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Abstract

The nonlocal p-Laplacian operator, the associated evolution equation and variational regularization,
governed by a given kernel, have applications in various areas of science and engineering. In particular,
they are modern tools for massive data processing (including signals, images, geometry), and machine
learning tasks such as classification. In practice, however, these models are implemented in discrete
form (in space and time, or in space for variational regularization) as a numerical approximation to a
continuous problem, where the kernel is replaced by an adjacency matrix of a graph. Yet, few results
on the consistency of these discretization are available. In particular it is largely open to determine
when do the solutions of either the evolution equation or the variational problem of graph-based tasks
converge (in an appropriate sense), as the number of vertices increases, to a well-defined object in the
continuum setting, and if yes, at which rate. In this manuscript, we lay the foundations to address
these questions.

Combining tools from graph theory, convex analysis, nonlinear semigroup theory and evolution equa-
tions, we give a rigorous interpretation to the continuous limit of the discrete nonlocal p-Laplacian
evolution and variational problems on graphs. More specifically, we consider a sequence of (determin-
istic) graphs converging to a so-called limit object known as the graphon. If the continuous p-Laplacian
evolution and variational problems are properly discretized on this graph sequence, we prove that the
solutions of the sequence of discrete problems converge to the solution of the continuous problem gov-
erned by the graphon, as the number of graph vertices grows to infinity. Along the way, we provide
a consistency /error bounds. In turn, this allows to establish the convergence rates for different graph
models. In particular, we highlight the role of the graphon geometry/regularity. For random graph se-
quences, using sharp deviation inequalities, we deliver nonasymptotic convergence rates in probability
and exhibit the different regimes depending on p, the regularity of the graphon and the initial data.

Keywords: nonlocal diffusion, nonlocal regularization, p-Laplacian, graphs, graphon, graph limits,
numerical approximation, error bound, convergence rate, convex analysis.

Résumé

L’opérateur du p-Laplacien nonlocal, I’équation d’évolution et la régularisation variationnelle associées
régies par un noyau donné ont des applications dans divers domaines de la science et de l'ingénierie.
En particulier, ils sont devenus des outils modernes pour le traitement massif des données (y compris
les signaux, les images, la géométrie) et dans les taches d’apprentissage automatique telles que la
classification. En pratique, cependant, ces modéles sont implémentés sous forme discréte (en espace
et en temps, ou en espace pour la régularisation variationnelle) comme approximation numérique d’un
probléme continu, ot le noyau est remplacé par la matrice d’adjacence d’'un graphe. Pourtant, peu
de résultats sur la consistence de ces discrétisations sont disponibles. En particulier, il est largement
ouvert de déterminer quand les solutions de ’équation d’évolution ou du probléme variationnel des
taches basées sur des graphes convergent (dans un sens approprié) a mesure que le nombre de sommets
augmente, vers un objet bien défini dans le domaine continu, et si oui, & quelle vitesse. Dans ce
manuscrit, nous posons les bases pour aborder ces questions.

En combinant des outils de la théorie des graphes, de ’analyse convexe, de la théorie des semi-
groupes nonlinéaires et des équations d’évolution, nous interprétons rigoureusement la limite continue
du probléme d’évolution et du probléme variationnel du p-Laplacien discrets sur graphes. Plus précisé-
ment, nous considérons une suite de graphes (déterministes) convergeant vers un objet connu sous le
nom de graphon. Si les problémes d’évolution et variationnel associés au p-Laplacien continu nonlocal
sont discrétisés de maniére appropriée sur cette suite de graphes, nous montrons que la suite des solu-
tions des problémes discrets converge vers la solution du probléme continu régi par le graphon, lorsque
le nombre de sommets tend vers U'infini. Ce faisant, nous fournissons des bornes d’erreur/consistance.

— vii —



Cela permet a son tour d’établir les taux de convergence pour différents modéles de graphes. En parti-
culier, nous mettons en exergue le role de la géométrie/régularité des graphons. Pour les séquences de
graphes aléatoires, en utilisant des inégalités de déviation (concentration), nous fournissons des taux
de convergence nonasymptotiques en probabilité et présentons les différents régimes en fonction de p,
de la régularité du graphon et des données initiales.

Mots-clés: Diffusion nonlocale, régularisation nonlocale, p-Laplacien, graphes, graphons, limites de
graphes, approximation numérique, borne d’erreur, vitesse de convergence, analyse convexe.
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Chapter 1 1.1. Context, motivations and objectives

1.1 Context, motivations and objectives

1.1.1 Context

In recent years, evolutions based on Partial Differential Equations (PDEs) have shown to provide very
effective tools in various fields throughout science and engineering such as signal/image processing,
machine learning, computer vision and biology [10, 38, 88, 11, 58, 7|. Indeed, many problems to handle
end up solving an evolution problem involving different kinds of operators depending on the tasks
to carry out. Such PDE-based methods have the advantages of better mathematical modeling, con-
nections with physics and better geometrical approximations. Differential operators involved in these
PDEs are classically based on local derivatives, that reflect local interactions in the data. Recently,
nonlocal counterparts have been proposed in the context of image processing to design gradient-based
regularization functionals and PDEs associated with their minimization [63] for many image processing
tasks, such as denoising, deconvolution, segmentation, inpainting, optical-flow and more. Following
ideas from graph theory, it has been shown that many PDE-based processes, minimizations and com-
putation methods can be generalized to the nonlocal setting. A main advantage for image processing
is the ability to process both structures (geometrical parts) and textures within the same framework.

Among other operators, the nonlocal p-Laplacian operator have become more and more popular
both in the setting of Euclidean domains and on discrete graphs, as the p-Laplacian problem has been
possessing many important features shared by many practical problems in mathematics, physics, engi-
neering, biology, and economy, such as continuum mechanics, phase transition phenomena, population
dynamics [6, 7|. Some closely related applications can be found in image processing, such as spectral
clustering [34], computer vision and machine learning [45, 48, 72, 2, 99]. This operator is defined on
LP(Q) for a bounded domain €2, p € [1,+0oc], being a set-valued mapping for p = 1 and p = oo, as
follows

-2
A (@) =~ [ Klzplulw) - u@)]w(y) - u()dy.

(A.1) Q C Ris a bounded domain, without loss of generality 2 = [0, 1].

(A.2) K(-,-) is a symmetric, non-negative and bounded function on 2.
It can be seen as the nonlocal analogue of the p-Laplacian operator defined on W1P() for p € [1, +o0],
being also a set-valued mapping for p =1 and p = oo, as

Ap(u(x)) = div(|Vu(z) [ Vu(@)),

which occurs also in many mathematical models and physical processes such as nonlinear diffu-
sion/filtration and non-Newtonian flows [19].

The nonlinear diffusion problem (Cauchy problem), known as the nonlocal p-Laplacian evolution
problem with homogeneous Neumann boundary conditions [7]| associated to Af (+) is

{ut(x,t) = %u(a:,t) = —Aff(u(m,t)), a.e.x € Q,t >0, (Putoe)
nloc

u(z,0) = g(z), ae. xe€.
The nonlocal diffusion equation shares many properties with the corresponding local problem. If

the kernel K is properly rescaled, it has been shown in[5] that problem (Pp,.) converges strongly in
L>((0,T); LP(2)) to the well-known local p-Laplacian evolution equation

u(x,t) = %u(m,t) = Ap(u(z,t)), ae zeQt>0, P
u(z,0) = g(x), ae x€Q, loc

which corresponds for p = 2 to the heat equation ui(z,t) = Au(z,t), while the extreme case, p =
1, corresponds to the total variation flow with homogeneous Neumann boundary conditions. The
problem (Py,.) occurs also in many applications such as physics, biology or economy [77, 44].

_9_



Chapter 1 1.1. Context, motivations and objectives

Particularly, if K(z,y) = J(z — y), where the kernel J : Q — R is a nonnegative continuous radial
function with compact support verifying J(0) > 0 and [, J(x)dz = 1, nonlocal evolution equations of
the form

wn(a 1) = J x (e, t) — ula, 1) = /Q J(& — y)(uly.t) - ulz, )dy, (Plioc)

where * stands for the convolution, have many applications in modeling diffusion processes [6, 14, 15,
35, 57, 110, 56]. As stated in[57], in modeling the dispersal of organisms in space when wu(z,t) is their
density at the point x at time t, J(z — y) is considered as the probability distribution of jumping
from position y to position x, then, the expression J * u — u represents transport due to long-range
dispersal mechanisms, that is the rate at which organisms are arriving to location x from any other
place. The integration is in §2, imposing consequently that diffusion takes place only in €2, there is no
flux of individuals across the boundary, from where comes the nonlocal analogue to Neumann boundary
conditions.

The evolution problem (Py,.) can also be interpreted as the gradient flow associated to the Dirichlet
energy

Ry(v,K) = 211)/92 K(z,y)|v(y) — v(x)‘pdydx, (1.1.1)

which is the nonlocal analogue to the energy functional % fQ ‘Vv‘p associated to the local p-Laplacian.
On the other hand, in the context of image processing, smoothing and denoising are key filtering
processes. Among the existing methods, the variational ones, based on regularization, provide a general
framework to design such efficient filter processes. Solutions of variational models can be obtained by
minimizing appropriate energy functions: an empirical loss plus a regularization term. The minimiza-
tion is usually performed by a descent method designed to solve the corresponding Fuler-Lagrange
equations. In the nonlocal setting, the resulting discrete schemes are closely linked to an important
category of neighborhood filters which have shown their efficiency to better preserve fine and repetitive
image structures than local ones |76, 31]. Nonlocal regularization problems are much more powerful
on real world processing data than local ones due to their self-similarity and long range dependence.
Among these variational problems, the nonlocal variational p-Laplacian problem has become more and
more popular in the context of image processing for nonlocal (patch-based) regularization of inverse
problems and in data processing in graphs. This problem is defined as minimizing the sum of a data
fidelity term and a regularization term associated to the nonlocal energy functional (1.1.1), i.e;

def 1

min {EA(U,Q,K) = ﬁ

2
uEL2(Q) HuigHLQ(Q) +RI"(,LL7I{)} ) (vpnloc)

A €]0, +00] is a regularization parameter specifying the trade-off between the two competing terms.

1.1.2 Motivations

In many real-world problems, data can be represented on a graph. Each vertex of the graph corresponds
to a datum, and the edges encode the pairwise relationships or similarities among the data. A typical
example of graph data is the web. The vertices are just the web pages, and the edges denote the
hyperlinks. In market basket analysis, the items also form a graph by connecting any two items which
have appeared in the same shopping basket. For the particular case of images, pixels (represented by
nodes) have a specific organization expressed by their spatial connectivity. Therefore, a typical graph
used to represent images is a grid graph. For the particular case of unorganized data, a graph can also
be associated with by modeling neighborhood relationships between the data elements.

For these practical reasons, recently, there has been a surge of interest in adapting and solving
nonlocal PDEs such as (Ppic) and variational problems such as (VPy0c) on data which is given by

-3 -
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Figure 1.1:
tation.

Figure 1.2: Examples of meshes that can be represented by weighted graphs as their natural represen-
tation.

Figure 1.3: Examples of networks that can be represented by weighted graphs as their natural repre-
sentation.

Figure 1.4: Example of point clouds/unorganized data that can be represented by weighted graphs.

arbitrary graphs and networks, since the data in practice is discrete, graphs constitute a natural struc-
ture suited to their representation. Using this framework, problems are directly expressed in a discrete
setting. This way to proceed encompasses local and nonlocal methods in the same framework by us-
ing appropriate graphs topologies and edge weights depending on the data structure and the task to
be performed. The demand for such methods is motivated by existing and potential future applica-
tions [46, 49]. These practical considerations lead naturally to a discrete time and space approximation
of (Puoc) and a space approximation of (VP0c) encoded by the structure of the graph. So that these
discrete problems can be applied in the same way to images, meshes or data of any size by simply
adapting the topology of the graph and the weight function. Motivated by these practical consider-
ations, much work has been done constructing and analyzing the discrete analogue of the nonlocal
continuous evolution /regularization for the p-Laplacian operator on graphs. The proposed framework

4



Chapter 1 1.1. Context, motivations and objectives

works on any discrete data represented by weighted graphs which allows to take into account the non-
local interactions in the data by explicitly introducing discrete nonlocal derivatives and functionals on
graphs of arbitrary topologies, to transcribe the continuous setting.

Before going deeper into details, Let us see an example to illustrate the use of the nonlocal p-
Laplacian evolution and regularization problems to deal with image processing tasks such as semi-
supervised segmentation and denoising relying on the nonlocal heat equation (2-Laplacian) by analyzing
the evolution equation in the continuous setting and then discretizing it on an appropriate graph
structure to get the desired result. An interesting advantageous of such a method/algorithm is the
connection between denoising and segmentation, where the same flow is used for both tasks and only
the initial conditions are different (see more details in [62, Section 5]).

(a) Original image (b) Segmented image

Figure 1.5: Segmentation of a textured image by a nonlocal graph. The first column presents the
original image with the initial markers super-imposed. The second one presents the result of the
segmentation via a nonlocal graph.

Coming back to our discrete analysis. For that, let us consider a partition (not necessarily uniform)

{th}hN:1 of the time interval [0,7T]. Let 7,1 gy, — th_1| and the maximal size 7 = ’?1?]5[(] 7. A fully
€

discrete counterpart (in space and Forward-Euler in time) of (Py0c) on a given graph G, is then given
by

h—
M = liKnl‘uh_l - uh_1|p_2(uh_1 - u’.l_l)’ (Z7h) € {17' o ,TL} X {17 T 7N}>
The1 nj_l I 75 % J %

u;(0) =¢9, ie{l,---,n}.

(Pgloc)
Similarly, that of (VP 0c) is given by
. def 1 2
i (B ™ S = g+ Bl 0 . VP
where "
def 1
Bnp(in, Kn) = 550 Z Knij|tnj — unil”. (1.1.2)

2,7=1
K;; can be seen as the adjacency matrix of the graph G,,.
The discrete nonlocal problems (P%_ ) and (Vpgloc) are just approximations of the underlying con-

tinuous problems. Thus, the following legitimate questions have to be answered seperately for each
problem:
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(Q1) What is the structure of the solution of the discrete problem? is there any continuous limit
(as m — 400) at all? If yes, in what sense?

(Q2) What is the rate of convergence to this limit and what is its relation to the unique (strong)
solution of (Pyoc)/the unique global minimizer of (VP j0c)?

(Q3) What are the parameters involved in this convergence and what is their influence in the
corresponding rate?

(Q4) Can this continuum limit help us get better insight into discrete models/algorithms and design
new ones?

In the literature, numerous works have been carried out in the recent years attempting to answer some
of these questions. However most of them focus only on certain specific problems. As a consequence,
their results are rather limited and cannot be extended to complicated general cases.

1.1.3 Objectives

The main objectives of this work is to answer all questions (Q1)-(Q4) above for both the nonlocal
evolution and variational problems. We begin first by studying the nonlocal p-Laplacian evolution
problem (Ppioc). In Chapter 3, we answer question (Q1): we study the convergence and stability prop-
erties of the numerical solutions of the general discrete problem and give a general error estimate.
Based on this error bound, in Chapter 4, we give the rate of convergence to the continuous limit for
different graph models and specify the parameters involved in this rate and show their influence, which
answers questions (Q2)-(Q3). Secondly, we turn to study the nonlocal p-Laplacian variational prob-
lem (VP,10c). In Chapter 6, we give a general error estimate for the discrete problem (VPY,_ ). Next, in

nloc
Chapter 7, we specify the assumptions under which we are able to answer in detail questions (Q2)-(Q3).

1.2 Main contributions

1.2.1 The p-Laplacian evolution problem on graphs

Our first main result, which is at the heart of Chapter 3, establishes a general error bound for the
fully discretized p-Laplacian evolution problem (in space and time) using forward and backward Euler
schemes, respectively. This bound allows to deal with networks on convergent graph sequences and
prove the convergence of (P9 ) to (Puic) and provide the corresponding rate to answer (Q1), (Q2)
and (Q3).

1.2.1.1 A digest of main results

For the nonlocal p-Laplacian evolution problem, we prove the following results:

(i) Kobayashi type estimates: error estimates to compare two trajectories corresponding to the
p-Laplacian evolution problem governed by two different kernels and initial data.

(ii) Consistency and error estimates of the numerical solutions to the fully discretized problem valid
uniformly for ¢ € [0,T], T > 0.

(iii) Application to dynamical networks on simple and weighted graphs: convergence of discrete ap-
proximations on deterministic and random inhomogenous graphs to a continuum limit (governed
by graphons).

(iv) We quantify the corresponding convergence rates and we reveal the role of the data geome-
try /regularity and of p on these rates.
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I - General error bound: Kobayashi type estimates. We consider the forward Euler time-
discrete approximation to (Pyioc). The space approximation is seen through the use of the subscript n
to emphasize the fact that we use a kernel and an initial data depending on n. For that, we take again
the time partition mentioned previously
h h—1
Un(l’) — Uy (‘T) K h—1
=—-A"(u r)), ae xz€Qhe{l,--- N},
Tho1 D ( n ( )) { } (Pf )

nloc,T
ud(z) =g%(x), ae z€Q.

First, we prove that (P'f ) is well-posed (i.e; starting from g% (x) € L>°(Q2), there exists a unique

nloc, 7
accumulation point to the iterates of (771{100_7

result for the backward Euler scheme.We consider a time-continuous extension of u/® obtained by a

)). Besides the forward Euler scheme, we prove the same

time linear interpolation as follows

thp, —t t—th_
U (2, 1) = ZH ulNz) + ThlluZ(x), t E€lth_r,tn], z €. (1.2.1)

We prove the following theorem.

Theorem 1.2.1. Suppose p €]1,+cc[, 9,90 € L*(Q) and K, K, are measurable, symmetric and
bounded mappings.

Let u be the unique solution of problem (Puioc), and @y, is built as in(1.2.1) from the time-discrete
approzimation ul(x) defined in (P! ). Then

nloc,T

Ju— a"HC(O,T;LP(Q)) <C (Hgn - ggHLP(Q) +lg - g”HLP(Q) + |5 - KnHU’((P)) +0(7),  (1.22)

where the constant C' is independent of n.

C(0,T; LP(2)) denotes the space of uniformly time continuous functions with values in LP(2) en-
def
HC(O,T;LP(Q)) = Ssup

te[0,T)
We also obtain convergence in LP(2) for both time continuous and totally discretized problems.

dowed with the norm H . H . HLP(Q).

Convergence in L?(Q) norm is thus a corollary. We obtain these results without any extra regularity
assumption. In Chapter 4, we apply the above result to analyze the convergence rates of networks on
deterministic/random convergent graph sequences as summarized here after.

IT - Convergence rates for networks on deterministic graph sequences For networks on
simple graph sequences, we show the convergence of the discrete solution to the continuous solution.
We provide the corresponding convergence rate. We show how the accuracy of the approximation
depends on the regularity of the boundary of support of the graphon.

In addition, for weighted graphs, we give a precise error estimate under the mild assumption that
both the kernel K and the initial data g are in Lipschitz spaces, which in particular contain functions
of bounded variation (these spaces will be detailed later on in Section 2.3).

Corollary 1.2.2. Suppose that p €]1,+oc[, K : Q2 — [0,1] is a symmetric and measurable function
in Lip(s, LP(Q?)), and g € Lip(s, LP(Q)) N L>=(R2), s €]0,1]. Then

|u <O0(n™*)+O(7). (1.2.3)

B 7[LHHC(O,T;LP(Q))
If Lip(s, LP(922)) is replaced with BV (Q?), then the rate becomes

| < O(n~YP) +O(7). (1.2.4)

— Un, HC(O,T;LP(Q))

For this graph model, we also study the limit as p — co and we prove that solutions to the semidis-
crete scheme converge uniformly to a nonlocal evolution problem.

7



Chapter 1 1.2. Main contributions

III - Convergence rates for networks on random graph sequences. Using sophisticated devi-
ation inequalities, we prove non-asymptotic convergence and give the rate of convergence of the discrete
solution to its continuous limit as the number of vertices n — oc.

To get the corresponding convergence rate, a supplementary assumption is added regarding the
kernel K and the initial data g, that is belonging to Lip(s’, L4(92?)) and Lip(s, L9(f2)), respectively.
This measure allows us to identify different asymptotic regimes (n — +00) depending on the values of
p and the parameters s, s’ and ¢ .

Theorem 1.2.3. Suppose that p €]1,+oo[, K € L>®(Q?) N Lip(s’, LY(Q?)) is a symmetric and mea-

surable mapping with anKHLw(m) < 1 and g € L®(Q) N Lip(s, LY(Q)), s,s' €]0,1]. Let § =
min (s, ') min (1,q/p). Then, for T > 0, there exists a positive constant C, such that for any B > 0

and t €]0, e[

—(p-1) _—p/2\ /P
! < tog(n) | mox (4, a””?)
- U”HC(O,T;LP(Q)) <C p n * np/2

[
n

N <tlog(n)>6 +O(r), (1.2.5)

with probability at least 1 — (Tnfcmin{q’%pil’qg}ﬁ +2n7").

1.2.1.2 Relation to previous work

A general error bound. Concerning previous work for this model, the authors of [91] have already
obtained a similar conclusion under different but complementary assumptions. Indeed, they dealt with
the problem (Pyoc) in which only the case K(z,y) = J(z — y) was treated. First, they considered
a semi-discretization in space of this problem using a non-uniform partition of 2. They showed that
the solutions of the obtained ODE system converge uniformly to the continuous one as the mesh
size goes to zero. Secondly, by discretizing also the time variable (using only the forward Euler
scheme) and presenting a totally discrete method, they showed that solutions to the numerical scheme
converge uniformly to the continuous solution as the mesh size and the time step go to zero. The
uniform convergence they establish, however, imposes the positivity of the solution which is a stringent
assumption. Furthermore, no error estimate was provided in [91], only asymptotic convergence was
supplied. Our results are much stronger since we provide a general error estimate that allows us to get
an LP-norm convergence. We go further by adressing both forward and backward Euler schemes.

Networks on convergent graph sequences. Another closely related and important work dealing
with networks on graphs is that in[83, 84, 70| which paved the way to study limit phenomena of
evolution problems on both deterministic and random (dense and sparse) graphs. In|[83], the author
focused on a nonlinear (nonlocal) heat evolution equation on graphs, where the operator Af was
replaced by the operator DV : u € L*(Q) — — JoW(z,y)D(u(y) — u(z))dy, with W(-,-) verifying
Assumption (A.2) and in which the function D was assumed Lipschitz-continuous. This assumption
was essential to prove well-posedness (existence and uniqueness follow immediately from the Cauchy
Lipschitz Theorem), as well as to study the consistency in L?-norm of the spatial semi-discrete approx-
imation on simple and weighted graph sequences. Though this seminal work was quite inspiring to us,
it differs from our work in many crucial aspects. First, the nonlocal p-Laplacian evolution problem at
hand is different and cannot be covered by [83] where the function z x‘x‘p 2 Jacks Lipschitzianity
for p €]1,400[, and thus raises several challenges (including well-posedness and error estimates). Our
results on Kobayashi-type estimates are also novel and are of independent interest beyond problems
on networks. We also consider both the semi-discrete and fully-discrete versions with both forward
and backward Euler approximations, that we fully characterize. For networks on random graphs,

-8 -
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in [84] the author dealt with networks on dense random graphs. Again, he considered only the spatial
semi-discrete scheme for which he showed the convergence in probability of discrete solutions to the
continuous one relying on the central limit theorem (CLT). Thus, those results are asymptotic and no
convergence rate was provided. Our result goes much beyond this work by considering a more general
random graph model (the dense model is then just a particular case) and by exploiting sophisticated
deviation inequalities that permitted us not only to prove nonasymptotic bounds of the error between
the discrete model and the continuum one, but also to quantify the corresponding convergence rate.

1.2.2 The p-Laplacian variational problem on graphs

Turning to the variational problem, our major result which is the main of Chapter 6 establishes a general
error bound for the discretized p-Laplacian variational problem. This result answers question (Q1).
By exploiting this general error bound combined with a key regularity result of the solution that we

also provide in Chapter 6, we deal in Chapter 7 with networks on convergent graph sequences and prove
d

Cloe) 0 (VPrioc) as well as quantify the corresponding convergence rate.

the convergence of (VP

1.2.2.1 A digest of main results

For the nonlocal p-Laplacian variational problem, we prove the following results:

(i) General (L?norm) error estimate to compare the unique solution of the discrete problem (VPY, )

and the one of the continuum one (VP,oc).
(ii) Application to dynamical networks on simple and weighted graphs: capitalizing on (i), we show

convergence of discrete approximations on deterministic and random inhomogeneous graphs to
a continuum limit (governed by graphons).

(ili)) We quantify the corresponding convergence rates and we reveal the role of the data geome-
try /regularity on these rates.

I -A general error estimate. We begin by studying the consistency of (VP o) in which we inves-
tigate functionals with a nonlocal regularization term corresponding to the p-Laplacian operator. We
first give a general error estimate controlling the convergence and regularity properties of the numerical
d ). Under the assumption p € [1, +o0[, as

solutions for the general discrete variational problem (VP .

n — 400, we prove that the solution to this problem, that can be regarded as a discrete approximation
of the initial problem via the kernel and the initial data discretization, converges to a nonlocal varia-
tional problem. In addition, we obtain convergence in the L? norm. We obtain these results without
any extra regularity assumption.

Theorem 1.2.4. Suppose that g € L?>(Q) and K is a nonnegative measurable, symmetric and bounded
d

Cloc)s Tespectively. Then, we

mapping. Let u* and u} be the unique minimizers of (VPuioc) and (VP
have the following error bound.

(i) If p € [1,2], then

| v, = |2y < € <Hg = Ingnllzaey + 19 = ognll 2y + 1K = ol 2

EERED (0
)
where C' is a positive constant independent of n.
(ii) If inf(, yeq2 K(z,y) > Kk > 0, then for any p € [1, +o0],
[ s, — U*Hi%Q) <C (Hg - Ingn”izm) +1lg - Ingn”m(g) +[|K - In K| Lo g2y 12.7)

+ HU* — I”P”U*HLP(Q)) 3
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where C' is a positive constant independent of n.

d

As we do for the evolution problem, the solution of (VP4 .

) being discrete, to be able to compare it
with the continuum one of (VP ), we are in need of an intermediate function (also for the continuum
correspondings of K;; and gy), that is why we define the injector I,, and the projector P, to get this

intermediate continuum function (these operators are defined in details in Chapter 6).

IT - Convergence rates for networks on deterministic graph sequences. Secondly, we apply
these results, using the graph limits theory, to dynamical networks on simple and weighted dense graphs
to show that the approximation of minimizers of the discrete problems on simple and weighted graph
sequences converge to those of the continuous problem. Specifically, for simple graph sequences, we
show how the accuracy of the approximation depends on the regularity of the boundary of support of the
graphon. For networks on weighted graphs we give a precise error estimate under the mild assumption
that both the kernel K and the initial data g are in Lipschitz spaces, Lip(s, L4(f2)), Lip(s’, L1(Q?)),
respectively.

Theorem 1.2.5. Let p € [1,2[, and assume that g € L*(Q2) N Lip(s, LI(Y)), with s €]0,1] and
q €[2/(3—p),2]. Suppose moreover that K € Lip(s', LY (Q2)), (s,¢') €]0,1] x [1, 400 and K (z,y) =

J(|lz —y|), V(x,y) € Q%, with J a nonnegative bounded measurable mapping on Q. Let u* and u}, be
d
nloc

ity — gy < O im0/ (128

the unique minimizers of (VPuloc) and (VPS,..), respectively. Then, the following error bounds hold.

where C' is a positive constant independent of n.

IIT - Convergence rates for networks on random graph sequences. Then, relying on the
same error estimate, we study networks on inhomogeneous random graphs. More precisely, using
sophisticated deviation inequalities, we prove convergence and give the rate of convergence of the
discrete solution to its continuous limit with high probability under the same assumptions as for
deterministic graphs on the Kernel K and the initial data g.

Theorem 1.2.6. Suppose that p € [1,2[, g € L*(Q) and K is a nonnegative measurable, symmetric
and bounded mapping. Let u* and ), be the unique minimizers of (VPpioc) and (VPd

r,nloc
Let p' = ﬁ.

(i) There ezist positive constants C and Cy that do not depend on n, such that for any > 0
—(p'—1 —p' /2 1/pl
N 2 log(n) max (Qn (p )’qnp/ )
[Ty, — w HLQ(Q) <C||s n + P /2

), respectively.

+ 19 = Ingnl 720
(1.2.9)

AN
+|lg - IngnHLz(Q) + || K - IanuLp’(m) + [t — I"P"U*HL:%QP(QJ ’

. (2p'—1) p’
with probability at least 1 — 2p~ 1™ (R )’8.
(ii) Assume moreover that g € L*(2) N Lip(s, L4(Q?)), with s €]0,1] and q¢ € [2/(3 — p),2], that
K(z,y) = J(lz—y|), V(z,y) € Q%, with J a nonnegative bounded measurable mapping on Q, that
K € Lip(s', LY (92)), (s',¢") €]0,1] x [p', +oc] and anKHLw(QQ) < 1. Then there exist positive
constants C' and Cy that do not depend on n, such that for any 5 > 0 and t €]0, e[

~-1) —p/2\\ V¥ ; ,
1 max | gn > n 1 min(sq/2,s")
og(n) ™2 ( )\ . (15t |
n n

* * 2
[ Tnur, —u HL2(Q) =C||s P2

(1.2.10)

. (2p'-1) p’
with probability at least 1 — (271_01 min (af =Y.k ) 8 +nt).
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1.2.2.2 Relation to previous work

Nonlocal neighborhood filters. Since the work of Buades and Morel [31] on image filtering by
non-local means, several recent works have shown the interest of introducing non-local regularization
functions to take into account a more complex interactions and introduce more flexibility in the reg-
ularization functions |8, 33, 61, 36, 108]. Kindermann, Osher and Jones[103| interpreted non local
means and neighborhood filters as regularization based on non local functionals. Gilboa and Osher [62]
have proposed a non local quadratic functional of weighted differences for image regularization and
semi-supervised segmentation. These works can be considered as the non local analogues of Total
Variation models for image regularization. Most of the proposed regularization processes have been
proposed in the context of image processing where images are considered as continuous functions on
continuous domains. Then, one considers a continuous energy functional which is classically solved by
the corresponding Euler-Lagrange equation or its associated gradient flow. However, the discretization
of the underlying differential operators is difficult for high dimensional data and for image and data
defined on irregular domains.

Networks on graphs. In[59] the authors studied the consistency of a variational problem given in
terms of minimizing a functional corresponding to the total variation on random graphs. They looked
at the limit of the discrete total variation on graphs representing point clouds as the number of data
points goes to infinity. The limit was considered in the I'-convergence sense [29]. Based on this result,
in[99], the authors considered a discrete p-Laplacian regularization problem on random geometric
graphs to carry out a semi-supervised learning task. Their aim was to assign real-valued labels to a set
of n sample points, provided a small training subset of N labeled points. To do so, they investigated
a family of regression problems and studied the asymptotic behavior when the number of unlabeled
points increases. To solve the regression problem, they considered a discrete objective functional
discretized in an appropriate way to encode the structure of the graph. Relying on tools of calculus
of variations and optimal transportation, they showed the (locally) uniform convergence of minimizers
of these nonlinear functionals in random discrete setting to the minimizers of the continuum energy
functional corresponding to the local p-Laplacian operator. These results on asymptotic behavior of
minimizers do not provide any error estimates for finite n.

For local variational problems, the authors of [109] have studied the numerical approximation of the
Rudin-Osher-Fatemi image smoothing model consisting of minimizing the following energy functional

def 1

E(v) = ﬁ““ _9Hi2(9) + ’U|BV(Q)’

MBV(Q) denotes the bounded variation seminorm. They bound the difference between the continuous
solution and the solutions to various finite-difference approximations to this model. They give a bound
of the L?-norm of the difference between these two solutions.

However, to the best of our knowledge, there is no rigorous study of numerical approximations for

the nonlocal variational problem (VP oc).
1.3 Organisation of the manuscript
This manuscript consists of two parts and eight chapters.

Chapter 2: This chapter collects the necessary mathematical material used throughout the manuscript.

Chapter 3: In this chapter, we present our main result: the global error estimate for the discrete
p-Laplacian evolution problem. Our results include two main parts: the consistency of the time-
continuous problem (Theorem 3.3.1) and the consistency of the time discrete problem (Theorem 3.4.4).
We end up this chapter by a brief discussion of the relation of our estimates to Kobayashi type estimates.

