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INTRODUCTION

Contexte et motivations

Nous nous sommes intéressés dans cette these a certaines propérades et leur éven-
tuelle koszulité ou koszulité a homotopie pres. Les propérades sont des objets algébriques
permettant d’encoder des structures algébriques de type bigebres, la ou les opérades ne
permettent que d’encoder des algebres. Le principal exemple de propérade est la propé-
rade B encodant les bigebres associatives. Ces dernieres étant la structures de base des
algebres de Hopf, leur étude est naturellement importante. Cette propérade est notam-
ment étudiée par M. Markl dans [Mar06], mais aussi par S. Merkulov et B. Vallette dans

[MV09], ces derniers ayant montré qu’elle était Koszul & homotopie pres.

D’autres exemples de propérades peuvent étre cités, comme la propérade BiLlie en-
codant les bigebres de Lie, dont la koszulité a été montrée par B. Vallette dans [Val07,
Corollaire 8.5], la propérade B encodant les bigebres associatives infinitésimales, dont
la koszulité a également été montrée par B. Vallette dans [Val07, Corollaire 8.5], ou en-
core la propérade DPois encodant les bigebres doubles Poissons, dont la koszulité a été
montrée par J. Leray dans [Ler20, Théoréeme 5.11], utilisant la koszulité de la propérade
DLie encodant les bigebres double Lie. Pour les deux premiers exemples, des équiva-
lents diopéradiques existent, dont la koszulité a été démontré par W.L. Gan dans [Gan02,
Corollaire+ 5.10].

Dans ce manuscrit, nous utiliserons la notation par graphes pour présenter des propé-

rades. Par exemple pour les bigebres associatives, nous définirons ’espace des générateurs

E::Y@)\,
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ainsi que espace des relations dans la propérade libre sur F, notée F(FE), défini par

(Ve A (X 09

Enfin, nous définissons la propérade B par le quotient F(E)/(R), ou (R) désigne I'idéal
engendré par R. La koszulité d'une propérade, comme définie par B. Vallette dans [Val07],
peut étre vue comme la concentration de I’homologie de la construction bar de cette pro-
pérade en un certain sous-espace. Dans ce manuscrit, nous nous concentrerons sur une
définition équivalente de la koszulité comme acyclicité d’un complexe. Nous démontrerons
la koszulité ou la non koszulité de certaines propérades. Dans le premier cas, nous utilise-
rons une condition suffisante donnée par B. Vallette dans [Val07, Proposition 8.4]. Dans
le second cas, nous utiliserons la définition équivalente de koszulité pour en déduire des
conditions nécessaires de koszulité a mettre en défaut.

Le premier objectif de cette these était d’étudier les rack bigebres, une structure per-
mettant de généraliser les algebres de Hopf au méme titre que les racks généralisent les
groupes et que les algebres de Leibniz généralisent les algebres de Lie. Les racks bigebres
sont notamment étudiées par C. Alexandre, M. Bordemann, S. Riviere et F. Wagemann
dans [Ale+18b] et [Ale+18a]. Le but était d’étudier les propriétés de la propérade enco-
dant cette structure afin d’éventuellement en déduire un modele minimal, pour enfin en
déduire la cohomologie des rack bigebres.

Le second objectif était d’étudier une certaine famille de propérades afin de déduire
si, dans un cas restreint, nous avions des relations entre confluence et koszulité. En effet,
dans un cadre plus restreint comme celui des opérades, la confluence d’un systeme induit
par la présentation d'une opérade implique sa koszulité grace a une structure appelée
opérade shuffle, que V. Dotsenko et A. Khoroshkin ont défini dans [DK10], inspirés par
le critere PBW de la koszulité démontré par E. Hoffbeck dans [Hof08]. Cependant, dans
le cadre des propérades, nous n’avons pas de structure similaire aidant a prouver que la
confluence d’'un systeme impliquerait la koszulité d’une propérade. C’est pourquoi nous
voulions étudier dans un premier temps une famille de propérades, contenant plusieurs
propérades connues comme étant Koszul, afin de déterminer lesquelles étaient Koszul ou
non.

Les deux premiers chapitres servant a rappeler les bases respectivement de la théorie

des représentations et des propérades, les deux suivants contiennent le travail fait sur ces
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deux objectifs. Dans les deux premiers chapitres, nous pouvons aussi trouver quelques
résultats intermédiaires qui servent pour les deux suivants, mais qui avaient plutot leurs

places dans ces chapitres.

Résultats du troisieme chapitre

Les rack bigebres étant assez proches des bigebres associatives dans leurs générateurs
et relations, il était assez naturel de regarder ce qui avait déja été fait par le passé sur
la propérade B afin de s’en inspirer. Nous souhaitions aussi dans un premier temps ne
regarder que la propérade des rack bigebres non unitaires non counitaires, en effet cela
simplifiait grandement 1’étude des ces structures, et il est plutot commun d’ignorer, au
moins dans un premier temps, les unités et counités d’une structure lorsque 1’on I’étudie
via des opérades ou propérades. La propérade RackBB encodant les rack bigebres (non

counitaires non unitaires) est encore une fois définie par les générateurs

E::Y@)\,

avec les relations données par

e (A Ao | -0 Y - )

Les trois conditions a vérifier pour qu'une propérade P = F(FE)/(R) soit Koszul & homo-
topie pres sont :

(i) la propérade quadratique Py associée a P est Koszul,

(ii) les S-bimodules P et P, sont isomorphes,

(iii) il existe une graduation supplémentaire sur P = @, P, telle que P, est de dimen-

sion finie pour tout .

Le but était donc de s’inspirer de la démonstration de S. Merkulov et B. Vallette
de koszulité a homotopie pres de B dans [MV09]. Ainsi nous devions étudier dans un

premier temps la propérade quadratique associée a RackB, notée RackB, et donnée par
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les générateurs E et les relations

e (A - A e e

Grace a un calcul de la propérade libre sur E donné en fin de Chapitre 2 et le critere
de koszulité donné dans [Val07, Proposition 8.4], on démontre le théoréme suivant (cf
Théoreme 3.2).

Théoréme A. La propérade RackB, est Koszul.

La deuxieme étape était donc de montrer que les S-bimodules RackB et RackBs
étaient isomorphes entre eux. Pour cela, 'idée était de s’inspirer de la démonstration
faite dans le cas de B par B. Enriquez et P. Etingof dans [EE05, Proposition 6.2]. Nous
voulions d’abord adapter cette démonstration dans le cas d'une propérade intermédiaire,
en ajoutant dans un premier temps seulement la relation de bigebres, c¢’est a dire pour la

propérade RackB; donnée par les générateurs E et les relations

RPN S~

La démonstration de B. Enriquez et P. Etingof s’adaptant bien a ce cas, et la propérade
RackB; étant graduée par le nombre de chemins, cela a donné le résultat suivant (cf
Théoreme 3.6).

Théoréme B. La propérade RackB; est Koszul a homotopie pres.

Néanmoins, la propérade RackB présente un double probleme dans sa derniere rela-

tion. Le premier étant que dans la propérade RackBs,, les opérations formelles

N Y

sont toutes deux nulles, mais dans la propérade RackB elles sont simplement identifiées.
Ainsi le morphisme qui semble naturel a considérer, et qui est considéré dans les cas

de B et RackB;, ne peut pas étre bijectif. De plus, la derniére condition pour qu’une
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propérade soit Koszul a homotopie pres ne peut pas étre vérifiée aussi facilement que
pour B et RackB; car la derniere relation ne conserve pas le nombre de chemins. Ces
deux difficultés posent la question de la koszulité & homotopie pres de RackB, et méme

de l'existence d’un modele minimal pour cette propérade.

Résultats du quatrieme chapitre

Dans ce dernier chapitre, nous nous intéressons a une famille de propérades a para-
metres. Le but était de déterminer si la confluence d’un systéme induit par ces propérades
(en poids 3) était équivalente a leur koszulité. La famille est donnée par quatre parametres

a = (ay,as,as,a4) € C, espace des générateurs

SR GPN
et I'idéal des relations R, donné par
A NN

Nafy) LA odsd b

ou on note (), la derniere relation. On pose alors P, = F(F)/R,. Nous disons ici que P,
induit un systéme confluent si le systéme de réécriture donné par F®)(E) et les régles de

réécriture induites par
N A

et X _HLIN +a2m +G3<H +a4R>.
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est confluent.

Les mondmes critiques de ce systeme sont donnés par les graphes

mais on sait déja que les deux premiers ne nous poseront pas de probléme car ils sont
indépendants de a et leur confluence est connue. Le dernier étant le symétrique horizontal
du troisieme, nous pouvons déterminer les relations que doit vérifier a pour que le dernier
nous donne confluence on fonction de celles données par le troisieme. Nous nous intéres-

serons donc seulement au troisieme. Par exemple, pour les parametres a = 0, nous avons

X
N/

ainsi, nous dirons dans ce cas que P, induit un systéme confluent. Comme contre-exemple,

le systeme de réécriture

pour le parametre a = (2,0,0,0), nous avons le systéme de réécriture

X Y
)¢
W

donc dans ce cas, nous dirons que P, induit un systeme non-confluent. Une fois trouvées les

conditions sur a sous lesquelles P, induit un systéeme confluent, le but était de déterminer
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si ces propérades étaient Koszul, et si les autres ne 1’étaient pas.

Comme étape intermédiaire, nous avons défini le morphisme ¢, : AKC — P,
donné par I'inclusion des propérades A et C dans P,, encodant respectivement les algebres
associatives et les cogebres coassociatives, suivi du produit de composition dans P,. En
effet, d’apres [Val07, Proposition 8.4], si ce morphisme est un isomorphisme en poids 3,

alors P, est Koszul. Nous avons donc énoncé la conjecture suivante (cf Conjecture 4.2).

Conjecture C. Soit a € C*, les assertions suivantes sont équivalentes :

(i) La propérade P, induit un systéme confluent.

(i) Le morphisme @, est une bijection en poids 3.
(iii) La propérade P, est Koszul.

C’est ici qu’intervient le code SageMath qui accompagnera la plupart des résultats a
suivre (voir [Néd] et Appendice A). Ce code a pour but de générer une propérade libre sur
un nombre fini de générateurs, comme par exemple F, en générant poids par poids toute
les manieres d’ajouter un générateur aux éléments déja générés. Une fois cette propérade
libre générée, nous pouvons ensuite générer une famille génératrice d’'un idéal dans cette
propérade libre, et ainsi déterminer sa dimension, et donc la dimension de n’importe quelle

propérade définie par générateurs et relations en un poids et biarité donnés. Grace a ce

code, nous avons pu déterminer le théoréme suivant (cf Théoreéme 4.10).

Théoréme D. Soit a € C*, les assertions suivantes sont équivalentes :
(1) P, induit un systéme confluent.

(i1) o est un isomorphisme de S-bimodules en poids 3.

De plus, en étudiant les propérades qui induisent un systéme confluent a isomorphisme
pres, nous pouvons remarquer qu’il y en a seulement trois : eB étudiée par B. Vallette
dans [Val07], la propérade %B étudiée par M. Markl et A. A. Voronov dans [MV10], et

une derniere propérade donnée par

X

Pour étudier la conjecture, il suffit alors d’étudier les propérades qui induisent un systeme

non-confluent et de déterminer s’il en existe une qui soit de Koszul ou non. Dans ce but,
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nous avons étudié le complexe de Koszul P, X P} afin d’étudier si la non confluence du
systeme induit par P, suffisait a prouver que ce complexe n’était pas acyclique.

M. Bremner, S. Madariaga et L. Peresi ont introduit dans [BMP16] une méthode
"diviser pour mieux régner" afin d’étudier des représentations de groupes symétriques
définies par des relations en étudiant chacune de leurs composantes isotypiques. Cette
méthode a été illustrée par M. Bremner et V. Dotsenko dans [BD17] pour déterminer
quelles étaient les opérades d’une famille a parametres régulieres. Nous avons donc étendu
cette méthode aux représentations de produits de groupes symétriques afin de 'utiliser
dans la famille de propérades a parametres que nous étudiions. Le code SageMath a donc
été étendu afin de pouvoir étudier des propérades cette fois comme représentations de
groupes symétriques, et de pouvoir calculer des bases de Grobner d’idéaux déterminantaux

de matrices. On peut résumer la méthode utilisée en la suite d’implications suivante.

P, est Koszul = P X P! est acyclique = (P K PI)H (2, 4) est acyclique
= pour tout (A, u) F (2,4), la composante isotypique
[(PRPHH(2,4)]x,, est acyclique
= pour tout (A, p) F (2,4), la caractéristique d'Euler de
(2

[(PRPLD(2,4)](x, est nulle.

Malheureusement, cette suite d’implications semble trop forte pour prouver la conjec-
ture. Nous avons tout de méme pu énoncer des théorémes partiels comme le suivant (cf
Théoreme 4.14).

Théoréme E. Pour a = (a1,0,as,0), les assertions suivantes sont équivalentes :
(i) La propérade P, est Koszul.

(ii) La relation (), est donnée par l'une des formules suivantes, d isomorphisme prés :

XX

Afin de potentiellement pouvoir montrer toute la conjecture, plusieurs pistes ont com-

mencées a étre explorées, comme regarder le complexe de Koszul en d’autres biarités,
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regarder plus en détails les matrices qui donnent les multiplicités du complexe pour dé-
terminer leur rang de maniere plus précise, ou encore chercher directement un cycle dans
le complexe qui ne serait pas un bord, notamment a partir de la non confluence. Mais

pour le moment, aucune de ces directions n’ont abouti.
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Conventions

Vector spaces. In this manuscript, every vector space will be over C. Every result is
also true in any algebraically closed field of characteristic zero. For V and W two vector
spaces, if a C-algebra R acts on V' on the right and on W on the left, we denote by V &z W
the tensor product of V and W over R. We denote by V ® W the tensor product of V'
and W over C.

Symmetric groups. We denote by S,, the symmetric group over the set {1,...,n}
and by [0(1),...,0(n)] any permutation ¢ € S,, or by cycles with parentheses. For
example, in Sy, we have [2,3,1,4] = (1,2, 3), or (123) if there is no ambiguity.

Groups. All groups considered will be written multiplicatively. For G a group, we
denote by G°P the opposite group defined by the set G and the product a x b := ba for
a,beq.

Tuples. For (iy,...,i,) an n-tuple of natural numbers, we will often denote by 7 :=
(11, ..,1,). We denote by ’5‘ =01+ F .

Partitions. For an integer n € N, we denote by A - n any partition of n, that is any

non increasing tuple i = (iy,...,i;) such that M = n, up to adding or removing zeros.
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CHAPTER 1

REPRESENTATION THEORY OF
PRODUCTS OF SYMMETRIC GROUPS

A properad being, in particular, an S-bimodule, it is natural to consider it as a collec-
tion of representations of products of symmetric groups. In this chapter we will remind a
few properties and theorems that can be used to study properads as representations. The
advantage of this tool is to divide a big problem into smaller problems on every isotypic
components, see [BD17, Section 5]. We have to introduce some notations and definitions
to extend the case of S-modules to the case of S-bimodules, see Chapter 2 for more details
on S-bimodules.

First we give some definitions and notations around representations, and present the
isotypic decomposition of the regular representation of the symmetric group S,,. Then we
present the two main tools we will use, Pieri’s formula and representation matrices. The
first one is a consequence of the Littlewood—-Richardson rule, which gives a way to merge
two irreducible representations of 5, and 5,, into a representation of S, ,,, giving its
decomposition into isotypic components. The second one allows us to divide a question
of dimensions into smaller questions of multiplicities. More details and definitions about

representations of symmetric groups can be found in [FH13] and [Sag91].

1.1 Definitions and notations

Here we remind the basic definitions and notations we will use around representations.

First of all, let us remind the definition of a representation.

Definition 1.1. Let G be a group, a (left) representation of G is a vector space V with
a homomorphism G — GL(V'). We also say that V is a (left) G-module.

A right representation of G is a vector space W with a homomorphism G°° — GL(W).
We also say that W is a right G-module.
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Chapter 1 — Representation theory of products of symmetric groups

For V' a left G-module, we denote by V°P the corresponding right G°?-module. For W
a right G-module, we denote by W°P the corresponding left G°P-module. This gives an

equivalence between the categories of right and left G-modules.

Notation 1.2. (i) For every group G, we denote by C[G]| the regular representation
of G. As a vector space, C[G] has the elements of G as a basis and the left (resp.
right) action of G on the basis is given by multiplication on the left (resp. right).

(ii) For H a subgroup of G and a left (resp. right) representation V' of G, we have the
structure of a left (resp. right) H-module on V. We denote this representation by
@1V (resp. V |%) and call it the restricted representation of V on H.

(iii) Moreover, for a left (resp. right) representation W of H, we have the structure of
a left (resp. right) representation of G on C[G] |% @gW (resp. W @5 & | C[G]).
We call this representation the induced representation of W on G and denote it by

G W (resp. W 15).

(iv) For n,m € N and two left (resp. right) representations V' and W respectively of S,
and S,,, we denote by V L W (resp. V L. W) the left (resp. right) representation
of Spym given by VL W = iz;gm (VW) (resp. VU, W:= (VW) ng;@m).

(v) For a left S,,-module V and a right S,-module W, we denote by V X W the
representation of 5, x 5P given by the vector space V @ W with the left action
by 5,, on V' and the right action by S,, on W.

1.2 Young diagrams and isotypic decomposition of

the symmetric group

Young diagrams and tableaux are a powerful tool to study representations of symmet-
ric groups. Such diagrams correspond to irreducible representations of the corresponding
symmetric group, and tableaux give the dimensions of these irreducible representations,
and their multiplicities in the regular representation. Let us first remind the definitions of
these tools. See for example [FH13, Lecture 4] or [Sag91, Chapter 2] for more informations

on Young diagrams and tableaux.

