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Résumé
Approximation numérique des conditions aux bords et des
termes sources raides dans les équations hyperboliques

1. Introduction Cette thése est consacrée 'analyse théorique et numérique de
systémes hyperboliques d’équations aux dérivées partielles et aux équations de
transport, comportant des termes de relaxation et des conditions aux bords. Elle
est constituée de trois sujets qui font 'objet d’une présentation synthétique dans
un premier chapitre introductif et sont ensuite détaillés dans les chapitres 2 a 5.

La premiére étude (chapitres 2 et 3) méle deux thémes délicats du point de vue
de 'analyse mathématique des équations aux dérivées partielles hyperboliques, a
savoir les problémes aux limites et les problémes raides. Elle les aborde du point
de vue de I'approximation numérique. L’étude porte plus précisément sur la dis-
crétisation de ’équation des ondes unidimensionnelle amortie

Pw  Ow 10w

o Yo T ot

oll \/a est la vitesse des ondes, considérée sur le demi-espace {z > 0}. Il s’agit
de proposer des schémas d’approximation numérique et d’étudier leur stabilité,
ceci de fagon uniforme vis a vis du paramétre caractéristique de relaxation ¢ > 0,
propriété appelée en anglais « stiff stability » que nous appellerons dans la suite
stabilité raide ou rigide. Dans le chapitre 2, la condition au bord numérique utilisée
s’appuie sur une technique de sommation par parties tandis que dans le chapitre 3,
elle emploie la technique de condition transparente.

La seconde étude (chapitre 4) concerne ’élaboration et ’analyse de schémas
numériques d’ordre élevé pour I'équation de transport unidimensionnelle

ou ou B

a—f‘a%—o

posée sur un domaine borné x € (0, L). Le traitement numérique des conditions
aux limites en entrée et en sortie est réalisé a un ordre élevé de sorte a ne pas
dégrader 'ordre du schéma intérieur. La convergence de la solution numérique est
quantifiée précisément en fonction de différents paramétres retenus.

Le troisiéme sujet (chapitre 5) a trait a I’étude de la stabilité des solutions
stationnaires de systémes non-conservatifs avec terme source de relaxation par des
techniques d’entropie relative.



2. Schémas rigidement stables pour I’équation des ondes amortie posée
dans le quart de plan Le modéle considéré peut se réécrire sous la forme d'un
systéme de deux équations d’ordre un

Owu(t, x) + Ov(t,z) =0,
Ow(t, z) + adyult, r) = — o(t, z),

ceci en introduisant u = d,w et v = —J,w. Ce systéme constitue un cas particulier
de la classe de modéles de relaxation étudiés par S. Jin et Z.P. Xin [51]. Aux
données initiales

uw(0,z) = up(x), v(0,2) =ve(z), >0
vient s’adjoindre une condition au bord z = 0 prenant la forme
B,u(t,0) + B,v(t,0) = b(t).

Ici B, et B, désignent des constantes réelles. La structure hyperbolique du systéme
est caractérisée par les invariants de Riemann y/au &+ v et les vitesses caractéris-
tiques associées ++/a. De ce fait, le caractére bien posé du modeéle continu est
subordonné¢ a la condition de Kreiss uniforme (UKC)

B, ++/aB, # 0.

Depus les travaux de Z. Xin et W.-Q. Xu [96], cette condition de stabilité de
Kreiss est connue pour ne pas étre suffisante pour garantir la stabilité rigide de
ce probléme, i.e. indépendamment du taux de relaxation ¢ € (0,+00). Afin de
remédier & cette difficulté, ces auteurs introduisent la condition de Kreiss rigide
(SKC) se réduisant dans ce cadre a

B,
B,=0 ou = ¢[-va,0]

W.-A. Yong [97] démontre que cette condition s’avére étre nécessaire et suffisante
pour garantir le caractére rigidement stable du modéle. La motivation principale
de notre étude est d’aborder I'analogue discret de cette théorie de stabilité raide,
dans le cadre de 'approximation numérique par différences finies du systéme de
relaxation considéré. Dans ce cadre discret, la condition au bord scalaire précédente
doit génériquement étre complétée par une condition au bord numérique artificielle.
Tout I'enjeu est de la choisir de fagon & ne pas introduire d’instabilité numérique.

e Dans un premier temps, I’étude porte sur 'approximation semi-discréte sui-
vante

DU + (@) = LU, j2 1, 120
Uj(o):fj7 J =0,
BU(t) = b(t), £ >0,



dans laquelle on a noté

() (D) 562 e

et la discrétisation en espace est obtenue par 'opérateur de différence centré

1 .
(QU)] = 2A$A(Uj+1 - Uj—1)7 J > 0.
La technique de sommation par parties permet de considérer dans cette définition
la valeur U_; = 2Uy — U;. La condition discréte complémentaire au bord que nous
proposons est la projection

0 1
r (50000 + (QUN(t)) = TTSTae). ¢ 20,
oul' = (—an Bu). Dans un premier temps, nous détermions une condition
suffisante de stabilité du schéma ainsi constitué. Au moyen d’estimations d’énergie
et de la transformée de Laplace nous démontrons le théoréme suivant

Théoréme. Supposons vérifice la condition de dissipativité stricte B,B, > 0.
Pour toutT' > 0, il existe une constante Cp > 0 telle que pour toute donnée initiale
[ € (3(N,R?) et toute donnée de bord b € C*(RT,R)NL*(R",R) la solution (U;(t))
du schéma semi-discret vérifie ’estimation

/0 |U0(t)\2dt+/0 > Ax|U; (1)) dt < Cr (Zmuj\?+/o yb<t>12dt>,

j=0 320

ot la constante Cp est indépendante des données f et b ainsi que du paramétre
€ € (0,+00) et de Ax € (0,1]

Tandis que Z. Xin et W.-Q. Xu démontrent que le modéle continu est rigidement
bien posé si et seulement si la condition SKC est vérifiée, pour le probléme semi-
discret que nous considérons, cette condition ne semble pas suffisante pour obtenir
des estimations de stabilité uniformes. La condition de dissipativité stricte est
plus restrictive mais nous ne sommes pas en mesure que de démontrer qu’elle est
nécessaire. Sur la base d’une analyse en modes normaux, nous sommes en mesure de
construire des solutions instables et des investigations numériques complémentaires
étayent la thése selon laquelle la condition de dissipativité stricte serait également
nécessaire pour la stabilité rigide.

e Dans un second temps, nous concentrons notre étude sur la discrétisation
implicite en temps du schéma précédent. L’objectif est de déterminer une condition
suffisante pour la stabilité rigide de ce schéma discret. Le résultat obtenu est le
suivant



Théoréme. Supposons vérifice la condition de dissipativité stricte B,B, > 0.
Pour tout T > 0, il existe une constante Cp > 0 telle que pour tout At > 0 et
toute constante & < 3+/a/8 avec Ax = §At, toute donnée initiale f € (*(N,R?)
et toute donnée de bord b € (*(N,R), la solution (U}") du schéma considéré vérifie
[’estimation

N N N
SN AxAHUFP + D AU < Cr (Z Az|f;? + ZAt|b”|2> :
n=0 72>0 n=0 j=>0 n=0

ou N =T/At et Cp est indépendante de € € (0,400).

e Enfin, nous considérons le schéma implicite basée sur I'approximation décen-
trée amont en espace. Cette derniére s’appuie sur la struture hyperbolique et les
champs caractéristiques du probléme continu. Pour ce schéma, au moyen d’esti-
mations d’énergie discréte nous démontrons le résultat suivant

Théoréme. Supposons que les paramétres (By, B,) € R?, Ax € (0,1], et e > 0
satisfont a la condition de dissipativité stricte

2 B“JrAx B 2>O
a—+— | = .
B, e \ B,

Alors il existe une constante C' > 0 telle que pour tout At > 0 et toute donnée
initiale f € (*(N,R?) la solution (U}) du schéma considéré vérifie l'estimation

(U™, HU") ap + CALY UG < (f, Hf) oz, 1> 0.

k=0

De plus,
a) Si BB, > 0, alors l’estimation précédente est uniforme au sens o C' est
indépendante de € et de Awx.
b) Si B,B, < 0, alors considérant 6 > —2aB,B;!, il existe C = C(6) > 0

telle que ’estimation précédente soit uniforme pour Ax > de.

3. Un schéma rigidement stable pour I’équation des ondes amortie po-
sée dans le quart de plan utilisant une condition transparente discréte
Dans le troisiéme chapitre de cette thése, nous utilisons la technique de condition
au bord transparente discréte pour construire un schéma numérique rigidement
stable. Notre objectif est de démontrer que la condition SKC est une condition
suffisante pour la stabilité rigide du schéma implicite en temps et centré en espace.
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La condition au bord transparente discréte est mise en place au point j = 0 de
facon a ce que le schéma implicite soit stable et a ce que sa solution coincide avec
celle du schéma considéré sur l'espace {j € Z} entier, restreinte ensuite au demi-
espace {j € N}. En utilisant ette notion de condition au bord transparente, nous
sommes en mesure de définir

Ufl = ch—k’U(?a n > 07

formule dans laquelle les coefficients C,, pour m € N sont déterminés par une
formule explicite. Le schéma discret retenu prend alors la forme

(gt — gn 1
J At J 4 QA A(Ufill Un+1> SUn+1 ] Z 1, n Z 0’
UJO = fj7 .] Z 07
BUy =", >0,
1 n+1 n 1 n+1 = k n+1
AU = UR) 4+ o TA (U - D Copialf | = —FSU , n>0.
\ k=0

L’analyse de ce schéma est effectuée au moyen de la transformée en Z par rapport
a l'indice de temps n € N, qui n’est que I'analogue discret de la transformée de
Laplace en temps ¢ € R*. Nous obtenons alors le théoréme suivant

Théoréme. Soient (B,, B,) € R? vérifiant la condition SKC et § < 3\/a/8. Pour
tout T' > 0, il existe une constante C'y > 0 telle que pour tout At > 0 et Ax = JAt,
toute donnée initiale f € (*(N,R?) et toute donnée de bord b € (*(N,R), la solution
(U}') du schéma précédent vérifie ['estimation

ZZA:UMU”F + ZAt|U0 2 <Oy (Z Az|f;]* + ZAt|b"|2>

n=0 j>0 j>0
avec N =T /At et Cp indépendante de € € (0, +00).

La condition SKC est ainsi également une condition suffisante pour garantir la
stabilité rigide du schéma numérique considéré, indépendamment de la raideur e
du terme source, du pas d’espace Az et du pas de temps At.

4. Schémas d’ordre élevé pour 1’équation de transport sur un segment
Dans le quatriéme chapitre de cette thése, nous proposons un traitement d’ordre



élevé de la condition de bord entrante pour 1’équation de transport unidimension-
nelle

ou ou

- -7 >

5 ag =0 120 xe(0,L),
u(0,2) = f(z), ©€(0,L),

u(t,0) =g(t), t=>0,

posée sur un intervalle de longueur L > 0 pour une vitesse positive a > 0. Dans
un travail antérieur J.F. Coulombel et F. Lagoutiére [22] ont analysé des discréti-
sations d’ordre élevé, stables et convergentes pour ce probléeme dans le cas d'une
donnée nulle en entrée g = 0. L’objectif du chapitre 4 de cette these est d’étendre
ce résultat au cas de données non-nulles au bord entrant, les données initiale f
et de bord g étant alors soumises a une hypothése de recollement régulier au coin
(x,t) = (0,0).

Le schéma intérieur considéré prend la forme d’une itération linéaire explicite
a p +r + 1 points, supposée ¢2-stable et d’ordre k > 1

p
urtt = "an?y,, j=1,....J, neN.
l=—r
Les coefficients ay, pour £ = —r, ..., p, ne dépendent que du parameétre A = At/Ax

et de la vitesse a. La définition du schéma est complétée par la constitution de
valeurs pour la solution numérique (u}) dans les mailles fantomes localisées au
bord du domaine de calcul. Au bord entrant z = 0, la stratégie employée, désignée
dans la littérature sous le nom de « méthode de Lax-Wendroff inverse », permet de
garantir la consistance avec la donnée de Dirichlet du probléme continu et prend
la forme suivante

E—1
Azx™
n_ (=)™ g™, =1 —, ... .
UZ TnZ:O (m+1)|(_a)m< ( ) )g ( )7 r, 707 n c N

Au bord sortant z = L, la condition discréte retenue, du type extrapolatoire, prend
la forme
(D"u™) =0, €=1,....p, neN,

ou D_ désigne l'opérateur de différence décalé a gauche et k;, € N est 'ordre d’ex-
trapolation retenu au bord. Enfin le schéma est initialisé a I’aide de la projection
constante par morceau de la donnée initiale continue du probléme :

1 i )
ung—x/. flz)dx, j=1,...,J.

) ) ) . } L. v
Nous démontrons des estimations de convergence de la solution numérique vers
uti X ko)=1/2 ceci sur tout intervalle de temps borné. La

la solution exacte en Ag™in(kkn)=1/2



preuve repose sur les estimations de stabilité du schéma et un argument de super-
position qui permet de considérer séparément deux demi-problémes : le premier
posé sur (0, +00) qui concerne l'entrée seulement ; le second posé sur (—oo, L) qui
traite de la sortie seulement. L’étude est complétée par une decription plus pré-
cise de la solution numérique au voisinage du bord sortant, ceci au moyen dun
développement de couche limite s’inspirant du travail antérieur de B. Boutin et
J.F. Coulombel [6]. Le terme dominant de ce développement correspond a la solu-
tion du probléme continu. Ne vérifiant elle-méme pas la condition d’extrapolation
discréte de sortie, un terme d’erreur en O(Axz*) apparait au bord. Sous des hypo-
theses peu contraignantes concernant la structure du schéma, nous démontrons que
cette erreur au bord engendre un terme supplémentaire de couche limite d’ampli-
tude O(Az**+"/?) dans la norme ¢? discréte. Ce gain d'un facteur Az"/? nous permet
de retrouver dans le cas k, < k un taux de convergence optimal k; dans la norme
uniforme £°°.

5. Stabilité de solutions stationnaires parmi les solutions processus en-
tropiques La stabilité des solutions stationnaires de systémes non-conservatifs
de la forme

o o~ 0 d da

o + 2 a_mifi(ua a) + ; si(U, a)&zi =0,
Jda

E =0.

posés en dimension d d’espace a été étudiée dans un travail antérieur de N. Seguin
[80]. Le propos du cinquiéme chapitre de cette thése est d’envisager et d’étendre ce
résultat dans le cas de systémes non-conservatifs comprenant de surcroit un terme
source de relaxation, autrement dit de la forme

ou d 0 d Ox
s + ; 8_%]2(”’ a) + ; s;(U, Ol)axi =r(u,a),

oo

ot
Afin de pouvoir démontrer la stabilité des solutions stationnaires, satisfaisant
r(v,a) = 0, ce systéme est supposé disposer d’une entropie convexe partielle. Nous
utilisons la notion de solution processus entropique qui généralise celui de solution
faible entropique. A partir de 1, suivant la méthode de A.E. Tzavaras [91], nous
définissons une entropie relative permettant de comparer deux solutions associées
a une méme donnée géométrique «. La condition de dissipation d’entropie est le
point clef permettant d’obtenir la stabilité de certains états stationnaires parmi
les solutions processus entropiques.

=0.
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Chapter 1

Introduction

The aim of this dissertation is to study the theoretical and numerical analysis of hyperbolic
systems of partial differential equations and transport equations, with relaxation terms and
boundary conditions.

1.1 Overview of hyperbolic partial differential equations

In many industrial applications, hyperbolic systems arise as basic models and especially in
various branches of physics in which finite-speed propagation and conservation laws are involved.
The data for the fully hyperbolic first-order partial differential equations (PDEs) include not
only initial conditions (governing the so-called Cauchy problem) but also boundary conditions
(leading to the so-called initial boundary value problem or IBVP for short). When discussing
numerical methods for hyperbolic systems, it is usual to construct difference scheme and provide
a theoretical analysis only for the initial value problem since we usually do not know how
to calculate the boundary points and how to ascertain whether an algorithm for boundary
points is reasonable. However, most of physical phenoma take place in bounded domain under
prescribed boundary constraints. The main motivations of present study is the determination
of the correct number and kind of boundary conditions that can be imposed to yield a well-
posed problem. This work presents a formalism for the treatment of boundary conditions for
systems of hyperbolic equations. The central concept of this work is that hyperbolic systems
of equations represent the propagation of waves and, at any boundary, some of the waves are
propagating into the computational domain while others are propagating out of it [34, 62]. The
outward propagating waves have their behavior defined entirely by the solution at and within
the boundary, and no boundary conditions can be specified for them. The inward propagating
waves depend on the fields exterior to the solution domain and therefore require boundary
conditions to complete the specification of their behavior [46, 58]. For a hyperbolic system of
equations, considerations on characteristics show that one must be cautious about prescribing
the solution on the boundary. In some particular cases, the boundary conditions can be found
by physical considerations (such as a solid wall), but their derivation in the general case is not
obvious. The problem of finding the suitability of boundary conditions, i.e., those that lead
to a well-posed problem, is difficult in general from both the theoretical and practical points
of view (proof of well-posedness, choice of the physical variables that can be prescribed). The
implementation of these boundary conditions is crucial in practice, but it strongly depends on
the problem at hand as shown in Godlewski and Raviart [35]. The theory developed by Kreiss
[58] and others [65, 78|, known as the Uniform Kreiss Condition (UKC), is one of the earliest
works in this area. This theory relies on the analysis of “normal modes”, which are introduced
by applying a Fourier transformation in the spatial direction normal to the boundary of interest
and a Laplace transform in the time variable. The main idea in the derivation of necessary
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conditions on the boundary data so that the problem is well-posed is to exclude the cases that
can lead to an ill-posed problem by looking for particular normal modes that cannot satisfy an
energy estimate. The purpose of this section is to give a brief introduction to the basic concept
related to hyperbolic systems associated with the boundary conditions and the relaxation terms.

1.1.1 Characteristics and boundary conditions for hyperbolic systems
in one space dimension

The prototype for all hyperbolic partial differential equations is the one way wave equation
Owu(t,x) + adyu(t,x) =0, 0<z <L, t>0, (1.1.1)
where a is a constant and an interval length L > 0. At ¢t = 0, we give initial data
u(0,7) = f(z).

By the method of characteristic, the solution u(¢, ) to (1.1.1) is a copy of the original function
and depends only the characteristic lines  — at = constant.

t a>0 t a=0 t a<0

/ AN

0 To L 0 To L 0 L

Figure 1.1.1: Characteristics of equation (1.1.1).

If a > 0 then the characteristics in this region propagate from the left to the right, as shown
in Figure 1.1.1. We can see that the solution is uniquely determined if we give the boundary
condition

u(t,0) = g(1).

Thus, the solution is given by

flx —at), ifz—at>0,
u(t,z) = i )
gt —a'z), ifzx—at<DO0.

Along the characteristics given by x — at = 0, there will be a jump discontinuity in w if u((0)

is not equal to ¢(0).
If a = 0 then we do not need any boundary conditions because dyu(t, ) = 0 implies

u(t,z) = f(x).
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If a < 0 then the solution of our problem is uniquely determined for
x>0, t>0, x—at<L.
To extend the solution for x — at > L, we specify a boundary condition at x = L:

u(tv L) =0 (t)

For the solution to be smooth in the whole domain, it is necessary that ¢;(¢) and f(z) are
smooth functions. It is also necessary that g;(¢) and f(x) are compatible or satisfy compatibility
conditions. The most obvious necessary condition is

91(0) = f(L). (1.1.2)

Otherwise, the solution has a jump. In that case, we only obtain a generalized solution. If the
condition (1.1.2) is satisfied and g; € C'(R™), f € €([0, L]) then (¢, z) is Lipschitz continuous.
To obtain solutions belonging to C'(R™, [0, L]), we first note that v(¢, z) = d,u(t, x) satisfies

Ow(t, z) + adyv(t,x) = 0, 0<az<L,t>0,

v(0,2) = f'(x),
v(t, L) = (—a) " Ou(t, L) = (—a)~'g; (t).

To ensure that v be continuous everywhere, the initial and boundary values must match each
other at (t,z) = (0, L). This leads to the condition

—af'(L) = 64(0). (113)
Secondly, w(t, z) = dyu(t, x) satisfies

Oyw(t, x) + ad,w(t,z) =0, 0<z<L,t>0,
w(0,z) = —adu(0,x) = —af'(x),
w(t, L) = g1(t)

and the condition (1.1.3) also ensures that w is continuous everywhere. Thus, u(t,x) belongs
to CY(R™, [0, L]). Higher order derivatives satisfy the same differential equation (1.1.1) and we
get higher order regularity by adding more restrictions on higher order derivatives of f and
g at (t,z) = (0,L). The same technique can be applied to any problem to ensure that we
get smooth solutions. For systems of nonlinear equations, these compatibility conditions may
become complicated. The easiest way to satisfy all of them is to require that all initial and
boundary data (and forcing functions) vanish near the boundaries at ¢ = 0.
Now, we consider a linear system of N conservation laws

(1.1.4)

U (t,x)+ A0 U(t,z) =0, 0<x<L,t>0,
U(0,z) = f(x), 0<z<IL,

where U(t,z) is an N—vector of conserved variables and A is an N x N matrix. We say that
a system in the form (1.1.4) is hyperbolic if the matrix A is diagonalizable as

A= PAP!, (1.1.5)

where P is the N x N matrix whose columns are composed of the eigenvectors of A and
A = diag{\y, ..., A\n} is a diagonal matrix consisting of the real eigenvalues of A.
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By multiplying the first equation in (1.1.4) with P from the left, we can obtain the conser-
vation law as

oW (t,x) + Ao, W(t,x) =0 (1.1.6)
in terms of the variable W = P~1U. Let us introduce

A = diag{\;, ..., \,} with \; >0, 1 <4<,
AT = diag{\, 41, ..., \Av_s} with \; <0, 7 4+1<i< N — s,
AIII =0

are diagonal matrices. Then, we obtain the system

oW (t,x) + ANo,W(t,z) =0,
AW (t, ) + Ao, W (¢, z) =0,
W (¢, z) = 0.

Using the previous argument, we obtain a unique solution if we specify the initial condition
W(0,z) =P 'f(z), 0<z<L
and the boundary condition

Wi(t,0) = g'(t),
WH(t, L) = g"(t).

With these conditions, the problem decomposes into N scalar problems. We can couple the
components by generalizing the boundary conditions to

W(t,0) = REW™(t,0) + RETW(t,0) + ¢' (1),

1.1.7
WL, L) = RIW'(t, L) + RW (1, L)+ g (1) D
Here, R)!, R RI and RI'! are rectangular matrices that may depend on t.

It is easy to describe these conditions in geometrical terms. A1 = 0 implies that W (¢, z) =
(P=Lf)HI(x). Thus, we need only discuss the influence of the boundary conditions on W’ and
W The equations in (1.1.7) can be written as

Wi(t,0) = RUW(t,0) +g'(t), W' (t,L)=R'W'(t,L)+3"(t),

7(0) = RU(P IO + g0, 5 = RV 4 g,
where R' := R] and R := Rl!. Starting with ¢ = 0, the initial values for W/ and W’ are
transported along the characteristics to the boundaries x = L and x = 0, respectively. Using
the boundary conditions, these values are transformed into values for W(¢,0) and W!i(¢t, L),
which are then transported along the characteristics to the boundaries * = L and z = 0,
respectively. Here, the process is repeated (see Figure 1.1.2). Because of these geometrical
properties, the components of W are called characteristic variables.

The number of boundary conditions for x = 0 is equal to the number of negative eigenvalues
of A, or, equivalently, the number of characteristics entering the region. Correspondingly, at
x = L, the number of boundary conditions is equal to the number of positive eigenvalues of A.
No boundary conditions are required, or may be given, for vanishing eigenvalues.
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Figure 1.1.2: Characteristics and characteristic variables.

In most applications, the differential equations are given in the nondiagonal form (1.1.4)
and boundary conditions are linear relations

LoU(t, O) = go(t), LlU(t, L) = gl(t) (119)
Here,
l1,1 e l1,N lr—l—l,l s lr+1,N
Lo=1] : : s Ln= : : :
lp -+ Ln IN—sq -+ In—snN

are rectangular matrices whose rank is equal to the number of positive and negative eigenval-
ues of A, respectively (or better, the number of characteristics that enter the region at the
boundary).

If we use the transformation (1.1.5), the differential equations are transformed into (1.1.6)
and the boundary conditions become

We again obtain linear relations for the characteristic variables. Our initial boundary value
problem can be solved if (1.1.10) can be written in the form (1.1.7). This is equivalent to
require Lo is invertible on the entering (thus rightgoing) characteristic subspace and L; is
invertible on the entering (thus leftgoing) characteristic subspace. Then, we can solve the
relations (1.1.10) for W (¢t,0) and W (¢, L), respectively.

1.1.2 The initial boundary value problems for hyperbolic system

We begin by reviewing the theory for the initial boundary value problems. The theory was
introduced by Kreiss [58] for strictly hyperbolic systems. It was latter extended in many
directions, yielding a huge literature on this subject, see for instance the book [3]. In this
section, we focus on a hyperbolic initial boundary value problem in one-dimensional space.
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Most of the material in this section can be found in [41, 43, 57|. We now consider the following
problem

O U(t,x) + A0, U(t,x) = F(t,xz), 0<z <400, t>0,

U(0,z) = f(x), 0 <z < +o0, (1.1.11)

BU(t,0) = b(t), t >0,
where the unknown U (¢, z) is valued in RY and A is an N x N matrix. The functions F, f and
b are the interior source term, the initial data and the boundary data, respectively. B is an
p X N matrix. We shall see in a moment that the number p of scalar boundary conditions must

equal that of the positive eigenvalues of A. Now, we define well-posedness for homogeneous
boundary condition

Definition 1.1.1. The IBVP (1.1.11) with F = 0 and b = 0 is well-posed if there ezists a
unique solution U(t,x) that satisfies

Ut 2@ myy < K| Fll7zme mv)s
where K and « are constants independent of f.

Since we would like to estimate U directly in terms of F| f and b, it leads to the following
definition

Definition 1.1.2. The IBVP (1.1.11) is strongly well-posed if there exists a unique solution
U(t,z) that satisfies

t
Hlf(u.>ui%R+,RN)+-j§ U (r,0) 2dr

t
< K (e, + [ (IF B sy + BOP) )

where K (t) is a function that is bounded in every finite time interval and independent of F, f,b.

Now, we turn to semi-discretization of the continuous problem (1.1.11) by
d
S Uit) +QU);(t) = F5(t), j=1,t=0,
U;(0) = f;, ji>0, (1.1.12)
BUy(t) = b(t), t>0,
where the difference operator (QU);(¢) is a consistent approximation of the first order space-
derivative A0,U(z;,t) in the sense that (QU)(x;,t) = Ad,U(z;,t) + O(Az*), for some k > 0.
For convenience, we define the grid functions Fj;(t) = F(x;,t) and f; = f(x;). The next
definition is in analogy with Definition 1.1.1 above

Definition 1.1.3. Let Azy > 0. The approzimation (1.1.12) with (Fj)jen = 0 and b = 0 is
stable if for all Ax < Axg, the solution (U;);en(t) satisfies

U M mmyy < Ke® (| I mmnys
where K and « are constants independent of f.

The same argument as in the case of well-posedness can be used here to extend this notion
to general inhomogeneous data in L. To do so, b must be differentiable. Corresponding to
Definition 1.1.2, we make the following definition

Definition 1.1.4. The approzimation (1.1.12) is strongly stable if it is stable and the estimate

Ut 72 vy < K (2) (HfH?Q(N,RN) + o (”F(Ta Memry) + |b(7')|2> )

holds. Here, K(t) is a bounded function in any finite time interval and independent of F, f,b.
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1.1.2.1 The Uniform Kreiss-Lopatinskii Condition

Let rq,--- ,ry denote a basis of eigenvectors of A associated with eigenvalues Ay, -+, Ay. For
simplicity, we assume that A has nonzero eigenvalues. Up to reordering the eigenvalues, we
may assume that

dpeN: A,-- A >0, Mg, -, Ay <0.
Then, we decompose the unknown U, the source term F' and the initial data f on the basis

N N

Ult,z)=> Ut,a)ri, F(t,x) =Y Fit,x)r, ﬂ@:}jmmm

i=1 i=1
Assuming for simplicity that the solution U is smooth, at least C! with respect to (¢, z), the
system (1.1.11) gives

With the influence of the boundary condition at x = 0, BU(t,0) = b(t), we need to be more
specific on these solutions, meaning

e For 1 < i < p, we have two separate cases according to the sign of x — A\t

(=Nt + [P E (s, — \(t— s))ds, if 2 > M,
Uit z) = 41 )+ Jo Fils,w = Ailt = 5))ds nre (1.1.13)
Uit — x/X;,0) + ft_x//\i Fi(s,x — N(t — s))ds, if © < M.
e For p+1<i< N, when \; <0, we obtain the formula
t
Ui(t,z) = filx — \it) —I—/ Fi(s,x — \(t — s))ds (1.1.14)
0

and the trace of U; on the boundary = = 0 could be entirely determined by the data
t
Ui(t,0) = fi(J\ilt) +/ Fi(s, [\|(t — s))ds. (1.1.15)
0

Analyzing the formulas (1.1.13) and (1.1.14), we observe that the solution U is entirely deter-
mined provided that we can express the traces of the incoming characteristics {U;(¢,0), 1 < i <
p} in terms of the data F, f,b. Since the trace of the outgoing characteristic {U;(¢,0), p+ 1 <
i < N} are determined by the formula (1.1.14), the boundary condition in (1.1.11) reads

p N
> Ui(t,0)Bri = b(t) = > Ui(t,0)Br;,
i=1 i=p+1

where U;(t,0) in the right hand side are computed in (1.1.15). This is equivalent to the linear
relations (1.1.10) for the characteristic variables. Following Section 1.1.1, the IBVP (1.1.11) can
be well-posed in any reasonable sense (meaning at least existence and uniqueness of a solution)
if and only if B is an p x N and satisfies the following algebraic condition

R? = span{Bry,-- , Br,} (1.1.16)

A remarkable result by Kreiss [58| states that for the analogue of (1.1.11) in several space
dimensions, well-posedness can still be characterized by an algebraic condition. The latter is
usually referred to as the Uniform Kreiss-Lopatinskii Condition. There is however a modifica-
tion between the one-dimensional case and the multi-dimensional case. In one space dimension,
the condition (1.1.16) for well-posedness equivalently reads

Ker B Nspan (rq,---,1,) = {0}.
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1.1.2.2 A necessary condition for well-posedness

In chapters 2 and 3, the system depends on a damping parameter and one may require strong
well-posedness independently of this parameter. We will see that the Uniform Kreiss-Lopatinskii
Condition is not enough and other tools have to be introduced. Indeed, asymptotic stability
has not been defined so far. We begin by the following lemma

Lemma 1.1.5 (The Lopatinskii Condition). The IBVP (1.1.11) with F =0 and b = 0 is not
well-posed if we can find a complex number s with Re (s) > 0 and initial data

u(0,7) = (x), ¢ L*(RTRY)
such that
u(t,z) = e*p(z) (1.1.17)
s a solution.

We now give conditions such that solutions of the form (1.1.17) exists. Substituting (1.1.17)
into (1.1.11), we get the following eigenvalue problem

sp+Ad,p =0, 0<z<+4o0,
Byp(0) =0, (1.1.18)
o € L*(RT,RY).
Let us mention that the analysis based on the Laplace transform and the connected eigenvalue
problem is often called normal mode analysis. Then, we have the following lemma

Lemma 1.1.6. There is a solution of the form (1.1.17) if and only if the eigenvalue problem
(1.1.18) has an eigenvalue s with Re (s) > 0.

We now assume that A is nonsingular. The ordinary differential equation in (1.1.18) can be
reformulated as

Bpp = Mo, (1.1.19)

with M = —sA~'. If the eigenvalues of M are distinct and (k;)1<;<n—_, are the eigenvalues of
M with Re (k;) < 0 then the general solution to the problem (1.1.19), belonging to L?(R*, RY),
can be written in the form

N-p
p(r) =) ojye”,
j=1

where (y;)1<j<n—p are the eigenvectors satisfying

If the eigenvalues of M are not distinct then we can still write the general solution to (1.1.19),
belonging to L?(R*, RY), in the form

pla) = > wia)e,

where @;(x) are polynomials in z with vector coefficients containing altogether N —p parameters

O'j.

Substituting the expression ¢ (z) into the boundary condition in (1.1.18), we obtain a linear
system of equation for o = (0y,--- ,0n_,) in the form

C(s)o =0. (1.1.20)
Then, the following theorem holds true.
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Theorem 1.1.7. The IBVP (1.1.11) is not well-posed if for some s with Re (s) > 0,
det(C(s)) = 0.

For the difference approximation IBVP (1.1.12), to derive the necessary condition for the
stability, we follow the same lines as for the well-posedness of the continuous IBVP. More details
are given in [41]. The test for stability is given by the following lemma

Lemma 1.1.8. The approzimation (1.1.12) with (F;)jen =0 and b =0 is not stable if we can
find a complex number s with Re (s) > 0 and initial data

Ui(0) = @, (@))jen € C(N,RY)
such that
U;(t) = e (1.1.21)
15 a solution.
Substituting (1.1.21) into (1.1.12), the eigenvalue problem associated with our approxima-
tion is
Sp + (QSO)] = Oa j > ]-7 Re (8) > 07
Byo = 0, (1.1.22)
(@j)jeN S £2<N,RN>.

By using the same argument as for the continuous problem, we can obtain the following
Godunov-Ryabenkii condition, which is analogous to the Lopatinskii condition for hyperbolic
initial boundary value problem

Lemma 1.1.9 (The Godunov-Ryabenkii condition). The approzimation (1.1.12) is not stable
if the eigenvalue problem (1.1.22) has an eigenvalue s with Re (s) > 0.

The general solution of the first equation of the problem (1.1.22) with (¢;);jen € 2(N,RY)
has the form

p;i=Y_ P(j)rl(s), Re(s)>0 (1.1.23)

|k |<1

where P,(j) is a polynomial in j with vector coefficients. The solution (¢;);en depends on Np
parameters oy = [0, -+ ,0np|. Substituting (1.1.23) into the boundary condition in (1.1.22),
one yields a system of equation

Cy(s)oy =0
and we can rephrase Lemma 1.1.9 in the following form
Lemma 1.1.10. The Godunov-Ryabenkii condition is satisfied if and only if

det(Cy(s)) #0, forRe(s) > 0.
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1.1.2.3 Stability in the generalized sense for hyperbolic system

A well-posed problem requires not only stability but also the existence of a unique smooth
solution for given smooth data. The solution U(¢,z) to the IBVP (1.1.11) can be constructed
by using the Laplace transform. Furthermore, uniqueness follows by linearity. However, in order
to obtain a smooth solution, we not only need smooth initial-boundary and forcing functions
but also a certain compatibility between these functions. With the proper normalization, the
Kreiss condition is equivalent to

det(C(s)) #0, Res>0. (1.1.24)

Note that C(s) must always be defined for Res = 0 as a limit when s is approaching the
imaginary axis from the right. It is natural to define stability differently when using the
Laplace transform method. We now consider the following definition

Definition 1.1.11. (i) The IBVP (1.1.11) with f = 0 and b = 0 is stable in the generalized
sense if the solution U(t,x) satisfies the following estimate

400 +eo
/ e MU, )2 @r gvydt < K(n)/ e E(E e oyt
0 0

for all n > no. Here, ng and K(n) are constants independent of F' and

lim K(n)=0.

N—r+00

(11) The IBVP (1.1.11) with f = 0 is strongly stable in the generalized sense if the following
estimate

+oo +oo
| e 0 st < K [ (1P + BOF) e (11.25)

holds.

We have introduced the definition of stability in the generalized sense for the continuous case.
The same concept will be used for the semi-discrete approximation (1.1.12). Corresponding to
the analytic case, we make the following definition

Definition 1.1.12. (i) The approzimation (1.1.12) with (f;)jen =0 and b =0 is stable in the
generalized sense if for all sufficiently small Az, the solution (U;);en(t) satisfies

+00 e
/0 672nt‘|U(t)H?2(N,RN)dt < K(U)/O ei%t”F(t)H??(N,RN)dt

for all m > ny. Here, ny and K(n) are constants independent of F' and

lim K(n)=0.

nN—r+00

(ii) The approzimation (1.1.12) with (f;)jen = 0 is strongly stable in the generalized sense if
the following estimate

+o00 +o0
|0t < Ko) [ e (PO + BOF) @ (1120
holds.
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1.2 The linear damped wave equation in a quarter plane

In many industrial applications, models are based on hyperbolic partial differential equations
which involve source terms. One of the main features of these models is related to the notation
of dissipation, leading to smooth solutions and asymptotic stability. The most classical model
is the linear damped wave equation, which is a particular case of the Jin-Xin relaxation model
[51]. We consider here the following initial boundary value problem (IBVP) in the quarter
plane

OU(t,x) + Ad,U(t,x) = e 1SU(t,x), x>0,t>0,

U0,2) = f(x), x>0 (1.2.1)

BU(t,0) = b(t), t>0,

where the relaxation time £ > 0 may be introduced to characterize the stiffness of the relaxation.
Let a > 0 and (B,, B,) € R?, we also define

U(t,@:(%:g), A:(g (1)) S:(g _01> B= (B, B).

Due to the stiff source term, the relaxation mechanism of the damped wave equation is a highly
singular process and its dissipative mechanism is not guaranteed. In order for the asymptotic
stability to hold, i.e, solution of the damped wave equation tending to the corresponding equi-
librium as the rate of relaxation goes to zero, certain stability conditions have to be satisfied.
In the case of the Cauchy problem, the most well-known is the sub-characteristic condition
[64, 94]. The corresponding IBVP is much more difficult and much less is known [93, 97|. In
order for the IBVP to be well-posed for a fixed rate of relaxation, the boundary condition has
to satisfy the Uniform Kreiss Condition (UKC)

B. + vaB, #0. (UKC)

However, the sub-characteristic condition and UKC are not enough to obtain asymptotic sta-
bility and a more stringent restriction has to be imposed on the structure of the boundary con-
dition. Indeed, Xin and Xu [96] show that a complex coupling between the sub-characteristic
condition and UKC appears. This leads to the so-called the Stiff Kreiss Condition (SKC) [96]

B, =0, or % ¢ [—v/a, 0] (SKC)

which is a necessary and sufficient for the well-posedness of the IBVP for relaxation systems
of balance laws, uniformly with respect to the rate of relaxation. The SKC is derived through
a simplified normal mode analysis and its explicit form is obtained by the conformal mapping
theorem. Firstly, Xin and Xu consider the simpler homogeneous initial data. Under the as-
sumption of the SKC, the solution of this IBVP can be constructed by the method of Laplace
transform. The stiff well-posedness can be proved rather directly in [96]. Secondly, by the
asymptotic expansion, the limiting equilibrium solution and various boundary layer behaviours
are identified. In case the initial data is nonzero, by linearity, Xin and Xu break up the full
IBVP into two simpler problem, one with homogeneous initial condition and the other with
homogeneous condition. The extra complication is the holding of the boundary terms that
enter when doing the integrating or summation by parts.

One of our main motivations is to study the notion of stiff stability for numerical approx-
imations by finite differences of the IBVP for relaxation systems of balance laws. Our main
interest is to apply a classical numerical scheme to the IBVP and to derive necessary conditions
for stiff stability. Due to the effects of the boundary layers and the interactions of the boundary
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and initial layer, numerical schemes have to be properly designed in order to provide accurate
approximations and consistent behaviours. Indeed, numerical boundary layers may appear and
disturb the results of the continuous case. We mainly consider the semi-discrete or full discrete
approximations with central or upwind schemes. For high order approximations, the physical
boundary conditions are not enough to define the complete difference scheme and there is a
need for numerical boundary conditions. Thus, how to formulate boundary conditions for re-
laxation systems to guarantee the uniform stability and to minimize or localize the artificial
boundary layers are crucial to the success of relaxation schemes. Within the framework of the
difference scheme in space, we propose two methods of discretization of Dirichlet boundary
condition. The first is the techniques of summation by part (SBP) [42] and the second is the
concept of transparent boundary condition (TBC) [2, 5, 20]. We will discuss the advantages
and disadvantages of these methods in terms of simplicity of implementation and consistency
with the SKC.

1.2.1 Results in Chapter 2: A stiffly stable discrete scheme for the
damped wave equation using summation by parts method

In Chapter 2, we consider the continuous-in-time or time-implicit scheme with central or upwind
approximations in space. The boundary is approximated using a summation by parts method
and the stiff stability is proved using energy estimates and the Laplace transform.

The research on SBP operators was originally driven by applications in flow problems in-
cluding turbulence and wave propagation. The general procedure for deriving higher order
SBP difference operators for hyperbolic problems was first presented by Kreiss and Scherer
[71, 72]. This was the start for a large number of papers on this topic. SBP operators were
later developed and used for multidimensional problems including non-orthogonal grids and for
implicit difference approximations, see [73, 74, 83]. Later generalizations, including differential
equations containing both first and second order derivatives and wave equation in second order
form, are given in [66, 67, 68|.

We first study the semi-discrete approximation of the IBVP (1.2.1), which is the following
system

0U;(t) + (QU);(t) = e7'SU;(t), j=1,t>0,
U;(0) = f;, j >0, (1.2.2)
BUy(t) = b(t), t>0.

By using the technique of SBP for the central differencing scheme, the considered operator
reads

1

QU); = 555

AUjpr —U;—y), 5>0 (1.2.3)

with U_; = 2Uy— U;. To obtain the energy estimate, we now define the following scalar product
and norm

Ax <=
(U V)ar == (U0, Vo) + Bz Y (U3, Vi), Ullae = (U, U)aw
j=1

with (.,.) being the usual Euclidean inner product. Let us introduce a symmetric positive

definite matrix
a 0
H = (0 1) ’
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Since H A is also a symmetric matrix, one has
1
(U,H(QU))ax = —§(U0, HAUy)

which is the discrete counterpart of the equality
400 1
| W HALD) b 0o = (U HAV0)
0

available in the continuous case. Let us emphasize that the numerical scheme (1.2.2) still needs
one more scalar equation at the boundary point j = 0 so as to be fully defined, due to the fact
that the matrix B has rank one. This is actually a discrete feature only, since in the continuous
case this single equation is exactly complemented by the only incoming characteristic (under
UKC). We propose the following numerical

F(@tUo(t) + (QU)O(t)) — = IDSU,(1), >0, (1.2.4)

where ' = (—an Bu). In Section 2.2, we derive a sufficient condition for stability for the
numerical scheme (1.2.2)-(1.2.4). The main result is

Theorem 1.2.1 (Theorem 1.2 in [8]). Under the strict dissipativity condition
B,B, > 0, (1.2.5)

for any T > 0 there exists Cp > 0 such that for any (f;)jen € (*(N,R?) and any b € CH(RT,R)N
L*(R*,R), the solution (Uj)jen to (1.2.2)-(1.2.4) satisfies

r 2 2 2 g 2
. A Cr |3 Al , 2
/0 Up(t \dt+/ S Ax|Uy(t)Pdt < T( 2| ;] /O 1b(t)] dt) (1.2.6)

3>0 j=>0

where the constant Cr is independent of the data f and b, but most importantly of ¢ € (0, +00)
and Az € (0,1].

In [96], Xin and Xu show that the IBVP (1.2.1) is well-posed if and only if the SKC is
satisfied. In the discrete IBVP (1.2.2)-(1.2.4), it seems that even the SKC is not sufficient to
derive uniform stability estimates. In comparison, the strict dissipativeness condition (1.2.5)
is more restrictive, but we are only able to prove that it is sufficient. Following [100] and [96],
we also perform a normal mode analysis to construct unstable solutions and, based on some
numerical investigations, the condition (1.2.5) would appear to be also necessary for the stiff
stability.

Secondly, we focus in Section 2.3 on the time-implicit scheme of the IBVP (1.2.1), which
will be precised explicitly by the following system

( n+1 n At n+1 n+1 At n .
L6i+ L] +-§2§—f1(LZ;H ngi) :3—5-566 +a ] Zil, n 2;0,
Uj = fi, >0,
. “_f]bn 7= (1.2.7)
0 — ? - )
At At
T - Ug) + A (Upt —uptt) = ?FSUQH, n>0.

Our aim is to determine a sufficient condition for the stiff stability of the fully discrete scheme
(1.2.7), in order words the uniform stability with respect to the stiffness of the relaxation term.
The main result in Section 2.3 is
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Theorem 1.2.2. Assume that (B, B,) € R? satisfies the strict dissipativity condition (1.2.5).
Then, for any T > 0, there exists a constant Cp > 0 such that for all At > 0 and any positive
constant 0, < 3+/a/8 together with Ax = 6,At, any (fj)jen € C(N,R?), any (0")nen €
2(N,R), the solution (U;L)JEN to the scheme (1.2.7) satisfies

ZZAQ;MUW +ZAt|U” < Cr (me\ +2At]b" ) (1.2.8)

n=0 j>0 7>0
where N := T /At and Cr is independent of € € (0, +00).

Finally, in Section 2.4, we study the time-implicit scheme of the IBVP (1.2.1) with the
upwind differencing scheme in space.

