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Surface Reconstruction
Based on Forest Terrestrial LiDAR Data

Aঋজঝছঊঌঝ

In recent years, the capacity ofLiDARtechnology to capturedetailed information about forests
structure has attracted increasing attention in the field of forest science. In particular, the terres-
trial LiDARarises as a promising tool to retrieve geometrical characteristics of trees at amillimeter
level.

This thesis studies the surface reconstruction problem from scattered and unorganized point
clouds, captured in forested environment by a terrestrial LiDAR. We propose a sequence of al-
gorithms dedicated to the reconstruction of forests plot attributes model: the ground and the
woody structure of trees (i.e. the trunk and the main branches). In practice, our approaches
model the surface with implicit function build with radial basis functions to manage the homo-
geneity and handle the noise of the sample data points.

Our first focus is on the reconstruction of the ground surface whose level of detail is based
on local complexity, through alternation between scale refinement, filtering and reconstruction.
The result arises from the polygonization of the implicit function expressed as the merging of
local approximations by compactly supported radial basis function used as partition of unity.

Once the ground is modeled, the topology effects can be ignored in the following computa-
tion steps that focus on the modeling of trees. Traditionally, the processing of the woody part is
achieved by a discrete reconstruction in the formof a stack of independent building blocks. From
such amodel, our approach developed for the ground is adapted to approximate the woody part
of the tree by a more flexible continuous surface.

Expressed as an implicit function, the tree model can be refined by an additional computa-
tional step in order to describe precisely the geometry. With this in mind, we propose a method
dedicated to the fine reconstruction of occluded objects: from 3D samples presenting occlusions,
we use the previously described continuous model to guide a Poisson surface reconstruction.
Thus, we guarantee the production of a watertight surface that approximates sharply the point
cloud in the visible areas and extrapolates consistently the tree shape in the occlusions.

Key-words: Surface reconstruction, Interpolation, Approximation, Implicit function, Radial
basis functions, Partition of unity, Poisson surface, Terrestrial LiDAR
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Reconstruction de surface
w partir de données LiDAR terrestre acquises en forêt

R঎́জঞখ঎́

Au cours des dernières années, la capacité de la technologie LiDAR w capturer des informa-
tions détaillées sur la structure des forêts a attiré une attention croissante de la part de la com-
munauté des écologues et des forestiers. Le LiDAR terrestre, notamment, apparaît comme un
outil prometteur pour recueillir les caractéristiques géométriques des arbres w une précision mil-
limétrique.

Cette thèse étudie la reconstruction de surface w partir de nuages de points épars et non struc-
turés, capturés en environnement forestier par un LiDAR terrestre. Nous proposons une suite
d’algorithmes dédiés w la reconstruction de modèles d’attributs de placettes forestières : le sol et
la structure ligneuse des arbres (i.e. troncs et branches principales). En pratique, nos approches
modélisent le problème par des surfaces implicites construites w partir de fonctions w base radiale
pour faire face w la forte hétérogénéïté spatiale du nuage de points Lidar terrestre.

Tout d’abord, nous proposons une méthode de reconstruction de la surface du sol dont le
niveau de détails est basé sur la complexité locale des données, reposant sur une séquence de
raffinement d’échelle, de filtrage et de reconstruction. La fonction implicite résultante, exprimée
commeun ensemble d’approximations locales fusionnées par partition de l’unité, est polygonisée
pour extraire sa surface de niveau zéro.

Une fois le sol modélisé, les effets de la topologie peuvent être ignorés dans les étapes de calcul
suivantes qui se concentrent sur la modélisation des arbres. Traditionnellement, le traitement
des parties ligneuses est réalisé w partir d’une reconstruction discrète des arbres sous la forme d’un
empilement de composantes indépendantes. Reposant sur un tel modèle, l’approche développée
pour le sol est adaptée afin de proposer une technique demodélisation qui estime la partie boisée
de l’arbre par une fonction implicite continue.

Exprimé sous cette forme, lemodèle d’arbre peut être affiné par une étape de calcul supplémen-
taire pour décrire précisément la complexité de la géométrie. Dans cette optique, nous proposons
une méthode adaptée w la reconstruction fine d’objets occlus : w partir de nuages de points 3D
présentant des occlusions, nous utilisons le modèle continu précédemment décrit pour guider
une reconstruction de surface de Poisson. Ainsi, nous garantissons la production d’un modèle
surfacique fermé qui extrapole de façon cohérente la forme de l’arbre dans les occlusions.

Mots-clés : Reconstruction de surface, Interpolation, Approximation, Fonction implicite,
Fonction de base radiale, Partition de l’unité, Surface de Poisson, LiDAR terrestre
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Notation

We denote:

Ω an open subset of Rd, Ω ⊆ R
d

Ck(Ω) the set of k-times continuously differentiable functions on Ω

Πm(Rd) the space of d-variate polynomials of absolute degree at most m

λ × A the scalar multiplication of the matrix A with the scalar λ

A.B the matrix product of A and B, n x m and m x p matrix respectively,

which is given as the n n p matrix of elements AB(i,j) =
∑m

k=1 AikBkj

< f, g > the inner product of f, g : Ω → R, which is given by < f, g >=
∫

Ω f(p) · g(p)dp

∇ the gradient operator in R
d

∇· the divergence operator in R
d

Δ the Laplacian operator in R
d, such as Δ = ∇ · (∇)

∗ the convolution, i.e. [f ∗ g](x) =
∫

Ω f(x) · g(x − y)dy

Φr0(r) the radial basis function such as Φr0(r) = Φ(r/r0)

(.)+ the cut-off function such as (x)+ = x if x ≥ 0, 0 otherwise

∂M the surface boundary of the solid M

Moreover, we fix some convention about indices:

• Considering a vector p ∈ R
d, its components are given as p0, ..., pd−1.

• We denote ∥p∥l the discrete l-norm ∥p∥l =
d−1
∑

j=0
|pj|l. In this document, we simplify as ∥p∥

the writing of the squared norm, i.e. ∥p∥2 =
d−1
∑

j=0
p2j .
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1
Introduction

Data, information and knowledge are key-worlds and fundamental concepts in information sci-
ence and knowledgemanagement. As presented byAckoff 1, they are linked and affect each other
through distinct relationships: data are composed of basic, unrefined, and unfiltered sets ofmea-
sures. Information is refined data that has evolved to the point of being useful for some form of
analysis. Knowledge is information with meaning; it is used by the user to understand, explain
and decide. The field of surface reconstruction from 3D point clouds stands at the interface
between data and information: using the context, surface reconstruction algorithms analyze, or-
ganize, formalize and package the data stored in the point samples, and present them as a surface.
Applied to forest terrestrial LiDAR scanning (TLS) data, surface reconstruction provides infor-
mation on forest objects, further combined with the user’s insight and experience to increase
knowledge and understanding of forest environments.

1 T঑঎ ঌ঑ঊকক঎গঐ঎ঘএ 3D ঙঘ঒গঝ ঌকঘঞ঍জ ঒গ ঝ঑঎ এ঒঎ক঍ঘএ ঐ঎ঘখ঎ঝছ঒ঌখঘ঍঎ক঒গঐ

The research topic of surface reconstruction from3Dpoint samples has been explored fordecades.
However it is still problematic in the case of incomplete, noisy and sparse data and many ques-
tions remain open. Many challenges remain in the field of shεpe detection that reduces the com-
plexity based on context knowledge; in clεssificεtion that separates permanent structure informa-
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tion and clutter; and finally in reconstruction that generates geometric models faithful to the real
physical structure and thus provides a plausible completion of missing data while maintaining a
low complexity.

The purpose of this thesis is to filter, classify and organize data to extract information from 3D
point clouds in order to reconstruct surface models. Our first focus was on the reconstruction
of relatively flat surfaces whose level of detail is based on local complexity, through alternation
between scale refinement, filtering and reconstruction. Then, based on a classic discontinuous
model build froma stackof independentbuildingblocks,we introduced a specificmodeling tech-
nique that approximates the point by a more flexible continuous surface over the whole scene.
Finally, we focused on the reconstruction of objects heavily occluded: from 3D data-set present-
ing large holes, we computed a surface approximation as a watertight mesh, guided by a model
known a priori.

Our main objective was to develop general methods and algorithms, and implement those
approaches in order to contribute to the development of a complete processing line for terres-
trial LiDAR scanning (TLS) data acquired in forests. LiDAR, standing for Light Detection And
Ranging, is a surveying technology that measures distance by illuminating a target with a laser
light. The LiDAR technology and its forestry-related terrestrial application are presented in the
next chapter.

Thus, the research project of this PhD was to design new approaches for the reconstruction
of forest object surfaces from TLS point clouds. While dealing with the reconstruction of flat
surfaces of the ground, the drop in point density with the distance to the scanner and the large
occlusions created by the trees and by the ground topology have to be addressed. In respect of the
approximation of thewoodypart of the trees by a continuous surface, algorithmsmust rise to the
challenge of handling complex cylinder-like shapes that could be occluded in various proportions
according to the scene geometry.

1.1 G঎ঘখ঎ঝছ঒ঌ খঘ঍঎ক঒গঐ ঌ঑ঘ঒ঌ঎জ

To cope with the characteristics and imperfections of 3D point clouds acquired with TLS in
forests, specific modeling choices have emerged as convincing techniques. The huge size of those
data-sets impelled us to avoid mesh models that are too costly, but rather to choose a modeling
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as an implicit function. More precisely, we based our approaches on modeling with radial basis
functions, a well-known technique to interpolate scattered data, in order to tackle the noise, the
non-uniform sampling produced by the scanner and also to extrapolate the resulting surface in
the occlusion holes. Finally, in order to reduce the computational complexity, we chose radial
basis function with finite support size.

1.2 Aঙঙক঒ঌঊঝ঒ঘগ ঝঘ T঎ছছ঎জঝছ঒ঊক L঒DAR জঌঊগগ঒গঐ (TLS) ঒গ এঘছ঎জঝ

Based on those modeling choices, we developed a complete processing line to process TLS data
acquired over forests plots with an emphasize on themajor geometrical components, the ground
and the woody part of the trees. The complete processing is made of three independent compu-
tation steps. First, the ground is modeled as a continuous surface on the scanned area. Once the
ground surface is extracted, the topology effects can be ignored thus allowing trees to be detected
in the point cloud. Finally, the detected trees are isolated and processed individually.

Following these statements, we first focused on the computation of digital terrain model. To
do so, we developed a new surface reconstruction method dedicated to the processing of an-
isotropic and noisy data through alternation between scale refining, filtering and reconstruction.

Then we addressed the automatic detection of trees in a forest environment. On TLS data
acquired in a forest, cylinder instances are detected through an efficient voting process to model
trees following aHough transformapproachproposedbyBac 14 and further improvedbyRavaglia 129.

The model developed for digital terrain model (DTM) has been adapted to process tree-like
shapes. From a set of discrete cylinders generated from current reconstruction approaches, we
improved the shape reconstruction of the woody parts of the trees by computing a continuous
surface.

