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Ç)H0fOt/H{bc[ � }{bcH'fQt/H~J7H0fP|�u{Kvz@`/t/H0fOY=W h u'E@b �Z� d@H'fF|pH7KvKvH{[�KOH{[ Y8��Y=[�KPd@[@H�J7`e[gt � K � `![ t/H~J7`!|pxgY=K � E � W � Kvu � d � fvH{bvKOt@H
x2` � [eK�t/H~t/u'xgY=bvKO��[@`�fOt/u{�eH{WB`!x@x2H{|pH'[eK´f .�H{WBWNH�W � HpWBY�|~Y�Kcb � J7Hpt/Hpx@bc`!WB`![ h H{|pH{[�K 	 � d � x2H{bc|pH7K�t/HpxgY!fcfvH{bPt�� dg[
[ � �!H0Y=d h bc`efcf � H'b���d@[�[ � �!H0Y=d�Åg[�	2H{[,u'WNu'|�H'[�Kcf�Å-[ � fQt�� Y=bcÉ7KcH��pWBY�|pY=Kvb � J{H�t/H�xgbv`eWN`e[ h H'|�H'[�KyH{[,u{WBu{|pH'[eK´fyÅ-[ � f
[@`/t@Y!d/R�?
±QY=[gfOWBH�_azgY!x � KcbvH�^�	)[@`edgfPx@bcu'fvH{[�Kv`e[gfPWBY M `ebv|�d@WZY�K � `![Át�� d@[ x@bc`!E@WB}{|pH�t/H~| � [ � | � fcY�K � `![Át�� u{[gH{b h � H�`�Y8�!H0J

J7`e[�Kvb´Y � [eKcH'f � d � x2H{bc|pH7K�WZYr| � f�H�Y!d�x2` � [�K�t/H,|pu7Kcz@`/t/H'f~|�d@WNK � [ � �eH'Y!d¢Y!W h u{E@b �B� d@H0f�x-`ed@b�[@`�f~f�ª/f�Kv}{|pH0f{?XÇ3Y
J7`e[�Kvb´Y � [eKcHOd/K � W � fvu{H�J7`!bcbcH'fvx-`e[gtw�~WBY�J7`![-t � K � `e[�t/H�J{`!|pxgY=K � E � W � Kvu�u'�!` � d@u{H�Y!d�J´zgY=x � KcbvH�xgbvu0J7u't@H{[�KFJ7`e[gJ7H'bv[-Y=[�K
WZY�|~Y=Kvb � J{HPt@HOx@bv`eWN`e[ h H'|pH{[�K'?/¹y[gHOx@bvH'| � }'bvHP|pu7Kcz@`/t/H�t/HPbvu0f�`eWNd@K � `![wt/dwx@bv`eE@WB}{|pHQt@HO| � [ � | � fcY�K � `e[�d@K � W � fvY![�K
t/H0f¡|�d@W³K � xgW � J{Y=KvH{dgbcf�t/HFÇ3Y h bcY![ h H�H0fIK�x@bv`ex-`�f�u'H!?=U�Y!b�Y � WBWNH'd@b´f�	e[@`!dgf�t/`e[@[@`![-fXd@[@HQJ7`e[gt � K � `![�t�� H7R � fIKcH{[gJ{HFt�� d@[@H
fv`!WBd/K � `![�x-`ed@b�WBHOx@bv`eE@WB}{|pHOt�� `ex/K � | � fcY�K � `e[�xgbv`ex-`�f�ue?
±QY=[gf�WBHQ_azgY!x � KvbcH���	=[@`edgfXu0J7b � �e`![gf WZYP�!u'b � Å-J'Y�K � `![pt/HyWZYOJ7`e[�Kvb´Y � [eKcH�`!d~J7`e[gt � K � `![~t/H�J{`!|pxgY=K � E � W � Kvu�J{`!|p|pH

WZYFbcu'fv`!WBd/K � `e[�t�� d@[pH{[gfvH{|�E@WNH�t/H�x@bc`!E@WB}{|pH0f<t@HAa-`=K8b�	=J´zgY!J{d@[pt/H�x-H{K � KvH�t � |�H'[gf � `e[�� � fI§»��§¨� � f<t/H�WBYPt � |pH{[gf � `![�t@d
fvª�f�Kv}'|pH���bcu'fv`!dgt@bvHe?!¥y`edgf¡|p`e[eKcbv`e[gfXY!WN`ebcfXJ{`!|p|pH{[�K � W2H'f�Kax2`efcf � E@WBH�t/HFJ{`![gf�Kvbcd � bvH
	e�Ox-Y=bvK � bat/HQJ7H'fax@bc`!E@WB}{|pH0f
t/Hcag`=K 	%d@[@Hp|pu7Kvzg`�t@H�x2`!d@bPbcu'fv`!dgt@bvH�WNH�x@bc`!E@WB}{|pH�t)� `ex/K � | � fcY�K � `e[rfv`!dgfQJ7`e[eKcbcY � [�KcH'fFx@WNd-fQf � |�xgWNHpt/H�| � fvH�H'[
`�H{d@��bcH � d@HPJ7H'WNWBHQd/K � W � fcY=[�K�WNH0fa|�d@WNK � x@W � J{Y=KvH'd@bcf�t/HOÇ3Y h b´Y=[ h H!?�±�H0f�bvu0f�d@WNKcY=Kcf�[�d@|pu{b �B� d@H0f�� � H{[g[@H{[�K � WBWNd-fIKcbvH'b�WBH'f
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b(E,E) > 0
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E
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�&���+�����
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x2H{b M `!bc|pY![gJ7H0f�t/HOWBY�|pu7Kcz@`/t/H!?
Ç)H0f�t/u{|p`e[gfIKcbcY=K � `![gf�H{K�t/H'f�f � |�d@WZY�K � `![-f�[�dg|�u'b �Z� d@H'f�J{`!|px@WBu{|pH{[�K´Y � bvH0f�fv`![�Kyt/`e[@[@u{H0f�H{[ �y[@[gH7R/H!?

CED	� 
��_^�O�
[Q�H��]O=Q�� ^�����
[Q��VQ�^ ]_[(K��
± � �eH{b´f:Y�R/H0f3t/H�J7H¡Kvb´Y8��Y � WeY=xgx-`eb�KcH{[�K3d@[gH�J{`![�Kvb � Egd/K � `![ �"Y=d�|�` � [-f:H'[�xgY!b�K � H=��`!b �Bh � [gY=WBH¡Y=d�J{Y=WZJ7dgWe[�d@|pu{b �Z� dgH

H{[wu'WNH0JLKvbc`!|~Y h [@u{K � f�|pH .
� t/H'f�|�u{Kvz@`/t/H0f�f � |px@WBH'f��,d@[�[ � �eH'Y=d `e[eK�u7Kvu�| � fvH'f�H{[Á`�H{d@��bcH�f�dgb�t/H0f�Y=xgx@W � J{Y=K � `![gf�bvu0Y=W � f�KvH0f�H7K�[@`!dgf
Y8�!`![-f¡|p`![�Kcbvu � d)� H{WBWNH0f�Y=|pH{[gY � H'[�K�t@H'f h Y � [gf�H{[�KvH'bv|pHOt/HPKvH'|pxgfyt/HOJ{Y!WBJ{d@W�� ¬=��	@¬e^ 	g¬����q?

� t/H'f�|�u{Kvz@`/t/H0f�xgbv`��eH{[gY![eK�t)� Y!x@x@W � J'Y�K � `![-f�H{[nu{WBu{|pH{[�Kcf�Åg[ � f�[@`/t@Y=d/R x2`!d@b�WNH0f�|pu7Kcz@`/t/H'f�|�dgW³K � [ � �!H0Y=d�	
M `![gt/u'H'f fvd@b�t/H'f x@bc`!EgWN}'|�H0f3t@H�| � [ � | � fcY�K � `![pt�� u{[@H'b h � H�fv`!dgf<J7`e[eKcbcY � [�KcH'f�	0`e[�K<u{Kvu�u7KcH{[gt/dgH'f�Y=d@R�u{WBu{|pH{[�Kcf
Åg[ � f�t�� Y!bvÉ{KvHe?�2Fd@H{W � d@H'f<GIdgf�K � Å-J'Y�K � `![-f � d-Y=W � K´Y�K � �!H0f�`![�K�u7Kcu�Y=x@x2`!bvKvu'H'f�x-`ed@b�J{H7K�KcHPH7R�KvH'[gf � `![:?

� d@[@HOJ7`e[gt � K � `![�t)� H{R � f�KvH{[-J7HOt/HP|~Y�Kvb � J7HPt/HPx@bv`eWN`e[ h H'|pH{[�Ka�eu{b � Å-Y![�KaWZY�J{`![�Kvb´Y � [�KvHQt/HOJ7`!|pxgY=K � E � W � KvuOY�u7Kvu
x@bv`ex-`�f�u'H��T�=¸��q?

� d@[@H,|pu7Kcz@`/t/H�J7`e[gfIKcbvd-JLK � �!Hwd/K � W � fvY![eK�t@H'f~x@bc`!EgWN}'|�H0f~t/H ag`!K�x-H'bv|pH7K�t@H�t/u7KcH{bc| � [@H'b�d@[@H,|~Y�Kcb � J7H�t@H
x@bv`eWN`e[ h H'|pH{[�K��eu{b � Å2Y=[�K�WBHPx@bc`!E@WB}{|pHOt/HO| � [ � | � fvY=K � `![,f�`edgf�J7`e[eKcbcY � [�KcH'f'?
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_aHOJ´zgY=x � KcbvHPbcH{|px@W � K�x@WBdgf � H'd@bcf�`eE/GIH'J7K �NM f�.
� bcY!x@x-H'WNH'bXE@b � }'�!H'|�H'[�K¡WNH0fXu � d-Y�K � `![-f¡t/HQs�Y�R/��H{WBWgH{[~| � W � H{d�J7`![�K � [�d�H{K � [-f � fIKcH{b�f�dgb¡WBH'fX|p`/t/}'WNH0faY!d/R � dgH{WZf
[@`ef�|pu7Kcz@`/t/H'f�t@HObvu0f�`eWNd/K � `e[�x2H{d@�eH{[�K�f'� Y!x@x@W �B� d@H'b��

� x@bvu0f�H'[�KvH{b�WBHOJ{Y!t@bvHP|~Y�Kcz@u{|~Y�K �B� d@HOt@Y![gf�WBH � d@H'W)J7H'f�u � dgY�K � `e[gf��!`e[eK�É{KvbcHPY!x@x@bc`/J´z@u{H0fa[�d@|pu'b �Z� d@H{|pH{[�K��
� t/`![@[gH{b � d@H'W � d@H0fyx@bc`!x@b � u7Kvu0fI§»J7WBu'f�t@H'fyH0f�x-Y!J7H0fyt�� u{WBu{|pH{[�K´f�Åg[ � f�J{`![gf � t/u{bcu'f�H{KFt/H0fy|~Y�Kcb � J7H0f � fcfvd@H'fFt/H�WZY
t � fcJ7bcu7K � fcY�K � `e[�t/H0f M `!bc|�d@WZY�K � `e[gf���Y=b � Y=K � `![@[gH{WBWNH0f{?

FVD7F � ������[�Q���] O Q��_^��mK���������^�������^mK�����[(KNMPO 
 ��� ] �_^��sO Q! �oK��
CF[�b´Y=x@x2H{WBWBHyWNH0f¡u � dgY�K � `e[gf¡bcu h � fcfcY=[�KXWNH0f¡xgz@u{[@`e|p}{[@H0f¡u'WNH0JLKvbc`!|~Y h [@u{K �Z� dgH'f'?e±FH'fa|�`/t/}'WNH0f¡x-Y=bvK � J7d@W � H'bcfaf�`e[�K

H{[-f�d � KvHOxgbvu0f�H'[eKcu'f�Y�Å-[wt)� � [�Kvbc`�t@d � bcH � d@H{W � d@H'f�J'Y!f�x2`!d@b�WBH'f � d@H{WZf�[@`=KcbvHOt/u'|~Y=b´J´z@HFH0fIK � [�Kvu'bvH0fvfcY=[�KvHe?
"$#%"&#%" ')(+*-,/.10325476987:�;<,>=+?@:BA%A
Ç)HOfvª/fIKc}{|pHOt�� u � dgY�K � `e[gf M `![gtgY=|pH{[�KcY!WNH0f�f{� u'J{b � Kyf�`edgf M `!bc|pH�t �,+ u{bcH{[�K � H'WNWBHOt/HOWBY�|~Y=[ � }'bvHOfvd � ��Y![eKcH�.

Ç)` � t/H��gY!bcYet@Y8ª .
rotE + ∂tB = 0,

��A!?BA'Y �
Ç)` � t�� ��|px-}'bvH .

rotH− ∂tD = J,
��A!?BA{E��

Ç)` � t/H �PY=dgfcf�|~Y h [@u7K �B� d@H�.
div B = 0,

�IAe?NA0J �
Ç)` � t/H �PY=dgfcf�u{WBH'J7Kvb �B� d@H�.

div D = ρ.
��A!?BA't%�

Ç)H0f��!H0JLKcH{d@b´f
E
H{K

H
	
B
H7K

D
t/u'f �Nh [@H{[�KybcH'fvx-H0JLK � �eH{|pH{[�K�WBH'fyJ´z-Y=|pxgf�u'WNH0JLKvb �Z� dgH�H7K�|~Y h [@u{K �Z� dgH�	@Wq� � [gt/d-JLK � `![

|~Y h [@u7K �B� d@H�H7K�WBHyt/u{xgWBYeJ7H{|pH'[eK�u'WNH0JLKvb �Z� dgH!?=Ç)H��eH'JLKcH{d@b
J
t/u'f �Bh [@H�WNH��eH'J7KvH{dgb t@H{[gf � Kcuyt/H�J7`ed@bcY![�K<H{K

ρ
WZYPt/H{[-f � Kvu

t/H�J´zgY!b h H�u'WNH0JLKvb �Z� dgH!?2CF[wt/u't@d � K�Y!dgfcf � t/H ��A!?BA{E��aH{K��IA!?BA't��¡WZY�bvH'WBY=K � `![wt/H�J7`e[gfvH{bc�8Y=K � `![�t/HPWBY~J´zgY!b h H�.

div J + ∂tρ = 0,
�IA!?TS �

CF[w[@`=KcH � d@HOWBYpWB` � t/H �PY=dgfcf�|~Y h [@u7K �B� d@H ��A!?BA'J ��x2H{d@KyÉ7KvbcH�t/u0t/d � KvH�t/H ��A!?BA'Y �af � Wq� � [gt@dgJLK � `e[�|~Y h [@u{K �Z� dgHOH'f�K
fvd@x@x2`efvu{HP[�d@WNWBH�Y8��Y=[�K�W"� � [-fIK´Y=[�K � [ � K � Y!W"?
_aH'f)u � dgY�K � `e[gf M `e[�K3Y=x@x-Y=b´Y �ZKvbcHXt/H'f3J´zgY=|pxgf)t@H¡�!H0JLKcH{d@b´f

E
H{K

B
t/u'J{`!d@x@WBu'f:t/H'f3J´zgY=|pxgf3t/HX�!H0JLKcH{d@b´f

H
H7K

D
?

U `!d@b�x2H{bc|�H{K�KcbvHFd@[@HQ|�`/t/u'W � fcY�K � `![�J7`!|px@WB}7KcHFt/H0f�x@z@u{[g`!|p}{[@H0f�	�`![ � [�Kvbc`/t/d � K�WBH'fau � dgY=K � `![gf�t/HQJ7`!|px2`!bvKvH'|�H'[�K
� d � J'Y=b´Y!JLKcu{b � fvH{[�K�WNH0f�x@z@u{[g`!|p}{[@H0f�u{WBH'J7Kvb �B� d@H0f�H7Ky|~Y h [@u7K �B� d@H0f�Y � [gf �)� d@HOWZY�WN` � t�� CFz@| � d � W � H

J
�

E
.

D = εE, B = µH
H{K

J = σE.
��A!? ^ �

Ç)H~J{`�H ² J � H{[�K
ε
H'f�KPWZY�x-H'bv| � K�K � � � Kcu�t � u{WBH'JLKcb �Z� d@H�	

µ
WBY�x-H'bv|pu0Y=E � W � Kvup|~Y h [@u7K �B� d@H�H7K

σ
WBY�J7`e[gt/dgJ7K � � � Kcu�u'WNH0JL§

Kvb �Z� dgH!?�_aH0fXu � d-Y�K � `![-fXx2H{d@�eH{[�K¡É7KcbvH�[@`![/§¨W � [@u0Y � bvH0f `!d�Y![ � fv`=Kcbv`ex-H0f�H7K�t@Y=[-fXJ7HQJ{Y!f
ε
	
µ
H7K
σ
fv`![�Kat/H0f � dgY![eK � Kcu'f

KvH'[gfv`!b � H'WNWBH'f'?)U�Y=b�f � |�xgW � Å-J{Y=K � `![�	:`![�fvH�x@WZY!J7H'bcYwt@Y![gfOd@[�J'Y!t/bcH~W � [@u0Y � bvH~H{K � f�`!Kvbc`!x2H�t@Y=[gf�Kv`ed/K�WBH~|�u'|p` � bvH �
J7H'x-H'[gt@Y![eK�W"� H7R/x@WB` � KcY=K � `![�t@H'f�Y=W h `!b � Kvz@|pH'fXx-`ed@bvb´Y�fvH M Y � bcH�z@`ebcfat/HFJ{HFJ'Y!t/bcH!?�Ç)H'faWB` � faJ{`![gf�K � Kvd/K � �eH'f �IA!? ^ �¡f�`e[�K
x@b � [-J � xgY=WBH{|pH{[�K�x@z@u'[@`!|pu'[@`!WB` h �B� d@H0faH{K�t/`![-JQt@HO[gY�Kcd@bvHOt �0+ u{bcH{[�KvHOt/H0f�WN` � f���A!?BA �´?



S � � 
 ����� � � � � � � � 
 � ��� � ��� � � � � � � 


Ç)H0f�u � dgY�K � `e[gf �IA!?BA ��H7K �IAe? ^ ��fv`![�KpbcY!bvH'|pH{[�K�J7`e[gf � t/u'bvu'H'f�t@Y=[-f�WBH{dgb�H'[gfvH{|�EgWNH�|pY � f�`e[�J´z@` � f � K~fv`!d@�eH{[�K
t/H0f�|p`/t/}{WBH'f�f � |�xgW � Ågu'f .aJ{H{bvKcY � [gf~xgz@u{[@`e|p}{[@H0f�fv`![�K�[@u h W �Bh H0Y=E@WBH'f�f�d � ��Y=[�K�WZY M bvu � d@H{[gJ{H,`!d WBH'f�|pY=Kvu'b � Y=d/R
J7`e[gf � t/u'bvu0f{?�±QY=[gf�WBHFx-Y=b´Y h b´Y=xgz@H�fvd � ��Y![eK 	/`![�Y=E2`!b´t/HQY � [-f � t/H0faxgbv`eE@WN}'|pH'f � dgY!f � f�KcY=K �Z� d@H'faH7KyJ7H'd/R�[@HQx@bcH{[gY![�K
xgYef�H{[,J7`e|�x@KvHPWNH0fyJ7`ed@b´Y=[�Kcf�t/HOt/u'x@WBYeJ7H'|�H'[�K'?
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��B6
_aH'f�|�`/t/}'WNH0f M `![�K�Y!x@xgY!bcY��BKcbvH�W"� `!x2u{b´Y�KcH{d@b

rot rot
Y!x@x@W �B� d@u�Y!d/R¢J´zgY!|pxgf�t/H,�eH'JLKcH{d@b´f

E
	
H
`!d

A
?�Ç)H

�!H0JLKcH{d@b
A
t/u0f �Bh [gHQWBHPx-`!KvH'[eK � H'W)�!H0JLKcH{d@b�|~Y h [@u7K �B� d@H � [�Kvbc`�t@d � Kyt@Y![gf�WBHPxgY=b´Y h bcY!x@z@HFfvd � ��Y=[�K'?

k .@À2#<le$0+-&'$'.@$' ���;<�
±QY=[gfaWNHQJ{Yefaf�KcY=K �Z� dgH�	�WNH0fat/u'b � ��Y�K � `e[gfXxgY!bab´Y=xgx-`eb�KaY!d~KvH'|pxgf�f�`e[eK�Y=[@[�d@WBu{H0f{?�Ç)H0f¡x@zgu{[@`e|�}'[@H'fau{WBH'J7Kvb �B� d@H0f�	

J{Y!bcYeJLKcu{b � fvu'f�xgY!b�WNH0f�J´zgY!|�x-f
E
H7K

D
	¡H{K�|~Y h [gu7K �Z� d@H'f�	XJ{Y!bcYeJLKcu{b � fvu'f�xgY!b�WNH0f�J´zgY!|�x-f

H
H{K

B
	¡f�`e[�K�t/`![gJ

t/u0J7`!dgx@WNu0f�f � `e[w[@HQK � H{[�KyxgY!f�J7`!|px/KcHOt/HOWBYpt/H'bv[ � }'bvHOt/H0f�bvH'WBY=K � `![gf��IAe? ^ � 	@H'[�J{`![gf � t/u{b´Y=[�K
J
J{`!|p|pHQdg[�KcH{bc|pH

fv`!d@b´J7He? !�d � ��Y=[�KaWBHFJ{`![�KvH{R�KvH�	�`![�x@b � � � WBu h � H�d@[@HFY!x@x@bc`/J´z@Hyu{WBH'J7Kvbc`ef�KcY=K �Z� dgHy`!d�dg[@HFY!x@x@bc`�J´zgHy|~Y h [gu7Kv`�fIK´Y�K �B� d@He?
Ç)H0f�u � dgY=K � `![gf�t/HOWZY�|~Y h [gu7Kv`�fIK´Y�K �B� d@HPf�`e[�K�.

rotH = J, div B = 0
H7K

B = µH.
�IAe? � �

U `!d@bP|pH{[gH{bO��E � H'[rWBHpJ{Y=WZJ7dgW t@H'f h b´Y=[-t/H{d@b´fF|pY h [@u{K �Z� d@H'f�	%`![rf'� � [�Kvu'bvH0fvfvH�xgb � [gJ � xgY!WNH'|�H'[�KP��Wq� d/K � W � fvY=K � `![rt@d
x2`=KvH'[�K � H{W:�eH'J7KvH{dgb'?%! � WNH�t/`!|~Y � [@HPH'f�KFJ{`![�Kvb´Y!J7K � WNH ` 	@`![,|p`e[eKcbvH � d)� � W3H7R � fIKcHOd@[,x-`!KvH'[eK � H'W:�eH'JLKcH{d@b�|~Y h [@u{K �Z� dgH
A
KvH'W � d@H

B = rotA
?gÇX� u � dgY=K � `![�d/K � W � fvu{HPx-`ed@by|p`/t/u{W � f�H'b�WNHPx@z@u'[@`!|p}'[@H�t/H{� � H{[�KyY=WB`!b´f .

rot
1

µ
rotA = J.

��A!?T� �
CF[px-H'd/KXª�Y=GI`!d/KcH{b�d@[gHyJ7`![-t � K � `e[~t/H G�Y=d h H�`!dpd/K � W � fvH{bXdg[@H�|pu7Kvzg`�t@Hyt/H�bvu h d@WZY=b � fvY=K � `![�J{`!|p|pH�x@bv`ex-`�f�u'H�t@Y=[gf
� ¬!¬ � 	0Y=Åg[�t�� Y!fcfvd@bvH'b)Wq� d@[ � J � Kcu�t/H

A
?8Ç:Y G�Y!d h H�t/H�_a`ed@WB`!|�E�J{`![gf � fIKcH¡� � |�x2`efvH{b

div A = 0
	0|pY � f3H{WBWBH¡J7`e[gt/d � K<��WBY

bcu'fv`!WBd/K � `![�t�� dg[�x@bc`!EgWN}'|�H�| � R�KcH!?=±�� Y!d/KvbcH'f2G�Y!d h H0f<fv`![�K�t/`![-Jafv`!d@�eH{[�K | � fvH'f<H{[�`�H{d@��bcH�t � bcH'JLKcH{|pH{[�KXY=d�[ � �!H'Y!d
t � fvJ{bvH{K�H7KFbvH'x-`�f�H'[eK�fvd@bQt/H'fFY=W h `!b � Kvz@|pH'f�t@H h b´Y=xgz@H'f��/d@[ � [��eH{[�KcY � bcHPH{[,H0fIK�bcu'Y!W � fvu�t@Y=[gf � �!° �¨?%_aH{x2H{[-t@Y=[�K�	2WBH
J´zgY!|�x�|~Y h [gu7K �Z� d@H�	

B = rotA
	@t/H'|pH{d@bcHFWZY h b´Y=[gt@H{d@b�x@z�ª/f �Z� d@H � [�Kvu'bvH0fvfcY=[�KvHQH7K�H'WNWBHPH'f�K � [gt/u'x-H'[gt@Y![eKcHOt/HPWBY

G�Y=d h HOJ´z@` � f � He?
Ç:Y�Å h d@bvH�A!?BAQ|�`e[�KvbcHFWq� Y!x@x@W � J'Y�K � `e[�t�� d@[�|p`�t@}{WBHQ|~Y h [@u{Kv`ef�KcY=K �Z� d@H�x2`!d@b�WBHOJ{Y!WBJ{d@W)t/dwJ´zgY=|px�|~Y h [@u{K �Z� dgH

H
tgY=[gf�dg[�E@b´Y!f�t@H�f�dgfvx2H{[gf � `e[�t)� Y!d/Kv`e|�`eE � WNHOf � |�d@WBY![�K�dg[wJ{`![�Kvb��!WBHQ[@`![wt/H'f�KvbcdgJ7K �NM xgY!b�|~Y h [gu7Kv`�fvJ{`!x � H b ?
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Ç)Hw|p`/t/}{WBH�t/H�J{`!d@b´Y=[�Kcf~t@H��@`!d-J{Y=dgW³K�J{`!bcbvH0f�x2`![gt�Y=d J{Yefp`<{¼WZYr��Y!b � Y�K � `e[nKcH{|px-`ebvH'WNWBH�t/d t/u'x@WBYeJ7H'|�H'[�K

u{WBH'J7Kvb �B� d@HQH'f�K�[@u h W �Bh H0Y=E@WBH�	�Y=d@KvbcH{|pH{[�K�t � K�`e[�[@HPJ7`e[gf � t/}'bvHQx@WBdgf�WNHPx@zgu{[@`e|�}'[@HPt/HOJ7`!dgbcY![eK´fat@HPt@u{x@WZY!J{H{|pH{[�K'?
CF[�fvHPW � | � KcHOt/`![gJQY=d�x@z@u'[@`!|p}{[gHPt@H'f�J7`ed@bcY![�Kcf�t/HO�@`!d-J{Y=dgW³K � d � f�`e[�K�WBH'f�J{`!d@b´Y=[�Kcf � [gt/d � Kcf�t@Y![gf�WNH0f�J7`![-t/dgJL§
KvH'd@b´fFx-Y=bPt/H'fQ��Y=b � Y=K � `![gf�KvH'|px-`ebvH'WNWBH'fQt/d a-d/Rrt�� � [-t/dgJLK � `e[�|~Y h [@u7K �B� d@He?�Ç)H'fFbcH{WZY�K � `![-fF��J7`e[gf � t/u'bvH'bFfv`![�KQWBH'f
fvd � ��Y![eKcH'f�.

rotE + ∂tB = 0, rotH = J, div B = 0, B = µH
H{K

J = Jg + σE.
�IA!? ¬ �

Ç)H�KcH{bc|�H
Jg
|p`/t/u{W � fvH�d@[@H�f�`ed@b´J7H�t/H�J{`!d@b´Y=[�K�J7`e[@[�d@H!?8�X[�d/K � W � fcY=[�KXt/H�[@`!dg�!H'Y!d�WBH�x2`=KcH{[�K � H{W/�eH'J7KvH{dgb � [�Kvbc`/t/d � K

t@Y![gf�WNH�J'Y!f�|~Y h [@u7Kc`ef�KcY=K �Z� dgH�	�W"� u � dgY=K � `![�bvu h � fvfcY=[�K�WNHPx@zgu{[@`e|�}'[@H�f'� u0J7b � K�.

rot
1

µ
rotA + σ∂tA = Jg .
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CF[�x2H{d@K M Y � bcH�WZY�|pÉ'|�HQbcH{|~Y=b � d@H � d@HQx-`ed@b�WNHQJ{Y!fa|~Y h [@u7Kc`ef�KcY�K �B� d@H�.�d@[@HPJ7`![-t � K � `e[�t/H¡G�Y=d h HFH0fIK � [eKcbv`/t/d � KcH
x2`!d@byYefvfvd@bcH{b�W"� d@[ � J � Kvu�t@H

A
t@Y=[gf�WBH'f�x-Y=bvK � H'f�[@`e[�J{`![gt/d-JLKvb � J7H'f��

σ = 0
�7?

Ç:Y �eH{b´f � `![�zgY=bc|p`![ �Z� d@H,t/H�J7H,|p`/t/}{WBHwH'f�K�x@WBdgf�J7`ed@b´Y=|p|pH{[�K~d/K � W � fvu{H!?�CF[¼fvd@x@x2`efvHwx-`ed@b�J{H{WZY � d@H,WBH'f
KvH'bv|pH0f�fv`!d@b´J7H0f�fv`![�K�zgY!bv|p`![ �B� d@H0f{?2Ç)H��eH'JLKcH{d@bFx-`!KvH'[eK � H'W�f{� u'J{b � KFfv`!dgf�WBY M `!bc|�H

A = Re
(

Â exp(iωt)
) `<{

Â
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_�Y=WZJ7dgWBfaH + H'J7Kvd@u0f�Y8�eH'J�d@[@HQ|�`/t/u'W � fcY�K � `![�H{[�|pY h [@u{Kv`!§
f�KcY�K �B� d@H�x2`!d@bQ`!E/KcH{[ � bPWNHpJ´zgY!|�xr|~Y h [gu7K �Z� d@H

H
t@Y=[gf

d@[wE@b´Y!f�t/H�fvdgfvx-H'[gf � `![:?
CF[ � � fvdgY!W � f�H�WBY�J7`!|px2`efcY=[�KvH�KcY=[ h H{[�K � H'WNWBH�t/d J´z-Y=|px
|~Y h [@u7K �B� d@HOfvd@b�WBYpfvd@b M Y!J7HOt/HOJ{HOE@bcYef�t/H�f�d-f�x2H{[gf � `![)?

W �UX � A!?BA � _a`e[eKcb �eWNHQ[@`e[wt@H'f�KvbcdgJLK �³M xgY=b�|~Y h [@u7Kc`efcJ7`ex � HPt�� d@[wE@b´Y!f�t/HOfvdgf�x2H{[-f � `![,t�� Y=d/Kc`!|p`!E � WBH!?

H'f�K�d@[@H h b´Y=[gt@H{d@b�J7`e|�xgWNH{R�HFH7K
ω
J{`!bcbvH0f�x2`![gt���WZY M bcu � d@H'[gJ7HPY=[ h d@WZY � bvHe?�Ç¡� u � dgY�K � `e[���J{`![gf � t/u{bcH{b�x@bcH{[gt�Y=WB`!b´f

WZY M `ebv|pH�.

rot
1

µ
rot Â + iσωÂ = Ĵg .

�IAe? ° �
Ã»W2H7R � f�KvHQY=dgfcf � t/H0f¡|p`/t/}'WNH0f¡H'[�J7`ed@b´Y=[�Kcfat/HF�g`!dgJ'Y=d@WNKa`�{�W"� � [gJ7`e[@[�d@H�x@b � [gJ � xgY=WBH�H0fIK�WBHFJ´zgY!|�x�u{WBH'JLKcb �Z� d@H

E`!d�WBH�J´zgY=|px�|pY h [@u{K �Z� d@H
H
�BA0� 	2_az-Y=x � KvbcHO°��¨?

Ç:Y�Å h d@bcH�A!?TSw|p`![�KcbvH~Wq� Y!x@x@W � J'Y�K � `e[�t�� dg[�|p`�t@}{WBH�t/H�J{`!d@b´Y=[�K´f�t/H��g`!dgJ'Y=d@WNK�x2`!d@b�u{��Y=WBd@H{b�WBY�t/H{[gf � Kvu�t@H
J7`ed@b´Y=[�K�tgY=[gf�WBH�t/u M Y!d/K�t�� d@[wb � �!H{K8�1J{Y!WBJ{d@WZf � fcf�d-f�t/HOWBY�Kcz@}'fvH�t/HO��?g��z@`!WBWB`![��7?

_�Y=WZJ7dgWBfFH + H'J7Kvd@u0fQY8�eH'J�d@[@H�|�`/t/u'W � fcY�K � `![�H{[rJ{`!d@b´Y=[�K´f
t/H��g`!dgJ'Y=d@WNK�x-`ed@b�`!E/KcH{[ � byWZYpt/H{[gf � Kvu�t/H�J{`!d@b´Y=[�K�t@Y=[gf
WBHPt@u M Y=d@K'?
CF[�� � fvdgY=W � fvHOf�`edgf M `ebv|pHOt/HBag}0J´z@H'f�WBHO�!H0JLKvH'd@byt/H'[gf � Kvu
t/HOJ7`ed@b´Y=[�Kyt@Y=[gf�WBHOt/u M Y!d/K'?

W �UX � A!?TS � _a`ed@bcY![�Kcf � [-t/d � Kcf�tgY=[gf�WBHOt/u M Y!d/K�t�� d@[wb � �!H{K'?
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ÇX� u � dgY=K � `![ �!H0JLKv`eb � H{WBWBHpt@H'fO`e[gt/H'fPH0fIK�dg[Á|�`/t/}'WNH � d � [@H~[@u h W �Bh H~Y!dgJ7d@[ x@zgu{[@`e|�}'[@H�t@Y![gfOWBH'fOu � d-Y�K � `![-f

t/H�s�Y�R/��H{WBW 	-|pY � f � d � J´zgH{b´J´z@H���`eE/KvH'[ � bQt/H'f M `!bc|�d@WZY�K � `e[gfy[gH�J7`e[gfvH{bc�8Y![�K � dgH�WNH�J´zgY=|px,u'WNH0JLKvb �Z� dgH
E
`ed�WBH

J´zgY!|�x�|~Y h [@u7K �B� d@H
H
?
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�XWBWNH0f�x@bcH{[@[@H'[�KyWBY M `!bc|pHOf�d � ��Y=[�KvH�.

rot
1

µ
rotE + ε∂2

t E + σ∂tE =< source >,

rot
1

ε
rotH− ∂2

t H + σ∂tH =< source >,

�IAe? ¸ �

Ç)H�KcH{bc|�H
< source >

H0fIKXt/`e[@[@u�xgY!b<dg[@H�Y=[�KvH'[@[@H�	�dg[@H�`![gt/H � [gJ � t/H'[eKcH�`!d�d@[@H�f�`ed@b´J7H�t/H�J7`!dgbcY![eK u � d � ��Y=WBH{[�KvHe?
CF[wJ7`![-f � t/}{bcHPx@WBdgf�f�`ed@�!H'[�K�dg[@HO�!H'bcf � `e[�zgY!bv|p`e[ �B� d@HPt@Y![gf�WNH0f�x@bc`!E@WB}{|pH0f�t@H�t �,+ b´Y!JLK � `e[ .

rot
1

µ
rot Ê− (ω2ε− iωσ)Ê =< source >,

rot
1

ε
rot Ĥ− (ω2µ− iω

1

σ
)Ĥ =< source > .
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±QY=[gf WBH'f�J'Y=WZJ7d@WZf bvu0Y=W � fvu'f<H'[ ��[@[@H7R/H * 	�`![�Kvbc`!dg�!H�x@WNd-f � H{d@b´f�Y=xgx@W � J{Y=K � `![gf�	�[@`!KcY=|p|pH{[�K�d@[pJ{Y!WBJ{d@W/x-`ed@b�d@[@H
Y=xgx@W � J{Y=K � `![�H{[�z�ª�x2H{bvKvz@H'bv| � H�WN`/J{Y!WNH��¡x-Y=b�`![-t/H'f<u{WBH'J7Kvbc`!|~Y h [@u7K �B� d@H0f�	8t/dp|p`/t/}{WBH�t/H�W"� u � dgY=K � `![��eH'J7Kv`!b � H{WBWNH�t/H'f
`![-t/H'f'?
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±QY=[gfQd@[ | � W � H'd � [@z@`e|p` h }'[@H�	�t/H0fOJ7`e[gt � K � `![gfPt�� � [�KcH{b M Y!J7H�H{[�KcbvHpt/H{d@R�bvu h � `![gfQt/Hpx@bc`!x@b � u7Kvu0fPt �,+ u{bcH{[�KcH'f��

t/` � �eH{[�K�É7KvbcHP�!u'b � Ågu{H0f .
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B
H7KPf{� � W3[)� H7R � f�KvH�xgY!fFt/H�J´zgY!b h H

t�� � [�KvH'b M YeJ7H��PJ{H{WBWNHOt/dd�<1W#>.h�<��
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��+��u{WBH'J7Kvb �B� d@H
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U `!d@b�u7Kvd-t � H'b�WBH�b´Y8ª!`![g[@H{|pH{[�K�H{[�J´z-Y=|pxwW � E@bcH � � d � H'f�K�WNH�J{Y!fyx-`ed@b�Wq� u � dgY�K � `e[wt@H'fy`e[gt/H0f � 	 � W:H'f�K�[gY=Kvd@bcH{W

t�� � |px2`efvH{b<�yWq� � [/Åg[ � WZYn�����8���/�,�����o��
 %4���<�!�+�8
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�.3� � d � H'f�K3dg[@HaJ{`![gfvu � d@H'[gJ7H¡t@H¡WZYyJ7`e[gf�H'bv��Y=K � `![
t/HOWq� u'[@H{b h � H!?
±QY=[gf¡WNH�J'Y!fat�� dg[�J´zgY=|px�fcJ{Y=WZY � bcH

ψ
�!u'b � Å-Y=[�KXWq� u � dgY�K � `e[�t/H�7yH'WN|pz@`eW³K 9 4ψ−k2ψ = 0

`�{
k
H0fIKaWNHF[@`!|�E@bvH

t�� `![gt@H�	gJ{H7K�KcHOJ7`![-t � K � `e[,f{� u'J{b � K�.

lim
r→∞

r
d−1

2

(∂ψ

∂r
+ ikψ

)

= 0,
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d
H0fIKyWZY~t � |�H'[gf � `e[�t/HOWq� H'fvxgY!J{H!?@±QY=[gf�WBHOJ{Yef�t/HOW"� u � dgY=K � `![��!H0JLKv`eb � H{WBWNHOt/H0f�`![gt@H'f�	/WBYp��Y=b � Y=[�KvHPf{� Y=xgx-H'WNWBHOWBY�����8���/�,�������<
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n
H7K�xgY=bPKc`!dgfOWBH'fOfv`!|p|pH7K´f�Y=d@R � d@H'WBf

n
x2H{d/K�É{KvbcH~W � u~xgY!bOd@[�J´z@H{| � [ H'f�K

Y=xgx-H'WNuOd@[gH����!�*#+���������

5�������>
 kf
Ot/d h b´Y=x@zgH!?
¹y[���%�-�%4
PH'f�Kadg[ h b´Y=xgz@H�J7`e[@[@H{R�HFxgY=bvK � J7dgW � H{b � d � [gHQJ{`![�K � H{[�K�Y!dgJ7dg[@H�E2`!dgJ{WNH ��fvd@x@xgb � |pH{b¡dg[@HFEgbcY![gJ´z@HFt@H

J7H{K�Y=bcE@bcHQWBHObcH{[gt�[@`e[wJ{`![@[gH7R/H!?-CF[wx2H{d/K�|p`e[eKcbvH'b � d:� d@[�Y!bvEgbvHPt/H
N
[@`�H{dgtgfyJ7`e[eK � H'[�K�Kv`!d=GI`!d@b´f�H7R@Y!J7KvH'|�H'[�K

N − 1
E@b´Y=[gJ´zgH'f � ¬ 	@x�®=S��q?

±QY=[gf�t/H�[@`e|�E@bcH{d-f�H0f�f � Kvd-Y�K � `![-f�	�`![ H0fIKwY=|pH{[@ur�nJ7`e[gf � t/u'bvH'b�d@[ �!%�-(% 
����!��X7%4�!�+��t)� d@[ h b´Y=x@z@H � [ � K � Y=W
J7`e[@[@H{R�H .XJ{H7K�Y=bcE@bcH�H0fIK�d@[¼fv`!dgf�§ h bcY!x@z@H�t/d h bcY!x@z@H � [ � K � Y!W�Y8�!H0J�WBH'fp|pÉ{|pH0fp[@`�H{dgt@fp|~Y � fpH'[¢fvd@x@x@b � |pY![�K
� d@H{W � d@H'f�EgbcY![gJ´z@H'f'?�Ã»W)ª�Ypt/HP[@`!|�E@bcH{dgfvH'fax-`�fvf � E � W � Kvu'f�x2`!dgb�WBYpt/u{KvH{bc| � [-Y�K � `![wt�� d@[wY=bcE@bvHPJ7`ed@��bcY![�K .@t@Y![gf�WBH
J{Yefat@d h bcY!x@z@H�t/HPWZYOÅ h d@bcH�Ae? � �5E�� 	�`e[�t/`e[@[@HPt/H{d/R�Y!bvEgbvH0faJ{`!d@��b´Y=[�Kcf¡xgY=bvK � J7d@W � H{b´fa��WBY�Å h dgbvH�A!?T�/?�ÇX� H{[gfvH{|�E@WBH
t/H0f�Y=bcÉ7KvH0f�[@`![wJ7`e[gf � t/u'bvu'H'f�t@Y![gf�W"� Y=bcE@bcH M `!bc|�HPWBHE� �U��%�-�%4
{?
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W �UX � Ae? � � ±�H'd/R�Y!bvEgbvH0f�J{`!d@��b´Y=[�Kcf�x2`!d@b�WBH h b´Y=x@zgHPt@HQWZY�Å h d@bvH�A!? ���1E��L?

k ./$'�� 1�!��9¡¿B 1#<�! "93��#<�!� �<��.@#<�0�<���c#<+)��;39 �e$Æm"+- w9<��&Æ�!+2;:��.@#%$0& 9<� �, 1�8�8�<�3+�� U `!d@bwbcH{x@bcu'fvH{[�KvH'b�dg[
h b´Y=xgz@H�	�WZY�|pY=Kvb � J{H�t�� � [gJ � t@H{[gJ{H~E@bcY![gJ´z@H{§q[@`�H'dgtrJ{`!|px@WB}7KcH

Gc
t/d h b´Y=xgz@Hpx-H'd/K�É7KcbvHpd/K � W � f�u'H!?3Ç:Hp[@`!|�E@bvH�t@H

J7`eWN`e[@[@H0fyt/H�J{H7K�KcH�|~Y�Kcb � J7HOH0fIK�u h Y!W:Y=d,[@`e|�E@bcH
N
t/H�[g`�H'dgt@fyt@d h b´Y=x@zgHQH{KFWBH�[@`e|�E@bcH�t/H�W �Nh [@H'f�Y=d,[@`e|�E@bcH

E
t/HPE@b´Y=[gJ´z@H0f��@J{H'f�H{[�Kcbvu'H'f�f�`e[�K�t@u7Åg[ � H'f�t/HOWBY�|~Y=[ � }'bvHOfvd � ��Y![eKcH�.

