (3.3- .- 43,).-13 :(3*G1- :, +-8=23,+13- -*+

./8/)12- .- 300 K ? 175 K$ C- =:1*I :, .>),8/G1- .-* 8(:261:-* .5-,1 3-*+- =:1* 3,=/.- ,1

6-)+3- .1 =(3- OLmidP G1- .,)* :-* 6(16<-* ,.*(3N2-* OLadsP$ H3(6<- .1 =(/)+ .- 4-: .1 8(.9:-

.5-,1 1+/:/*2 .,)* )(* */81:,+/()*I :, .>),8/G1- .- :5-,1 7/6/),:- -*+ .()6 +(1Q(13* =:1* :-)+-

G1- 6-::- .- :5-,1 ,1 6-)+3- .1 =(3-$ C,)* 6-* [()-*I =39* .-* 813* .1 =(3-I :-* .2=:,6-8-)+*

G1,.3,+/G1-* 8(>-)* )- 8()+3-)+ =,* .- 6(8=(3+-8-)+ ./01*/@ O=-)+- ./023-)+- .- 1P$ '-6/

*1==(3+- :5/.2- G1- .,)* 6-* 6(16<-* 7/6/),:-* :, .>),8/G1- .- :5-,1 -*+ +39* :-)+-$ ;1 6()+3,/3-I

,1 6-)+3- .1 =(3-I /: -*+ =(**/N:- .5-A+3,/3- ? =,3+/3 .-* .2=:,6-8-)+* G1,.3,+/G1-* 8(>-)* ,1A

:()4* +-8=* 1) 6(-\6/-)+ .5,1+(B./01*/() =(13 :-* .-1A +,/::-* .- =(3-$ H(13 H = 10E )(1*

,7()* D
�
mid = 0.00175 × 10−5 cm2.s−1

OD
�
mid = 0.19 D175K

0 P -+ =(13 H = 20E )(1* ,7()*

D
�
mid = 0.00175 × 10−5 cm2.s−1

OD
�
mid = 0.65 D175K

0 P$ D175K
0 = 0.00925 × 10−5 cm2.s−1

-*+ :,

7,:-13 .1 6(-\6/-)+ .- :5-,1 -) 7(:18- ? T = 175K$ ]-* ./023-)+* 6(-\6/-)+* .5,1+(B./01*/()

(N*-372* =(13 :-* ./023-)+-* +,/::-* .- =(3- 8()+3-)+ :5-0-+ .- 6()W)-8-)+ *13 :, ./01*/7/+2 .-

:5-,1 ,1 6-)+3- .1 =(3-$ ^-8,3G1()*I -)W)I G1- :- =,**,4- .51) 324/8- ./01*/@ ? *1NB./01*/@



 !"! #$$#%& &'( )* +,-*./0'#  !"
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 !"# "# $ % &'()*+,-./0 12*34*/512-0 ,67-.0 89:&; +62+<- (*4 +62+<- 3*.0 )- ()*. (*4*))=)-

> )* 024?*+- 32 (64- /4*+'0 -. ?6.+/56. 32 /-,(0 3*.0 3-0 (64-0 ?-./- 3- 05)5+- *,64(<- > 024?*+-

<7346@7)'- 8A*2+<-; -/ 3- 05)5+- *,64(<- > 024?*+- +<*4A'- +6,(-.0'- (*4 3-0 +6./4-B56.0 Ca2+
C

.6/' 36(' Ca2+
83465/-;# D-0 (64-0 06./ 4-,()50 8P = P0; -/ 3-2@ /-,('4*/24-0 06./ +6.053'4'-0 E

T = 300 K 8)5A.-0 F-5A-0; -/ T = 175K 8)5A.-0 .654-0;# &-2@ /*5))-0 3- (64-0 06./ ,6./4'-0 E

H = 10G -/ H = 20G# Lads 4-(4-0-./- )* +62+<- *3064F'- 36./ )H'(*500-24 -0/ (450- > 3-2@

+62+<-0 ,6)'+2)*54-0 -/ Lmid 4-(4'0-./- )* (*4/5- +-./4*)- 32 (64-#

8I*45*/56. 3- )* (-./-; 6F0-4I' 3*.0 )- +<*(5/4- J > T = 300K (624 )- 9:& *2 +-./4- 32 (64- >

t = 1000 ps 350(*4*K/ *I-+ )* 35,5.2/56. 3- )* /-,('4*/24-# L. ?*5/C +6,,- .620 )- I-446.0 A4M+-

> )H*.*)70- 3-0 ?6.+/56.0 3H*2/6B+644')*/56. /-,(64-))-C )* 35,5.2/56. 3- )* /-,('4*/24- 4'325/

34*0/512-,-./ )-0 '+<*.A-0 3- ,6)'+2)-0 3H-*2 -./4- )-0 3-2@ (4-,5=4-0 +62+<-0 *3064F'-0 -/ )-

+-./4- 32 (64-# N5.05C )* ()2(*4/ 3-0 ,6)'+2)-0 3H-*2 4-0/-./ 3*.0 )* +62+<- 6O -))-0 0- /462I*5-./

*2 3'(*4/ 8*2@ /-,(0 3- 05,2)*/56. +6.053'4'0;# P-+5 +6.Q4,- )H53'- 12- +- +<*.A-,-./ 3- 4'A5,-

3- 35R2056. 3*.0 )- 9:& > T = 300 K -0/ F5-. 3S > 2. 4*)-./500-,-./ 3- )* 37.*,512- 3-0

,6)'+2)-0 3H-*2 *I*./ 3- 4-I-.54 3*.0 )-0 3-2@ (4-,5=4-0 +62+<-0 *3064F'-0# T624 )- 02F0/4*/ 3-

05)5+- *,64(<- *I-+ 3-0 024?*+-0 +<*4A'-0 +6,(-.0'-0 (*4 3-0 +6./4-B56.0 Ca2+
C )* 35,5.2/56. 3-

/-,('4*/24- *R-+/- *2005 ?64/-,-./ )- 3'()*+-,-./ 12*34*/512- ,67-. 3-0 ,6)'+2)-0 3H-*2 3*.0



 !!  !"#$%&' () &*+,-%"%+ . /'- 0' -1'", 2, 01,3 *-' %&2-4%'  235$3*

"# $%&#' (%))# %*+#&,- . T = 300K/ "0 1230)456# 1# "7#06 #+8 $"6+ "#38# . T = 175K "%&+5674"

2 0 1#+ 9:0&;#+ 1# +6&<09#+ #8 1#+ 4%3+ 9%)$#3+08#6&+ 56# "%&+5674" 2 0 1#+ +6&<09#+ :21&%=2"-#+

#3 &04+%3 1# "7:21&%$:4"4948- $"6+ <%&8# 103+ 9# $&#)4#& 90+' >%6+ 3# &#8&%6,%3+ $0+ 3%3 $"6+ 1#

9%)$%&8#)#38 14?6+4< 103+ "#+ $&#)4@&#+ 9%69:#+ 01+%&*-#+/ )A)# $%6& 1#+ 8#)$+ 1# 200 ns'

B#+ 1-$"09#)#38+ 5601&08456#+ )%2#3+ 1#+ )%"-96"#+ 17#06 103+ "# 9#38&# 16 $%&# +%38 +4)4"04&#+

. 9#6= 1#+ 1#6= $&#)4@&#+ 9%69:#+ 01+%&*-#+ 103+ "# +2+8@)# 1# H = 10C 1# +4"49# 0)%&$:#

. +6&<09#+ 9:0&;-#+ 9%)$#3+-#+ $0& 1#+ 4%3+ 90"946)' B#+ )%*4"48-+ 9%3+41-&-#+ -8038 <04*"#+/

"7#06 103+ 9# $%&# #+8 $&#+56# D;-# . "7-9:#""# 1# 8#)$+ 9%3+41-&-#' E03+ "# $%&# 1# H = 20C/

)A)# +4 "0 +8084+8456# 37#+8 $0+ 8&@+ *%33# 06= "%3;+ 8#)$+/ 3%6+ $%6,%3+ #=8&04&# 1# )034@&#

0$$&%=4)084,# 63 9%#F94#38 1# 14?6+4%3 G D
�
mid = 0.00375×10−5 cm2.s−1

HD
�
mid = 0.41 D175K

0 I'

(#88# ,0"#6& #+8 33% $"6+ <04*"# 56# 103+ "# +2+8@)# . +6&<09# :21&%=2"-# . 804""# 1# $%&# 41#38456#

#8 &#$&-+#38# )%43+ 1# "0 )%484- 1# "0 ,0"#6& $%6& "7#06 3%3 9%3D3-#' (#+ &-+6"808+ )%38&#38

#39%&# 63# <%4+ "7#?#8 16 90&098@&# 8&@+ :21&%$:4"# 16 +6*+8&08 564 &0"#3848 "0 1230)456# 1# "7#06

103+ "0 $%&%+48-' J3D3/ )A)# +4 "#+  !"!# 3# +%38 $0+ 8&048-+ 103+ 9#88# $0&84# 1230)456#/ 3%6+

0,%3+ )%38&- 56# "#+ $:-3%)@3#+ &#39%38&-+ 103+ "# +2+8@)# . +6&<09# 9:0&;-# 9%)$#3+-# $0&

1#+ 9%38&#K4%3+ 90"946) -804#38 +4)4"04&#+' >%6+ $%6,%3+ 1%39 3%6+ 088#31&# . 63 9%)$%&8#)#38

9%)$0&0*"# 1# "0 1230)456# 1# "7#06 103+ 9#+ +2+8@)#+' L94 #39%&#/ 3%6+ $%6,%3+ &#,#34& .

3%8&# $&%*"-)08456# 1#+ 94)#38+ #3 9%31484%3+ 1# ;#"' E03+ "7:2$%8:@+# $%&%)-903494#33# 1763

#31%))0;#)#38 "4- . 1#+ #?#8+ 1# 9&2%+6994%3 9%))# #=$%+- 103+ "# 9:0$48&#  / "#+ )%"-96"#+

17#06 +4 #""#+ 14?6+#38 103+ "0 9%69:# 01+%&*-# $%6& 0"4)#38#& "# 9&4+80" 1# ;"09# "# <%38 "#38#)#38

#8 06 1#". 1# 3%+ 8#)$+ 1# +4)6"084%3+ H> 200 nsI'
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 !"# M'  N O%3984%3+ 17068%K9%&&-"084%3 8#)$%&#""# 8&09-#+ 103+ 1#+ $%&#+ <#38# 1# +4"49# 0)%&$:#

. +6&<09# :21&%=2"-# H;069:#I #8 1# +4"49# 0)%&$:# . +6&<09# 9:0&;-# 9%)$#3+-# $0& 1#+ 9%38&#K

4%3+ Ca2+
/ 3%8- 1%$- Ca2+

H1&%48#I' B#+ $%&#+ +%38 &#)$"4+ HP = P0I #8 1#6= 8#)$-&086&#+ +%38

9%3+41-&-#+ G T = 300 K H"4;3#+ *#4;#+I #8 T = 175 K H"4;3#+ 3%4&#+I' E#6= 804""#+ 1# $%&# +%38

)%38&-#+ G H = 10C #8 H = 20C' B7-$04++#6& 1# "0 9%69:# 01+%&*-# . "0 +6&<09# #+8 $&4+# . 1#6=

9%69:#+ 17#06'



 !"! #$%#&'()$%  !"

#$%$& '( %)*+, -.  /0$1+, '2,3,1 4, '( 1,/56+(1*+, 7*+ ',7 80$91:0$7 42(*10;90++6'(1:0$

1,/50+,'', 9('9*'6,7 < 5(+1:+ 4, '( +,'(1:0$ =>.>? 4($7 ',7 50+,7 4, 7:':9, (/0+5@,. A0*+ ',7

7B71C/,7 < 7*+8(9, @B4+0DB'6,& '( 4:/:$*1:0$ 4, '( 1,/56+(1*+, +64*:1 4+(71:E*,/,$1 *$, )+($4,

5(+1:, 4,7 69@($),7 ,$1+, ',7 /0'69*',7 42,(* 4,7 4,*D 5+,/:C+,7 90*9@,7 (470+F6,7 ,1 9,'',7

4* 9,$1+, 4* 50+, (*D 1,/57 4, 7:/*'(1:0$ 90$7:46+67 =20 ns?. G:$7:& '( 5+0F(F:':16 4, H7*+I:,H

42*$, /0'69*', 42,(* 4($7 ',7 90*9@,7 I:9:$(',7 ,71 80+1,& 4, '20+4+, 4, 0.9 (* F0*1 4, 20 ns.

J,1 ,3,1 ,71 0F7,+I(F', E*,'', E*, 70:1 '( 1(:'', 4* 50+,. J,5,$4($1& ,$ +(:70$ 42*$ 90$%$,/,$1

5'*7 80+1 E*: 5,+1*+F, 5'*7 '2,(* (470+F6,& ',7 69@($),7 ,$1+, '( 90*9@, 4, 7*+8(9, ,1 ', 9,$1+,

4* 50+, 70$1 '6)C+,/,$1 5'*7 :/50+1($17 4($7 ', 50+, 4, 1(:'', H = 10K. #$ 5+67,$9, 42*$,

9@(+), 4, 7*+8(9,& ', 90/50+1,/,$1 4,7 /0'69*',7 42,(* ,71 ', /L/, E*, 4($7 ', 9(7 5+6964,$1& <

7(I0:+ E*, '( 4:/:$*1:0$ 4, '( 1,/56+(1*+, F'0E*, 5+(1:E*,/,$1 10*7 ',7 69@($),7 ,$1+, ',7 4,*D

5+,/:C+,7 90*9@,7 (470+F6,7 ,1 ', 9,$1+, 4* 50+, ='( 5+0F(F:':16 4, H7*+I:,H 42*$, /0'69*', 42,(*

4($7 ',7 90*9@,7 I:9:$(',7 ,71 80+1, ,1 4, '20+4+, 4, 0.9 (* F0*1 4, 20 ns?. M$ 1(*D 4269@($),

5'*7 6',I6 ,$1+, ',7 90*9@,7 (470+F6,7 ,1 ', 9,$1+, 4* 50+, ,71 6)(',/,$1 0F7,+I6 4($7 ', 50+,

4, 1(:'', H = 10K. N0*1,80:7& '( 4:36+,$9, ,$1+, ',7 4,*D 1(:'',7 4, 50+, ,71 /0:$7 :/50+1($1,

E*, 4($7 ', 9(7 4, '( 7:':9, (/0+5@, < 7*+8(9, @B4+0DB'6,. #$ 8(:1& ',7 G(τ) /0$1+,$1 E*2< F(77,

1,/56+(1*+,& 92,71 4($7 ',7 50+, 4, 7:':9, (/0+5@, < 9@(+), 4, 7*+8(9, 90/5,$76, 5(+ 4,7 :0$7

Ca2+
E*, ', 1(*D 4269@($), ,$1+, ',7 90*9@,7 (470+F6,7 ,1 ', 9,$1+, 4* 50+, ,71 ', 5'*7 8(:F',

=G(τ) ', 5'*7 )+($4?. G:$7:& < T = 175 K& $0*7 $20F7,+I0$7 5(7& 90//, < T = 300K& *$, 5'*7

)+($4, 71(F:':16 (*D 1,/57 '0$)7 4,7 4,*D 90*9@,7 (470+F6,7 4($7 ', 7*F71+(1 4, 7:':9, (/0+5@,

< 7*+8(9, @B4+0DB'6,. #$ ,3,1& :9:& 92,71 ', 7*F71+(1 ', 5'*7 @B4+05@:',& '( 7:':9, (/0+5@, < 7*+8(9,

9@(+)6, 90/5,$76, 5(+ 4,7 90$1+,;:0$7 Ca2+
& E*: +,1:,$1 ', 5'*7 ',7 /0'69*',7 42,(*. O,7 :0$7 40$1

',7 465'(9,/,$17 70$1 +64*:17 (I,9 '( 4:/:$*1:0$ 4, '( 1,/56+(1*+, =98. PQR 4,7 :0$7 %)*+, -.S?

$, 4,71(F:':7,$1 5'*7 '( 7,90$4 90*9@, (470+F6,. J, +67*'1(1 7*550+1, 40$9 '2:46, 42*$, 7,90$4,

90*9@, 42,(* (470+F6, 4,71(F:':76, 5(+ ',7 :0$7 5+09@,7 4,7 7*+8(9,7 < T = 300K 4($7 ', 50+, 4,

1(:'', H = 10K.

 !" #$%&'()*$%

T0*7 (I0$7 61*4:6 4($7 9, 9@(5:1+, ',7 ,3,17 4, 1,/56+(1*+, 7*+ 4, '2,(* 0* *$ 6',91+0'B1,

90$%$6. G:$7:& $0*7 (I0$7 I* 4($7 *$, 5+,/:C+, 5(+1:, E*, 7: '( 4:/:$*1:0$ 4, '( 1,/56+(1*+,

( *$, :$U*,$9, 7*+ '( 71+*91*+, 4, '2,(* (* 9,$1+, 4* 50+,& ,'', $2( E*, 1+C7 5,* 42,3,1 7*+ ',7

:0$7 ,1 ',7 /0'69*',7 42,(* 5+09@,7 4,7 7*+8(9,7. O,7 0+:,$1(1:0$7 4,7 /0'69*',7 0F7,+I6,7 (* 9@(;

5:1+, > 72(99,$1*,$1 < F(77, 1,/56+(1*+,. O20+4+, 1,1+(C4+:E*,& 4($7 ',E*,' 72(++($), '09(',/,$1

',7 /0'69*',7 42,(* 4($7 *$ 61(1 ':E*:4,& ,71 5,+1*+F6 5+09@, 4,7 7*+8(9,7. J,11, 5,+1*+F(1:0$

$26I0'*, E*, 1+C7 5,* ,$ 4:/:$*($1 '( 1,/56+(1*+,. G '2:$I,+7,& (* 9,$1+, 4* 50+,& $0*7 $010$7

*$, (*)/,$1(1:0$ 4, '20+4+, 161+(C4+:E*, 7:/:'(:+, < 9, E*: ,71 90$71(16, 50*+ 4, '2,(* $0$ 90$%;

$6,. A(+ (:'',*+7& '( 71+*91*+, 4, '2,(* (*10*+ 4,7 :0$7 9('9:*/ 6I0'*, 6)(',/,$1 1+C7 5,* 90//,



 !"  !"#$%&' () &*+,-%"%+ . /'- 0' -1'", 2, 01,3 *-' %&2-4%'  235$3*

#$ %&'()$ #$* +&',(-&'* .$ .-*()-/0(-&' )1.-1#$ $( #$* '&%/)$* .$ *&#21(1(-&'3

450' 6&-'( .$ 20$ .7'1%-80$9 #1 .-%-'0(-&' .$ #1 ($%6:)1(0)$ ;0*80510 6&-'( .$ <$# )1#$'(-(

<#&/1#$%$'( #$* .:6#1,$%$'(* .$* %&#:,0#$* .5$10 $( .$* -&'* .1'* #$ 6&)$3 =$* ,&$>,-$'(* .$