Finally we designed a Poisson surface reconstruction approach based on compactly supported
radial basis function (CSRBF) for incomplete data where the reconstruction is guided by the pre-
viously described continuous model in occluded areas. Thus, we guarantee the production of a
watertight surface that approximates precisely the point cloud in the visible areas and extrapolates
consistently the tree shape in the occlusions.

Our research pipeline is illustrated Figure 1.1 over a 20meters by 20meters forest plot described
by 61millions of points. Figure 1.1a) highlights the complexity of forest scenes. Figure 1.1b) shows
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Figure 1.1: Illustraধon of the processing line in a preview example on a TLS point cloud (a). (b) The digital terrain
model is reconstructed ađer vegetaধon filtering (see Chapter 2). (c) The reconstructed surface of the trunk of
the tree is shown as a red mesh with a decimated point cloud for visual purpose. (d) Close up on a boħom view
of the tree model along with the raw point cloud.
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the resulting terrain model. Finally Figure 1.1c) and d) point out a stem detection and the details
of the stem shape respectively.

In practice, we implemented the algorithms developed in the context of this research as amod-
ule of the open source platform Computree (computree.onf.fr). This collaborative platform
originated in 2010 fromANR EMERGE project and is specialized in the processing of TLS data
to extract forest information. It is nowadays a well known and powerful software which aspires
to both scientific and operational development. The Computree phylosophy, which promotes
modularity and openness by packaging the computation steps as independent plug-ins, has se-
duced scientists from prominent institutions (Among others: Office national des forêts (ONF),
École nationale supérieure d’arts et métiers (ENSAM), Université de Sherbrooke, Laboratoire
d’étude des ressources forêts-bois (Lerfob), Centre de coopération internationale en recherche
agronomique pour le dêveloppement (Cirad)). Today, Computree lists hundreds of contribu-
tors across the world and is available on Windows, Linux and Mac OS.

Our algorithms are implemented in C++ and rely on several well known libraries. We used
the Eigen librεry (included in Computree) for linear algebra: matrices, vectors, numerical solvers
and 3Dgeometric operations (rotations andprojective or affine transformations). Then,Weused
the 3D point clouds and the tree data structures of the Point Cloud Librεry (PCL) 131. Some parts
of the code have been parallelized using the Boost librεry84. We also used Boost to set up graph
structures and to build Hash maps. Finally, we relied on the GNU scientific librεry (GSL)69

to perform least squares fits to the 3D data and to find minima of arbitrary multidimensional
functions.

2 T঑঎জ঒জ ঘঞঝক঒গ঎

This thesis addresses the reconstruction of surface from unorganized and scattered point cloud
acquired from TLS. While the methods have been designed to be generic and flexible, the thesis
focuses on forest plot reconstruction because of their inherent complexity.

The thesis is written andmainly organized in an article-based style. Some articles are accepted
orpublished, others are still submitted in viewof the time constraints forwriting thismanuscript.
Chapter 2 and 3 provide literature reviews onTLS data acquisition and forest parameters estima-
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tion, and surface reconstruction from point sample respectively. Chapter 4 to 6 introduce key
topics of our modeling pipeline and are based on the following papers:

• Morel J., Bac A., Véga C. 2016. Digital terrain model construction with compactly
supported radial basis functions. IEEE Computer Grεphics εnd Applicεtions, in press

• Morel J., Bac A., Véga C. 2016. An innovative tree modeling: from terrestrial LiDAR
point clouds to continuous implicit surface. 9th Internεtionεl Symposium on Mobile
Mεpping Technoloॽ, MMT2015, Sydney, Austrεliε, accepted. As recommended by the
MMT2015 organizing committee, it has been submitted in Photogrεmmetric Engineering
& Remote Sensing as a peer-reviewed paper.

• Morel J., Bac A., Véga C. 2016. Poisson surface reconstruction with CSRBF. Computer
Grεphics Forum, submitted.

Finally, Chapter 7 discusses the major results and conclusions drawn regarding the potential
of our approaches to support forest inventories.

Note that each chapter provides a short introduction to the overall topic, which contains es-
sential background information and additional literature review.

During the development of the algorithms, we encountered difficulties in the estimation of
the quality of the surface approximation: because of the size and the complexity of the input
data-set, and the intricacy of the mesh surface reconstructed, the proximity between both input
and output was often hard to evaluate on a classic 2D display. Based on this observation, im-
mersive visualization emerged as an interesting alternative, especially since virtual reality (VR)
became accessible and affordable with simple devices such as Google Cardboard. In this context,
we developed an Android application to display point clouds and surface in VR. Using virtual
reality head-mounted device and an Android smart-phone, the user immerses himself into the
data and navigates in it by the mean of a blue-tooth controller. This application, «LiDAR VR
Viewer», is free on the Google Play Store. It relies on a strong optimization of OpenGL code
and GLSL shaders to maintain a smooth experience with heavy dataset. The features of the ap-
plication are presented in Appendix A in the form of a short-paper: Morel J., Bac A., Véga C.
2017. An Android application to visualize point clouds and meshes in VR. WSCG 2017,
submitted.
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2
Terrestrial LiDAR scanning in forests

In the last few years, 3D acquisition has become a routine action in several activities: the study of
forests, medicine, archaeology, architecture and urban engineering are among the most impor-
tant fields of application. While both the performance and ease of use of 3D acquisition tech-
niques are continuously increasing, several 3D scanning solutions have been proposed by the
research and industrial community. For instance, on the one hand, volumetric techniques devel-
oped for medicine (Computed tomography or Magnetic resonance imaging) produce a discrete
3D representation of the surface and interior of an object. On the other hand, surface techniques
provide a digitization of the surface of a 3D object. Several possibilities are available based on
budget, accuracy and time constraints. Currently, 3D digitization techniques can be classified
in two major groups: passive methods and active ones. Passive methods only use information
contained in images of the scene. Stereoscopic methods80, measuring range by triangulation of
selected locations in a scene imaged from two different points of view, and Shεpe from Shεding
methods79 employing photometric stereo techniques to produce depth measurements, are two
well known passivemethods. Activemethods, on the other hand, use a controlled source of light
to retrieve 3D information. Lεser Rεnging systems, such as those embedded in Light Detection
And Rεnging (LiDAR) systems, are based on the following principle: the object surface reflects
laser light back towards a receiver which then measures the time (or phase difference) between
transmission and reception in order to calculate the depth. While ranging systems dominate the
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market of 3D optical measurements, other techniques have been developed, such as the Struc-
tured Light 134, that projects a pattern of light onto the subject and studies its deformation to
assess the depth.

Amongall these acquisition techniques, LiDARis especially appropriate to the studyof forests.
Applied to large-area forest characterization, air-borne LiDAR scanner (ALS) and space-borne
LiDAR focus on vertically distributed forest attributes, such as height, volume and biomass. At a
more local scale, very dense measurements such as those obtained from terrestrial sensors enable
the capturing of very detailed information on the object shape surrounding the sensor, making it
possible to address surface reconstruction problems. The application framework of this thesis is
the reconstruction of 3D models from data acquired in a forest environment with terrestrial Li-
DAR scanner. The following sections introduce this recent technology that allows for recording
detailed information on the forests 3D structure.

1 T঑঎ TLS ঝ঎ঌ঑গঘকঘঐঢ

Light detection and ranging (LiDAR) technology is an active remote sensing technique enabling
the rapid acquisition of dense and accurate 3D information on object surfaces by laser range find-
ing. Terrestrial LiDAR scanning (TLS) is the ground-based application of LiDAR. It sweeps a
laser beam over a scene and analyzes the back-scattered light to produce a 3D point cloud. It pro-
duces accurate measurements with very little time and expense compared to traditional manual
methods. Indeed, the TLS instruments currently marketed are extremely precise (see Table 2.1),
portable, easy to operate, and have been used successfully in a variety of environments to support
a wide range of geoscience investigations including detailed mapping of geologic outcrops and
imagery of topography, cultural objects, and trees and vegetation. Figure 2.1 presents examples
of point clouds acquired in forested areas.

TLS devices are generally separated into three categories according to theirmeasurement prin-
ciple: phase-shift (PS), time-of-flight (TOF) or time-of-flight using waveform digitizing (WFD).

• PS scanners make use of continuous laser illumination and amplitude modulation of the
beam to discern the range at high frequency. Only one return is recorded for each di-
rection. Such instruments allow wide fields of view, very high point densities and fast
acquisition speeds. Due to their range, phase-shift based scanners are well suited for high
precision and detailed measurements of relatively near scenes.
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Figure 2.1: Visualizaধon of TLS point clouds acquired in forest environment: a) Forest plot near Nancy, France,
scanned by ONF. The green color scale is linked to the signal intensity. b) and c) show side and top view of a
forest plot scanned in the context of the EuroSDR benchmarking project. The color ramp scales with the alধtude
of the points. One should note the occlusion as shadow strides created by the tree trunks, especially visible on
the top view c). d) Boħom view of an isolated tree. This unpublished data from Cameroon were collected in
collaboraধon with Alpicam company within the IRD project PPR FTH-AC. On b), c) and d), the point clouds have
been shaded with eye-dome lightning for display purposes.
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• TOF scanners utilize precise timing for determining the range from the pulse time of flight
and the speed of light. These characteristics allow very long measurement distances but
lower acquisition speeds. These types of scanner are well suited for the 3D reconstruction
of scenes at greater distances. According to the LiDAR sensor capabilities, two acquisi-
tion methods can be distinguished: (i) single return recording which describes the first
objects hit by the laser beam and (ii) multiple return recording, which produces denser
point clouds by providing multi-depth information.

• WFD scanners, introduced by Leica in 2012, are based on a combination of time-of-flight
range measurement and modern waveform digitizing technologies to boost the scan rate.
Such devices conserve the TOF scanners precision but lose in action range. Those devices
are able to record the full waveformbydigitizing completely the back-scattered laser signal.
They can potentially be used to retrieve additional information with respect to discrete
returns.

Sensor Faro Focus 3D X330 Riegl VZ-1000 Leica ScanStation P40
Category PS TOF WFD
Range 0.6 m - 330 m 2.5 m - 1400 m 0.4 m - 270 m

Scan rate (pts/sec) up to 976,000 up to 122,000 up to 1,000,000
Precision 2 mm @ 10 m 5 mm @ 100 m 6 mm @ 100 m

Table 2.1: Caracterisধcs of current TLS sensors available in the market.