(Gc)en =







1
f � WBHP[@`�H{dgt

n
KvH{bc| � [gHQWq� Y=bcÉ7KvH

e,

−1
f � WBHP[@`�H{dgt

n
t/u{E@d@KvHOWq� Y!bvÉ{KvH

e,

0
f � [@`![

.

��A!?BA!A=�

U `!d@b�WBH h b´Y=xgz@HQt@HOWBY�Å h d@bvHpAe? � �5E�� 	@fvY�Kvb´Y=[-f�x2`efvu{HPf{� u'J{b � KyY=WB`!b´f .

(Gc)
t =







1 −1 0 0 0 −1
0 1 −1 −1 0 0
0 0 0 1 −1 1
−1 0 1 0 1 0






.

! � WBH h b´Y=xgz@HFx2`efcfv}'t/H
N
[@`�H{dgtgf�H7K�f'� � W)H'f�K�J7`e[gf�K � Kvd@u�t/H

P
J7`e|�x2`efcY=[�KcH'f�J7`e[@[@H7R/H0f�	/WBHObcY![ h t/H�J7H{K�KvHO|~Y=Kvb � J{H

H'f�K�u h Y=WBH��
N − P ?��Qu{[@u'bcY!WNH'|pH{[�K�	�`e[ fvd@x@x@b � |�H~dg[ [g`�H'dgt t/d bvu0f�H0Y=d�x2`!dgb�J´zgY � d@H~J7`e|px-`�fvY![eKcH�J{`![@[gH7R/H�	J7H�[@`�H{dgt,Å@R/H�d@[@H�bvu M u{bcH{[gJ{H�H7KQW"� `![,KcbcY8��Y � WBWNH�Y8�!H'JPdg[@H�|~Y�Kcb � J7H�t�� � [gJ � t/H'[gJ7H�E@b´Y=[gJ´z@H{§q[g`�H'dgtwbcu't/d � KvHe? ! � Wq� `e[

`!dgE@W � HPWNHO[g`�H'dgt
2
t@Y=[gf�WBH h b´Y=xgz@HQt@HOWBY�Å h d@bvHpAe? � �5E�� 	/WBY�|~Y�Kcb � J7HOt�� � [-J � t/H{[gJ{HObvu0t/d � KvH�t/`e[@[@H�.

Gt =





1 −1 0 0 0 −1
0 0 0 1 −1 1
−1 0 1 0 1 0



 .

Ç:Yw|~Y=Kvb � J{H~bvu0t/d � KvH�H0fIK�t@H�bcY![ h |~Y�R � |~Y!WXH7K�WZY,bcH'J´z@H'bcJ´zgHpt)� d@[�Y!bvEgbvH~J7`ed@��bcY![�KOt@d h b´Y=x@zgH�x2H{bc|pH7K�t@H�t/u7§
KvH'bv| � [@H{b�d@[ÆH{[-f�H'|�E@WBH�t/H�W �Nh [@H'f�W � [@u0Y � bvH'|�H'[�K � [gt@u{x2H{[gt@Y![�KvH'f�t/H�J{H7K�KcH�|~Y�Kcb � J7H�bcu't@d � KcH � S�®"	�¬ 	�_azgY!x � KvbcH
S �¨?

!�` � K
I
WNHQ�!H0JLKvH'd@b�J7`![�KcH{[gY![eK�WNH0f��8Y!WNH'd@b´fat/H0f�J7`!dgbcY![eK´fatgY=[gfaWNH0f�t �,+ u{bcH{[�KcH'f�E@b´Y=[gJ´z@H0fat@d�bcu'fvH'Y=d�	eWBHQfvH{[-f�t@H

J7H'd/R�§¨J � KcH{[gY![�K�J{`!|px/KvHQt/H'f�`eb � H{[�KcY=K � `![gfat/`![g[@u{H0faY!d/R~E@bcY![gJ´z@H0f¡t/d h b´Y=x@z@H �eWZY�WB` � t/H'f�J{`!d@b´Y=[�Kcfat/HP© � b´J´z@z@` +
x2H{d/K�f'� u0J7b � bcHOf�`edgf M `!bc|pHQ|~Y=Kvb � J � H'WNWBHPH7K�t/HO|~Y=[ � }'bvHPu � d � ��Y=WBH{[�KvH�.

(Gc)
tI = 0

`!d
GtI = 0.

��A!?BA0S �
�X[,H + H{K�	

Gt H'f�Kyt/u't/d � KcH�t/H
Gt

c

H'[wbvH{K � bcY![eK�d@[gHOW �Bh [@HPH{KFt/`![-J
kerGt ⊂ kerGt

c

?%_a`!|p|pH
rangGt = rangGt

c

	
WBH'f�t � |pH{[gf � `e[gfyt/H

kerGt H7K�t/H kerGt
c

fv`![�K�u h Y=WBH'f�H7KyWq� � [gJ{WNd-f � `![wH'f�K�d@[@HOu h Y=W � Kvu!?
k ./$'�� 1�!�w9<� �a+-;<�!m"��&��e$�m1+2 �93��&�$'��#3&0 1+2#<&�93� �, 5���8�<�3+�� Ç:Y�|~Y=Kvb � J{HFt/HQE-`edgJ7WBH'f�J7`e|px@WN}{KvH

Rc
H0fIK�Y=dgfcf �

� [eKcu{bcH'fcfvY![�KvHPx-`ed@byWq� u{Kvdgt@H�t/H'fyWN` � fyt@H�© � b´J´z@z@` + ?gÇ:HO[@`!|�E@bcHPt@H�W �Bh [gH'fyt/H�J{H7KvKvH�|~Y�Kcb � J7HOH0fIKyu h Y!W)Y=d,[@`e|�E@bcH
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t/HpE2`!dgJ{WNH0fOt@Y=[gfPWBH~bcu'fvH'Y=drH7KOWBH~[@`!|�E@bvHpt/H�J{`!WB`![@[@H0fPY=d [@`!|�E@bvH
E
t/HpE@b´Y=[gJ´z@H0f{?:CF[rÅ@R/H~d@[@Hp`!b � H{[�KcY=K � `![

x2`!d@byJ´zgY � d@HPE-`edgJ7WBHPH7KyWBH'f�H'[eKcbvu'H'f�t/H�J{H7K�KcHO|~Y�Kvb � J7HOf�`e[�K�Y!WN`ebcf�t/u{Åg[ � H'f�t/HOWZY�|~Y=[ � }{bcHOf�d � ��Y=[�KvH�.

(Rc)ef =







0
f � WZY�E@bcY![gJ´z@H

e
[)� Y=x@x-Y=bvK � H{[�K�x-Y!f��pWZY�E2`!d-J7WBH

f,

1
f � WZY�E@bcY![gJ´z@H

e
Y=xgxgY=bvK � H{[�K���WZYpE2`!dgJ{WNH

f
H{KyWNH0f�`!b � H{[�KcY=K � `![gf�J7`��"[-J � t/H{[�K

,

−1
f � WZY�EgbcY![gJ´z@H

e
Y=xgxgY=bvK � H{[�K���WZYpE2`!dgJ{WNH

f
H{KyWNH0f�`!b � H'[�KcY�K � `e[gf�[@HOJ7`��"[gJ � t@H{[�K�xgY!f

.

��A!?BA'^ �

±QY=[gf�WBH�J{Yefyt/d h b´Y=xgz@HOt/HOWBY�Å h d@bcHpA!? ���5E � 	@`e[�x2H{d@K�bvH0J7H'[gf�H'b�WNH0f�E-`edgJ7WBH'f�f�d � ��Y=[�KvH0f�H{[,t/`e[@[gY![eKyWZYpf�d � KcH�t/H'f
[@`�H{d-t@f�Kvb´Y8�!H'bcfvu'f .

{1, 2, 4}, {1, 3, 4}, {1, 2, 3}, {2, 3, 4}, {1, 2, 3, 4}, {1, 2, 4, 3}, {1, 4, 2, 3}.
ÇX� `!b � H{[�KcY=K � `![ � [gt/d � KvH�xgY!bQWZY�xgbvH'| � }{bcH�E2`!d-J7WBH�H0fIKPbcH{x@bcu'fvH{[�Kvu'H�fvd@bPWBY�Å h d@bcH�A!? ���5E �L?:_aH'J � [@`edgfPJ7`e[gt/d � KP��WZY
|~Y�Kcb � J7HOt/HOE2`!dgJ{WNH0f�J7`e|�xgWN}{KvHOf�d � ��Y=[�KcH .

Rc =













1 1 1 0 0 0
1 0 0 0 1 1
0 1 0 1 0 −1
0 0 −1 1 1 0
1 1 0 1 1 0
0 1 1 0 −1 −1
−1 0 −1 1 0 −1













.

_aH{x2H{[-t@Y=[�K�	�`e[¢t@` � K~J{`![gf � t/u{bcH{b � J � t/Hw[@`!|�E@bcH{dgfvH'f�E-`edgJ7WBH'f~Y!WN`ebcf � d@H,J7H'b�K´Y � [gfpf�`edgfI§¨H{[-f�H'|�E@WBH'f�Y=x@x2`!bvKvH'[�K
d@[@H � [ M `ebv|~Y�K � `e[ru � d � ��Y!WNH'[eKcH!? � � [-f � f � Wq� `e[ÁY�t@u7KvH'bv| � [@u~d@[�Y!bvE@bcHpJ7`!dg��b´Y=[�K�t/d h b´Y=xgz@H�H{K � d@H~Wq� `e[ Y=GI`!d/KcH
� [gt/u{x2H{[-t@Y=|p|pH{[�KFH{KFd@[gH��~d@[gH�WBH'fyEgbcY![gJ´z@H'fFt/d�J{`eY=bcE@bcH�	/`e[�`!E/K � H'[�KFt@Y=[-f�J´zgY � dgH�J{Yefyd@[ h bcY!x@z@H�Y8�eH'JPd@[@H
d@[ �Z� d@HOE2`!dgJ{WNH
	 � d � H'f�K�Y=dgfcf � dg[@HOE-`edgJ7WBH�t/d h b´Y=xgz@H � [ � K � Y=Wq?2CF[wt � K � d@HOWq� `![wY�Y � [-f � t/u{KvH'bv| � [@uOd@[wH{[gfvH{|�E@WBH
t/Hn-����+��.3
(� &(���8�<����
��+�W��.3
(��Y!fcf�`/J � u��PW"� Y=bcE@bcH�J{`!d@��b´Y=[�KXJ´z@` � f � ? !�dgb�WBYQÅ h d@bcHQAe? ¬Pfv`![�K�bvH'x@bcu'fvH{[�Kvu'H'f<WNH0fX^QE-`edgJ7WBH'f
M `![-t@Y=|pH{[�K´Y=WBH'f<Y!fcf�`/J � u{H0f:Y!d�x@bcH{| � H'b<Y!bvEgbvH¡J{`!d@��b´Y=[�K3t/H�WZY�Å h d@bvHFA!?T�/?=CF[�x2H{d/K�Y=dgfcf � J´z@` � f � b:WBH{d@b´f:`eb � H{[�K´Y�K � `![-f

��

��

� �� ��
1 3

4

2
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������� �"! # �%$'&)(+*-,/.102*435*4.7698;:<0=*>(@?�69&;31AB,C*-&EDFAB0=*>( !
G 6981HJIE8LK *-0=02*M(N:-69OP&):<QR35*-&EDJATS9*M:U:<*>020=*V31*W0PK A9H+X-D+*V358Y:-6"A9H+.1HZ*[AB\]6985DZ^-* !1_ &%6".5D+Q=*-&EDJAB0=69HF('81&)*W,`AaDZH+QR:<*b35*V.;6"8):<0=*>(
?�69&;31AB,C*-&EDFAB0=*>(JIE81QL:<6"H+HZ*>( G 69&)3 G 6"81HJ02*c:Fd)69Q2e G HZ^>(+*-&ED+^bfC0=A/g)h"81HZ* �"! # fi0=AC,`ABD+HZQ=:-*ij

Rf =





1 0 1 −1 0 1
0 1 0 1 0 −1
0 0 −1 1 1 0



 .

k Ql0PK 6"&m:<6"&)(nQR35o>H+*c0RAY(n6"8)(]pq,`AaDZH+QR:<*46".5D+*>&E8)*r*-&s*<etD+HFATu"A9&EDU02*M(V:-690=69&1&)*>( � 	wv *<Dcx 	 :<6"H+HZ*>( G 6"&)31A9&"DVAB85eyQ=&)35QR:<*>(
35*M([.1HFAB&;:Fd1*>(V358m:-6"ABHZ.1HZ* 	 69&m:-69&)(nDZABD+*/IE81*i:<*-DnD+*C(+698)(npP,`ABD+HZQ=:-*c*>(nDW0RAz,`AaDZH+QR:<*/Q=31*-&ED+Q2D+^C:<*CIE81Q{&)698)(WQ2&;35Q=IE81*
IE81*b02*4HFAB&)hi35* Rf

*>(nDJ^-hEAB0LAB8Y&16",r.1HZ*435*b.1HZA9&):Fd1*M(@318|:-6"A9H+.1HZ* 	 : ! p}fap}3 ! E + 1−N !w~ *VHZ^>(+8102DZABD�*M(]DJSaAB0RAB.)02*G 6981HWD+6"85DWh"HZA G d1*�� v"�"	 # 	 ~ d)A G Q�DZH+* va� !7� 0=8)(Wh9^-&)^-HFAB0=*-,C*-&ED 	 69&y&169D+*>HZA R DZ6985DZ*r,`AaDZH+QR:<*r31*r.7698):-02*M([HZ^>358)Q�DZ*
35*4HFAB&1hi,`Aae5Q=,CA90�*<DU^>h"AB0�f E + 1−N *-DU02*M(J.7698):-02*M(J:Fd169QR(nQ=*>(�(+69&EDU35Q2D+*>(UQ2&)31^ G *-&)31A9&ED+*>( !



� �����������
	����
���������������
���
���
����������� �{�!�#"$�������!�%�����!�'& (

$'& 6985DZH+* 	 69& :<6"&)(]DFAaDZ*i(+Q2, G 0=*-,C*>&"D 	 *-& (>K A"(+(+81HFAB&EDV.)Q2*>&s*>&"DZ*-&)318 IE81*`0RA%&t81,C^>H+69DZAaDZQ26"&s35*M(4:<6"026"&1&1*>(431*
(Gc)

t *-D Rc
*-D[35* Gt *-D R (+69Q2DJ:-69d1^>H+*>&ED+* 	 IE81*Cj

(Gc)
t(Rc)

t = 0 *-D GtRt = 0. ) �9!=�%*�+
~ *>:-Q{(+Q2h"&1Q2g)*rIE81* Im(Rc)

t ⊂ ker(Gc)
t *<D ImRt ⊂ kerGt

!w_ H 	 69& A%(n6"8102Q=h9&)^ G H+^M:<^M35*-,C,C*-&EDWIE81*c0=*cHFAB&1hz31*
Gc

698 G ^<DFABQ2D N −1 ) *-&z:<6"&)(+Q=35^>HZA9&ED'02*Uh"HZA G d1*J:<6"&1&1*-et* +�, *>&z:<6"&)(n^MIE81*-&):-* 	 0RA435Q=,C*-&)(+Q26"&z358`&16auEAB8`35* (Gc)
t

698 Gt *>(nD E + 1−N !w~ 69,C,C*V0=*4HFAB&1hC35* R *M(]DJ^>h"AB0Lf E + 1−N 	 6"&YAi&1^M:<*M(+(ZABQ=H+*>,C*-&ED ImRt = kerGt *<D
35*40RAi,iX>,C*4,CA9&1Q=o-HZ* ImRt = Im(Rc)

t *-D Im(Rc)
t = ker(Gc)

t
!

- *-85e%Q=&5?�6"H+,`AaDZQ26"&)( G *-81S"*-&EDUX<DZH+*bHFA G QR35*-,C*>&"DU35^M3581Q2D+*M(U35*4:<*M(�H+^M(n8102DZABDZ(bj
� 0 K 85D+Q=0=Q=(ZAaDZQ26"&s3�K 81&1*`,`AaDZH+QR:<*C35*C.7698):-02*M(bH+^M3581Q2D+*`:<6"&"DZQ2*>&EDV81&)*iQ=&5?�6"H+,`AaDZQ26"&m^>h"AB0=*CfY:-*-0=02*`35*C0RA%,`ABD+HZQ=:-*
35*b.;6"8):<0=*>(J:-69, G 0=o<D+* !

� (nQ702*bS"*>: DZ*-81H Im :-69&ED+Q=*-&EDN0=*>(@SaAB0=*-8)HZ(@35*>(�:-6981HFAB&EDZ(@35*V.;6"8):<0=*>(@Q=&)35^ G *>&)31AB&EDZ*>( 	 6"&%(ZABQ2D@,`ABQ=&ED+*>&)AB&EDJI"8)*
D+6981D�S"*>:<D+*-8)H I S9^>H+Q2g;AB&ED�0=Ai0=69Q 31*>(J:<6"81HFAB&EDZ(�35*/.bQ=HZ:Fd)d1610 ) �9!=� v + G *-85DV(-K ^>:-H+Q=H+*b(+698)(�0RA/?�69HZ,i*Cj

I = RtIm. ) �9!=� x +
2 *>S9*-&)69&)(r,CA9Q2&EDZ*-&)A9&"DCf 0PK *-e G H+*M(+(+Q=69& 35*Y0=Am026"QJ35*>(rD+*>&)(nQ=69&;(/35*3.bQ=HZ:Fd1d)610 ATS"*>:%02*M(r&16"81S9*>020=*>(r,`AaD+HZQR:<*>(

Q=&"DZH+65358)Q�DZ*>( ! k Q V *>(nD@0=*[S"*>: DZ*-81H�:<6"&ED+*-&;AB&EDN0=*>(NSaAB0=*-81HF(�35*M(ND+*-&;(nQ=69&)(@31A9&)(�0=*>(@35Q407^>H+*>&ED+*>(N.1HFAB&):Fd)*>(�318%HZ^>(+*>AB8 	
0=*V(+*-&)(@35*b:<*>020=*>(npq:-Q;^-DZA9&"D�:<6"d1^-HZ*-&ED@ATS"*>:J0=*>(N69HZQ=*-&EDZABD+Q=69&)(N358%h"HZA G d1* 	 0RAc0=69Qw35*>(ND+*>&)(+Q26"&)(N31*5.bQ=HZ:Fd)d1610|(-K ^>:-H+Q2DWj

RcV = 0 698 RV = 0.

- *N0RAU,CX-,C*@,`AB&1Q=o-HZ*NIE8LK *-& ) �9!=�%*6+ 	 Q20tStQ=*-&ED 35Q=HZ*>: DZ*-,C*-&ED IE81* ImG = kerR
! k Q U *M(]D 81&iS9*>:<D+*>81H{:-69&ED+*>&)AB&ED

0=*>(NSTA902*>81HF('35*>( G 6BD+*>&ED+Q=*-0R(NA985ei&)6E*>8)31(@358zHZ^>(+*>A98 	 6"& G *>85D�A9Q2&;(nQ;*<e G HZQ2,C*-HN02*WS9*M: D+*>81H V 35*>('D+*>&)(nQ=69&;(�31A9&)(�0=*>(
.1HFAB&):Fd)*>(�358|H+^M(n*MAB8 S9^-HZQ2g;AB&EDJ0=Ai0=69QL35*M(�D+*>&)(+Q26"&)(J35*7.bQ2HF:Fd1d1680m(n6"8)(�0RAr?�6"H+,C*Cj

V = GU. ) �9!=�>#9+
- AB&)(�:<*4:>A9( 	 fi:-A98)(+*W35*b0RA/35^-g)&1Q2D+Q=69&|35* G 	 0=AiSaAB0=*-81H�358 G 69D+*>&"DZQ2*>0L358Y&16t*-8)3%Q2&1Q2D+QRAB0=*-,C*-&EDU(+8 G1G HZQ2,C^4(+*-H+D�35*G 6BD+*>&ED+Q=*-0 35*4HZ^<?�^>H+*>&):<*V*<DUQ=0Lu%AC356"&):b81&1QRIE81*-,C*>&"D N − 1 G 6BDZ*-&ED+Q=*-0R(JQ=&):<6"&1&t8)( !

:
;�<>=@?�ACBEDF?�G#BC;�HJI'K6DLAE;$BEDMINK3O'<>?�HNPRQ'K6DSK�GT<>U�DF;$AEV'G#BE;$HWI'K6DTD%X�D#G#Y6=@K6DMP8;�<R<RK6D#Z[;$H'IN?�H�G#D
\ *V.185DU35*b:<* G A9HZA9h9HFA G d1*[*>(nD�35*bHFA G1G *-0=*-H@0=*>(@&16BDZQ26"&)(@^-0=^-,C*-&EDFABQ=H+*M(N(+81H�02*M(�:<Q=HZ:-81Q�DF(@^-0=*>: DZH+QRIE81*>(N*-&YHZ^-h9Q=,C*

d)A9H+,C69&)Q=IE81*W*<DJ02*M(@,i^-D+d16535*M(�35*WHZ^>(+690=85DZQ26"& 35*M(N^MIE8)AaDZQ26"&)( !�] 0�(n*WD+HZ698)S9*bI"8)*W0=*>(�(+ut(nD+o>,C*>(N69.5DZ*-&t8)(�fr0RArg)&Y31*
0RA k 698)(npq(+*>:<D+Q=69& �9! v ! * 698 AB8 ~ d)A G Q�DZH+* * (+69&ED 	 .1Q=*-& IE81* G 0=8)(b0=A9H+h"*>(W*<D G 0=8)(4:-69, G 0=*<e5*>( 	 ?�69&)31A9,C*-&EDZA902*>,i*>&ED
35*4,CX-,C*4&)ABD+81HZ* !;~ K *>(nDJ0=AiHFABQR(n6"& G 698)HJ0=A"I"8)*-0=02*b0RA/HZ^>(+690=85DZQ26"& *M(]D�?�69HZ,`AB0=Q=(+^-*bQR:<Q 	 .1Q=*-&yIE81*402*4(+u5(]DZo-,C*c(nQ=, G 0=*
356"&1&1^b*-&|*<e5*>, G 02*4&1*bHZ*>IE81Q=*-H+D G A9(�81&)*bD+*-0=0=*b?�69HZ,CA902QR(ZAaD+Q=69& !\ *bD]u G */35*r.1HZA9&):Fd1*M(�02* G 028)([h9^>&1^-HFAB0 :-69&)(+QR35^-HZ^4Q=:-Q G HZ*-&;3|0=Ai?�6"H+,C*r356"&1&1^>*rfC0=A`g)h981HZ* �9! � !�\ Az(+6981HF:<*c31*
D+*>&)(+Q26"& *M(]D G 0RA9:-^-*b*-&|(n^>H+Q=*4ATS9*M:U81&|^-0=^-,C*>&"D G A"(+(+Q2?{*<DU0RAi(n6"81HZ:-*V31*c:<698)HZA9&"D�*>(nDJ*-& G ABHFAB0=0=o-0=*VATS"*>:W0 K *-&)(+*-,/.10=*G HZ^>:-^>35*>&"D !"� 6"81HN8)&1*WIE81*M(]DZQ26"&%35*b:<69,C,C6535Q2D+^W31*WHZ* G HZ^>(+*-&EDFAaD+Q=69& 	 69&%(>K ABHZHZA9&1h9*>HZAbABQ=&)(+Q)DZ698a\]6"81HF( G 6981H�IE81*[0=*>(
h9^>&1^-HFAaDZ*-81HF(b(n6"Q2*>&EDbA":-:<6", G ABh"&1^>( G A9H481&s^>02^>,C*-&ED G A9(Z(+Q�? !�\ *>(VD+*>&)(+Q26"&)(4AB85es.;6"H+&1*M(435*>(r35Q^0w^-HZ*-&EDF(b^-0=^-,C*-&EDZ(

− +Vk

Ik − ig

ig

vg

�����N� �9! � �`_@HFAB&):Fd)*Wh"^-&1^>H+QRIE81* !
G A"(+(+Q�? ( *-D 0=*>(l:<6"81HFAB&EDZ( IE81Q502*M({D+HFATS9*-HF(+*-&ED{(+69&ED 0=*>( Q=&):<6"&1&t81*>( 35*�&169D+HZ* G HZ69.10=o-,C* , :-*>(l3569&)&1^-*M( (+69&EDlH+*>h9HZ698 G ^-*M(
31A9&)(z0=*>(`S"*>:<D+*-8)HZ( V *<D I 3569&ED%0RA 35Q=,C*-&)(+Q26"& *>(nD%^-hEAB0=* AB8 &16",r.1HZ* 35* .1HFAB&;:Fd1*>( ![\ *M(`S9*M: DZ*-81HF( Vg

*-D Ig
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:<6"&ED+Q=*-&1&1*>&ED/HZ*>( G *M: D+Q=S9*>,C*-&ED/0=*>(rD+*>&)(nQ=69&;(r*-Di0=*>(i:<6"81HZA9&EDZ(4?�6"81HZ&1Q=( G A9Hr0=*>(/h9^-&)^-HFAaD+*>81HF(r31A9&)(r0=*>(i35Q407^>H+*>&ED+*>(
.1HFAB&):Fd)*>( !1\ *>(',CABD+HZQ=:-*>( G *-D R (+69&ED�35*>(',CABD+HZQ=:-*>('3LK Q=&):<QR35*>&):<*U.)HZA9&):Fd1*<pq&16t*-8;3r*-D�35*U.7698):-02*UHZ^>3181Q�DZ*>( 81D+Q=02QR(n^>*>(G 6981HJHZ* G HZ^>(+*-&EDZ*-H�0=A/DZ6 G 690=69h9Q=*b358|H+^M(n*MAB8 !�� S9*M:W0=*>(�0=69QR(J35*/.bQ=HZ:Fd)d1610yQ=0LStQ2*>&"D[A9026"HZ(Vj

RV = RVg
6"8 GtI = GtIg . ) �9!=� � +

� 6981H�(+Q2, G 0=Q�g;*-H�0=A/(n8)Q�DZ* 	 69&%(+8 G1G 6"(+*WIE81*V0PK 6"&zD+HFATSaABQ=020=*U*>&%HZ^-h9Q=,C* G *-HZ,`AB&1*>&"D�ATS9*M:U35*>(@h"HZA9&)35*-8)HZ(':-69, G 0=*<e5*>(
*<D[A9Q2&;(nQ G 6981HU:Fd;A9IE81*b.1HFAB&):Fd1* k 0=AiHZ*-0RAaDZQ26"& *>&"DZH+* Ik *-D Vk

(-K ^>:-H+Q2Dcj

Vk = ZkIk 698 Ik = YkVk . ) �9!=����+

6
	 Zk
*<D Yk

35^>(+Q=h9&1*>&"DCHZ*>( G *M: D+Q=S9*>,C*-&ED/0PK Q=, G ^M31AB&;:<*|*<DC0 K A931,iQ2DnDFAB&):-*y:<69, G 0=*<e5*Y35*|0=As.1HFAB&):Fd1* k ! ] 0@& K *M(]DG A"(NQ=, G 6E(+(+Q=.102*V&16"& G 0=8)(�3�K ATS96"Q2H�35*>(@Q=, G ^M31AB&):-*>(�35*4:<6"8 G 0RABh"*[*-&EDZH+*V02*M(�35Q^0w^-HZ*-&EDZ*>(@.1HFAB&):Fd1*M( !)_ & G *>85DUABQ=&)(nQ
35^-g)&1Q=HW81&)*/,`AaDZH+QR:<*/3�K Q=, G ^M31AB&;:<* Z *-DW81&1*/,`AaD+HZQR:<*/3LK A"35,CQ�D+DZAB&;:<* Y = Z−1 !�- A9&)(V02*i:-A9(W358mh"HZA G d1*r31*r0RA
g)h"81H+* �"! * ) . + 	 0=Ai,`AaDZH+QR:<*43�K Q2, G ^>31A9&):<*c(>K ^>:<HZQ2Dbj

Z =











R1 0 0 0 0 0
0 R2 0 0 0 0
0 0 iωL3 0 0 0
0 0 0 R4 0 0
0 0 0 0 R5 + iωL5 0
0 0 0 0 0 1/(iωC6)











.

� 0=85D��9D[IE81*435*bH+^M(n6"8)35HZ*V35Q=HZ*>: DZ*-,C*-&EDJ0=*>( E ^>IE8)AaDZQ26"&)( G HZ6aS9*>&)AB&ED@31*>(�0=69QR(J35*7.bQ2HF:Fd1d1680 ) �"!2� � + G 028;(�02*M( EHZ*-0RAaD+Q=69&;(N35*4:-69, G 6"HnDZ*-,C*-&ED ) �"!2�
�9+ 	 69& H+^M(n6"85D�h9^-&)^-HFAB0=*-,C*-&EDN8)& &16",r.1HZ*[HZ^>3181Q�DU3�K ^>IE8)ABD+Q=69&)(�35Q2D+*M(�35*b&16t*-8)31(698|35*4.7698):-02*M( !

����V'?�GFBE;$H'DLINK O[;$VNP8AEK6D � 698)HU(n*4HFAB,C*-&)*-HUfi81& (+ut(nD+o>,C*b3LK ^MI"8;AaD+Q=69&;(U35*4.7698):-02*M( 	 6"& HZ*-, G 0RA9:-*b02*4S"*>: DZ*-81H
35*M(@D+*-&;(nQ=69&)( V 3)AB&)(�0RAi026"Q 35*>(@DZ*-&)(+Q=69&)(J35*/.bQ=HF:Fd1d1610y*>&Y81D+Q=02QR(+A9&EDU02*M(�026"Q=(J35*c:-69, G 69H+D+*-,C*>&"D , 6"&|69.5DZQ2*>&"D4j

RZI = RVg .

$'&)(+81Q2D+* 	 6"&y85D+Q=0=Q=(+*r0RAzHZ*-0RAaDZQ26"& ) �9!=� x + Aag;&m35*c? A9Q2HZ*rA G1G ABHFA��RD+HZ*481& &)69,r.)H+*cHZ^>3181Q�Db3�K Q2&):-69&1&t81*M( 	 0=*>([:-6981HFAB&EDF(35*U.7698;:<0=* 	 :<69&EDZ*-&t8)('31A9&)('0=*US"*>: DZ*-81H Im !9\ *W(nu5(nD+o-,C*[3LK ^MI"8;AaD+Q=69&;(�f4HZ^>(+698)31H+* G HZ*-&)3`A9026"HZ('0=Ab?�6"H+,C*[(+81Q=SaAB&ED+*4j
(RZRt)Im = R(Vg − ZIg).

_ &YH+*>,i6"&ED+*b*-&)(+81Q2D+*b? A":<Q=02*>,i*>&EDJA985e%h"HZA9&)35*-8)HZ(@Q=&"DZ^-HZ*>(Z(+A9&ED+*>(Vj

I = RtIm + Ig *<D V = ZI.

����V'?�GFBE;$H'D`I'K HN;�K6V'IND � 6981HV(n*/HZA9,C*-&1*>HWfz8)&m(nu5(nD+o>,i*i3�K ^>IE8)AaDZQ26"&)([31*r&16t*-8;31( 	 69&mH+*>, G 0=A":<*c0=*rS"*>: DZ*-81H
35*M(J:<698)HZA9&"D I 31A9&)(�0RAC026"QL35*>(J:-6981HFAB&EDZ(�35*/.bQ=HF:Fd1d1610 *>& 81D+Q=02QR(+A9&EDU02*M(�026"Q=(J35*c:-69, G 69H+D+*-,C*>&"D , 69&Y69.5DZQ2*>&"Dcj

GtY V = GtIg .

$'&)(+81Q2D+* 	 69&Y85D+Q=0=Q=(+*b0=A/H+*>0=ABD+Q=69& ) �9!=�>#�+ Aag)&Y35*V? ABQ=H+*4A G)G ABHFA��RD+HZ*[81&Y&16",r.1HZ*WHZ^>3181Q�DU3�K Q=&):<6"&1&t81*>( 	 02*M( G 69D+*>&"DZQ2*>0=(AB8%&16t*-8)31( 	 :-69&ED+*>&t8)(�31A9&)(N02*WS9*>:<D+*>81H U !�\ *V(nu5(nD+o-,C*[3LK ^MI"8;AaD+Q=69&;(Nf4HZ^>(+698;35H+* G H+*>&)3zAB0=69HF( 0RA4?�6"H+,C*[(+81Q=STA9&ED+*cj
(GtY G)U = Gt(Ig − Y Vg).

_ &YH+*>,i6"&ED+*b*-&)(+81Q2D+*b? A":<Q=02*>,i*>&EDJA985e%h"HZA9&)35*-8)HZ(@Q=&"DZ^-HZ*>(Z(+A9&ED+*>(Vj

V = GU + Vg
*-D I = Y V.
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� 6981H�H+^M(n81,C*>H'81&1* G ABH+D+Q=*[35*U0RAc35^>,CA9HZ:Fd)*�31*[0RAVD+d1^>69HZQ2*[31*>('HZ^>(+*>A985e 	 69& G *-85D@H+*>02*>S9*>H 02*M( G 69Q=&"DF(�(+81Q=STA9&EDZ(Jj
� - *M(�h"HZA9&)35*-8)HZ( G dEu5(+Q=IE81*M('6"&"DN^<D+^VA9(Z(n65:-Q2^>*>(�A985e`35Q^0w^-HZ*-&EDZ*>(N*-&ED+Q2D+^M( 	 &16t*-8)3)( 	 .1HZA9&):Fd1*M('*<D@.;6"8):<0=*>( 	 35^<g1p
&1Q2*M({(+81Hl0=*Nh"HZA G d1*�358iHZ^>(+*>AB8 !#- AB&)( 0RA[0=69Qt35*>({DZ*-&)(+Q26"&)(l35* .bQ2HF:Fd1d1680 	 :<*>( h"HZA9&)35*-8)HZ({(n6"&"D H+*M( G *>:<D+Q=S9*>,i*>&ED
02*M( G 6BD+*>&ED+Q=*-0R( 	 02*M('DZ*-&)(+Q=69&)(N*<D@02*M('?�6"HZ:-*>('^>02*M: DZH+6",i69D+HZQ=:-*>( ) ?�*-, + 35*[.7698):-02*M( , 31AB&;(�0RA40=69Qw35*>(@:<6"81HZA9&EDZ(�31*.bQ2HF:Fd1d1680 	 :<*c(+69&EDJHZ*>( G *M: D+Q=S9*>,C*-&ED@0=*>([:<698)HZA9&"DF(�35*b&16t*-8)3 	 35*4.1HFAB&):Fd1*V*<D[31*4.;6"8):<0=* !

� \ * G A9(Z(ZABh9*J3�K 81&iD]u G *U31*Jh9HFAB&)35*>81H'fb0PK A985D+HZ*�*>(nD�A9(Z(n81HZ^J(nQ=, G 0=*-,C*-&ED G A9H 0=Ab,`AaDZH+QR:<*J3�K Q=&):<QR35*-&;:<* G *<DN35*
.;6"8):<0=*>( R , Q=01*>(nD�3569&;:�81&1QRI"8)*-,C*-&ED'0=Q2^Ufb0RAVD+6 G 6"026"h9Q=*�318iHZ^>(+*>A98 !1- AB&)( 0RAV026"Q)35*M(lD+*>&)(nQ=69&;( 35*�.bQ=HZ:Fd1d)610 	69& G *>85DUH+* G HZ^>(+*-&ED+*>H@0RAC(]DZH+8;: D+8)H+*4AB0=h9^>.1HZQ=IE81*b35*40RA/,`A9&1Q2o>H+*4(+81Q=STA9&ED+*Cj
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CE R

CF ) �9!=�#(�+
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	 CN 	

CE *<D CF 35^>(+Q=h9&1*>&"DzHZ*>( G *>: DZQ2S"*-,C*-&EDz0=*>(`*M( G A9:<*M(`35* S"*>: DZ*-81HF(`f :<6t*��`:-Q2*>&EDZ(z:-69, G 0=*<e5*>(z31*
35Q2,C*>&)(nQ=69& N 	

E *<D F !�- *4,CX-,C* G 6"81HU0RAi026"QL35*>(U:-6981HFAB&EDF(@31* .bQ=HF:Fd1d1610 	 69&Y69.1D+Q=*-&EDcj

CN CEGt

CF .
Rt ) �9! v ��+

~ *>([31*-85e (+81Q�DZ*>(W(n6"&"DV35Q�DZ*>(W*<e1A9:<D+*M([:-A9H[*>020=*>( G 6E(+(+o>35*>&ED[81&1* G H+6 G HZQ2^-D+^cHZ*-,`ABHFIE8)AB.)02* 	 fz(ZATS969Q=H ImG =
kerR *<DU3569&;: ImRt = kerGt

!
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) �9! v �R+
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� 6981H ? ABQ=H+*N02*N02Q=*-&r*-&ED+HZ*�0RAJDZd1^-6"H+Q=*�35*M( HZ^>(+*>A985eV*-D{0RA[35QR(Z:<HZ^<D+QR(ZAaD+Q=69& G ABH ^-0=^-,C*-&EDZ( g)&1QR( (n81H 81&1*�D+HZQ=A9&1h98)0=ABD+Q=69&
3�K 81& 3569,`A9Q2&1* G 0RAB& 	 6"&sQ=&ED+HZ653581Q2D4IE81*>0=IE81*M(V&16BDZQ26"&)(4(n8)HV0=*>(bh"HZA G d1*M( G 0=A9&)ABQ=H+*M( !�\ *M(bh9HFA G d)*>( G 0RAB&)A9Q2HZ*>(V(n6"&ED
:<*>85e G 6981H40=*>(ZIE81*-0R(bQ=0'*<e5QR(]DZ*i8)&1*CH+* G H+^M(n*>&EDZAaDZQ26"&s31A9&)(b0=* G 0=A9& 35*z(+69H+D+*CIE81*`0=*>(4(+69,C,C*<DZ(4(+69Q=*-&EDc35*M( G 6"Q2&EDZ(
35QR(]DZQ2&;: DZ( 	 02*M(r.)HZA9&):Fd1*>(/35*>(i:<6"81HZ.;*M(/(+Q2, G 0=*>(/*<DC35*-81e .1HZA9&):Fd1*M(c&1*Y(n* H+*>&):<6"&"DZH+*>&ED G A9(/*-& 35*-d16"HZ(i35* 02*>81HZ(
*<etDZH+^>,iQ2D+^M(b� � vM� , S969Q=H�0=A/g)h"81HZ* �"! � G 6981HJ0RAiH+* G HZ^>(+*-&EDZABD+Q=69& 31*4h9HFA G d1*M( G 0=A9&)ABQ=HZ*W*-DU&169& G 0RAB&)A9Q2HZ* !

�@���N� �9! � �>=VHFA G d1*>( G 0RAB&;ABQ=H+*b*<DJ&16"& G 0=A9&)ABQ=HZ* !
- AB&)(�02*[:>A9('31*Uh9HFA G d)*>( G 0RAB&;ABQ=H+*M( 	 0=*>(�.1HFAB&):Fd1*M( (n^ G ABHZ*-&ED'0=* G 0RAB&`*>& G *-D+Q2D+*M('HZ^-h9Q=69&;('A G1G *-0=^-*@?BADCFEFEHG�I , 81&1*

,`ABQ=020=*@*>(nD 81&)*@HZ^-h"Q26"&r35^>02Q=,CQ�DZ^-* G ABH 81&1*�.7698):-02*@&1*�:<6"&"DZ*-&)A9&ED G A"(l35*N.)HZA9&):Fd1*>( 	 :<*<D+D+*�.7698):-02*@*>(nD 0=*8J;KML�NOKMP�QU31*
0RA4,`ABQ=020=* !8\ K *>&)(+*-,r.)02*[31*>(�:-69&ED+6"81HF( 35*>(�,CA9Q20=0=*>(l?�6"H+,C*U81&)*J? AB,CQ=020=*[35*U.7698;:<0=*>( Q=&)35^ G *>&)31AB&EDZ*>(U� � vT� *<D G *>81S9*>&ED



� v � ��� �'�
���"�!�%�6�w�!�'&@�����9�'�������9�6�w�!�'&

(+*-HZSEQ=H G 6"81H�0=Ai35^<g;&1Q�DZQ26"& 35*M(�02Q=h9&)*>(@3�K 8)&1*b,CABD+HZQ=:-*V31*W.7698):-02*VHZ^>3581Q2D+* B !6- AB&;(N0=*bh9HFA G d)*W35*V0=Arg)h"81H+* �9! * ) . + 	0=*>(J:<6"&ED+698)HZ(�35*M(J,`ABQ=020=*>(J(+69&EDJ02*M(�.;6"8):<0=*>( {1, 2, 4} 	 {2, 3, 4} *<D {1, 2, 3} !_ & G *>85DJD+6"8a\]6981HF(J35^-g)&1Q=HJ02*4h"HZA G d1*b358)AB0{3�K 8)&Yh"HZA G d1* G 0RAB&)A9Q2HZ*435*b0=Ai,`AB&1Q=o-HZ*4(n8)Q2SaAB&EDZ*`j
� f/:Fd)A"IE81*b,CA9Q20=0=*b318Yh"HZA G d1* G HZQ2,`AB0�*M(]DUA"(+(+65:<Q=^W81&|81&)Q=IE81*b&16t*-8;3 358|h"HZA G d1*b358)AB0 !5� 6981HJ0=*4HZ* G HZ^>(+*-&ED+*>H
69& G *>85DU02* G 0=A":<*-HJA98Y.;ABHZut:-*-&ED+HZ*b35*b0=Ai,`ABQ=020=* G HZQ2,`A902* !