.-?0*-&' <#&/10@ %&'()$'( 80$ *- .1'* #$ 6&)$ H = 20A -#* *&'( )$#1(-2$%$'( *-%-#1-)$* 6&0) '&*

.$0@ *7*(B%$* .$ *-#-,$ 1%&)6C$9 .1'* #$ 6&)$ .$ H = 10A #1 ,C-%-$ .$ *0)+1,$ 1 0'$ -'D0$',$

$( #$* %&#:,0#$* .5$10 &'( 0'$ .7'1%-80$ /-$' 6#0* #$'($ $' 6):*$',$ .50'$ ,C1)<$ .$ *0)+1,$ $(

.5-&'* ,1#,-0% ,&%6$'*1($0)*3 E1) 1-##$0)*9 6&0) ,$ .$)'-$) *7*(B%$ 12$, 0'$ (1-##$ .$ 6&)$ .$

H = 10A9 #51'1#7*$ ,&0,C$ 61) ,&0,C$ .$ '&* .&'':$* %&'()$ 80$ #$* %&#:,0#$* 10 ,$'()$ .0 6&)$

&'( 0'$ .7'1%-80$ *-%-#1-)$ F ,$##$* .1'* #$* .$0@ ,&0,C$* 1.*&)/:$* .&'( #1 .7'1%-80$ $*( ()B*

#$'($3 G#&/1#$%$'(9 '&0* )$()&02&'* 0'$ .7'1%-80$ 6#0* #$'($ 8051 T = 300K .1'* #$* ,&0,C$*

2-,-'1#$*3 4&',9 *- #1 ($%6:)1(0)$ '51 80$ 6$0 .5-'D0$',$ *0) #1 *()0,(0)$ .0 D0-.$ 6)&,C$ .$*

*0)+1,$*9 $##$ $' 1 61) ,&'()$ 0'$ *0) #1 .7'1%-80$3 H0 ,$'()$ .0 6&)$9 '&0* ()&02&'* 6&0) 0'$

%1;&)-(: .$* *7*(B%$* 0' ,&%6&)($%$'( .-?0*-+ .$* %&#:,0#$* .5$10 F T = 175 K3 =$* ,&$>,-$'(*

.510(&I.-?0*-&' 80$ '&0* 12&'* $@()1-(* )$6):*$'($'( 10 %-$0@ .1'* #1 *-#-,$ F *0)+1,$ C7.)&@7#:$

65% .0 ,&$>,-$'( .510(&I.-?0*-&' .$ #5$10 '&' ,&'J':$3 E&0) #1 *-#-,$ 1%&)6C$ 12$, .$* *0)+1,$*

,C1)<:$* ,&%6$'*:$* 61) .$* ,&'()$I-&'* Ca2+
#$ ,&$>,-$'( .510(&I.-?0*-&' )$6):*$'($ 41% .0

,&$>,-$'( .510(&I.-?0*-&' .$ #5$10 '&' ,&'J':$3 K'J'9 #5:,C1'<$ .$ %&#:,0#$* .5$10 $'()$ #$*

,&0,C$* 2-,-'1#$* $( #$ ,$'()$ .0 6&)$ $*( 6)1(-80$%$'( '0# F T = 175K3

41'* #$ ,&'($@($ .$ #5$'.&%%1<$%$'( .$* %1(:)-10@ ,-%$'(1-)$* $' ,&'.-(-&'* .$ <$#9 '&*

):*0#(1(* *0) #1 .7'1%-80$ $( #1 *()0,(0)$ .$ #5$10 &0 .50' :#$,()&#7($ ,&'J': %&'()$'( 80$ #$*

.:6#1,$%$'(* .$* -&'* $( .$* %&#:,0#$* .5$10 .1'* #$* ,&0,C$* 6)&,C$* .$ #1 *0)+1,$ *&'( ()B*

#$'(*3 L$,- $*( .M F #1 +&)($ C7.)&6C-#-,-(: .$* *0)+1,$*3 H-'*-9 '- #50'$ '- #510()$ .$* C76&(CB*$*

.5$'.&%%1<$%$'( ,&'*-.:):$*9 ,)&-**1',$ .50' *$# &0 ,)7&*0,,-&'9 F '&* $,C$##$* .$ ($%6* N20 <

t < 200 nsO '$ 6$02$'( P()$ 21#-.:$*9 ,C1,0'$ )$6&*1'( *0) 0'$ .-?0*-&' .$* $*6B,$*  !" ,$(($

,&0,C$ 6)&,C$ .$ #1 *0)+1,$3 =5:(0.$ .$* 6)$**-&'* 166#-80:$* 61) #51.*&)/1( *0) #$* %0)* .0 6&)$

$( .$ #1 ()1'*%-**-&' .5$?&)(* %:,1'-80$* .$ ,$* ,&0,C$* 2-,-'1#$* *$)1 -,- -'(:)$**1'($ 6&0) 12&-)

0'$ -%1<$ 6#0* 6):,-*$ .$* ,10*$* .$ #5$'.&%%1<$%$'( .$* %1(:)-10@ ,-%$'(1-)$*3
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 !" #$%&'(&" )! *'$+'(,,! )! '!#-!'#-! ./012 "3##!""45" )!*34"  !!" $%& !3 *$3' !6!& )!

*'$,$37$4' 8( #$,,3%(3&9 #4,!%&4:'! 5'(%;(4"!< 4%)3"&'4!8" !& #-!'#-!3'"< 7!'" 8! *'!,4!' '(%+

,$%)4(8 )(%" 8( #$,*'9-!%"4$% )!" *-9%$,:%!" *-="4>3!"< #-4,4>3!" !& ,9#(%4>3!" )!" -=)'(&!"

#4,!%&(4'!"? /@!"& )(%" #! #()'! >3@A 9&9 8(%#9 !% #$$% 3% &'$4"4:,! /01 )$%& 8! &-:,! ( *$'&9

"3' 8( *$'$"4&9< 8! &'(%"*$'& !& 8( '9"4"&(%#! )!" ,(&9'4(3B #4,!%&(4'!"? C$% D3& ( 9&9 )@(,984$'!'

8( #$,*'9-!%"4$% )!" *-9%$,:%!" *-="4>3!" !% E!3 )(%" 8( '9"4"&(%#! )!" D9&$%" !% #$%)4&4$%"

!%74'$%%!,!%&(8!" !&F$3 (##4)!%&!88!"? G(%" #!&&! $*&4>3!< 8@$DE!#&45 )! #! &'(7(48 )! '!#-!'#-!

9&(4& )! ,4!3B #$,*'!%)'! 8( &-!',$)=%(,4>3! !& 8( )=%(,4>3! )@4$%" ."!8"2 !& )! ,$89#38!"

)@!(3 ."$87(%&2 A 8( "3'5(#! )@3% ,9"$*$'! #4,!%&(4'!< %$&(,,!%& !% #$%)4&4$%" )! +!8? 0$3'

#! 5(4'!< %$3" (7$%" 3&484"9 )!" $3&48" )! "4,38(&4$% %3,9'4>3! #8(""4>3! H I$%&!J/('8$ K'(%)

/(%$%4>3! !& G=%(,4>3! I$89#38(4'!? L'$4" ,$):8!" )! *$'! 5!%&! $%& 9&9 9&3)49" H &' 8( "484#!

(,$'*-! A "3'5(#! #$,*8:&!,!%& -=)'$B=89!< &&' 8( "484#! (,$'*-! A "3'5(#! #-('+9! #$,*!%"9!

*(' )!" #$%&'!J4$%" Ca2+
!& &&&' 3% ,$):8! )! ()*)+ '!*$"(%& "3' 3%! "&'3&3'! )! &$D!',$'4&!

)95!#&3!3"!?  @4)9! )! )9*('& 9&(4& )! *('&4' )@3% ,$):8! "4,*8!< )@9&3)4!' 8! #$,*$'&!,!%& !%

#$%M%!,!%& !& !% &!,*9'(&3'! )! 8@!(3 ()"$'D9!< *34" )@(E$3&!' "3##!""47!,!%& )!" !6!&" )! #-4J

,4! )! "3'5(#! *$3'< &, -,.< (''47!' (3B ()*)+< *-("! *'4%#4*(8! )(%" 8!" ,(&9'4(3B #4,!%&(4'!"?

G(%" 3% *'!,4!' &!,*"< %$3" %$3" "$,,!" #$%#!%&'9" "3' 8!" ("*!#&" &-!',$)=%(,4>3!" !&

"&'3#&3'(3B )! 8@!(3 $3 )@3% 98!#&'$8=&! #$%M%9?  !" 4"$&-!',!" )@()"$'*&4$% !& )! )9"$'*&4$% )!

8@!(3 %$3" $%& )$%%9 3%! 4,(+! )3 '!,*84""(+! )(%" %$" )469'!%&" "="&:,!" *$'!3B?  ( #-4,4!

)! "3'5(#! E$3! 3% 'N8! "3' 8! ,9#(%4",! )@()"$'*&4$% #$,,! !% &9,$4+%! 8( )4"*('4&4$% )@3%!

)4"#$%&4%34&9 )(%" 8@4"$&-!',! .#$%)!%"(&4$% #(*488(4'!2 !% *(""(%& )@3%! "3'5(#! "(&3'9! *(' )!"

+'$3*!,!%&" -=)'$B=8!" A 3%! "3'5(#! #-('+9! #$,*!%"9! *(' )!" #$%&'!J4$%" Ca2+
)(%" 8!"

*83" *!&4&!" *$'$"4&9" )!" "="&:,!" )! "484#! (,$'*-!? G! *83"< 8( ,4#'$*$'$"4&9 *'9"!%&! )(%"

8!" ,3'" )3 ,$):8! )! ()*)+ ( (3""4 3% !6!& "3' 8! ,9#(%4",! )! '!,*84""(+!? G(%" 8!" *83"

+'(%)!" *$'$"4&9"< #!" !6!&" )! #-4,4! )! "3'5(#! $%& 9+(8!,!%& 3% 'N8! %$% %9+84+!(D8! #$,,!

8! ,$%&'! 8! )9*8(#!,!%& )! 8( #$%)!%"(&4$% #(*488(4'! 7!'" )! *83" 5(4D8!" *'!""4$%" '!8(&47!"

$3 8! '!%5$'#!,!%& )3 #('(#&:'! -=)'$*-48! )3 "3D"&'(& .*83" 8('+! >3(%&4&9 )! ,$89#38!" )@!(3

()"$'D9!"2? 0(' (488!3'"< 8!" )469'!%&" ,$):8!" )!" &-9$'4!" #8(""4>3!" .9>3(&4$% )! /.01&,< OPP<

QRL2 *'9)4"!%& >3(84&(&47!,!%& %$" '9"38&(&"? G@3% *$4%& )! 73! "&'3#&3'(8< 8@!(3 !"& 5$'&!,!%&

STU



 !"  !" #$%&!" '("()*#+ +, -+)%-+ ,&.+%

#$%&'%()$ *'% '+$ ,-*&.+/$ ,$ ,$'0 1 &%2-* /2'/3$* 425)/'5.-%$* 687 $+8-%2+9 1 5:.##%2/3$ ,$*

*'%;./$*< =+ #%)*$+/$ ,:-2+* ,.+* 5. #2%2*-&)> 5$* %)*'5&.&* 42+&%$+& ?'$ 5$* -2+* &$+,$+& 1 @&%$

.,*2%()* #%2/3$ ,$* *'%;./$* $&> /$> -+,)#$+,.44$+& ,$ 5$'%* &.-55$* $& ,$ 5. ;2%/$ -2+-?'$ ,$

5:)5$/&%25A&$< B$ %)*'5&.&> #%$+.+& $+ /24#&$ 5:.*#$/& ,-*/%$& ,$* $*#C/$* /2+D+)$*> *:-5 $*& /2+D%4)

#.% ,$* )&',$* /24#5)4$+&.-%$*> 4$&&%.-& $+ ,);.'& .'0 &.-55$* ,$ #2%$* $& .'0 /3.%E$* ,$ *'%;./$*

/2+*-,)%)$* 5. 8-*-2+ /5.**-?'$ ,$ 5. /2'/3$ ,-F'*$ ,$ !"#$%&'()'** ,.+* 5$ 42,C5$ ,$ 5. ,2'(5$

/2'/3$ )5$/&%-?'$ #'-*?'$ *$'5 5. /2'/3$ ,$ +,-.* $*& 2(*$%8)$< G$* -2+* *$ &%2'8$+& ,.+* ,$'0

/2+DE'%.&-2+* #2**-(5$> 5:'+$ 2H -5* *2+& ;2%&$4$+& #3A*-*2%()* $&> 5:.'&%$> 2H -5* *2+& #.%&-$55$4$+&

*258.&)*<

I.+* '+ *$/2+, &$4#*> 5:)&',$ ,$* #%2#%-)&)* ,A+.4-?'$* ,' J'-,$ /2+D+) 42+&%$ '+$ ,AK

+.4-?'$ ,$* 425)/'5$* ,:$.' E52(.5$4$+& %.5$+&-$ ,.+* '+ $+8-%2++$4$+& 3A,%2#3-5$> $F$& ?'-

*$ %$**$+& ,:.'&.+& #5'* ?'$ 5$ /2+D+$4$+& $*& ;2%&< L.% .-55$'%*> 5:.##2%& ,:'+$ /3.%E$ ,$ *'%;./$

$& ,:-2+* /24#$+*.&$'%* ,.+* 5:$*#./$ #2%.5 .//$+&'$ /$& $F$& ,$ %.5$+&-**$4$+&< M'2- ?':-5 $+

*2-&> 1 &$4#)%.&'%$ .4(-.+&$> '+ /24#2%&$4$+& ,-F'*-; ,$ 5:$.' $*& 2(*$%8) ,.+* +2* *A*&C4$*<

G:.+.5A*$ /2'/3$ #.% /2'/3$ 42+&%$ .'**- ?'$ 5. ,A+.4-?'$> $+ %.-*2+ ,' /.%./&C%$ 3A,%2#3-5$

,' *'(*&%.&> $*& #5'* 5$+&$ #%2/3$ ,$ 5. *'%;./$ ,' #2%$ ?':$+ *2+ /$+&%$ 2H $55$ .82-*-+$ ,.+*

/$%&.-+* /.* /$55$ ,$ 5:$.' +2+ /2+D+)$ 6#2'% 5$* #5'* E%.+,* #2%$*9< M'.+& .'0 -2+*> -5* 2*/-55$+&

.'&2'%* ,$ 5$'% #2*-&-2+ ,:)?'-5-(%$ *.+* N.4.-* 42+&%$% ,$ /24#2%&$4$+& ,-F'*-; .'0 &$4#* ,$

*-4'5.&-2+ *2+,)* 6∼ 10K100 ns9< G$* 2*/-55.&-2+* *2+& ,:.'&.+& #5'* ;2%&$* ?'$ 5$ /2+D+$4$+&

$*& ;2%& ,' ;.-& ,$* /2%%)5.&-2+* $+&%$ 5$* -2+* 6%)#'5*-2+* /.&-2+K/.&-2+9< =+*'-&$> 5:)&',$ ,$ 5.

,A+.4-?'$ ,:)/3.+E$ ,$* 425)/'5$* ,:$.' $+&%$ 5. #%$4-C%$ /2'/3$ .,*2%()$ $& 5$ /$+&%$ ,' #2%$

42+&%$ ?'$ /:$*& ,.+* 5$ *'(*&%.& 5$ #5'* 3A,%2#3-5$> 5$ %$+$/> ?':$55$ $*& 5. #5'* 5$+&$> $F$& ?'-

$*& .&&$+,' $+ %.-*2+ ,:-+&$%./&-2+* #5'* ;2%&$* ,$* 425)/'5$* ,:$.' .8$/ 5. *'%;./$< =+ /2+*-K

,)%.+& 5$* ,$'0 #%$4-C%$* /2'/3$* .,*2%()$* 1 5. *'%;./$ ,.+* 5$ #5'* #$&-& #2%$> +2* %)*'5&.&*

42+&%$+& '+ /24#2%&$4$+& /2+&%.-%$> 1 *.82-% ?'$ 5. ,A+.4-?'$ ,:)/3.+E$ 5. #5'* 5$+&$ $*&

2(*$%8)$ #2'% 5$ *'(*&%.& 5$ 42-+* 3A,%2#3-5$> 5. *-5-/$ 1 *';./$ 3A,%20A5)$< B$& $F$& #2'%%.-&

@&%$ ,O .'0 /2%%)5.&-2+* -2+K-2+ #5'* )5$8)$ $+ /2+D+$4$+& ;2%& ,)*&.(-5-*.+& 5. *$/2+,$ /2'/3$

.,*2%()$ ,.+* 5$* *A*&C4$* 1 *'%;./$ /3.%E)$< =+D+> 5$ 42,C5$ P%2Q+-$+ ,$ 01-..- 2-3,14 *'% 5.

,A+.4-?'$ -+&$%4-&&$+&$ ,$* 425)/'5$* ,:$.' .'0 *'%;./$* . )&) &$*&) *'% 5$* *A*&C4$* ,$ *-5-/$

.42%#3$ 1 *'%;./$ 3A,%20A5)$ 42+&%.+& '+ &%C* (2+ .//2%, .' ,$51 ,$ 10 ps $+ /2+*-,)%.+& ?'$

5. /2'/3$ .,*2%()$ $*& ,$ ,$'0 ,-.4C&%$* 425)/'5.-%$*<
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A +&4;&3( ./) 1 e.nm−2 ∼ 0.16 C.m−2

$ =2,'B

0,337) )+( )56'*:7) )3 0*+(&34) *3()'1&:)11&*') '70/*() D∗ = D/dA ,C d )+( 1)

0*&:D(') 0) 12*,3 4&14*/: ;E0'&(7$ =& 1*83) 0) 6')++*,3 3/11) 4,'')+6,30 F 1& 6,B

+*(*,3 027./*1*-') 0/ +E+(D:) >02&6'D+ GH!I?$ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ J 

 $# K4;7:& 0) 1& 6',-&-*1*(7 02&44)6(&(*,3 0/ 6&++&8) 02/3 7(&(  F /3 7(&( ! 0&3+

12&18,'*(;:) 0) "#$%&'&( ) >02&6'D+ G L I?$ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ HJ

 $ K4;7:& 0)+ 4,30*(*,3+ &/5 1*:*()+ 67'*,0*./)+$ =& -,M() 0) +*:/1&(*,3 )+( '7<7')3B

47) 1 &1,'+ ./) 1)+ -,M()+ *:&8)+ +,3( '7<7')347)+ 2A 3A 4A 5A 6A 7A 8 )( 9$ N/&30

/3 &(,:) +,'( 0)+ 1*:*()+ 0) 1& 4)11/1) >1 → 4? +,3( *:&8) 0&3+ 1& 4)11/1) *:&8)

,66,+7) )3(') 0&3+ 1& 4)11/1) >8 → 1?$ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ HO

 $J P,':) 0)+ <,34(*,3+ 02&((73/&(*,3 f2n 6,/' 12*3()'&4(*,3 02/3 &(,:) 02;E0',8D3)

02/3) :,174/1) 02)&/ &9)4 /3 &(,:) 02,5E8D3) 02/3 :/' 0) +*1*4)$ $ $ $ $ $ $ $ $ $ Q#

 $R ST/+():)3( >1*83) ',/8)? 0/ 6,()3(*)1 UVBW'SX >1*83) 3,*')? 6&' 1) 6,()3(*)1

*#++,%-./&+#) 0+.12 6,/' /3 &(,:) 02,5E8D3) 02/3) :,174/1) 02)&/ )3 *3()'B

&4(*,3 &9)4 1) +/-+('&( 0) +*1*4) ;E0',5E17)$ =)+ 4,/'-)+ )3 6,*3(*117+ 3,*'+ ')6'7B

+)3()3( 1& 6&'(*) '76/1+*9) 0/ 6,()3(*)1 UVBW'SX )( 1)+ 4,/'-)+ )3 ('&*(+ :*5()+

1& 6&'(*) 0*+6)'+*9)$ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ QR

 $O U'*34*6) 0) 1& +,::&(*,3 02YZ&10 [ >&? %,3(')-&1&34):)3( 0)+ 4;&'8)+ 6,34(/)11)+

6&' 0)+ 8&/++*)33)+ 0) 4;&'8)+ ,66,+7)+ \ >-? S33/1&(*,3 0)+ 8&/++*)33)+ \ >4?