To any partition A - n, we associate a Young diagram. For example, for the partition
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1.2. Young diagrams and isotypic decomposition of the symmetric group

A=(4,2,2,1) F 9, the Young diagram associated to A is

From now on, we will often denote a partition by its Young diagram. For any partition
A, we denote by ) its conjugate partition, that is the partition obtained by taking the
diagonal symmetry of the Young diagram. More precisely, for a partition A - n, we have
A, = Card{j | A\; > i}, and we get X' I n. For the partition above, we get X' = (4,3,1,1)
and the Young diagram

Let A F n and g = m. We write A < p if n < m and the Young diagram of A is
included in that of u. In other words, A < p if and only if we can add boxes to the Young
diagram of X\ to get the Young diagram of .

Definition 1.3. A tableau is a Young diagram of a partition A F n with the boxes
numbered from 1 to n. We say that a tableau in standard if every row is increasing from

left to right and every column is increasing from top to bottom.

Example 1.4. For A = (2,1, 1) - 4, the standard tableaux of shape \ are

2]

’

3] 4]

Y

|.-l>|oo+—~

|»-J>|[\D>—t

[co[vo] =

From now on, all vector spaces are considered of finite dimension. Most of the results
below are true for any dimensions, but we will only consider finite dimensional represen-
tations in the next chapters. The following theorem may be the most important of this

chapter, Pieri’s formula and representation matrices make sense because of this result.

Theorem 1.5 ([FH13, Theorem 4.3]). To any partition A\ & n, one can construct an
irreducible representation Vy of S,,. Moreover, every irreducible representation of S, is

isomorphic to Vy for some A F n.

Examples 1.6. The irreducible representation V(,) is the trivial representation, and
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Chapter 1 — Representation theory of products of symmetric groups

Viany =: sgn,, is the signature representation. We have, for A - n,
V)\ X ‘/(171) ~ V)\/,
Corollary 1.7. Every representation V of S, can be decomposed as follows :

vV — @ V/\eavm(v)7

An

where Vy is given by Theorem 1.5 and mx(V') € N is called the multiplicity of Vy in V.
We denote by [V], := V/\@mk(v) the isotypic component of V' along .

The following result is also very important when one wants to study the structure
of a representation comparing it to the regular representation. For example, one can ask
for an operad if it is regular, in the sense that in every arity it is given by the regular

representation. This question is solved for a family of operads in [BD17].

Theorem 1.8 ([BMP16, Part 1]). The isotypic decomposition into irreducibles of the

reqular representation C[S,] is given by

C[Sn] — @VA@dA
An
where Vy is given by Theorem 1.5 and dy = dim(Vy). The multiplicity dy is also the
number of standard tableaux of shape X.
Example 1.9. For n = 3, we have the partitions \; = (1,1,1), Ay = (2,1) and A3 = (3).
We have the standard tableaux

3, bt D and [I213)
Bl el

Thus the decomposition of C[S3] is given by

ClS;3] =V, @ VEZ B V),

1.3 Pieri’s rules

In this section we remind general results on representations. Note that we can state

these results for left or right modules, but in this section we consider only left modules.
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1.3. Pieri’s rules

Let V and W be respectively representations of 5, and S,,. The following rule is very
useful if one wants to understand the representation structure of V L W. If we know
the isotypic decompositions of V' and W, the Littlewood—Richardson numbers give us the

decomposition of V' Ll W. The proof of this rule can be found in [Sag91, Theorem 4.9.4].

Definition 1.10 (See [FH13, Appendix A] and [Sag91, Theorem 4.9.4]). Let A F n,
p= (f1, 2, - - ., ) = mand v = m+n be three partitions. We call Littlewood—-Richardson
tableau of type (A, u; ) any Young diagram of shape A, completed into a Young diagram
of shape v by boxes filled by p; 1s, ps 2s, ..., u ks such that each row is non decreasing
and each column is strictly increasing, and such that if one takes the sequence formed by
these numbers listed from right to left starting from the first row to the last one, one has

at any point more ps than p+ 1sfor 1 <p <k — 1.

Theorem 1.11 (Littlewood—Richardson’s rule). For n,m € N, A b n and u = m, we
have
BV, = @ v
vkEn+m

where the N}, are the Littlewood-Richardson numbers, which are the number of Littlewood—

Richardson tableauz of type (A, pu;v).

Example 1.12. Littlewood—Richardson’s rule allows us for example to compute
Viey Ui Vigny = Viu) @ Vi @ Visz) @ ‘/(?2271) G Vi) © Vige2) @ Vige1)-

In fact, the corresponding Littlewood—Richardson tableaux are

[1]

[ 1 [0

9 | y 1121 2 ) 1 71
= dJ B g

—

, 1] and

L]
2]

Consequences of the Littlewood—Richardson rule are Pieri’s rule and its dual form.

Theorem 1.13 (Pieri’s rules). Forn,m € N and A F n, we have

UiV = @ Vi
pFn+m
u>CN

the sum over the partitions p = n + m which can be obtained from \ by adding bozes to
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Chapter 1 — Representation theory of products of symmetric groups

its Young diagram, maximum one by column. We also have

Vil Vamy = @ Vi

pEn+m
>t

the sum over the partitions v = n + m which can be obtained from X\ by adding bozes to

its Young diagram, maximum one by row.

From these rules one can deduce two corollaries, the first one allows us to compute

the isotypic decomposition of any 5,-module as an 5,,,1-module.

Corollary 1.14. Forn € N, A\Fn and pFn+ 1, we have

. L difu>A
mu (e (V) =

0 else.

Proof. Pieri’s rule gives us

SV =t (M eC) =V Ve = @V,

ukFn41
u>cA

the sum over partitions p = n 4 1 which can be obtained from A by adding one box, that
is > A
m

And the second one allows us to compute any S,-module as an S,,_;-module.

Corollary 1.15. Forn € N, A\Fn and p+n — 1, we have

1 ) <\
ma@ L) =4 THE

0 else.

Proof. This result comes from Frobenius reciprocity, see [FH13, Corollary 3.20], and Corol-

lary 1.14. One consequence of Frobenius reciprocity is, for A\-n and uFn — 1,

s s 1 ifpu <A
mu(sr_ 4 (Va) =ma(sr_ 1T (Vu) =
0 else
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1.4. Representation matrices

Examples 1.16. For A given by the Young diagram

and p1, pe and pg given respectively by the diagrams

(T, - and -

we have

My (VA) 423) = 0,1, ((Va) 421) = 1 and my, ((Va) 153) = 0

1.4 Representation matrices

The properads we will study are defined by generators and relations. On the one hand
we study the free properad over some generators by straight forward calculation, either
by hand or by computer calculation. The space of relations, on the other hand, is harder
to compute, in fact we can get a generating family with the same method, but computing
the dimension leads to huge matrices that take too much time to study.

In the case of operads, in [BD17, Section 5], M. Bremner and V. Dotsenko present a
method to "divide and conquer"' the problem. The idea is to consider the space of relations
in some arity n not as a vector space but as a representation of 5,,. Thus instead of a huge
matrix corresponding to the entire space, they compute smaller representation matrices
that correspond to each isotypic component. They used an algorithm due to J. M. Clifton
in [Cli81] to compute matrices from permutations, that can be used to get multiplicities
of representations of symmetric groups.

However, as we will see in Chapter 2, our space of relations in biarity (m,n) is a

representation of 5, x 5P, thus we must adapt this method to this case.

1.4.1 Representation matrices for 5,-modules

Let n € N and d) be the dimension of the irreducible representation V), for every A\ - n.

We have an isomorphism of algebras

T2 C[Sn] - @MdA(C)7

AFn
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Chapter 1 — Representation theory of products of symmetric groups

where M,,,(C) is the space of matrices of dimension m x m over C, with module structure
induced by ¢. See for example [BMP16, Part 1] for the construction of this morphism.
For every A = n, we denote by P, the composition of ¢ with the projection on M, (C),
we have that Py is an isomorphism from V,*® to My, (C).

Let P be an operad given by generators E and relations R : P = F(E)/(R). Suppose,
for given n,q € N, that F(F)(n) is ¢ copies of the regular representation, that is

F(E)(n) = C[S.]*" = V™,

AFn
and that R(n) is generated, as an S,-module, by a finite number of elements in F(E)(n),

say Ti,...,Tp.

Example 1.17. This case corresponds, for example, to the case where F(E)(n) is given

by ¢ different trees, and R has p consequences in arity n. For example when

we get F(E)(4) = C[S4]*°, and if R is generated by

R(4) is generated, as an S4-module, by 5 elements.

The goal here is to compute the multiplicity my(R(n)) of V) in R(n) for any A F n.
We will prove the following.

Proposition 1.18. Let R(n) be the S,-module generated by x1,...,x, in C[S,]%, and

for every 1 < i < p, z; = (:L’El), . x(q)) their decompositions along C[S,]®1. Then we

) g

have, for every A+ n,

ma(R(n)) = rk ((PA(xz('j)))1<i<p>

1<j<q
Moreover, we call the block matrix (P)\(mz(j))) 1<i<p the representation matriz of R(n)

1<j<q
for A.

To prove this, we will need a lemma.
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1.4. Representation matrices

Lemma 1.19. Letn € N, 4;; € M, (C) = M for every 1 <i<pandl<j<gq. We

have

dlm(./\/l : (Al,la ce ,ALq) +-- 4+ M- (Ap’l, ce ,Ap’q)) =rk ((Az‘,j)1<i<p> -n,

1<j<q

where M - (A1, ..., Aig) == Span{(NA;1,...,NA;,),N € M}.

Proof. We denote by V the space
Vi=M:-: (Alyl,...,ALq)—F"'—FM : (Ap71,...,Ap7q).

Let us first remark that we have an isomorphism

MO~ M,, 1n(C)
(Al, . ,Aq) — (A1| s |Aq)

Let us fix 1 <7 < p, we have
M- (Ai,la Ce 7Ai,q) ~ Span{(NAi71| ce |NAi7q), N € M}

We now denote for 1 < j < q the rows of A;; by L1 j,..., Ly, :

Ly
A= ¢

L, ;
Thus the vector space M - (4;1,...,A4;,) is isomorphic to
NigLig+ -+ Nyplp, NigLig+ -+ Niplyy,

Span : : N eM
Nn,lLl,l + -+ Nn,nLn,l Nn,lLl,q + -+ Nn,nL

n7q
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Chapter 1 — Representation theory of products of symmetric groups

If we denote the rows of (A4;4]---|A;,) by ng‘)’ N ACK

n

Ly

(Aial--Aig) =

L)

we get

Nl,ngi) +oee Nl,nLS"Li)
M- (A, ..., Aiy) ~ Span : ,NeM
Nt L 4 - 4 N, L

Span(Lgi), o, L)

Span(Lgi), o L)

n

Finally, we have

Span(L{", ..., LY) Span(L¥, ..., L®)

V= 4+ :
Span(L{",..., L) Span(L{”,..., L¥)
Span(L{",... LY, ... L{, .. LW)

But the dimension of the space Span(Lgl), LW W LP)Y is tk <(A¢,j)1§iSp>a
1<5i<q
which concludes the proof.
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1.4. Representation matrices

Proof of Proposition 1.18. We have the following commutative diagram

Dq

R(n)—> C[S, %1 — >~ M, (C)®

|l =7

Dqdx
V)\

with p and ¢ respectively the projection and inclusion of V2 in C[S,,]®9. Then

dim(P{(R(n)) = dim(p(R(n))) = ma(R(n))d>.

The goal is now to compute dim(Py%(R(n)).
As R(n) is generated by 1, ..., 7,, PY/(R(n)) is generated by P{(z1), ..., PY%(x,).
But the action of 5,, on My, (C)®? is given by the isomorphism ¢%9. Moreover, the pro-

jection P of ¢4 on My, (C)® is surjective, and
PY(R(n)) = Ma, (C) - PY () + -+ 4+ M,y (€) - PY ().

But because P2(z;) = (Py(zM), ..., Pu(21)(2!?)), we have, by Lemma 1.19,

dim(Py*(R(n))) = rk ((PA(I?)))KK;)) - dy,

1<j<q

which proves Proposition 1.18.

As an example of application, we refer the reader to [BD17] where M. Bremner and
V. Dotsenko classified the parametrized one-relation operads that are regular using this
method. In their case, the matrix encoding all identities is 120 x 120 in the polynomial ring
Clzy, 2, v3, T4, T5, Tg|, which may seem small enough to compute, but when one wants to
compute determinental ideals and their Grobner bases, this is way too much. The method
using representation matrices turns this matrix into five matrices of sizes 5d) x 5d, with
A4, thus dy =1, 3,2, 3,1, which they managed to compute.

Moreover, this method is not only faster than computing the complete matrix, but it

also gives more information on the space of relations.
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Chapter 1 — Representation theory of products of symmetric groups

1.4.2 The case of S-bimodules

Let n,m € N. Let us denote A\ - m and u = n by (A, u) = (m,n). The regular

representation C[S,, x S°P| has the decomposition into isotypic components
dxd,
C[Sm x SP| = @ (VA V;fp)EB AGu
(A (m,n)

In fact we have the sequence of isomorphisms of modules

C[Sm x 5P| ~ C[S,,]| K C[S:P]

- (@)= (@0

AFm pukn

= @ W

(Ap)k(m;n)

_ o dxydy
= P (HRVP)Ehd,

(Ap)k(m;n)

Remark 1.20. The representations V) X VP are irreducible and give the isomorphism

classes of all irreducible representations of S,,, x S)P.

Thus let us denote, for a representation V' of 5, x 5P, by m, (V') the multiplicity of
VARVP in V and by [V]y, = (VA K V,)®mu(V) the corresponding isotypic component.

In this case we have an isomorphism of algebras

¢:CS, xSP = P My (C)® M, (C)

(Asp)F(m,n)

given by the composition

C[S, x S 5 C[S,] ® C[S,] & (@ MdA(C)> ® (@ Mdu(q:)>

AFm pukn

= @ My(€) @M, (C).

(A )k (m,n)
Moreover, for any n,m € N, we have an isomorphism
M, (C) @ My (C) 22 My (€)
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1.4. Representation matrices

given by the composition

M,(C) ® Mu(C) =(C")* ® C" @ (C™)* @ C™

which is exactly the Kronecker product of matrices.

Definition 1.21. For A € M,,(C) and B € M,,,(C), the Kronecker product A® B is the
block matrix in M,,,(C) given by

A®B=(A;B)

1<ij<n *

Property 1.22. Let n,m € N, M, A € M, (C) and N, B € M,,(C). We have
(MA)® (NB)= (M ® N)(A® B).
Proof. We have

(M ®N)(A® B) = (Mi;N),, (A4,;B),,

(),

= (4 >”-

= (MA)© (NB).

]

We will denote by Py, the projection of ¢ on Mg, (C) ® Mg, (C). This is an isomor-
phism from (Vi K VP)Bd to Mg, (C) @ Mg, (C).

As before, we consider a subspace R(m,n) of C[S,, x S2]®?. For example, R can be
the concequences of some relations in a free properad in a given biarity (see Chapter 2).
Suppose that R(m,n) is generated as an S,, x S%*-module by elements x4, ..., x, € C[S,, X
SpP]#4. Our goal now is to compute the multiplicity my ,.(R(m,n)) of VARV in R(m, n).
We will prove the following.

Proposition 1.23. Let R(m,n) be the S,, X S¢P-module generated by x1, . .., x, € C[S,, X

SoP1%1  aqnd for every 1 < i < p, x; = (x(-l), ozl ) their decompositions along C[S,, X

(2 ? Z
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Chapter 1 — Representation theory of products of symmetric groups

SoP1®4. Then we have, for every (A, u) b+ (m,n),

N>‘“
m . (R(m,n)) = rk ZA(k)QB('“) :
k=1 1<i<p
1<j<q
where
N/\“
Py (a? A @ BY € My, (C) ® My, (C
AM( 7 ) Z 1,7 S d>\< )® du( )
k=1

Moreover, we call the matriz (Zk A k) © B(k)>

for (A, ).

I<i<p the representation matriz of R(m,n)

1<j<q

Let us first prove a lemma.

Lemma 1.24. Let n,m,Ny,...,N, € N, and for 1 <i <p and 1 < k < N;, matrices
" e M, (C) and BZ-(k) € M,,(C). We have, as vector spaces,

(Ma(€) ® Mo (ZAk)®Bl zAw@Bm)

1 NP
~ Mun(C) - (Z AP oB® 3 AW o B}f“)) :

k=1 k=1

where

Ny Np
(Mn(C) ® M,,(C)) - (Z AP @ BM, .3 AW g Bé‘“’)

k=1 k=1

— Span ((%(MAY“)) ® (NBM), ..., %(MAIS’“)) ® (NBIS’“))) .M e M,(C),N ¢ Mm(@)> :
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1.4. Representation matrices

Proof.

N1 NP
(Mn(C) @ My (T)) - (Z AP eB® 3 AW e Bé’”)

k=1 k=1
N1 NP
= Span | | S (MA@ (NBW),..., 3 (MAP) @ (NBW) |, M € My(€), N € My, (C)
k=1 k=1
Ny Np
~ Span | | S (MAM) o (NBW),..., 3 (MAR) & (NBW) |, M € My(€C), N € My (C)
k=1 k=1
Ny Np
= Span [ [ S (M o M)A © BM),.... S (M o N)(AP © BP) | ,M € Mu(C), N € My, (C)
k=1 k=1
N1 NP
= Span [ [ S MA@ BM), ..., S M(AP © BP) |, M € My (C)
k=1

k=1

Ny N1
= Mun(C) - (Z AP oB®, 3 AW @BI@) .

k=1 k=1

]

Remark 1.25. Property 1.22 and Lemma 1.24 can also be proved by the fact that the

Kronecker product corresponds to the tensor product of endomorphisms.