— 11 —
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Chapter 4: In this chapter we present our results on networks on convergent graph sequences. We
apply our result on the consistency of the p-Laplacian evolution problem to networks on convergent
graph sequences. We deal first with deterministic dense graphs (simple and weighted graphs). In
Section 4.4, we generalize the above analysis to cover networks on random inhomogeneous graphs.

Chapter 5: In this chapter, we deal with the normalized p-Laplacian evolution problem on graphs. We
recall first the basic definitions and properties of the normalized p-Laplacian operator on graphs. Next,
in Section 5.4, we study the consistency of its associated diffusion problem. We finish this chapter by
showing some experiments related to data processing (filtering images/3D point clouds) to illustrate
the use of this operator.

Chapter 6: In this chapter, we present our main result for the variational p-Laplacian problem: the
error bound for the discrete problem. We also provide a key regularity result that will be useful for
the next chapter dealing with networks on convergent graph sequences.

Chapter 7: In this chapter, we present our results on networks on convergent graph sequences for
the nonlocal variational p-Laplacian problem. Doing the same way as for the evolution problem, we
deal first with dense deterministic graphs (simple and weighted) and then with random inhomogeneous
graphs in Section 7.3.

Chapter 8: This last chapter summarizes our contributions and draws important conclusions. It also
discusses several interesting perspectives and open problems.
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Chapter 2

Mathematical Background
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In this chapter, we collect the necessary mathematical material used in the manuscript.

Let R denote the set of real numbers, R* the set of nonnegative reals, R = RU {+00} the extended
real line and R" the n-dimensional real Euclidean space. We denote by N the set of non-negative

C|

integers, by N* the set of positive integers. We use the notation [n] = {1,--- ,n}. For a set C,

denotes its cardinality.

2.1 Tools from graph limits theory

We present some definitions and important results from the theory of graph limits that will be crucial to
our exposition. The theory of graph limits was introduced by Lovész and Szegedy in 2006 [80, 25] and
then further developed in a series of papers by Borgs et al. [23, 24]. A key goal of Lovasz and Szegedy
was to understand large graph structures by characterizing convergence for sequences of graphs which
grow unboundedly, thereby constructing a natural 'limit object’.

2.1.1 Preliminaries

An undirected graph is a pair G = (V(G), E(Q)) satisfying E(G) C V(G) x V(G). V(G) stands for
the set of vertices (or nodes, or points), each node i € V(G) is an abstract representation of an element
of the data structure represented by the graph. E(G) denotes the edges (or lines) set and is composed
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of pairs of vertices (i,7). An edge represents the connection between two vertices. It is said then
that these two vertices are adjacent, or neighbors which is denoted by ¢ ~ j. In this manuscript, we
consider graphs without loops or parallel edges in which the edges are symmetric (these kind of graphs
are called simple). We can therefore define the set F(G) such that:

E(G)E{(i,j)) e V(®) x V(G)|i~j and i+#j}. (2.1.1)

The usual way to picture a graph is by drawing a dot (or a cercle) for each vertex and joining two of
these dots by a line if the corresponding two vertices form an edge. Just the way these dots and lines
are drawn is irrelevant: all that matters is the information which pairs of vertices form an edge and
which do not.

Figure 2.1: Example of an undirected simple graph G with V(G) = {1,---,5} nodes with edge set
E(G) = {(11 4)7 (47 2)7 (47 5)7 (57 3)}

For a graph G, the adjacency matrix is a square |V (G)| x |V(G)| matrix such that its elements
indicate whether pairs of vertices are adjacent or not in the graph. In the special case of a finite simple
graph, the adjacency matrix is a (0, 1)-matrix with zeros on its diagonal since edges from a vertex
to itself (loops) are not allowed in simple graphs. If the graph is undirected, the adjacency matrix is
symmetric. A non-standard way of visualizing graphs using another version of the adjacency matrix is
the so-called pizel picture. On the left of Figure 2.2 we see a graph (the Petersen graph). In the middle,
we see its adjacency matrix. On the right, we see another version of its adjacency matrix, where the
0’s are replaced by white pixels and the 1’s are replaced by black pixels. The whole picture is on the
unit square.

0100110000
1010001000 ;. ||
0101000100 | |
0010100010 -- —
1001000001 ;E F-
1000000110 gy .H
0100000011 |
0010010001
0001011000 P
0000101100 ]

Figure 2.2: The Petersen graph, its adjacency matrix, and its pixel picture.

A weighted graph G is a graph with weight (4, j) associated to each edge (i, 7). We see in Figure 2.3
a picture of a weighted graph. The weight function represents the similarity between the vertices of
the graph. It is defined as 8 : V(G) x V(G) — Q C Rt (we restrict ourselves to the values in Q = [0, 1]
in this manuscript). Since we are dealing with undirected graphs, the weight function is symmetric:
V(i,j) € V(G)?,B(i,j) = B(j,i). The adjacency matrix of a weighted graph is obtained by replacing
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the 1’s in the adjacency matrix by the weights of the edges. An unweighted graph is a weighted graph
where all the edge weights are 1.

For more information on graphs we refer the reader to [43].

Figure 2.3: Example of weighted graph with V(G) = {1,---,5} nodes with edge set E(G) =
{(1,2),(2,3),(1,4),(4,2),(4,5),(5,3)} and {2, 4, 5, 5, 14, 34, 58} are weights assigned to edges.
2.1.2 Convergence of graph sequences

Let G, = (V(Gn), E(G,)), n € N*, be a sequence of dense, i.e.,
simple graphs.

E(Gp)| = O(‘V(Gn)‘Q) finite, and

For two simple (unweighted) graphs F' and G, hom(F, @) indicates the number of homomorphisms
(adjacency-preserving maps) from V(F) to V(G). This number is normalized to get the homomorphism

density
hom(F,G)

HE.G) = .
(F,G) ‘V(G)HV(F)‘

This quantity can be interpreted as the probability that a random map of V(F') into V(G) is a
homomorphism.

This notion is extended to weighted graphs. To every homomorphism ¢ : V(F) — V(G), we let
def . .
homg(F,G) = [ Bale(i), 8(5)).
(i,7)EE(F)

Then the homomorphism function is defined by

hom(F,G) = Z homgy(F, G)

¢V (F)=V(QG)

and the homomorphism density as defined for simple graphs

tHF,G) = M'
) ‘V(G)HV(F)‘

Suppose that the number of nodes of G, tends to infinity. Suppose that the graphs G, become more
and more similar in the sense that ¢(F, G,,) tends to a limit ¢(F") for every simple graph F. Based on
this, the following notion of convergence is defined

Definition 2.1.1. The sequence of graphs {G), }nen+ is called convergent if ¢(F, G,,) is convergent for
every simple graph F.

Remark 2.1.2. Note that ¢(F,G,) = O(1) if |E(G,)| = O(|V(G,)|°) so that this definition is
meaningful only for sequences of dense graphs and otherwise the limit is 0 for every simple graph F

~15 —



Chapter 2 2.1. Tools from graph limits theory

with at least one edge. In the theory of graph limits, convergence in Definition2.1.1 is called left-
convergence. Since this is the only convergence of graph sequences that we use, we would refer to the
left-convergent sequence as convergent (see [23, Section 2.5]).

Every finite simple graph G, such that V(G),) = [n] can be represented by a measurable function
Kg, : 9% — Q called a pizel kernel. Its construction is as follows: split the interval Q into n equal

intervals an), e 791(171)’ and for every z € an), Yy € an) define
1 if (i,7) € E(Gn),
Kg, (z,y) = 2.1.2
(.9) {0 otherwise. ( )
For weighted graphs with edge weights {3(i, j)}; j)ev ()2, the pixel kernel K¢, becomes

B, j) it (i,4) € E(Gy),

Kg,(z,y) = ' (2.1.3)
0 otherwise.

This construction is not unique, however given a graph, the set of pixel kernels arising via (2.1.2) can
be considered to be equivalent via the weakly isomorphic relation (to be defined shortly).

Convergent graph sequences have a limit object, which can be represented as a measurable function.
Let K denote the space of all measurable bounded functions K : [0, 1] — R such that K (z,y) = K(y, x)
for all z,y € [0,1]. We also define Ky = {K € K : 0 < K < 1}. The functions of this space are called
graphons.

The main motivation behind introducing graphons is that they provide a much more explicit repre-
sentation for this limit object as the following theorem shows.

Theorem 2.1.3 (|25, Theorem 2.1]). (i) For every convergent graph sequence {Gp }nen=, there is
a function K € Ko such that t(F,Gy) — t(F, K) for every simple graph F, i.e.,

d
HF, Gp) — t(F, K) ef/ [ E(wiz)da. (2.1.4)
QV<F>
i,j)EE(F)
(ii) This function K is uniquely determined up to measure-preserving transformation in the following
sense: for every other limit K' there are measure-preserving maps ¢,v : @ — Q such that

K(o(x), ¢(y)) = K'(¢(x),9(y)).
(iii) Every function K € Ky arises as the limit of a convergent graph sequence, i.e., for every K € Ky,
there is a sequence of graphs {Gp}nen+ satisfying (2.1.4).

Remark 2.1.4. The above theorem gives a result of existence and uniqueness of the limit but it is not
a constructive result. In fact, there is a natural "limit object" in the form of a symmetric measurable
function K : Q — Q2 which arises as a limit of an appropriate graph sequence but this limit is not
expilicitly known for every graph sequence.

Remark 2.1.5. The homomorphism density (for the graphon) ¢(F, K) defined in (2.1.4) can be seen
as the extension of the homomorphism density on graphs. We can think of the interval {2 as the set of
nodes, and of the value K(z,y) as the weight of the node (z,y). Then the formula

t(F,K) = H K (x4, 25) H dz;
QV(F)
(i,4)€E(F) 1€V (F)
is an infinite analogue of weighted homomorphism numbers.
We now introduce the cut norm which is used to construct the cut distance and define convergence

for graph sequences. In fact, an appropriate notion of distance between two arbitrary, possibly different
number of nodes graphs can be defined, such that convergent sequences are Cauchy in this metric and
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vice versa. The completion of the metric space of graphs relative to this metric can be described, and
its elements, i.e., limit objects for convergent graph sequences, can be characterized in various ways.
Let K be a graphon, the cut norm of K is defined by

HKHD (iéfsgwup ‘ K(x,y)dxdy‘,
TeLlq SxT

where K € L'(9?) and Lq stands for the set of all Lebesgue measurable subsets of €. The cut norm
is a norm; this is easy to prove using standard arguments. Given a graphon K and a map ¢ from
Q to Q, we define the ¢ pull-back of K by K¢ : (z,y) — K(é(),$(y)). Let S(Q) denote the set of
measure-preserving maps from €2 into 2. Then the cut distance between two graphons K and W is
defined by

do(K, W) = if || K= W7

This ’distance’ function is only a pseudo-distance function since different graphons can have distance
zero. This issue can be rectified by considering the quotient space of weakly isomorphic graphons (to
be shortly defined) (see also [78, Sections 8.2 and 10.7| for more details).

Definition 2.1.6 (|23, Theorem 2.6]). The sequence of dense graphs {G), }nen~ is said to converge
if {Kq, }n is a Cauchy sequence with respect to the cut distance.

An interesting consequence of this definition is that the space of graphs, or equivalently pixel kernels,
is not closed under the cut distance. The space of graphons (larger than the space of graphs) defines
the completion of this space.

Informally a graphon can be thought of as a generalization of the adjacency matrix of a (weighted)
graph which has a continuum number of vertices. It should be noted that the cut norm and cut distance
definitions extend naturally to the larger space of graphons. Hence, geometrically, the graphon K can
be interpreted as the limit of K¢, defined in(2.1.2) (and (2.1.3)) for the cut-norm.

We now define convergence of a graph sequence to a kernel via the cut distance.

Definition 2.1.7 (|23, Theorem 2.6]). Let {G,, },en+ be a sequence of graphs and let K € K. Then
Gn — K as n — oo if and only if do(Kg,,, K) — 0 as n — oo.

A useful observation that will be used throughout this manuscript is the following:

do(K, W) < ||K = W5 < [|[K =Wl gy S [[K = W[ ey <1 Y€ [L 400 (2.1.5)

Thus, convergence of the sequence of pixel kernels { K¢, }nen+ (recall constructions (2.1.2) and (2.1.3))
in the LP-norm implies the convergence of the graph sequence {Gy, }nen+ (|25, Theorem 2.3|). In other
words, convergence in L?-norm of { K¢, }nen+ is sufficient to prove convergence of a sequence of graphs
with respect to Definition 2.1.7.

We now introduce the weakly isomorphic relation, denoted =, which identifies sets of graphons which
all have a cut distance of zero apart |78, Corollary 10.34]. Let K, W € Ky be two graphons, we say
that K and W are weakly isomorphic if and only if

do(K, W) =0.
We can just take the easy way out, and call two graphons K and W weakly isomorphic if ¢(F, K) =
t(F,W) for every simple graph F.
From these definitions, an important consequence (observation) is that every point in the completion
is defined by a Cauchy sequence, which tends to a graphon K. Two Cauchy sequences define the same
point of the completion if and only if merging them we get a Cauchy sequence, which implies that they

have the same limit graphon (up to weak isomorphism). Conversely, every graphon is the limit of a
Cauchy sequence and so it corresponds to a point in the completion.

Before we move on to give some illustrative examples, an important remark is in order.

17 -



Chapter 2 2.1. Tools from graph limits theory

Remark 2.1.8. In this manuscript, we focused only in exposing results of graph sequences convergence
with respect to a single metric (the cut-metric) among the metrics defined in [26, 27, 23, 24, 79, 80].
In fact, in these papers, the authors introduced several natural metrics for graphs (we can cite in
addition to the cut-metric dcyt, the count (or subgraph) metric dg,p, and the partition-metric dpart),
and showed that they are equivalent, in that if {G),},en+ is a sequence of graphs with }V(Gn)’ — 00,
then if {G), }nen+ is Cauchy with respect to one of these metrics then it is Cauchy with respect to all
of them.

Example 2.1.9 (Half graphs). Let G,, ,, denote the bipartite graph on 2n nodes {1, -+ ,n,1’,--- ,n'},
where i is connected to j’ if and only if i < j. It is easy to see that this sequence is convergent and its
limit is the function

1, if |z—y|>1/2,

(2.1.6)
0, otherwise.

K($,y) = {

Figure 2.4 shows an example of the half-graph for n = 16, its pixel picture and the corresponding

graphon.
(a)

Figure 2.4: (a) A half-graph of 16 vertices. (b) The plot of its pixel picture. (c) The corresponding
graphon.

Example 2.1.10 (Nearest neighbor graph). Let V = [n]. The nearest neighbor (nn) of i is a
point j, j # ¢ with minimum distance for a given similarity metric from ¢ . To make the nearest
neighbor unique we choose the point j with maximum index in case of ties and denote by nn(i) the
set of neighbors of vertex ¢. By nature, the neighborhood relations of a nn-graph are not necessarily
symmetric. In order to preserve the property of symmetry of the edges, we use in this manuscript a
symmetric (or reciprocal) version of the nn-graph. In this version, the E set of edges is defined by

f

E(G) ¥ {(i,j)]i e nn(j) or jenn(i)}.

The nn-graph plays a prominent role in non-local data analysis and processing methods, and in par-
ticular in non-local models for image processing. It will then be of particular interest in applications.
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(a) ()

Figure 2.5: (a) A nearest-neighbour graph with 16 vertices. (b) The plot of its pixel picture. (c) The
corresponding graphon.

Example 2.1.11 (Simple threshold graphs). These graphs are defined on the set [n] by connecting
i and j if and only if i +j < n. These graphs converge to the graphon defined by K (z,y) = L(54y<1),
which we call the simple threshold graphon.

Figure 2.6 displays an example of the threshold graph for n = 16 vertices, its pixel picture and the
corresponding graphon.

(a) (b) | (©)

Figure 2.6: (a) A simple-threshold graph with 16 vertices. (b) The plot of its pixel picture. (c¢) The
corresponding graphon.

2.1.3 Determinisitc graph models

In this section, we present the deterministic graph models that will be used in Chapters4 and 7 when
we treat networks on convergent graph sequences. These models are chosen to illustrate our results on
the consistency of the nonlocal p-Laplacian evolution and variational problems (Ppjoc) and (VPuioc),
respectively. These models are of interest in their own and were constructed in [83].

2.1.3.1 Simple graphs

We fix n € N*, divide ) into n intervals

n 1 n 1 2 n ) —1 9 -1
Qg):[ov{vgé):[[a7gg):|:] ?j|:77Q£zn):|:n 71|:7
n

n'n n 'n n

and let Q,, be the partition of Q, Q, = {an),i € [n]}. Denote QE;L) o an) X an).

First, we consider the case of a sequence of simple graphs converging to {0, 1}-graphon.
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Chapter 2 2.1. Tools from graph limits theory
We define a sequence of simple graphs G,, = (V(G,,), E(G,)) such that V(G,,) = [n] and

B(Gy) = {(i,3) € o+ 9 N supp(K) # 0},

where
supp(K) = {(z,y) € Q*: K(z,y) #0}. (2.1.7)

As we mentioned before, the kernel K represents the corresponding graphon, that is the limit as n — oo
of the function K¢, : 22 — {0, 1} such that

L i (i) € B(Ga) and (a,y) € Q)

0 otherwise.

As n — oo, {Kg, }nen+ converges to the {0, 1}-valued mapping whose support is defined by (2.1.7).

2.1.3.2 Weighted graphs

We now review a more general class of graph sequences. We consider two sequences of weighted graphs
generated by a given graphon K.

Let K : Q> — [a,b] a,b > 0, be a symmetric measurable function which will be used to assign
weights to the edges of the graphs considered below.

Next, we define the quotient of K and Q,, denoted K/Q,, as a weighted graph with n nodes

K/Q, = ([n], n] x [n],f(n) .

A

As before, weights (K,,);; are obtained by averaging K over the sets in Q,
(Kp)ij = n2/ K(x,y)dzdy. (2.1.8)
o xa(

The second sequence of weighted graphs is constructed as follows

G(Xn, K) = (o], ] x In], K )

X, = {1,2,-.. ,1}, (Xn)ij:K<iaj>- (2.1.9)

One can easily see that K, is the projection of K on the space of piecewise constant functions and K,

where

is nothing but the sampling of K at the vertices of the graph.

2.1.4 Random graphs

The theory of random graphs was founded in the late 1950s and early 1960s by Erdés and Rényi [50],
who started the systematic study of the space G(n, M) of graphs with n labeled vertices and M = M (n)
edges, with all graphs equiprobable. Nearly the same time, Gilbert [60] introduced the closely related
model G(n,p) of random graphs on n labeled vertices: a random G(n,p) € G(n,p) is obtained by
selecting edges independently, each with probability p = p(n). As Erdos and Rényi are the founders
of the theory of random graphs, it is not surprising that both G(n,p) and G(n, M) are now known as
Erdés-Rényi random graphs.

The theory of random graphs lies at the intersection between graph theory and probability theory.
Let V be a set of n points, say V' = [n]. The aim is to turn the set G of all graphs on V into a probability
space. Intuitively we should be able to generate G € G randomly as follows: for each e € V x V we
decide by some random experiments wether or not e shall be an edge of GG, these experiments are
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Chapter 2 2.1. Tools from graph limits theory

performed independently and for each the probability of accepting e as an edge of G is equal to some
fixed number p € [0, 1].

Later, Lovasz et al. [25] defined a more general random graph model. Given any symmetric measur-
able function K : 92 — € and an integer n > 0, we can generate a random graph G(n, K) on node
set V as follows. Generate n independent numbers Xy, ..., X,, from the uniform distribution on 2,
and then connect nodes ¢ and j with probability K(X;,X;). As a special case, if K is the constant
p-valued function, we get G(n,p). This sequence is convergent almost surely, and in fact it converges
to the weighted graph with one node and one loop with weight p.

We now present some canonical examples of graph sequences which converge to a given graphons.

Example 2.1.12 (The Erdos-Renyi graphs.). Let p €]0,1[ and consider the sequence of ran-
dom graphs G(n,p) = (V(G(n,p)), E(G(n,p))) such that V(G(n,p)) = [n] and the probability
P{(i,j) € E(G(n,p))} = p for any (i,7) € [n]?>. Then for any simple graph F, t(F,G(n,p)) con-
verges almost surely to p‘E(F)} as n — oo [23] and {G(n,p)} converges almost surely to the p-constant
graphon.

Figure 2.7 shows a realization of the Erdos-Renyi graph model for n = 16, its pixel picture and the
corresponding graphon.

[ 2 * < * * * * ®

Figure 2.7: (a) A realization of the Erdés-Renyi random graph model with p = 0.5. (b) Its pixel
picture. (c¢) The corresponding graphon.

Example 2.1.13 (Uniform attachement graphs). We define a (dense) uniform attachment graph
sequence as follows: if we have a current graph G,, with n nodes, then we create a new isolated node,
and then for every pair of previously nonadjacent nodes, we connect them with probability 1/n.

One can prove that with probability 1, the sequence {G,, },en+ has a limit, which is the function
K(x,y) = min(z,y) |78, Proposition 11.40].

Figure 2.8 shows an example of the uniform attatchment graph for n = 16, its pixel picture and the
corresponding graphon.
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(c)

Figure 2.8: (a) A realization of the uniform attachment graph random model. (b) Its pixel picture.
(¢) The corresponding graphon.

Example 2.1.14 (Small World random graphs). Let X,, = {z1, -+ ,z,} be a sequence of n points
from Q and let K € Ky be a {0,1}-graphon. We assume that K is almost everywhere continuous on
2 and its support has a positive Lebesgue measure. Next, define

def

Ky(,9) = (1= p)K(,y) +p(1 — K(2,9)), p e [0,0.5] (2.1.10)
The Small World random graph sequence G, ([n], E(G,,)) is constructed as follows. For every (i,7j) €
[n]?, i # j
P((i,5) € E(Gn)) = Kp(wi, ;).
The decision whether to include (4, j) to E(G) is made independently for each pair (i, ) € [n]?, i # j.
Note that for p = 0.5, this graph becomes the Erdds-Renyi graph with parameter p = 1/2.

Figure 2.9 shows an example of the small world random graph for n = 16, its pixel picture and the
corresponding graphon.

Figure 2.9: (a) A realization of the small world random graph model with p = 0.1. (b) Its pixel picture.
(¢) The corresponding graphon.

2.1.5 The random inhomogeneous graph model

The classical random graph models defined previously (and various other models) are homogeneous’ in
the sense that all vertices are exactly equivalent in the definition of the model. Furthermore, in a typical
realization, most vertices are in some sense similar to most others. For example, the vertex degrees
in G(n,p) or in G(n, M) do not vary very much: their distribution is close to a Poisson distribution.
However, many large real-world graphs are highly inhomogeneous. One reason is that the vertices
may have been ’born’ at different times, with old and new vertices having very different properties.
Experimentally, the spread of degrees is often very large. In particular, in many examples the degree
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distribution follows a power law. In the last few years, this has led to the introduction and analysis of
many new random graph models designed to incorporate or explain these features.

We describe in this section the model of inhomogeneous random graphs that will be used throughout.
The construction of this inhomogeneous random graph model was proposed in [20, 21, 22].

Definition 2.1.15. Fix n € N* and let K be a symmetric measurable function on Q2. Generate the
graph G, = (V(Gp), E(Gp)) & Gy, (n, K) as follows:
1) Generate n independent and identically distributed (i.i.d.) random variables (X1, --- ,X,) < X
from the uniform distribution on Q. Let {X(i) }ie[n] be the order statistics of the random vector
X, i.e. X(;) is the i-th smallest value.

A
2) Conditionally on X, join each pair (4,5) € [n]? of vertices independently, with probability g, KX

nij’

i.e. for every (i,7) € [n]?, i # j,

A
P ((i,§) € E(Gn)|X) = gu K} (2.1.11)
where
Nx def . 1
Km‘j = min ‘QX| X K(:U,y)dxdy, 1/Qn s (2.1.12)
ny nij
and
O X -1y, XXX -1y, X)) (2.1.13)

where ¢, is non-negative and uniformly bounded in n.

A graph Gy, (n, K) generated according to this procedure is called a K-random inhomogeneous graph
generated by a random sequence X.

We now formulate our assumptions on the graph sequence {Gg, (n, K)}, cn-

Assumption 2.1.16. We suppose that q, and K are such that the following hold:
(A1) Gy, (n, K) converges almost surely and its limit is the graphon K € L>(Q?);

(A.2) supg, <1.
n>1

There is no loss of generality in taking 1 in the bound of (A.2).
Although we shall give general results in Sections4 and 7 that hold under (A.1)-(A.2), it is helpful

to bear in mind one particular example of the general class of models we shall study. This example is
inspired by the so-called almost dense (or non uniform) random graphs (see [21, Section 3.4]).

Proposition 2.1.17. Suppose K € L>(Q?) is a symmetric measurable function. Choose the parameter
¢n = n~9") where g(n) = o(1). Then, assumptions (A.1) and (A.2) are in force.

PROOF :  Since the graphon K € L*>(Q?) and ¢, = n=°W) | the arguments to prove [21, Lemma 3.5
and Lemma 3.8|, that were designed for the graph model described in Remark 4.4.1 (given later on in
Section4.4.1), can be adapted to cover our graph model with (2.1.11) to show that the sequence of
random graphs Gy, (n, K) indeed converges almost surely to the graphon K in the metric dgyp, (see [21,
Section 2.1] for details about this metric). This shows (A.1). (A.2) is trivially verified. O

Remark 2.1.18. The graph model of Proposition 2.1.17 encompasses the dense random graph model
(i.e., with ©(n?) edges) extensively studied in [80, 25], by taking the choice g(n)log(n) = C, for C' > 0,
and thus ¢, = e~¢. This graph model allows also to generate sparse graphs (but not too sparse), i.e.,
with o(n?) but w(n) edges. For example, one can take g, = C'log(n)~?, where § €]0, 1[, in which case
one has ¢, = exp(—Clog(n)'=°) = o(1).
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2.2 Tools from analysis

2.2.1 Convex analysis on Hilbert spaces

We here collect some important results from convex analysis which will be used in the up coming
chapters. A comprehensive account on convex analysis on Hilbert spaces can be found in[16]. Denote
H a real Hilbert space endowed with inner product <~, > and associated norm H . H

Definition 2.2.1 (Convex set). A set S of H is convez, if
Vz,2' € S,Vt €]0,1[, tx+ (1—-t)x' €S.
Let S € H be a non-empty set and function F : S — R. The domain of F is
dom(F) = {z eS8 : F(z) < +oo}.
F is called proper if —oo ¢ F(S) and dom(F) # 0.
Definition 2.2.2 (Convex function). A function F : H — R is convex if
Vo, o' € H,Vt €(0,1], F(tx+ (1—-t)z") <tF(z)+ (1 —t)F(a).

Definition 2.2.3 (Strongly convex function). A function F' : H — R is strongly convex with
parameter m > 0 if

Vo,o' € HVte [0,1), F(tz+ (1—t)2') < tF(@)+ (1 - )F(a') — =

2

Definition 2.2.4 (Lower semi-continuous function). Given a function F' : H — R and a point

t(1— )|z — m/HQ.

x € H. F is lower-semi continuous (Isc) at x if

lim inf F(2') > F(z).

r—x’

The class of proper, convexr and Isc functions on H is denoted as T'o(H).

Definition 2.2.5 (Indicator function). Let S C H be a convex non-empty closed set, the indicator
function of S, is € T'o(H), is defined by

) 0, if z €8,
is = (2.2.1)
400, otherwise.

Definition 2.2.6 (Subdifferential). Let F' € I'g(#) the subdifferential of F' is the set-valued operator
OF : H — 2" such that for 2 € H

OF () & {neH: F@)—F(z)>(na' —z), Vo'eH}. (2.2.2)
F is subdifferentiable at z if OF (z) # (), and an element of JF (z) is called a subgradient.
We have the following result whose proof can be found in [16, Proposition 17.26(i)].

Lemma 2.2.7. Let F : H — R be proper and convez, and let x € dom(F). Suppose that F is Gdteaus
differentiable at x. Then OF (z) = {VF(z)}.

The proof of this result can be found in [16, Proposition 17.26(i)].
In plain words, a Gateaux differentiable function at x is subdifferentiable there with its gradient as

its unique subgradient.

Definition 2.2.8 (Normal cone). Let S C H be a non-empty closed convex set. The normal cone
operator is the subdifferential of the indicator function of S, i.e.,
{neH: (na —z)<0,Va'eH} ifzeS,

(2.2.3)
1) otherwise.

Ns(z) = dis(z) = {
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2.2.2 Accretive operators and non-linear semi-groups

All the definitions and results with proofs can be found for instance in [7].

Let (X,
convenience, the operator will be sometimes identified with its graph by denoting (x,y) € A for y €
A(z). Dom(A) € {z € X : Az # 0} is called the domain of A and R(A) & {4z : z € Dom(A4)}
its range.

. H) be a Banach space. Let A : X — 2% be a set-valued operator. For notational

Definition 2.2.9 (Accretive operator). An operator A in X is accretive if
|lz—2| <|lz—2+ Ay —9)|| whenever A>0 and (z,y),(2,9) € A.
Definition 2.2.10 (Non-expansive operator). An operator A : X — X is called non-ezpansive if
it is 1-Lipschitz continuous, i.e.
|A(x) — A@)|| < |« — 2], Va,d € X.

Definition 2.2.11 (Resolvent). Let A : X — 2% and v > 0. The resolvent of A is defined by
def _
Jya = (I4+~4) L

We have the following equivalent characterization of accretivity, whose proof can be found in e.g.,
[96].

Lemma 2.2.12. The operator A is accretive if and only if its resolvent is a single-valued non-expansive
map on Dom(Jy 4) for A > 0.

Definition 2.2.13 (m-accretive operator). An operator A : X — 2% is m-accretive if it is accretive
and Dom(Jy 4) = X for some (hence all) A > 0.

In the Hilbertian case, the notion of m-accretivity coincides with maximal monotonicity which is
the celebrated Minty theorem.

Crandall and Liggett introduced in [40| the following limit:
— 1 n
S(t)zo = lim (Jy/na)™
Under some closedness assumptions on the operator A, they proved that this limit exists and defines

a strongly continuous semigroup {S(¢)}+>0 on X. This semigroup plays an important role for proving
solution existence and uniqueness of the abstract Cauchy problem

{33+A:c90,

R (2.2.4)

def

More precisely, z(t) = S(t —to)xo is the unique strong solution to the abstract Cauchy problem (2.2.4).
In the context of the non-local p-Laplacian evolution equation that will be at the heart of Part I, this
exponential formula will be instrumental to prove not only for well-posedness, but also to establish
Lipschitz continuity of the solution as a function of the initial data. A key step to prove this is to show
that the nonlocal p-Laplacian operator belongs to a rich family of operators known as m-completely
accretive operators.

In [18], Ph. Bénilan and M. G Crandall introduced a class of operators named completely accretive,
for which the semigroup S(t) (see[18]) is order-preserving and non-expansive in every LP, p € [1, +o0].
Here we outline some of the main ideas given in [18].

Let © be an open set of RY and let M(©) be the space of measurable functions from © into R. For
u,v € M(0), we write

u < u if and only if / Jju)dr < / j(u)dz
(S (S
for all j € Jo = {j : R — [0,400], j convex, lsc, j(0) = 0}.
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Definition 2.2.14 (Completely accretive operator). Let A be an operator in M(©). We say that
A is completely accretive if

u—t<u—u+Av—2) forall A >0 andall (u,a),(v,0) € A.
The definition of completely accretive operators does not refer explicitly to topologies or norms.

However, if A is completely accretive in M(©) and A C LP(©) x LP(©), p € [1,00] then A is accretive
in LP(O©).

Definition 2.2.15 (m-completely accretive operator). An operator A on X is completely accretive
if it is completely accretive and dom(J4) = X, A is said m-completely accretive.

2.2.3 Mean value theorem for continuous functions

In this section we state a lemma that is a generalization of the Lagrange mean value theorem retaining
only the continuity assumption, but weakening the differentiability hypothesis. But before this, we
state the following classical lemma which is useful throughout the manuscript.

Lemma 2.2.16. For « €]0,1] and a,b > 0, we have

(a+0)* <a”+b™.

Lemma 2.2.17. Suppose that the real-valued function f is continuous on [a,b], where a < b, both a
and b being finite. If the right and left-derivatives f and f! exist as extended-valued functions on
la, b, then there ezists ¢ €]a, b] such that either

fite) < O < pr g
ey < =IO < gy

If moreover fi and f’ coincide on |a,b|, then f is differentiable at ¢ and

fb) = fla) = f'(c)(b - a).