N/&3(*(7 0) 4;&'8) ')+(&3( &/ @3&1 >4;&'8)+ 6,34(/)11)+?$ $ $ $ $ $ $ $ $ $ $ $ $ $ QQ

 $H >]&/4;)? ^:&8) 02/3 6,') <)3() 0) +*1*4) &:,'6;) ;E0',5E17) 0) (&*11) H = 20_$

>`',*()? ^:&8) 02/3 6,') <)3() 0) +*1*4) &:,'6;) &9)4 0)+ 4,3(')B*,3+ Ca2+
0)

(&*11) H = 20_$ =)+ 0*:)3+*,3+ 0)+ -,M()+ +,3( 28.48 × 28.48 × 34.46_3
$ =)+

+)8:)3(+ ',/8) )( T&/3) 4,'')+6,30)3( &/5 1*&*+,3+ )3(') 1)+ &(,:)+ 02,5E8D3)

)( 1)+ &(,:)+ 0) +*1*4*/: )( 1)+ +)8:)3(+ ',/8) )( -1&34 4,'')+6,30)3( &/5 1*&*B

+,3+ )3(') 1)+ &(,:)+ 02,5E8D3) )( 1)+ &(,:)+ 02;E0',8D3)$ =)+ 0*+./)+ &'8)3(7+

4,'')+6,30)3( &/5 *,3+ Ca2+
$ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ LR

 $" ^:&8) 02/3 6,') <)3() 0) (,-)':,'*() 07<)4(/)/+)A :,0D1) 0) 3.4.5A 0) (&*11)

H = 20_$ =)+ 0*:)3+*,3+ 0) 1& -,M() +,3( 53.23× 59.04× 43.69_3
$ =)+ +)8:)3(+

',/8) )( T&/3) 4,'')+6,30)3( &/5 1*&*+,3+ )3(') 1)+ &(,:)+ 02,5E8D3) )( 1)+ &(,:)+

0) +*1*4*/:$ =)+ 0*+./)+ &'8)3(7+ 4,'')+6,30)3( &/5 *,3+ 4&14*/: ;E0'&(7$ =)+

0*+./)+ 8'*+ 4,'')+6,30)3( &/5 *,3+ 4&14*/: 0) 4,3+(*(/(*,3 0/ <)/*11)($ $ $ $ $ $ $ LH



 !"  !"#$ %$& '()*+$&

#$% &'()*+,-+' ./0.'(,1)2(3 +) .+ .4'(,1)2(3 .+ 5/+06 7 T = 300 K .03' 63 1(,+ 8+3)+

.+ '2529+ 0-(,1*+ 7 '6,809+ *:.,(;:54+ <90,,4' =+2>+'?@ .+ '2529+ 0-(,1*+ 0A+9 63+

9*0,>+ .+ '6,809+ 9(31+3'4+ 10, .+' 9(3),+B2(3' Ca2+
<,(3.' 3(2,'?@ 3()4+  !"#

Ca2+
@ +) .+ $%&%' <),203>5+' ,(6>+'? 1(6, 63+ )0255+ .+ 1(,+ .+ H = 10C$ D(6,

156' .+ 950,)4@ 5+' 2'()*+,-+' '(3) .49054+' 5+' 63+' 10, ,011(,) 06; 06),+' .+ +0.5

'62A03) 5/0;+ .+' (,.(334+'$ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ %!!

#$ &'()*+,-+' ./0.'(,1)2(3 +) .+ .4'(,1)2(3 .+ 5/+06 7 T = 300 K .03' 63 1(,+ 8+3)+

.+ '2529+ 0-(,1*+ 7 '6,809+ *:.,(;:54+ <90,,4' =+2>+'?@ .+ '2529+ 0-(,1*+ 0A+9 63+

9*0,>+ .+ '6,809+ 9(-1+3'4+ 10, .+' 9(3),+B2(3' Ca2+
<,(3.' 3(2,'?@ 3()4+  !"#

Ca2+
@ +) .+ $%&%' <),203>5+' ,(6>+'? 1(6, 63+ )0255+ .+ 1(,+ .+ H = 20C$ D(6,

156' .+ 950,)4@ 5+' 2'()*+,-+' '(3) .49054+' 5+' 63+' 10, ,011(,) 06; 06),+' .+ +0.5

'62A03) 5/0;+ .+' (,.(334+'$ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ %!%

#$# &'()*+,-+' ./0.'(,1)2(3 +) .+ .4'(,1)2(3 .+ 5/+06 7 T = 300 K .03' 63 1(,+ 8+3)+

.+ '2529+ 0-(,1*+ 7 '6,809+ *:.,(;:54+ <90,,4' =+2>+'?@ .+ '2529+ 0-(,1*+ 0A+9 63+

9*0,>+ .+ '6,809+ 9(-1+3'4+ 10, .+' 9(3),+B2(3' Ca2+
<,(3.' 3(2,'?@ 3()4+  !"#

Ca2+
@ +) .+ $%&%' <),203>5+' ,(6>+'? 1(6, 63+ )0255+ .+ 1(,+ .+ H = 40C$ D(6,

156' .+ 950,)4@ 5+' 2'()*+,-+' '(3) .49054+' 5+' 63+' 10, ,011(,) 06; 06),+' .+ +1

'62A03) 5/0;+ .+' (,.(334+'$ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ %! 

#$E &'()*+,-+' ./0.'(,1)2(3 +) .+ .4'(,1)2(3 .+ 5/+06 7 T = 300K .03' 63 1(,+

8+3)+ .+ '2529+ 0-(,1*+ 7 '6,809+ *:.,(;:54+ <.,(2)+?@ .+ '2529+ 0-(,1*+ 0A+9 63+

9*0,>+ .+ '6,809+ 9(-1+3'4+ 10, .+' 9(3),+B2(3' Ca2+
<-252+6?@ 3()4+  !"# Ca2+

@

+) .+ $%&%' <>069*+?@ 1(6, 156'2+6,' )0255+' .+ 1(,+' F H = 10C <90,,4' =+2>+'?@

H = 20C <,(3.' 3(2,'? +) H = 40C <),203>5+' ,(6>+'?$ D(6, 156' .+ 950,)4@ 5+'

2'()*+,-+' '(3) .49054+' 5+' 63+' 10, ,011(,) 06; 06),+' .+ +1 '62A03) 5/0;+ .+'

(,.(334+'$ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ %!#

#$G H(3I>6,0)2(3' -(5496502,+' ):12J6+' ./+06 9(3I34+ .03' .+' 303(1(,+' .+ '2529+

0-(,1*+ 0A+9 .+' '6,809+' *:.,(;:54+' 7 T = 300 K 1(6, .2K4,+3)+' 1,+''2(3'

.03' 5+ 1(,+ +) .2K4,+3)+' )0255+' F ()* H = 10C +) (+* H = 20C$ L+' '+>-+3)'

,(6>+' +) M063+' ,+1,4'+3)+3) 5+' 5202'(3' +3),+ 5+' 0)(-+' .+ '252926- +) 5+' 0)(-+'

./(;:>N3+ .03' 5+ '6='),0) .+ '2529+$ L+' '+>-+3)' ,(6>+' +) =5039' '(3) 5+' 5202'(3'

+3),+ 5+' 0)(-+' ./(;:>N3+ +) 5+' 0)(-+' ./*:.,(>N3+$ L+' )0255+' .+ =(O)+ '(3)

,+'1+9)2A+-+3) .+ 28.48 × 28.48 × 24.46C3
1(6, H = 10C +) 28.48 × 28.48 ×

34.46C3
1(6, H = 20C$ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ %!E



 !"#$ %$& '()*+$&  !"

#$% &'()*+,-./'(0 1'234+2-/,50 .67/8+50 9:5-+ 4'()(35 9-(0 950 (-('7',50 95 0/2/45

-;54 +(5 4<-,*5 95 0+,=-45 4'175(035 7-, 950 4'(.,5>/'(0 Ca2+
? T = 300 K

7'+, 9/@3,5(.50 7,500/'(0 9-(0 25 7',5 5. 9/@3,5(.50 .-/2250 A  !" H = 10B 5.  #"

H = 20B$ C50 05*15(.0 ,'+*50 5. D-+(50 ,57,305(.5(. 250 2/-/0'(0 5(.,5 250 -.'150

95 0/2/4/+1 5. 250 -.'150 9:'E6*F(5 9-(0 25 0+G0.,-. 95 0/2/45$ C50 07<F,50 -,*5(.350

0'(. 250 4'(.,5>/'(0 4-24/+1 8+/ 4'175(05(. 2- 4<-,*5 (3*-./;5 95 2- 0+,=-45 *3(3,35

7-, 250 2/-/0'(0 2-/00350 75(9-(.50 950 -.'150 9:'E6*F(5$ C50 05*15(.0 ,'+*50 5.

G2-(40 0'(. 250 2/-/0'(0 OH 950 1'234+250 9:5-+ -90',G350$ C50 .-/2250 95 G'H.5

0'(. ,50754./;515(. 95 28.48× 28.48× 24.46B3
7'+, H = 10B 5. 28.48× 28.48×

34.46B3
7'+, H = 20B$ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ I!J

#$K &'()*+,-./'(0 1'234+2-/,50 .67/8+50 9:5-+ 4'()(35 9-(0 950 (-('7',50 95 $%&%'

? T = 300 K 7'+, 9/@3,5(.50 7,500/'(0 9-(0 25 7',5 5. 9/@3,5(.50 .-/2250 A  !"

H = 10B 5.  #" H = 20B$ C50 05*15(.0 ,'+*50 5. D-+(50 ,57,305(.5(. 250 2/-/0'(0

5(.,5 250 -.'150 95 0/2/4/+1 5. 250 -.'150 9:'E6*F(5 9-(0 25 0+G0.,-. 95 0/2/45$ C50

07<F,50 -,*5(.350 0'(. 250 4'(.,5>/'(0 4-24/+1 8+/ 4'175(05(. 2- 4<-,*5 (3*-./;5

95 2- 0+,=-45 *3(3,35 7-, 250 2/-/0'(0 2-/00350 75(9-(.50 950 -.'150 9:'E6*F(5$ C50

05*15(.0 ,'+*50 5. G2-(40 0'(. 250 2/-/0'(0 OH 950 1'234+250 9:5-+ -90',G350$ C50

.-/2250 95 G'H.5 0'(. ,50754./;515(. 95 {a = 26.62B L b = 29.52B L c = 33.69B L

α = 92.02 L β = 88.52 L γ = 123.58 } 7'+, H = 10B 5. {a = 53.23B L b =

59.04B L c = 43.69B L α = 92.02 L β = 88.52 L γ = 123.58 } 7'+, H = 20B$ $ $ $ I!%

#$M N;'2+./'( 95 2:37-/005+, e 95 2- 4'+4<5 9:5-+ -90',G35 5( ='(4./'( 95 2- 7,50>

0/'( 7-,./5225 P/P0 ? T = 300 K 9-(0 +( 7',5 =5(.5 95 0/2/45 -1',7<5 ? 0+,=-45

<69,'E6235 O<-+.PQ 95 0/2/45 -1',7<5 -;54 +(5 4<-,*5 95 0+,=-45 4'175(035 7-,

950 4'(.,5>/'(0 Ca2+
O1/2/5+PQ ('.35 ()*+ Ca2+

Q 5. 95 $%&%' OG-0PQ 7'+, 72+>

0/5+,0 .-/2250 95 7',50 A H = 10B O4-,,30 ('/,0PQ H = 20B O,'(90 ,'+*50P 5.

H = 40B O.,/-(*250 G25+0P$ C50 2/*(50 725/(50 ,57,305(.5(. 250 -D+0.515(.0 ,50754>

./=0 950 7'/(.0 7-, 2- 2'/ 051/>517/,/8+5 O#$#P$ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ I!"

#$" R,'/.50 SNT 'G.5(+50 ? 7-,./, 950 /0'.<5,150 9:-90',7./'( ? T = 300 K 9-(0 +(

7',5 =5(.5 95 0/2/45 -1',7<5 ? 0+,=-45 <69,'E6235 O4-,,30 ('/,0PQ 95 0/2/45 -1',7<5

-;54 +(5 4<-,*5 95 0+,=-45 4'175(035 7-, 950 4'(.,5>/'(0 Ca2+
O,'(90 ,'+*50PQ

('.35 ()*+ Ca2+
Q 5. 95 $%&%' O.,/-(*250 G25+0PQ 7'+, 72+0/5+,0 .-/2250 95 7',50 A

H = 10B O<-+.PQ H = 20B O1/2/5+P 5. H = 40B OG-0P$ C50 2/*(50 725/(50 ,57,3>

05(.5(. 250 ,3*,500/'(0 2/(3-/,50 ,50754./;50 950 7'/(.0 7-, 2- 2'/ 051/>517/,/8+5 O#$UP$III



 !"  !"#$ %$& '()*+$&

#$!" %&'()*+, -,.,/0+-1*), 23'2,.+4/-.5 6qst7 4.*+ (3)'* 8 T = 300K 2'5, (), 90,.4.+),

2) ,-(-:) '9.+4&) 8 ,*+;':) &<2+.=<(0) 6:'++0, >)-?),7@ 2) ,-(-:) '9.+4&) 'A): *5)

:&'+?) 2) ,*+;':) :.94)5,0) 4'+ 2), :.5/+)B-.5, Ca2+
6+.52, 5.-+,7 )/ 2)  !"!#

6/+-'5?(), +.*?),7 4.*+ 2-C0+)5/), /'-((), 2) 4.+), D 6&'*/7 H = 10E@ 69-(-)*7

H = 20E )/ 6>',7 H = 40E$ F), 1*'5/-/0, '2,.+>0), ,.5/ 5.+9'(-,0), 4'+ ()

5.9>+) /./'( 2) 9.(0:*(), 6N07 1*'52 () 4.+) ),/ +)94(-$ F' (-?5) )5 4.-5/-((0,

9-=/), 5.-+, +)4+0,)5/) (' A'()*+ 2) (' :&'()*+ 2) (-1*0;':/-.5 2) (3)'* 1*- ),/

2) ∼ 44 kJ.mol−1
$ F), /-+)/, 5.-+, +)4+0,)5/)5/ (' A'()*+ 2* qst ∼ 55 kJ.mol−1

'//)-5/) '*= ?+'52), 1*'5/-/0, 2) 9.(0:*(), 23)'* '2,.+>0),$ $ $ $ $ $ $ $ $ $ $ $ $ !!#

#$!! %&'()*+, -,.,/0+-1*), 23'2,.+4/-.5 6qst7 4.*+ (3)'* 8 T = 300K 2'5, (), 90,.4.+),

2) ,-(-:) '9.+4&) 8 ,*+;':) &<2+.=<(0) 6&'*/7@ 2) ,-(-:) '9.+4&) 'A): *5) :&'+?)

2) ,*+;':) :.94)5,0) 4'+ 2), :.5/+)B-.5, Ca2+
69-(-)*7 )/ ()  !"!# 6>',7 4.*+

2-C0+)5/), /'-((), 2) 4.+), D 6:'++0, >)-?),7 H = 10E@ 6+.52, 5.-+,7 H = 20E )/

6/+-'5?(), +.*?),7 H = 40E$ F), 1*'5/-/0, '2,.+>0), ,.5/ 5.+9'(-,0), 4'+ ()

5.9>+) /./'( 2) 9.(0:*(), 6N07 1*'52 () 4.+) ),/ +)94(-$ F' (-?5) )5 4.-5/-((0,

9-=/), 5.-+, +)4+0,)5/) (' A'()*+ 2) (' :&'()*+ 2) (-1*0;':/-.5 2) (3)'* 1*- ),/

2) ∼ 44 kJ.mol−1
$ F), /-+)/, 5.-+, +)4+0,)5/)5/ (' A'()*+ 2* qst ∼ 55 kJ.mol−1

'//)-5/) '*= ?+'52), 1*'5/-/0, 2) 9.(0:*(), 23)'* '2,.+>0),$ $ $ $ $ $ $ $ $ $ $ $ $ !!G

#$! %.5/+->*/-.5, H*-2)BH*-2) )/ H*-2)B,.(-2) 2'5, (), :&'()*+, -,.,/0+-1*), 23'2,.+4B

/-.5 6qst7 4.*+ (3)'* 8 T = 300 K 2'5, (), 90,.4.+), 2) ,-(-:) '9.+4&) 8 ,*+;':)

&<2+.=<(0) 6?'*:&)7 )/ 2) ,-(-:) '9.+4&) 'A): *5) :&'+?) 2) ,*+;':) :.94)5,0) 4'+

2), :.5/+)B-.5, Ca2+
62+.-/)7 4.*+ 2-C0+)5/), /'-((), 2) 4.+), D 6&'*/7 H = 10E@

69-(-)*7 H = 20E )/ 6>',7 H = 40E$ F), +.52, 5.-+, -52-1*)5/ (' 1*'5/-/0 /./'()

2* qst@ (), :'++0, +.*?), (' :.5/+->*/-.5 H*-2)BH*-2) 6qff
st 7 )/ (), /+-'5?(), >()*,

(' :.5/+->*/-.5 H*-2)B,.(-2) 6qfs
st 7$ F), 1*'5/-/0, '2,.+>0), ,.5/ 5.+9'(-,0), 4'+ ()

5.9>+) /./'( 2) 9.(0:*(), 6N07 1*'52 () 4.+) ),/ +)94(-$ F' (-?5) )5 4.-5/-((0,

9-=/), 5.-+, +)4+0,)5/) (' A'()*+ 2) (' :&'()*+ 2) (-1*0;':/-.5 2) (3)'* 1*- ),/ 2)

∼ 44 kJ.mol−1
$ F), /-+)/, 5.-+, +)4+0,)5/)5/ (' A'()*+ 2* qst ∼ 55 kJ.mol−1

'//)-5/

'*= ?+'52), 1*'5/-/0, 2) 9.(0:*(), 23)'* '2,.+>0),$ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ !!I

#$!# J+.K(, 2) 2)5,-/0 2), '/.9), 23.=<?L5) 6/+'-/, 5.-+,7 )/ 2), '/.9), 23&<2+.?L5)

6/+'-/, +.*?),7 2), 9.(0:*(), 23)'* 8 T = 300K )/ )5 ,-/*'/-.5 2) :.5K5)9)5/

2'5, 2), 4.+), +)94(-, 6,-(-:) '9.+4&) 8 ,*+;':) &<2+.=<(0) 2) H = 10@ 20 )/ 40E7$!!M

#$!G J+.K(, 2) 2)5,-/0 2), '/.9), 23.=<?L5) 6/+'-/, 5.-+,7 )/ 2), '/.9), 23&<2+.?L5)

6/+'-/, +.*?),7 2), 9.(0:*(), 23)'* '-5,- 1*) (), -.5, Ca2+
6/+'-/, >()*,7 8 T =

300 K )/ )5 ,-/*'/-.5 2) :.5K5)9)5/ 2'5, 2), 4.+), +)94(-, 6,-(-:) '9.+4&) 8

,*+;':) :&'+?0) :.94)5,0) 4'+ 2), :.5/+)B-.5, Ca2+
2) H = 10@ 20@ )/ 20E7$ $ $ !!N



 !"#$ %$& '()*+$&  !!