2 Fঘছ঎জঝছঢ ঊগ঍ T঎ছছ঎জঝছ঒ঊক L঒DAR জঌঊগগ঒গঐ (TLS)

In the recent years, the capability of TLS devices to capture detailed information about the struc-
ture of the environment surrounding the sensor has attracted increasing attention in the field of
forest science. Indeed, TLS data provide a unique way to retrieve precise information about tree
attributes that are usually difficult to measure in the field because of time and cost constraints.
Indeed, TLS nowadays complements other remote sensing techniques (aerial LiDAR and pho-
tography) in the analysis of the forests by providingmillimeter-level of detail from the surround-
ing area of a forest plot47. By facilitating the studies of forest structural information, TLS is
considered as a promising tool to complement (or assist) field work and retrieve additional tree
or plot parameters94,114.
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For foresters, it is interesting as it allows for precise tracking andmanagement of timber, while
for ecologists the interest lies in tree population growth and dynamics study. Even though TLS
represents an initial investment compared to traditional methods, it is establishing itself as an
efficient complementary tool in the field. With respect to the traditional manual techniques of
collecting tree parameters, measurements with TLS are cheaper in time and workforce, are more
accurate and non-destructive and allow for varied treatment a posteriori. Nevertheless, TLS data
acquired in a forest present three flaws: (i) the occlusion that hides parts of the plot because of
vegetation elements 136; (ii) the decreasing resolution with the distance to the sensor because of
the spherical geometry of the device 103; and (iii) the large amount of raw data produced, which
make the interpretation difficult 58.

The following section proposes a non-exhaustive survey on the methods developed to extract
information in order to propose descriptors of the features of the forests. It introduces histori-
cal methods based on destructive field measurement, and newer ones that use TLS as source of
information.

3 L঒ঝ঎ছঊঝঞছ঎ ছ঎ট঒঎ঠ ঘগ ঝছ঎঎ খঘ঍঎ক঒গঐ

Traditionally, forest plot parameters are eithermeasured (diameter, height, wood density) or pre-
dicted (volume, biomass) using allometric theory, that focuses on the scaling of plant attributes
with plant size 59. Huxley81 defined the allometric equation as a relationship between a structural
or functional variable Y of an organism and a power function of its mass M (or any measure of
its size):

Y = Y0 · Mb (2.1)

where Y0 is a constant that varies with the type of variable and b is the allometric exponent. In
forest science, allometric equations are widely used to estimate forest parameters that are diffi-
cult to assess directly from field measurement, as for example the amount of biomass held in
ecosystems 118,64. Considering that tree biomass is strongly correlated to tree diameter28 and to
its height 38, ecologists establish empirical allometric equations that relate those parameters via
destructive field campaign. In practice, trees are felled at ground level and their biomass is esti-
mated by directly weighting small branches (diameter below 20 cm) and by approximating the
bigger parts from geometrical considerations77,63. With a sufficient tree sample, one can build
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an allometric model by regressing the biomass against independent parameters such as the trunk
diameterD, thewood specific gravity ρ and the total tree height h. For instance, Chave 39 proposes
the following model:

ln(AGB) = ɀ + Ɂ · ln(ρ · D2 · h) + Ʉ (2.2)

where AGB is the amount of dried above-ground organic living matter in the tree, ɀ and Ɂ are
model coefficients derived from least-squares regression and Ʉ is an error term. One should note
here the quasi-cylindrical approximation made on the shape of the tree. Whereas this allometric
model performs to measure the biomass at the plot scale, Chave 39 have estimated approximately
50% errors on the biomass assessment at the individual tree scale. That error incorporates volume
and wood density errors.

Figure 2.2: TLS scan of an Erytrophleum fordii colored with height ramp along with the QSM computed by Sim-
pletree (hħp://www.simpletree.uni-freiburg.de/). a) presents the input point cloud colored by height, b) presents
the QSM represented as polygons, c) and d) show the superposiধon of the point cloud and the model. Those
data have been published in72 under the Creaধve Commons 4.0 license. The point clouds and surfaces have been
shaded with eye-dome lightning for display purpose.

Setting out from this premise, TLS proved to be a powerful tool to refine the volume esti-
mation at the tree scale in a non-destructive manner. Moreover, it is efficient in overcoming the
challenge of capturing the fine structure and architecture of trees on a forest plot 126,83,123. Indeed,
recent studies have shown that TLS is efficient in recovering trees’ characteristics47,99,149 such as
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diameter and volume, in an unambiguous, objective, and reproducible manner. Based on TLS
data, several approaches have been explored to retrieve the complete architecture of trees as an
hierarchically connected set of geometric components. For instance, Pfeifer 123 extracts the stem
modeled as a set of cylinders and the outer hull of crowns. Xu 156 produces polygonal models
of trees by using allometric theory to ensure appropriate dimension. Cote44 introduces an in-
teresting approach producing realistic architecture of multi-view scanned conifer: based on the
intensity of the scattered signal, the points are classified aswoodpoints that define skeletal curves,
or as foliage points that play the role of attractors to grow a complete branching structure. Then,
the model expands its volume using allometric theory. Recently, Raumonen 128 has summarized
all the geometric and hierarchical information about a tree in the concept of quantitative struc-
turemodeling (QSM): such amodel describes the tree structure, branching organization and the
branch size distribution as a connected sequence of cylinders. Following this model, Raumo-
nen 128 considers a single tree and segments its components based on ε priori knowledge about
the data, then approximates the segments as a sequence of cylinders. As for Hackenberg72, the
set of cylinders arise from the division of the point cloud into local subsets by the browsing of
the point cloud through a sphere, and then from a local fitting (see Figure 2.2).

Figure 2.3: Illustraধon of the Hough transform in 2D: (a) computaধon of the point normals, (b) definiধon of a
4D Hough space (x,z,y,r) of ”res” resoluধon. Vote of two points along their normals, and (c) ađer the vote of the
whole sample points, extracধon of the most probable circle approximaধng the points with a given uncertainty
linked to the resoluধon of the Hough space.

Ravaglia 129 uses amulti-scale combination of an original Hough transform and open growing
active contours to evaluate such a model. This original approach not only adjusts cylinders on
the point samples without the costly least squares fitting of cylinders, but also proceeds to the
tree detection in the raw 3D point cloud. Indeed, while the previous QSM methods perfom
on isolated trees, the Hough transform, illustrated in Figure 2.3, detects the trees in the whole
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scanned scene, a crucial step in the processing of TLS data.
In practice, theHough transform recovers position and radius of cylinders using the formula-

tion given in Kimme89: for a given radius r, each point votes along its normal in the accumulator
space. The most probable cylinder corresponds to the bin of maximum score. The precision on
the position and radius are related to the resolution of theHough accumulator space. In order to
bring coherence to the scroll of cylinders by estimating their orientation and also to fill missing
cylinders due to occlusion, Ravaglia 129 considers the skeleton of cylinders as an active contour,
and smooths its sequence through an energyminimization process. Thismethod naturally arises
as an interesting way to detect trees in the point cloud and to set up cylinders on the trunk and
the branches.

While QSM has proven efficient to represent the structural parameters, it proposes a discon-
tinuous model and relies on local cylindrical approximations of the tree which has proven to be
the best local approximation 101 but can lead to substantial errors.

Indeed, the cylindrical approximation is questionable, especially on tropical trees present-
ing buttresses for instance (see Figure 2.4), in particular on the older individuals as pointed out
by Olagoke 117. The acknowledgment of the tree cylindrical approximation limits, as shown by
Chave 39, highlights the need of a sharper 3D modeling in order to better describe the shape and
improve the geometric model, in order to precisely assess tree properties.

Figure 2.4: Top view of a cross secধon of 3D point clouds captured on the lower part of five tropical trees. This
unpublished data from Cameroon was collected in collaboraধon with Alpicam company within the IRD project
PPR FTH-AC. The point clouds have been shaded with eye-dome lightning for display purposes.

On the basis of these findings, we propose to improve tree modeling by leaving out the cylin-
drical approximation: by relying on specific surface reconstruction methods based on 3D point
clouds to provide an accurate modeling, we propose to retrieve the complex geometrical shape
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of trees as a continuous surface without using rigid building blocks.
Retrieving continuous surface from TLS point clouds is an open issue: TLS sensors produce

3D images of the scene structured as point clouds, i.e. a collection of (x,y,z) coordinates, without
connectivity. While a 3Dpoint cloud is the simplest representation of 3D-information, it actually
does not provide any continuous surface information and thus topology, neighborhood relation
and local properties of the surface cannot be assessed. As a consequence, it lacks the ability of a
direct smooth rendering, and does not propose an intrinsic simplification or subdivision scheme.
Moreover, TLS scanners available nowadays produce data-sets that present inherent processing
difficulties. First, such data-sets are huge: for instance, a recent terrestrial LiDAR scanning (TLS)
sensor can capturemillions of points in a fewminutes. Then, they present noise, in-homogeneity
and outliers. Depending on the complexity of the scene, they are also subject to occlusions: ob-
jects behind other objects are occluded or hidden from view. The challenge of 3D point cloud
processing consists of tackling those difficulties by analyzing and filtering the data, smoothing the
noise and filling the holes in order to segment, classify and finally reconstruct surface models of
scanned objects. Because of the complexity of such datasets, processing often relies on the seman-
tic to enrich geometrical models. Indeed, analysis, segmentation and reconstruction need to be
adapted to the context: according to the application framework, specific guides are implemented
and employed to ease the retrieval of underlying 3D models.

The next chapter presents our modeling and methodological choices by proceeding to a liter-
ature review on surface modeling, multidimensional reconstruction and surface reconstruction
methods and by resituating those concepts in the context of TLS data processing in forested en-
vironments.
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3
Survey on surface reconstruction

Digitization is the process of converting information into a digital format. It is crucial in data
processing, storage and transmission, because it «allows information of all kinds in all formats
to be carriedwith the same efficiency and also intermingled» 105. While the quality of analog data
worsenswith each copy, digital data can be propagatedwith no degradation. Sampling is the pro-
cess of transforming analog into digital, i.e. recording the values y ∈ R of a signal f : Ω ⊆ R

d → R

at given points x ∈ R
d. Reconstruction is the process that rebuilds the initial information from

the samples. In our application context, the terrestrial LiDAR sensor records an intensity value
for each 3D point it samples. Based only on the position of this 3D points, our objective is to re-
trieve the surface of ground and trees with this sampling. This chapter first presents an overview
of the different surface models and then, the reconstruction methods associated.

1 G঎ঘখ঎ঝছ঒ঌ ঍঎জঌছ঒ঙঝ঒ঘগ ঘএ 3D জঞছএঊঌ঎

In computer graphics, we use various surface model representations: explicit surface models de-
fine explicitly the set of points of the surface through functions (they include polygonεl meshॸ
and pεrεmetric surfεcॸ), and implicit surfεce models, that define the surface as the zero level-set
of a continuous function. Figure 3.1 illustrates these three kinds of models for the rendering of a
cylinder surface.
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Figure 3.1: Representaধon of a cylinder by: a) a triangle mesh, b) the image of a parametric surface and c) the
level-set of an implicit funcধon.

On the left, Figure 3.1a) represents a cylinder as a mesh, that is, roughly speaking, a set of poly-
gons that are connected by a common edge or corners. Given a domain U of R2, Figure 3.1b)
represents the cylinder as the image S = {fparametric(x, y), (x, y) ∈ U} of the parametric function
fparametric : U → R

3. Then on the right, Figure 3.1c) represents the cylinder as the zero level-set
of an implicit function fimplicit : R3 → R. Only a planar cross section of this function fimplicit is
represented and is colored according to fimplicit values.