Ut — U+ AHQU)IT! = e ALSUI, jz1n=0,

0_ ¢ ) >
UJ f]a J = O’ (129)
BUp =0, n >0,

T (U3t —Up) + AT (QU)g ™ = Ate ' TSUS™, n > 0.

The considered operator (QU);>¢ is defined by

(QU), = 55 (A= VU + 2130, (A4 VaDU ). 20 (1.2.10)

2Az

with (A + v/al)U_1 = 2AUy — (A — \/al)U;. By means of the discrete energy method, we can
prove the following statement:

Proposition 1.2.3. Assume that the parameters Ax € (0,1], ¢ > 0 and (B,, B,) satisfies the
discrete strict dissipativity condition

0 Br AT (B, (1.2.11)
a—— E— -— . L.
B, e \ B,

Then, there exists a constant C > 0 such that for all At > 0 and any (f;)jen € (*(N,R?), the
solution (U}')jen to scheme (1.2.9) satisfies

(U™, HU™) +CAtZ|UO (f,Hf)r,, meN. (1.2.12)
k=0

More precisely,

a) If B,B, > 0 then (1.2.12) holds uniformly, i.e. with C independent of € and Ax.

b) If B,B, < 0 then considering some & > —2aB,B;", there exists C(dy) > 0 such that
(1.2.12) holds uniformly with C = C(dy), as soon as Ax > doe.

Let us mention that the discrete strict dissipativity condition (1.2.11) is not implied by the
SKC, probably due to some numerical diffusion at the boundary. In the case homogeneous
initial condition (f;)jex = 0 and nonzero boundary condition (0"),eny € (*(N,R), we have
difficulty finding a sufficient condition for the stiff stability of the time-implicit scheme (1.2.9),
but we postpone its possibility to a further work. In Appendix B, we study an example of how
waves occur in modeling the action of an elastic string over time, which is a particular case of
linear damped wave equation. By using the Newton’s Second Law of Motion, we can derive
the boundary condition B, B, > 0 for this system.
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1.2.2 Results in Chapter 3: A stifly stable fully discrete scheme for
the damped wave equation using discrete transparent boundary
condition

In Chapter 2, the boundary is approximated using a summation-by-parts method. Using energy
estimates and Laplace transforms, the discrete approximation of the IBVP (1.2.1) is proved to
be stiffly stable if the boundary condition satisfies B, B, > 0, which is only the subclass of the
SKC. In this chapter, we consider the discrete transparent boundary technique to construct
a stiffly stable boundary condition. The technique and its analysis has been proposed by
Arnold and Ehrhardt in [2]. Besse, Noble and co-authors apply the tools to dispersive problems
[4, 5, 54]. We also refer the reader to [39] for non-reflecting methods in the context of wave
problems. The recent work of Coulombel [20] proposes a systematic study of transparent
boundary conditions for evolution problems. Our aim here is to prove that the SKC derived in
[96] is a sufficient condition for the stiff stability of the time-implicit scheme, which obtained
by the the central differencing scheme in space. The discrete transparent boundary condition
is designed at j = 0, such that the time-implicit scheme for the IBVP (1.2.1) is stable and its
solution coincides with the solution of the whole space problem {j € Z} restricted to {j € N}.
By using the concept of transparent boundary condition, at 7 = 0, we define

Ufl = zn: en—kUga

k=0

where the coefficients € will be precised explicitly in the forthcoming Definition 3.2.4. Let us
mention that in our case, the values €, are designed in the case of homogeneous initial data
and are kept unchanged in the case of nonzero initial data.

To summarize, we study the following fully discrete approximation of the IBVP (1.2.1)

( U;L“A; Uy n 221:14 (Ut — U = éSU;H-l’ i>1,n>0
Ui = f, j=0,
BUT = b, n>0,
ir (Vs —Up) + im (U{‘“ _ HZH Gn+1_kU§> ~lrsurt, w0

\ g k=0 <

(1.2.13)
By applying the Z—transform with respect to time index n € N, which is discrete analogue of
the Laplace transform in time ¢t € R™, we have the following theorem

Theorem 1.2.4 (Theorem 1.1 in [7]). Assume that (B,, B,) € R? satisfies the SKC. Let
det < 34/a/8 be a positive number. For any T > 0, there exists a constant Cr > 0 such that
for all At > 0 and Ax = 6,At, any (f;)jen € C(N,R?) and (0")nen € (N, R), the solution
(U}")jen to the scheme (1.2.13) satisfies

N N N
SO AzAHUTP 4+ AU < Cp <Z Az|f;]> + ZAt|b”|2> : (1.2.14)
n=0 5>0 n=0 720 n=0

where N := T /At and Cr is independent of € € (0, +00).

It seems that the SKC is also a sufficient condition to guarantee the uniform stability of the
scheme (1.2.13) independently of the stiffness of the source term, of the space step and of the
time step.
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1.2.3 Illustration of numerical in stability

In this paragraph, we perform some numerical experiments to discuss the advantages and
disadvantages of two methods (SBP and TBC) with the SKC. As main parameters for the
experiments, we choose a = 1, B, = 1, d,; = 1/3, the space step Az = 1072, the time step
At = 6, Az, the relaxation rate ¢ = 1072 and the boundary data B, vary. The initial data is
the homogeneous one (f;)jen = 0. The boundary data is

t .

b(t) = = sin(t).

2
We now consider the numerical solutions (U}')jen to the numerical schemes (1.2.7) and (1.2.13)
over the time interval ¢ € [0,1.2) with B, = 1 (see Figure 1.2.1) and B, = —4 (see Figure 1.2.2).

The numerical solution u(x,t) The numerical solution v(x,t)
05 —_—t=0 —_—t =0
0.061
-_—t=10.24 -_—t=0.24
—_—t =0.48 —_—t =0.48
0.4 —t = 0.72 0.05 —t = 0.72
—_— t = 0.96 —_—t = 0.96
t=1.19 t=1.19
0.041
0.3
= 2
z X 0.031
=} >
0.2
0.02
0.1
0.01
0.0 0.00
0.0 0.2 0.4 0.6 0.8 10 0.0 02 0.4 0.6 0.8 10
X X
The numerical solution u(x,t) The numerical solution v(x,t)
—_—t=0 0.061 —_—t=0
—_—t =0.24 _—t =0.24
04 —_—t =0.48 00 —_—t =0.48
' — t=0.72 0 — t=0.72
—_— t = 0.96 —_— t = 0.96
t=1.19 0.04 t=1.19
0.3
= =y
X X 0.031
S >
0.2
0.021
0.1
0.01
0.0 0.00
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
X X

Figure 1.2.1: The numerical solution U(z, t) for the numerical schemes (1.2.7) (top) and (1.2.13)
(bottom). The strict dissipativity condition (1.2.5) and the SKC hold with B, = 1.

Clearly, we can see that
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Figure 1.2.2: The numerical solution U(z, t) for the numerical schemes (1.2.7) (top) and (1.2.13)
(bottom). With B, = —4, the strict dissipativity condition (1.2.5) fails and the SKC is valid.

e In the case B,B, > 0, at the boundary x = 0, the numerical solution to both of the
numerical schemes (1.2.7) and (1.2.13) go up slightly. For instance, this is the case in
Figure 1.2.1 with (B,, B,) = (1, 1).

e In the case B,/B, < —+/a, the numerical solution at the boundary = 0 to the numerical
scheme (1.2.7) increase suddenly. However, in the case of the numerical scheme (1.2.13),
the incoming solution at x = 0 go slowly. This is the case for (B,, B,) = (—4,1), see
Figure 1.2.2.

In spite of the fact that the result of the transparent boundary technique is better than the SBP
method, we still have difficulty in implementing the process transparent boundary condition at
x = 0. In our numerical approximation, the coefficients €, are obtained by means of numerical
quadrature. Besides, because the extra boundary condition determines U"{! as a linear function
of U} for the past step times only: 0 < k < n + 1, the transparent boundary technique takes
more time than the SBP method to approximate the numerical solution.
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1.3 The transport equations on an interval

In Section 1.1.1, we have seen that transport equations do not require prescription of any
boundary condition at an outflow boundary, that is, when the transport velocity is outgoing
with respect to the boundary of the spatial domain. This can be understand by integrating
the equation along the characteristics (see Section 1.1.1). However, many discretizations of the
transport equation involve a stencil that includes cells of the numerical grid that are located in
the downstream region. Such discretizations necessitate the prescription of numerical boundary
conditions at an outflow boundary [42, 85|, even though the underlying partial differential
operator does not require any boundary condition for determining the solution.

1.3.1 Motivation

The transport equation on the half line with Dirichlet boundary condition has been studied,
for dissipative schemes, by Kreiss and Lundqvist [59], and we here consider the equation on an
interval. We are thus given a fixed constant velocity a > 0, an interval length L > 0 and we
consider the (continuous) problem

ou+ad,u =0, t>0, z€(0,L),
u(0,2) = f(x), x€(0,L), (1.3.1)
u(t,0) = gt), t=0,

with, at least, uy € L*((0,L),R). By the method of characteristics, the solution to (1.3.1) is
given by the explicit representation formula

fx—at), ifz>at,

x .
g(t——), ifr<at,
a

V(t,z) e RY x (0,L), wu(t,z) = { (1.3.2)

where it is understood in (1.3.2) that the initial condition f has been extended by zero to R~
(no extension is need on (L, +00) since a is positive and therefore x — at < L for all relevant
values of t and x).

Our goal is to provide a thorough treatment of nonzero incoming boundary data and to
design numerical boundary conditions that recover the optimal rate of convergence in the
maximum norm (at least, the same rate of convergence as the one in [22| for zero boundary
data).

1.3.2 Results in Chapter 4: High order numerical schemes for trans-
port equations on bounded domains

High order, stable and convergent discretizations for the problem (1.3.1) have been analyzed in
[22] in the case of homogeneous incoming boundary conditions (g = 0, in that case smoothness
of the solution u is equivalent to f being flat at 0). The goal of Chapter 4 is to extend this
result to the case of non-homogeneous incoming boundary conditions by developing a systematic
construction and stability analysis for numerical boundary conditions arising from the so-called
inverse Lax-Wendroff method, see e.g, [32, 86, 92].

It may seem a too much trivial problem to approximate the problem (1.3.1) for which an
explicit solution is given, but one should keep in mind that such a representation formula ceases
to be available for hyperbolic systems in several space dimensions, and our goal is to develop
analytical tools which do not rely on the fact that (1.3.1) is a one-dimensional scalar problem.
We therefore consider from now on an approximation of (1.3.1) by means of a finite difference

30



scheme. We are given a positive integer .J, that is meant to be large, and define the space step
Az and the grid points (z;),ez by

Azx = = jAz  (j €Z).

The time step At is then defined as At := A Az, where A > 0 is a constant that is fixed so
that Assumption 1.3.1 below is satisfied. The interval (0, L) is divided in J cells (x;_1, x;) with
j =1,...,J, but considering the whole real line {j € Z} will be useful in some parts of the
analysis. We use from now on the notation " := n At, n € N, the quantity v} will play the
role of an approximation for the solution w to (4.1.1) at the time " on the cell (z;_1,z;). We
do not wish to discriminate between finite difference or finite volume schemes for (1.3.1), so
rather than deriving this or that type of numerical scheme, we consider a linear iteration for
the v/ that reads in the interior domain:

p
wrtt = > agul,, neN, j=1,..J. (1.3.3)
b=—r
In (1.3.3), r, p are fixed non-negative integers, and the coefficients a;, £ = —r,--- ,p may only

depend on the ratio A and the velocity a. Most of the usual linear explicit schemes, such as the
upwind, Rusanov, Lax- Friedrichs and Lax-Wendroff schemes, can be put in that form.

Before describing the numerical boundary conditions we enforce for (1.3.3), let us state our
main and in fact only assumption on the coefficients in (1.3.3).

Assumption 1.3.1 (Consistency and stability without any boundary). The coefficients a_,, ..., a,
in (4.1.7) satisfy a_, a, # 0 (normalization), and for some integer k > 1, there holds:

P
Vm=0,...,k, Z (M™ap = (—Xa)™, (consistency of order k), (1.3.4)
b=—r
p .
sup agett?| < 1, (£*-stability on Z). (1.3.5)
g€f0,2n] | ,——,.

If the interior cells of the grid are labeled, as in (1.3.3), by j € {1,---,J}, the numerical
approximation of (1.3.1) requires, for passing from one time index n to the next, prescribing
r numerical boundary conditions on the left of the interval (that is, close to = 0), and p
numerical boundary conditions on the right (that is, close to x = L). In other words, we need
to prescribe the value of the approximate solution (u;‘) in the ghost cells located at the boundary
of the interior domain. For simplicity, and in order to be consistent with the continuous problem
(1.3.1), we prescribe Dirichlet homogeneous boundary conditions in conjunction with (1.3.3)
on the left of the interval (0, L):

Azt

ot 1)1 (—a) (= (= 1)) gW(@E), neN, 1-r<0<0. (13.6)

n o __
Uy =

~k=0

The strategy is not new and is now referred to as the inverse Laz- Wendroff method. It consists,
as detailed below, in writing Taylor expansions with respect to the space variable x close to
the incoming boundary and then using the advection equation (1.3.1) to substitute the normal
derivatives 07'u(t,0) for tangential derivatives 0;"u(t,0), the latter being computed thanks to
the boundary conditions in (1.3.1). On the right of the interval (0, L), there is nothing to
be done if p = 0, that is, in the case of an upwind discretization, for in that case, given the
vector (uf, -+ ,u"), the vector (uf™, .-+ u’™1) is entirely determined by (1.3.6) and (1.3.3),

31



so we can iterate the scheme (1.3.3), (1.3.6) starting from some initial data (u{,---,u%) to
any positive time level n. We therefore assume from now on p > 1, which is the interesting
case where the numerical discretization of (1.3.1) necessitates an outflow numerical boundary
condition while the continuous problem does not “obviously” provide with one. n this article,
we shall prescribe Neumann type numerical boundary conditions (these are called extrapolation
numerical boundary conditions in [36]). For ease of writing, we introduce the difference operator
in space which acts on vectors (v;)j—1—y... j4+p as follows:

VjZZ—T,"',J+p, (D_U>j = U — Uj—1.

Higher order difference operators D™, m > 2, are defined accordingly by iterating D_. Then
given a fixed integer k, € N (b stands for “boundary”), we prescribe the following numerical
boundary condition in conjunction with (1.3.3):

(D*u™) ;00 =0, neN, (=1,....p. (1.3.7)

The scheme (1.3.3), (1.3.6), (1.3.7) is initialized with the piecewise constant projection of the
initial condition for (1.3.1), that is, for the interior cells:

1 i
V1<j<J, u:= N / f(z)dx. (1.3.8)

Our main result is the following convergence estimate for the scheme (1.3.3), (1.3.6), (1.3.7)
supplemented with the initial condition (1.3.8), which is the extension of the main result in [22]
to the case of nonzero boundary data.

Theorem 1.3.2 (Main convergence result [9]). Let a > 0, k € N* and k, € N. Under
Assumption 1.3.1, there exists a constant C' > 0 such that for any final time T > 1, any
integer J € N*, any data f € H*((0,L)) and g € H*1((0,T)) satisfying the compatibility
requirements att = x = 0:

Vm=0,....k, f"(0) = (=a)""g"(0),
the solution (u}) to (1.3.3), (1.3.6), (1.3.7), (1.3.8) satisfies:

1 i

N u(t", x)dx

Tj—1

sup  sup < OT eCTIE Agmintkke)=1/2 (11 1 re+1 o, N9l 1 0 )

n
0<n<T/At 1<5<J

(1.3.9)

with u the exact solution to (1.3.1), whose expression is given by (1.3.2).

Actually, the constant C' in (1.3.9) is independent of L > 1, which is consistent with the
convergence result we shall prove below for the half-space problem on R* with inflow at z = 0.
Following [22], we shall prove Theorem 1.3.2 by using a stability estimate for (1.3.3), (1.3.6),
(1.3.7) and a superposition argument, which amounts to considering separately two half-space
problems: one in which there is only inflow at x = 0, and one for which there is only outflow
at x = L.

Theorem 1.3.3 (Convergence estimate for the inflow problem [9]). Let a > 0, k € N*. Under
Assumption 1.3.1, there exists a constant C' > 0 such that for any final time T > 1, any J € N*,
any initial condition f € H*1((0,400)) and boundary source term g € H*1((0,T)) satisfying
the compatibility conditions

VOo<m <k, f™0)=(—a)"g¢"™(0), (1.3.10)
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the solution ( )j>1—rmen to the numerical scheme

4
W= / fa iz,

n = L — (= 1)) g 0<n<T/At, 1-r<(<0
v Z(HU T (= =) gO), 0SnST/AL 1-rsE<0,
utt = Zaeuﬁg, 0<n<T/At—1, j>1,
\ l=—r
(1.3.11)
satisfies
5\ 1/2
su Az | u! — — J u(t", x)dx < CT Az" 1((0 400+ 1 ,
USHSTP/At Z ( Ax Tj1 ( ) ) B (||f||Hk+ ((040)) g s ((O,T)))

where u 1s the exact solution to the half-line transport problem

Ou+ad,u =0, te(0,7),2>0,
uw(0,z) = f(z), x>0, (1.3.12)
u(t,0) = glt), te(0,T).
Theorem 1.3.4 (Convergence estimate for the outflow problem [22]). Let a > 0, k € N*
and k, € N. Under Assumption 1.5.1, there exists a constant C' > 0 such that for any final

time T > 1, for any J € N* and for any initial condition f € H*'((—oo, L)), the solution
(u})j<s0<n<t/ar to the numerical scheme

r 1 T
0 .
uf = E/Wf(x)dx’ =
(Dkb n)JEZO OSTLST/AI(:, 1§€§p7
n+l Zafu]—i-ﬂ’ OSnST/At—l, ]SJ?
\ l=—r
satisfies
1/2

sup Z Ax (u - — / flx—at™)d ) < C'T Agmin(hko) L f Il 1 ((—o0,1) -
<J

0<n<T/At

As in [22], the loss of 1/2 in the rate of convergence of Theorem 1.3.2 looks somehow
artificial and is mostly a matter of passing from the E;;OE? topology to £;°;. Our next result
examines a situation where the optimal convergence rate min(k, k;) can be obtained. In order
to characterize the discrete steady states, it is natural to introduce the characteristic polynomial

p
AX) =) aX™ - X" (1.3.13)
b=—r

From the consistency property in Assumption 1.3.1, any constant sequence is a discrete steady
solution for (1.3.3), the same property being available for the continuous model (namely, the
transport operator). However, the discrete nature of the differentiation operator involved in
the numerical scheme (1.3.3) allows the existence of many other discrete steady solutions. The
latter play an important role when considering then the half-space problem with some discrete
boundary conditions. To make the analysis more intelligible, we will work under the following
assumption, which was already present in [6].
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Assumption 1.3.5. The characteristic polynomial A defined in (1.3.13) has a unique Toot
(equal to 1) on the unit circle S = {z € C, |z| = 1}. In other words, we assume

s} ns =1} (1.314)

In other words, the technical Assumption 1.3.5, which is verified on many examples such
as the Lax-Wendroff and O3 schemes, allow to recover the optimal rate k, = min(ky, k) in the
case k, < k. Of course, one would also like to improve the rate min(k,, k) — 1/2 in the case
ky, = k, which is clearly the most natural choice. However, in that case, both the interior and
boundary consistency errors scale like Az* and, in the framework of Assumption 1.3.1, stability
in the interior domain is available only in the KJQ- topology, so it is quite difficult to derive the
convergence rate k in the £3° topology. In order to simplify the proof of Theorem 1.3.6, we only
examine here the case of a half-space with extrapolation outflow conditions. The extension of
the techniques to the case of an interval is left to the interested reader.

Theorem 1.3.6 (Optimal rate of convergence for the outflow problem [9]). Let a > 0, k €
N* and k, € N. Under Assumption 1.3.1 and under the additional Assumption 1.3.5, there
exists a constant C > 0 such that for any final time T > 1, any integer J € N*, any data
f € H*'((—o00, L)), the solution to the scheme

r 1 Tj

0 - .
Y = Ax : 1f(l°)dl’7 j<J,
L (D) =0, 0<n<T/At, 1<(<p, (1.3.15)
p
ultt = N aguly,, 0<n<T/At—1, j<J,
l=—r

satisfies the error estimate

sup  sup < CT Az™ || fll grsro,0)

0<n<T/At j<J

1 K
u?—A—x/ flz —at™)dx

as long as k, < k.

Theorem 1.3.6 already indicates that combining the approach of [22] with other techniques
(here, boundary layer expansions) may improve some results. We hope to deal with the case
k, = k in the future.

1.4 Hyperbolic conservation laws with stiff relaxation terms
and entropy

1.4.1 Strong, weak, and entropy weak solution

Hyperbolic systems of conservation laws with relaxation appear in the study of a variety of
physical phenomena of great practical importance such as thermally non equilibrium fluid flows,
non reacting two-phase fluid flows composed of solid particles suspended in gas, viscoelasticity,...
The relaxation terms are source terms whose effect is the relaxation to zero of some algebraic
quantity, namely the relaxation variables. For instance, in the case of two-phase fluid flows
composed of solid particles in gas, the relaxation terms model the drag force whose effect is the
relaxation to zero of the relative velocity between the two phases. In the case of thermally non
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equilibrium fluid flows, the relaxation term depend upon the different temperatures involved in
the modeling: here the thermal equilibrium of the flow is characterized by a single temperature.
A relaxation time may be introduced to characterize the stiffness of the relaxation. In the case
of the two-phase fluid flows considered above the relaxation time is the drag time which is
proportional to inverse of the the square of the radius of the particles. In the case of thermally
non equilibrium flows the relaxation time depends on the heat exchanges. Therefore, we consider
a system of N conservation laws

d
Ou(t, =) + Z 8, f5(w)(t, z) = r(u)(t, ). (1.4.1)

System (1.4.1) is set on the whole space z € R? and for any time ¢ € [0,7), T > 0. The
notation J; denotes the partial derivative with respect to z;. We assume that there exists a
convex bounded set of RY, denoted by  and called set of the admissible states such that

u(t,z) €Q, V(t,z)€0,T) xR (1.4.2)

We also assume for all j € {1,...,d}, the function f; : RY — R belong to €*(Q2,RY) and be
such that 9, f; are diagonalizable with real eigenvalues, where 0, denotes the differential with
respect to the variables u. System (1.4.1) is complemented with the initial condition

u(0,7) = up(w), VacR? (1.4.3)

System (1.4.1) is endowed with a uniformly convex entropy 1 € C2(Q,R) such that there exists
B1 > By > 0 so that

spec (92n(u)) C [Bo, B1], Vu € Q, (1.4.4)
and the corresponding entropy flux F € €?(Q, R?) satisfies for all j € {1,--- ,d}
0uFy(u) = 0un(u)Oufi(u), Yu e Q. (1.4.5)

Despite it is well-known that even for smooth initial data ug, the solution of (1.4.1)-(1.4.3)
may develop discontinuities after a finite time, our study is restricted to the approximation of
smooth solutions u € W (R* x R%, Q) to (1.4.1)-(1.4.3). Such solutions are called strong
solutions, and they satisfy the conservation of the entropy

n(u) + Z 8, F;(u) = %(u), (1.4.6)

where ¥(u) = 0,n(u) - r(u) with the notation - is the scalar product in the same space.
Assuming that ug € L™ (Rd,Q), a function v € L* (R* X ]Rd,Q) is said to be a weak
solution (1.4.1)-(1.4.3) if, for all p € CL(RT x R?,R™), one has

d
// u@gpda:dt%—/ uogo(O,.)da:—i-// ij(u)ﬁjgodazdt:—// r(u)pdz dt.
RixR+ R4 RIXR+ =1 RIXRF

(1.4.7)

Moreover, u is said to be an entropy weak solution to (1.4.1)-(1.4.3) if u is a weak solution, i.e.,
u satisfies (1.4.7), and if, for all ¥ € C}(RT x R4 RT), it satisfies

d
// n(u)@t\llda:dt~l—/ n(uo)\IJ(O,.)dac—i-// ZFj(u)@j\Pdacth —// r(u)Wdzx dt.
RIXRF R4 RexR+ =1 RIXRF
(1.4.8)
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1.4.2 Relative entropy

To compare two entropy weak solution, we employ the notion of the relative entropy [24, 30].
We define the relative entropy and entropy-fluxes among two solutions by

h(u,v) = n(u) —n(v) — dun(v) - (u— ),
qj(u,v) = Fj(u) — Fj(v) — dun(v) - (fj(u) = fi(v)), Vie{l,---d}.

Now, let us consider an admissible weak solution u of (1.4.1) and a constant vector v € RY.
After some calculations, one obtains

Oh(u,v) + Z 0; <E(u) — Oun(v) - fl(u)> < 3(u) — Oyn(v) - r(u). (1.4.9)

A natural assumption is the entropy dissipation condition, see [11, 69, 99|, namely, for every
u,v € Q with r(v,.) =0,

(2un) = 2un)) ) <0

If we assume that the system (1.4.1) is entropy dissipative, and integrate the inequality (1.4.9)
for € RY, the divergence term disappears and we have

d
— | h(u,v)dx <0.
dt Rd
Indeed, it is easy to check that
%]u—v[Q < h(u,v) < %\u—v|2 (1.4.10)
where |- | is the Euclidian norm of RY. Thus, one obtains the following estimate for any r > 0

v(t, ) — u(t,z)]Pde < C vo(x) — up(x)|*dx,
/m’(” (t,2) </ o) — ()|

|CE<|T‘+Lft
where a constant C' > 0 and the quantity L is given by

w! 05n(0) 0, f; (w)w
wTd2n(v)w

Ly= sup sup  sup
je{lf" 7d} (’U,,U)EQQ ’U)E]RN\{O}

1.4.3 Results in Chapter 5: Stability of stationary solution for non-
linear relaxation balance laws

Stability of stationary solutions of singular systems of balance laws have been analyzed in [80].
In chapter 5, we extend this result to the case of nonlinear relaxation balance laws. We first
define an entropy process solution, which generalizes the concept of entropy weak solutions.
After that, we construct the relative entropy to compare two states. Therefore, we are able to
prove the stability of some stationary states within entropy process solutions.

We consider non-conservation systems in d space dimensions of the form

d

d
Ou(t, ) + Z O fi(u, ) (t, x) + Z si(u, ) (t, x)0a(t, x) = r(u, a)(t, x),

=1

(1.4.11)
oa(t,z) = 0.
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where

uw:RYxRY = Q, fi QxR —=RY,
a:RT xR = R, 5 QxR —=RY,
r: QxR — RN

An initial condition is associated with (1.4.11)

{u(O,x) = up(x),

fi c R4, 1.4.12
o(0,2) =alz), ( )

The second equation in (1.4.11) means that « is time-independent. If « is smooth, the third
term of the left-hand side of (1.4.11) can be considered as a source term. However, the analysis
of our work also applies to non-smooth «, and the term Z?Zl si(u, a)0;av is a non-conservative
product. System (1.4.11) is endowed with an entropy pair (7, F'), which depends on (u, «) and
satisfies the following assumptions

(H1) The function n = n(u, ) € C*(Q x R, R) is convex with respect to its first variable and
there exist two positive constants 5y < 31 such that

o (82n) C [Bo,B1], on Q xR, (1.4.13)

where o denotes the matrix spectrum.

(H2) There exists an entropy flux F' = (F;(u, ))1<;<q such that

V1<i<d, 0mo.fi=0F;, and 0n(0uafi+ si) = 0uF;.

To investigate the stability of system (1.4.11), we assume a natural assumption, which is the
following entropy dissipation condition:

(H3) For every u,v € Q with r(v,.) =0,
(Ot = 2unt0.)) ) <0

Instead of using the assumption (H3), in [91], Tzavaras studied the following condition

(H3') For every u,v € Q with r(v,-) = 0, there exists v > 0 such that
B (&m(u, ) - 6u’l’](?}, )) ’ <T(U’7 ) - T(Ua )) > 7|u - U|2a

which may be more restrictive than the entropy dissipation condition (H3). However, it is the
key to prove the asymptotic stability of system (1.4.11).

In this work, we extend the analysis in Section 1.4.2 to systems of the form (1.4.11). For
a given «, we are able to compare an entropy process solution to some particular stationary
solutions. We first assume that the products s;0;a can be described by means of vector-valued

Radon measures p; € M (]R+ x R4 x (0, 1))N1 which satisfy at least the following properties

More precisely, M(X) denotes the set of locally bounded Radon measures on a set X, i.e. M(X) = (€.(X)))’.
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(P1) On any open set B = B; x B, C R" x R? such that a € WbY*(B,), the measures
Wi, 1 <4 < d, satisfy

1 1
Vo € CX(B),V1 <i< d,/ / odpi(t, z,\) = / / 0s;(v, a)Ojadtdzd.
0o JB 0o JB

(P2) For any component 1 < k < N and any dimension index 1 <17 < d,

( _0:>,u(k):

(2

Let us now define the entropy process solution

Definition 1.4.1. Let uy € BV (R4, Q)N, a € BV(R?) and T > 0. A function v € L>=([0,T) x
R? x (0,1),9) is an entropy process solution of the Cauchy problem (1.4.11)-(1.4.12) if there
exists (11;)1<i<a € M(RT x R? x (0,1)) satisfying assumptions (P1) and (P2) such that, for all
p € €X([0,T) xRY),

///R< tx)\atQD—FZle/oz Zgo>dxdtdx+///¢dmxA

(1.4.14)
—/ uo(.r)go((),a:)da::// /r(y,a)gpdxdtd)\,
Rd 0o Jo Jrd
and, for all non-negative ¢ € C([0,T) x R?),
1 0T d
-] <n<u,a>aﬁo+zm<u,a>w> dadtd ~ | n(u, ) (@) (0.2
0 Jo JRS i=1 ke (1.4.15)

1 T
< / / / X(v, a)pdrdtdA.
o Jo Jrd

Let us remark that from an entropy weak solution u(t,z) to problem (1.4.11)-(1.4.12),
one may easily construct an entropy process solution to problem (1.4.11)-(1.4.12) by setting
v(t,z,\) = u(t, z) for any A € (0,1). Reciprocally, if v is an entropy process solution to problem
(1.4.11)-(1.4.12) such that there exists u € L>([0,T) x R?) such that v(¢,z,\) = u(t, z) for a.e.
(t,z,\) € [0,T) x R? x (0,1), then u is an entropy weak solution to problem (1.4.11)-(1.4.12).
We now define the relative entropy and entropy-fluxes between two solutions (v, ) and (v, )

Definition 1.4.2. Let v,v € Q. The relative entropy of v with respect to v is defined by

h: OxOxR—R"

(v,v,a) = n(v,a) —n(v,a) — dn(v,a) - (v —1) (1.4.16)

and the corresponding relative entropy fluzes q : 1 x Q x R — R? are
G0, v,0) = Fi(v,0) — Fi(v,0) - 8,1(0, ) - (m, 0) — fiw, a>), vie{l,..d}. (1417)

For a given o € CY(R? R), consider a smooth, and thus entropy conservative, entropy
process solution v of (1.4.11), and a time-independent function v. After some calculations, we
have

Oth(v,v, @) Z 0; |F; —oun(v, ) - filv,a)] + (v, o) — Oyn(v, @) - (v, @)
d
- Z@ [Dun(v, )] - fi(v, @) + Dun(v,a) - Y si(v,
i=1 i=1
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Since the two last terms are not in conservation form, we need to add some assumptions on v
in order to make them vanishing. Thus, for any given constant vector Hy, € R, we introduce
S(Hy), the set of (v, ) € Q x R such that

(S1) Oyn(v,a) = Hy.
(S2) Foralll1<i<dand1<k<N, HP¥ =0.

Let us mention that the above discussion on the smooth solution is extended to entropy process
solutions by the theorems 1.4.3 and 1.4.4. Firstly, we use the entropy dissipation condition (H3)
to state the following stability result

Theorem 1.4.3. Let Hy € RY and consider the set 8(Hy) defined by (S1)-(S2), assumed to
be nonempty. Consider « € BV (R?) and a function v € BV (R Q) such that (v, ) € 8(Hp)
almost everywhere and satisfy the entropy dissipation condition (H3). Then, v is a stationary
entropy process solution of system (1.4.11).

Moreover, let T > 0, ug € BV(R%, )Y, and v € L* ([0,T) x R? x (0,1),Q)) an associated
entropy process solution. Then, there exists a positive constant Ly, independent of v,v and o
such that the following nonlinear stability property holds for all R > 0 and for almost every
tel0,T]

// h(u(t,a:,)\),U(;U),a(:v))d:vd)\§/ h(uo(x),v(z), a(x))dz. (1.4.18)
o JBO,R)

B(0,R+Lt)
Secondly, we consider the assumption (H3") to prove the following asymptotic stability

Theorem 1.4.4. Let Hy € RY and consider the set S(Hy) defined by (S1)-(S2), assumed to
be nonempty. Consider o € BV (RY) and a function v € BV (R? Q) such that (v, o) € 8(Hy)
almost everywhere and satisfy the entropy dissipation condition (H3'). Then, v is a stationary
entropy process solution of system (1.4.11).

Moreover, let T > 0, ug € BV(RYL, )N, and v € L™ ([0,T) x R? x (0,1),9)) an associated
entropy process solution. Then, there exist positive constants Ly and v, independent of v,v and

a such that the following nonlinear stability property holds for all R > 0 and for almost every
te€0,T]

1 1t
/ / h(v(t,x, \),v(z), a(x))dxd\ + v // lv(r, 2, \) — v(z)|Pdodrd\
0 JB(O,R) 0 JB(0,R+Lj(t—7))
<

< /B(O . h(uo(z),v(z), a(x))d.
o (1.4.19)

1.5 Links with the scientific production

This thesis is mostly contributed to the following submitted and preprint papers.

1. B. Boutin, T. H. T. Nguyen, and N. Seguin. A stiffly stable semi-discrete scheme for the
characteristic linear hyperbolic relazation with boundary. ESAIM: Mathematical Mod-
elling and Numerical Analysis, 2020. In this paper, we study a stiffly stable semi-discrete
scheme for the damped wave equation using SBP method. This result is given more de-
tails in Section 2.2. Furthermore, we focus in Section 2.3 on the time-implicit scheme of
the IBVP (1.2.1). By using energy estimate and Laplace transform, this approximation
is proved to be stiffly stable if the boundary condition satisfies B, B, > 0. Finally, in
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Section 2.4, we study the fully discrete approximation of the IBVP (1.2.1) with homoge-
neous boundary condition b = 0, for any n € N, obtained by upwind scheme in space
and the implicit scheme in time. Let us remark that we have difficulty finding a sufficient
condition for the stiff stability of the numerical scheme with nonzero boundary data, but
we propose its possibility to a further work.

. B. Boutin, T. H. T. Nguyen, and N. Seguin. A stiffly stable fully discrete scheme for
the damped wave equation using discrete transparent boundary condition. Preprint, May
2020. By using the concept of transparent boundary condition, we show here that the
SKC is a sufficient condition for the stiff stability of the time-implicit central differencing
scheme for the linear damped wave equation with boundary. It is given more details in

Chapter 3.

. B. Boutin, T. H. T. Nguyen, A. Sylla, S. Tran-Tien, and J.-F. Coulombel. High order
numerical schemes for transport equations on bounded domains. Preprint, Dec. 2019.
The goal of this article is to extend the result in [22] to the case of nonzero incoming
boundary data by developing a systematic construction and stability analysis for numer-
ical boundary conditions arising from the so-called inverse Lax-Wendroff method. We
illustrate the results with the Lax-Wendroff and O3 schemes. This is the main result in
Chapter 4.

. In Chapter 5, we study the stability of stationary solutions of non-conservation systems
with the source term. We aim at proving that stationary solutions are stable among
entropy process solution, which generalizes the concept of entropy weak solutions and
can be obtained by passing to the limit of solution of the numerical scheme. To prove
the stability of some stationary states within entropy process solution, we construct an
associated relative entropy which allows to compare two states, and use the entropy
dissipation condition. Besides, we also consider another assumption in [91] to prove the
asymptotic stability of stationary solution of nonlinear relaxation balance laws.
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Chapter 2

A stiffly stable discrete scheme for the
damped wave equation using summation
by parts method

We study the discretization of the linear damped wave equation in a quarter plane. Because
of the work of Z. Xin and W. Xu in [96], we know that the stability condition of Kreiss is
not sufficient to ensure the uniform stability of the initial boundary value problem (IBVP) for
relaxation system independent of the stiffness of the source term. To remedy this problem, they
then introduce a so-called Stiff Kreiss Condition (SKC), which turn out to be a necessary and
sufficient condition on the boundary. In this chapter, we also exhibit a sufficient condition on
the boundary to guarantee the uniform stability of the IBVP for relaxation system independent
of the stiffness of the source term and of the space step. The boundary is approximated using
a summation-by-parts method and the stiff stability is proved by energy estimates and Laplace
transform. We also investigate if the condition is also necessary, following the continuous case
studied by Z. Xin and W. Xu in [96].

2.1 Introduction

In many physical situations, we are interested in hyperbolic systems of partial differential
equations with relaxation terms [3]. Such systems are found in relaxing gas theory [12], water
waves [82, 94] and reactive flows [13]. One of the main features of these models is related to the
notion of dissipation, leading to smooth solutions and asymptotic stability. The study of the
zero relaxation limit for such systems has caught much interest, both from a theoretical and
numerical point of view, after the works of Liu [64], Chen, Levermore and Liu |11], Hanouzet and
Natalini [44], Yong [97, 98]. In this chapter, we are concerned with the numerical treatment of
the boundary for hyperbolic relaxation systems by using the SBP method. Due to the presence
of boundary layers and to the possible interaction of the boundary and initial layers, numerical
schemes have to be properly designed so as to provide accurate approximations and consistent
behaviors.

One of the simplest linear hyperbolic systems with relaxation is the linear damped wave
equation on u®,v® € R

2.1.1
O + adyut = —e 1”, ( )

{atus + 0,0° =0,

where a > 0 and the relaxation time £ > 0 characterizes the stiffness of the relaxation process.
When ¢ goes to zero, the model may be simplified. We expect indeed that for any position x
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and any time ¢, the solution (u, v¥) tends to (u(x),0), which is the solution of the corresponding
equilibrium system |11, 96].

In order to determine a unique solution to the problem (2.1.1) in the quarter plane z > 0,
t > 0, it is necessary to specify values of the solution at initial time

u(z,0) = up(x), v°(x,0) = wvo(x), (2.1.2)
and to impose conditions on the solution at the boundary
B,uf(0,t) + B,v°(0,t) = b(t), (2.1.3)

where B, and B, are constants. For simplicity, we also assume the initial data f(z) =
(uo(x),vo(x)) and the boundary data b(t) to be compatible at the space-time corner (x,t) =
(0,0), i.e.

f(0)=f(0)=0, b(0)=10(0)=0. (2.1.4)

In some cases, the suitable boundary conditions comes from physical considerations. At a
solid wall that bounds the flow of a fluid, for example, one sets the normal component of the
fluid velocity equal to zero (if effects of viscosity are to be considered, the tangential component
must also vanish). In other situations, the choice of boundary conditions is not so obvious. This
is the case when considering artificial boundaries, which do not correspond to a well-identifies
physical phenomenon. In general, not any boundary condition is suitable for a given hyperbolic
problem. In the case of the problem (2.1.1), which is a particular case of the Jin-Xin relaxation
model in one space dimension [51], the hyperbolic structure is related to the Riemann invariants
vau® £ v¢ and to the characteristic velocities ++/a. Therefore the boundary condition (2.1.3)
has to satisfy the Uniform Kreiss Condition (UKC)

By + vaB, # 0. (2.1.5)

Only under this assumption, the incoming flow \/au® + v at the boundary x = 0 can be
deduced from the outgoing flow y/au® — v and the data b(t). Therefore the initial boundary
value problem (IBVP) (2.1.1)-(2.1.3) is well-posed for each fixed ¢ (see |3, 96, 97]).

In [96], Z. Xin and W. Xu study the asymptotic equivalence of a general linear system of
one-dimensional conservation laws and the corresponding relaxation model proposed by S. Jin
and Z. Xin [51] in the limit of a small relaxation rate €. The main issue is to extend and
precise this asymptotic equivalence in the presence of physical boundaries. Within the same
problematic, W.-A. Yong in [97] proposed a Generalized Kreiss Condition (GKC) for general
multi-dimensional linear constant coefficient relaxation systems, or one-dimensional nonlinear
systems, with non-characteristic boundaries. This condition enables uniform stability estimates
and a reduced boundary condition for the corresponding equilibrium system. For the special
Jin-Xin system (2.1.1) with boundary condition (2.1.3) but with stiff source terms of the form
e (A — v) for some A, Z. Xin and W. Xu identify and rigorously justify a necessary and
sufficient condition (which they call the Stiff Kreiss Condition, or SKC in short) on the boundary
condition to guarantee the uniform well-posedness of the IBVP, independently of the relaxation
parameter. In addition to the work in [97], their study also covers the characteristic case and
provides optimal asymptotic expansions for the limit process, handling with boundary and/or
initial layers. In the case of our system (2.1.1), the parameter A = 0 so that the boundary is
characteristic for limit equation, and the SKC in [96] then simply reduces to

Bu
B, =0, or B ¢ [—Va,0]. (2.1.6)

The motivation of the present study is to analyze the counterpart of the above results
but now for the difference approximation of the IBVP (2.1.1)-(2.1.3). The major issues in

42



the theory of the relaxation approximations to equilibrium system of conservation laws is the
appearance of stiff boundary layers in the presence of physical or numerical boundary conditions
due to the additional characteristic speeds introduced in the relaxation systems. On the other
hand, the stability estimate obtained for a certain approximation is the key to the proper error
estimates. Thus, the way of formulating boundary conditions for the relaxation systems so as
to guarantee the uniform stability and to minimize the artificial boundary layer is a crucial
issue to the success of the schemes.

In this chapter, we first study a stiffly stable semi-discrete scheme for the IBVP (2.1.1)-
(2.1.3) obtained by the central differencing scheme in Section 2.2. After that, we focus in
Section 2.3 on the time-implicit scheme of the IBVP (2.1.1)-(2.1.3). By using energy estimate
and Laplace transform, we prove that B, B, > 0 is a sufficient condition for the stiff stability
of this scheme. Finally, in Section 2.4, we consider the fully discrete approximation of the
IBVP (2.1.1)-(2.1.3) with homogeneous boundary condition " = 0, for any n € N, obtained
by upwind scheme in space and the implicit scheme in time.

2.2 The semi-discrete central scheme

Let Az > 0 be the space step and U(z;,t) = (u®,v°)T (z;,t) with z; = jAz, for any j € N,
The solution to the IBVP (2.1.1)-(2.1.3) is approximated by a sequence U;(t) = (u;(t),v;(t))"
(where we omit the explicit dependence on €). We focus in this section on the semi-discrete
approximation of the IBVP obtained by the central differencing scheme and derive a sufficient
condition for its stiff stability. Let A, S and B be the following matrices:

A:(S (1)) S:(g _01>, B= (B, B,). (2.2.1)

A first step towards the semi-discrete approximation of the IBVP (2.1.1)-(2.1.3) is the following
system

QU (1) + (QU); (1) = ZSU (1), > 1.
U;(0) = f;, (222)
BUY(t) = b(t),

with the discrete Cauchy data f; = U(x;,0). The difference operator (QU);(t) is a consistent
approximation of the first order space-derivative Ad,U(z;,t) in the sense that (QU)(x;,t) =
A0, U (z;,t)+0 (AxP), for some p > 0. It is defined at any discrete point including the boundary
point j = 0.

The summation by parts (SBP) finite difference operators were first derived in |71, 72|. In
[83], the analysis was revisited and exact expressions for the finite difference coefficients were
obtained. In the case of the central scheme, the modification of the difference operator QU
at j = 0 can also be interpreted as the use of an extra boundary condition. It means that
we use the centered approximation at the boundary point j = 0 but supply another boundary
condition that determines a ghost value U_; through the identity

U1 —2U0—|—U,1 :0

If we eliminate U_;, then we obtain a one-sided approximation. In [42], the corresponding
energy estimate is obtained by using the scalar product and norm

Azx >
v e W), R = W), (229

J=1

<U7 V>A3: -
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with (.,.) being the usual Euclidean inner product. The considered difference operator reads

1
_A<U]+1 - Uj—1)7 j Z 17
(QU); = 21M (2.2.4)
AU =), j=0,

which uses a noncentered approximation at the boundary, so that the difference operator is
defined at all gridpoints including the boundary point j = 0.