"#!$ %&'()* +, +,-*./0 +,* 1/'2,* +3'4567-, 8/&1./* -'.&*9 ,/ +,* 1/'2,* +3:5+&'67-,

8/&1./* &';6,*9 +,* 2')0<;),* +3,1; 1.-*. =;, ),* .'-* <1)<.;2 8Cw9 *')>1/0* 8/&1./*

?),;*9 @ T = 300K ,/ ,- *./;1/.'- +, <'-(-,2,-/ +1-* +,* A'&,* &,2A).* 8 !"!#

+, H = 10 ,/ 20B9# # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # !!C

"#!D E216, +, )1 <'-(6;&1/.'- +, 2')0<;),* +3,1; *./;0,* 1; >'.*.-16, +3;-, *;&F1<, +,

*.).<, :5+&'45)0, +1-* ;- A'&, +, H = 20B @ T = 300K ,/ P = 2.5 × 10−3 P0#

G,* *,62,-/* &';6,* ,/ H1;-,* &,A&0*,-/,-/ ),* ).1.*'-* ,-/&, ),* 1/'2,* +, *.).<.;2

,/ ),* 1/'2,* +3'4567-, +1-* ), *;?*/&1/ +, *.).<,# G,* *,62,-/* &';6,* ,/ ?)1-<*

*'-/ ),* ).1.*'-* OH +,* 2')0<;),* +3,1; 1+*'&?0,* ,/ ),* 6&';A,* :5+&'45),*# # # ! !

"#!I 8J&'./,9 %&'()* +, +,-*./0 +,* 1/'2,* +3'4567-, +,* 2')0<;),* +3,1; 8/&1./* -'.&*9K

+,* .'-* Na+
8/&1./* ?),;*9 ,/ +,* .'-* Cl− 8/&1./* &';6,*9 @ T = 300K ,- *./;1/.'-

+, <'-(-,2,-/ +1-* ;- A'&, &,2A). 8P = P09 +, *.).<, @ *;&F1<, <:1&60, <'2A,-*0,

A1& +,* <'-/&,L.'-* Na+
+, H = 10B 8:1;/9 ,/ +1-* )1 2M2, A'&'*./0 1>,<

;- <';A), +3.'-* NaCl ,- A);* +,* .'-* <'2A,-*1/,;&* 8?1*9# 8N1;<:,9 %&'()*

+, +,-*./0 +,* 1/'2,* +3'4567-, 8/&1./* -'.&*9 ,/ +,* 1/'2,* +3:5+&'67-, 8/&1./*

&';6,*9 +,* 2')0<;),* +3,1;K +,* .'-* Ca2+
8/&1./* ?),;*9 ,/ +,* .'-* Cl− 8/&1./*

&';6,*9 @ T = 300 K ,- *./;1/.'- +, <'-(-,2,-/ +1-* ;- A'&, +, *.).<, +, H =

10B @ *;&F1<, <:1&60, <'2A,-*0, A1& +,* <'-/&,L.'-* Ca2+
K &,2A). +3,1; 8P = P09

,/ A'**0+1-/ ;- <';A), +3.'-* CaCl2 ,- A);* +,* .'-* <'2A,-*1/,;&*# # # # # # # # ! !

"#!O P'-</.'-* +, +.*/&.?;/.'- &1+.1), ,-/&, ),* .'-* <1)<.;2 <'2A,-*1/,;&* ,/ ),* 1/'2,*

+3'4567-, +,* 2')0<;),* +3,1; /&1<0,* A';& +,;4 /5A,* +, *5*/72,* Q +,* A'&,*

F,-/, +, *.).<,* 12'&A:, 1>,< +,* *;&F1<,* <:1&60,* <'2A,-*0,* A1& +,* <'-/&,L

.'-* Ca2+
861;<:,9K -'/0 +'A0 Ca2+

K ,/ +,  !"!# 8+&'./,9# J,;4 /1.)),* +, A'&,*

*'-/ 0/;+.0,*K H = 10B 8:1;/9 ,/ H = 20B 8?1*9# G,* &0*;)/1/* *'-/ <'2A1&0*

@ )1 F'-</.'- '?/,-;, +1-* ), >');2, A';& ;-, *');/.'- 1=;,;*, 0),</&')5/.=;, +,

CaCl2 +, <'-<,-/&1/.'- [CaCl2] ≈ 12.96 g.L−1
# # # # # # # # # # # # # # # # # # # # ! R

"#!C J.*/&.?;/.'-* +; A1&127/&, +3'&+&, S ,- F'-</.'- +, z +.*/1-<, A1& &1AA'&/ @ )1

*;&F1<, +; A'&, *;.>1-/ *1 -'&21), A';& +,* 2')0<;),* +3,1; @ T = 300 K ,/ @

&,2A).**16, <'2A),/ 8P = P09 +1-* ;- A'&, F,-/, +, )1&6,;& H = 10B# z = 0

<'&&,*A'-+ @ )1 A'*./.'- 1; 2.).,; +; A'&,# S&'.* *5*/72,* *'-/ 0/;+.0* Q 8:1;/9

*.).<, 12'&A:, @ *;&F1<, :5+&'45)0,K 82.).,;9 *.).<, 12'&A:, @ *;&F1<, <:1&60,

<'2A,-*0, A1& +,* <'-/&,L.'-* Ca2+
,/ 8?1*9  !"!## # # # # # # # # # # # # # # # # ! D

"# T J.*/&.?;/.'-* +; A1&127/&, +3'&+&, S ,- F'-</.'- +, z +.*/1-<, A1& &1AA'&/ @ )1

*;&F1<, +; A'&, *;.>1-/ *1 +.&,</.'- -'&21), A';& +,* 2')0<;),* +3,1; @ T = 300 K

,/ @ &,2A).**16, <'2A),/ 8P = P09 +1-* ;- A'&, F,-/, +, )1&6,;& H = 20B# z = 0

<'&&,*A'-+ @ )1 A'*./.'- 1; 2.).,; +; A'&,# S&'.* *5*/72,* *'-/ 0/;+.0* Q 8:1;/9

*.).<, 12'&A:, @ *;&F1<, :5+&'45)0,K 82.).,;9 *.).<, 12'&A:, @ *;&F1<, <:1&60,

<'2A,-*0, A1& +,* <'-/&,L.'-* Ca2+
,/ 8?1*9  !"!## # # # # # # # # # # # # # # # # ! I



 !  !"#$ %$& '()*+$&

"# ! $%&'() *+ ,-./0+12)20.1 *+3 (.,'%4,+3 *-+)4 )4 5.0301)6+ *-41+ 34/7)%+ *+ 30,0%+

&8*/.98,'+ .4 : 34/7)%+ %&)/6'+ %.(;+13'+ ;)/ *+3 %.12/+<0.13 Ca2+
# =+3 (.,'<

%4,+3 *-+)4 3.12 /+;/'3+12'+3 ;)/ *+3 *03>4+3 /.46+3 +2 ?,)1%3 ),./3 >4+ ,+3 0.13

%),%04( 3.12 /+;/'3+12'3 ;)/ *+3 *03>4+3 6/03# # # # # # # # # # # # # # # # # # # # # ! @

"#  A032/0?420.13 *-)16,+3 *)13 ,) ;/+(0B/+ %.4%&+ )*3./?'+ : ,) 34/7)%+ *4 ;./+ ;.4/

*+3 3832B(+3 *+ 30,0%+ )(./;&+ : 34/7)%+ &8*/.98,'+ C,061+3 ?+06+3DE 30,0%+ )(./;&+

: 34/7)%+ %&)/6'+ %.(;+13'+ ;)/ *+3 %.12/+<0.13 Ca2+
C,061+3 1.0/3DE 1.2' *.;'

Ca2+
E +2 *+  !"!# C,061+3 /.46+3DE ;.4/ *+49 2)0,,+3 *+ ;./+3 F C6)4%&+D H =

10G +2 C*/.02+D H = 20G# # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # ! H

I#! A';,)%+(+123 >4)*/)20>4+3 (.8+13 CJ$AD 2/)%'3 +1 7.1%20.1 *4 2+(;3 *)13 *+3

;./+3 7+12+ *+ 30,0%+ : 34/7)%+ &8*/.98,'+ *+ *0K'/+12+3 2)0,,+3E H = 10 C,061+3

/.46+3DE 20 C,061+3 ?,+4+3DE +2 40G C,061+3 5+/2+3D# L 6)4%&+E ,+ J$A +32 2/)%' +1

1+ %.130*'/)12 >4+ ,+3 *';,)%+(+123 3405)12 ,) *0/+%20.1 z ),./3 >4-: */.02+ %+ 3.12

,+3 *0/+%20.13 3405)12 x +2 y >40 3.12 %.130*'/'+3# # # # # # # # # # # # # # # # # # # !"I

I# A';,)%+(+123 >4)*/)20>4+3 (.8+13 CJ$AD *)13 ,+ ;,)1 ;)/),,B,+ : ,) 34/7)%+ *4

;./+ 2/)%'3 +1 7.1%20.1 *4 2+(;3 *)13 *+3 ;./+3 7+12+ *+ H = 10G C6)4%&+D +2

20G C*/.02+D# M/.03 28;+3 *+ 34?32/)23 3.12 %.130*'/'3 F 30,0%+ )(./;&+ : 34/7)%+

&8*/.98,'+ C,061+3 /.46+3DE 30,0%+ )(./;&+ : 34/7)%+ %&)/6'+ %.(;+13'+ ;)/ *+3

%.12/+<0.13 Ca2+
C,061+3 ?,+4+3D +2  !"!# C,061+3 +1 ;.0120,,'3 1.0/3D# # # # # # # # !"N

I#" O.+P%0+123 *-)42.<*0K430.1 +1 7.1%20.1 *+ ,-015+/3+ *+ ,) 2)0,,+ *4 ;./+ ;.4/ ,+3

34?32/)23 *+ 30,0%+ )(./;&+ : 34/7)%+ &8*/.98,'+ *+ H = 10E 20 +2 40G .?2+143

)5+% ,+ ;.2+120+, $QO C%)//'3 /.46+3D# =+3 /'34,2)23 3.12 %.(;)/'3 )49 5),+4/3 *+

30(4,)20.1 .?2+14+3 *)13 ,+3 2/)5)49 *+  $%&'())*+ ,& $)- )5+% ,+ ;.2+120+, $QORS

C/.1*3 1.0/3D T UHV# # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # !"H

I#I A';,)%+(+123 >4)*/)20>4+3 (.8+13 CJ$AD *+3 0.13 %),%04( *)13 ,) ;./.302' C2/.03

*0/+%20.13 *+ ,-+3;)%+D 2/)%'3 +1 7.1%20.1 *4 2+(;3 *)13 ,+3 3832B(+3 *+ 30,0%+

)(./;&+ : 34/7)%+ %&)/6'+ %.(;+13'+ ;)/ *+3 %.12/+<0.13 Ca2+
C,061+3 1.0/+3D +2 *+

 !"!# C,061+3 /.46+3D# A+49 2)0,,+3 *+ ;./+3 3.12 %.130*'/'+3 F H = 10G C6)4%&+D

+2 H = 20G C*/.02+D# # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # !"W



 !"#$ %$& '()*+$&  !"

#$% &'()*+,-,./0 12*34*/512,0 -67,.0 89:&; +62+<, (*4 +62+<, 3*.0 ), ()*. (*4*)=

)>), ? )* 024@*+, 32 (64,A ? T = 300K ,/ P = P0 /4*+'0 ,. @6.+/56. 32 /,-(0 3*.0

3,0 (64,0 @,./, 3, 05)5+, *-64(<, ? 024@*+, <7346B7)', 8)5C.,0 .654,0;A 3, 05)5+,

*-64(<, ? 024@*+, +<*4C', +6-(,.0', (*4 3,0 +6./4,=56.0 Ca2+
8)5C.,0 462C,0;

,/ 3*.0 ),  !"!# 8)5C.,0 D),2,0;$ E,0 36..',0 06./ +6-(*4',0 *2B 3'()*+,-,./0

12*34*/512,0 -67,.0 6D/,.20 (624 3,0 -6)'+2),0 3F,*2 3*.0 ), G6)2-, 8)5C.,0 ,.

(65./5))'0 .6540;$ H 3465/, 06./ 4,(4'0,./'0 ),0 9:& 3*.0 ),0 3,2B (4,-5>4,0 +62+<,0

*3064D',0 ? )* 024@*+, 32 (64, 8Lads;$ H C*2+<,A 06./ 4,(4'0,./'0 ),0 9:& 3*.0 ),

+6,24 32 (64, 8Lmid;$ &,2B /*5)),0 3, (64, 06./ +6.053'4',0 I H = 10J 8KC24, 32

<*2/; ,/ H = 20J 8KC24, 32 D*0;$ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ !#L

#$M N6.+/56.0 3F*2/6=+644')*/56. /,-(64,)), /4*+',0 (624 2., 8(65./5))'0; ,/ 3,2B 8)5C.,0

(),5.,0; +62+<,0 3F,*2$ O4650 070/>-,0 06./ +6.053'4'0 I 05)5+, *-64(<, ? 024@*+,

<7346B7)', 8)5C.,0 .654,0;A 05)5+, *-64(<, ? 024@*+, +<*4C', +6-(,.0', (*4 3,0

+6./4,=56.0 Ca2+
8)5C.,0 462C,0; ,/  !"!# 8)5C.,0 D),2,0;$ &,2B /*5)),0 3, (64,

06./ (450,0 ,. +6-(/, I H = 10J 8<*2/; ,/ H = 20J 8D*0;$ $ $ $ $ $ $ $ $ $ $ $ $ !#"

#$P O4*.0@64-',0 3, $%&'()' 3,0 @6.+/56.0 3F*2/6=+644')*/56. /,-(64,)), /4*+',0 (624

3,2B +62+<,0 3F,*2$ O4650 070/>-,0 06./ +6.053'4'0 I 05)5+, *-64(<, ? 024@*+,

<7346B7)', 8)5C.,0 .654,0;A 05)5+, *-64(<, ? 024@*+, +<*4C', +6-(,.0', (*4 3,0

+6./4,=56.0 Ca2+
8)5C.,0 462C,0; ,/  !"!# 8)5C.,0 D),2,0;$ E* /*5)), 3, (64, ,0/

H = 10J$ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ !##

#$Q :+<'-* 3, (45.+5(, 3, )* -,024, 32 D425/ -*C'/512, 12, C'.>4, ), .67*2 3F2., -6=

)'+2), -,024' ,. 4,)*B6-'/45, (*4 4'06.*.+, -*C.'/512, .2+)'*54, 83F*(4>0 *()'')

+),(-. R"%ST;$ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ !#M

#$S U'02)/*/ 3, )F*(()5+*/56. 32 -63>), 3, +),(-. 8,12*/56. 8#$!#;; 8)5C., D),2,; 024 ),0

4'02)/*/0 3, 37.*-512, -6)'+2)*54, 3F2. (64, @,./, 3, 05)5+, ? 024@*+,0 <7346B7)',0

3, H = 20J ? T = 300 K ,/ P = P0$ EF'(*500,24 3, )* +62+<, *3064D', ? )* 024@*+,

,0/ 3, e2C ≈ 4J +644,0(6.3*./ ? 3,2B +62+<,0 3F,*2 *3064D',0$ E,0 4'02)/*/0

06./ +6-(*4'0 *2 G(τ) 6D/,.20 3*.0 .60 05-2)*/56.0 8(65./0 460,0;$ H C*2+<,A ),0

4'02)/*/0 06./ +6-(*4'0 ,. @4'12,.+,0 *)640 12F? 3465/, 5)0 06./ +6-(*4' ,. /,-(0$ !#P

%$! V46K)0 3, 3,.05/' 3,0 */6-,0 3F6B7C>., 3,0 -6)'+2),0 3F,*2 ? T = 300K 8/4*5/0

D,5C,0; ,/ T = 175K 8/4*5/0 .6540; ,. 05/2*/56. 3, +6.K.,-,./ 3*.0 3,0 (64,0

4,-()50 3, 05)5+, *-64(<, ? 024@*+, <7346B7)', 8<*2/;A 3, 05)5+, *-64(<, ? 024@*+,

+<*4C', +6-(,.0' (*4 3,0 +6./4,=56.0 Ca2+
8-5)5,2; ,/ 3,  !"!# 8D*0;$ &,2B

/*5)),0 06./ +6.053'4',0 I H = 10 ,/ 20J$ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ !% 



 !"  !"#$ %$& '()*+$&

#$ %&'()* +, +,-*./0 +,* .'-* 12)1.34 1'45,-*2/,3&* 6 T = 300 K 7/&2./* 8,.9,*: ,/

T = 175 K 7/&2./* -'.&*: +2-* )2 5'&'*./0 &,45)., +,* *;*/<4,* 6 *3&=21, 1>2&90, +,

*.)1, 24'&5>, 7-'/0 +'50 Ca2+
: ,/ +,  !"!#$ ?,3@ /2.)),* +, 5'&, *'-/ 1'-*.+0&0,* A

H = 10 79231>,: ,/ 20B 7+&'./,:$ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ !#C

#$C DE,/* +, )2 /,450&2/3&, *3& ),* +.*/&.83/.'-* +F2-9),* G3, ='&4,-/ ),* ).2.*'-*

OH +,* 4')013),* +F,23 2H,1 )2 +.&,1/.'- -'&42), 6 )2 *3&=21, +2-* )2 5&,4.<&,

1'31>, 2+*'&80,$ ?,3@ /,450&2/3&,* *'-/ 1'-*.+0&0,*I T = 300K 7/&2./* 8,.9,*: ,/

T = 175 K 7/&2./* -'.&*:I 5'3& ),* *;*/<4,* +, *.).1, 24'&5>, 6 *3&=21, >;+&'@;)0,

7>23/:I +, *.).1, 24'&5>, 6 *3&=21, 1>2&90, 1'45,-*0, 52& +,* 1'-/&,J.'-* 12)1.34

74.).,3: ,/ +,  !"!# 782*:$ K,* &0*3)/2/* 5'3& +,3@ /2.)),* +, 5'&, *'-/ 4'-/&0,* A

H = 10 ,/ 20B$ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ !##

#$" ?.*/&.83/.'-* +3 52&24</&, +F'&+&, S ,- ='-1/.'- +, z )2 +.*/2-1, 52& &255'&/

6 )2 *3&=21, +3 *38*/&2/ *3.H2-/ )2 +.&,1/.'- -'&42), 6 1,//, +,&-.<&, 5'3& +,*

4')013),* +F,23 6 T = 300 K 7/&2./* 8,.9,*: ,/ T = 175 K 7/&2./* -'.&*: +2-* )2

5'&'*./0 &,45)., +,* *;*/<4,* +, *.).1, 24'&5>, 6 *3&=21, >;+&'@;)0, 7>23/:I +,

*.).1, 24'&5>, 6 *3&=21, 1>2&90, 1'45,-*0, 52& +,* 1'-/&,J.'-* 12)1.34 74.).,3:

,/ +,  !"!# 782*:$ ?,3@ /2.)),* +, 5'&, *'-/ 1'-*.+0&0,* A H = 10 ,/ 20B$ $ $ $ $ !#L

#$# ?.*/&.83/.'-* +3 52&24</&, +F'&+&, q ,- ='-1/.'- +, )2 +.*/2-1, -'&42), 6 )2

*3&=21, +3 *38*/&2/ z 5'3& +,* 5'&,* =,-/, +, *.).1, 24'&5>, >;+&'@;)0,I +,* 5'&,*

=,-/, +, *.).1, 24'&5>, 2H,1 3-, 1>2&9, +, *3&=21, 1'45,-*0, 52& +,* 1'-/&,J

.'-* Ca2+
7-'/0 +'50 Ca2+

: ,/ +,  !"!#I +2-* +,3@ /2.)),* +, 5'&, +.E0&,-/,* A

H = 10B 79231>,: ,/ H = 20B 7+&'./,:$ K2 ).9-, ,- 5'.-/.))0* ,/ )2 ).9-, ,- /&2./*

4.@/,* &,5&0*,-/,-/ ),* H2),3&* '8/,-3,* &,*5,1/.H,4,-/ 5'3& +, )F,23 ,- H')34,

6 T = 300 K ,/ 6 T = 175 K$ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ !#M

#$L N'-1/.'-* +, +.*/&.83/.'- &2+.2), ,-/&, ),* .'-* 12)1.34 1'45,-*2/,3&* ,/ ),* 2/'4,*

+F'@;9<-, +,* 4')013),* +F,23 /&210,* 5'3& +,3@ /;5,* +, *;*/<4,* A +,* 5'&,*

=,-/, +, *.).1, 24'&5>, 2H,1 +,* *3&=21,* 1>2&90,* ,/ +,* 1'-/&,J.'-* Ca2+
I-'/0

+'50 Ca2+
79231>,: ,/ +,  !"!# 7+&'./,:$ ?,3@ /2.)),* +, 5'&, *'-/ 0/3+.0,*I

H = 10B 7>23/: ,/ H = 20B 782*:I ,/ +,3@ /,450&2/3&,* *'-/ 1'-*.+0&0,*

T = 300 K 7).9-,* 8,.9,*: ,/ T = 175K 7).9-,* -'.&,*:$ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ !#O

#$P DE,/* +, )2 /,450&2/3&, *3& ),* +05)21,4,-/* G32+&2/.G3,* 4';,-* +2-* ), 5)2-

MSDxy 7>23/: ,/ +2-* )2 +.&,1/.'- -'&42), 6 )2 *3&=21, +3 5'&, MSDz 782*:

+,* 4')013),* +F,23$ ?,3@ *;*/<4,* *'-/ 0/3+.0* A 79231>,: )2 *.).1, 24'&5>, 6

*3&=21, >;+&'@;)0, ,/ 7+&'./,: )2 *.).1, 24'&5>, 6 *3&=21, 1>2&90, 1'45,-*0, 52&

+,* 1'-/&,J.'-* Ca2+
I -'/0 +'50 Ca2+

$ ?,3@ /2.)),* +, 5'&, *'-/ 1'-*.+0&0,* A

H = 10B ,/ H = 20B$ K,* &0*3)/2/* *'-/ 1'452&0* 23@ H2),3&* '8/,-3,* +2-* ),

H')34,$ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ !L!