� fi:Fd;A9IE81*4.1HFAB&):Fd)*b318yh9HFA G d1* G HZQ=,CA90L*>(nD[A9(Z(+6t:-Q2^>*b81&1*481&1QRIE81*c.1HFAB&;:Fd1*4358yh9HFA G d)*b318)AB0 !�\ K 69HZQ=*-&EDZABD+Q=69&
35*>(bABHZX<DZ*>(b358 h9HFA G d)*i358;AB0 *>(nDbg1e5^-*C35*C,`AB&1Q=o-HZ*`f :-*CIE81*C0RA%,`ABD+HZQ=:-*C3LK Q=&):<QR35*>&):<*C.1HFAB&):Fd)*<pq&16t*-8)3 318
h9HFA G d1*b358)A90L(n6"Q�DU^>h"A902*bfi0=A/D+HFAB&;( G 6"(+^-*435*b0RAC,CABD+HZQ=:-*435*b.;6"8):<0=*>(J358|h"HZA G d1* G HZQ2,`AB0 !� 6981HVIE81*c0PK A9&)AB0=69h"Q2*c(+69Q2D G 0=8)(W:<69, G 0=o<DZ*/ATS"*>:b81&1*rD+HZQ=A9&1h98)0=ABD+Q=69&y3�K 81&s356",`ABQ=&1* G 0RAB& 	 69&m3169Q2DW:<6"&)(nQR35^>H+*>H

81&1*c:-0=A"(+(+*435*ch"HZA G d1*>( ) dEu G *-HZh9HFA G d)*>( + ATuEAB&EDJfC0=Ai?�6"Q=(U31*>(J.1HFAB&;:Fd1*>( ) 698yABHZX<DZ*>( + *-D[35*>(J? A9:<*M( 	 I"8)Q (n*>H+6"&ED�8)&(+698)(npP*>&)(+*-,r.)02*�31*>( ,`ABQ=020=*>( !F\ AU,`AaDZH+QR:<*@3�K Q2&):-Q=31*-&):-*�? A":<*<p}ABHZX<DZ*�(+*N(+81.)(nD+Q2D+81*�AB0=69HF( fW0=A[,`AaD+HZQR:<*N31*N.7698):-02*M( ! $'0=02*G *-85D+pPX-D+HZ*/?�6"H+,C^>*Cf G A9HnDZQ2H435*`0RAY,`AaD+HZQR:<*`35*>(4:-69&ED+6"81HF( 	 *-& HZ*<D+Q=HFAB&EDV0=*>(b0=Q=h9&1*M(4:<69HZHZ*>( G 6"&)31AB&EDbAB85es:-69&ED+6"81HF(
35*M(/,`A9Q20=02*M(CI"8)Q@&)*Y(+69&ED G A9(C35*>(/? A":<*>( !�� 0RAmg)h981HZ* �"! ( 	 6"& HZ* G HZ^>(+*-&EDZ*%81& h9HFA G d1*YATS9*M:`02*M(/? A9:<*M(i*<DC02*>81HZ(
69HZQ=*-&EDZABD+Q=69&)( ! R′ *M(]DJ0RA/,`ABD+HZQ=:-*b31*>(�:<6"&"DZ6981HF(�A9(Z(n65:-Q2^>*WAB8Yh9HFA G d1* G 0=A9&)ABQ=H+*V*<D R 0RAi,`AaD+HZQR:<*b3�K Q=&):-Q=35*>&):<*V? A":<*<p
ABHZX<DZ* !'_ & S"^-HZQ�g)* rangR = rangR′ − 1 *<DC*-& :-69&)(+^>IE81*>&):<* 	 kerR′ = ImG  kerR *<D`0=*Y35^-? AB85DC*>(nDz35*
35Q=,C*-&)(+Q26"& �9!;~ *bD]u G *c31*4h9HFA G d1*4:-69&tStQ2*>&"DUfC0RAiH+* G H+^M(n*>&EDZAaDZQ26"& 35*40RAiD+HZQRAB&1h"810=ABD+Q=69&Y3�K 8)& 3569,`ABQ=&1* G 0RAB&yATS9*M:

1 2

8

5
4

6

9
3

7
� AaDZH+QR:<*435*c:-69&ED+6"81HF(Wj

R′ =







−1 0 0 0 1 0 −1 1 0
0 1 0 0 0 1 1 0 −1
0 0 1 −1 0 0 0 −1 1
0 0 0 −1 1 1 0 0 0







� AaDZH+QR:<*43�K Q=&):<QR35*-&;:<*b? A9:-*<p}ABHZX<DZ*/j

R =





−1 0 0 0 1 0 −1 1 0
0 1 0 0 0 1 1 0 −1
0 0 1 −1 0 0 0 −1 1





������� �"! ( � 2 * G H+^M(n*>&"DFAaDZQ26"& 3�K 81&|h9HFA G d)*W*-D[35*c(n*M(@? A9:-*>( !
(+*>(�&16t*-8;31( 	 (n*M(JABHZX<D+*M(@*<D[(+*>(@? A9:-*>( !
�`G#BEACBEDF?�G#BC;�HWINK�DLP9;�HNP8K�ZNG#DLINK AE? G#QNU6;�<>BEK INK6DM<RU6DFK6?�V��

~ 69&;(nQR35^-HZ69&;({0RAWD+HZQ=A9&1h98)0=ABD+Q=69&C3�K 8)&z3569,`ABQ=&1* G 0RAB& Ω
! k 6"Q2*>&ED N 	 E *-D F 0=*>(l*>&)(n*>,r.10=*>(�35*J&16t*-8)3)( 	 3LK A9H+X-D+*>(

*<D[31*b? A9:<*M(J358Y,CA9Q20=0RABh9*M(J35*4:-A9HZ35Q=&)A90�H+*M( G *>:<D+Q2? N 	
E *-D F !� &)*/,C^<DZd16535*C35*/35QR(Z:<HZ^<D+QR(ZAaD+Q=69&m&)AaDZ81H+*>020=*r*>&m^>02*M: D+HZ69,`A9h9&1^-D+QR(n,C*cHZ*-StQ=*-&EDVf%H+*>, G 0=A":<*-HW02*i,CQ20=Q=*-8s:-69&ED+Q=&t8G A9Hi8)&��nHZ^>(+*>AB8�� (-K A G1G 81u"A9&"D`(+81H`02*|h"HZA G d1*|A9(Z(n65:<Q=^|fm0RAsD+HZQ=A9&1h9810RAaDZQ26"& � ��� � , :<*yh"HZA G d1*z? A9Q�Dz.)Q2*>& *>&"DZ*-&)318

Q=&"DZ*-HZS9*>&1Q2H�0RAi&16BDZQ26"&|31*V&)6E*>8)31( 	 3�K ABHZX<DZ*>(�,`ABQR(JAB8)(Z(+Qw31*b? A9:<*M(J:<6",i,C*bQ=&)35QRI"8)^ G H+^M:<^M35*-,C,C*-&ED !_ & 81D+Q=02QR(n* A9026"HZ(/0=*>(`(+81Q�DZ*>(C,CQR(n*M(C*-& ^-StQ=31*-&):-* G 6981H`0RAsD+d1^>69HZQ2*|35*M(CH+^M(n*MAB85e ! \ *M(/h"HZA9&)35*>81HZ( G dtu5(nQRIE81*>(
Q=&"DZ*-HZS9*>&)AB&EDi3)AB&)(/0 K ^>IE81Q=SaAB0=*-&ED`35* 0RA (n81Q2D+* ) �"!2�F(9+ (n6"&"Di02*M( G 69D+*-&EDZQ2*>0=(i^-0=*>:<D+HZQ=IE81*M(/A"(+(+65:<Q=^>(/AB85e &16t*>8)31( 	 0=*>(
?�69HF:<*M('^>02*M: D+HZ69,C69D+HZQ=:-*>(�A"(+(+65:<Q=^-*M(�AB81e`A9H+X-D+*M('*<D�0=*>(
	)85ez,`ABh"&1^<DZQ=IE81*M(�A9(Z(+6t:-Q2^M(�A985eC? A9:<*M( !1_ &zHZ* G HZ^>(+*-&EDZ*[:<*-DnD+*
(+81Q�DZ*c(n6"8)(�0RAr?�6"H+,C*Cj

U ∈ CN G
E ∈ CE R

B ∈ CF , ) �9! v9v +
S9^>H+Q2g;A9&"D RG = 0

!
\ *M([h"HZA9&)35*>81HZ( G dtu5(nQRIE81*>(VA9(Z(n65:-Q2^>*>([A98 h9HFA G d1*/358;AB0l*<DbQ2&EDZ*-HZS9*-&;AB&EDW31A9&)(V0 K ^>IE81Q=SaAB0=*-&EDV35*i0RA%(+81Q�DZ* ) �9! v ��+(+69&EDU02*M(U:<Q=HF:<810RAaDZQ26"&|318|:Fd;AB, G ,CA9h9&1^-D+QRIE81*cA9(Z(n65:-Q2^>*>(JAB81e &16t*-8;31(U358yh"HZA G d1*4358)A90 	 02*M(�	)85e|35*r35^ G 0=A":<*>,i*>&ED

^-0=*>:<D+HZQ=IE81* ) 698`0=*>(@:<6"81HFAB&EDZ( + A9(Z(n65:-Q2^M('AB85eCABHZX<DZ*>('*-DN0=*>(N35*-&)(+Q2D+^>(N35*W:Fd;ABHZh9*JA9(Z(n65:-Q2^>*>('A985ei^>02^>,C*-&EDZ(N358zh9HFA G d1*358)A90 ! _ & A|H+* G HZ^>(+*-&ED+^z:-*>(ch"HZA9&)35*>81HZ(4ATS"*>:C:<*>020=*%358 h"HZA G d1* G HZQ=,CA90Nf|0RA|g)h"81H+* �"!2�
�1! _ & G *-81D/HZ* G HZ^>(+*-&ED+*>H
:<*-DnDZ*c(n81Q2D+*c(+698;(N0RAi?�69HZ,C*Cj

ρ ∈ CN D ∈ CEGt

H ∈ CF .
Rt ) �9! v
� +
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� 6981HJ:-69, G o-D+*>HU:<*b,C6t31o-0=* 	 Q=0�,CA9&)IE81*b0 K Q=&"DZH+65358;: D+Q=69&Y*<DU0RAi35Q=(Z:<HZ^<DZQ=(ZAaDZQ26"& 35*M(�026"Q=(J31*b:-69, G 69H+D+*-,C*>&"DUABg)&
35* G 6981S"69Q=H`35^<g)&)Q2Hz8)&1*y.1Q \]*>: DZQ26"& Mε

	 35*yH �90=*Y^MIE81Q2SaA902*>&"Dzf 0RA ,CABD+HZQ=:-*y3�K A"35,CQ�D+DZA9&):<* Y 	 *-&ED+HZ*|02*M(C?�69HF:<*M(
^-0=*>:<D+HZ69,C6BDZH+QR:<*M(@*<DU0=*>(J:<6"81HFAB&EDZ(�35*c35^ G 0RA9:<*>,C*-&EDZ( G 6981HU:-698 G 02*>HJ02*M(J(n81Q2D+*M(J35*4,`AB&1Q=o-HZ*b^>IE81Q=SaAB0=*-&ED+*4f ) �"! v �F+F!

E U

B

���������	��

����
����������

D

ρ
H

���������	��

�����
�����

������� �"!2�
� � =VHFA G d1*M( G HZQ2,`AB0�*-D[358)A90wp =VHZA9&)35*-8)HZ( G dtu5(+Q=IE81*M(@A"(+(+65:<Q=^-*M(@A985e :-69, G 6E(+A9&ED+*>(J31*>(�h9HFA G d1*>( !
� &)*VHZ* G H+^M(n*>&"DFAaDZQ26"& :<6", G 02o-D+*c35*4:-*<DnDZ*c358)A902Q2D+^ G *-85D G H+*>&)35HZ*bA9026"HZ(@0RA/?�69HZ,i*4358y35QRABh"HZA9,C,i*b(+81Q2SaA9&"Dcj

U ∈ CN G
E ∈ CE R

Mε

B ∈ CF

ρ ∈ CN D ∈ CEGt

H ∈ CF .
Rt

) �9! v *6+

\ * G ABHFAB0=02o>02*/ATS9*>:b0=*r,CQ=02Q=*-8 :<6"&"DZQ2&t8y*M(]DV02Q=^/A98|? ABQ2DbIE81*c0PK 69& G *-85Db^>:-H+Q=HZ*c81&1*/H+*>0=ABD+Q=69&y35*r0RAz,CX>,i*r?�69HZ,C*
IE81* ) �"! v"v + 02QRAB&EDJ?�6"&): DZQ26"&)( 	 :Fd;AB, G (J35*bS9*M: DZ*-81HF(�*<DU6 G ^>HZABD+*-8)HZ(�35Q407^>H+*>&ED+Q=*-0R( rot *-D grad j

G 6BDZ*-&ED+Q=*-0 (+81H Ω j u grad :Fd)A9, G 35*4S"*>:<D+*-8)HU(n81H Ω j E rot 31*-&)(+Q�DZ^`j b. ) �9! v x +
_ & A/35*W? A � 6"&%AB&;AB0=69h98)* rot grad = 0

!1~ *[D]u G *V31*V(+81Q2D+*b35^<g)&)Q�D�81& :-69, G 0=*<e5*W31* - * 2 d)AB, A98 (+*-&)(@(n8)Q2SaAB&EDVj
� U! HNB!G#BC;�H �9!=�9!#" KMCFN V0, . . . , Vn

P�L(G%$ AM? CFEFEHG'&�( G�I	)�A J;G I+*MG;J NOKMQ�C G�E I G�N Ai : Vi−1 7→ Vi, i = 1 . . . n P�L(G,$ AD? CFEFE G&�( A�)-)(E C J;AMN C KML)I E CFL/.;ADCFQ!G�I102 A I�P�CFN G43
V0

A1−−→ V1
A2−−→ . . .

An−−→ Vn ) �9! v #�+
G I;N A5)!))G�E�.;G`:<6", G 02*-e5*b31* - * 2 d)A9,607 G N NOG I�P�CFN G G I;N8&MCFNOG G59'A J�N G AMP L4C:* G;ADP;& G Vi

I�C�E<( KML A=3
Im(Ai) = ker(Ai+1).> L?)�G P�N8&-.�@ L�CFQ@ADP'I;I;C�EA( G�I	)�A J;G?B P�KDN	C G�L�N#3

Ci ≡
ker(Ai+1)

Im(Ai)

A5)!))G�E�.DC Q!KMP
)�GE& GBJ K
F)KD?BKDEHKAC C GG& G+H GJI#F)AD? AMI;I K J�CK. G?L Vi M 0k Q;69&z35^-g)&1Q2D@AB8;(+(+Q G 6981H@35*>('?�69&):<D+Q=69&)(�*<DN35*M(�:Fd)A9, G (�35*[S9*>:<D+*>81HZ(�(n8��z(ZAB,C*-&ED�HZ^-h"810=Q2*>HZ(l0=*>(NA G1G 0=QR:-AaDZQ26"&)(Jj
Π0 : u 7→ U ∈ CN 35*4:-69, G 6E(+A9&ED+*>( u(n), n ∈ N ,

Π1 : E 7→ E ∈ CE 35*c:<6", G 6"(ZAB&EDZ*>(
∫

e

E · dl, e ∈ E ,

Π2 : b 7→ B ∈ CF 31*c:<69, G 6"(ZAB&ED+*M(
∫

f

bds, f ∈ F ,
N5O �8P	�Q�K�#�#RQST��ST�#ST��STUT���#��VQW	��UTX��#�Y�J���	��X
RZ���������Y�[P�ST
�ST��STUT���J����UTVQ���K��\1����\]���/WA^ �QW�P���STX
X�VQ�[
�ST����P	_�RZ�����`^ VaP	�
�����Q�����QWbW	��� P��QWP��<�����QW�\]�
�8��cTd eTf��ad



�%* � ��� �'�
���"�!�%�6�w�!�'&@�����9�'�������9�6�w�!�'&

69& G *-85DWA9026"HZ(@^M:<HZQ2HZ*W0=*c35QRABh"HZA9,i,C*b:<6",i,/85DZABD+Q2? (+81Q=STA9&EDcj

C∞(Ω,C)
grad

Π0

C∞(Ω,C)2
rot

Π1

C∞(Ω,C)

Π2

CN G
CE R

CF .

) �9! v"� +

\ */D+*>H+,C*C:<6",i,/85DZABD+Q2?N(+Q2h"&1Q�g;*/IE81*i0 K 69& G *>85Db(+81Q=StH+*i35*>(b:Fd1*>,iQ=&)(b35Q407^>H+*>&EDZ(V,`ABQR(WIE81*i02*iS9*M: DZ*-81HV69.5DZ*-&t8m&)*
35^ G *>&)3|I"8)*c358 G 6"Q2&EDU35*c35^ G ABH+DJ*<D[358 G 69Q=&"DU3�K ABHZHZQ2S"^-* , 69&|A G A9H@*-e5*-, G 0=*`j

∀u ∈ C∞(Ω,C), GΠ0u = (u(m)− u(n))e=(n,m)∈E =

(∫

e

gradu · dl
)

e∈E
= Π1 gradu. ) �9! v �9+

\ A HZ* G HZ^>(+*-&EDFAaD+Q=69& ) �9! v"� + ? ABQ2D%A G1G A9HZA �=DZH+*YIE81*y02* :-69, G 0=*<e5* ) �9! v9v + *>(nDz81&1*yHZ* G HZ^>(+*-&EDZABD+Q=69& 31Q=(Z:<HZo<DZ*|318
:<6", G 02*-e5* ) �9! v x +F!5� ABH�*<e5*-, G 0=* 	 (nQ�0PK 6"&Y:Fd)*-HF:Fd1*Vfi:-A9HZA": DZ^-HZQ=(+*-H@81&|:Fd)AB, G ^-0=*>: DZH+QRIE81*b*-&Y^-0=*>:<D+HZ6"(nDZAaDZQ=IE81* 	 : ! pqfBp3 ! D+*-0 IE81* rotE = 0

	 6"&y^>:-H+Q2D[IE81*40=A`:-Q2HF:<8)0=ABD+Q=69&y358 :Fd)A9, G ^>02*M: D+HZQRI"8)*c(n81H[02*M(�?�H+6"&ED+Q=o-HZ*>(U35*bDZ6985DZ*>([02*M(�? A9:-*>(
*>(nD/HZ^>3181Q�DZ* f��>^-HZ6m: ! p}fap}3 ! RE = 0

	 G 6"81H E H+* G HZ^>(+*-&EDZABD+Q=69& 35QR(+:-H+o-D+*%358 :Fd)AB, G E
! _ & 6".5D+Q=*-&EDi0 K AB&)A9026"h981*

35*/0 K ^>:-H+Q2D+81HZ*r35*/0=Az026"Q{35*M(UDZ*-&)(+Q26"&)([31*�.bQ=HZ:Fd1d)610 RV = 0
!�~ * G *-&)31A9&EDWQ=0 A G1G ABHFA��RDU81&1*i35QH�`:-8102D+^r&)6981S"*-0=02*rf

(ZATS969Q=H�I"8)*40=AiHZ*-0RAaD+Q=69& RE = 0 & K Q=, G 02QRIE81* G A"(@D+6"8a\]6981HF( E = GU :-69,C,C*VQ=0=028)(nD+HZ^431AB&;(J0=AC(+81Q2D+* !

� H���?�<>BC?�H�G#DLGF;�Z ;�AC;��$B ��VNK6D
~ 69&;(nQR35^-HZ69&;(�02*i3569,`ABQ=&1*r31*c0=A`g)h981HZ* �"!2�"� ) A + *<DV0=ACDZH+QRAB&)h9810RAaDZQ26"&|3169&1&1^>* G A9H[0RACg)h98)H+* �"!2�"� ) . + !�~ 69,C,C*

A
c

� ������ST������X�� W����#
���� 

��VQW	�QX
	P	��X1P,��X[P	�KST�`d

A

�������,X�� 
��K�Q�#��
Q��� P����Y��X�UT��	�Y�5P���STX+�
�J��ST������X
��d

A

� RA� �,���#X
�<�#�QX�P ������������Y��UT�%��X�� P��Y����d

������� �"!2�"� � - 69,`ABQ=&1*VD+HZ6981^b*-DU81&1*bD+HZQRAB&1h"810=ABD+Q=69& G 6E(+(+Q2.)02* !
Q=&)35QRI"8)^CA98s35^>.185Dr35*C:<*-DnDZ* k 698)(npq(+*>:<D+Q=69& 	 0RA%,`ABD+HZQ=:-*i3�K Q=&):<QR35*-&;:<*i? A9:-*<p}ABHZX<D+* R (+*i35^M3581Q2Dr35*i0=AY,`AaDZH+QR:<*C35*>(
:<6"&ED+698)HZ( R′ *-&C(n8 G1G HZQ2,`AB&ED 0RAW0=Q=h9&1*J:<6"H+HZ*>( G 69&)31A9&ED AB8C:<6"&ED+698)H c *-&EDZ6981HFAB&EDl0=AV,`ABQ=020=* A !1\ AV,`AaDZH+QR:<* R S"^-HZQ�g;*
rangR = rangR′ − 1 *<DU6"&YA`356"&):b(n*>810=*-,C*-&ED ImG  kerR

!
� 81*>0=(CIE81*|(n6"Q2*>&"DC0RAmg;&1*>(Z(n*Y*<D`0=*%D]u G *y35*|,CA9Q20=0RABh9* 	 6"& G *-81DC81D+Q=02QR(n*>H G ABHC*-et*>, G 02*Y0=*Y,`A9Q20=0=A9h9* HZAD�C&)^

g)h"81H+* �"!2�"� ) : + 	 0=*`35^<? A985Dr35*`HFAB&1hY*-&ED+HZ* kerR *<D ImG (+*-HFA%D+698B\]6981HF(435*z35Q=,C*-&)(+Q26"& 1 *<Dr:>ABHFA9:<D+^-HZQR(n^ G ABH40=*
:<6"&ED+698)H c !l~ * 35^<? A985D G A"(+(+*zAB8;(+(+Q�AB8 &)Q2S"*>AB8 :-69&ED+Q=&t8 	 : ! p}fap}3 ! E &)* (>K ^M:<HZQ�D G A"(c&1^M:<^M(+(ZABQ=H+*>,C*-&EDc:<69,C,C*z81&
h9HFA931Q2*>&"D@(n6"8)('0RAc(+*-810=*W:-69&)35Q2D+Q=69& rotE = 0

! _NQ=*-& I"8)*[0=*>(N*>( G A9:-*>(':-69&)(+Q=31^-HZ^>('&)*W(+69&ED G 0=8)(@35*W35Q=,C*-&)(+Q=69&Cg)&1Q=*
31A9&)(V02*`:-A"(b:<69&EDZQ2&t8 	 0=*C31^<? AB81D G *-81DcX<D+HZ*C:-ABHFA9:<D+^>H+QR(n^ G ABHb81& (+698)(npP*M( G A9:<*/35*`35Q2,C*>&)(nQ=69& 1

! ~ *`(+698)(npP*M( G A9:<* 	
IE81Q�*>(nD G 0=8)(Jh9^>&1^-HFAB0=*-,C*>&"D@81&|h9HZ698 G *V*>(nD�0=* CDQ KMP
)�GE& G J;K]F�KM? KMEHK5C C G/A"(+(+65:<Q=^Vf C∞(Ω,C)2 G 698)HJ02*4:<6", G 02*-e5*Q=&"DZH+65358)Q�DC31AB&)(/0=* 35QRABh"HZA9,i,C* ) �9! v"� +$, (ZA 35Q=,C*-&)(+Q26"& *>(nD`:-ABHFA9:<D+^>H+QR(]DZQ=IE81*z31*%0RAyD+6 G 6"026"h9Q=*%358 3169,`ABQ=&1* 	 *-0=0=*
:<6"H+HZ*>( G 69&)3sAB8 &169,/.1HZ*C31*CD+HZ698)(c3)AB&)(b0=*z3569,`A9Q2&1*z31*z35Q2,C*>&)(nQ=69& 356"&1&1^>* !�� 0=8)( G H+^M:<QR(n^>,i*>&ED 	 *-0=0=*`*>(nDrAB8)(Z(nQ
^-hEAB0=*cAB8y&16",r.1HZ*c35*/02Q=h9&1*M(J69HZQ=*-&ED+^>*>(U:-69,C,C* c IE81Q{&)* G *>81S9*>&ED[X<DZH+*c0RAC?�HZ69&ED+Q=o-HZ*c3�K 81&1*i(n81H+? A9:-*4Q2&;:<0=8)(n*/31AB&)(0=*c3569,`ABQ=&1*C� �E�>� !
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_ & S"69Q2DYABQ=&)(+QVIE81* G 6981HY81&1*sD+HZQ=A9&1h98)0=ABD+Q=69& :<6"H+HZ*>:<D+*m318 356",CA9Q2&)* ) IE81Qb&LK 698).102Q=*sA98):<8)&1* G ABH+D+QR:<810RABHZQ�DZ^D+6 G 6"026"h9QRIE81* + 	 0=A`(+81Q2D+*c35QR(+:-H+o-D+* ) �9! v9v + A981HZAi0=*>(J,CX>,i*M(JQ=&ESaA9H+QRAB&EDZ(@DZ6 G 690=69h"Q=IE81*M(JI"8)*40=AC(+81Q�DZ*r:<6"&ED+Q=&E8)* ) �9! v x +*<D[:-69&)(+*-HZS9*V*-&|:<*c(+*-&;(�02*M(�Q2&5?�6"H+,`ABD+Q=69&)(�0=Q2^>*>(Jfi0RA/h"^-6",i^-D+HZQ2*4358y356",`ABQ=&1* !

���	�
��� ��� ����.#�'�+-/.�� ��� %#���&��.6�'��-/. ���)-/�+�
$'& 31Q2,C*-&;(nQ=69& DZH+6"Q=( 	 6"& G *>85D|AB\]6985DZ*-Hz8)& ^<DFABh9*sAB8 :<6", G 02*-e5* ) �"! vE� +F! � S"*>: 31*>( *>( G A9:-*>(z35*m?�69&):<D+Q=69&)(HZ^-h98)02Q=o-HZ*>( 	 *-0=02*4(>K ^M:<HZQ�Dcj

C∞(Ω,C)
grad

C∞(Ω,C)3
rot

C∞(Ω,C)3
div

C∞(Ω,C) ) �9! v (�+

� 8 &1Q=S9*MAB8 35QR(+:-H+*-D 	 *>& G 028)(%35*>(`*>&)(+*-,r.)02*M( N 	 E *<D F 	 69& 356"Q�D%:-69&)(+Q=31^-HZ*-H`0PK *>&)(n*>,r.10=* T 35* :-A9HZ31Q2&)A90 T35*M(/^>02^>,C*-&EDZ(i358 ,`A9Q20=0=A9h9* ! � &1* h"HZA9&)35*>81H/(+8 G1G 0=^-,C*>&"DFABQ=H+*|35^-g)&1Q=* G A9H/8)&1* Q=&ED+^>h9HFAB0=*%35*YS9690=81,C* 3169Q2DiX-D+HZ*
Q=&"DZH+65358)Q�DZ* 	 f (ZATS96"Q2HC0RA IE8)A9&ED+Q2D+^ 35* :Fd)A9H+h"*|,CA9h9&1^-D+QRIE81* ) ^-0=*>:<D+HZQ=IE81* + 31AB&;(`81& ^-0=^-,C*-&ED t !�_ & 31^<g)&1Q2Dz81&1*
&16"81S9*>020=*c,`AaDZH+QR:<*r3LK Q=&):<QR35*>&):<*/S9690=81,C*<pP? A9:-* D IE81Q G *>H+,C*<D435*cHZ*-0=Q=*-H[8)& S9*M: D+*>81HW31* CF A9(Z(+6t:-Q2^/AB85eY? A9:-*>([318
,`ABQ=020RABh"*ifY81& S9*M: DZ*-81Hc35* CT A9(Z(+6t:-Q2^CAB81em^-0=^-,C*-&EDF(4358s,`A9Q20=0=A9h9* !L~ *M(b*-&ED+HZ^-*M(4(n6"&EDb35^-g)&1Q=*>(435*`0RA ,CA9&1Q=o-HZ*
(+81Q2SaA9&"DZ*Cj

Dtf =







0 (+Q f &LK *>(nD G A9(�8)&1*V? A9:<*c31*V0PK ^-0=^-,C*-&ED t,
1 (+Q f *>(nDJ81&1*b? A":<*c35*b0PK ^>02^>,i*>&ED t *-DJIE81*40=*>(�6"H+Q=*-&EDFAaD+Q=69&;(@:-69OP&):<QR35*>&"D ,
−1 (nQ f *>(nDJ81&1*b? A":<*c35*b0PK ^>02^>,i*>&ED t *<DUIE81*40=*>(�6"H+Q=*-&EDZABD+Q=69&)(@&1*c:-69OP&):<QR35*>&"D G A"( .

) �9! � ��+

\ AC(+81Q2D+*c35QR(+:-H+o-D+*4ACAB0=69HF(@0=A/?�69HZ,C*4(n81Q=SaAB&ED+*`j

CN G
CE R

CF D
CT . ) �9! � �R+

~ 69,C,C* G 6981HN0=Ab,C6535^-0=QR(+ABD+Q=69& v - 	 (+Q10=*U,`ABQ=020RABh"*�:-69&)(+QR35^-HZ^�H+*M( G *>:<D+*U0RAVD+6 G 6"026"h9Q=*�318z3569,`ABQ=&1* 	 0=Ar(n81Q2D+* ) �9! � �R+AB8)HZAW02*M( ,iX>,C*>(lQ=&ESaA9H+QRAB&EDZ( D+6 G 6"026"h9QRIE81*>(lIE81*�0=AV(+81Q�DZ* ) �9! v (�+F!"_ & G *>85D'AB8)(Z(nQ131*@&)6981S"*>AB8r^>:<HZQ=H+*@81&C35Q=A9h9HFAB,C,C*:<6",C,r85DFAaD+Q2? D+*-0{I"8)* ) �9! v"� + ATS"*>:V:<*-DnD+*b?�6"Q=(bj

Π0 : u 7→ u ∈ CN 31*c:<69, G 6"(ZAB&ED+*M( u(n), n ∈ N ,

Π1 : E 7→ E ∈ CE 35*c:-69, G 6"(ZAB&ED+*M(
∫

e

E · dl, e ∈ E ,

Π2 : B 7→ B ∈ CF 35*4:<69, G 6"(ZAB&ED+*M(
∫

f

B · ds, f ∈ F .

Π3 : ρm 7→ rm ∈ CT 35*c:-69, G 6E(+A9&ED+*>(
∫

t

ρmdv, t ∈ T .

) �9! �"v +

\ *Y(n*M:<6"&)3 h9HZ698 G *Y35*Y:-69d16",C690=69h9Q=*zA9(Z(+6t:-Q2^Yf C∞(Ω,C)3 DZHZA"3581Q2Di0=*>(C35^-? AB85DF(/35*YHZ* G HZ^>(+*-&EDZABD+Q=69& 3�K 81&1*
Q=&)358):<D+Q=69& ,`ABh9&)^<D+QRIE81* B

	 S9^-HZQ2g;AB&ED div B = 0
	 G A9H481& G 69D+*>&"DZQ2*>0'S9*M: DZ*-81H A (+698)(b0RA ?�69HZ,i* B = rotA

! k A
35Q=,C*-&)(+Q26"&%*M(]D�^-hEAB0=*VA98%&16",r.1HZ*W35*b:-ATStQ2D+^M(@318 356",CA9Q2&)* !)~ * G *-&)3)AB&ED 	 (+Q S *>(nD�0=Ar?�H+6"&ED+Q=o-HZ*W3�K 81&1*4:-ATStQ2D+^VAB0=69HF(
0RA%IE8)AB&EDZQ�DZ^ ∫

S
B · ds G *-85DbX<DZH+*i(n8 G)G 6E(n^>*r&t810=02*i*<Db0=A%H+* G HZ^>(+*-&EDZABD+Q=69& 35* B

G A9HW8)&mHZ6BDZABD+Q=69&1&)*-0 *>(nD[D+6"8a\]698)HZ(G 6"(Z(nQ=.10=* !�- *M(W35QH�z:<8102D+^M(WA G1G A9HZA9Q=(Z(n*>&ED[(n*>8102*>,C*-&EDVIE8)A9&)3|Q20 (>K A9h9Q2DW35* G H+*>&)35HZ*c*-&s:<69, G DZ*r0=*>(V:<6"&)35Q2D+Q=69&)(WAB85e
0=Q2,CQ2D+*>( G 698)H@0=* G 69D+*-&EDZQ2*>0�S9*>:<D+*>81H�*<DJI"8)*V0PK 69&%81D+Q=02QR(n*b81&)*[?�6"&): DZQ26"&Y35* 	)69D�(+81HJ:<*-DnD+*V?�HZ69&ED+Q=o-HZ*r� �E� 	 ~ d)A G Q2D+HZ* �
*<e !��"!2� x � !

���	�
�
	 �1- ��� �6���,�)��-/.�
,� ���+�,���+-/.#.#���+�+� �*� %6�+�'�(�)�*�)�!� �,�)��- .
\ Ay?�69HZ,r810RAaDZQ26"& SaA9H+QRAaDZQ26"&1&1*-0=0=*z358 G HZ69.10=o-,C*%:-69&)3181Q�DCfyQ=&"DZH+65358)Q2HZ*`81& :>A935HZ*`?�69&;: D+Q=69&)&1*-0@A935^MI"8;AaD G 6981H

^<DZ8)35Q=*-HV0 K *<e5QR(]DZ*-&):-*r*-DV0PK 8)&1Q=:-Q�DZ^i31*>(V(n6"0285DZQ26"&)(V:<69&EDZQ2&t81*M(U*<Db0RA%:<6"&tS9*-HZh9*>&):<*c31*>(V35Q=(Z:<HZ^<DZQ=(ZAaDZQ26"&)( G ABHV^-0=^-,C*-&EDZ(
g)&1QR( !L~ *M(WA"( G *>:<DZ(b35*C:<6"&ES"*-HZh9*>&):<*cA9Q2&)(+QlI"8)*i35*M(bA9( G *M: DZ(W.7*>AB8;:<698 G h9^>&1^-HFAB85e 3�K AB&;AB0=ut(+*4?�6"&): DZQ26"&1&1*-0=0=* G 6981H
0=*>(�^>IE8)ABD+Q=69&)(J31* � Aae��@*-0=0 G *-8)S9*-&EDUX-D+HZ*WDZH+6"81S9^M(�31AB&)(U0 K 6981StHFABh"*r� x �>� !
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���"�!�%�6�w�!�'&@�����9�'�������9�6�w�!�'&

:
;�<>= VNAE?�G#BE;$H ��?�<>BE?�GFBE;$H'HNK6AEAEK
k 6"Q�D ΓD

0RA G 69H+D+Q=69&y358m3169,`ABQ=&1* Ω (+81HU0RA9IE81*-0=0=*c69&yQ=, G 6E(n*r31*>([:-69&)31Q�DZQ26"&)([A985e 0=Q2,CQ2D+*M([*M(+(+*-&ED+Q=*-0=0=*>(J*-D ΓI:<*>020=*C(n81Hb0RA9IE81*>020=*/6"&mQ=, G 6E(n*C35*>(4:-69&)31Q�DZQ26"&)(W3LK Q=, G ^M31AB&):-* !�\ *>(b35Q407^>H+*>&"DF(V,i6535o>02*M( ) �9! x + 	 ) �"! � + 	 ) �"! ��+ 	 ) �"! (�+*<D ) �9!=����+ :-69&)3181Q=(+*-&EDUfi81&1*b?�6"H+,/810=ABD+Q=69&%?�69H+D+*435*40RAr?�6"H+,C*Cj






� HZ6981S"*-H E D+*>0 IE81*Cj
rot ν rotE + γE = f, 3)AB&)( Ω,

E× n = g (n8)H ΓD
*<D ν rotE× n = δn× (E× n) (n81H ΓI.

) �9! � � +

\ *4:-6E*��z:<Q=*-&ED ν *>(nD@DZ698a\]6"81HF(J(]DZH+QR: DZ*-,C*-&ED G 6"(+Q�DZQ�? !�\ *4:<6t* �z:<Q=*-&ED γ G *-85DUX-D+HZ*ij� &E8)0L31AB&)(�0=*c:-A"(J(]DFAaDZQ=IE81* ) fC,C6"Q2&)(JIE81*b0PK 6"&|85D+Q=02QR(+*V8)&1*4H+^>h9810RABHZQR(+ABD+Q=69& +�,� G 6E(nQ2D+Q2?l3)AB&)(�0=*4:-A9(J318YHZ^-h"Q2,C*VD+HFAB&;(nQ2D+6"Q2HZ* ,
� Q2,`ABh"Q2&;ABQ=H+* G 81HU31A9&)(�0=* G H+6".10=o-,C*435*>(J:-6981HFAB&EDZ(�35*��)698):>AB8102DJ*-&|HZ^-h9Q=,C*Wd;ABHZ,i6"&1QRI"8)* ,
� f G A9HnDZQ2*bQ=,`ABh9Q=&)A9Q2HZ* G A9Hn?�6"Q=(@&16"& &t810=0=*4*<DUf G ABH+D+Q=*WHZ^-*>020=*b&1^-hEAaDZQ2S"*V31A9&)(�0=*b:>A9(�35*b0PK ^MI"8;AaD+Q=69&YS9*M: DZ69HZQ2*>020=*
35*>(�6"&)35*>(�*>&|H+^>h9Q=,i*Vd)A9H+,C69&)Q=IE81* !

$'&5g;& 	 02*�:-6t* �z:<Q=*-&ED δ *M(]D (n8 G)G 6E(n^N&169&4&t810E81&1QRIE81*-,C*-&EDl(nQE0 K 69&481D+Q=02QR(n*@35*>( :<6"&)35Q2D+Q=69&)({AB85eb0=Q2,CQ2D+*>( AB.;(n6"H+.)A9&ED+*>( ,Q=0L*>(nDUAB0=69HF(NQ=,`ABh"Q2&)A9Q2HZ* G 81H !k Q70 K 69& Q2&EDZo-h9HZ*[(+81H@02*b3569,`A9Q2&1* Ω 02* G HZ653581Q2D@(Z:-AB0RABQ=HZ*[35*V0 K ^>IE8)ABD+Q=69&%A985ez35^-HZQ2S"^-*M( G A9HnDZQ2*>020=*>( G ABHN81& :Fd;AB, G
D+*M(]DV(n8��z(ZAB,C*-&ED[HZ^-h"810=Q2*>HJ*<DWIE81*c0PK 69& A G)G 02QRIE81*c0RAi?�69HZ,r810=*r35* =VH+*>*-& G 6"81H[0PK 6 G ^-HFAaD+*>81H rot ) S"69Q=H � &)&1*<e5* �5+ 	69&|AB.76981D+Q2D[f/8)&1*b?�69HZ,r810RAaDZQ26"& Q=&ED+^>h9HFAB0=*V35*b0RAi?�69HZ,C*ij

∫

Ω

ν rotE · rotE′ +
∫

Ω

γE · E′ +
∫

ΓD

ν(rotE× n) · E′ +
∫

ΓI

δ(E× n) · (E′ × n) =

∫

Ω

f · E′.

k Q 0 K 69&yS"*-85DW^<D+8;35Q2*>H[,`AaDZd1^-,`ABD+QRI"8)*-,C*-&EDV:-*<D+D+*c?�6"H+,/810RAaD+Q=69&|SaABHZQRAaD+Q=69&)&1*-0=02* 	 Q=0 ? A985DVIE81*4DZ6985DZ*>([02*M(UQ=&"DZ^-h"HZA902*M(
(+69Q=*-&EDN35^-g)&1Q=*>( ! $'& G ABH+D+QR:<810=Q2*>H 	 Q207*>(nD�&1^M:<*>(Z(ZABQ=H+*UIE81* E

	
E′ 	 rotE *-D rotE′ (+69Q=*-&EDN31*[:-A9H+HZ^JQ2&EDZ^-h9HFAB.)02* 	 : ! pqfBpq3 !