Let us emphasize that the numerical scheme (2.2.2) still needs one more scalar equation at
the boundary point j = 0 so as to be fully defined, due to the fact that the matrix B has rank
one. This is actually a discrete feature only, since in the continuous case this single equation is
exactly complemented by the only incoming characteristic (under UKC). We choose to define
the remaining discrete boundary value in agreement with the dissipativeness of the source term.
We then use a symmetric form of the problem, based on the matrix P and on the symmetric
positive definite matrix Hp below

Bu Bv - 1 _Bu

As a consequence, the matrix PT HpP is symmetric positive definite, Hp PAP~! is symmetric
and Hp PSP~ is negative semi-definite. Since PT HpPA is also a symmetric matrix, one has

(U, PTHpP(QU)) . (t) = —% (Uo, PP HpPAUY) (1),
which is the discrete counterpart of the equality
/0 - (U,P"HpPAD,U) (z,t)dx = —% (U, P"HpPAU) (0,t)
available in the continuous case. Moreover, at the boundary j = 0, we obtain
(0:Uy, PTHpPUy) (t) 4 {(QU)o, PTHpPUy) (t) = % (SU,, P"HpPUy) (1). (2.2.6)

Inserting now the homogeneous boundary condition BUy(t) = 0 and introducing the matrix
II, = (0 1), the previous equality (2.2.6) can be reformulated as

L (M1, PSUY) (1) (T, PUL) (1),

€

Oy (IIyHp PUY) (t) (11 PUY) (t) + (1o Hp P(QU )o)(t) (11 PUL ) (1)
We therefore propose the following numerical approximation at the boundary
1
O(IloHpPUy)(t) + o Hp P(QU )o(t) = gHQHPPSUO(t).

To summarize, along the rest of the chapter, we will study the following semi-discrete approx-
imation of the IBVP (2.1.1)-(2.1.3):

U, (t) + (QU);(t) = e 1 SU;(1), j>1,t>0,
U;(0) = f;, j >0,
BUy(t) = b(t), t >0, (22.7)

(o Hp PUy)(t) + o Hp P(QU )o(t) = e "o Hp PSUy(t), t > 0.

Main result: For the continuous IBVP (2.1.1)-(2.1.3), the UKC (2.1.5) is not enough and a
more stringent restriction has to be imposed. Our aim is to determine a sufficient condition for
the stiff stability of the above semi-discrete IBVP (2.2.7), in other words the uniform stability
with respect to the stiffness of the relaxation term. First of all, let us address the question
of the existence and uniqueness of a solution to the infinite-dimensional ODE system (2.2.7)
through the next result.
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Lemma 2.2.1. Let us consider some fized parameters (B,, B,) € R? with B, # 0, and
e,Ax > 0. For any (f;)jen € *(N,R?) and any b € C'(R;,R) there exists a unique solu-
tion (U;)jen € €H([0, +oo[, (N, R?)) to (2.2.7).

Proof. The proof rests on the common linear Cauchy-Lipschitz theorem in the Banach space
¢*(N,R?). Let us bring some precisions concerning the solvability of the two rank-one boundary
equations. The first algebraic equation reads simply

Buug(t) + Byvg(t) = b(t),

while the second differential one reads equivalently, for some linear operator L : R? x R? — R,
as
aBju(t) — BuByvy(t) + L(Uo(t), Us(t)) = 0.

Eliminating vy from the algebraic boundary condition, we get thus B,v((t) = 0'(t) — Buug(t)
and therefore
(aB; + Bp)ug(t) = —L(Uo(1), Ur(1)) + B (¢).

The solvability of the whole ODE system is therefore deduced by B, # 0 together with aB? +
B2 # 0. The details are left to the reader. O

Theorem 2.2.2 (Main result). Under the strict dissipativity condition
BB, > 0, (2.2.8)

for any T > 0 there exists Cr > 0 such that for any (f;);en € 2(N,R?) and any b € C'(RT,R)N
L*(RT,R), the solution (Uj)jen to (2.2.7) satisfies

T T
/ |Uo(t \th+/ ZAx|U (t)[*dt < Cr (ZAx\f]\Q / yb(t)Pdt> , (2.2.9)
0 >0 >0 0

where the constant Cr is independent of the data f and b, but most importantly of ¢ € (0, +00)
and Az € (0,1].

The proof of Theorem 2.2.2 is based on two main ingredients, by assembling a result for the
case of homogeneous boundary data and another for the case with homogeneous initial data.
We state successively hereafter these two statements.

Proposition 2.2.3 (Homogeneous boundary condition). Assume that the parameters Ax €
(0,1], € > 0 and (By, B,) satisfy the discrete strict dissipativity condition

B, Ax [(B,\*
2=t 4 20 (2 . 2.2.1
an~|— 8 (Bv> >0 ( 0)

Then there exists a constant C > 0 such that for any (f;);en € *(N,R?), the solution (U;);en
to (2.2.7) with b = 0 satisfies
T
(U P"HpPU), (T +0/ \Uol*(t)dt < (f, P"HpPf) . . (2.2.11)

More precisely,
a) If B,B, > 0 then (2.2.11) holds uniformly, i.e. with C independent of € and Ax.

b) If B,B, < 0 then considering some 8y > —2aB,B,", there exists C(dy) > 0 such that
(2.2.11) holds uniformly with C' = C(dy), as soon as Ax > dye.
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Proposition 2.2.4 (Homogeneous initial condition). Assume that the boundary condition is
strictly dissipative, satisfying (2.2.8). Then, there exists a constant C' > 0 such that for any
a > 0 there exists Axg > 0 such that the following property holds. For any b € C1(RT R) N
L*(RT,R) and Az < Axy, the solution (Uj)jen to (2.2.7) with (f;)jen = 0 satisfies

0z / S et 1) + / e=201 U ()Pt < C / e~20 () [2dt. (2.2.12)
0 0 0

Jj=0

Remark 2.2.5. Since PTHpP is a symmetric positive definite matriz, the following inequality
holds for some constants m,n > 0, independent of Ax:

m (U, PTHpPU)  (t) < (U,U), (t) <n (U, P"HpPU) (1),
which will be useful to prove the estimate (2.2.9) with weighted-in-time norms from (2.2.11).

Xin and Xu in [96] considered the IBVP for the Jin-Xin relaxation model [51] and derived
the SKC (2.1.6) for its stiff well-posedness. They show in particular that the IBVP is well-posed
if and only if (2.1.6) holds. In the discrete IBVP (2.2.7), it seems that even the SKC is not
sufficient to derive uniform stability estimates. In comparison, the strict dissipativity condition
(2.2.8) is more restrictive, but we are only able to prove that it is sufficient. Following [97]
and [96], we also perform a normal mode analysis to construct unstable solutions and, based
on some numerical investigations, the condition (2.2.8) would appear to be also necessary for
the stiff stability. Let us mention that the discrete strict dissipativity condition (2.2.10) is not
implied by the SKC (2.1.6), probably due to some numerical diffusion at the boundary.

The Proposition 2.2.3 is studied in Section 2.2.1.1 by means of the discrete energy method.
In order to illustrate the relevance of the discrete strict dissipativity condition (2.2.10), we
present in Section 2.2.1.2 some numerical results, for various values of the parameters (B,, B,)
and show that the energy (U(¢), PT"HpPU(t)) ., increases if the condition (2.2.10) does not
hold. In Section 2.2.2.1, we want to address the question of the existence of unstable solutions
in order to derive necessary condition for stability by using the normal mode analysis. In
Section 2.2.2.2, we present numerical results and show that B, B, > 0 seems to be necessary to
ensure the stiff stability of the discrete IBVP. Even if the boundary condition (2.1.3) satisfies
the SKC, there exist unstable solutions of the discrete IBVP (2.2.7). To isolate the effects of a
possible boundary layer and avoid the complicated interactions of boundary and initial layers,
in Section 2.2.3, we consider the IBVP (2.2.7) with homogeneous initial data and nonzero
boundary data b(¢). In Section 2.2.3.1, the numerical solution (U;(t))jen can be constructed
by Laplace transform. By using the Parseval’s identity, under assumption B,B, > 0, the
Proposition 2.2.4 is proved in Section 2.2.3.2 .

2.2.1 Stiff stability of the semi-discrete IBVP with homogeneous bound-
ary condition

In this section, we consider the IBVP (2.2.7) for homogeneous boundary condition b = 0,
nonzero Cauchy data (f;)jen € (*(N,R?) and prove Proposition 2.2.3 by means of the discrete
energy method.

2.2.1.1 The energy method

In the continuous case, the energy estimates are obtained using integration by parts rules.
Therefore, we make use of the similar SBP rules for the discrete approximations of 9/dx [42].
The sufficient condition (2.2.10) is then deduced directly from discrete energy estimates.
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According to the scalar product (2.2.3), we can see that

_ e (at (HpPUy) , PUy) (t)+A:B§:<8tUj,PTHpPUj>(t). (2.2.13)

J=1

(0,U, PTHpPU), (1)

Since PTHpP is a symmetric positive definite matrix and using the homogeneous boundary
condition BUy(t) = 0 and thus PU, = (0,I1,PUy)T, the previous equality (2.2.13) can be
reformulated as
1 T Az = T
50 (U,P"HpPU) . (t) = 00 (o Hp PU) (1) (2 PUy) (1) + Az (OU;, PTHpPU;) (t)
j=1
(2.2.14)
Now, we show how the difference operator (QU), ey can be applied for the IBVP (2.2.7) for
the homogeneous boundary condition at all gridpoints including the boundary point j = 0

1 1 _
o U;(t) = ESUj(t) - EA(UJ'H@) —Uj-a(t), j=1,

and

1 1
0, I,HpPUy) (t) = EHQHPPSUO(L‘) = 3 HpPA (UL = o) (D).

As a consequence, the equation (2.2.14) can be represented as

_Ae (HngPSUO) (t) (I, PUY) (t) + 201 - Z (SU;, PTHpPU;) (t)

0, (U, P"HpPU) , (t)
+ (I, Hp PAU,) (t) (I, PUy) (t) — (HQHPPAUl) (t) (I PUp) (¢)

— S (AU, PTHRPUS) (8) + > (AUt PTHpPU;) (1)

j=1 j=1
(2.2.15)
On the other hand, the last term in the right hand side becomes
> (AU, P"HpPU;) (t) = (AU, PP HpPUY) (t) + > (AU;, P"HpPU;11) (t)
j=1 j=1

Since HpPAP™! is symmetric and PUy = (0,11, PUy)T, one gets
(AU, PP HpPUY) (t) = (I, Hp PAUY) (1) (I1,PU) (t),
and then

> (AU, PTHpPU;) () = (I, Hp PAUY) (t) (T, PUY) (t) + Z (AU, 1, PTHpPU;) (1)
j=1 j=1
(2.2.16)
Substituting (2.2.16) into (2.2.15), the three last terms in (2.2.15) vanish. After some calcula-

tions, we obtain

B, A 207
00 (U HU o, (1) + 2053 (8) + =0t = === > v2(@),

47



where the symmetric positive definite matrix H = B, 2PTHpP is simply

H= (g ?) . (2.2.17)

In order for the energy method to work, the boundary condition has to satisfy

B, A
20 () + ?%g(t) > CO|Uu(1))?

for some constant C' > 0 whenever B, ug(t) + B,vo(t) = 0. This leads to the following sufficient

condition )
2 B + Ar (B >0
a_ PRN— R
B, e \ B, ’

under which we directly get the inequality
0, (U, HU) o, (t) + CUo)*(t) < 0,
and thus finally

(U, HU) o, (T) + C / Uol2(8)dt < (f, H ), (2.2.18)

More into the details, the following cases occur:

e If B,B, > 0 then there exists C' < 2aB, B, (B2 + B2)~" such that the inequality (2.2.18)
holds uniformly.

e If B,B, < 0, consider some §y > —2aB,B;'. Then there exists C'(dy) > 0 such that the
inequality (2.2.18) holds uniformly as soon as Ax > dpe with C' = C(dy). For example, if
we choose 6 = —3a3,B; " then there exists C' < —aB,B, (B2 + B2)™" such that (2.2.18)
holds uniformly.

This ends the proof of Proposition 2.2.3.

Let us mention that, assuming the strict dissipativity condition (2.2.8) of the main theo-
rem 2.2.2 to be fulfilled, the discrete strict dissipativity condition (2.2.10) is then automatically
satisfied. Then, from the inequality (2.2.18), for any 7' > 0, there exists a constant Cp > 0
such that the following inequality holds

T T
/ZAw|Uj(t)|2dt—|—/ Us(t)Pdt < Cr > Aalfi]*. (2.2.19)
0 j>0 0 >0

This will be used to prove Theorem 2.2.2.

2.2.1.2 Numerical experiments

In this section we perform some numerical experiments and observe the effective behavior (i.e.
the time evolution) of the energy

E(t) == (U(t), HU(1)) py »

according to whether or not the discrete strict dissipativity condition (2.2.10) is valid. We also
have a look at the degenerate case when the UKC (2.1.5) does not hold (and thus, none of the
other stability conditions). As discussed in the previous section and in the calculations of Xin
and Xu [96], we expect to observe the decrease of the energy E(t) as soon as B, B, > 0. What
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happens in the case B, B, < 0, but while the the discrete strict dissipativity condition (2.2.10)
still holds, is also experimented.

As main parameters for the experiments, we fix the space step Az = 1072, choose a = 4
and let ¢ and the boundary parameter (B,, B,) vary. Our purpose is not to discuss the choice
of a time integrator for the ODE system, let us mention that in any case we make use of the
integrated solver ode45 of MATLAB (explicit variable time-step Runge-Kutta (4,5) formula,
the Dormand-Prince pair).

The test case we consider concerns the following data. The boundary data is the homoge-
neous one b = 0. The initial data is

(0,0), if 2, =0,
fi=1(15,10)7, if0<xz; <1/2,
(0,0), if 2, > 1/2.

Let us first observe that these data are compatible in the corner (z,t) = (0,0) in the sense
that B fo(0) = b(0). Moreover the choice of an initial data with support in [0, 1/2] is motivated
by the property of finite speed of propagation available at the continuous side (2.1.1). More
precisely, the exact solution we approximate has characteristic velocities 42 and therefore
vanishes outside some space interval [0,0.9] for small times in [0,0.2]. Thus we choose for our
experiments the space interval [0, 1] and the time interval [0, 7] with 7" = 0.2. Let us however
mention that, strictly speaking, this analysis is actually wrong at the semi-discrete level and
that in addition we have to define some discrete right boundary condition at x = 1. The most
natural choice in this situation is to select the homogeneous Neumann boundary condition
Ujia(t) = Uy(t) at the rightmost cell J. We here don’t address the precise analysis of this
choice but the numerical experiments seem to behave correctly, for example when extending
the space-domain to [0,2]. Other strategies exist in the litterature, with for example discrete
transparent boundary conditions (see for example [5]), but we postpone these possibilities to a
further work.

Firstly, we choose a set of values (B, B,) such that the discrete strict dissipativity condition
(2.2.10) is satisfied with e = 1072 and also with € = 10?. The Figure 2.2.1 shows the evolution
of the energy E(t) over the time interval ¢ € [0,0.2].

500

—(Bu,Bv)=(1,1) ||

(Bu,Bv)=(3,1)
—(Bu,Bv)=(8,1) |1
— (Bu,Bv)=(10,1) |

—(Bu,Bv)=(-10,1)

(Bu,Bv)=(-8.5,1)
4501 —(Bu,Bv)=(1,1) |] 470+
—(Bu,Bv)=(3,1)

400 -

NORM

350 -

300 -

0 0.05 0.1 0.15 0.2 0 0.05 0.1 0.15 0.2
TIME TIME

Figure 2.2.1: Energy evolution with the discrete strict dissipativity condition (2.2.10), for
e = 1072 (left) and € = 10? (right).

e We proved that for any € € (0, +00) and (B, B,) satisfying the discrete strict dissipativity
condition (2.2.10), E(t) is decreasing. This is strongly supported by the experiments.
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Observe also that the decrease of E(t) is true even in the case B, B, < 0 provided the
discrete strict dissipativity condition (2.2.10) is true. This is the case for example for
e = 1072 together with the parameters (B,, B,) = (—8.5,1).

e In the case ¢ = 1072 the energy E(t) go down suddenly for small ¢ > 0. This is due to
the initial relaxation of the solution to the equibrium system. In the case ¢ = 102, the
decrease seems to be linear. It is not so much influenced by the relaxation source term
but more by the boundary dissipation.

Secondly, we choose a set of values (B,, B,) such that the discrete strict dissipativity con-
dition (2.2.10) is not satisfied with ¢ = 1072 nor with ¢ = 10?. Besides, we also present the
evolution of the energy for parameters such that the Uniform Kreiss Condition (2.1.5) is wrong.
The Figure 2.2.2 shows the evolution of E(t) over the time interval ¢ € [0,0.2].

3 x10° ‘ ‘ ‘ 3 x10% ‘
—(Bu,Bv)=(-1,1) —(Bu,Bv)=(-1,1)
250 (Bu,Bv)=(-2,1) | 25l (Bu,Bv)=(-2,1)
—(Bu,Bv)=(-3,1) —(Bu,Bv)=(-3,1)
2 2
s s
E1s- S 15
P4 =z

DD R

0 - 0
0 0.05 0.1 0.15 0.2 0 0.05 0.1 0.15 0.2
TIME TIME

Figure 2.2.2: Energy evolution without the discrete strict dissipativity condition (2.2.10), for
e = 1072 (left) and ¢ = 10? (right).

e On the boundary z = 0, for all € > 0, if the boundary condition (2.1.3) with homogeneous
boundary condition b(t) = 0 does not satisfy the UKC, then v* = \/au®. Therefore, the
numerical scheme of the IBVP is not stable for each fixed . For e = 1072 and ¢ = 102,
if we choose (B, B,) = (=2, 1) then the values of E(t) increase quickly.

e When the discrete strict dissipativity condition (2.2.10) fails, then we observe for any
t € (0,0.2] the inequality E(t) > E(0). In the particular case ¢ = 1072, the evolution is
non-monotone and there exists 0 < t; < ¢y such that E(t;) > E(t2). However, after that
the values of F(t) increase rapidly. In the case e = 102, the values of E(t) rise gradually.

Clearly, the numerical results show that the energy FE(t) increases in time as soon as the
discrete strict dissipativity condition (2.2.10) does not hold. The behavior is even worse when
the UKC (2.1.5) is not satisfied. It seems that the condition (2.2.10) is also necessary to ensure
the non-increase of the energy, but let us stress that an increasing energy with respect to time
may not be in contradiction with the stiff stability.

2.2.2 Stiff strong stability of the semi-discrete IBVP

In the continuous case, the IBVP (2.1.1)-(2.1.3) is stiffly well-posed if and only if the boundary
condition satisfies the SKC (2.1.6). Now, we want to address the question of existence of

20



unstable solutions in order to derive a necessary condition for the stability of the discrete IBVP
(2.2.7). Following W.-A. Yong in [97] and Z. Xin and W. Xu in [96], we shall apply the normal
mode analysis to derive the strict dissipativity condition (2.2.8).

2.2.2.1 Strictly dissipative boundary conditions

We look for (nontrivial) solutions of (2.2.7) satisfying the homogeneous boundary condition
BUy(t) = 0 and of the form

U(t) = e*%¢;, (2.2.20)
with ¢ € C such that Re (§) > 0, and (¢;)jen € (*(N,C?). Such solutions, if they exist, clearly
violate the e—uniform ¢? estimates in (2.2.9). Our goal is to find a sufficient condition to ensure

that they do not exist.
Substituting (2.2.20) into (2.2.7), we have to solve the following problem

Gjp1 — @1 = 28z M (€)¢y, >0 (2.2.21a)
By =0, (2.2.21b)
P~ "HA (¢ — (I + Aze "' M(€)) ¢o) =0, (2.2.21c)
where we denote the following matrix M (&), already used in [96]:
e _Li0o =(1+9
M(E)=A(S—-¢I) = - (_a€ 0 ) : (2.2.22)

For convenience in the notations, we recall that the eigenvalues and eigenvectors of M () can
be easily found to be respectively

1
1
pe(§) = £ w7 r+(§) = | apz(§) |- (2.2.23)
1+¢
According to Lemma 2.5.1 with the property Re(§) > 0, we can prove
R
Re (u_(€)) < —% <0, (2.2.24)
while, as a consequence,
R
Re (1 (6)) = 22 5 g,

Va
Let P(£) be the 2 x 2 matrix whose columns are composed by the component of the vector

r+():

B 1 1
P =\ au_(&) apy(§) |,
1+&  1+¢

so that M (&) = ﬁ(f)D(ﬁ)?fl(ﬁ) with D(§) = diag(py(§), u—(&)). Let us also define
o= (Whof") =P ().

Now, the two-dimensional linear second order recurrence relations (2.2.21a) reads also under
the form of two decoupled scalar second order linear recurrence relations

_ 2py(§)Ax

1

Vi — v = - b}, (2.2.25a)
2 (£)A
-yl = e (f) e (2.2.25D)
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Firstly, we look at the solution (¢]);en € £*(N,C) to (2.2.25a), and assume first that the
solution has the form

Ul = 2(§)Ry, (2.2.26)

for some |2(§)| < 1 and R; € C. Substituting the ansatz (2.2.26) into (2.2.25a), we then obtain
z(€) among the values

aa(e) = 1B \/<M)2 +1. (2.2.27)

€

Applying Lemma 2.5.2 with the property Re (14 (£)) > 0 for Re (§) > 0, we can prove

(@)l = Mﬂ/(ﬂ) <,

3

while, as a consequence, |z, (£)| > 1. Thus, the solution in ¢*(N,C) of (2.2.25a) can be repre-
sented as

vy = 2L ()R,
Similarly, the solution of (2.2.25b) can be represented as

77Z)]I'] = wi— (g)R%

we () = LA | V(M)Q 41, (2.2.28)

with Ry € C and

€ €

that satisfies |w, (§)| < 1 by again using Lemma 2.5.2 together with the property Re (u_(£)) < 0
for Re (§) > 0. Again the other root satisfies |w_(§)| > 1.

Finally, the solution (¢;)jen € £*(N,C?) of the two-dimensional problem (2.2.21a) has the
following form

¢; = P(§)Z7 ()R, (2.2.29)

with Z(¢) = diag(z_(£),w(£)), and some R = (R, Ry)” € C? that remains undetermined at
this level.

Plugging now (2.2.29) into the boundary conditions (2.2.21b) and (2.2.21c¢), R has to satisfy
the equations

BPR =0,
,P~"HAP (Z(g) — (I + %D)) R=0. (2.2.30)

Let us introduce the following quantities

1+¢7 14+¢°
51(6) = 2 (€) — (1 + @) , (2.2.31)
) = w9 - (14285
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Thus, the system (2.2.30) can be reformulated simply as a linear system

where we set

B + k(€) B, B, + 9(¢)B, > (2.2.32)

N(E) = <_a§1(§)(3u —k(€)By) —adx(&)(By — g(§)By)

Proposition 2.2.6. Assume B,B, > 0 and consider some parameters Ax,e > 0. For any
& € C with Re (&) > 0, one has det N(&) # 0.

In other words, the proposition states that, under the sufficient condition B, B, > 0, the
scheme (2.2.7) with homogeneous boundary condition does not admit unstable solution of the
form (2.2.20) in ¢*(N, C?).

Proof. We again omit the explicit reference to £ in the notations, assuming Re (£) > 0 all along
this proof. From the definition (2.2.32) and observing k = —g, the quantity det N reads also

det N = a (6:1(By + gB,)* — 62(B, — 9B,)?)

Therefore, we have

5y [ By — gB,\>
det N 1— 2 (520 6] [Bu + gBu|* # 0. 2.2.
R e e N LT 2:23)
e Firstly, we prove that
2
02 (BuzgBu\7|
61 Bu +ng
Let § = Ax/e, then since u_ = —p, we have
%2 < 1o Re ( (110)% + 1) > 0. (2.2.34)
1

Furthermore, the complex function g(¢) is analytic and bounded in Re (§) > 0. By the con-
formal mapping theorem, g(§) maps the half plane Re (§) > 0 to a simply connected closed
bounded domain 2 C C whose boundary corresponds to the image of the imaginary axis
Re () = 0 under g. The boundary curve

, v —ap? + api
= — < <
is a closed curve which intersects the real axis only at 8 = 0 and at = oo with g(0) = 0,

g(Fioco) = /a. Besides, the curve is transversal to the real axis.
Since B, B, > 0, Re(g(§)) > 0 in Re (£) > 0, we observe that

2

B, — gB,
‘ 92v1 <1 o Re(g) > 0. (2.2.35)

B, +gB,

According to (2.2.34) and (2.2.35), we obtain
52 Bu B ng ?
51 Bu + ng

93

<1. (2.2.36)




Now, we assume by contradiction that for some point £ with Re (§) > 0, the following occurs

09
ESAY i Re (Vo7 1) =0,
2 (=) | =1 . e

B, + gB,

Since £ = 0, we have Re ( (40)% + 1) = 1 and thus we conclude that

@ Bu B ng 2

61 Bu + ng

According to (2.2.36) and (2.2.37) we have

1 — 52 Bu - ng ?
51 Bu -+ gBU

e Secondly, with § = Az /e, we get |01 = |1 + /(p40)? + 1| > 1 and

B, + gB,|* > B} >0,

£ 1. (2.2.37)

£0

due to the facts B, B, > 0 and Re (g(&)) > 0 for Re () > 0.
Therefore, we proved det N # 0. O]

2.2.2.2 Numerical experiments for the necessity of the boundary condition

Using the normal mode analysis, we prove that the strict dissipativity condition (2.2.8) is
sufficient to preclude the existence of unstable solutions of the form (2.2.20). However, we
are not able to prove that this condition is also necessary, i.e. that there exists an unstable
solution to (2.2.7) with homogeneous boundary condition as soon as B, B, < 0. We first present
hereafter numerical results in this advantageous case (2.2.8), concerning the quantity | det N|
introduced in (2.2.32). Then we also perform a numerically study for situations with B, B, < 0,
and more importantly when B, /B, < —y/a, which is a sub-case of the SKC (2.1.6).

Let us denote the following quantity of interest, depending on £ € C, § = Ax/e > 0 and
the boundary parameters (B, B,) through their ratio:

Fsoge) =6 (5 +g<§>)2 ~ (- g<§>)2,

with quantities introduced in (2.2.31), and recall that we have

detN#O@F(f,d,%) £0.

Our numerical study is based on two complementary methods. The first one corresponds
to the display of three-dimensional data in two dimensions using contours or color-coded re-
gions. We draw contour lines of the quantity |F' (&, 4, B,/B,) | in the complex plane for £, thus
computed from a grid of Re (£) values in the horizontal axis and a grid of Im (§) values in the
vertical axis. For each fixed parameters ¢ and B,/B,, a contour line is then a curve in the
&-plane along which the function |F' (€, 9, B,/B,) | has a constant value, so that any curve joins
points with equal values.
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To know whether or not the function F' vanishes at some point &, which is a property that
the contour lines may hardly support, we also test numerically the argument principle for the
following contour integral

1 [ F'(£,6,B./B,)
(¢, R, 0, B,/B,) = 27”/ F(f,é,Bu/Bv)dg' (2.2.38)

The involved contour curve is some positively oriented circle D C {£ € C : Re(§) > 0} defined
by
D={¢eC,|¢—&| =R} = {&+ Re”,0 € (0,27},

where the parameters £, and R > 0 are chosen by hand from the contour plots. The numerical
approximation of the integral (2.2.38) is obtained thanks to the trapezoidal rule on a uniformly
distributed grid £(0;) = & + Re™, where 6; = 2j7/N for 1 < j < N for some large integer N.
This computation benefits from the well-known spectral accuracy of the method for periodic
integrand (see for example [89]). The numerator of (2.2.38) with values F'(£(0;), 6, B,/B,) is
approximated thanks to a spectral differentiation method [88]. We thus obtain approximations
that we denote DF (€(6,),6, B,/B,). This approximation uses the discrete Fourier transform
and only the pointwise evaluation of I’ on the grid. It also has spectral accuracy for large V.
Finally, as an approximation of (&, R, d, B,/B,), we consider the following quantity:

I8, R, 6, B/ B,) Z 553%33))'

The function F' being holomorphic in the half plane Re (§) > 0, this approximation precisely
counts the number of zeros (with multiplicities) inside the contour D.
In any case, we choose a = 4 so that SKC condition reads B,/B, ¢ [—2,0].

Firstly, for all ¢ € C with Re () > 0, we consider the values of |F (¢,9, B,/B,)| with
parameters § = 10 and B, /B, = 1/40 > 0 (Figure 2.2.3 left) and then with parameters
§ =102 and B,/B, = 1 > 0 (Figure 2.2.3 right).
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0.0010 ™S
~_

) o%%qx\\*\
0.0010 -007 R RIS

h ~L 2% \
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0.0005 \ 2 !
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m \) ‘ | Y0 \ \
|

w
£ 0.0000{> 0.0000

J J f |
o / & / /
~0.0005 f——"" v . A /
, —0.0005
0.0010 - ~ i /
e — // | \00 yd
_— A P

Imé&

| 0009— ~0.0010

—0.0015

-0.00, __—0.012 -0.0015 —
-0%80000 0.00025 0.00050 0.00075 0.00100 0.00125 0.00150 0.00175 0.00200 "9015 500000 0.00025 0.00050 0.00075 0.00100 0.00125 0.00150 0.00175 0.00200
Re & Re &

Figure 2.2.3: Contour plot of £ — |F' (£, 0, B,/B,) |. The parameters are § = 10, B, /B, = 1/40
(left) and 6 = 1072, B, /B, = 1 (right).

In both case, we observe that there exists a constant C' > 0 such that |F' (¢,6, B,/B,)| > C
in the half plane Re () > 0. From our experiments, the constant C' = 1073 seems suitable in
the first case and C' = 1 in the second one. Actually, the above observations will be confirmed
rigorously in Section 2.2.3.2.

95



0.1490

0.1485
0.1480
w
£ 0.1475

0.1470

0.1465

—

~0 B NY T _— oot
-60q _ — 0.500 014 90> — — 0
0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40 ) 8% 15 0.2020 0.2025
Re &

0.2030 0.2035 0.2040
Re &

Figure 2.2.4: Contour plot of £ — |F (£, 1,—1)|, for Re(§) > 0 (left) and a close-up near a
supposed zero (right).
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Figure 2.2.5: Contour plot of & — |F' (£, 10, —1)|, for Re (§) < 0 (left) and Re (§) > 0 (right).

Secondly, for all £ € C with Re () > 0, we consider the values of |F(§,0, B,/B,)| with
parameters B,/B, € [—+/a,0] and various values for 6 > 0. More precisely with choose
B, /B, = —1 together with § = 1 (Figure 2.2.4) and 6 = 10 (Figure 2.2.5).

In the first case, the contour lines promote the existence of some ¢ € C with Re(£) > 0
satisfying |F'(§,1,—1)| < 1. Therefore, we consider the circled curve D with parameters
& = 0.2027 + 0.14713 and R = 2 x 10~*. According to Table 2.1, we compute the contour
integral and for large integers N, we get Iy (&, R,1,—1) = 1 up to the machine epsilon. Thus,
there exists exactly one complex number ¢ inside the contour D such that F'(§,1,—1) = 0 and a
corresponding unstable solution. In the case § = 10, for any Re (§) > 0 then |F (£,10,—1)] #0
(Figure 2.2.5). Therefore, we can not prove that for any 6 > 0, £ € C, Re (§) > 0, if B,/B, €
[_\/a’ O] then |F (57 5a BU/BU)| 7& 0.

Thirdly, for all £ € C with Re (§) > 0, we consider the boundary parameter B, /B, = —3.5
so that B, /B, < —y/a. Let us recall that in the continuous case, Z. Xin and W. Xu [96] proved
that there is no unstable solution in that case. Contrasting with this result, for the discrete
IBVP (2.2.7), the next numerical experiments support the following conjecture to hold true.

Conjecture 2.2.7. Consider the case B,/B, < —/a. There exist 6 > 0 and £ € C with
Re (&) > 0 such that det N (&) = 0. In other words, there exists an unstable solution of (2.2.7)
of the form (2.2.20).

Now, we study the behavior of |F(¢,6,—3.5)] with successively § = 10 and § = 1072
(Figure 2.2.6). We can see that in the case ¢ = 10, for all £ € C with Re (§) > 0, the quantity
|F' (£,0,—3.5)| seems to be positively bounded from below.
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In the case & = 1072 however the contour lines promote the existence of some ¢ € C with
Re (€) > 0 satisfying |F(£,1072,—3.5)| < 1. Therefore we consider the circled curve D with
parameters £ = 0.23 4+ 101.55¢ and R = 1072, According to Table 2.1, we compute the contour
integral and for large integers N, we get In(&, R,1072, —3.5) = 1 up to the machine epsilon.
Thus, there exists a complex number ¢ inside the contour D such that F(£,107%,-3.5) = 0
and a corresponding unstable solution.
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Re &

Re &

Figure 2.2.6: Contour plot of £ — |F (£,0, —3.5)| with 6 = 10 (left) and 6 = 1072 (right).

N [ Iy(0.2027 + 0.14717,2 x 10~%,1, —1) In(0.23+ 101.554,1072,102, —3.5)

20 | 0.9948572383921 + 0.019072730887644i | 0.0999842664632257 — 2.3902006024 x 10~
40 | 0.9996520507698 — 0.000184801108269i | 1.00000000024755 + 7.52237161449 x 10~ 15
80 | 1.0000000869301 + 1.287245215 x 10~7i | 0.9999999999999999 + 4.440892098 x 10~ 17
160 | 0.9999999999999 + 2.225615525 x 10~ | 0.9999999999999999 + 3.747002708 x 10~ 17i
320 | 1.0000000000000007 + 1.30104 x 1077 | 0.9999999999999999 + 1.061650767 x 10~ 15

Table 2.1: The contour integral Iy.

2.2.3 Stiff stability of the semi-discrete IBVP with homogeneous ini-
tial condition

For convenience in the forthcoming discussions, we recall that the semi-discrete approximation
of the IBVP (2.2.7) with homogeneous initial condition reads

( Ui (t) = Uja(t) :

: = . > >
oU;(t)+ A AT e SU,(t), j>1,t>0,
BUy(t) = b(t), t>0,

|0, (T,P~"HUy) (¢) + HQP_THAM = e 'LPTHSUy(t), t>0.

Az
(2.2.39)

Dealing with difference approximations, the Laplace transform is already the more powerful
tool for problems in one space dimension. It is used to determine stability features when the
energy method is not sufficient. Under the strict dissipativity condition (2.2.8), the numerical
solution (U;(t));en can be constructed by the method of Laplace transform. By using the
Parseval’s identity, we get the expected result of Proposition 2.2.4
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2.2.3.1 Solution by Laplace transform

The numerical solution U;(t) of the IBVP (2.2.39) can be constructed by the method of Laplace
transform. Let

ﬁ](f) = LUJ = /Ooo €_§tUj(t)dt, Re (5) > 0.

With U;(0) = 0, we have
L(8:U;) = €U;(8) — U;(0) = €U;(8)
and therefore the system (2.2.39) becomes

Tya€) - U (6) = 225 M)T (), 5> 0. (2.2.40)
BU,(€) = b(¢), (2.2.41)
IL,P "HA (ﬁl(g) - (1 + %M(gg)) (70(5)> =0, (2.2.42)

where

b(&) = Lb= /0 h e ¢(t)dt

and the matrix M (e€) is the same as in (2.2.22).
Note that the eigenvalues py(§) of the matrix M () satisfy

Rep_(§) <0, Repus(§) >0, for Re& > 0.

One can proceed as in (2.2.25)-(2.2.29) to find the solution (7j (&) of (2.2.40). For some vector
R € C?, it takes the form

Uj(€) = P(e€) 2’ (6 R
The value of R can be determined easily from the boundary condition (2.2.41) and (2.2.42)

b(¢)

= WN1(55)>
where 5
Ni(§) = ( <(€)2( (%3}3 >)) (2.2.43)
and the matrix N(g€) is the same as in (2.2.32). Therefore,
0 = g gy PEO 2 M 66).

With (7]-(5) found, the numerical solution U;(t) of (2.2.39) can be obtained by inverting the
Laplace transform

o0

U;(t) = L71U;(€) = i/ N (o +if)dB, o > 0.

2m J_o
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2.2.3.2 Stiff stability analysis

Under the strict dissipativity condition B,B, > 0, we consider Proposition 2.2.4 with homo-
geneous initial condition (f;);ey = 0 and nonzero boundary data b(t). Actually, we will need
a more stringent version of the estimate (2.2.37) uniform in § > 0 and £ € C with Re () > 0.
This is the object of the next lemma.

A
Lemma 2.2.8. Assume B, B, > 0. There exists ¢ € (0,1) such that for any § = ?x >0 and
£ € C withRe(§) >0

52(€) (Bu - g(é)Bv)2 <i-c (2.2.44)

01(§) \ Bu+9(£) B,

where g, d1 and 0y are defined in (2.2.31).

Proof. Firstly, from (2.2.34) and (2.2.35) we already observed, assuming B, B, > 0, that for
any 0 > 0 and £ € C with Re(§) >0

52(5)‘
<1and |7 <1,
S| < 1amd Irlo(@) <
where we denote B B
u — 9Dy
9= B, B,

Furthermore, the function g(£) maps the half plane Re (£) > 0 to a simply connected closed
bounded domain 2. Thus, |7(g(£))| tends to 1 only if Re (¢(£)) goes to 0.
Secondly, let £ = a4+ i with a > 0 and [ € R, after some calculations, one obtains

a<p+ \/W)

(14+a)2+p%2 7

Re (9(¢)) =

where
p:Oé(1+()é)+/B2, q:B
Thus, for all @ > 0, 5 € R, Re(g(§)) goes to 0 only if £ tends to 0. Therefore, outside a
neighborhood of 0 in Re (§) > 0
I7(9(§)] < e <1

d2(¢)
d1(¢)
if Re ( (e (£)0)? + 1) goes to 0. However, in a neighborhood of 0 in Re () > 0, for any

Moreover, for any § > 0 and £ € C with Re(§) > 0, the quantity

tends to 1 only

9 >0, Re ( (u+(£)6)? + 1) > ¢; > 0 (for the details, we refer the reader to the technical
Lemma 2.5.3). Thus,

52(¢)
61(¢)

and the result follows. O]

‘§62<1,

A
Proposition 2.2.9. Assume B,B, > 0. There exists C > 0 such that for any 6 = — >0
€

and £ € C with Re (§) > 0
| det N(§)?

N1 ()17
59
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Before we prove the above result, let us notice that it easily implies the previous Propo-
sition 2.2.6. Actually, the reader has to understand this result as being the Uniform version
of the previous one, in the same way the UKC is the uniform version of the Kreiss Condition
for continuous hyperbolic PDEs, or the discrete UKC is the uniform version of the Godunov
Ryabenkii condition for the (semi-)discrete IBVP, except now we also deal with the parameters
e and Az (or equivalently with the single parameter ¢).

Proof. From (2.2.32) and (2.2.43), omitting the explicit dependence in £, the we can compute
on the one hand
52
1 62 Bu - ng
51 Bu + ng

|detN|2 :a2 |51’2|Bu+ng’4

and on the other hand

52 Bu - ng ?
(51 Bu + ng

i 8y By — gB,\’
1+ Y2 u — Dy
51 Bu + ng
Let us investigate separately any of the above terms. According to Lemma 2.2.8, there exists
¢ > 0 such that for any £ € C, Re(£) > 0 and § > 0,

9 2
1 52 Bu - ng
51 Bu + ng o

1
52 Bu_ng 2

1 = =————— >1/2.

( s (Bu+ng> > =Y

Since B,B, > 0 and Re (g(§)) > 0 for Re (§) > 0, we finally get

IV ])* = a? (1 +

) 611 [ By + gBu|*.
Thus we have the explicit formula

| det N|? _‘ 5 (Bu—ng)Q

-1
_ % B.+ gB,[*.

and from (2.2.36), we have

|B.+gB,|* > B;.
Therefore, there exists C' > 0 such that

| det N |?

> OB
[M]2

]

Now, we prove the uniform ¢? estimate (2.2.12). By an application of the following Parseval’s
identity [42]|85]:

0 1 [ ~
/ 672at‘Uj(t)|2dt — —% |Uj(0€ +i5>’2d67 o > 0’

0 27 00
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we have

/ e=200 o (1) [2dt = % 7{00 To(a +i8)[2dB

0
L e s [NED

=5 7m|()|2m| (e&)[?dp.

where ¢ = a4+ 8. We fix a > 0 from now on.
According to Proposition 2.2.9, there exists C; > 0 such that for any § > 0, £ € C, Re () > 0,

| N1(€) 2
[det N(eg ) = Or

On the other hand, since k(§) = —g(&) is uniformly bounded in Re (§) > 0, we obtain

| e vwrar s 5o § e +is)tas
0 e (2.2.45)

< / e 2| b(t)|?dt.
0

This, together with a consequence of the hyperbolicity of (2.1.1) by using the classical argument
of changing the data b to zero after time 7" and unchanged before time 7', we obtain the desired
boundary estimate

/T \Uo(t)Pdt < Kr /T b(t)|*dt. (2.2.46)

Similarly, by an application of the Parseval’s identity, we have

/Ze‘2atlU t)[2dt = —f > Uil +ip)PdB

>0 > >0

51 2l P o oy PEOR (=) + s (<€),

where z_(e£) and w, (¢£) are the same as in (2.2.27) and (2.2.28).
Since k(e€) = —g(g€) is uniformly bounded in Re (§) > 0, £ > 0 and using Proposition 2.2.9,
we obtain

| E e s o ¢S B OR + s ())a3
>0 0 >0

On the other hand, since p_(e€) = —p,(e€) in Re (§) > 0, € > 0, we get |z_(££)] = |wy ()],
and thus

A S ATT R B SIES I

7>0 0 >0
According to (2.2.24), for all € > 0, £ € C, Re (§) > 0, we have
eRe (§)
. < - 0.
Re (u-(£8)) < Ja <

Furthermore, we can prove

2

Re (ﬂ_(eg))Ax_i_\/(Re (u<e§>)m)2+1) < (ndo+ FEETL) , (2247)

9 9
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Re (§)
Ja

D w9 =|1- Ho(eAe \/<—“<€£)AI)2 +1

- € IS
j=0

where n = — . According to Lemma 2.5.2 and (2.2.47), we have now

2y —1

IN

(1 — (nw+ \/m>2> o

If we assume that Az < —43 then
n

D Jwi ()Y < -yt A,

Jj=0

and therefore, by an application of the Parseval’s identity

ozAm/ Ze‘zo‘t|Uj(t)|2dt§ ij{ |g(§)|2d6§/ 6_2“t|b(t)|2dt. (2.2.48)
0 21 J_ o 0

Jj=0

According to (2.2.45) and (2.2.48), there exists C' > 0 such that

aAa;/ Ze—Qat|Uj(t)|2dt+/ e 2 Us(t)|Pdt < O/ e~ 2| b(t)|*dt. (2.2.49)
0 0 0

Jj=0

This ends the proof of Proposition 2.2.4.
To complete the proof of Theorem 2.2.2, observe that from (2.2.46), (2.2.48) and the hyper-
bolicity of (2.1.1), for any 7" > 0, there exists a constant C7 > 0 such that

/TZAx|Uj(t)|2dt+/T|U0(t)|2dtg OT/T|b(t>|2dt. (2.2.50)

Jj=0

By linearity, we can break up the IBVP (2.2.7) into two simpler problems, one with homo-
geneous initial condition and the other with homogeneous boundary condition. Finally from
(2.2.19) and (2.2.50), we get the expected result of Theorem 2.2.2.

2.3 The time-implicit scheme

Let At > 0 be the time step. The space step Ax > 0 will always be chosen so that the
parameter §,, = AzAt~!is fixed. Letting now Uy = (u?, v}‘)T denote the approximation of the
exact solution to (2.1.1)-(2.1.3) at the grid point (z;,t") = (jAz,nAt), for any (j,n) € N x N
(where we omit the explicit dependence on €). We focus in this section on the fully discrete
approximation of the IBVP (2.1.1)-(2.1.3) obtained by the central differencing scheme in space
and the implicit scheme in time

Urt — U 4+ AHQU)™ = Ate SUM, j21n20,
Ud = f., 20,

0= f, )= (2.3.1)
BUy =", =9

ILHpP (U™ — Ug) + AL, HpP(QU) ™ = Ate 'L HpPSUS™, n > 0.
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with S, B, the difference operator (QU);y;, PT. Hp are the same as in (2.2.1), (2.2.4) and
(2.2.5), respectively. The projection matrix Il is defined by (0 1).

In Section 2.2, we show that the strict dissipativity condition (2.2.8) is sufficient to derive
uniform stability estimates of the semi-discrete central scheme (2.2.7). Our aim is to determine
a sufficient condition for the stiff stability of the above fully discrete (2.3.1), in order words the
uniform stability with respect to the stiffness of the relaxation term.

Theorem 2.3.1 (Main results). Assume that (B,, B,) € R? satisfies the strict dissipativity
condition (2.2.8). Then, for any T > 0, there exists a constant Cp > 0 such that for all At >0
and any positive constant 8, < 3v/a/8 together with Ax = §,4,At, any (f;)jen € (N, R?), any
(0")nen € (2(N,R), the solution (an)jEN to the scheme (2.3.1) satisfies

ZZAxAt\Uﬂ +ZAt|UO < Cr (Zm\f]\ +ZAt]b” ) (2.3.2)

n=0 j>0 7>0
where N := T /At and Cr is independent of € € (0, +00).

By linearity, the numerical scheme of the IBVP (2.3.1) can be broken up into two simpler
problems, one with homogeneous initial condition (f;);ey = 0 and the other with homoge-
neous boundary condition " = 0, for any n € N. Following the continuous case, the proof of
Theorem 2.3.1 is based on two main ingredients, by assembling a result for the case of homo-
geneous boundary data and another for the case with homogeneous initial condition. We state
successively hereafter these two statements.