PROOF :  From [42, p.115] (see also [114]), we have under the sole continuity assumption of f on
[a, b] that either
Fle+h) —5(0) _ 1)~ f(a) _ 1)~ fle—d)
h - b—a d
or
Q= fe=d) _ F)—fla) _ fle+h) — f(e)
d - b—a - h ’

for all h > 0 and d > 0 such that (c + h,c — d) €a,b[*>. Passing to the limit as h — 07 and d — 0T
(the limits exist in [—o0, +00] by assumption), we get our inequalities. When f} and f’ coincide on
Ja,b[, and in particular at ¢, the inequalities become an equality f/ (c) = f_(c) = w, and the
derivative at c is finite, whence differentiability follows. O

Let us apply this result to f : t € R — ’t‘p_Qt, p > 1. fis a continuous'
and odd function on R . It is moreover everywhere differentiable for p > 2, and for p €]1,2[ it is
differentiable except at 0, where f) (0) = f.(0) = +oo. For all ¢ # 0, we have f'(c) = (p — 1)‘0‘17_2.
Thus applying Lemma 2.2.17, we get the following corollary.

monotonically increasing

!Observe that f is not even continuous at 0 when p = 1, and thus Lemma 2.2.17 cannot be applied when 0 € [a, b].
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Corollary 2.2.18. Let a < b, both a and b being finite. Then, for any p > 1, there exists ¢ €]a, b[\{0}
such that
’b‘pizb — }a|p72a =(p— 1)‘0‘%2(6 —a).

2.2.4 Embeddings of L” spaces on bonded domains

Since 2 has finite Lebesgue measure, we have the classical inclusion LI(Q2) C LP(Q2) for 1 <p < ¢ <
+00. More precisely assume without loss of generality that ‘Q‘ =1, Then

1Ly < 107770 ey = 1L gy < 171l ey (2:25)

We also have the following useful (reverse) bound.

Lemma 2.2.19. For any 1 < g < p < +00 we have
17 ey < 112 711

In particular, for g =1
1-1 1
1110y < I 112

Proor :  Using Hélder inequality, we have

11| oy = (/ {f‘q‘f}p_q>l/p
(L))

= (| £[1 1 ot

2.3 Lipschitz spaces on bounded domains

In this section, we introduce the Lipschitz spaces Lip(s, LP(Q%)), for d € {1,2}, which contain functions
with, roughly speaking, s "derivatives" in LP(Q%) [41, Ch. 2, Section 9]. These spaces will be a key tool
for us to study networks on convergent graph sequences as we will be able to get non-asymptotic error
estimates for different graph models when adding the assumption of belonging to these spaces to the
kernel K (-,-) and the initial condition g(-) in (Pyioc) and (VPyioc)-

Definition 2.3.1. For F € LP(Q%), p € [1, +00], we define the (first-order) LP(2%) modulus of smooth-
ness by
def l/p
w(F,h), =  sup </ |F(x+ z) — F(az)}pdw> : (2.3.1)
T+2z€Qd

z€R4 |z|<h

The Lipschitz spaces Lip(s, LP(Q2%)) consist of all functions F' for which

def —
‘F‘Lip(s,LP(Qd)) = ililgh *w(F, h)p < 400

We restrict ourselves to values s €]0, 1] as for s > 1, only constant functions are in Lip(s, LP(029)).

It is easy to see that ‘F|Lip(s Lo( is a semi-norm. Lip(s, LP(929)) is endowed with the norm

Q)

1F | ipgs o2y = I1F o2y + 1F | ipge. ooy
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The space Lip(s, LP(Q?)) is the Besov space B; . [41, Ch.2, Section 10] which are very popular in
approximation theory. In particular, Lip(1, L' (24)) contains the space BV (Q4) of functions of bounded
variation on Q7 i.e. the set of functions F' € L'(929) such that their variation is finite:

Ve (F) € suph™ 12/ |F(x + he;) — F(x)|dx < +oo
h>0 Qd

where e;,i € {1,d} are the coordinate vectors in R?; see [41, Ch. 2, Lemma 9.2]. Thus Lipschitz spaces
are rich enough to contain functions with both discontinuities and fractal structure.

Let us define the piecewise constant approximation of a function F € LP(Q?) (a similar reasoning

holds on ),
1

;|

A

Futoa) ™ i 5 ([P g a1 ) g0,
ij
(n)

where X 18 the characteristic function of Qij . Clearly, F, is nothing but the projection Py , (F)

of F on the n?-dimensional subspace V,,2 of LP(2?) defined as V},> = Span {XQ<n> 2 (i,9) € [n]Q}
ij

Let us define the piecewise constant approximation of a function F € LI(Q?) (a similar reasoning

holds of course on (2) on a partition of Q2 into cells Qy; S lzi—1, zs) % yj—1,94] + (4,7) € [n]Q} of
maximal mesh size 0 & max max(|z; — zi_1], —yj—1|),
(i,4)€[n]?
e 1
Fu(z,y) < Z FrijXo,..;(xy), Fij= Q/ F(z,y)dzdy.
i,j=1 ‘ ”U| nij

Clearly, F}, is nothing but the orthogonal projection of F' on the n2-dimensional subspace of L?(Q?)
defined as

Span {Xgm.j 2 (i,9) € [n]2}
Lemma 2.3.2. There exists a positive constant Cs, depending only on s, such that for all F €
Lip(s, LY(Q%)), d € {1,2}, s €]0,1], q € [1, +<],

[F = Ful ogqay < Cs8° (2.3.2)

‘F’Llp (s,L9(Q%))"

PROOF :  Using the general bound [41, Ch. 7, Theorem 7.3] for the error in spline approximation, and
in view of Definition 2.3.1, we have

HF - FnHLQ(Qd) < Caw(F,0)g = Co°(0w(F,0)q) < Cs 5S|F‘L1p s,L1(Q%))"

O
An immediate consequence is the following result.
Lemma 2.3.3. Assume that F € L>°(Q%) N Lip(s, L9(Q%)), d € {1,2}, s €]0,1], ¢ € [1,+0oc], and let
p €]1,400[. Then there exists a positive constant C(p,q,s), depending on p, q and s such that
IF = Full gy < C(prg, )55 h9/7h, (2.3.3)

Proor : We have

HF_FnHLq(Q) SC‘F’Lip(s,L‘I 0% it g =p;

()

|F — F"HLP(Qd s ‘F|Q/p §sa/p

< _
) HF—FnHI a/p HF Fy Hq/p <C <2HFHL°0(Q)> Lip(s,L4(Q%))

Loo(04) L1(Q4)

otherwise,
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where we used (2.2.5) (resp. Lemma2.2.19) and Lemma 2.3.2 in the first (resp.second) case. O

2.4 Tools from probability theory

We here provide two well-known deviation inequalities that will be play a key role in establishing non-
asymptotic (sharp) deviation bounds when studying our models on networks on random inhomogeneous
graphs in Sections4.4 and 7.3.

Rosenthal’s inequality [69]. Let n be a positive integer, v > 2 and Uy,...,U, be n zero mean
independent random variables such that  sup E(‘UZP) < 00. Then there exists a constant C' > 0

ie{l,-,n}
E (

such that

n v n n v/2
YU ) < Cmax [ > E(U"), (ZE(U3)>
i=1 i=1

i=1

Bernstein’s inequality [102, Theorem 6]. Let n be a positive integer and Uy, ..., U, be n zero

mean independent random variables such that there exists a constant M > 0 satisfying sup |U;| <
i€[n]
M < oco. Then, for any v > 0,

P U >v| <exp| — — v
(2 ) 2 <ZE(U3) +UM/3>
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Part 1

The Nonlocal p-Laplacian Evolution
Problem






Chapter 3

(General Error Bound

Main contributions of this chapter

» Kobayashi type estimates: Error estimates to compare two trajectories corresponding
to the p-Laplacian governed by two kernels and initial data (Theorem 3.3.1).

» Consistency and error estimates of the numerical solutions to the fully-discretized prob-
lem valid uniformly for ¢ € [0, 7], where T" > 0 (Theorem 3.4.4)

The content of this chapter appeared in [66].
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In this chapter, we present a consistency analysis for the nonlocal p-Laplacian evolution problem.
Our results include three main parts: well-posedness, consistency of the time-continuous problem and
that of the time-discrete problem. For the time-discrete problem, both forward and backward Euler
schemes for time discretization are addressed. We prove the convergence of these schemes before we
compare the corresponding problems to the continuous one. The obtained error bound will be used
in the next chapter to analyze networks on convergent graph sequences. Finally, the usefulness of our
results is illustrated by applying them to a coupled nonlocal evolution system with a source term to
establish its consistency.

3.1 Introduction

3.1.1 Problem statement

Let us recall now the nonlinear diffusion problem (Pyo.) introduced in Section 1.1.1:

u(z,t) = Gu(e,t) = —AF (u(z,1)), a.e x€Qt>0, (Patoc)
U(I‘7O) = (ZL‘), a.e. r € Q’ nloc

where p is a fixed but arbitrary number in |1, 400 and Aff is the nonlocal Laplacian operator:

AK (u(z, 1) = — / K () |uy, 1) — ue, 07> (uly, £) — ulz, t))dy,
Q

) C Ris a bounded domain, without loss of generality 2 = [0, 1], and is a symmetric, non-negative and
bounded function. As we precise in Section 1.1.1, for (Pp0c) we are dealing with Neumann boundary
conditions. Indeed, since we are integrating in ) we are imposing that diffusion takes place only in
Q). There is no flux across the boundary. Hence, we are dealing here with the nonlocal analogue to
Neumann boundary conditions.

When dealing with local evolution equations, two models of nonlinear diffusion have been extensively
studied in the literature, the porous medium equation v; = A(|v‘mflv) and the p-Laplacian evolution
vy = div(|Vv‘p 72Vv). For the first case, the nonlocal analogous equation was studied in |7, Chapter
5]. The nonlocal analog of the p-Laplacian equation was studied as well in [7] for the particular case
K(z,y) = J(z —y). Together with the study of existence and uniqueness of the solution, an important
result is proved in|[7], that is, if the kernel J is rescaled in an appropriate way, the corresponding
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Chapter 3 3.2. Well-posedness

solutions of the nonlocal p-Laplacian evolution problems converge strongly in L>°((0,7"); LP(€2)) to the
solution of the local p-Laplacian evolution problem. Our main goal in this chapter is to study first
the existence and uniqueness of the solution for problem (Pp,.) governed by the bi-variate symmetric
kernel and then study its consistency.

3.1.2 Relation to prior work

The authors of [91] have already studied numerical approximations of (Py..) under different but com-
plementary assumptions. Indeed, in that paper, only the case K(x,y) = J(z — y) was considered.
The authors showed that solutions to the numerical scheme converge to the continuous solution for
both semi-discrete and totally discrete approximations. However, the convergence is only uniform and
requires the positivity of the solution.

3.2 Well-posedness

We begin by studying the well posedness of (Ppjoc). To do so, we treat problem (P,.) from the point
of view of nonlinear semigroup theory (see Section 2.2.2). For that, we start by giving some preliminary
properties of the nonlocal p-Laplacian operator Aff .

Proposition 3.2.1.

(i) AX

p 18 positively homogenous of degree p — 1 ;

A{f(au(:ﬂ,t)) = ap_lAff(u(:E,t))a a > 0.
(ii) LP~1(Q) C Dom(AL) if p > 2;
(i) For 1 <p<2,Dom(A[) =LY Q) and AL is closed in L*(Q) x L'();
(iv) For p €]1,4+00|, A{f is completely accretive and satisfies the range condition
K
LP(Q) CR(I+ Ay). (3.2.1)
Consequently, the resolvent Jy ax is single-valued and nonexpansive in L1(Y) for q € [1,+o0].
P
PROOF :  Statements (i) and (ii) are immediate.

(ifi) In fact ALK is closed in L}(Q) x L(Q) if its graph is closed in L*(Q) x L'(€). That is, if

1 1
Uy € Dom(Af) such that u, L) and Afun L) f, then u € Dom(Af) and f = Afu, which

arises automatically from the continuity of the operator Aff .
(iv) See|7, THeorem 6.7]. O

Remark 3.2.2. Arguments are more intricate for p = 1 (we still have complete accretivity but the
range condition becomes only L () C Dom(J)\Af)). The problem is still open for p = 4o00.

Solutions of (Ppioc) will be understood in the following sense:
Definition 3.2.3. A solution of (Pyjoc) in [0,7] is a function
ue Wh(0,T; L1 (Q)),
that satisfies u(z,0) = g(z) a.e. x € Q and
u(z,t) = —Af(u(x,t)) a.e. in 2x]0,T7.
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Remark 3.2.4. Observe that since u € WH1(0,T; LY(€)), we have that u is also a strong solution
(see |7, Definition A.3|). Indeed,

C(0,T; L' (Q)) € Wh(0,T; L'(9))
= u € C(0,T; LY(Q) N WL (0,T; LH(Q)).
W0, T; LY(Q)) € W2 (0, T; LY ()

loc

We are now in position to study well-posedness of problem (Poc).

Theorem 3.2.5. Suppose p €]1,+00] and let g € LP(Q).
(i) For any T > 0, there exists a unique strong solution in [0,T] of (Puioc)-
(i) Moreover, for q € [1,+0o0], if g; € L1(Q), i = 1,2, and u; is the solution of (Pnioe) with initial

condition g;, then

Hul(t) — uQ(t)HLq(Q) < Hgl — QQHLq(Q), Vt € [O,T]. (3.2.2)

Remark 3.2.6. For p € [1, +o0], taking the initial data in LP(2), one can show existence and unique-
ness of a mild but not a strong solution as L'(2) and L>(Q) are not reflexive spaces and thus do not
have the Radon-Nikodym property (see |7, Theorem A.29 and Proposition A.35]). For p = 1, one can
still establish uniqueness by studying the limit of (Pyioc) as p — oo (see [7, Chapter 7, Theorem 7.2],
however, (3.2.2) is not verified anymore.

The proof of Theorem 3.2.5 is an extension of that of |7, Theorem 6.8] to the case of a symmetric,
nonnegative and bounded kernel K as in our setting (see |7, Remark 6.9]). For this, we only need to
show the corresponding versions of |7, Lemmas 6.5 and 6.6] (which are stated there without a proof).

The first lemma to prove is that corresponding to |7, Lemmas 6.5]. It consists in an integration for
the nonlocal p-Laplacian operator, which plays the same role as the integration by parts for the local
p-Laplacian.

Lemma 3.2.7. For every u,v € LP(2),

//K“/\“ — ()" (uly) - u(@))dyo(e)de
— 2/9/£;K(CU,Z/)}U(y)—U(x)’p_Q(u(y)—u(w))(v(y)—v(x))dydx

PROOF :  Let € be a bounded subset of R and let I' C R\ int(Q').
Fora: (QUDN) x (UL R, u: QUL =R, and f: (QUT) x (UT) — R. We define as in
[64] the following generalized nonlocal operators

(a) Generalized gradient

G(u)(z,y) = (uly) —u(@)alz,y), @yeQ UL,

(b) Generalized nonlocal divergence

D [ () - faol.o)dy. @ e

(c) Generalized normal component
N ™= [ (f@yaley) - f@o)a@o)dy, el
Q/ur
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With the above notation in place, the authors in [64] prove that for v : Q' UT' - R and s : Q' UT x
Q' UT — R, the following identity holds

/ vD(s dx—i—/ / dyd:z—/v/\/(s)da;. (3.2.3)
o Q/ur /uF r

Let p: (X UT) x (UT) — R be given by

p(z,y) = |a(z, y)P.

In our particular case p is the kernel K(-,-), so that we suppose that « is symmetric. Hence, the
following identity

DG 0(w) = Lu ™2 [ July) ~ u(@)P>(u(y) ~ u(e)ta )y
was also shown in |64, (5.3)] for p = 2. The general case was proved in 68|, that is
Lyu=D(|G(u)[">G(u)). (3.2.4)

The equality holds whenever both sides are finite.
Applying (3.2.3) with s(z,y) |g ’p_Qg(u)(x, y) and using the identity (3.2.4), we obtain

p—2 p 2
[ cywvdas [ [ (6] *6w)G0)dedy = [ NG *G(w)ods

=— WP 26 (u v)dz v, w)|P 2
[ ppie == [ [ (lot)G@)gopdedy+ [ en(lotu)]
—— [ [ (6 *Gw)gte)dsdy
ur ur
(= [ 19wl st et - 66w . a)ato)dy ) vis
[ ] <u>|”‘2g<u>>g<v>dxdy
'ur JQ/ur
=[] atew (1900w - 9] G y.x) dyvds
r ur

[ Jel GG sy - /F £y(u)vde.

| ewpar=—[ | 6P 6w)e sy (3:25)

Replacing G with its form in (3.2.5) and taking Q@ = Q' UT as this nonlocal integration formula does

Hence

Thus

not contain any boundary terms, so that, the values of u could be nonzero on the domain I without
affecting the formula, we get the desired result. O

From this lemma the following monotonicity result can be deduced.

Lemma 3.2.8. Let T : R — R be a nondecreasing function. Then
(i) For every u,v € LP(Q)) such that T(u —v) € LP(S2), we have

/Q(Aff u(z) — Afv(@)T(u(z) — v(z))ds
- % /Q/QK(UC y)(T(uly) —v(y)) — T(u(z) - v(z))) (3.2.6)
X <|u(y) — (@) [P (uly) — u(@)) — |oly) —o(@) P (o(y) - U(m))> dyd.
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(ii) Moreover, if T is bounded (3.2.6) holds for every u,v € Dom(Af).

PROOF :
(i) We have

/Q (AKu(z) — AKo(a)T(u(x) — v(x))dz
- [ (= [ Kalut) - o)l o) — u(e))d ) T(uto) ~ vl

([, Klets) =@ 0) ~ otoy ) Tluta) vy
- / K, 0)([u(y) - u(m)\p—2<u<y> (o))
2

o(y) —o(@) " (v(y) — v(@))dyT (u(z) - v(z))dz
//K x,y ‘u —u(z ‘p 2 (2)dyT (u(x) — v(x))dx—

- / / K, 9)|o(y) - v<x>|p‘2<v<y> — (@) dyT(u(z) — v(z))dz

QJQ
=5 [ | K@wluts) — u@] () — u@)T () ~ o(0) = Tuta) = o) dody
-1 / / K, 9)| () — v(@)["2(0(y) - v(@)(T(u(y) - o(y)) - T(u(z) — v(z))dzdy
_ ! / / K (2,y)(|uly) — (@) = |o(y) — v(@)P(o(y) - v(2)))

x ( —0(y)) = T(u(x) — v(z))dzdy.
(ii) If T is bounded , we have

Yu,v € Dom(A}If)7 T(u—v) € LP().

O

In order to make this manuscript as self-contained as possible, we now give a sketch of the proof of
Theorem 3.2.5.

PROOF OF THEOREM 3.2.5:  The first step is the fact that the operator Af verifies Proposition 3.2.1
(precisely the fourth statement)

In short this means that for any ¢ € LP(Q2) there is a unique solution to the problem u+ Af (u) =¢
and the resolvent J AK is a non-expansive mapping in LI(2) for all 1 < ¢ < 400. Combining this
with [7, Theorem A. 29] we get the existence of a mild solution to (Ppioc) On the other hand this mild
solution is a strong solution under the hypothesis of the theorem thanks to the complete accretivity of
Aff and the range condition (3.2.1) using (|7, Proposition A.35]). Finally the stability principle (3.2.2)
is a consequence of |7, Theorem A.28|. O

3.3 Consistency of the time-continuous problem

We begin our study by giving a general consistency result from which we shall extract particular con-
sistency bounds for every specific model of convergent graph sequences that we will treat in Chapter 4.
To do this, let us consider the following Neumann evolution problem as (Ppjoc)

{gtun(:n,t) = — Al (u,(z,1), (2,t) € Qx]0,T]

Un(l‘,()) = gn(x), z € Q. ( rrlLloc)
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Though not needed in this chapter, the use of the subscript n is a matter of notation and emphasizes
the fact that K, and g, depend on the parameter n. This will be clear in the application to graph
sequences in Chapter 4.

Now we state and prove our main consistency and convergence theorem.

Theorem 3.3.1. Suppose p €|1,+00[, g,9n € L*®(Q) and K, K,, are measurable, symmetric and
bounded mappings. Then (Puioc) and (Pl .)
the following hold.

(i) We have the error estimate

[ u— “nHC(o,T;m(Q)) =C <Hg - g"HLP(Q) + 1K - Kn”m(m)) ’ (3.3.1)

where the constant C' is independent of n.

have unique solutions, respectively, u and u,. Moreover

(ii) Moreover, if g, — g and K,, — K asn — 0o, almost everywhere on Q and Q2, respectively, then

— 0.

H“ - “nHC(o,T;LP(Q)) o

PROOF : In the proof, C; is any absolute constant independent of n (but may depend on p). Ex-
istence and uniqueness of the solutions v and u, in the sense of Definition 3.2.3 is a consequence of
Theorem 3.2.5.
(i) For 1 < p < 400, we define the function
\IJ:xERH‘x‘p x = sign(z | ’p !

Denote &, (x,t) = uy(x,t) — u(x,t), by subtracting (Pyioc) from (P ), we have a.e.

nloc)’
Ol t) / Ko, ) {2 (n (. 1) — (1)) = W (uly, 1) — u(z, 1)) }dy .
3.3.2

+ [ (o) = Ko )W (alnt) = )y
Next, we multiply both sides of (3.3.2) by W(&,(x,t)) and integrate over 2 to get

o, 2 fenta 0 da = L B ) (0 ) = ) = Wulot) = . )} 1))y

+ [ (ue9) = K)o t) = . ) (6l 1)) dady.
(3.3.3)

We estimate the first term on the right-hand side of (3.3.3) using the fact that K, is bounded
so that there exists a positive constant M independent of n, such that, HKnH Lo (02) <M,

‘ / Kn(m,y){\Il(un(y,t) - un(x,t)) - \D(u(yvt) - u(a;,t))}\Il(fn(m,t))dxdy‘

< M/ (un(y,t) — un(x,t)) — U(u(y,t) — u(x,t))"gn(m,t)‘pfldmdy.

Now, applying Corollary 2.2.18 with a = uy,(y,t) — up(z,t) and b = u(y,t) — u(z,t) (without loss
of generality we assume that b > a), we get

L 1) = ) = W) = e 0) )

< (p_ 1 / lfn Y, 1 fn z, t HTI x,y,t ’p_2’€n($’t)‘p_1d$dya (334)

where n(z,y,t) is an intermediate value between a and b. As we have supposed that g € L>(2)
and g, € L>®(Q), and as || is finite, so that L>°(Q) C LP(Q), we deduce from (3.2.2) in
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Theorem 3.2.5 that for any (z,y) € Q2 and t € [0,T], we have

_ _ -2

O < )~ O < (2u0lge))” <€ tor pe Pt
_ —2 ,

9,772 < fun(y,6) = w7 < (2@l ) <Ch for pel 2]

(3.3.5)
Inserting (3.3.5) into (3.3.4), and then using the Holder and triangle inequalities, it follows that
M / (9t (9, £) — (2, 8)) — W(uly, 1) — ule, )| [6n (. £)[" " dwdy
<M(p—1)C /Q [6n(y:1) = &nla, 1) |G . )| dady
_ o /2 6n (1) — Enl,8)]|Enrs £)[P ddy (3.3.6)
p—1
<C’2(/ |Eny, §nmt’d:ndy> </’£nxt}pdx>p
= 202H§n HLP(Q)
We bound the second term on the right-hand side of (3.3.3) as follows
| [ (9) = K ) Wty ) = ula, ) ¥(6 o 0)dody
= | / K2, 9) % sign(u(y, 1) — u(a, 0)]ulys ) — a0 W(Eue, ) drdy]
<27 |u(®)|P ) / Fu,y) = K (o) a0 dudy)
< 2P~ lH (/ |§n x,t) ’pd:c> T x </ ’Kn(x,y) —K(x,y)|pd:vdy>p
02
< 2Cs[&n(t \ Lp(mHKn = K|y 0z)-
(3.3.7)

Bringing together (3.3.6) and (3.3.7), and using standard arguments to switch the derivation and
integration signs (Leibniz rule), we have

d 1
T 16Ol Loq) < 20Cal|&n @I ) + 2005 Kn = K| 1y g2y 160 (D) [ o) (3-3.8)
Let € > 0 be arbitrary but fixed, and set

— (&l +2) "

d
V=0 < 2p020e () + 2pC3]| K — K| 1 0= (8)7 . (3.3.9)

Since 1. (t) is positive on [0, 7], from (3.3.9), we have

By (3.3.8),

d
—1pe(t) < 2090 (t) + 2C5|| Ky, — KHLP(QQ), t€10,7).

dt
We apply Gronwall’s inequality for v.(t) on [0, 7] to get
sup (8) < (=(0) + 2C5T|[ Ky — K| gy ) exp{2C2T}. (3.3.10)
te[0,7

Since € > 0 is arbitrary, (3.3.10) implies
sup. 1601y < (19 = 9nll ooy + 25T Kn = K ey ) expl2CaT). (33.11)
telo,
The desired result holds.
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(ii) Since gn,g € L>®(Q) C LP(Q2) and || is finite, the dominated convergence theorem implies that
limy, 4 o0 Hg"HLP(Q) = HgHLp(Q). The same reasoning applies to K, and K. Passing to the limit
in (3.3.1) and using the Scheffé-Riesz theorem (see |74, Lemma2|), we get the claim.

]

Remark 3.3.2. Observe that, since || is finite, we have the classical inclusion LP(Q2) C L?(Q) for
p > 2, which leads to the following bound

1_1
Ju — “nHC(o,T;m(Q)) < Q[ 7 flu— u”HC(O,T;LP(Q)) = |lu— “nHC(o,T;Lp(Q)y
as ‘Q‘ = 1. For p €]1,2], we have, thanks to Lemma 2.2.19, boundedness of the solutions and Jensen

inequality,

H“ - “nHQC(o,T;LQ(Q)) =0 (H“ - “an(o,T;Lp(Q))) =0 (Hg - gnH’ip(m + HK - K"Hip(m)) '

In summary, there is also convergence with respect to the L2-norm.

3.4 Consistency of the time-discrete problem

3.4.1 Forward Euler discretization

We now consider the following time-discrete approximation of (Pyoc), the forward Euler discretization

n

" ). For that, let us consider a partition (not necessarily uniform) {t;}4_; of the time

applied to (

interval [0, 7. Let 7,1 S ‘th - th_l‘ and the maximal size 7 = }Iln%\fx] 4, and denote ul () S Un (T, th).
€

Then, consider

ul(z) -
Th
=gp(x), z€.

" (Poer)

nloc,T

) AR ), weQhe [N
u)(x) = g)

Before turning to the consistency result, one may wonder whether (PIJIIOC_T

) is well-posed. In the
following result, we show that for p €]1,+o0[, and starting from ¢ € L (), there exists a unique
weak accumulation point to the iterates of (771{10“
the problem is finite-dimensional (in fact Euclidean case) as for the application to graphs, we do have

). In turn, in the case of practical interest where

existence and uniqueness. Recall the function R, from (1.1.1).
ap
max([| A" (uf)]| 12y 1)

Lemma 3.4.1. Consider problem (Pf ). Assume that g0 € L>(Q). Lett), =

nloc,T

o0 oo
and suppose that > a = +oo and > a}% < +o00. Then, the iterates of problem (731{10(:.7)’
h=1 h=1 '

from ¢°, have a unique weak accumulation point u*. Moreover, there are constants 3, > 0 such that

‘ 2 h o2
min R, (u;,, K,) — Ry(v*, K;,) < max(, 1)5—1_2};—110%'

starting

Remark 3.4.2. (a) Our condition on the time-step 7y, is reminiscent of the subgradient method. It
can be seen as a non-linear CFL-type condition which depends on the data since A]If" is not
Lipschitz-continuous but only locally so, hence the dependence of 7, on HA{)(” (UZ)H L2(Q)"

(b) The rate of convergence on R, depends on the choice of {ay,},. If one performs N steps on the

interval [0, T], one can take
€

an = gy = O N with v El0, 172
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max(3,1)e2

N2 The smaller v the faster the rate.

which entails a convergence rate of

Before proving Lemma 3.4.1 recall from Definition 2.2.6 the subdifferential of a function F' € T'o(L?(Q2)).
Let F : L?(Q) — RU{+oco} be a proper lower-semicontinuous and convex function. The subdifferential
of F at u € L2() is the set-valued operator OF : L2(€) — 2L°(@) given by

OF(u) = {n e L*Q): F(v)— F(u) > (nu—v), YveL*Q)},
where (.,.) denotes the inner product in L*().
PROOF :  Since p > 1, we consider in the Hilbert space L?(f2) the subdifferential R, (-, K,) whose
graph is in L?(Q) x L2(). It is immediately seen that R, is convex and Gateaux-differentiable, and
thus OR,(u) = {Af" (w)} (from Lemma2.2.7). Moreover, it is maximal monotone (or equivalently

m-accretive on L?(Q)), see [7, p. 198]. Consequently, using that ¢ € L>®(Q) C L*(Q), and so is ul* by

induction, a solution to (771‘{10(:_ ,) coincides with that of

n

up (@) = up~H(2) = T 0Tt € ORp(upy, Kon)
Un(2) = gn (@), T €Q,

n

i.e. the subgradient method with initial point ¢2. Observe that (AR, (-, K,))"1(0) # 0 (0 is in it).
Thus with the prescribed choice of 73, we deduce from [3, Theorem 1] that the sequence of iterates u/
has a unique weak accumulation u* € (OR,(-, Ky,))1(0).

The claim on the rate is classical '. We here provide a simple and self-contained proof. Since R, is
continuous and convex on L?(2), it is locally Lipschitz continuous [16, Theorem 8.29]. Moreover, the
sequence {uﬁ}h is bounded, and hence, d¢ > 0 such that HUZ — u*HLQ(Q) <e¢,Vh > 0. In turn, R, is

Lipschitz continuous around u* with Lipschitz constant, say 8. Denote 7’2 = uﬁ —u*. We have

HTZHi?(Q) = [jrn " - Thflnhle;(Q)
 l.h—11|2 - h—1 h—1 2
= ||z HL2(Q) - 2max(Hn§fl ﬂLz(Q)J) (")
—1112 _ —
< a2 S Y By (Rp(uh™, Kn)) = Byl Kn) ) + 0,

where we used the subdifferential inequality above to get that

Rp(u*7Kn) > F(UZ_17Kn) — <77h—1 Th_l )

r'n

Summing up these inequalities we obtain

h h
23 o (R, K Byl o)) < (5,1 (urguiz(m . zaf) ,
=0 )

whence we deduce

2 h 2
min Ry(ui) — Ry(u”) < max(, 1)-—2i=00%
0<i<h 23

0

Since the aim is to compare the solutions of problems (Puic) and (P/, ), the solution of (P/, )

nloc, 7 nloc,r

being discrete, so that it is convenient to introduce an intermediate model which is the continuous
extension of the discrete problem using the discrete function wu,(z) = (ul(z), - ,uX(z)). Therefore,

we consider a time-continuous extension of u” obtained by a time linear interpolation as follows

t, —t t—th_
U (z,t) = %ugfl(x) + Thllu:;(x), tElth_1,tn], z€Q, (3.4.1)

!See e.g. [86, Theorem 3.2.2] in finite dimension with a slightly different normalization of the step size 7y,.
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and a time piecewise constant approximation

N
U (2,t) = ul™ @)Xty 0] (- (3.4.2)

>
Il
—

Then, by construction of @, (x,t) and uy,(x,t), we have the following evolution problem

{gtﬂn(a:,t) — A (@ (,1),  (2,) € 2x]0,T] (3.4.3)

Un(7,0) = ¢2(z), x€Q.

Lemma 3.4.3. Assume that ¢ € L>(Q). Let 1, and @, be the functions defined in (3.4.1) and(3.4.2),
respectively, then

|| tn (t) — an(t)HLp(Q) = O(7), t €10,7). (3.4.4)

PROOF : It is easy to see that for t €]t;_1,ts],
1 h—1
n

o =l =
00 = i) < (= O < 7

Th—1
< 7llAr (Dl o) < 7277 un

=7l Ay (Dl ooy

o) o)

v ey

By induction, for all h > 1, we have (see Lemma3.4.1)
HUZHLOO(Q S H“h 1HLoo(Q)+O‘2p 1H“h 1HL°°(Q < +00,

where oo = sup ay, < +00. Since t is arbitrary, we obtain a global estimate for all ¢ € [0, T7. (Il
h>1
We are in position now to give our consistency result for the time-discrete problem.

Theorem 3.4.4. Suppose p €]1,+0cc[, 9,90 € L*(Q) and K, K, are measurable, symmetric and
bounded mappings.

Let u be the unique solution of problem (Puioc), and ty, is built as in(3.4.1) from the time-discrete

approzimation ul~1 defined in (731{10(, ). Then

[Ju — a"HC(O,T;LP(Q)) <C (Hgn - ggHLP(Q) +lg - g”HLP(Q) +]|K - KnHLp(Q?)) +0(7),  (34.5)

where the constant C' is independent of n.