A G)G ABH+D+Q=*-&1&)*-&ED�f L2(Ω) ) S"69Q=H � &1&)*<e5* � +<!t_ &`Q=&ED+HZ6t3181Q�D@3569&):�0PK *>( G A9:-*U35*>(':Fd;AB, G (�3LK ^>&1*-HZh9Q=*@g)&1Q=* H(rot,Ω) j
H(rot,Ω) = {E ∈ L2(Ω) / rotE ∈ L2(Ω)}. ) �9! � *�+

� 6981HiS9^>H+Q2g)*>H/0=*>(i:<6"&)35Q2D+Q=69&)(CAB81e 0=Q=,iQ2D+*M(C*>(Z(n*>&ED+Q=*-0=02*M(/(+81H ΓD
	 69& :Fd1*-HF:Fd1*z0RAs(+690=85DZQ26"& 31AB&;(/0=*|(n6"8)(]pq*>( G A":<*

AM�`&1* HΓD
(rot,Ω) 35* H(rot,Ω) j

HΓD
(rot,Ω) = {E ∈ H(rot,Ω) / E× n = g (+81H ΓD}. ) �9! � x +

\ *M(J:Fd)AB, G (@DZ*>(nDZ(U(+69&ED G HZQ=(J3)AB&)(�0PK *M( G A9:<*bS"*>: DZ69HZQ2*>0 HΓD,0(rot,Ω) j
HΓD,0(rot,Ω) = {E ∈ H(rot,Ω) / E× n = 0 (+81H ΓD}. ) �9! � #�+

_ &|AB.76985DZQ�DJg)&;AB0=*-,C*-&EDUfi0=Ai?�6"H+,/810=ABD+Q=69& STA9H+QRAaDZQ26"&1&1*>020=*/j






� HZ698)S9*-H E ∈ HΓD
(rot,Ω) D+*>0 IE81* a(E,E′) = F (E′), ∀E′ ∈ HΓD,0(rot,Ω),

ATS9*M: a(E,E′) =

∫

Ω

ν rotE · rotE′ +
∫

Ω

γE · E′ +
∫

ΓI

δ(E× n) · (E′ × n).
) �9! �E� +

\ *VDZ*-HZ,i* F H+* G HZ^>(+*-&ED+*b0RAr?�6"H+,C*b0=Q2&1^MABQ=H+*4(+81H HΓD,0(rot,Ω) 31^<g)&1Q=* G ABH4j

F (E′) =

∫

Ω

f · E′. ) �9! � ��+

I#G�? AMQAB�P�G �9!=� 0��"L & G�F)KMQ;IG& G H(rot,Ω) � &�( ADP�N	Q!G I G I	))A J G I���KDP�G L4N
P�L Q	�DEHG CF?[))KDQ�N ADL�N[& ADL)I@E A &DC I�J QA.�N C I ADN	C KDL
& G I'.�B P�ADN	C KDL)I'& G�
 A19��/G EFE%3


;))KDP�Q EHG I#)�KMNOG L4N	C G�E I � CFE�I ( A]CDCFNJ& GBE<( G I	))A J G H1(Ω) & G I�$ KML(J N C KML�I?& G J;AMQ�QA.BCFL4NZ.ZC Q!A���EHG G�N[& KDL�N
EHG C Q!A!&MC G�L�N
G�I�N#& G J ADQ�QA.@CFL�Na.	C Q!A�� EHG
0


;))KDP�Q EHG I J5F�AM?[)4I & G * G;J�N G�P�Q;I & G�L)I�CFNa. & G�� P-9 � KDL CFL4N	Q!K
&MP�CFN8ADP'I I�C1EA( G�I	)�A J;G H(div,Ω) & G I J5F�AM?[)4I & G
* G;J�N G�P�Q;I'& G J ADQ�QA.@CFL�Na.	C Q!A�� EHG I@G N#& KDL�N EHA &DC:* G�Q�C�G L(J;G G I�N & G J;AMQ�Q5.8CFL4NZ.ZC Q!A���EHG
0



� �����������
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��� AML4N/CFL4N	Q!K
&MP�CFN
J;G�I8G I�)�A J;G I � KML ))G�P�N &!.K@/L�CFQ P�L�G I�P�CFN G4& G@?���? G J;AMQ A J�NZ.�Q�C I�N	CKB�P�GEB�P�G@EHABI�P�CFNOG ) �9! v (�+ 3

H1(Ω)
grad

H(rot,Ω)
rot

H(div,Ω)
div

L2(Ω) . ) �9! � (�+

�"EFEHG )�K I;I���& G G L )�AMQ�N C J�P�E C G Q>EHG�I ?�� ? G I CFL * ADQ�C AML�N	I N K�))KDEHK5CDCKB�P�G�I B�P�G E G�IBI�P�CFN G I ) �"! v (9+ G�N ) �"! � �F+ 0 2 G I A�)-)�E C	�J;AMN C KML�I E CFL .;AMCFQ!G I Π0 � Π1 � Π2 G N Π3 CFL4N	Q!K
&MP�CFNOG IBG�L ) �"! �Ev + L(G I�KML�N�))ADQ J KDL�N Q!GJ)�A I &-.�@ L4C G�IJ))KDP�QBN KDP�N G I EHG I$ KML(J N C KML�I G�N J�F)AD?�)�I & G *MG J�NOG P�Q;I & G J�F)A J P�L & G J;G I>G�I	)�A J;G�I10 7 Ga)�G L & AML4N � I�P�Q EHG I & KM? AMCFL(G�I & G &-.�@ L4CFN	C KDL)I
D(Πi) & GBJ;G I A�)-)�E C J ADN	C KDL)I � KML A AMP'I;I�C�EHG4&MC A1C Q!AD? ? GBJ KD? ? P�NOAMN C $ I;P�C:*MAML4N 3

D(Π0) ∩ H1(Ω)
grad

Π0

D(Π1) ∩H(rot,Ω)
rot

Π1

D(Π2) ∩H(div,Ω)
div

Π2

L2(Ω)

Π3

CN G
CE R

CF D
CT .

) �9! * ��+

�5D%Z ?�P8K6DTI�
4U6AEU6=@K6H�G#D' NHNBED

k 6"Q�D T 81& ,CA9Q20=0RABh9* G ABH@^-0=^-,C*-&EDF('g)&)Q=(ND+^-D+HFAB^M35H+QRIE81*>(N358 3169,`ABQ=&1* Ω 35* R3 !1_ &%Q2&ED+HZ653581Q2D�IE8)ABD+HZ*[*M( G A":<*M(
3�K ^-0=^-,C*-&EDF(�g)&1QR( W i(T ) IE81*40 K 69& G *-85D[HZ*-0=Q=*-HJAB8Y,C6au9*-&|35*M(�6 G ^-HFAaD+*>81HF(@31*40 K AB&)A902u5(+*WS"*>:<D+69HZQ=*-0=02*4:<0RA9(Z(+Q=IE81*ij

W0(T )
grad W1(T )

rot W2(T )
div W3(T ) . ) �9! *)�R+

\ *M(�*>( G A9:-*>( W i(T ) (+69&EDJ02*M(�*>( G A9:-*>(�3�K ^-0=^-,C*-&EDF(�g)&1QR(U35^-g)&1QR(J35*40=A/? A � 69&|(+81Q2SaA9&"DZ*`j
� W0(T ) *M(]Dc:<6"&)(nD+HZ81Q�D4f G ABH+D+Q=HV31*i0PK ^-0=^-,C*-&ED P1

p \ ABh"HZA9&1h9* ! k 81H4:Fd)A"IE81*/^>02^>,C*-&ED 	 81&)*r?�6"&): DZQ26"&s*M(]D4A G pG H+65:Fd1^>* G A9HN81&)*[?�6"&): DZQ26"& AM�`&1* , :Fd;A9IE81*W31*-h9HZ^[35*V0=Q2.7*-H+D+^ σ0
n
*>(nD@0=Q2^bfc8)&%&16t*-8;3 n 35*b:<6t6"HZ356"&1&1^>*>( xn358y,`ABQ=020RABh"*4*<DWA"(+(+65:<Q=*cf`81&1*4?�6"&): DZQ26"& g 0RA`SaAB0=*-81H σ0

n(g) = g(xn)
!$\ AC.)A9(+*r358;AB0=*r:<6"H+HZ*>( G 6"&)31A9&"DZ*b*>(nD

&16BDZ^-* (w0
n)n∈N *<DU*M(]DJQ=&):<0=8)(+*c31AB&)( H1(Ω)

!
� W1(T ) *>(nD@:-69&)(nD+HZ81Q2DNf G A9HnDZQ2H@35*[0PK ^>02^>,C*-&EDN3�K ABHZX<DZ*[3�K 69HF35H+* 1 Q2&):-69, G 0=*<DV� # vM� ! k 81H@:Fd)A9IE81*[^-0=^-,C*-&ED 	 81&1*?�69&):<D+Q=69&m*M(]D4A G)G H+65:Fd1^>* G A9HW8)&1*r?�6"&): DZQ26"&s35*C0RAz?�6"H+,C* a × x + b ATS"*>: a *<D b 31AB&;( C3 , :Fd)A"I"8)*i35*>h9HZ^
35*c0=Q2.7*-H+D+^ σ1

e
*>(nD[02Q=^rf`8)&1*rABHZX<DZ*469HZQ2*>&ED+^-* e 358y,`ABQ=020RABh"*c35*cS"*>: DZ*-81HUDZAB&)h9*-&ED t *<DVA9(Z(n65:<Q=*4f`81& :Fd)A9, G35*WS"*>:<D+*-8)HZ( E 0RArSaAB0=*-8)H ∫

e
E · t !�\ A/.)A9(+*b358)AB0=*4:<6"H+HZ*>( G 6"&)31A9&"DZ*U*>(nDJ&16BDZ^-* (w1

e)e∈E *-DJ*>(nD@Q=&):<0=8)(+*431AB&)(
H(rot,Ω)

!
� W2(T ) *M(]D':<6"&)(nD+HZ81Q�D'f G ABH+D+Q=H 35*�0 K ^-0=^-,C*>&"D'35* 2 ATStQRABH+Dnp � d169,`A"('� # vM� ! k 81H':Fd)A"IE81*N^>02^>,C*-&ED 	 81&)*N?�6"&): DZQ26"&*>(nD4A G1G HZ65:Fd1^-* G ABH48)&1*C?�69&):<D+Q=69& 35*`0RA%?�6"H+,C* cx + d ATS"*>: c 31A9&)( C *<D d 31A9&)( C3 , :Fd)A9IE81*`35*>h9HZ^C31*
02Q=.;*>HnDZ^ σ2

f
*>(nDN0=Q=^[f481&1*[? A9:-*U69HZQ2*>&ED+^-* f 358%,CA9Q20=0RABh9*U31*[&16"H+,`AB0=* nf

*-DNA9(Z(n65:-Q2*Uf48)&%:Fd)AB, G 35*WS9*M: D+*>81HF(
η 0RAcSaAB0=*-81H ∫

f
η ·nf

!�\ Ac.)A"(n*[318)AB0=*W:-69HZH+*M( G 69&)3)AB&ED+*�*>(nDN&)6BD+^>* (w2
f )f∈F *<D@*>(nDNQ=&):<0=8)(+*W31A9&)( H(div,Ω)

!
� W3(T ) *>(nDW:<6"&)(]DZH+8)Q�DWf G ABH+D+Q=H[35*c0PK ^>02^>,C*-&ED P0

! k 81H[:Fd)A"IE81*4^-0=^-,C*-&ED 	 81&1*c?�69&):<D+Q=69&y*>(nDWA G1G HZ6t:Fd)^-* G ABH
81&1*U:<6"&)(nDZAB&EDZ* , :Fd)A9IE81*J35*>h9HZ^�31*J02Q=.;*>HnDZ^ σ3

t
*>(nD'0=Q2^UfV81&CS96"028),i* t 358C,`ABQ=020RABh"*N*-DNA9(Z(+6t:-Q2*�fb81&1*�?�6"&): DZQ26"&

h 0=AiSaAB0=*-81H ∫
t
h
!�\ Ai.)A9(+*4358)A902*4:<6"H+HZ*>( G 69&)31A9&ED+*V*>(nD�&)6BD+^>* (w3

t )t∈T *-DJ*>(nDUQ2&):-028;(n*c31A9&)( L2(Ω)
!

~ *<D+D+*�(n8)Q�DZ*�3LK *M( G A":<*M({AW^<DZ^NHZ*>:-69&1&t81* G ABH _@6"(Z(+ATStQ2DN� �%* � :-69,C,C*N81&C:<6", G 02*-e5*@3�K ^-0=^-,C*>&"DF(l35*�� d)Q�DZ&1*-uz� � vT� !_ &|35Q=( G 6"(+*b3LK A G1G 0=Q=:>AaD+Q=69&;( G 6"81HJ02*M(�H+*>02Q=*-HUA985e :-69, G 0=*<e5*>( ) �9! � �F+ *<D ) �9! � (�+$, *-& G ABH+D+QR:<8)02Q=*-H 	 G 6"81HU:Fd)A":<81&|35*>(*>( G A":<*>( W i(T )
	 69& G *-85Dr35^-g)&1Q=Hc81&1*zA G1G 0=Q=:>AaDZQ26"&sQ=&ED+*-H G 690RAaD+Q=69& pi

T
IE81Q�fY81& S"*>: DZ*-81Hc31* Cni

	 6
	 ni
*>(nDc0RA

35Q=,C*-&)(+Q26"&Y31* W i(T )
	 A"(+(+65:<Q=*W81&)*b?�69&):<D+Q=69&y31AB&;( W i(T ) j

pi
T : Cni →W i(T )

X 7→
ni∑

n=1

Xnw
i
n.

) �9! * v +



��� � ��� �'�
���"�!�%�6�w�!�'&@�����9�'�������9�6�w�!�'&

_ &Y69.5DZQ2*>&"DU0=*c35QRABh"HZA9,i,C*b:<6",i,/85DZABD+Q2? (+81Q=STA9&ED[I"8)QL:<69, G 0=o<DZ*402*435QRABh"HZA9,C,i* ) �"! * �9+ j

D(Π0) ∩ H1(Ω)
grad

Π0

D(Π1) ∩H(rot,Ω)
rot

Π1

D(Π2) ∩H(div,Ω)
div

Π2

L2(Ω)

Π3

CN G

p0

T

CE R

p1

T

CF D

p2

T

CT

p3

T

W0(T )
grad W1(T )

rot W2(T )
div W3(T ).

) �9! * � +

\ *C:<6", G 02*-e5*i35*�� d1Q2D+&)*-u ) �9! *)�R+ AY35*>(bh"H+6"8 G *>(V35*`:<69d)69,C690=69h"Q2*r31*i,CX>,i*`35Q=,C*-&)(+Q=69&sIE81*C0RA (+81Q2D+*`35QR(]p:<HZo<DZ* ) �9! � �R+ *<D[IE81*b0RA`(n81Q2D+* ) �9! � (�+F!7~ *>( G H+6 G HZQ2^-D+^>(�(+Q2h"&1Q2g)*-&ED[IE81*40=*>(�Q=&5?�69HZ,`AaD+Q=69&;(@D+6 G 690=69h"Q=IE81*M(@*>(Z(n*>&"DZQ2*>020=*>((+69&EDV:-69&)(+*-HZS9^>*>(U35*/,`AB&1Q=o-HZ*/(+u5(]DZ^-,`AaDZQ=IE81*/*<DVA985D+6",`AaD+QRIE81* , *-& G ABH+D+QR:<810=Q=*-H 	 0RA%:<6"&)35Q2D+Q=69& Q=&5? p}(n8 G 	 :<69&;35Q�DZQ26"&
(+8��z(+A9&"DZ* G 6"81HJ,C69&ED+HZ*-H�0RA`:<69&tS"*-HZh9*-&;:<*W31*b31Q=(Z:<HZ^<DZQ=(ZAaDZQ26"& G A9HJ^-0=^-,C*-&EDF(@g)&1QR( 	 *M(]D�DZ698a\]6"81HZ(�S"^-HZQ�g;^-*C� ��	;vM� !

$'& G HZABD+QRI"8)* 	 69&m356"Q�Db(n6"81S9*>&EDV:<6"&)(+Q=35^>H+*>H[35*M(W:-69&)35Q2D+Q=69&;(WA985ey02Q=,CQ�DZ*>(W*>(Z(n*>&"DZQ2*>020=*>(V(+81H[81&)* G 69H+D+Q=69&m31*r0RA
?�HZ69&ED+Q=o-HZ* ΓD

!�\ *>( G HZ6 G H+Q=^<DZ^>(U35*40RAz(+81Q2D+* ) �"! *;�F+ *-D[02*/35Q=A9h9HFAB,C,C*435*c:<6", G AaD+Q=.1Q=02Q2D+^ ) �9! * � + H+*M(]DZ*-&EDUSaAB0=Q=31*>(
�+(nQ0PK 6"& 6981.)02Q=* �c0=*>(U*>&ED+Q2D+^>(Wh9^>69,C^<DZH+QRIE81*>([(nQ2D+81^>*>(V(n8)HW:<*-DnDZ* G 69H+D+Q=69&m35*r0=Az?�H+6"&"DZQ2o>H+* ! $'& G ABH+D+QR:<810=Q=*-H[0=*>([,`AaD+HZQR:<*>(
3�K Q2&;:<QR35*-&):-*4&1*c356"Q2S"*-&ED G A9( G HZ*-&)31H+*b*-&y:-69, G D+*b0=*>(J*>&ED+Q2D+^>(�h"^-6",i^-D+HZQ=IE81*M(�35*c:<*-DnD+* G 69H+D+Q=69&|35*b?�HZ69&ED+Q=o-HZ* !

� & G 6"Q2&EDVQ2, G 69H+DZAB&ED4IE81Q (+*-HFAzHZ* G H+QR([31A9&)(W0=A :<69&;(]DZH+8):<D+Q=69&mA902h"^-.1HZQRI"8)*r3�K 81&1*C(n81Q2D+*C3�K *>( G A9:-*>(V3�K ^-0=^-,C*-&EDZ(
g)&1QR( G HZ^>(+*-&EDZ^-*b31AB&)(�0RA k *M: D+Q=69& v ! � ! * *>(nDJ0=AC:<6",C,r85DFAaD+Q=StQ�DZ^c358y35QRABh9HFAB,C,C*bAB8 G H+*>,CQ2*>HJ&1Q2S"*>A98YIE81QL(>K ^M:<HZQ�D4j

gradp0
T = p1

TG. ) �9! *8*6+
$'& 3�K AB81D+HZ*>(bDZ*-HZ,i*M(40RAy,`AaD+HZQR:<*z3�K Q2&;:<QR35*-&):-*%ABHZX<DZ*<pq&16t*-8)3 G 358 ,`ABQ=020RABh"*`*>(nDc0=A|HZ* G HZ^>(+*-&EDFAaD+Q=69& 35QR(+:-H+o-D+*z358
h9HFA931Q2*>&"D�*-&YDFAB&ED[IE8LK 6 G ^>HZABD+*>81HJ35*b0 K *>( G A9:-* W0(T ) 31AB&)(�0PK *>( G A9:-* W1(T )

!
� BEDFP1<>U�G#BEDF?�GFBE;$HWINV�ZN<R;�O AEY6=@K

k 6"Q�D T 8)&1*@D+HZQ=A9&1h9810RAaDZQ26"&r358C3569,`A9Q2&1* Ω
!1\ K *>( G A9:-*@31*>( ^-0=^-,C*-&EDF( g;&1Q=( 3LK A9H+X-D+*�3�K 6"HZ31H+* � Q=&):<6", G 02*-D W1(T )*>(nD{81D+Q=02QR(n^ G 6981H 35Q=(Z:<HZ^<DZQ=(+*-H{0=AU?�69HZ,r810RAaDZQ26"& ) �"! �t� +F!B_ &cQ=&"DZH+65358)Q�Dl0 K *>( G A":<* W1

ΓD,0(T )
	 (+698)(npq*>( G A9:-*'35*>( ?�69&):<D+Q=69&)(

35* W1(T ) A G1G A9HnDZ*-&)A9&"D'f HΓD,0(rot,Ω) *<D�81&`:Fd)A9, G 31* HΓD
(rot,Ω) S9^>H+Q2g;A9&"D E×n = g (+81H ΓD

	 &16BDZ^ EΓD

!
\ * G HZ69.)02o>,i*435QR(Z:<HZ*<DUfCH+^M(n6"8)35HZ*V(>K ^>:<HZQ2DJA9026"HZ(Vj







� HZ6981S"*-H Ẽh = EΓD
+ Eh

ATS9*M: Eh ∈ W1
ΓD,0(T ) DZ*-0 IE81*`j

a(Eh,E
′
h) = F (E′

h)−
∫

Ω

ν rotEΓD
· rotE′

h −
∫

Ω

γEΓD
· E′

h, ∀E′
h ∈ W1

ΓD,0(T ).
) �9! * x +

- AB&)(b0RAY.)A9(+* (w1
e)e=1,...,Eh

31* W1
ΓD,0(T )

	 0=* G H+6".10=o-,C*i31Q=(Z:<HZ*<Dc(+*`HZA9,io>&1*Cf 8)& (+u5(]DZo-,C*C02Q=&1^MABQ=H+*C35*`0RA
?�69HZ,C*4(n81Q=SaAB&ED+*Cj

Au = b, ATS"*>: A = Sν +Mγ +Mδ,ΓI
, ) �9! *"#�+

6
	 j
� u :<69&EDZQ2*>&"DJ0=*>(J:-69, G 6E(+A9&ED+*>(�35*40PK Q2&):-69&1&t8 Eh

31AB&)(�0RAi.)A9(+*435*>( (w1
e )e=1,...,Eh

,
� b :-69&ED+Q=*-&EDJ02*M(J:<6"&"DZH+Q=.185DZQ26"&)(J35*M(J35Q^0w^-HZ*-&EDF(�D+*>H+,C*>(J(+698)HZ:-*>( 	 : ! p}fap}3 ! j

be = F (w1
e)−

∫

Ω

ν rotEΓD
· rotw1

e −
∫

Ω

γEΓD
· w1

e ;

� 02*M(J:<6t* �z:<Q=*-&EDF(J35* Sν
G HZ*-&1&1*>&ED�0=*>(�SaA902*>81HZ( ∫

Ω ν rotw1
j · rotw1

i

,
� 02*M(J:<6t* �z:<Q=*-&EDF(J35* Mγ

G HZ*-&1&1*>&EDU02*M(�STA902*>81HF( ∫
Ω γw

1
j · w1

i

,
� 02*M(J:<6t* �z:<Q=*-&EDF(J35* Mδ,ΓI

G HZ*-&1&)*-&EDU02*M(�SaAB0=*-81HF( ∫
ΓI

δ(w1
j × n) · (w1

i × n)
,

\ A/,`AaDZH+QR:<* Sν
*>(nD�(+ut,i^-D+HZQ=IE81*b(+*-,CQ�p}35^-g)&1Q=* G 6"(+Q2D+Q=S9* ! k Q�0=*>( ei

(n6"&ED@0=*>(@S9*M: DZ*-81HF(�35*b0=A/.)A9(+*b:-AB&)69&1QRIE81*V31*
RE 	 69&`&169D+*[IE81* w1

i = p1
T ei

, *-&`81D+Q=02QR(+A9&EDN0RA4H+*>0=ABD+Q=69& rot p1
T = p2

T R
QR(Z(n81*V358z35QRABh"HZA9,i,C*U:-69,C,r85DFAaDZQ�? ) �9! * � +6
	 R 31^>(+Q2h"&1*b0=Ai,`AaDZH+QR:<*43�K Q2&;:<QR35*-&):-*b? A9:-*<p}ABHZX<D+*VQ=0�SEQ=*-&EDcj

∫

Ω

rotw1
j · rotw1

i =

∫

Ω

ν(p2
T Rej) · (p2

T Rei) =
E∑

l=1

Rlj

( F∑

k=1

(
∫

Ω

νw2
l · w2

k

)
Rki

)

,
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(+69Q2D Sν = RtMνR 6 	 Mν
*>(nD/0RA|,CABD+HZQ=:-*%35*%:-69, G 6"(ZAB&ED+* ∫

Ω νw
2
l · w2

k

!'\ Ay,`AaD+HZQR:<* Mν
^-DZAB&ED/(+ut,C^<D+HZQRI"8)*

35^-g)&1Q=* G 6"(+Q�DZQ2S"* ) k -[� + 	 02*W&16au"A98z35* Sν
:<6"O &;:<QR35*[ATS9*M:J0=*[&16auEAB8z35* R ! $'&Y:<69&;(n^MI"8)*-&):-* 	 6"&%AB8)HZA SνG = 0 6 	

G *>(nDU0=Ai,`AaDZH+QR:<*43�K Q2&;:<QR35*-&):-*cABHZX<DZ*<pq&16t*-8)3 !\ Ai,`AaDZH+QR:<* Mγ
*M(]D[A98)(+(+QL(+uE,C^-D+HZQ=IE81* ! $'020=*4*>(nD4j

� &E8)020=* 31A9&)(/02*Y:-A9(i3�K 81& G H+6".102o>,C* 35* ,CA9h9&1^-D+6E(]DFAaD+QRIE81*%(ZAB&)(/HZ^-h98)0=A9H+QR(+ABD+Q=69& !'\ A ,`ABD+HZQ=:-* A &LK *M(]D G A9(
AB0=69HF(�Q=&tS9*-HF(+Q2.10=* !;~ * G *>&)31A9&"D 	 (nQ 02*4(+*>:<6"&)3 ,i*>,r.1HZ*b*>(nD[:<6", G AaD+Q=.10=* ) Gtb = 0

+ 	 Q20 *>(nD G 6E(+(+Q2.)02*43�K 85D+Q=0=Q=(+*-H
02*bh9HFA931Q2*>&"DJ:<6"&a\]81h"81^4I"8)QLSaAi:-69&tS9*>H+h"*-H@S9*>HZ(@81&1*c(+690=85DZQ26"&s� *8* � ! � &)*cAB85DZH+* G 6"(Z(nQ=.1Q=02Q2D+^ G 6981HJHZ^>(+698;35H+*V0=*
(nu5(nD+o-,C* ) �9! *"#9+ *M(]DN31*JD+HFATSaABQ=020=*-H'(+81H'81&)*U(n6"8)(]pq,`AaDZH+QR:<*�Q=&ES"*-HF(nQ=.10=*�*-&`85DZQ20=Q=(ZAB&EDN31*>(lDZ*>:Fd1&1QRIE81*>(�35*Uh9HFA G d1*
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!{~ *C&16t*-8)3s*<D4(+*>(bS96"Q=(+Q=&)(W(+69&ED4(n8 G1G HZQ2,C^>(
358 h"HZA G d1*4*-DW0=* G 69QR31([35*M([&)6E*>8)31([H+*M(]DFAB&EDZ([*>(nD[H+^>*>(nD+Q=,C^ !�\ K A902h"69HZQ�DZd1,C*c(n* G 6"81HF(n81Q2D'\]8)(ZIE8LK f%:<*/I"8)*cD+6"8)(U0=*>(
&16t*-8;31(C(n6"Q2*>&"DiH+^ G ABH+D+QR( !N\ * S"69QR(nQ=&)ABh"*z35*>(i&16t*>8)31(/?�69H+D+*>,i*>&EDC:-69&1&1*M: DZ^>(ifm81& &16t*-8)3 3569&)&1^ *M(]D`35^-D+*-HZ,CQ2&)^
(+81Q2SaA9&"Dc8)& :<HZQ�DZo-HZ*zI"8)Q G *>85DrX-D+HZ* |aij |≥ θ

√

|aiiajj | � � # ��	 |aij |≥ θmaxk 6=l|akl| � # �>��	 |aij |≥ θ � *�( � 	 G 6"81Hc81&
G A9HZA9,io-D+HZ* θ fCAa\]8;(]DZ*-H ! � &|*<e5*-, G 0=*435*c(+Q2,/810=ABD+Q=69&Y*>(nD[3569&)&1^Vg)h981HZ* v ! � !

\ K AB0=h96"H+Q2D+d),i*b35*c(+^-0=*>:<D+Q=69&|35*>(�&16t*>8)31(Jh"H+6E(+(+Q2*>HZ(@35* 2 81h"*4*<D k D��5p
.7*-& � # �"	 � � 	 ~ d)A G Q�DZH+* * � *>(nDc85D+Q=0=Q=(+^z(n8)Hc0=A|,`ABD+HZQ=:-*iQR(Z(n81*z31*`0=A
35QR(+:-H+^-D+QR(+ABD+Q=69&%31* −4u+ u (n81H�0=*W:>ABHZH+^W81&1Q2D+^bATS9*>:[:<69&;35Q�DZQ26"&)(�35*a *>81,`AB&1&yA98 .769HF3%*-DU02*4,`A9Q20=0=A9h9*b:<Q2pq:-69&ED+HZ* !\ *M(�&16t*-8)3)(J,`A��RD+HZ*>(�(n6"&ED�HZ* G H+^M(n*>&"DZ^>( G A9HU35*>(U31Q=(ZIE81*>( G 0=*-Q=&)( !
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� g;& 35*z:-69&)(nD+HZ81Q=H+*i81&1*C,`AaDZH+QR:<*`35* G H+6"026"&1h9*>,i*>&ED 	 69& Q2&ED+HZ653581Q2D G 6"81Hc:Fd)A"I"8)*/&16t*>8)3 *>(Z:<0RATS9*/3LK Q=&)35QR:<* i81&Y*-&)(+*-,/.10=* ωC,i
IE81QL:-69&ED+Q=*-&EDU35*>(�&)6E*>8)31(J35* ωC

S96"Q=(+Q=&)(�35* i !�- Q407^>H+*>&"DZ*>(@DZ*>:Fd1&1QRIE81*>( G *-8)S9*-&EDJX<DZH+*V*-&;(n81Q2D+*85DZQ20=Q=(+^-*M( G 6981HN0=Ar35^<DZ*-HZ,iQ=&)ABD+Q=69&`35*>(N:<6t* �z:-Q2*>&"DF(�3�K Q=&"DZ*-H G 6"0=ABD+Q=69&|� � � � !�\ Ab,`AaD+HZQR:<*[35* G H+6"026"&1h9*>,C*-&ED P 0=A G 028)(
(+Q2, G 0=*Wf/:<69&;(]DZH+81Q=HZ*U*>(nD�:-*-0=02*VIE81Q G H+^M(n*>H+S"*U02*M('?�6"&): DZQ26"&)(@:<69&;(]DFAB&ED+*M('*-& G A9(Z(+A9&EDN358%&)Q2S"*>AB8`h"H+6E(+(+Q=*-H�A98z&1Q=S9*>A98
g)& 	 : ! pqfBpq3 ! j

Pij =







1 (+Q i = j ∈ ωC ,

1

|ωC,i|
(nQ i ∈ ωF

*-D j ∈ ωC,i,

0 (+Q2&)69& !
) v ! � +

6
	Y0RAC&16BDFAaD+Q=69& |Z| 35^M(nQ=h9&)*V0=*b&169,/.1HZ*b3LK ^>02^>,i*>&EDZ(U31A9&)(�81&|*-&;(n*>,r.10=*Vg)&1Q Z !$'&5g;& 	 0=As,`AaD+HZQR:<* A98 &1Q=S9*MAB8 h"H+6E(+(+Q=*-H AH
*>(nDih"^-&1^>HZA902*>,i*>&EDi:<6"&)(nD+HZ81Q�DZ* f G ABH+D+Q=HC35* 0RA ,`ABD+HZQ=:-* Ah

A98
&1Q=S9*MAB8 g)&|*-&Y85D+Q=02QR(ZAB&EDU81& )�Q!K
&MP�CFN#& G��1AMEHG�Q��DCFL j AH = P tAhP

!
I#G�? AMQAB�P�G v !=� 0��
KMP�Q1E A4&!. NOG�Q�? CFL(AMN C KML6& G I�* ADQ�C A���EHG I8C Q!K I;I�C � Q G�I � P�L(G A5)-)(Q!K J5F�G I�CF?�)(EHG �;A I1.;G#P�L4CKB P�G�? G L4N�I�P�QEHA[)(EHA J;G'& G�I . E . ? G L4N I L�KDL L4P�E I+& G EHA ? AMN Q�C J G@AMP L�C:*MG ADP+@/L G�I�N/)�Q K5)�K I1.;G'& ADL)I ��� ��0 � E<( K5)!))KMI1.'& G I I;N Q!ADNZ.ZC C G�I
)�E P'I I�K5) F'C I�N CKB P .;G I,)(Q!G�L�AML4N�G�L>J KD?�)(N GJ& G I"CFL
$ KMQ�? AMN C KML�I�C`.;KM?G. N Q�CKB�P�G�I1KMPBEHG I"? AMN Q�C J;G�I�.�E�. ? G�L�NOAMCFQ!G I
J;ADEHJ P�E . G I
)�G L & AML4N EA( A I;I�G ? � E A1C�GG&MPE)�Q!K�� E � ? G@I KDL�N#& KDL�L/.;G I'& AML�I �	��
 �
� � ��0

576�� � G=L?<?> �RK�N G=LW>V<?Q(C�I ;BK�LPN@E(C�Q��7K
G <?>@; A�C�D
E�� G���� E(N@N
\ K 85DZQ20=Q=(ZAaDZQ26"&/3�K 81&1*�,C^<DZd16535*�,r8102D+Q=&1Q=S9*MAB8 G 698)H 0RAVH+^M(n6"0281D+Q=69&r35*M( ^>IE8)AaDZQ26"&)(l35* � Aae��@*-0=0t&1^>:-*>(Z(nQ2D+*@02*�:Fd16"Q�e

35*40=Q=(Z(+*-81HF(�A931A G D+^M( G H+*>&)AB&EDJ*-&y:-69, G D+*b0=*>(J:>ABHFA9: DZ^-HZQ=(nD+QRIE81*>( G HZ6 G H+*M(@fi0PK 6 G ^>HZABD+*>81H rot rot
!

� ���
�+� � ���2�*�#�O����� �!������� � � 7 - < ���)�,�����1���
rot rot�

\ *M(�0=QR(+(+*-81HF(@:<0RA9(Z(nQRIE81*>( ) 	EA9:-69.1QwATS9*M:UHZ*-0RAae1AaDZQ26"& 	 =bA98)(Z(]p k *-QR35*>0 G A9H G 69Q=&EDZ( + ABDnDZ^-&t81*-&ED@?�69H+D+*>,i*>&ED@0RA G ABH+D+Q=*3�K ^-&1*>H+h"Q2*@^-0=*-S"^-*�35*@0 K *-HZH+*>81H , :-*-0=02*-pq:-Qt:-69HZH+*M( G 69&;3 G 6"81Hl81&1*@?�69HZ,C*N.)Q20=Q2&)^>ABQ=HZ*@35^-g)&1Q=* G 6E(nQ2D+Q=S9*�AB85er:-69, G 6"(ZAB&ED+*M(
,C6531AB0=*>(JA"(+(+65:<Q=^-*>(�A985e%SaAB0=*-81HF( G HZ6 G HZ*>(�35*b,C6535810=*>(J0=*>( G 028)(Uh9HFAB&)31( !� 6981H 8)&`6 G ^-HFAaD+*>81H':<6",C,i*J0=* \ A G 0RA9:-Q2*>& 	 :<*-DnD+* G ABH+D+Q=*U:<6"O &):-Q=31*�ATS"*>:@0RA G ABH+D+Q=*
�]6E(+:-Q20=0RAB&ED+* ��3�K 6
	C0PK *��`:>A9:-Q�DZ^
35*c:-*>(�0=Q=(Z(n*>81HF( !

� 8z:-69&ED+HFABQ=HZ* G 698)H'02*M('6 G ^>HZABD+*-8)HZ( ATS"*>:@81&CD+*>H+,C*U*>& rot rot
	 Q=0)*<e5QR(]DZ*[35*M('S9*M: DZ*-81HF( ?�69H+D+*>,i*>&ED�6"(Z:<Q=020RAB&EDF(l*<D

35*V? ABQ=.10=*4^-&1*>H+h"Q2* !�2 *-S"*-&16"&)(�f/0RAC:<0RA9(Z(n*b35* G HZ69.10=o-,C*M(@31^<g)&1Q=* G A9H@0RA/?�69HZ,r810RAaDZQ26"& ) �9! � � + !1� 0RA � 6"&)(@&1698;(J31AB&)(0=*W:-A"(�6 	 ν *-D γ (n6"&"D�(]DZH+QR: DZ*-,C*-&ED G 6E(nQ2D+Q2? (�*-D δ &t810 !�\ Ab?�6"H+,C*W.1Q20=Q=&1^>A9Q2HZ* a 31AB&;(�0RA4?�6"H+,/810=ABD+Q=69&`SaABHZQRAaD+Q=69&)&1*-0=02*A9(Z(+6t:-Q2^>*z3569&)&1^-*`*>& ) �9! �E� + 35^<g;&1Q�Di81& G HZ653581Q2D/(+:>AB0RABQ=H+*zIE81QNQ2&;3581Q2Dr81&1* &169HZ,C*z35Q�DZ*%3�K ^-&1*>H+h"Q2* ! ~ 69&;(nQR35^-HZ69&;(
AB0=69HF(�31AB&;(�02*c:-81.;*48)&1Q�DZ^402*bS"*>: DZ*-81HU:Fd;AB, G j

E =
(
0 sin(nπx) 0

)t
. ) v ! ��+

\ K ^-&)*-HZh9Q=*V35*c:-*c:Fd)AB, G (n8)HJ02*4:<8).;*481&)Q�DZ^4*>(nD[3569&1&)^-* G ABH4j

a(E,E) =

∫

[0;1]3
ν rotE · rotE +

∫

[0;1]3
γE · E = (nπ)2

ν

2
+
γ

2
. ) v ! (�+

k 6"& ^-&1*>H+h"Q2*/*>(nDV3�K AB81DZAB&ED G 028;([?�6"HnDZ*/IE8LK Q20 *>(nDb6"(Z:<Q=020RAB&ED !�~ 69&)(+QR35^-HZ69&)([,`ABQ=&"DZ*-&)A9&EDW0=*rS9*M: DZ*-81Hb:Fd)AB, G f%H+69DZABp
D+Q=69&)&1*-0L&t810�*-D[35*4,CX-,C*cAB, G 0=Q2D+8)35*`j

Ẽ =
(
sin(nπx) 0 0

)t
. ) v !=����+

k 6"&%^-&)*-HZh9Q=*[*>(nD�^-h"A902*Vf γ/2 *<D�&1*V31^ G *-&)3 G A9(�35* n ! _NQ=*-&YIE8LK Q=0R(@A9Q2*>&ED�35*M(N?�H+^MI"8)*-&):-*>(�AB&1h"810RABQ=H+*M('QR35*-&ED+QRIE81*>( 	0PK ^>&1*-HZh9Q=*`35*z:<*M(c35*-81e :Fd)A9, G (b*>(nDr3569&):/DZH+oM(c35Q407^>H+*>&"DZ* G 6"81Hc35*M(4SaAB0=*-81HF(435* n ^-0=*-S9^>*>( !{~ * G d1^>&169,Co-&)*`*>(nD
3�K AB85DFAB&ED G 0=8)(UAB, G 0=Q2g)^cIE81* ν *M(]D G H+^ G 6"&)35^-HFAB&EDJ35*-SaA9&"D γ !- *`? A � 69& G 0=8)(ch"^-&1^>HZA902* 	 0 K *<e5QR(]DZ*-&):-*%3�K 81& *M( G A":<*z35*%h9HFAB&)35*z31Q2,C*-&;(nQ=69& ) Q2&5g;&1Q2*Y31AB&;(402* :-A9(/:<6"&"DZQ2&t8 *<DG HZ6 G 69H+D+Q=69&1&)*-0=02*CAB8 &169,/.1HZ*i3�K Q=&):<6"&1&t81*>(431A9&)(b0=*C:>A9(b35QR(+:-H+*-D + 35*`:Fd)A9, G (435*CS9*M: D+*>81HF(VfYHZ6BDFAaD+Q=69&)&1*-0l&t810 *<D
3�K ^-&1*>H+h"Q2* �nIE8)A"(nQ2pq&E8)020=* � G *-85D4*-e G 02QRIE81*-HbIE81*/0=*C02QR(Z(n*>81HV31*B=bA98)(+(np k *-QR35*-0 G A9H G 69Q=&EDZ(V&1*i?�69&;: D+Q=69&)&1* G 028)( G 6981H
0PK 6 G ^>HZABD+*-8)H rot rot � *)� � !
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� ���
�	� � Z1-/� �$%#� �!�+�'�����1�
] 0L*-etQR(nD+*435*-81eYHZ^<?�^>H+*>&):<*M( G H+Q=&):<Q G A902*M(UIE81Q G HZ6 G 6"(+*-&EDJ81&|02QR(Z(n*>81HJ* �z:-A":<* G 6981HJ0=*>(U^>IE8)AaDZQ26"&)(J35* � ABe��N*>020 j

� Q G DZ,CA9Q2Hr� *;� � *<D � H+&16"0=3 	 �)AB0 
 *-D � Q2&EDZd1*-H4� * � !\ AN\]8)(nD+Q2g;:>AaD+Q=69&iDZd1^-6"H+QRIE81*U35*J0PK *��`:>A9:-Q�DZ^U35*U:<*M('35*-81e/0=Q=(Z(n*>81HF( *>(nD ? ABQ2D+* G 6981H�0=A4:-0=A"(+(+*J35* G HZ69.10=o-,C*>( ) �9! � � +31A9&)(r0=* :>A9(/6
	 ν *<D γ (+69&EDi(nD+HZQR: D+*>,C*-&ED G 6"(+Q�DZQ�? (i*-D/0=69HF(+IE8LK Q20R(r(+69&EDi85D+Q=02QR(+^>(C31AB&;(r81&)*%,C^<DZd16535* ,/8102D+Q=h9HZQ20=02*
h9^>69,C^<DZH+QRIE81* ! $'0=02*`(>K A G1G 81Q=*C(n81Hb0RA 31^>:<6", G 6E(nQ2D+Q=69& 35* � *-0=,Cd16902D �`35QR(+:-H+o-D+*C35*i0 K *>( G A9:-* W1(T ) 35*M(V^-0=^-,C*-&EDZ(3�K ABHZX<DZ*b3LK 6"HZ35HZ* � j

W1(T ) = gradW0(T )⊕D(T ). ) v !2�"�F+\ K *>( G A":<* gradW0(T ) *>(nDb0PK *>( G A9:-*i35*M(4:Fd)AB, G (b35* W1(T ) fYH+69DZABD+Q=69&1&1*>0l&E8)0 !�\ K *M( G A":<* D(T ) *M(]Dc:-69, G 6E(n^35*4S"*>: DZ*-81HF(�fC35Q2S"*-HZh9*>&):<*V&t81020=*b? ABQ=.10=*-,C*-&ED 	 : ! pqfBpq3 ! j
A ∈ D(T ) ⇒

∫

Ω

A · gradφ = 0, ∀φ ∈ W0(T ).