Proof of Proposition 1.23. We have the commutative diagram

poa

R(m,n)——C[Sy x SP]¥ —="{My, (C) ® M, (C))*

ol B

(V)\ X VM)EBqd*d”
Thus dim(Py ,(R(m,n))) = my ,(R(m, n))dxd,.

Now because R(m,n) is generated as an S,, x S module by z1,...,z, and ¢ is
a morphism of algebras, Pf\?g(R(m, n)) is generated by PfZ(ml), . ,Pf?g(xp). But the
action of S,, x 5P on (Mg, (C) ® Mg, (C))®9 is given by ¢®? and the diagonal action on

C[Sm x 5], and P, , is a surjection, thus we have

p
P (R(m, n)) = Y (May(€) ® Mq, (€)) - (A} @ BYY,... AlJ ® B[Y)).

=1

By Lemma 1.24, we have
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Chapter 1 — Representation theory of products of symmetric groups

V4
k k k k
PEUR(m,n)) =Y Maa, (€) - (AN @ BE,..., A © BE)).
=1

And finally, by Lemma 1.19, the dimension of this space is

N
k|| S AR o BM | | dd,,
k=1 o
Z?]

which proves Proposition 1.23.

1.4.3 A few properties of characters

For a represention V' of G, we will denote by xy its character, that is the map

Xv - G—C
g9 — Tr(pv(9)),
where py is the structural morphism py : G — GL(V).

Properties 1.26. Let V' be a representation of G, we have, for every g, h € G,

xv(g) = xv(hgh™).
Moreover, a representation is characterized by its character.
For more properties on characters, one can see [FH13, Chapter 2.

Proposition 1.27. For an irreducible representation Vy, of S,, x 5P, we have

n ’
~ *
V)‘rljf - VA,[},

as representations, where V* denotes the dual representation of V', given by the structural
morphism p* : S, — GL(V*) defined for o € 5,, by

p(0) == plo)"

where p is the structural morphism of V and fT denotes the transposition of f.
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1.4. Representation matrices

Proof. We have Vy , = VA\KIV?P. Let us denote by py ., px and p,, the structure morphisms
respectively of V3 ,, V) and V,,. We have, for (o,7) € 5,, x S,

Pru(0,7) = pa(0) © pu(7).

Moreover, for a representation (V, py) of a symmetric group S,,, the dual representation
(V*, py+) is isomorphic to V. This is given by the fact that the character of V* evaluated
on o € G, is the character of V evaluated on o~!, which is in the same conjugacy class

as 0. Thus we have

(07 T) = X(VA&VH)*@': T)

= xvy (0)xv;(7), since Tr(A® B) = Tr(A) Tr(B)

XV

A,

= x4 (@) xv,(7)

= X, (0, 7).
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CHAPTER 2

INTRODUCTION TO PROPERADS

In this chapter we recall the main definitions and properties of properads. Properads
are a generalization of operads (see [LV12]) and allow us to encode bialgebras instead
of only algebras. In other terms we consider formal operations which take several inputs
and have several outputs. This difference leads us to a lot of issues, some properties of
operads do not hold true any longer for properads. For example we often study binary
operads arity by arity, and get finite dimensions in every arity (when we do not have artiy
0 and arity 1 elements different from the identity), but in the case of free binary properads
generated by a product p and a coproduct A, the element p o A has biarity (1,1), and
we can compose it with itself infinitely many times and get infinite dimension in every
biarity. Some other results like the fact that confluence of a rewriting system implies the
Koszul property are still open in the case of properads.

In the first section we just give the definitions we will need later about S-bimodules
and properads, most of these definitions are from [Val07]. In the second section, we study
some properties and definitions of properads, such as infinitesimal composition product
and Koszul theory for properads, again a lot of the definitions come from [Val07], but also
from [MV09]. In the third section, we give examples of properads, with the structures
they encode. In the last section we study the free binary properad on low weights, by

straightforward calculation.

2.1 Properads

In the case of operads, we first define S-modules to define operads as monoids in
the category S-mod of S-modules (see [LV12, Chapter 5]). In the case of properads, we
first define S-bimodules and define properads as monoids in the category S-bimod of S-
bimodules. There are several ways to define an associative product in this category, but

we will focus on one way : the connected composition product that leads to properads.
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Chapter 2 — Introduction to properads

2.1.1 S-bimodules and graphs

The S-bimodules are just a generalization of S-modules, because we want to encode
operations with several outputs, we also need an action of the symmetric group on the

outputs

Definition 2.1 (S-bimodules, [Val07, Section 1]). An S-bimodule P is a collection of vec-
tor spaces (P(m,n))nmen such that for every n,m € N, P(m,n) is a left S,,-module and
a right 5,-module such that these actions commute. An S-bimodule morphism between P
and @ is a collection of equivariant maps f,,, : P(m,n) — Q(m,n). These definitions

form the category of S-bimodules denoted by S-bimod.

As in the case of S-modules, we can think of elements of P(m,n) for an S-bimodule P
as formal operations with m outputs and n inputs. The actions of the symmetric groups
correspond to the permutation of outputs or inputs. We can also represent these elements
as graphs, more precisely 1-level graphs, see the definition below, with m outputs and n
inputs. We call (m,n) the biarity of such an element.

In this manuscript, a graph will denote a non-planar directed acyclic graph with a
global flow (i.e. each vertex has inputs and outputs, and each edge connects an input
to an output), from top to bottom, with a numbering of the inputs and outputs of each

vertex, and a numbering of the inputs and outputs of the graph.

Figure 2.1 — Example of a directed acyclic graph with a global flow
4 3 2

Remark 2.2. We will often, instead of numbering the inputs and outputs of each vertex,

use some visual keys to differentiate them. For example, later we will consider graphs

40



2.1. Properads

with only two inputs and one output representing a product, the input on the left will
represent the first input and the one on the right the second one. Moreover, when there

is only one input or one output, we will not label it. For example, we have

with

Definition 2.3 (Levelled graph, [Val07, Section 1]). We call a k-level graph a connected
graph for which the set of all vertices is partitioned in k levels that we index from top (1)
to bottom (k), such that every edge connects an output of a level to an input of a strictly

lower level.

Notation 2.4. (i) We denote by G the set of connected graphs, and by G,,, the
subset of G with only graphs of biarity (m,n).

(ii) We denote by G the set of k-level graphs and by Qﬁ,’f)n the set of k-level graphs
of biarity (m,n).

(iii) We denote by G the set of levelled graphs and by G/, the set of levelled graphs
of biarity (m,n).

(iv) For a k-level graph G, we denote by V;(G), for 1 < i < k, the set of vertices of G
in the ith level. For a graph G, we denote by V(G) the set of vertices of G.

(v) For a vertex v of G, we denote by In(v) the set of inputs of v and by Out(v) the

set of outputs of v.

Remark 2.5. We do not have an injection G — G, a graph in G can be levelled in

multiple ways, thus we have a choice of levelling for a given graph.

For example the following graph is a graph in 9522) with 4 internal vertices :

%
1 2
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Chapter 2 — Introduction to properads

We can see that for every m,n € N*, Span(G/, ,,) (resp. Span(Gy,»)) is an S-bimodule
concentrated in biarity (m,n). For a graph G in G}, ,, (resp. Gm.»), we denote by Bimod(G)
the sub-S-bimodule of Span(GY, ,,) (resp. Span(G,,.»)) generated by G. We will also denote
Bimod(G) by the underlying graph of G, without numbering the inputs and outputs. For

example, as vector spaces we have

12 1 2 2 1 2 1
1 2 2 1 1 2 2 1
and the actions of 55 on the left and right are by permuting the outputs and inputs.

2.1.2 Properads

In order to define properads as monoids in the category S-bimod, we need to define
a monoidal structure on this category, that is, an associative product and a unit for
this product (up to isomorphisms). Here we define the connected composition product X
(denoted by K. in [Val07, Section 1]). We first define X using graphs, and then we define
it algebraically.

Definition 2.6 (Connected composition product, [Val07, Section 1]). Let P and @ be

two S-bimodules. Their connected composition product is defined by

PRQ:= P ( &® Q(Out(v)],Mm@)) & & P(IOut(v)HIn(v)l))/%

Geg®@) \veVs(G) veVL(G)

where the relation & is generated by

2 ‘ 0(2)‘
1 3 o(1) a(3)
v ~ p’lva
1 3 p(1) p(3)
2 ‘ p(2) ‘

In order to define this product algebraically, we first need to define connected permu-
tations and block permutations (see again [Val07, Section 1]). Let o € S,, be a permu-

tation. We define the geometric representation of o as the graph defined by the vertices
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2.1. Properads

(A1,...,An, By,...,B,) and the edges ((A1, Bo(1)), - - -5 (An, Bo(n))). For example the ge-

ometric representation of the permutation [3,2,4,1] € 5, is

~J] >

N

[ ™

Definition 2.7 (Connected permutations, [Val07, Section 1]). Let N € N be an integer.
Let ¢ = (i1,...,%4) and j = (j1,...,7) be two tuples such that M = m = N. An
(1, j)-connected permutation is a permutation o € Sy such that the graphs obtained
by adding the edges (B t.yi,_ 41 Biytotip_+1+1) for 1 <k <aand 1 <1 < i, —1
and the edges (Aj,+.tjos4t, Ajytotjpti41) for 1 <k <band 1 <[ < j, — 1 to the
geometric representation of ¢ is connected. We denote by ng the set of (4, j)-connected

permutations.

For example, for the same permutation o := [3,2,4,1] € Sy, o is ((1,1,1,1), (4))-

connected because the graph

.\

~.

is connected. But o is not ((1,2, 1), (2,2))-connected because the graph

\/]

/

N

[ >,

is not connected.

Notations 2.8. Let us give some notations (see also [Val07, Conventions]).
(i) For ¢ an a-tuple, we denote by S; the product of symmetric groups S;, x -+ X S;,.

(ii) For P an S-bimodule and 7, j two a-tuples, we denote by P(z, 7) the tensor product
P(i1,j1) ® -+ ® P(ia, ju). We will denote by (p1,...,p,) the element p; @ - -+ ® p,
in P(i,7).
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(iii) Let 7 be a permutation of S, and ¢ = (4y,...,i,) be an a-tuple. We denote by 7:

and call the block permutation associated to 7 and 7 the permutation

R R TR T N T TSI T SR ARE TP ES) IO TR SRR A )

We can now define the connected composition product, using connected permutations

and the previous notations.

Proposition 2.9 (Algebraic connected composition product, [Val07, Proposition 1.5]).
Let P and @) be two S-bimodules. Their connected composition product is isomorphic to

the S-bimodule given, for every n,m € N, by

(Q X P)(m,n) ~ (@9@ ] ®s; Q(l, k) ®s; C[Sg 5] ®s. P(j,1) ®s. C[S O/N

N,l,k,j,i

where the direct sum runs over the integers N € N, the b-tuples I, k, the a-tuples j, i such
that H =m,
For oy € Sn, o9 € S 5 03 € Sy (@1, @) € QULEK), (p1,--.,pa) € P(4,1), T €S, and
p €5y, we have

= m = N and H = n, and the equivalence relation ~ is the following.

3@ (q1,. -, @) @02 ® (p1,. .-, Pa) ® 01
~ Uaﬂfl ® (Go-1(1) -+ Qo1 () ® PFO2T; @ (Pr(1)s -+ -5 Pr(a)) @ 75101

Let us give some explanations about this proposition. The permutations on the left and
right correspond to permutations of outputs and inputs. The spaces Q(I, k) and P(j,1)
contain the formal operations we want to compose. The space (E[S%J] corresponds, in
terms of graphs, to every possible way to connect the elements that gives us a connected
2-level graph. Finally, the equivalence relation represents the fact that we can permute

elements if we adapt the corresponding permutations. For example, for

- Ao
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2.1. Properads

we have, in Q X P(2,2),

Let I be the S-bimodule defined by I(1,1) = C and I(m,n) = 0 otherwise.

Proposition 2.10 ([Val07, Proposition 1.6]). The connected composition product W is

associative. In other words, for P, (), R three S-bimodules, there is an isomorphism of

S-bimodules
RX(QXP)~(RXQ)X P.

Moreover, (5-bimod, X, I) is a monoidal category.

Definition 2.11 (Properad, [Val07, Section 2|). A properad is an monoid in the category

(5-bimod, X, I). In other words, a properad is an S-bimodule P together with S-bimodule

morphisms

v: PP =P
n:1—P

such that the following diagrams commute

JXid

(PRP)RNP——=PXRP,
PX(PXP) ™
lid&'y
PXP ’ P
and
IRP S pgp ™ py
\l’y/
P

The basic idea is that a properad is a collection of formal operations, with an identity

given by 7 in biarity (1,1) and a way to compose operations by  which gives us another
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Chapter 2 — Introduction to properads

operation in the properad. That way we can define properads encoding structures of
bialgebras, with relations coming from the definition of v. For example, v can give the same
operation for two different compositions of elements, which leads to a relation between
these two compositions.

A trivial example of properad would be the identity properad, given by I, concentrated
in biarity (1,1), given here by C, and with the composition given by the product in C.

But if we want some more complex examples, we need more definitions.

2.1.3 Weight graded S-bimodule and free properad over an S-

bimodule

Definition 2.12 (Weight graded S-bimodule, [Val07, Section 2|). A weight graded S-

bimodule P is a direct sum over p € N of S-bimodules

P = @ P
pEN
A morphism of weight graded S-bimodules is a morphism of S-bimodules that preserves
this decomposition. The weight graded 5-bimodules form a category denoted gr-S-bimod.
A weight graded S-bimodule P such that P©) = I is called connected, and we denote
by P the subspace of P such that P =1 @ P.

For two weight graded S-bimodules P and @), one can define a weight on their con-
nected composition product by the following : the weight of an element o1 ® (g1, ..., q) ®
09 @ (p1,...,0) @ o3 is the sum of the weights of the elements q¢1, ..., @, P1, - -+, Pa-
This gives a monoidal structure on gr-S-bimod. Thus one can define the notion of weight

graded properads.

Definition 2.13. A weight graded properad is a monoid in the monoidal category of

weight graded S-bimodules.

Notation 2.14. Let P, () be two weight graded S-bimodules. We denote by

LS
P2 P1

the subspace of Q X P generated by the elements of the form o3 ® (q1,...,q) ® 02 ®
(p1,...,pp) ® o3 such that the sum of the weights of py, ..., p, is equal to p; and the sum
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2.2. Properties of properads

of the weights of ¢1, ..., g, is equal to ps.
Example 2.15. If PO = Q© =0, the space

gL
1

is generated by the elements of () X P of the form

n(1® - 8p®-81)Rne(le - 0¢e- - 01)® 0,
where p € PM and g € QW.

Definition 2.16 (Free properad, [Val08, Section 5]). Let E be an S-bimodule, the free
properad over F is the weight graded properad given by

F(E) =@ FP(E),

keN

with

FOE) =] @ & E(Out(v),n@))|/=,
GeG  veV(G)
V(G)|=k
where = is the same relation as in 2.6.

One can see Section 2.3 for examples of properads presented by generators and re-
lations, that means properads given by F(F)/(R) with E an S-bimodule, R C F(FE)
and (R) the properadic ideal generated by R, see [Val08] for the notion of an ideal of
a monoid defined with respect to the monoidal category. We say that a properad of the

form F(E)/(R) is quadratic if R C F(2)(E).

2.2 Properties of properads

Here we state some properadic properties and definitions such as Koszul duality. We

will use these definitions and results later in the manuscript.

2.2.1 Infinitesimal composition product

Let us first define infinitesimal composition product that will be used to compose

formal operations by pairs in a certain way.
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Chapter 2 — Introduction to properads

Definition 2.17. Let Py, P,, Q1 and ()2 be S-bimodules. We denote by (Q1; Q2)X(Py; P2)
the subspace of (@1 @ Q2) X (P, @ P») generated by the elements of the form

U3®(Q17'-'7qb>®02®(p17'-'apa)®01 (21)

such that exactly one element p; is in P, and the others are in P;, and exactly one element
q; is in ()2 and the others are in Q).

More generally, if Py,..., P,, Q1,...,Q, are S-bimodules, let us denote by
(Q1;Qs,...,Qm)X(Py; Py, ..., P,) the subspace of (Q1BQ2® - - BQ)X(PL B Po®---®P,)
generated by the elements of the form (2.1) such that for every 2 < k < n, there is exactly
one element p; in P, and the others are in P, and for every 2 < [ < n, there is exactly
one element ¢; in );, and the others are in ()4

Finally, if @ = (ay, ..., a,) is an (n — 1)-tuple and b = (b, .. ., b,,) is an (m — 1)-tuple,
we denote by (Q1;Q2,...,Qm) Mz (Pr; P, ..., P,) the subspace of (Q1 @ Q2 @ -+ @
Qm)X(P,® P®---@ P,) generated by the elements of the form (2.1) such that for every
2 < k < n, there is exactly a, elements p; in P, and the others are in P;, and for every

2 <l < n, there is exactly b; elements ¢; in ); and the others are in ().

Definition 2.18. Let P and @ be S-bimodules. We define the infinitesimal composition
product of P with () by
QN P:=(LQ) X (I;P).