PROOF :  We follow the same lines as in the proof of Theorem 3.3.1. Denote &, (x,t) = iy, (z,t) —
up(z,t) and &, (x,t) = tn(x,t) — un(x,t). We thus have a.e.

85" / Ko, g) (9 (i (31, 1) — i (2, 1)) — Ut (5, 1) — 10 (2, 1)) by (3.4.6)

Next, we multiply both sides of (3.4.6) by W(&,(x,t)) and integrate over  using the relation (3.4.3)
to get

! / 9\, t)|Pde = / Ko (0, ) {0 (i (1) — i, 1)) — W (1 (31 ) — (2, £)) PO () (3, )y,
(3.4.7)

Similarly to the proof of Theorem 3.3.1, we bound the term on the right-hand side of (3.4.7) using
the fact that K, is bounded, then applying Corollary 2.2.18 between @, (y,t) — tn(z,t) and u,(y,t) —
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un(x,t), inequality (3.3.5), and finally using Holder and triangle inequalities. Altogether, this yields
!/ Ko (2, ) {¥(@n(y, 1) — n (@, 1)) = W(un(y, t) — un (@, 1)) }0(E) (2, t)dxdy]

<Ca [ | [6ulont) = )|En(a. O dudy

< Oy </m &0 (y, 1) — En(, 1) \”dxdy> </ & (2, 1) \”dx> ’

< 205 &n(t) &0y

By virtue of Lemma 3.4.3 and the triangle inequality for &,(-,-), there exists a positive constant C’
such that

(3.4.8)

@)

50 = O < [500) =3O+ 30Oy
<7+ )| oq
Hence, bringing together (3.4.8) and (3.4.9), we obtain
d, -
&0 < 20Cal|En(®) [0y + 27|00y (34.10)

Arrived at this stage, we proceed in the same way using the Gronwall’s lemma as in the proof of
Theorem 3.3.1, to get

2oy < (195 = 9all ey +20'T7) expi265T}. (3.4.11)

te[0,7)
Then,

[[tn — U”HC(O,T;LP(Q)) < Cllgn - g”HLP +C'r. (3.4.12)

Using the triangle inequality and (3.3.1) in Theorem 3.3.1, we get

tn = o 7y < i = unlleo riogeyy + un = wlloornny) (3.4.13)
<40 (Jl0h 9l oy + 119 = 9nll oy + I = Eall o)

O

3.4.2 Backward Euler discretization

Our result in Theorem 3.4.4 also holds when we deal with the backward Euler discretization

up () —up () CAEn (W "
The1 - Ap ( n( ))7 S Q,h S [N]v (PS,T)

u'(z) = gp(z), z€Q,

which can also be rewritten as the implicit update

(@)=, ar.(ul (@), zEQhe[N],
O(a) = glx), we,

and the resolvent th AKn = = (I + Tho 1AK“) is a single-valued non-expansive operator on LP({2)
- P

since A{f” is m-accretive [71]. In addition, problem (P! ) is well-posed as we state now.

max(2,p)

Lemma 3.4.5. Let ¢ € LP(Q). Suppose that T = 1nf T >0 or Z T = +o00, then the iterates
h=1

of (P, T) starting from g2, have a unique weak accumulatzon point u* € (A]If)*l(O). Moreover, if
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T >0, then for h > 1

2||gn — “*HLP(Q)
HAIIJ{TL (UZ) HLP(Q) < (ICp)l/max(p,Q) h1/ max(p,2)°

PROOF : Aff" is accretive on LP(2) (see the proof of [7, Theorem 6.7]). Moreover, it is well-known
that for p €]1,4o00[, LP(f2) is a uniformly convex and a uniformly smooth Banach space, whose con-
vexity modulus verifies
—1o—
p~27Pe?  pe (2,400,
5LP(Q) (e) > 9
(p—1)e7/8 pell,2].

Thus, we are in position to apply [95, Theorem 3| to get uniqueness of the weak accumulation point.

Let us turn to the rate. By m-accretiveness A]If", JTh L AKn is a single-valued operator on the entire
- P
LP(Q)), and verifies for any v,w € LP(Q2) and X € [0, 1],

< |Mo—w)+(1=X)(J

H‘Jrh,lA{fn (”)_th,lA{fn (w)HLP(Q) = Tho1AKn (”)_th,lA{fn (w))HLP(Q)' (3.4.14)

We now evaluate (3.4.14) at v = u/~1, w = w* and A\ = 1/2, and combine it with [111, Corollary 2|.
This leads us to consider two possible cases.

(a) p €]2,4o0]: since ul* =J.  Afn (uh=1) and w* is a fixed point of J. NS and in view of [111,
P

Corollary 2, (3.4)], we have

lun = [y < 15~ =) + Gl /S

IN

llen ! UHLp(Q)+2Hu = W[La) = 27"l —

(o " 1H

IN

—u HLP )—2 pcpHu — Uy

(«)

where we used non-expansiveness of J_ Ak toget the last inequality. ¢, = (1+vp )(1+Vp)1_p
where v, is the unique solution to (p — 2)Vp Ly (p—1)vP=2 =1, for v €]0, 1[. Summing up these
inequalities and using the fact that

HUZH - UZHLP(Q) < H“Z - “Z_IHLP(Q)

again by non-expansiveness of J L AKn, We arrive at

h
rhl| Ay () 1oy < Allun = un ™ o) < D i = i oy < 2719k = w*[Looy /v

(b) p €]1,2]: using now [111, Corollary 2, (3.7)] and similar arguments to the first case, we get the
inequality

h

[ul < flur ™ = oy — 2720 = Dl — ™ o

(2
—u HLP(Q)

Summing up again we end up with

h
Thl| A5 Wy < Blluh = ey < D0t = gy < Alloh = 0 [agey/ 0 = 1)
i=1

Remark 3.4.6. (a) Observe that the assumption on the initial condition in Lemma 3.4.5 is weaker
than that of Lemma 3.4.1.

(b) As expected, the stability constraint needed on the time-step sequence is less restrictive than for
the explicit/forward discretization.
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(c) Given that {Huh+1 —ul H Lr(9) } is a decreasing and summable sequence, one can show that the

rate HA{,(” =O(h~ 1/ma"(pg)) is in fact HA?” (ul = o(h~ 1/ max(p,2)),

Un HLP(Q) n)HLP(Q)

Equipped with this result, the proof of an analogue to Theorem 3.4.4 in the implicit case is similar
to that of the explicit case modulo the following change

Zu X]th 1,th] (t)

3.4.3 Relation to Kobayashi type estimates
Consider the evolution problem

{ut FAWu(t) > £0) op)

u(0) = g.

A problem of the form (CP) is called an abstract Cauchy problem. The evolution problem (P,.) we
deal with can be viewed as a particular case of (CP) in its autonomous-homogeneous case, i.e. the
operator A(t) = A]If does not depend on time and the source term f = 0.

Problem (CP) in the autonomous-homogeneous case was studied by Kobayashi in[73], where he
constructed sequences of approximate solutions which converge in an appropriate sense to a solution
to the differential inclusion. He provided an inequality that estimates the distance between arbitrary
points of two independent sequences generated by the so called proximal iterations, from which, he
derived quantitative estimates to compare the continuous and discrete trajectories using the backward
Euler scheme. These estimates have similar flavour to ours when K = K,,. Later on, these results
were generalized to the non-autonomous case as well as to the case where the trajectories are defined
by two differential inclusions systems (i.e. different operators A); see [4] and references therein for
a thorough review. The latter bounds, expressed in our notation, are provided only in terms of
|AK W)~ AR )]0y
estimates in terms of the data HK - K, H Lr(02)" This is more meaningful in our context where we recall

We go further by exploiting the properties of our operators to get sharp

that the goal is to study the fully discretized nonlocal p-Laplacian problem on graphs.

3.5 Application to a coupled nonlocal p-Laplacian evolution system

Here we present an illustration of how the consistency results that we get for problem (Py,.) can be
applied in a more general context. In particular we show the consistency of a nonlocal evolution system
introduced in [54].

Throughout the section, we consider the following norm

V(u,v) € (LP(Q))Za H(Ua U)HC((]}T;(LP(Q))Q) = tes[%%] (Hu(t)HLp(Q) + Hv(t)HLP(Q)) , pE€]l,+oof, T >0,

where u et v are

3.5.1 Problem formulation

In [54], the authors propose to study the following nonlocal evolution system:

up(x,t) = —Af(u(x, t)) — 2X\v(z, t), a.e. x€t>0,
vi(z,t) = —AE (v(z, 1) — (f(z) —u(x,t)), ae z€Qt>0, (Snloc)
u(x,0) = f(z), wv(z,0)=0, aexé€l,
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where A > 0. Here the kernel K : RY x RY — R is a nonnegative continuous smooth functions with
compact support contained in Q x B(0,d) ¢ RY x RY with

0< sup K(z,y) = R(x) € L>(Q). (3.5.1)
y€B(0,d)

Furthermore, K satisfies

K(z,y)dx = 1.
RN

In [54, Theorem 2.1], the authors prove the existence and uniqueness of the solution to (Syjoc) that is
the couple (u,v) € [C(0,T; LX) N WhL(0, T; L1 ()] .

3.5.2 Consistency of the semidiscrete scheme

Let us consider the following coupled system with Neumann boundary conditions as (Syioc)

%un(:c,t) = —Af"(un(a;,t)) — 2X\vp(z, 1), ae.x €, tel0,T],
Gon(a,t) = —AF" (va(@, 1)) = (ful@) = un(2,1), ae zeQ, te[0,T], (Sioc)
un(z,0) = fu(z), vn(x,0)=0, a.e zel.

As we have done in Section 3.3, the main goal is to compare the couple of solutions of (S”, ) to that

nloc
of (Suioc) and get a uniform error bound. This is the statement of the following theorem.

Theorem 3.5.1. Suppose p €|1,+o0[, f, fn € L*(Q) and K, K,, are measurable, symmetric and
bounded mappings. Then (Syioc) and (ST

o) have unique solutions, respectively, (u,v) and (un,vy).

Moreover the following hold.

(i) We have the error estimate

(1 =, v — ”n)Hc(o,T;(LP(Q))Z) <C (Hf - f"HLP(Q) + K - KnHLP(Q?)) ’ (3.5.2)

where the constant C' is independent of n.

(ii) Moreover, if f, — f and K, — K asn — oo, almost everywhere on 0 and Q?, respectively, then

— 0.

=2 = ooty 2

PROOF : In the proof, C; is any absolute constant independent of n (but may depend on p).
(i) For 1 < p < +o00, we define the function

UV:R—-R

1
2P ~%2 = sign(a) [

Denote &, (x,t) = up(x,t) — u(z,t) and (u(x,t) = vp(z,t) — v(x,t), by subtracting (Syioc) from

(S]h,.), we have
% / Ko (2 9) L0 (1 (9, £) — (2, 1)) — W (u(y, £) — u(, 1)) by
(3.5.3)
T / (Ko, ) — K (,9) U (uly, £) — u(e, £))dy — 23a(z, 1),
o / Ko, 5){(0n(9,1) — vz, )) — (05, 1) — v(z, 1)) }dy
(3.5.4)

/Q(K (z,y) — K(z,9))(v(y, 1) —v(z,t))dy — (fo = )(x) + &al, 1).
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Next, we multiply both sides of (3.5.3) and (3.5.4) by (&, (z,t)) and ¥((,(z,t)), respectively,
and integrate over 2

119 /Q ;\w, t)[dw = /Q Ko, ) {0 (un(y, 1) — un (2, 1) — Wy, t) — ulx, )} ¥z, t) ) dedy

+ [ () = K, ) ¥ a(y.6) = u(e.0)¥(€, (. ) dody

—2A/§2(n(x,t)\ll(§n(m,t))dx.
(3.5.5)

;/Q 2 Jcala, e = /Q Ko(@,9){(vn(y, ) = vn(,8)) = (0(y.) = v(@, )} (G, ) dady

+ / (o) — K (2,9) 0y, 1) — vz, 1) ¥ (G (2, 1)) didy
QQ

—/(fn—f)(x)\lf(g‘n(x,t))dx+/Sn(:z:,t)\I/(Cn(:r,t))d:r:.
Q Q
(3.5.6)

We estimate the first term on the right-hand side of (3.5.5) using the fact that K, is bounded
so that there exists a positive constant M independent of n, such that, HKnH L(02) <M,

| B ) (9 ) = ) = Wot) = o )}F(6 o, )]
< ]V[/Q2 ‘\I/(un(yvt) — up(z,t)) — U(u(y,t) — u(x7t>)"fn(ﬁf,t)‘p*ldmdy.

Now, applying Corollary 2.2.18 with a = u,(y,t) — up(z,t) and b = u(y,t) — u(z,t) (without loss
of generality we assume that b > a), we get

/g‘)2 ‘\Il(un(:%t) - un(x7t)) - \Il(u(%t) - u(xﬂt))Hgn(xi)‘pildxdy

<01 [ Ju0:0) = &ala ) [ne )P 6o 0] o (35.7)

where n(x,y,t) is an intermediate value between a and b. As we have supposed that f € L*>()
and f, € L*°(2), and as  is a compact set, so that L>(Q2) C LP(2), we deduce

_ _ —2
(e, < July,t) — (@ D < (2|u®)] )

< (.

(3.5.8)

Inserting (3.5.8) into (3.5.7), and then using the Holder and triangle inequalities, it follows that
-1
M 00 (0.0) = . 0) = Bl ) = ulo )] 6 ) dndy
-1
< Mp=1)Cs [ [60(06) = (o 0] )P dndy

=Cy /m 1€y, t) — Enl,t)||€n(, )P dady (3.5.9)

1 p—1

<y (/Q &0 (y. ) —fnmt)\pdﬂfdy)p % (/Q ‘5”(x’t)‘pdx>p

< 203 [60)

— 48 —



Chapter 3 3.5. Application to a coupled nonlocal p-Laplacian evolution system

We bound the second term on the right-hand side of (3.5.5) as follows
| [ (Flo.9) = K () (ut) = (o 0)B(6 (o, O)dody
= | [ a) = K ) < sgn(u(y. ) = ule )]l ) = ula, ) W(6 (o, 0)dody
< 2P | / |Ku(a9) = K (@, 9)] (e, 0] dody]

< 27 a0 (/ | Kn(@,9) (x,y)lpdxdyy (/Q{gn(x,t)\pd:c>p;1

< 203K = K[ 1y ) |60 O]

LP(Q)
(3.5.10)
Using the holder inequality, we estimate the last term on the right-hand side of (3.5.5)
2)\ / Co (@, )0 (En (2, 8))dz| < 2)\/ |G, )| |60, 6) [P e
Q (3.5.11)

< 2>\HCn HLP(Q H£” ‘p (19)

Similarly to before, we estimate (3.5.6) using the same arguments with the function ¥(z) = x
(for p = 2), to obtain

| [ Bl y){(wnly, t) = val2, 1)) = (v(y, 1) — v(z, )} W (Gal, 1)) dady]

< M/ |G, 1) — Cal, 0)]|Gala, )P ddy (3.5.12)

< 2M [Ga(?) HLp(Q

-1
| [, (Fn(a) = K@) (0w, 0) = v, 0) ¥ (Gl ) dady| < 264 Kn = K|y g2 [ 60Dl 0
(3.5.13)
Applying the Holder inequality to the last term on the right-hand side of (3.5.6), we get

\/gn(x,t)qz(gn(m,t))dx—/g(fn—f)(x)xp(gn(x,t Jde|

< N1 = e IOy + 1@l ooy 16n () 720y
So, putting together (3.5.9), (3.5.10) and (3,0.11), we have

(3.5.14)

d
%H&L HLP(Q < 2pC2H§n(t Hip(g) —|—2pC’3HK KHLP 02) an ‘p (1(2)
+ 20A[6 (O] oy [0 O[T

= 2pC2[€n (?) HLP(QW(?PC:%HK = K|y + 20M[60) | oy ) 68Oy

(3.5.15)

Next, combining (3.5.12), (3.5.13) and (3.5.14), we get

d _

TGO, < 2MIGON 0y + 2O~ Kl GOy

2 = o 10O 7y + 2l 1o gy [a e HLP(Q)

Adopting the same strategy ? as in the proof of Theorem 3.4.4, we obtain

d

%Hgn(t)HLp(Q) = 202“5”(t)“LP(Q) + 2C3HK” - KHLP(QQ) + QAHC”(t)HLP(Q) (3.5.17)

2Using the function te(-).
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and

d

a1 Ol oy < 2M G (O] 1o ) +2C5[ | = K| o 2) 180 O] oy 10 = F ] oy (3:5-18)
Summing up (3.5.17) and (3.5.18), we have the following inequality

d

= (6 ®) ]| 1oy + 16O ey ) < @max(d, C2) + max(2A, 1) ([16 O] oy + 60 (8)| (o)

=C(Ap)
+4Cs|| K, — K|l g2y + [ fn = ll 1oy

(3.5.19)
We apply the Gronwall’s inequality on [0, 7] to get
Sup (& ®l ooy + 0@l oy ) < (1 = Fll oy + ACST | K = K| gy ) exp{2CTY.
(3.5.20)

Since we have

I = un). (v = vl o070 2y o) (Ilt) = () oy + 1066) =28} ()

then, the desired result holds.
(ii) It follows immediately from the Scheffe-Riesz theorem (see |74, Lemma 2]).

3.5.3 Consistency of the fully discrete scheme

We now consider the following time-discrete approximation of (Syoc), the forward Euler discretization
For that, as we have done before, we take again the partition {r,})_, of the

time interval [0,T] of maximal size 7 = max 7, i.€; Th_1 g, — th,l} and let ul(x) 4 un (z, tp),

applied to (S”

Moc)-

he[N]
o (z) € up (2, ty). Then, consider
h _,h—1
Un(2) — Uy~ (2) = —Aff”uffl(x) — 220 (), a.e. z € Q,h € [N],
Th—1
h(r) _ nh—1 f
U"mT o0 () _ ARl (f(x) — (@), .z € 9,h € [N (Shtoc.r)
h—1

ud = fo(z), v =0, ae xe.

Since the aim is to compare the solutions of problems (S,10.) and (SI{IOC ), the solution of (Sr{hw )
being discrete, so that it is convenient to introduce an intermediate model which is the continuous
extension of the discrete problem using the discrete functions u, (z) = (ul(z),- -+, ulY (ﬂs)) and v, (z) =
(vl(z), - ,vN(x)). Therefore, we consider a time-continuous extensions of u” and v respectively,
obtained by a linear interpolations as follows
(2, 8) = L) 4 L0y et e @, (3.5.21)
Th—1 Th—1
Bl t) = D1 f BT el ],z e (3.5.22)
Th—1 Th—1
and a time piecewise-constant approximations
N
(2, t) = > u (@)X, 0] (1) (3.5.23)
h=1
N
Up(x,t) = UZ_I(fU)X]th,l,th] (t). (3.5.24)
h=1
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Then, by construction of @, (x,t) and v,(x,t), we have the following evolution system
%an(az,t} = —Aff"(an(x,t)) — 20 (2, 1), (x,t) € 2x]0,T],
250 (,1) = —AK (002, ) — (Ja(@) — B2, 1)), (2,) € 2X]0,T], (3.5.25)
Un(2,0) = fro(x),0p(2,0) =0 x € Q.

We have the following convergence result.

Theorem 3.5.2. Suppose p €]1,+o0[, f,fn € L®(Q) and K, K,, are measurable, symmetric and
bounded mappings.
Let (u,v) be the unique couple of solutions of system (Suioc), and iy, U, are built as in(3.5.21)

and (3.5.22), respectively, from the time-discrete approzimations ul™' and v'=1 defined in (81{10(777')’

respectively. Then

(v — tn, v — U”)HC(O,T;(LP(Q))Q) <C (Hf - f”HLP(Q) + K - KnHLp(Q?)) +0(7), (3.5.26)
where the constant C' is independent of n.
PROOF :  We follow the same lines as in the proof of Theorem 3.3.1. Denote &, (x,t) = @y, (z,t) —
Un(z,t) and &, (2, 1) = (2, 1) — up (2, 1) and & (z,t) = O (2, 1) —va (2, 1), Cu(2,t) = Dy (2, t) — vp(z, 1),
The result of Lemma 3.4.3 remains the same for v, we have
|0 (t) — @n(t)HLp(Q) =0(r), te[0,T]. (3.5.27)

Therefrom, we follow the same lines of the proof of Theorem 3.4.4, by fitting it as we have done in that
of Theorem 3.3.1 dealing with &,(z,t) and (,(z,t) and applying the Gronwall’s lemma separately for
each function, combined with (3.5.27) we get the desired result. ]
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Chapter 4

Convergence Rates for Networks on
Convergent Graph Sequences

Main contributions of this chapter

» We apply the error estimate of Chapter 3 to dynamical networks on convergent graph
sequences (simple and weighted dense deterministic graphs first and random inhomoge-
neous ones second).

» We show that the approximation of solutions of the discrete problems on these graph
sequences converge to those of the continuum problem.

» We quantify also the rate of convergence for each graph model.

» We reveal the role of the data regularity and the parameter p on the rate of convergence.

The content on deterministic graphs is published in [66]. The case of random graphs is at the heart
of [65].
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In this chapter, relying on the general error estimate we obtained in the previous chapter, we deal with
networks on convergent graph sequences and quantify the rate of convergence of the discrete solution
to the continuous one for two categories of graph sequences.

(i) Deterministic simple and weighted, dense graphs. For weighted graphs, we also investigated the
limit as p — oo of the discrete model.

(i) Random inhomogeneous weighted graphs.

Throughout the section, for a given vector u = (uq, - - - ,un)—r € R", we define the norm H . Hp "

[ull,,, = (;ZWV’) : (4.0.1)

4.1 Introduction

4.1.1 Problem statement

Recall the discrete form (P%_ ) of problem (P,..) on a graph sequence G, = ([n], E(Gy))) from Sec-
tion 1.1.1. For that let’s redefine the partition (not necessarily uniform) {t;}_; of the time interval
[0,T]. Let 7 | ‘th —th_ 1| and the maximal size 7 = }Enﬁvx] T

€

h h 1
u,; _ _9 . _ .
. *ZKW\ B PR Y, ) € [n) x [N,

Th— J

(Pgloc)
UZ(O) :g?, 1€ [n]

As we have explained in the introduction of the manuscript, (Ky;j)1<i,j<n is seen as the adjacency
matrix of the graph sequence G,,. Its explicit form will be clear later when dealing with each graph
model, keeping in mind that the graph sequence converges to a given graphon. Thus, (Pffloc) induces a
discrete diffusion process parametrized by the structure of the graph whose adjacency matrix captures
the (nonlocal) interactions. The initial condition g° = (¢?,---,¢%) T will also be defined explicitly from
the continuous initial data g(-) of (Ppioc)-
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Chapter 4 4.1. Introduction
4.1.2 Related work

Dealing with networks on convergent graph sequences, an important work focusing in this subject is
that in[83, 84, 70| which paved the way to study limit phenomena of evolution problems on both
deterministic and random (dense and sparse) graphs.

4.1.2.1 Networks on deterministic graphs

In [83], the author focused on a nonlinear (nonlocal) heat evolution equation on graphs, where the
operator Af was replaced by the operator

DY (u(z)) = — / W (a,5)D(uly) — u(x))dy,
Q

with W (-, -) verifying Assumption (A.2) and in which the function D was assumed Lipschitz-continuous.
This assumption was essential to prove well-posedness (existence and uniqueness follow immediately
from the contraction principle), as well as to study the consistency in L?-norm of the spatial semi-
discrete approximation on simple and weighted graph sequences. Though this seminal work was quite
inspiring to us, it differs from our work in many crucial aspects. First, the nonlocal p-Laplacian evolu-
tion problem at hand is different and cannot be covered by [83] where the function x — w‘m}p ~* lacks
Lipschitzianity for p €]1, 400, and thus raises several challenges (including for well-posedness and
error estimates). We also consider both the semi-discrete and fully-discrete versions with both forward
and backward Euler approximations, that we fully characterize which is not the case in [83] where only
the semi-discrete scheme was considered (so that no consistency proof was needed when dealing with
networks on graphs). In addition to that, for networks on weighted graphs only the uniform conver-

gence of the discrete problem to the continuous nonlocal heat equation (2-Laplacian) was established,
d

we go further by quantifying the rate of convergence of (P .) to (Puioc) and giving a non-asymptotic

error bound.

4.1.2.2 Networks on random graphs

In [84] and earlier [83], the author studied convergence of discrete approximations of a nonlinear heat
equation governed by a Lipschitz continuous potential, first on dense deterministic graphs and then on
dense random ones, without discretization of time. However, though the work of [84] was important
to us, it differs markedly from ours in many crucial aspects. Indeed, we use some standard arguments
from numerical analysis of evolution problems but also specific and sophisticated ones tied to the
p-Laplacian. Typically, well-posedness and Lipschitz continuity of the solutions w.r.t. to the kernel
and initial data for the evolution problem with the p-Laplacian is much harder to establish than for
the problem considered in [83, 84| (see[66]). Second, comparing [84] and our current work, we use
completely different paths to prove consistency in the random case. Indeed, while the claim in [84]
is asymptotic by nature as it completely relies on application of the central limit theorem (CLT), the
latter argument cannot be applied to our evolution problem (except for the trivial case p = 2). Rather,
we establish a nonasymptotic deviation inequality, both in the partly and completely random graph
model, relying on a careful control of a random process using sharp inequalities from probability theory
(Rosenthal and Bernstein, see Lemma4.4.10). Thus, we are able to provide the probability of success
of our bound for fixed n and we exhibit the dependence of both the error bound and the probability
on the problem parameters (p, T', graph model, kernel K, initial data g). This is in a stark contrast
to the asymptotic claims in [84].

In [70], the authors extended the analysis of [84] to sparse random graphs corresponding to L?(0?)
graphons and proved almost sure consistency. While a first version of this paper was under review,
we also became aware of the recent preprint [82] which studied the Kuramoto model on a sequence
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Chapter 4 4.2. Networks on simple graphs

of converging dense and sparse graph sequences. It proved almost sure convergence of the discrete
problems on such graphs to continuum limit with time intervals of size T'= O(log(n)). In addition to
the fact that our evolution problem is different and more intricate, our random graph model is different
from that of [70, 82]. Both models allow for sparse graphs, but ours only for those with o(n?) but
w(n) edges with bounded graphons, while theirs covers graphs with O(n) edges and L9(Q?) graphons.
Whether our results on the p-Laplacian can be extended to such sparse graphs is an open problem.
In fact, even well-posedness (existence and uniqueness) of the p-Laplacian evolution problem (7o)
with unbounded kernels K remains completely open in the literature. Our results can also cope with
time intervals T = O(log(n)) as discussed in Remark 4.4.5(v). Observe finally that the convergence
claim of [70] is asymptotic (almost sure convergence), relying on the standard Markov inequality and
Borel-Cantelli lemma, while ours are nonasymptotic with a precise probability of success.

4.2 Networks on simple graphs

We begin our study by dealing with the simplest graph model that we defined in Section2.1.3.1.
Remember briefly that this graph model converges to the {0, 1}-graphon.
A fully discrete counterpart of (Pyioc) on {Gy,}p is given by

M_i h—1 _ , h=1P=2 h—1 _  h-1 .
== > T =l =Y, () € n] x [N,

Th—1 no.
(1,5)EE(Gn S,
J:(1,)EE(Gn) (Pnlgc)
u;(0) = g?, i€ [n],

where

0 =n [ Rz
Q;

)

is the average value of ¢2(z) on an .

Let us recall that our main goal is to compare the solutions of the discrete and continuous models
and establish some consistency results. Since the two solutions do not live on the same spaces, it is
practical to represent some intermediate model that is the continuous extension of the discrete problem,

h ,h h

using the vector U" = (u?,ub, - ,u")” whose components uniquely solve the previous system (P‘*d )

nloc
(see Lemma 3.4.1) to obtain the following piecewise time linear interpolation on 2 x [0, 7]
th —t t—th_
(2, 8) = 2Pt 22 e e QM ety bl (4.2.1)
Th—1 Th—1

and the following piecewise constant approximation

n N
(2, ) = > > ul g0, ) (t)xgm ()- (42.2)

=1 h=1

So that i, uniquely solves the following problem

( gloc)

where
gg(x) =g; d:efn/< )gn(:r)dx if ze€ an),z‘ € [n],
o

gn being the initial condition taken in problem (P’

"oc) and K7 (z,y) is the piecewise constant function
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Chapter 4 4.3. Networks on weighted graphs

such that for (z,y) € QEJ), (,7) € [n]?

n? ( )K(m,y)dazdy if an) X an) N supp(K) # 0,
Q.7

0 otherwise.

As G, is a simple graph, K} is a {0, 1}-valued mapping.
By analogy of what was done in [83], the rate of convergence of the solution of the discrete problem
to the solution of the limiting problem depends on the regularity of the boundary bd(supp(K)) of the

support closure. Following [83], we recall the upper box-counting (or Minkowski-Bouligand) dimension
of bd(supp(K)) as a subset of R?:

of 1. —— . log N, K
p & dimp(bd(supp(K))) = lim sup 0g No(bd(supp(K)))
5—=0 —logd

, (4.2.3)

where Ns(bd(supp(K))) is the number of cells of a (§ x §)-mesh that intersect bd(supp(K)) (see [55]).

Corollary 4.2.1. Suppose that p €]1,4+00[, g € L>®(Q), and

€ [0,2[.
Let w and , denote the functions corresponding to the solutions of (Puioc) and (P75, .), respectively.
Then for any € > 0 there exists N(e) € N such that for any n > N(e)
lu— ﬂnHC(O,T;LP(Q)) <C (Hg - g"HLP(Q) - ”7((271))/%6)) +0(7), (4.24)

where the positive constant C' is independent of n.

PrROOF : By Theorem 3.4.4, we have

Ju—a @) =C (Hg - g”HLP(Q) +[lon — 92HLP(Q) +]|K - Kft”Lp(Q)) +0(7). (4.2.5)

Since both ( HLP @ =0 It

remains to estimate HK — KnH o) To do this, we follow the same proof strategy as in [83, Theorem

) and (P

o C) problems share the same initial data, we have that H In—Gn

s
nloc

4.1] . For that, consider the set of discrete cells le) overlying the boundary of the support of K

S(n) = {(i,3) € l? : Q) N bd(supp(K)) # 0}
For any € > 0 and sufficiently large n, we have

|S(n)| < nPte.

It is easy to see that K and K coincide almost everywhere on cells ngn) for which (4, j) ¢ S(n). Thus
for any € > 0 and all sufficiently large n, we have

!M’mem:[Qme—mwwwmwswwmﬁsw@%Q (4.2.6)

Assembling (4.2.5) and (4.2.6), the desired result holds. O

4.3 Networks on weighted graphs
In this section, we deal with the weighted graph models defined in Section 2.1.3.2.
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Chapter 4 4.3. Networks on weighted graphs
4.3.1 Networks on K/Q,

We consider the totally discrete counterpart of (Ppioc) on K/Q,

h h—1 n
YU SN R — PR — b Y), (0,h) € ] x [N "
Th—1 n =1 (Prlﬁé)c)

(n)

4 .

where K, is defined in (2.1.8) and ¢! is the average value of g%(z) on

Combining the piecewise constant function i, in (4.2.1) with @, in (4.2.2), we rewrite (P“%) as

nloc
{ganm,w = —AS (T (,1)), (2.t) € Qx]0,T],

Vé 0 ( AIqlliOC)
ap(x) = gn(x), x€Q,

where K and g9 are the piecewise constant functions such that
K;f(x’y) = (Xn)z] for (fc,y) < an) x an)’
(n)

go(x)=g; for ze€Q, ien)

I
w

nloc) can

Remark 4.3.1. As already emphasized in [83, Remark 5.1], it is instructive to note that (
be viewed as the time discretized Galerkin approximation of problem (Pyoc). Indeed, let V;, denote a

n-dimensional subspace of L>(£2)
Vy, = Span {XQ(m A [n]} :

Replacing u(x,t) in (Pyioc) with
k=1

where y ; .
- h — — —lh—1
uk(t) = 7’&2 ! + 7’11,’,;, t G]th_l,th],
Th—1 Th—1

and projecting the resulting equation on V,,, we arrive at (Pﬁgi)

Corollary 4.3.2. Suppose that p €]1,+o0[, K : Q* — [0,1] is a symmetric measurable function, and

g € L™®(Q). Let u and uy, be the solutions of (Puioc) and (P

nloc) ’ TeSPBCtively. Then

[u (4.3.1)

- unHC(O,T;LP(Q)) n_m,j_m

PROOF :  This proof strategy was used in [83, Theorem 5.2|. For fixed (i,5) € [n)?, it is easy to see
o0
that {le)}n is a decreasing sequence, [ le) ={(z,y)}, and

n=1

5 1

(Kn)ij = ——~ Ky (2, y)dzdy.
T o] Sy

Then, by the Lebesgue differentiation theorem (see e.g. [89, Theorem 3.4.4]), we have

Ky — K,
n—oo

almost everywhere on 2, whence, using the same arguments on R, we have also that g, —2.9 almost
n o

everywhere on 2. Thus, combining Theorem 3.4.4 and statement (ii) in Theorem 3.3.1, the desired
result follows. O
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Chapter 4 4.3. Networks on weighted graphs

To quantify the rate of convergence in (4.3.1), we need to add some supplementary assumptions on
the kernel K and the initial data g. This is where the Lipschitz spaces introduced in Section 2.3 play
a prominent role.