While thosemathematical primitives for representing solid-appearing objects are broadly used
in the literature, they also constitute important concepts in our research. In the next sections, we
thus introduce each of those three surface models, along with their specific features and charac-
teristics.

1.1 D঒জঌছ঎ঝ঎ খ঎জ঑ খঘ঍঎ক

Mesh models are disctete models representing objects as a connected set of elementary polygons
(or simplices) in dimension n. Among such models, surface meshes (in dimension 2 or 3) play
a major role. Quadrangular meshes consist of quadrangular patches connected by their edges
or vertices, whereas triangular meshes are composed of triangles (and are an essential class of
models directly handled by most graphic devices). However, let us point out that meshes can
be defined more generally and in higher dimension. For instance, let us mention volume mesh
models (consisting of tetrahedra or tree-dimensional polyedra). In the context of this thesis, we
model only surfaces in the 3D space. Hence, we introduce only surface mesh models (and refer
the reader to «Polygon mesh processing»26 and «Delaunay Mesh Generation»40 for general
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presentations of mesh models). A mesh M is a collection of vertices, edges and faces, defined as
a pair of ordered lists:

M = ⟨V, F⟩
V = {v1, v2, . . . , vnv}
F = {f1, f2, . . . , fnf}

(3.1)

where V is a list of nv three dimensional vertices vi and F is a list of polygons each specified as a list
of vertex indices fi = {v(i,1), . . . , v(i,nvi )

}. If nvi = 3, the polygon is a triangle. It is the most com-
mon representation in the literature. The convexity of the triangle simplifies the rendering and
reduces the memory cost. Indeed, the triangles rasterization is faster and also natively supported
in hardware. This makes triangle discrete mesh the most efficient model to represent a surface:
even when a surface is represented by a parametric or implicit model, it is eventually converted
to a discretemesh at least for the rendering. Because trianglemeshes are extensively used in Com-
puter Graphics, and in particular during the rendering of the forest objects we model in our
research, we introduce in next sub-sections some key geometric properties.

1.1.1 Eজঝ঒খঊঝ঒ঘগ ঘএ ঝ঑঎ কঘঌঊক ঐ঎ঘখ঎ঝছঢ ঘএ খ঎জ঑঎জ

One of the strength of meshes is actually that they offer a local control on the surface. Many
works showed that local geometric attributes such as normal and curvature can be efficiently and
rather accurately estimated. Those attributes are widely used in applications such as remeshing 3,
smoothing49, segmentation 145, visualization82, but also in algorithms dedicated to the ground
surface extraction of aerial LiDAR scanner (ALS) such as the TIN-iterative method proposed by
Axelsson 13.

As pointed out byMeyer 108, since meshes are piecewise linear surfaces, the notion of continu-
ous normal vectors or curvatures is non trivial. Actually, assuming that the mesh approximates
a continuous surface, the following question arises: can we define geometric attributes for the
mesh that converge towards those of the continuous surface when the mesh density increases.
Thus, several expressions have been designed to estimate those first and second order differential
properties on discrete surfaces. Commonly, for a given vertex vi, the vector ni that approximates
the true normal is computed as a weighted average of faces normals in a one-ring neighborhood
of the vertex (see Equation 3.2 and Figure 3.2a)).
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ni =
mi

∑

j=1
wj × Nj (3.2)

where mi is the number of edges adjacent to the vertex vi and Nj is the normal of the j th face.
Stressing that the normal vector should only be defined very locally, the weights {wj} are com-
puted by Thürmer and Wüthrich 143 using the angle between both edges of face adjacent to vi.
However, this normal remains consistent only if the faces are subdivided linearly, introducing
verticeswhich are not on a smooth surface. Max 102 proposed a different approach andderived the
weights {wj} assuming that the surface locally approximates a sphere. Theseweights are therefore
exact if the object is a tiling of a sphere. However, it is unclear how this approximation behaves
on more complex meshes, since no error bounds are defined. Regarding the approach proposed
by Meyer 108, it proposes to link the weights to the area of the local Voronoi cell (see Section 1.1.2
for the definition of the Voronoi diagram).

Figure 3.2: Illustraধon of normal (a) and curvature (b) on a surface mesh. ( b) is inspired from an illustraধon of the
course CS 177: Discrete differenধal geometry of the California Insধtute of technology under Creaধve Commons
Aħribuধon-NonCommercial-NoDerivs 3.0 Unported License.

Surface curvature, which is a second order differential property, is essential for many tech-
niques in analysis and rendering. The normal curvature Kn of a surface at a vertex v is the re-
ciprocal of the radius of the circle that best approximates a normal slice of surface along that
direction. For a smooth surface, Kn expressed in the tangent plane, is a quadratic form, called
curvature tensor. Let then exist a basis of the tangent plane (d1, d2) orthogonal for Kn. In this
basis:

Kn(s, t) = K1s2 + K2t2 (3.3)
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whereK1 andK2 are called the principal curvatures at v and (d1, d2) its principal directions, which
are actually the directions alongwhich thenormal curvature reaches itsminimumandmaximum.
The two closely related quantities K = K1 × K2 called the Gaussian curvature and H = (K1 +

K2)/2 called the mean curvature, play a very important role in the theory of surfaces.
Figure 3.2b) illustrates principal curvatures and directions at a given vertex of normal n. Sev-

eral methods have been proposed for estimating principal curvatures and directions. They can
be grouped into three categories: (i) Patch fitting methods that fit an analytic surface to points
in a local region and then compute analytically curvatures on the resulting smooth surface 34;
(ii) Normal curvature-based methods that first estimate the normal curvature along the edges
adjacent to a vertex then approximate the curvature tensor to obtain principal curvatures and
directions K1 and K2

142; and (iii) mean and Gaussian curvatures approximating methods based
on Gauss’s Theorema Egregium. Lightweight and easier to implement, the last group of meth-
ods are broadly used. They are based on the estimation of the Gaussian curvature through the
angular defect (several studies 108,24 refine the computation and study the convergence towards
the smooth surface curvature).

1.1.2 Vঘছঘগঘ঒ ঍঒ঊঐছঊখ ঊগ঍ D঎কঊঞগঊঢ ঝছ঒ঊগঐঞকঊঝ঒ঘগ

As opposed to the point we just covered, we can approach discrete meshes globally. Surface re-
construction methods based on discrete meshes focus on estimating a polygonal mesh interpo-
lating the 3D samples. However, such a mesh is clearly not unique and according to the neigh-
borhood choice, the resultingmesh can bemore or less regular or contain stretched or degenerate
polygons or rectangles. The quality and regularity of the mesh is thus a key issue. Delaunay tri-
angulations and its dual, namely the Voronoi diεgrεm, are essential both from a theoretical and
applied perspective. In this context, they stand as a fundamental data structures 12.

For sake of simplicity, wewill introduceDelaunay triangulations andVononoi diagrams in 2D.
Given a finite set of points in the plane, the idea is to assign to each point a region of influence in
such a way that these regions partition the plane. Considering P ⊆ R

2 a set of n points, Vp the
Voronoi region of p ∈ P is defined as the set of points x ∈ R

2 that are as close to p as to any other
points in P .

Vp = {x ∈ R
2 : ∥x − p∥ ≤ ∥x − q∥, ∀q ∈ P} (3.4)

TheVoronoi diagramofP is the graphwhose vertices are theVoronoi regions andwhose edges
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are given by the adjacency between them.
Considering a Voronoi diagram of P , the dual graph connecting p, q ∈ P if and only if their

Voronoi regions intersect along a common line segment, is referred to as the Delεunεy triεngu-
lεtion67.

A restrictedDelaunay triangulation is a subcomplex of the three-dimensional Delaunay trian-
gulation. It is defined as follows: considering a surface S and P ⊂ S a finite set of n points sam-
pled from S, D(P) and V(P) denote respectively the Delaunay triangulation and the Voronoi
diagram of P . In that case, the restricted Delaunay triangulation DS(P) is the set of facets of
the Delaunay triangulation whose dual edges intersect the surface (see Cohen and Morvan42 for
more details). Figure 3.3 illustrates this concept on a 2D point set sampled on a curve.

Figure 3.3: Illustraধon of the restricted Delaunay triangulaধon for a 2D point set sampled on a smooth curve:
a) the point set, b) Delaunay triangulaধon and Voronoi diagram of point set and c) The Delaunay triangulaধon
restricted to the curve is the set of Delaunay faces whose dual voronoi faces have a non-empty intersecধon with
the curve (dashed edges are Delaunay but not restricted Delaunay).

The definitions and illustrations given here refer to a 2D problem. In that case, Shamos and
Hoey 138 were the first to introduce the Voronoi diagram for a finite set of points in the Euclidean
space E2 into the field of computational geometry, providing the first efficient algorithm for its
computation. For higher dimensional problems, by using a dual correspondence to convex hulls
discovered by Brown27, Voronoi diagram can be obtained following the method proposed by
Seidel 137.

In the context of 3Ddataprocessing,Delaunay triangulation andVoronoi diagramhaveproven
to be mathematically powerful tools for surface reconstruction. Indeed, while 3D laser scanners
generate noisy point clouds, the resulting raw meshes are also subject to noise and may contain
degenerate triangles. Thus, several algorithms75,4 have been proposed to approximate the raw
mesh with another mesh of better quality. Isotropic remeshing receives much attention in the
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current research, in particular the Centroidal Voronoi tesselation proposed by Du 51.

1.1.3 Sঝছ঎গঐঝ঑জ ঊগ঍ ঠ঎ঊঔগ঎জজ঎জ ঘএ খ঎জ঑঎জ

As pointed out previously, triangle meshes are natively supported in hardware, thus they stand
as the model of choice for computer graphics. Because of their simple representation as a collec-
tion of vertices, edges and faces, suchmodels appear very effective for processing and refinement.
Indeed, the control on the surface is very local: local deformations and manipulations during
processing operations affect only a limited amount of elements.

However, in the context of surfacemodeling based onTLS point clouds, the choice of discrete
meshmodeling is questionable. Indeed, data sets are too heavy, noisy and occluded to be reliable
for the construction of themesh, andmeshing remains a tedious task when the size of the sample
data-set increases. The successive re-meshings needed to obtain an adequate model, multiply the
cumbersome computations. Moreover, the in-homogeneity of sampling leads to an unbalanced
mesh: with larger polygons far from the sensor, tiny polygons close to it (where the point density
can reach 1 millions points/m2) and stretched polygons in occluded areas. Such problem, which
depends on the point cloud by nature, can hardly be managed through meshes.

1.2 Pঊছঊখ঎ঝছ঒ঌ জঞছএঊঌ঎জ

Let us now briefly introduce parametric surfaces in order to justify our modeling choices. Para-
metricmodels have been largely studied and used in computer assistedmodeling and reconstruc-
tion. They can be expressed as:

S(u, v) =



















x = f(u, v)
y = g(u, v)

z = h(u, v)

(3.5)

where u and v are surface parameters varying in a domain D ⊂ R
2, typically a unit square [0, 1]2.