More generally, if Py, ..., P,, Qs,...,Q, are S-bimodules, we denote the infinitesimal
composition product of (P, ..., P,) with (Qs,..., Q) by

(QQ,...,Qm>&(1) (P27---7Pn) = (I;Q27"'7Qm)&(I;P27“"Pn)'

Finally, if @ = (ay, ..., a,) is an (n — 1)-tuple and b = (b, ..., b,,) is an (m — 1)-tuple,

we denote by

(@2 Qu) By (P, P) = (15 Qas o Qo) By (I Py, P).

Remark 2.19. These definitions are inspired by the analogous definition for S-modules

in [LV12, Section 6.1}, this is why we use the same notation.

Example 2.20. For example, if P and () are connected S-bimodules, we can look at

infinitesimal composition of non trivial blocks of P and @ by looking at the space PX )@
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Notation 2.21. If each of the S-bimodules P, ..., P, and Q»,...,Q,, is concentrated
in one biarity, the infinitesimal composition product (Qz,...,Qm) M55 (P2, ..., P,) in a
given biarity will be represented with vertices corresponding to the P;’s over vertices
corresponding to the @;’s. For example, if P is concentrated in biarity (2,3), Ps is con-
centrated in biarity (3,2) and @ is concentrated in biarity (4,3), we will represent the
infinitesimal composition product ((Pz, Ps)X11),2) (@))(8,6) by Figure 2.2. The horizon-
tal line in the middle corresponds to any connected permutation, not to be confused with
the notation from [Mar06, Definition 19] which does not make sense here, and the vertical

line corresponds to I.

Figure 2.2 — Representation of an infinitesimal composition product

Remark 2.22. We have, for an S-bimodule F,
() FOE) =1,
(i) FO(E) = E,
(iii) Because a (connected) graph with two vertices has a unique 2-level graph structure,

we have

FI(E)=ERy) E,
(iv) For a higher weight k, one can compute
(.F(k_l)<E) (1) E) 2, (E &1) f(k_l)(E)) ,

which projects into F*)(E), then we can identify elements that are given by the
same graph (with vertices labelled by elements of E but forgetting the levels).

With this definition, we state a very useful theorem which describes how to compose

two formal operations defined by representations of symmetric groups. Because irreducible
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representations of product of symmetric groups are tensor products of irreducible repre-
sentations of the symmetric groups, it is enough to consider tensor products of represen-

tations.

Theorem 2.23. Let k,l,m,n € N* and

(1) V be a left Si-module,
(ii) W be a right S;-module,
(iii) X be a left S,,-module,
(iv) Y be a right S, -module.
Take Q .=V XW and P := X XY. We have the isomorphism of S-bimodules

QB P)(k+m—1l+n—1)= (Vi & L X)RW g, UY).

m—1

Remark 2.24. Here we take the specific biarity where exactly one edge will connect the
unique non trivial operation of P with the unique non trivial operation of Q. This is a
specific type of dioperadic composition, see [Gan02, Section 1]. We use Notation 2.21 in
Figure 2.3.

Figure 2.3 — Graphic representation of the composition of two operations

Proof. Let us denote by A the left side of Theorem 2.23. We have, by proposition 2.9,
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the sum over tuples k = (1,....k,...,1), I = (1,...,0,....1), m = (1,...,m,..., 1),
n=(1,...,n,...,1), with ’E‘ =m+k—1, Z’: m|=1l4+m—1and 7| =n+1-1.

But because of the relation ~, we can take only the terms of the sum where Q(k,[) and

P(m,n) appear in first place, thus removing the C’s; we find

A= (C[Smin1] ®s, Qk, 1) @5, C[S{. 1) (mt..t)) @5, P(m,n) ®s, ClSnpia]) / ~,
where the relation ~' is given by
01RqRoy®p® oy~ o1(idy, p7") @ ¢ @ (idy, p)oa(idm, 7) @ p @ (idy, 7)o

for p € S,,_1, 7 € 5,1, and where we denoted for ¢ € S,, and ¢’ € S,, by (0,0’) the
corresponding permutation in S,,.,,. The first goal of this proof is to understand the

bimodule C[S{ ;1) 41,.1)) as a left S;-module and a right S;,-module. We have
S?l,l,...,l),(m,l ’’’’’ 1) ~ {1, ce ,l} X Sl_l X {1, e m} X Sm_l.

Thus
Cl ?l,l,...,l),(m,l ,,,,, 1)] ~C'® ClSi-1] ® C" @ C[Sp-u].

Let us first define two maps, for : € {1,...,1} :

{1, =1} — {1,....0}

a ifa<i
a+—>

a+1 ifa>i

and

sii{l. .0 — {1, 1—1}

a ifa<i
a ——

a—1 ifaZi'
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The left action of S; on C'®CI[S;_4] is given, for (e;) the canonical basis of C!, i € {1,...,1},
ceS and pe 51, by
o-(e;®p) = €o(i) @ sa(¢)05ip-

The structure on C™ ® C[S,,_1] on the right is given by a similar formula. Let us now
define another structure on C! ® C[S;_;] given by an isomorphism with C[S;]. We define

again two maps.

and

d:{o €S such that o(l) =1} — 5,4
or—[o(1),...,0(l—1)].

We have a morphism of vector spaces

@ : C! X C[Sl_l] — C[Sl]
e (iit 1. Dulp),

which is an isomorphism, with

(P_l : C[Sl] — Cl X C[Sl_l]
o ey @d((l,...,0())0).

This isomorphism induces a left S;-module structure on C!' ® C[S;_,], given by
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ox(e; @ p) = ¢ H(op(e; @ p))
=@ Yo, ..., Dulp))
— ey @d((,...,0(D)oli,....Dulp))
=o0-(e; ®p).

We can do the same computation for the right action of 5,, and prove that, as 5-bimodules,

we have

C[sz,1,...,1),(m,1 ..... 1)] ~ C[5| K C[S,,].

Now A is isomorphic to

(C[S'rrk}—k—l} ®s, VO W ®s, (C'@C[5_1]) ® (C™ @ C[Sm-1]) ®s,, X RY ®s,, C[Sn+z—1]) / ~,

but the relation ~' can be cut in half saying that A is isomorphic to

(ClBmir-1]®s, VO (C™ ®C[Sm-1]) ®s,, X))/~ ® (W s, (C'®C[S1-1]) ®Y ®s,, C[Sni1-1]) / ~% -

Now let us study the first half

= (C[Smik-1] ®s, V @ (C" @ C[Sp1]) ®s,, X) [ ~)
~ C[Smik-1] ®s,xs,,, (V& ((C" @ C[S)-1]) ®s,, X)).

The idea now is to understand the left action of 5,1 on ((C™ ® C[S,,,_1]) ®s,, X). The
action of S,,_; on C"™ ® C[S,,_1] is just the one on C[S,,_;]. We have the sequence of

isomorphisms

((C™ @ C[Sm_1]) ®s,, X) ~ C[S,] ®s, X ~ X.

The action of S,,_; on C[S,,] in the second term is given by ¢ : let p € S, and 0 € S,,,_1,

we have
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o-p=ploe(p))
(epm) @ a(m, ... p(m))p)

pm),...,mu(ed((m, ..., p(m))p)).

|
< €

Thus we have o -id = u(c), and the action of o € S,,_; on X is the action on g | X.

Finally, we get
B~ C[Spir-1] ®sxs, ., (VR L X)=VUr | X

We do the same for the second half and get Theorem 2.23.
O

A special case of this theorem is when V, W, X and Y are regular representations of

respective symmetric groups.
Corollary 2.25. If V = C[S;], W = C[S|, X =C[S,,,] and Y = CI[S,,], we have
(QRu)y P)(m+k—1,n+1—1) =C[Spir1 x Sob,_,]™
Proof. This result is given by the fact that, as left 5;-modules,
a1, 4 C[S)] = C[S1-]*.
and as right S,,-modules, we have
ClSm] &7, = C[Spa]™™

A proof of this property is given in the proof of Theorem 2.23.

2.2.2 Koszul duality

The main goal of this manuscript is to study koszulity and homotopy koszulity of

properads presented by generators and relations. This property on properads and operads
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2.2. Properties of properads

leads to many results and tools to study algebras over such properads and operads, such

as homology, homotopy and minimal models.

Most results and definitions in this section come from [Val07, Section 7| for koszulity
and [MV09, Section 5] for homotopy koszulity. Here, we will not recall all necessary
definitions for the definition of a Koszul properad : the notion of coproperad, bar and
cobar constructions, etc., see [Val07]| for precise definitions. Moreover, we will give the
definitions in the case of a properad P defined by P = F(FE)/(R), with E concentrated
in weight 1. Notice that, in the general case, P is bigraded by the number of non-trivial
vertices and by the total weight, but in the case of a properad with generators concentrated
in weight 1, the gradings coincide. However, the free properad on the S-bimodule P is

bigraded with two (potentially different) gradings.

Definition 2.26 ([Val07, Section 7]). Let P = F(FE)/(R) with E concentrated in weight 1.

The reduced bar construction of P is given by
B(P) := F(XP),

where ¥ denotes the suspension of an S-bimodule, see [Val07, Section 4.1.1], and F°
denotes the free coproperad over an S-bimodule, see [Val07, Section 2.8], a coproperad
being a comonoid in the category (S-bimod, X, I), see [Val07, Section 2.3]. Thus B(P) is
bigraded with the number s of non-trivial vertices and the total weight p. We will denote

these gradings as follows

BY(P)f.

with d the homological degree. Then we define the Koszul dual coproperad of P by
(PP = Hiy (B™(P)"), dy)

where dy contracts edges between adjacent vertices using the properad structure of P.

Proposition 2.27 ([Val07, Section 7]). We have
(P = ker (do : B”'(P) - B V(P)).
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Moreover, if P is concentrated in degree 0, we have

(PH@ ifd=p

0 else

(P =

Definition 2.28 ([Val07, Section 7]). We say that P is Koszul if the natural inclusion
Pi — B(P) is a quasi-isomorphism.

Remark 2.29. This definition of koszulity implies that the properad P is quadratic, see
[Val07, Corollary 7.5].

One can see that for a Koszul properad P, we have quasi-isomorphisms
B°(P) — B°(B(P)) — P,

the last one being the bar-cobar resolution, with B the cobar construction, see [Val07,
Section 4.2]. Thus we call the resolution B°(P!) — P the Koszul resolution, which is min-
imal model of P, see [Mar(06, Section 1] for the definition of a minimal model. Moreover,

we have the following

Theorem 2.30 ([Val07, Theorem 7.6]). The morphism of weight graded connected dg-
properads B (P! — P is a quasi-isomorphism if and only if P is Koszul.

Now, we give definitions and results from [Val07, Section 7] on the Koszul dual prop-

erad of a quadratic properad.

Definition 2.31 (Czech dual, [Val07, Section 7]). Let E be an S-bimodule, the Czech
dual EV of E is the S-bimodule defined for every m,n € N by

EY(m,n) = sgn,, ®E(m,n)* @ sgn,,,

where sgn,, is the signature representation of S,,.

Theorem 2.32 (Koszul dual properad, [Val07, Corollary 7.12]). Let P = F(E)/(R) be
a quadratic properad such that 3=, , dim(E(m,n)) is finite. Then the Czech dual of the

Koszul dual coproperad (P)Y is endowed with the structure of a quadratic properad :
Pli= (P)Y = F(SEY)/(Z*RY).
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Corollary 2.33. If we have the decomposition into isotypic components of

Plmm= ¥ v,

Ak (m,n)

then we have
Pi(my n) = Z V)\e?;nA,"u/(Pl(m7n))-

(Asp)F(m,n)

In other words, my ,(P'(m,n)) = my . (Pi(m,n)).
Proof. We have the isomorphisms of modules
VN = 59N @ VY, @ sgn, ~ 5gnm @ Vi, @ sgnn, =~ Vi,
where the middle one is given by Proposition 1.27. O]

Since koszulity of a properad implies that it is quadratic, if a properad P has no
quadratic presentation, it cannot be Koszul. Thus if we want to find a minimal model
(if it exists) of a non-quadratic properad, we want to define a generalization of koszulity.
That is what S. Merkulov and B. Vallette did in [MV09, Section 5].

Let E be an S-bimodule concentrated in degree 0 and R C F(E). For k € N*, let us
denote by 7 : F(E) — F®)(E) the natural projection. We set Ry := m(R).

Definition 2.34 (Homotopy koszulity, [MV09, Section 5]). Let P = F(E)/(R) be a
properad. We say that the properad P is homotopy Koszul if :

(i) the quadratic properad Py = F(E)/(R2) is Koszul,
(ii) P and P, are isomorphic as S-bimodules,
(iii) There is on P an extra grading P = @, P, of finite-dimensional S-bimodules.

Theorem 2.35 ([MV09, Theorem 40]). If P is homotopy Koszul, it admits a minimal
model of the form (F(X7'P%),0).

This theorem does not give the form of the differential, but in this manuscript it
only serves as a motivation to prove homotopy koszulity of non-quadratic properads, we
will not construct minimal models of such properads. For examples of minimal models of

non-quadratic properads, one can see [Mar06] and [MV09, Section 9.
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2.2.3 Methods to prove or refute (homotopy) koszulity

In this subsection, we define some tools to prove or refute koszulity of a quadratic
properad. Note that these tools can thus be used to prove or refute homotopy koszulity

of non-quadratic properads.

Koszul complex

In [Val07, Section 7], B. Vallette introduced the Koszul complex of a properad in order
to prove koszulity of properads more easily than with the definition above or the fact that
B°(Pi) — P is a quasi-isomorphism. In this manuscript, the Koszul complex will be used
to prove non koszulity of properads rather than koszulity. See [Val07, Section 7] for the

definition of the Koszul complex.
Theorem 2.36 (Koszul criterion, [Val07, Theorem 7.8]). Let P be a weight graded con-
nected dg-properad. The following are equivalent :
(i) The properad P is Koszul.
(i) The Koszul complex P R PI is acyclic.
(iii) The Koszul complex P'RP is acyclic.

(iv) The morphism B°(P') — P is a quasi-isomorphism.

Replacement rule
Here we take again the definitions from [Val07, Section 8. Let V and W be two
S-bimodules, R ¢ F@(V), S ¢ F®(W) and

D C (V &(1) W) ©® (W @(1) V).

We denote by A and B the properads given respectively by F(V)/(R) and F(W)/(S5),
and set
P=FVaeW)/(R®&D\&S).

Definition 2.37 (Replacement rule, [Val07, Section 8]). Let A be a morphism of S-
bimodules
A:W&UV—H/&(UW
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such that D is the image of
(id, —/\) W &(1) V — (W &(1) V) 7] (V &(1) W)
If the two morphisms

AX B -Pand AX B =P
=~ =~ =~~~

1 2 2 1

are injective, we call A a replacement rule and we denote D by D).
Theorem 2.38 ([Val07, Proposition 8.4]). Let P be a properad of the form
P=FVaoW)/(R®D,dS)

with R C FO(V), S ¢ FO(W) and X a replacement rule, and such that ¥, ,,, dim((V &
W)(n,m)) is finite and A = F(V)/(R) and B := F(W)/(S) are Koszul properads. Then
P is Koszul.

This theorem proves koszulity of a properad, based on koszulity of two other properads.
Most of the time, we use this theorem in the case where V' is given by operations (with one
output) and W is given by cooperations (with one input), thus A and B°P are operads,
where B°P is the reversed S-bimodule of B (see [Val07, Section 8]), and koszulity of A and
B can be proved using operadic tools such as rewriting theory. Moreover, proving that A

is a replacement rule can be done computing dimensions of modules.

2.3 Examples of properads

For a vector space V, one can define the endomorphism properad Endy defined for
every m,n € N by Endy(m,n) = Hom(V®™ V&) and with the composition product
given by the composition of morphisms. For a properad P and a vector space V', we call
structure of P-algebra on V' any morphism of properad P — Endy. Thus we can define
the category P-alg of P-algebras. We say that P encodes a structure of algebras if the
category of P-algebras is isomorphic to the category of these algebras.

In this section, we give examples of properads encoding well known structures of bial-

gebras, such as associative bialgebras, infinitesimal associative bialgebras, Lie bialgebras
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and double Poisson bialgebras. We also discuss on the (homotopy) Koszul property of
these properads.

2.3.1 Associative bialgebras : B

Definition 2.39. A (non-unital non-counital) associative bialgebra is the data (B, u, A)
of :

(i) a vector space B,

(ii) an associative product y: B® B — B :
pro(p®@id) = po (id®u),
(iii) a coassociative coproduct A: B — B® B :
(A®id)o A = (id®A)o A,
which is a morphism of associative algebras :
Aop=(p®@p)o(23)o(A®A).

In order to define the properad B encoding (non-unital non-counital) associative bial-
gebras, what we need is the generating operations. Here we have a product of biarity (1, 2)

and a coproduct of biarity (2, 1), which we will denote respectively by

Because we do not ask for any symmetry on these operations, we will take as a generating

space for the properad B the S-bimodule

E::Y@)\,

that corresponds to the regular representation of S; x S5” in biarity (1,2) and the regular

representation of Sy x Si¥ in biarity (2, 1).
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The relations will be given by associativity, coassociativity and the fact that A is
a morphism of associative algebras (or equivalently, p is a morphism of coassociative

coalgebras). We will denote these relations by the following elements in F(E) :

Thus we can take R = Rass @ Rooass @ Rpiass, and define the properad B by
B:=F(E)/(R).
S. Merkulov and B. Vallette proved the following in [MV09, Proposition 41].

Theorem 2.40. The properad B is homotopy Koszul.

Thus there exists a minimal model of B, see [MV09, Corollary 42], or [Mar06] for a

detailled computation in small weights.