We are in position to state the following error bound.

Corollary 4.3.3. Suppose that p €]1,+oc[, K : Q2 — [0,1] is a symmetric and measurable function
in Lip(s, LP(Q?)), and g € Lip(s, LP(Q)) N L>(Q), s €]0,1]. Let u and 1, be the solutions of (Puioc)
and (A“" .) respectively. Then

nloc

|u— ﬂnHC(o,T;me)) <O0(n~*%) + O(1). (4.3.2)

If Lip(s, LP(9?)) is replaced with BV (Q?), then the rate becomes
< O(n~YP) + O(7). (4.3.3)

H“ - ﬂnHC(O,T;LP(Q))

PRrROOF : By Theorem 3.4.4, we have

Ju— ﬂ”HC(O,T;LP(Q)) =C (Hg - gnHLP(Q) +lgn - 92Hm<m + K- Kﬁ”m(a)) +O(7).

Since the initial conditions for both (P*%) and (P4 ) stem from the same initial data, we have that

| gn — ggHLP(Q) = 0. The claimed rates then follow by invoking Lemma 2.3.2 since K% = Py ,(K) and

4.3.1.1 The limit as p — oo

Let us consider the numerical fully discrete approximation of the problem (P,j,.) using the function
K, defined in (2.1.8)

ur, — 1 <&
) p— 2 .
: Thot EZ n z]‘ j4,h—1 Uzph 1‘ U]Zjh 1 Uizjhfl)a (Z7h) € [n] X [NL (4 3 4)
Ufo =g? i€ [n],
where the vector UP € R™V. This problem is associated to the energy functional
p
By(V) = oy S5 vy Vi
i=1 j=1
in the Euclidean space R".
As before, we consider the linear interpolation of U? as follows
- thp —1 t—1th—
R" 5 UP(t) = 2—UP |+ —L2LUP bt ety tn), (4.3.5)
Th—1 Th—1
and a piecewise constant approximation
R" > UP(t) = UL, t€ltp_1,tn]. (4.3.6)
Consequently, UP obeys the following evolution equation
dUP(t) L= 5\ [ - —2, - .
@~ @ BT O -TOP OO -0, o e,
J=1 3.
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Now we define

dU;(t) = %Z(Kn)ij’U]p(t) — Uf’(t)]p_z(Uf’(t) —UP(t)), (i,t) € [n]x]0,T7,
j=1

UPO) =g, i€ n)

To avoid triviality, we suppose that Supp(Kn) # (), and define the non-empty compact convex set
S = {U e R"W . }vj — vi| <1, for (i,j)€ supp(Kn)},

where the subscript oo will be made clear shortly. Indeed, taking the limit as p — oo of R, one clearly
sees that this limit is 25, (see Definition 2.2.8). Then, the nonlocal time continuous limit problem can
be written as

aue

7 +N$w(Uoo(t)) 50, t E]O,T],

U*(0)=g¢?% ieln,

( IC;IOOC)

Theorem 4.3.4. Suppose that supp(ff'n) # 0 and ¢° € So. Let UP be the solution of (4.3.4). If U

is the unique solution to (Pgy..), then

lim lim sup |UP(t) — U™(t)| =0, (4.3.9)

p—00 7—0 te[0,T]

where T = }ILD?X] Tp, s is the mazximal size of intervals in the partition of [0,T].
€[N

Remark 4.3.5. Note that one cannot interchange the order of limits; the limit as 7 — 0 must be
taken before the limit as p — oco. The reason will be made clear in the proof.

ProOOF : Using the triangle inequality, we have
|UP(t) — U=(t)| < |UP(t) — UP(t)| + |UP(t) — U (1))

First, proceeding exactly as in the proof of Theorem 3.4.4, and more precisely inequality (3.4.12), we
get
|UP(t) — UP(t)| < C'r (4.3.10)

for C" > 0. Since the constant C’ in (4.3.10) depends on p, we first take the limit as 7 — 0, to get

lim sup |UP(t)—UP(t)| =0 (4.3.11)
™04cjo,1]

Now, arguing as in [91, Theorem 3.2| (which in turn relies on [30, Theorem 3.1]), we have additionally
that

lim sup |UP(t)—U>(t)| =0. (4.3.12)
P20 ¢e(0,T)
Hence, the combination of (4.3.11) and (4.3.12) yields (4.3.9). O

Remark 4.3.6. Note that we get the same result when dealing with the implicit Euler scheme,
following the changes mentioned in Section 3.4.2.

4.3.1.2 Networks on G(X,, K)

The analysis of the problem (Pyo.) on G(X,, K) remains the same modulo the definition of the
piecewise constant approximation

KY(z,y) = (Kn)m for (z,y) € QE}%
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where we recall K,, from (2.1.9). The fully discrete counterpart of (Pyioc) on G(X,, K) is given by

W S gl P Y, () € i [N)
- n 7| Wi i 7 g ’ ’ ’

%

=1 (P
u;(0) = g?, i € [n].

It is worth mentioning that (7"

o.) is the time discretized approximation of the problem (Ppio.) using

the collocation method. Roughly speaking, it is about the projection of (Ppioc) on X, (see (2.1.9)) via
the interpolation operator P, : L*°(Q2) — X, which to each u(tp,.) € L*°(Q) associates the unique
function f(ts,.) such that for all i € [n], u(tp, L) = f(tp, £). See [93] for more details.

We assume further that the kernel K is almost everywhere continuous on Q2. By construction of
K¥ (see (2.1.9)),
K¥(z,y) = K(z,y), as n— oo,
at every point of continuity of K, i.e., almost everywhere. Thus, using the Sheffe-Riesz theorem, we
have
|5~ K

HLP(QQ)—>O as n — 00.

Thereby, the proof of Corollary 4.3.3 applies to the situation at hand. Hence, we have the following
result.

Corollary 4.3.7. Suppose that p €]1,+o0[, K : Q> = [0, 1] is a symmetric measurable function, which
is continuous almost everywhere on Q2, and g € L>®(Q). Let u be the solution of (Puioc), and iy, be the

9

piecewise constant extension as in (4.2.1) using the sequence in (Pﬁ(i) Then

Hu —0 as n— co.

- a”HC(O,T;LI’(Q))
Remark 4.3.8. The result of Theorem 4.3.4 remains the same for this graph model taking the kernel
(I?n)m instead of (If'n)zj

4.4 Networks on random inhomogeneous graphs

4.4.1 Reminders of the random inhomogeneous graph model

In this section, we deal with networks on random inhomogeneous graphs. First, recall the graph model
that we perform our analysis with, this model is described in details in Section 2.1.5. The fully discrete
counterpart of (Ppioc) on the graph Gy, (n, K) is given by

h h—1
Uy —uy

— — —2 _ _
D Tl W

§:(6.5)€E(Cn) (Phoc)

S

Th—1
u) = gi,i € [n].
Recall the inhomogeneous random graph model introduced in Section 2.1.5.

Remark 4.4.1. In the context of numerical analysis, we are primarily interested not only in the error
bounds of the discrete problem, but more importantly in the (nonasymptotic) rate of convergence.
This is why our attention aims specifically at this graph model and not at the original inhomogeneous
random model defined in [20, 21|, i.e. the model constructed replacing (2.1.11) by

P((i,7) € E(Gyn)) = min (qu(XZ‘,Xj), 1).

Our error bounds that we will state shortly cover also this graph model. More specifically, the first
statements of Theorem 4.4.4 and Theorem 4.4.7 hold. However, with this model, even our convergence
claim (not to mention the rate) of the discrete scheme does not hold unless the kernel K and the intial
data g are additionally supposed almost everywhere continuous.
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We denote by x = (x1,--- ,Xj) the realization of X. To lighten the notation, we also denote

Qi d:ef]X(i—l)ax(i)]v O d:ef]x(i—l)ax(i)]v and sz" d:ef]x(i—l)7X(i)]x]x(j—l)ax(j)] i,j € [n]. (4.4.1)

nt

As the realization of the random vector X is fixed, we define K 22]

cf . 1
nvj nij

In the rest of the section, the following random variables will be useful. Let \;;, (4,7) € [n]Q,i #7,

be i.i.d. random variables such that g,\;; follows a Bernoulli distribution with parameter qu nij- We

consider the i.i.d. random variables T;; such that the distribution of ¢,Y;; conditionally on X = x

A
is that of g, \;;. Thus ¢,Y;; follows a Bernoulli distribution with parameter ]E(qu ) where E(-) is

nij
the expectation operator (here with respect to the distribution of X).

4.4.2 Consistency of the nonlocal p-Laplacian on random inhomogeneous graphs

Having defined the structure of the network and the discrete counterpart of (Ppjoc) on it, we are now
in position to state our main error bounds between the discrete dynamics and their continuous ones.
First, in Section4.4.2.1, we assume that X is deterministic. Capitalizing on this result, we will then
deal with the totally random model (i.e.; generated by random nodes) in Section 4.4.2.2 by a simple
marginalization argument.

4.4.2.1 Networks on graphs generated by deterministic nodes

We define the parameter d(n) as the maximal size of the spacings between the the ordered values x ;)

o(n) = ];relz[ix |x() = X(i-1)) - (4.4.3)

Next, we consider the following system of difference equations on Gy, (n, K)?

ul — 9
Zi — Nijluh =t — PP — WY, (4, h) € [n] x [N,
The1 Z J‘ z ‘ ( j 1 ) ( ) [ ] [ ] ('P;il’gc)
ui = givl S [ ]7
where 1
g x)dz.

Recall from Section4.4.1 that );; are the i.i.d. random variables such that g,\;; follows the Bernoulli
A
distribution with parameter g, K7,;.
Before turning to our convergence result, we pause here to make the following two important obser-
vations.

Remark 4.4.2. Coming back to Definition2.1.15, one can easily check that G, (n, K) is actually a
product probability space?

Q, &0V x QF (Q}{ 10, 1]”,2‘*,1@) X (QE & £, 1yt D/2 295,1@) .

IThis is clear by proper normalization by ¢, (by dividing and multiplying by ¢»). We abuse notation to lighten the
system.

2To keep notation simple, we allow for loops, in our random graph model. Excluding loops would not lead to any
changes in the analysis.
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So that, rigorously speaking, if we take a random event w from (2,,, problem (Pd’d ) must be written

nloc
using A;j(w) instead of \;;, and likewise for all other random variables. For notational simplicity, we
drop w. But it is important to keep in mind that the evolution equations we write involving random

variables must be understood in this sense.

Remark 4.4.3. As the reader may have remarked, the sum 1n the right-hand side of (PII]OC) is divided
by n instead of a weighted sum with weights ‘x(i) — (i_l)‘ which would be expected if we interpret
this sum as a Riemann sum. The scaling by n reminds us of an equidistant design regarding the space-
discretization, despite the fact that the nodes are chosen not necessarily equispaced. However, given
that the x;’s are realizations of i.i.d. uniform variables on €2, the uniform spacing choice still makes
sense. Indeed, using classical results on order statistics of uniform variables, see, e.g.,[97, Section 1.7],

it can be shown that each spacing X ;) — X(;_1) concentrates around i/n for i € [n].

We are now in position to tackle our main goal: comparing the solutions of the discrete and con-
tinuous problems and establish our rate of convergence. Since the two solutions do not live on the
same spaces, it is reasonable to represent some intermediate model that is the continuous extension of
the discrete problem, using the vector U = (u}f,ué‘, -, uM)T whose components uniquely solve the
previous system (Pﬁl:fc) (as we have shown in Lemma3.4.5) to obtain the following piecewise linear

interpolation on Q x [0, T

th—t t—th_ .
Ui (2, 1) ﬁu?_l + Thllu? if 2eQ, teEltha,ty, (4.4.4)

and a piecewise approximation
n N

t) - Z u?_lx]th—hth} (t)XQ’;i (I’) (4.4.5)
1

i=1 h=

Then, %, uniquely solves the following problem
{gtan(a:,t) = — AL (ty(2,1), x€Qt>0,

An
ﬁn(x,()) = gn( )’ z €, (7) )

nloc

where the random variable
An(z,y) = Nij for (x,y) € QF;

nijs

and
gn(x) =g;i if z€Qq,i¢€[n]

Toward our goal of establishing error bounds, we need an intermediate discrete problem for the p-
Laplacian. This is defined as

v — h ' h=1 _  h=11P=2¢ h—1 h—1 .

Z fZKmJ\v of T =0 (k) € In] x [N, X

Th—1 ’ (Pnloc)

v? =g, 1€ [n]

/\d
The discrete problem (P,,.) can also be viewed as a discrete p—Laplacian evolution problem over a

complete® weighted graph on n vertices, where the weight of edge (i, j) is K x

nij-
/\(1
Using the vector V! = (vf vl -+ v")T whose components uniquely solve the system (P,,,.) , sim-
ilarly to before, we define the following linear interpolation on Q x [0, 7]
ty, —t t—1th_
p(a,t) = 2——ph= V4 2T Lh i e OF, b €ty bl (4.4.6)

Th—1 Th—1

3Recall that a complete graph is a simple undirected graph in which each pair of vertices is connected by an edge.
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and a piecewise-constant approximation

n N

Op(z,t) = Z Z Uih_IX]th_l,th} (t)XQ’;i (z). (4.4.7)

i=1 h=1
A
We also define the piecewise-constant extension K, on Q2
A A
Kn(z,y)= Y Khjxox, (,y). (4.4.8)
(i,5) €[n]?
Then, by construction, o, (z,t) uniquely solves the following problem
A
Bon(z,t) = — AL (0p(2,1), 2 €Q,t>0,
Un(x,0) = gn(z), x€Q,

AN
(Pnloc)

where
X

gn(x) =g; for x€QF. i€|n].
The first main result of the section is the following theorem.

Theorem 4.4.4. Suppose that p €]1,+oo[, K € L*(Q?) is a symmetric and measurable mapping,
and g € L®(Q). Let u and U™ denote the solutions to (Puioc) and (Pd’d ), respectively. Let 1, be the

nloc

continuous extension of UM given in (4.4.4). Then, the following hold:

(i) for T > 0, there exist positive constants Cy and Cq, independent of n and T, such that for any
8>0

—(p—1)
max ( ¢qn
Huleanm’T;Lp(m) < CiTexp (O(T)) <5log(n) n (

qu/2) 1/p
) A
n np/2 ) +HK*K"HUJ(Q%Jngfg’lHLp(Q)JrT )

(4.4.9)
with probability at least 1 — n—Coa’ '8
(ii) Suppose furthermore that g € Lip(s, L9(Q))) and K € Lip(s', L4(Q?)), q € [1, 4], 5,5 €]0,1],
and anKHLw(m) < 1. Then, for T > 0, there exist positive constants C1 and Ca, independent
of n and T, such that for any 8 >0

max (q,ﬂpil
[ — i

) q—p/z) 1/p
s min(s,s’ min(1,q/p)
C(0,T;LP(Q)) — ) +d(n) (s:5") +7

< 1T exp (O(T)) (5 logé”) +

nP/Z

(4.4.10)
with probability at least 1 — n*C”?Lp_IB, where 6(n) is the spacing parameter defined in (4.4.3).

Before proceeding to the proof, some remarks are in order.

Remark 4.4.5.
(i) The constant in(4.4.9) depends on p and the data via
bound (4.4.10), it also depends on (q, s, s').
(ii) By Lemma2.2.16, it is clear that the first term in the bounds (4.4.9)-(4.4.10) can be replaced by

—(1-1/p) —1/2
1/ n \ n
ey w0 ")

n n1/2

HgHLw(Q) and HKHLoo(Qz). For the

(i) The last term in the latter bound can be rewritten as

~1/2

—1/2 .
. (1-1/p) Am)_{@MU if p €]1,2] (£411)

max (q_ ,q
! " /P (q2n)"V2 it p > 2.
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Thus, if inf,>; ¢, > 0, as is the case when the graph is dense (see discussion after Proposi-
tion2.1.17), then the term (4.4.11) is in the order of n~'/2 with probability at least 1 — n~
for some ¢ > 0. If g, is allowed to be o(1), i.e., sparse graphs (see Proposition2.1.17), then
(4.4.11) is o(1) if either g,n — +oo for p €]1,2], or ¢>n — +oo for p > 2. The probability of
success is at least 1 — e~C28108(M)' ™" provided that g, = log(n) =%/~ with 6 € [0,1[. Ob-
serve that all these conditions on ¢, are fulfilled by the graph model of Proposition2.1.17 for
g9(n) = 6/(2p — 1)log(log(n))/log(n).

(iv) In fact, if inf,;>1 g, > ¢ > 0, then we have ) -, n~Caa’ '8 < Yo n=C¢" 8 < 4o provided
that 8 > (Coc®~1)~1. Thus, if this holds, invoking the (first) Borel-Cantelli lemma, it follows
that the bounds of Theorem 4.4.4 hold almost surely. The same reasoning carries over for the
bounds of Theorem 4.4.7.

(v) For finite fixed T, the term T exp(c1T), for ¢; > 0, in the bound becomes a constant. One can
even allow for time intervals of size T = colog(n), ca > 0, in which case this term scales as
O(n““2log(n)). Thus this term can be dominated by the other rates in n if ¢jcy is sufficiently
small (see Remark 4.4.8(ii) for details).

(vi) One may wonder if the functional space assumption made on g and K in claim (ii) is reasonable or
even makes sense. The answer is affirmative. Indeed, Lipschitz spaces are rich enough to include
both functions with discontinuities and even fractal structure. For instance, from |78, one can
show that the graphon corresponding to the nearest neighbour graphs, which are very popular
in practice (e.g.in image processing [49, 46|), are typical examples satisfying Assumptions (A.1)-
(A.2) with g, = 1 and K is a {0, 1}-valued function living on the space of bounded variation
functions, which in turn is Lip(1, L'(Q?)).

To prove Theorem 4.4.4, we first show the following key lemma.

Lemma 4.4.6. Under the assumptions of Theorem 4./.4, for T > 0, there exist positive constants C
and Cy, independent of n and T, such that for any g > 0

)

lcore@) 2 5)

where

np/2

1
e = C1T exp (O(T)) <<5bgp + max <q;<p—1>, q;m) 1) . T) .

PROOF OF LEMMA 4.4.6:  For 1 < p < 400, we define the function

UV:R—-R

z— |zP7? 2z = sign(z)|z|Pt

/\d
First, for an appropriate choice of 73, using [66, Lemma 5.1, we have that both (P;fl‘g’c) and (P,10c)
d

A

are well posed. In turn U” and V" are bounded and V" uniquely solves (P,..), and similarly for i,
A

and 9, as solutions to (P;l\lgc) and (Puloc). Observe also that o,(-,t) and ,(-,t) are both constants

over Q¥.. Similarly, v,(-,t) and u,(-,t) are also constants over the cell Q¥.. We therefore used the
shorthand notations for the vector-valued functions @, (t) = (Wni(t))ic[n) ' (ln (x4, t))ie[n) and v, (t) =

def

(Va(t))iem) = (0n(Xist))ic[n), and likewise for W, (t) and V,(t). Let us denote En(t) = 0, (t) — V(1)
and &,(t) = @, (t) — V,(t). By subtracting both sides of (P2

nloc

A
) from those of (Puioc), evaluated at the
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cell %, we obtain
60 = 13 (A 0) = l0) ~ K5 20050 - 00
= L (4.4.12)
= Zni(t) + " Z Ko (W (T (1) — 80 (t)) — W (5(t) — Vi),
j=1
where
Zus(t) =+ 3" (g — K)o (1) and aqs(t) = W(ay(1) — 0i(0), ¥(0.) € [nl”, 1 € 0,7]. (4.4.13)
j=1

By our discussion above, we have sup; j)cin)2,tcjo,7] 1¢45(t)| < +o0. We multiply both sides of (4.4.12)
by %\I!(ém(t)) and sum over 7 to obtain

ld
pdt

= ZZm gm +ﬁ Z an] un] ) ﬁni(t))_‘ll(vnj(t)_vni(t)))\l}(gni(t))’
i,j=1
(4.4.14)

We estimate the first term on the right-hand side of (4.4.14) using the Holder inequality, to get

1 p=1
1 n 1 n P n 5 D 5 B
o |2 ZniOWEni0))) < 3 <Z\Zm~(t)\p> x (ka-(t)\p) <2, e @I, (4.4.15)
i=1 i=1 i=1
Now, using the fact that ij < HKHLOO(QQ) (see (2.1.12)), ¥Y(i,7) € [n)?, and applying [66, Corol-

lary B.1] to the function ¥ between a = v,;(t) — Vp;(t) and b = 0,;(t) — Uy (t) (without loss of
generality, we suppose that b > a), we get

Z any unj ) - ﬁni(t)) - \I](an(t) - vm(t))\p(gm(t))

i,j=1 (4.4.16)
DK e 02) N

S Z}fm 5mH77n ‘p2

n?
3,j=1

p—1
] )

where 7, (t) is an intermediate value between a and b. Using that fact that ¢ € L°°() and the
construction of u,(-), we deduce from [66, Theorem 3.1(ii)| that for ¢ € [0, T

-2

(@ < i (1) = i ()" < @l D o) < @lol o) (4.4.17)

Let Cy = (2]|g| Lm(m)p‘QHKH Loz Inserting (4.4.17) into (4.4.16), and then using the Hélder and
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triangle inequalities, it follows that

= Z (W (T () — i (£)) — W (g (1) — T () W (Eni (1))

< G S (6 0) — 0] e
i,j=1
1 p=1
P P
p—1 - P
< C n, ni ni(t
<Gy ;1 [€ns (1) = £ni ()] ZJ Eni(t)] (4.4.18)
1 1 p—l
—1 L ' “L : [ He=h) 1 o
<" X Ewl ] + X o) ( Z )
" ij=1 ij=1 =
1 2 (-1 . _
< &F 5 (206 ®)],.) (" i =0l >
< 2C5(p = D[|& ()], ()
Using the triangle inequality comblned with [66, Lemma 5.2], we have
< H{’n(t) - \V’n(pr’n + “v”(t) - ﬁn(t)Hp,n + Hﬁﬂ(t) B ﬁ”(prvn (4 4 19)
< Crt [l®)l, + O E
< C"r + Hgn(t)Hp,n
Putting together (4.4.14), (4.4.15), (4.4.18) and (4.4.19), we have
DIL, < 120, &I, + 2020 = 1) (C"r + €@, n) l&lly, (4.420)

I+ 2000

< (2650 - D+ |Z:0)],) 10 Ol

Then, from (4.4.20) via the Gronwall’s inequality in its differential form (see, e.g., |51, Appendix BJ),
we obtain

T
o=l = 200 [t Hpmg(QCgTr—i— /0 HZn(t)Hp’ndt>exp(QCgT). (1.4.21)

It remains to bound fOT HZn(t)Hpndt. For this purpose, we use Lemma4.4.10 (see Section4.4.4)%.
Thus, plugging the bound of Lemma4.4.10(i) into inequality (4.4.21), we get the desired conclusion. [

We are now ready to prove our main result.
PROOF OF THEOREM 4.4.4:
(i) Using the triangle inequality, we have
Hu — Up,

< H“ - ,D"HC(O,T;LP(Q)) + an B a”HC(O,T;LP(Q))' (4'4'22)

()

A
Since by construction K, is a bounded mapping, we bound the first term on the right-hand side
of (4.4.22) using [66, Theorem 5.1]° to get

H“_%HC(O,T;LP(Q)) =0 <Texp(0 (|5~ K HLP(QQ +lg- g"HLP +7)>7 (4.4.23)

4This inequality is sharp as can be seen for instance from assertion (ii) of Lemma4.4.10, at least for p > 2.
5Here, we have made the constant explicit in 7' compared to the statement in Theorem 3.4.4.
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Claim (4.4.9) then follows by plugging (4.4.23) and Lemma4.4.6 into (4.4.22).
(ii) Our assumption on ¢, together with (4.4.2) and (4.4.8) entail that

/ K (z,y)dzdy.

AN
K ('T y Z ijXQx (CE y) Knij }
(4,9)€[n]? mj

Since g € Lip(s, L9(2)) and K € Lip(s’, L4(Q?)), we can invoke Lemma 2.3.3 to get

A ;. .
1K = Rl gy < o)) ™99 and lg = gl 10y < o, )3(m)> 2000
(4.4.24)

Inserting the bound (4.4.24) into (4.4.9), and using the fact that §(n) < 1, yields (4.4.10).

HLP(Q)
U

4.4.2.2 Networks on graphs generated by random nodes

Let us now turn to the totally random graph model. Consider the following system of difference
equations on the totally random graph G, (n, K)°
h h—1

U — Uy 1 h—1 _  h—1p=2, h—1 _  h-1
e D N R Ry y
h—1 oo (Prd )y
{7: (1, EE(Ggp (n,K))} nloc
u) = gi,i € [n].
As we have done before, we consider the continuous extension of the solution vector U" = (u?,
ull, -~ ul)T, that is a linear interpolation on © x [0, 7]
th — 1t t—th—
(2, t) = 22—l = i 2 e QX b€ty tal, (4.4.25)
Th—1 Th—1
and a piecewise approximation
n N
-1
Zu X]th 1,th ( )XQ?Z (.%') (4426)
i=1 h=1
Then, we have
. T/~
%un(x, t) = —A, (un(z,t), x€Q,t>0, (PTn)
Un(x,0) = gp(x), z€Q "
where
gn(x) =g; if z€ szj | € [n],
and the random variable T',, is such that
y(z,y) =7 for (x,y) € Qﬁj
If conditioned with respect to a realization x = (x1,- - , X,) of the random vector X, problem (P;lg )
can be rewritten on Gy, (n, K) in the following form
L B T B U o e B h N
T Z m‘u i ’ (uj ui )a (7’7 ) € [n] X [ ]7 d,d
h—1 (Pnloc)

u?:giv ZG[}.

By capitalizing on the results obtained for the the case where {G, (n, K)}, oy Was generated by the
deterministic sequence x, we get the following result.

SRecall again from Remark4.4.2, that rigorously speaking, each random variable involved in the problems and equa-
tions of this section should be understood as a function of an event w from €,. This dependence is dropped only to
lighten notation.
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Theorem 4.4.7. Suppose that p €]1,+0c][, K € L*(Q?) is a symmetric and measurable mapping,
and g € L*(Q). Let u and Uy, denote the solutions to (Pnioc) and (P:{igc), respectively. Let 1, be the

continuous extension of Uy, given in (4.4.25). Then, the following hold:
(i) For T > 0, there exist positive constants C and Cs, independent of n and T, such that for any

<

>0
(-1 _—p/2\\ /7
y log(n) ™M (q” 4 ) A
”u_u”HC(O,T;L:”(Q)) < CiTexp (O(T)) (6 n + np/2 + ”K - K"”Lp(92) + ”9 - g"HLp(Q) +7 |,
(4.4.27)
2p—1
with probability at least 1 — n~C2a" B,
(ii) Suppose furthermore that g € Lip(s, LY(Q)) and K € Lip(s', LY(Q?)), s,s’ €]0,1], and anKHLOO(QQ)

1. Let 0 % min (s, s') min (1,q/p). Then, for T > 0, there exist positive constants Cy and Cs,
independent of n and T, such that for any 8> 0 and t €]0, ¢|

1/p

m —(p—1) —p/2 0
log(n) ax (Qn » dn ) tlog(n)

’C(O,T;LP(Q)) <CiTexp(O(M)) | | B -+ — 73 + - -,

Hu—an

with probability at least 1 — (n*CQq’%%lB +nt).

The dependence of the constant C' in the parameters is similar to Remark 4.4.5(ii).

Remark 4.4.8.
(i) The dependence of the constant C' in the parameters is similar to Remark 4.4.5(i).
(ii) As observed in Remark4.4.5(v), one can take T' = cylog(n), in which case T exp(ciT) =
can® ¢ log(n), with c1,ca > 0. Consequently, if one sets g, = log(n)~%/(2»=1) for § €]0,1] (see
Remark 4.4.5(iii)), then the bound in (4.4.28) scales as O ( log(n)2 ), for some s > 0,

pmin(1/p,1/2,0)—cycg

which converges to 0 provided that ¢jco < min(1/p,1/2,6).

As a preparatory step to prove Theorem 4.4.7, the following lemma is instrumental. It establishes
that the spacings between the n uniformly distributed nodes are O(log(n)/n) with high probability.

Lemma 4.4.9. Consider the sequence of random spacings (X(l), X2 =Xy, 1= X(n)), where we
recall {X(i)}?zl are the order statistics of X. Let t €]0,e[. Then, for any i € [n]
e log(n
6 & Xy — Xy <t - ), (4.4.29)

with probability at least 1 —n~".

PrROOF OF LEMMA 4.4.9:  Since X; are i.i.d.uniform random variables on €2, we have, by virtue
of [97, Theorem 1.6.7] that the random variables d;, ¢ € [n], have the same distribution as the random
variables Z;/ ZZLI Zy., where Z1,- -+ | Z, 11 are i.i.d standard exponential random variables. In addi-
tion, invoking [97, Lemma 1.6.6], we know that S, 41 e ZZZ% 7 is a Gamma random variable with
parameters (1,7 + 1) (thus having the density fs,.,(s) = e *s"/nl, s >0).

Now, combining these two observations, we obtain by straightforward integral calculations that for
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any € € [0,1]
[P((SZ > 8) = P(Zi > ESn—i-l) = P((l — €)Zi > €(Sn+1 — Zl))

€
=P Zn > —5n

+oo c
_ / p (Zn > s) fs, (s)ds (4.4.30)
0 1—¢

+oo 5 Sn—l
= / e T=%e ¥ —ds
=1-e)™

The equality of the second line stems from an equality in distribution, since S, +1 — Z; has the same
distribution as S,, and Z; has the same distribution as 7,1, and the fact that Z; and S,+1 — Z;
are independent. Taking e = ¢ €]0, 1], and using the standard inequality log(1 — u) < —u, for

n
u € [0, 1], we get

P(6; >¢) = (1 —¢)" = exp(nlog(l —¢)) < exp(—ne) =n"".

O
PROOF OF THEOREM 4.4.7:  The idea of the proof is to take the conditional probability with respect
to a fixed realization x = (x1,- -+ ,X,) of the random vector X, then use the bound in Theorem 4.4.4,
which is independent of x, and finally integrate with respect to the uniform density on Q".
(i) We have
1
- ry _ ~ / —
P (H“ — Un ‘C(O,T;LP(Q)) 2 6) - Q" / P (H“ - U”HC’(O,T;LP(Q)) >e|X = X) dx
< 1 / = C2a¥ 8 gy (4.4.31)
Q" Jon
= n_CQQELp_157
with
oy o (N
, og(n n y 4n
e =T exp(O(T)) (ﬁ n T np/2 ) +[|K - K"HLP(QZ) +llg— g"HLP(Q) +7

Thus, (4.4.27) follows from the fact that the obtained bound in (4.4.9) is independent of the random choice of x.

(ii) In view of (4.4.24), we can argue that
AN
]P) (HK - KnHLp(Q2) + Hg - gnHLp(Q) Z Ii) S ]P) ((C(pa q, S) + C(p7q7 3/))6(n)9 2 H) .
0
Taking k = (C’(p7 q,s) + C(p,q, s')) (t@) , for t €]0, e[, and applying Lemma4.4.9, we deduce that

P (HK Kl iy + 19— 9l oy K> <n.
Denote the events
A {Hf;n L 5}
Ao {1 = Rl + = 9oy <}

c

and their complements A§, where

—(p-1) —p/2\\ /P
R e\
n nP/2

e =CTexp(0O(T)) (6
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0
and k' = CTexp(O(T)) (tm> , with C the largest constants among the one in claim (i) and

n

(C(p,q, s) + C(p,q, s')). Using the union bound, we get
P (H“ - 71”HC(O,T;M(Q)) set ’i/) > P (ﬂf:lAi) =1-P (UleAf)

2
>1-3 P4 > 1- (n*cﬂip*lﬂ + n*t) ,

1=1

which yields the desired claim.