Parametric representation provides a direct access to the local geometry of the surface. While
parametric surfaces canbe very generic, thenext subsections introduce theBasis Splines (B-Splines)
and the Non-Uniform Rational Basis Splines (NURBS), that stands as the most common para-
metric formulation.
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1.2.1 B-Sঙক঒গ঎জ ঊগ঍ NURBS

Given the following information:

• a set of m + 1 rows and n + 1 control points pi,j, where 0 ≤ i ≤ m and 0 ≤ j ≤ n

• a knot vector of h + 1 knots in the u-direction, U = {u0, u1, . . . , uh}

• a knot vector of k + 1 knots in the v-direction, V = {v0, v1, . . . , vk}

• the degree p in the u-direction

• the degree q in the v-direction

the B-spline surface defined by these information is the following:

S(u, v) =
m

∑

i=0

n
∑

j=0
pi,j · Ni,p(u) · Nj,q(v) (3.6)

The coefficient of control point pi,j is the product of two 1D B-spline basis functions, one in the
u-direction, Ni,p(u), and the other in the v-direction, Nj,q(v) resulting in a 2D B-spline function.
The i th basis functionNi,p(u)definedon a knot vectorU = {u1, . . . , um+p+1} is recursively defined
by Cox46 - De Boor48 recursion formula as:

Ni,p(u) =
u − ui

ui+p − ui
· Ni,p−1(u) +

ui+p+1 − u
ui+p+1 − ui+1

· Ni+1,p−1(u) (3.7)

where Ni,0(u) =







1 if ui ≤ u ≤ ui+1

0 otherwise

TheNURBS, introduced by Versprille 151, are a form of generalization of B-splines allowing to
assign a weight to the control points thus improving the modeling flexibility. They are defined
as a tensor product form:

S(u, v) =

m
∑

i=0

n
∑

j=0
wi,j · pi,j · Ni,p(u) · Nj,q(v)

m
∑

i=0

n
∑

j=0
wi,j · Ni,p(u) · Nj,q(v)

(3.8)

where {wi,j} are the weights, {pi,j} are the control points, p and q are the degrees in the u and v
directions and {Ni,p} and {Nj,q} are the normalized B-spline basis functions defined on the non-
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periodic knot vectorsU = {0, 0, . . . , 0, up+1, . . . , um, 1, 1, . . . , 1} andV = {0, 0, . . . , 0, vq+1, . . . , vn, 1, 1, . . . , 1}
respectively.

A NURBS surface is completely determined by its control points {Pi,j}, its weights {wi,j} and
the knot vectors U and V . The surface changes in a predictable way according to control points
movement. The weighting factors {wi,j} determine how much a control point influences the
shape locally (note: if the weighting factors are all assigned to one, the NURBSmodel is reduced
to the particular case of B-Spline surfaces).

Figure 3.4: Influence of sample characterisধcs on interpolaধng B-Spline: (leđ) 400 points sampling the funcধon
z = sin(r)/r, r =

√x2 + y2 and the approximaধng B-Spline in green, (center) idem with 100 points only, (right)
400 point sampling the same funcধon with an addiধonal white noise of amplitude equal to one.

Figure 3.4 illustrates the effect of sample characteristics on the B-Spline interpolation: the
modeling requires a descent point density to retrieve the initial shape, plus, it is highly sensitive
to noise.

1.2.2 Sঝছ঎গঐঝ঑জ ঊগ঍ ঠ঎ঊঔগ঎জজ঎জ ঘএ ঙঊছঊখ঎ঝছ঒ঌ জঞছএঊঌ঎জ

NURBS and parametric surfaces in general are suitable for smooth and continuous surfacemod-
eling. Hence, they are broadly used in computer aided geometric design. However, NURBS
prove difficult to control when themodel becomesmore andmore complex. Indeed, as the shape
is completely defined by the control points, the knots vector and associatedweights, deformation
and refinement require heavy computation to re-estimate the geometry. Actually, the modeling
of complex objects using one NURBS patch leads to the creation of extremely complex knot
vectors that become impractical to handle. Moreover, this sort of modeling requires a regular
network of control points. In the context of TLS processing, heavy data-sets and the consecutive
refinements due to noise filteringwould lead to prohibitive computations. Moreover, thismodel
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requires ordered control points in order to be linked to a regular network of 2D parameters. In
practice, it is impractical for TLS point clouds.

1.3 Iখঙক঒ঌ঒ঝ জঞছএঊঌ঎

Let us now come to the last class of models presented in this thesis, namely implicit surfaces.
Such models describe the surface as a levelset of an implicit function, which is a function from
R

3 to R. The implicit function can be in the form of a signed distance field78 that quantifies
the distance of a point to the surface. Other models that are not implicit ε priori, an indicator
function that discriminates between the interior and the exterior of a solid shape for instance,
are sometimes brought back to the implicit surfaces class of model (by smoothing the border
through convolution as proposed by Kazhdan86 in its Poisson surface reconstruction).

Figure 3.5: Example of implicit funcধons in 2D: (a) Signed distance funcধon with its corresponding level-sets as
black lines (the color ramp scales from green for the negaধve values to white for the zero-values then to blue for
the posiধve values) and (b) Indicator funcধon segments the plane in two areas: the light green area where the
funcধon is 0 and the darker green area where the funcধon is 1.

The reconstructed surface is usually rendered as a discrete mesh. The Marching Cubes (MC)
algorithm is probably the most popular method currently for iso-surface extraction and render-
ing. The implicit function is sampled on a 3D grid and the iso-surface is then extracted from this
scalar field. Regular 3D grids can be used, as proposed by the first Marching Cubes (MC) algo-
rithm introduced by Lorensen97. Since the MC was proposed, many researchers have focused
on extending the basic approach, resolving its ambiguities, and improving its performance (see
the survey proposed by Newman 113 for more details).

Among implicit functions, radial basis functions (RBF) stand out as major class of functions
with solid mathematical properties and prove efficient to smooth noise and limit complexity.
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Hardy74 with his decomposition on amultiquadric functions basis, andDuchon 52 with his thin
plate spline based model, opened the door of such surface modelings.

1.3.1 Rঊ঍঒ঊক ঋঊজ঒জ এঞগঌঝ঒ঘগজ

In the present work, we use RBF functions as a modeling tool and we will hence introduce them
as a family of functions used as basis functions to approximate the surface. However, RBF can
be studied from a more general point of view (reproducing kernels Hilbert spaces in functional
analysis which are a fundamental theory in statistics, artifical intelligence and recognition). The
reader can refer to Berlinet and Thomas-Agnan 19 for a more detailed presentation.

In a basicway,modelingwithRBF consists of the decomposition in a finite linear combination
of translations of a given basis function, as illustrated in 1D on Figure3.6. These basis functions
(see definition below) are radially-symmetric functions.

Definition ƪ: Radial functions

A function Φ : Rd → R ॹ cεlled ε rεdiεl bεsॹ function if there exists ε univεriεte function
φ : R+ → R such thεt Φ(p) = φ(r), with r = ∥p∥, where ∥ · ∥ ॹ some norm on R

d, usuεlly
the Euclideεn norm.

Figure 3.6: Illustraধon of the RBF interpolaধon on four points in 1D. Blue hashed curves represent the contri-
buধon of each RBF. The green curve is the resulধng curve interpolaধng sample points.

1.3.1.1 Sঘখ঎ ঎ক঎খ঎গঝজ ঘগ ঒গঝ঎ছঙঘকঊঝ঒ঘগ ঝ঑঎ঘছঢ
RBF have been widely studied through interpolation theory. The results then obtained actu-

ally provide the tools for surface reconstruction with RBF. Considering Ω ⊆ R
d and C(Ω), the
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space of continuous function on Ω, the interpolation problem can be stated as follows: Given
the data D = {(xi, si) ∈ R

d × R}i=0,...,N−1, a function f : R
d 7→ R ∈ C(Ω) interpolates D if

f(xi) = si, ∀i ∈ {0, . . . , N − 1}. Given a set of basis functions {uk}k=0,...,N−1, a major question is:
can we find an interpolant of D in the subspace of finite dimension generated by this basis? In
other words, does any linear combination of such functions f =

∑N−1
k=0 ck · uk, ck ∈ R interpolates

D?
Given this linear decomposition, resolving the interpolation problem consists in solving a lin-

ear system of equation of the form:
A · c = s (3.9)

where Ai,j = uj(pi), i, j ∈ {0, . . . , N − 1}, c = [c0, . . . , cN−1]
T and s = [s0, . . . , sN−1]

T. Now this
system has a solution if and only if the matrix A is non-singular.

In 1D, considering the basis of polynoms Πm(R), it is well known that a polynomial of degree
N − 1 can interpolate N data points. However for higher dimensional problems, Mairhuber 100

brought the following negative result:

Definition ƫ: Haar space

Let the finite dimensionεl lineεr function spεce B ⊆ C(Ω) hεve ε bεsॹ {uk}N−1
k=0. Then B

ॹ ε Hεεr spεce on Ω if for εny set of distinct x0, . . . , xN−1 in Ω, given the mεtrix U =

uj(xk)j,k∈{0,...,N−1}, det(U) ̸= 0.

heorem ƪ: Maihuber-Curtis
If Ω ∈ R

n, n ≥ 2, contεins εn interior point, then there exist no Hεεr spεcॸ of continuoॺ
functions except for the one-dimensionεl onॸ.

In otherwords, if wewant to have awell-posed scattered data interpolation problem in dimen-
sion D ≥ 2, we cannot fix in advance the set of basis functions we plan to use. Instead, the basis
needs to depend on the data locations. Actually, in order to obtain such data dependent approx-
imation spaces, we consider positive definite functions. The following paragraphs summarize
the different properties of RBF in this context (see Wendland 155, Buhmann29 and Fasshauer60

for more details).
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1.3.1.2 Sঝছ঒ঌঝকঢ ঙঘজ঒ঝ঒ট঎ ঍঎এ঒গ঒ঝ঎ ছঊ঍঒ঊক ঋঊজ঒জ এঞগঌঝ঒ঘগজ
A RBF interpolation is a function f defined as:

f(x) =
N−1
∑

i=0
ɀi · φi(x) (3.10)

where {φi}i=0,...,N−1 is a set of functions frequently chosen as the shift of a single RBF : φi(x) =

φ(∥x − xi∥), as stressed out by Fasshauer62.
A major issue is then to guarantee interpolation with such linear combination. To do so, we

consider strictly positive definite functions. The definition of (strictly) positive definite function
is given as:

Definition Ƭ: Positive definite function (respectively strictly positive definite function)

A function Φ : Rd 7→ R ॹ positive definite (respectively strictly positive definite function) on
R

d if εnd only if for εll finite subset P = {p0, . . . ,pn−1} of distinct points of Ω the mεtrix ΦP

with entriॸ φ(pi −pj), 0 < i, j < n − 1 ॹ positive definite (respectively strictly positive definite
function):

cT · ΦP · c =
n−1
∑

i=0

n−1
∑

j=0
ci · cj · φ(pi − pj) ≥ 0, ∀c ∈ R

n (3.11)

(respectively cT · ΦP · c > 0, ∀c ∈ R
n)

The interpolation problem, expressed in its matrix form becomes :

Φ · α = s (3.12)

where α = [ɀ0, . . . , ɀN−1]
T, s = [s0, . . . , sN−1]

T and Φi,j = φ(xi − xj).