$'&|:<*bIE81QL:<6"&):<*>H+&1*W02*>81H�,CQ=(+*W*>& 6t*>81StH+* 	 :-*<DnDZ*435^>:-69, G 6E(nQ2D+Q=69& &LK A G1G A9HZA �=D@*<e G 0=Q=:-Q�DZ*-,C*-&EDUIE81*b31AB&)(@0=*W0=QR(+(+*-81H
35* � Q G DZ,`ABQ=H !k 81HJ0=*c(+ut(nD+o>,C* Au = b

	 02*b0=Q=(Z(n*>81HU35* � Q G DZ,`ABQ=HJ* 0w*>: DZ81*cfC:Fd)A9IE81* G A"(J(n8;:-:<*M(+(+Q=S9*-,C*>&"Dbj
� 81&1*bQ�DZ^-HFAaDZQ26"&Y35*@=bA98)(Z(]p k *-QR35*>0L(n81HU:-*4(nu5(nD+o-,C* 	
� 81&1*`Q2D+^-HFAaDZQ26"& 35*>=bAB8)(Z(np k *>Q=31*-0�(+81Hc81& (+u5(]DZo-,C*z35*`,`AaDZH+QR:<* Aφ = GtAG *<D/35*z(+*>:-69&)3 ,C*-,/.1HZ* ρ =
Gt(b − Au) 6
	 G *>(nDr0=A|,`ABD+HZQ=:-*z3�K Q=&):-Q=35*>&):<* ABHZX<D+*-pP&)6E*>8)3 358 ,`ABQ=020RABh"* , :<*`S"*>:<D+*-8)Hr:<6"H+HZ*>( G 6"&)3 f|0=A
35Q2S"*-HZh9*>&):<*�35QR(+:-H+o-D+*J35* b−Au !8\ AW,`ABD+HZQ=:-* Aφ

G H+6aStQ=*-&EDl31*J0=Ab35QR(+:-H+^-D+QR(+ABD+Q=69&i358 G H+6".10=o-,C*J31AB&)(l0PK *>( G A9:-*
gradW0(T )

	 *>020=*4:<69OP&):-Q=35*4ATS"*>:W0=Ai,`AaDZH+QR:<*43�K 81& G HZ69.10=o-,C*b*-& G 6BD+*>&ED+Q=*-0 (Z:-A90=A9Q2HZ* !\ K AB0=h96"H+Q2D+d),i* v ! v 35^>:-H+Q2D[:<*40=QR(+(+*-81HJ*>&y35^<DFABQ=0 !�\ K Q=&)35QR:<* l ? A9Q�DUHZ^<?�^>H+*>&):<*4AB8Y&1Q=S9*MAB8 l (n81HJ0=*>IE81*>0L0PK 6 G ^>HZABD+Q=69&Y*>(nD* 0w*>:<D+81^>* !�\ A%,r8102D+Q G 0=Q=:>AaDZQ26"& G A9H[0RA%,`AaDZH+QR:<* G 	 IE81Q :-69HZH+*M( G 69&)3yA98m:-A90=:-810 3LK 81&sh9HFA935Q=*-&EDb35Q=(Z:<HZ*<D 	 G *-HZ,C*<Db02*G A"(+(ZABh"*V3�K 81&|S9*M: DZ*-81HJ35*c35*>h9HZ^>(�35*40=Q2.7*-H+D+^4&)6t3)AB85e ψ fi81&|S"*>: DZ*-81HJ35*c31*-h9HZ^>(�35*40=Q=.;*>HnDZ^4*-&yABHZX<DZ* !

c <>;�P8U6INV
<>K 0=Q=(Z( ) ul
j ��K6P1GFK6V
< 	 bl j ��K6P1GFK6V
<1+Q�DZ^-HFAaDZQ26"&Y35*8=bA98)(+(np k *-QR35*-0L(+81H Alul = bl

,
ρl ← (Gl)t(bl −Alul)

,
ψl ← 0

,
Q�DZ^-HFAaDZQ26"&Y35*8=bA98)(+(np k *-QR35*-0L(+81H Al,φψl = ρl

,
ul ← ul +Glψl

,
: BEH

� 0=h96"H+Q2D+d),i* v ! v j � 0=h969HZQ2D+d1,C*4358|02QR(Z(n*>81HU35^<g;&1Q G A9H � Q G D+,`ABQ=H !
� HZ&16"0=3 	 �)AB0 
 A9&)3 � Q2&EDZd1*-H'&)* G HZ6Bg1DZ*-&ED G A9(�AB8)(Z(nQ5*-e G 02QR:<Q2D+*>,C*-&EDN35*J0RA435^>:-69, G 6"(+Q�DZQ26"&C31* � *-0=,Cd16902D �W31AB&)(

0RAV:-69&)(nD+HZ8):<D+Q=69&/31*@0=*-8)H 0=QR(+(+*-81H !R] 0=( G H+6 G 6E(n*>&"D 3�K 85D+Q=0=Q=(+*-H 81& G HZ^>:-69&)35Q2D+Q=69&)&1*-81H 35* k :Fd ��ABH��NATS"*>:'HZ*>:-6981StHZ*-,C*-&ED 	
356"&"DW02* G H+Q=&):-Q G *c*>(nD[HFA G1G *-0=^c*>& � &1&)*<e5* _ k *>:<D+Q=69& _ ! v !�\ K *M( G A9:<*c3LK ^>02^>,i*>&EDZ(Jg;&1Q=(V3�K ABHZX<DZ*4*>(nDW^>:-H+Q2DW:-69,C,C*
81&1*c(+69,C,C*b&169&|35Q=H+*M: DZ*c35*4(n6"8)(]pq*>( G A":<*>(Wj

W1
ΓD

(T ) =
∑

n∈N
W1,n

ΓD
(T ), ) v !=� v +

6
	Y0=*c(n6"8)(]pq*>( G A":<* W1,n
ΓD

(T ) *>(nDU0 K *>( G A9:-*43�K ^>02^>,C*-&EDZ(J3�K ABHZX<DZ*b*-&1h"*-&)35HZ^ G ABHJ0=*>(@?�6"&): DZQ26"&)(U35*b.)A"(n* (w1
e )e

A9(Z(n69p
:<Q=^-*M(WA985eyABHZX<D+*M( e ATu"A9&ED[02*/&16t*-8)3 n *-&m:-69,C,r81& !�_ &m:-69HZH+Q=h9*40PK *-HZH+*>81HW(+81HW:Fd;A9:<8)&m35*/:-*>(V(n6"8)(npP*M( G A":<*M(J026"HZ(
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X<DZH+*VDZQ2HZ^>(J35*c:-*>(J(+Q2,/810RAaD+Q=69&;(�&E8),i^>H+QRIE81*>(bj
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!
a 69,/.1H+*b35*c35*>h9HZ^>(�35*40=Q2.7*-H+D+^ �1* � � x � x �Cv ( � v x #%� v � � ( v x v *
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,r8)0�DZQ2&1Q=S9*MAB8Y*-&y35*>85e G d)A"(n*M(bj
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P t =





1 0 0 1/2 1 1/3 0 0 0
0 1 0 1/2 0 1/3 0 1/2 1/2
0 0 1 0 0 1/3 1 1/2 1/2



 .
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35* ��) 0RA4SaAB0=*-81H@3�K 81&z&16t*-8;3C*>(Z:<0RATS9* s :<69&)&1*>:<D+^[ATS"*>: ns
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� 6981H�:-A90=:-810=*-H@0=A/:<69HZHZ*>: DZQ26"&%31A9&)(�0PK *>( G A9:-*W3�K ^-0=^-,C*-&EDF(�g;&1Q=(�3�K ABHZX<DZ*W31A9&)(�(n6"&z*-&;(n*>,r.10=* ) Q=0781D+Q=02QR(n*bAB8;(+(+Q;8)&
�Up}:<u5:-02*c,/8102D+Q=h9HZQ20=02*/ATS9*>:431*>(UQ2D+^>HZABD+Q=69&)([35* =bA98)(+(np k *-QR35*-0 G ABH G 6"Q2&EDZ( G 6"81H[0=* G H+^-p�*<DV02* G 6"(nD+0=QR(+(ZABh"*4,CA9Q=( G A9(
35Q=H+*M: DZ*-,C*-&EDr(+81H402*z(+u5(]DZo-,C*`f|H+^M(n6"8)35HZ* ! $'& *%07*-D ) Q=0'&1*z35^-g)&1Q2D G A"(43�K 6 G ^>HZABD+*>81HZ(431*CD+HFAB&)(n?�*-H+Dc35Q2HZ*>:<D+*>,i*>&ED
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&16531A985ei:-69,C,C*
.)A"(n*JAB&)&1*<e5*J*<D'HZ^-^M:<HZQ�D'0=* G HZ69.10=o-,C*JfbHZ^>(+698)35HZ*�31AB&)(�:<*<D+D+*J.)A"(n* , 02* �[pq:-u5:<0=*U(-K * 0w*>:<D+81*U(+81H':<*U(+u5(]DZo-,C*UAB&)&1*<e5* !� 6981H HZ*-S9*>&1Q=H{AB81ebSaA9H+QRAB.10=*>( Q2&)Q�DZQ=A902*M( ) Q=09? A985Dl31^<g)&1Q=H 81&1*@,CABD+HZQ=:-*N35*ND+HFAB&;(]?�*>HnD !-� 0=8)( G HZ^>:<QR(+^-,C*-&ED ) 31A9&)( 0PK *>( G A9:-*
AB&)&1*<e5* ) 8)&YS"*>:<D+*-8)H E (-K ^>:-H+Q2D4j

E =

d∑

i=1

Nh

∑

n=1

w0
nEni

ei, ) v !=� � +

6
	 d *>(nDW0RAz35Q=,C*-&)(+Q=69&m35*/0 K *>( G A":<* G dtu5(+Q=IE81* ) R2 6"8 R3 +�) Nh 02*/&169,/.1HZ*r35*c&16t*>8)31(V358 ,`ABQ=020RABh"* ) ei
02* i �
	��S9*M: DZ*-81Hr31*z0=A|.;A9(+*z:-AB&)69&1QRIE81*z35* Rd *<D w0

n
35^M(nQ=h9&1*`8)&1*`?�69&;: D+Q=69& 31*z.)A9(+*z35*M(4^-0=^-,C*-&EDF(4g)&1QR(c&)6t3)AB85e !
\ A

,`AaDZH+QR:<*z35*CDZHZA9&)(n?�*-H+D Q 35*%0=A|.)A"(n*CS9*M: DZ69HZQ2*>020=*`AB&1&1*-e5*zf 0RA|.)A"(n*z3�K ^-0=^-,C*>&"DF(bg)&1QR(c3�K ABHZX<DZ*`*>(nDr35^<g;&1Q2* 35*`0=A
,`AB&1Q=o-HZ*4(n8)Q2SaAB&EDZ*ij

k 69Q2D c 0PK ABHZX<D+*43�K Q=&)35QR:<* e, 31*VS"*>:<D+*-8)HJ81&1Q2DZABQ=HZ*WDFAB&1h"*-&ED t *<D[35*40=69&)h981*>81H lc,
∀n ∈ {1, . . . , Nh}, ∀i ∈ {1, . . . , d}, Qeni

=

∫

c

w0
nei · tdl =

1

2
(ei · t)lc.

) v !=�%*6+

\ AC,`ABD+HZQ=:-*c358 G HZ69.10=o-,C*c31A9&)(U:<*-DnDZ*4.)A9(+*cAB&1&)*<e5*c(-K ^>:-H+Q2D[AB0=69HF( Ã = QtAQ 6 	 A *>(nDU0=AC,`ABD+HZQ=:-*c358 (nu5(nD+o>,i*
*-&|^>02^>,i*>&EDZ(@g)&1QR(U3�K ABHZX<DZ* !
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c <>;�P8U6INV
<>K .7*>:�� G HZ*>:-69&)3 ) x j �$K6P1G#K6V'< ) r j ��K6P8G#K6V
<1+�
x 3,QA. I�CK&MP4)(QA.;J KDL/&DCFN	C KDL�L/.
0 �
�
r 3,QA. I;CK&DP L�KDL?)�QA.;J;KML &MCFN C KML4L/.
0 �
xφ ← 0

)
x← 0

,
�Up}:<u5:<0=*4(n8)HJ02*4(+u"DZo-,C* Aφxφ = Gtr

,
x← x+Gxφ

,
� Q�DZ^-HFAaD+Q=69&|35*8=bAB8;(+(np k *-QR35*-0�*>&|31*>(Z:<*-&EDZ*b(+81H Ax = r
x̃← 0

,
�Up}:<u5:<0=*4(n8)HJ02*4(+u"DZo-,C* Ãx̃ = Qt(r −Ax) ,
x← x+Qx̃

,
� Q�DZ^-HFAaD+Q=69&|35*8=bAB8;(+(np k *-QR35*-0�*>&YHZ*-,C6"&"DZ^-*b(n8)H Ax = r
xφ ← 0

,
�Up}:<u5:<0=*4(n8)HJ02*4(+u"DZo-,C* Aφxφ = Gt(r −Ax) ,
x← x+Gxφ

,
: BEH

� 02h"69HZQ�DZd1,C* v ! � j � 0=h96"H+Q2D+d),i*4358 G HZ^>:-69&)31Q�DZQ26"&1&1*-,C*>&"D G HZ6 G 6"(+^ G ABH�_@*>:�� !
\ * G A9(Z(ZABh9* 3�K Q=&):-69&1&t81*M(i3LK A9H+X-D+* fsQ=&):<6"&1&t81*>(/S9*M: D+6"H+Q=*-0=0=*>(c&)6t3)AB0=*>(i:<HZ^-*Y81& G HZ69.)02o>,i* G 6"81HC0=A G HZQ=(+* *>&

:<6", G D+*i35*>(V:<6"&)35Q2D+Q=69&)(WAB85ey0=Q2,CQ2D+*>(/j7&)AaDZ81H+*>020=*>([*-&s^-0=^-,C*-&EDZ(Ug)&1QR(W3LK A9H+X-D+*>( ) *-0=02*M(U&1*i(n6"&"D G A9(WA931A G D+^>*>(Wfz0RA
.)A"(n*435*4S"*>: DZ*-81HF(�AB&1&)*<e5*>(�� ! _@*>:�� G H+6 G 6E(n*b35*M(U(n6"0281D+Q=69&)( G 6981HUHZ^>(+698;35H+*V:<* G HZ69.)02o>,i* , S969Q=Hb� ��) k *>:<D+Q=69& x � !\ K AB0=h96"H+Q2D+d),i* v ! � H+^M(n8),i*i:<*-DnD+*i,C^<DZd16535*/35* G HZ^>:-69&)35Q2D+Q=69&)&1*-,C*-&ED !�~ *-DnD+*/D+*M:Fd1&1QRIE81*/356"&1&1*i35*>(WH+^M(n8)0�DFAaDZ(
(ZAaD+QR(n? ABQR(+A9&"DF(@*<D[IE8)A9(+Q2pP6 G D+Q=,`AB85e G 6981HJ0=*>( G H+6".102o>,C*>(J:<6"&)(+Q=35^>H+^M( G ABH�_@*>:�� !
� U�G#QN;�INK Z'<>;�Z[;�DFU6K3ZN?�<>� K6B!G��8BCH �$K�<SK9G � PRQ���O[K�<>A
2 *>Q�D��-Q=&1h9*>H/*-D k :Fd �".;*>H+0 G HZ6 G 6"(+*-&ED/8)&1* ,C^-D+d16535*Y,r8102D+Q=&1Q=S9*MAB8 IE81Q�*>(nD/0PK AB&)A9026"h981*%A902h"^-.1HZQRI"8)*%35*Y0 K AB0=h969p

HZQ�DZd1,C*4,r8102D+Q=h9HZQ20=0=*4h9^-6",C^<D+HZQRI"8)*bATS"*>:W02*M(J0=Q=(Z(n*>81HF(J35* � Q G DZ,CA9Q2H[698 � HZ&1690R3 *<DW:-690=0=A9.;6"HZABD+*-8)HZ( ! � 0=A`35Q40w^-HZ*-&):-*
35*M_N*M:�� ) *-& G 028)(W35*r&)Q2S"*>AB81eY3�K *>( G A9:-*r3�K ^-0=^-,C*-&EDF(Jg)&1QR(W&16531AB85e ) Q20R([35^-g)&1QR(+(+*-&EDW31*>(W&1Q2S"*>A985eY3�K *>( G A":<*r3�K ^-0=^<p
,C*-&EDZ(Vg;&1Q=(43LK A9H+X-D+* ! a 6BDZA9,C,i*>&ED ) Q=0=( G HZ6 G 6"(+*-&EDb81&1*iD+*M:Fd1&1QRIE81* G 6"81H435^>358)Q2HZ*`3�K 8)&s*>&)(n*>,r.10=*`3�K ABHZX<D+*M(Wg)&1*>(
81&|*-&;(n*>,r.10=*43�K A9H+X-D+*M(�h9HZ6"(Z(nQ=o-HZ*>( !] 0R( 31^<g)&1QR(Z(n*>&"D'35*M(l6 G ^-HFAaDZ*-81Hl35*@D+HFAB&)(n?�*-H+Dl*-&ED+HZ*N0=*>(l&)Q2S"*>AB81e4g)&/*-D h9HZ6"(Z(nQ=*-Hl35*N? A��<6"&ifWS9^>H+Q2g)*>H 8)&1*�H+*>0=ABD+Q=69&
35*c:-69,C,r85DFAaDZQ2StQ2D+^ !;~ *-DnDZ*4H+*>0=ABD+Q=69& G *>85D[(n*bHZ* G HZ^>(+*-&EDZ*-H G ABHJ0=*435QRABh9HFAB,C,C*b:<69,C,/85DZABD+Q2?l(+81Q=STA9&EDbj

CNH GH

α

CEH

β

CNh Gh

CEH

) v !=� x +

698|35*4,`AB&)Q2o>H+* G 0=8)(J:<6"&):<QR(+*ij
Ghα = βGH . ) v !=�>#�+

ATS9*M:rj(
α 0 K 6 G ^-HFAaDZ*-81HJ35* G H+6"026"&1h9*>,i*>&ED G 6981HJ0=*>(�^>02^>,C*-&EDZ(�g;&1Q=(�&)6t3)AB85e )(
β 0PK 6 G ^-HFAaD+*>81HJ35* G HZ690=69&1h"*-,C*-&ED G 6"81HJ0=*>(�^-0=^-,C*>&"DF(�g)&1QR(J3�K ABHZX<DZ*>( )(
Gh *<D GH 0=*>(JHZ* G H+^M(n*>&"DFAaDZQ26"&)(N31Q=(Z:<HZo<DZ*>(J358|h9HFA931Q2*>&"DJ31A9&)(�02*M(J*>( G A":<*>(�A985e%&1Q=S9*MAB85ezg;&Y*-DJh9HZ6"(Z(nQ=*-H !- AB&)(W:<*r.)85D ) Q20R(WQ2&ED+HZ653581QR(n*>&ED[81&1*/,CABD+HZQ=:-*rAB&)&1*<e5* B 3�K Q=&):-69&1&t81*M([&16531A902*M(JDZ*-0=02*M([IE81*r0RA`,`AaDZH+QR:<*i3�K Q2&):-Q�p

35*>&):<*zA9H+X-D+*<pq&16t*-8;3m358 h9HFA G d1*iA"(+(+65:<Q=^`f B (+69Q2D40=AY,`AaDZH+QR:<*`3�K Q=&):<QR35*-&;:<*zABHZX<DZ*<pq&16t*-8)3s358 h9HFA G d)*CA"(+(+65:<Q=^iA98
,`ABQ=020RABh"*Jg)& !�\ *V:Fd16"Q�e B = Aφ

,`AaDZH+QR:<*V358 G HZ69.)02o>,i*W*-& G 69D+*-&EDZQ2*>0w(Z:-A90=A9Q2HZ*J*>(nD�81&1* G 6E(+(+Q2.)Q20=Q�DZ^[,`ABQR(@3�K A985D+HZ*>(
(+69&EDJ*-&tStQ=(ZABh"*>AB.)02*M( ) S96"Q2Hb� * � � fC:-*c(n8a\]*-D !2 *>Q�D��-Q=&1h9*>Hz*<D k :Fd �9.7*-HZ0J?�6"H+,C*-&EDzDZ6985DY3�K A9.;6"HZ3 8)&1* G A9HnDZQ�DZQ26"& 35*>(%&16t*-8)31( 358 ,`ABQ=0=0=A9h9* f G A9HnDZQ2HY35* 0RA
,`AaDZH+QR:<* B *-&|35*>85e ^-DZA G *>(bj

� O �QW ST
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	��KSTX1P���
Q���,W	STX�P ���!�QRaP�� ���<�#�QX�P���� �-VQ���QX�P	W��1RQST�#
�STWZ��X�P	��PZ��X�UT�QX�P	���Q�����%
�ST���
H(rot,Ω)

��P�ST�
P��<W����QWRQST�#
�STWZ��X�P	�QW�
-ST�
�
H1(Ω)
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( 35*>(r&16t*-8)31(r,`A��RD+HZ*>(rIE81QNS96"&"Di35^<g)&)Q2Hi02*M(cSaABHZQRAB.10=*>(4h"H+6E(+(+Q=o-HZ*>(4(+69&EDr(n^>02*M: DZQ26"&1&1^>( G ABHi35*>(/AB0=h96"H+Q2D+d1,C*M(
:<69,C,/81&1^-,C*>&"Db85DZQ20=Q=(+^>( G 698)Hb31*>( G HZ69.10=o-,C*M(V318mD]u G * \ A G 0RA9:-Q2*>& ) AB0=h969HZQ2D+d1,C*C35* 2 81h9*i*<D k D �1.7*-& G ABH*<e5*-, G 0=*C� # �>� +�)( 35*>(JA9h9h9HZ^-hEAaDF(N(+69&ED�?�69HZ,C^>(@*-&yA9(Z(+6t:-Q=A9&ED�35*4,`A9&1Q2o>H+*V81&1QRIE81*40=*>(J&16t*>8)31(�HZ*>(nDZAB&EDF(@fC8)&Y&)6E*>8)3 ,CA �=DZH+* !

� Q=&)(+Q ) :Fd)A9IE81*b&16t*-8;3y35*40=Aih"H+Q=020=*Vg)&1*c*M(]D[A"(+(+65:<Q=^V31* ?BADL�C ��Q!G P�L�CKB�P�GcfC81&|&16t*-8;3 h"H+6E(+(+Q=*-H ) S"69Q=H�g)h ! v ! x +�) :-*IE81Q G *-HZ,C*<DU35*c35^-g)&1Q=HU0 K A G)G 02QR:-ABD+Q=69& ind j
ind : ωnod

h → ωnod
H .

6
	 ωnod
h

35^>(+Q2h"&1*40PK *>&)(n*>,r.10=*r35*M(UQ=&)35QR:<*M([35*M(U&16t*-8;31([358y,`A9Q20=0=A9h9*bg)&m*<D ωnod
H

:-*-85ey358 ,`A9Q20=0=A9h9*bh9HZ6"(Z(+Q2*>H !�\ A
,`AaDZH+QR:<*435* G HZ690=69&)h9*-,C*>&"D�&1*4:<6"&ED+Q=*-&EDUI"8)*c35*>( � *-DJ31*>( � *<DU*M(]DU35^-g)&1Q=*c35*40RA/,`A9&1Q2o>H+*4(+81Q=STA9&ED+*Cj

αpn =

{
1 (nQ p ∈ ωnod

h
DZ*-0 IE81* n = ind(p),

0 (nQ=&16"& . ) v !=� � +

���������
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!

"

#
$

%
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����� ��� � � �

αt =





1 0 0 1 1 0 0 0 0
0 1 0 0 0 0 0 1 1
0 0 1 0 0 1 1 0 0



 .

�@���N� v ! x (`2 * G HZ^>(+*-&EDFAaD+Q=69&Y35*>(�&)6E*>8)31(J,`A �=DZH+*M(N*-DU*>(Z:<0RATS9*M(@A9Q2&;(nQLIE81*b0RAC,CABD+HZQ=:-*435*bH+*M(]DZH+QR: DZQ26"& αt
!

2 *>Q�D��-Q=&1h9*>H@*-D k :Fd �".;*>H+0L35^-g)&1QR(+(+*-&EDUAB0=69HF(@81&|h9HFA G d)*Wh"H+6E(+(+Q2*>HN*>&y(-K Q2, G 6"(ZAB&ED�0=ACHZo-h"02*b(n8)Q2SaAB&EDZ*ij)81&1*4ABHZX<DZ*
h9HZ6"(Z(+Q2o>H+*VH+*>02Q=*40PK A9h9h9HZ^-hEAaD n fC0PK ABh9h"H+^>h"ABD m (nQ A98|,i6"Q2&;(U81&1*cA9H+X-D+*bg)&)*cH+*>02Q=*481&1*4SaA9H+QRAB.10=*bg)&1*/35*40 K ABh"h9HZ^-hEAaD
n fC8)&1*bSTA9H+QRAB.)02*Vg)&1*c31*V0PK ABh9h"H+^>h"ABD m !k 6"Q�D ωedg

h
0 K *-&)(+*-,/.10=*[35*>('Q2&)31Q=:-*>('35*M('ABHZX<DZ*>('318i,`A9Q20=0=A9h9*�g)&C*-D ωedg

H
:-*-85e`35*>(�ABHZX<D+*M( 358`,`ABQ=020RABh"*�h9HZ6"(Z(nQ=*-H !k 6"Q�D i 0PK Q2&)31Q=:-*z35*`0 K ABHZX<DZ*ig)&1*`0=Q=A9&"Dc0=*`&16t*-8;3 p AB8 &16t*>8)3 q ) &)6BD+^ i = pqh ∈ ωedg

h

+ *<D e 0PK Q=&)35QR:<*z31*`0 K ABHZX<DZ*
h9HZ6"(Z(+Q2o>H+*V02QRAB&EDU0=*4&16t*-8)3 n AB8|&16t*-8;3 m ) &169D+^ e = nmH ∈ ωedg

H

+�) 0RAC,CABD+HZQ=:-*435* G HZ690=69&1h"*-,C*-&ED β *>(nD[35^<g;&1Q2*
35*40RAi,CA9&1Q=o-HZ*b(+81Q=SaAB&ED+*Cj

βie =







1 (nQ e = ind(p) ind(q)
H
,

−1 (+Q e = ind(q) ind(p)
H
,

0 (nQ=&169& .
) v !=����+

\ *M(',`AaDZH+QR:<*M('35* G H+6"026"&1h9*>,C*-&ED α *-D β 35^-g)&1Q2D G A9H ) v !=� � + *<D ) v !=���9+ S9^-HZQ2g)*-&ED�0RA4HZ*-0RAaD+Q=69&`35*V:<6",i,/85DZABD+Q=StQ�DZ^
) v !2�M#9+F!2 *>Q�D��-Q=&1h9*>HW*-D k :Fd��9.7*-HZ0lA G1G 0=Q=IE81*>&EDV0=*-81Hb,C^<DZd16535* G 0281D��BDcf 35*>( G HZ69.10=o-,C*M(W35* ? A1C L/.�N KMI�N ADN	CKB�P�Gi,`ABQR(W6"&
D+HZ698)S9*JAB8)(Z(+Q)IE81*-0RIE81*>('A G1G 0=Q=:>AaDZQ26"&)(l*-&CHZ^-h9Q=,C*Jd)ABHZ,C69&1QRIE81*�.)A9(Z(+*<pP?�H+^MI"8)*-&):-*W� * � � ! k 69&C85D+Q=0=Q=(ZAaDZQ26"&C(>K *>(nDN35* G 81Q=(
HZ^ G A9&)3581*431A9&)(�0=AC:-69,C,r81&;AB85DZ^b318|:>AB0R:<810�*>&|^-0=*>: DZH+6",`ABh9&)^<D+QR(+,i*i� x � ) x"x ) x *�) x # ) �1� ) � � � !
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I#G�? AMQAB�P�G v ! * 0 7 KML(J;G Q�L(AML�N6EHA Q!G�EHADN	C KDL & G>J;KD? ? P�N ADN	C:* CFNa. ) v !=� x + � P�L(G AML(AMEHK5C C G G�L N G�Q�? G & G QA.�I�G;AMP-9;. EHG;J��
N Q�CKB P�G I )�G P�N ��N	Q!GD$ ADCFN G J KD? ? G J;G E A A . Na. &-.;J�Q�CFN@AMP 7 F�A5)�CFN Q!G � 0 2 G I4C Q!A5) F)G I KMQ�C G�L�Na. I AMP-9 L4C:* G;ADP-9?@ L G N
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;)�Q!G�? C ��Q!Gb)�K I;I�C � CFE CFNZ. 3�KML &-.�&MP�CFNb& G UH EHGb))KDN G�L�N C G�E�QA. I�P�E N ADL�N�AMP-9 L(K G�P & IJ&DP QA. I G;ADP�@ L uh )�AMQ1E<( K�) .�Q!A �
N	C KDL αUH G N1KDL J;AME J P�EHG ADEHKMQ;I8E A &DC I�N	Q�C ��P�N	C KDL & G�I $ KMQ!J;G IE. EHG;J�N	Q KM? KMN Q�C J G I4& AML)I8E G�I ��Q!AML(J5F�G�I?&MP QA. I�G;AMP
@ L?)�AMQ8EA( K5) . Q!ADN	C KDL Ghuh 0


 I G;J;KML & G ))KMI;I;C ��CFE CFNa. 3*KML J;ADEHJ P�E G+&�( A��;KMQ5&8EHG I�$ KMQ!J;G I[. EHG;J�N	Q KM? KMN Q�C J G I[& ADL)I
EHG I ��Q!ADL�J�F)G I�&DPBQA.�I�G;AMP'C Q!KMI I�C G�Q
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PFQNK �JK�GLD#K6DTP8;$AEAC?�O[;�<>?�G#K6V'<RD
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� � �T� 6"&ED G H+6 G 6E(n^b35*>(U,i6535Q2g;:>AaD+Q=69&;(J31AB&)(�0RAC35^<g;&1Q�DZQ26"&y35*>(�6 G ^>HZABD+*-8)HZ(�35*bDZHZA9&)(]?�*>HnD !
_@65:Fd1*-Sy*-D4(+*>(4:-690=0=A9.;6"HZABD+*>81HZ([69&EDc:<6"&)(nQR35^>H+^i81&1QRIE81*-,C*-&ED40=*>(4:-A"(V6
	 0=AY,`AaDZH+QR:<*C358 (nu5(nD+o>,i*`f H+^M(n6"8)35HZ*

*>(nD[(+uE,C^-D+HZQ=IE81*b35^<g;&1Q2* G 6"(+Q2D+Q=S9*C� � � )�* �T� !\ *>81HY,i^-D+d16535* HZ* G HZ*-&)3 :<*-0=0=* 35* 2 *>Q�D��-Q=&1h9*>H *-D k :Fd��9.7*-HZ0W*>& ,C6535Q�g7AB&ED 0RA 31^<g)&1Q2D+Q=69& 35*>(Y,`AaDZH+QR:<*M( 31*G HZ690=69&1h"*-,C*-&ED α *<D β !�\ *M(JAB,C^-0=Q26"HZABD+Q=69&)( G HZ6 G 6"(+^-*M(�(-K * 0w*>:<D+81*>&"D[3)AB&)(J35*>85e 35Q=HZ*>: DZQ26"&)( !\ A G HZ*-,CQ=o-HZ*V:-69&):-*-HZ&1*b0=Ai,`AaDZH+QR:<*435* G H+6"026"&1h9*>,i*>&ED β j( 81&1* G HZ*-,CQ=o-HZ*`,`AaD+HZQR:<*%(+Q2, G 0=* β̂ S"^-HZQ�g7AB&EDc0=A H+*>0=ABD+Q=69& 35*%:-69,C,r85DFAaDZQ2StQ2D+^ ) v !=� x + *M(]DC35^<g;&1Q2*mj{:<*>020=* 31*2 *-Q2D �>Q2&1h"*-H�*<D k :Fd �9.7*-HZ0 ) G ABHJ*<e5*>, G 02* )( - A9&)( 02*@.185D 35*�,CQ2&1Q=,CQ=(+*-Hl0PK ^>&1*-HZh9Q=*N31*N0RA[.;A9(+*N35*M( ?�6"&): DZQ26"&)(l3�K ABHZX<D+*Nh9HZ6"(Z(nQ=o-HZ* ) :<*-DnD+*@,`AaDZH+QR:<*@*>(nD �n0=Q=(Z(n^>* �
*-&Y85D+Q=02QR(ZAB&EDU81&1*4Q2D+^>HZABD+Q=69& 31* 	"A":<69.)QwATS"*>:VHZ*-0RAae1AaDZQ26"& j

β = (I − ηD−1Sν)β̂, ) v !=�#(�+
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0PK 6 G ^>HZABD+*-8)HNDZHZA9&)( G 6E(n^4(>K ^M:<HZQ�D4j
P t

n : R|Ln| → RNh

, DZ*-0 IE81*Cj
∀y ∈ R|Ln|, (P t

ny)i = 0 (+Q i /∈ Ln
*-D yk

(+Q i = pk.
) � ! x +

~ 69, G DZ*UDZ*-&t8%IE81*[0RAc.;A9(+*UQ2&)Q�DZQ=A902*WS9^-HZQ2g)* ∀x ∈ Ω,
Nh

∑

p=1

w0,h
p (x) = 1

) 0RAr:<6"&)35Q2D+Q=69& NH

∑

n=1

w0,H
n (x) = 1 (-K ^>:-H+Q2D[j

∀p ∈ {1, . . . , Nh},
NH

∑

n=1

αpn = 1, ) � ! #9+

(+69Q2D NH

∑

n=1

P t
nαn = 1Nh×1

) 6
	 1Nh×1
35^M(nQ=h9&)*V0=*bS9*M: D+*>81HUf Nh :-69, G 6E(+A9&ED+*>(NDZ6985DZ*>(�^-hEAB0=*>(�f �9!
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\ * G HZ69.)02o>,i* ) � !=�F+ (-K ^>:-H+Q2D�g)&)A902*>,i*>&ED[(n6"8)(@0=Ai?�6"H+,C*b,`AaD+HZQR:<Q=*-0=02*4(+81Q2SaA9&"DZ*Cj






� HZ6981S"*-H (αn)n=1,...,NH
,CQ2&)Q2,CQR(+A9&"D NH

∑

n=1

αt
nPnKP

t
nαn

(+698;(N0RA`:<6"&ED+HFABQ=&"DZ*/j

NH

∑

n=1

P t
nαn = 1Nh×1.

) � ! � +

K *>(nDU0=Ai,`AaDZH+QR:<*4358 G HZ69.)02o>,i*435QR(Z:<HZ^<D+QR(+^V(+81HU0=*b,CA9Q20=0RABh9*bQ=&1Q2D+QRAB0L35^-g)&1Q=* G ABH Kpq =
∫

Ω gradw0,h
p · gradw0,h

q

!

� �	�
�	� �
����-/�!�
�)��- . � 
 ��� %#��� � �#�O�)� < �+�!�(�,�'���1��� %1���8� 5 �)��.#5 �
~ * G H+6".10=o-,C*i31*i,CQ=&1Q=,iQR(ZAaD+Q=69& (n6"8)(b:<6"&"DZHZA9Q2&EDZ*>( G *>85DcX<DZH+*i^>:-H+Q2Db:-69,C,C*C81& G H+6".102o>,C*i35* G 69Q=&"D+pq(+*-0=0=*i*>&

Q=&"DZH+65358)Q=(ZAB&EDW8)&mS9*M: DZ*-81Hb35*i,r8102D+Q G 0=Q=:>AaD+*>81HF(V31* \ A9h9HFAB&1h"* µ A G1G ABH+D+*>&)AB&EDWf RNh ) G 6981H G HZ*-&)31H+*/*-&s:-69, G DZ*
0=*>( Nh :-69&ED+HFABQ=&ED+*M(N^>h"A902Q2D+^M( !

� G ABH+D+Q=HU35*M(�S9*>:<D+*>81HZ( αn

) 6"&Y35^-g)&1Q2D G A9H@.)0265:-(U02*bS9*M: DZ*-81H α 31*40=A/? A��-69&|(n8)Q2SaAB&EDZ*ij

α =






α1!!!
αNH




 . ) � ! ��+

_ & G 6"(+* Kn = PnKP
t
n

) ,`AaDZH+QR:<*r*<etD+HFABQ2D+*c35* K *-&m:-69&)(+*-HZSaAB&EDJ02*M(U0=Q2h"&1*>([*<D[0=*>(W:<6"026"&1&1*>([3�K Q=&)35QR:<*i31AB&;( Ln

!
~ K *>(nD[AB8)(Z(nQw0RAC,`AaD+HZQR:<*4358 G H+6".10=o-,C*435Q=(Z:<HZ^<DZQ=(+^4(n8)HJ02*c(+698)(np}3569,`ABQ=&1* ΩH

n

!
\ * G HZ69.)02o>,i*435*4,CQ=&1Q=,iQR(ZAaD+Q=69&|(+698)(J:-69&ED+HFABQ=&ED+*>( ) � ! � + G *>85D[(+*4,i*-DnDZH+*4(+698)(�0RA/?�69HZ,i*Cj







� H+6"81S9*>H@0=* G 6"Q2&ED+pq(+*-0=02* (αc, µc) 358 \ ABh9HFAB&)h9Q=*-& L 35^<g;&1Q G A9H4j

L(α, µ) =
1

2

NH

∑

n=1

αt
nKnαn + µt





NH

∑

n=1

P t
nαn − 1Nh×1



 .
) � ! (�+

\ * G 69Q=&ED[:<HZQ�DZQ=IE81*435* L 356"Q�DUABQ=&)(+QLS9^>H+Q2g)*>H@0=*>(�^MIE8)AaDZQ26"&)(J(n8)Q2SaAB&EDZ*>(bj






Knαn + Pnµc = 0, ∀n ∈ {1, . . . , NH},
NH

∑

n=1

P t
nαn − 1Nh×1 = 0.

) � !=����+

\ *bS"*>: DZ*-81H µc
35*>(�,/8102D+Q G 02QR:-ABD+*>81HZ(J31* \ ABh"HZA9&1h9*W*>(nD[3569&;:V(+690=85DZQ26"&Y358y(+u5(]DZo-,C*Cj





NH

∑

n=1

P t
nK

−1
n Pn



µc = −1Nh×1.

$'& G HFAaDZQ=IE81* ) 69&YH+^M(n6"85DU3569&):V0=*c(nu5(nD+o>,i*43�K ^>IE8)ABD+Q=69&)( ) � !=����+ 35*40RAi,`AB&1Q=o-HZ*4(n81Q=SaAB&ED+*Cj( 3�K A9.;6"HZ3C6"&%35^-D+*-HZ,CQ2&)*W0=*[S"*>: DZ*-81H µc
35*>(@,/810�DZQ G 02QR:-ABD+*-8)HZ(@35* \ ABh"HZA9&1h9*UATS"*>:J81&)*W,C^<DZd16535*VQ�DZ^-HFAaD+Q=S9*W(n81H

02*4(+ut(nD+o>,C*ij

Cµ = −1Nh×1, 6
	 C =

NH

∑

n=1

P t
nK

−1
n Pn.

( *-&)(+81Q2D+*b69&|HZ*-,C69&ED+*bfi0=ACSaA902*>81HU35* α *-&|HZ^>(+690=SaAB&ED@0=*>( NH (nu5(nD+o>,i*M(bj

Knαn = −Pnµc.
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nK
−1
n Pn)µ (n6"&EDb&)^>:<*M(+(ZABQ=HZ*>( !�\ AY? A9:<D+6"H+QR(+ABD+Q=69& 35*`D+6"85D+*M(40=*>(4,`AaDZH+QR:<*M( Kn

*>(nD/3569&;:CH+*MI"8)Q=(+*G 6981HJ,CQ=&1Q2,CQR(n*>HJ02*M(J:<6 35DZ( ! $'0=02*b*>(nDUAB8)(Z(+Q�85D+Q=02* G 6981HJ0=*4:-A90=:-810L35*>( αn
f G ABH+D+Q=H�318Y:>AB0R:<810L35*M(�,r8102D+Q G 0=Q=:>AaDZ*-81HF( !\ * G HZ653581Q2DU,`AaD+HZQR:<*<pqS9*M: DZ*-81H Cµ *>(nDJ31^<DZA9Q20=0=^c31AB&)(�0PK AB0=h969HZQ2D+d1,C* � !=�9!

c�;$V
<
n
INK

1
�
NH
d ?�B!<>K

bn ← Pnµ: BEH)c�;$V'<c�;$V
<
n
INK

1
�
NH
d ?�B!<>K

H+^M(n6"8)35HZ*Vfi0PK A9Q=31*b31*>(�? A": D+6"H+QR(ZAaD+Q=69&;( Knxn = bn: BEH)c�;$V'<
~ AB0R:<810=*-H�g;&)AB0=*-,C*-&ED ∑NH

n=1 P
t
nxn

� 0=h969HZQ2D+d1,C* � !=� j � 8)0�DZQ G 0=QR:-AaDZQ26"&|,CABD+HZQ=:-*<pqS9*M: D+*>81H Cµ !

\ *M(U,/810�DZQ G 02QR:-ABD+Q=69&)( G ABH Pn
*<D P t
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n=1 P
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nKnPn
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����� ��0

I#G�? AMQAB�P�G � ! v 0[H AML�I ��� � � � EHG ?�� ? G�)�Q!K�� E ��? G4& G ? CFL4CF? C I�ADN	C KDL &�( . L(G Q�C C G I�KMP'I@J;KML4N	Q AMCFL�NOG I8G I�N P�N CFE C I1.�))KDP�Q
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& G & G�C Q!A-&DC G L4N )�Q!K ��G Na.
0 2 G�I AMP�NOG P�Q;I1? KML4N	Q G L4N B�P�G EHG�)(Q!G�? C G�Q
)�A I & G J;G L�KMP *MG�E ADE C KDQ�CFN:F�?BG J;KMQ�Q!G I	))KDL/& L EHA ?G. N F)K
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(ḠH,i)tβi = ξi. ) *;! *6+

_ &|:Fd1*-HF:Fd1*b0=AC(+690=85D+Q=69&|35*c:Fd)A":<81&|35*M(J(nu5(nD+o-,C*M(�02Q=&1^>A9Q2HZ*>( ) *)! *�+ (+698)(@0RAi?�69HZ,i*Cj
βi = (βi)′ + (βi)′′ ) *;! x +

6
	 (βi)′ *>(nDJ81&1*c(+690=85D+Q=69& G A9HnDZQ=:-8102Q=o-HZ*4358y(nu5(nD+o>,i*b*-D (βi)′′ 81&)*c:<69, G 6"(ZAB&ED+*VS9^>H+Q2g;A9&"D (ḠH,i)t(βi)′′ = 0
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� *<DWxC35*40RAi,`AaD+HZQR:<* ḠH,i *<D G ABHJ*<e5*>, G 02*b0RA`:<690=69&)&1*b&E8),i^>H+6 *)!w_ &%DZHZA9&)( G 6"(+*b0=Ai,`AaDZH+QR:<* 3× 3 69.5DZ*-&t81*b*<D0RA/,`ABD+HZQ=:-*b318|(+u5(]DZo-,C*4fiH+^M(n6"8)35HZ*W*M(]Dcj





1 0 −1
−1 −1 0
0 1 0



 .