Proposition 2.3.2 (Homogeneous boundary condition). Assume that the parameters Az € (0, 1],
e >0 and (B, B,) satisfies the discrete strict dissipativity condition (2.2.10). Then, there ex-
ists a constant C' > 0 such that for all At > 0 and any (f;)jen € (2(N,R?), the solution (U})jen
to (2.3.1) with (b"),eny = 0 satisfies

(U™ HU™) ., + CAtZ U] < (f,Hf)p,, neEN (2.3.3)
k=0

More precisely,
a) If B,B, > 0 then (2.3.3) holds uniformly, i.e. with C independent of ¢ and Ax.

b) If B,B, < 0 then considering some &y > —2aB,B, !, there exists C(dy) > 0 such that
(2.3.3) holds uniformly with C = C(dy), as soon as Ax > §oe.

Proposition 2.3.3 (Homogeneous initial condition). Assume that the boundary condition is
strictly dissipative, thus satisfying (2.2.8). Then, there exists a constant C > 0 such that for
any « > 0 and any positive constant 0,; < 3v/a/8, the following property holds. For any At > 0
together with Az = 6,4 At and any (0")nen € €*(N,R), the solution (U}')jen to scheme (2.3.1)
with (fj)jeN = 0 satisfies

SN e AN [UF|F + Y e MALURP < € e AL P, (2.3.4)

1 _'_OéAt n>0 j>0 n>0 n>0
where C' is independent of € € (0,400).

It seems that B,B, > 0 is also sufficient to ensure the stiff stability of the fully discrete
scheme (2.3.1). The Proposition 2.3.2 is studied in Section 2.3.1 by means of the discrete energy
method. In Section 2.3.2, we perform a normal mode analysis to construct unstable solutions,
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in order to derive necessary condition for stability. To isolate the effects of a possible boundary
layer and avoid the complicated interactions of boundary and initial layers, in Section 2.3.3, we
consider the IBVP (2.3.1) with homogeneous initial data and nonzero boundary data 0", for
any n € N. In Section 2.3.3.1, the numerical solution (UJ’?)jEN can be constructed by Laplace
transform. By using the Plancherel’s theorem, under assumption B,B, > 0, the Proposition
2.3.3 is proved in Section 2.3.3.2.

2.3.1 Stiff stability of the fully discrete IBVP with homogeneous
boundary condition

In this section, we consider the discrete IBVP (2.3.1) for homogeneous boundary condition
b" = 0, for any n € N, nonzero Cauchy data (f;);en € £2(N, R?) and prove Proposition 2.3.2 by
means of the discrete energy method.

Using the scalar product (2.2.3) with PT Hp P, we obtain

é (Ut —ur, PTHpPU™Y) | = % (HpP (UgT = UY) , PUSTY)

+00 (2.3.5)
+ 6,0 Y (UM — U, PTHpPU) .
j=1
Since we use the homogeneous boundary condition BUF = 0, for any n € N, and thus, PU;™! =
(0, HQPU6L+1)T, the previous equation (2.3.5) can be reformulated as

Ait (Ut —u", PTHpPU™ ) = % (HQHPP (U™ = Uy) > (T, PUZ*)
oo (2.3.6)
+ 6, Y (UM — U PTHpPU) .
j=1

Now, we show how the difference operator (QU) jen can be applied for the discrete IBVP
(2.3.1) for the homogeneous boundary condition at all gridpoints including the boundary point
J=0
1

1 .
(U7 = U7) = S0 = g AU = U g2 L,

1
At
and
1

n n 1 n 1 n n
g HpP (Ugtt = Ug) = T, Hp PSU 1 o LHpPA (opt=ugtt).

As a consequence, the equation (2.3.6) can be represented as

Ait (Ut —ur, PTHpPU™ )
Az n+1 n+1 Az X n+1 pT n+1

= 5= (MHpPSUG*) (IPUGH) + == > (SUS*, PTHpPUS™)

) © (2.3.7)
+ % (M Hp PAUS) (T, PUSH) — % (e Hp PAUTHY) (T, PUG™)

+00 +o0
- % > (AU PTHpPU ) + % > (AUt PTHpPUY .

j=1 j=1
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On the other hand, the last term in the right hand side becomes

+o0o +o0
> (Aurt, PTHpPUPY) = (AUGH, PTHpPUT™Y) + ) (AU PTHpPUP)
j=1 J=1

Since HpPAP™! is symmetric and PUS‘Jrl (O HQPUSLJFI) one gets
(AU, PTHpPU) = (I, Hp PAUT) (IL,PUSY)

and then
+00 +oo
> (AU PTHpPUYY = (,Hp PAUPH) (TLPUGY) + > (AU, PTHpPU) .
Jj=1 j=1

(2.3.8)

Substituting (2.3.8) into (2.3.7), the three last terms in (2.3.7) vanish. After some calcula-
tions, we obtains

n n n BU n A‘T n 2 A$ o n 2
Uttt —ur, HUMY) tag (upt)* + oe (vg™h)" = - 2 (i) . (2.3.9)

ai

where the symmetric positive definite H is the same as in (2.2.17).
Since H is a symmetric positive definite matrix, we can see that

<Un+1 o Un, HUn+1> A o 2 ( <UTL+1 HU”+1>A Un HUTL>
+{(U"t' U™ H (U - U”)}M> (2.3.10)
(<U”+1 HU™) = (U™, HU™) )

According to (2.3.9) and (2.3.10), one gets

+o0
é(<Un+1,HUn+l>Ax . <Un,HUn>Ax> _'_QGgu ( 61+1) + % (U6L+1)2 < _2A_I

n+1)2
) - =T (07 )"

j=1
In order for the energy method to work, the boundary condition has to satisfy
B 2 A:L‘
2 —u n+1 =
a B, (uo ) + -
for some constant C' > 0 whenever B,uj + B,vj = 0, for any n € N. This leads to the following
sufficient condition
B, Az (B,\’
2D 4 A (_) -0,

B, e \ B,
under which we directly get the inequality

(™) > Clugf,

n+1 n+1 n n n+1|2
(<U+ HU™Y = (U HU") 5 )+O\UO+| <0
and the initial data is compatible at the space-time corner (z;,¢") = (0,0), i.e, U = 0. Thus,

(U, HU™) . + CAtZ US| < (f,Hf)n,, foranyn>0. (2.3.11)
k=0

More into the details, the following cases occur:
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e If B,B, > 0 then there exists C' < 2aB, B, (B2 + B2)~" such that the inequality (2.3.11)
holds uniformly:.

e If B,B, < 0, consider some §y > —2aB,B,'. Then there exists C'(dy) > 0 such that the
inequality (2.3.11) holds uniformly as soon as Az > dpe with C'= C(dy). For example, if
we choose 6 = —3a3,B; " then there exists C' < —aB,B, (B2 4+ B2)" such that (2.3.11)
holds uniformly.

This ends the proof of Proposition 2.3.2.

Let us mention that, assuming the condition (2.2.8) of the main theorem to be fulfilled,
the discrete strict dissipativity condition (2.2.10) is then automatically satisfied. Then, from
the inequality (2.3.11), for any T' > 0, there exists a constant C7 > 0 such that the following
inequality holds

N N
SUS awat|upf + 3 AtURP < O Y Azl £l (2.3.12)
n=0 j>0 n=0 >0

where N :=T/At.

2.3.2 Stiff strong stability of the fully discrete IBVP

In the continuous case, the IBVP (2.1.1)-(2.1.3) is stiffly well-posed if and only if the boundary
condition satisfies the SKC (2.1.6). In Section 2.2.2.1, we show that B, B, > 0 seems to be
necessary to ensure the stiff stability of the semi-discrete IBVP (2.2.7). Now, we want to address
the question of existence of unstable solutions in order to derive a necessary condition for the
stability of the discrete IBVP (2.3.1). Following W.-A. Yong in [97] and Z. Xin and W. Xu
in [96], we shall apply the normal mode analysis to derive the strict dissipativity condition
(2.2.8).

To do that, we look for (nontrivial) solution of (2.3.1) satisfying the homogeneous boundary
condition BUf = 0, for any n € N and of the form

EAt

U’?:<1+—
15

J

>n¢j, n €N, (2.3.13)

with ¢ € C such that Re (§) > 0, and (¢;)jen € (*(N,C?). Since Re(§) > 0, we can see that
|1+ EAte™!| > 1 for any At > 0 and € > 0. Such solutions, if they exist, clearly violate the
e—uniform ¢? estimate in (2.3.1). Our goal is to find a sufficient condition to ensure that they
do not exist.

Substituting (2.3.13) into (2.3.1), we have to solve the following problem

¢j+1 — Qﬁjfl = 2A$€71M(£1)¢j, j >0 (2314&)
B = 0, (2.3.14b)
o P~"HA (¢ — (I + Aze™"M(&)) ¢o) =0, (2.3.14c¢)
where
-1
§1=¢ (1 + %At) (2.3.15)

and the matrix M (&;) is the same as in (2.2.22).
Let E=a+if, >0, € R and At = Ate~!. Then,

a (1 + Ater) + ALS?
(1+ Afa)® + AT 52

Re (51) =
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According to Lemma 2.5.1 with the property Re (&) > 0, we can prove

Re (u-(&)) <0 and Re (p4(&)) >0

with pu4 (&) is defined in (2.2.23).
One can proceed as in (2.2.25)-(2.2.29) to find the solution (¢;);~¢ of (2.3.14a). For some
vector R € C2, it takes the form

¢; = P(&)Z(&1)R. (2.3.16)

Plugging now (2.3.16) into the boundary condition (2.3.14b) and (2.3.14c), we get the following
linear system

N(Sl)R = 07

where N(&;) is the same as in (2.2.32).

Following Proposition 2.2.6, under the sufficient condition B, B, > 0, one has det N(&;) # 0.
It means that the fully discrete (2.3.1) with homogeneous boundary condition does not admit
unstable solution of the form (2.3.13) in ¢*(N, C?) as soon as B,B, > 0.

2.3.3 Stiff stability of the fully discrete IBVP with homogeneous ini-
tial condition

For convenience in the forthcoming discussions, we recall that the fully discrete approximation
of the IBVP (2.3.1) with homogeneous initial condition reads

( n+1 n At n+1 n+1\ __ At n+1 .
Uj _Uj +EA(Uj+1 _Uj—l)_?SUj s jZl, TlZO,
0 __ .
U; =0, 7 >0,
BUI = b", >0,
n+1 n At n+1 n+1 At n+1
\HQHPP (UO — UO) + A_xHQHPPA (Ul — UO ) = ?HQHPPSUO , n > 0.

(2.3.17)

Under the strict dissipativity condition (2.2.8), the numerical solution (U}');en can be con-

structed by the method of Laplace transform. By using the Plancherel’s theorem, we get the
expected results of Proposition 2.3.3.

2.3.3.1 Solution by Laplace transform

To find the numerical solution (U7')jen to the fully discrete IBVP (2.3.17), we need the grid
vector function (U}')jen and the data to be defined for all z. Therefore, we defined piecewise
constant functions from the discrete values

U;(t)y =0F, fort" <t <t"t!

VR

and
b(t) =0b", fort" <t <t"th

We recall the definition of Laplace transform of U;(t) defined on R*
0.(¢) = LU, = / ST (0)dt, Re () > 0.
0
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It is easy to see that the Laplace transform of U;(t) is well-defined ,

tn+1

@(g)]g/o le U |dt<Z\U”|/ e dt < +00, Re(£) > 0.

n>0

With U? = 0, we have

“+o00 —+00 —+00
/ e UL (t + At)dt = / e SE=ATL (1) dt = 52 / e U, (t)dt
0 0

At
and therefore the system (2.3.17) becomes

Ujs1(€) = Uja(€) = 282e ' M(e)U5(€), 5 >0, (2.3.18a)
BUy(&) = b(¢), (2.3.18D)
1, HpPA (ﬁl(g) - (1 + Ag;e—lM(sE)) ﬁo@) —0, (2.3.18¢)

where

E=(1— e ) A1

~ +oo (2.3.19)
b(&) = Lb= / e Sth(t)dt
0
and the matrix M (e€) is the same as in (2.2.22).
Let E=a+i8, a >0, € R and At > 0. Then,
Re(§) =a = (1 — e cos(— BAt))At_l > 0, (2.3.20)
and thus,
(I—e ™) At <a<2At™. (2.3.21)

According to Lemma 2.5.1 with the property Re (E) >0, € > 0, we can prove
Re (M_(€E)> <0 and Re (,u+(€§)> >0

with e (e€) is defined in (2.2.23). N
One can proceed as in (2.2.25)-(2.2.29) to find the solution U;(€) of (2.3.18a) in ¢*(N, C?).
For some vector R € C?, it takes the form

U;(€) = P(e€) 7 ()R
The value of vector R can be determined easily from the boundary condition (2.3.18b) and
(2.3.18¢)

_ WOy
detN (c€) 1(e0),
where the matrix N(e€) and N (c€) are the same as in (2.2.32) and (2.2.43), respectively.
Therefore,
s WE) B S F (o
U;(§) = detN(gE)P<€§)Z (E§) N1 (€).

With U, (€) found, the numerical solution of (2.3.17) can be obtained by inverting the Laplace

transform
~ 1 +oo
Ui(t) = L7'U;(¢) = — f N (o +iB)dB, o > 0.

2m J_o

68



2.3.3.2 Stiff stability analysis

Under the strict dissipativity condition B, B, > 0, we consider Proposition 2.3.3 with homoge-
neous initial condition (f;);en = 0 and nonzero boundary data b™ € ¢*(N,R). By an application
of the following Plancherel’s theorem for Laplace transform

(a +w)]2d5, a>0

—+oo ot 9 1 —+oco -
| emora= 54 |5

and
n+1
20 t
— n —
e 2at — —— e 2atdt,
1 _6 tn
we have
tn+1 tn+1
—2at” n|2 720415 n|2 72at 2
S = X, = s X [ or @
n>0

20 oo 9 2c 1 ~ NE:
1 _eZaAt/O e U (1) dt = 1= ¢2ant & %}’{_m ‘UO(OHrZﬁ)‘ dp

e o e

2 ‘ (€€)
where £ = o+ i and € is the same as in (2.3.19). We fix > 0 from now on.

According to Proposition 2.2.9, there exists C'; > 0 such that for any 6 = Aze™! >0, ge C,
Re (€) >0,

2
dp,

‘detN £€)

| Ny (£€) > <C
|det N(€)|2 ~

On the other hand, since k(sg) = —g(sg) is uniformly bounded in Re (5) >0, e > 0, we obtain

2c 1 oo 2
—2at™
Ze Ug? meﬁ\%—m ‘6(5)‘ dp

n>0

~ 1= 6—2(1At

5 2672005” |bn|2

n>0

+oo
< 2—“/ e=20t (1) dit (2.3.22)
0

Similarly, by an application of the Plancherel’s theorem for Laplace transform, we have

S S e i X o

n>0 >0
200 1 oo 2
= 1 o-2an1 & gZ]{ Uj(f)‘ dp.
j=0v 7

Since k(eg) = —g(sg) is uniformly bounded in Re (E) > 0, € > 0 and using Proposition 2.2.9,

we obtain
+oo
SN ez < 1_6_Mt szjf )b >dﬁ,

n>0 7>0
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where z_(c€) and w (e€) are defined in (2.2. 27) and (2.2.28), respectively.
On the other hand, since pi_(e€) = —p4 (¢€) in Re (€), £ > 0, we get

|2 (68)| = |ws (c8)|

Thus,

—+00

22 TS e

According to (2.2.24), for all € > 0, Re (£) > 0, we have

‘b ‘ dg. (2.3.23)

eRe (€)

< 0.
va

Re (p-(e€)) < -

Furthermore, we can prove

2

e (M—(Eg)) Aas+ (Re (u—(sg)> Ax) ol - (nAx+\/m>2, (23.24)

9 9

where n = —RGT(E). According to Lemma 2.5.2 and (2.3.24), we have now
2 2\
> w7 = | 1- —“‘(EE)A"T +J (—M_(fmx) +1
Jj=0
< (1= (e viEmEE1)')
Since Re (€) satisfies (2.3.21), we get
Atg\/a -0 < 1 fte\/gm
If we assume Az < MAt < —i, then
8 41
(1 — <77Ax + \/m>2)1 < -—nptAzh
Thus,
D lwe ()Y < —p Azt < Atva (2.3.25)

Az (1 — eoAt)

Jj=0
Substituting (2.3.25) into (2.3.23), we have
aAt -1 Cm At too 2
oD DD DTN U S W g]{ Be)| as
n=0920 > (2.3.26)
SALY e P

n>0
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According to (2.3.22) and (2.3.26), there exists a constant C' > 0 such that

e o A S e U Y e AL U < OA Y e i

n>0 520 n>0 n>0

By using the power series expansion of exponential function
e > 1+ aAt, for a>0,At >0,

there exists a constant C' > 0 such that

Z Z _2anAtAtA[E ‘Un| + Z —2omAtAt |U0 < C Z —2anAtAt |bn|

n>0 j>0 n>0 n>0

1+ozAt

This ends the proof of the Proposition 2.3.3.

Together with a consequence of the hyperbolicity of (2.1.1) by using the classical argument
of changing the data b to zero after time 7" and unchanged before time 7', there exists a constant
Ct > 0 such that

N N N
STS awat|upf + 3 AtURP < Or > At (2.3.27)
n=0 52>0 n=0 n=0

with N :=T/At.

By linearity, we can break up the fully discrete IBVP (2.3.1) into two simpler problems,
one with homogeneous initial condition and the other with homogeneous boundary condition.
Finally, from (2.3.12) and (2.3.27), we get the expected result of Theorem 2.3.1.

2.4 The upwind scheme

Following Section 2.3, we focus in this section on the fully discrete approximation of the IBVP
(2.1.1)-(2.1.3) with homogeneous boundary condition ™ = 0, for any n € N, obtained by the
upwind scheme in space and the implicit scheme in time

Ut — U7 + AHQU)H = Ate™' SUT, jzlnz=0,
UO = fi ) > O,
0= f, )= (2.4.1)
BU(’)’L — 0, - 9
I[IL,HpP (U(?—H - Ug) + AtHZHPP(QU)SH = At5_1H2HPPSUg+17 > 0.

where A, S and B are the same as in (2.2.1). In the case of the upwind scheme, the considered
operator reads

(QU), = 55 (4= VAN + 200, — (A4 VAU ). 5N

2Ax

At the boundary point 7 = 0, we use the upwind scheme at the boundary point j = 0 but supply
another boundary condition that determines the value (A + y/al)U"™; through the identity

(A—al) U} —2AU§ + (A+Val) U, = 0.

Therefore, we propose the following numerical approximation at boundary

L mu.p (Ug+t = Ug) +

= T HpP (A~ Val) (U = Up™) = JILHRPSUS, 0> 0.

Az
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To summarize, along the rest of the section, we will study the following fully discrete ap-
proximation of the IBVP (2.1.1)-(2.1.3):

( U?‘H—l . Un 1 1
o ( (A= al) Ul + 23/aU = (A4 Val) U;lel) = gSUf“, j>1,n>0,
UJO = fj? ] Z 07
BUy =0, n >0,
1 1 1
| 3 HpP (U5 = Ug) + Mo HpP (A= Val) (U = Ug™) = EHQHPPSU(;‘“, n >0,
(2.4.2)

where Hp and P are defined in (2.2.5), I, = (0 1).

In Section 2.3, we show that the discrete strict dissipativity condition (2.2.10) is sufficient to
derive uniform stability estimates of the numerical scheme (2.3.1) with " = 0, for any n € N.
Our aim is to determine a sufficient condition for the stiff stability of the above fully discrete
(2.4.2), in order words the uniform stability with respect to the stiffness of the relaxation term.
We state successively hereafter the following statement

Proposition 2.4.1. Assume that the parameters Ax € (0,1], ¢ > 0 and (B,, B,) satisfies the
discrete strict dissipativity condition (2.2.10). Then, there exists a constant C > 0 such that
for all At >0 and any (f;)jen € €*(N,R?), the solution (U}")jen to scheme (2.4.2) satisfies

(U™ HU™ 5, + CALS U < (f,Hf)y,. neEN (2.4.3)
k=0

More precisely,

a) If B,B, > 0 then (2.4.3) holds uniformly, i.e. with C independent of ¢ and Ax.

b) If B,B, < 0 then considering some 8y > —2aB,B;", there exists C(dy) > 0 such that
(2.4.3) holds uniformly with C' = C(dy), as soon as Ax > dge.

The Proposition 2.4.1 is studied in Section 2.4.1 by means of the discrete energy method. In
order to illustrate the relevance of the discrete strict dissipativity condition (2.2.10), we present
in Section 2.4.2 some numerical results, for various values of the parameters (B,, B,) and show
that the energy <U”, PTHPPU">A9C increases if the condition (2.2.10) does not hold. Let us
remark that we have difficulty finding a sufficient condition for the stiff stability of fully discrete
(2.4.2) with nonzero boundary condition, but we postpone its possibility to a further work.

2.4.1 The energy method

One can proceed as in (2.3.5)-(2.3.6) to obtain the following equation
1
At

<Un+1 . Un, PTHPPUn+1>Ax _ % (HQHPP (U(;H_l — Ug) ) (HQPU(;“FI)

o0 (2.4.4)
+ 6, Y (UM — U, PTHpPU)
j=1

where §,; = Az At~
On the other hand, from the first and fourth equations in (2.4.2), we have
1 1

—ILHpP (Uy = UY) = 1L HpPSUG*" —

1
At e

A HpP (A—al) (U = Uyt
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and

1 1
A (T = U7) = 25U - o ( (A= Val) Upi! +2v/aUp ! — (A + Val) U}‘_ﬁl).

As a consequence, the equation (2.4.4) can be represented as
1
UM = U PTHRPUMY)
+o0o

A A
=5 (HpPSUS) (ILPUG*) + == S (SU* PTHRPUS ™)

j=1

“+oo
_% (HQHPPA (Ut — ) > (I, PUZHY) — %Z <A (Uit = vty PTHpPU? +1>
j=1

\/a n n n \/a iy n n n T n
+5 (M HpP (U = U5 ) (ILPUGTY) 4 == Z Uy =207 + UMY PTHpPUSY)
j:

We observe now that
+oo
— Z< (Ui — Ut ,PTHPPU;+1> = (ILHpPAUP) (ILPUSTY),
+o0

+
Z (Uph, PTHpPUI™) = — (I, Hp PUTTY) (L, PUGHY) + ) (UM, PTHpPUT )

J+lo
j=1

and

+oo +oo
> (Urt PTHpPUI) = %Z(U;H,PTHPPU;H Z<U" , PTHpPU!)
j=1 j=1
— 5 (HRPUG) (LPUG)
Then,

1 n n n

UM = U PTHRPUMY)

AZE n+1 n+1 Az o n+1 T n+1

=5 (LHpPSUG*) (LPUGH) + == (SUG*, PTHpPU)

j=1
1 n+1 n1) \/_ n+l pT n+1 (245)
+5 (ILHpPAUGH) (I, PUG ™) Z(U , PTHpPU™™)
7=1
“+oo
+Va ) (Ut PTHpPU) Z Ut PTHpPUM) .

7j=1

Besides, the three last terms in (2.4.5) becomes

+o0
_ve Z (<U;L+1, PTHpPU!Y) —2(UM, PTHpPU) + (UM PTHPPU]?”‘_*II>)
2
= B \/_Z( n+1 ut >2+ (U?+1 _U;Ljf)?) <0.
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Thus,

1 n n n
oy (Ut —ur, PTHpPU™) |

A.T,' " . Am “+o0o . i}
< 2—5 (HQHPPSUO +1) (HQPUO+1) + ? ; <SUj +1,PTHPPU]- +1>
) ()
or
1 By, . Az, . Ar &2
E <Un+1 B U”,HU”+1>M + aE (u0+1>2 i 2_20 (UO+1) < _?x (UjH)Q, (2.4.6)

j=1
where the symmetric positive definite H is the same as in (2.2.17).
Since H is a symmetric positive definite matrix, we can see that

<Un+1 . U'n7 HUn+1>AI (<Un+1 ]_]U’n—l—1>A Un HUn>
+(U™ - U™ H (U™ — U")>M) (2.4.7)

1 n n n n
2§(<U+1 HU™) = (U", HU") )
According to (2.4.6) and (2.4.7), one gets

2Ar X
<

é<<Un+1,HUn+l>Aw o <Un,HUn> > + QGgu ( n+1) + %

: : ()’

j=1
In order for the energy method to work, the boundary condition has to satisfy

Bu n 2 Az

QaE (uOH) + —

for some constant C' > 0 whenever B,uj + B,vj = 0, for any n € N. This leads to the following

sufficient condition
B, Az (B,\?
20—+ — (=] >0,
“B, T ¢ (B)
under which we directly get the inequality

(vgﬂ)? > C ‘U61+1|2 :

(<Un+1 HUn+1>A Un HUn> ) + C ‘U6L+1|2 S 0
and the initial data is compatible at the space-time corner (z;,t") = (0,0), i.e, UJ = 0. Thus,
(U™, HU™) .. + CAtZ UE]* < (f,Hf)n,, foranyn>0. (2.4.8)

More into the details, the following cases occur:

e If B,B, > 0 then there exists C' < 2aB,B, (B> + BZ)_1 such that the inequality (2.4.8)
holds uniformly:.

e If B,B, < 0, consider some §y > —2aB,B;'. Then there exists C'(dy) > 0 such that the
inequality (2.4.8) holds uniformly as soon as Az > dpe with C' = C(dy). For example, if
we choose 8 = —3aB,B; " then there exists C' < —aB,B, (B2 + B2)”" such that (2.4.8)
holds uniformly.

This ends the proof of Proposition 2.4.1.
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2.4.2 Numerical experiments

In this section we perform some numerical experiments and observe the effective behavior (i.e.
the time evolution) of the energy

E@t") =U",HU") 5, ,

according to whether or not the discrete strict dissipativity condition (2.2.10) is valid. We also
have a look at the degenerate case when the UKC (2.1.5) does not hold (and thus, none of the
other stability conditions). As discussed in the previous section and in the calculations of Xin
and Xu [96], we expect to observe the decrease of the energy F(t) as soon as B,B, > 0. What
happens in the case B, B, < 0, but while the the discrete strict dissipativity condition (2.2.10)
still holds, is also experimented.

As main parameters for the experiments, we fix the space step Az = 1072, choose a = 4
and let € and the boundary parameter (B,, B,) vary. The initial data is

(0,0), if 2, =0,
fi=14(15,10)7, if0<az; <1/2,
(0,0), if 2, > 1/2.

Following Section 2.2.1.2, we choose for our experiments the space interval [0, 1] and the time
interval [0, 7] with 7" = 0.2. The most natural choice in the right boundary condition at x = 1
is to select the homogeneous Neumann boundary condition U}, ; = U} at the rightmost cell .J.

Firstly, we choose a set of values (B,, B,) such that the discrete strict dissipativity condition
(2.2.10) is satisfied with e = 1072 and also with € = 10%. The Figure 2.4.1 shows the evolution
of the energy E(t") over the time interval t" € [0,0.2].

= (Bu,Bv)=
= (Bu,Bv)=
= (Bu,Bv)=
450 = (Bu,Bv)=

11)
3,1)
8,1)
10,1)

300

0.000 0.025 0.050 0.075 0.100 0.125 0.150 0.175 0.200 0.000 0.025 0.050 0.075 0.100 0.125 0.150 0.175 0.200
TIME TIME

Figure 2.4.1: Energy evolution with the discrete strict dissipativity condition (2.2.10), for
e = 1072 (left) and £ = 10* (right).

We proved that for any € € (0,4+00) and (B, B,) satisfying the discrete strict dissipativity
condition (2.2.10), E(t") is decreasing. This is strongly supported by the experiments. Observe
also that the decrease of E(t") is true even in the case B,B, < 0 provided the discrete strict
dissipativity condition (2.2.10) is true. This is the case for example for ¢ = 1072 together with
the parameters (B, B,) = (—10,1).

Secondly, we choose a set of values (B,, B,) such that the discrete strict dissipativity con-
dition (2.2.10) is not satisfied with e = 1072 nor with e = 10%. Besides, we also present the
evolution of the energy for parameters such that the Uniform Kreiss Condition (2.1.5) is wrong.
The Figure 2.4.2 shows the evolution of E(t™) over the time interval t" € [0, 0.2].
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—— (Bu,Bv)=(-1,1) —— (Bu,Bv)=(-1,1)
— (Bu,Bv)=(-2,1) 100000{ = (Bu,Bv)=(-2,1)
800001 = (Bu,Bv)=(-3,1) — (Bu,Bv)=(-3,1)

uuuuu

20000

0.100 0.125 0.150 0.175 0.200 0.000 0.025 0.050 0.075 0.100
TIME TIME

Figure 2.4.2: Energy evolution without the discrete strict dissipativity condition (2.2.10), for
e = 1072 (left) and ¢ = 10? (right).

e On the boundary z; = 0, for all € > 0, if the boundary condition (2.1.3) with homogeneous
boundary condition " = 0, for any n € N does not satisfy the UKC, then v = /aug.
Therefore, the numerical scheme of the IBVP is not stable for each fixed . For ¢ = 1072
and € = 102, if we choose (B,, B,) = (—2,1) then the values of E(¢") increase quickly.

e When the discrete strict dissipativity condition (2.2.10) fails, then we observe for any
t" € (0,0.2] the inequality F(t") > E(0).

Clearly, the numerical results show that the energy E(t") increases in time as soon as the
discrete strict dissipativity condition (2.2.10) does not hold. The behavior is even worse when
the UKC (2.1.5) is not satisfied. It seems that the condition (2.2.10) is also necessary to ensure
the non-increase of the energy.

2.5 Appendix A. Technical lemmas

Lemma 2.5.1. Let ¢ € C with Re(¢) > 0 and h(¢) = \/C(1 + (), then Re(¢) < Re(h(C)).

Proof. In the half plane {¢ € C : Re(¢) > 0}, the complex function h(() is analytic. As usual,
we take v/C to be the principal branch with the branch cut along the negative real axis.
Let ( =2+ yit with x > 0, y € R and

p:x(l—l—x)—gf, q=(1+2z)y.
Then,

Re(h(¢)) = Re (x/p + qi> _JpEvr e

2

Now, we observe that

VP4 @ = V(@1 + ) — y2)? + (1 4 22)%?
= V(@(1+2) +y2)? + ¢
> z(1+ )+ y*.

Therefore,

Re(h(¢)) > z(l + ) > .

This ends the proof of Lemma 2.5.1. O
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Lemma 2.5.2. Let ( € C with Re(¢) < 0, then [ ++/C2+ 1| < Re(¢) + /(Re(Q))2+1 < 1.

Proof. Assume that ( = x + yi with z < 0 and y € R.

Case 1 Consider first the easy case y = 0. Then
‘C+\/C2+1) =z + Va2 +1,

but since x < 0, one obtains by simple considerations the inequality = + v 22 + 1 < 1.

Case 2 In the general case y # 0, let us begin with some notations:

C+1=p +qi, withp =2—y+1and ¢ = 2ay,

[ 2 _ [T 2
V2 +1=ay+ b, With&lz\/p1+ 2p1+q1 andblzsgn(%)\/ p1+2p1—|—q1.

Together with these notations, some algebraic identities are available:

arby

?4bi+l=a?+y* and y=—, (2.5.1)
x
Firstly, we prove the next inequality
2 12 2
a1z + bix + a1by > 0. (2.5.2)

We can see that the inequality (2.5.2) is equivalent to ay (2% +0?) > —xb? and since x < 0,
the latter is now equivalent to its squared version, that reads

a?x?(x? + 2b%) > bi(2® — a?).

By the definition of ay, b; above, the previous inequality is successively

42” (p1 +1/p? + Q%) (x2 —pi+/pl+ CJ%>
2
> (coo it eat) (22 -m- e a).
It is equivalent to
4z (p1 +1/p} + q%) +22%¢; > <p1 — /Pl + ﬁ) (42°p1 + ¢7)
& 4zt (p1 +1/pi+ q%) + 227 x 4o?y* > <p1 — /PP + q%) (4x2(x2 —y*+ 1)+ 4x2y2)
& 22° (Vp% +qi + y2) >p1—\/pi + i

But, for any p;,q; € R, this is easy to see that p; — v/p? + ¢? < 0 and thus any of the
previous inequalities and so the expected one (2.5.2) follow.
Now let us observe that the required inequality | + /(2 + 1| < =+ V22 + 1 is fully

equivalent to

(x+a)?+(y+b)*<(z+Va2+1)32 (2.5.3)
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that we prove now. According to the algebraic identities in (2.5.1), by eliminating the
occurences of y, the previous formula is equivalent to

b2
a1x+b%+% < azva?+ 1.

In addition, we observe that 22 + 1 = 272 (a3z® + a?b} — b32?) , and thus the previous
inequality is equivalent to

b2
arx + b+ % < —\/a%ﬁ + a2b? — b2, (2.5.4)

Since x < 0 and from the inequality (2.5.2), the formula (2.5.4) reads also

(ar12® + bjz + wb?)® > 2? (a2a? + a2b? — b2

& (v +a)?*(z® +b3) > 0.

This ends the proof of the inequality (2.5.3). Now since Re({) < 0, the analysis of the
first easy case again applies to get Re(¢) + 1/(Re({))2 +1 < 1.

This ends the proof of Lemma 2.5.2. O]

Lemma 2.5.3. Let a > 0 be fized and consider for any & € C with Re (§) € [0,1] and Im (§) €
[—1,1]):

M+(§) = it f)'

a

There exists a constant ¢ > 0, independent of 6 and & such that

e (V14 (us (0" )

Proof. Let us denote § = o + i3 with a € [0,1] and 8 € [~1,1] and introduce the notation
d = 6%/a. After some calculations, one obtains

Re (V14 000 ) = /i, 5.5)

with the function with positive real values:

B0, 8,8) = 1+3 (a(1+a) — B2) + /(1 +8 (a(l +a) — £2)) + 5 42(1 + 2a)2.

Now, the required uniform lower bound will be provided directly by a uniform lower bound for

the quantity h(a, 8,0), what we are looking for now by exhaustion.
Case 1 For any 0 >0, a € [0,1] and 3 = 0, we have the simple lower bound

h(,0,0) =2 (1+da(l+a)) > 2.

Case 2 Forany 0 >0, a € [0,1] and 3 € [~1,0) U (0, 1] such that 8% < a(1 + «), we get

h(e, 3,8) > 1+ \/1 +85°82(1 4 20)2 > 2.
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Case 3 For any 6 > 0, a € [0,1] and 8 € [~1,0) U (0,1] such that 5% > a(1 + a), let us
introduce the quantity 7 := 3% — a(1 + «), so that

B0, 3,8) = 1— 78+ 1/ (1—78)" + 3 82(1 + 20)2.
Note that a being nonnegative
0<7<pr<1. (2.5.5)
Subcase 3.a Assume that 6 < 7. Then, 1 — 78 > 0 and therefore
e, B,6) > \/(1 —70)" + 5 82(1 +20)?.
We then can compute
h*(a, B,8) > (1 — 73)2 + 3262(1 +20)? > (1 — 7'5)2 —|—3252.

From (2.5.5), we then have successively

- e o 1
W, ,0) > 1— 270+ 7% + 067 >1— 270 + 7% (1 + —)
-

- — 1
>1— 27’5—1—27252 > 3
where the last inequality comes from the property 76 € (0, 1]. Thus we get

- 1

Subcase 3.b The last case is for 6 > 771 Then we can rewrite

W, 8,8) = —\/ (1 —70)° + \/(1 —70)" +3°B2(1 + 20)?
>\ J(1=70) + /(1 —78)" +3°2.

From (2.5.5) and the subcase assumption, we get successively
2

L)

-

0% >
Thus,

B, 3,8) > —/ (1 - 78) +1/ (1= 79)* +3

0
=70 (1 -78) 47
5

>

20 /(1—78)° +5
On the other hand, from (2.5.5) and the subcase assumption and since 5 > > 1,
we have successively
(1=70)°+0 <1478 +5<1+ (2 +1)5 <1425
Thus finally, and since § > 1, we have
) 1

> .
2/1+25 2v3

ha,B,0) >
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2.6 Appendix B. Modeling an elastic string

2.6.1 Derivation of the damped wave equation

The damped wave equation in one space dimension can be derived in a variety of different
physical settings. As an example of how waves occur in physical systems, we now derive the
damped wave equation for a stretched string. Other physical systems, such as sound waves in
air, can be analyzed in a similar way (see [70, 40]). We start by considering model the action
of an elastic string over time. Consider a tiny element of the string between x and = + Ax

T(x+ Az, t)
(x + Ax,t)

Figure 2.6.1: Modeling an Elastic String.

The following quantities are needed in our derivation (see Figure 2.6.1):

e w(x,t) denotes vertical displacement of the string from the z—axis at position z and
time t.

e O(x,t) is an angle between the string and a horizontal line at position = and time ¢.

e T'(x,t) is a tension in the string at position x.

We can dispose of all the 6’s observing from the figure that

A 0
tanf(x,t) = AliIEOA—:j = 8—: : slope of tangent at (z,t) in wx — plane (2.6.1)

The Newton’s Second Law of Motion (F' = ma) states that
0w
F = (pAzxr)— 2.6.2
(o) s (262)
where p is the linear density of the string and Az is the length of the segment.
The force F' comes from the tension in the string and also the damping force. The damping

w
force acts in the opposite direction to the motion and is denoted by _C_t with ¢ > 0. We

assume for our model that there are only transverse vibrations, and so the string does not move
horizontally, but only vertically. So, we know that the total horizontal force must be zero.
Balancing the forces in the horizontal direction gives

T(x+ Ax,t)cos(x + Ax,t) = T(x,t) cos0(z,t) = T, (2.6.3)
where 7 is the constant horizontal tension. Balancing the forces in the vertical direction yields
0
F=T(x+ Ax,t)sinf(z + Az, t) — T(x,t)sinb(z,t) — ca—l;Ax
=T (z+ Ax,t)cos(x + Az, t) tan(x + Az, t) — T(x,t) cosO(x,t) tan f(z, t) — caa—:l;Aa:.
(2.6.4)
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Substituting (2.6.3) into (2.6.4) yields,

ow ow ow ow
F =71 (tanf(z + Az, t) — tanf(z,t)) — CEASL’ =T <a—x(x + Az, t) — %(x,t)) —c—Azx.

So, the vertical component of Newton’s Law becomes

0w 1 [ow ow ow
Pgm &t) =7 <%($ + Az, t) - a_x(xat)) o

for £ € [z, z + Az|. Dividing by p and letting Az tends to 0 gives

2 2
Jw_ 710w _cdw (2.6.5)
otz pox?  p ot

In order to guarantee that the equation (2.6.5) has a unique solution, some initial and
boundary conditions have to be suitably selected: two initial conditions and boundary condition
(see [70, 40]).

2.6.2 Initial conditions

The initial position of the string and its initial velocity may be written as follow
w(z,0) = f(x) and w(z,0) = h(x). (2.6.6)

To see why we need two initial condition, note that the Taylor series of w(x,t) about ¢t = 0 is

t? 3
w(z,t) = w(x,0) + wy(x,0)t + wy(x, 0)5 + wie(, 0)5 + .

From the initial condition (2.6.6) and the PDE (2.6.5) give

wi(x,0) = (7/p)waa(x,0) — (¢/pwi(x,0) = (7/p) f"(x) — (¢/ p)h(z),

wite(2,0) = (7/p)Weaa (,0) = (¢/ p)wu(z,0) = (v/p)h" () — (er/p*) " () + (c/p)*h(z).
Higher order terms can be found similarly. Therefore, the two initial conditions for w(z,0) and

wy(x,0) are sufficient to determine w(z,t) near t = 0.

2.6.3 Boundary condition

We assumed the string is connected to frictionless cylinders of mass m; that move vertically on
tracks at x = 0 with an acceleration g(t).

Figure 2.6.2: Boundary condition at x = 0.
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Lemma 2.6.1. For any ¢ > 0, p > 0 and my; > 0, the boundary condition can be rewritten as
follows

B,w,(0,t) — Byw(0,t) = g(t).
with B, B, > 0.

Proof. Performing the force balance at x = 0 gives
ow
Tsinf —c— = t).
sin 5 myg(t)

In other words, the vertical tension in the string balances the mass of the cylinder. However,
7 =T cosf = const and tan 6 = w,, so that the previous equation becomes

T cosftan — c%—l; =mqg(t),

or also, denoting B, = 7/my and B, = ¢/my
B,w,(0,t) — Byw(0,t) = g(t).
0

To summarize, the IBVP of the linear damped wave equation in one space dimension reads

0*w 0%w 1 0w
PDE : W(m,t) = aw(x,t) — gg(x,t), x>0,t>0,

BC: Buwx(oat) - vat(()?t) = g(t)v > 07
IC: w(z,0) = f(z), wi(x,0)=h(z) t>0.

where a = 7/p, and € = p/c. Let now denote u®(x,t) = w,(x,t) and v°(z,t) = —wy(x,t). The
previous IBVP can be represented as

O (z,t) + 0,v°(z,t) = 0,
(2.6.7)

0 (z,t) + ad,u (z,t) = —évg(x, t),

with the initial data
u(z,0) = f'(), v*(x,0) = —h(z),
and the linear boundary condition
B,u®(0,t) + B,v®(0,t) = g(t).

Remark 2.6.2. The boundary condition B,B, > 0 corresponds to stability condition (2.2.8) of
the linear damped wave equation (2.6.7).
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Chapter 3

A stiffly stable fully discrete scheme for
the damped wave equation using discrete
transparent boundary condition

We study the stability analysis of the time-implicit central differencing scheme for the linear
damped wave equation with boundary. In [96], Xin and Xu prove that the initial-boundary
value problem (IBVP) for this model is well-posed, uniformly with respect to the stiffness
of the damping, under the so-called stiff Kreiss condition (SKC) on the boundary condition.
We show here that the (SKC) is also a sufficient condition to guarantee the uniform stability
of the discrete IBVP for the relaxation system independently of the stiffness of the source
term, of the space step and of the time step. The boundary is approximated using discrete
transparent boundary conditions and the stiff stability is proved using energy estimates and
the Z— transform.

3.1 Description of the numerical scheme

Let At > 0 being the time step. The space step Ax > 0 will always be chosen so that the
parameter A,y = AzAt~" is kept fixed. Letting now U} = (u},v}")" denotes the approximation
of the exact solution to (2.1.1)-(2.1.3) at the grid point (z;,t") = (jAz,nAt), for any (j,n) €
N X N (where we omit the explicit dependence on ). We focus in this chapter on the fully
discrete approximation of the IBVP (2.1.1)-(2.1.3) obtained by the central differencing scheme
in space and the implicit scheme in time.

A first step towards the fully discrete approximation of the IBVP (2.1.1)-(2.1.3) is the
following system

yrtt —yn 1 1
g AU S U) =SSO > e >0,
UJO = fj7 ] < 0’

BUI =",

(3.1.1)

— Y

where the approximations of the initial condition f; and of the boundary data b" are defined
for example by setting f; = f(jAxz) for 7 > 0 and " = b(nAt) for n > 0.

Let us emphasize that the numerical scheme (3.1.1) still needs one more scalar equation at
the boundary point 7 = 0 so as to be fully defined, due to the fact that the matrix B has rank one
only. This is actually a discrete feature only, since in the continuous case this single equation is
exactly complemented by the only incoming characteristic (at least under UKC). An additional

relation to define UJ*" is thus needed. We want to use the central scheme at the boundary
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point j = 0, so that the modification of the ghost value U"]' can also be interpreted as the
use of an extra boundary condition. From a mathematical point of view, the problem is set, in
both cases, as follows: given an initial data compactly supported, one can construct boundary
condition at j = 0 with the objective to approximate the exact solution of the whole space
problem {j € Z}, restricted to {j € N}. If the approximate solution on {j € N} coincides with
the exact solution, one refers to these boundary conditions as transparent boundary conditions.
Of course, these boundary condition should lead to a well-posed initial boundary value problem.
It means that we use the discrete transparent boundary condition at j = 0 that determines a
ghost value U™ through the identity

n+1

n+1 _ E k
U—l - en+1—kU0 )
k=0

where the coefficients C; will be precised explicitly in the forthcoming Definition 3.2.4. The
extra boundary condition determines U™} as a linear function of U¥ for past step times only:
0 <k <n+1. We propose the following numerical approximation at the boundary:

1 n n 1 n — k 1 n
e (Ug+t = Ug) + a4 (U1 i ; GnH_kUO) = EFSUO+1

with the matrix I' = (—aB, B,). Under the SKC, this choice for the matrix I" will be useful
to construct the numerical solution (U}')jen in the Propositions 3.2.3 and 3.3.1.

To summarize, we study all along this chapter the following fully discrete approximation of
the IBVP (2.1.1)-(2.1.3):

¢ U;”FIA; Uy n QixA (U;fll B U;L_Jrll) _ %SU;}+1, i>1 n>0,
U = 1, j>0,
BU} = b, >0,
Air (Ugtt = Ug) + Ly <U{"”+1 - % €n+1_kU§) = 1FSU[?“, n > 0.

| At 2Ax —~ €

(3.1.2)
Main result: Dealing with the continuous IBVP (2.1.1)-(2.1.3), the UKC (2.1.5) is not enough
and a more stringent restriction has to be imposed. Our aim is to prove that the SKC derived
in [96] is then a sufficient condition for the stiff stability of the fully discrete IBVP (3.1.2), in
other words the uniform stability with respect to the stiffness of the relaxation term.