2.3.2 Infinitesimal associative bialgebras : <53

Definition 2.41. An infinitesimal associative bialgebra is the data (B, u, A) of :

(i) a vector space B,

(ii) an associative product u: B® B — B :
po(p®id) = po (id®p),
(iii) a coassociative coproduct A: B — B® B :
(A®id)o A= (Id®A)o A,

such that :
Aop=(p®id) o (Id®A) + (id®u) o (A ®id).

By the same method as for B, we define the properad B encoding infinitesimal asso-
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ciative bialgebras. We take the S-bimodule

E::Y@)\

e XA

Thus we take R = Rass D Rooass ® Repiass and

and we define the relation

B = F(E)/(R).

B. Vallette proved the following theorem in [Val07, Corollary 8.5], using the replace-

ment rule method.

Theorem 2.42. The properad B is Koszul.

2.3.3 Lie bialgebras : BiLlie

Definition 2.43. A Lie bialgebra is the data (L, b,d) of :

(i) a vector space L,

(ii) a skew-symmetric Lie bracket b: L ® L — L :
po (id®u) + po (id®u) o (123) + po (id®@u) o (132) = 0,
(iii) a skew-symmetric Lie cobracket § : L — L ® L :
(id®A) o A+ (123) o (id®A) 0o A+ (132) o (id®A) 0o A =0
such that :

dob = (id ®b)o(0®id)+(id ®b)o(12)o(id @)+ (b®id)o(id ®0)+(b®id)o(23)o(d®id).
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Here we take as a generating space

1 2

E = Y @ sgna | B | sgna ® )\

1 2
and the following elements in F(E) :

123

2 31 31 2
te NN N e A A A
1 2 3 2 31 31

>
1 2 1 2 1 2 1 2 1 2
RBiLie - X - N - W - m - %
L2 9 9 1 2 1 2 1 2
and take Bilie = F(E)/(R) with R = Rjac ® Rcojac @ RBiLie-

Again, B. Vallette proved the following, also in [Val07, Corollary 8.5].

Theorem 2.44. The properad BiLlie is Koszul.

2.3.4 Double Poisson algebras : DPois

As an example of a properad where the generators are not concentrated in biarities
(1,2) and (2, 1), J. Leray studied in [Ler20] the properad of double Poisson algebras. The
notion of Double Poisson algebras has been introduced by M. Van den Bergh in [Ber07].

Definition 2.45. A double Poisson algebra is the data (P, u, ) of :
(i) a vector space P,

(ii) an associative product p: P® P — P :
po(p®id) = po (idop),
(iii) a skew-symmetric double bracket ¢ : P ® P — P ® P such that :

(Y@id)o(id @)+ (123)o(y®id)o(id @) o(123)+(132)o(y®id)o(id ®1)o(132) = 0
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such that :
Yo (idou) = (p®id) o (Id®y) o (12) + (id ®pu) o (¢ ® id).

For the properad DPois encoding double Poisson algebras, we take as a generating

space

1 2 2 1
E:Y@ H:—H
1 2 2 1

and the relations

1 2 3 2 31 3 1 2
o Y e G

12 21 3 1 2 3

thus we define R = Rass @ RDJac ® Rper and DPois = F(E>/<R)
In [Ler20, Theorem 5.11], J. Leray proved the following,.

Theorem 2.46. The properad DPois is Koszul.

2.4 Study of binary free properads in low weights

The goal of this section is to compute, in low weights, a simple example of a free

properad, the one generated by a product and a coproduct without symmetries, so that

E:Y@)\.

These results will be useful later to compute dimensions of spaces. Set

1 2

o= Y and A 1= )\

1 2
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Remark 2.47. One can also use the SageMath script in [Néd] to compute these dimen-

sions and graphs, see Appendix A.

2.4.1 Weight 2

We have

FI(E)=ER,) E.

Thus, F@(E)(m,n) is generated as a vector space by elements of the form

O'3®(1,...,627...,1>®O’2®(1,...,61,...,1)®0‘1,

where 01 € S, 03 € Sy, 02 € Sy ., ey (€1:61) € {(A2),(u,1)} and

(e2,e2) € {(A,1),(p,2)}. In fact, one can rewrite every element of F using actions of Sy

to get only p’s and A’s. Let « be an element of this form and N :=|(1,...,e,...,1)| =

I, ...

(1)

(i)

,€9,...,1)|. The strategy to compute F®(E) will be the following.

We first reason on N. We look for every N € N such that there exists (e1,¢3) €
{1,2}? such that S, . 1. .. 1)) C Sy is not empty.

Let us first remark that for 7 a tuple only composed by 1’s, and 7 a tuple such
that M = m = N, we have that S‘é@ is not empty if and only if j = (), and in
this case S%J) =S8y. Thusif ey =1 orey =1, for N > 3,8%5) is empty.

Suppose now that ey = e, =2. If N >4, SE(L...,sl,.--,l) (1,...c9,..,1y) 1S empty. Thus
N should be lower or equal to 3.

For each such N, we look for every (g1, ¢5) € {1,2}? such that Sf(lwgl7”.71)7(1’.“7527”.71))
is not empty.

For N = 3, we must have ¢; = 9 = 2. For N = 2, we must either have ¢; = 2
and e = 1, or ey = 1 and 5 = 2, or £y = €9 = 2. For N = 1, we must have
€1 =¢€9 = 1.

Every such possibility gives us the elements (1,...,ey,...,1) and (1,...,eq,...,1)
to consider, then we consider every possible connected permutation o, between

them.

Let us look at the case N = 3 : the possible tuples are

((1,2),(1,2)), ((1,2), (2, 1)), ((2, 1), (1,2)), ((2,1) and (2,1)).
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For example, S{ 5 12 = {[2,1,3],[2,3,1],[3,1,2],[3,2,1]}. The corresponding
graphs are the following

We do the same for every tuples.

(iv) We compute the equivalence relation ~ in the algebraic definition of X. Here we

just give an example of identification thanks to the relation ~ :

(v) Finally, we consider every possible permutations for o; and 3. We have

2 RNE e e

Proposition 2.48. We have

(i) FA(E)(2,2) = C[S, x 557]%7,
(ii) FO(E)(1,1) = C[S; x 5*)%2,
(i) FP(E)(1,3) = C[S; x S5°]%2,
(iv) FO(E)(3,1) = C[Ss x 57|

2.4.2 Weight 3
Here we first compute
(ERu FOE)) © (FO(E) By E)
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and look at underlying graphs with labbelled vertices by elements of E. Other than this
last extra step, the strategy is exactly the same. An example of identification one can

have in this extra step is

Proposition 2.49. We have

e Y Y YY),

0.8 .5.%

67



Chapter 2 — Introduction to properads

f<3><E><2,3>:Y@Y@p@%@&@%@w@%&
AR ) (Y e VY =Y
@%)@K%)m

ron X N X
. %/ . V
The spaces F®(E)(2,1), FO(E)(3,2) and F®(E)(4,1) are obtained by rotating the

graphs of F®(E)(1,2), F®(E)(2,3) and FO)(E)(1,4) respectively upside down. More-

over, we have

FOE)=FO(E)1,2) ® FOE)(2,1) ® FO(E)(2,3)
® FO(E)(3,2)® FO(E)(1,4) @ FO(E)(4,1).

Remark 2.50. In this case and in lower weights, we get only copies of regular represen-

tations, but looking in higher weights, the free properad on E can have symmetries. For
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example, we have the following equality in F®(E)(2,2) :

1 2 2 1
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CHAPTER 3

THE PROPERAD OF RACK BIALGEBRAS

The initial goal of this thesis was to study rack bialgebras, more specifically, the
properad RackB of rack bialgebras. However this properad seems more complicated than

expected and does not verify most of the properties we were looking for.

Groups, Lie algebras and Hopf algebras are naturally linked to each other, and there
are generalizations of these structures. We have racks for groups, Leibniz algebras for Lie
algebras, and the natural structure generalizing Hopf algebras and related to racks and
Leibniz algebras is that of rack bialgebras. One can see [Ale+18b] and [Ale+18a] for more

details on these structures.

In the first section we describe rack bialgebras and the properad RackB. In the second
section we define and study the quadratic properad associated to RackB, which is the
first step to show homotopy koszulity of a properad. In the last section, we discuss more

about RackB and the fact that it may not be homotopy Koszul.

3.1 Rack bialgebras

Rack bialgebras are a generalization of Hopf algebras, in the sense that we weaken the
associative product to a rack product. We will use here the Sweedler notation when there
is no ambiguity, i.e. for a linear map A : R — R ® R on a vector space R and = € R,
we denote A(z) by Y,y 2 @ 2.

Definition 3.1. A (non-unital non-counital non cocommutative) rack bialgebra is a vector
space R endowed with linear maps p: R® R — R and A: R — R ® R such that R
is a coassociative coalgebra with respect to A, u is a morphism of coalgebras and is self
distributive for A. In other words, if we denote by x > y := pu(z ® y), for x,y,z € R, we

have :
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(i) coassociativity of A :

T Y @) g @) 9@ =T Y 20 @ 22)D g (22)@),
(x) (z(1) (z) (z()

thus we denote this element by 3,y 2 ® 2@ ® 2,

(ii) p is a morphism of coalgebras :

Az > y) =3 > (@ > y) @ (@ > y?),
@

(iii) p is self distributive for A :

(@ (y>2) = (¢ > y) > (2P > 2)).
@

As in Section 2.3, we will construct the properad RackB encoding rack bialgebras

from the definition of this structure. We set

E::\(@)\
e (A Ao Q)Y )

Thus we define the properad RackBB := F(FE)/(R).

and

The main issue with this properad is that it is not quadratic because of the two graphs

This means that in order to find a minimal model of RackB, one should try to determine

if it is homotopy Koszul.
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3.2 The quadratic properad RackB,

The quadratic properad RackBs associated to RackB is given by generators E and

relations

(A A oY

Theorem 3.2. The properad RackBy is Koszul.

Proof. Here we can use a replacement rule, see Theorem 2.38, to study this properad. In
fact, this properad has the form RackBy = F(V @ W) /(S ® D & T) where

V::Y,W::)\,S::\P/,T::X\—AandD::X.

Moreover, D is the image of

(id=N):IeW)R{IaeV)—=([eW)KUIaV)e(([aeV)R{IeW))

1 1 1 1 1 1
with A the zero 5-bimodule morphism
AMi(leoW)R(IeV)— T V)RUIaW).
1 1 1 1

According to Theorem 2.38, in order to prove that RackBs is Koszul, we only have to

prove the following
(i) The properad N := F(V)/(S) is Koszul.
(ii) The properad C := F(W)/(T) is Koszul.

(iii) The morphism A is a replacement rule, in other words the morphisms of S-bimodules

N K C — RackBy; and N XK C — RackBy (3.1)
T =~ T =~

1 2 2 1

are injective.
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(iv) Y, dim((V @ W)(m,n)) is finite.

(iv) is clear. C is the reversed S-bimodule of the Koszul operad of associative algebras
A, thus (ii) is true. N is an operad for which every critical pair of monomials is confluent
(see [LV12, Theorem 8.3.1]), because they are all of the form

which only rewrites to 0. Thus by [LV12, Theorem 8.3.1], A is Koszul and (i) is true.

Thus we have to prove (iii). In order to do so, we can describe the weight 3 of RackBs

and the S-bimodules N X C and AN K _C because these S-bimodules are only sent
N~ N~

1 2 2 1
to weight 3 elements of RackBs. By Section 2.4, one can determine a basis of the space

(Ry)® of relations in weight 3 and find, thank’s to the dimensions, that

cnran .80, 9.B.47.8

(RackB,)®(2,3) — % @ % ® M ® %J/ & L(?ﬁ ® ﬁé/
IVVAPVEVEAVY;
(RackBy)®)(1,4) = W

The spaces (RackBs)®(2,1), (RackB,)®)(3,2) and (RackB;)® (4, 1) are obtained by

rotating these graphs upside down. By the same method as in Section 2.4, we have
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pre- )R 0.5 %
AN BB
SR VAV R

and \/\’/; X \C/ is obtained by rotating these graphs upside down. Thus we can see that

1 2
the morphisms of (3.1) are injective because they send elements of the bases on different

elements of the base of RackB,.

]

3.3 The case of RackB;

As we will see later, RackB is hard to study because of the self-distributivity relation,
but first we can look at another properad which is very similar to the properad B of
associative bialgebras. Let us define the properad RackB, = F(E)/(Ry) where

()X 60 ()

In [EEO05, Proposition 6.2], B. Enrinquez and P. Etingof show that the natural mor-
phism of S-bimodules between A X C and B is an isomorphism. Here the only difference
between the properads RackB; and B is the relation of associativity which is replaced by
a right nilpotency of the operation of biarity (1,2). Thus we can adapt the proof from
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[EE05] by replacing the operad A by the operad

We call right nilpotent algebras the algebras over AN. First we need some properties on

right nilpotent algebras.

Proposition 3.3. (1) The free right nilpotent algebra over a vector space E is the
vector space N'(E) := @,,>1 E*" together with the map

p:N(E)QN(E) — N(E)
T1...Tpl me:1

0 ifm>1

T1... Tpn QYL . Ym —>

(7i) If (N1, 1), (No, o) are two right nilpotent algebras, Ny & No is a right nilpotent
algebra with the operation pn = (p1 ® pg) o (1324)

We deduce from this the following.

Proposition 3.4. Let C be a coalgebra. Let N'(C') be the free right nilpotent algebra over
C. The cooperation A : C'— CRC' can be extended to N (C), and this defines a structure
of RackB;-bialgebra over N (C').

We denote by X,,. the non connected composition product, which replaces in Definition
2.6 the set of connected graphs by the set of (not necessarily connected) graphs, and for P
a properad, let us denote by P,. the PROP (non connected) generated by P, see [EE05,
Section 2|. We are leaving the world of properads for the sake of the following proof
because we will need to consider non connected elements in the proof of the following
theorem. Let iy, : (Noe Mpe Cre)(¢,p) — (RackBi)ne(q, p) be the composition of the
inclusions of NV,,. and C,. in (RackBj),. with the composition product of (RackBi) ..

Theorem 3.5. i, , is an isomorphism of S-bimodules.
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3.8. The case of RackB

Proof. Here we adapt the proof of [EE05, Proposition 6.2], which is made on several steps.

Step 1 : i,, is surjective : Thanks to the relation

X0

we can write every elements of (RackBi),. with coproducts above products. Thus i, , is

surjective.

Step 2 : We define an isomorphism : Let us define a morphism

7 @ CNl,...,Nq — (Nnc &nc Cnc)(va)a

Nti,...,Ng>0

where Cy,, . N, = Cpe(N1 + - -- + Ny, p). For z € Cy, .. n,, we define i(x) by
i(z) = ide(E™,. .., 1) ®@id®r ®id,

where for n € N, y™ is the operation

. v ,
For example, the image of
T = € 02,3
2415 3
is
Z(CL’) == ~ S (Nnc &nc Cnc) (27 2)

We can consider @y, ... n,50 Cn.....N, as an S-bimodule with the left S;-module struc-
ture by permutation of the /N;’s. Thus 7 is a morphism of S-bimodules. Since every element

of (Mpe ®,e Cre)(q, p) can be uniquely written

ide(p™, ... 1) @ider ®id,
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¢ is an isomorphism of S5-bimodules. Thus, in order to show that 4, , is injective, it is enough
to show that i, , o is injective. Fix € Cy,,.. y, non zero, we will define a morphism of
S-bimodules « : RackBi(p,q) — V, with V' a vector space, such that (a0 i,, 0 i)(x) is

not zero.

Step 3 : Definition of « : Let C' be a coalgebra. By Proposition 3.4, N(C) is an
(RackBy ),-bialgebra. Let

()xv(ey : RackBi(p, q) — Hom(N (C)*", N(C)*7)
be the structural morphism of N'(C) and ¢y, N, be the morphism
Ny, - Hom(N(C)?P, N (C)?) — Hom(C?, C Nt tNay
which associates to a morphism f : N (C)® — N (C)®? the composition

C% s N(C)®P ER N(C)®7 — C®N1+-Ng,

We define the morphism « : RackB;(p, ¢) — Hom(CP, CM++Na) to be the composi-
tion of (-)arc) with @n, . n,. We can see that the element o oy, 0i(x) is equal to the
morphism z¢ which is the image by the structural morphism (-)¢ : C,. — Ende of z.

Now we need to find a coalgebra C' (depending on z) such that this z¢ is non zero.

Step 4 : Find a suitable coalgebra : z is a sum of elements of the form o, ® (AF @
@ AF) @ oy where ky + -+ k, = Ny +---+ Ny, 01 € C[Sny+-tn,)s 02 € C[S,] and AF
corresponds to the k-th composition of A with itself. For example, A? = (A ®id) o A. By
coassociativity this notion does not depend on a choice. These elements can be rewritten
into elements of the form 0 ® (AM ® --- ® A*) ®id by shuffling the APs.