Let us assume thatφ is a strictly positive definiteRBF, it iswell known that thematrixΦ (which
is symmetric definite positive) is invertible. Hence this guarantees the existence and uniqueness
of an interpolation function of the form 3.10.

SeveralRBF found in the literature are strictly positive definite. Some common strictly positive
definite RBF are presented in Table 3.1.
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Name Φ(r) Condition
Gaussian e−r2

Matern ruKu(r), Ku spherical Bessel function u > 0
Inverse multiquadric (1 + r2)b/2 b < 0

Table 3.1: Common strictly posiধve definite radial basis funcধons. (r = ∥x − xi∥).

1.3.1.3 Cঘগ঍঒ঝ঒ঘগঊককঢ ঙঘজ঒ঝ঒ট঎ ঍঎এ঒গ঒ঝ঎ ছঊ঍঒ঊক ঋঊজ঒জ এঞগঌঝ঒ঘগজ
While the interpolation problem leads to the idea of using strictly positive definite RBF, an

important class of RBF does not verify this property. However, a weaker property is defined
(conditionally positive definite RBF) allowing to extend the interpolation results. As stressed by
Schaback 133, in such cases, one has to add polynomials of a certain maximal degree in the linear
decomposition Equation 3.10.

LetΠm(Rd) denote the space spanned by all d-variate polynomials of degree up to m, and pick

a basis π0, . . . , πq−1 of this space. The dimension q comes out to be q = (
m + d

d
) and Equation

3.10 is then augmented to:

f(x) =
N−1
∑

i=0
ɀi · φ(∥x − xi∥) +

q−1
∑

j=0
Ɂj · πj(x) (3.13)

Table 3.2 provides a selection of the most useful conditionally positive definite functions.

Name Φ(r) Parameters Order m
Multiquadrics (−1)b/2(1 + r2)b/2 b > 0,b /∈ 2N b/2

Polyharmonic splines (−1)b/2rb b > 0,b /∈ 2N b/2
Polyharmonic splines (−1)1+b/2rb.log(r) b > 0,b ∈ 2N b/2 + 1

Thin-plate spline r2.log(r) 2

Table 3.2: Common condiধonally posiধve definite radial basis funcধons (r = ∥p − pi∥)

The q additional degrees of freedom induced are then removed by q additional homogeneous
equations, restricting the coefficients ɀ0, . . . , ɀn−1 in Equation 3.13:

n−1
∑

i=0
ɀi · π0(xi) = . . . =

n−1
∑

i=0
ɀi · πq−1(xi) = 0 (3.14)
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In this setting, RBF and polynomial coefficients for interpolation, α and β respectively, are
calculated by solving the following linear system, expressed in its matrix form as:





Φ PT

P 0



 ·




α

β



 =





s

0



 (3.15)

where Φi,j = φ(∥xi − xj∥) and Pi,j = πj(xi).

Some profile of useful strictly and conditionally positive definite radial basis functions are il-
lustrated on Figure 3.7.

Figure 3.7: Commonly used types of radial basis funcধons: (leđ) Gaussian Φ(r) = e−r2 , (center) inverse mulধ-
quadric Φ(r) =

1√
1 + r2 , and (right) thin plate spline Φ(r) = r2ln(r).

1.3.1.4 Cঘখঙঊঌঝকঢ জঞঙঙঘছঝ঎঍ ছঊ঍঒ঊক ঋঊজ঒জ এঞগঌঝ঒ঘগজ
Using globally supported radial basis functions allows the reconstructionof bothnonuniform

sampling and samples affected by missing data. However, as it entails inverting the matrix Φ
previously defined, the computational cost becomes prohibitive while dealing with a heavy data-
set.

To make RBF methods suitable for larger point clouds, defining compactly supported radial
basis functions (CSRBF) is a key issue, thus leading to sparse interpolating matrices and reduc-
ing the computational complexity. In this context, the most useful example is Wendland’s func-
tion 152: a minimum-degree polynomial solution for locally supported radial basis functions that
guarantees positive-definiteness of the interpolation matrix. These functions are defined itera-
tively through pseudo integral and differential operators (see Wendland 152 for a detailed presen-
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tation). Basically, for various dimensions d and required continuities Ck, those functions have
the form:

d 1 3 5
C0 (1 − r)+ (1 − r)2+ (1 − r)3+
C2 (1 − r)3+(3r + 1) (1 − r)4+(4r + 1) (1 − r)5+(5r + 1)
C4 (1 − r)5+(8r2 + 5r + 3) (1 − r)6+(35r2 + 18r + 3) (1 − r)7+(16r2 + 7r + 1)

Table 3.3: Wendland’s CSRBF for d ∈ {1, 2, 3} and conধnuity Ck, k ∈ {0, 2, 4}. (·)+ is the cut-off funcধon
such as (x)+ = x if x ≥ 0, 0 otherwise. These funcধons have radius of support equal to 1. Scaling of the basis
funcধons, i.e. φ(r/σ), allows any desired radius of support σ.

In particular, the function (1 − r)4+(4r + 1) ranks amongst the most usefull RBF; it is positive
definite in R

d for d ≤ 3 and twice differentiable in x when r = ∥x∥.

Figure 3.8: Wendland’s compactly supported radial basis funcধon for d = 3 : (leđ) C0, (center) C2 and (right)
C4.

The finite support of such functions allows faster filling of the interpolation matrix 154, this
matrix becoming sparse at the same time. The inversion of the matrix is then speeded up by
using a direct sparse matrix solver.

Morse 111 summarizes the advantage of CSRBF over classical RBF as follows: considering the
complexity of the interpolation of n points, O(n log(n)) for CSRBF and O(n2) for RBF computa-
tion is required to set-up the interpolation problem, ie to build the system of equations. O(n1.5)

computation is required to solve the system of equations with CSRBF (O(n2) with RBF). And
finally, O(log(n)) computation is required to evaluate the function (O(n) with RBF).

Nevertheless let us point out that CSRBF may have a drawback. Indeed, the choice of the
support radius is a delicate question. Small support radii lead to an efficient way to solve the
system but also to a poor representation (see Figure3.9). Actually, the resulting surface may even
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fail to be continuous as RBF are too localized. On the contrary, large support radii lead to a good
representation but also to worse computational performance, because of the densification of the
interpolation matrix.

Figure 3.9: Effect of the support size of the CSRBF: too small supports lead to non-conধnuous surface (level-set
of the funcধon) (a). Larger supports leads to smoother reconstructed surface (b) but at higher computaধonal cost.
Indeed, the size of the overlapping zones is directly linked to the density of the interpolaধon matrix.

1.3.2 Sঝছ঎গঐঝ঑জ ঊগ঍ ঠ঎ঊঔগ঎জজ঎জ ঘএ ঒খঙক঒ঌ঒ঝ জঞছএঊঌ঎জ

Implicit surfaces appear to be an efficient framework for surface reconstruction as such models
allow to smooth the noise by approximating the input points. Moreover, because the surface is
extracted as a levelset of an implicit function, the resulting mesh is guaranteed to be a watertight
manifold. However, spurious components can be produced as unwanted level-set and would
need to be filtered out. In the context of TLS processing, modeling with CSRBF stands as a
powerful option: the required resolution of the shape geometry is determined by a wise distri-
bution of the centers and the control on the shape remains very local by limiting the support
radius of the basis functions.

2 T঑঎ ঌ঑ঊকক঎গঐ঎ ঘএ জঞছএঊঌ঎ ছ঎ঌঘগজঝছঞঌঝ঒ঘগ

Surface reconstruction is concerned with recovering a digital representation of real world objects
sampled by a 3D point cloud. Those point clouds, resulting from different 3D acquisitionmeth-
ods, have intrinsic characteristics and artifacts, as illustrated on Figure 3.10.

As pointed out in Chapter 2, the scattering characteristics of the scanned material and the
precision of the scanner itself induce noise in the dεtε. The goal of the reconstruction algorithm

59



Figure 3.10: Different forms of point cloud arধfacts, shown in the case of a curve in 2D: (a) noisy data, (b) non-
uniform sampling, (c) outliers, and (d) missing data or hole.

is to produce a surface approximating the points without over-fitting to the noise 35. The scanner
orientation, and the variation of the distance to the scanned surface produce an in-homogeneous
distribution of points on the surface. Algorithms have to tackle this non-uniform sεmpling by
computing a sampling density at every point to estimate correctly the surface. Because of the
structural complexity of the scene or because of the acquisition process itself, points lying far
from the surface can arise. Those points, called outliers should be filtered out and should not be
used to infer the surface. Missing dεtε or holॸ are due to occlusions in the scanningprocesswhere
large portions of the shape are not sampled. Missing data differ from non-uniform sampling, as
the sampling density is zero in such regions.

The objective of surface reconstruction is to tackle such point clouds imperfections in order to
produce a geometric model, faithful reproduction of the shape initially scanned. More precisely,
the surface reconstruction problem can be stated as follows: given a set of points S sampled from
a surface M embedded in R

3 , construct a surface F such that the points of S lie on or are close
to F , and F approximates M geometrically and is topologically equivalent to M. The recon-
struction problem is divided in interpolεtion, when the function goes through all the points, and
εpproximεtion, when the function goes close to the sample points. Strides have been made in
geometric modeling by developing specific algorithms. Those surface reconstruction algorithms
can be roughly classified in three categories, each of them relying on specific modeling choices:
(i) Delaunay based methods approximate the 3D sample points by a discrete mesh model, (ii)
Piecewise smooth methods represent and approximate the samples by a pεrεmetric form, and
(iii) Implicit Function methods fit an implicit function on the point cloud, then use a marching-
cube-like algorithm to extract a level-set of the function into a mesh. As underlined previously,
implicit surfaces appear to be particularly appropriate in the context of TLS processing. There-
fore, in the sequel of Section 3 we present surface reconstruction methods and emphasis is given
to implicit function methods.
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3 Sঞছএঊঌ঎ ছ঎ঌঘগজঝছঞঌঝ঒ঘগ খ঎ঝ঑ঘ঍জ

3.1 D঎কঊঞগঊঢ ঋঊজ঎঍ খ঎ঝ঑ঘ঍জ

Gopi68 exploits the local characteristics of the Voronoi diagram to build a mesh. By assuming
that the normal to the tangent plane at the point pi can be approximated by the direction of the
Voronoi cell V(pi), this algorithm derives a local triangulation around each point. Also based on
tangentplanes, Cohen-Steiner&Fa41 startwith a seed triangle andgrowanoriented surfaceby se-
lecting triangles out of theDelaunay triangulation D(P). Themethods that compute a subset of
theDelaunay triangulation are usually referred to as restrictedDelaunay-basedmethods. Among
them stand two famous algorithms: the Crust and the Cocone algorithm. The Crust algorithm
was designed by Amenta and Bern6 from the Crust algorithm for curve reconstruction7. The
principle of this algorithm, illustrated in 2D on Figure3.11, is the following: considering a set of
sample points P , the algorithm first computes the Voronoi diagram V(P). Then, a set of poles
Q of the Voronoi diagram are selected and the Delaunay triangulation of P ∪ Q is computed.
Finally, the algorithm discards all triangles having not all vertices in P to extract the candidate
triangles of the reconstructed surface.