� � � � �@�����
�'�
� �
� �����#�'�������!�
& * �

\ *i&16",r.1HZ*i3LK A9H+X-D+*>(b358 :-6"ABHZ.1HZ*c?�6"81H+&)Q�Db0=A|35Q=,C*-&)(+Q=69& ki
358 &16auEAB8m35* (ḠH,i)t

! k Q 02*C&16auEAB8 35* (ḠH,i)t
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:<u5:-02*M(�Q2&)31^ G *-&)31A9&EDZ( ) 0 K 69HZQ=*-&EDZABD+Q=69&%*M(]DUHZ* G H+^M(n*>&"DZ^-* !

� 6981HW:Fd)A9IE81*rA9H+X-D+*bg)&)*/3�K Q2&;35Q=:-* i ) 6"& 35^<g;&1Q�DV0 K 6 G ^-HFAaDZ*-81HW35* G HZ6B\]*M: D+Q=69& Q̃i
IE81Q *-eEDZHZA9Q�DV3�K 8)& S9*M: D+*>81HW31*

REH 0=*>(J:-69, G 6"(ZAB&ED+*M(@3LK Q=&)35QR:<*c31A9&)( Ĩi !_ &y:<6"&)(]DZH+8)Q�DJ0RAC,CABD+HZQ=:-* β′ 31*c35Q2,C*>&)(nQ=69& Eh × EH f G A9HnDZQ2HU35*M(U(+690=85D+Q=69&)( (βi)′
!�\ *>(J0=Q2h"&1*>( i D+*>020=*>(WI"8)*

i &LK A G1G A9HnDZQ2*>&1&1* G A"(cf F̃ (+69&EDr&t810=02*M( !{� 6"81H i 31A9&)( F̃ ) 0=Ay0=Q=h9&1* i *>(nDc?�6"H+,C^-* 35*>(/:<69, G 6"(ZAB&ED+*M(c358 S"*>: DZ*-81H
Q̃t

i(β
i)′
!

� G ABH+D+Q=HV358mS9*>:<D+*>81HV31*r.)A"(n* (βi,k)′′
) 69&m31^<g)&1Q2Db81&1*i,CABD+HZQ=:-* βi,k 35*C35Q=,C*-&)(+Q26"& Eh × EH 35*r0RAz,CX>,i*

? A��-69& !\ A ?�6"H+,C*Ch9^>&1^-HFAB0=*i3LK 81&)*`,CABD+HZQ=:-*CS9^-HZQ2g;AB&ED ) *;! � + IE81QN(-K ^>:-H+Q2DcAB8)(Z(nQ *>& D+HFAB&)( G 6E(+A9&EDb0PK ^-h"A902Q2D+^ (GH)tβt =
(Ghα)t G H+*>&)3|AB0=69HF(@0=A/?�69HZ,C*Cj

β = β′ +
∑

i∈ ˜̃
F

ki∑

k=1

θi,kβ
i,k .

$'&Y* 0w*<D ) Q20w*M(]DJ^-StQR35*-&EDUIE81*V02*M(�,CABD+HZQ=:-*>( βi,k (+69&ED�Q2&;35^ G *-&)3)AB&ED+*M( !�- * G 028;( ) 69&Y&169D+*bI"8)*V0=*>(�:-ut:-02*M(@Q2&)31^ G *-&5p
31A9&"DF(435*>(b(+698)(npqh9HFA G d1*M(W(+69&ED4AB8)(Z(+Q'35*>(b:<u5:-02*M(bQ2&)31^ G *-&)31A9&EDZ( G 6981H40=*Ch9HFA G d1*ih9HZ6"(Z(+Q2*>H ) :<*`IE81Q Q2, G 0=QRI"8)*zI"8)*
0=*>( βi,k (n6"&"DU31A9&)(J0=*b&16au"A98 35* (GH)t

! $'&y:<6"&)(n^MIE81*-&):-* β S"^-HZQ�g)*Cj
(GH )tβt = (GH)t(β′)t = (Ghα)t.

\ *M(U:<6t*��`:-Q2*>&EDZ( θi,k
(+69&ED[A9Q2&)(+Q�0=*>([31*-h9HZ^>(�35*r02Q=.;*>HnDZ^cIE8LK Q=0{(+8��CD[35*r:>AB0R:<810=*-H G 698)H[35^<DZ*-HZ,CQ2&1*>H[:<6", G 02o-D+*>,i*>&ED

0RA/,`ABD+HZQ=:-* β 31A9&)(�0=* G H+6".10=o-,C*435*4,CQ2&1Q=,CQ=(ZAaDZQ26"& !_ &YHZA G1G *>020=*b02* G H+6".102o>,C*V35*4,CQ=&1Q=,iQR(ZAaD+Q=69&yfiHZ^>(+698)35HZ*ij

� HZ698)S9*-H (βe)e=1,...,EH
,CQ2&1Q=,CQ=(ZAB&ED EH

∑

e=1

βt
eAeβe

(n6"8)(�0RAi:-69&ED+HFABQ=&ED+*Cj βGH = Ghα, ) *;! � +
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6
	 βe
:<6"&ED+Q=*-&EDJ02*M(J:<69, G 6"(ZAB&ED+*M(@&169&Y&t81020=*>(J31*V0RA e � �
	�� :-690=69&1&)*V35* β ! k Q�69&|35^-g)&1Q2D β̄ 0=*bS9*M: D+*>81HJHZ*-h9HZ698 G AB&ED

0=*>(�35Q407^>H+*>&"DF(@S9*>:<D+*>81HZ( βe
*<D D 0RAr,`ABD+HZQ=:-*W.10=65:W31Q=A9h969&;AB0=*[:<6"&"DZ*-&)A9&EDN0=*>(@,`AaD+HZQR:<*>( Ae

) 02*b:<HZQ�DZo-HZ*Wf/,CQ2&1Q=,CQ=(+*-H
(>K ^M:<HZQ�DUAB0=69HF( β̄tDβ̄

!
- *V0RAC,CX-,C*4,`AB&1Q=o-HZ* ) 6"&|31^<g)&1Q2DU0=*>(�S9*M: DZ*-81HF( β̄′ *-D β̄i,k IE81QLS"^-HZQ�g;*-&ED@*>&):<6"H+*b0RAiH+*>0=ABD+Q=69&mj

β̄ = β̄′ +
∑

i∈ ˜̃
F

ki∑

k=1

θi,kβ̄
i,k . ) *;! ��+

_ &YQ2&ED+HZ653581Q2DU02*4S"*>:<D+*-8)H Θ IE81QL:<6"&ED+Q=*-&EDJ02*M(U:<6t* �z:-Q2*>&"DF( θi,k

!�\ * G HZ69.10=o-,C*435*4,CQ2&)Q2,CQR(+ABD+Q=69&|(-K ^>:-H+Q2D4j
� HZ698)S9*-H Θ ,CQ=&1Q=,iQR(ZAB&ED ∑

(i,k)(j,l)

θi,kθj,l(β̄
i,k)tD(β̄j,l) + 2

∑

(i,k)

θi,k(β̄′)tD(β̄i,k) + (β̄′)tDβ̄′, ) *;! (�+

(+69Q2D�*>&):<6"H+*V*-&YQ=&"DZH+65358)Q=(ZAB&EDJ0=A/,`AaDZH+QR:<* B 3569&EDJ0=*>(�S9*M: DZ*-81HF(�:<690=69&)&1*>(J(+69&ED�02*M( β̄i,k G 6981H i 31AB&)( ˜̃F *<D k 3)AB&)(
{1, . . . , ki} j

� H+6"81S9*>H Θ ,CQ2&)Q2,CQR(+A9&"D (BΘ)tD(BΘ) + 2(BΘ)tDβ̄′ + (β̄′)tDβ̄′.
\ *b,CQ=&1Q2,/81, 35*4:<*<D+D+*b?�6"H+,C*4IE8)A935HFAaDZQ=IE81*b*M(]DU356"&1&1^ G A9H@0RA`(+690=85D+Q=69&|358y(nu5(nD+o>,i*b0=Q2&)^>ABQ=HZ*/j

(BtDB)Θ = −BtDβ̄′. ) *)!=����+
I#G�? AMQAB�P�G *;!2� 0 2 G#)�Q K���E � ? G4& G � KDN ) *;! *6+ J;KMQ�Q!G I	))KDL/&>ADP'I;I;C�L E<( .;J Q�CFN P�Q!G'& G8E A EHKDCb& G I8J;KDP�Q!AML4N I & G f@CFQ J5F!F)K��)�KMP�Q P�L QA. I�G;AMP6& KDL�N"EHA NOK5)�KMEHK5C C G G�I�N &!.;J Q�CFNOG�))ADQ ḠH,i 0
I#G�? AMQAB�P�G *;! v 0'H AML)I EHG J AMI & G E A ??.�N F)K
& G &-.�@ L�C G?))ADQ I#G�CFN���CFL`C�G�Q G�N " J5F����;G�Q�E � � � � � EHG I I�KMP'I �KC Q!A5) F)G I I�GQA.�&MP�C I�G�L�N[L P�L I�KM? ? G N6KDP L P�L(G AMQ ��NOGBP�L�CKB�P�G]0 2 A QA.�I�KDE P�N	C KDL & G I[)(Q!K���E ��?BG I & G �
KMN+& KML4L�G ADEHKMQ;IBE<( P�L4CKB P�G
? AMN Q�C J G β *�. Q�C @"AML4N ) *;! � + ?BADC I8CFE�L ( � A>ADP�J P�L & GZCDQA.4& G@E C �;G�Q�NZ.#))KDP�Q EHA>? CFL4CF? C I�AMN C KML 0
	1�+� �	� � < �)- < -/� %#� �+� �)����-/�!�
�)��- .$%6� �4_1� � � �&� �!�+.#�������)���
	���
����

~ 69,C,C*z0=*>(/,`AaD+HZQR:<*>( Ae
(+69&ED/(+ut,i^-D+HZQ=IE81*M(r35^-g)&1Q=*>( G 6E(nQ2D+Q=S9*M( ) 0=A ,CABD+HZQ=:-* BtDB *>(nD/A98)(+(+QN(+ut,C^<D+HZQRI"8)*

35^-g)&1Q=* G 6"(+Q�DZQ2S"*c*<DV69& G *-85Db85D+Q=0=Q=(+*-HW02*/h9HFA935Q=*-&ED[:<6"&a\]81h"81^ G 6981HVH+^M(n6"8)35HZ*402*/(nu5(nD+o-,C* ) *)!=����+F!�\ Az,C^<DZd16535*r&)*35*>,CA9&)35* G A9(N35*W:-69&)(nD+HZ81Q=H+*J*-e G 02QR:<Q2D+*>,i*>&EDN0RA4,`AaD+HZQR:<*[358 (nu5(nD+o-,C*V:-ABH�*-0=02*W* 0w*>: DZ81*[8)&1Q=IE81*>,C*-&ED@35*M( G H+653581Q2DZ(
,`AaDZH+QR:<*-pPS"*>: DZ*-81H !\ AV,`AaDZH+QR:<* B :-A90=:-810=^-*Jf G ABH+D+Q=H'35*>( (+690=85DZQ26"&)( 35*>( G H+6".10=o-,C*>(l35*�	)69D *>(nD�:<HZ*-8)(+*�*<D'&1*J:<6"&ED+Q=*-&ED'I"8)*U35*>( 1 *<D35*M( −1

! k *>810R(@(+*>(@^>02^>,i*>&EDZ(@&169&%&E8)0=(@&1^M:<*>(Z(+Q�DZ*-&ED�3LK X-D+HZ*V(nD+65:��9^M( !6\ K AB0=h96"H+Q2D+d),i* *)!=� 35^M:<HZQ�D�02* G HZ653581Q2D BtDBx*-&YDZH+6"Q=(@^<DFA G *>( !

y ← Bx
,c�;$V
<

e
INK

1
�
EH
d ?�BE<>K

ze = Aexe: BEH)c�;$V'<
x← Btz

,

� 0=h96"H+Q2D+d),i* *;!2� j � 8102D+Q G 02QR:-ABD+Q=69&|,`AaDZH+QR:<*-pPS"*>: DZ*-81H BtDBx
!

\ K ATSaAB&EDZA9h9*b&169DZAB.)02* G ABHWHZA G1G 6"HnD[f%0=AzH+^M(n6"0285DZQ26"& ATS9*M:435*>(W,r8102D+Q G 0=Q=:>AaDZ*-81HF(U*M(]DbI"8 K Q=0{& K *M(]D G A9([&1^>:-*>(Z(+A9Q2HZ*
35*b? A": D+6"H+QR(+*-H�02*M(�,`AaD+HZQR:<*>( Ae

3LK 6 	Y8)&YhEABQ=&%*>& DZ*-, G (J*-DU*-&Y*>( G A9:-*435*c(]DZ65:��TA9h9* !
I#G�? AMQAB�P�G *)! � 0 > L ))G�P�N G L * C I�A1C�G�Q & G J;AME J P�EHG�Q E A ? AMN Q�C J;G BtDB & AML�I EHG J AMI K�� E G�I ? AMN Q�C J G I Ae

I�KML�N
G59 N Q!ADCFN G IG&�( P�L�G ?BADN	Q�C J;G'C EHK�� ADEHG A 0 �"L G��#G�N � KDL *�. Q�C @"G B�P�G E<( .�E�.�?BG�L�ND&�( CFL &MC J;G ((i, k), (j, l)) & G EHA ? AMN Q�C J;G
BtDB I ( . J�Q�CFN#3

(β̄i,k)tDβ̄j,l = pikjlAij . ) *)!=�9�R+
K�� Aij

G I�N/EHGBJ;K G��
J C G�L�N#&�( CFL &MC J;G (i, j) & G EHA ? AMN Q�C J;GJC EHK��;ADEHG]0



� �������/���#��� �8�6����&����������!�
�����T	��
�
�@�
���T	��$�'��� ��� ���T��� *�(

2 G@J;K G��
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∑

e∈Ĩi∩Ĩj

or(e, Ci,k)or(e, Cj,l).

2 A L(KMNOAMN C KML Ci,k
&!.�I�C C L�G EHG J � J�EHG;& G L�P�?G. Q!K k & ADL)I>EHG I KDP'I �KCDQ!A�) F�G CDQ K I;I;C G�Q SH,i 0 2 G N G�Q�?BG or(e, Ci,k)*MAMP�N 
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0

	1�+� ��� � 
 � . ��� 5 ��� < � �
�)� <#< - ��� � ��� � ���`Z#-
%1� � 
/��� ����� � �#����� < �!�+�(�,�����1���
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:-A9( G HZ^>:-^>35*>&ED�6"&yAa\]8)(nD+*b0RA G H+^M:<QR(nQ=69&|(n8)HJ02*M(�,r8102D+Q G 0=Q=:>AaD+*>81HF( ,( A G HZo>(4:Fd)A"IE81* G A9(r358 h9HFA935Q=*-&EDr:<6"&a\]81h"81^ ) 0PK Q�DZ^-HZ^z35^<g)&)Q�Dr8)&1*z,`AaDZH+QR:<*z35* G H+6"026"&1h9*>,C*-&EDcI"8)Q'S9^>H+Q2g)*`0RA
:<69&;35Q�DZQ26"&Y31*b:-69, G ABD+Q=.1Q20=Q2D+^ ) *;! � +�,( k Q)0RA435Q=,i*>&)(+Q26"&z358%(+ut(nD+o>,C*J02Q=&1^>A9Q2HZ* ) *;!2�
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:<69&;35Q�DZQ26"&Y31*b:-69, G ABD+Q=.1Q20=Q2D+^ ) *;! � +�,( - A9&)(LDZ698)({0=*>({*>(Z(+A9Q=( &E8),i^>H+QRIE81*>({HZ^>AB0=QR(n^M( ) 02* G H+65358)Q�D G ABH BtDB *>(nD{&)*<DnDZ*-,C*-&EDl,C69Q=&)({:-6435DZ*-85ecIE81*�:<*>0281QG ABH T tD−1T

) *>& G ABH+D+QR:<810=Q=*-HUfC:-A98)(n*c31*40=A`35Q40w^-HZ*-&):-*VQ=, G 6"HnDFAB&ED+*c31*c:<6431DU*-&ED+HZ*40=Ai,/810�DZQ G 02QR:-ABD+Q=69& G ABH
D *-D[:<*>020=* G ABH D−1 !�] 0�&LK uYA G A9(J31*b? A9: DZ69HZQ=(ZAaDZQ26"& 35*M(J,`AaDZH+QR:<*M( Ae

*<D G A"(J35*4HZ^>(+690=85D+Q=69&|35*>(J(+u5(]DZo-,C*>(
0265:-A985e !

�M6 5 � Q(C?K�NV<?G <?C�A7KHO&Q,LW> � K
E(C�IJ;BK�LPD�E(C�I�L ;=FHN�� O&E(C 5��
	1�	�
�+� � .#��� _1��� %6� �(-/.#%6�O�)��- .#.1� � ��./� %#� �+� �&�,�'�4�+�(�

BtDB

\ AY:<6"&tS9*-HZh9*>&):<*i35*`0RA ,C^-D+d16535*z358 h9HFA931Q2*>&"Dc:-69&a\]81h"81^ G 6"81HcHZ^>(+698)35HZ*r0=*z(+ut(nD+o>,C* ) *)!=����+ G *-85Di(-K ^-SaAB0=81*>Hf G ABH+D+Q=H`35*y(n6"& &16",r.1HZ*Y31*|:-69&)31Q�DZQ26"&1&1*-,C*>&"D , S969Q=Hi02*|HFA G1G *-0�*-& k 6"8)(]p}(+*>: DZQ26"& v !2�"! v 358 ~ d;A G Q2D+HZ* v ! � &1*
,`Aa\]6"HZABD+Q=69&%h"H+6E(+(+Q=o-HZ*[*>(nDU3569&)&1^-* G A9H�0 K Q2&)^-h"A902Q2D+^c(+81Q=SaAB&ED+*Cj

cond(BtDB) ≤ cond(BtB) cond(D). ) *;!2� v +
� 6981H':-69&)(nD+HZ81Q=H+*J0=*>('S9*>:<D+*>81HZ( β̄i,k f G A9HnDZQ2HN35*>( ,`ABD+HZQ=:-*>( βi,k

) 69& G *>85D�HZ*-h"H+6"8 G *>Hl02*M('^-0=^-,C*>&"DF( &16"&i&t810R(�31*
:Fd)A"I"8)*V0=Q=h9&1* G 0=85D��9D[IE81*435*c:Fd)A9IE81*b:<6"026"&1&1*4:<6",C,i*bQ=0 Ai^<DZ^W? A9Q�D[3)AB&)(�0=* G ABHFABh"HZA G d1* G H+^M:<^>31*-&ED !�\ A/,`ABD+HZQ=:-*
B *M(]D[A9026"HZ(J35QRABh"69&)A902* G A9HJ.10=6t:>(U35*c.)0265:-([35Q=A9h96"&)AB85e (BH,i)tBH,i 6
	 ) G 6"81H i 3)AB&)( ˜̃F

) 02*M(U:<6"026"&1&1*M(J35* BH,i

(+69&EDU02*M(JS9*M: DZ*-81HF( (βi,k)′′1≤k≤ki

69.5DZ*-&t8)(Uf G A9HnDZQ2HW35*>(U:-u5:<0=*>(JQ=&)35^ G *>&)31AB&EDF([358y(+698)(npPh"HZA G d1* SH,i !�\ AC,`ABD+HZQ=:-*
BtB *M(]D[A9026"HZ(�35QRABh"69&)A902* G ABH�.10=65:-(J*-D[(n6"&Y( G *>: DZH+*bS"^-HZQ�g)*ij

Sp(BtB) =
⋃

i∈ ˜̃
F

Sp((BH,i)tBH,i). ) *)!=� � +

_ &Y69.5DZQ2*>&"DU0PK ^-h"A902Q2D+^Cj

cond(BtB) =
λmax(B

tB)

λmin(BtB)
=

max
i∈ ˜̃

F
λmax((B

H,i)tBH,i)

min
i∈ ˜̃

F
λmin((BH,i)tBH,i)

. ) *)!=�%*6+
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358|,`ABQ=020RABh"* !\ Ai,`AaDZH+QR:<*4A9&1&1*<e5*4&16531A902*b85DZQ20=QR(n^>* G 6"81HJ0RA`35^<g)&)Q�DZQ26"&|318yh9HFA G d1*Vh9HZ6"(Z(+Q2*>H@*M(]DU8)&1*4,`AaD+HZQR:<* G HZ6 G 6"(+^-* G ABH2 *>Q�D��-Q=&1h9*>Hi*-DT.4A90�DZ*-&t.)A":Fd1*-H � * � � ! $'0=0=*|(>K ^>:<HZQ2D B = Id +B̃ 6
	 B̃ *>(nDi6".5D+*>&E8)* G A9HiA"(+(+*-,/.10RABh9* 35* ,`ABD+HZQ=:-*
^-0=^-,C*>&"DFABQ=H+*c(+81HU0=*c,`ABQ=0=0=A9h9*bg)& !;� 6981HW81&y^-0=^-,C*-&ED t 35*/(n6",i,C*-DZ( (xj)j=1,...,Nt

*<DW35*/:<6t* �z:<Q=*-&ED[0=65:-A90 νt

) 0=*>(
^-0=^-,C*>&"DF(�*<etD+HFAap}35QRABh"69&)A985ez35*40=Ai,`AaDZH+QR:<*b^>02^>,i*>&EDZABQ=HZ* B̃t

(+69&EDU3569&)&1^>( G A9H4j

(B̃t)ij =
−νt

‖xj − xi‖2
(+Q i 6= j, *<D (B̃t)ii = −

∑

j 6=i

(B̃t)ij . ) *)!=�#(�+

\ *4h"HZA G d1*435^-D+*-HZ,CQ2&)^cf G ABH+D+Q=HU35*>(J^>02^>,C*-&EDZ(J&)69&|&t810=([35*40=AC,`ABD+HZQ=:-* B :-69OP&):<QR35*4*-e5A": DZ*-,C*-&EDUATS9*M:W0=*4h9HFA G d1*
35^-g)&1Q G ABH/02*z,`A9Q20=0=A9h9*%3)AB&)(r02*Y:-A9(r3�K 8)& ,`ABQ=020RABh"* G ABHrD+HZQ=A9&1h90=*>(c698 G A9HcD+^-D+HFABoM35H+*M( !l~ *<DnDZ*%,`AaDZH+QR:<* G *>H+,C*<D
3�K ATS96"Q2Hc8)&1* HZ* G H+^M(n*>&"DFAaDZQ26"& 35*>(/SaABHZQ=ABD+Q=69&)(/358 :-6E*��z:<Q=*-&ED ν *<D`35*>(i35QR(]DZ69H+D+Q=69&)(/358 ,`ABQ=0=0=A9h9* ! 2 *>Q�D��-Q=&1h9*>Hr*<D
.4AB02D+*>&t.)A9:Fd1*>H G H+6 G 6E(n*>&"D�:<*M(J:<6t* �z:<Q=*-&EDF( G 698)H@6".5D+*>&1Q=HJ81&1* � pq,CABD+HZQ=:-* ) AB8Y(n*>&)(@6
	Y*-0=02*bS"^-HZQ�g)*W02*M( G HZ6 G HZQ2^-D+^M(
(+81Q2SaA9&"DZ*>(bj

Bii > 0 ∀i, Bij ≤ 0 ∀i 6= j, 02*M(J*-&EDZH+^>*>(�35* B−1 (+69&ED G 6E(nQ2D+Q=S9*M(�698Y&t81020=*>( ! ) *)! v ��+~ *<D+D+* G H+6 G H+Q=^<DZ^ *>(nD (n6"81S9*>&EDLH+*MI"8)Q=(+* 31AB&)( 02*M(�,C^<DZd16535*>( ,r8102D+Q=&1Q=S9*>A984AB0=h9^-.)H+QRIE81*>(l� � � ) � � � G 6"81HL0=*>(�d)*-81HZQ=(nD+QRIE81*>(
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(+Q@35*>85e &16t*-8;31(/(+69&ED/?�69H+D+*-,C*>&"DC:<6"&1&1*>:<D+^M( ) 02*M(/A985D+*>81HF(r35* � � # � (n81h"h9o>H+*>&"Di35*Y:Fd)69QR(nQ=H/:-* G A9HZA9,io-D+HZ*z^-hEAB0@f
0.08 × (1/2)( ��� 	 ����� � � � � 	 � −1) 6 	 0=* &1Q=S9*MAB8 02* G 0=8)(/g)& *M(]DC&t81,C^-HZ6BDZ^ �9!�~ *-DnD+*YSaAB0=*-81HC*M(]DC85D+Q=0=Q=(+^-*|31AB&;(/0=*>(
*<e G ^-HZQ2*>&):<*M(�&t81,C^-HZQ=IE81*M(J(+A985? G HZ^>:-Q=(+Q=69& :-69&ED+HFABQ=HZ* !
� U6DF;�ACV
GFBE;$H INV�Z'<>;�ONACY6=@K3I'K =@BCH'BC=@BEDF?�GFBE;$H
\ A4DZAB.)02*MAB8 *;!2� :<69, G A9H+*[02*V&169,/.1HZ*[3�K Q2&):-69&1&t81*M( ) M − M̃ + G 6"81H@02* G HZ69.10=o-,C*[35*V,CQ2&)Q2,CQR(+ABD+Q=69&%A98z&1Q=S9*>A980=* G 028;(bg)& f|0=A DFABQ=020=*z358 (nu5(nD+o>,i*`0=Q=&1^>A9Q2HZ*`f HZ^>(+698;35H+* ) Eh ) A G1G HZ6Te5Q2,`ABD+Q=S9*-,C*>&"DV02*`&)69,r.)H+*`3�K ABHZX<DZ*>(4(+81Hc0=*

,`ABQ=020RABh"*ig)& + !'\ *`&16",r.1HZ*`3�K Q=&):-69&1&t81*M( G 6"81Hc0RA ,CQ=&1Q=,iQR(ZAaD+Q=69& HZ* G HZ^>(+*-&EDZ*-&EDbA G1G HZ6Te5Q2,`AaDZQ2S"*-,C*-&EDb02*M( 2/3 358
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Eh
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� � ( v � x9x v #)� � # v *"#8* � (
�8* �"v

� �
�{�[*)!=� ( a 69,r.)H+*|3�K Q2&):-69&1&t81*M( G 6"81HC02*M( G H+6".10=o-,C*>(C35*|,CQ2&)Q2,CQR(+ABD+Q=69& *-D`02*y(+ut(nD+o>,C*Yf HZ^>(+698)35HZ*�
 v - )
,`ABQ=020RABh"*>(�(nD+HZ8): DZ81H+^M( !

&16",r.1HZ*43�K Q=&):-69&1&t81*M(J358 G H+6".10=o-,C* !� 6981H G 6"(+*-H�0=* G HZ69.10=o-,C*435*b,CQ2&1Q=,CQ=(ZAaDZQ26"& ) 35Q40w^-HZ*-&EDZ(J:Fd16"Q�eY35*4,`AaD+HZQR:<*>( Ae
6"&ED�^-D+^bDZ*>(nD+^>(bj( 35*>(N,`AaD+HZQR:<*>(@*-eEDZHZA9Q�DZ*>(@35*V0=Ar,CABD+HZQ=:-* A IE81Q�35QR(+:-H+^-D+QR(n*V0 K 6 G ^-HFAaDZ*-81H@358 G H+6".10=o-,C*W(+81H�02*V,`ABQ=020RABh"*Ug)& , :-*

:Fd169Q2e%(n*>HZAi&169D+^ A 31A9&)(�02*M(@DZA9.102*MAB85eY35*4H+^M(n8)0�DFAaDZ( )( 35*>(/,`AaD+HZQR:<*>(/*<etDZHZA9Q�DZ*>(i35* Sν

) 0RA G ABH+D+Q=* G HZ6aS9*>&)AB&ED/31*%0RAs35QR(Z:<HZ^<D+QR(ZAaD+Q=69& 31* 0PK 6 G ^>HZABD+*>81H rot ν rot
, :<*

:Fd169Q2er(n*>HZAW&169D+^ Sν
31AB&;(l02*M( DZAB.)02*MAB85e/31*@HZ^>(+8102DZABDZ( !"~ *>:<Q131^<g)&1Q2D'81&1QRIE81*-,C*>&"D'35*M( ,`AaDZH+QR:<*M( (+*-,CQ2pq31^<g)&1Q=*>(G 6E(nQ2D+Q=S9*M( ) ,`ABQR(J69&YS9*>H+HFArIE81*c:-*-0RAi&1*4&t81Q�D G A9(JAB81e%H+^M(n8)0�DFAaDZ(@*>& G HZABD+QRI"8)* !( 35*>(�,CABD+HZQ=:-*>( *-etD+HFABQ2D+*>(�35*U0RA4,`AaD+HZQR:<* A+GM−1

φ Gt 6
	 Mφ
35^>(+Q=h9&1*J81&)*[,`AaDZH+QR:<*U35*[,CA"(+(+*U*>&`^-0=^-,C*-&EDZ(

&16531AB85e ATS9*M:`:<6"&)35*-&;(+ABD+Q=69& 35*%,`A"(+(+*`*<D G 0=Ay,`ABD+HZQ=:-*%3�K Q2&):-Q=31*-&):-*%ABHZX<DZ*<pP&)6E*>8)3 , :-*%:Fd16"Q�e (n*>HZA|&)6BD+^
A+GM−1

φ Gt 3)AB&)(J0=*>(@DFAB.10=*>A985e 35*4HZ^>(+8102DZABDZ( !( 02*M(�,CABD+HZQ=:-*>(J(+69&ED�D+6"85D+*M(�^-h"A902*M(�f/0PK Q=35*>&ED+Q2D+^ , :<*4:Fd169Q2e (+*-HFAr&)6BD+^ Id
!

\ Ar(n6"0285DZQ26"&%358 G H+6".102o>,C*[35*[,CQ=&1Q=,iQR(ZAaD+Q=69&%*>(nD@:-A90=:-810=^-* G A9H�81&)*W,C^<DZd16535*W31*[h9HFA931Q2*>&"D@:<69&B\]81h981^[&169& G H+^M:<69&1p
35Q2D+Q=69&1&)^-* !$\ K AB0=h96"H+Q2D+d1,C*c(>K A9H+HZX<DZ*cIE8)AB&)3|0RAC&16"H+,C*r358yHZ^>(+QR358 A`^<DZ^r35Q=StQ=(+^-* G ABH 103 !$- A9&)(U0=*cDFAB.10=*>A98 *;! v *>(nD
HZ* G 69H+D+^i02*i&169,/.1HZ*/3�K Q�DZ^-HFAaDZQ26"&)(VH+*MI"8)Q=( G 6981H4AaD+D+*>Q2&)31H+*i02*C:<HZQ2D+o-HZ*C3�K A9H+HZX<DV026"HZ(b35*i0RA%HZ^>(+690=85D+Q=69& 358 G H+6".102o>,C*
35*4,CQ=&1Q2,CQR(+ABD+Q=69&|AB8Y&1Q=S9*>A98 0=* G 0=8)(�g)& ) (+u5(]DZo-,C*40=Q2&1^MABQ=H+* ) *)!=���9+ + !� 6981H�02*M(NIE8)ABD+HZ*U:Fd169Q2eC31*>(',`ABD+HZQ=:-*>( Ae

) 0=*[&)69,r.)H+*U3�K Q2D+^-HFAaDZQ26"&)('*M(]DNQ2&)31^ G *-&)31A9&ED@35*W0=Ac31Q2,C*-&;(nQ=69&`h"026".)AB0=*
358y(+ut(nD+o>,C* !
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( � � � � �
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� �
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 v - )
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\ * (nu5(nD+o-,C*`0=Q2&)^>ABQ=HZ*z*>(nDrHZ^>(+690=8 G ABHc0PK A902h"69HZQ�DZd1,C*z358 h"HZA"35Q2*>&EDr:<69&B\]81h981^ G H+^M:<69&;35Q�DZQ26"&1&1^%3)AB&)(40=* :>A9(46 	

A *M(]Di(nut,C^<DZH+QRIE81*%35^-g)&1Q=* G 6"(+Q�DZQ2S"* !l_ & 81D+Q=02QR(n* 0 K AB0=h96"H+Q2D+d),i* ~J_4~ = � � x � G HZ^>:<6"&)35Q2D+Q=69&1&)^%31AB&;(c0=* :-A"(46
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0=* G HZ69.10=o-,C*c*>& G 6BD+*>&ED+Q=*-0 (+:>AB0RABQ=H+*c31*r,`AaDZH+QR:<* Aφ = GtAG I"8)Q{*>&):-A"35H+*r81& �Up}:<u5:-02*i(n81HW02* G HZ69.10=o-,C*cQ=&1Q2D+QRAB0
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0 �
�
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0 �
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x← 0

,
�Up}:<u5:<0=*4(n8)HJ02*4(+u"DZo-,C* Aφxφ = Gtr

,
x← x+Gxφ

,
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,
xφ ← 0

,
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,
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L2(Ω)
K�G

H1(Ω)
\ K *>( G A":<* L2(Ω) *M(]D�0PK *>( G A9:-*U35*>('?�69&):<D+Q=69&)('31* Ω fbSTA902*>81HF('31AB&;( C *<DN35*W:-ABHZHZ^@Q=&ED+^>h9HFAB.10=* !E~ K *>(nD'81&z*M( G A9:<*

35* � Q20=.;*>HnDU,/81&1Q 318 G HZ653581Q2D[(+:>AB0RABQ=H+*ij (f, g) 7→ ∫

Ω
fg
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(u, v)H1(Ω) =

∫

Ω

uv +

∫

Ω

gradu · grad v. ) �r!2�R+

L2(Ω) � H(rot,Ω)
K�G
H(div,Ω)
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L2(Ω) = {V : Ω→ C3/
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35*40RA/?�69HZ,r810RAaDZQ26"&z? ABQ=.10=*c358 G HZ69.10=o-,C* !�] 0 *>(nDJ31^<g)&1Q{35*40=Ai,`AB&)Q2o>H+*4(+81Q2SaA9&"DZ*Cj
H(rot,Ω) = {E ∈ L2(Ω) / rotE ∈ L2(Ω)} ) �c! � +

~ *<DU*M( G A9:<*b35* � Q20=.;*>HnDU*M(]DU,/81&1Q 318 G H+653581Q2DU(+:>AB0RABQ=H+*ij
(E,E′)H(rot,Ω) = (E,E′) + (rotE, rotE′) ) �c! *�+

356"&"DJ0RAC&169HZ,C*WQ=&)358)Q�DZ*c*>(nD4j
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G�L P�L(G A5)!)�E C J;ADN	C KDL E CFL . ADCFQ!G G�N6J;KML4N	CFL4P�GG& G H(rot,Ω) & ADL)I H− 1

2 (Γ)
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35*@=VHZ*-*>&Y(+81HJ0PK *M( G A":<* H(rot,Ω) j

∀E ∈ H(rot,Ω), ∀η ∈ H1(Ω) =

{

η ∈ L2(Ω) /
∂ηi

∂xj

∈ L2(Ω) ∀i, j ∈ {1, . . .3}
}

,

(rotE,η)− (E, rotη) = (E× n,η)L2(Γ)
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H(div,Ω) = {η ∈ L2(Ω) / div η ∈ L2(Ω)} ) �c! � +
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a(E,E′) = F(E′) ∀E′ ∈ Qh,Γd
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�JQ�DZd a(E,E′) =

∫
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µ
rotE · rotE′ + i

∫

Γa
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‖k‖(E× n) · (E′ × n)− ω2
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D+d1*iAB.)(+69HZ.1Q=&1h

.76981&)3)ABHZu ) Γd
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= {E′ ∈ Qh / E′ × n = 0 69& Γd}.
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Q=(U6B? G HZA": D+QR:-A90�Q2, G 69H+DZA9&):<*"j
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A9&)3 E′ = gradφ′h
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a(gradφh, gradφ′h) = −ω2

∫

Ω

ε̃ gradφh · gradφ′h + i

∫

Γa

1

µ
‖k‖(gradφh × n) · (gradφ′h × n). ) _ ! *�+
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xfinal

xinit

gradφh · t
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︸ ︷︷ ︸
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︸ ︷︷ ︸
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&t.|6B? &16535*>( !

�Jd1*>H+* xinit
AB&)3 xfinal
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AΦ = GTAG �Jd1*>H+* � QR(iD+d1*y*M35h9*y*>02*>,C*-&EDZ(C,`AaDZH+Q2e ! � d1*y&t81,C*-HZQ=:>AB0U:-6"(nDC69?WDZd1QR(zA9(Z(n*>,r.10=u QR(`H+6"81h9d)02u
*>IE81Q=SaAB0=*-&EDbD+6 4 ,`AaDZH+Q2e4�TS9*M: DZ69H G H+65358;: DZ( �JQ�DZd A !L] Dr:-AB& .7*`&1*-h"02*M: D+*M3 Q2& :<6", G ABHZQ=(+69& �JQ�DZd D+d1*`&t81,C*-HZQR:-AB0(+690=SEQ=&1hC:<6E(]D ) � A9.102*7_ !=�F+ !_ &):-*[DZd1*>(+*b*-0=*-,C*-&EDZ(J31*<g)&1*M3 ) DZd1*cAB0=h96"H+Q2D+d1, 69?{DZd1* G H+*M:<6"&)35Q2D+Q=69&1Q=&1hi,i*-D+d1653|:-A9& .7* �JH+Q2DnDZ*-& ) � Q=h ! _ !=�F+ !a 69D+*4DZd)AaDWD+d1QR(W,i*-D+d1653y(+d1698)0=3|.7*rQ=&):<6"H G 69HFAaDZ*>3YQ=&mAB&yQ2D+*>HZABD+Q=S9*c(+690=S9*-H ) ~J_4~ = ) � � 2 ) _@Q ~ = ~ 2 ) . . . + ! � d)*G HZ*>:-69&)35Q2D+Q=69&)Q2&1hm6 G *-HFAaD+Q=69& (+Q=, G 02u :<6"&)(+Q=(nDZ(rQ2& D+HFAB&)(n?�69HZ,CQ2&1h|DZd1*%HZ*>(+QR358)AB0 r Q=&"DZ6mA G H+*M:<69&;35Q�DZQ26"&1*>3 6"&1*%.tu(+690=SEQ=&1hCAC02Q=&1*MABHJ(nu5(nD+*>, Mg = r 6B?lH+*M358):<*M3%&t81,C*>H+QR:-A90w:-6"(nDZ( ) M QR(�&16BDU&)*>:<*M(+(ZABHZQ=02uzA"(+(+*-,/.102*M3z0=Q �"*bd1*-HZ* +<!

� d1*Y:<6"(nD/69?[69&)* =bAB8;(+(np k *-QR35*-0@Q�DZ*-HFAaDZQ26"& �JQ�DZd As,`AaD+HZQ2e QR(i35Q2HZ*>:<D+0=u 02Q=& �"*>3 DZ6sQ2DZ(i&t81,r.7*-Hi6B?W&169&5p �-*>H+6E(
*-&EDZH+Q=*>( ) &1& � +<! � d1*z:-6"(nD46B?�6981H G HZ*>:-69&)31Q�DZQ26"&1*-H4QR(bD+d)*-& Ay35Q=H+*M: Db?�81&):<D+Q=69& 6B?@D+d)*`&1& �`6B?@D+d)* A ) Aφ

A9&)3 G,`AaDZH+QR:<*M( !
� d1*iA G1G HZ6Te5Q2,`ABD+Q=S9*4&1& �iQ=&m*>A":Fdy,`AaD+HZQ2e|QR(Vh9Q=S9*>&yQ2& � A9.102*M_ !2�"! ] DbQ=(V*>STA9028;AaD+*M3 �JQ2D+d � x � � A9&)3 G HFA9:<D+QR:-A90

*>(nD+Q=,`AaDZQ26"&)( �JQ�DZdYD+d1*bDZ*>(nD G H+6".10=*-,`(-j
&)& � (A) = me + 2 ∗ (3 ∗mf ) + 6 ∗mt, &1& � (Aφ) = mn + 2 ∗me,

&)& � (G) = 2 ∗me, �JQ2D+d me

mn

≈ 6,
mf

mn

≈ 10 A9&)3 mt

mn

≈ 5.
) _ ! #�+

mn

)
me

)
mf
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QR(-j






−4u = f Q=& Ω =]0; 1[×]0; 1[,

u = 0 69& ∂Ω,

f = π2 sin(πx) sin(πy).

) ~W!=�F+

� d1* �@*>A �z?�69HZ,r810RAaDZQ26"&%QR(�D+d1*b?�6"020=6 �JQ=&1h)j






� 6ig)&)3 u ∈ H1
0(Ω) (n8;:Fd%DZd)AaDMj

∫

Ω

gradu · grad v =

∫

Ω

fv ∀v ∈ H1
0(Ω).