Theorem 3.1.1 (Main result). Assume that (B,, B,) € R? satisfies the SKC

Bu
B,=0 or B ¢ [—va,0]. (3.1.3)

Let Ay < 34/a/8 be a positive number. For any T > 0, there exists a constant Cr > 0 such that
for all At > 0 and Ax = My At, any (f;)jen € (N, R?) and (b")nen € 2(N,R), the solution
(U}')jen to the scheme (3.1.2) satisfies

N N N
SN AxAHUTPP + > AU < Cr (Z Az|f;? + ZAt|b”|2> : (3.1.4)

n=0 j>0 n=0 7>0 n=0

where N := T /At and Cr is independent of € € (0, +00).
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In [96], Xin and Xu considered the IBVP for the Jin-Xin relaxation model [51] and derived
the SKC (3.1.3) to characterize its stiff well-posedness. They show in particular that the
IBVP (2.1.1)-(2.1.3) is well-posed if and only if (3.1.3) holds. In the discrete IBVP (3.1.2), it
seems that the SKC is also sufficient to derive uniform stability estimates. Besides, by linearity,
the numerical scheme of the IBVP (3.1.2) can be broken up into two simpler problems, one with
homogeneous initial condition (f;)jen = 0 and the other with homogeneous boundary 6" = 0,
for any n € N. The proof of Theorem 3.1.1 is based on two main ingredients, by assembling a
result for the case of the following Cauchy problem

1

UI n+1— Uln n n n
@) ;) n 1 A((U}H) “_(Uj,l) +1>:gS(Uf) ojez n>0

At 2Ax
wh’ =1, jie.

(3.1.5)
and another one for the problem (3.1.2) with homogeneous initial data. We state hereafter
these two statements.

Proposition 3.1.2 (Cauchy problem). For any T > 0, there exists Cp > 0 such that for all
At >0, any (f;)jen € L2(N,R?), the solution (U] )}y to (3.1.5) satisfies

S AU < Cr ) Azx|fi, neN, (3.1.6)

jez j€z
where Cr is independent of € € (0,400) and Ax = A\ At.

Proposition 3.1.3 (Homogeneous initial condition). Assume that the SKC (3.1.3) is satis-
fied. Then, there exists a constant C' > 0 such that for any v > 0 and any positive constant
At < 3+y/a/8, the following property holds. For any At > 0 together with Az = A\, At and any
boundary data (0")nen € £(N,R), the solution (U})jen to (3.1.2) with (f;)jen = 0 satisfies

A’Y : Z Z efZ’YnAtAtAx’U]ﬂQ + Z efQVnAtAt‘U[;l’Q < OZ ef2fynAtAt’bn’2, (317)
YATL 4 n>0 j>0 n>0 >0

where C' is independent of € € (0,400).

To isolate the effects of a possible boundary layer and avoid the complicated interaction of
boundary and initial layers, in Section 3.2, we consider the IBVP (3.1.2) with homogeneous
initial data and nonzero boundary data 0", for any n > 0. The numerical solution (U}');en
is constructed in Section 3.2.2 thanks to the Z—transform [52, 75]. Furthermore, we follow
the discrete transparent boundary condition at j = 0 as proposed in [2, 5, 54| to find the
explicit formula of the sequence (C,,)m>0. By using the Plancherel’s theorem, under the SKC,
the Proposition 3.1.3 is proved in Section 3.2.3. In order to illustrate the relevance of the
SKC (3.1.3), we present in Section 3.2.4 some numerical results, for various values of the
parameters (B,, B,) and show that the numerical solution at the boundary x = 0 increases
quickly if the SKC (3.1.3) does not hold. Besides, by the decrease of the error ||U(.,t") —
un ng(N,RQ), we can observe the convergence of the discrete solution U}' to the exact one U (x;,t").
After that, we observe the behavior of the energy terms ||U||;2nxjo,r),r2) and [|U||z o0y x(0,1),r2)
corresponding to whether or not the SKC (3.1.3) is valid. The nonzero initial data case is much
more difficult with the sufficiency proof. This is due to the complicated interactions between the
initial data, the boundary condition and the stiff relaxation term. Under the SKC, the numerical
solution is again described by means of the Z—transform in Section 3.3.1. It is decomposed into
three parts, by assembling the solution for the case of Cauchy problem (3.1.5), a numerical error
term (U/7)7_ and the solution for the case IBVP (3.1.2) with homogeneous initial data. Since
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the coefficients for computing the boundary value U"{" are defined for homogeneous initial
data, this numerical error (U jH )jen is due to the interaction between the Cauchy problem and
the IBVP with zero initial data. For the Cauchy problem, the Proposition 3.1.2 is studied in
Section 3.3.2 by means of the discrete energy method. By an application of the Plancherel’s
theorem for Z-transform, the numerical error term (UjH )iew Will be estimated in Section 3.3.3.
In Section 3.3.4, we get the expected result of the Theorem 3.1.1 in the case IBVP with nonzero
initial condition. In Section 3.3.5, we also look at the behavior of the numerical solution (U}') ez
and the energy terms ||U||e2nxjo,r),r2) and [|U]|zoyxjo,r),r2) corresponding to whether or not
the SKC (3.1.3) is valid. It seems that the SKC (3.1.3) is also necessary condition to guarantee
the uniform stability of the IBVP (3.1.2) independent of the effect of the relaxation source term
and the boundary dissipation.

3.2 Stiff stability of the IBVP with homogeneous initial
condition

In this section, we consider the discrete IBVP (3.1.2) with nonzero boundary condition (b"),en €
(*(N,R) and homogeneous Cauchy data (f;)jen = 0. Assuming that the SKC is satisfied,
the numerical solution (U}')jen is obtained by using the Z-transform [52, 75]. Thanks to the
Plancherel’s theorem, we then are able to get the expected result of the Proposition 3.1.3.

3.2.1 Notations and preliminary results

Before we enter the important proofs, let us introduce some notations and preliminary results.
All along this chapter, the complex values z and ¢ are related through the formula

£ = (1 — z_l) At™', z=Re’ withR>1,0¢ (-n,7]
Then, & obeys the inequalities
(1-R ')At <Re& <2A¢7 (3.2.1)

Besides, one also introduces the following matrix, already concerned with the continuous
case [96]:

M = ats—een =1 (Lo 0,

We recall that the eigenvalues and eigenvectors of M (e€) can be easily found to be respectively

1
pe(ee) = £/ D o = [ apgle0)
“ 14+ &€

In the above formula and all along this chapter, the complex square root is defined with the
branch cut along the negative real axis. Applying Lemma 2.5.1 with the property Re& > 0 and
€ > 0, we can prove

<0, (3.2.2)

while, as a consequence,




Let us introduce

(€)= pa(e) A +\/ (1 (EN)° + 1, (3.2.3)

with the notation A\, = Axz/e. According to Lemma 2.5.2 together with the properties
Re (p—(g€)) < 0 for e > 0 and Re{ > 0, we can prove |k_(££)| < 1. Besides, since u_(g€) =
—p4(e€), we get ko (e€)k_(e€) = 1. As a consequence, for any € > 0 and Re > 0, one has the
separation property |k (£€)| > 1.

We further define the following spectral projections

1 1

(3.2.4)
1 |
026 = 5 (b)) (060 1),
where we set
g(e€) = aﬁ(ig). (3.2.5)

We also set ®(£) the 2 x 2 matrix whose columns are composed by the components of the
eigenvectors of the matrix M (e£). We recall these matrices thus satisfy the following usefull
identities

0.0 = 0(e6) (o 1) 2760 wd o =060 (y o) 320

and

() = Dy(e€),  B2(e€) = D_(c8),  By(c)D_(c€) = D_(6) D () = 0. (32.7)

In order later on to construct and estimate the numerical solution (U}') jen by the Z—transform,
the following lemmas are usefull:

Lemma 3.2.1. [From [96]] Consider C, = {¢ € C, Re( > 0} the closed complex right half-
plane. Under the SKC (3.1.3), the quantity g(C) is uniformly bounded in C, and the quantity
By + g(C) B, is uniformly bounded away from 0 in C,..

We omit the proof that the reader can find in the work by Xin and Xu [96].
Lemma 3.2.2. Let us consider the 4 X 4 matriz

Mi(e€) = <2A“]\f () é) . (3.2.8)

Then, the k-th power of M, (e€) reads also

Eop) — 1 Rir1 () Ur(e€) Riu(e€) Wi (e€)
M) == e+ 0 (ﬁk@owme@ a“(af)wk(sg))’ (3.2

where

(3.2.10)



Proof. In this algebraic proof, we skip the dependence on ££. Since the columns of the matrix
® are composed by the components of the eigenvectors of the matrix M, the considered matrix
MY} can be reformulated simply as

MF = dMFDT, (3.2.11)

where
=~ d 0 D, | '
v (0 ‘I’) R ( s O) » o Du=2)gdiag (p—, i)

Let W is the 4 x 4 matrix whose columns are composed by the components of the eigenvectors
of the matrix M,

so that My = WDEU-! with Dy, = diag(—#,,s_,—k_,k.). Therefore, the formula M}
in (3.2.11) reads

MF = oUDEU 19", (3.2.12)
By using the properties & in (3.2.6) and (3.2.12), one obtains

M — 1 K1V KpWig
ko = | TRERS
Ry + Ko \BpWrpr Kp—1 Vs

with 7, and Uy, are the same as in (3.2.10). O

3.2.2 Solution by Z—transform

Firstly, we apply the Z—transform with respect to time index n € N, which is discrete ana-
logue of the Laplace transform in time ¢ € R,. This method enables the representation and
estimations of the numerical solution (U}')jen. The definition reads as follows (see [52, 75] for
more details)

Ui(z) = 2{UrH(z) =Y Ur2™", |z > 1.

n>0

Since we assume (UJQ)JEN = 0, observe that the Z—transform of the time-shifted numerical
solution reads

Z Urttz" = 2U;(z) — U7 = 2U;(2).

n>0

Therefore, the IBVP (3.1.2) with zero initial data becomes

Ui1(2) — Uj—1(2) = 200 M (£€)U;(2) i>1, (3.2.13a)
BUy(z) = b(z), (3.2.13b)
T A (Al(z) — I (Oy(2)) — 2/\905M(s§)ﬁo(z)> —0, (3.2.13¢)
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where T(ﬁo(z)) is the Z—transform of the sequence {ZZ:& Gn+1_kU§}n>0 and b stands for the
Z-transform of the scalar boundary data: g(z) =Z{0"}(z) = X250 b"2 "

Secondly, we look at the solution (ﬁj)jeN(z) to (3.2.13a)-(3.2.13c). This is the object of the
following proposition:

Proposition 3.2.3. Assume that the SKC (2.1.6) is satisfied. Assume that T' and Y in the
boundary condition (3.2.13c) are defined by

[ = (—aB, B.), TY(Uy(2))=ry(6)zUs(2). (3.2.14)
Then the solution ((A]j)jeN(z) € (*(N,C?) to (3.2.13a)-(3.2.13¢) takes the form

. b(2)

U;(2) B K (e&)r_(€). (3.2.15)

" B, +g(€)

Proof. Before we prove the above result, let us notice that we omit the explicit dependence in
ef. Firstly, we look at the solution (U;);jen(2) to (3.2.13a) and consider the two-dimensional
problem (3.2.13a) under the following one-step recurrence form

Wisi(z) = MiW;(2), (3.2.16)
where M is given by (3.2.8) and

Wi(z) = (#EZ)) : (3.2.17)

The solution (W;);en(2) to (3.2.16) is simply W;(z) = MW, (). Together with the the explicit

formula of M7 in Lemma 3.2.2, the solution (ﬁj)jeN(z) to (3.2.13a) is therefore given by
1

ﬁ](z) = —m X <//%j+1{1}jﬁ()(z) +/I%j\/1}j+1ﬁ_1(21)> .

By using the definition of %, and Uy, in (3.2.10), the above formula is now equivalent to

Ui(z) = — f:%:{f x {qx ( — ki Up(z) + (7_1(2)) + (1), (mﬁo(z) + (/]\_1(2))}
+ m% X |:I£_ <<I>_ + (—1)j<1>+) Uo(2) + <q>_ + (—1)J+1<1>+) [7_1(2’)}

(3.2.18)

Since we expect (Aj)jeN(z) € (%(N,C?), we need a natural boundary condition at z = +oo0.
Besides, one gets |k4| > 1 and |k_| < 1. Thus, the natural boundary condition takes the form
P_ (—l{_;,_(//\vo(Z') + (7_1(2)> = 0,

R ~ (3.2.19)

o, (MUO(Z) + U_l(z)> —0.

By the definition of ®4 in (3.2.4), the system (3.2.19) is equivalent to

(9,1) ("ﬂﬁo(z) + (7—1(Z)> =0,
(9,—1) (H+[70(Z) + (7,1(z)> = 0.
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Then, we have

Furthermore, we can see that

170 1
b -0, =- :
Ty (92 0)
Thus,
U_1(2) = ki (D — ®,)Up(2). (3.2.20)

Plugging (3.2.20) into (3.2.18), we have

U;(z) = = {/-c_ ((I)_ + (—1)]<I>+) + Ky ((I)_ + (—1)]+1<I>+) (<I>_ - (I>+) Up(2).
K4 + K
Under the properties of ® in (3.2.7), the above formula becomes
Ui(z) = K. (<I>_ + (—1)j<1>+> Us(2). (3.2.21)

Secondly, we look at the boundary condition (3.2.13b) and (3.2.13c). Under the choice
T(Up(z)) in (3.2.14), the boundary condition (3.2.13c) becomes

T A <(71(z) — (ki d 4 20 M) Uo(z)) = 0. (3.2.22)

Indeed, we can compute separately

K+I + 2)\st — K,,@, + (/ﬁ)+ + 2)\:55/1/4,) (b+7

h ~ (3.2.23)
Ui(z) = k- (P — @) Up(2).
Substituting (3.2.23) into (3.2.22), one obtains
TAD, Uy(z) = 0. (3.2.24)
Under the choice I" in (3.2.14), we have
FAD, = % X (B, +gBy,) x (g,—1).
Thus,
(Bu + 9By) x (g, —1)Us(2) = 0. (3.2.25)
From the Lemma 3.2.1, the equation (3.2.25) is equivalent under the SKC to
(9. —1)To(2) = 0. (3.2.26)

Together with the boundary condition (3.2.13b), the value of Up(z) has to satisfy

(5 %)t ).



Then, again under the SKC, we have

. b(2)

Us(2) B, r_(e€). (3.2.27)

" By +g(ct

Plugging the value of Up(z) in (3.2.27) into (3.2.21), the solution (ﬁj)jeN(z) to (3.2.13a)-
(3.2.13c) is given by

(7](2) = %/ﬁj ((I)_ + (—1)J(I>+> 7“_(65).

Since ®,r_ =0 and ®_r_ = r_, the solution (ﬁj)jeN(z) finally is

This ends the proof of Proposition 3.2.3. O

~

With (Uj)jen(2) found in (3.2.15), the numerical solution (U}')jen to the IBVP (3.1.2) with
nonzero boundary condition (b"),en € £?(N,R) and homogeneous Cauchy data (f;)jen = 0 can
be obtained by inverting the Z-transform [52, 75|

n 1 T 10 n ,ind
Uj:% _WUj(Re)Re d&, R > 1.
Let us remark that an important assumption of Proposition 3.2.3 is T(Up(2)) = # (£€)2Up(2).
We now follow the discrete transparent boundary as proposed in |2, 5, 54] to find the explicit
formula for the sequence (Cp,)m>0-

Definition 3.2.4. Let ¢ > 0, R > 1, 0 € (—m, 7] and then k. (g£) be given by (3.2.3). The
value of (Cp)m>o0 1s defined as follows:

1 [7 ‘
Cop = — / Re (k4 (e)R™E™?) db. (3.2.28)
T Jo
Let us mention at this step that the values €,, above are designed in the case of homoge-
neous initial data and are kept unchanged in the case of nonzero initial data in forthcoming
Section 3.3. Thanks to the convolution property and inverting Z—transform, we now show
that the definition of (C,,)m>o in (3.2.28) is the suitable choice to get the required identity

T(ﬁo(z)) = ﬁ+(5§)zl70(z) in Proposition 3.2.3. This is the object of the next lemma:
Lemma 3.2.5. Let (C,,)m>0 be defined from Definition 3.2.4, then

n+1

Y(TUo(2)) = 2 {Z en+1_kUéf} (2) = ri4.(8)2Up(2).

Proof. Since p (€) = p, (€), one obtains s, (¢€) = k4 (¢€). Then,

Re (k4 (c§)R™e™) = %("w(ﬁf)Rmeime + w}%me_ime)

% (/{+(5§)Rmeme + n+(5E)Rme_im9) .
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Thus, the value of (C,,)m>0 in (3.2.28) can be reformulated as

1 T ™ _ ‘
em _ R™e zm@de R™ zm9d9>
(/in4¢> b [ rBne

1 m ,imb
:2—/ L (£€)R™e™ g
= 27" (14(€€)) (m).

By the convolution property and inverting Z—transform, we can conclude that

n+1
=Z {Z Gn+1—kU§} (2) = r4(e€)2U0(2),
k=0
This ends the proof of Lemma 3.2.5. O

3.2.3 Stiff stability analysis

Under the SKC, we now consider the Proposition 3.1.3 with nonzero boundary condition
(0")nen € 2(N,R) and homogeneous Cauchy data (f;)jen = 0. In order to get the uniform
estimate on (U ]") jen, firstly, we prove the following lemma:

Lemma 3.2.6. Assume that the parameters a, Ax, At > 0 satisfy
3
Az < %At. (3.2.29)

Lete >0, R>1, 0 € (—n, x| and then k_(g£) be given by (3.2.3). Then the following property
holds

>_ln (= < A:ﬁ%@l). (3.2.30)

Proof. Since the property of Re (u—(€€)) in (3.2.2), we can prove

( (p_(£€)) >\m+\/Re _(£6)) Ape)’ +1>2§ (T]AJZ+\/m>2, (3.2.31)

where = —a~/?Re . According to Lemma 2.5.2 and the inequality (3.2.31), we have

ngx+¢ﬁ&ﬁ:3?

oGO = e+l A7 4 1

Then, we obtain the following estimate
. _ 2\ !
Sl = (1= e OP) ' < (1= (ndo+ VBT )
=0
Since Re ¢ satisfies the property (3.2.1), we get

Atv/a 1 Atv/a
2

< ——< ——.
I/ e

92



3\/_

3
If we assume now Az < —At < 0 then we have

n
-1
(1 — (nAx + V/nPAzr? + 1)2) < —np Azt

Thus, we conclude that

_ Anja

W <~ Az
Zlﬁ (e6)] —n Az _Ax(l—R oy

7>0
This ends the proof of Lemma 3.2.6. O

Secondly, by an application of the following Plancherel’s theorem for Z-transform

S RPMUNP = /| C(ReV?dO, R > 1,

n>0

we have

> RO = 3 | 1B dp
b(2)

1 /—71" é

From the Lemma 3.2.1, under the SKC, we then obtain

S ORPMUFP S / [b(Re)Pdo <> R |b" 2. (3.2.32)

n>0 n>0

(1+ 1g(g€)|?) db

Similarly, by an application of the Plancherel’s theorem for Z-transform, we have

S RPUNP = Z/ U;(Re™)[*do

n>0 j>0 >0

Ly

Again, under the SKC, we get from Lemma 3.2.1

S RPUE S5 Y [ B P (3239

n>0 j>0 J>0

Bt oo, I EOP (L la(=or) do

Following Lemma 3.2.6, if we assume (3.2.29) holds, then the inequality (3.2.33) becomes

1 —2n|771N At [T o ¢ —an|pn
A Y R S %/ B(Re) 20 < ALS R (b2 (3.2.34)

n>0 j>0 - n>0

According to (3.2.32) and (3.2.34), there exists a constant C' > 0 such that

-l DY RTA|UPP + ) CRTPAHUGP < C Y RTALP.

n>0 j>0 n>0 n>0
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By setting in the above formula R = ¢! for v > 0 and At > 0, and using the classical lower
bound et > 1 4 vAt, we obtain that there exists a constant ¢ > 0 such that

Zze—anAtAtAxM]nP+Ze—27nAtAt|Un|2 < cZe QWnAtAt|bn|2

/)/At + 1 n>0 j>0 n>0 n>0

This ends the proof of the Proposition 3.1.3.

Let us observe that the scheme (3.1.2) together also with its boundary condition is closed
to be forward-in-time, except it is one-step implicit. By this property, changing the data b to
zero after some time 7" and unchanged before that time 7', the discrete solution U}" is the same
for nAt < T. Therefore, there exists a constant C'p > 0 such that

ZZAxAt\U”| +ZAt|UO <CTZAth” (3.2.35)

n=0 j>0

with N := T /At. This will be useful to prove the Theorem 3.1.1.

3.2.4 Numerical experiments

In this paragraph, we first provide the behavior of the numerical solution (U }I)jeN according
to whether or not the SKC (3.1.3) is valid. We also look at the degenerate case when the
UKC (2.1.5) does not hold (and thus, none of the other stability conditions). Following the
continuous case studied by Xin and Xu in [96], the solution of the IBVP (2.1.1)-(2.1.3) with
homogeneous initial condition can be constructed by the method of Laplace transform. By
inverting the Laplace transform, the solution U(x,t) has form

=177 1 oo (t E(C) n—(eQ) x/a
U(l’,t)—L 1U—% . (S me (EC) /6

where ( = a+if, a > 0. We make use the function mpmath.invertlaplace in Python to compute
the inverse Laplace transform for the exact solution U(x,t). Then, we observe the error between
the exact solution U(z;,t") and the numerical solution U} of the numerical scheme (3.1.2) with
homogeneous initial data at the grid point (z;,t") = (jAz, nAt). After that, we present some
numerical experiments and observe the effective behavior of the energy terms ||U]| 2(Nx[0,T),R?)
and ||U||¢2(0yx[0,7),r2) corresponding to whether or not the SKC (3.1.3) is valid.

As main parameters for the experiments, we choose a = 1, B, = 1, A\;y = 1/3 and let
the relaxation rate ¢ and the boundary data B, vary. The test case we consider concerns the
following data. The initial data is the homogeneous one (f;);en = 0. The boundary data is

b(t) = %sin(t).

Let us observe that these data are compatible in the corner (z,t) = (0,0) in the sense that
Bf(0) = b(0). Moreover, the Laplace transform of b(t) is

> ¢
b = —
(© ((2+1)2
3.2.4.1 The behavior of the numerical solution

Let the space step Az = 1072 and the time step At = A\ })Az. Firstly, we choose the value of
B, such that the SKC (3.1.3) is satisfied with e = 1072 and also with € = 102. The Figures 3.2.1
and 3.2.2 show the numerical solution (U7');en over the time interval ¢ € [0, 1.2).
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The numerical solution u(x,t) The numerical solution v(x,t)

0.00 0.00001
-0.02 —0.0025
-0.04 —0.0050
-0.06 —0.0075
-0.08 —0.0100
t=20

-0.10 —0.0125
t=0.24
t=0.48

u (x,t)
v (x,t)

—_— — t=0
—_— —_— t=0.24
— —_—t =0.48
—0.12 —_— t=0.72 —0.0150- —_— t=0.72
— t=0.96 — t=0.96
—0.14 t=1.19 —0.0175] t=1.19
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

X X

Figure 3.2.1: The numerical solution u(z,t) (left) and v(x,t) (right) for ¢ = 1072, The
SKC (3.1.3) holds with B, = —4.

The numerical solution u(x,t) The numerical solution v(x,t)

——

0.000 = — — 0.000+

—

—0.025 —0.025

—0.050 —0.050

-0.075 —0.0751

= =
L X
S5 _0.100 > -0.1001
-0.125 —_—t=0 -0.125 —_—t=0
—_— t=0.24 —_— t=0.24
-0.150 — t=048 01501 — t=0.48
—_— t=0.72 —_— t=0.72
—_— t = 0.96 —_—t =0.96
-0.175 t=1.19 —0.175+ t=1.19
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
X X

Figure 3.2.2: The numerical solution u(x,t) (left) and v(z,t) (right) for ¢ = 102. The
SKC (3.1.3) holds with B, = —4.

In the first case, ¢ = 1072, the incoming solution at the boundary x = 0 go slowly. This
is due to the initial relaxation of solution to the equilibrium system. In the case ¢ = 102, its
solution seems to be faster. It is not so much influenced by relaxation source term but more
by the boundary dissipation.

Secondly, we choose the value of B, such that the SKC (3.1.3) is not satisfied. Besides, we
also present the numerical solution when the Uniform Kreiss Condition (2.1.5) is wrong. The
Figures 3.2.3 and 3.2.4 show the numerical solution (U}')jen over the time interval ¢ € [0,0.5).

When the SKC (3.1.3) fails, we observe that the numerical solution at the boundary rise
gradually. This is the case for example for € = 1072 together with the parameters (B,, B,) =
(—1/2,1). The behavior is even worse when the UKC (2.1.5) is not satisfied (see Figure 3.2.4).
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The numerical solution u(x,t) The numerical solution v(x,t)

- t=0 - t=0
— = 0.48 — t = 0.48
800 4001
600 3001
g 9
S S
> >
400 2001
200 1004
0 0
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
X X

Figure 3.2.3: The numerical solution u(z,t) (left) and v(z,t) (right) for ¢ = 1072, The
SKC (3.1.3) does not hold with B, = —1/2.

The numerical solution u(x,t) The numerical solution v(x,t)
—_—t=0 —_—t =0
—t = 0.48 —_— t =0.48
10000 100001
8000 80001
= 6000 = 60001
X x
o] >
4000 4000+
2000 2000
0 0
0.0 02 0.4 0.6 0.8 10 0.0 02 0.4 0.6 0.8 10
X X

Figure 3.2.4: The numerical solution u(x,t) (left) and v(z,t) (right) for ¢ = 102. The
UKC (2.1.5) is wrong with B, = —1.

3.2.4.2 The error between the exact solution and the numerical solution

Let us begin with the notation

1/2
E(t") = (Amz U (z;, ") — U;P) . (3.2.36)

320

We choose a set of values B, such that the SKC (3.1.3) is satisfied with the space step Ax

and the relation rate € vary. The error, as measured in (3.2.36), are reported in the Tables 3.1
and 3.2.

According to the experiments in Tables 3.1 and 3.2, for some ¢ € (0,400) and (B,, B,)
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Az e=10"% | e=10"" e=1 e =10 e =10%
5x1072 [6.8x103[12x102%2[26x1072|3.1x1072]3.2x 102
25x 1072 | 3x107% [59x103|13x1072[1.6x1072]1.6x 1072
125 x 1074 [ 1.5 x 1073 [ 29 x 107 | 6.8 x 1073 | 8.2 x 1073 | 8.3 x 107
625 x 107° | 72x 107 [ 1.5x 1072 |34 x 1073 | 4.1x 1073 [ 4.2x 1073

Table 3.1: The error £(1.2) for B, = —4.

Ax e=10"2 | e=10"" e=1 e =10 e=10%
5x 1072 [85x 10727 [1.3x107%2|21x1072]23x107% |24 x 1072
25 x 1073 [38x 1072 [64x103|1.1x102][12x10%2]1.2x 102
125 x 1074 [ 1.8x 102 [32x 103 [54x 103 [6.1x103[62x 1073

625 x 107° [ 9.1x107*[1.6x10%[27x103[3.1x103[3.1x 103

Table 3.2: The error E(1.2) for B, = 3.

satisfying the SKC (3.1.3), the observed convergence rate is 1 since going down Az by a factor
2 decreases the error of the same factor 2. It means that the behavior of the numerical solution
U} is the same as the evolution of the exact solution U(x;,"). This is the case for example for
e = 1072 together with the parameters (B,, B,) = (—4,1).

3.2.4.3 The effective behavior of the energy terms

Let the space step Az = 1072 and the time step At = A\ 'Axz. We present hereafter the
behavior of the following energy terms for € € (0, 4+00), T'= 1.2 and N = T/At. The first one
corresponds to the 2 in time and space energy of the discrete solution and the second to the
¢? in time energy of the numerical trace at the boundary:

N

Ey = ||U’|§2(Nx[0,T),R2) = Z Z AxAt|U;’|2,

n=0 j>0

N (3.2.37)
Ey = U2 oy x (0.7 22) = Z At|Ug %,
n=0
which are shown in the Table 3.3 and Figures 3.2.5, 3.2.6.
B, | e=107? e=1 e =102 B, | e=107? e=1 e =102
4 |35x107° | 77 x107° 47 x 107 -4 66 x 10~ 8 x 1073 2 x 1072
2 [ 15x107* | 39 x 1074 43 x 1073 -2 29 x 1073 4x 1072 18 x 1072
-1 [2.6x 10" | 1.69 x 103 | 3.17 x 10°° -1 [ 1.24 x 10" | 7.17 x 10*? 1.89 x 10°®
-0.5 | 44047.9 418525.12 | 2837033.2 -0.5 | 191420.5 | 9910910.98 | 106714237.85
1 [ 34x107*| 5x1073 1072 1 | 46x 1072 | 55 x 1073 67 x 1073
3 48 x 107° | 87 x 107° 2 x 1072 3 93 x 10~* 94 x 10~* 12 x 1073

Table 3.3: The energy terms F; (left) and Es(right).

e For some ¢ € (0,+00), the values of E; and E, rise gradually when the SKC (3.1.3)

is not satisfied. This is the case for example for ¢ = 10? together with the parameters
(Bu, By) = (—1/2,1). The behavior is even worse when the UKC (2.1.5) is not hold.

e In the case ¢ = 1072, the energy term E; and F, increase slowly. This is due to the effect
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Figure 3.2.5: Energy evolution F; for B, = —4 (left) and B, = —0.5 (right).
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Figure 3.2.6: Energy evolution E, for B, = —4 (left) and B, = —0.5 (right).

equilibrium system. In the case ¢ = 102, those values increase fairly rapidly. It is not so
much influenced by relaxation source term but more by the boundary dissipation.

Clearly, the numerical results show that the numerical solution at the boundary x = 0
increase quickly as soon as the SKC (3.1.3) does not hold. If the UKC (2.1.5) is not satisfied,
the behavior of numerical solution is even worse. Besides, by the decrease of the error E(t"),
we can see that the values of U} tend to the exact solution U(x;,t"). Indeed, it seems that the
SKC (3.1.3) is also necessary to ensure the non-increase rapidly of the energy terms F; and Fy
under the effect of the relaxation source term and the boundary dissipation.
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3.3 Stiff stability of the IBVP with homogeneous boundary
condition

For convenience in the forthcoming discussions, we recall that the IBVP (3.1.2) with homoge-
neous boundary condition writes

(Urtt - yr 1 1 »
T o AU S U) = SsupT j21n20,

UJO - fj, .7 2 07

BUT — 0. n>0, (3.3.1)
1 1 n+1 1

—r(Urtt—un)+ —TA|lUM =N @, UF | = =rsurt? > 0.

\At (0 O)+2Aw (1 Z +1-kVg - o » =

k=0

In [96, Section 5|, under the SKC, Xin and Xu find explicitly the solution U(z,t) of the
IBVP (2.1.1)-(2.1.3) with homogeneous boundary data by the method of Laplace transform.
The solution is decomposed into two ingredients, by assembling a solution for the case of the
Cauchy problem and another one for the case of the IBVP with homogeneous initial condition.
In our case, assuming the SKC to hold, the numerical solution (U7');en can be constructed by
the method of Z—transform. Since the coefficients (C,,)m>0 are defined for homogeneous initial
data, the numerical solution (U}')jen of the IBVP (3.3.1) consists of not only the solutions
for case of the Cauchy problem and for the IBVP with zero initial data but also another
numerical error term (U jH )ien- To complete the proof of the Theorem 3.1.1 with homogeneous
boundary condition, we first use the means of discrete energy method in order to prove the
Proposition 3.1.2. By an application of the Plancherel’s theorem for Z-transform [52, 75], the
numerical error term of (U/")7.y will be estimated in Section 3.3.3. After that, we get the

J
expected result of the case IBVP with homogeneous initial condition.

3.3.1 Solution by Z—transform
Again, we follow the explicit solving of the IBVP (3.3.1) by using the Z—transform. With
Uj(z) = 2{USH(z) = ) _Up=™", |z > 1.
n>0
Importantly, we now have (f;);jen # 0, and thus we get
Z Uf“z_" = zﬁj(z) — ZUjO = zﬁ](z) — 2fj.
n>0

Therefore, (3.3.1) becomes

~

Ujs1(2) = Uj-1(2) = 20 M(e)Uj(2) + fi1 — 20 M (A f5 = fj1, 5 > 1, (3.3.22)
BU(2) = 0, (3.3.2h)

I'A {ﬁl(@ - (m(sf)l + 2>\mM(55)) Up(z) — fl] =0. (3.3.2¢)

Let us recall that the Z—transform of Y750 €, 4UY is given by /{+(5§)z(70(z). Firstly, we look

~

at the solution (U;);en(2) to (3.3.2a)-(3.3.2c). This is the object of the following proposition:

99



Proposition 3.3.1. Assume that the SKC (3.1.3) is satisfied. Let (f;)jen € (*(N,R?) and
denote ViI, w!(e€) and w(e€) as follows:

Vkl = karl - QAxEM(gAtil)fk - fkfla

—+o00

w!(e€) = ;(_1) K (EVY, 323

+o0
=Y K EOV
k=0

Then, the solution (U;);en(z) € (2(N, C2) to (3.3.2a)-(3.3.2¢) takes the form

N AN G 9(e§) B, 1 1
0 = "= 8 s (GO0 (g0 1) (6) a6~ (c9))
o(c6)B, .
(2 i) + (17 (e0))
/‘&j—(sf) I J 1
i) x (et + (1Y) -

(55)41% (ZH] & ( () + (-1 e (65))%{

+Z >( (e€) + (- >J“<I><§>)V;f)-

Proof. Before we prove the above result, let us notice that we omit the explicit dependence
in e£. Firstly, we look at the solution (U )jen(z) to (3.3.2a) and consider the two-dimensional
problem (3.3.2a) under the following nonhomogeneous one-step recurrence form

Wii(z) = MW, (=) + V;, (3.3.5)

\ed
i=(5)

The solution (W;);en(2) to (3.3.5) is thus given by

where W, is the same as in (3.2.17) and

j—1
Wi(z) = MiWy(2) + Y M{™ MV (3.3.6)
k=0

Together with the the explicit formula of M7 in Lemma 3.2.2, the solution ((//\'j)jeN(z) to (3.3.2a)
is given by

ji—1
N 1 PPN o~ A Y
Uj(z) = _/4;+ e X ij+1\Iij0(Z> + /ij\I;jJrlU,l + E /ij,k\lfj,k,ﬂ/}f
N k=0
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By the definition of x; and \Tfk in (3.2.10), the above formula is equivalent to

(~1Vsi,

by = - )y (<1>_ ¥ (—1)j¢’+)ﬁo(z) ¥ (cb_ ¥ <—1>f+1<1>+)f7_1<z>
KR4 + K_
j—1
I e R LG
) k=0 (3.3.7)
S (@ + (-1)1’@) Uo(2) + (@ + (—1)J'+1<1>+) U_1(2)
Ry + K_
j—1
+Y) kh (cb_ + (—1)Mlc1>+> VI
k=0
Thanks to the definition of w! and w¥ in (3.3.3), one has
j—1
Z(_’ﬂ)_k (@_ + (—1)j_k_1q>+> V!
k=0
| . | (3.3.8)
= 0_w' + (=1 0w’ = (—ry) 7 (CD_ + (—1)J—’f—1q>+) VL.
k=j

Substituting (3.3.8) into (3.3.7), we have

(=1Vr4

U](Z) - K4 + K_

X [@- ( — s Uo(2) + Uoa(2) + wf> +(~1) e, (/@rﬁg(z) +U-(2) - wH>]

1 X .
> (1R el (1 ey )V
+“++“Xk_j( YRy ( +(=1) +> k

Iij

/i++/€,

X

K (cp + (—1)jq>+> Us(2) + (cp + (—1)J‘+1<1>+) U_1(2)

j—1
+y kTF (cb + (—1)1’“@) V!

(3.3.9)

A~

Since we expect (U;);en(z) € £*(N,C?), we need a natural boundary condition at x = +oo0.
Besides, one gets |k;| > 1 and |k_| < 1. Thus, the natural boundary condition takes the form

o <—/<;+(70(z) +U_1(2) + wI> =0,

~ ~ (3.3.10)
D, <I<L+U0(Z) +U_1(2) — wﬂ) =0.
By the definition of ®4 in (3.2.4), the system (3.3.10) is equivalent to
(9,1) (—/@+[70(z) + U 1(2) + w1> =0,
(9,-1) (m+(70(z) +U(2) - w”) —0.
Then, we have
U_1(2) = k(D — D) Up(2) — _w’ + d (3.3.11)
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Plugging (3.3.11) into (3.3.9), we get

. 1 I .
Uﬂ'@:—mﬁm XZ<— 1y Rl ’“( (- 1)]_k_1¢+)ka

Rl LTI TR G
X (CID + (=1 ) <— d_w! + <I>+wH)
I<L+ + K_
7j—1
x Y KT ( 1)]”“<I>+> 1%
/<a+ gt k=0
Under the properties of ®4 in (3.2.7), the above formula becomes
U;(2) = k. <<I> + (—1)]@) Oo(z) — — = x (cbwf + (—1)]®+wﬂ)
Ky + K-
1 -1 4 R .
X [ KE (CD + (—1)3k1<1>+> Vi) (-1 Rl ’“(@ + (- 1)]’“@) V!l
+ - k=0 k=j
(3.3.12)

Secondly, we look at the boundary data f]\o(z) and extend the initial data (f;),en to the whole
line by setting f; = 0 for j < 0. Since fo = f-1 =0 and &, + ®_ = I, we can see that

Oi(z) =k (<I>_ - <1>+) Ooz) — —= & <q)_wz _ (I)+w11)

HJ_A,_ + K_
X (3.3.13)
—k —k I
+Ii+—|—l-€_ [ fl—/f+z (<I>_+(—1) ‘I>+)Vk}-
On the other hand, by the definition of w! and w' in (3.3.3), we get the following property

+oo
> (1) FRpt (CD + (- 1)—’fc1>+) ViIi=0o_w — o, w’ - f. (3.3.14)
k=1

Substituting (3.3.14) into (3.3.13), the value of Uy (z) can be reformulated as
171(2) = H_((I)_ — (1)+)60(Z) _ (I)_’UJI + q)+w[[ + fl,

Thus, the equation (3.3.2c) becomes
I'A (/ﬂ;(q) — @) Up(2) — P_w! + O w” — (ki + 22 M) ﬁo(z)) = 0. (3.3.15)

Indeed, we observe that
Kpd + 20 ;e M = kP + (kg + 2Ny )P

Then, the equation (3.3.15) can be represented as

PN 1
TA®, Uy(z) = —5 T4 (cbwf — q>+w”). (3.3.16)

K+
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Besides, one has
PAD, = = x (B, +gB,) x (9, ~1).
g

From the Lemma 3.2.1, the equation (3.3.16) is equivalent under the SKC to

- g I I
—1 = — r _w — )
<g7 )UO(Z> a/i+(Bu+ng) A<CI) w (I)er )

Together with the boundary condition (3.3.2b), one gets
g —1)7° aty (B, +gB,) \T'A <<I>_wI — <I>+wH>

Then, under the SKC, we have

- g I I B,
= — Fr'A{®_w' — @ ) 3.1
Uo(2) aky(By + gBy)? 8 ( v 0 ) (_Bu) (3:3.17)

Substituting (3.3.17) into (3.3.12), the solution (ﬁj)jeN(z) to (3.3.2a)-(3.3.2¢) is given by

7 kg I i j B
: = - J — —1) v
U;(2) o(Bu + gB,)? X FA(q)_w O w ) X (d)_ + (—1) <I>+) ( Bu>
I{j, T j i
———— x| P w + (-1)Pw

Ky + K-
k i~k —k—
,{M,{_X [ZH” (<1> +(~1) 1o )Vz +Z iy (<I>-+<—1>ﬂ ¢ 1<1>+>V,f
Together with the definitions of &, and I' in (3.2.6) and (3.2.14), respectively, we have

g I I j B,
— m X FA((I)_U) — <I)+w ) X <q)_ + (—1)](ID+> (—Bu)

(
1 B, — 9B, I B, — 9B, -
= — _— 1 — _1 — _1 ]+1 .
4gX<Bu+gB (g, Dw' — (g, —Dw >X<Bu+ngXT + (=1 ry

Therefore, the solution ((/]\j)jeN(z) to (3.3.2a)-(3.3.2¢) can be reformulated as

~ AR B, —gB, B, — gB, '
Uilz) = = ig (Bu +gB, (9. D' — (g, _1)wH> X (m X T+ (—1)J+17‘+>

J

K :
= d w! 1Yo, w"
PR X ( w' + (=1)/® w )
Z k Z i—k —k—
/<:+—|-/’€— : [ - (CI) HEpTe )Vk i RZF (©_+(_1)J k 1®+>Vkl
This ends the proof of Proposition 3.3.1. O

Secondly, we can see that the solution (lAfj)jeN(z) to (3.3.2a)-(3.3.2¢c) consists of three parts:

Uj(2) = Ul(2) + Ul (2) + UM (2), (3.3.18)
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1) =g (60~ )) x (e
(et + (1P ) )
e Fve ke [Z ) (060 + (o) )
# Y1 el e) (00 + (-1 e6) )V
k=j
(3.3.19)
01 = CU D 2T s (e D u'e0)) ) (3320
and

0112 = " ) (I (0. ) w0 — (a6, ~ ) w(0)) oo
v v 3.3.21

Bu - g(éf)Bv

B, +ge)B, <)

Let us extend the initial data (f;);ez to the whole line by setting f; = 0 for j < 0. It is

casy to verify that U [(2) corresponds to the Z—transform of the solution (U])" of the following
extended Cauchy problem (3.3.22).

(U'I)nH B (U‘I>n 1 n+1
’ At ’ + 2A$A( (Uf+1) B (UJ'I—l
(Ujl)o:fj? j € 7.

)n+l> — 5™ jeznzo,

c J

(3.3.22)
With (U]")jen(z) found in (3.3.20), the value of (U/T)"_y can be obtained by inverting the
Z-transform

n 1 " 7 n . in
(uh" = %/ U/ (Re”)R"e™df, R > 1. (3.3.23)

Indeed, the value of U 1 (z) can be reformulated as
~B(03(:) + ()

f]jﬂl(z) = B+ 90 B, X k_(e&)r_(g£).

Following Section 3.2.2, U [ (2) corresponds to the Z—transform of the solution (U/")" of the
IBVP with the homogeneous initial data
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(U-HI)nJrl —_ (UIH)n 1 n+1 n+1 1 n+1 .

S (- o)) = s i1,
") =0, i 20,
B(U({”)":—B((UOI)"+(U({[)"), n>o0,
1 ryn+1 I\ ™ 1 A ryn+1 < I\ k 1 r\n+1
= (@™ = @) + 5=TA [ )™ =Y e (U ) = <08 ()™ n =0,

k=0
(3.3.24)

3.3.2 The energy method for the Cauchy problem

In this paragraph, we prove the Proposition 3.1.2 by means of the discrete energy method.
The energy estimate in the continuous case are obtained using the integration by parts rule.
Therefore, we need the corresponding summation by parts rules for the discrete approximations
of 0/0, [42]. The idea is to find a symmetric positive definite matrix H, such that HA is
symmetric and HS is negative semi-definite. Therefore, we choose

a 0O
()
Now, let us multiply the first equation in (3.3.22) by ((U])"™")" H and sum over Z, one obtains

At

D_ (W = WD HUH™ ) + 55D (AU = (U™ HU)™)
_ 2 (St HU)"),

(3.3.25)

where (., .) denotes the usual Euclidean inner product. Since H is a symmetric positive definite
matrix, we have

S ) > ;;««4 (UL — (U] HUD™)
Together with the symmetric matrix H A, the second flux term in (3.3.25) becomes
2; (A(U] ) = (U)m)  HU))™) = 0.
je
Thus, we directly get the inequality
> (Wt  HUH - (U 2Atz<s Dt UMY (3.3.26)
JEZ JEZ

Let us remind that HS is negative semi-definite. Then, from the inequality (3.3.26), for any
n € N, the following inequality holds

D AWHHUN)") <D (fnHE)- (3.3.27)

= JEZ
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Furthermore, since H is a symmetric positive definitive matrix, the following inequality holds
for some constants m, k > 0

m (U™, HUN)™) < (U™ (U™ < kU™, HU)™). (3.3.28)

J J J
According to (3.3.27) and (3.3.28), there exists a constant C' > 0 such that
ZAI‘(U]-I)”‘Q < C’ZAm|fj|2, for any n € N, (3.3.29)
JEL jez
with the constant C' independent of ¢ and Ax.
This ends the proof of the Proposition 3.1.2.