One can write

T = > Thy ey

ot +++++hp=N1 +-+ Ng
where T,k = Ok, @ (AM @ - ® AP) ® id with Ok, € ClSN 44N, Since
x # 0, there exists a tuple (ki,...,k,) such that xy, _x, # 0, thus such that oy, 5, # 0.
Now take (ki,...,k,) such a tuple. Let C' := T°(V) be the reduced cofree coalgebra on a
vector space V := Span(v1, ..., VN, 4.4n,) of dimension Ny +- - -+ N,. Here the coproduct

on V is the reduced coproduct A, which is the deconcatenation product without counits.
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3.8. The case of RackB

Finally, define the element
Vi= 01 Ugy @ Uyl Vkyiky @ 0 @ Uky by 41+ - Uky ik, € CF.
Since, for all { > k and ;... u, € VOF, Zl(ul ...ug) = 0, we have
zc(v) = (Thy,..oy, )0 (V).
For o € Sy, 4..4n,, We have
(0@ (A" @ @ A™) @id)c (k... k) = Vo) ® *** @ Vg(Ny 1t N,)-

But since oy, ... 1, is a non zero linear combination of permutations of Sy, ...y n, Which acts
freely on the subspace Span(vy(1) ® -+ ® Vo(Ny4-4N,): T € Sni44n,) Of C, 2o (V.. k) 18
not zero, which completes the proof.

O

This proves the following.
Theorem 3.6. The properad RackB; is homotopy Koszul.

Proof. We need three conditions :

(i) the associated quadratic properad RackB; is Koszul,
(ii) the S-bimodules RackB; and RackB; are isomorphic,

(iii) there exists an extra grading on RackB; = @y RackB;(\) such that RackBy()\) is

a finite dimensional S-bimodule for all ).

(i) has been proved. (ii) comes from Theorem 3.5 and the fact that the morphism i,
preserves the number of connected components, thus it is an isomorphism of S-bimodules
between RackB; and RackBs. For (iii), as RackB; has a representation by generators
and relations, we can take the graduation induced by the path grading, which is given by
the number of different paths from any input to any output (see [MV10, Section 5]). This

graduation is preserved by the relations.
O
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3.4 Is RackB homotopy Koszul ?

The main goal of this chapter was to compute a minimal model of RackB if it exists.
M. Markl exhibited in [Mar06, section 8] a properad which admits no minimal model, thus
the question of the existence of a minimal model for RackB can be asked. A sufficient
condition for a properad to have a minimal model is to be homotopy Koszul, but we do
not know if RackB is homotopy Koszul or not. In fact, even if RackB, is Koszul, two

conditions of this definition remain open :

(i) The natural morphism to consider between RackB, and RackB is not an isomor-

phism because of the fact that the non zero element

\P/ = @ € RackB

has no non zero inverse image in RackBs. This does not prove that there is no

isomorphism between these S5-bimodules, but finding one seems not easy.

(ii) The path grading that we take to prove that B and RackB; are homotopy Koszul

is not a grading on RackB because of the relation

Nt

in fact the number of paths are respectively 3 and 4. This may be a way to prove

the eventual non homotopy koszulity of RackB.
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CHAPTER 4

ASSOCIATIVE AND COASSOCIATIVE
BIALGEBRAS

The goal of this chapter is to study a family of properads to check in this particular
case if confluence of a system induced by a properad is equivalent or not to its koszulity.

The case we are studying is the case of associative and coassociative bialgebras, with a

X

In this chapter, we use a SageMath script to compute dimensions of vector spaces. The

relation which allows us to rewrite

idea behind the SageMath script is to generate all possible graphs starting from a list of
given generators, then we can define relations and study the ideal generated by them, ask
for dimensions, etc. See Appendix A and [Néd] for more details.

In the first section we describe the situation and state the main conjecture of the
chapter, then we talk about some symmetries we can use to simplify the problem, and
focus on confluence to get relations we will keep in mind for the rest of the chapter. In
the second section, we study a specific morphism of S-bimodules and prove that it is an
isomorphism if and only if the properad induces a confluent system using two methods :
an direct one and another using representation theory. In the last section, we study the

koszulity of these properads looking at their Koszul complex.

4.1 Presentation of the problem

We start here with a properad generated by an associative product and a coassociative
coproduct, together with one quadratic relation in biarity (2,2). This family of properads
does not contain all possible properads encoding associative and coassociative bialgebras,

but it has 4 parameters.
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Chapter 4 — Associative and coassociative bialgebras

4.1.1 The properads encoding associative and coassociative bial-

gebras

We will study the following family of properads. Let E be the S-bimodule

E:Y@)\,

a = (ay,as,as,ay) be a 4-tuple in C, and R, be the ideal generated by
R NN

D A SIS

We denote by (), the term

Y el Ayt

This notation is inspired from J-L. Loday in [Lod08]. Then we denote by P, the properad
F(E)/R,.

Remark 4.1. This family of properads contains known properads such as 13 (see [Val07])
and 1B (see [MV10]). However, these properads are quadratic and with dioperadic rela-
tions, thus the properad B is not in this family, but we could take instead of 4-tuples the
5-tuples b = (by,...,bs) € C° and define

X A b

We denote by P, the properad with generators I/ and relations generated by associativity,
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4.1. Presentation of the problem

coassociativity and 65. This family is not quadratic and the quadratic properad associated
to Py is P, with a = (b1, ba, b3, by), thus studying homotopy koszulity of properads of the
form P, starts by studying koszulity of properads of the form P,.

Let A be the properad (or operad) of associative algebras and C be the properad of

coassociative coalgebras. Let us define the morphism of S5-bimodules
Yo : AXKC — P,
defined by the composition
AXC — F(E)X F(E) —» F(E) - P,.

We can state the following conjecture, which links ¢, to koszulity of P, and confluence

of the system it induces, where confluence is defined in Section 4.1.3.

Conjecture 4.2. Let a € C*, the following are equivalent :

(i) the properad P, induces a confluent system,
(ii) the morphism ¢, is a bijection in weight 3,

(7ii) the properad P, is Koszul.

In fact the implications (i) = (ii) = (iii) are true in the case of operads, but an algebra
(thus an operad) can be Koszul but the system it induces be non confluent, for example
the algebra

A=T(z,y,2)/(x* — yx, 22, 2Y)

induces a confluent system for the order giving the rule 22 — ya but not for the one giving
the rule yz — z? (see [DR17]). Moreover, (ii) = (iii) has been proven by B. Vallette in
[Val07] (see Theorem 2.38) for properads in general.

4.1.2 Symmetries and isomorphisms

In order to simplify the situation, one can look at symmetries and isomorphisms to
reduce the size of the family of properads we are looking at. What we call symmetries are
the link we can find between some results using levelled graphs and the same result but
looking at the horizontal symmetry of the graphs. For instance, the graphs representing

coassociativity are obtained by symmetry from the graphs representing associativity. We
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are also looking at automorphisms of S-bimodules on £, and look at what they induce

on the free properad on F.

Symmetries

Most of the time, to compute dimensions, morphisms, etc., we will study P, in some
weight and biarity. But because the S-bimodule F is stable by horizontal symmetry, so is
F(E) . Thus we can wonder if we can save computations. The relations of associativity
and coassociativity are also horizontally symmetric to each other, and the horizontal
symmetry of the relation (), is (z with a := (as, a1, as, as). Thus if we look at the reversed
properad P (see [Val07, Section 8]), we get the properad P;.

This remark will save a lot of computation for the next sections, because, for example,
if we look at the dimension, depending on a, of P, in some weight w and biarity (m,n),

we have, as §,, X 5)P-modules :

PL) (n,m) = (PP) ) (m,n) = (PL) (m,n))™ .

Isomorphisms

The S-bimodule automorphisms of F are the morphisms ¢ : E — FE of the form :

1 2 1 2 2 1

0 \( :a\(m\(
0 )\ =c)\+d)\,

1 2 1 2 1

\V)

where a® —0? # 0 and ¢ —d? # 0. In fact in both biarities (1,2) and (2, 1), the equivariant

morphisms are given by matrices of the form

()

with a,b € C. Take for example



4.1. Presentation of the problem

1 2 2 1
o’ Y —> Y and )\ —> )\ ,
1 2 1 2

1 2 1 2
SR GNP\
1 2 2 1
and ¢l = ¢, o ¢". Thus, if for ¢ an automorphism of E, we denote by ¢ the induced
automorphism of the free properad F(FE), we have

1 2 2 1 1 2 2 1 1 2 2 1
o X w K= o)
12 L2 9 9 1 2 1 2 1 2
2 1 1 2 2 1 1 2
<0 (Y =6 )
1 2 1 2 1 2 1 2
1 2 1 2 1 2 1 2 1 2 1 2
w0 v K =09 U= 10
L2 2 17 2 2 1 1 2 2 1

1 2 1 2 1 2 1 2
2 1 1 2 2 1 1 2
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12 2 1 1 2 2 1 1 2 2 1
@:XHX’NHW’R?%/\J’
L2 2 1 1 9 2 1 1 2 2 1

2 1 1 2 2 1 1 2
2 1 1 2 2 1 1 2
We will use these S-bimodules automorphisms of F(FE) to reduce the size of the family

of properads later. For example, the properad P00,y is isomorphic to the properads

P0,1,00): P0,0,1,0) and Pg,0.1), respectively with the isomorphisms ¢7, ¢, and ¢

4.1.3 Confluence

Here we state the conditions on a for P, to induce a confluent system in the sense

given below. Thus we can reformulate the conjecture with these conditions.

Definition 4.3 ([Mall9, Chapter 1]). A rewriting system is a data (A,—) of a set A
and a binary relation — on A called the rewriting relation. We say, for a,b € A, that a

rewrites to b if there exists a sequence in A
a—ay —> -+ — a, — b,

and we write a — b. We say that the system (A, —) is confluent if for any tuple (a, b, c)
in A such that b «— a — ¢, there exists d € A such that b — d « ¢. See [Mall9] for more

details on rewriting systems, confluence and linear rewriting.

We take as rewriting rules on the space F?(E) the following ones
YN A AN

and X %alm +a2m ﬂl?ﬁhj +CL4R>
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and take the induced ones on F©&)(E).

Definition 4.4. Let a € C*. We say that P, induces a confluent system (in weight 3) if

the rewriting system F (3)(E ) with the rewriting relation given above is confluent.

Remark 4.5. This system terminates, thus here confluence is equivalent to convergence
(See [Mall9)).

The critical monomials, which are the elements that can be rewritten two different

ways, of this rewriting system are

“(/,A\,Y wi X

We already know that starting from

NN

we have confluence, these are known operadic cases. We only need to check what happens

3 1 2
123

but we will focus on the first one and only give the relations for the other one, because

for
1 2

1 2

it is obtained from the first one by applying the horizontal symmetry. First we will give

some examples.

Example 4.6. For a = (0,0,0,0), we have the rewriting diagram in Figure 4.1,where
the top arrow is given by associativity, and the two others are given by the relation (.
Thus Py induces a confluent system, but for a = (2,0, 0,0), we have the rewriting diagram
in Figure 4.2, where the top path is given by associativity then the relation {,, and the
bottom path is given by the relation (), two times followed by associativity. Thus is this
case, P, induces a non confluent system because the two elements at the end of each path

cannot be rewritten anymore and are different.
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Figure 4.1 — Rewriting diagram for a = (0,0, 0,0)

1 2 3 1 2 3
X N
/12 1 2
12\
1 23 1 2 3 1 2 3
1 2 1 2 1 2

Proposition 4.7. Let a = (a1, as,a3,a4) € C* and a := (ay, ay,as,ay). The properad P,
induces a confluent system if and only if

acC:={acC"Viec{l,23,4},a; = a’ and asay = ayas = 0} and a € C.

This means that P, induces a confluent system if and only if for alli € {1,2,3,4}, a; = a?

i
and ajas = a1a4 = aoa3 = agsay = 0.
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Proof. Doing the rewriting diagram for

in the general case, at the end of one path, we get :

FCRAV VIR PR e

1 2
123 2 1 3 2 3 1 3 92 1 123
+a3 %y + a4 | Q1 r\ﬁ) + (05} %) + as k&) + ay % s
2 1 1 2 L2 L2 2 1

and at the end of the other path, we get

1 2 2 1
1 2 3 t ? 213 1 2 3
a; | ay K\V +CLQ W + asg W —+ ay ﬁﬁ) + asg \M
1 2 1 2 1 2 1 2

1 2
3 1 2 13 2 123 3 2 1 123
+as aQW +GQK§W +a3r§y +a4k%§) +a4%.
L2 1 2 2 1 L2 2 1

The difference between these two elements is
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1 2 3 1 2 3 L2 T
Tq =(a; — a?) N + (a3 — as) \M + (a3 — a%) gy + (a] — as) %
1 2 1 2 2 1 2 1

1 3 2 2 3 1 2 1 3 3 1 2
+asa4 W + W — a1ag W + W .
1 2 1 2 1 2 1 2
Thus this graph rewrites uniquely if and only if z, = 0 in F©®)(E). In other words, it

rewrites uniquely if and only if a is in the set
C = {a € CYVi € {1,2,3,4},a; = a’ and asay = a;as = 0}.

Starting from the graph
1 2

12 3

the computation is the same but the roles of a; and ay are switched, this means that P,
induces a confluent system if and only if « € C' and a € C.
O

Remark 4.8. If we consider a 5-tuple b, we can check that P, induces a confluent system

if and only if

(b5 =0 and (bl,bg,bg, b4) € C and (bz,bl,bg,b4) c C)
or (bs # 0 and by = by = b3 = by = 0).

In other words, the only non-quadratic properad that induces a confluent system of the
form P, is B, up to isomorphism (one can check that we can consider b5 = 1 or 0).

One can now state this new conjecture, which is equivalent to Conjecture 4.2.
Conjecture 4.9. Let a be a 4-tuple in C, then the following are equivalent :

(i) the morphism @, is an isomorphism in weight 3,
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(ii) the properad P, is Koszul.

Moreover, both are true if and only if (, is one of the following terms, up to isomor-

XXXy

In fact, P, induces a confluent system if and only if (), is one of these terms, up to

phism :

isomorphism of properads.

4.2 Morphism of S-bimodules between A X C and P,

Let us recall that the morphism ¢, is defined as the composition
AXC — F(E)X F(E) = F(E) > P,.

One can check that this morphism is surjective in weight 3. Thus the question is : is ¢,
injective in weight 3 7 We only need to compute the dimensions of AKC and P, in weight
3, biarity by biarity. The methods we will use in this section can be used to compute the
biarities (1,4), (4,1), (1,2) and (2, 1), and in these cases, @, is always injective.

Let us treat biarity (2,3), then biarity (3,2) will be studied by symmetry. Thanks to
section 2.4, we have the dimensions of AXC and F(FE) in weight 3 and biarity (2, 3), which
are respectively 120 and 264. Thus we only need to calculate the dimension of R (2, 3).
We will do so using two methods, the first one is quite direct, based on the fact that we
know a generating family of R(*(2,3), thus we can find its dimension. The second one
will use representation theory, and will be way faster in terms of computations. Both of
these proofs are accompagnied by the Jupyter notebooks isobiarity23Methodl.ipynb
and isobiarity23Method2.ipynb in [Néd] and Appendix A.

4.2.1 Direct proof

In order to make the computations easier, we decompose the morphism F(E) — P,
into the composition of the morphisms F(E) - F(F)/R and F(E)/R — P, where R is
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the ideal generated by

N A A

and the second morphism is the quotient by the image R, of R, in F(FE)/R. A generating
family of PTa(Q)(Q, 3) is the following :

123 12 3 12 3 L2 123
12 1 2 12 2 1 12
1 9
12 3 12 3 L3 2 3)
|V W "N )Y |
1 2 9 1 2 L2
12 3 21 3 23)1 ?sz 123
Ulk — a2 ﬁﬁ) —a;;% — Q4 & —C%KEé\| 09,
1 2 1 2 L2 L2 2 1
123 1 23 12 3 1 23 r23
UIY_GQ _a% N @02’
12 12 1 2 1 2 2 1
1 23 12 3 1
| N-%W W—%W
1 1 1
1 23 3 )1
5 1 9

for o1 € Sy and 0, € S3. Here we described a generating family in the basis of (F(E)/R)®) (2, 3)
given by the graphs

92



4.2. Morphism of S-bimodules between AXC and P,

N &8 A R A O,
S A A A Sy

with every possible permutations above and below. The dimension of (F(E)/R)®(2,3) is
180, thus we want to find conditions on a for the dimension of E(3)(2, 3) to be 60. Once
the 72 x 180 matrix describing the generating family of E(Q)(Z, 3) in the canonical basis
generated in SageMath, we can easily make some operations on rows to get an equivalent

matrix of the form

I60 *
0 B,)’
where [,, denotes the n X n identity matrix and B, is a 12 x 120 matrix with coefficients

in Clay, as, as, aq). For 4,5 € {1,2,3,4}, let us denote by R; := a? — a; and R;; := a;a;.
We define the following block matrices :

3 I r A
Iy, == 0 L , O = § and 0 ,
I, 0 0TI 0 A

with

001100 010010
001100 1 00001
100001 1 1

I'= and A = 0 00 0
010010 100001
100001 001100
01 001PO0 001100

Thus rk(C) = rk(D) = 6. We have

Ba:(—R1f12 —Rsliy Ryl Ryliy 01y Opp Oy —R13C Ry4D 012)_
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Here we can see we have 4 cases :

(i) If a € C, then B, = 0 and the dimension of E(Q)(Q, 3) is 60.

(ii) If there exists i € {1,2,3,4} such that R; # 0, the dimension of R, " (2,3) is 72.
We denote by NChom = {a € C*3i € {1,2,3,4} such that R; # 0}.

(iii) There is a finite number of remaining cases, because if for all i € {1,2,3,4}, R, = 0,
it means that a € {0,1}*. If (B3 =0 and Ry # 0) or (Ry3 # 0 and Ryy = 0),

le.if
a€{(1,1,1,0),(1,1,0,1),(1,0,1,1),(0,1,1,1),(1,0,1,0),(0,1,0,1)} =: NC,o,

the dimension of E(2)(2, 3) is 66.