Figure 3.11: Illustraধon of Crust algorithm in 2D: a) Voronoi diagram and Voronoi poles (black dots) of the input
points (green dots), b) Delaunay triangulaধon of the union of the sample points and their Voronoi poles. The crust
is indicated by the solid line.

From the Crust algorithm, Amena8 designed the Cocone algorithm. The Cocone algorithm
demands in contrast to the Crust algorithm only the computation of theDelaunay triangulation
D(P), thus reducing the runtime and memory complexity. Two important methods extending
those two approaches previously described and resulting in watertight meshes were Powercrust
and Tight Cocone introduced by Amenta9 and Dey 10 respectively.
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While those methods prove efficient on regular and clean sampling, they face difficulties while
dealing with noise and in-homogeneity. In order to handle noise and outliers, Kolluri90 intro-
duces theEigen crust algorithmwhichuses a spectral graphpartitioning. However, in areaswhere
data are missing, the quality of the approximating surface is questionable because of the coarse
underlying Delaunay triangulation.

Another category of approaches is inspired by the alpha shape reconstruction proposed by
Edelsbrunner 55. Those methods build a spatial subdivision according to the sampling P , then
classify theDelaunay tetrahedra as inside or outside the domain bounded by S depending on the
radius of their circumscribing spheres. However, building such alpha shapes is computationally
expensive. Bernardini20 proposed a ball pivoting algorithm to construct efficiently the boundary
of an alpha shape (see Figure 3.12).

Figure 3.12: Pivoধng ball algorithm in 2D: a) A circle pivots from sample point to sample point, connecধng them
with edges, b) when the sampling density is too low, some of the edges will not be created, leaving holes and c)
when the curvature of the manifold is too large, some of the sample points will not be reached by the pivoধng
ball, and features will be missed.

3.2 P঒঎ঌ঎ঠ঒জ঎ জখঘঘঝ঑ জঞছএঊঌ঎ খ঎ঝ঑ঘ঍জ

In order to distance from noise and in-homogeneity issues, surface fitting problem has been in-
vestigated through the adjustment of local parametric smooth patches subsequently stitched to-
gether. In this context, NURBS is one of the most used models 125 and is supported by mod-
ern standards like OpenGL. In addition, NURBS surface models are stable and flexible. These
schemes are usually designed to interpolate sparse data, rather than directly fit dense, noisy point
sets similar to those obtained from TLS devices. Indeed, because of the sensitivity to the param-
eters, i.e. the control points and the weights, those models turn out to be unstable for surface re-
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construction problems. Some spatial regularity in the data is also required given the tensor prod-
uct form ofNURBS.Moreover, inherent characteristics of B-Spline andNURBS complicate the
extrapolation in missing data area, and thus the filling of holes. To fit an unorganized and scat-
tered point cloud using parametric patches, several approaches have been explored: among oth-
ers, Eck 54 and Gregorski70 fit a network of B-Spline patches while ensuring some degree of con-
tinuity between them, Dokken 50 introduces the concept of locally refined splines, andOhtake 115

approximates locally the points with quadratic parametric patches and later merges them using
radial basis functions to produce a single implicit function. While NURBS and spline based
model are too flexible to handle noise and outliers of TLS scan, the relative stiffness of quadratic
patches model have proven efficient to handle those imperfections in order to produce smooth
and accurate surface reconstruction 116. Moreover, because this method reconstructs the final
model as an implicit surface, it stands at the verge of the implicit function methods, introduced
in the following Section.

3.3 Iখঙক঒ঌ঒ঝ এঞগঌঝ঒ঘগ খ঎ঝ঑ঘ঍জ

In view of the strengths andweaknesses of themesh and parametric approaches, implicit surfaces
prove suitable for the reconstruction from dense point clouds, thanks to their noise tolerance
and in-homogeneity and because they are adapted to holes filling by using the neighborhood.
For those reasons, numerous works focus on surface reconstruction with implicit surface from
point clouds.

3.3.1 Nঘছখঊক ঎জঝ঒খঊঝ঒ঘগ এঘছ ছ঎ঌঘগজঝছঞঌঝ঒ঘগ

Reconstructionmethods have different prerequisites as input: while somemethods rely only on
the points position, many of them need an estimate of points normal as additional data. The
normal, defined at every point is the direction orthogonal to the tangent plane, i.e. it is related
to the local surface approximation at the given point. The challenge is to estimate this normal
directly from the point cloud (as it will be used to further reconstruct the surface).

Hoppe78 presentes a simple method to compute an oriented normal field by analyzing the
point distribution. In practice, it first assesses for each point pi an un-oriented normal by per-
forming a principal component analysis (PCA) on the xyz coordinates of its neighbors Np, i.e.
computing the spectral decomposition of the covariance matrix Cp.
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Cp =
∑

pi∈Np

(p − pi)(p − pi)
T (3.16)

Since the eigenvectors of Cp associated with the two largest values capture most of the variance
in the data, the eigenvector associated with the smallest eigenvalue thus defines the un-oriented
normal. In order to obtain a consistent global orientation of the normals, the algorithmwanders
on the data-setmodeled as a graph, and flips normals to keep them geometrically close (see Figure
3.13). Liu96 extends this method and focuses on preserving the surface connectivity in sparse
regions.

Figure 3.13: Illustraধon of the normal esধmaধon in 2D. a) e1 and e2 are the eigen-vectors of the PCA on the xyz
coordinates of the neighbors Np of the point p. e2 is then assigned as p normal, b) highlight a zone of normal
inconsistency. Those normal will be re-oriented in a further step to keep a consistent global orientaধon.

3.3.2 Sঞছএঊঌ঎ ছ঎ঌঘগজঝছঞঌঝ঒ঘগ ঊজ ঊগ ঊঙঙছঘড঒খঊঝ঎ ঘএ ঝ঑঎ জ঒ঐগ঎঍ ঍঒জঝঊগঌ঎
এঞগঌঝ঒ঘগ

In 1992, Hoppe78 opens a door in the field of surface reconstruction with implicit functions.
Considering S = {si}N

i=0 a dataset of 3D points, where each sample contains the position pi =

[pix, piy, piz]T of the point and a normal ni = [nix, niy, niz]T, this method approximates a signed
distance function f : R3 → R such that:

f(x) = (x − pi)
T · ni, ∀x ∈ R

3 (3.17)

where pi is the closest point from x among the sample points S. While being straightforward
to implement, this method suffers from several issues. Indeed, it is very sensitive to the quality
of the pre calculated normal field. Noisy or inverted normals can affect badly the consistency of
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the signed function. Furthermore, non uniform sampling can pollute the choice of the closest
tangent plane and produce unstable results. The methods introduced below actually address
these issues. In particular, the next sub-sections present (3.3.3) the Moving Least Squares, (3.3.4)
the RBF reconstructionmethods, (3.3.5) the patch stitching through partition of unity approach
and finally the (3.3.6) Poisson surface reconstruction method.

3.3.3 Mঘট঒গঐ ক঎ঊজঝ জqঞঊছ঎জ (MLS)

The MLS method was first proposed by Lancaster and Salkauskas92 in 1981 for smoothing and
interpolating data. Given a set of sample points xi and the corresponding fi of a function f as xi,
MLSmethod aims at approximating f. The idea is to start for an arbitrary fixed point inR

d with
a local weighted least squares formulation and then move this point over the entire parameter
domain. More formally, if we consider a set of N points xi where i ∈ [1, . . . , N] and fi the value of
the function f sampled at xi, the MLS approximant g of {(xi, fi), i = 1, . . . , N} is defined as:

g ∈ Πm(Rd), min{
N−1
∑

i=0
θ(∥x − xi∥) · ∥fi − g(xi)∥2} (3.18)

where θ : R
d → R is a weight function whose values decrease with the distance to the po-

sitions of data points xi. Due to the fact that for every evaluation point x a linear least squares
problem needs to be solved, those versions ofMLS are set aside for problems with nomore than
few thousands of samples. However, by using compactly supported weight functions only a
few terms are considered in the matrix computation (see Equation 3.19), or it is even possible to
completely avoid solving the linear system61.

In order to cope with this problem, Levin93 pointed out that the MLS surface is actually the
set of stationary points of the function g : R3 → R

3. A point x ∈ R
3 belongs to the MLS surface

exactly when g(x) = x. In this context, Amenta 11 expresses theMLS surface approximation as an
energyminimization problem (see Figure3.14). Considering a set of points pi = [pix, piy, piz]T, i ∈
[1, . . . , N], a local fitting plane of normal n = [nx, ny, nz]T, for each q = [qx, qy, qz]T ∈ R

3, the
distance t between q and the plane, the energy of the plane EMLS passing through the point p =

q − t × n is :

Eq
MLS(t, n⃗) =

N−1
∑

i=0
((pi − q + t × n)T · n)2 · θ(∥pi − q + t × n∥) (3.19)
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Let (tq, nq) be a local minima of Eq
MLS(t, n⃗), then pq = q − tq × nq is the nearest point to q

and we define f(q) = pq. The stationary points of this map f form the MLS surface. Figure 3.14
summarizes MLS method on a set of points.

Figure 3.14: Illustraধon of the moving least squares principle. a) Considering input points pi ∈ P and a Gaussian-
like weight funcধon θ whose values at each pi are denoted by its shade of gray, b) we evaluate the energy of the
plane EMLS passing through the point p = q − t × n. c) The minimizaধon of EMLS leads to the construcধon of
the MLS surface.

Amajor characteristic of MLS is the use of the weighting function θ: it balances the influence
of the points in both estimating the tangent space as well as constructing the polynomial. The
adjustment of the spatial influence of θ also helps to smooth the noise. In the case of a non
uniform sampling, the support size of the weighting function needs to be adjusted to the point
density. In this context, Lipman95 introduced a new data-dependent error formula for the MLS
approximation. However, MLSmethods still struggle in presence of missing data 18: actually the
large spatial support size required near the holes spoils the reconstruction.