To complete the proof of the Theorem 3.1.1 for the numerical scheme of the IBVP (3.3.1),
observe that from (3.3.29) and setting f; = 0 for j < 0, for any 7" > 0, there exists Cp > 0
such that

N
SO axar|(U)'[ < er Y Axlfl, (3.3.30)
n=0 j>0 >0

with N = T'/At. Furthermore, from the inequality (3.3.29) and Az = At\,;, one obtains

N
STA|UD P < 0 Y Al (3.3.31)
n=0

>0

3.3.3 The uniform estimate on (U/)"
The following lemma concerns the estimate on (U j” )

Lemma 3.3.2. Assume that the SKC (3.1.3) is satisfied and let A\yy < 3+v/a/8 be a positive
number. Then, for any T > 0, there exists a constant Cp > 0 such that for any At > 0 together
with Az = Ay At, for any (f;)jen € €2(N,R?), the values of (U]")jen defined in (3.3.23) satisfy

ZZAmx} winy|? +2At\ U < Cr Y Aalfy? (3.3.32)

n=0 j>0 >0
where N := T /At and Cr is independent of € € (0, +00).

Proof. By an application of the following Plancherel’s theorem for Z-transform, we have

> R / UM (Re®)|?d9, R>1
n>0 2
1™ e (=) —9(e§) By

2r ) 16lg ()P X‘Bu+g(€§)3v < |(9(c€), D' (e€)[" x (1 +1g(=€) ") db

From the Lemma 3.2.1, still under the SKC, B, + ¢(¢)B, is uniformly bounded away from 0
in £ € C4, and g(€) is uniformly bounded in €£ € C;. Moreover one has |k_(c€)| < 1, we
therefore obtain

SoRON S YA (3.3.33)

n>0 k>0
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Similarly, by an application of the Plancherel’s theorem for Z-transform, under the SKC, we

have
SOS T REW S Ik P A (3.3.34)

n2>0 j=>0 j=20 k>0

Following Lemma 3.2.6, since we assume that the condition (3.2.29) holds, one gets the following
property

: Aty/a
;\n COP < o m

Together with A\,; = Axz/At, the inequality (3.3.34) becomes
—1 —2n n|?
— Y > REA U] S Axlfil (3.3.35)

n>0 j>0 k>0

Assembling the estimates (3.3.33) and (3.3.35), there exists C' > 0 such that

-1 —2n n|2 —2n n|2
R L2 RTA U Y D RALWU)] <0 ) Aalfil®
n>0 j>0 n>0 j>0 k>0

By setting in the above formula R = 2! for v > 0 and At > 0, and using the classical lower
bound e¥2* > 1 + yAt, we obtain that there exists a constant ¢ > 0 such that

ZZE_QWAtAtAﬂ (U ’ +Ze—2'ynAtAt| (U] ? < CZAx]fk|2.

n>0 j>0 n>0 k>0

fyAt +1

Then, for all T > 0, there exists a constant C7 > 0 such that

N
SN Aa|wiy)? +ZAt| U] < Cr > Axlfil?,
n=0 j>0 k>0
with N = T/At. O

3.3.4 Stiff stability analysis

Followmg Section 3.2.3, for any T' > 0, there exists Cr > 0 such that the solution (U Iyn eN
to (3.3.24) satisfies

N

SN Axat| Uty y+ZAt\U5” <CTZAt' ( (Uo”)>

n=0 j>0

2

Furthermore, from the inequalities (3.3.31) and (3.3.32), one obtains

2
ZAt‘ ( + (Un ) < Cr Y Ax|fil”.
k>0
Therefore, we show the uniform estimate on (U; Iyn eN
N N
SN AwA |+ 3T AU < O Y AalfP (3.3.36)
n=0 j>0 n=0 Jj=0
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with the positive constant C7 independent of e, Ax and At.

To complete the proof of the Theorem 3.1.1 for the numerical scheme of the IBVP (3.3.1),
observe that from the inequalities (3.3.30) and (3.3.36), for any 7" > 0, there exists Cp > 0
such that for any (f;)jen € ?(N,R?) and N := T/At, the solution (U}")jen to (3.3.1) satisfies

N N
SN AAHUPP + Y AURP < Cr Y Axlfi), (3.3.37)
n=0

n=0 j>0 >0

where the constant Cr independent of ¢, Az and At. This is the last step to prove the Theo-
rem 3.1.1.

3.3.5 Numerical experiments

In this paragraph, we present some numerical experiments for the behavior of the numerical
solution (U}')jen corresponding to whether or not the SKC (3.1.3) holds. We also look at
the numerical solution when the UKC (2.1.5) is wrong. After that, we observe the effective
behavior of the energy terms F; inside the domaine and FE5 along the boundary, which are
defined in (3.2.37).

In our numerical experiments, we choose a = 1, B, = 1, A,y = 1/3, fix the space step
Az = 5 x 1073, the time step At = A\ }Ax, and let the relaxation rate ¢ and the boundary
data B, vary. The boundary data is the homogeneous one 0" = 0, for any n € N. The initial

data is 13 1 - 113
fj _ 100 x Q% — l’j) (.I'j — Z) X (1 —1> 5 if T c |:Z, %:| )
(O O) , otherwise.

Let us first observe that these data are compatible in the corner (z,t) = (0,0) in the sense
that B fy = 0. Moreover, the choice of an initial data with support in [1/4, 13/30] is motivated
by the property of finite speed of propagation available at the continuous side (2.1.1). More
precisely, the exact solution we approximate has characteristic velocities +1 and therefore
vanishes outside some space interval [0,0.63] for small times in [0,0.2]. Thus, we choose for
our experiments the space interval [0,1] and the time interval [0,7) with 7" = 0.2. Let us
mention that the numerical experiments are performed we another discrete right boundary
condition at x = 1. This is chosen to be the classical homogeneous first order Neumann
extrapolation boundary condition U%,, = U}, for any n € N, at the rightmost cell J. That
boundary condition indeed exhibits convenient stability features for both the inflowing and the
outflowing transport equation [36].

3.3.5.1 The behavior of the numerical solution

Firstly, we choose a set of values B, such that the SKC (3.1.3) is satisfied with & = 1072 and
also with € = 10>. The Figures 3.3.1 and 3.3.2 show numerical solution (U}")jen over the time
interval ¢ € [0,0.2).

In the first case, ¢ = 1072, due to the initial relaxation of solution to the equilibrium sys-
tem, the numerical solution descends over time (see Figure 3.3.1). In the case ¢ = 10%, at time
t < 0.2, its solution seems to translate to the left and the ghost solutions do not go backward
in space for the implicit scheme. After that, the initial condition re-enters the domain from the
left boundary (see Figure 3.3.2). It is not so much influenced by relaxation source term but
more by the boundary dissipation.
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Secondly, we choose the value of B, such that the SKC (3.1.3) is not satisfied. Besides, we
also present the numerical solution when the Uniform Kreiss Condition (2.1.5) is wrong. The
Figures 3.3.3 and 3.3.4 show numerical solution (U7');en over the time interval ¢ € [0,0.2).
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Figure 3.3.3: The numerical solution u(x,t) (left) and wv(z,t) (right) for ¢ = 1072 .
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SKC (3.1.3) is not valid with B, = —0.5.
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Figure 3.3.4: The numerical solution u(x,t) (left) and v(z,t) (right) for ¢ = 102. The

UKC (2.1.5) is wrong with B, = —1.

We can observe that the numerical solution at the boundary rise gradually when the
SKC (3.1.3) fails. This is the case for example for ¢ = 107 together with the parameters
(Bu, B,) = (—=1/2,1). When the UKC (2.1.5) does not hold, the behavior is even worse (see
Figure 3.3.4).

3.3.5.2 The effective behavior of the energy terms

We present hereafter the effective behavior of the energy terms E; and E, for € € (0,+00),
T =0.2and N =T/At.
According to Table 3.4 and Figures 3.3.5, 3.3.6, we can see that
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B, | e=107? e=1 e = 10? B, | =102 e=1 e =102
-4 0.038009 0.083375 0.160487 -4 1213x107° | 1.05x 1073 | 1.46 x 1073
-2 0.038014 0.191338 0.440354 -2 12.69x107° 043 x1072|0.71 x 1072
-1 | 7.54 x 10" | 8.94 x 10%° | 3.149 x 10*! -1 | 5.3 x10% | 8.68 x 103 | 3.58 x 10%°
-0.5 696.71 16628.4 101893.6 -0.5 19235.1 125624.5 437872.2
1 0.030684 0.03537 0.038031 1 2.87 x 107° 0.0515 0.0715
3 0.035051 0.038022 0.046627 3 1.9 x 107° 0.0620 0.0894
Table 3.4: The energy terms F; (left) and Es(right).
The SKC is satisfied with (B,,B,)=(—4,1)anda=1 The SKC is not satisfied with (By,B,)=(-1/2,1)anda=1
— £=10"2 BT o102
— e=1 — e=1
0.0201 —— £=102 300001 —— £ =102
25000
0.015 1
. 20000
S S
T 0.010] T 15000
10000
0.005 1
5000
0.000 0
0.000 0.025 0.050 0.075 0.100 0.125 0.150 0.175 0.200 0.000 0.025 0.050 0.075 0.100 0.125 0.150 0.175 0.200
TIME TIME
Figure 3.3.5: Energy evolution E; for B, = —4 (left) and B, = —0.5 (right).
The SKC is satisfied with (B,,B,)=(—4,1)anda=1 70'ggloe SKC is not satisfied with (B,,B,)=(—-1/2,1)anda=1
0.0005{ —— €£=1072 — £=10"2
— =1 — e=1
— £=102 600001 £=102
0.0004 |
50000
0.0003 | 40000
) )
@ )
T 5 30000
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20000
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10000
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0.000 0.025 0.050 0.075 0.100 0.125 0.150 0.175 0.200
TIME

0.000 0.025 0.050 0.075 0.100 0.125 0.150 0.175 0.200
TIME

Figure 3.3.6: Energy evolution Ey for B, = —4 (left) and B, = —0.5 (right).
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e For any ¢ € (0,+00), the values of F; and FE, rise gradually when the SKC (3.1.3) is
not satisfied. This is the case for example for ¢ = 10? together with the parameters
(Bu, By) = (—1/2,1). The behavior is even worse when the UKC (2.1.5) is not hold.

e On the boundary x = 0, the value of E, for ¢ = 1072 increase slowly. This is due to the
effect of incoming solution at the boundary when the initial relaxation of solution tends
to the equilibrium system. In the case € = 102, its value increase fairly rapidly. It is not
so much influenced by relaxation source term but more by the boundary dissipation.

Clearly, in our numerical experiment, the numerical solution at the boundary x = 0 increase
quickly as soon as the SKC (3.1.3) is not valid. The behavior of numerical solution is even
worse if the UKC (2.1.5) is not satisfied. Indeed, it seems that the SKC (3.1.3) is also necessary
condition to ensure the non-increase rapidly of the energy terms E; and E5 under the effect of
the relaxation source term and the boundary dissipation.
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Chapter 4

High order numerical schemes for
transport equations on bounded domains

The goal is to construct finite difference approximations of the transport equation with nonzero
incoming boundary data that achieve the best possible convergence rate in the maximum norm.
We construct, implement and analyze the so-called inverse Lax-Wendroff procedure at the
incoming boundary. Optimal convergence rates are obtained by combining sharp stability
estimates for extrapolation boundary conditions with numerical boundary layer expansions.
We illustrate the results with the Lax-Wendroff and O3 schemes.

4.1 Introduction

4.1.1 Context and motivation

The implementation of numerical boundary conditions is crucial importance for the simulation
of transport and other evolution phenomena. However, a complete analysis of stability and/or
accuracy issues depending on the type of boundary and the type of numerical schemes (e.g.,
finite difference schemes with one or more time levels) is missing. The goal of this chapter is to
propose a high order numerical treatment of nonzero incoming boundary data for the transport
equation. The methodology is developed here for the one-dimensional problem but it is our
hope that the tools used below will be useful for higher dimensional problems. We are thus
given a fixed constant velocity a > 0, an interval length L > 0 and we consider the (continuous)
problem

ou+ad,u =0, t>0, z€(0,L),

u(0,2) = f(z), xe€(0,L), (4.1.1)

u(t,0) = g(t), t>0.

The requirements on the initial and boundary data, namely f and g, will be made precise
below. The solution to (4.1.1) is given by the method of characteristics, which yields the
explicit representation formula

f(x—at), ifz>at,

X .
g(t——), ifx<at.
a

V(t,z) e RT x (0,L), wu(t,z) = { (4.1.2)

The question we address is how to construct high order numerical approximations of the solution
(4.1.2) to (4.1.1) by means of (explicit) finite difference approximations. This problem has been
addressed in [22] in the case of zero incoming boundary data (that is, g = 0 in (4.1.1)). The
focus in [22] is on the outflow boundary (x = L here since a is positive), for which extrapolation
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numerical boundary conditions are analyzed. Fortunately for us, a large part of the analysis
in [22] can be used here as a black box and we therefore focus on the incoming boundary.
To motivate the analysis of this chapter, let us present a very simple -though illuminating-
example for which we just need to introduce the basic notations that will be used throughout
this chapter. In all what follows, we consider a positive integer J, that is meant to be large,
and define the space step Az and the grid points (z;);ez by

Ax = T T = jAx  (j € Z).

The interval (0, L) corresponds to the cells (z;_1,2;) with j = 1,...,J, but considering the
whole real line {j € Z} will be useful in some parts of the analysis. The time step At is then
defined as At := X\ Az, where A > 0 is a constant that is fixed so that Assumption 4.1.1 below
is satisfied. We use from now on the notation t" := n At, n € N, the quantity u} will play the
role of an approximation for the solution u to (4.1.1) at the time " on the cell (z;_1,z;).

We now examine an example where the exact solution to (4.1.1) is approximated by means
of the Lax-Wendroff scheme. The approximation reads

(a2
2

u] J 2

(ufy, —uj )+ (ufy, —2uf +uj ), neN, 1<j<J, (4.1.3)
where we recall that A = At/Ax is a fixed constant and a > 0 is the transport velocity in
(4.1.1). The initial condition for (4.1.3) is defined, for instance, by computing the cell averages

of the initial condition f in (4.1.1), namely

1 [
Vi<j<J, u ::E/ f(z)dx. (4.1.4)

Without any boundary, the Lax-Wendroff scheme is a second order approximation to the trans-
port equation [41]. We would like, of course, to maintain the second order accuracy property
when implementing (4.1.3) on an interval. This implementation, however, requires, at each
time iteration n, the definition of the boundary (or ghost cell) values ug and uj,,. At the
outflow boundary, we prescribe an extrapolation condition [56, 36], the significance of which
will be thoroughly justified in the next sections

uj, = 2uy—uj_;, neN. (4.1.5)

Combining (4.1.3) with (4.1.5), the last interior cell value u'} obeys the induction formula

Wt = b= Aa(uh— i), neN,
which is nothing but the upwind scheme. It then only remains to determine the inflow numerical
boundary condition wuj. Since we wish to approximate the exact solution to (4.1.1) and u{ is
meant, at least, to approximate the trace u(t",0), it seems reasonable at first sight to prescribe
the Dirichlet boundary condition

uy = g(t"), neN. (4.1.6)

In the case of zero incoming boundary data (¢ = 0), and for any sufficiently smooth initial
condition f that is “flat” at the incoming boundary, the main result of [22] shows that the
above numerical scheme (4.1.3), (4.1.4), (4.1.5), (4.1.6) converges towards the exact solution
to (4.1.1) with a rate of convergence 3/2 in the maximum norm. Numerical simulations even
predict that the rate of convergence should be 2, or at least close to 2, for smooth initial data.
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However, implementing the above numerical scheme! quickly shows that the rate of convergence
falls down to 1 when ¢ is nonzero and satisfies the compatibility conditions? described hereafter
with the initial condition f.

Our goal is to provide with a thorough treatment of nonzero incoming boundary data and
to design numerical boundary conditions that recover the optimal rate of convergence in the
maximum norm (at least, the same rate of convergence as the one in [22| for zero boundary
data). The strategy is not new and is now referred to as the inverse Lax-Wendroff method.
It consists, as detailed below, in writing Taylor expansions with respect to the space variable
x close to the incoming boundary and then using the advection equation (4.1.1) to substitute
the normal derivatives 0'u(t, 0) for tangential derivatives 9;"u(t,0), the latter being computed
thanks to the boundary conditions in (4.1.1). This strategy is available when the boundary is
non-characteristic [3].

The inverse Lax-Wendroff method is a general strategy that has been followed in various
directions. We refer for instance to [86, 32, 92, 25| for various implementations related to
either hyperbolic or kinetic partial differential equations. In these works, most of the time,
the incoming numerical boundary condition prescribes the ghost cell value v in terms of the
boundary datum g but also of interior cell values u} with j > 1. This is the reason why
stability is a real issue in these works, see for instance the discussion in [92, Section 4], and
many rigorous justifications are still open. We develop here a simplified version of some of
those previously proposed boundary treatments, but we rigorously justify the convergence with
an (almost) optimal rate of convergence. As in [22|, the key ingredient in our analysis is an
unconditional stability result for the Dirichlet boundary conditions which dates back to [37, 38|,
see an alternative proof in [21].

4.1.2 The inverse Lax-Wendroff method

We first fix from now on some notations. In all this chapter, we are given some fixed integers
p,7 € N and consider an explicit two time step approximation for the solution to (4.1.1)

ut = > agul,, neN, j=1,...J. (4.1.7)
b=—r
In (4.1.7), the numbers a_,, ..., a, are defined in terms of the parameter A and of the velocity

a (see, for instance, (4.1.3) for which p = r = 1). These numbers are fixed, which means that
(4.1.7) is linear with respect to (uf). For simplicity, we follow [22] and choose as initial data
for (4.1.7) the cell averages of the initial condition f in (4.1.1). This means that the vector
(ud,...,uY) is defined by (4.1.4). For (4.1.7) to define inductively (with respect to n) the vector
(uf,...,u), we need to prescribe the ghost cell values u}_.,...,ug and u%j, ... ,uy,. They
are depicted in red in Figure 4.1.1 (in that example, p = r = 2).

As explained above, we focus here on the inflow boundary and we therefore follow the
extrapolation boundary treatment of [22] for the outflow boundary. Namely, if we define the
finite difference operator D_ as

(D-v);j = vj = v,
and its iterates D™ accordingly, we choose from now on an extrapolation order k, € N for the
outflow boundary and prescribe

(DP*u™) ;00 =0, neN, (=1,....p. (4.1.8)

1One can choose for instance a = 1, A = 5/6, L = 6, f(x) = sin(x), g(t) = —sin(¢) and increase the integer
J geometrically.

2The rate of convergence could be even smaller than 1 when the compatibility conditions are not satisfied but
that would just reflect the fact that the exact solution (4.1.2) is not smooth (for instance, not even continuous

if £(0) # 9(0))-
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Figure 4.1.1: The mesh on Rt x (0, L) in blue, and the “ghost cell” in red (r = p = 2 here).

If k, = 0, this correspond to prescribing homogeneous Dirichlet boundary condition:
u7}+€:0, \V/E:l,...7p,

while if k, = 1, this correspond to the standard Neumann numerical boundary condition:

uy g = =ul,, =l
The example (4.1.5) corresponds to k, = 2 (recall p = 1 for the Lax-Wendroff scheme). It
now remains to prescribe the inflow values uf_,,...,ug. Unlike some previous works, we are

going to prescribe Dirichlet boundary conditions, meaning for instance that the value u§ will
be determined in terms of the boundary datum g only. Let us assume for a while that u} is a
second order approximation of u(t", (z;_1 + x;)/2) where u is the exact solution (4.1.2) of the
continuous problem (4.1.1). Then we formally have

A A
uy R U (t”, ——x) ~u(t",0) — 73: d,u(t",0),
where & means “equal up to O(Az?)”, and we then use (4.1.1) to get

Az Az
0~ u(t",0 — Jwu(t",0) = g(t" —4'(t").
Ug U( 7)+2a tu( 7) g( )+2ag<)
The last term Ax/(2a) ¢'(t") in the previous equality is precisely the correction that is required
to recover the second order accuracy when dealing with the Lax-Wendroff scheme (compare with
(4.1.6)). More generally speaking, we could have pushed further the above Taylor expansion
and obtained as a final (formal) result that u{ should be “close” to some quantity of the form

X e

where K is a truncation order and «, ..., ax are numerical constants.
The general form of the Dirichlet boundary conditions that we consider below is

(e,

AV
u?zzm ﬁaﬁgg()(”), neN, f=1-r...,0,
k=0

where the a,,’s are numerical constants which will play a role (together with the truncation
order K) in the consistency analysis. There are two main choices which we discuss in this
chapter. The first one is given in [86, 92]

(1—6) , keN, f=1—-r...,0,

Qe p 1= 5

)
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and is relevant if u} is eventually compared in the convergence analysis with u(t", (z;_1+;)/2),
u being the exact solution (4.1.2). The other possible choice we advocate is
Qg = = (et — (-1, keN, (=1-r...,0, (4.1.9)
’ k+1
and is relevant if u} is eventually compared (as in Theorem 4.1.2 below) in the convergence
analysis with the average of u(t",-) on the cell (x;_1,2;). The truncation order K is discussed
with our main result in the following paragraph.

4.1.3 Main results

We assume that the approximation (4.1.7) is consistent with the transport operator and that
it defines a stable procedure on ¢*(Z).

Assumption 4.1.1 (Consistency and stability without any boundary). The coefficients a_,, ..., a,
in (4.1.7) satisfy a_, a, # 0 (normalization), and for some integer k > 1, there holds:

P
Vm=0,...,k, Z (M™ay = (—Aa)™, (consistency of order k), (4.1.10)
l=—r
p .
sup aget?| < 1, (£-stability on Z). (4.1.11)
0€lo,2n] | ,——,

Provided that the relations (4.1.10) are satisfied for m = 0 (conservativity) and m = 1
(consistency of order 1) with a > 0, the stability assumption (4.1.11) implies » > 1, which
we assume from now on. Though we view this observation here, as a necessary condition for
stability, the condition r > 1 is also known to be necessary for convergence by comparing the
numerical and continuous dependency domains. Let us observe that (4.1.11) is a necessary
and sufficient condition for stability of the iteration process (4.1.7) on ¢%(Z) in a strong sense,
meaning here that the map

is a contraction (its norm is not larger than 1) as an operator on ¢*(Z). However, (4.1.11) is not
sufficient to yield stability in £*°(Z) for (4.1.7), see |45, 87]. Note that through the dependence
of the a, with respect to A\ = At/Ax, (4.1.11) is usually intended to be true only under a
so-called Courant-Friedrichs-Lewy (CFL) condition asking for A to be less than some constant
depending on the scheme and the velocity a. (Indeed, the Bernstein inequality for trigonometric
polynomials implies A|a| < max(p,r), see [84]). For the Lax-Wendroff scheme (4.1.3), we have
p =r = 1, the integer k equals 2, and (4.1.11) holds if and only if Aa < 1.

Let us observe that Assumption 4.1.1 does not include any dissipative behavior for (4.1.7),
meaning that we do not assume a bound of the form

p
§ CL@@MG

l=—1r

Vo € [—m, 7], <1—ch*,

for some suitable integer ¢ and positive constant c. In that respect, the framework of Assump-
tion 4.1.1 is more general than the works [36, 43, 57, 76] and following works that are based
on these pioneering results. We thus expect that our approach may be useful to deal with
multidimensional problems in which dissipativity is most of the time excluded (or restrictive).
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In Theorem 4.1.2 below and all what follows, the velocity a > 0, the length L > 0, the
parameter A = At/Az and the extrapolation order k;, € N at the outflow boundary are given.
Subsequent constants may depend on them. The integer £ > 1 is also fixed such that Assump-
tion 4.1.1 holds. We consider the initial condition (4.1.4) and its evolution by the numerical
scheme (4.1.7), (4.1.8), the inflow values being given by

Azx"
(k+ 1) (—a)" (

£H+1_<€_1)H+1) g(ﬂ)(tn), HEN, 1—-7r<?¢<0. (4112)

The interation (4.1.7), (4.1.8), (4.1.12) thus as process as follows, see Figure 4.1.2 for an il-
lustration. Given the vector (uf,...,u%}) for some time level n, one first determines the ghost
values (uf_,, .., uf,u} y, ..., u},,) by (4.1.8) and (4.1.12). The new vector (uf*',.. u/j*!) is
then determined by applying (4.1.7). It is assume that J > 1 in order to make the space step
Ax = L/J meaningful and to have at least one cell in the interval (0, L). Of course, prescribing
(4.1.12) is meaningful only if ¢ is sufficiently smooth (say, g € €*~1). One could push further
the Taylor expansion in (4.1.12) and consider higher order correctors but it would require fur-
ther smoothness on g and it would eventually not improve our convergence result below, so

fixing the truncation order K = k — 1 seems to be the most convenient choice.
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Figure 4.1.2: Top: updating iteratively the ghost values at the outflow boundary (r = p =k, =
2). Bottom: updating the numerical approximation in the interior.

Our main convergence result is the extension of the main result in [22] to the case of nonzero
boundary data.

Theorem 4.1.2 (Main convergence result). Let a > 0, k € N* and k, € N. Under Assumption
4.1.1, there exists a constant C' > 0 such that for any final time T > 1, any integer J € N*,
any data f € H*((0,L)) and g € H*1((0,T)) satisfying the compatibility requirements at
t=x=0:

Vm=0,....k, fO(0) = (=a)""¢"(0),
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the solution (u}) to (4.1.4), (4.1.7), (4.1.8), (4.1.12) satisfies:

1 i
uj — N / u(t", z)dz
x J,.

j—1

sup  sup < CT eTE Ag™ TR =2 (|| £ s 0,y 19 |1 0.1y))

0<n<T/At 1<j<J

(4.1.13)
with u the exact solution to (4.1.1), whose expression is given by (4.1.2).

Actually, the constant C' in (4.1.13) is independent of L > 1, which is consistent with the
convergence result we shall prove below for the half-space problem on R* with inflow at z = 0.
As in [22], the loss of 1/2 in the rate of convergence of Theorem 4.1.2 looks somehow artificial
and is mostly a matter of passing from the K;’f’ﬁf topology to £3°;. Our next result examines a
situation where the optimal convergence rate min(k, k) can be obtained. In order to simplify
(and shorten) the proof of Theorem 4.1.3, we only examine here the case of a half-space with
extrapolation outflow conditions. The extension of the techniques to the case of an interval is
left to the interested reader.

Theorem 4.1.3 (Optimal rate of convergence for the outflow problem). Let a > 0, k € N* and
ky € N. Under Assumption /.1.1 and under the additional Assumption 4.3.2 stated hereafter,
there exists a constant C > 0 such that for any final time T' > 1, any integer J € N*, any data
f € H*((—=o00, L)), the solution to the scheme

( 1 Tj
0 . .
YT Ax zj_lf(x)dﬂf, j<J,
(D™u™) j4e = 0, 0<n<T/At, 1<(<p, (4.1.14)
p
utt = N gl 0<n<T/At—1, j<J,
\ l=—r

satisfies the error estimate

1 ¥
uy — —— flz —at™)dx

sup  sup A
x

0<n<T/At j<J

< CT Az™ || |l e, »

Zj_
as long as ky < k.

In other words, the technical Assumption 4.3.2 hereafter, which is verified on many examples
such as the Lax-Wendroff and O3 schemes, allow to recover the optimal rate k, = min(ky, k) in
the case k, < k. Of course, one would also like to improve the rate min(k,, k) — 1/2 in the case
ky, = k, which is clearly the most natural choice. However, in that case, both the interior and
boundary consistency errors scale like Az* and, in the framework of Assumption 4.1.1, stability
in the interior domain is available only in the EJQ- topology, so it is quite difficult to derive the
convergence rate k in the £7° topology. Theorem 4.1.3 already indicates that combining the
approach of [22] with other techniques (here, boundary layer expansions) may improve some
results. We hope to deal with the case k;, = k in the future.

4.2 Convergence analysis for the inverse Lax-Wendroff method

This section is devoted to the proof of Theorem 4.1.2. Following [22|, we shall prove Theorem
4.1.2 by using a stability estimate for (4.1.7), (4.1.8), (4.1.12) and a superposition argument,
which amounts to considering separately two half-space problems: one in which there is only
inflow at x = 0, and one for which there is only outflow at x = L.
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4.2.1 Stability estimates for the outflow problem

In this paragraph, we prove Theorem 4.2.1 below that provides us with stability estimates for
the outflow problem. Theorem 4.2.1 is a key tool for proving stability estimate for the scheme
(4.1.4), (4.1.7), (4.1.8), (4.1.12) on a finite interval, which in turn yields the convergence result
of Theorem 4.1.2. Let us recall that Theorem 4.2.1 is already known to hold true thanks to the
joint results of |36, 56, 57| and in a more general setting [15, 21, 95]. Before going on, let us fix
the space domain that we consider. Since we deal with a constant coefficient linear problem, by
translation invariance, there is no loss of generality in considering the half-line (—oo, L). The
grid and the associated ghost cells are depicted in Figure 4.2.1.
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Figure 4.2.1: The mesh on R™ x (—o0, L) in blue and the “ghost cells” in red (p = 2 here).

Theorem 4.2.1 (Stability estimates for the outflow problem [22|). Let a > 0, k € N* and
ky € N. Under Assumption 4.1.1, there exists a constant C' > 0 such that for any initial
condition (f;);<; € €% and for all boundary source terms (W'}, ,)1<e<p,n>0 verifying the growth
condition

VI >0, 26_2” (( §+1)2 + .+ ( 9+p)2> < 400,

n>0

the solution (u})j<ip nen to the numerical scheme

D)y = R, mneN, 1<{<p,
» (4.2.1)
wtt = Y aul,, neN, j<J,
l=—r
satisfies
P
sup (e—QvnAtZAx<u;z)2> + ZAte—Q"mAt Z (U7}+z)2
neN j<J n>0 (=1—r—ky (42.2)
, 2.
<c (z Al + Y Aoy w) |
j<J n>0 =1

for any v > 0. In particular, the numerical boundary condition in (4.2.1) satisfy the Uniform
Kreiss Lopatinskic Condition.
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Before proving Theorem 4.2.1, let us recall that we always assume the ratio At/Az to
be constant. This will be used several times below and is reminiscent of the scale invariance
properties of the underlying continuous problem. Observe also that in (4.2.2), the larger the
integer k;, the better the trace estimate on the left hand side behaves. In particular, the
numerical boundary conditions in (4.2.1) involve the values (u%j,,)1—k,<¢<p and we get “for free”
in (4.2.2) not only the control of those terms but also the extra control of (u% ,)1—r—k,<t<—k,
(recall > 1). The fact that (4.2.2) implies the Uniform Kreiss Lopatinskii Condition is not our
main focus here, so instead of recalling many definitions, we rather refer the interested reader
to the review [17].

Proof. We shall use Assumption 4.1.1 in the proof below only for k£ = 1, that is, we make
the “minimal” consistency requirements for the scheme (4.1.7). Unlike [36, 56|, the proof of
Theorem 4.2.1 is done by induction with respect to the index k;, € N and relies on the energy
method. Let us start with the case k, = 0, which corresponds to Dirichlet numerical boundary
conditions.

The case k, = 0: we consider the numerical scheme

?:fja ]S‘]

ui., = h'.,, neN, 1</<p,
J+e fz (42.3)
un”zzaeu}ﬂe? neN, j<J,

b=—r

A straightforward proof of the stability estimate (4.2.2) for k, = 0 was achieved in [21] (even in
some cases of multidimensional systems), see also [38| for an earlier general result based on the
theory of [43]. We reproduce here the short proof of (4.2.2) for the scheme (4.2.3) for the sake
of completeness. Let us now consider the solution (u});<jip nen to (4.2.3) at some time index
n € N. We extend the sequence (u)j<sip by 0 for j > J + p+ 1 and still denote u" € ¢*(Z)

J
the resulting sequence. Let us then define

p
Viez, ott:= Z aguy (4.2.4)

l=—r
so that v*! = u}‘“ for j < Jand of*' = 0if j > J 4 p+r+ 1. Observe that, due to the
boundary conditions in (4.2.3), we do not necessarily have U;H_l = u?“ for J+1<j5<J+p,
nor for J+p+1<j<J+p+r (extending also (u?“)ngﬂ, by 0 for j > J+p+1). Now,
we can see that

J+p+r
Z Az(vfth)? = ZALE(u’;“)Q + Z Az(vfth)?, (4.2.5)
JEL J<J j=J+1

On the other hand, by an application of the Plancherel’s theorem, we have

S =5 [ el e

jez
§ e—wév;z—&-l

jez

2
1 2w
= % dga
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where 9" is the Fourier transform of (v "H)Jez. Besides, from the definition of (v}‘“) jez in

(4.2.4), the above formula becomes

2
n 1 o —1ij (2 —1
SUIINEIY ) SPTD STTS PPy o § SIS
JEZ 0 |jez b=—r t=—r JEZ.
1 27 P 27 p 2 )
- UEn _ wE| |
5 [ |Z e - = 3 ae| e de
(4.2.6)

Under Assumption 4.1.1 and then use the Plancherel’s theorem, the formula (4.2.6) can be
represented as

> ()< %/0 ane)Pde =S = 3T ()2, (4.2.7)

€7 jEL J<J+p
According to (4.2.5) and (4.2.7), we can see that
J+ptr
S sl Y A Y Act
i<J j=J+1 I<J+p

Equivalently, talking the boundary conditions of (4.2.3) into account, we get

ptr
Z Azx(u ”+1 Z Az(vhE))? < Z Az(u Z Az(h),)?
J<J i<J
Akl 4.2.8
@ZA:U )2 ZAm —i—ZAxvf}ﬁ <ZA$ )t (428)
i<y j<J g g )
Discrete time derivative Trace term Source term

We now derive a bound from below for the trace term arising on the left hand side of (4.2.8).
The real numbers (v%))1<¢<pir, depend linearly on (u”.,)1-r<i<p. The coeflicients in each
linear combination are taken among the a,’s. Hence the quantity

p+r
1

Z(Uﬁz)

=1
can be seen as a non-negative quadratic form in the variables (u%j,,)1—r<¢<p. It is also rather
easy to see that this quadratic form is positive definite for we have vﬁ; W = ayuly, and
therefore, if (v/}f;)1<¢<p+r = O then we first have w/,, = 0 and recursively we can also show
(U, ¢)p—1<e<1—r = 0. Hence there exists a fixed constant cq > 0, that only depends on the
(fixed) coefficients a, in (4.1.7) such that

p+r p
YW e Yy ()
/=1 {=1—r

Reporting in (4.2.8) and using that At/Az = X is a fixed positive constant, we get for some
constant ¢ > 0 (¢ = ¢/ is suitable):

P
ZAQ: n+1)2 ZAm )2+ cAt Z(UJ+€ % Z ) (4.2.9)

i<J 7<J l=1—r

We now apply the following discrete Gronwall type lemma (with the positive parameter I' :=
~vAt), see [21] for repeated use of such summation arguments.
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Lemma 4.2.2. Let (9,)n>0 be a sequence of non-negative real numbers such that

VI > 0, Z e NG < +oo.

n>0
Let (Up)n>n, (Bn)n>n be two sequences of non-negative real numbers such that
VTLGN, un+1_un+3n§ 911-

Then there holds for all T > 0

sup ey, + Z e B < Uy + Z e~ 2ng

neN n>0 n>0

The proof of Lemma 4.2.2 is straightforward and therefore omitted. We apply Lemma 4.2.2
to (4.2.9) and derive the estimate

P
sup <e_27"At Z Az (ul) 2) + Z Ate=2mAt Z (uf}H)Q

neN j<J n>0 =1—r

<C {Z Az(f;)? + ) Ate 3N ZM)Q} ,
J<J n>0 /=1
(4.2.10)

which is (4.2.2) for k, = 0.

We emphasize that when dealing with the case k, = 0, we have only used the stability
condition (4.1.11) of Assumption 4.1.1, and we have never used (4.1.10) (not even for m = 0).
This is consistent with the result of [38] which proves that the Dirichlet boundary condition
satisfies the Uniform Kreiss Lopatinskii Condition independently of the nature of the boundary
(inflow or outflow).

The induction argument: We now assume that the stability estimate (4.2.2) is valid up to
some index k;, € N, and consider the following numerical scheme

DR lymy L, =R, neN, 1<(<p,
( )p+ J+e (4.2.11)
u?“ = ZCL(U;L+Z, neN, j57<J.

l=—r

We use the induction assumption by defining the following sequence

Vn e N, Vi< J+p, w? = (D_un)j = u? —u”

which satisfies

0 .
w; = f; — fi-1, J<J
kp+1
(D2 W)y =Ry —hly, neN, 1<{<p,
p
’LU;L+1:ZCL("LU;L+£, neN, j7<J.
{=—r
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Applying the stability estimate (4.2.2) for the index kj, and omitting one of the two non-negative
terms on the left hand side of (4.2.2), we have already derived the preliminary estimate

P p
S e 30 <uf;+f—uz;+£_1>2sc{zwj—fj_m+zme—wz<m2}

n>0 l=1—r—k §<J n>0 =1
<C {Z Ax(f;)? 4+ Ate2mat Z( H)?} .
§<J n>0 (=1
(4.2.12)

Let us now turn back to the numerical scheme (4.2.11) to which we are going to apply the
so-called energy method. For a given time index n € N, we compute

p
> Ax(upty? = Aw(uf)’ + 5 At(ug)z SCOAL Y (U — )™ (4.2.13)
j<J i<J (=2—r

For example, to simplify the proof, suppose first that we are dealing with the Lax-Wendroff
scheme

u]+1 3 v(v+1)uj_ 1+(1—u)u +21/( — Duj,,,

where v = Aa. Numerical simulations even predict that the rate of convergence should be 2
or at least close to 2. As a consequence, k;, € {0,1,2}. Following Lemma 4.5.1, we claim that
there exist a real number B € R and a quadratic form @ on R? such that

|U§L+1|2 ’un|2 B(ujyy — 2uf +uj )+ Q] ujy Uiy — ) = Quj_y,uf —ujy)  (42.14)

where
B = 1VQ(VQ -1)
4 )

Q(z,y) = ax® + By + vy?,
1

a=-v, pf=-v(l-v), y= éuz(l —v).

Summing (4.2.14) over j < J, we get

ZA:E ) ZAw <BZA$ uly —2ul 4 ul_y)? + AzQ(uf,ufy —uf).

i<J i<J i<J

Under the CFL condition, one has B < 0. Thus, the previous inequality becomes

ZAw 2 ZAm ) < AzQ(ulj, vy —uf).

I<J I1<J

By using the Young’s inequality, we yield

S Awr ) = 37 An(ul)? + a(u)?At < Cluly, — ul)?At. (4.2.15)

i<J i<J

Similarly, we have the same result (4.2.15) with the O3 scheme by using Lemma 4.5.2.
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We now apply the summation argument of Lemma 4.2.2 to the inequality (4.2.13) and derive
the estimate

sup <62'ynAt Z Ax(u?)2> + ZAteiQWAt(uf})z
neN J<J n>0
p
<C {Z Aﬂf(fj)2 + Z Ate=2mat Z (Wpe — “7}+e—1)2} :

§<J n>0 =2—r

We then combine the latter inequality with the preliminary estimate (4.2.12), which yields

sup (e%”At Z Aa:(u?)2> + ZAte’%”At(u?)Q
neN j<J n>0
<C {Z Ax(f;)?+ > Ate QV"NZ( M)?} .

j<J n>0 =1

(4.2.16)

At this stage, we have almost proved that (4.2.2) holds up to the index k;, 4+ 1. Indeed, if we
combine the trace estimates provided by (4.2.12) and (4.2.16), we get a full control of the trace
of (U,n), that is of (uz}—M)—T—kaZSIL n>0

D AtemA N (uh,,)P < C {Z Az(f;)?+ ) Ate st Z(hsz} . (4.217)

n>0 b=—r—k, j<J n>1 (=1

Combining with (4.2.16), we have completed the proof of (4.2.2) for the index k; + 1, which
also the proof of Theorem 4.2.1. O

4.2.2 Convergence estimates for the outflow problem

In the previous paragraph, we have proved the stability estimate (4.2.2) in order to highlight
the fact that our method automatically yields the verification of the Uniform Kreiss Lopatinskii
Condition. However, the exponential weights arising in (4.2.2) and the fact that no “interior”
source term is considered in (4.2.1) make this estimate hardly applicable as such in view of the
convergence analysis below. We therefore state a slightly weakened but more practical version
of Theorem 4.2.1 which will help us proving Theorem 4.2.4 below.

Proposition 4.2.3. Let a > 0, k € N* and k, € N. Under Assumption 4.1.1, there exists a
constant C > 0 such that for any N € N*, any J € N*, all initial data (f;)j<; € €%, all boundary
source terms (N )1<e<p,0<n<n—1 and for all interior source terms (an)jSJJSnSN € (2, the
solution (u})j<ro<n<n to the numerical scheme

u? = fj7 ]S J7
DRy, = R, 0<n<N-1, 1<(<p,
( )J+£ J+4 >N > SEsDp (4.2.18)
u?H:Zagu e+AtF"+1, 0<n<N-1, j<J
l=—r
satisfies
N-1 p
su Ax(u <o Ax( + (NAt)® su Ax( F” At o).
ET0 SIUCTELI PO TULHRIVIETS SEUTIES 3P0 oUW
(4.2.19)
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Proof. By linearity of (4.2.18), it is sufficient to examine separately the cases F' = 0 (no interior
source term), and f = 0, h = 0 (interior forcing only). In the case F' = 0 the estimate (4.2.19)
is directly obtained by

o first extending the boundary source terms (R}, ,)1<¢<p by 0 for n > N — 1, which does
not affect the solution to (4.2.18) for j < J at time steps earlier than N,

e then passing to the limit v — 0 in (4.2.2) (and forgetting about the non-negative trace
estimate on the left hand side of (4.2.2) ).

Thus, we can obtain
N—1 P
sup ZAQ: {ZAm fi)? Z Z( T}+4)2}.
i<J n=0 (=1

In the case f =0, h = 0, the solution to (4.2.18) can be written with the Duhamel formula

VO<n<N, u'=>» AtS""F™

where the generator of the discrete semi-group (8"),cy is power bounded on ¢*((—oo, J)).
Therefore, we end up with

1/2 1/2
sup ZAJ; 2 < CZAt (Z Az(FP) ) < CNAt sup (Z Ax(FJ’?)?) .
Ji<J

0<n<N <7 1<n<N

This completes the proof of (4.2.19). [
We are now ready to prove the convergence result for the outflow boundary

Theorem 4.2.4 (Convergence estimate for the outflow problem [22]). Let a > 0, k € N*
and k, € N. Under Assumption 4.1.1, there exists a constant C' > 0 such that for any final
time T > 1, for any J € N* and for any initial condition f € H*((—oo, L)), the solution
(uf})j<s0<n<r/Ar to the numerical scheme

( 1 K .
U?:A_x/zj_lf(x)dx’ ]§J7
(D™ ™) j1e = 0, 0<n<T/At, 1<(<p, (4.2.20)
p
urtt = "aun,,, 0<n<T/At—-1, j<J,
\ l=—r
satisfies
1/2

sup Z Az (u - — / flx—at")d ) < O'T Agmintkko) SN w1 ((—o0,1) -
<J

0<n<T/At

(4.2.21)
Proof. In the proof below, we assume k;, < k, so that the limiting order of convergence arises
from the numerical boundary conditions in (4.2.20) and not from the discretization of the

transport equation. The proof in the case k; > k is quite similar and we leave the corresponding
modifications to the interested reader. Since the validity of Assumption 4.1.1 for some integer
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k > 1 implies the validity of the relations (4.1.10) for the restricted subset of indices 0 < m < ky,
we can even assume without loss of generality k, = k.

We now denote by f; the extension of f as a function in H*™(R) by the linear continuous
reflexion operator of [27] and then define

1 i
Vi€eZ, wi:= E/ fi(x — at™)dx (4.2.22)
Tj—1

to be the cell average of the exact solution ((t,z) — fy(z — at)) to the transport equation over

R. With (u});j<s1p 0<n<r/ar the solution to the numerical scheme (4.2.20), we define the error
el =l — w" that is a solution to

07 jSJ,
e)re = —(DPw™) ey, 0<n<T/At—1, 1<0<p,

‘wll

(

(4.2.23)
n+1

Zag5]+g+Ate”+l, 0<n<T/At—1, j<J.
l=—r

Let us remark that the interior consistency error (e?) j<J,0<n<T/A¢ 0 (4.2.23) is given by

1 P
ej == — Y (w - Z CL(IU;L+€1> : (4.2.24)

b=—r

which is easily estimated by means of the Cauchy-Schwarz inequality

S ar() - 255 (w- Yo )

i< J<J b=—r
1 Tj P 2
isJ It b=—r
1 p 2
< A . <fﬂ (x — at™ — aAt) — E:ZT acfy (x —at" + éAx)) de.