) ~W! v +

� 6 8 ��LW> A��R>VIHN@E ;��/<?S
E O&ER<WS�;TD
� &|81&;(]DZH+8):<D+81HZ*>3 ,C*>(+d|Q=(�h"Q2S"*-&Y69& D+d1*c356",`ABQ=& Ω �Jd1*-HZ*4AC35Q=(Z:<HZ*<DZQ �MAaDZQ26"& .tu P1

g)&1Q2D+*4*>02*>,i*>&EDZ(JQR(�8)(+*>3 !] & D+d1*VD �@6Bpq02*>S9*-0w,C*<DZd1653 G H+6 G 6E(n*M3`?�69HU(+690=StQ2&)hrDZd1*b02Q=&1*>A9HJ(nu5(nD+*-, ) DZd1*4,`ABQ=& G 69Q=&ED�QR(@D+d)*c:<69&;(]DZH+8):<D+Q=69& 6B?
D+d)*c:<6"A9HZ(+*V.)A9(+Q=( ! � d1QR(�.)A9(+Q=(�,/8)(nD[(+ABD+QR(]?�u`DZd1*b?�690=0=6 �JQ2&1hC:<6"&)(nD+HFABQ=&"DF(-j

p`D+d1*4.)A"(nQR(@,r8)(nD[( G AB&|AC(n81.;( G A":<*b6B? D+d)*4Q2&1Q2D+QRAB0 P1
g)&)Q�DZ*4*-0=*-,C*-&EDU( G A9:<* ,

p`D+d1*b(n8 G1G 6"HnD�6B?{*-S9*>H+u`:-6"ABHF(+*U.)A9(+QR('?�81&;: D+Q=69&YQR(@Ai(+81.73169,`ABQ=& Ωi
6B? Ω

!
Ωi

QR(�35*<g)&)*>3%(+6cDZd)AaD�DZd1*W,`ABD+HZQ�e
AaD�D+d1*c:-6"A9HZ(+*W0=*-S"*-0�d)A"(JAiS9*-HZu`HZ*-h98)0=A9H�(nD+HZ8):<D+81HZ* ! � d1QR(JHZ*-h98)0=A9H�(nD+HZ8):<D+81HZ* �JQ20=0�.;*4*-e5d1Q2.)Q�DZ*>3Y0=ABD+*>H ,

p =VQ2S"*-&YD+d1*/(n8 G)G 6"HnDF(J6B? D+d1*M(n*/:<6"A9HZ(+*V?�81&):<D+Q=69&)( ) A9&Y6 G D+Q=,CQ=(ZAaDZQ26"& G H+6".10=*-, QR([(+690=S9*M3zDZ6z:<6", G 85D+*4DZd1*-, ,
Q�D[:-69&)(+Q=(nDZ(@Q=&|,iQ=&1Q=,CQ=(+Q2&)hCD+d1*4*>&1*-HZh9u`69?{DZd1*c:<6EABHF(n*W.)A9(+Q=(�8)&)35*-HWA G1G HZ6 G H+QRAaDZ*W:<6"&)(nD+HFABQ=&"DF( !

��� 	1P	����� P��
�+����
�
�ST�KP��`^ ������X�RQ�<�#�QX�P��
� �]�Q

P	�Q�������be�������� ��ST��� � f��  :d
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�

� �+� �+� �1- ��� �6���,�)��-/.$- : �[Z1� - < �)��� �+���,�)��-/. < �)- � ��� �
k 8 G)G 6E(n*`DZd)AaD Ω Q=(/35*>:-69, G 6E(n*M3 Q2&EDZ6 6aS9*>H+0RA G1G Q2&1h|(+81.73169,`ABQ=&)( (Ωi)i=1,...,dH

A9&)3 D+d;AaDr*MA9:Fd (+81.73169,`ABQ=& Q=(
&169Di:<6", G 02*-D+*>02u 6aS9*>H+0RA G)G *M3s.tu Q2DZ(/&1*-Q=h9dt.76981HF( ! (Ii)i=1,...,dH

35*>&16BDZ*>(rD+d1*Y(n*-D/6B?U&)6t31*>(/.;*>026"&1h9Q=&1h DZ6 *>A":Fd
(+81.73169,`ABQ=& Ωi

!
\ *-D (Φi)i=1,...,dH

.7*bD+d1*c:-6"A9HZ(+*W.;A9(+Q=(@?�81&;: D+Q=69&;( ! � d1QR(�.)A"(nQR(�Q=(JD+d1*c(+690=85D+Q=69&Y6B?{D+d1*b?�6"020=6 �JQ=&1h G H+6".10=*-,|j






� 6ig)&)3 (Φi)i=1,...,dH
,iQ=&1Q=,CQ=(+Q2&)h dH∑

i=1

a(Φi,Φi) 81&)35*>H�D+d1*c:-69&)(nD+HFABQ=&EDZ(>j
dH∑

j=1

Φj(x) = 1, ∀x ∈ Ω AB&)3Y(+8 G1G (Φi) ⊂ Ωi, ∀i ∈ {1, . . . , dH}.
) ~W! � +

_ .)(+*-HZS9*@D+d;AaD H1
0(Ω) QR('*>IE81Q G1G *>3 �JQ2D+d AB&z*>&1*-HZh9u/&169HZ, .tu/D+d1*W.1Q=02Q=&1*>A9H'?�6"H+, a(u, v) =

∫

Ω gradu ·grad v
,

Q2D �N6"810R3|.;*rA%(n*>,iQ2pq&169HZ, Q2? a *-8),CA9&1&m:-69&)35Q2D+Q=69&;( �N*>H+*cA"(+(+Q=h9&1*M3 ) AB&;3YD+d1*>& �N* �@698)0=3 �@69H��%Q=& H1(Ω)
) A9([Q=(

D+d)*c:-A9(+*bQ2& � � ( � !\ *-D (φi)i=1..dh
.7*VD+d1*bg)&)*V.;A9(+Q=(@69& D+d)*VQ=&1Q2D+QRAB0�,C*>(+d ! � d1*4:-6"ABHF(+*W( G A9:-*VQR(�Q=&):<0=8)35*M3%Q=&%DZd1*bg)&1*b6"&1* ) A9&)3

D+dt8)(UQ�DUQR( G 6E(+(+Q=.102*VDZ6 �JH+Q2D+*"j

∀i ∈ {1, . . . , dH}, Φi =

dh∑

j=1

φjαji

�JQ�DZd αji = 0 Q�? j /∈ Ii ) (+8 G1G 69H+DJ:-69&)(nD+HFABQ=&EDZ( + .
) ~W! *�+

� d1* G HZ690=69&)h"AaDZQ26"&z6 G *-HFAaDZ69H@?�69H�DZd1*bD �@6Bpq02*>S9*-0w,C*<DZd1653YQ=(J35*>&16BDZ*>3Y.tu α ) �Jd1QR:FdYQR(JA dh × dH
,`AaDZH+Q2e !] & 69HF35*-HWD+6y35*M(+:-H+Q=.;*/D+d)* G H+6".10=*-,�Q=& A9& A902h"*-.1HFABQR:4? A"(nd1Q=69& ) A ,`ABD+HZQ�e Pj

QR(bQ2&EDZH+65358):-*>3 ) �JQ�DZd j SaA9H+utQ=&1h?�HZ69, 1 D+6 dH

! - *-&)6BD+Q=&1hC.tu ei
D+d1*bQ2p DZd|S9*>:<D+6"H@69? DZd1*c:-A9&169&1QR:-A90w.)A9(+Q=(@69? Rdh

) D+d1*4HZ6 �U(�69? Pj
A9H+*WD+d)*4S9*>:<D+6"H

et
i
�Jd16E(n*VQ=&)35*<e i .7*-0=69&1hE(@D+6 Ij ! � d1*c31Q2,C*-&;(nQ=69&Y6B? Pj

QR( nj × dh
�Jd1*-HZ* nj

QR(@D+d1*4&t81,/.;*>HJ6B?l&16535*>(�Q=& Ij !� d1*>& ) dH
S"*>: DZ69HF( (αi)i=1...dH

69?�H+*M( G *>:<D+Q=S9*U35Q=,C*-&)(+Q26"& ni
:-A9&C.;*[31*<g)&1*M3`(n6bDZd)AaDMj αi = Piα•i

!�� *-HZ*[A9&)3
Q=& �Jd)ABDN?�6"020=6 �U( ) α•i

35*>&16BDZ*>(ND+d)*V:-690=81,C&%S9*M: DZ69H (αji)j

! \ *-D K .;*VD+d)*W,`AaDZH+Q2e �Jd16E(n*W*-0=*-,C*-&EDZ(�A9H+* a(φj , φi)AB&;3%0=*<D Ki = PiKP
t
i

, Q2DZ([35Q2,C*>&)(nQ=69&YQR( ni × ni

!
� d1*>& ) D+d1* G H+6".102*>, DZA��9*M(@D+d1*4,`AaDZH+Q2ez?�6"H+,|j







� 6/g;&)3 (αi)i=1,...,dH
,CQ2&1Q=,CQ=(+Q=&1h dH∑

i=1

αt
iKiαi

81&;35*-H�DZd1*c:<6"&)(]DZHZA9Q2&EDF(-j
dH∑

i=1

P t
i αi = 1dh×1.

) ~W! x +

� d1*4&169DZABD+Q=69& 1dh×1
35*-&)6BD+*M(JAC:<690=81,C&|S9*M: D+6"H �JQ�DZd dh

:-69, G 6"&1*-&EDF(�*>IE8)AB0wDZ6 1
!

� �+� �	� Y �*�[Z1-
% - :>������-/�+�1���+-/.
� d1QR(J6 G D+Q=,iQR(ZAaD+Q=69& G HZ69.10=*-,��JQ�DZd|:-69&)(nD+HFABQ=&EDZ(@QR(J(n6"02S"*>3 .Eu%Q2&ED+HZ65358):-Q2&1h \ ABh9HFAB&)h9*[,/8102D+Q G 02Q=*-HF( !

� & Q2D+*>HZABD+Q=S9*y,C*<DZd1653 Q=(`8;(n*M3 DZ6 :<6", G 85D+*|DZd1* ,/810�DZQ G 02Q=*-HzS"*>:<D+69H ! � d)* G H+Q=&):-Q G 0=*y6B?bDZd1*yH+*M(n6"0281D+Q=69& Q=(
( �9*<DF:Fd1*>3 !\ *-DJ8)(U35*-g)&1*9j

α =






α1!!!
αdH




 , Q = diag(Ki, i = 1 . . . dH), B =






P1!!!
PdH




 , γ = 1dh×1. ) ~W! #9+

� d1*C&169DZAaDZQ26"& diag(Ai, i = 1 . . . n) HZ*<?�*-HF(WD+6yAY.10=6t:��Ep}35QRABh96"&)AB0{,`AaD+HZQ�e ) �Jd)6"(+*i35QRABh"69&)A90l.10265:��5(bABHZ*rDZd1*
Ai
K ( ) i = 1 . . . n

!T- *>&16BDZQ2&1hYDZd1* \ ABh"HZA9&1h9*r,r8102D+Q G 0=Q2*>H4S9*>:<D+6"HW.tu µ ∈ Rdh
) DZd1*C6 G DZQ2,CQR(+ABD+Q=69& G H+6".102*>,�DZA��9*M(

D+d)*b?�69HZ,Yj






� 6ig)&)3 D+d1*c(ZA93)3502*-p G 69Q=&ED (αc, µc) 6B? DZd1* \ A9h9HFAB&1h"Q=A9& L 35*<g;&1*>3Y.tuwj
L(α, µ) =

1

2
αtQα+ µt(Btα− γ).

) ~W! � +
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� d1*4:<HZQ2D+QR:-AB0 G 69Q=&EDU6B? L ,r8)(nDJD+d1*>&y(+ABD+QR(]?�u`DZd1*b?�690=0=6 �JQ2&1hC*MI"8;AaD+Q=69&;(-j
{

Qαc = −Bµc

Btαc = γ.
) ~W! �9+

� d1QR(J(nu5(nD+*>, :-A9&Y.7*4(n6"02S"*>3 Q2&YDZd1*b?�690=026 �JQ=&1h �@ATuwj
p`g)HZ(nD ) :-69, G 85DZ*bD+d1*b,/810�DZQ G 02Q=*-HUS"*>:<D+69H µc

.Eu AB&YQ�DZ*-HFAaD+Q=S9*b,C*<DZd1653|A G1G 0=Q=*>3 D+6iD+d)*c(nu5(nD+*-,|j

BtQ−1Bµ = −γ, ��� � �
dH∑

i=1

P t
iK

−1
i Piµ = −γ.

p`D+d1*>&Y6".5DZA9Q2& α .tu%(+690=StQ2&1h;j
Qα = −Bµc, ��� � � αi = −K−1

i Piµc, ∀i = 1 . . . dH .

� 0=07D+d1* Ki
K (�A9H+*V(nut,C,C*<D+HZQR: G 6"(+Q�DZQ2S"*V35*-g)&1Q2D+* ) AB&)3 (n6/Q=( BtQ−1B

! � d1*-&%D+d1*4(+ut(nD+*>, ?�69H µ :-A9&z.7*b(+690=S9*M3.tu%DZd1*/:-69&a\]8)h"AaDZ*ch9HFA931Q2*>&"DU,C*-D+d1653 ! � d)*c? A9:<D+6"H+QR(+ABD+Q=69&|6B? *>S9*-HZu Ki

) �Jd1QR:Fd Q=(WA`0=6t:>AB0{H+* G H+*M(n*>&EDZAaDZQ26"&|6B?lD+d1*
,`AaDZH+Q2ez6B?{D+d1* G HZ69.10=*-, ) QR(�&1*-*M35*>3%?�69H@D+d)*V,`ABD+HZQ�etpqS9*>:<D+6"H G HZ65358): D ! � d1QR( G H+65358):<DJQ=(@Q=, G 02*>,i*>&ED+*>3|A"(�?�6"020=6 �U(>j
�"! ?�69H i = 1 . . . dH

:<6", G 85D+* bi ← Riµ
)

v ! ?�69H i = 1 . . . dH
(n6"02S"* Kixi = bi

)
� ! g)&)AB0=0=u%:<6", G 85D+* ∑dH

i=1 P
t
i xi

!
_ ?�:<6"81HF(n* ) DZd1*/,/8102D+Q G 02QR:-ABD+Q=69&)(W.tu Pi

AB&;3 P t
i
:-A9& .;*C:<6", G 85D+*M3 S"*-HZu%? A"(]Db.;*M:-A98)(n*rD+d1*M(n*/,`AaD+HZQR:<*>(W69&)02u

:<6"&EDZABQ=& ni
&169&5p �-*>H+6`:-6E*��z:<Q=*-&EDZ( !N_ .)(+*-HZS9*WD+d)ABDJD+d1*4,`AaDZH+Q2etpPS"*>:<D+69H G HZ65358):<D�Q=&YD+d1*/:<69&B\]81h"ABD+*bh9HFA935Q=*-&EDJAB0=h969p

HZQ�DZd1, 356t*>(�&)6BDJ&1*-*M3zDZ6`A9(Z(n*>,r.10=*[DZd1*4,`AaDZH+Q2e ) �Jd1Q=:FdYQR(@D+6t6C*<e G *>&)(+Q2S"*WQ=&Y:-69, G 85DFAaDZQ26"&)AB0wDZQ2,C*4AB&)3 ,C*-,C69HZu !
� d1*b:<6", G 85DZABD+Q=69&Y6B? DZd1* αi

K (J:-AB& .;*4(+Q2, G 0=uz6".5DZA9Q2&1*M3z?�HZ69, D+d1*V? A9:<D+6"H+QR(+ABD+Q=69&)(N6B?{D+d1*b0=65:-AB0w,`AaDZH+QR:<*M( Ki

!

� �+� ��� � ���(- � < -/�'�O�)��- .$�!./��-&��� �8%1- �&���+.6�
� d1*c(+81.w3569,`ABQ=&|35*>:-69, G 6E(nQ2D+Q=69&YQR(J:<69&;(]DZH+8):<D+*M3 A"(@?�690=026 �U( ) (n*>*�� Q=h !7~W!=�F+ j
�"! D+d1*c356",`ABQ=& Ω Q=(U:-85D[A9:>:<6"HZ35Q=&1hrD+6`HZ*-h98)0=A9H@h"*-6",i*-D+HZQ=:V(+d)A G *>( ,
v ! D+d1*4&16535*M(JABHZ* G ABH+D+Q2D+Q=69&1*M3 A":-:<6"HZ31Q2&1h/D+6CDZd1*4h9*>69,C*<DZH+QR: G ABH+D+Q2D+Q=69& ,
� ! *>A9:Fd &16535*y(n*-D`Q=(C*-eEDZ*-&)31*>3 .Eu DZA �tQ=&1h AB0=0JQ�DF(C&1*>A9H+*M(]DC&1*-Q=h9dt.76981HF( ) Q2& 69HF35*>H/DZ6 Q2&):-H+*MA9(+*zDZd1*y6aS9*>H+0RA G

.;*-D �N*>*-&|(n81.w356",CA9Q2&;( ! � dt8)( ) dH
6aS9*-HZ0RA G1G Q=&1h/&16535*4(n*-DZ( (Ii)i=1,...,dH

d)ATS"*V.7*-*>&y:<HZ*>AaDZ*>3 ,
*;! D+d1*r(+81.w3569,`A9Q2& Ωi

Q=([D+d)*r81&1Q=69&y69?�AB0=0LDZd1*r*>02*>,i*>&EDZ( �Jd)Q=:Fd d;ATS9*cA`&16535*/6B?lD+d)*/(+*<D Ii ) A9([69&1*c69? D+d1*>Q2HS9*-H+D+QR:<*M( !

� �+� �
	 � �#� . �)�O���,�)� 
/� �+.#: -/���&���)�+-/. - . �[Z#� %6���8������. � �&��� Z1���
� d1*�HZ*>(+810�DF( 69.5DFABQ=&1*>3c?�69HlD+d)*�A902h"69HZQ�DZd1,`({A9H+*�:<6", G ABHZ*>346"&rDZd1*@D+d1HZ*-*�,C*>(+d1*M( (+d16 �J&/Q2& � Q2h !"~W! v ! � d1*�&t81,r.7*-H
6B?l&16535*M(JAB&)3 *-0=*-,C*-&EDF(J6B?{D+d1*M(n*4,C*>(+d1*M( ) A9H+*bh9Q=S9*>&%Q=& � A9.102* ~W!=�9!

a 81,/.;*>HU6B? *-0=*-,C*-&EDZ( a 8),r.7*-HJ6B?l&16535*M(
� *M(nd ~W! v ) A + � � v � �9�
� *>(+d ~W! v ) . + � v * � #9# x
� *>(+d ~W! v ) : + *9(9( v v x �"�

� A9.10=* ~W!=� j � 8;AB&ED+Q2DZABD+Q=S9*VQ2&5?�6"H+,`ABD+Q=69&Y69&Y,i*M(nd)*>( !
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� Q2h"81HZ* ~W!=� j - *>:-69, G 6"(+Q�DZQ26"&mQ=&"DZ6Y(+81.w3569,`A9Q2&)( !i_ .)(+*-HZS9*cD+d)ABDVDZd1QR(b,i*M(ndsQ=(VS"*-HZu|:-6"A9HZ(+* ) AB&)3 :<6"&)(+*>IE81*-&EDZ02u )
D+d)*c:<*-&EDZHZA90L(n81.w356",CA9Q2& Ωi

QR(U:<0=6"(+*[DZ6CD+d1* �Jd)690=*b3169,`ABQ=& Ω
!
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] &|D+d)Q=(U:>A9(+* ) DZd1*r:-69&)(nD+HFABQ=&ED�QR(JQ=, G 6E(n*M3|69&10=u%6"& DZd1*cQ=&ED+*-HZQ=69HJ&16535*M( ! � 69HZ*-6aS"*-H ) *>S9*>H+u%:-6"A9HZ(+*W.;A9(+Q=(�?�8)&): DZQ26"&
QR(JAC02Q=&1*>A9HJ:<69,/.1Q=&)AaDZQ26"& 69?{DZd1*bg)&1*b.)A"(nQR(@?�81&):<D+Q=69&)(�?�HZ69, D+d1*bg)&)Q�DZ*4*-0=*-,C*-&ED[( G A9:-*VQ=&):-028)31*>3YQ2& H1

0(Ω)
!

� d1*i3569,`ABQ=& Ω QR(W(+81.w35Q2StQR35*>3 Q2&ED+6Y(+IE8)A9H+*M(J6B?'0=*-&)hBD+d j H = 1/
√
dH

!�� d1*r0=*<e5QR:<69h"HZA G d1QR:-A90�&E8),r.7*-HZQ2&1h Q=(
8)(+*>3 ?�69H�DZd1*c(+81.73169,`ABQ=&)( !] & � Q2h !�~W! � ) D+d)* G A9HnDZQ�DZQ26"&)(U6".5DZA9Q2&1*M3 �JQ�DZd ,C*>(+d1*>( ~W! v ) A + AB&)3 ~W! v ) . + ABHZ* G H+*M(n*>&ED+*>3 ! � ? DZ*-Hb(n6"02StQ=&1hCD+d1*6 G D+Q=,iQR(ZAaD+Q=69& G HZ69.10=*-, ) 69&)*V6".5DZA9Q2&;(@D+d1*4:<6EABHF(n*V.)A"(nQR(N?�81&): DZQ26"&)( ! � �@6C*<e1AB, G 0=*>(�ABHZ*b(nd16 �J&YQ=& � Q=h !;~W! * ) D+d)*-u
ABHZ*b69.5DFABQ=&1*>3%?�HZ69, ,C*>(+d ~W! v ) A + !
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� Q2h"81HZ* ~W! * j _�A9(+QR(�?�8)&): DZQ26"&)(�69& D+d1*4.7698)&)31ABHZuzAB&;3%Q=&YD+d1*bQ=&"DZ*-HZQ26"H�6B? DZd1*c356",CA9Q2& ) h9*-&)*-HFAaD+*M3 �JQ2D+d - Q2HZQ=:Fd)02*-D
.76981&)3)ABHZu%:<6"&)35Q2D+Q=69&)( !
] & � Q2h !�~W! * ) A +�) 6".)(+*-HZS9*|D+d)*m0RABHZh9*yh9HFA931Q2*>&"Dz69?bD+d1*s.)A9(+Q=(`?�81&): DZQ26"& 69& DZd1*m.7698)&)31ABHZu �Jd1*-HZ* - Q2HZQ=:Fd)02*-D

:<6"&)35Q2D+Q=69&)(iABHZ*zQ=, G 6E(n*M3�jCD+d1*YQR(n6aSaAB0=81*%:-81HZS9*>(/ABHZ*zS9*>H+u :<0=6"(+* ! � d1QR(rh"*-&1*>HZABD+*>(r0=A9H+h"*z35QRABh96"&)AB0@:<6t* �z:-Q2*>&"DF( )
D+d)6981h"dsDZd1* G HZ69.)02*>, Q=(rd169,C6"h9*-&)*-698;( ! � d1QR(4QR(c35*>,i6"&)(nD+HFAaD+*M3m6"& D+d1*%(nD+Q40w&1*>(Z(4,`AaDZH+Q2e ) ~W! (�+ 6B?@D+d1*z:-6"A9HZ(+*
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0=*-S9*>0w?�69HJ,C*>(+d ~W! v ) A + A9&)3%?�69H�D+d)*c:<6t* �z:<Q=*-&EDF( (1, 1)
)
(3, 3)

)
(7, 7) A9&)3 (9, 9)

!
















11.3 −0.31 0 −0.54 −0.46 0 0 0 0
−0.31 7.17 −0.22 −0.46 −0.85 −0.45 0 0 0

0 −0.22 9.88 0 −0.37 −0.24 0 0 0
−0.54 −0.46 0 7.56 −0.67 0 −0.29 −0.20 0
−0.46 −0.85 −0.37 −0.67 4.99 −0.97 −0.46 −0.98 −0.24

0 −0.45 −0.24 0 −0.97 7.03 0 −0.4 −0.22
0 0 0 −0.29 −0.46 0 10.22 −0.54 0
0 0 0 −0.20 −0.98 −0.4 −0.54 6.71 −0.38
0 0 0 0 −0.24 −0.22 0 −0.38 10.81

















) ~W! (9+

] ? �@*V69&10=u`026t6 �zAaDJQ�DF(@&169&5p �-*>H+6/*-&ED+HZQ=*>( ) �@*b:-AB&|(+*-*WD+d)ABD@DZd1*V,CABD+HZQ�e ) ~W! (�+ d)A9(�A/H+*>h9810RABH�(]DZH+8;: D+8)H+* ) �Jd)Q=:FdYQ=(:<6", G ABHFAB.10=*WD+6CD+d;AaD �Jd1QR:Fd �N6"810=3 .7*469.5DFABQ=&1*>3��JQ2D+dyAC&1Q=&1*<p G 6"Q2&ED[(nD+*>&):<Q=0 AB&;3 AC0=*<e5QR:<69h"HZA G d1QR:-A90;&t81,/.;*>H+Q=&1h !
� 6"H+*>6aS9*-H ) AB0=0wD+d1*4680;p}35QRABh96"&)AB0w*>&"DZH+Q=*>(�A9H+*b&1*>h"AaDZQ2S"* !

� 6 � :�E(KHO&GBA
A �HA�E GBA
D � >VL > � S
N@ER< �R;BG=L C E FHGBC E(C
� : � � ���

] &z6"HZ35*>H D+6iATS96"Q=3/D+d)*[.76981&)3)ABHZu/*%07*M: DZ(�D+d;AaDNA G1G *MABHZ*>3CQ=&`D+d)* G HZ*-StQ=698)(�,i*-D+d1653zA9&)3iD+6/*-&5?�6"HZ:-*U69&CDZd1* �Jd)690=*
356",CA9Q2& Ω DZd1*z:<6"&)(]DZHZA9Q2&ED ∑

i Φi(x) = 1
) �N* �JQ=020'31*<g)&1*`:-6"ABHF(+*r*-0=*-,C*>&"DF(4(+ABD+QR(]?�utQ=&1h|A a *-81,`A9&1& :-69&)31Q�DZQ26"&

69& D+d)*4.;6"81&)31A9H+u`69? D+d)*40=A9H+h"*V356",`ABQ=& ! � 69HZ*-6aS"*-H �@*4A9356 G DUAC35Q^0w*-HZ*-&EDU:<81DnD+Q=&1hz(nD+HFAaDZ*-h9u ) :<6", G ABHZ*�� Q=h !;~W! �AB&;3 � Q=h !7~W! x + AB&;3 �@*435QR(+:>ABHF3`D+d)*c:<6"A9HZ(+*V*-0=*-,C*-&EDZ(U69& D+d1*4.76981&;31ABHZu !
� d1*%31*>:<6", G 6E(nQ2D+Q=69& QR(cQ=&)35*>*>3 A"31A G DZ*>3sD+6mD+d1QR( a � -b~ ,C*-D+d1653 , DZd1* :-6"A9HZ(+*`(nQ �-*zQR(4DZd1* (ZAB,C*%A"(cQ=& D+d1*G HZ*-StQ=698)(@,C*<DZd1653 .)85DU.;6"81&)31A9H+u`*>02*>,C*-&EDZ(�d)ATS"*W&)69HZ,CA90�(nQ �-* H/2 , �N*b:Fd16t6"(+* H = (

√
dH − 1)−1 ! � Q2D+dYD+d)Q=(

:Fd16"Q=:-* ) A9020 D+d1*4g;&1*r.)A"(nQR(�?�81&;: D+Q=69&;([:<6"&ED+HZQ2.181D+*bD+6 :<6"A9HZ(+*b*-0=*-,C*-&EDF( ! � d1*c0=*<e5QR:<6"h9HFA G d1QR:-A90�&t81,r.7*-HZQ2&)h`Q=( �9* G D
?�69H�DZd1*c(+81.73169,`ABQ=&)( !] & � Q2h !�~W! x ) D+d1* G ABH+D+Q2D+Q=69&)(C6".5DZA9Q2&)*>3 �JQ2D+d ,C*>(+d1*>( ~W! v ) A + A9&)3 ~W! v ) . + ABHZ* G H+*M(n*>&ED+*>3 ! � ? DZ*-HY(n6"02StQ=&1h
D+d)*r6 G D+Q=,iQR(ZAaD+Q=69& G H+6".102*>, ) 6"&1*r6".5DZA9Q2&)(UD+d1*i:<6EABHF(n*4.)A"(nQR(J?�8)&): DZQ26"&)( !�� �@6z*-e5A9, G 02*M([A9H+*r(+d16 �J&yQ=& � Q2h !�~W! #�)
:<6"H+HZ*>( G 69&)35Q=&1h/D+6`AC:<6", G 85DZABD+Q=69&Y69&|,C*>(+d ~W! v ) A + !
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� Q2h"81HZ* ~W! x5j a 6535* G ABH+D+Q2D+Q=69&)(@?�6"HJ,C*>(+d1*>( ~W! v ) A + AB&;3 ~W! v ) . + !
� Q2h !t~W! # ) A + 35*>,C69&)(nD+HFAaDZ*>( DZd1*[QR(+6aSTA9028)*J02Q=&1*>(N6B? Ac.)A9(+Q=('?�81&):<D+Q=69& �Jd16E(n*W(n8 G)G 6"HnD�Q=&ED+*>HZ(+*>:<DZ( DZd1*[.7698)&)31ABHZu !] & :<69, G A9H+QR(+69& �JQ2D+d � Q2h !N~W! * ) A +�) �@*|69.)(+*-HZS9*%D+d)ABDCD+d1*|h9HFA931Q2*>&"DF(id1*-HZ*YA9H+*|(+,CA9020=*-H ! � 6 �@*-S9*>H ) DZd1QR(C.)A9(+Q=(

?�81&):<D+Q=69& QR(4&169Dc8)(n*M3 Q2& D+d)*%:<6EABHF(n*i.)A9(+QR( , Q2&;35*-*M3 ) 6"&s6"&1*`d)A9&)3 ) - Q=H+QR:Fd10=*<Dr:-69&)35Q2D+Q=69&;(4ABHZ*iQ=, G 6E(n*M3 69& D+d1*
69HZQ=h9Q=&)AB0 G HZ69.10=*-, AB&)3 69&YD+d)*46BD+d)*-HJd)A9&)3 ) �@*Vd;ATS9*b*-&16"81h9dY.)A"(nQR(N?�81&): DZQ26"&)( !
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� Q2h"81HZ* ~W! # j _@A"(nQR( ?�8)&): DZQ26"&)(�6"&`D+d)*[.76981&)3)ABHZuiA9&)3`Q=&`D+d1*VQ=&"DZ*-HZQ26"H'6B?�DZd1*b3569,`ABQ=& ) h9*>&1*-HFAaDZ*>3 �JQ2D+d a *-81,`AB&)&
.76981&)3)ABHZu%:<6"&)35Q2D+Q=69&)( !

] & DZd1*s:>A9(+*m6B? G ABH+D+Q2D+Q=69& ~W! x ) A +�) 6"&10=u ?�6"81H|:<6"A9HZ(+*y.)A"(nQR(z?�8)&): DZQ26"&)(%HZ*-,`A9Q2& AB? D+*>H%HZ*-,C6aStQ2&1h D+d1*s.)A9(+Q=(
?�81&):<D+Q=69&)(��Jd16E(n* (n8 G1G 6"HnD|Q=&"DZ*-HF(n*M: DF(zDZd1* .;6"81&)31A9H+u ! � d)* :-6"ABHF(+*m(]DZQ^0w&1*M(+(Y,`AaDZH+Q2e :<6"H+HZ*>( G 6"&)35Q=&1h D+6 D+d)Q=(
:Fd16"Q=:-*V69? :-6"ABHF(+*W.)A"(nQR(@?�81&):<D+Q=69&)(UQ=(>j







5 −1.06 −0.8 −0.47
−1.06 4.82 −0.21 −1.01
−0.8 −0.21 4.38 −0.82
−0.47 −1.01 −0.82 4.99







) ~W!=����+

_ .)(+*-HZS9*CDZd)AaD/D+d1* STA9H+QRAaDZQ26"& 6B?[:<6t*��`:-Q2*>&EDZ(cQR(/,r8):Fd (+,C6E69D+d1*>HcDZd)AB& Q=& ,`AaDZH+Q2e ) ~W! (9+ ! ] & � Q2h ! ~W! � ) �@*
35QR( G 0=ATuiD+d)*WHZ*-h"810=A9HN(nD+HZ8): DZ81HZ*[6B? D+d1*V&169&1p �>*-HZ6c*-&ED+HZQ=*>('Q=&zDZd1*b:<6"A9HZ(+*U,`AaDZH+Q2e`8)(+*>3`?�6"H@(+690=StQ2&)hcD+d)* G HZ69.)02*>, 6"&
,C*>(+d ~W! v ) . + �JQ2D+d G ABH+D+Q2D+Q=69& ~W! x ) . + !

� 6 � � D�� K
C <W>@A�� <?S�E O&G < L > � G < <?S
E � ;BGBLWC?E N E,XBE(N
� d1*y:<6"&)(nD+HZ8): DZQ26"& 6B?WD+d1*y:<6EABHF(n* .)A9(+QR(/QR(i69&10=u DZd1*Yg)HZ(nD`(]DZ* G D+6 ��ABHF31(c6"81H`ABQ=, !J] DzAB0=026 �U(i8)(/D+6 6".5DZA9Q2& A
,`AaDZH+Q2e �JQ2D+d A HZ*-h98)0=A9H G AaDnDZ*-HZ& 6B?b&169&5p �-*>H+6 *>02*>,i*>&EDZ( ! � 69HZ*-6aS"*-H ) �@*y69.)(+*-HZS9*YD+d;AaDz*-S"*-HZu G 69Q=&"DzHZ*>:-*-Q=S9*M(
:<6"&ED+HZQ2.181D+Q=69&)(@69&)02u`?�HZ69, Q�DF(J*-Q=h9dEDU35Q=H+*M: DJ&1*-Q=h9dt.76981HF(�AB&)3%D+d;AaDJD+d)*b(+Q=,iQ=0RABHU:<6"&1&1*M: D+Q=StQ�D]u%H+*>0=ABD+Q=69&)( ) 31Q=A9h969&;AB0 )0RAaD+*>HZA90w&1*-Q=h9dt.76981HF( + utQ=*-0R3Y:-6t* �z:<Q=*-&EDJ6B? D+d1*4(ZAB,C*b69HF35*-H ) �Jd1QR:Fd ��A9(�6"&1*b6B?{D+d1*cA9Q2,`(�6B? D+d)Q=(U:-69&)(nD+HZ8):<D+Q=69& !

� d1*cQR35*MAzQR(JD+d)*-& DZ6z.181Q=0R3 Az,C*>A9&y&1Q=&1*<p G 6"Q2&EDb(]DZ*-&):-Q20lAB&)3YDZ6 A"(+(+*-,/.102*/A`&1* � :-6"A9HZ(+*4,`AaD+HZQ2eY8)(+Q=&1hz69&)02u
D+d)Q=(c(nD+*>&):<Q=0 , �@*`:-AB& *-S"*-& H+* �JH+Q2D+*CQ2Dc69&sD+d1*`6"0=3s,`AaDZH+Q2em.7*>:-A98)(+*/DZd1* G ABDnD+*>H+& QR( G H+*M(n*>H+S"*>3 ! � *z:<69&B\]*>: DZ81HZ*
D+d;AaDJD+d)*4&1* � :<6"A9HZ(+*V,CABD+HZQ�e Q=(U( G *>: DZHZA9020=u`*>IE81Q=SaAB0=*-&EDJD+6iDZd1*4690R3%6"&1* !\ *-D 8)( .7*-h9Q=&i.Eui:-A"(n* ) ~W!=����+�) �Jd)Q=:Fdid)A9(l6"&10=uc69&1*�.10=65:�� !'] ?7D+d1*J,C*MAB&i6B?7D+d1*U:-6E*��z:<Q=*-&EDZ(lQR( :-A90=:-810=ABD+*M3/(+* G pABHFAaDZ*-0=u[?�6"H{*MA9:Fd �tQ=&)3c69?;:<6"&1&1*M: D+Q=StQ�D]ubHZ*-0RAaDZQ26"&4.;*-D �N*>*-&/:-6"A9HZ(+*'.)A"(nQR(L?�8)&): DZQ26"&)( � � � � D+d1*@,C*>AB&;( 69? ) H+*M( G *>:<D+Q=S9*-0=u ):<*>&ED+HFAB0 ) S9*-H+D+QR:-A90�AB&)3 d169HZQ �-69&EDFAB0 ) A9&)3|35QRABh96"&)AB0wQ=&ED+*-HFA9:<D+Q=69&)( ) �N*b6".5DZA9Q2& D+d1*4,`ABD+HZQ�e�j







4.8 −0.92 −0.92 −0.34
−0.92 4.8 −0.34 −0.92
−0.92 −0.34 4.8 −0.92
−0.34 −0.92 −0.92 4.8







) ~W!=�9�R+

D+d;AaD[:<6"H+HZ*>( G 69&)31(�D+6CDZd1*4&1Q=&1*<p G 69Q=&"DU(nD+*>&):<Q=0Lh9Q=S9*>& .tuwj
−0.34 −0.92 −0.34
−0.92 4.8 −0.92
−0.34 −0.92 −0.34

) ~W!=� v +
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‖r‖2 ≤ 10−10‖r0‖2
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





−4u− k2u = f 6"& Ω =]0; 1[×]0; 1[,

u = 0 69& ∂Ω,

f = (2π2 − k2) sin(πx) sin(πy).
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AB&;3 81&)(nD+HZ8): DZ81H+*M3 ,C*>(+d1*>( !m_ & Ayd1Q=*-HFABHF:FdEum6B?J&1*>(nD+*M3 ,C*>(+d1*>( ) D+d1*z*M35h9*%.)A9(+*>(4.7*-Q=&1hm:-69, G 85DZ*>3 ?�HZ69, D+d1*
h9*>69,C*<DZH+QR:z&)6t3)AB0@.)A9(+*>(iAaDC*>A":Fd 02*>S9*>0 ) DZd1* HZ*>(+8102D+Q=&1h � � = ,C*-D+d1653 A9&)3 DZd1*Yh9*-6",C*<D+HZQR:z,r8)0�DZQ2h"H+QR3 ,C*<DZd1653
.7*-d)ATS"*i(+Q2,CQ=0=A9H+0=u A9( G HZ*>:-69&)31Q�DZQ26"&1*-H !i_ & 81&)(nD+HZ8): DZ81H+*M3 ,C*>(+d1*M( ) 6"81Hb,C*<D+d)6t3sQR(4(n6",i* �Jd)AaDb.7*<DnDZ*-HbDZd)AB&sD+d1*
,C*<DZd1653|6B? 2 *-Q2D �>Q2&1h"*-H[A9&)3 k :Fd �".;*>H+0'� #9# � ! � 6 �@*-S"*-H ) �@* G ATu%D+d1QR(UQ=, G H+6aS"*-,C*-&ED �JQ2D+d AC0RABHZh9*bQ2&;:<HZ*>A9(+*b6B? D+d1*
:<6", G 85D+Q=&1h`:<6E(]D�?�6"HJD+d1*b*M35h9*4.)A"(n*M( !

� 6 5 � E �HA�> <W>@;BA ;�� <?S�E �R;BA <?>@A7K�; K�C I�L ;=FHN@E O GBA�D0> <?C�D
>@C ��L ER<?> 	RG <?>@; A
� �	�
�+� �1- ��� �6���,�)��-/.
� d1*b?�6"020=6 �JQ2&)h G HZ69.)02*>, d)A9(@DZ6`.;*c(+690=S9*M3z6"&YAC356",CA9Q2& Ω j







� 6ig)&)3 E ∈ V (n8):Fd D+d;AaD>j a(E,E′) = F (E′), ∀E′ ∈ V0,

�JQ2D+d a(E,E′) =

∫

Ω

δ rotE · rotE′ +

∫

Ω

γE ·E′.
) -r!=�F+

V Q=(lAB&iAM�`&1*@(n81.;( G A":<*@6B? H(rot,Ω) � x �>� DZA �tQ=&1hVQ2&ED+6bA9:>:<6"81&ED{*>(Z(+*-&ED+QRAB0E.;6"81&)31A9H+u4:-69&)35Q2D+Q=69&;( ) V0
QR( DZd1*@S9*>:<D+6"H

(+81.)( G A9:-* G ABHFAB0=02*>0lD+6 V ) F QR(cAY02Q=&1*MABH4?�6"H+, 6"& V0
�Jd1QR:Fd 35*>(Z:<HZQ=.;*M(VD+d1*z(+6981HF:<*iDZ*-HZ, ) δ A9&)3 γ ABHZ*C(nD+HZQR: D+0=uG 6"(+Q�DZQ2S"*W?�8)&): DZQ26"&)( ) (n6iD+d;AaD a QR(U:<6t*-HF:<Q=S9* , F ) δ A9&)3 γ 31* G *-&)3Y69& D+d)*cA G1G 0=QR:-AaDZQ26"&)(�81&)31*-HU:<6"&)(+Q=35*>HZABD+Q=69& !� d1QR(N?�69HZ,r810RAaDZQ26"&%Q=&):<0=8)35*M(N,`A9&Euz(nDZABD+QR:bAB&)3zD+HFAB&)(+Q2*>&ED@*>02*M: D+HZ69,`A9h9&1*-D+QR:U,C6535*-0R(-j G 6BDZ*-&ED+QRAB0wS"*>: DZ69H@?�69HZ,r81p

0RAaD+Q=69& ?�69HJ,`A9h9&1*-D+6"(nDZABD+QR:V69H�*>3131u :<8)H+HZ*-&EDZ( ) *-0=*>:<D+HZQ=:V69HJ,`A9h9&1*-D+QR:[g;*-0R3%?�6"H+,/810RAaD+Q=69&YQ=&%DZd1*bD+HFAB&)(+Q=*-&EDU:-A9(+* !

� �	�
�	� � �!.#���'� ����� � ��./� � < � �(� ��.#% < �)- < �����)�����
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QR(J35*-g)&1*>3Y.tuwj
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Eh 7→
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e

Eh · t 31( ) -r! � +

�Jd1*>H+* e QR(%AB& *M35h9*m6B? K )
t QR(%A DFAB&1h"*-&ED+QRAB0WS9*M: D+6"H`D+6 e A9&)3 Eh

.7*-0=69&1hE(`D+6 VK
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Ax = f. ) -r! *�+
� ?�81&;31AB,C*-&EDFAB0 G H+6 G *>HnD]uz0=Q=& �5(JD+d)*c*>35h"*c*-0=*-,C*>&"DF(�D+6zD+d1*c&)6t3)AB0 P1

p \ A9h9HFAB&1h"*b*-0=*-,C*-&EDZ(>j'DZd1*ch"HZA"35Q2*>&EDU6B?
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(w0,h

p )p=1,...,Nh
QR(@D+d1*4&)6t3)AB0�.)A"(nQR( )
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(w1,h

i )i=1,...,Eh
Q=(@DZd1*4*>35h"*b.)A9(+Q=( )

D+d)Q=( G H+6 G *>HnD]uz:>AB&Y.;*4HZ*>:>A9(nDJA"(-j

gradw0,h
p =

Eh
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i=1

Gh
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i , ∀p ∈ {1, . . . , Nh}, ) -r! x +

�Jd1*>H+* Gh QR(
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(w0,H
n )n=1,...,NH

QR(�DZd1*c:<6EABHF(n*W&16531AB0L.;A9(+Q=( )
v !