4.4.3 Asymptotic regimes

A close inspection of the error bound in (4.4.28) (Theorem 4.4.7) reveals three contributions:

e Spatial discretization: the first contribution is materialized in the first term which scales as (see

Remark 4.4.5(1)) (1-1/p) /
—(1—1 D —1/2
| I/p max (gn »dn
o (og(n)) n ( )

n

nl/2

This term represents the spatial discretization error when approximating the continuous evolu-
tion equation (Py1oc) on the random inhomogeneous graph model Gy, (n, K) generated according
to Definition 2.1.15 with the graphon K.

0
e Data approximation: the second term is O <(10g75")> > which captures the error of discretizting

the initial data g and the graphon K. The presence of the error on K is clearly tied to the
nonlocal nature of the evolution equation on graphs. This approximation error depends on the
regularity of g and K, and the latter encodes the geometry /structure of the underlying graphs.
The more regular g and K are, the faster the convergence rate.

e Time discretization: the last term, which is O(7), is classical and corresponds to the time dis-
cretization error.

At this stage, one may wonder which of the first two terms dominate, or in other words, what
are the different regimes exhibited by the convergence rate as a function of the problem parameters
(p,q,s,s"). This is quite important as it will reveal which nonlocal p-Laplacian evolution problems are
harder/easier to discretize by highlighting the role of each parameter, and for instance that of p and
the impact of nonlocality (i.e. graphon structure).

Toward this goal, we first make the error measure in (4.4.28) independent of p and we choose to quan-
tify the error in the classical L?(Q2) norm. Consequently, thanks to Lemma2.2.16 and Lemma 2.2.19,
as well as boundedness of the solutions, it is not difficult to see that

1/p max(g—(1—1/p) o—1/2 oe(n 6
o e O (premet) "y et g (B ) pe ool
U — Uy, . = —(p— -p
YC(0,T;L2(Q)) 1) (610g7$rt))1/2+ max(qn(n:/):zvqn /4) + <tlo§l(n)>p9/2+7—l7/2> pG]l,Z],
(4.4.32)

holds with probability at least 1 — (n_c2q?f*15 +nt).

To make the rest of the discussion more concrete we will take g, = log(n)~%/ 2P~ with § €
[0, 1], which covers both dense (§ = 0) and non-dense (6 €]0,1[) graphs; see Remark4.4.5(iii)) and
Section 2.1.5). Thus, we have

12 O(log(n)lﬂ) p € [2,+00]

(1-1/p) —
o ) {O(log(n)p/4) p €]1,2],

max (q;
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Chapter 4 4.4. Networks on random inhomogeneous graphs

In turn, the second term in (4.4.32) is bounded by

1 min(p/4,1/2)
(%(”)) Vp €)1, +00]. (4.4.33)

Without loss of generality”, we also suppose that s = s’ and ¢ < p so that 6 = sq/p €]0,q/p] C]0, 1].
In this case, (4.4.32) reads

; log(n)
Hu - “”HC(O,T;LZ(Q)) =0 ((

n

min(1/p,1/2,sq/p) min(p/2,1)
) + 7_min(p/2,1) )

The term depending on n then exhibits four different regimes as a function of p, s and ¢ (see
Figure4.1). Indeed, it is straightforward to see that it scales as

<10g(n)> sa/p for p > 2, Sq 6107 1]7

for p>2, sq€ll,p],

log 1/p
n
q/2

(e
-
(

oe(n)\ P/4
lgTE ) for pe€]l,2], sqé€lp/2,p]

1 1.5 2 25 3 3.5 4 4.5 5

p

Figure 4.1: Different regimes according to the values of p and s, and q.
In particular, the convergence rate shows a transition phenomenon at p = 2. The rate increases with
p for p €]2, 400 while it decreases with p for p €]1,2] and sq € [p/2,p]. As expected, the dependence
of the rate on the initial data g and graphon K is more prominent as they become irregular, i.e. for
smaller values of sq. For small sq and p €]1, 2], the rate is independent of p.

4.4.4 A key deviation result

The following lemma establishes a key deviation inequality for sup HZ ||p ,, Where Z,(-) is a random
t€[0,T)] ’
process defined as
1 n
Zni(t) = —ai(t) > (i = i), (4.4.34)

Jj=1

"This setting is true for many graphons, see, e.g., Remark 4.4.5(vi).
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Chapter 4 4.4. Networks on random inhomogeneous graphs

where sup(; jyemi2,ec(0,7] 1 (t)| < 400, and the \;;’s are independent random variables such that g, A;;
is Bernoulli with parameter g,7v;;. It is obvious that this process covers that in (4.4.13) as a special

case.

Lemma 4.4.10. Let Z,(-) be the random process defined in(4.4.34). Then, we have
(i) Forp € [1,+o0[, T > 0, there exists a positive constant C, such that for any § > 0

T 2p—1
P (/ 1Z.(®)]),, dt > 5> <nCm
0 2

with

log(n 1\
e=T (ﬂ gTE ) + CS max (qg(p—l),q';p/2> np/2> )

where Cy is a positive constant which will be explicit in the proof.

(i) For p € [2,400|, suppose that there exists a positive constant C, such that fort > 0

1 a?(t)
inf — Ty (1 = qnyiz) = C.
jelmin g w9t 2

Then,
T
T
e ([ Nz ) ~

Proor or LEMMA 4.4.10:

(i) Using the Jensen inequality, we have

o([ 120l 2 <) =B (1 [ oz o).

Let us first recall that g,\;; are independent Bernoulli random variables with parameters g,7;;.
def

For the sake of simplicity, set, for (i,7) € [n]?, Yni = fOT |1 5™ Uypij(t)[dt, where Uyj(t) =
j=1

ij(t)(Nij — 7vij). We have

I¥p (/T 1 Za(@)|]  dt > Tl—Psp> =P <:L (i Vi — E(Ym)> > T rel — % iwm)) '
0 i=1 =1

It remains now to bound E (Y,;). We distinguish the cases where p > 2 and p €]1,2][.
e p > 2. Using the Rosenthal inequality with the independent according to j zero-mean

random variables Up;;(t), we have

n

1 /7
E(Ym')znp/o E Y Un)|” | at

J=1

foﬁgtgggl;]max D E(Unii (), | Do B(Uni(1)?) L (4.4.35)

We have
E (|Unij (1)) = @, |cij (1) |anij (1 = an¥ii)* + (an7i5)P (1 = gnvig)|
= 4, PV e ("7 (1 = anvig) (i) + (1= guyig)” ).
Taking p = 2, we get
E(Unij(t)?) = QElagj(t)%j(l — Yij)-
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Since sup(; jyemj2 tefo,r] 15 (t)| < +00, and 7,5 is also bounded and p being greater than 2,
there exists Cy > 0, such that,

p/2
max ZH:E(’Umj(tﬂp), z": E(Um-j(t)Q) < C9max (nq;(p_l),np/Qq;pm)
j=1 j=1
< Oy max (q;(p—l)’ q;p/2)np/2.
Therefore "
% Zl]E (Yni) < C1C5T max (q;(p_l), q;p/Q) n=P/2. (4.4.36)

e p € [1,2[. Observe that by the mutual independence of the random variables {Xi;}(; j)en)?,
we deduce that {U,;;(t) }?:1 are independent and zero-mean random variables. Thus

2

E zn: Unij(t) = Var zn: Unij(t) | = zn: E (Unij(t)?) - (4.4.37)
j=1 j=1 j=1

Therefore, applying the Jensen inequality to the concave function x — 2P/2, we obtain

2\ \ P/2
T i T =
E(Yp) < — sup E UnijO]" ] <= sup |E Uni; (1)
P tef0,1] ‘; i) nP tefo,1] ; !
N p/2
T
= — sup E (Upgj(t)?
nP tef0,1] ; (Unii ()
N 0y p/2
T Q5 t
= — sup Yii (1 = anij)
nP iefo,1] ; w7 !
T
< %n—pﬂ < CoT max <q5(p—1)7 qu/2) nP/2.
(4.4.38)
Altogether, we have shown that for any p > 1,
1 ZE (Vi) < C3T max <q;(p_1), q;p/Q) n~P/?2, (4.4.39)
n

i=1
where C3 = Cy max(1,Ch).
Hence, setting W,,; = Yy,; — E (Yy;) and k = T "PeP — C3T max (q;(p_l), q;p/z) n~P/2 we have

1 n
I<P| - Wi > .

Let € > 0 such that x > 0. Observe that the random variables {W;};", are independent,

zero-mean, and obey:
> sup {Wm‘ < 2sup ‘Ym} < C4T, since aj; and gy,7y;; are both uniformly bounded.
i€[n] i€[n]

n n n
> > E(W2) = 3 Var(Yy;) < > E(Y,2). Using the Jensen inequality with the function
i=1 i=1 i=1

r +— 22, and replacing the exponent "p" in inequality (4.4.35), by "2p" which is greater
than 2, we obtain
n n 1
2 2 2 —(2p—1) —
STE(W2) <D E (V) < CsT%max <qn< p )7qnp) —
i=1 i=1
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We are then in position to apply the Bernstein inequality to {Wp;};—, according to the index 4,
whence we get, after some elementary algebra

n?k?

P(lenizfe)gexp -~
n3 2 (Z E (W2) + nﬁC4T/3)
i=1

Cos . N nk2
< exp <_2 min (qu 1> qg) ) .

n=PT? + kT
Taking 1 = 5 T% >Tn™P, for p > 1, we have after straightforward calculations
Ly Co . - — %6 in(o2P=1 oP
P (n ZWM > Ii) < exp <—4 min (g7, ¢%) nm/T) — S min(g T k)8
i=1
In turn,

I<P (1 > Wi > /1) < p~Cmin(a" " aR)8
n =1

For this choice of k, observe that

K= 5Tlog7§n) & T1PeP — 03T max (q;(p_l), q;p/2> nP/? = 6T10gn(n)
_ 1 ( glos() 1) o) L)
<:>5—T<B - —I—C’gmax(qn 2 Qn )m .
Thus
T . 2p—1 p
B 10l 2 ) <ot (w10
0 )

As ¢, <1Dby (A.2) and 2p — 1 > p for p €> 1, we obviously have min (q%p_l, qﬁ) =gt
(ii) Recalling the notation in the proof of claim (i), we have

o 1 n 1 T n 1 T n n
V(’L,]) € [n]27 E ZYm = E /0 Z |Zm'(t)‘pdt = np+1 /O Z ‘ Z Unij(t)’pdt'
i=1 =1

i=1 j=1

Thus, for p € [2, +o0[, applying the Jensen inequality and using (4.4.37), we have

1 n 1 T n n
1= 1= J]=

. 2\ P/2
1 n n
> an/ STE D Unii(t) dt
0 =1 j=1
1
= an/ Z Var Um]’(t) dt
0 =1 j=1
on " p/2
1
- /O S VarUue) | a
i=1 \j=1
T n n 2 (t) p/2
1 g
= an/ S (0 aniy) dt
0 = \j=1 I
2
> CPR2Tp P Ipp/2H1 > orer

- np/2 '
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Combining this lower-bound with the upper-bounded (4.4.39), we get the claimed equivalence.
O
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Chapter 5

The Normalized p-Laplacian Evolution
Problem on Graphs

Main contributions of this chapter

» We deal with the discrete (in space) normalized p-Laplacian evolution problem on
graphs. We establish the well-posedness of this problem.

» We illustrate the use of this problem on filtering images and 3D point clouds.
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By convention, the Hilbert space of vectors associating a real value to each vertex i € V' of a weighted
graph G, = (V, E, K,,) is denoted by H (V). Each u,, : V' — R in H(V') associates a real value u,() to
each vertex i € V. One can see u, as a column vector Uy, = [up (1), , un(n)]" of R", where n = |V/|
and in which each component corresponds to a vertex i € V. The space H(V) is endowed with the
inner product defined for two vectors uy,, v, € H(V) by

<un, vn> = Z U (1)U (7).

2%

5.1 Introduction

The normalized p-Laplacian recently introduced in its infinite form in connection with a stochastic
game called the Tug-of-War game [115] and Tug-of-War with noise [90] is a normalized version of the
p-Laplacian. The interest of this class of operators derives from the fact that it contains particular cases
for the p-Laplacian depending on the value of p. One can find the mean curvature operator for p = 1,
a multiple of the ordinary Laplace operator for p = 2. In the homogeneous case, the game p-Laplacian
equation coincides with the variational p-Laplacian equation for which many approximations have been
proposed. Some of these approximations are based on finite elements [13]. Some other approximations
using finite difference were also proposed for the normalized p-Laplacian for p = 1, p = oo and
p > 2[87]. Onme can also cite the approximations of the normalized p-Laplacian for 1 < p < oo
by statistical operators|98]. Nevertheless, all of these proposed methods deal with regular domains.
However, potential existing and future applications require to tackle this problem in general domains
or graphs with arbitrary topology.

Motivated by the desire to extend this operator on all kinds of discrete domains, the authors of [1]
have proposed an adaptation and generalization of the normalized p-Laplacian on weighted graphs
using the frame of EdPs [105, 47|. This adaptation can be considered as a new class of p-Laplacian on
graphs as an interpolation between the nonlocal 1-Laplacian, the nonlocal infinity Laplacian and the
nonlocal 2-Laplacian on graphs.

In this chapter, motivated by this recent work dealing with the normalized p-Laplacian on graphs, we
study the Cauchy problem associated to this operator on graphs and show the existence and uniqueness
of a solution to this diffusion problem. First, we begin by recalling the definition of the normalized
p-Laplacian as given in [90]. Then, we recall the main definitions related to the normalized p-Laplacian
on graphs using the ’'so-called’ statistical operators proposed in [1]|. Finally, we show some applications
in image and data processing such as filtering to illustrate the use of this class of operators on graphs.
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Chapter 5 5.2. The normalized p-Laplacian

5.2 The normalized p-Laplacian

We recall from Section 1.1.1 that the local p-Laplacian operator of a function u : @ € RY — R is given
for 1 <p < oo as

Ayu = div(|Vul " Vu).

ou du _0%u

N N
In the case p = oo, it is traditionally given by Aju = ) > 5t 5o
[ 7 10T 4

i=1j=1
The game or normalized p-Laplacian recently introduced in [90] is written as for 1 < p < oo

ApNoru = ;‘Vu}z_pdiv(‘Vu‘p_2Vu). (5.2.1)

When p =

ANory = |Vul A

ApNor is called normalized since it is homogeneous of degree 1, i.e. Ayor(s u) =s. Ayoru for s € R
in contrast to the p-Laplacian which is homogeneous of degree p — 1 (see Proposition 3.2.1). Thus, the
parabolic problems involving the normalized p-Laplacian are scale invariant. This is a useful property
in the context of image processing. If w is a smooth function, equation (5.2.1) can be rewritten as
(see [107]):

Ayoru = 7(;0 ; 2) ANory, 4 ;Au

(p—2)

2
— Agooru + ];Algloru (522)

= a(p) A u + B(p) ATy

with a(p) = (p — 2)/p and S(p) = 2/p. In plain words, ApNor is a convex combination of AN and
AN for p > 2.
The game p-Laplacian for p = 1 can be written as:

Noru_ iv V(U) "
A =d (N(u)')yw )] (5.2.3)

As ATy = Au — AN, (5.2.2) can be rewritten as:

AN"u = o/ (p)2 AY"u + B (p) AN, (5.2.4)

with o/ (p) = % and f'(p) = 2%’, which is again a convex sum for p € [1,2].
In view of (5.2.2) and (5.2.4), the game p-Laplacian for 1 < p < oo can be rewritten in the form of
a convex sum as:

2 A Nor —2 A Nor
SASY + EEA "y for 2 < p < oo
ARty = { D AYor, 1 2 s (5.2.5)

2(p—1 r - T
2l ANory 4 22 AN, for 1 <p < 2.

5.3 The normalized p-Laplacian on graphs

In [1] and earlier [105], the authors have proposed an extension of the game (normalized) p-Laplacian
on weighted graphs. For this they introduced statistical operators needed to define the normalized
p-Laplacian they propose. In this section we recall these definitions as well as the new definition of the
game p-Laplacian on weighted graphs.
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5.3.1 Nonlocal statistical operators on weighted graphs

All the definitions below are borrowed from [1| and slightly modified/adjusted to be adapted to our
setting and notations.

We first define the following difference operators on graphs needed to define the normalized p-
Laplacian on graphs and we give some classical definitions of the nonlocal p-Laplacian on graphs
resulting from these defintions.

Let us fix a weighted graph G,, = (V, E, K,,). The directional derivative (or edge derivative) of a
function wu, at a vertex i along an edge e = (i, ) € E(G,), is defined as

Ojtn(i) = Knij(un(f) — un(0))-
The difference operator G, : H(V) — H(E) is given for all u,, € H(V) and (4,j) € E(Gy) by
(G, un) (i, ) = Djun(i).
The weighted gradient of a function u,, € H(V') at vertex i is the vector of all edge derivatives

(Vi un) (1) = ((05un) () [0 jep(o):

The discrete nonlocal p-Laplacian operator of u,, € H(V) (see (PY,.)) evaluated at a vertex i € V for
1 < p < oo reads

A\ de . NP2 . .
AR (u)(H) = YT K |un(d) = un(D)]” (un(d) — un(i)).
J:(6,5)€E(G)
For p = 2, we obtain the 2-Laplacian as follows:
A (un)(i) = > Kuij(un(f) — un(i)).
J:(6,5)€E(G)
For p = 1, we obtain the following 1-Laplacian on graphs:

A{(n (un)(7) = Z Kij sign(un(j) — un (%)),
3:(1,4)€E(G)

, {1 if >0,
sign(z) =

—1 otherwise.

with

The oo-Laplacian on graphs is defined in [45] by

 def 1 . , . . , .
AL () () 2 5 | i (g ma(n () = 0o (). 0)) + i (g min((a () = 00 ()),0)

Now, we define the following nonlocal statistical operators, which are extensions of the classical local
operators (Mean, Max, Min, Midrange, Median):
Y Knijun(j)
. j:(1,5) € E(G)
NLMean(uy) (i) =2 ,
(1) 1) I

J:(1,9)€E(G)
NLMax(u,)(7) = max Ko max(un,(j) — un(2),0)) 4+ un(2),
(un)(2) j:(i,j)eE(G)( 5 max(un(j) (4),0)) (4) 5.3.1)

NLMin(uy,)(7) = max (Kn; max(un(t) — un(j),0)) + un(?),
() (0) = max (K ma(g(§) = ua(3).0)) + ()

NLMidrange(u,) () :%(NLMin(un)(i) + NLMax (uy,) (7)),
NLMedian(uy, ) (i) =median((V g, u,) (7)) + un(7),
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where median is the classical discrete median operator defined as follows. For x; € R and ¢ = 1...,m

) T(mi1) if m is odd,
median;<j<m{z;} = m(m§+m(m+1) (5.3.2)
£L ol it m is even.
with {x(1), -, Z(n)} a nondecreasing arrangement of {z1, ..., ¥ }.

One can see that by setting Ky;; = 1, for (i,j) € [n]?, we recover the classical statistical Mean,
Midrange, and Median filters.

Definition 5.3.1 (|1, Section 3.1]). The normalized version of the nonlocal 1-Laplacian, 2-Laplacian
and oo-Laplacian are defined as:

AR5 (up) (i) =NLMean(uy ) () — un (i),

AR (uy) (i) =NLMedian(up ) (i) — un (i), (5.3.3)
Alf(irm(un)(z) =NLMidrange(uy,)(7) — un (7).

An important observation is that these operators are related to partial operators on graphs in the
following way.
1
AR (up) (1) = ——~ AF™ (uy,) (4
n,2< n)() ,U/(Z) 2 ( TL)( )7
AR o (un) (i) = AL (un) (i),

AN(:J (up) (i) = median(V g, (u,)(1)),

(5.3.4)

where (i) is the degree of the vertex i € V.

5.3.2 Game p-Laplacian on graphs

Using the discrete version (5.3.3) of game p-Laplacian with p = 1, p = 2 and p = oo, we propose the
game p-Laplacian on graphs, which can be seen as a nonlocal version of (5.2.5). This is given by the
following equations.

AN () = {EANii2<un><z’> +EPAR (un)(i)  for2<p < oo,
Kp,p\¥'n - 2(

! - (5.3.5)
2 AR (1) () + ZL AR (un) (i) for 1 <p <2,

Using (5.3.3) and (5.3.5), the game p-Laplacian formulation on weighted graphs can be rewritten as

AN () (8) = NLA(u) () — (i), (5.3.6)

where NLA (u,,)(7) is a nonlocal average operator as

%NLMean(un)(i) + pp%zNLMidrange(un)(i),
NLA (1) 1) for2=p= oc. (53.7)
Un ) (1) = 3.
22-UNLMean(uy ) (i) + 252 NLMedian(u,) (i),

forl <p<2.
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5.4 The discrete evolution problem

5.4.1 Problem statement

Given a function g : V' — R, we study the following discrete Cauchy problem

{gtun(i,t):Aﬁjﬁpun(i,t) in VvV x[0,7T],

(,PNor,d)
Up(i,0) = gn; in V.

nloc

Our goal in this section is to study well-posedness of this problem.

5.4.2 Existence and uniqueness

The operator All\l(fip can be rewritten in the following form

AIN((::pun(i,t) = AFUn(ivt) = F(un((]l ~ i)vt)a T ,un((]m ~ i)’t)) - un(ivt)
= F(un((j ~0),1)) —un(i,t), y€ Vin(z), m <n,

where the operator F' will be described later on. We can see that f is a solution of (Pig?d

) if and only
if it is a solution of the integral equation

un(i,t) = Kgupn(i, t), (5.4.1)
where

Kqun(i,1) d:f/o e F(un((j1 ~1),t), -+ un((jm ~ 0),t))ds + e~ g(0).

We verify that the operators defined in (5.3.1) are all averaging operators according to the following

definition taken from [75].

Definition 5.4.1. Let F': R™ — R be a continuous function. We call F' an averaging operator if it
satisfies the following set of conditions :

(i) F(0,---,0)=0and F(1,---,1) = 1;

(ii) F(txy,--- ,tey) =tF(r1, - ,zy) for all t € R;

(ili) F(t+ a1, - ,t+zp) =t+ F(xy,--- ,zp) forall t € R;
)

(iv) F is nondecreasing with respect to each variable.

F
F

Based on this definition, we have the following lemma.
Lemma 5.4.2. [t holds that, if (x1,- - ,Zm), (Y1, ,ym) € R™, then
zrj <y; + max {z; —y;} forall je{l,--- ,m}.
1<j<m
Let F be an averaging operator. As a result of combining (1ii) and (iv) in definition 5.4.1, we have

F(.Tl,-~~ axm) < F(yl"" vym)+ max {xj _yj}'
1<j<m

Therefore
F(wy,eeesom) = Flyn, o ym) < max {z; —y5},
and moreover
|F (21, mm) = Flyn,- - ym)| < |z —yl| - (5.4.2)

Lemma 5.4.3. The operators defined in (5.3.1) are averaging operators.
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PROOF :
o NLMean uy,(i,t) = Fy(un((j1 ~1),t), -, un((Jm ~ 0),t)) = ﬁ > Knijun(y)-
j:(i,J)EE(G) J:(1,7)€E(G)
(i) Fi(0,---,0)=0and Fi(l, - ,1) = —5t—p— >  Ky;=1

Kni'
j:(i,j)ze:E(G) 7 j:(6,§)€E(G)
(ii) For all s € R,
1

Fistn((r ~ ), 1), stn((m ~ ),10) = —<——p— D0 Kaigsun(js)
iipeEc | FENERG)
S .
B ﬁ Z Km‘jun(],t)

J:(i,5)eB(G) " (i) €E(G)
(iii) For all s € R

Fl(s +un((j1 ~ i)’t)" 8 +un((]m ~ i)vt))

= ;K Z Knij(5+un(jvt))

j:(i,j)%E(G) 3:(i,5)€E(G)

1 .
= Y Ko (3 Z Knij + Z ijun(j,t))
§:(4,5)€BE(Q) " (i,5)€E(G) J:(1,5)EE(G
1 .
—st———7— Y Kuun(jt)
> K -
pagen@ - FEDERE)
= s+ Fi(un((j1 ~4),t), -+, un((m ~ 1), 1))
(iv) Fy is nondecreasing with respect to each variable. Indeed, for i € {1,---,m}, taking
g:V x[0,T] = R, such that g((j ~ i),t) > un((j ~ 7),t). Since the weight function Kp;;
is positive, we have

Fi(9(5,1)) = Fi(un(3,1))-

o NLMax uy,(i,t) = Faun((j1 ~ 1), 1), tn((Jm ~ ),1))
= ma (Km] max(u, () — un (i ),0)) + un (i, t).
J(Z:J E
Q) FQ(O,-~,O)—OandF( D=1

(ii) For all s € R,

FQ(SUH((jl ~ i)at)v T 78un((jm ~ i)at))

= max K, max(su,(j,t) — sup(i,t),0)) + sup(i,t
(g max(sun () = suni.£).0)) + s (0,1

= max sKpiimax((up(g,t) — up(i,t)),0)) + sun(i,t
s (5K (1) = uni 1)), 0)) + sun(i, 1)

=S max sKp;s max((un(4,t) — un(i,t)),0)) + sun (i, t
ma  (sFuy miae((un(5.) = (5. 0).0)) + s )

= SFQ(UR((jl ~ i)7t)7 T aun((jm ~ i)at))'
(iii) For all s € R,
FZ(S + un((]l ~ i)7t)7 S8t un((]m ~ i)vt))

= j:(i%gﬁ(@ (Kpijmax((s + un(j,t)) — (s + un(i,t)),0)) + (s + un(i, 1))

= max Ko max(un(7,t) — un(t,1),0)) + up(i, t) + s
s (B ma(un (5.8) = uni.£),0) + s (i, 1)

=S5+ FZ(un((]l ~ i)at)7' o 7“”((]771 ~ i)vt))'
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(iv) F» is nondecreasing with respect to each variable. Indeed, for i € {1,---,m}, taking
g:V x[0,T] = R, such that g((j ~ i),t) > un((j ~ 7),t). Since the weight function K,;;
is positive, we have

max(g(j,t) — up(i,t),0) > max(u,(j,t) — un(i,t),0)
= Km'j max(g(j, t) - un(iv t)v 0) > Knij max(un(j, t) - un(iv t)? O)
= F2(g((] ~ i)vt)) > F2(un((] ~ i)’t))'

e NLMin up(i,t) = F3(un((j1 ~9),t), -, un((Gm ~ 7),1))
=  max (Kp;max(up(i) —un(j),0)) + un(i,t). By symmetry, using the
3:(1.5)€E(G)
same arguments as before, we have that NLMin(-) is also an average operator.
e NLMidrange uy(i,t) = 5(NLMinuy, (i, t)+NLMaxu, (i, t). By construction, the operator NLMidrange(-)
is a linear combination between two averaging operators.
o NLMedianu, (i,t) = Fy(un((j1 ~1),t), -, un((Jm ~ 0),1))
= median (K (un (G, 1) — un (i, t it
J{Bf)elEa(nC”( nij (un (4, ) — un(i, ) + un(i,t))

= median (Kpiun(4,t) + (1 — Kpii)un(i,t
median. (Kt (7.6) + (1~ Koy )un(i.1)

= median(ijun((j ~ i), t) -+ (1 — ij)un(i, t))
1<j<m

If we call X; & Kpijun((j ~ 1),t) + (1 — Knij) un(i, t), then the median operator is defined as
follows

e X(i) if m is odd,

medianlgigm{Xi} = X(m§+X(m+1)
—2——2—" if mis even.

with {X(1),- -+, X(;n)} is a nondecreasing rearrangement of {X1,---, X, }.
(i) F4(0,---,0) =0, Fy(1,---,1) =1.

(ii) For all s € R,

Fy(sun((j1 ~0),t),- -, sun((jm ~ 7),t)) = mediani<;<m{sX;}

=S medianlgigm{Xi}.
(iii) For all s € R,
Fy(s +un((jr ~ i),8), -+ 55 4+ un((jm ~ ), 1)) = mediani<j<m{s + Xi}
= s+ median;<j<m{X;}.

(iv) Fj is nondecreasing with respect to each variable. It follows immediately from the definition
of the median operator.

]
Let £>°(V) be the space of bounded vectors in H (V).

Theorem 5.4.4. Assume g € (°(V). Then there exists a unique solution in C(0,T; (V) of (P1").

nloc

PROOF : By construction, the operator All\gp defined in (5.3.1) is a linear combination of averaging

operators, and is in turn itself an averaging operator. It then follows from Lemmas5.4.3 and 5.4.2 that
AIN(?;p is Lipschitz continuous on £°°(V'). This allows us to conclude immediately applying the Cauchy
Lipschitz theorem. (Il
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5.5 Numerical experiments

In this section, we illustrate the behavior of the normalized p-Laplacian operator presented in this
chapter, through the associated discrete Cauchy problem on graphs. The experiments provided are
not here to solve a particular problem but rather to highlight the potentialities of this operator.

For this, we solve the discrete evolution Cauchy problem (PNOT’d

o) for which the initial function g is

application-dependent.

To solve (Pﬂooi’d) iteratively we use an explicit forward Euler time discretization:

a . ul (@) —ul (i
aun(z,t) == ( )At n( ), (5.5.1)
with /(i) = u, (i, hAt), h € [N].
Hence, we can try to solve (Pﬂgi’d) by the following iteration scheme:
up (i) = ul (i) + At AR julk(i) in V, (5.5.2)
ud (i) = gpi in V.
Using All\gp = NLA (uy) — up, and setting At = 1, we get the nonlocal average filter
2 hi- -2 . hi-
() = g( I\EIIJ)Mean up (i) + 2= 1;ILM1drange up(i) for 2 <p<oo, (5.5.3)
=£— NLMean ul (i) + =2 NLMedian ul(i) for 1<p<2.
5.5.1 Weighted graph construction
There exists several popular methods to transform discrete data {u1,--- ,u,} into a weighted graph

G. Considering a set of vertices V(G), the construction of such graphs consists in modeling the
neighborhood relationships between the data through the definition of a set of edges E and using a
pairwise distance measure d : V(G) x V(G) — RT. In the particular case of images, the ones based
on geometric neighborhoods are particularly well-adapted to represent the geometry of the space, as
well as the geometry of the function defined on that space. One can quote:
e Grid graphs which are most natural structures to describe an image with a graph. Each pixel is
connected by an edge to its adjacent pixels. Classical grid graphs are 4-adjacency grid graphs
and 8-adjacency grid graphs. Larger adjacency can be used to model nonlocal neighborhoods.

e k-nearest neighborhood (nn) graphs where each vertex is connected with its k-nearest neighbors
according to d. Such construction implies to build a directed graph, as the neighborhood rela-
tionship is not symmetric. Nevertheless, an undirected graph can be obtained while adding an
edge between two vertices ¢ and js if ¢ is among the k-nearest neighbors of j or if j is among the
k-nearest neighbors of i (see Example 2.1.10).

The weights of the edges will capture the similarity between vertices such that
Ko {s@,j) if (i,5) € B(G),
nij —

(5.5.4)
0, otherwise,

where is : F(G) — RT is a similarity function. Typically, one can choose:

e so(i,j) =1
. g . . . . T
o s1(i,j) =€~ o with o > 0, where d is a metric controlling the similarity between edges, and o

is a scale parameter.

e For patch-based methods, the similarity function is

o _d(i,)?
82(17.7) =€ o2 s
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Original

Local K, =1 Local K, = color Nonlocal K,, = patch

Figure 5.1: Colored point cloud filtering with the Normalized p-Laplacian AIN(‘::p. First column presents

results with a local knn-graph (with £ = 5 and K,, = 1). Second column presents results under the
same configuration but with different similarity function (K, =color, which depends on the color
similarity between two different 3D-points). The last column presents nonlocal results obtained with
a larger neighborhood (with K, depending on patches). In all cases results are provided for p = 1,
p=2,p=10and p = oo.
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where now d(i,j) = ||P(j) — P(i)||,, and P : i € V ~ P(i) € R™ is the patch extraction
operator at i. For each node/vertex i, P(i) is an m-dimensional real vector containing, e.g.,
spatial coordinates, intensities, etc., of the neighbours of i. This definition of patches is valid
only for grid-graphs and cannot be considered for arbitrary graphs. To compute the patch on a
3D point cloud, the reader is referred to [81].

5.5.2 Results

Figure 5.1 and Figure 5.2 show respectively filtering effects on an image and a colored point cloud by
implementing (5.5.3) with several parameters. The weight functions K, are computed from the colors
of images or the point cloud. Results are shown with K,, = sy (constant weight), K,, = s1 (color-based)
and K, = so (patch-based).