(iv) There is only one tuple left here, the case where a = (1,1,1,1), we denote by
NCy :={(1,1,1,1)}. In this case, the dimension of R, (2,3) is 70.

Thus we can prove a part of Conjecture 4.2.

Theorem 4.10. Let a € C*, the following are equivalent :

(i) the properad P, induces a confluent system,

(7i) the morphism ¢, is an isomorphism of S-bimodules in weight 3.
Proof. We have

€ C & dim (Ra(‘”’)@, 3)) — 60 & dim ((AKC)P(2,3)) = dim (PP(2,3)).

which is true if and only if ¢, is injective in weight 3 and biarity (2, 3).

On biarity (3,2), one can use the same method or simply see that, as vector spaces,

PO(3,2) = (PP (2,3) = PV (2,3),

a

thus a € C' if and only if ¢, is injective in weight 3 and biarity (3,2). The same method
shows that for every a € C*, ¢, is injective in weight 3 and biarities (1,4), (4,1), (1,2)
and (2,1). Finally we have that ¢, is injective in weight 3 if and only if « € C'and a € C.

O
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4.2. Morphism of S-bimodules between AXC and P,

4.2.2 Proof of theorem 4.10 using representation theory

Here we use representation matrices, see Section 1.4, to compute the representation
R®)(2,3) of the group Sy x S5°. R)(2,3) is a subspace of F(E)®)(2,3) = C[S, x 557922,
thus we study R(®)(2,3) as a space of relations in 22 copies of the regular representa-
tion of Sy x S37. We have a total of 13 relations. Thus we get for every (A, u) F (2,3)
a 13dyd, x 22dyd, representation matrix C) ,(R%)(2,3)) such that my ,(RP)(2,3)) =
rk(Cy . (R®(2,3))). For every (A, u) F (2,3), we compute the partial Smith form (see
[BD17]) of Cy .(R(®(2,3)) and get a matrix of the form

IkA,u *
0 Biu

We simplify the matrices, getting rid of zero and duplicate columns and rows, getting
new matrices SBY , such that rk(SBY ,) = k(B ,). The matrices SBY , are given in the

Tables 4.1 and 4.2, and the integers k, , are given in the Table 4.3.

Table 4.1 — SBY , depending on A for = (2,1)
A\p (2,1)
1) (—2R2,4 Ry Ry, Ry 0 —Ri3 —R, 0 —Ry —R4>
R274 —R2 0 0 Rg —R173 0 —Rl 0 R4
) (23274 Ry Ry Ry 0 Rz Ry 0 Ry Ry )
R274 —R2 O 0 Rg R173 O R1 0 —R4

Table 4.2 — SBY , depending on A for u # (2, 1)

A\p (1,1,1) (3)
(L) | (=R Ry —Ri —Ry) | (2Rea —Ry Ry —2Ri5 —Ri Ry)

2| (~R: Ry Ri Ry) |(—2Reu —Ry Ry 2R3 Ri —Ry)

Table 4.3 — k) ,, depending on A and g

Mp | (L,L1) [ (2,1) | (3)
1,1)| 12 24 | 12
@) 12 24 | 12

From this we compute m, ,(R{®(2,3)) depending on z and a, see Table 4.4. Moreover,
(ARC)®)(2,3) = C[S, x S5°]#10, thus the only case where the S, x S5P-module structures
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Chapter 4 — Associative and coassociative bialgebras

of (AR C)®(2,3) and P{¥(2,3) are the same is when a € C. We can also compute the
dimension of R (2, 3) and check that it is 144 if and only if a € C. This provides another
proof of theorem 4.10.

Table 4.4 — m, ,(R¥(2,3)) depending on a and p

a\p | (3) | (2,1) ] (1,1,1)
Cl 12 24 12
NCoorm | 13 | 26 13
NC, | 12 26 13
NC,o | 12| 25 13

4.3 (Non)-koszulity

We can check that all a € C' such that a € C' provide a Koszul properad. In fact if
a = (0,0,0,0), we get the properad %B (see [MV10]), if a = (1,1,0,0), we get eB (see
[Val07, Corollary 8.5]) and if a = (1,0,0,0), Theorem 4.10 and Theorem 2.38 show that
P, is Koszul. Thus we can state the following.
Theorem 4.11. Let a € C*. The following are equivalent :

(i) the properad P, induces a confluent system,

(ii) the morphism @, is an isomorphism of S-bimodules in weight 3.

Moreover, in that case, the properad P, is Koszul.

Now the question is, if a ¢ C or a ¢ C, can we show that P, is not Koszul ? We have

the following sequence of implications :

P, is Koszul = P, K Pl is acyclic = (P, X P1)#(2,4) is acyclic
— for all (A, u) F (2,4), the isotypic component
(P, RPHH(2,4)] (1, is acyclic
= for all (A, ) F (2,4), the Euler characteristic of
(P B PO, D)n, is 7010,

The goal of this section is to compute the multiplicities of every chain of the Koszul

complex of P, in biarity (2,4) and weight 4. We can look for multiplicities instead of
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4.3. (Non)-koszulity

dimensions because every map in the complex is equivariant. We look in weight 4 because
in lower weights, this criterion is always true. We also look for biarity (2,4) because it
seems to be the simplest one to study among the ones where we can find something
interesting. We could look for biarity (3,3), or higher weights, the method would be the
same but the computations would be too long.

For the SageMath computations, the file Koszulcpxbiarity24.ipynb in [Néd] accom-

panies this section, see Appendix A.

4.3.1 Koszul complex of the properad

Let us study the Koszul complex of P, in weight 4 biarity (2,4) :

— (PHD(2,4) = P, R Pi(2,4) - P, X Pi(2,4) - P, ®Pi(2,4) = P (2,4) — 0.
~  ~~ ~ =~

1 3 2 2 3 1

Let us first introduce some notations.

Notations 4.12. Let (A, p) F (2,4). We set
(1 M)\,u = m)\M(C[SQ X Szp])

(ii

)

) X := (PP(2,3) W) B(1,2))(2,4) and 5, := my ,(X*).
(i) Y := (E(1,2) Ry (P)P(2,3))(2,4) and y§ , := m,(Y).

)

)

(iv) (MPa)ay = mAu(P( )(274)) and (MP})y == my (P} )( )(2 4)).
(v) (MRo)rp = mu(RED(2,4)) and (M Ry)x, = mu((Ry) W (2,4))

As the criterion we are looking for only involves multiplicities of the chains, we will
study this complex degree by degree. Recall that the leftmost non zero chain is concen-

trated is degree 4, and the rightmost non zero chain is concentrated in degree 0.

Degree 0
Here the method is exactly the same as in Section 4.2.2, we have
(Mlpa))\“u - 93M}\,,u — (MRa>)\“u
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Chapter 4 — Associative and coassociative bialgebras

We compute the partial Smith form of the representation matrices for R (2,4) and get

for every (A, 1) F (2,4) a matrix of the form

]k)\ " k
(D (2,4)) = ( 0 B )
A

such that (MR.)x, = k. + 1%, where 7§, = rk(Bf ). Here the issue is that the
representation matrices are too big to be studied as simply as in 4.2.2. We will study this

case later.

Degree 1

Looking at the combinatorics with the weight and the biarity, we can see that

~—
3 1

P, xf(;/(z, 4) =X (PP(1,4) Ky E(2,1))(2,4)
D ((E(la 2>77D:§2)(17 3)) &(1) E<27 1))(274)-

According to Notation 2.21, these subspaces correspond respectively to the diagrams

YIPALT, AT

- \andﬁ’

the first space has multiplicity zf ,, which we will compute in 4.3.3, the second one is

given by Corollary 2.25, and the last one can be computed with the same methods as in

Theorem 2.23, it is equal to

D 50 B2 0P (1,3) Os,xs, OIS, , 7] @5 (€@ B B2 1)@ & C) ®C[S4]
k=(1,...,2,...,1)
’E‘:E/)
o D cseEP,3®E(12) @syxs, OIS, , 718 (CO®--OE21)®---8C)@C[S4] [ /~.
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4.3. (Non)-koszulity

But again we can reorder the blocks and use the fact that the S-bimodules involved in

these arities are regular representations to get

(C[Sz] ® (C[Ss] ® C[S;3]) ®s,xs, C[S€273),(2,1,1,1)] ®s, C[S5] ® C[S4]) /
- (C[SQ] ® C[S€2,3),(2,1,1,1)] ® 6[84]) / ~".

Here we have
Sf2,3),(2,1,171) ~ {1,2,3} x {1,2} x {1,2} x S,

with a right action of S35 corresponding to the relation ~', which gives

((E(17 2)7 ,Pf)(lv 3)) |E(1) E(27 1))<27 4)

6[82] ® G:[8(52,:«;),(2,1,1,1)] X5, 6[84]
[S2] ® C'? ® C[Sy]

(S x SP]¥12.

C
C

Finally, we have

Degree 2

Similarly to degree 1, we can see that the space P, X P! (2,4) is
- <L

2 2

According to Notation 2.21, these subspaces correspond respectively to the diagrams
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Chapter 4 — Associative and coassociative bialgebras

YA CIIIYY YA B, |
WYY T & o

Thus, by Corollary 2.25 and the previous method, we have

mAuH‘((f/a/ & f/t.z/) (27 4)) = 42M>\,p,-
3 1

Let us give some details on the computation of the first space. This space is equal to

<C[82] ® (E(17 2) ® E(L 2) X5, xS, C[SEQ,Q),(LLQ)] Xs, (E(L 2) ® E(2, 1)) ®s, 6[84]) / ~'
— (€[3:) © St 112)] © CISH]) / ~,

where the relation ~' corresponds to the exchange between the two products of E(1,2).
We have
€2,2),(1,1,2) ~ {1,2} x {1,2} x {1,2} x Sy,

where an element (a, b1, b2, 7) € S{9) (1,1 9) corresponds to the choice a of an output of
the coproduct, an input b; of the first product which is linked to the output a, an input
by of the second product which is linked to the other output, and a permutation 7 € S,
for the rest of the permutation. For example, (2, 1,2, (1,2)) corresponds to the connected

permutation [3,2,4,1]. This set is endowed with a left action of Sy given by
g - ((I, b17 an T) = (0 " a, bU(l)a ba(?)v T))

and a right action given by multiplication with 7. Thus, we have

6[82] ®s, C[Sf2,2),(1,1,2)] ® 6[84]
C[S,] ® C* ® C[S4]
— C[S, x SIP]8.

&
~
no

-
~—
~—

~—
—
no

W~
SN—

I

(B1,2) R, (B(1,2)
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4.3. (Non)-koszulity

Degree 3
We have

P RPL(24) =Y (E2,1) Ry (P)(1,4)) (2,4)

2 2

According to Notation 2.21, these subspaces correspond respectively to the diagrams

[ ‘,'”.”','::'Yandti*.
Tk T T

Thus, by Corollary 2.25 and the previous method, we have

mau((Pa B PL)(24) = 43, + 9M
1 3

Degree 4

Using Corollary 2.33, we do the same here as for degree 0, but for the properad
P, = F(ZE)/(X2R*Y), with

(V) (A )Xy

o X UA X[ 1)

Thus we find
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Chapter 4 — Associative and coassociative bialgebras

(MPL)sy = 93My, — mivw (R (2, 4))

1 a,l
= 93M>‘7N — k/\/hu/ - T)\/’M/,

where the partial Smith form of the representation matrices for (R*+)®(2,4) and (\, i)

(2,4) are of the form
]ki_,u %
0 B/

and rit = rk(Bij)

4.3.2 Computing values
One necessary condition for P, to be Koszul is
(MP)ry +42My  + (MPo)ry = My, + Y, + 20M)
which is equivalent to
199My 0 = @5, + Y5 + Enge + Fxi e + 75, + 15

We know the values M), from Theorem 1.5 and can compute ky, and ky , with
SageMath, and then 199M, , — Ky, — /{:/%,M, depending on p (independant of \), see Table
4.5.

Table 4.5 — Values of M, ,,, kx ., kfw, and 199M, ,, — Ky, — k/%,#/ depending on p

pl (@] G122 (@21,1)]1,1,1,1)
My, | 1| 3 2 3 1
ki, | 73| 219 | 146 | 219 73
ke | 92 | 276 | 184 | 276 92
199M,,, — kny — ke | 34 | 102 | 68 | 102 34
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4.3. (Non)-koszulity

4.3.3 Computation of z§ , and y5 , via Pieri’s rules

We denote, for (a, ) F(2,3), A2 45 := mq 5(P)(2,3)). Thus we have

PP (2,3) = EB Vot = @ (VRV)eA
F(2

(a, 3) (a,0)F(2,3)

According to Theorem 2.23, we have

DA,,
X = @ (VaB(VsiEuCSy))) ™.
(e, B)(2,3)

Thus by Pieri’s rules :

X'= @ D Va1, CS))
(o,8)F(2,3) 72
v<B

- EB B ((Va B (Vy L Vi) @ (Va B (V Uy Vi)

3) y-2
7<,8

DAq 3

®Aa,p

= @ DDV | P VaRV;

o 12 \\ g
In terms of Young diagrams, the partition ¢ is obtained from g by removing one box
and adding two boxes, but not both on the same column for the first direct sum and not
both on the same row for the second one. For every § F 3 and ¢ - 4, we count the number
of ways to get d from 3 these ways in Table 4.6. We also remind the values of Ag 5 from
Section 4.2.2 for every a € C* and («, 8) I (2,3), depending on a and 3, see Table 4.7.

Finally, we obtain the values of x5 , depending on a and p, see Table 4.8.

We denote now, for (o, 8) b (2,3), B2 5 := mas(Pi®(2,3)). We have

Pi)(2,3) = GB Vot = @ (Ve Vy)®P

(e, 8)F(2,3) (o,8)F(2,3)

We have, by Theorem 2.23,

@B,
vo= @ ((Cu Ve REC[S] 2LV .
(0 B)-(2.3)
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Table 4.6 — Number of ways to get d from by removing one box and adding two boxes,
not on the same column (left), not on the same row (right)

|
o\ | [T 11| - —
| 10 11 [10]01]00
1 0 2 1 1 11 210 1
1| 00 10 011 1]01

Table 4.7 — Values of A7 5 depending on a and 3

ae\s | [T 'ﬂ
0

C 10 20 |1
NCiorm 9 18 |9
NC, 10 18 [ 9
NC.,0 10 19 [ 9

Table 4.8 — 2 , depending on a and p

|
ce\u |[TT1T|H-H ~
C 30 90 60 90 30
NChom 27 81 54 81 27
NCy 28 &3 55 &2 27
N C%O 29 86 57 &5 28

Thus, by Pieri’s rules,

Ve= P ((Cu C)R(CL, Vp))F*Pxs

(@B (2.3)
=P (C[S2] R (C L, V))#*Fs
B3
=P P (C[S;] B V) #HFes
B3 A4
=8
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4.3. (Non)-koszulity

Here, in terms of Young diagrams, 7 is obtained from g by adding one box. For every
v 4 and 8 F 3, we count the number of ways to get v from [ this way in Table 4.9. We
also have, by SageMath computations and Corollary 2.33, the values of By, 5 depending on
B and a, see Table 4.10. Then we get the values of y} , depending on a and u, see Table
4.11, and the values of z§ , + y3 , depending on a and p, see Table 4.12.

Table 4.9 — Number of ways to get v from [ adding one box

|
8\y | 11| HH N

| 1 1 0 0 |0
0 1 1 1 |o
H 0 0 0 1|1

Table 4.10 — Values of By 5 depending on a and 3

ae\g | [T 1| H-

C
NCnorm
NCy
NCm,O

|
- ol -

oo O
i =l Rl \V]

Table 4.11 — y§ , depending on a and p

|
o\ | (T N

C 4 12 8 | 12 |4
NCoorm 0 0 0 | 0 [0
NC, 0 0 0 | 4 |4
NC., 0 4 1| 8 [4
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Table 4.12 — 25 , + y3 , depending on a and

|
e\ | (T T n

C 34 102 68 102 | 34
NChorm 27 81 o4 81 |27
NCy 28 83 35 86 | 31
NCyyo 29 90 61 93 | 32

4.3.4 Computation of rf\l;i, via Grobner basis

In order to find an upper bound of the rank of a polynomial matrix M (xy,...,x;) of
size n x m, one can compute, for 1 < ¢ < min(n,m), the determinantal ideal DI;(M)
(see [BD17, Section 3]), which is the ideal generated by all the minors of M of size i, and
compute its Grobner basis. The Grébner basis is 0 if and only if for all (24, ..., %) € C,
rk(M(z1,...,2)) <i. We can compute Grobner bases for the polynomial matrix Bij in
the variables (ay, as, as, as), and find the values of ri;i, depending on a and u, see Table
4.13.

Table 4.13 — ri;i, depending on a and p

a€\p| (431222151 (11,1,1)
c| 0 0 0 0 0
NCrom | 1 3 2 3 1
NC; | 1 3 2 3 0
NCyo | 1 3 2 2 0

Thus, if P, is Koszul, we have
a 1 a a a,l . Yva
7”/\7“ - 199M)‘7N - k)\”u - k}\/#/ - :L‘)\”u - y)\7u - 70/\/7#/ =-=. 2)‘7/147

and we have the values of ¥ , depending on a and u in Table 4.14.

4.3.5 Possible values of r{ ,

For the case of r§ ,, the problem is the size of the matrices. Most of the matrices are
really big, thus they have many minors and require too much computations. However,

we can use this method for some partitions (A, ) F (2,4), for example for (A, pu) =
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4.3. (Non)-koszulity

Table 4.14 — 3% | depending on a and p

ac\p| (4] 122 (21L1)](1,1,11)
C| O 0 0 0 0
NChrom | 6 18 12 18 6
NC; | 5 16 11 13 11
NC.o | 4 9 5 7 10
((1,1),(1,1,1,1)), we get
0 ifaeC
=193 ifae NC
2 ifac NCQO

This proves the following.