 !"#$ %$& '()*+$&  !"

"#$ %&'()*'+,- ./01,&.*21-*&+ ,30)4- '+ 5&+),*&+ .' 6/*+7'3-' .' 60 ,'89430,13' 9&13

.' 6/'01 '+ 7&618' :,3*0+;6'- <'*;'-=> 9&13 1+ 9&3' 5'+,' .' -*6*)' 08&39?' ?@A

.3&B@64' :)0334- 3&1;'-= ', 9&13 1+ 9&3' 5'+,' .' -*6*)' 08&39?' C -1350)' )?03;4'

)&89'+-4' 903 .'- )&+,3'A*&+- Ca2+
> +&,4 .&94 Ca2+

:3&+.- +&*3-=# D'1B ,0*66'-

.' 9&3' -&+, )&+-*.434'- E H = 10F :;01)?'= ', H = 20F :.3&*,'=# # # # # # # # # !G 

"#H I2',- .' 60 ,'89430,13' -13 6'- .4960)'8'+,- J10.30,*J1'- 8&@'+- .'- *&+- .0+-

6' 9&3' .' -*6*)' 08&39?' C -1350)' )?03;4' )&89'+-4' 903 .'- )&+,3'A*&+- Ca2+
>

+&,4 .&94 Ca2+
# D'1B ,0*66'- .' 9&3' -&+, )&+-*.434'- E H = 10F ', H = 20F# # !G 

"#!K D4960)8'+,- J10.30,*J1'- 8&@'+- :LMD= )&1)?' 903 )&1)?' .0+- 6' 960+ 903066N6'

C 60 -1350)' .1 9&3' ,30)4- '+ 5&+),*&+ .1 ,'89- .0+- .'- 9&3'- 5'+,' .' -*6*)'

08&39?' C -1350)' ?@.3&B@64' :;01)?'= ', .' -*6*)' 08&39?' C -1350)' )?03;4'

)&89'+-4' 903 .'- )&+,3'A*&+- Ca2+
> +&,4 .&94 Ca2+

:.3&*,'=# O'- 9&3'- -&+,

3'896*- :P = P0= ', .'1B ,'89430,13'- -&+, )&+-*.434'- E T = 300K :6*;+'-

<'*;'-= ', T = 175K :6*;+'- +&*3'-=# D'1B ,0*66'- .' 9&3'- -&+, 8&+,34'- E H =

10F ', H = 20F# Lads 3'93'-'+,' 60 )&1)?' 0.-&3<4' .&+, 6/490*--'13 '-, 93*-' C

.'1B )&1)?'- 8&64)160*3'- ', Lmid 3'934-'+,' 60 903,*' )'+,306' .1 9&3'# # # # # # !G"

"#!! P&+),*&+- ./01,&A)&33460,*&+ ,'89&3'66' ,30)4'- .0+- .'- 9&3'- 5'+,' .' -*6*)' 08&39?'

C -1350)' ?@.3&B@64' :;01)?'= ', .' -*6*)' 08&39?' C -1350)' )?03;4' )&89'+-4' 903

.'- )&+,3'A*&+- Ca2+
> +&,4 .&94 Ca2+

:.3&*,'=# O'- 9&3'- -&+, 3'896*- :P = P0=

', .'1B ,'89430,13'- -&+, )&+-*.434'- E T = 300 K :6*;+'- <'*;'-= ', T = 175 K

:6*;+'- +&*3'-=# D'1B ,0*66'- .' 9&3' -&+, 8&+,34'- E H = 10F ', H = 20F#

O/490*--'13 .' 60 )&1)?' 0.-&3<4' C 60 -1350)' '-, 93*-' C .'1B )&1)?'- ./'01# # # !GG

Q#! M)?480 -*,10+, 6'- .*243'+,- 93&.1*,- 8*+4301B C <0-' .' )06)*18> -*6*)*18 ',

0618*+*18 9&170+, '+,3'3 .0+- 60 )&89&-*,*&+ .'- )*8'+,- )&130+,- :./093N- RSG"T=#  U

V#! I7&61,*&+ -)?480,*J1' .' 60 J10+,*,4 .' )?06'13 .4;0;4' 6&3- .' 6/?@.30,0,*&+# # #  S!

V# I7&61,*&+ .1 8&.16' ./460-,*)*,4 .1 <4,&+ 01 )&13- .1 ,'89- E 706'13- 'B943*A

8'+,06'- ', 6&* 5&13+*' 903 6' 3N;6'8'+, .' )06)16 .'- &1730;'- '+ <4,&+ VWIO X

<4,&+ 934)&+,30*+, 01B 4,0,- 6*8*,'- :./093N- RSGGT=# # # # # # # # # # # # # # # # # #  S 

I#! D*243'+,- ,@9'- .' 9&,'+,*'6- 9&13 6/'01 E 6'- ,@9'- 0> < ', ) -&+, 960+ 06&3- J1' 6'

,@9' . 0.&9,' 1+' ;4&84,3*' ,4,30?N.3*J1' :./093N- RYHT=# # # # # # # # # # # # # #  S$
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 !"#$ %$" #&'($&)*

 !" #$%$&'(%)* #+,-%./ 012% 34)$25 3)* 617* )( 3$ *6368)! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 9"

 ! #$%$&'(%)* #+,-%./ 012% 34)$25 3)* 617* )( 3)  !"!#! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 9 

 !: #$%$&'(%)* 8%16*;* <) <6*0)%*617 )( <) %;023*617 <2 01()7(6)3 #+,-%./ 012% <)

34)$2 )( <)* 617* )7 67()%$8(617 $=)8 <) 3$ *6368)! >)* %'?3)* <) 81&@67$6*17* <)

$%&' )( (&)*+,&- *17( 2(636*;)* 012% 3)* 67()%$8(617* %;023*6=)*! ! ! ! ! ! ! ! ! ! ! 9 

 !A #$%$&'(%)* 8%16*;* <) <6*0)%*617 )( <) %;023*617 <2 01()7(6)3 #+,-%./ 012% <)

34)$2 )( <)* 617* )7 67()%$8(617 $=)8 <)* B)2633)(* <)  !"!#! >)* %'?3)* <) 81&@6,

7$6*17* <) $%&' )( (&)*+,&- *17( 2(636*;)* 012% 3)* 67()%$8(617* %;023*6=)*! ! ! ! ! 9:

 !C #$%$&'(%)* 8%16*;* <) <6*0)%*617 )( <) %;023*617 <2 01()7(6)3 ./001*2!340/- 50!'6

012% <) 34)$2 )( <)* 617* )7 67()%$8(617 $=)8 <) 3$ *6368)! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 9C

 !D #$%$&'(%)* 8%16*;* <) <6*0)%*617 )( <) %;023*617 <2 01()7(6)3 ./001*2!340/- 50!'6

012% <) 34)$2 )( <)* 617* )7 67()%$8(617 $=)8 <)* B)2633)(* <)  !"!#! ! ! ! ! ! ! ! ! 9C

 !E FG$%?)* )( 0$%$&'(%)* ./001*2!340/- 012% 3)* )*0'8)* <2 H26<)! ! ! ! ! ! ! ! ! ! 9D

:!" I$3)2%* <) 3$ 0%)**617 <) 817<)7*$(617 8$0633$6%) Pcc <$7* 3)* *J*('&)* <) *6368)

$&1%0G) K *2%B$8)* GJ<%1LJ3;)* M71(; SiO2 GJ<%1LJ3;N5 <) *6368) $&1%0G) $=)8 27)

8G$%?) <) *2%B$8) 81&0)7*;) 0$% <)* 817(%),617* Ca2+
M71(; SiO2 <10; Ca2+

N )(

<)  !"!#! >)* %;*23($(* *17( <177;* 012% <)* ($633)* <) 01%)* $33$7( <) 10 K 40O! "P"

:! Q*(6&$(617 <) 3$ ()&0;%$(2%) 8%6(6R2) <) 817<)7*$(617 8$0633$6%) K 34$6<) <) 3$

%)3$(617 M:!"N 012% 3)* (%16* ($633)* <) 01%)* 817*6<;%;)* S H = 105 20 )( 40O! ! ! ! "PE

:!: Q*(6&$(617 <) 3$ ($633) <) 01%) <) 71* *2@*(%$(* <) *6368) $&1%0G) K *2%B$8) GJ,

<%1LJ3;) M71(; SiO2 GJ<%1LJ3;N5 <) *6368) $&1%0G) K *2%B$8) 8G$%?;) 81&0)7*;)

0$% <)* 817(%),617* Ca2+
M71(; SiO2 <10; Ca2+

N )( <)  !"!# 0$% 3$ %)3$(617 <)

7/)8+0! Hsim %)0%;*)7() 3) ($633) %;)33) <) 71(%) *J*('&) )( HKelvin 34)*(6&$(617

0$% 3) @6$6* <) 3$ %)3$(617 <) 7/)8+0 M;R2$(617 "!"PN! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! "P9

 "E



 !"  !"#$ %$" #&' $&()

#$% &'(')*+(,- ./'01-+,),2+ 3'( 4' 456 -,)67,)36(681, 9#$#: ., 4/;<541+652 ., 4/;3'6-7

-,1( ., 4' =51=>, '.-5(?;, ,2 @52=+652 ., 4' 3(,--652 3'(+6,44, P/P0 351( 4,-

-1?-+('+- ., -646=, ')5(3>, A -1(@'=, >B.(5CB4;, 925+; SiO2 >B.(5CB4;:D ., -646=,

')5(3>, A -1(@'=, =>'(E;, =5)3,2-;, 3'( .,- =52+(,7652- Ca2+
925+; SiO2 .53;

Ca2+
: ,+ .,  !"!#$ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ !!F

#$G &'(')*+(,- .1 )5.*4, HIJ ,+ ,-+6)'+652 ., 4' -1(@'=, .1 35(, 351( 4,- -1?-+('+-

., -646=, ')5(3>, A -1(@'=, >B.(5CB4;, 925+; SiO2 >B.(5CB4;:D ., -646=, ')5(3>,

A -1(@'=, =>'(E;, =5)3,2-;, 3'( .,- =52+(,7652- Ca2+
925+; SiO2 .53; Ca2+

: ,+

.,  !"!#$ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ !! 

#$K L5)?(,- ., -54<'+'+652 351( 4,- 652- ='4=61) =52M2;- .'2- 4, );-535(, ,+ 351( 4,

<541),$ R .522, 4' 35-6+652 .1 3(,)6,( )626)1) .'2- 4' @52=+652 ., .6-+(6?1+652

('.6'4, g(r)$ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ ! G

%$! N5,O=6,2+- ./'1+57.6P1-652 ., 4/,'1 =52M2;, .'2- .,- 35(,- @,2+, ., -646=, ')5(3>,

>B.(5CB4;,D ., -646=, ')5(3>, A -1(@'=, =>'(E;, =5)3,2-;, 3'( .,- =52+(,7652-

Ca2+
,+ .,  !"!#$ Q,- =5,O=6,2+- -52+ ;=(6+- ,2 @52=+652 ., D0 = 4.17×10−5 cm2.s−1

4' <'4,1( <541)681, .1 =5,O=6,2+ ./'1+57.6P1-652 ., 4/,'1 A P = P0 ,+ T = 300 K$ !#R

%$ &(5?'?646+;- ., S-1(<6,S Psurv .,- )54;=14,- ./,'1 .'2- 4' =51=>, '.-5(?;, .,-

-B-+*),- ., -646=, ')5(3>, A -1(@'=, >B.(5CB4;, 925+; SiO2 >B.(5CB4;:D ., -646=,

')5(3>, '<,= 12, =>'(E, ., -1(@'=, =5)3,2-;, 3'( .,- =52+(,7652- Ca2+
925+;

SiO2 .53; Ca2+
: ,+ .,  !"!#$ Q,- (;-14+'+- -52+ .522;- 351( .,- +'644,- ., 35(, .,

10 ,+ 20T$ U,1C ;3'6--,1(- ., =51=>, -52+ =52-6.;(;,- e1C ≈ 2.3T 9e1C ≈ 2T 351(

4,  !"!# : ,+ e2C ≈ 4T$ Q,- (;-14+'+- -52+ =5)3'(;- '1 ('335(+ .1 <541), ., 4'

=51=>, Vc -1( 4, <541), .1 35(, Vpore$ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ !%%

G$! IP,+- ., 4' +,)3;('+1(, -1( 4,- 25)?(,- ., -54<'+'+652 351( 4,- 652- ='4=61)

=52M2;- .'2- 4, );-535(,$ R .522, 4' 35-6+652 .1 3(,)6,( )626)1) .'2- 4'

@52=+652 ., .6-+(6?1+652 ('.6'4, g(r)$ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ !KF

G$ N52-+'2+,- ., .6P1-652 D′
,+ ;2,(E6,- ./'=+6<'+652 Ea .1 )5.*4, ./V((>;261- 351(

4,- -B-+*),- ., -646=, ')5(3>, A -1(@'=, >B.(5CB4;, ,+ A -1(@'=, =>'(E;, =5)3,2-;,

3'( .,- =52+(,7652- Ca2+
$ U,1C +'644,- ., 35(, -52+ =52-6.;(;,- W H = 10 ,+ 20T$ !K%

V$! U;-6E2'+652 .,- 5CB.,- ,2 25+'+652 =6),2+6*(, 9./'3(*- X#KRY:$ $ $ $ $ $ $ $ $ $ $ $   %

V$ N5)35-6+652 )62;('45E681, )5B,22, .,- =462Z,(- &5(+4'2. 9./'3(*- XR Y:$ $ $ $ $ $   G

V$# N5)35-6+652 .,- 3(5.16+- 6--1- ., 4/>B.('+'+6529./'3(*- XR Y:$ $ $ $ $ $ $ $ $ $ $ $   G

H$! N>'4,1(- ./>B.('+'+652 .,- 3(62=63'1C =52-+6+1'2+- .1 =462Z,($ Q,- <'4,1(- -52+

.522;,- ,2 0514,- 3'( E(')), ., )'+6*(, '2>B.(, 9./'3(*- X#KKY:$ $ $ $ $ $ $ $ $ $  #F



 !"#$ %$" #&' $&()  !"

#$! %&''()* *+, -. */,+0/+,) 0,1*/.--1') 2)* /,&1* 1*&3&,45)* 2) -. /&6),3&,1/) 79.38 11

)/ 149: 4&+, -)*  !"!# 72;.4,<* =>>?:$ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $  @@

A$! B.6-) 2)* 4.,.3</,)* 2)* 4&/)'/1)-* ,1C12)* '&' 4&-.,1*.6-)* DE#8 DE#FA8 GDE#FA8

BHE@E8 BHEIE8 BHEJE )/ AE$ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $  @K

A$ B.6-).+ 2)* 4,&4,1(/(* 0,1/1L+)* 2)* 4&/)'/1)-* ,1C12)* M DE#8 DE#FA8 GDE#FA8

BHE@E8 BHEIE8 BHEJE )/ AE =@>K?$ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $  @"

A$@ B.6-).+ 2)* 4,&4,1(/(* 45N*1L+)* 2)* 4&/)'/1)-* ,1C12)* '&' 4&-.,1*.6-)* DE#8

DE#FA8 GDE#FA8 BHE@E8 BHEIE8 BHEJE )/ AE O  J  )/ ! ./3 7! ./3 P

1, 0133 × 105
E.: =Q"?$ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $  @"

A$I B.6-).+ 2)* 4.,.3</,)* 2)* 4&/)'/1)-* ,1C12)* 4&-.,1*.6-)* DE#RST8 DE#FE8 BHEIEFE8

BHEIERST8 D#E%E8 UV 73&2<-) O L+./,) 0)'/,)* 2) 05.,C): )/ EE# 73&2<-) #&,)R

D5)--:$ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $  IW

A$J B.6-).+ 2)* 4,&4,1(/(* 0,1/1L+)* 2)* 4&/)'/1)-* ,1C12)* 4&-.,1*.6-)* DE#RST8 DE#FE8

BHEIEFE8 BHEIERST8 D#E%E8 UV )/ EE# =@>K?$ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $  IW
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 !"#"$%& $'(%$)*+,-!% %, ./+0%0 1%0

)"(%$,0

 !"#$%& #'% '(")"%* +! %', -$&"%  !"#"$%&#. #")%"/$%& 0"*((* %'% &$"--1*. -* 2",*%& 0*!&

)1%1($-*,*%& #* +1/%"( 2',,* !%* ,$&"3(* "%'()$%"4!* 0!-51(!-*%&* 6'(,$%& $5*2 -7*$! '! $5*2

!%* #'-!&"'% #$-"%* !%* 08&* 0-$#&"4!* -"$%&* 2$0$9-* +7$))-',1(*(. *% +!(2"##$%&. +*# #!9#&$%2*#

5$("1*#

 