When K, # 1, an adaptive filtering processing (taking into account the difference of the colors in the
image/ point cloud) is obtained that can better preserve some features of the graph signal, depending
on the graph weights. When patch-based weights (K, = s2) are considered, repetitive (or texture)
patterns are better preserved while providing the usual expected simplification effects.
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Original

Nonlocal K, = patch

Figure 5.2: Colored image filtering with the Normalized p-Laplacian AIN{T’ﬁp. First column presents

results with a local 8-adjacency grid graph where each pixel is characterized by it’s grayscale value
(with K, = 1). Second column presents results under the same configuration but with different
similarity function (K, =color, which depends on the color similarity between two different pixels).
The last column presents nonlocal results obtained with a larger neighborhood (with K, depending
on patches). In all cases results are provided for p =1, p =2, p =10 and p = cc.
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The nonlocal p-Laplacian Variational
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Chapter 6

(General Error Bound

Main contributions of this chapter

» We establish well-posedness of (VP 0c)-

» We give a general error estimate in L?(Q) controlling the error of between the continuous
extension of the numerical solution to the discrete variational problem (V7Y ) and its
continuum analogue of (VPoc) (Theorem 6.3.2).

» The dependence of the error bound on the error induced by discretizing the kernel and

the initial data is made explicit.

These results are part of [67].
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6.1 Introduction

6.1.1 Problem statement

Let us recall the variational problem we introduced in Section 1.1.1

. def 1 2
uEHLl%r(lQ) {E)\(U,g, K) = ﬁHu - gHL2(Q) =+ Rp(uv K)} ) (Vpnloc)
def 1 p
2p 02

where p € [1,+oo[ and K and (2 satisfy assumptions (A.1)-(A.2).

Here A is a positive regularization parameter that balances the relative importance of the smoothness
of the minimizer and fidelity to the initial data. The chief goal of this chapter is to study numerical
approximations of the nonlocal variational problem (VP,.), which in turn, will allow us to establish
consistency estimates of the discrete counterpart of this problem on graphs in Chapter 7.

In the context of image processing, smoothing and denoising are key processing tasks. Among the
existing methods, the variational ones, based on nonlocal regularization such as (VPyoc), provide a
popular and versatile framework to achieve these goals. In image processing, such variational problems
are in general formulated and studied on the continuum and then discretized on sampled images. On
the other hand, many data sources, such as point clouds or meshes, are discrete by nature. Thus,
handling such data necessitates a discrete counterpart of (VP 0c), which reads

. def 1 2
i { B 5= 0+ Rl )} VP
where .
def 1 p
Ry p(un, Kn) = m Z ij|unj - Um} . (6.1.2)

ij=1

Our aim is to study the relationship between the variational problems (VP,,.) and (VPglOC). More
specifically we aim at deriving error estimates between the corresponding minimizers, respectively u*

*
and .

6.1.2 Relation to prior work

Nonlocal regularization in machine learning The authors in[59] studied the consistency of
rescaled total variation minimization on random point clouds in R¢ with a clustering application.
They considered the total variation on graphs with a radially symmetric and rescaled kernel K (z,y) =
e=4J((x—y)/e), e > 0. This corresponds to an instance of R, , for d = 1 and p = 1. For an appropriate
scaling of € with respect to n and under some assumptions on J, those authors they proved that the
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discrete total variation on graphs I'-converges in an appropriate topology, as n — oo, to weighted
local total variation, where the weight function is the density of the point cloud distribution. This
work were extended in [99] to the graph p-Laplacian for semisupervised learning in R?. More precisely,
the authors considered a constrained and penalized minimization of R, , with a radially symmetric
and rescaled kernel as explained before. They investigated asymptotic behavior when the number of
unlabeled points increases, with a fixed number of training points. They uncovered ranges on the
scaling of & with respect to n for the asymptotic consistency (in I'-convergence sense) to hold. For
the same problem, the authors of [2| obtained iterated pointwise convergence of graph p-Laplacians to
the continuum p-Laplacian; see[99] for a thorough review in the context of machine learning. Note
however that all these results on asymptotic behavior of minimizers do not provide any error estimates
for finite n and do not provide precise guidance on what € would lead to best approximation.

Nonlocal regularization in imaging Several edge-aware filtering schemes have been proposed in
the literature [113, 100, 106, 101]. The nonlocal means filter [8] averages pixels that can be arbitrary
far away, using a similarity measure based on distance between patches. As shown in [103, 92|,

these filters can also be interpreted within the variational framework with nonlocal regularization
d

functionals. They correspond to one step of gradient descent on (VP .

) with p = 2, where K,;; =
J(x; — x;) is computed from the input noisy image g using either a distance between the pixels x;
and x; {113, 106, 101] or a distance between the patches around z; and x; [8, 104]. This nonlocal
variational denoising can be related to sparsity in an adapted basis of eigenvector of the nonlocal
diffusion operator [39, 104, 92]. This nonlocal variational framework was also extended to handle
several linear inverse problems [103, 62, 32, 63]. In[94, 52, 112], the authors proposed a variational
framework with nonlocal regularizers on graphs to solve linear inverse problems in imaging where both

the image to recover and the graph structure are inferred.

Consistency of the ROF model For local variational problems, the only work on consistency that
we are aware of is the one of [109] who studied the numerical approximation of the Rudin-Osher-Fatemi
(ROF) model, which amounts to minimizing in L?(£2?) the well-known energy functional

1

E(v) = ﬁ”“ - 9”%2(92) + HUHTV(QQ)’

where g € L?(Q?), and || - HTV(QQ
between the continuous solution and the solutions to various finite-difference approximations to this

) denotes the total variation seminorm. They bound the difference

model. They gave an error estimate in L?(0?) of the difference between these two solutions and showed
S

that it scales asn 2(st1)  where s €]0, 1] is the smoothness parameter of the Lipschitz space containing
g.

However, to the best of our knowledge, there is no such consistency result in the nonlocal variational
d

loe) With error

setting. In particular, the problem of the continuum limit and consistency of (VP
estimates is still open in the literature. It is our aim in this work to rigorously settle this question.

6.2 Well-posedness

Before carrying out the consistency of (VP ), we need to ensure the existence and uniqueness of a
solution, that is, the absolute minimizer of problem (VP j,.). We have the following result:

Theorem 6.2.1. Suppose that p € [1, 400, K is a nonnegative measurable and bounded mapping, and
g € L*(Q). Then, E\(-, 9, K) has a unique minimizer in {u € L*(Q): Ry(u,K) < (2)\)_1HgHi2(Q)},

and Ep \(-, gn, Krn) has a unique minimizer.

PROOF :  The arguments are standard (coercivity, lower semicontinuity and strict convexity) but we
provide a self-contained proof (only for Ex(-, g, K)). Let {uj}, . be a minimizing sequence in L?(Q).
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By optimality and Jensen’s inequality, we have

H“Mi%m <2 (2)‘EA(“279’K) + Hﬂ’i?(ﬂ)) <2 (”‘EA(ng’K) + HQH;(Q)) = 4H9Hi2(9) < +oo0.
(6.2.1)
Moreover

* * 2
Ry (uj, K) < Ex(uj,9,K) < Ex(0,9, K Hg||L2(Q) < 400. (6.2.2)

1
)=
Thus HuZH 12(9) is bounded uniformly in k so that the Banach-Alaoglu theorem for L?(£2) and com-
pactness provide a weakly convergent subsequence (not relabelled) with a limit @ € L?(2). By lower
semicontinuity of the L?(Q2) norm with respect to weak convergence and that of R,(-, K), & must be
a minimizer. The uniqueness follows from strict convexity of H . HiQ @) and convexity of R,(-, K). O

Remark 6.2.2. Theorem6.2.1 can be extended to linear inverse problems where the data fidelity
in £,(0, g, K) is replaced by H g—AuHi2 ()’ and where A is a continuous linear operator. The case where
A : L%(Q) — L?(Y) is injective is immediate. The general case is more intricate and would necessitate
appropriate assumptions on A and a Poincaré-type inequality. For instance, if A : LP(Q) — L?(%),
and the kernel of A intersects constant functions trivially, then using the Poincaré inequality in |7,
Proposition 6.19], one can show existence and uniqueness in LP(Q2), and thus in L?(Q) if p > 2. We
omit the details here as this is beyond the scope of the manuscript.

We now turn to provide useful characterization of the minimizers v* and wy. We stress that the
minimization problem (VP,,.) that we deal with is considered over L?(2) (L%(Q) C LP(Q2) only for
p € [1,2]) over which the function R,(-, ) may not be finite. In correspondence, we will consider the
subdifferential of the proper lower semicontinuous convex function R, (-, K) on L%(2) defined as

OR,(u, K) {n € L2(Q): Ry(v,K) > Ry(u, K) + (1,0 — ) 50, Y0 € L2(Q)} :

()
and ORy(u, K) = 0 if Ry(u, K) = 400.

Lemma 6.2.3. Suppose that the assumptions of Theorem 6.2.1 hold. Then u* is the unique solution
to (VPuioe) if and only if

w* = proxys, (o) (9) 2 (L4 AIR,( K)) ™" (9). (6.2.3)

Moreover, the prozimal mapping proxyg, (. i is non-expansive on L3(Q), i.e., for g1,g0 € L?(Q), the

)

corresponding minimizers uf,u} € L*(Q) obey

[0l = 3]l ooy < llor = 92l 2 (6.2.4)

d

Toc) as well.

A similar claim is easily obtained for (VP

PrROOF :  The proof is again classical. By the first order optimality condition and since the squared
L?(2)-norm is Fréchet differentiable, u* is the unique solution to (VP..) if, and only if,

1
0€ 55 (u" — g) + OR,(u, K),

and the first claim follows. Writing the subgradient inequality for ] and w5 we have
Ry(u3, K) 2 Ry(uf, K) + (g1 —uf,u — wt) oy
RP(“T? K) > Rp(u§> K) + <g2 - U;, u){ - u§>L2(Q)
Adding these two inequalities we get

|| us — UYHQLQ(Q) < (u3 — uj, g2 — 91>L2(9>’
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and we conclude upon applying Cauchy-Schwartz inequality. O

We now formally derive the directional derivative of R, (-, K') when p €]1,4o00[. For this the sym-
metry assumption on K is needed as well. Let h € L?(€2). Then the following derivative exists

R+t Ko =5 [ K [u(y) = u(@) ™ () = u(@)(0(9) — o(o)dody

Since K is symmetric, we apply the integration by parts formula in[66, LemmaA.1| (or split the
integral in two terms and apply a change of variable (z,y) — (y,x)), to conclude that

SR+t K)o == [ K(e,) ) = @) (u(y) — u(o))o(o)dady = (AF0) g

where

A = [ K lulo) — ula) (uly) ~ o)y

is precisely the nonlocal p-Laplacian operator, see |7, 66]. This shows that under the above assumptions,
Ry(-, K) is Fréchet differentiable (hence Gateaux differentiable) on L?(2) with Fréchet gradient Azlv{ .

6.3 Error estimate for the discrete variational problem

6.3.1 Projector and injector

Let us recall the subdevision of €2 into n intervals

n

n’'n n 'n " n

and recall Q,, = {an),i € [n]} and ij") o Qg") X an). Without loss of generality, we assume that the
(n)

points are equispaced so that \an)| = 1/n, where |Q£n)| is the measure of ;. The discussion can be
easily extended to non-equispaced points by appropriate normalization; see Section 7.3.

We also consider the operator P, : L'(Q) — R”
o 1
(Pyv); & / v(x)dz.
] Jaf

This operator can be also seen as a piecewise constant projector of v on the space of discrete functions.
For simplicity, and with a slight abuse of notation, we keep the same notation for the projector
P, : LY(Q?) — R,

We assume that the discrete initial data g, and the discrete kernel K,, are constructed as

def

gn = Png = (gn17 T agnn)T and K, = P, K = (Knij)lgi,jgnv (631)

where
1
o]

1
/Q(") g(z)dz and Kpij = (PK)ij = —— /Q(n> K(z,y)dzdy. (6.3.2)

Ini = (Png)i =
fole

As we mentioned previously, our aim is to study the relationship between the minimizer u* of
E\(-, 9, K) and the discrete minimizer u}, of E,, (-, gn, K») and estimate the error between solutions of
discrete approximations and the solution of the continuous model. But the solution of problem (VP )

being discrete, it is convenient to introduce an intermediate model which is the continuous extension of
the discrete solution. Towards this goal, we consider the piecewise constant injector I,, of the discrete

— 95 —



Chapter 6 6.3. Error estimate for the discrete variational problem

functions v} and g, into L?(Q2), and of K,, into L>(2?), respectively. This injector I,, is defined as

def
nun Z uanQ(n)

ngn def Z ngQ(n) (633)
m y = Z Z Km]XQ(n) Q(n) (fL‘ y)
=1 j=1

where we recall that y¢ is the characteristic function of the set C, i.e., takes 0 on C and 1 otherwise.

With these definitions, we have the following well-known properties whose proofs are immediate
using the H : an norm defined in (4.0.1) with the usual adaptation for ¢ = +oc.

Lemma 6.3.1. For a function v € L4(R2), q € [1,4+00], we have

[ Pav]],, < (6.3.4)
and for v, € R"
1Znvall oy = llonll- (6.3.5)
In turn
HI”P"UHLQ(Q) = HUHLq(Q)' (6.3.6)

It is immediate to see that the composition of the operators I, and P, yields the operator Py, = I, P,
which is the orthogonal projector on the subspace V,, o Span {XQ<_n> RS [n]} of L'(Q2).

6.3.2 Main result

Our goal is to bound the difference between the unique minimizer of the continuous functional F) (-, g, K)
defined on L?(Q) and the continuous extension by I, of that of Ep(; gn, Ky). We are now ready to
state the main result of this section.

Theorem 6.3.2. Suppose that g € L*(Q) and K is a nonnegative measurable, symmetric and bounded
mapping. Let u* and u} be the unique minimizers of (VPuoc) and (VPMOC) respectively. Then, we

have the following error bounds.
(i) If p € [1,2], then

1wty = 0oy < € (Hg = Ingnl|g2() + 19 = Tnnll oy + 1K = InKal| 2,

(6.3.7)
sl = npa )
where C s a positive constant independent of n.
(i3) If inf(, yeq2 K(7,y) > & > 0, then for any p € [1,+o0],
[ Tnur, — U*HiQ(Q) <C (Hg - Ingnui%ﬂ) +1lg - I”g"HL2(Q) +[|K - InKnHLoo(m) (6.3.8)

+ HU* — I"P"U*HLP(Q)) 3

where C' is a positive constant independent of n.

Observe that 2/(3 —p) < p for p € [1,2]. Thus by standard embeddings of L?(2) spaces for 2
bounded, we have for p € [1, 2]

1K~ kol o o K~ Tl ey and o~ LR o < o = LPoar

02) HLﬁ(Q) =

L2- p(Q2

- 96 —



Chapter 6 6.3. Error estimate for the discrete variational problem

which means that our bound in (6.3.7) not only does not require an extra-assumption on K but is
also sharper than (6.3.8). The assumption on K in the second statement seems difficult to remove or
weaken. Whether this is possible or not is an open question that we leave to a future work.

PROOF :

(i) Since E)(-, g, K) is a strongly convex function, we have

1 2
o s = || Laq) < Ex(Inur; 9, K) = Ex(u”, 9, K)

< (E)\(Inu:w g, K) - En,)\(u:ngn7 Kn)) - (E)\(U*7ga K) - En,)\(u:w gn, Kn))
(6.3.9)

A closer inspection of Ey and E,,  and equality (6.3.5) allows to assert that
Ex(Inuy, Ingn, InKy) = En x(uh, gn, Kp). (6.3.10)

Now, applying the Cauchy-Schwarz inequality and using (6.3.10), we have

Ex(Tng 9, K) = || it — oy + RpTutih, K)
= ol = gl ooy + 3Tt = Tngs Ta = 9) )
+ o5 1Engn = 9[22 0y + Rollnuit, K)
< ol = Tl + 3 1t = Tl o oy [ = 9l
+ %angn - gHiQ(Q) + Ry(Iyul, K)
< En(up, gn, Kn) + %angn ~ 952+ %HIW; = Innl| 2y [ 1n9n = 9l 12
+ (Rp(Inu), K) — Ry(Inul, I, Ky,))

1 1
< En,A(“ngna Kn) + 5HIngn - gHiQ(Q) + XHInU:L - IngnHLQ(Q)HIngn - gHLQ(Q)
1

T

[ () = Tk ) [T ) — i o)y
Q

(6.3.11)
As we suppose that g € L2() and since I,uZ is the (unique) minimizer of E(-, I,gn, I, K,) (by
virtue of (6.3.10)), it is immediate to see, using (6.3.6), that

1 1
o [T, = Lngn| 20 < o7t = Ingn| 20y + Bo( Lty TnK)
< E)\(O, Ingna InKn)

1 2
= ﬁHIngnHm(Q)

1
ﬁHI”P”gHi%Q)

1 2
55§XH9HL%Q)<'+“%
and thus
[ Ty, — I”g”HL2(Q) < HQHLQ(Q) Zan. (6.3.12)
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Since p € [1,2], by Holder and triangle inequalities, and (6.2.1) applied to I,u}, we have that

[, () - 1) i) ~ )P oy

p/2
< = Lol g (] V00 = Do o) Pty )

6.3.13
< 1K~ Bl 2 (0519
gzszInpngH HK IKn}|L2pm)
< g2 HK LBl 2y g = Col K = Tl

where Cy = 22°CP.
We now turn to bounding the second term on the right-hand side of (6.3.9). Using (6.3.6) and

the fact that v is the (unique) minimizer of (VP9 ), we have

E)\(Inuzalngn;InKn) < E)\(Inpnu* IngnyjnKn)
1
= ﬁHjnpnu —1I PngHL2 + Ry(InPpu*, I, Kp)

1

< —|lu* gHL2 + Ry(u*, K) + Ry(I,Pou*, I, K,) — Ry(u*, K)
< Ex\(u*,9,K) + (Ry(InPou*, K) — Ry(u*, K))

+ (Ry (I, Pou*, I, K,,) — Ry(I, Pou*, K)).

(6.3.14)
We bound the second term on the right-hand side of (6.3.14) by applying the mean value theorem

on [a(x,y),b(x,y)] to the function t € RT +— P with a(x,y) = |u*(y) — v*(z)| and b(z,y) =
L, Pou*(y) — I, Pou*(z)]. Let n(z,y) = pa(z,y) + (1 — p)b(z,y), p € [0,1], be an intermediate
value between a(x,y) and b(z,y). We then get

|Ry(InPou*, K) — Ry(u*, K))|

= ‘ 0 K(I‘,y) (}InPnU*(y) - InPnU*(:E)lp - ‘U*(y) - U*(x)’p) dl‘dy}

=1 /Q K (@, y)n(e,y)" ™ ([LnPa (y) = P (2)] = |u*(y) = w(2)]) dody| (6 5 15

<0Ch [ nta)| (P () = () = (1P (@) = (2) | dody
<2Cs [ nle P (@) o @) dod

where we used the triangle inequality, symmetry after the change of variable (z,y) — (y, ), and
boundedness of K, say HK H Loo(02) < 3. Thus using Holder and Jensen inequalities as well
as (6.3.6), and arguing as in (6.3.13), leads to

o(InPou*, K) — Ry(u*, K))|

< QPCSHU‘ i;(lgz) HU* - InPnu*HLﬁ(Q)
p—1
< 20Cy (pllall oy + (0 = Dbl age) Il = P e (6.3.16)
< 2p03||aHI;(192) H“* - I”P"U*HL%(Q)
< 92p— 1p03Hg‘ L2(Q Hu* — I”Pnu*HL?,%p(Q) = C4Hu* - Inpnu*HL%p(Q)

where Cy & 220-1pCP~ 1
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Chapter 6 6.3. Error estimate for the discrete variational problem

To bound the last term on the right-hand side of (6.3.14), we follow the same steps as for
establishing (6.3.13) and get

|Ry(InPyu*, InKy,) — Ry(I,Pou*, K)|
< /Qz ’K(xay) - InKn(x,y)HInPnU*(y) - InPnu*(x)‘pdxdy (6.3.17)

< Oo||K — I K|

L5 (02)
Finally, plugging (6.3.11), (6.3.12), (6.3.13), (6.3.14), (6.3.16) and (6.3.17) into (6.3.9), we get
the desired result.

(ii) The case p > 2 follows the same proof steps, except that now, we need to modify inequali-
ties (6.3.13), (6.3.16) and (6.3.17) which do not hold anymore.
Under our assumption on K, and using (6.2.2), (6.3.13) now reads

[ VG = )| ) = D )Py

SKJlHK—InKnHLm(m)/ I,Ky(x,y |I up (y) — Inuy, )‘pdmdy (6.3.18)
= 6| K — LK oo g2y Ro(Intth, InEn)
< (2A0) T CE || K = LK | oo 2
where C = HgHL2(Q) as in the proof of (i).
Applying Holder inequality in (6.3.15) and using again (6.2.2) and the assumption on K, we
obtain

|Ry(InPou*, K) — Ry(u*, K)|

(r—1)/p
< 2pCs </ﬂ2 | I Pru*(y) — InPnU*(x)‘pdxdy> [Ju* — InP”u*HLP(Q)
(p=1)/p
< 2x7P)/PpCy </m Ln K (2, y)| Tn Pru*(y) — InPnu*(iU)\pdedy) [ = In Pav*|[ 1
= 2K(1—p)/pp03 (Rp(Inuy, InKn))(pil)/p HU* - InPnu*HLp(Q)

2020) P PpCCITTI | |ut — 1P|
(6.3.19)
To get the new form of (6.3.17), we use (6.3.6), (6.2.2) and the assumption on K to arrive at

|R,(I,Pyu*, I,K,) — Ry(I,Pyu*, K)|

< / ’K(l‘, y) — LKy (z, y)HInPnU*(y) - InPnU*(x)‘pdxdy
02

< = Dol | 00 = o0 Pty (6320

KK = LB | Kol () = (e Py

FHE = L] oo 2 B (", )
< (2A%) ' CF||K - LK, | L 02y

Plugging now (6.3.11), (6.3.12), (6.3.14), (6.3.18), (6.3.19) and (6.3.20) into (6.3.9), we conclude
the proof.
]
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Chapter 6 6.3. Error estimate for the discrete variational problem

6.3.3 Regularity of the minimizer

Thee error bound of Theorem 6.3.2 contain three terms: one which corresponds to the error in discretiz-
ing g, the second is the discretization error of the kernel K, and the last term reflects the discretization
error of the minimizer u* of the continuous problem (VPoc). Thus, this form is not convenient to
transfer our bounds to networks on graph and establish convergence rates. Clearly, we need a control
on the term || I, Pyu* — u*HLq(Q) on the right-hand side of (6.3.7)-(6.3.8). This is what we are about
to do in the following key regularity lemma. In a nutshell, it states that if the kernel K only depends
on |z — y| (as is the case for many kernels used in data processing), then as soon as the initial data g
belongs to some Lipschitz space, so does the minimizer u*.

Lemma 6.3.3. Suppose g € L*>(Q)NLip(s, L1(Q)) with s €]0, 1] and q € [1,400]. Suppose furthermore
that K(x,y) = J(|z — y|), where J is a nonnegative bounded measurable mapping on €.

(i) If q € [1,2], then u* € Lip(sq/2, L1(Q2)).

(ii) If q € [2,+0oc], then u* € Lip(sq/2, L*(Q)).

The boundedness assumption on g can be removed for ¢ = 2.
def

PROOF :  We denote the torus T = R/2Z. For any function v € L?(Q2), we denote by 4 € L?(T) its
periodic extension such that

if €10,1],
a(x) = 4@ i @0l (6.3.21)
u(2—2x) if z€)l,2],
In the rest of the proof, we use letters with bars to indicate functions defined on T.
Let us define
_  —get 1 2 -
E)\/Q(Ua g, ‘]) = XHU - gHL2(T) + Rp(va J)
where
== der 1 = _ _
Ro(@. 7)™ o [ 3= yD]o(y) - o(e) ' dady.
P Jr2
Consider the following minimization problem
min E) 5(v,7,J), (6.3.22)

v€L?(T)

which also has a unique minimizer by arguments similar to those of Theorem 6.2.1. Since u* is the
unique minimizer of (VPoc), we have, using (6.3.21),

n * = 7T 2 * 2 *
E)\/Z(u » 95 J) = XHU - gHLQ(Q) + 4Rp(u ) J)
=4E5\(u", g, J) (6.3.23)
< A4E\(v,g9,J),Yv # u*
= E)\/Q(T)?gv j)7v® 7é d*v
which shows that u* is the unique minimizer of (6.3.22). Then, we have via Lemma 6.2.3
We define the translation operator
(Thv)(x) = v(z + h),Vh € R.

Now, using our assumption on the kernel K, that is K (x,y) = J(Jxr—y|) (then invariant by translation),
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Chapter 6 6.3. Error estimate for the discrete variational problem

and periodicity of the functions on T, we have

E/\/Q(U Thga *HU Th9HL2 (T) +R (v, J)
= XHTh(T—hE*g)HLQ(T)
+/ J(jz —yD|o((y + h) — h) — 5((z + h) — h)|["dzdy
T2

1 _
:;gw%@—m@mm+/“ﬂu—ymTwmm—oxmumﬂmw
T2

= %HT—hﬁ - §Hizm + /T2 J(|z — y)|T-nv(y) — T-po(2)|"dzdy
= By o(T-40,3,J).
This implies that the unique minimizer v* of E,\/Q(o, T1,g,J) given by (see Lemma 6.2.3)

U = prox, o (. 7)(Th), (6.3.25)
is also the unique minimizer of F\ s2(T—p+, 9, J). But since E) 1205 9, J) has a unique minimizer u*, we
deduce from (6.3.24) and (6.3.25) that

Thproxy jop (. 7) (9) = ProX, R (. 7) (Thg). (6.3.26)

That is, the proximal mapping of A/2R,(-,J) commutes with translation.
We now split the two cases of ¢.

(i) For q € [1,2]: combining (6.3.24), (6.3.26), (6.2.4), [66, Lemma C.1] and that L?(Q2) C L(Q2), we
have - B
[ Thu* = w*[| Loy = [[Proxy o, .70 (Thd) = Proxy jog . 7 (D) Loy
< HPTOXAQR,,(.J) (Thg) — PTOXy /9 R, (-,7) (9) HL2(’]1‘) (6.3.27)
< || Thg = 3l L2y -

< llall = HThg 2ty < O1lIThg — a2t
Let Q, < {z € Q: x+ h € Q}. Recalling the modulus of smoothness in (2.3.1), we have

oy

w0 0 g [T = % Co o | =

q/2
< C1Cy (sup 1743 — 3l o ) (6.3.28)

= C1Cow(g,t )q/Q
< C10(Caw(g, t)4)Y>.

We get the last inequality by applying the Whitney extension theorem [41, Ch. 6, Theorem 4.1].
Invoking Definition 2.3.1, there exists a constant C' > 0 such that

q/2
ef * —s * 2
|u* |Llp (5q/2,L9(2) e s1>110)t Q/Zw(u ) < C (iggt w(u ,t)q> <C |9|%{p (s,L(Q)) * (6.3.29)

whence the claim follows after observing that u* € L?(Q) c Li(Q).
(ii) For q € [2,400], we argue as in (6.3.27) to show that
_ _ _ _yq/2
|Tha* = vl oy < CullThd = 97y
The rest of the proof is similar to that of (i).
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Chapter 6 6.3. Error estimate for the discrete variational problem

O

In view of the regularity Lemma 6.3.3 and Theorem 6.3.2, one can derive convergence rates but only
for p € [1,2]. Indeed, the approximation bounds of Lemma2.3.2 cannot be applied to u* — I,, P,u* for
p > 2 since the bound in Theorem 6.3.2(ii) is in the LP(£2) norm while Lemma6.3.3 proves that u* is
only in Lip(sq/2, L?(£2)). In particular, one cannot invoke (2.3.3) since there is no guarantee that u*
is bounded. This is the reason why in Chapter 7, we will only focus on the case p € [1,2].
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Chapter 7

Convergence Rates for Networks on
Convergent Graph Sequences

Main contributions of this chapter

» We apply the error estimate of Chapter 6 to networks on simple and weighted dense
graphs and we show that the approximation of minimizers of the discrete problems on
simple and weighted graph sequences converge to those of the continuous problem.

» Under very mild conditions on the kernel and the initial data, typically belonging to
Lipschitz functional spaces, precise convergence rates are exhibited.

» We study networks on random inhomogeneous graphs. We establish nonasymptotic
convergence claims and give the rate of convergence of the discrete solution to its con-
tinuous limit with high probability under the same assumptions on the kernel and the
initial data.

» We reveal the role of the data regularity /geometry of the graph models and the param-
eter p on the rate of convergence.

These results are part of [67] .
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In this chapter, we present an analysis of networks on convergent graph sequences for the variational
p-Laplacian problem. Our results include three main parts: We show that the approximation of
minimizers of the discrete problems on simple and weighted graph sequences converge to those of the
continuous problem.This sets the question that solving a discrete variational problem on graphs has
indeed a continuum limit. Under very mild conditions on K and g, typically belonging to Lipschitz
functional spaces, precise convergence rates can be exhibited. These functional spaces allow to cover a
large class of graphs (through K') and initial data g, including those functions of bounded variation. For
simple graph sequences, we also show how the accuracy of the approximation depends on the regularity
of the boundary of the support of the graph limit. Finally, building upon these error estimates, we
study networks on random inhomogeneous graphs. We combine them with sharp deviation inequalities
to establish nonasymptotic convergence claims and give the rate of convergence of the discrete solution
to its continuous limit with high probability under the same assumptions on the kernel K and the
initial data g.

7.1 Networks on simple graphs

Recall the construction of the simple graph model {G), },en+ described in Section 2.1.3.1. The discrete
counterpart of (VP o) on the graph Gy, is then given by

. def ]- 2 1 d
u{LnElﬂr{}n En,)\(un,gn, Kn) = m“u” B g”HZ + ﬁ o Z ‘unj - uni‘p ) (Vps,nloc)
0,5:(1,4)EE(Gn)
where the initial data g, is given by (6.3.2). For this model, I, K,(x,y) is the piecewise constant
function such that for (x,y) € QZ(-;-L), (i,7) € [n]?
Q(ln)|/ (n)K(m,y)d:Edy if Ql(?) N supp(K) # 0,
InKn(xvy) = v 2
0 otherwise.

(7.1.1)

Relying on what we did in Sectionsimplegraphs, the rate of convergence of the solution of the discrete
problem to the solution of the limiting problem depends on the regularity of the boundary bd(supp(K))
of the support closure. Recall the upper box-counting (or Minkowski-Bouligand) dimension p defined
in (4.2.3).

Theorem 7.1.1. Assume that p € [1,2], g € L*(Q). Let u* and u} be the unique minimizers of
(VPuioc) and (VP‘{nloc), respectively. Then, the following hold.

(i) We have

[y, — u*HLQ(Q) noaho V-
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Chapter 7 7.1. Networks on simple graphs

(ii) Forp € [1,2[: assume moreover g € L*(Q) N Lip(s, L1(QY)), with s €]0,1] and q € [2/(3 — p), 2],
that p € [0,2[ and that K(z,y) = J(|lz — y|), Y(z,y) € Q2, with J a nonnegative bounded
measurable mapping on Q. Then for any € > 0 there exists N(€) € N such that for any n > N(e)

*[|2 — min{sq/2,(2—p)(1— 2t
—u HL2(Q)) <Cn {sa/2,(2-p)(1-2} )}’

HInu:L
where C' is a positive constant independent of n.

(11i) For p = 2: under the same assumptions as (i), we have

HInu:L . u*HiQ(Q)) < Cvnfmin{sq/Q,Z}7

where C' is a positive constant independent of n.

PROOF :
(i) In view of (6.3.2), by the Lebesgue differentiation theorem (see e.g. [89, Theorem 3.4.4]), we have

Ingn(2) — g(x),  Inbpu®(z) — w*(z) and I Ky(z,y) — K(z,y)

n—oo

almost everywhere on Q and Q?, respectively. Combining this with Fatou’s lemma and (6.3.6),

we have
2
ol = ] |lim, faon(e)|"ax = /thngflfngn< o)l do
< hmsup HInPngHiQ(Q) < Hg”i?(ﬁ)
which entails that lim,, oo HlngnHL2 = HgHLQ(Q) Similarly, we have lim,,_, HI P,u* HL3 5 @) —

H HL37 " Since g € L*(Q), u* € L*(Q) C L5s (©) (Theorem6.2.1), we are in position to
apply the Rlesz—SCheffé lemma |74, Lemma 2| to deduce that

00 = 90y 2, 0 nd [aPu =] s, .