Theorem 4.13. Let a = (ay, as,a3,a4) € {0,1}*. The following are equivalent :

(i) the properad P, induces a confluent system,

(ii) the properad P, is Koszul.

Moreover, in this case, (), is one of the following up to isomorphism :

XA XA

Nevertheless, the subfamily of properads considered in this theorem is finite of size
16. Up to isomorphism, this family is of size 7, thus this theorem is based on koszulity of
three different properads up to isomorphism, and proves non Koszulity of four different

properads up to isomorphisms, the ones given by {), equal to
XA XA
X =009 X041
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We use now the previous method via SageMath on the matrices BY , for A = (1,1)
and g = (1,1,1,1) and find that the determinantal ideals DI;(B5 ,) are equal to zero for
i > 7, but not for i = 6. Thus there exists infinitely many a € C* such that rk(BY ,) = 6,
and thus there exists a € NCyorm such that tk(B5 ) = 6 (for example a = (2,2,0,0)).
This means that the Euler characteristic can be zero for properads that induces a non
confluent system. We have to keep in mind that this does not prove that Conjecture 4.2 is
false, because of the sequence of implications we used so far, and the fact that we looked
at particular partitions (A, i), but this makes it harder to prove. A way to provide results
similar to what we want is to look at different families of properads with fewer parameters.
For example, if we take as = a4 = 0 and look at the Grobner basis for ¢ = 6, we get 0,

thus we have the following.

Theorem 4.14. For a = (a41,0,a3,0), the following are equivalent :
(i) the properad P, is Koszul,

(ii) the relation (), is one of the following, up to isomorphism :

XXy

We can do the same for a similar family of properads.

Theorem 4.15. For a = (0, as,0,a4), the following are equivalent :

(i) the properad P, is Koszul,

(ii) the relation (), is one of the following, up to isomorphism :

X XA

We can also try with more restrictions, in order to get the properad eB.

Theorem 4.16. For a = (a1, 1,0,0), the following are equivalent :

(i) the properad P, is Koszul,
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4.3. (Non)-koszulity

(7i) the relation (), is one of the following, up to isomorphism :

X XA A XA

These results all prove non koszulity of some properads of the form P, that induces a
non confluent system, but not all of them. In order to prove Conjecture 4.2, one can look
in different weights and biarities. For example, one can look in biarity (3,3) and weight
4, the spaces considered are bigger, thus the calculations by hand and by computer take
more time, but we may find another stronger criterion on P, to be Koszul. Another idea
would be to study the other partitions (A, 1) F (2,4) to find potential obstructions. This
does not require many more calculations but the problem is that we have to compute
minors of big size in matrices of bigger size. We could also go step by step, considering
for example a; # 0 (because the problem holds in NCipy, ), thus we can divide by a; and
simplify the matrix.

However these tools can be used to study families of parametrized properads in order
to look at possibly Koszul properads, or to prove their non-koszulity. In the case of non-
quadratic properads, one can use these tools to prove (non) homotopy koszulity of such
properads by looking at their associated quadratic properads. However, the condition of
S-bimodule isomorphism between the properads and their associated quadratic properad

seems not easy to refute.
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APPENDIX A

SageMath SCRIPT

Here we present the idea behind the SageMath script used in Chapter 4. The script
can be found in [Néd|, together with the files isobiarity23.ipynb and
Koszulcpxbiarity24.ipynb that accompagny Chapter 4, the file readme.txt that de-
scribes every module, and a file tutorial.ipynb that shows how to use the script on
a simple example. In this appendix, we will focus on how the script works rather that
describing the modules or showing how to actually use it. The script is meant to evolve,

maybe even by changing the language.

A.1 Idea of constructions of properads and ideals

To construct a free properad over generators, we give a list of graphs which are gener-
ators in weight 1. In order to construct the graphs in weight n from weight n — 1, we take
every element in weight n — 1 and look at every possible way we can link a generator to
this element. This constructs a list of graphs, but possibly with duplicates. That is why
we need to remove all duplicate graphs from this list and this is what take the most time
in this construction. The time taken by this step is why we save all generated properads,
and later ideals, in files via the pickle module.

The idea for the free ideal is the same, we give a list of relations, a relation being a list
of couples of the form (graph, coefficient), and a free properad in which this ideal lives.
Then we generate, step by step, the space of relations with the same method as for free
properads.

In order to study the family of properads in Chapter 4, we generated a free properad
over a product and a coproduct. In this properad, we generated an ideal with relations
being associativity, coassociativity, and (), a being encoded as polynomial variables. Thus
we can compute a generating family of the space of relations in some weight and biarity
and study it. The issue here is that the generating family in weight 4, the one that interests

us, is way too big and we cannot ask for the rank depending on a that easily. Thus we
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Chapter A — SageMath script

need to use the divide and conquer method from M. Bremner and V. Dotsenko in [BD17].

A.2 The divide and conquer method

Here the idea was to encode the divide and conquer method, we use exactly the same
method as in [BD17], but we just add the Kronecker product to the process because we
work on properads instead of operads. The other difficulty was to get only one relation per
orbit under the S, x S¢P action, because the external outputs and inputs of similar graphs
were in the same order. That is why we added to the function that removes duplicates a
standardizing function, that uniformizes all graphs.

Once one relation per orbit chosen, we can compute the representation matrices of the
space of relations in some weight and biarity and eventually compute the multiplicities
of this representation in terms of a. In order to compute these multiplicities, one can use

Grobner bases or primary decompositions of the determinental ideals.

A.3 More uses and limits

This script can be used to compute free properads or properads by generators and
relations weight by weight (if the space of relations is homogeneous). For a specific prop-
erad, one can easily compute any desired dimension for a weight lower or equal to 4. This
may take a few hours for weight 4. For example, one can study the properad BiB* encod-
ing balanced infinitesimal bialgebras, see [Que24, Section 2|, or the properad V' encoding
V-gebras, see [LV23, Section 3].

However, there are some limits to this script. So far, handling symmetries on genera-
tors is not easy, for example for the properad V', one has to compute the free properad
over a non-cocommutative bi-tensor, then compute by hand the consequences of cocom-
mutativity of the bi-tensor and write down these additionnal relations, together with the
other ones, in the space of relations. This increases the amount of calculations done by
the script, thus slows it down a lot. Another limit of this script is that it is very long to

compute weight 5 of a free properad. Maybe it can be optimized.

112



BIBLIOGRAPHY

[Ale+18a] Charles Alexandre, Martin Bordemann, Salim Riviere, and Friedrich Wage-
mann. Algebraic deformation quantization of Leibniz algebras. 2018. arXiv:
1810.04050 [math.AT]. URL: https://arxiv.org/abs/1810.04050.

[Ale+18b] Charles Alexandre, Martin Bordemann, Salim Riviere, and Friedrich Wage-
mann. « Structure theory of Rack-Bialgebras ». In: (2018). arXiv: 1412.5907
[math.QA]. URL: https://arxiv.org/abs/1412.5907.

[BD17] Murray Bremner and Vladimir Dotsenko. « Classification of Regular Parametrized
One-relation Operads ». In: Canadian Journal of Mathematics 69.5 (Oct.
2017), pp. 992-1035. 1SSN: 1496-4279. DOIL: 10.4153/¢cjm-2017-018-3. URL:
http://dx.doi.org/10.4153/CIM-2017-018-3.

[Ber07] Michel Van den Bergh. Double Poisson algebras. 2007. arXiv: math/0410528
[math.QA]. URL: https://arxiv.org/abs/math/0410528.

[BMP16]  Murray R. Bremner, Sara Madariaga, and Luiz A. Peresi. « Structure theory
for the group algebra of the symmetric group, with applications to polyno-
mial identities for the octonions ». eng. In: Commentationes Mathematicae
Universitatis Carolinae 57.4 (2016), pp. 413-452. URL: http://eudml.org/
doc/287582.

[Cli81] Joseph M. Clifton. « A simplification of the computation of the natural rep-
resentation of the symmetric group S, ». In: American mathematical society
83.2 (1981), pp. 248-250.

[DK10] Vladimir Dotsenko and Anton Khoroshkin. « Grobner bases for operads ».
In: Duke Mathematical Journal 153.2 (June 2010). 1SSN: 0012-7094. DOI: 10.
1215/00127094-2010-026. URL: http://dx.doi.org/10.1215/00127094~
2010-026.

[DR17] Vladimir Dotsenko and Soutrik Roy Chowdhury. « Anick resolution and Koszul
algebras of finite global dimension ». In: Communications in Algebra 45.12
(Mar. 2017), pp. 5380-5383. 1SSN: 1532-4125. DOL: 10.1080/00927872.2017 .
1307383. URL: http://dx.doi.org/10.1080/00927872.2017.1307383.

113


https://arxiv.org/abs/1810.04050
https://arxiv.org/abs/1810.04050
https://arxiv.org/abs/1412.5907
https://arxiv.org/abs/1412.5907
https://arxiv.org/abs/1412.5907
https://doi.org/10.4153/cjm-2017-018-3
http://dx.doi.org/10.4153/CJM-2017-018-3
https://arxiv.org/abs/math/0410528
https://arxiv.org/abs/math/0410528
https://arxiv.org/abs/math/0410528
http://eudml.org/doc/287582
http://eudml.org/doc/287582
https://doi.org/10.1215/00127094-2010-026
https://doi.org/10.1215/00127094-2010-026
http://dx.doi.org/10.1215/00127094-2010-026
http://dx.doi.org/10.1215/00127094-2010-026
https://doi.org/10.1080/00927872.2017.1307383
https://doi.org/10.1080/00927872.2017.1307383
http://dx.doi.org/10.1080/00927872.2017.1307383

BIBLIOGRAPHY

[EE05)

[FH13]

[Gan02]

[Hof08]

[Ler20]

[Lod0g]

[LV12]

[LV23]

[Mal19]
[Mar06]

IMV09]

MV10]

Benjamin Enriquez and Pavel Etingof. « On the invertibility of quantization
functors ». In: Journal of Algebra 289.2 (2005), pp. 321-345. 1sSN: 0021-8693.
DOI: https://doi.org/10.1016/j.jalgebra.2005.01.056. URL: https:
//www.sciencedirect.com/science/article/pii/S0021869305002309.

William Fulton and Joe Harris. Representation theory. A first Course. 0072-
5285. Springer New York, 2013.

Wee Liang Gan. Koszul duality for dioperads. 2002. arXiv: math/0201074
[math.QA]. URL: https://arxiv.org/abs/math/0201074.

Eric Hoffbeck. A Poincaré-Birkhoff-Witt criterion for Koszul operads. 2008.
arXiv: 0709.2286 [math.AT].

Johan Leray. « Protoperads II: Koszul duality ». en. In: Jowrnal de I’Ecole
polytechnique — Mathématiques 7 (2020), pp. 897-941. DOI: 10.5802/jep.
131. URL: http://www.numdam.org/articles/10.5802/jep.131/.

Jean-Louis Loday. Generalized bialgebras and triples of operads. 320. Astérisque,
2008.

Jean-Louis Loday and Bruno Vallette. Algebraic Operads. 0072-7830. Springer,
2012.

Johan Leray and Bruno Vallette. Pre-Calabi—Yau algebras and homotopy dou-
ble Poisson gebras. 2023. arXiv: 2203.05062 [math.QA].

Philippe Malbos. Lectures on Algebraic Rewritting. Dec. 2019.

Martin Markl. « A resolution (minimal model) of the PROP for bialgebras ».
In: Journal of Pure and Applied Algebra 205.2 (2006), pp. 341-374. 1SSN: 0022-
4049. DOT: https://doi.org/10.1016/j.jpaa.2005.07.007. URL: https:
//www.sciencedirect.com/science/article/pii/S0022404905001544.

Sergei Merkulov and Bruno Vallette. « Deformation theory of representations
of prop(erad)s II ». In: 2009.636 (2009), pp. 123-174. DOIL: doi:10. 1515/
CRELLE.2009.084. URL: https://doi.org/10.1515/CRELLE.2009.084.

Martin Markl and Alexander A. Voronov. « PROPped-Up Graph Cohomol-
ogy ». In: Tschinkel Y., Zarhin Y. (eds) Algebra, Arithmetic, and Geometry.
Progress in Mathematics 270 (2010). DOI: https://doi.org/10.1007/978~
0-8176-4747-6_8.

114


https://doi.org/https://doi.org/10.1016/j.jalgebra.2005.01.056
https://www.sciencedirect.com/science/article/pii/S0021869305002309
https://www.sciencedirect.com/science/article/pii/S0021869305002309
https://arxiv.org/abs/math/0201074
https://arxiv.org/abs/math/0201074
https://arxiv.org/abs/math/0201074
https://arxiv.org/abs/0709.2286
https://doi.org/10.5802/jep.131
https://doi.org/10.5802/jep.131
http://www.numdam.org/articles/10.5802/jep.131/
https://arxiv.org/abs/2203.05062
https://doi.org/https://doi.org/10.1016/j.jpaa.2005.07.007
https://www.sciencedirect.com/science/article/pii/S0022404905001544
https://www.sciencedirect.com/science/article/pii/S0022404905001544
https://doi.org/doi:10.1515/CRELLE.2009.084
https://doi.org/doi:10.1515/CRELLE.2009.084
https://doi.org/10.1515/CRELLE.2009.084
https://doi.org/https://doi.org/10.1007/978-0-8176-4747-6_8
https://doi.org/https://doi.org/10.1007/978-0-8176-4747-6_8

BIBLIOGRAPHY

[Néd]

[Que24]

[Sag91]

[Val07]

[ValOg]

Silvere Nédélec. script for free properads and properadic ideals. https://
github.com/knirf/Free-properads-and-properad-ideals.git.

Alexandre Quesney. Balanced infinitesimal bialgebras, double Poisson gebras
and pre-Calabi-Yau algebras. 2024. arXiv: 2312.14893 [math.QA].

Bruce E. Sagan. The Symmetric Group. Representations, Combinatorial Al-

gorithms, and Symmetric Functions. 0072-5285. Springer, 1991.

Bruno Vallette. « A Koszul duality for props ». In: Trans. Amer. Math. Soc.
359 (2007), pp. 4865-4943. DOI: https://doi.org/10.1090/S0002-9947~
07-04182-7.

Bruno Vallette. « Free Monoid in Monoidal Abelian Categories ». In: Applied
Categorical Structures 17.1 (Mar. 2008), pp. 43-61. 1SSN: 1572-9095. DOI: 10.
1007/s10485-008-9130-y. URL: http://dx.doi.org/10.1007/s10485-
008-9130-y.

115


https://github.com/knirf/Free-properads-and-properad-ideals.git
https://github.com/knirf/Free-properads-and-properad-ideals.git
https://arxiv.org/abs/2312.14893
https://doi.org/https://doi.org/10.1090/S0002-9947-07-04182-7
https://doi.org/https://doi.org/10.1090/S0002-9947-07-04182-7
https://doi.org/10.1007/s10485-008-9130-y
https://doi.org/10.1007/s10485-008-9130-y
http://dx.doi.org/10.1007/s10485-008-9130-y
http://dx.doi.org/10.1007/s10485-008-9130-y







COLLEGE | ED MATHEMATIQUES
DOCTORAL | STIC

Titre : Sur la koszulité de certaines propérades

INE Nantes
W Université

Mot clés : Propérades, théorie des représentations, algebre homologique, théorie de I’homo-

topie, théorie de la réécriture

Résumé : Dans cette thése nous nous inté-
ressons a certaines propérades et leur éven-
tuelle koszulité ou homotopie koszulité. Ces
propriétés homologiques permettent notam-
ment le calcul d’'un modéle minimal et la
(co)homologie des algébres sur ces propé-
rades. Nous rappelons d’abord dans les deux
premiers chapitres les bases de la théorie
des représentations et des propérades. Nous
nous sommes dans un premier temps intéres-
sés a la propérade RackB encodant les racks
bigebres, un type de structure généralisant
les algébres de Hopf au méme titre que les
racks et les algébres de Leibniz généralisent

respectivement les groupes et les algébres
de Lie. La propérade RackB étant particu-
liere dans sa construction, nous avons d’abord
montré I’homotopie koszulité d’'une propérade
intermédiaire. Dans un second temps, nous
nous sommes intéressés a une famille de pro-
pérades a parametres, encodant des bigébres
associatives et coassociatives munies d’'une
relation supplémentaire faisant intervenir le
produit et le coproduit. Le but était de déter-
miner si la confluence, en un certain sens, de
ces propérades était équivalente a leur koszu-
lité.

Title: On Koszulity of some properads
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theory

Abstract: In this manuscript, we were in-
terested in some properads and their even-
tual koszulity or homotopy koszulity. These
homological properties lead to several pow-
erful tools, such as minimal model and
(co)homology of algebras over such proper-
ads. We remind in the first two chapters the
basics on representation theory and proper-
ads. Then we study the properad RackB en-
coding rack bialgebras, a structure that gen-
eralizes the structure of Hopf algebras, just as
racks and Lie algebras generalize respectively

groups and Lie algebras. Because the prop-
erad RackB is particular in its presentation,
we decided to prove the homotopy koszulity
of an intermediate properad. In the final chap-
ter, we studied a family of parametrized prop-
erads that encode associative and coassocia-
tive bialgebras with an extra relation involving
the product and the coproduct. The goal was
to determine if confluence, in a certain sense,
was equivalent to koszulity for these proper-
ads.
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