: ;*# <)=0&"*%# *& -*# >$=$# !&"-"#$"*%& +*# ,'(&"*(# ? ,1-$%)* +* 2@$!A. +7$()"-*. +*

#$9-* *& +7*$! ? +$%# -*!(# 2'%#&(!2&"'%#: ;*# B',$"%# '%&. 0$( -$ #!"&*. 0*(6*2&"'%%1 -$ 0("#*

*& -* +!(2"##*,*%& *% = $C'!&$%& +* -$ &*((* 5'-2$%"4!* +* '(&))(*"+ D '!EE'-$%*F: ;7!&"-"#$&"'%

+* 2*# ,$&1("$!A $ 0*(,"# *%&(* $!&(*# -$ (1$-"#$&"'% +* -$ 2'!0'-* +!  $%&@1'% +* B',*: ;$ /%

+* -7*,0"(* B',$"% $ *%)*%+(1 -$ 0*(&* +* 2* #$5'"(: G7*#& $! ,-," #"32-* 4!* -7'% $ (*+12'!5*(&

2* 0('21+1 +* 2'%#&(!2&"'%: <% *H*&. -* 6($%I$"# .(&/+ 0/ !% $5*2 -71-$9'($&"'% +* #$ &@1'("*

#2"*%&"/4!* +* -7@=+($!-"2"&1 ? "+*%&"/2$&"'% +! 0@1%',3%* +7@=+($!-"2"&1 +*# 2@$!A *% 1213 *&

2*--* +*# 2",*%&# *% 1245 ? *& -* 9("&$%%"4!* 6(+"78 9+7:/$ $5*2 #'% 9(*5*& +10'#1 *% 12;4

0'!( -$ 6$9("2$&"'% +7!%* 2@$!A @=+($!-"4!* J 0("#* ($0"+* ? 2',,*(2"$-*,*%& $00*-1 -* 2",*%&

'(<%*!$: ? '%& 0'#1 -*# 6'%+*,*%&# +! 2",*%& &*- 4!7'% -7!&"-"#* +* %'# C'!(#:

;* 2",*%& 0('5"*%& +7!% ,1-$%)* +7$()"-* *& +* 2$-2$"(* DCaCO3F: <% 6'%2&"'% +! 0('2*##!#

+! 6$9("2$&"'%. 2*# ,$&"3(*# 0(*,"3(*# #!9"##*%& +*# 1&$0*# +* 0(10$($&"'% D2'%2$##$)* '! *,'&K

&$)*. 0(1@',')1%1"#$&"'% '! +1-$=$)*K2("9-$)*. 9('=$)* *& @',')1%1"#$&"'%F: "- *A"#&* 4 )($%+*#
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D#12@$)* +* -$ 08&*F: N!C'!(+7@!". 2* 0('21+1 *#& )1%1($-*,*%& !&"-#1 -'(#4!* -* 2$-2$"(* *#& &('0

@!,"+*: <%#!"&*. -$ 6$("%* '! -$ 08&* *#& 2!"&* J &(3# @$!&* &*,01($&!(* D1450  F +$%# !% -'%)

6'!( ('&$&"6: ;* 0('+!"& +* 2*&&* 2!"##'% +'%%* +*# %'+!-*#: O"%*,*%&# 9('=1#. '% '9&"*%& -* 2-"%K
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  !  !!"#"  $ %&'('!") !%*"!+, -.&" "- /0 1"1 2"1 +'*"!-1

"#$%&' (< 5%)* +, -."/0"11, 20'3,4&' 5/%0, 6*7 2,01,& -, 3.&%,0 8,3 20.48.2"%9 8$43&.&%"4&3

3,:$4 :,%0 &,4,%0 1"33.;%, ,4 $9<-, -, 8":8.%1= -, 3.:.8.%1 ,& ->":%1.4.%1* ?%0"4& 8,&&, 2@"3,=

.: ,3& "%33. 2$33.A:, ->"#$%&,0 ->"%&0,3 ':'1,4&3 &,:3 ;%, :, :".&.,0 -, @"%&BC$%04,"%= :,3 8,4-0,3

D$:"4&,3 ,& :,3 5::,03 8":8".0,3* ?"43 8, 8"3= $4 $A&.,4& -,3 8.1,4&3 E "#$%&3* +,%0 20$2$0&.$4 ,&

:,%0 4"&%0, -'&,01.4,4& :,3 -.F'0,4&,3 8:"33,3 -, 8.1,4&* G4 H0"48,= &$%& 8,8. ,3& 0I/:,1,4&' 2"0

:" 4$01,  ! " #$%&#* +>$A&,4&.$4 -% 1"&'0."% 54": 3>,F,8&%, 2"0 @<-0"&"&.$4= "#$%& -, :>,"% E

:" 2$%-0, "4@<-0,* +,3 0'"8&.$43 8@.1.;%,3 3$%3B#"8,4&,3 3$4& /'4'0":,1,4& 2:%3 8$12:,9,3 ;%,

:" 3.12:, 8$4D,03.$4 ,4 @<-0"&,3 JKL= MKNO* G454= :" '()*+ ,3& :, 20$8,33%3 1,4"4& "% 8.1,4& 54":

(-%08.)*

 !"# 6*7 P Q8@'1" 3.&%"4& :,3 -.F'0,4&3 20$-%.&3 1.4'0"%9 E A"3, -, 8":8.%1= 3.:.8.%1 ,& ":%1.B

4.%1 2$%D"4& ,4&0,0 -"43 :" 8$12$3.&.$4 -,3 8.1,4&3 8$%0"4&3 (->"20I3 JMKRO)*

S3%,::,1,4& :,3 8.1,4&.,03 ,920.1,4& :,3 8$12$3"4&3 -% 8.1,4& 2"0 -,3 3$11"&.$43 ->$9<-,3*

?, 1"4.I0, E 3.12:.5,0 :>'80.&%0, :,3 $9<-,3 3$4& "A0'/'3 ,& 0,12:"8'3 2"0 -,3 :,&&0,3 8"2.&":,3*

T,&&, 4$&"&.$4 3.12:, ,3& %&.:, -"43 :, 8":8%: -,3 ;%"4&.&'3 1".3 4, 0,4- "A3$:%1,4& 2"3 8$12&,

-, :" 3&0%8&%0, -% 1"&'0."%* +,3 20.48.2":,3 "A0'D."&.$43 3$4& 0'3%1',3 -"43 :, &"A:,"% 6*7*

$%&# 6*7 P ?'3./4"&.$4 -,3 $9<-,3 ,4 4$&"&.$4 8.1,4&.I0, (->"20I3 JMKNO)*

C = CaO S = SiO2 A = Al2O3 F = Fe2O3

M = MgO K = K2O S̄ = SO3 N = Na2O3

T = T iO2 P = P2O5 H = H2O C̄ = CO2
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"#$ %&'$#$ ()*+,'-#$ ('.#/,#$ 0'*$ -# 1-)*2#,3 4/) ,#%,+$#*5#*5 %-/$ 0# 90% 0/ 1)(#*5 67,58

-'*0 9: ;3 $7*5 -<'-)5# =C3S 8 >)-)1'5# 5,)1'-1)4/#?3 -' @+-)5# =C2S 8 $)-)1'5# @)1'-1)4/#?3 -<'-/()*'5#

5,)1'-1)4/# =C3A? #5 -#$ '-/()*78A#,,)5#$ 5#5,'1'-1)4/#$ =C4AF ?B "#/, 17(%7$)5)7* ()*+,'-7C)4/#

(7D#**# #$5 07**+# 0'*$ -# 5'@-#'/ EB B F* ,#(',4/# 0'*$ 1# 5'@-#'/ 4/# -# $)-)1'5# 5,)1'-1)4/#

C3S #$5 #* A7,5# %,7%7,5)7* 0'*$ -# 1)(#*5 '*&D0,# 9GH:;B

 !"# EB I J7(%7$)5)7* ()*+,'-7C)4/# (7D#**# 0#$ 1-)*2#,$ 67,5-'*0 =0<'%,K$ 9: ;?B

6&'$# ()*+,'-# L ('$$)4/#

C3S 60 − 65

C2S 20 − 25

C3A 8 − 12

C4AF 8 − 10

M*N*3 -#$ %&'$#$ )$$/#$ 0# -<&D0,'5'5)7* $7*5 '/ *7(@,# 0# 5,7)$ O -#$ $)-)1'5#$ 0# 1'-1)/(

&D0,'5+$ = !"!# ?3 -' $%&'()*+,'- =Ca(OH)2? #5 -#$ '-/()*'5#$ 0# 1'-1)/( #5 $/-A78'-/()*'5#$

0# 1'-1)/( =-''&,*.,'-?B "#/,$ %,7%7,5)7*$ 0'*$ -# ('5+,)'/ N*'- $7*5 #P%7$+#$ 5'@-#'/ EBGB F*

*75# 4/# 1<#$5 -' %&'$#  !"!# 4/) #$5 ('.7,)5'),#B

 !"# EBG I J7(%7$)5)7* 0#$ %,70/)5$ )$$/$ 0# -<&D0,'5'5)7*=0<'%,K$ 9: ;?B

6&'$# L

J8>8Q 50 − 70

67,5-'*0)5# 25 − 27

#55,)*C)5# 7 − 10
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 !"#$%&'(& )( *+,-).#/#/%0$ )(&

"%'($/&

 !"#$ %&' ($)*"&+,' #*-!+$'#&' ."/./'*' ./0" "&+("& -/#.,& (& %123("!,!,$/+ (&' -$#&+,'4 %&

.%0' '0../",* .!" %&' &5.*"$&+-&' &', -&%0$ (&  ! "#$%!&'!(4 #*-!+$'#& (& ($''/%0,$/+6."*-$.$,!,$/+4

."/./'* &+ )**+7 8$+'$4 %/"' (& %1!9/0, (& %1&!0 !0 -$#&+, !+23("&4 -& (&"+$&" '& ($''/0, ."/:"&'6

'$;&#&+,7 <! '/%0,$/+ &', '!,0"*& &, (&' '&%' 23("!,*' -"$',!%%$'&+,7 =+ &)&,4 %! '/%0>$%$,* (&' '&%'

23("!,*' *,!+, >&!0-/0. .%0' ?!$>%& @0& -&%%& (&' -"$',!05 !+23("&'4 $%' ."*-$.$,&+, '/0' ?/"#& (&

-"$',!05 A .!",$" (& %! '/%0,$/+ '!,0"*&7 B&-$ ($#$+0& %! -/+-&+,"!,$/+ (&' &'.C-&' &+ '/%0,$/+7

D& +/0;&%%&' .!",$-0%&' !+23("&' .&0;&+, (/+- E,"& ($''/0,&'7 <& .2*+/#C+& '& ./0"'0$, 90'@01A

%123("!,!,$/+ -/#.%C,&7

F+ +/,& @0& ', ./0" -2!-0+ (&' -/#./'!+,' #!9/"$,!$"&' (0 -$#&+, !+23("&4 $% &5$',& 0+&

"*!-,$/+ (123("!,!,$/+ G '', (10+ ./$+, (& ;0& &5.*"$#&+,!% -&' "*!-,$/+' '/+, ($H-$%&' A (*I+$"

&, A $'/%&" JKLLM G ''', %! "*!-,$/+ (123("!,!,$/+ $+(0$, 0+& (*-"/$''!+-& (0 ;/%0#& :%/>!% (0

#!,*"$!0 N"&,"!$,O !$+'$ @0& %1!0:#&+,!,$/+ -/+,$+0& (& '/+ ;/%0#& !..!"&+, JKLPM4  ! "#$%!&'!(

%1/>'&";!$, $% 3 ! (& -&%! .%0' (10+ '$C-%& JKQRM G '-, ./0" 0+ -$#&+, (/++*4 %&' @0!+,$,*' (& ".

/.0 &, (& 12(%&$34'%! ?/"#*&' !0 -/0"' (& %123("!,!,$/+ (*.&+(&+, &''&+,$&%%&#&+, (0 "!../",

&!0S-$#&+, N+/,* =SBO &, (0 ,&#.' (& "*!-,$/+7 =+ #/3&++&4 0+& .T,& (& -$#&+, 23("!,*&

/"($+!$"& -/+,$&+, 50 A 70% (& "./.0 &, 25 A 27% (& 12(%&$34'%! JKLQM7

 !" #$% %&'&()*$% ()'(&+,$%

U/0, (1!>/"(4 %&' #*-!+$'#&' #$' &+ 9&05 %/"' (& %123("!,!,$/+ (& %1!%$,& NC3SO &, (& (& %! >*6

%$,& NC2SO '/+, $(&+,$@0&'7 <123("!,!,$/+ '1&)&-,0& '&%/+ ,"/$' "*!-,$/+' -2$#$@0&' ."$+-$.!%&' @0$

'1!#/"-&+, '0--&''$;&#&+, .0$' @0$ (&;$&++&+, '$#0%,!+*&'7 <! ."&#$C"& &', 0+& ($''/%0,$/+ (&'

:"!$+' (& '$%$-!,&' -!%-$@0&'7 =%%& &', &5/,2&"#$@0&7 B&,,& .2!'& (*>0,& (C' %& #*%!+:& (0 -$#&+,

VVQ



  !  !!"#" $% &'( !)*&"* +" ,-./+0 1 1)2! +"* ()&"!1*

"#$% &'$"() *" +,--.&(/,.0 -(1$23%,$&&$ +$- 42",0- +$ -,&,%"/$- %"&%,5($- %26$ (0 7,&,$( 8.2/$7$0/

9"-,5($ +"0- &$5($& &" 8.27$ ,.0,5($ -/"9&$ 7":.2,/",2$ +$ &" -,&,%$ +,--.(/$ $-/ H2(SiO4)
2−

)

*" -$%.0+$ 26"%/,.0 $-/ (0$ %2.,--"0%$ 2"1,+$ +( 4$& +$  !"!#) ;&&$ $-/ $0+./<$27,5($) =$//$

+$(>,?7$ 1<"-$ %.77$0%$ 5($&5($- 7,0(/$- "12?- &'<@+2"/"/,.0 $/ +(2$ 5($&5($- <$(2$-) ;0

8.0%/,.0 +$- %.0%$0/2"/,.0- $0 ,.0- <@+2.>@&$- A+.0% +( 1BCD $0 ,.0- -,&,%"/$- AH2(SiO4)
2−

C $/

$0 ,.0- %"&%,(7 12.#$0"0/ +$ &" 12$7,?2$ 6/"1$D ,& @ "(2" 0(%&6"/,.0 1(,- %2.,--"0%$ +( 4$& +$

 !"!#)

*" /2.,-,?7$ 26"%/,.0 $-/ &" 126%,1,/"/,.0 +$ &" $%&'()*+,'- A # C) ;&&$ $-/D %.77$ &" -$%.0+$D

$0+./<$27,5($) =$//$ 6/"1$ ,0/$2#,$0/ "( 9.(/ +$ 5($&5($- <$(2$-) *" %.0%$0/2"/,.0 $0 ,.0- %"&E

%,(7 +$#,$0/ /2?- 6&$#6$ $0 -.&(/,.0 A-(162,$(2$ F &" -.&(9,&,/6 -/.$%<,.76/2,5($ +$ &" $%&'()*+,'-

+"0- &'$"( +$ 22mmol/L F 25 C) *$ 1B $-/ "(--, /2?- 6&$#6 A$0/2$ 12, 4 $/ 13, 5C) G( 30"&D .0

6%2,/ &$ 9,&"0 26"%/,.00$& 1.(2 &$ C2S $/ &$ C3S &.2- +$ &'<@+2"/"/,.0 +$ &" 7"0,?2$ -(,#"0/$)

C2S + (2 + m − n) H → CnSHm + (2 − n) CH AH)IC

C3S + (3 + m − n) H → CnSHm + (3 − n) CH AH) C

J& " 6/6 6K$%/(6 1"2 +,K2"%/,.0 +$ 2"@.0- L (0 -(,#, +$ &'<@+2"/"/,.0 +$- -,&,%"/$- %"&%,5($- MNOP)

=$%, " 1$27,- +$ 7.0/2$2 5('"( 9.(/ +$ 28 :.(2- 70% +( C3S $/ 30% +( C2S .0/ 26"4,) G( 9.(/

+'(0 "0D .0 1"2#,$0/ F (0 /"(> +'"#"0%$7$0/ +$ &'<@+2"/"/,.0 12"/,5($7$0/ /./"& 1.(2 &$ C3S

$/ +$ 90% 1.(2 &$ C2S) ;0 8",/D &" +,--.&(/,.0 +$- -,&,%"/$- "0<@+2$- 0'$-/ :"7",- /./"&$ +"0- &$-

1Q/$- +$ %,7$0/) ;0 $K$/D &" 8.27"/,.0 +$-  !"!# #" -'$K$%/($2 F &" -(28"%$ +( 42",0 "0<@+2$ %$

5(, " 1.(2 %.0-65($0%$ +$ &$ 2$0+2$ 7.,0- "%%$--,9&$ F &'$"()

 !" #$%&'()*%+, +-).%&.)/',

;0 126-$0%$ +'$"(D &'"&(7,0"/$ /2,%"&%,5($ 26"4,/ 2"1,+$7$0/) *" 26"%/,.0 %.0+(,/ F &" 8.2E

7"/,.0 +$ /2.,- "&(7,0"/$- <@+2"/6- R C4AH13D C2AH8 $/ C3AH6) *$- +$(> 12$7,$2- %.71.-6-

%,/6- -$ 8.27$0/ "( 12$7,$2 -/"+$ +$ &" 26"%/,.0) S.(/$8.,-D &$ C3AH6 $-/ &" 8.27$ &" 1&(- -/"9&$ F

/$7162"/(2$ "79,"0/$) =$//$ 26"%/,.0 " (0$ %,06/,5($ /2?- 2"1,+$) *.2- +( 4Q%<"4$

 

D .0 .9-$2#$

"( 9.(/ +$ 5($&5($- 7,0(/$- (0 2",+,--$7$0/ +$ &" 1Q/$ +$ %,7$0/) =$ 1<60.7?0$ $-/ "11$&6

12,-$ 2"1,+$) *" 1Q/$ .9/$0($ 0'$-/ 1"- 7"&&6"9&$D 7",- 0$ 126-$0/$ "(%(0$ 12.12,6/6 +$ 26-,-/"0%$

76%"0,5($) =$ 1<60.7?0$ $-/ 4T0"0/ 1(,-5(',& 0$ 1$27$/ 1"- &'(/,&,-"/,.0 +$ &" 1Q/$ +$ %,7$0/

-(2 +$- 162,.+$- +$ /$71- "--$U &"24$- A5($&5($- <$(2$-C)

G30 +$ 1"&&,$2 %$ 1<60.7?0$D &" %,06/,5($ +$ &'<@+2"/"/,.0 +$ &'"&(7,0"/$ /2,%"&%,5($ $-/

264(&6$ 1"2 &'":.(/ +$ 5% +$ 4@1-$ ACaSO4, 2H2OC) *" 26"%/,.0 -$ 2"&$0/,/D 1$27$//"0/ +'.9/$0,2

 

 !"#$% & '"()*+ ,$ -./'+0$% /$ ")-$+( '+#1,%$ '2$" /3$'45



 !"! #$%#&'()* +,--(., /, 0%#0(&'   !