(4.2.25)
By an application of the Plancherel theorem and the shifts property of Fourier analysis, we get

» 2
/ (fﬂ (x — at™ — aAt) — Z aefy (v —at" + EAx)) dx
R =—r
, = 2 (4.2.26)
oiaNATE _ Z et ’ﬁ(f)’ d.

b=—r

1
<
21 Jp

Besides, if |Az{| > 1 then

p
e—za/\AsL’f o E aeezZAxﬁ
l=—r

é:fr Z:—r

p P
< e A 4 7 ag] |47 < (1 + ) |a£|) | Azg|FH

Otherwise, if |[Ax¢| < 1, we first use Taylor expansion

+oo
fza)\Aacg Z ay elZAx£ Z (ATJ;f) ( Z ae€n>
l=—r n=0 y/——

127



Then,

+00 p +00 e p
(A‘%f)n n n k+1 (AJ]&)” - n n
> | () - D alh || = |Ax] | ()" - > at
n=0 l=—r n=0 l=—r
+00 1 p +o0 1 p
k+1 n n k+1 n
X /1  max (p,7 u
<|Azg[FY (ﬁ + —’ Z |az|> < |AzgFtt (e em )y |ae|> .
n=0 ’ (=—r y/—
Therefore, we can conclude that there exists C' > 0 such that
p
piaNATE Z azeiZAxg <C (A:L‘|€|)kb+l ' (4‘2‘27)
b=—r
Plugging (4.2.27) and (4.2.26) into (4.2.25) and then using the Plancherel’s theorem, we have
A$2kb+2 1 - A.ZUka+2
Ax(el)? < — 2d¢ = —/ 2d¢. 4.2.2
> da(ep < 0% x o [ IROPd = 20— [1n@Pe (4229

i<J

Recalling that the ratio At/Ax is constant and going back the definition of f;, we have obtained
the bound

sup ZAx(egz)Q S OAQ?W%Hf”i]kb"fl((foo,[/))' (4229)

0<n<T/At 525
The boundary errors in (4.2.23) are dealt with by the following elementary result

Lemma 4.2.5. Let m,p € N. There exists a constant C' > 0 such that for any Az > 0 and for
any v € H™((—o0, L + pAx)), defining

1 [u
— d < J
N /xj_lv(y) y, Jj<J+p,

'Uj =

one has
[(D™0) y1e] < CAZ™ V"™ g1 ((—oortpaays 1< L < p.
Proof. For 1 < /¢ < p, there holds

m - m m—m/' 1 Bt /
(D)= S (m) o [ sy

m/=0 TJ—m—144
) L [ [ iy
v () (y +m' Az — 2)" N dzdy,
=0 1) A'r TJj—m—1+£

where we used Taylor’s formula and cancellation properties of the binomial coefficients. Ap-
plying the Cauchy-Schwarz inequality to each double integral in the latter expression, we get

. y+m'm
/ / 2)(y +m'Ax — 2)™ tdzdy
Tj—m—1+L Y'Y

it y+m/m Toomie  pytm'Aa 12
/ / 2)3(y +m' Az — 2)*2dzdy x / / dzdy
TJ—m—1+£ TJ—m—1+4

B _mbt y+m’Aw 1/2
m )2 Az / / 2)%(y +m/Ax — 2)*" 2dzdy :
TJ—m—14L
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Thus, we obtain

TJ—mte y+m’Az 1/2
|(D™v) 0| < C Z / 2)*(y +m/'Ax — 2)*" 2dzdy

TJ—m—1+4+4

< ch;mHU(m HLoo((—oo,L+pr>>-
By using the imbedding of H' in L in one space dimension, there exits C > 0 such that

10| Lo ((—oo,btpaz)) < ClO™ || mr1((—o0, L4 pac))-
This ends the proof of Lemma 4.2.5. O]

We now apply Lemma 4.2.5 with m = k; to evaluate the boundary errors in (4.2.23). We
get

T/At—1 T/At—1

ZAtz (D*e™) 710)? ZAtz (DPw™) 140)?

< CTAI’%beﬁ( - at”)”yka( (—o0,L+pAz))

< CTAiL'2kb"fl‘H’“b+1((—oo,L))

thanks to the continuity of the reflexion operator. We now apply the result in Proposition 4.2.3
for the error problem (4.2.23), we have already get

(4.2.30)

T/At 1 2
sup Az(e")?* < C{T? sup Azx(e At ((D’%U") >
0<n<T/At ; 1<n<T/At ; Z Z J+L
(4.2.31)
Going back to (4.2.29)-(4.2.30) and using the estimate (4.2.31), we finally estimate
sup Az(e™)? < CTAz™ | f
0<n<T/AtZ<:J H HHka( A
which completes the proof of Theorem 4.2.4. O

4.2.3 Convergence analysis on a half-line for the inflow problem

In this paragraph, we consider the half-space (0,+o0) with the Dirichlet boundary condition
(4.1.12) at the inflow boundary condition x = 0. The ghost cells correspond to the intervals
(T, T1-4), oy (T_1,T0), see Figure 4.2.2.

Figure 4.2.2: The mesh on R in blue and the “ghost cells” in red (r = 2 here).

We focus here on the inflow source term, and therefore start by proving the main convergence
estimate that is the new ingredient for the proof of Theorem 4.1.2.
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Theorem 4.2.6 (Convergence estimate for the inflow problem). Let a > 0, k € N*. Under
Assumption 4.1.1, there exists a constant C' > 0 such that for any final time T > 1, any J € N*,
any initial condition f € H*1((0,+00)) and boundary source term g € H*1((0,T)) satisfying
the compatibility conditions

VO<m <k, f™0)=(-a)"™g"™(0), (4.2.32)

the solution (u});j>1-rmen to the numerical scheme

( 1 Zj
W= [t 21,
T e,
k—1
Ax"
no— L — (= 1D)) gW (), 0<n<T/At, 1—-r<(<0,
Uy ;(K—Fl)!(_a)ﬁ( ( ) )g ( ) >N / r>tx
P
u?+1:Zagu?+g, 0<n<T/At—-1, j>1,
\ b=—r
(4.2.33)
satisfies

1/2

2
1 i
sup Z&%ﬁ—zg ummmj < CT A (|l (o, roenHI o1 070)

0<n<T/At i<J Ty
where u is the exact solution to the half-line transport problem

Ou+ad,u =0, te(0,7),2>0,
uw(0,2) = f(z), x>0, (4.2.34)
u(t,0) = gt), e (©OT).

Proof. For convenience, we first extend g into a function g, € H***((0, +00)) and then define

f(z), if x >0,
o(—z/a), ifz<O.

VeeR, fi(z):= {
Since f and g satisfy the compatibility conditions (4.2.32), we have f, € H**(R), and the
exact solution u to (4.2.34) is given by
V(t,x) € [0,T] x (0,+00), u(t,x) = fi(r —at).

Let us now define

1 i
VieZ, VYVneN, w! .= — r—at")dr,

J J Az /le o )
which corresponds to the cell average of the exact solution to (4.2.34). With (u});>1-r0<n<r/At
the solution to the numerical scheme (4.2.33), we define the error 7 := v} — wj, that is a
solution to

59:0, jzla
e = ul —wy, 0<n<T/At, 1—-r</1<0,
f B <n<T/ == (4.2.35)
e =Y ael, + At 0<n<T/At—1, j>1.
l=—r
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Let us remark that the interior consistency error (e?“) j>1,0<n<r/At—1 in (4.2.35) is given by

no..__
e} = ( E agw]#) ,
b=—1r

One can proceed as in (4.2.25)-(4.2.28) to have the following inequality

2k+2
> aa () < 05 [ In@Pds

. At?
j>1

Recalling that the ratio At/Ax is constant and going back to the definition of f,, we have
obtained the bound

sup Az (e"T)?
0<n<T/At—1 (Z !

1/2
) < CAZ" ([ fll e+ (0100 + N9l r10,)) (4.2.36)
i>1

for some constant C' that is independent of the final time 7" > 1 and the data f and g

We now turn to the boundary errors in (4.2.35), and wish to estimate the following quantities

Z At (5?)2

0<n<T/At—1

= Z At(u?—w?)z, 1—-r<?¢<0.

0<n<T/At—1

Let us consider an integer n such that 0 < n < 7T /At — 1. From the definition of w}, ¢ < 0, we
have

k—1

1 e
wt = K+1 _ 1)t (R)(4n\ _ = n __
v = 3 i () o - g [ e s

(4.2.37)

Applying the Taylor formula®, we can see that

@ TR Dokl 2y
(" —x/a)dx = t”)dx + / / g (t" — —) dydz
/CC[ Typ—1 k=0 KJ' Tyg—1 (_a’)k 0 (k - 1>‘ ’ a

k—1
Al.nJrl Ty {Ek 1 ykfl Ty
= N e Vi / / W (1 — =2 dydz.
> T (e )gb o [ [ e (- ) v

Plugging (4.2.38) into (4.2.37), one obtains

1 Ty zk 1 yk—l ) Ty
n = W——)dd.
Uy W,y AI’ . (_a)k /0 (k . 1)'gb < a yax

By the Cauchy-Schwarz inequality, we get

B 2k, 2 (k1) )(tn %>2dd
(uf wﬁ _A.T/ / a yax,

3This is precisely at this point of the analysis that the definition of the coefficients a, ¢ in the inverse Lax-
Wendroff method arises. Our choice in (4.1.12) is motivated by the fact that we compare the numerical solution

with the cell average of the exact solution.
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and we now apply the change of variables (z,y) — (u,v) := (xy, z) to get

Ty 0 2
(up — w?)2 < / / o] |u|> =D gb(k) (t" — g) dudv.
Ty—1 v

Restricting to 1 — r < ¢ < 0, we have

0 9 rAz/a
Z (up —wp)” < CAz? k=l / gb(k) (t" 4+ 7)%dr.
0

l=1-—r
Summing now with respect to n, we end up with the estimate

0 +o0
> oAt @r < cadt [ 0 < o lglaory.  (4239)
0

0<n<T/At—1 =1—r

for some constant C' that is independent of the final time 7" > 1 and the data f and g.
We now apply the main stability estimate for the error problem (4.2.35), for which we refer
to the seminal papers [37, 38] and to the more recent works [21, 22|

1/2

1/2 1/2 0
sup (ZAM&?P) < CKT sup (ZAM@?P) + Z At Z €72

0<n<T/At \ 51 1snsT/AL \ j>1 0<n<T/At—1  t=1—r

The conclusion of Theorem 4.2.6 then comes from the combination of the estimates (4.2.36)
and (4.2.39). O

4.2.4 Proof of Theorem 4.1.2

4.2.4.1 Stability estimates on a finite interval

We now turn to the study of the numerical scheme (4.1.4), (4.1.7), (4.1.8), (4.1.12) with homo-
geneous Dirichlet condition at the inflow, which is an iteration in a finite dimensional space and
therefore really corresponds to a numerical scheme that can be implemented in practice. We
first prove a stability estimate for (4.1.4), (4.1.7), (4.1.8), (4.1.12) with homogeneous Dirichlet
condition at the inflow, which will have various consequence

Proposition 4.2.7. Let a > 0, k € N* and k, € N. Under Assumption 4.1.1, there exists a
constant ¢ > 0 such that for all initial data (f;);j<s, the solution (u})i<j<jnen to the numerical
scheme

( .

u?:fja 1§]§J7

uy =0, neN 1—-r</¢<0,

(DPu™) =0, neN,1<0<p, (4.2.40)

p
u?“z Zagu;-’;rg, neN 1<;5<J
b=—r

satisfies

7 1/2 7 1/2
Vn €N, (Z Ax(u;-‘)2> < Celnat/L (Z Az fj)2> : (4.2.41)
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Proof. The derivation of (4.2.41) follows from the finite speed of propagation of the numerical
scheme (4.1.7). (Observe that our argument below does not extend to implicit discretizations
of the transport equation.) More precisely, let us assume for simplicity that J is even. Let

o ((4) £ (22))

The case n < Np: we first prove that the solution (u})1<j<s can be written as the superposition
of solution to two initial boundary value problems of the form (4.2.18) and (4.2.33). More
specifically, one introduces (wJ”) j<JneN, Which is the solution to the scheme

w?:(pj, jSJa

D ™)y = 0, eEN,1<¢<p,
(D20 " =t=P (4.2.42)

p
w;”“l = Z awi, neEN, j<J

b=—1
where the initial data (¢;);<; is defined by

o, wj<Je
T 21 <j<

We can see that the support of (w;‘) j<J is shifted of p cells to the left at each time iteration
and the initial condition (w);<, vanish for j < J/2. Therefore,

Vn < Ny, Vj<J/2—np, wj = 0.

Since Ny < E(J/2), we get J/2 —np > J/2 — Nop > 0. Thus, the solution to (4.2.42) satisfies
the homogeneous Dirichlet boundary condition

Vn < Ny, V1I—r<(<0, w;=0. (4.2.43)

We also set (v7);>1nen, Which is the solution to the scheme

U;-):@Z)j, ]217
vy =0, neN 1—-r<£<0,

) (4.2.44)
ot = Zawﬁﬁ, neN,j>1

l=—r

with the initial data (1););>1 is defined by

by o £ if1<j<J/2,
7o, it > J/24 1.

Again, we observe that the support of (v;l)jzl is shifted of r cells to the right at each time

iteration and the initial condition (v});>1 vanish for j > .J/2 + 1. Therefore,

Vn < Ny, Vj>J/2+1+nr, vi = 0.

J/2 — ks

Since Ng < E (
,

), one obtains J/2+ 1+ nr < J/2+ 1+ Nor < J+ 1 — k. Therefore,
Vn < No, VI<l<p, vj 4. =0=.=0=0v),,
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Then, the solution to (4.2.44) satisfies
Vn < Ny, V1<(<p, (Do), =0. (4.2.45)

According to (4.2.42)-(4.2.45), we can write the solution (u})i1<j<Jn<n, as the superposition of
solutions to two initial boundary value problems of the form (4.2.42) and (4.2.44). It means
that

Vn < Ny, V1 < j < J, u? = v;-l + w?. (4.2.46)

Secondly, thanks to the result of Proposition 4.2.3, the solution (w;l) j<J,0<n<N, to the numerical
scheme (4.2.42) satisfies

sup ZA:L‘('LU?)Q < ZA:c(goj)Q = Z Ax(f;)?. (4.2.47)

0<n<No ;< i< J/241<5<T

Similarly, (v});>1,0<n<n, satisfies a similar estimate for the Dirichlet inflow condition

sup ZA:E(U;L)2§ZAx(¢j)2: Z Ax(f;)?. (4.2.48)

0sn<No ;51 j>1 1<5<J/2

From the inequalities (4.2.47) and (4.2.48), one has

sup ZAx(w?)z—i- sup ZAm(U;L)Qg Z Ax(f;)?.

Osn=No < Osn<No 21 1<j<7
Thus,
sup Z Az(w})?+ sup Z Az(v])? < Z Ax(f;)?. (4.2.49)
O=n=Noy i<y O=n=hoy i<y 1<j<7

By using the triangle inequality and combining the property (4.2.46) and the estimate (4.2.49),
we get

sup Z A:E(u?)Z <C Z Ax(f;)? (4.2.50)

OsnsNoycjcy 1<5<J

with the constant C' > 0 is independent of L and J.
The iteration argument: For any m € N, let us introduce

O, = sup Z Ax(uf).
mNo<n<(m+1)Ng 1<j<J

The inequality (4.2.50) can be reformulated as

O < C Y Ax(f)

1<j<J

Now, we can use the same procedure as in (4.2.42)-(4.2.50) with initial data (uj-vo)lgjgj instead
of (fj)lﬁ]ﬁ] Then, one YIGIdS

01<C Y, Ar(u)’ <O <C* ) | Au(fy)*.

1<i<J 1<i<J
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It remains to iterate the latter estimate for all m € N,

O < C™0 N Ax(f)”.

1<j<J

Hence, for a given n € N, we choose m = E(n/Ny). From the above inequality, we have

> Ax(uf)? < CPOMNOTENT Ag(f;)% (4.2.51)

1<j<J 1<j<J

Now, if we assume k;, < J/4 then

J2—ky, _ J J
_ > — > .
r “dr — 4Ap+r)
Besides, we also get
J J
—_— >
2p — 4(p+r)
Thus, one obtains
J LA 1
Ny > = X —. (4.2.52)

From (4.2.51) and (4.2.52), we yield

Z A$<U?)2 Sc(nAt)/(LC’)+1 Z Ax(fj)Z

1<j<J 1<j<T

with C" = A/4(p + r). Indeed, we can see that

C((nAt)/(LC’))Jrl — (O x C(nAt)/(LC’) Ce((nAt)/(LC’))ln(C) < CoeConAt/L

In(C)

with Cy > max {C’, T} Therefore, there exists C'; > 0 such that

J 1/2 J 1/2
VneN, (Z Ax(u;?)2> < O eCrmAt/L (Z Am(fj)2> )
j=1

J=1

This ends the proof of Proposition 4.2.7. ]

4.2.4.2 Convergence

It remains to combine the convergence estimates of Theorems 4.2.6 and 4.2.4 to prove Theorem
4.1.2. We use a slight modification of the superposition argument in [22| in order to cope with
the nonzero incoming data, but we basically follow the same lines. Let us consider a final
time 7" > 1 and some data f € H*™((0,L)), g € H***((0,T)) that satisfy the compatibility
conditions stated in Theorem 4.1.2. We consider some function y € €*(R) such that

@ [0 ies1
xr) =
X 1, ifx>2/3.
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Then, we decompose the initial condition f as

Vee(0,L), flz) = (A —=x(z/L)) f(z)+x(z/L) f(z).

Since (1 — x(-/L)) f vanishes on (2 L/3, L), we can extend it by zero to the interval (L, +0o0)
and thus consider (1 — x(-/L)) f as an element of H**((0,+00)). Furthermore, the functions
(1—x(-/L)) f and g satisfy the same compatibility conditions as f and g at t = z = 0. We can
thus apply Theorem 4.2.6 to the sequence (v7);>1-r0<n<7/a:+ that is defined as the solution to
the numerical scheme

( 1 Tj
4=y | 0xe/m) s, =1,
k—1
JAV
n o= L (= 1)E) g () 0<n < T/At, 1—r<(<0
" ;(fwrl)!(—a)”( ( ) gnE, 0<n<T/AL, e
p
Vit =Y "ag0n,, 0<n<T/At—1, j>1.
\ l=—1r

We obtain the estimate

o\ 1/2
1 i
Az | v — —— t",z)d < CT Az* . !
ogfg/m ; T ("U] Az . v(t", z) :v) > T (||f||Hk+ ((o,L))+||9HHk+ ((O,T))) )
(4.2.53)

where v is the exact solution to the transport problem

v —+adv =0, te (0, 7), >0,

v(0,2) = (1 = x(z/L)) f(z), ==0,

v(t,0) = g(1), te (0,7).

Similarly, we can view x(-/L) f as an element of H**!((—o0, L)) that vanishes on (—oo, L/3).
Theorem 4.2.4 then shows that the solution (w});<jo<n<r/as to the numerical scheme

( 1 T
W= 5 | xa/Di@dn, i<
(DFow™) ;10 = 0, 0<n<T/At, 1<(<p,
p
witt =Y "agu?,,, 0<n<T/At—1, j<.J,
\ l=—r
satisfies
o\ 1/2
1 (%
sup Ax w’-‘——/ x((z —at™)/L)f(x — at™)dx
0<n<T/At ; ( T Ax 21 (( )L ) (4.2.54)

< CTAZ™™ ®R)|| 1| s 0.1

Using the support property of the function x and the fact that the scheme (4.1.7) is explicit
with a finite stencil, we find that for all time iteration n up to the threshold

e (2252) ()
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there holds

n _ _ n __ n I I n —
wy_, = =wy =0, vy, = = vy, = 0.

In particular, the solution (u});_,<j<ipo<n<r/ar to (4.1.4), (4.1.7), (4.1.8), (4.1.12) satisfies

VO<Sn<N, Vi-r<j<J+p, uf = +uwf.

Combining then the error estimates (4.2.53) and (4.2.54), we obtain
o\ 1/2
n 1 “ n min
sup | D Az {wf -5 [ ulta)de < AT (|| fl| s o 13y + 9107
OsnsN-\ <<y LS

(4.2.55)

where u is the exact solution to (4.1.1).

It remains, as in Section 4.2.4.1 | to iterate in time the error estimate (4.2.55). We follow
again the argument in Section 4.2.4.1. For any time iteration n between N and 2 N, we split the
solution (u})1-r<j<sipo<n<r/ar to (4.1.7), (4.1.4), (4.1.8), (4.1.12) as the sum of the solution
to the problem

( 1 Ij

NN_ N .

vl S t=a=d

(DR aN*m) 1 = 0, 0<n<N, 1</(<p,
k—1

Ax"

~N4n _ et (= D) g Nty 0<n< N, 1—-r</<0

Uy ;(’i—i_l)'(_a)ﬁ( ( ) )g ( )7 SN ) r>~t£txVv,
p

a%nﬂzzaeaﬁg", 0<n<N-1, 1<j<J,
b=—r

\

and of the (presumably small) solution to the error problem

( Zj

6§V = uév—ﬂ wtV,x)de, 1<j<J,
Tj—1
(DMeNm) ;0 = 0, 0<n<N, 1</(<p,
eyttt =0, 0<n<N, 1-r<(<0,
p
eNTl =N Ca Ny 0<n<N-1, 1<j<J.
\ l=—r

Since the initial condition u(- — at") and the boundary source term g(t" + -) satisfy the
compatibility conditions at the corner ¢t = x = 0, we can apply the first step of the proof
(leading to the error estimate (4.2.55)) for the (ﬁjv ) part, and we apply the stability estimate
of Proposition 4.2.7 for the (5?{ +) part. This leads to the second error estimate

1/2

2
1 i
sup Z Ax (u? - — u(t", ) dx)
= Ax

N<n<2N w1

< Oy (14 Cy) T Agminthh) (11| ere+1 0.y + N9l mrr o) »
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with Cy = Cpe®@N/At and, more generally, to

1 i
sup Ar | u! — — /
pN<n<(p+1) N Z ( T Ax

j<J i1

1/2

u(t", ) d:c)

w
< G (Z Céj) T Agmn k) (a1 o,y + Mgl zmeroiry)) -

v=0

Indeed, we end up with

5\ 1/2
J 1 2
VueN, sup Ax ’7’——/ u(t", x)dx
2 Oen N ]Zl ( i Ax - ( )
pn—1
<y (Z Cé’) T Agmnthh) (1 lzre+1o,y) + N9l zre10.7))
v=0

< Cy Cf eCorNAE T Agmin(hhy) (11 lere+1 0.y + N9l 1 0y))

where we have assumed Cj > 2 without loss of generality. It remains to choose o := E(NAt/T)+
1, which by definition of NV is uniformly bounded with respect to J (NN scales like ¢J with ¢ > 0
and At scales like ¢/J with ¢ > 0) and we end up with

J .

1 i
sup Ar | u! — — /
0<n<T/At ; < VAV

1/2

u(t", ) d:c)

< CT eCT/L A\ gmin(kike) (HfHHkH((O,L)) + Hg”HkJrl((QT))).

The convergence estimate (4.1.13) of Theorem 4.1.2 follows by a direct lower bound for the
norm on the left hand side.

4.3 High order outflow boundary layer analysis

In the present section, we explain how the analysis of [6], which dealt with the case of the
Dirichlet boundary condition at the outflow boundary, can be extended to the case of high order
extrapolation (4.1.8). The goal is to obtain an accurate description of the numerical solution
close to the outflow boundary by means of a boundary layer expansion. The leading order term
in the expansion corresponds to the exact solution to the transport equation. However, this
leading order term does not satisfy the extrapolation condition (4.1.8), leading to a consistency
error of magnitude O(Az*) on the boundary. Under some mild structural assumption on the
numerical scheme (4.1.7), we show below that this O(Ax*) error on the boundary gives rise
to a boundary layer term which scales as O(Az**1/2) in the ¢2 norm. This gain of a factor
Az'/? enables us to recover the optimal convergence rate k;, in the maximum norm on the whole
spatial domain for k, < k.

4.3.1 An introductive example

Let us go back for a while to the case of the Lax-Wendroff scheme (4.1.3), which we consider
here on the left half space

wt = "anl,,, j<JneN, (4.3.1)



withp=7r=1,a_1 = a\a\+1)/2, ag = 1 — a*)\? and a; = a\(aX — 1)/2. We start with
some smooth initial condition f defined on (—oo, L) which we project as a piecewise constant
function

1 i ,
uj = E/x flx)dx, j5<J.

The exact solution to the transport equation on (—oo, L) with initial condition f is u(t,z) =
f(x — at) (recall a > 0). Hence, the consistency analysis of the Lax-Wendroff scheme indicates
that u7 reads

1 %
u = A_/ f(@ — at™)dz + &7, (4.3.2)
I

where the first term in the expansion on the right hand side yields an O(Ax?) consistency error
in the interior domain, but also an O(Az) consistency error on the boundary. If we wish to
push forward the above expansion, we need to take into account the boundary consistency error
and introduce a corrector which will hopefully not alter the interior consistency error. This can
be achieved by observing that the sequence

1+ Xa

=k, jE, =
vj =K, J K Y

is kept unchanged by the Lax-Wendroff scheme on Z, and belongs to ¢?(—occ, J) (we assume
0 < Aa < 1so |k| > 1). Hence, to remove the boundary consistency error, we can add a
corrector on the right hand side of (4.3.2) in the following way
1 (%
uy = —/ flz —at")dx + Avw"v;_; + €7, (4.3.3)
Az J,,
where w" is defined in such a way that the two first terms on the right hand side satisfy
the homogeneous Dirichlet boundary condition for k, = 0 and the first order extrapolation
condition for k; = 1 while k = 2 for the Lax-Wendroff scheme.

The case k, = 0: At the outflow boundary condition, we first impose the homogeneous Dirichlet
boundary condition

uj, =0, neN (4.3.4)
Indeed, the value of w™ is given by
1 TJ+1
W' = =3 /IJ f(z —at™)dx. (4.3.5)

Then, we have the following estimate

1
Az |Azw™v;_s|* < ——
Z x| :L"UJ’U]J|_A$(

TJ1 2
/ |f(z — at")|d:p> x> R

Jjs<J *7 i<J
1 I+ 2 : 4.3.6
5 A_;L' (/xJ ||f||H1((—oo,L))de‘) X Z |HJ_J_1|2 ( )
j<J
S Af“f”%{l((—oo,L))-
According to (4.3.3)-(4.3.5), we get

: L[
Vi<J, o e)=ul-— E/ f(2)dz — Azw’v;_; = —Azw’v,_;. (4.3.7)

Tj—1
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and for any n € N

1 TJj+1
€741 = UGy — N / f(z — at™)dr — Azw™ v,
zg

I A n I A n (4.3.8)
=0 A f(z — at™)dx + AL flz — at™)dx
= 0.

Besides, from (4.3.1) and (4.3.3), one has for all j < J and any n € N,

€n+1 n+1 A / f at”“)dx _ AijnJrlUj,J

J

1 TJj+1
= Z gy, = E/ flz —at"")dw + E/ flo = at™)dw X vj_(r41)
l=—r Tj—1

P ;
1 j+e
= Z ay (E / flx —at™)dx + Azw"vjpe—y + &t;ﬁrg) (4.3.9)
t=—r Tjte-1
1 I n+1 1 A n+1
| flz —at™)dx + ) fle —at""")dx X vj_(j41)

p
— Z agel o+ At (e 4674

l=—r
where the consistency error (€});<s nen and (6")j<J nen read

ej = AtA (Z /x]H flx —at™)dx — / f(z —at"th)d > (4.3.10)

Tj+e—1 Zj—

$J+1

— at”“)d:z: X Uj_(J+1)>

) = A (Z apAzw"vjqe— J—i——/

l=—r
1 /IJ+1 ( ) Z TJj+1 ( +1)
= — flz —at™)dzx x AgUj o7 +/ flz —at""")dz X v;_141)
AtAzx . = ) /
= —flr—a T—a T X Ui .
AtAz s
(4.3.11)
According to (4.3.7)-(4.3.11), we can see that (£7);<s 0<n<r/as Satisfies
) = —Azw'v;_y, j < J,
=0, 0<n<T/At—1,
(AR sn<T/ (4.3.12)
et = "aeEl ALY, j<J0<n <T/AL -1,
b=—1r
with the interior source term (F7}');< 1<n<7/a: is defined by
FP =+ 4. (4.3.13)
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By an application of Proposition 4.2.3 for the scheme (4.3.12), we get the following estimate

sup Z Az(el)? < C (Z Ax (—Aacwovj_J)Q +T? sup Z Ax(FJ”)2> . (4.3.14)

0<n<T/At 5 =7 1<n<T/At 525

By using the estimate (4.3.6) and the definition of (F}')j<s 1<n<7/a¢ in (4.3.13), the inequality
(4.3.14) becomes

sup Ax(e?)? < O Ax||f3wry + T sup Az(e™)? + Az(87)? .
/AZ (<) ( 17 ooy + 7% _sup Z () Z (97)

(4.3.15)

One can proceed as in (4.2.24)- (4.2.29) to control the interior consistency error as follows

sup Z Az(el)? < C’Ax%||f|]§1k+1((,oo,m). (4.3.16)

1<n<T/At 5

Besides, we can see that

. 1 TJj+1 n n
1< o [ 1= at™) = fo = at)| de x foy i)
Ty
TJj4+1 1
< AL At/o fl(@ —a(t™ + 0AL))dOds x |vj_(s41)]
Ty

S E2((o0,0)) X V=741 |-

Then, we get the following estimate

1<n<T/At 55

Substituting (4.3.16) and (4.3.17) into (4.3.14), we have

sup Z A$(5?)2 <C (A'er”%{l((foo,L)) + 17 (AJ”QkaH?{kJrl((foo,L)) + Ax”f”%{Q((foo,L))))

0<n<T/At 5275
and this immediately gives the following estimate

sup Z Az(eh)? < C’TQAa:HfH?{kH((_OO’L)) (4.3.18)

0<n<T/At ;7

On the other hand, from (4.3.3), we get

_ 2
sup ZAm (u?—/] f(x—at")d:p) S osup ZAm(s}‘)Q—i— sup ZAI(AI’U)”UJ‘_J)Q.

0<n<T/At ;7 0<n<T/At ;7 0<n<T/At 7

According to (4.3.6) and (4.3.18), the above inequality becomes

) 2
sup Z Ax <u? - / flx — at”)dm) < OTQAI'Hf”?{’VJrl((foo,L))
Tj_1

0<n<T/At 7
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and this immediately gives the uniform convergence estimate

sup  sup
0<n<T/At j<J

at —/ f(x — at™)de| < CT|f less ooty

The case k, = 1: At the outflow boundary condition, we impose the first order extrapolation
boundary condition

uj, =uj, neN (4.3.19)

We thus introduce the notation
1 i
—/ flx —at")dz, j<J+1, neN.
T S,

Indeed, the value of w™ is defined by

0 1 (D_w™) 41
w = — X
Azk (D_U_(J+1)>J+1

- _m X é (/:”1 flx —at™)dx — /;JI flx — at")dx) )

The important observation at this point is that defining w" requires the real number s not
to equal 1. This fact follows here from a mere verification but it is a general consequence
of the analysis in [36] of the Lopatinskii determinant associated with the boundary condition
(4.1.8) (see also the proof of Lemma 4.3.5 below). Then, by applying Lemma 4.2.5, we have

the following estimate
2

Al Arwro = S A /mlf( ")d / flo—at™)yde || x o2
Z | Azw"v;_ | (/1—1)22 v 5 x — at")dx . x — at")dx Vj_g
N Ax?)HfH%{l((foo,L))‘

(4.3.20)

j<J i<J

(4.3.21)
Following (4.3.3), (4.3.19) and (4.3.20), we get
Vi <J, 8 = u; ——/ f(x)dz — Azw’v;_; = —Azw’v;_;. (4.3.22)
and for any n € N
(D_&") 41 = 0. (4.3.23)
Besides, from (4.3.1) and (4.3.3), one has for all j < J and any n € N,
et = Z ae, + At (el + o7t (4.3.24)

b=—r

with the consistency error (ef);<jnen is the same as in (4.3.10) and (0") < nen reads
n 1 1 T+t n+1 n
5j:AfEAt><K/_1X(/xJ (f(z —at"") — f(z — at™)) dx

zg (4.3.25)
_/ (f(z — at™™) = f(z — at™)) dx) X Vj_.

TJj—1
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According to (4.3.22)-(4.3.25), we can see that (¢7);<j 0<n<r/as Satisfies

) = —Azuwv;_y, g < J,
(D)1= 0, 0<n<T/At—1, (@3.26)
entt = Z el + AFMY <0< n < T/At—1,
l=—r
with the interior source term (F}');<J 1<n<7/a¢ 18 defined by
F} = e} +07. (4.3.27)

Again, by an application of Proposition 4.2.3 for the scheme (4.3.26), we get the following
estimate

sup ZA:U 20 (Z Az (—Azw’v;_ J) +T* sup ZA:C ) > . (4.3.28)
0<n<T/At 5

<7 1<n<T/At 7y

By using the estimates (4.3.16), (4.3.21) and the definition of (F}');<j1<n<7/a¢ in (4.3.27), the
inequality (4.3.14) becomes

sup ZAQ& (Ax3||f||H1( OOL))—I—T sup (ZAx +ZA:U (67) ))

0<n<T/At J<J 1<n<T/At j<J j<J
<C <A$3Hf||12ql((—oo,1;)) +1° <A$2k||f”12qk+1(( sup Y Ax(d}) ))
1<n<T/At j<J
(4.3.29)

Now, we can observe that

L/ T (-t - at) de - / (o=t = o - att) do

TJ+1
:—/ At/ f'(x —a(t" + 0AL))dodx — —/ At/ f'(x —a(t" + §AL))dodx
_At D_v )J+1

By applying Lemma 4.2.5, we have the following estimate

Aix /:cJ+1 (f(fL’ — atn+1) o f(.l“ . at”)) dr — Aix (f($ _ atn-H) . f(:L‘ _ at")) da

S AtAx“fHH3((—oo,L)) .

Therefore, we get

sup ZAx 7% < Aa:3||f||H3 (—ool))" (4.3.30)

1<n<T/At
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Substituting (4.3.30) into (4.3.29),one has

sup Z A$(5?)2 <C (sza”fH%Il((foo,L)) +1° (A$2k||f||%lk+1((foo,L)) + Ax3”f||il3((foo,L))>>

0<n<T/At 25
and this immediately gives the following estimate

sup Z Az(eh)? < CTQAa:SHfH%{kH((fOO’L)) (4.3.31)

0<n<T/At ;7

On the other hand, from (4.3.3), we get

_ 2
sup ZAm (ug—/] f(x—at")d:v) < sup ZAw(e}‘)Q—F sup ZAw(Axw”vj_J)Q.

0<n<T/At j<J 0<n<T/At i<J 0<n<T/At j<J

According to (4.3.21) and (4.3.31), the above inequality becomes

v 2
sup Z Ax <u§‘ - / flx — at”)dx) < CTQAI'S”f”?{’ﬁLl((foo,L))
Tj_1

0<n<T/At 7

and this immediately gives the uniform convergence estimate

sup sup

S OTA(L’HfHHkJrl((_OqL))
0<n<T/At j<J

u} —/ J f(x — at™)dx
Tj—1

The above brief sketch is made complete and rigorous below in the general framework of The-
orem 4.1.3.

4.3.2 Discrete steady states

Formalizing somehow the previous example in a more general framework, let us now introduce
the following definition.

Definition 4.3.1 (Steady state for the numerical scheme). A sequence (v;)jez is called a
discrete steady state of the scheme (4.1.7) if it is kept unchanged by the time iteration process
on Z, that is, if it satisfies

P

Vi€Z, > awi=mv; (4.3.32)
l=—r

In order to characterize the discrete steady states, it is natural to introduce the characteristic

polynomial
p

AX) =) a X - X" (4.3.33)

l=—r

From the consistency property (4.1.10), any constant sequence is a discrete steady solution
for (4.1.7), the same property being available for the continuous model (namely, the transport
operator). However, the discrete nature of the differentiation operator involved in the numerical
scheme (4.1.7) allows the existence of many other discrete steady solutions. The latter play
an important role when considering then the half-space problem with some discrete boundary
conditions.
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From the non-characteristic assumption a # 0, it follows that, among the roots of A, X =1
is always a simple root. Let us now introduce the whole set of (pairwise distinct) roots of A
together with their multiplicities through the full factorization of A in C[X]

AX) = a, ﬁ(x — Kg)te. (4.3.34)

o=1

Clearly, looking at the degree of the polynomial A, one has the equality

> po=r+p.
o=1

For convenience, we order the roots of A with decreasing modulus
|I€1’ 2 ’/‘QQl Z D ‘/i.,-’.

To make the analysis more intelligible, we will work under the following assumption, which was
already present in [6].

Assumption 4.3.2. The characteristic polynomial A defined in (4.3.33) has a unique Toot
(equal to 1) on the unit circle S = {z € C, |z| = 1}. In other words, we assume

T

U{k-}ns={1}. (4.3.35)

o=1

As observed on above example of the Lax-Wendroff scheme, the steady states we are looking
at should decrease rapidly as j tends to —oo, so that they only provide with a localized correction
(near the boundary) to the usual convergence analysis and belong to %, (—oc,J). We are
therefore only concerned with those roots of A that have modulus greater than 1. Lemma 4.3.3
below gives the precise number of such root (counted with their multiplicities). We refer to |6,
Lemma 2.1] for the proof.

Lemma 4.3.3 (Unstable roots of A [6]). Under assumptions 4.1.1 and 4.3.2, letting K1, . . ., K,

+

be the roots of A belonging to U = {z € C, |z| > 1} with their corresponding multiplicities
[y -y ey, then one has

T+
> pe=p. (4.3.36)
o=1

A direct consequence of Lemma 4.3.3 is the following description of steady states for (4.1.7)
that belong to ¢?(—o0, J). The proof follows from the standard description of the set of solutions
to the recurrence relation (4.3.32).

Lemma 4.3.4. The set of discrete steady solutions of the scheme (4.1.7) that belongs to
(*(—o0, J) is the finite dimensional linear subspace spanned by the p linearly independent se-
quences plo¥)

p§g’y) =G —-J)VK €L, 0<v <y, 1<0< 1y, (4.3.37)

Equivalently, these discrete steady solutions in ¢*(—oo, L) read
T+ .
vj = Zpa(j)ﬁi“], J €L, (4.3.38)
o=1

where p, € C,,_1[X] for all index 1 <o < 7.
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Let us detail the parametrization of the set of (stable) discrete steady states on the two
main examples we are concerned with. For the Lax-Wendroff scheme (4.1.3), one has
Aa(l — Aa)

AX)=-"—"X>+(1- (Na)>)X +

Aa(l+ Aa)
5 .

2
The (two simple) roots of A are 1 and

1+ Xa

S v

with k € U assuming, as usual, 0 < Aa < 1. For the half space problem on (—o0c,J), k is
therefore the unique stable root, and 1 counts as an unstable root (see [6]). In particular,
assumption 4.3.2 is satisfied. The set of solutions to (4.3.32) that belongs to ¢*(—ooc, J) is the
one-dimensional subspace spanned by the sequence (k/~7);cz.

Let us now consider the so-called O3 scheme, which is a convex combination of the Lax-
Wendroff and Beam-Warming schemes, see [84, 29]. We now have p = 1 and r = 2, and the
scheme reads
Aa(Aa + 1)(1 — Aa) uy + Aa(Aa + 1)(2 — Aa) s

2 g (4.3.39)

N (Aa+1)(1—Xa)(2 — )\a)un ~Aa(l = Aa)(2 - Aa)u'

2 6

with, again, 0 < Aa < 1. Assumption 4.1.1 is then satisfied (with & = 3). The roots of the
corresponding characteristic polynomial A are

ntl

I 6

u

(1+Xa)(5—2Xa) £ /(1 + Aa)(33 — 15\a)
2(1 = Xa)(2 — Xa) ’

Ky 1=

Ko =1,

each of them being simple. The root x_ is the only one in U and s, belongs to the open
unit disk D, which is consistent with Lemma 4.3.4 (p = 1). In particular, assumption 4.3.2 is
satisfied. The plots of corresponding roots (except k = 1) according to the value of Aa is shown
in Figure 4.3.1.
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Figure 4.3.1: Generating roots as functions of the CFL number.
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4.3.3 The boundary layer expansion. Proof of Theorem 4.1.3

We now start proving Theorem 4.1.3, and for that, we consider some initial condition f €
H*+1((—o0, L)) which, for convenience, we extend to the whole real line R as an element of
H*(R). Our aim is to compare the solution to the scheme (4.1.14) (which is set on a half
line) with the piecewise constant projection of the exact solution to the transport equation. We
thus introduce the notation

1 /xj .
W= — flx —at™)dz, j<J+p, neN.
J Az J,,

The consistency analysis in Sections 4.2.1 and 4.2.2 of the scheme (4.1.14) amounts to con-
sidering the numerical scheme satisfied by the error (u} — w}). It is proved that the resulting
boundary consistency errors have size O(Ax"*), while the interior consistency errors have size
O(Az*). Here we have k, < k so the worst term is on the boundary. Following the arguments
in [6], we are therefore going to introduce a boundary layer corrector in order to remove the
boundary consistency error, up to introducing new initial and interior consistency errors, whose
size will be proven to be O(Ax***1/2) hence the final result of Theorem 4.1.3. Let us make this
argument precise.

The consistent expansion of the numerical solution (u}) takes the form of a corrected ver-
sion of (w}), involving now a boundary layer expansion (v}) € (*(—ooc,.J) as for the above
introductive example. The aim is to reduce the magnitude of the following convergence error
at the boundary

el =Wl —ul + Az™of, < J+4+p, neN (4.3.40)

The definition of (v7);<ypnen is chosen so as to correct the error at the boundary. The simplest
and best way to do so consists in chosing (an) j<J+pmeN SO as to get precisely in the ghost cells
the relations (Dlib€")J+z =0,1 < /¢ < p. From now on, we formulate the problem in such a way
to normalize the generating sequences according to the value of J. In view of the Lemma 4.3.4
and to the above discussion, the problem to be solved writes

T— po—1

=N ) j<T+p, neN, (4.3.41)
o=1 v=0

(Dﬁbvn)]+e = — (Dﬁbwn)J+[, 1 S g S D, n & N, (4342)

Azko

where the sequences p(®") are defined in (4.3.37). Equivalently to (4.3.41), we again can look
for the boundary layer corrector (v7);<jypnen under the form

T4
= S puali = DL, (1:8.43)
o=1
where p, , € C,, 1[X] for all index 1 < o < 7,. The existence of the corrector (vf) is given by
the following result. We recall that in the framework of Theorem 4.1.3, there holds &k, < k.

Lemma 4.3.5. Consider the initial condition f € H*"'((—oo,L)) extended to the whole
real line R. Then, the boundary layer problem (4.3.41)-(4.3.42) admits a unique solution
(V) j<s4p,m € N, and this solution satisfies the estimate

1/2
sup (Z A:p|v§‘|2) < CA$1/2||f||Hkb+1((_OO7L)), (4.3.44)

neN j<J

where the constant C' > 0 is independent of Ax >0, J, L and f.
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Proof. Let us fix some integer n € N. The discrete solution (u});<y, to (4.1.14) solves the ho-
mogeneous boundary condition (4.1.8), thus equivalently to (4.3.42) one has to find the vector of
coordinates z € CP solution to the linear system Ay, z+b = 0 where b = Az=% ((D*w™) ;10)1<s<p
and the p x p matrix Ay, is defined as follows

(DM pM), ... (D p@)y,
A, = :

b

(DEpM), ... (DEp®),

where we have relabeled the sequences p@)|1 < o0 < 7., 0 < v < py — 1 as pM, . p® in
order to make the definition of Ay, easier to read. The latter matrix is somehow the kjth-
order discrete derivative of the so-called confluent Vandermonde matrix. It seems possible to
compute the determinant of Ay, see [47], and then to extend this result to higher values of
ky but we prefer to avoid such complicated computations. From the identity of dimensions,
we shall just prove that the matrix Ay, is one-to-one, in other words we shall prove that the
problem (4.3.41)-(4.3.42), or equivalently (4.3.42)- (4.3.43), admits a trivial kernel.

Dealing with discrete derivatives of geometric sequences (p,,(j));, polynomial sequences
(k2); and of the product of such sequences, the divided difference algebra appears as a suitable
tool in our analysis (for more details we refer the interested reader to the references 81, 77,
28]). For consistency in the notations, we recall hereafter the recursive definition of divided
differences, but specified for the case of consecutive integer abscissae. Being given a sequence
of complex numbers (w;),ez, one has

w[j]:wju j€Z7

. . 1 . . . . . N
wlj—m, ..., 7] ::E(w[]—m+1,...,j]—w[y—m,...,y—l]), jE€Z, meN*~.