Observe that for simple graphs, I,, K, is not an orthogonal projection of K (see (7.1.1)) and thus,
the above argument proof used for g and u* does not hold. We argue however using the fact that
K is bounded, |Q| < oo, and that Vn and (z,y) € Q2, |I,K,(z,y)| < HKHLOO(Q). We can thus
invoke the dominated convergence theorem to get that

| InKn — K

H 2 —
L2-7(Q2) n—oo
Passing to the limit in (6.3.7), we get the claim.
(ii) In the following C' is any positive constant independent of n. Since g € L*°(Q2) N Lip(s, L4(12)),
g < 2, and we are dealing with a uniform partition of (|Ql(n)| = 1/n, Vi € [n]), we get using
inequality (2.3.3) that

[Zngn = gl 1y < Cn—smn09/2 = Cn~sa/2, (7.1.2)

By Lemma6.3.3(i), we have u* € L1p(sq/2, L1(Q)), and it follows from (2.3.2) and the fact that
q>2/(3—p) that

[T Po = || 2 @ < [ 1Pt = | iy < O (7.1.3)

Combining (7.1.2) and (7.1.3), we get

1709n =312 0 | 79— 9| 2+ [T P =¥ < C(n~*4n /%) < Cn =592, (7.1.4)

L35 (Q)
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(n)
ij

It remains to bound HK -1, K, HL 2 @)’ For that, consider the set of discrete cells §2;.” overlying
-Pp

the boundary of the support of K
S(n) = {(z’,j) € ) : Q) Nbd(supp(K)) # @} and C(n) = |S(n)|.
For any € > 0 and sufficiently large n, we have
C(n) < nPTe.
It is easy to see that K and I,, K, coincide almost everywhere on cells ng) such that (i, 7) ¢ S(n).

Thus, for any € > 0 and all sufficiently large n, we have

pt+

< C(n)n~2 < n 2057, (7.1.5)

()
Inserting (7.1.4) and (7.1.5) into (6.3.7), the desired result follows.
(iii) For p =2, let Qg(n) = U, (n) Qz(?) We then have

2
K 1k

1,j)€ES
15 = Tl gy < 1K = Tl ey 1 = T g
— [|K = LK g

QS(n))

(n) )

< max  sup |K(2,y) — LKu(z,y)| <n 2
(’L,])ES(H) (x,y)€Q£;>

7.2 Networks on weighted graphs

We now turn to the more general class of deterministic weighted graph sequences. The kernel K is
used to assign weights to the edges of the graphs considered bellow, we allow only positive weights.
These weights K,;; are obtained by averaging K over the cells in the partition Q,, following (6.3.2),
and I, K, is given by (6.3.3).

Proceeding similarly to the proof of statement (i) of Theorem 7.1.1, we conclude immediately that

[Ty, = “HL?(Q) noho V-

We are rather interested now in quantifying the rate of convergence in (6.3.7). To do so, we need to
add some regularity assumptions on the kernel K.

Theorem 7.2.1. Let p € [1,2[, and assume that g € L*(Q) N Lip(s, LI(Y)), with s €]0,1] and
q € [2/(3 —p),2]. Suppose moreover that K(x,y) = J(|lz — y|), ¥(z,y) € Q2, with J a nonnegative
bounded measurable mapping on . Let u* and uf, be the unique minimizers of (VPuioc) and (VP ),

respectively. Then, the following error bounds hold.
(i) If pe [1,2] K € Lip(s', LY (Q%)), (s, ¢') €]0,1] x [1,400[, then
s = 0y < G intoa/2' 400120, 721)

where C' is a positive constant independent of n.

In particular, if g € L>®(Q) NBV(Q) and K € L¥(Q%) NBV(Q2), then

2 _
| Loy, — uHLQ(Q) = O(np/2 h. (7.2.2)
(i) Ip e [1,2] and K € Lip(s', L7 (92)), (/) €10,1] X [2/(2 — p), +oc], then
* 2 —min{sq/2,s’
[y, = u*[[ o < On o025, (7.2.3)

where C' is a positive constant independent of n.
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In particular, if g € L=(Q) NBV(Q) then

HInu; — O(n_ min{l/Z,S/}). (724)

2
_uHL2(Q)

PrROOF : In the following C is any positive constant independent of n. Under the setting of the
theorem, for all cases, (7.1.4) still holds. It remains to bound ||K — I”K"HL%(Qz)' This is achieved
-p

using (2.3.3) for case (i) and (2.3.2) for case (ii), which yields

P for case (i),
) , ) (7.25)
HK — I"K”HL%(W) < HK — InKnHLq,(QQ) < Cn~*% for case (ii).

Plugging (7.1.4) and (7.2.5) into (6.3.7), the bounds (7.2.1) and (7.2.3) follow.
We know that BV(2) C Lip(1/2, L?(Q2)). Thus setting s = s’ = 1/2 and ¢ = ¢’ = 2 in (7.2.1), and
observing that 1 — p/2 € [0,1/2], the bound (7.2.2) follows. That of (7.2.4) is immediate. O

When p = 1 (i.e., nonlocal total variation), g € L*°(Q)NLip(s, L?(2)) and K is a sufficiently smooth

d

function, one can infer from Theorem 7.2.1 that the solution to the discrete problem (VP4

) converges
to that of the continuous problem (VP ..) at the rate O(n~*). This is to be compared to the slower
convergence rate O(n~%/(*1)) established in [109, Theorem4.1 and 5.1| for the discretization of the

local ROF model.

7.3 Networks on random inhomogeneous graphs

We now turn to applying our bounds of Theorem 6.3.2 of Chapter 6 to networks on random inhomo-
geneous graphs. Recall the random inhomogeneous graph model defined in Section 2.1.5.

Following the same reasoning as that done for networks on random graphs for the evolution problem
in Section4.4.2.1, we assume first that the sequence X is deterministic. Capitalizing on this result,
we will then deal with the totally random model (i.e.; generated by random nodes) in Section 7.3.2 by
a simple marginalization argument combined with additional assumptions to get the convergence and
quantify the corresponding rate.

7.3.1 Networks on graphs generated by deterministic nodes

As we have mentioned before, we shall denote x = (x1,-- ,X,) as we assume that the sequence of
nodes is deterministic. Recall the parameter 6(n) defined in (4.4.3).

Next, we consider the discrete counterpart of (VP,oc) on the graph Gy,

¢ 1 -
i, § Bt gns Kn) = o5l = gally + 55 D7 Nifuns = il 5 (VP pioc)
" ij=1

where
1

gi = —— g(z)dz.
Theorem 7.3.1. Suppose that p € [1,2[, g € L*(Q) and K is a nonnegative measurable, symmetric
and bounded mapping. Let u* and u}, be the unique minimizers of (VPyioc) and (Vpinloc), respectively.

Let p/ = ﬁ.
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(i) There exist positive constants C and Cy that do not depend on n, such that for any > 0

_ /. 4 1/})/
max (qn (p 1),qnp/2>
+

. x log(n)
HInun —u Hi?(ﬂ) <C B n P2 + Hg - IngnHig(Q)

(7.3.1)

A
+|lg - IngnHLg(Q) + || K - InK;:HLp/(m) +[Jur - InPnu*HL32P(Q)> ’

. (2p' 1) p’
with probability at least 1 — 2p~ 1™ (G )B.

(i) Assume moreover that g € L>(2) N Lip(s, L1(Q2)), with s €]0,1] and ¢ € [2/(3 — p),2], that
K(z,y) = J(Jx —y|), V(x,y) € Q%, with J a nonnegative bounded measurable mapping on 2, and
K e Lip(s', LY (Q2)), (s',¢) €]0,1] x [p/, +00]. Then there exist positive constants C' and Cy that
do not depend on n, such that for any 8 > 0

max (q;(p’fl), qu’/Q) 1p

1 ; /
Lt <c||s Ogrf") + + 8(n)” min(ea/2)

2
- U*HL2(Q) P /2

(7.3.2)

. (2p'—=1) p’
with probability at least 1 — 2p~ 1™ (O )B.

PRrROOF : In the following C' is any positive constant independent of n.

(i) We start by arguing as in the proof of Theorem 6.3.2. Similarly to (6.3.9), we now have

1 * * 2 * * * *
ﬁHInun —u HLQ(Q) < (E)\(Inunag7 K) - En,)\(un7gn7An)) - (E)\(’LL » 9, K) - En,)\(unagTL?An))'
(7.3.3)
The first term can be bounded similarly to (6.3.11)-(6.3.12) to get

Ex(Inuy,, g, K) — En,A(U:ngna Ap) < C(HIngn - g”iz(g) + HIngn - gHL2(Q)

_|_

/Q2 (K(xa y) - InAn(x’ y)) |Inu:L(y) - Inu;(:v)’pd:cdy‘ )

< c(ufngn—guiw l0n ol

_l’_

[ (K )~ 1K) i o) — i o) Py

_l’_

A
/‘@mﬁaw—&mmwmh@@—h@quw‘.
02
(7.3.4)
A
The second term in (7.3.4) is O (HK - InK’éHLP’(QQ)>’ see (6.3.13). For the last term, we have
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using Jensen and Hoélder inequalities,

[, @) = Lo ) i) ~ T o) oy

gz“(/ﬂ
“J,
sc((/ﬂ
(U

~c(|z

/ (InIA(Z(a:,y) - InAn(x,y))dy‘ | Lnuyy ()| da
Q

/Q (In]’%Z(‘T, y) - InAn(x, y))da:

| Ty, () Ipdy>

" 1/p'
dl‘)
N
/Q (LK% (2.) — InAn(z,y))de

P') 1/
o))
p’m) ’

def 1 - /\x ger 1 - /\x
Lni = EZ <an‘j - Aij) and Wp; = EZ <K”ij a Aij) )

j=1 i=1

(7.3.5)

p’,n+ HW"

where

By virtue of Lemma4.4.10, which is valid since p’ € [2, 400[, there exists a positive constant C1,
such that for any 5 > 0

P (HZ > 5) < pComin (a7 )5
n pl’n i — ]
with Ly
T G A
=15 . + T (7.3.6)
The same bound also holds for HWn| o A union bound then leads to
120l + 1Wall,, ,, < 2¢ (7.3.7)

. (2p'—1) p’
with probability at least 1 — 2p~C1™in (a2 V.0t ) 8 .

Let us now turn to the second term in (7.3.3). Using (6.3.6) and the fact that u} is the unique
minimizer of (VP;{HIOC), we have

Ex\(Inuy, Ingn, InAy) — Ex(u*, 9, K) < (Ry(InPou*, K) — Ry(u*, K))
+ (Rp(I,,Pyu*, I,K;) — Ry(InPou*, K)) (7.3.8)
+ (Rp(InPpu™, InAy) — Ry(InPou™, InKy)) -
The first term is bounded as in (6.3.16), which yields

|Ry(InPru*, K) — Ry(u*, K)| < C|lu* — I"P”U*HL%(Q)' (7.3.9)
The second term follows from (6.3.17)
| Rp(In Pat”™, InKp) = Rp(In P, K)| < C|| K = In K| 11 2y (7.3.10)

The last term is upper-bounded exactly as in (7.3.5) and (7.3.7).
Inserting (7.3.4), (7.3.5), (7.3.7), (7.3.8), (7.3.9) and (7.3.10) into (7.3.3), we get the claimed
bound.

(ii) Insert (7.1.4) and (7.2.5) into (7.3.1) after replacing 1/n by §(n).
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7.3.2 Networks on graphs generated by random nodes

Let us turn now to the totally random model. The discrete counterpart of (VP0c) on the totally
random sequence of graphs {Gy, }, .- 18 given by

. o 1 1<
uinel]lr{}" En,)\(u'mgn: Kn) = %Hun - gnH; + ﬁ Z.;l Tij‘unj - Uni‘p ) (V,Pinloc)

where we recall that the random variables T;; are the independent with g,Y;; following the Bernoulli

A
distribution with parameter E <qu §j> defined above.

Observe that for the totally random model, d(n) is a random variable. Thus, we have to to derive
a bound on it. In Lemma 4.4.9, we shown that

1
5(n) < 1080 (7.3.11)
n
with probability at least 1 —n~t, where t €]0, e[.
Combining this bound with Theorem 7.3.1 (after conditioning and integrating) applied to the totally

random sequence {Gy, } we get the following result.

neN*?

Theorem 7.3.2. Suppose that p € [1,2[, g € L*(Q) and K is a nonnegative measurable, symmetric
and bounded mapping. Let u* and ), be the unique minimizers of (VPpioc) and (VP;in]OC), respectively.
Let p' = ﬁ.
(i) There ezist positive constants C and Cy that do not depend on n, such that for any > 0
(p—1 _ ' /92 1/p’
e (127 g77)

npl/Q

<C 5logn(n)

anu; - U*Hiqg) > + T Hg N I”g”HiQ(Q)

AN
+|lg - IngnHLz(Q) + || K - InKﬁuLp’(m) + [t - I”P”U*HL:%QP(Q)) ’
(7.3.12)

. (2p' 1) p’
with probability at least 1 — 2p~ 1™ (O )5.

(ii) Assume moreover that g € L*(Q2) N Lip(s, L4(QY)), with s €]0,1] and q¢ € [2/(3 — p),2], that
K(x,y) = J(lx—y|), V(z,y) € Q%, with J a nonnegative bounded measurable mapping on Q, that
K € Lip(s/7Lq/(Q2))’ (s',q") €]0,1] x [p/, +00] and anKHLw(QQ) < 1. Then there exist positive
constants C' and C1 that do not depend on n, such that for any B > 0 and t €]0, ¢|

—(p-1) —#/2)\ U in(s/2.5'
4 ,an ) +<tlog(n)>m1n(sq/2,s) |

2 log(n) ™Max (q"
[ Tnur, = [ foy < C | | B n T 72 "

(7.3.13)

. (2p"-1) p’
with probability at least 1 — (2nfcl o (q"p o )B + n_t).
PROOF :  Again, C will be any positive constant independent of n.
(i) Let

ax (q;(p'—n’ qu'/2) 17!

npl/2

1
deo| [ 1o 9= g2y + 19— Tngnll 20
N
+||K - InKnXHLp,(QQ) + || - I"P”U*HL;"F(Q) :
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Using (7.3.1), and independence of this bound from x, we have
1
P (Hlnu; - u*HiQ(Q) > z—:') = o /Qn P (HInufl - u*H;(Q) > X = x) dx
1 / 2n—C1 min (q7(12p/71)7(1£,)5dx

—C1 min (quLD 7(1£/ ) B .

2"
=2n

- . Denote the event

min(sq/2,s’
(i) Recall ¢ in (7.3.6) and x = C (tm) (s0/2,8")

A
A {10 = 10 oy + 110 = Tl oy + 1 = TRy + o = T2, < -

A
In view of (7.1.4), (7.2.5) and (7.3.11), and that under our assumptions KX = KX, we have

P(A;) >P (5(n) < tlogrfn)> >1-n""

Let the event
A2 . {HZn

and denote A¢ the complement of the event A;. It then follows from (7.3.7) and the union bound
that

P (Hznu; — |32 < 202 + ,-;) > P (AN Ag) =1 P(AS U AS)

p’,n+"Wn|| / <2€}’

p’n_

2 ’_ /
>1-Y P49 >1- <2n—01 min (i ~V.a2 )8 n_t> :
=1
which leads to the claimed result.

O

When p = 1 (i.e., nonlocal total variation), g € L>(Q)NLip(s, L?(Q)) and K is a sufficiently smooth
function, one can deduce from Theorem 7.3.2 that with high probability, the solution to the discrete

—min(1/2,s)
problem (VP? | ) converges to that of the continuous problem (VP .. ) at the rate O (M) ) ) .

r,nloc n
Compared to the deterministic graph model, there is overhead due to the randomness of the graph
model which is captured in the rate and the extra-logarithmic factor.

7.4 Numerical results

d

‘loe) to a few applications, and

In this section, we will apply the variational regularization problem (VP
illustrate numerically our bounds.

7.4.1 Minimization algorithm

The algorithm we will describe in this subsection is valid for any p € [1,+o0]'. The minimization

problem (VPY, ) can be rewritten in the following form
1

: 2 A
in 5 [un = gully + |V iyl (7.4.1)

where A\, = \/(2n), Vg, is the (nonlocal) weighted gradient operator with weights K,;;, defined as
Vg, R" — R™"

! Obviously limp— 4 oo %H . HZ = L ||, <1-
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Uy, — Vi, Vm'j = Kl/p(unj um)av@d) € [n]2

nij
This is a linear operator whose adjoint, the (nonlocal) weighted divergence operator denoted divg, .
It is easy to show that

divg, :R™" — R"

nma

Vi 5 U, U = Z K2 — ZK””VW,\m € [n).

Problem (7.4.1) can be easily solved using standard duality—based first-order algorithms. For this we
follow [53].

By standard conjugacy calculus, the Fenchel-Rockafellar dual problem of (7.4.1) reads

Vrenl[éQMQHgn—dvinV H2 nHVn/)\an, (7.4.2)

where ¢ is the Holder dual of p, i.e. 1/p+1/¢ = 1. One can show with standard arguments that
the dual problem (7.4.2) has a convex compact set of minimizers for any p € [1, +oo[. Moreover, the
unique solution u} to the primal problem (7.4.1) can be recovered from any dual solution V* as

* . *
uy = gn —divg, V.

It remains now to solve(7.4.2). The latter can be solved with the (accelerated) FISTA iterative
scheme [85, 17, 37| which reads in this case

ke k-1 k-1
W, =V '+ o b(V -V
Vf"rl — prOX An H /)\nH (W'r’f —+ ’van (gn — dijn (WJ;))) (743)
quH = gp —divg, VnkH,

where v € ]O, (supHu H . HVKnunHz)fl], b > 2, and we recall that prox, r is the proximal mapping
n 27

of the proper lsc convex function F' with 7 > 0, i.e.,

prox, (W) = ArgmmeV WH2+TF V).
VeRnxn

The convergence guarantees of scheme (7.4.3) are summarized in the following proposition.

Proposition 7.4.1. The primal iterates uf converge to u, the unique minimizer of (VP ), at the
rate
k
|us — unll, = o(1/k).

ProOF :  Combine [53, Theorem 2] and [9, Theorem 1.1]. O

Let us turn to the computation of the proximal mapping prox 20| /an ” Since H . HZ is separable,
one has that

prox An <prox Ani. )\nq(Wij)> .
ol Tk (s)€lnl?

Moreover, as |-|? is an even function on R, PTOX | /3 1a is an odd mapping on R, that is,
q n
prOX,yATnH)\Mq(Wij) = prOX,Y)\Tn|./)\n|q(|Wij’) sign (WZJ) .

In a nutshell, one has to compute PTOX_ an /3 ‘q(t) for t € RT. We distinguish different situations
q n

depending on the value of ¢:
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e ¢ = 400 (i.e,, p = 1): this case amounts to computing the orthogonal projector on [—Ap, Ay],

which reads
teRT P_), 2, (t) = min (t, An)-
e ¢ =1 (i.e., p=+400): this case corresponds to the well-known soft-thresholding operator, which
is given by
teRT — prox..(t) = max (t—~,0).
e ¢ =2 (ie., p=2): it is immediate to see that
t
proxy a2 (1) = 35773
e ¢ €]1,4o0: in this case, as |-|? is differentiable, the proximal point proxv%"l-//\nlq(t) is the unique
solution a* on R of the non-linear equation

a—t+yaP"t/\, = 0.

7.4.2 Experimental setup

We apply the scheme (7.4.3) to solve (7.4.1) in two applicative settings with nonlocal regularization on
(weighted) graphs. The first one pertains to denoising of a function defined on a 2D point cloud, and
the second one to signal denoising. In the first setting, the nodes of the graph are the points in the
cloud and wuy; is the value of point/vertex index i. For signal denoising, each graph node correspond
to a signal sample, and wu,; is the signal value at node/sample index i. We chose the nearest neighbour
graph with the standard weighting kernel e~*=¥| when |x —y| < and 0 otherwise, where x and y
are the 2D spatial coordinates of the points for the point cloud?, and sample index for the signal case.

4 %

§
2

‘zi & '7}
67:?3 .l. .% ..;t;,
4@ ! o :. ! o®
o, A ¥ A
i~ & = &

0 10 20 30 40 50 60 70

Figure 7.1: Original point cloud with N = 2500 points.

Application to point cloud denoising The original point cloud used in our numerical experiments
is shown in Figure 7.1. It consists of N = 2500 points that do are not on a regular grid. The function
on this point cloud, denoted u%;, is piecewise-constant taking 5 values (5 clusters) in [5]. A noisy
observation gy (see Figure 7.2(a)) is then generated by adding a white Gaussian noise noise of standard
deviation 0.5 to u%,. Given the piecewise-constancy of u};, we solved (7.4.1) with the natural choice
p = 1. The result is shown in Figure7.2(b). Figure7.2(c) displays the evolution of ||uf; —u}||, as a
function of the iteration counter k, which confirms the theoretical rate o(1/k) predicted above.

2For the 2D case, (x,y) are not to be confused with the "coordinates" (z,y) of the graphon on the continuum, though

there is a bijection from one to another.
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To illustrate our consistency results, ©* is needed while it is known in our case. Therefore, we argue
as follows. We consider the continuous extension of Iyuy; as a reference and compute Hu;: —Inuy H £2(Q)
for varying n < N, and the corresponding bound is expected to be dominated by that at n. Thus,
for each value of n € [100, N/8], n nodes are drawn uniformly at random in [N] and g, is generated,
which is a sampled version of gy at those nodes. This is replicated 20 times. For each replication,
we solve (7.4.1) with g, and the same regularization parameter A\, and we compute the mean across
the 20 replications of the squared-error HInu; - INu}‘VHiQ(Q). The result is depicted in Figure 7.2(d).
The gray-shaded area corresponds to one standard deviation of the error over the 20 replications. One
indeed observe that the average error decreases at a rate consistent with the O(n_l/ 2) predicted by
our results (see discussion after Theorem 7.2.1 with s = 1/2).

- (a) ; - (b) "
o ! ! ! . Ty gprTLY ! ! ! ! o TL
F ;;l ,’-4;%9 p ‘3'.-2'5.?“. g F A 7] ;;' l"'.'f:“}‘a B
10 , ¥ 10 4
3, S, 3, 3,
f2e ¥y x #y $ e ¥y f29 e
F % g% § % § %
i‘ S 5:'; - . { :..'3 e ?.l‘ o 5 B f: l:;
“ 3 s . 3% | $
51 PR : b 1] s S w3 ¢ wj
R R R LR R 7o
L R Ed k % % & & g
0 8 2t e .' L) oh| O %' & W
L3 v 2
;B_ » o %
5 TR 3 5 1
Vb g dR°
e ‘
0 10 20 30 40 50 60 70 0 10 20 30 40 50 60 70
© | B @
—— Observed rate \R\R‘k‘\“—\¥\\\\_
120 + — — 1/k rate 1 —— Observed error T T
\. 107" — — Theoretical bound n~1/? |
100
|
|
80 f
|

luly — w2

40 60 80 100 100 150 200 250 300
k n

Figure 7.2: Results for point cloud denoising with p = 1. (a) Noisy point cloud. (b) Recovered point

cloud by solving (7.4.1). (c) Primal convergence criterion Huf“; - u;HQ as a function of the iteration

counter k. (d) Mean error HInuz -1 NU?VH; () ACTOss replications as a function of n.

Application to signal denoising In this experiment, we choose a piecewise-constant signal shown
in Figure7.3(a) for N = 1000 together with its noisy version gn with additive white Gaussian noise
of standard deviation 0.05. Figure 7.3(b) depicts the denoised signal u}; by solving (7.4.1) with p = 1
and hand-tuned \. Figure 7.3(c) also confirms the o(1/k) rate predicted above on Hué‘v - u7VH2

We now illustrate the consistency bound result on a random sequence of graphs
{Ga.(n, K)},c100,5/4) 8enerated according to Definition2.1.15 with g, = 1. For each value of n €
[100, N/4], n nodes are drawn uniformly at random in [N], and g, is generated, which is a sampled
version of gy at those nodes. n? independent Bernoulli variables Aij each with parameter K,;; are
also generated. This is replicated 20 times. For each replication, we solve (7.4.1) with g, and the same

- 114 -



Chapter 7 7.4. Numerical results

regularization parameter A\, and we compute the mean across the 20 replications of the squared-error
HInu; —1 Nu?VHf:Z @ The result is reported in Figure 7.3(d). The gray-shaded area indicates one stan-
dard deviation of the error over the 20 replications. Again, the average error decreases in agreement
with the rate O ((log(n)/n)l/z) predicted by Theorem 7.3.2.

b
. (b)
05+
At
1.5+
200 400 600 800 1000 200 400 600 800 1000
(c) %107 ()
\\\ —— Observed rate g \\\\\\\\\\
~ — — 1/k rate ~ T T —— ]
N =~ —— Observed error 4
S
N N ;/6 . log(n) 1/2
o~ N RIS Y — — Theoretical bound ( g’n )
Ty N e :
\ S 5 4
«32 SO |
— \\\ *3(; 3
N i
\\\ 2
1072} | ~ | |
10° 10! 102 100 150 200 250
k n

Figure 7.3: Results for signal denoising with p = 1. (a) Noisy and original signal. (b) Denoised and

original signal foor N = 1000. (c) Primal convergence criterion Huﬁ —u as a function of the iteration

nll2
counter k. (d) Mean error anufb — INu?VHiZ(Q) as a function of n.
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Chapter 8

Conclusion and Perspectives

This manuscript provides new results on consistency of evolution and variational nonlocal p-Laplacian

problems on graphs along two main standpoints: general error bounds comparing the continuum

problems and their discrete approximations on graphs and global convergence rates OQur results provide

a theoretical and insightful justification to the continuum limit for these nonlocal problems.

Take-away messages: several conclusions and take-away messages can be drawn from this work:

(i)

(i)

(iii)

our results reveal that without any extra regularity condition, starting from a bounded initial
data, the Neumann nonlocal p-Laplacian evolution problem is consistent.

Our global nonasymptotic convergence rates for the evolution problem reveal that the approxima-
tion error depends on the regularity of the initial data and the graphon, and the latter encodes
the geometry/structure of the underlying graphs. The more regular the initial data and the
graphon are, the faster the convergence rate. Especially, for random inhomogeneous graphs, we
exhibit different regimes for the convergence rate as a function of the problem parameters. In
particular, the convergence rate shows a transition phenomenon at p = 2.

For the variational problem (VP,..), we established a global (sharp) error estimate controlling
the error between the unique minimizer of the continuum problem and that of the discrete one.
The consistency of (VP oc) is settled without any regularity assumption, just by supposing that
the initial data is in L2(£2) and the kernel K is bounded.

Under very mild conditions on K and g, typically belonging to Lipschitz functional spaces, precise
convergence rates were exhibited. These functional spaces allow to cover a large class of graphs
(through K) and initial data g, including functions of bounded variation.

Our research program will not stop here, and many open questions are yet to be answered sepa-

rately /commonly for both the evolution and variational problems.

8.1

The evolution problem

Other nonlocal operators: beyond the p-Laplacian The analysis developed in this thesis re-

volves mainly around the p-Laplacian operator. It would be interesting to study other nonlocal oper-

ators such as the (nonlocal) fractional Laplacian. i.e;

N “ﬁg‘nﬁls_ Wz =y gy,

C(n, s) is a positive constant, s €0, 1].
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Other nonlocal evolution problems: beyond (P,.) It would be also very interesting to ex-
tend our results to analyze the consistency of other nonlocal evolution problems such as the nonlocal
Hamilton-Jacobi equation; see e.g., [12]. This is the subject of an ongoing work.

One can also think of studying consistency of numerical schemes beyond evolution problems. Typi-
cally, we think of the Dirichlet problem.

Other graph sequences Along the entire manuscript and particularly when dealing with networks
on convergent graph sequences, we restricted ourselves to bounded graphons (we supposed that K €
L>®(9?)) and we dealt with a particular graph structure, that is dense graphs (deterministic and
inhomogeneous random ones). However, practically many interesting graph models which arise in
applications do not have this density property. In fact, our analysis does not accomodate for these
graph models. The progress in this direction became possible with the theory of LP-graphons used to
define graph limits for sparse graphs of unbounded degree [28]. The goal will be to extend and adapt
our arguments and results to this larger class of graphs, which includes directed and undirected, sparse
and dense, random and deterministic graphs.

The limiting cases p = 1 and p = +0o Starting with the study of the well-posedness and going
through the study of the consistency of (Pyioc), excluding the values p =1 and p = 0o was crucial to
get our results. Indeed, two main causes stand behind this restriction assumption:

(i) For p = 1 and p = oo, the spaces L'(Q) and L>(f2) are not reflexive and thus don’t have the
Radon-Nikodym property. Due to this, one can not get the existence and uniqueness of a strong
solution to (Pyioc) for these values of p (see|7, Proposition A.35|). However, the authors of [7]
have already established the well-posedness (existence and uniqueness of a strong solution) of the
nonlocal total variation flow.i.e; (Ppjoc) with p = 1, and the kernel K(z,y) = J(z —y), x,y € Q
by taking the limit as p \, 1 of the solutions of the Neumann Cauchy problem with p > 1 that
were studied in |7, Chapter 6]. To get the well-posedness of (Ppjoc) (for p = 1) one has to go a
step further by adapting this result for the bivariate kernel K.

(ii) On the other hand, to get our estimate for the problem (Pyjoc), Lemma2.2.16 was fundamental.
However, a restrictive assumption was essential to get the desired result, that is to exclude the
value p = 1. Hence, the error estimates we got are no longer valid for p = 1. It would be
interesting to find a way to get around this difficulty and establish the consistency of (Ppioc)-
For p = oo, the definition of the operator Aff becomes completely different, many challenges
arise in addition to well-posedness.

Consistency of the normalized p-Laplacian evolution problem In Chapterb, we dealt with
the discrete in space Neumann evolution problem for the normalized p-Laplacian. We looked only at
its well-posedness. It then appears natural to study the continuum counterpart of (PNor’d

nloc
) . S Nor,d
posedness and consistency of the dicsretization (P07

), its well-
). In turn this will allow to study such problems
on networks on convergent graph sequences and establish the corresponding convergence rates.

8.2 The variational problem

Inverse problems Beyond (VP,..), we can try to extend our results to linear inverse problems
where the data fidelity in E)(u, g, K) is replaced by H g — AuHi2 () and where A is a bounded linear

operator from L%(Q) to L?(%).

Other nonlocal regularizations It would be interesting to study other nonlocal variational prob-
lems beyond the p-Laplacian. More precisely, it would be interesting to get deeper understanding of
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what are the essential properties of a nonlocal regularizer for our consistency results for instance to
hold.

Beyond quadratic fidelity Here we focused on the quadratic data fidelity given its importance in
practice for instance in imaging. It would be important to investigate what happens for other data
fidelities, including those encountered in machine learning applications.

Convergence rates for p > 2 Our consistency results and convergence rates were only established
for p € [1,2]. The extension beyond 2 faces a major obstacle materialized in bounding the term
Hu* — InPnu*HLp(Q). This is an important challenge.

Other graph sequences In the same vein as for evolution problems (see above), it would be im-
portant to extend our consistency results to other graph sequence models.

Solution structure and stability /recovery guarantees Understanding the recovery guarantees
(structure of the solution, stability to noise, etc.) of nonlocal regularizers is much less understood than
those of local ones (e.g. total variation). This is a whole research program that we believe is important
to investigate.
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List of Notations

General definitions

R:

Ry:

R:

N:

N*:

R™ R™:

Spaces related

H:

the set of real numbers

positive real numbers

] — 00, +o0[U{+0c0}, the extended real value
set of non-negative integers

set of positive integers

finite dimensional real Euclidean spaces

real Hilbert space

X': Banach space

Co(H):
LP(Q):
c0,T;Xx):

Sets related

span(S):

the set of proper convex and lower semicontinuous functions on H
the Banach space of p-integrable functions on €, p € [1, +o0]
the space of functions on &' x [0, 7] which are continuous in the time variable

: indicator function of a set S

: charactetistic function of a set S
: normal cone of a set S

: projection operator onto S

: interior of S

boundary of &
closure of &
smallest linear subspace that contains S

Functions related

dom(F):
VF:

Prox.
OF:

supp(F):

Operators

Dom(A):
R(A):
Ja:

I

domain of a function F'

gradient of F'

proximity operator of F with v > 0
subdifferential of function F'
support of a function F

domain of the operator A

range of the operator A

resolvent of the operator A

identity operator on a space to be understood from the context
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Norms

H . HLP(Q): the norm of functions on LP({2)
H . Hp: the p-norm of a vector in R", p € [1, 4+o0]

H . Hpn: the normalized p-norm of a vector in R", p € [1, +o0]
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