(w1,H
e )e=1,...,EH

QR(@D+d1*c:-6"A9HZ(+*W*M35h9*b.)A"(nQR( )
D+d)*c:<69, G ABD+Q=.1Q=02Q2D]u%:<6"&)35Q2D+Q=69&YQ=( �JH+Q2DnDZ*-&yAB0=h9*>.1HZA9Q=:>AB0=02u`A"(-j

gradw0,H
n =

EH

∑

e=1

GH
enw

1,H
e , ∀n ∈ {1, . . . , NH}. ) -r! #9+
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� d1*M(n*b:<6EABHF(n*W.)A9(+*>(�ABHZ*b:<69&;(]DZH+8):<D+*M3%(+6iA"(@D+6C(+ABD+QR(]?�u`DZd1*bQ2&;:<0=8)(nQ=69&Y6B?{g)&1Q2D+*b*-0=*-,C*>&"DU( G A9:-*>( ) D+d1* �+:<6"A9HZ(+* �
.7*-Q=&1h`Q2&;:<0=8)35*>3YQ=&%DZd1* �]g)&1* � ) �Jd1QR:FdYQ=(J*-e G H+*M(+(+*>3%.tu`D+d1*b?�6"020=6 �JQ=&1h`AB0=h9*-.)HZA9Q=:[H+*>0=ABD+Q=69&)(>j

w0,H
n =

Nh

∑

p=1

αpnw
0,h
p , ∀n ∈ {1, . . . , NH}, ) -r! � A +

w1,H
e =

Eh

∑

i=1

βiew
1,h
i , ∀e ∈ {1, . . . , EH}. ) -r! � . +

� :-:-69HF35Q=&1hiD+6`HZ*-0RAaD+Q=69&;( ) -/! x +�) ) -/! #�+ AB&;3 ) -r! � +�) DZd1*r:-69, G 6"&1*-&EDF( αpn
AB&;3 βie

69?lD+d1*r:-6"A9HZ(+*b.)A9(+*>(J,/8)(nD
(ZAaD+QR(n?�u7j

EH

∑

e=1

Eh

∑

i=1

βieG
H
enw

1,h
i =
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∑

p=1

Eh

∑

i=1

Gh
ipαpnw

1,h
i , ∀n ∈ {1, . . . , NH}, ) -r! � A +

��� � � �N* �@69810R3%0=Q �9*VD+6`*>&)(n8)H+*"j
EH

∑

e=1

βieG
H
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Nh

∑

p=1

Gh
ipαpn, ∀i ∈ {1, . . . , Eh}, ∀n ∈ {1, . . . , NH}. ) -r! � . +

� Q2&;AB0=02u ) Q2? α 35*-&169D+*M(lD+d1*J,`ABD+HZQ�ei6B?�:<69, G 69&1*>&EDZ( αin
AB&;3 β DZd1*J,`AaDZH+Q2e/69?w:-69, G 6"&1*-&EDF( βie

) DZd1*U:<6", G AaDZQ2.1Q=0=Q�D]u
HZ*-0RAaD+Q=69& ) -/! #9+ �JHZQ�DZ*>(JAB0R(+6iA"(-j

βGH = Ghα. ) -r! (9+
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n
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n

) D+d)*b:Fd)69QR:<*V6B? DZd1*4,`AaDZH+Q2e GH 35*-D+*-HZ,CQ2&)*>(@D+d)*b31*<g)&1Q2D+Q=69&|69? D+d)*b(+81.w3569,`A9Q2&)(
Ue

, �N* �JQ=020L:-0=A9H+Q2?�u`DZd1Q=( G 6"Q2&EDUQ=& k 81.)(+*>: DZQ26"& -/! *)!=�9!
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



� 6/g;&)3 (w0,H
n )n=1..NH

,CQ2&1Q=,CQ �>Q2&)h NH
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n=1
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∑
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n (x) = 1, ∀x ∈ Ω AB&;3 (+8 G1G (w0,H

n ) ⊂ ΩH
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∫
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


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i ∈ {1, . . . , Eh} / Ĩi 6= ∅ A9&)3 J̃i 6= ∅

}
. ) -r! x ��+

� d1*>& ) ?�69H i Q=& F̃ ) �@*W:>AB&%35*-g)&1* G̃H,i DZd1*[,`ABD+HZQ�e`6B? 35Q2,C*>&)(nQ=69&;( |Ĩi|×|J̃i| *-eEDZHZA": DZ*>3i?�HZ69, D+d)*[,`AaDZH+Q2e GH .tu
�9*>* G Q=&1hC69&)02u`DZd1*4HZ6 �U( e ∈ Ĩi AB&)3%D+d)*c:<690=81,C&)( n ∈ J̃i

!
c <>;�Z ;�DFB!GFBE;$H � ��� � � F)G $ KDEFEHK ��CFL C J KDL/&DCFN	C KDL)I AMQ G8L(G J;G I;I ADQ � AML &BI�P � J�C G�L�N $ KDQ T NOK �;G KDL�G��ON K �+KML�G
3

∀i ∈ F̃ , ker(G̃H,i) = {0}, ) -r! x � A +
∀i ∈ {1, . . . , Eh}, Ĩi = ∅ ⇒ J̃i = ∅. ) -/! x � . +

�"Q!K KQ$�0 \ *-D ρ .;*4Q=& RM
! �169H n Q2& F 35*<g;&1*>3YQ=& ) -r!=�>#�+�) �@*b69.)(+*-HZS9*WD+d)ABD>j

Rt
nρn =

∑

i∈Jn

ρn,iui, ) -r! x v +

�Jd1*>H+* ui
Q=(ND+d)* i p DZdzS9*M: DZ69H�69?LD+d)*W:-A9&169&)Q=:>AB0).;A9(+Q=(N6B? REh ! � *[0=*<D T 6 G *-HFAaDZ*U69& ρ ) AB&)3C?�6"H�DZd)AaD G 81H G 6E(n* �N*0=6E6 �%AaD�DZd1*4.10=6t:��Ep �JQ=(+*bH+*M(n8)0�D ! \ *<D e .7*4Q=& {1, . . . , EH} ) .tu`DZd1*c35*<g;&1Q�DZQ26"&|6B? T Q2& ) -r! v9v + j

(Tρ)e = Qe

(
∑

n∈F

GH
en

( ∑

i∈Jn

ρn,iui

))

, ) -/! x � A +

=

NH

∑

n=1

∑

i∈Jn

GH
enρn,iQe(ui). ) -/! x � . +
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�1HZ69, ) -r! *9(�+�) DZd1*4:<69, G 69&1*>&EDZ(@6B? ρ Q=&)35*-e5*>3 .EuCDZd1*4(n*-D@69? :-698 G 0=*>( (n, i) �JQ2D+d n Q=& {1, . . . , NH} A9&)3 i Q=& Jn:-A9& *MIE81Q2SaA902*>&"DZ02u%.;*4Q=&)35*-et*M3Y.Eu i Q2& {1, . . . , Eh} A9&)3 n Q=& J̃i

! � dt8)( (Tρ)e
:-AB&Y.7*4H+* �JH+Q2DnDZ*-&|A9(>j

(Tρ)e =

Eh

∑

i=1

( ∑

n∈J̃i

GH
enρn,i

)

Qe(ui), ) -/! x � : +

.185D Qe(ui) QR(�*>IE8)A90wD+6 0 Q�? i QR(J&16BDJQ=& Ie ) DZd1*-& j

(Tρ)e =
∑

i∈Ie

( ∑

n∈J̃i

GH
e,nρn,i

)

Qe(ui). ) -/! x � 3 +

k Q=&):<*bDZd1*4S9*M: DZ69HF( (Qe(ui))i∈Ie
ABHZ*bQ2&)31* G *-&)35*>&EDUQ2& R|Ie| ) HZ*-0RAaDZQ26"& ) -/! x � 3 + ,i*MAB&)(@DZd)AaD Tρ SaA9&1Q=(+d1*M(�Q^0lj

∀e ∈ {1, . . . , EH}, ∀i ∈ Ie,
∑

n∈J̃i

GH
e,nρn,i = 0, ) -/! x * A +

2 *>,CA9H �tQ=&1h/D+d)ABD i ∈ Ie :<69HZHZ*>( G 6"&)31(ND+6 e ∈ Ĩi ) ) -/! x * A + Q=(J*MIE81Q2SaA902*>&"D�DZ6)j

∀i ∈ {1, . . . , Eh}, ∀e ∈ Ĩi,
∑

n∈J̃i

GH
e,nρn,i = 0, ) -/! x * . +

�Jd1QR:FdY:>AB&|.7* �JH+Q2DnDZ*-& ) A":-:<6"HZ31Q2&1h/D+6CDZd1*c35*-g)&1Q2D+Q=69&Y6B? G̃H,i
) A"(-j

∀i ∈ F̃ ,
∑

n∈J̃i

G̃H,iρi = 0, ) -/! x * : +

�Jd1*>H+* ρi ∈ R|J̃i| QR(J6B?l:<6", G 69&)*-&EDZ( ρn,i
?�69H n Q=& J̃i

! � *4Q2&5?�*>HJ?�HZ69, DZd1*cAB.76aS9*V*>IE81Q=SaAB0=*-&):-*>(>j
Tρ = 0⇔ ∀i ∈ F̃ , ρi ∈ ker(G̃H,i). ) -r! x9x +

� * G H+6aS"*W&16 � D+d1*c(+8��z:<Q=*-&;:<u%69? ) -/! x �F+ ! ] ? �@*bA"(+(+81,C*4:<6"&)35Q2D+Q=69& ) -/! x � . + QR(J(+ABD+QR(]g;*>3%D+d1*>&Lj
F̃ =

{
i ∈ {1, . . . , Eh} /J̃i 6= ∅

}
,

AB&;3 ρ ) S"*>:<D+69H`69? RM
) Q=(`35*-g)&1*M3 .tu D+d1* �t&16 �J0=*>35h"*Y69?WQ2DZ(`.)0265:��5( ρi ?�6"HzAB0=0 i Q=& F̃

! ~ 6"&)35Q2D+Q=69& ) -/! x � A +A9(Z(+6t:-Q=ABD+*M3 �JQ2D+d|H+*>0=ABD+Q=69& ) -/! x"x + *-&;AB.10=*>(�8)(JD+6`:<6"&):<0=8)35*"j
Tρ = 0⇒ ρ = 0.

� d1*>& ) :<6"&)35Q2D+Q=69&)( ) -r! x �R+ ABHZ*b(+8��z:<Q=*-&EDJ?�6"H T D+6`.7*469&)*<pPD+6Bpq69&)* !~ 69&tS"*-HF(n*>02u ) A"(+(+81,C*VD+d)ABD>j
∃i0 ∈ F̃ , ker(G̃H

i0
) 6= {0},

\ *-D ρ .;*4Q=& RM \ {0} (+8):FdYD+d)ABD>j
ρj = {0}, ∀j 6= i0 AB&;3 ρi0 ∈ ker(G̃H

i0
) \ {0}.

_@uzHZ*-0RAaD+Q=69& ) -/! x9x +�) ρ QR(JQ2& ker(T )
!�� *>&):<* ) :<6"&)35Q2D+Q=69& ) -/! x � A + QR(J&1*M:<*>(Z(ZABHZu/?�6"H T DZ6`.;*46"&1*<pPD+69pP6"&1* !] & D+d1*c(ZAB,C* �@ATu ) A9(Z(n8),i*WD+d;AaD>j
∃i0 ∈ {1, . . . , Eh}, Ĩi0 = ∅ AB&)3 J̃i0 6= ∅,

\ *-D ρ Q2& RM \ {0} .;*c(+8):FdYD+d)ABD>j
ρj = {0}, ∀j 6= i0.k Q=&):<* i0 QR(l&16BD Q=& F̃ ) ρ QR(lQ=& ker(T ) ?�H+6", ) -/! x"x +<! ~ 6"&)35Q2D+Q=69& ) -/! x � . + QR(l&1*>:-*>(Z(+A9H+uV?�6"H T D+6b.7*J69&1*-p DZ6Bpq69&1* !
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] &C69HF35*-H DZ64H+*M358):<*�DZd1*J&t81,r.7*-H�6B?w*-&5?�6"HZ:-*>3i:<69&;(]DZHZA9Q2&EDZ( ) ?�HZ69, � H+6 G 6E(nQ2D+Q=69&)( *;!2� A9&)3 *)! v ) A4(+81Q2DZAB.)02*J:Fd16"Q=:-*
6B? (+*<DZ( J̃i

Q=(
∀i ∈ {1, . . . , Eh}, J̃i = C̃i \ {m}, �JQ2D+d m ∈ C̃i.

�16"HW(+8):FdmA :Fd169QR:<* ) DZd1*C:<69&;35Q�DZQ26"& 6B? � H+6 G 6E(nQ2D+Q=69& *;! � :-AB&m.;*ih9Q=S9*>& Q2& D+*-HZ,`(V6B?�:<6"&1&1*M: D+Q=StQ�D]u|69?'Q2&)318):<*M3
(+81.1h9HFA G d)(�69?LD+d)*Vh"HZA G dz69? *>35h"*>(@Q=& SH

! � 6"H+* G H+*M:<QR(n*>02u ) ?�69HJAB&tuig)&1*b*>31h9* i 6B? Sh
) 0=*<D SH,i .7*WDZd1*VQ2&)318):<*M3

(+81.1h9HFA G d%6B? D+d)*4h9HFA G d 6B?l*>35h"*>(�Q=& SH
) �Jd)6"(+*WS"*-H+D+QR:<*>(JA9H+*VQ=&)35*<e5*M3 .tu C̃i

A9&)3 *>35h"*>(�.tu Ĩi !

 ;�<>;$AEAC?�<RX � � � � 
 KDQ J̃i = C̃i \{m} � i = 1, . . . , Eh � T C I6KML�G��ONOK �+KML(G6C � $ KDQ6AMEFE i CFL {1, . . . , Eh} N F)G6CFL/&DP�J;G5&I�P �ZCDQ!A�) F SH,i C I@J;KML4L�G;J�N G�&-0
�"Q!K KQ$�0 _ .)(+*-HZS9*�g)HZ(nD D+d)ABD J̃i

QR( *-, G D]u4Q2?7A9&)3r6"&10=u4Q�?1DZd1*J(n8).1h9HFA G d SH,i H+*M358):-*>({D+6V69&1*@S9*>HnDZ*<e �Jd1QR:Fd/d;A G1G *-&)(
.tu \ *>,C,CA -/!=� Q2? Ĩi QR(J*-, G D]u !� (Z(+81,C* &16 � Ĩi Q=(i&16"& *>, G D]u ! _@u \ *-,C,`A -/!=� DZd1*|*>35h"*<pq&16535* Q=&):-Q=35*>&):<*Y,`AaDZH+Q2e 6B?WD+d1*|(n8).1h9HFA G d Q=(
35*M358):<*M3|?�HZ69, GH .tu �9*>* G Q=&1hz6"&10=u%DZd1*/HZ6 �U( e ∈ Ĩi AB&)3|DZd1*C:<690=81,C&)( n ∈ C̃i

! _@u|35*-0=*<DZQ2&)h%69&)*/:<6"028),i&m6B?
Q=&)35*<e m ∈ C̃i

) DZd1*J69.1DZABQ=&1*M3r,`AaDZH+Q2e G̃H,i (ZAaDZQ=(ng)*M( D+d1*U:-69&)35Q2D+Q=69& ) -r! x � A + 6B? � HZ6 G 6"(+Q�DZQ26"& *;! � Q^0 D+d1*U(+81.1h"HZA G d
SH,i QR(J:<6"&1&1*M: D+*M3 !

� d1*W?�690=026 �JQ=&1hr(+81.)(+*>:<D+Q=69& Q=(�35*>S96BDZ*>3CDZ6rDZd1*4:<6"&)(]DZH+8;: D+Q=69&%6B? Q=&)35*-e%(n*-DZ( Ln
A9&)3%A9&%Q=&):<QR35*-&;:<*V,CABD+HZQ�e GH

�Jd1QR:FdY(ZAaDZQ=(n?�uzDZd1*c:<6"&1&1*M: D+Q=StQ�D]u :<69&;35Q�DZQ26"& 6"&%DZd1*4Q=&)358):-*>3|(n8).1h9HFA G d SH,i !

� �
	#��� � -/.#� �����#���)�+-/. -/: �[Z1� �+.6%1� � � �����
Ln

� *W(nDZABH+D'?�HZ69, AB& Nh×Nh &16531A907(+ut,i,C*-D+HZQ=:J,`ABD+HZQ�e Bh
! � d)*-& G A9(Z(nQ=&1hb?�HZ69, Abg)&1*W02*>S9*>0)DZ6rAr:-6"ABHF(+*-H 0=*-S9*>0 )

�@*N\]8;(]DUHZ*>IE81Q=H+*"j
Bh

pp 6= 0, ∀p ∈ {1, . . . , Nh} ) -r! x #�+
AB&;3 A`:-69, G AaDZQ2.)Q20=Q�D]u :<69&;35Q�DZQ26"& �JQ2D+dYDZd1*c(n*-D Sh j

(p, q) ∈ Sh =⇒ Bh
pq 6= 0. ) -/! x � +

� d1QR( :<6"&)35Q2D+Q=69&i,i*MAB&)( DZd)AaD Bh
pq
,/8)(nDl&)6BD SaAB&1QR(ndi69&/D+d)*U:<698 G 02*M( (p, q) :<69HZHZ*>( G 6"&)35Q=&1hUDZ6WDZd1*�*>35h"*>( .7*-0=69&1h"Q2&1h

D+6 Sh
) .185D@Q�DN,iQ=h9dEDNA90=(+64.7*[35Q407*>H+*>&"D�?�H+6", �>*-HZ6469&`6BDZd1*-HN:<698 G 02*M( !N] &`6BDZd1*-H �N6"HZ3)( ) DZd1*-HZ*U,`ATur.7*U,C69HZ*J*>31h9*>(

(p, q) 35*-D+*-HZ,CQ2&)*>3Y.tu`D+d1*c:-69&)31Q�DZQ26"& Bh
pq 6= 0 D+d;AB&|*-0=*-,C*-&EDF( (p, q) 69H (q, p) Q=& Sh

!
� ( 2 *-Q2D �-Q=&1h"*-HUAB&;3 k :Fd �9.7*-HZ0�356`Q2& � #9# � ) �@*c35*<g)&)*bAi,`A G j

ind : RNh → RNH

p 7→ ind(p).
) -r! x ��+

� d1*bQ=&ES"*-HF(n*WQ2,`A9h9*>(@69? n .tu`DZd1*b,CA G1G Q=&1h ind ,`A �"*W8 G A G ABH+D+Q2D+Q=69& 6B? {1, . . . , Nh} Q=&ED+6`(+*<DZ( ! � d1*4(n*-D Hn
Q=(

D+d)*cABh9h"H+*>h"ABD+*[69? g)&)*4Q2&)31Q=:-*>(JQ=&)35*-et*M3%.tu n j
Hn =

{
p ∈ {1, . . . , Nh} / ind(p) = n

}
, ) -r! x (�+

� & *<e1A9, G 02*|6B?4Amg)&1*yh9HFA G d �JQ2D+d D+d1* G ABH+D+Q2D+Q=69& 6B?[DZd1*y&16535*M(CQ=(Ch"Q2S"*-& Q2& � Q2h"81H+* -/! v ) A + ! � d1* Hn
K (

,`A �"*[8 G AB&%A9H+.1Q2D+HFABHZu G ABH+D+Q2D+Q=69&z69? {1, . . . , Nh} ) .)85DNDZd1*-HZ*WA9H+*VAB0=h96"H+Q2D+d1,`('?�69HJ:Fd16t6"(+Q2&)hch96t653 G A9HnDZQ�DZQ26"&)( ) ?�69HQ=&)(]DFAB&):-*VD+d1*cA9h9h9HZ*-hEAaDZQ26"&%AB0=h96"H+Q2D+d1, G H+6 G 6E(n*M3%Q=&s� � #�) k *>:<D+Q=69& x � !
�16"HJAB0=0�g)&1*4Q=&)35*-e p Q2& {1, . . . , Nh} ) �N*435*-g)&1*"j

Sp =
{
q ∈ {1, . . . , Nh} / Bh

pq 6= 0
}
. ) -r! #
��+

� d1QR(�QR(�D+d)*�(n*-DL6B?5AB0=0BDZd1* Bh pq&1*-Q=h9dt.769HF(;69?tD+d1*'&)6t3)AB0BSaABHZQRAB.10=* p AB&)3VDZd1* SaABHZQ=A9.102* Q2DZ(+*-02? ! �)H+6", DZd1*�:<6", G AaDZQ2.1Q=0=Q�D]u
HZ*-0RAaD+Q=69& ) -/! x � +�) �N*4HZ*-,`A9H �CDZd)AaDMj

(p, q) ∈ Sh =⇒ q ∈ Sp. ) -r! #1�R+
�16"HUAB0=0 n Q=& {1, . . . , NH} ) �@* �JQ20=0 �JHZQ�DZ*9j

Ln =
⋃

p∈Hn

Sp ) -r! # v +
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_ .)(+*-HZS9*WD+d)ABDJD+d1*c(+*<D L̃p
35*<g;&1*>3YQ=& ) -r! � x + Q=(JHZ*-0RAaDZ*>3%D+6 Sp

A"(@?�690=026 �U(>j
L̃p = ind(Sp). ) -r! # � +

� *cAB0R(n6iQ2&1?�*-HJ?�HZ69, ) -r! #
��+ AB&)3%D+d)*c(nut,C,C*<D+HZuz69? Bh j
p ∈ Sq ⇔ q ∈ Sp.

k 6",i*4(+*<DF( Ln
:<69HZHZ*>( G 6"&)35Q=&1hrDZ6iD+d1* G A9HnDZQ�DZQ26"& 69? � Q=h981HZ* -r! v ) A + ABHZ*bH+* G HZ*>(+*-&ED+*M3zQ=& � Q=h981HZ* -r! v ) . + !

I#G�? AMQ�� -/!2� 0 > L N:F�G CFL�CFN C AME6?BG IAF � I�KM? G J�F)KDC J G I'$ KMQ B AMQ!GG)�Q K5)�K I�G�& � � I#G�CFN	C ��CFL C G�Q AML/&JfBAME NOG�L �;A J�F)G�Q
CFL � � � ��0 > � I�G QT*MG N F)ADN6N F)G I�CF?�)(EHG I;N��/A � N K N A � G>CFL�NOK A J J;KDP�L�N#N F)G J;KML4L�G;J N C:* CFN � K<$ N:F�G CFL4CFN	C ADE/? G�IAF AML/& NOK
I�AMN C I $ � J;KML/&DCFN	C KDL)I ) -r! x #�+ ADL/& ) -r! x � + C I8N K+)�P�N Bh = (Gh)tGh 0


 KMQ N:F�G J;K AMQ;I�G�Q8EHG1* G�E � N F)G@?BADN	Q�C 9 J;AML � G J;KML�I;N Q�P�J�N G�&#$;Q!KD?$N F)G��1AMEHG�Q��DCFL )(Q!K]&DP�J N αtBhα 0
� �
	#�
	 � � � .6�O�)��-/.$- : � �(- � < �,�)� � ��� �(-/�,�4� � ��%#5 � �+.6�*�+%1��.#�(� �&�,����� �

G
H

_@uYA9&)AB0=69h"u �JQ2D+d 2 *-Q2D �-Q=&1h"*-HWA9&)3 k :Fd��9.7*-HZ0LQ2& � #"# � ) �@*r:Fd16t6"(+* SH (n8;:FdyD+d)ABD (n,m) 69H (m,n) QR(WA9&y*>35h"*cQ2?D+d)*-HZ*V*-e5Q=(nDZ( p ∈ Hn
A9&)3 q ∈ Hm

35*<g;&1*>3YQ=& ) -r! x (�+ (n8;:Fd%DZd)AaD p AB&;3 q ABHZ* Bh pP&1*>Q2h"dt.;6"HZ( ) � � � � j
SH =

{
(n,m) ∈ {1, . . . , NH}2 / n 6= m, ∃p, q ∈ {1, . . . , Nh}
�JQ�DZd ind(p) = n, ind(q) = m, p < q AB&)3 Bh

pq 6= 0
}
.

) -r! #1*6+

�1HZ69, DZd1QR(J35*<g)&)Q�DZQ26"& ) �@*W*MA9(+Q20=u`S9*>H+Q2?�uCD+d)ABD�D+d1*4:<6"&1&1*M: D+Q=StQ�D]u G H+6 G *>HnD]uC69? D+d)*Wg;&1*bh9HFA G d Sh H+*>,`ABQ=&)(N?�69H@D+d1*
:<6EABHF(n*Vh9HFA G d SH

!@_ .)(+*-HZS9*bAB0R(+6/DZd)AaD Bh
pq 6= 0 Q=, G 02Q=*>(�DZd)AaD p QR(JQ=& Lind(p) ∩ Lind(q)

! � d1*-& Cind(p) ∩ Cind(q)QR(�&169&|*-, G D]u AB&)3 SH (ZAaDZQ=(ng)*M(J:<69&;35Q�DZQ26"& ) -r! *8*6+ !� d1*i:<6"A9HZ(+*4h9HFA G d :<69,CQ=&1h`?�HZ69, D+d)*/h"HZA G d G ABH+D+Q2D+Q=69&y69?�� Q2h"81H+* -r! v ) A + Q=(WH+* G HZ*>(+*-&ED+*M3|Q2& �{Q=h98)H+* -/! v ) : + !k 6",i*4(+*<DF( L̃p
A9H+*4AB0R(+6/HZ* G HZ*>(+*-&EDZ*>3 Q2& � Q2h"81H+* -/! v ) 3 +<!

�16"H G H+6aStQ=&1h/D+d1*c:-69&1&1*M: DZQ2StQ2D]uz6B? D+d1*4Q=&)358;:<*>3Yh"HZA G d SH,i
) �@*b&1*-*M3YA9& Q=&ED+*>H+,C*>31Q=ABD+*bH+*M(n8)0�D !

�[K6=@= ?6� � � � 2 G�N p ∈ {1, . . . , Nh} � G A�@/L�G@L�K
& ADE�CFL/& GA9 AML & AMI;I;P�? G N F)ADN N F)G J;K ADQ;I�G8L(K]& AME�I�G�N L̃p
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Ω
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T%V_]kLNQEMb�qe�VqOBT�SR]_SYd�h�e#T�VHc_hxh0prSF�xM[d6cYTaMbSYQ�fkcUOqVqO@cUT,V_cx]_L~nyVIZjVIny�
� 698 � A <?LW;TD
K���<?>@; A
a����H�F�r�P�I�?�0�?�����_�j�#�y�X�U�_�y�x�X�Y�'�F�y���\�r�_�P���?���X�Y�x���q�_�t�����I�P�����r�F���Y�[�_�I���F�#�x�������y�r�)�I�t�I�6�F�x�k���"���x�r�i�_�I�P�U�_�y�x�X�"�v�_�
���#���?�N�����y�r�"�I�t�I�6�F�x�k�K�q�x�x�k�Y�t�����y�6�0�?�r�_�?�x�K���_�?�0�I�r�r�t�F���Y�K���t�_�q�_�q�_���t� S �I�9  ¡o¢�£�¤�¥%�<�_���P�����Y�_�����,�r�����_�r�P�\�K�x���_�r�I� S ����r�B�t�U���F�����?�k�#�I���?�����_�j�N�t�X�U�_�y�x��¦

P1
�4�?�����#���?���I�t�I�6�F�x�k���Y�E�6�y���I�?�6���t�q�_�"�?�k�#�I�

1
�4�x���F���?�"�I�t�I�6�F�x�k�I¤�¥%�X�?�k�#�F�

�r�����x� S �X�t�?�r�x�X���r�x§��t�I�X��)��<���v�_�y�t� S �I���H�I�r���#���<�Y�_�R�Y�8�Y���_�_�x�\�r� S ���k���?�P�q�?¤^¨©���t�t� )��4�?�H��ª#���r�F�6�@�q�?�6�t���«�4�_�?�
�F���?�i�F�y�F�6�I�o���#�P�_�q�_�q�r�P�_�U�r�t�?� )��i�y�#�_�X�Y�t�)  ¡�¬q£0���_�?�0�x�r�F���@���y�r�t�y� S �F�E�6�q�_���#�������r�y���<���F���r���X�6�F�r���F� )N�I���x�y���I�I�_�t����Y�����y�P�I�Y�r�t�?���w�#�^���?�����r���Y�t�yª«���r� S �P�#�X���_�r���q�r���_�F�l�6�F�r���F�F¤X­,���I�_�q�4�x�r��)'�Y�t�?�I§��_�?�t�<�@���y�r�t�t� S �F�K�6�q�r���N�����Y�_�H�?��t�x�_�I�_�F���r�t���g�?�#�_�y�x�'¦w���H��� S �<�r�^§����y�P�m�q�x�?�_�r�@���N���Y���Y�E�~�F���?�H�4�����q�r�t�?���w§Nª~���r�t���«�Y�?�x�r�F�x�Y�r�F�i�Y�������6���#���Y��Y�E�����#�?�)�4���E�\�r�t�?�E�I¤�¥��

(w0,h
p )p=1,...,Nh

�Y�E�
(w1,h

i )i=1,...,Eh

�r�����0�F�q�r� S �I�tªR�#�F���Y�_�w�����B���#���?�
�Y�E�����#�?�w§��x������)�r���w�4�?�t�y�U�"�t���H�y�t���F�?���q�x�@§��t���U�_�y�x���"�#�I�����B�q�o�Y�k���)���#���Y�'�?���g�F�#�x�)�4�����\�_�y�x���F¦

w0,H
n =

Nh

∑

p=1

αpnw
0,h
p , ∀n ∈ {1, . . .NH}, ®b¯ ¤t¬F�x°

w1,H
e =

Eh

∑

i=1

βiew
1,h
i , ∀e ∈ {1, . . . , EH}. ®4¯ ¤t¬I§E°

±�ªR�q�x�����r�_���\�_�y�x��)N�r���w�x�_�x�#�y�F�o�_�,�Y�2�����B���#���?���4�����q�r�t�?���"§0�I�t�?���<�_�H�r�����r���?�I�w�Y�������B�F���?�)�4�����q�r�t�?���F¦

∀p ∈ {1, . . . , Nh}, grad(w0,h
p ) =

Eh

∑

i=1

Gh
ipw

1,h
i , ®4¯ ¤²¢?°

�"���F�r�
Gh

�P�w�_�����F���?�q³����#�#�6�t���q�P�#�I�E�q�X�X�U�_�r�y���?���_�����#�t�?�k�Y���{���U�_���k�Y�t�yªl�x�r�r�#�q�P�U�_�F���"�v�_�m�r���X�t���y�r�P�Y���6�����'¤
­,���B�x�r�t�I�o�_�Y�r�t�?���Y�
�_���B�F���?�F�"�F�Y�g§E���?�r§��v�_�_�?�r�t�yª��k���x�r�I�'¤
´�µ2¶k·a¸K¹jºj»j¼²½²¾�¸K¿UÀkÁjÂ
ÃN¸�Â �9¶\Ä"¹F·u¸�Â2Å
¸�Áj¿jº�Â2¿j¸K¼PÆ �'Ç Àk¿j¾�Ä"½²¸�¿�¸�Â
Â Ç ½²¸�Á Ç ¸�Â � À_·aÈj¾�Ä�À_·u½²ÉIºj¸�Â �FÊ ¶\½²Ë � �\Ì� [Í
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¥%�~  ���j£ )��"�I�y���F�y���x�I�,�Y�����#�k���?§0�I�_�E���F�#���I�F�6�_���I�t�,���6�N�Y�_���I���4�r�x� �_���i�X�Y�r�_�v�
GH

�y� S �x� S �F�H�t�X�r���)�_�I�P�U�r�t�?�
¦

∀n ∈ {1, . . . , NH}, grad(w0,H
n ) =

EH

∑

e=1

GH
enw

1,H
e , ®4¯ ¤ �x°

�"���P�k�����k�U�_�F�K�_���U���r���	�?�k�?�#�t�I�o�k�K�Y���r���	�q�o�Y�k���,���#���?���4���E�\�r�t�?�E���<�������Y�P����§0�I�t�?���B�r�B�_���	�r���x�q�"�Y�
�I�x�?�_�r�,�F�#�x�
�4�����q�r�t�?���F¤�­,���X�6�Y�r�_�v�

GH �P���Y�{�F�#�x�q³����#�#�6�y�E�q�P�#�I���I���X�U�_�r�y���?�w�t�m�r�������_�r���q�r���_�F�m�F�?�r�?¤��"�F�t�Y�r�t�?� ®4¯ ¤ �x°�#�N�F�,���Y���?�E�Y�k�Y�o�r�F���r���B�����I�x�qª��?�2�_�����Y�t�?�F§��_�?�t�i�@���y�r�t�t� S �F�'�6�q�_���#��§��#���v���t�F�x�����r�6�_�I�t� S �Y�o�����r�k�U�r�F�?�t�F�F¤ �U�_���I�_�t��� ¯"! �E�U�r�t�?�E� ®4¯ ¤t¬�°�) ®4¯ ¤ ¢x°,�Y��� ®4¯ ¤ �o°�)����w�?§#�k�Y�t�R�_���B�X�U�r�_�y�R�r�F�t�Y�r�t�?�'¦
Ghα = βGH . ®4¯ ¤ ¡o°

­,�����X�Y�r�_�v�
α
�P�i�I�?�����r�_���\�_�F�g�4�x�y�t�U�"�y���6�4�?���t�����_�Y�E�q�B�_�����6�q�_���#���	���q�������^�y�D  #�¬\£ )E�"���P�k�«���r� S �P�#�F�i�6�b�Y�6�t�yª�Y���q�o�Y�k�������N���Y���4�����q�r�t�?��� )#�X�%$N�t���@���^�H���Y�r�r�y�r�t�?���Y�
�����v��ª�)#�"���x�r�w�������E�x���k���_�U�_�t���4ª��Y�����r�x���_�t�Y�r�	�I�?�����v�_�y�x���I¤

&w���U�"�t�����r���X�t�q�[�r³u���?���m���P�#�X�?� ®b¯ ¤ ¡o°�)2���X�,�Y�o�w�r�«�k���N�o��� GH
�x�B�Y�m�F�#�x�q³����#�#�H�y���I�t���I���I�X�6�Y�r�_�v���Y�"�

�#�t�?�k�Y��� SH
)��Y�������)�"�t�y�9�x� S �)�I�?���#�y�r�t�?�E���x���_���B�q�x�?�_�r�i�x�_�?��� SH

)#�"���P�k�g�I���r���_�i�_���w�q�#�t���r�F���q�)�Y���@�X�Y�r�_�v�
β
�_�U�_�t���4ªN�y��� ®4¯ ¤ ¡N°\¤('«�x�r�F� S �I� )j�r���	���_�N�Y�9�Y�9�_���i���r�x�E�o���y�r�t�?�X�t���#�P�I�Y�r�F�����U� �r�H�k���N�x�r�"�r���	�#�F�?�_�I�F���Y�9�4�_�I���#�?�

�"���P�k���F���Y§��y���,���,�r�X�#�I�����w�_�����q�o�Y�k���)�F�#�x�)�4�����\�_�y�x���F¤K¥��i�Y�P���H���I�t���"�E���r���q�x�����r�_���\�
β
¤

�*),+ -/.10�210�34.65726598;:�0�210�<>=?<@5A0B.��
0�C9<ED9FG.IH9J4<>=

K'�I�
(Ln)n=1,...,NH

§E���r�q�k�,�Y�2�t���#�P�q���"�t� {1, . . . , Nh} �r���k���r���Y�F¦
NH

⋃

n=1

Ln = {1, . . . , Nh}. ®4¯ ¤L#?°
­,���6�X�U�_�r�y�

α
�#���r�I�r�t§0�F�)�r���6�I�x�?�_�r�<���N���Y�K§��x���P�4M2���X�x�r�r���6�H�r���Y���v�B�P�B���?�w§0�I�F�����r� S �t�?�E���tª~�q�x�H���#�r����Y�E�R�y�����?���_���w�4�?�t�t�U�"�y���6���_�?�0�I�r�r�t�F�F¦

• �r�����I�x�Y�k�r�i���#���?���4�����\�_�y�x���"�X�%$x�w���«�<�E�Y�r�r�y�r�t�?�g�Y�������y��ª )��"���P�k�^�I�Y�g§0���Y�t�?�I§��_�?�t�F�Y�t�yªX���_�U�_�F�^�?�F¦

∀p ∈ {1, . . . , Nh},
NH

∑

n=1

αpn = 1, ®4¯ ¤ �x°

• �y���?�k�#�F�<�_���r�����_�r�P�\�6�_���l�r�����0�?�r���Y�w�F�?�k���q�o�Y�k���g§��x���P�H�4�����q�r�t�?�
w0,H

n

)��_���«�y�E�#�t�I�F�X�?�	�_���«���x�#³N�F�I�_�
�q�?�6�0�?���F�o�_�,�Y�

w0,H
n

�Y�_�w�y���I�y�E�#�F�g�t���_�����r�q�
Ln

)�O
� � �
¦

p ∈ {1, . . . , Nh} \ Ln =⇒ αpn = 0. ®4¯ ¤QPY°
­,���)�����B���#���?���4�����\�_�y�x�

w0,h
p

�q�?�o�_�r�t§��#�_�F���r�6�_�����q�o�Y�k���	���#���Y�'�4�����\�_�y�x�
w0,H

n

�v�
p
§E�F�y�x���x���_�

Ln

¤
¨{����� S ���w�_�F�I�y���r�#�I�?�����I��³ S �Y�t���F�H�4���E�\�r�t�?� L̃ ¦
�_���i�r�q� L̃p

�P���r���	�r�q���?���I�x�Y�k�r�����N���Y���4�����\�_�y�x�X�y�����t�I�F�K�_���"���P�k�
�r�������������#���Y�?�4�����\�_�y�x�

w0,h
p

�I�?�o�r�_�t§��#�r���I¤�R��?�
�r�����������x�_�?���w�y�6R��t�?���_� ¯ ¤t¬ ® �x°�)������r�q� L1 = {1, 2, 3, 4, 5, 6, 7} )
L2 = {5, 6, 8, 9, 13, 14} �?��� L3 = {7, 8, 10, 11, 12} ¤�S	���w�?§��_�Y�t��� )N�4�?�"�t�����_�Y�E�q� )��r�����r�q� L̃7 = {1, 3} ¤¨{�@�#�q�E���������X�b�Y�6�t�y�t�F�i�Y���r�q�k���Y�K�E�����F���?���4�����\�_�y�x�~�y�E�#�t�I�F�F¤"¨��<�"�y�t���#�I���?�r�@���#�t�r���\�r���g�����<�F�#�x�

i
§Nª

pqh �"���I�_�
p
�Y���

q
�Y�_�H�_�F�r�0�F�\�_� S �I�tª«�r���R���k�Y�r�r�t���«�Y���{�F���#�t���«���#�#�F���Y���r���X���#�?� i ¤UT �r�t�H�t�P�Y�B���?�_�U�_�y�x�m�t�

���r�F���4�?���6�#�t�_�F�\�_�F�g�q�o�Y�k���)�F�#�x�
e = mnH ¤­,���B�r�q�

Cn

�P���r�������I���Y�2�t���#�P�q���"�Y�2�����B���#�?���,�"���t�k�^��� S �)�?���I�N�r�_�I�6�v��ªR�y� Ln

¦
Cn =

{
i ∈ {1, . . . , Eh} : i = pqh, p ∈ Ln

�?�
q ∈ Ln

}
. ®4¯ ¤ Vx°

­,���	�����)�F�#�x�i�4�����\�_�y�x�
w1,h

i

�q�x�o�r�_�y§����r�F���_�@�_���	�x�_�x�#�t�I�o���?�
�r���)�I�x�Y�k�r�i���#���?�E�4�����\�_�y�x�
w0,H

n

�v�
i
§E�F�y�x���x�

�r�
Cn

¤K¥%�����I�F��)#�4�?�,�_�����#�t�r���\�r���������B�F���?�
i = pqh ) Gh

ir

�P�"� ! �E�Y���r� −1
�v�
r = p

�Y�E�
+1

�v�
r = q

¤('«�x�r�F� S �I� )�y�
p
�?���

q
�Y�_�	���Y���t�

Ln

)#�r�����q�?�6�0�?���F�o�_�
αpn

�Y�E�
αqn

S �Y���P�r�g�x�I�q�x�_���y���<�r� ®b¯ ¤QPY°WM��r���F�r�I�4�?�_�?¦
i ∈ {1, . . . , Eh} \ Cn =⇒ (Ghα•n)i = 0, ®4¯ ¤ Xx°
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�"���F�r�
α•n

�#�F���Y�_�F���_���
n
³a�_�X�q�?�t���6�H�Y�

α
¤K­,���"�_�F�I�y���_�#�I�?�N�r�q�r³ S �?�y�������4�����\�_�y�x� C̃ �P�����E�k�@�_���U�

C̃i

�P���r�������I���Y�
�q�o�Y�k�������#���Y�o�4���E�\�r�t�?�H�t���#�P�q�F���_�	�"���x�r���x�_�x�#�y�F�o�
�r�����E���,�F�#�x���4���E�\�r�t�?�

w1,h
i

�q�x�x�_�r�t§��#�_�F�F¤GS	� R��y�x���r� ¯ ¤t¬ ® §E°�)�r���w�����B�F���?�F�"�?�r�)�N���@§0�I�_�F��)����I�
C3

�P�"���t�?���y�t�?�o�r�����?�������B�I�?�^���Y�_� )N�4�?�"�t�����_�?���q��)N�r�����r�q�
C̃8 = {1, 3} ¤K'�I�

e = mnH §0���Y�g�F�#�x�w�Y���r�����I�x�Y�k�r�i�?�k�Y��� SH
M����B�#�q�����?¦

Ie = Cn ∩ Cm. ®b¯ ¤t¬ �x°
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� ��� ,%6�� 1B3B�C.D!	¨{�@�t�N��$��Y�	�Y�t�'�_���@�?�r���F��� ! ���Y�r�t�?��� ) O
	��
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e∈Ĩi
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­,���P�R�I�?���P��§E�{�r�Y�r�P���E�F� �4�?�g�Y�t�	�I�?�����t�F�
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¤�¨{�i�k���N�x�r��� S �F���_�q�
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∑
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�?�
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