(4.3.45)
Moreover, the quantity (D*w) ; is directly related to the divided difference w[j — ks, ..., j] by
the equality

(DFw); = kylwlj — ky,...,j],  jEZ (4.3.46)

Importantly, we may also use the Leibniz formula for divided differences of products of two
sequences

(w@)[j—kb,...,j]—wa[j—kb,...,j—m]@[j—m,...,j], jez. (4.3.47)

m=0

In terms of the D_ operator, using the relation (4.3.46), the Leibniz formula (4.3.47) rewrites
under the more recognizable form

m

(D (wi)), = Z ("“) (DP"w),_ (D), j €L

m=0

Let us continue with the representation formula (4.3.38) of the solution to the boundary
layer problem. Looking at the kernel of the linear problem (4.3.42), we have to find polynomials
(Ps)1<o<r, With respective degrees less than or equal to (¢, — 1)1<s<r,, satisfying the set of

equations
T+ Ky

ZZpg[ﬁ—kb,...,ﬁ—m]ng[ﬁ—m,...,ﬁ]zo, 1< <p,

o=1 m=0
where we denote, with a slight abuse in the notation, k., for the corresponding geometric
sequence (K, )mez, for any o = 1,... 7. Actually, from the identity (4.3.46) and by induction
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on the integer m (or using (4.3.45)), it is easy to prove that the m-th order divided difference
of K, is given by

Kol —m, ... 0] = —(D™ky)y = — (1 — k7 )"k, 1<i<p.

o o)

Let us introduce, for any integer ¢ and any polynomial p, with degree less than or equal to
1ty — 1, the following polynomial @), also with degree less than or equal to p, — 1

kyp
Qo(X) = (1= ;)P X = k..., X = m]. (4.3.48)
m=0
With these notations, the equations to solve now equivalently read
T+
> Q.(0rh=0, 1<t<p (4.3.49)
o=1

Actually, the above set of equations (4.3.49) exactly corresponds to the generalized Lagrange-
Hermite interpolation problem, which is known to be invertible. To that aim it suffices to prove
the injectivity of the linear application ® : C,_;[X] — CP, mapping any polynomial P to the
set of values (P")(ky))1<o<r., 0<v<p,- This follows from the count property (4.3.36). Thus one
has necessarily (), = 0 for any 0 = 1,..., 7. It remains to deduce any of the p, polynomial
to be also zero.

Observe that for any k, 0 < k < k;, and from the divided difference algebra, the polynomial
Po|X — kp, ..., X — k] has degree less than p, — (ky, — k) (see (4.3.46)). Thus the highest degree
polynomial involved in the sum (4.3.48) is p,[X — k| (for k = k) that is necessarily zero and
thus p, = 0. The injectivity of the boundary layer problem (4.3.42)-(4.3.43) is proved, and
therefore the matrix Ay, is invertible.

As a consequence, there exist unique coefficients (3, ) that depend only on the considered
scheme and on k;, (but neither on the initial condition f, nor on the time index n), such that
the solution to (4.3.41)-(4.3.42) has the form

T+ po—1 p

U;-L = Al’_kb Z Z Z 507V75(Dﬁbwn)J+[p§a7y). (4350)

o=1 v=0 (=1
Using now triangular inequalities, we obtain, for some constant C' > 0, the upper bound
T+ po—l1

(vj)? < CAz™0 i (Dﬁbwn)JM)Z > (PE-U’V)>2, Jj=J
=1 =0

On the one side, we recall the definition (4.3.37) of the sequences p(>) in Lemma 4.3.4, hence

the estimate 1 1o
T+ Ho—
(Z Ax Z Z <p§-o’”))2> < CV Az, (4.3.51)

J<J o=1 v=0

where the constant C' > 0 is independent of J and Ax. On the other side, from Lemma 4.2.5
and the continuity of the reflection operator from H**!((—co, L)) to H**1(R), we have the
upper bound

’<Dkbwn> ‘ < AT fll gt ((-opyys 1<E<p, neEN,
J+L ’
and thus the required estimate (4.3.44) follows. O
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The interested reader will find in [36] a similar argument to the one developed in the proof
of Lemma 4.3.5. In [36], the analysis of the determinant of the matrix Ay, arises from the ver-
ification of the so-called Uniform Kreiss-Lopatinskii Condition (a condition whose significance
is based on the work [43]. Let us now prove Theorem 4.1.3. The error (%) <1 pnen introduced
in (4.3.40), and fully defined through Lemma 4.3.5, satisfies the following set of equations?

DMe) 0, = 0, 0<n<T/At, 1<{<p,
( )+p / (4.3.52)
€?+1:Zaz€?+£+AtFJn+l7 O0<n<T/At—-1, j<J.

l=—r

Here above, the consistency error F' j"H consists of two terms: a first one coming from the usual
n+1
J

the boundary layer corrector denoted (5?“. In other words, we split Ff“ = e?“ + (5;-”“1 with

1 p Aghe P
=5 (w?“ - aew?+e> AV R DL

interior consistency error denoted e, and a second one coming from the time evolution of

b=—1r b=—1r

Considering the scheme (4.3.52), the error (€7);<ypo<n<r/ar Obeys the stability estimate ap-
plicable in the case of the homogeneous Neumann boundary condition, see Proposition 4.2.3

sup Az (eh)? < C Az (e9D*+T?  sup Az (FM)? 5 . 4.3.53
O<”<T/Atj§ZJ ) JSZJ ) 1<n<T/At JES; ) | )

It therefore remains to estimate the initial and interior consistency errors in (4.3.52)

e The initial consistency error. Estimating the initial condition (£9);<; directly follows
from the estimate (4.3.44) in Lemma 4.3.5

Z Az (62)2 < C Azttt ||f||12qkb+1((_oo,L)) :

i<Jd

e The interior consistency error. I. Estimating the interior consistency error (e?) related
to the projected exact solution (w}) has already been achieved as in (4.2.24)-(4.2.29) so
we just report the result

sup Az (e")? < C Az ||f|1? -
1<n<T/At ;] (€) LF 1 (oo,

e The interior consistency error. II. Estimation of the new error term related to (07). Ob-
serve that, first due to the steady states decomposition from Lemma 4.3.4 and then using
successively (4.3.41) and (4.3.50), the interior consistency error arising from the boundary
layer corrector rewrites as

T+ po—1l p
Ax¥ -

b 1 o,V
B = S =) = 5 303D Al D =l

o=1 v=0 (=1

Thus, from Cauchy-Schwarz inequalities, there exists a constant C' such that

n+l _ n 2
3 Aalgt P < OAx sup ( DF (T .
’ At J+L

<7 1<0<p

4Here we use u? = w? for j < J
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In the above formula, the discrete in time derivative of wf rewrites, for any j < J + p as

w?“—w?_ Uy —at —ad) — fly—atn)
At ) At
y— at”—aAt
z)dz dy.
*F(y)

Since f € H*(R) with & > k;, we have at least f € H**2(R) and therefore F €
H*(R) with
IF® D) oy < @?[l fEF2)]| 2

from which we deduce, using in addition Lemma 4.2.5:

o (5)
- At J+L

Thus, using again the upper bound (4.3.51), the above estimate and the H**2-continuity
of the extension operator, one has:

< CAxkb”fHka?(R)a 1<l<p.

sup 37 A (57 < OO s o (43.54)

1<n<T/At 77

Let us now come back to the stability estimate (4.3.53) and use the three above consistency
estimates to get (recall T'> 1 and k, < k)

1/2
sup (Z Az (ef )2> < OT A 2|l s (oo, -

0<n<T/At \ =)

n

From the constructive formula for the boundary layer corrector (vj}), we have derived the

bound (4.3.44) which, by the triangle inequality, yields the convergence estimate (recall £} =
Wi —uf + Axkbv?)

1/2
sup (Z Az (uj — w?)2> < OT AL TV2| e
0<n<T/At j<J
Using now the (crude) estimate
1/2
sup |b;| < Ax~1/? ZAxb? ,
JisJ j<J

we complete the proof of Theorem 4.1.3.

4.4 Numerical experiments

4.4.1 The Lax-Wendroff scheme

We report in this paragraph on various numerical experiments with the Lax-Wendroff scheme
(4.1.3) (which corresponds to p = r = 1). Assumption 4.1.1 is satisfied provided that Aa <1,
and the order k equals 2. In all what follows, we choose a = 1 and A = 5/6. The interval
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length is L = 6 and the final time T equals 8. The initial condition is f(z) = sinz and the
boundary source term is g(t) = — sint so that the exact solution to (4.1.1) is u(t, x) = sin(x—1).
Figure 4.4.1 represents the initial condition f(z) on a grid with 50 cells on (0,6). In Figure
4.4.2, we plot the numerical solutions at ¢ = 8 obtained with k, = 0 (homogeneous Dirichlet
outflow condition), k, = 1 (first order outflow extrapolation condition) and k, = 2 (second
order outflow extrapolation condition). As expected, the Dirichlet condition shows a larger
boundary layer, and, especially, the solution with k, = 2 is much nearer to the exact solution
than the others.

Initial condition with 50 cells in (0,6)

1.00 - -——— == = initial data
0.75 27 N
0.50 1 7 N
02544 AN
0.00 N
-0.25 A \
~0.50 1 S 7

-0.75 - S ,

—1.00 A I ——

Figure 4.4.1: Initial condition f(z) with 50 cells in (0,6) .

Numerical and exact solutions with 50 cells at timet = 8

— kb =0
— kD =1
— KD = 2
== = exact solution

Figure 4.4.2: Numerical and exact solutions at time ¢ = 8 with 50 cells in (0, 6) .

Let us now consider the error of the schemes. With the values of J reported in Table
4.1 below, we first implement the Lax-Wendroff scheme (4.1.3) with the following numerical
boundary conditions

u,, = uy, (first order outflow extrapolation condition),

N —sint”, (Dirichlet inflow condition (4.1.6)),
Uu =
0 —sint™ — (Az/2) cost™, (inverse Lax-Wendroff inflow condition (4.1.12)).

The errors, as measured in the statement of Theorem 4.1.2, are reported in Table 4.1 below for
cach of the two cases (either the Dirichlet inflow condition (4.1.6) or the inverse Lax-Wendroff
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inflow condition (4.1.12)). In either case, the observed convergence rate is 1 since increasing
J by a factor 2 decreases the error of the same factor 2. This behavior is fully justified by
Theorem 4.1.3 since we have k;, < k here.

Number of cells J | Dirichlet inflow condition | Inverse Lax-Wendroff inflow condition
1000 4.1-1073 5.1-107%
2000 2.1-107° 2.5-1074
4000 1.1-1073 1.3-1074
8000 5.3-1074 6.3-107°

Table 4.1: The £;°; error for the Lax-Wendroff scheme (4.1.3) with first order outflow extrapo-
lation and either the Dirichlet, or inverse Lax-Wendroff, inflow condition.

Secondly, we now turn to the second order outflow extrapolation condition:

u,, = 2uy—ufj_;, (second order outflow extrapolation condition (4.1.5)),

N —sint”, (Dirichlet inflow condition (4.1.6)),
Uu =
0 —sint™ — (Az/2) cost™, (inverse Lax-Wendroff inflow condition (4.1.12)).

The errors, as measured in the statement of Theorem 4.1.2, are reported in Table 4.2 below for
each of the two cases (either the Dirichlet inflow condition (4.1.6) or the inverse Lax-Wendroff
inflow condition (4.1.12)). For the Dirichlet inflow condition, the observed convergence rate is
1 again (despite the more accurate outflow treatment), but one recovers the convergence rate
2 with the inverse Lax-Wendroff inflow condition (4.1.12). However, proving rigorously that
this numerical scheme converges with the rate 2 in the maximum norm might be very difficult
(it might actually even be wrong !), even for smooth data, since the Lax-Wendroff scheme is
known to be unstable in ¢*°(Z). Improving the convergence rate 3/2 of Theorem 4.1.2 in the
case of the Lax-Wendroff scheme with second order extrapolation outflow condition is left to a
future work.

Number of cells J | Dirichlet inflow condition | Inverse Lax-Wendroff inflow condition
1000 3.7-1073 1.2-107°
2000 1.8-1073 2.9-107°
4000 9.3-107* 7.3-1077
8000 4.7-1074 1.8-107

Table 4.2: The £;°; error for the Lax-Wendroff scheme (4.1.3) with second order outflow ex-
trapolation (4.1.5) and either the Dirichlet or inverse Lax-Wendroff inflow condition.

4.4.2 The O3 scheme

Let us now consider the O3 scheme, which is a convex combination of the Lax-Wendroff and
Beam-Warming schemes. It reads

ui™ = apuf ptaufytagui +arufy,, neN, j=1,....J,
with
A A
a_y = —?a(l—()\a)Q), ay = 7a(1—|—>\a)(2—>\a),
1 N Aa
ap = 5(1—()@) )2 =Xa), a = —?(1—/\@(2—)\(1).
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The reader can verify that Assumption 4.1.1 is satisfied provided that Aa < 1, and the order
k equals 3 (r = 2 and p = 1 here). To maintain third order accuracy, we implement the latter
scheme with the following boundary conditions

uf,, = 3uy—3uj_ +uj_,, (third order outflow extrapolation condition, k, = 3),

up = —sint™ — (Az/2) cost™ + (Az?/6) sint™, (inverse Lax-Wendroff inflow condition (4.1.12)),
u", = —sint" — (3Ax/2) cost™ + (7Az?/6) sint", (inverse Lax-Wendroff inflow condition (4.1.12)).

Number of cells J | Inverse Lax-Wendroff inflow condition
1000 2.1-1078
2000 2.6-1077
4000 3.3-10719

Table 4.3: The £, error for the O3 scheme (4.1.3) with third order outflow extrapolation and
the inverse Lax-Wendroff inflow condition.

The measured errors are reported in Table 4.3. They correspond to a rate of convergence 3.
Let us observe that the O3 scheme is known to be stable in ¢>°(7Z), see [87, 29], hence there is a
genuine hope of proving rigorously that this rate of convergence does indeed hold (for smooth
compatible data). Such a justification is also left to a future work.

4.5 Appendix: A discrete integration by parts

In this appendix, we study the discrete integration by parts result for the Lax-Wendroff and
O3 schemes. Let us introduce

V= \a.

4.5.1 The Lax-Wendroff scheme

In order to estimate the discrete integration by parts, the following lemma is useful

Lemma 4.5.1. Assume that the exact solution to (4.1.1) is approximated by means of the
Laz- Wendroff scheme:

uitt = §y(y + Dul 4+ (1= )l + §V(V — Dufyy. (4.5.1)
Then, there exist real numbers A, B and a quadratic form Q on R? such that

g 1 = | = A = )"+ B (g — 20 + )

+ Q(uj s Ujpr — uj) - Q(Uj—17 uj — Uj—1)-

Proof. Firstly, we find the real numbers A and B. Let us define the Fourier transform of (u}) ez

() =) ule Ve

JEL
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Therefore, the numerical scheme (4.5.1) becomes

) = (%(ﬂ +v)e 4 (1-07) + ;<v2 - V)€1§> (&)
= (V¥ cos(§) + 1 — v* —ivsin(g)) " (€).
Then,
@) = (7 cos(e) +1— )" + w2sind(6)) [0 (&)
— (1+2(v” = 1)(cos(€) — 1)) [a" (&)

- (e wer - (§))mier

By an application of the Plancherel’s theorem and the above formula, we have

2T 27
Sl =R =5 [ of as- o [ anor

jEZ JEL 1 . (4.5.3)

- o [ (§) @R

Now, summing (4.5.2) on Z and using the Plancherel’s theorem, we get

n n 1 o —i i —i ~n
S-SR = 5 [ (A= Bl 2 e ) () de

ez jEZ
i " sAsin? (& @™ (&) de + i/27r 16Bsin* & o™ (€)|? d¢
2w 2 21 Jo 2 '
(4.5.4)
From (4.5.3) and (4.5.4), we can find

1
A=0, B= Zzﬂ(y? —1). (4.5.5)
Secondly, we assume that the quadratic form @ on R? has a form
Q(z,y) = aa® + fry + 1y,
Thus, the formula (4.5.2) becomes

W} * = (B +7)(uj)? + (A+4B + a = B)(u})* + (A+ B — a + 5 —7)(u]_,)?
+ (=4B + B = 2y)uj,uj + 2Buj, ui ) + (—2A — 4B — B+ 2y)ujul ;.
(4.5.6)

|u?+1 ‘2

On the other hand, from the numerical scheme (4.5.1), one gets

n n 1 n " L ; 2 4
|uj+1|2 _ |Uj 2 = (§y(y +Duf + (11— VQ)uj + 5”(’/ - 1)“j+1) - (uj)Z

12 2 2\2 n\2 12 2/ n 2
= A = PP+ (=) = 1) (@) + 02+ D2

1 n,n
+vv—1)(1—- 1/2)uj+1u + 21/2(1/ = Dufuf  +v(v+1)(1 - VQ)u]u.

G—1-

(4.5.7)
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According to (4.5.6) and (4.5.7), we obtain the following equations

'Bﬂ:}lﬂ(y—n?
A+4B+a—-B=(1-1*)*-1
A+B—a+ﬁ—7=}1u2(u+1)2
—4B+ B -2y =v(v—1)(1 — v?)

2B = %V2(1/2—1)

| —2A—4B -+ 2y =v(v+1)(1 —1?).

From the values of A and B in (4.5.5), after some calculations, we can find

a=-v, pf=-v(l-v), ~v= %1/2(1 —v).

This ends the proof of Lemma 4.5.1. O]

4.5.2 The O3 scheme

In order to estimate the discrete integration by parts, we study the following lemma

Lemma 4.5.2. Assume that the exact solution to (4.1.1) is approximated by means of the O3
scheme:

ujJr1 = —61/(1 - yz)uj_2 + 51/(1/ +1)(2—v)u , + 5(1 —H(2 - v)uj — 61/(1 —v)(2 = v)uj,,.
(4.5.8)
Then, there exist real numbers A, B,C and a quadratic form Q on R3 such that
ntl112 n|2 n n o \2 n n n \2 n n n n
W = g [T = A (uf —uf )"+ B (uf — 2uf +uf )"+ Clufyy — 3uf +3ujy — uff )

+Quj, ufyy — i, uy g —2uf +uj ) — Quj_y,uf —uf g, ul —2ul ) +ul ).

J J—10 "
(4.5.9)

Proof. Firstly, we find the real numbers A, B,C. By taking the Fourier transform of (u});ez,
the numerical scheme (4.5.8) becomes

Then,

7 OF = (1 grz -0 =) (eos(©) - 07 (- mpsin? (§) +3) ) (@)
= (1 - Eu2(1 —v)?(2—v)(v+1)sin° (g) - %V(l —v%)(2 — v) sin* (g)) ™ ().

By an application of the Plancherel’s theorem and the above formula, we have

1 2 1 2
S-SR =g [P -5 [ e

JEZ. JEZ

_ % 2m %yZ(l — y)2(2 — I/)(V + 1) Sil’l6 (g) |an(€>’2 d€ (4510)
0
1 2 4

“5r | 31— v)snt (g) [a"(€)[* de.

156



Now, summing (4.5.8) on Z and using the Plancherel’s theorem, we get

ST ST

JEZ JEZ
1 [ : 4 . . : 4

=5 (A]l — e > + Ble® — 2+ e 7> + Cle’ — 3 + 3¢ — e 25 2) |[0"(¢)|* d¢
f 0 i | o c (4.5.11)
— [ 4Asin? [ 2 ) [aM©))Pde + —/ 16Bsin* | = ) [a"(€)[* d¢
T o 2 2m J, 2
1 27r " 5 . 5

+= 64C'sin® = ) |[u"(&)|” d€.
2m Jo 2

From (4.5.10) and (4.5.11), we can find
1 1
A=0, B=—-——v(1-1*)2-v), C=——2*(1-v)?*2-v)(r+1). (4.5.12)

12 36

Secondly, we assume that the quadratic form @ on R? has a form
Q(z,y,2) = ax® + By* +v2° + dwy + exz + pyz.

Thus, the formula (4.5.9) becomes

uf P = P = Al = i)+ Blufyy — 2uf 4 ufy)? + O(ufy, — 3uf + 3uj_y — uj_,)°

+a(u})? + By —uf)® + A (ufyy — 2] +uj )’
+ouf(ufyy — uf) + euj(ufy — 2uf +uj ) + p(ufyy — i) (uf, — 2uf + uj )
— a(uj_ )7 - Bluf —uf_ 1) _’Y(U?_QU?—1+U?—2)2

—ouj_y(uf —uf_ ) —eul y(uf —2uj | +uj o) — p(uf —uf y)(uj —2uf | +uj ,).

(4.5.13)
On the other hand, from the numerical scheme (4.5.8), one gets
n+1|2 n|2 1 2 1 n
Jui ™ |* = |uf|” = —gu(l—y Ju 2+21/(1/+1)(2—1/)u] 1
1 1 ) (4.5.14)
+§(1 — )2 - vl — 61/(1 —-v)(2— U)u?+1) — (u]})?.
According to (4.5.12)-(4.5.14), after some calculations, we can find
1 1, 9
a=-v, p= —BV(l —v)(1=2v), 7= 1Y (1—v)*(v+1),
1 1
d=—-v(l—v), e= §V(1 —v), p= gy(l — (v +1).
[l
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Chapter 5

Stability of stationary solution for
nonlinear relaxation balance laws

Stability of stationary solutions of singular systems of balance laws have been analyzed in [80].
The goal of this chapter is to extend this result to the case of nonlinear relaxation balance
laws. To investigate the stability of stationary solutions of these systems, we first assume that
these systems are endowed with a partially convex entropy. We also define an entropy process
solution which generalizes the concept of entropy weak solutions. After that, we construct an
associated relative entropy which allows to compare two states which share the same geometric
data. The entropy dissipation condition is the key to prove the stability of some stationary
states within entropy process solutions. Besides, we also consider another assumption, see
in [91], to investigate the asymptotic stability of stationary solution of nonlinear relaxation
balance laws.

5.1 Introduction

In this chapter, we consider non-conservation systems of the form

Ouu(t, ) + ) Oifi(u,a)(t,x) + Y si(u, a)(t, 2)d0(t, ) = r(u, a)(t, ),

=1 =1

da(t,z) = 0.

(5.1.1)

System (5.1.1) is set on the whole space # € R%, and for any time ¢ € [0,7), T > 0. The
notation 0; denotes the partial derivative with respect to z;. We assume that there exists a
convex bounded subset of RY, denoted by 2 and called set of the admissible states such that

u(t,z) €Q, V(t,z)€[0,T)xR?
and

alt,r) €R, VY (t,x) €[0,T) x R
We also define

fi  OxR—=RY, s:QxR—RY,

r:QxR—RY.

The second equation in (5.1.1) means that « is time-independent, so that this variable is a
data, as soon as an initial condition is associated with (5.1.1)

{u(O, r) =ug(x),

o(0.2) =alz) for z € RY. (5.1.2)
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Let us mention that the third term of the left-hand side of (5.1.1) is studied as a source term
if v is smooth. In this chapter, we also consider the analysis applied to non-smooth «, and the
term Zle si(u, a)0;ar is a non-conservative product. This analysis also applies to the case of
systems of conservation laws with discontinuous flux f depending on «, as studied in [1, 49, 55]

System (5.1.1) is endowed with an entropy pair (7, F'), which depends on (u, a) and satisfies
the following assumptions

(H1) The function n = n(u, ) € €*( x R,R) is convex with respect to its first variable and
there exist two positive constants Sy < (1 such that

o (812”7) - [ﬁ()aﬁl] ; on Q x Ra (513)

where ¢ denotes the matrix spectrum and 0, denotes the differential with respect to the
variables u.

(H2) There exists an entropy flux F' = (F;(u, ))1<;<q such that

V1<i<d, 0mo.fi=0.F;, and 0n(0unfi+ si) = 0uF;.

The convexity assumption (5.1.3) is assumed on the whole space 2 x R. It may be restrictive
and, without loss of generality, we assume that n(u,.) > 0, for all u € Q. The existence of the
entropy flux F' amounts to assume the integrability condition (see [35])

0. f; = Oufl 0ln. (5.1.4)

(2

Let us introduce the quantity Ly by

wTaL%??(U, )aufz(ua )’LU

w9 (o, Ju (5:15)

Ly= sup sup sup
1<i<d (u,v)€Q? weRN\{0}

Remark 5.1.1. Notice that, in view of (5.1.4), the matriz O, f; is self-adjoint for the scalar
product {(w,v), = wl0?n(u,.)v. Therefore, the Rayleigh quotient

w92 (u, ), fi(u, Jw‘ _ (w, Oufi(u, Jw) (5.1.6)

sup

sup
weRN\ {0} wTd?n(u, )w

weRN\{0} <w7 w>u

provides exactly the largest eigenvalue in absolute value of O, f;(u,.). The situation in (5.1.5) is
more intricate than in (5.1.6) since u might be different of v, but the quantity Ly is bounded in
view of the boundedness of € and of the regqularity of f; and 7.

To investigate the stability of system (5.1.1), it is very important to consider the equilibrium
points, namely the values v € € such that r(v,.) = 0.

(H3) A natural assumption is the entropy dissipation condition, see [11, 69, 99|, namely, for
every u,v € 0 with r(v,.) =0,

(Bt = 2unto.)) i) <0

where the notation - is the scalar product in the same space. Instead of hypothesis (H3),
Tzavaras consider another assumption, see in [91], to investigate the asymptotic stability of
stationary solution of system (5.1.1). This assumption can be represented as the form

160



(H3') For every u,v € ) with r(v,-) = 0, there exists v > 0 such that
- (3&7(“, -) = Oun(v, )) : <7"(u, ) —r(v, )) > ylu — v

This assumption may be more restrictive than the entropy dissipation condition (H3). However,
it is the key to prove Theorem 5.3.1.

In the case non-conservative system (5.1.1), the product s;0;« are not defined for weak
solutions, and generalised theories should be invoked, see [14, 26]. Instead of providing a
particular definition of weak solutions, we mainly impose that these solutions satisfy the entropy
inequality

d
om(u, ) + Z 0;F;(u, ) < X(u, @), (5.1.7)

i=1

where ¥ (u, a) = ,n(u, ) - r(u, ). Equation (5.1.7) becomes an equality for smooth solutions
because of (H2). The inequality (5.1.7) is well defined for weak solutions due to the fact that
the left hand side of this inequality is in a conservative form. In this work, the issue addressed
is the role of the entropy inequality (5.1.7) for the stability analysis of non-conservative systems
of the form (5.1.1), and more precisely, the nonlinear stability of stationary solutions of (5.1.1).
They are very important in applications because they may serve not only as initial conditions,
but also as solutions which can be reached in the long time limit. Besides, our analysis is
independent of the space dimension, and of the hyperbolicity of system (5.1.1) (except that
assumption (H1) implies hyperbolicity when « is constant).

The main tool we use to obtain these results is the relative entropy. Let us briefly recall this
notion in the conservative case. Consider a N x N system of conservation laws with relaxation
term

d
Owul(t, =) + Z Oi fi(u) = r(u) (5.1.8)

endowed with a Lax entropy pair (n, F), n being strictly convex (in a similar sense as in
assumption (H1)), i.e. admissible weak solutions of (5.1.8) have to satisfy the inequality

Aym(u) + Z O, Fy(u) < X(u)

in the weak sense with 3(u) = 0,n(u)-r(u). The relative entropy associated with system (5.1.8)
is defined by

h(u,v) = n(u) —n(v) — dun(v) - (u—v).

Note that this function is not symmetric, and we should say that A is the entropy for u relatively
to v. It is easy to check that

% %|u—v|2 (5.1.9)
where | - | is the Euclidian norm of RY and o (92n) C [Bo, 51]-

Now, let us consider an admissible weak solution u of (5.1.8) and a constant vector v € R,
After some calculations, one obtains

|U - U|2 < h(uuv) <

Oph(u,v) + Z@i (E(u) — Oun(v) - fz(u)) < X(u) — dun(v) - r(u). (5.1.10)
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If we assume that the system (5.1.8) is entropy dissipative, and integrate the above inequality
for x € R?, the divergence term disappears and we have

d

i | h(u,v)dx <0

According to (5.1.9), we then deduce the L%-stability of constant. Thus, stationary solutions v
in the class of admissible weak solutions.

In this work, we extend the previous analysis to systems of the form (5.1.1). For a given
a, we are able to compare an entropy process solution to some particular stationary solutions.
In Section 5.2, we detail the class of entropy process solution of (5.1.1) we consider in this
work, which does not use any explicit definition of the non-conservative term. We then state
and prove Theorem 5.2.7, on the nonlinear stability of particular stationary states of (5.1.1).
In Section 5.3, instead of using the entropy dissipation condition (H3), we study the condition
(H3') to prove the asymptotic stability of stationary solution of nonlinear relaxation balance
laws (5.1.1).

5.2 Stability of stationary solutions

5.2.1 Definition of entropy process solution

We aim at proving that stationary solutions are stable among entropy process solutions (which
generalizes the concept of entropy weak solutions and can be obtained by passing to the limit
of solution of the numerical scheme, see [31, 33]). The name “entropy process solution” was
derived from the notation of bounded measurable process, that is a measurable mapping from
a probability space into a space of bounded measurable function [10, 31]. Here, the probability
space consists in the interval (0, 1), with the Borel o-algebra and Lebesgue measure, and the
set of bounded measurable functions is the bounded subset of L*°([0,T) x R?) defined by
{v(, A ), A € (0,1),]|lv(, , A)|lee < C}, where C' > 0 is independent of A. However, since
we consider discontinuous «, only in BV for instance, the product s;0;« in (5.1.1) are not
defined. Several theories exist in the literature to define them, but here we only use some basic
and natural assumptions. We assume that the products s;0;a can be described by means of
vector-valued Radon measures z1; € M (RT x R? x (0, 1))N1 which satisfy at least the following
properties:

(P1) On any open set B = B; x B, C R* x R? such that a € WH*(B,), the measures
i, 1 <1 <d, satisfy

1 1
Vo € CX(B),V1 <i< d,/ / odpi(t, z, \) = / / s; (v, a)O;adtdzd.
o JB 0o JB

(P2) For any component 1 < k£ < N and any dimension index 1 <i < d,

sgk) =0= ,u(k) =0

i .

Let us now define the entropy process solution

Definition 5.2.1. Let ug € BV (R4, Q)N a € BV(RY) and T > 0. A function v € L*([0,T) x
R? x (0,1),9) is an entropy process solution of the Cauchy problem (5.1.1)-(5.1.2) if there

'More precisely, M(X) denotes the set of locally bounded Radon measures on a set X, i.e. M(X) = (€.(X)))".
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exists (11;)1<i<ca € M(RT x R? x (0,1)) satisfying assumptions (P1) and (P2) such that, for all
@0 € C®([0,T) x RY),

///(th&(ﬁ%—Zﬁua ,ap)dmdtdA+///¢d”tx)\

(5.2.1)
—/ uo(x)go(o,x)dx:// /r(u,oz)gpdxdtd)\,
Rd o Jo Jrd
and, for all non-negative p € C([0,T) x RY),
1 T d
-] <n<u,a>at@+zm<u,a>am> dadtd) ~ [ n(u, ) @) (0. 2)ds
0o Jo Jre P R (5.2.2)

1T
< / / / Y(v, a)dzdtd.
o Jo Jrd

Remark 5.2.2. From an entropy weak solution u(t,z) to problem (5.1.1)-(5.1.2), one may
easily construct an entropy process solution to problem (5.1.1)-(5.1.2) by setting v(t,x,\) =
u(t,z) for any X € (0,1). Reciprocally, if v is an entropy process solution to problem (5.1.1)-
(5.1.2) such that there exists u € L>([0,T) xR?) such that v(t,x,\) = u(t,x) for a.e. (t,z,\) €
[0,7) x R x (0,1), then u is an entropy weak solution to problem (5.1.1)-(5.1.2).

Remark 5.2.3. The definition 5.2.1 is not sufficient to hope a well-posedness result, without
any additional assumption on the measures ji;, but it is sufficient to obtain the stability results
of the next sections. Besides, assumption (P1) is not necessary for the upcoming analysis. We
introduce it to ensure that, if « € WH°(RY) the standard definition of entropy process solutions
is recovered. It is also important to note that inequalities (5.2.2) exactly correspond to the weak
form of (5.1.7) by setting v(t,x, \) = u(t,z) for any X € (0,1), so that the measures p; do not
appear there.

5.2.2 Relative entropy and nonlinear stability
5.2.2.1 Relative entropy

In [60], Kruzhkov is able to compare two entropy weak solutions using the doubling variable
technique. In [60], such method has been extended in order to compare an entropy weak solution
with an approximate solution. In the case of systems of conservation laws, these techniques
no longer work. Basically, the family of entropy pairs (1, F') is not sufficiently rich to control
the difference between two solutions. As mention in the introduction, it seems impossible
to construct a relative entropy for system (5.1.1) to compare two solutions (v, a) and (v, ).
Nonetheless, one can define a relative entropy between two solutions v and v, a being given
and common.

Definition 5.2.4. Let v,v € Q). The relative entropy of v with respect to v is defined by

h: OxOQxR—R"

(v,v,a) = n(v,a) — n(v,a) — dun(v,a) - (v —1o) (5.2.3)

and the corresponding relative entropy fluzes ¢ : Q x Q x R — R are
¢(v,v,a) = Fi(v,a) — Fy(v, ) — Oun(v, ) - <fi(1/, a) — fi(v,a)>, Vie{l,..,d}. (5.2.4)
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On the other hand, it follows from the definition of h that

/ / v—0)T0Mn(w + (v —w),.) (v —v)dydd, (5.2.5)

which leads to the following results

Lemma 5.2.5. Assume that the entropy n satisfies (H1). Then, the relative entropy is convex
with respect to its first variable and for all v,v € Q, we have

|1/ — ol (5.2.6)

Lemma 5.2.6. Let Ly be defined by (5.1.5). Assume that the entropy pair (n, F') satisfies (H1)
and (H2). Then, for all (v,v) € Q2, we have

lgi(v,v,.)| < Leh(v,v,.). (5.2.7)
Proof. Denote by w = v — v, the definition of the relative entropy A in (5.2.5) becomes

/ / w? O2n(v + yw, )wdydd. (5.2.8)

Denoting by A, the symmetric definite positive matrix 95n(v+~w, .), and by (.,.)a, the scalar
product on RY defined by (v1,v2)a, = v{ A,v, the relation (5.2.8) can be rewritten

10
= / / (w, w)p, dydb.
o Jo

On the other hand, it follows from the assumption (H2) of the entropy flux F' that
1
%@mwyz/(QMU+&u)—@Mujﬂ&ﬁ@+&mwTM

// L (Bufi(v+ 0w, )" w w) p, drydd.

for all 1 <i < d. The quantity L; introduced in (5.1.5) has been designed so that

Vwmaﬁ@+9mgfwmv

< (w,w)a, -

Therefore, we obtain
1,6
lgi(v,v,.)| < Lf/ / (w,w)a, dydd = Lih(v,v,.).
0o Jo
This ends the proof of Lemma 5.2.6. O]

5.2.2.2 Nonlinear stability

For a given a € C(R?), consider a smooth, and thus entropy conservative, entropy process
solution v of (5.1.1), and a time-independent function v. Let us compute the equation satisfied
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by the relative entropy h

ath(ya v, O[) = aﬂ?(’% O'/) - aun(vv Oé) ' aty
d

d d
=X(rv,a) — Z@ZFZ-(V, a) — Oun(v,a) - |r(v,a) — Z Oi filv, ) — Z si(v, a) O

=1

=— Z@- [Fi(v,a) — Ouyn(v, ) - fiv, )] + (v, ) — Oun(v, @) - r(v, @)

— Z i [Oun(v, )] - fi(v, &) + Oun(v, @) - Z si(v, ) 0.

(5.2.9)

The two last terms are not in conservation form, but one could make them vanishing adding
some assumptions on v. Following [80], for any given constant vector Hy € RY, we introduce
8(Hy), the set of (v, ) € Q x R such that

(S1) Oyn(v,a) = Hy.
(S2) Foralll1<i<dand 1<k <N, HP ¥ =0.

Let us emphasize that the above discussion on the smooth solution is extended to entropy
process solutions by the following theorem

Theorem 5.2.7. Let Hy € RY and consider the set S(Hy) defined by (S1)-(S2), assumed to
be nonempty. Consider o € BV (RY) and a function v € BV (R? Q) such that (v,a) € 8(Hp)
almost everywhere and satisfy the entropy dissipation condition (H3). Then, v is a stationary
entropy process solution of system (5.1.1).

Moreover, let T > 0, ug € BV(R%L, )N, and v € L™ ([0,T) x R? x (0,1),9Q)) an associated
entropy process solution. Then, there exists a positive constant Ly, independent of v,v and «
such that the following nonlinear stability property holds for all R > 0 and for almost every
te€0,T]

// h(u(t,a:,)\),U(;U),a(:v))d:vd)\§/ h(uo(x),v(z), a(x))dz. (5.2.10)
o JB(O,R)

B(0,R+Lt)

Proof. First, let us remark that the stability inequality (5.2.10) implies that v is a stationary
solution of system (5.1.1). Indeed, if we choose (0, x, A) = uo(z) = v(z), for any A € (0, 1), the
right-hand side of (5.2.10) is null, by the properties of h, see Lemma 5.2.5. Therefore, v being
an entropy process solution and v being time-independent, one may deduce that v is stationary
entropy process solution using once again the properties of h.

Let us now rewrite the calculations described above, but in the weak sense. By assumptions
(S1) and (S2), Hy - s;(.,a) = 0 for all 7. In other words, this means that if the i-th component
of Hy is non-zero, then s; = 0. We now use the definition of v and assumption (P2) on the
non-conservative product to obtain, for all ¢ € ([0, T) x R%),

_/Ol/OT/RdHO.

d
vop + Z filv, a)(?i(p] dxdtd\ — | Hp - uo(z)p(0,x)dx
i=1 Rd
1 T
:/ / Hy - r(v, a)pdzdtd\.
o Jo Jra
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Now, using the entropy inequality (5.2.2) for v and the fact that v is independent of time,

1 T d
_/ / / [h(u,v,&)@tga + Zqi(l/,v,a)&@] dzdtd\ —/ h(ug, v, a)p(0, x)dx
o Jo Jra — R

< [ [ [ o) - 1 rwarpazivar— [ [ [ S auime o)~ Ho - g,0) dnitir
- (5.2.11)

for all non-negative ¢ € €°([0,7) x R?). Under the entropy dissipation condition (H3), the first
term of the right-hand side in (5.2.11) is non-positive. Indeed, since the equilibrium solution of
r(v,.) = 0, one could make the last term of the right-hand side in (5.2.11) vanishing. Therefore,
the inequality (5.2.11) becomes

1 ,T d
/ / / [h(l/, v, a)0p + Z ¢ (v, v, 04)81-90] dzxdtd\ +/ h(ug,v,a)p(0, x)dz > 0. (5.2.12)
o Jo Jre — Rd

To obtain inequality (5.2.10), we introduce L in (5.1.5) such that
lg;)| < Lsh (5.2.13)

which is comparable to the maximum of the spectral radii of 0, f; (see more details in Lemma
5.2.6). It suffices now to introduce, t and R being fixed

1, if0 <7<,
we(T) =<1+ (t—7)/e, ift<7<t+e, (5.2.14)
0, ift+e<m,
and
1, if |[z] <R+ Ly(t—1),
Xe(T, @) =1+ (R+Ly(t—7)— |z|)/e, f0<|z|—R—Let—7) <e, (5.2.15)
0, if R+ Le(t—7)+¢e <|z|

and take ¢(7,x) = x.(7,z)w.(7) (we omit the passage from Lipschitz continuous functions to
C2 functions. Plugging this test function into (5.2.12) yields

1 [l ot
—/ / / h(v, v, a)(T, z)x(T, z)dzdrd\ g/ h(ug, v, @)x:(0, z)dz
€Jo Jt B(0,R+¢) B(0,R+Lyt+e)

1 [l ot .
— —/ / / we(T) | Leh(v,v, ) + —q(v,v, a) | dedrdA.
€Jo Jo B(0,R+L(t—7)+e) |z]

By definition of Ly, the last integral is non-negative, so that, letting ¢ tend to 0 provides
inequality (5.2.10). ]

We provide here one example of equations which enter in this framework. In one dimension,
the standard shallow water model with Darcy-Weisbach friction reads

1
O (hU) + 0, <hU2 + 59/12) = —ghd,a — k(h, hU)U|U], (5.2.16)
&ga = O,
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where h is the height of water, assumed to remain positive, u is the depth-averaged velocity, a
plays the role of the bathymetry, g is the gravity constant and x(U, hU) > 0 is a Darcy-Weisbach
friction.

This system of equations may be endowed with an entropy inequality of the form (5.1.7),
setting

n(u,a) = hU?/2 4 gh(h/2+ a) and F(u,a) =U (n(u, a) + gh*/2)

where u = (h, hU)T. The convexity of n with respect to u is classical and one can see that 7 is
only linear in a.

The description of all possible stationary solutions is very difficult in practice. The simplest
ones correspond to a “lake at rest” and are defined by

h+a=2y and U=0 ae (5.2.17)

where Zj is a given real constant greater than the maximum of . On the other hand, we can
compute

dun(u, a) = <—U2/2 +Ug(h + a))

As a consequence, assumption (S2) yields U = 0, since s; = so = (0,gh)”. Next, assumption
(S1) corresponds to equality b+« = Zy. Indeed, assumption (H3) becomes —x(h, hU)U?|U| <
0. To sum up, we have

Corollary 5.2.8. Stationary solution of the shallow water equation (5.2.16) given by (5.2.17)
(lake at rest) are nonlinear stable, in the sense of theorem 5.2.7.

5.3 Asymptotic stability of stationary solution

We now use the hypothesis (H3') to prove the following theorem

Theorem 5.3.1. Let Hy € RY and consider the set S(Hy) defined by (S1)-(S2), assumed to
be nonempty. Consider « € BV (R?) and a function v € BV (R Q) such that (v, ) € 8(Hp)
almost everywhere and satisfy the entropy dissipation condition (H3'). Then, v is a stationary
entropy process solution of system (5.1.1).

Moreover, let T > 0, ug € BV(R%, )Y, and v € L* ([0,T) x R? x (0,1),)) an associated
entropy process solution. Then, there exist positive constants Ly and v, independent of v,v and
a such that the following nonlinear stability property holds for all R > 0 and for almost every
tel0,T]

1 1 gt
// h(y(t,as,)\),v(x),a(as))dasd)\+7/// lv(r, 2, \) — v(z)|Pdwdrd)
o JB(,R) 0o Jo JB(OR+Ls(t—7))
<

< / h(ug(x),v(z), a(x))dx.
B(0,R+Ljt)
(5.3.1)

Proof. We first can see that by the properties of h, see Lemma 5.2.5, if we choose v(0,x,\) =
up(x) = v(x), for any A € (0,1), the right hand side of (5.3.1) is null. Besides, v is independent
of time and v is an entropy process solution. Therefore, v is stationary entropy process solution
by using the properties of A in Lemma 5.2.5.
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Now, we give more details of the calculations described above in the weak sense. By assump-
tions (S1)-(S2), (P2) and the definition of v, for all ¢ € €°([0,T") x R?), we get the following
estimate

_/OlfoT/RdHO.

d
yatgp + Z fi<l/7 a)al(p] dxdtd\ — . HO : u0<£L‘)(,0(0, x)dl‘
i=1 R

1 T
= / / Hy - r(v, a)pdzdtd.
o Jo Jre

Now, using the entropy inequality (5.2.2) for v and the fact that v is independent of time, we
have

1 T d
_/ / / [h(v,v,oz)f)tgo + Zqi(y,v,a)ﬁigpl dxdtd\ —/ h(ug, v, a)p(0, z)dz
0o Jo Jrd P Rd

< /0 1 /O ' /R [9un(v. @) — Hol - (v, ) gt ~ /0 1 /0 ' /R dg@- F(o.0) — Ho- fi(0, )] wdrdid),

(5.3.2)

for all non-negative o € €([0,T) x R?). Since the equilibrium solution of (v, -) = 0, one could
make the last term of the right hand side in (5.3.2) vanishing. Indeed, under the assumption
(H3'), the inequality (5.3.2) becomes

1 T d
/ / / [h(y, v, o) Opp + Z q(v,v, oz)@m] dxdtd\ + / h(ug, v, a)p(0, z)dz
o Jo Jrd P Rd

1T
> fy/ / / lv — v|*dxdtd.
o Jo Jrd

Let w.(7) and x.(7,z) be the same as in (5.2.14) and (5.2.15), respectively. We now select the
test function ¢(7,x) = x(7, )w.(7) and introduce it to (5.3.3). This gives

/ / / (v,v,a)(r,2)x:(T, dxde)\+’y/ / / v — v’ dzdtd\
B(0, R+s) B(0,R+Ly(t—7)+e)
/ h(ug, v, a)x:(0, z)dz
B(0,R+Lyt+e)

t+e
- _/ / / we(T) [th(y,v,oz) + iq(l/,v,oz)] dxdrd\.
B(0,R+L (t—7)+e) |z

By definition of Ly, the last integral is non-negative. Besides, letting € tend to 0, the above
inequality can be rewritten as

/01 /B(O’R)h(u(t,x,/\),v( z),a dmﬂ/ / /OMM Iz ) = vfa)Pdedrdy

< / s M) v0) )

This ends the proof of Theorem 5.3.1. O]

(5.3.3)

Example of relaxation systems that verify (H3') are given in [53, 61, 90]. The discrete
velocity BGK-models in [100, Theorem 5.2| provide yet another example verifying (H3’).
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Remark 5.3.2. In [79], Ruggeri and Serre studied the asymptotic stability of constant states
which can be extended to non constant stationary solutions of systems of balance laws, as the lake
at rest states for the shallow-water equations with bathymetry and friction. A key assumption
to prove the asymptotic stability is the Kawashima’s condition. The technique is based on
the construction of an appropriate Lyapunov functional involving the entropy and a so-called
compensation term. Following the above idea, we tried to sum up the obtention of the Lyapunov
functional and of the associated non-conservation systems (5.1.1), but we failed to extend the
result of Ruggeri and Serre to our case. We postpone this possibility to a further work.
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