"#$ %&#'(&)"$ %*+,-.-/0$ 1 %$00$ 2$ 03452.-(-(&*# 2" C3S6 7- 8-.&-/&0&(' 2$ 8&($99$ 2$ .'-%(&*#

2$ 03452.-(-(&*# 2" C3A $# ,.'9$#%$ 23$-" $( 2$ :5,9$ ,$.+$( 2$ 2&9(&#:"$. )"-(.$ '(-,$9 2-#9

0$ ,.*%$99"9 23452.-(-(&*#6

;#&(&-0$+$#(< 0*.9 2" +'0-#:$ -8$% 03$-"< 0$ C3A =$)6 >6?@ $( 0$ :5,9$ =$)6 >6A@ 9$ 2&99*08$#(

.-,&2$+$#( $( 2*##$#( 0&$" 1 2$9 .'-%(&*#9 $B*(4$.+&)"$96

C3A + 21 H → C2AH8 + C4AH13 =>6?@

CS̄H1/2 + 3/2H → CS̄H2 =>6A@

C$9 .'-%(&*#9 -/*"(&99$#( 1 0- D*.+-(&*# 23"#$ 9*0"(&*# 9".9-(".'$ ,-. .-,,*.( -"B 452.-($96 7$9

&*#9 9$ %*+/&#$#( 2$ +-#&E.$ )"-9& &#9(-#(-#'$ $( D*.+$#( 2$9 %.&9(-"B 23 !!"#$%#! =$)6 >6F@6

C3A + 3CS̄H2 + 26 H → C3A.3CS̄.H32 (ettringite) =>6F@

73 !!"#$%#! ,.'%&,&($ 9". (*"($ 0- 9".D-%$ 2$9 :.-&#9 2$ C3A %$ )"& 0$9 $+,E%4$ 2$ 93452.-($. (.*,

.-,&2$+$#( 9*"9 0- D*.+$ CxAHy< *.&:&#$ 2$ 0- ,.&9$ .-,&2$6 G$#2-#( 0- 9$%*#2$ ,4-9$< -,,$0'$

,'.&*2$ 2*.+-#($< 03 !!"#$%#! %*#(&#"$ 2$ 9$ D*.+$.6

7- (.*&9&E+$ ,4-9$ &#($.8&$#( 0*.9)"$ (*"( 0$ :5,9$ - '(' %*#9*++'< 9*&( $#(.$ 10 $( 24

4$".$9 -,.E9 0$ 2'/"( 2$ 0- .'-%(&*# =/&$# -,.E9 0- ,.&9$ 2" %&+$#( )"& 93$H$%("$ $#(.$ 2 $( 6

4$".$9@6 ;0 .$9($ 2-#9 0$ +-('.&-" 2" C3A $# $B%E96 73 !!"#$%#! &#($.8&$#( -0*.9 $# 2$8$#-#(

"#$ 9*".%$ 2$ 9"0D-($ ,*". 0$ C3A #*# %*#9*++'6 7$ ,.*2"&( 2$ 0- .'-%(&*# =$)6 >6I@ 2*##$ 2"

+*#*9"0D-+&#-($ 2$ %-0%&"+ 452.-(' =JKL@6 C$(($ .'-%(&*# ,.*8*)"$ "#$ 2&99*0"(&*# .-,&2$ 2$

03-0"+&#-($ -#452.$ $# $B%E96

C3A.3CS̄.H32 + 2 C3A + 4 H → 3C3A.CS̄.H12 =>6I@

7- )"-(.&E+$ ,4-9$ $9( "#$ .'-%(&*# 1 0*#: ($.+$6 M# $H$(< 0- 9')"$#%$ 2$9 .'-%(&*#9 9$

,*".9"&( 2$ ,0"9 $# ,0"9 0$#($+$#( ,-. 0- D*.+-(&*# 23452.-($9 9"%%$99&D9 2$ +*&#9 $# +*&#9

.&%4$9 $# 9"0D-($6 L"N2$01 23"# +*&9< 0$ +*#*9"0D-+&#-($ .'-:&( 0$#($+$#( -8$% 03-0"+&#-($ $(

03-0"+&#*D$..&($ 2$ %-0%&"+ -#452.$ =C4AF @ ,*". 2*##$. "# -0"+&#*D$..&($ 2$ %-0%&"+ 452.-('

%*+,0$B$< &#%0"-#( 2$9 &*#9 -0"+&#-($9< D$..-($9< 9"0D-($9< %-0%&"+< $( 452.*B50$9 OI!P6

 !" #$%&'()*+ ,-..)/- 0- 1%&1)'(

73452.-(-(&*# 2$ 0- ,4-9$ D$..&($ $9( -99$Q +-0 %*##"$6 C$,$#2-#(< 2$9 9&+&0&("2$9 $#(.$ 0$9

,.*2"&(9 23452.-(-(&*# 2" C4AF =,0"9 :'#'.-0$+$#( 2$9 ,4-9$9 C4AxF1−x@ $( 2" C3A *#( '('

+*#(.'$9 O?RSP6 C$.(-&#$9 ,4-9$9 */($#"$9 9$.*#( 9&+&0-&.$9 1 03 !!"#$%#! < -,,$0'$9 &'! =Al −



 !"  !!"#" $% &'( !)*&"* +" ,-./+0 1 1)2! +"* ()&"!1*

2O3 − Fe2O3 − tri#$ %&'()*+, '( -./.,(01.'0(-2/')+$ '33+04+,  !" 5Al2O3 − Fe2O3 −mono#6

700+, ,+ 1.*-+/) '3*8, 0' 9:()+ %+ 9./9+/)*')2./ %+, ,(01')+, +/ ,.0()2./6

;+ C4AF +/ 3*4,+/9+ %+ <=3,+ 1.*-+ %+ 0&#$$%&'(&$#$ %( -./.,(01.'0(-2/')+$ %+ 0' )*%$+,'-&$#

+) %( 1+* >(2 3+() 3*49232)+* ,.(, 1.*-+ %&:=%*.?=%+,6 ;+, *4'9)2./, ,./) 0+, ,(2@'/)+,6

C4AF + 3CS̄H2 + 2CH + 3 OH → (C3A, (CS̄)3, 32 H2O) + (FH3) + CH 5A6B#

C4AF + C3A(CS̄)3H32 + 12 H → 3 (C3A,CS̄, 32 H2O) + 2 (FH3) + 2 CH 5A6C#

D.(* %+ 1'2E0+, 3*.3.*)2./,$ 20 +,) 3.,,2E0+ >(+ 0+ 1+* ,+ ,(E,)2)(+ F 0&'0(-2/2(- %'/, 0&+))*2/<2)+

53.(* 0+,  !$# .( %'/, 0+ -./.,(01.'0(-2/')+ 53.(* 0+,  !"#6 G+, 4)(%+, -./)*+/) 0&+?2,)+/9+

%+ *'33.*) !#. + 1'2E0+, %'/, 0+, :=%*')+,$ @.2* -H-+ 0&'E,+/9+ ).)'0+ %+ 1+* ,(E,)2)(4 I!B J6

;&:=3.):8,+ '@'/94+ 3.(* +?302>(+* 9+ %4K92) %+ 1+* +,) (/+ %2-2/()2./ %+ 0' -.E202)4 %+, 2./,

Fe3+
%'/, 0+, ,.0()2./, '09'02/+, I!B!J6

 !" #$%&'&(&)*+ ,+ (-$.,%/0/0*&'

;' 3*2,+ +) 0+ %(*92,,+-+/) %( 92-+/) +,) 0+ *4,(0)') %&(/ 9+*)'2/ /.-E*+ %+ *4'9)2./, 9:2L

-2>(+, %./) 0+, 3*2/923'0+, ,./) %(+, F 0&:=%*')')2./ %+, ,2029')+, %( 902/M+*6 700+, ,&'99.-3'</+/)

%&(/ 1.*) %4<'<+-+/) %+ 9:'0+(*$ '33+04 0' 9:'0+(* %&:=%*')')2./6 N&+,) 0' ,.--+ %+ 0&+/):'032+

%+ 1.*-')2./ +) %+ 0' 9:'0+(* %4<'<4+ 3'* 0&'%,.*3)2./ %+, -.049(0+, %&+'(6 D.(* 0+, +,389+,

3(*+,$ 0+, 9:'0+(*, %&:=%*')')2./, ,./) %4029')+, F -+,(*+* +) /+ 1.(*/2,,+/) 3', %+ @'0+(*, 3*4L

92,+,6 O/ 3+() ).() %+ -H-+$ 3.(* 0+, 3*2/923'(? 9./,)2)('/), %( 902/M+*$ %.//+* (/+ 1.(*9:+))+6

;+, @'0+(*, ,./) 3*4,+/)4+, %'/, 0+ )'E0+'( A6P6

 !"# A6P Q N:'0+(*, %&:=%*')')2./ %+, 3*2/923'(? 9./,)2)('/), %( 902/M+*6 ;+, @'0+(*, ,./)

%.//4+, +/ R.(0+, 3'* <*'--+ %+ -')28*+ '/:=%*+ 5%&'3*8, I!SSJ#6

D:',+ -2/4*'0+ N:'0+(* %&:=%*')')2./ 5J/g#

C3S 500 − 525

C2S 250 − 270

C3A 1000 − 1200

C4AF 395 − 425

;' 9:'0+(* %&:=%*')')2./ %( 92-+/) %43+/% %./9 %+ ,' 9.-3.,2)2./ 9:2-2>(+6 N.-3)+ )+/(

%+, @'0+(*, %.//4+, %'/, 0+ )'E0+'( A6P +) %+, 1.(*9:+))+, %+ 9.-3.,2)2./$ +00+ @'*2+ ,(*).() '@+9

0' )+/+(* +/ C3A I!SSJ6

O/ %2,)2/<(+ 92/> 34*2.%+, ,(99+,,2@+, %'/, 0&4@.0()2./ %+ 0' 9:'0+(* %&:=%*')')2./ +/ 1./9)2./

%( )+-3, 5K<(*+ A6P#6 ;' 3*+-28*+ 34*2.%+ >(2 %(*+ >(+0>(+, -2/()+, +,) 9+00+ %( <T9:'<+ 53*4L



 !"! #$%&'&(&)*+ ,+ (-$.,%/0/0*&'  !"

 !"# #$" % &'()*+,(- ./0123+,4*5 65 )3 4*3-+,+1 65 /03)5*7 6183815 )(7. 65 )90:673+3+,(-$

,-6*/+,(-;$ <* /(*7. 65 /5++5 =03.5 (> )5 =,/ 6* ?*@ +0572,4*5 5.+ (A.57'1B )5. ,(-. =7('5-3-+

65. /(-.+,+*3-+. 6* /,25-+ =3..5-+ 5- .()*+,(-$

C3 .5/(-65 =17,(65B 6,+5 =17,(65 6(723-+5 D,-6*/+,(-;B 5.+ /373/+17,.15 =37 *-5 6,2,-*+,(-

6* ?*@ +0572,4*5$ &))5 6*75 4*5)4*5. 05*75. 5+ )3 =03.5  !"!# /(225-+ E .5 F(7257$

C3 +7(,.,G25 =17,(65B =17,(65 65 =7,.5 D3//1)173+,(-;B 5.+ 61/)5-/015 =37 )3 =71/,=,+3+,(- 65

)3 $%&'()*+,'-$ H5/, .95I5/+*5 3* A(*+ 65 /,-4 05*75. 5-',7(-B 5-+73J-5 )3 6,..()*+,(- 65 +(*. )5.

/(-.+,+*3-+. 3-0:675 5+ /(-6*,+ E )3 =71/,=,+3+,(- 65 )9-''&,*.,'-B 65 )3 $%&'()*+,'- 5+ 65.  !"!#$

C3 =7,.5 71.*)+5 65 )3 =71/,=,+3+,(- 65 /5. /(2=(.1.$

C3 4*3+7,G25 =17,(65B )5 6*7/,..525-+ D61/1)173+,(-;B .5 +736*,+ =37 *-5 )5-+5 6,2,-*+,(-

6* ?*@ +0572,4*5$ C3 713/+,(- 690:673+3+,(- 73)5-+,5$ H95.+ =5-63-+ /5++5 =03.5 4*5 )5 /,25-+

3/4*,57+ .5. =7(=7,1+1. 21/3-,4*5. K 71.,.+3-/5 5- /(2=75..,(-B 5- +73/+,(-B 2(6*)5 69/%0*.$ &-

F3,+B 5))5. 1'()*5-+ /(-+,-L25-+ 5- =37+3-+ 65 )3 '3)5*7 M17($ N37 5@52=)5B )3 O8*75 #$ 2(-+75

)91'()*+,(- 6* 2(6*)5 69/%0*. 69*- A1+(- D21)3-85 6953* 65 /,25-+ 5+ 65 873-*)3+.; 3* /(*7.

6* +52=.$ P(+(-. 4*5 )3 /7(,..3-/5 65. /373/+17,.+,4*5. 21/3-,4*5. 5.+ F(7+525-+ 3//1)1715 =37

)3 /03)5*7$ H(225 =(*7 *- 873-6 -(2A75 65 713/+,(-. /0,2,4*5.B )3 /,-1+,4*5 65 )90:673+3+,(-

71=(-6 3..5M A,5- E )3 )(, 691&&2-*,03 Q!RRS$

C3 /,-4*,G25 =17,(65 5.+ )5 73)5-+,..525-+ D6,I*.,(-;$ &))5 =5*+ 6*757 65 =)*.,5*7. 2(,. E

=)*.,5*7. 3--15. 3=7G. )3 =7,.5$ C3 =(7(.,+1 6* 23+17,3* 61/7(J+ 65 F3T(- /(-+,-*5$ C5 71.53* 65

=7(6*,+. 0:673+1. 65',5-+ 65 =)*. 5- =)*. 65-.5$



 !  !!"#" $% &'( !)*&"* +" ,-./+0 1 1)2! +"* ()&"!1*

 !"# "# $ %&'()*+', -) .'-)(/ -01(23*+4+*1 -) 51*', 2) 4')63 -) */.73 8 &2(/)63 /9716+./,*2(/3

/* ('+ :')6,+/ 726 (/ 6;<(/./,* -/ 42(4)( -/3 ')&62</3 /, 51*', "=%> ? 51*', 7614',*62+,* 2)9

1*2*3 (+.+*/3 @-0276;3 A!BBCD#



 !!"#" $

 !"!#$%"&' (& #!)**& (& *! %+,&"#+")%&

 !"#  !" # $%&&'() )*+ ,- ).+*/.*+( /+0).-,,0&( 1() .+%0) 0)%2%+34() 1( ,- .%5(+2%+0.( 69.37 11
(. 1489 3%*+ ,()  !"!# 61:-3+;) <==>9!

 !" #!$"%&' ()*+, -.-/0 +."1/$,' ) 5 / α β γ
234 234 234 25'604 25'604 25'604

93 /!7'$"!$,/' Ca5Si6O16(OH)2 0.83 8 Fd2d 11.16 7.32 37.40 90 90 90

 !"#$!%"&$"'$(

9) '*+$!,*!"'$ Ca5Si6O16(OH)2 0.83 - P1121/a 6.7 7.32 18.70 90 90 123.5

 !"#$!%"&$"'$(

11) '*+$!,*!"'$ Ca4Si6O15(OH)2.5H2O 0.67 . F2dd 11.265 7.386 44.970 90 90 90

/0*,12*3%

11) '*+$!,*!"'$ Ca4Si6O15(OH)2.5H2O 0.67 - B11m 6.735 7.385 22.487 90 90 123.25

/0*,12*3%

11) '*+$!,*!"'$ Ca5Si6O16(OH)2.5H2O 0.75 - B11m 6.732 7.369 22.680 90 90 123.18

4*!,12

14) '*+$!,*!"'$ Ca5Si6O16(OH)2.7H2O 0.83 . F2dd 11.2 7.3 56.0 90 90 90

 52*,+"$!"'$(

14) '*+$!,*!"'$ Ca5Si6O16(OH)2.7H2O 0.83 - B11b 6.735 7.425 27.987 90 90 123.25

 52*,+"$!"'$(

 !!



 !"  !!"#" $% & ' ()*'"+ ," ( -.." ," . */0"'(/'-*"



 !!"#" $

 !"#$%&'("&)' *#+ ,)$-#+ ./01$23

 ! "#$%&'()!$(*) "%+ ,*&-%+ ./01&23 )#-%++($% "% "#&(4%& 5% 6*$%)$(%5 #$!75( "!)+ 5% -8!6($&%
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~F i(rij) = −∇U i
k∈A(rij) :;9A=

.*?& 65?+ "% -5!&$#> )*?+ )*?+ ()$#&%++%&*)+ "!)+ 5! +?($% "% -%$$% 6!&$(% !?B ,*&-%+ +?(4!)$ ?)%

+%?5% "(&%-$(*)> 5! "(&%-$(*) ~x9 /*?+ 6*?4*)+ !5*&+ #-&(&% 5! &%5!$(*) +?(4!)$%9

~F i
x(rij) = −∂xi

U i
k∈A(rij)~x = −∂xi

{ Nsub∑

j=1

[

Akje
−bkjrij −

5∑

n=3

f2n
C2n,kj

r2n
ij

]}

~x :;9C=

D) %E%-$?!)$ ?) -8!)F%'%)$ "% 4!&(!75%> )*?+ *7$%)*)+ @

~F i
x(rij) = − ∂

∂rij

{ Nsub∑

j

[

Akje
−bkjrij −

5∑

n=3

f2n
C2n,kj

r2n
ij

]}
∂rij

∂xi
~x :;9G=

+!-8!)$ H?% rij =
√

(xj − xi)2 + (yj − yi)2 + (zj − zi)2> )*?+ !4*)+ !5*&+ 5! &%5!$(*) -(0"%++*?+9

∂rij

∂xi
= −xj − xi

rij
:;9I=

D) 6*+!)$ @

NF i
x = − ∂

∂rij

{ Nsub∑

j=1

[

Akje
−bkjrij −

5∑

n=3

f2n
C2n,kj

r2n
ij

]}

:;9J=

ACI



 !"  !!"#" $% $&'"()*! '*+! $", -+(.", /!0'( 1

NF i
x =

Nsub∑

j=1

[

Akjbkje
−bkjrij +

5∑

n=3

∂

∂rij
f2n

C2n,kj

r2n
ij

]

#$%&'

NF i
x =

Nsub∑

j=1

[

Akjbkje
−bkjrkj +

5∑

n=3

∂

∂rij

(

1 −
2n∑

m=0

[
(bkjrij)

m

m!

]

e−bijrij

)
C2n,kj

r2n
ij

]

#$%('

)* +,-./0112*3 /. 4.50*+ 6.678. .3 .* 211/9:;2*3 /2 +,89-,. 12839.//.< *0;4 073.*0*4 /. 3.86.

4;9-2*3 =

NF i
x =

Nsub∑

j=1

[

Akjbkje
−bkjrij −

5∑

n=3

2n
C2n,kj

r2n+1
ij

(

1−
2n∑

m=0

(
1+

bkjrij − m

2n

)(bkjrij)
m

m!
e−bkjrij

)]

#$%>'

?9 *0;4 1040*4 =

g2n = 1 −
2n∑

m=0

(
1 +

bkjrij − m

2n

)(bkjrij)
m

m!
e−bkjrij

#$%@A'

*0;4 2-0*4 2/084 =

NF i
x =

Nsub∑

j=1

[

Akjbkje
−bkjrij −

5∑

n=3

2n
C2n,kj

r2n+1
ij

g2n

]

#$%@@'

B9*2/.6.*3< /.4 C085.4 DEFG8HI 4J,589-.*3 +. /2 62*9K8. 4;9-2*3. =

~F i
x(rij) = −

Nsub∑

j=1

[

Akjbkje
−bkjrij −

5∑

n=3

2n
C2n,kj

r2n+1
ij

g2n

](
xj − xi

rij

)

~x #$%@ '

L59< /.4 C085.4 40*3 ,5893.4 .* ;*93,4 23069:;.4 #a0 = 0.529177M< Ha = 4.359744 × 10−18 J

+0**2*3 1/(4πǫ0) = 1< e2 = 1 .3 h̄2 = 1' = [F i
x(rij)] = Ha.a−1

0 %



 !!"#" $

 !" #$%!&%'!(" )*'&%!+,-%'$& -(,""'./!"

)! (*!,/

 !""! #$$!%! &'($&)(*! +#*,!-!$" .!& ($/0*-#"(0$& 10$"!$2!& .#$. +# *3/3*!$1! 45678 9+ !%(&"!

2$! ,*#$.! :#*(3"3 .! )0"!$"(!+& :(&#$" ; .31*(*! +!& ($"!*#1"(0$& !$"*! +!& -0+312+!& .'!#28 9+&

.(<3*!$" )#* +!2* /0*-!= +! $0->*! .! &("!& .'($"!*#1"(0$&= +!2* 1#)#1("3 ; *!"*#$&1*(*!= .'2$!

)#*"= +!& ($"!*#1"(0$& ($"*#-0+312+#(*!& !"= .'#2"*! )#*"= +# .3/0*-#"(0$ .2 $2#,! 3+!1"*0$(?2! .!

+# -0+312+! !$ /0$1"(0$ .2 -(+(!2 @)0+#*(&#>(+("3A8 B02& )#*"#,!0$& +'!$&!->+! .! 1!& -0.C+!& !$

"*0(& 1#"3,0*(!& D *(,(.!= E!%(>+! !" )0+#*(&#>+!8 F#$& +# &2("! .! 1!""! )#*"(!= $02& $! )#*+!*0$& ?2!

.!& )0"!$"(!+& *(,(.!& !" )0+#*(&#>+!&8 F! )+2&= +!& .(<3*!$"& -0.C+!& .! )0"!$"(!+& .3:!+0))3& )02*

+'!#2 )!2:!$" )*($1()#+!-!$" &! *!,*02)!* !$ ?2#"*! ,*#$.& "G)!& .! &"*21"2*!& ,30-3"*(?2!&=

+# &"*21"2*! ,30-3"*(?2! .'2$ -0.C+! :#*(#$" !$ /0$1"(0$ .! &0$ $0->*! .! &("!& .'($"!*#1"(0$&

@H,2*! I8JA8

K#*-( +!& -0.C+!& .! )0"!$"(!+& 1("3& )#* +# &2("!= $02& "*02:0$& +!& -0.C+!& ; "*0(& &("!& .'($L

"!*#1"(0$& @ .! +# H,2*! I8JA "!+& ?2! +! MK 4N6O= N667= MK PI 4OJ7= MK LQR 4S5T7= MK PK 4S5U7=

V9KSK 4S5W7 !" IK 4SS578 B02& #:0$& #2&&( +!& -0.C+!& ; ?2#"*! &("!& .'($"!*#1"(0$& @! !" " .! +#

H,2*! I8JA "!+& ?2! +! XMK PI 4S557= V9KTK 4S5O7= V9KTKLQR 4S567= V9KTKPK 4S5U7 YZ 4SO[7=

KK 4SOJ7 !" M KFK 4SON78 I$H$= $02& #:0$& +!& -0.C+!& ; 1($? &("!& .'($"!*#1"(0$& @# .! +#

H,2*! I8JA 10--! +! V9KUK 4SOS78

 !"#$%& '()("%&

\$ -0.C+! .! )0"!$"(!+ *(,(.! !&" 2$ -0.C+! 0] +# ,30-3"*(! @.(&"#$1!& !" #$,+!&A !" +!& 1^#*,!&

.! +# -0+312+! *!&"!$" H%!& "02" #2 +0$, .! +# &(-2+#"(0$8 _# )0+#*(&#>(+("3 .! +# -0+312+! $'!&"

)#& )*(&! !$ 10-)"!= -`-! &( 1!+# *!&"! )0&&(>+!8 _!& )0"!$"(!+& +!& )+2& 10$$2& .! 1!""! 1+#&&! &0$"

+!& -0.C+!& MK = MK PI= XMK PI= V9KSK= V9KTK= V9KUK !" IK8 _!2*& )#*#-C"*!& &0$" .0$$3&

.#$& +! "#>+!#2 I8J8 _!& .(<3*!$"!& )*0)*(3"3& 1*("(?2!& .! +'!#2 @)*!&&(0$= "!-)3*#"2*! !" .!$&("3A

0>"!$2!& #:!1 +!& .(<3*!$"& -0.C+!& .! )0"!$"(!+& *(,(.!& &0$" *3)!*"0*(3& .#$& +! "#>+!#2 I8N8

NS5



 !"  !!"#" "$ %"& '()"!)*"%& +,*!)"- .)*(! .% &&*/0"& +" %," 0

 !"# #$% & '()*+,-./ .01,/ 2, 13.,-.(,4/ 135+ 46,75 8 4,/ .01,/ 79 : ,. ; /3-. 147- 743+/ <5, 4,

.01, 2 7231., 5-, =*3>*.+(, .*.+7?@2+(<5, A2671+@/ BCDEF$

$%&# #$% & G7:4, 2,/ 17+7>@.+,/ 2,/ 13.,-.(,4/ +(=(2,/ -3- 1347+(/7:4,/ HIJ9 HIJK#9 LHIJK#9

GMI!I9 GMINI9 GMIOI ,. #I$

 !"#$%& '()%*+,)-!(& σ ǫ α $ δq qH qO θ  φ  

(!(./!$+-*%& 012 [kJ.mol−1] 012 012 3%4 3%4

567 89 :;<==>> >;=?>> . <;>>>> . @>;A<>> .>;BC>> <>D;AE .

567FG 89 :;<==>> >;=?>> . <;>>>> . @>;AC:B .>;BAE= <>D;AE .

 567FG 89 :;<<=>> >;=CC> . >;DB:D . @>;A<>B .>;BC<= <>D;AE .

H'6:6 89 :;<?>=< >;=:=A . >;D?EC . @>;A<E> .>;B:A> <>A;?C .

H'6A6 89 :;<?A>> >;=AB: . >;D?EC >;>=??= @>;?C>> .<;>A>> <>A;?C ?C;C=

H'6?6 89 :;<C>>> >;=EC: . >;D?EC >;E>>>> @>;CA<> .>;CA<> <>A;?C <>D;AE

G6 %I/.= :;<D?>> <;:CB? <C <;>==> . @>;:=BE .>;E:EA <>D;? .

J6,/. 4, >32@4, #I <5( +,1+325(. 4, >(,5P 47 .,>1*+7.5+, ,. 47 1+,//(3- ;+(.(<5, ,P1*+(>,-.74,

A647.21 K ,. 22.089 MPaF$ Q7 2,-/(.* ;+(.(<5, 2*;+(., 17+ ;, >32@4, A0.297 g/cm3
F ,/. 75//(

1+3;?, 2, 47 R74,5+ ,P1*+(>,-.74, <5( ,/. 2, 0.322 g/cm3
$ S*7->3(-/9 ;, /3-. 4,/ >32@4,/ GMINI

,. GMIOI <5( 2*;+(R,-. 4, >(,5P ;,.., R74,5+ A+,/1,;.(R,>,-. 0.315 ,. 0.336 g/cm3
F$ '7-/ 4,

.7:4,75 #$! /3-. +7//,>:4*,/ <5,4<5,/ 1+31+(*.*/ 1?0/(<5,/ 2, 46,75$ G35. 267:3+29 4,/ 2()*+,-./

>3>,-./ 2(1347(+,/ 2,/ 2()*+,-./ 13.,-.(,4/ /3-. ;3>17+*/ 7R,; 4, >3>,-. 2(1347(+, ,P1*+(>,-.74

<5( ,/. 2, 2.95 D$ T- 3:/,+R, <5, 17/ 5- 2,/ >32@4,/ -6,/. U >V>, 2, 2*;+(+, ;3++,;.,>,-.

4, >3>,-. 2(1347(+, ,P1*+(>,-.74 2, 46,75 W R74,5+/ ;3>1+(/,/ ,-.+, 2.18 ,. 2.35D$ #- ;,

<5( ;3-;,+-, 47 ;3-/.7-., 2(*4,;.+(<5,9 ;, /3-. 4,/ >32@4,/ GMI!I A82F ,. GMIOI A81.5F <5( /,

+711+3;?,-. 4, 145/ 2, 47 R74,5+ ,P1*+(>,-.74, <5( ,/. 2, 78.4$ I35+ ;, <5( ,/. 25 ;3,X;(,-.

2675.32()5/(3-9 -35/ 3:/,+R3-/ <5, ;, /3-. 4,/ >32@4,/ HIJK# A2.49 × 105 cm2/sF ,. GMIOI



 !"

 !"# #$ % &'()*'+ ,*- ./0./1232- 4/1315+*- ,*- .03*631*)- /171,*- 8 9:;< 9:;=#< >9:;=#<

&?:!:< &?:@:< &?:A: *3 #: B!CDE$

 !"#$%& '%()*+,-.+% /+0-01.% 234 5+%&&0!6 /+0-01.% 27,+4 8%6&0-* /+0-01.% 2g/cm3
4

95: ;<=>?@ AB<>@@ @>B?<

95:CD E=?>E@ A=<>@@ @>B<;

 95:CD E@<>?@ A=<>@@ @>=A@

'F5=5 G G G

'F5H5 ;??>B@ AH<>=@ @>=A;

'F5;5 ;BA>=@ ?;>E@ @>==E

D5 EH;><@ A?=>@@ @>B<I

DJ)> EHI>BA BB@>?< @>=BB

F2.62 × 105 cm2/sG 5+1 -063 )*- .)+- ./04H*- ,* )' I')*+/ 0(-*/I2* *J.2/1K*63')*K*63 2.30 ×
105 cm2/s$ :'/ '1))*+/-< 1) *-3 4)'1/ 5+* 30+- )*- K0,L)*- ,24/1I*63 40//*43*K*63 )M26*/71* ,*

406N7+/'3106 K0O*66* ,* )M*'+ F−41.5 kJ/molG$ #6-+13*< -*+) )* K0,L)* &?:A: F+4 G /*./0,+13

,* K'61L/* -'31-P'1-'63* )* K'J1K+K ,* ,*6-132 *J.2/1K*63') ,* )M*'+ F+3.984  G$

 !"# #$! % &'()*'+ ,*- ./0./1232- .HO-15+*- ,*- .03*631*)- /171,*- 606 .0)'/1-'()*- 9:;< 9:;=#<

>9:;=#< &?:!:< &?:@:< &?:A: *3 #: Q  A  *3 R '3K FR '3K S 1, 0133 × 105
:'G BT"E$

 !"#$%&  !(%6- "0G

)!$,0+% 284

:!6&-,6-%

"0*$%/-+01.%

:!%KL/0%6-

"M,.-!"0KK.&0!6

2105cm2/s4

D6%+N0% "%

/!6LN.+,-0!6

(!O%66%

2kJ.mol−1
4

 ,J0(.(% "%

"%6&0-* 2 4

:!%P/0%6-

"M%J),6&0!6

-Q%+(01.%

210−4
!C−1

4

95: B>BI E; =>?; GHA>@ GH; I>=

95:CD B>=; IA B>H< GHA>; G=? ;>AH

 95:CD B>BH G G G G G

'F5=5 B>=; ?B ;>A< GHA>A G<A <>B

'F5H5 B>A? ;= =>B< GHA>? GB; H>H

'F5;5 B>B< ?A>; B>EB GHA>= RH E>=

D5 B>A? G G G G G

DJ)-> B><; I?>H B>=@ GHA>; R=><?H B>;=

 !"#$%& '!$()*&(+$%&

U6 K0,L)* .0)'/1-'()* *-3 +6 K0,L)* 5+1 ./*6, *6 40K.3* )' ,2P0/K'3106 ,+ 6+'7* 2)*43/0V

615+* ,* )' K0)24+)* *6 P0643106 ,* -06 *6I1/066*K*63 *6 '71--'63 -+/ )' I')*+/ *3 )' .0-13106 ,*-

4*63/*- ,* 4H'/7*$ W*- .03*631*)- )*- .)+- 4066+- ,* 4*33* 4)'--* -063 )*- K0,L)*- 9:;VXY< 9:;=:<

&?:@:=:< &?:@:VXY< 9;:Z:< [\ *3 ::;$ W*+/- .'/'KL3/*- -063 ,0662- ,'6- )* 3'()*'+ #$@$

W* 3'()*'+ #$A /2.*/30/1* )*- ./0./1232- 4/1315+*- ,* )M*'+$ ;* -063 )*- K0,L)*- [\ F685 KG *3



 !"  !!"#" "$ %"& '()"!)*"%& +,*!)"- .)*(! .% &&*/0"& +" %," 0

 !"# #$! % &'()*'+ ,*- .'/'012/*- ,*- .32*425*)- /565,*- .3)'/5-'()*- 789:;<= 789>8= &?8!8>8=

&?8!8:;<= 798@8= AB C03,1)* D E+'2/* F*42/*- ,* FG'/6*H *2 889 C03,1)* 93/*:7G*))H$

 !"#$%& σ ǫ $ δq qH qO θ  φ  

'() [kJ.mol−1] '() '() (e) (e)

*+,-./ 0123455 216073 2155555 - - - 258193 -

*+,:+ - - - - - - - -

;<+9+-./ 0127855 2165676 5187365 5127555 - - 259176 -

;<+9+:+ - - - - - - - -

*,+=+ 0126> 5185750 215555 5155 ?51009> -212>58 25817 79137

01733 5104367 5167 ?517857 -212>58

@A

 

0123555 213493 518735 5120>55 ?51466> ?216974:-619826 25917 76167

++,

!

0160955 5145555 5189055 5122 ?519>4 -51836 25415 7015

889 C606 KH E+5 -342 )*- .)+- ./3FG*- ,* )' 2*0.I/'2+/* F/525E+* *J.I/50*42')*$ KI'40354-= )'

,*-F/5.2534 ,* )' 2*0.I/'2+/* F/525E+* ,* F*- ,*+J 03,1)*- /*-2* 0'+L'5-* *4 F30.'/'5-34 ,*-

L')*+/- 3(2*4+*- 'L*F )*- 03,1)*- ,* .32*425*)- /565,*-$ M+ 45L*'+ ,* )' ./*--534 F/525E+*= *4F3/*

+4* N35-= F* -342 )*- 03,1)*- AB C27.8 MPaH *2 889 C19.5 MPaH E+5 /*./3,+5-*42 )* 05*+J )'

L')*+/ *J.I/50*42')*$ @'4- F* F'-= )*- 03,1)*- ,* .32*425*)- /565,*- 4* ,344*42 .'- ,* 0*5))*+/-

/I-+)2'2-$ 83+/ F* E+5 *-2 ,* )' ,*4-52I F/525E+*= 23+- )*- 03,1)*- ,344*42 +4 /I-+)2'2 -'25-N'5-'42$

9* -342 )*- 03,1)*- 798@8 C0.320 g/cm3
H *2 AB C0.320 g/cm3

H E+5 -342 )*- .)+- ./3FG*- ,* )'

,*4-52I F/525E+* *J.I/50*42')* C0.322 g/cm3
H$

 !"# #$O % &'()*'+ ,*- ./3./5I2I- F/525E+*- ,*- .32*425*)- /565,*- .3)'/5-'()*- 789:;<= 789>8=

&?8!8>8= &?8!8:;<= 798@8= AB *2 889 PQRST$

 !"%$ ;%BCDEFGHE% IEJGJKH% L@M +E%&&J!N IEJGJKH% LOFEM =%N&JGD IEJGJKH% Lg/cm3
M

*+,-./ 795155 - 51005

*+,:+ 772155 274155 51095

;<+9+:+ 7>3155 29>155 51075

;<+9+-./ 735155 - 51075

*,+=+ 70>155 255155 51065

@A 4>7155 63>155 51065

++, 454155 287155 51055

PQC1 493162 6651>8 51066

#4 F34F)+-534= 43+- L3U34- E+V5) *J5-2* .)+-5*+/- 2U.*- ,* .32*425*)- W /565,*-= X*J5()*-= .3)':

/5-'()*-$ Y*- .32*425*)- X*J5()*- ,IF/5L*42 05*+J )' /I')52I ,* )' 03)IF+)* 0'5- /*-2*42 F3Z2*+J *4

2*/0* ,* 2*0.- ,* F')F+)- *2 4V'..3/2*42 .'- N3/FI0*42 +4* /I*))* '0I)53/'2534 ,* )' ,*-F/5.2534

,*- ./3./5I2I- .GU-5E+*-$ Y*- 03,1)*- .3)'/5-'()*-= E+'42 D *+J= -342 F*4-I- 05*+J ,IF/5/* )'



 !"

#$%&'()* +* ,- ./,01),* *2 #3*2-24 *2 1/.#4* ,5*6*4 +* ,- +07/3.-4'/2 +) 2)-8* 0,*143/2'()*

+* ,- ./,01),* +5*-) *2 7/214'/2 +* &/2 *29'3/22*.*24: ;*#*2+-24< ,- +*&13'#4'/2 +*& #3/#3'0=

40& #$%&'()*& +* ,5*-) #-3 1* 4%#* +* #/4*24'*,& 25*&4 #-& 4/)>/)3& 43?& &-4'&7-'&-24*: @2 1* ()'

1/21*32* ,*& ./+?,*& +* #/4*24'*,& 3'8'+*&< ',& /24 #/)3 ,- #,)#-34 )2* A/22* +*&13'#4'/2 +5)2*

/) +* #,)&'*)3& #3/#3'040& #$%&'()*&: B- 3-'&/2 *2 *&4 ()* ,- #-3-.?43'&-4'/2 +* 1* 8*23* +*

./+?,*& &5*6*14)* &/)9*24 #-3 3-##/34 C )2* /) #,)&'*)3& #3/#3'040& #$%&'()*& +-2& )2 '24*39-,,*

+/220 +* 4*.#03-4)3*& *4 +* #3*&&'/2&: D-2& 1* &*2&< ,- ()-,'40 +* +*&13'#4'/2 +5)2* 83-2+* #-3=

4'* +*& #3/#3'040& #$%&'()*& 09/()0*& +-2& 1*44* #-34'* #/)3 ,* ./+?,* EFGHG *&4 3*.-3()-A,*:

G-3 -',,*)3&< 1* +*32'*3 3*#3/+)'4 A'*2 ,*& #$-&*& &/,'+*& I8,-1*J: @2 *6*4< ', 3*#30&*24* *K#,'1'=

4*.*24 ,*& &'4*& +*& 0,*143/2& '&/,0& 1* ()' 7-9/3'&* ,- 7/3.-4'/2 +* ,'-'&/2& $%+3/8?2* +-2& )2*

80/.043'* 4043-$?+3'()* LMHN: O/4/2& ()* #/)3 ,*& ./+?,*& +* #/4*24'*,& #/,-3'&-A,*& *4 3'8'+*&

()* ,* 2/.A3* +* 1*243* +* 1$-38*& #*)4 9-3'*3 &)'9-24 ,* 4%#* +* #/4*24'*, )4','&0: ;*1' - )2*

'2P)*21* &)3 ,* 4*.#& +* 1-,1),&: Q) R2-,< ,* 1$/'K +5)2 #/4*24'*, #/)3 ,- +*&13'#4'/2 +* ,5*-) *&4

)2 1/.#3/.'& *243* ,* 1/S4 *2 4*3.* +* 4*.#& +* 1-,1),& *4 ,- A/22* -+0()-4'/2 +*& #3/#3'040&

#$%&'()*& C +013'3*< 1$/'K ()' &* 7-'4< *2 80203-,< *2 7/214'/2 +* ,- #3/A,0.-4'()* C 43-'4*3:



 !  !!"#" "$ %"& '()"!)*"%& +,*!)"- .)*(! .% &&*/0"& +" %," 0



 !!"#" $

 !"#$%&'("&)' *#+ ,)$-#+

!.#-"$)+"("&/0#+ 12)%%("&)' *345(.*6

 !"# $% &!#%'#"%$ ()"'#%*+,#"!' ()-'% ,.+*/% ()-' +#!0%  ()-'% 0!$1,-$% ! +2%, ,%$$%3 (%3
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