3.3.4 RBF ছ঎ঌঘগজঝছঞঌঝ঒ঘগ খ঎ঝ঑ঘ঍

To reconstruct surfaces frompoint-clouds derived from 3D range scanners and simultaneously to
smooth the data noise, Carr 32 proposes an unified framework that is simple and elegant based on
the implicit representation of object surfaces with RBF. As pointed out by Carr, an RBF model
offers a compact functional description of a set of surface data. Interpolation and extrapolation
are inherent in the functional representation. The RBF model associated with a surface can be
evaluated anywhere to produce a mesh at the desired resolution. The benefits of modeling sur-
faces with RBFs have been broadly recognized 132,33,148,147.
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Given a set of sample points xi lying on the surface, the methods looks for a function f satis-
fying: f(xi) = 0, i = 1, . . . , N. To avoid the trivial solution that f is zero everywhere, extra points
are added and are given non-zero values. The interpolation problem then becomes:

f(xi) = 0 i = 1, . . . , N on-surface points
f(xi) = di ̸= 0 i = (N + 1), . . . , M off-surface points

(3.20)

Usually, off-surface points are generated by projecting along surface normals 148 and di are cho-
sen to be the distance to the closest on-surface point.

3.3.5 Pঊছঝ঒ঝ঒ঘগ ঘএ ঞগ঒ঝঢ (PU)

The theory of partitions of unity is an important tool that allows one to pass from local to global.
A PU is a decomposition of the constant function equal to 1 into a sum of continuous functions.
More precisely it is defined as :

Definition ƭ: Partition of unity
Let X be ε topologicεl spεce, U = {Ui : i ∈ [1, . . . , N]} εn open cover of X . A pεrtition of
unity subordinεted to U ॹ ε locεlly finite fεmily of functions ηi : X → [0, 1] sεtisfying:

∑

i
ηi = 1, supp(ηi) ⊂ Ui, where supp(ηi), the support of ηi ॹ defined ॷ the closure of

{ηi ̸= 0} ⊂ X

Figure 3.15: Illustraধon of PU principle. a) Point data set and global topological space are first divided in sub do-
main according to theweight funcধon ηi. On each sub-domains an approximaধon or an interpolaধon is computed
(b). The global soluধon is finally obtained by merging all local soluধons (c).
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As illustrated in Figure 3.15, for each sub-domain Ui, a local approximation gi is assessed on the
subset of points Pi = {p ∈ Ui}. Then a global function f can be computed as a combination of
the local functions weighted by ηi :

f(x) =
N−1
∑

i=0
ηi(x) · gi(x) (3.21)

Note that the partition of unity process respects an interpolation property, i.e. if all gi are
interpolants at Pi = {p ∈ Ui} then f is an interpolant at the entire point set P .

Based on this principle and using partition of unity defined through CSRBF, Ohtake 115 pro-
posed themulti-level partition of unity (MPU), an innovative approach dividing the point cloud
according to its complexity, then adjusting piece-wise quadratic functions to capture the local
shape and further integrating those locally defined functions into a global approximation with
CSRBF partition of unity. At a certain scale, a local shape fit is considered as adequate if its resid-
ual error is sufficiently small, otherwise the space is locally refined and the overall procedure is
repeated. As proposed by Wendland 153, he uses an octree division of space as a support for a
CSRBF basis used as partition of unity. For a N leaves octree, the approximating implicit func-
tion f is given by:

f(x) =
N

∑

i=1
gi(x) · φi(x) (3.22)

where φi is the partition of unity function related to the domain Ωi ∈ Ω, and gi is a quadratic
function fitting the data samples in the domain Ωi. For each φi the radius of the domain Ωi

depends on the local octree subdivision.

By encoding part of the local structural information in quadric functions, this method tends
to limit the number of functions in the basis and hence to reduce the computational cost while
producing sharp and detailed models. Moreover, MPU is robust to non uniform samplings 115

as it does not require an estimate of the sampling density: a shape fits only if it is below a cer-
tain residual error. The level of smoothness and hence the robustness can be easily adjusted by a
threshold on this residual error. Holes in these data can be filled by the extrapolation and sub-
sequent merging of the shapes in the neighborhood. In order to handle errors arising from the
extrapolation on big holes, Nagai 112 extended the approach by the direct smoothing of PU im-
plicit surfaces.
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3.3.6 Pঘ঒জজঘগ জঞছএঊঌ঎ ছ঎ঌঘগজঝছঞঌঝ঒ঘগ

The so-calledPoisson surface reconstructionmethods are based on adifferent approach. A closed
surface is actually modeled through its indicator function χ (which discriminates the interior
from the exterior of a solid shape: χ = 1 in the interior of the shape, 0 elsewhere). Actually the
gradient of χ is null away from the surface whereas it coincides with the inwards normals close
to its border (see Figure 3.16). Based on this idea, Kazhdan86 introduced a surface reconstruction
method based on the resolution of a Poisson equation. This method considers a set of points
s ∈ S, each consisting of a point sample ps and a normal ns describing a solid M with surface
boundary ∂M. The objective of the method is to find χM, a piecewise constant function, indi-
cator function of M.

Figure 3.16: Illustraধon of Poisson reconstrucধon in 2D. a) Considering oriented input points s ∈ S , b) we
evaluate a vector that approximates the gradient ∇χM. c) We recover the indicator funcধon χM ađer solving
the Poisson equaধon.

As the indicator function is a piece-wise constant function, its gradient field would diverge
at the surface boundary. To avoid this, the indicator function is convoluted with a smoothing
filter F . The gradient of the smoothed indicator at q ∈ P is equal to the vector field obtained by
smoothing the surface normal field.

∇(χ ∗ F)(q) =

∫

∂M
F(q − p) · N⃗(p) · dp (3.23)

where N⃗(p) is the normal at p ∈ ∂M.
Considering that a sample point s ∈ S describes an elementary patch of surface PS ⊂ ∂M of

surface APS
, Equation 3.23 is approximated as:

∇(χ ∗ F)(q) ≈
∑

s∈S

APS
· F(q − ps) · ns = V⃗(q) (3.24)
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where V⃗ is the vector field induced by the samples normal. The variational problem is then
turned into a standard Poisson problem by applying the divergence operator to Equation 3.24:

Δχ = ∇.V⃗ (3.25)

This equation is then solved on a finite basis of functions in the space of continuous functions.
In order to build this basis and hence discretize the problem, the space is divided as an octree ac-
cording to the position of the sample points. A function Fo is centered in each node of the octree,
and stretched by the size of the node. After expressing χ in the space of function as χ =

∑

o xo ·Fo

and projecting Equation 3.25 in Spεn{Fo}, {x0} is computed by a least square minimization:

∑

o′

∥
∑

o
xo· < ΔFo, Fo′ > − < ∇.V⃗, Fo′ > ∥2 (3.26)

The reconstructed surface is the iso-surface of χM, whose iso-value is the average of the eval-
uations of χ at the sample points.

For surface reconstruction, such a gradient-domain formulation results in robustness to non-
uniform sampling, noise, outliers, and to a certain extent missing data. However, fitting directly
the gradient of χ leads often to over-smoothing. Kazhdan87 proposes to use the position of the
points as constraints in theoptimization toovercome this issue. Calakli 30 extends the approach to
improve the surface extrapolation in the regions of missing data by adding a Hessian constraint.

4 Sঞখখঊছঢ

Whereas discrete mesh models and parametric surfaces prove to be inappropriate for the pro-
cessing of such huge, in-homogeneous and noisy datasets produced by TLS, modeling through
implicit functions arises as a judicious and efficient way to handle the problem. Among the liter-
ature on implicit surface reconstruction techniques, the methods based on CSRBF, in particular
the ones following a multiscale approach, are empowered to tackle characteristics and imperfec-
tions of TLS point cloud. Poisson surface reconstruction is also a robust and efficient method
to handle the noise and the non-uniformity of forest TLS scans even if it is designed for surface
reconstruction fromwell segmented data-sets (the presence of numerous outliers and large holes
may compromise the outcome).
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4
Reconstruction of open surface

This chapter focuses on the reconstruction of an open surface based on 3D point samples. An
open surface is defined as a surface with boundary, topologically equivalent to the disk surface:
a non-closed surface without hole. While dealing with open surface reconstruction based on 3D
samples, the boundaries are fixed at the edges of the space containing the points, i.e. the limit of
the data points bounding box. By applying this concept to the reconstruction of digital terrain
model (DTM) from TLS data, the objective is to recover a curved surface model describing the
terrainmodelwith boundaries attached to the limits of the area scanned. This chapter introduces
our specific method adapted to the characteristics of TLS point cloud.

1 Iগঝছঘ঍ঞঌঝ঒ঘগ

Digital terrainmodel (DTM) extraction is an open issue in the field of LiDAR remote sensing of
the Earth surface. Many filtering algorithms have been proposed in the last two decades to solve
this problem using Airborne LiDAR sensors (ALS) data 139. They operate either on the raw data
point cloud, on interpolated surfaces, or on a combination of both 106. They can be classified into
two groups: virtual deforestation algorithms, progressively filtering out above ground objects 150

and densification algorithms, progressively enriching the initial surface according to geometrical
criteria (ie. distance and angle) such as the triangulated irregular network iterative approach pro-

73



posed by 13. Until now, the later approach is considered as one of the best methods for ground
filtering and terrain modeling from ALS data 139, 106.

The development of terrestrial Laser scanning (TLS) technologies was initiated while ALS
processing algorithms were already available, and those algorithms were largely applied to TLS
data. However ALS and TLS point clouds differ in many ways, making it interesting to develop
dedicated processing chains for TLS-based DTM modeling2. Compared to ALS point clouds,
TLSones provide very dense sampling rates at the ground level, describing themicro-topography
around the sensor. However, the presence of vegetation and the terrain topography itself gener-
ate strong occlusions causing large data gaps at the ground level, and a risk of integrating objects
above the groundwithin theDTM.Additionally, the scanning intensity of TLS devices depends
by nature on the distance to the sensor, resulting in spatial variations in point density. These lo-
cally extreme differences in point density at ground level and the potential noise created by low
vegetation are difficult to handle using algorithms designed for ALS as far as a fine description of
the ground surface is required.

Due to these sampling properties, one might consider that DTM extraction from TLS data
related more to a surface reconstruction problem than a classification issue. To the best of our
knowledge, reconstruction approaches have never been considered in this context. Based on this
statement, wepropose an innovative approach designed to reconstruct detailedDTMs fromTLS
data under forest canopies. Our approach is based on techniques developed for surface recon-
struction from scattered data and relied on an original multi-scale data interpolation framework
and a surface approximation with implicit surfaces.

1.1 Cঘগঝ঎ডঝঘএ঍঒ঐ঒ঝঊকঝ঎ছছঊ঒গখঘ঍঎ক঎ডঝছঊঌঝ঒ঘগএছঘখঊ঎ছ঒ঊকL঒DAR঍ঊঝঊ

Since the emergence of aerial LiDAR scanning (ALS) in the 90’s, several research teams have ex-
plored the field of terrain model extraction based on 3D point clouds. Sithole and Vosselman 139

provided a review of ground filtering challenges along with a benchmarking of state of the art
algorithms in the early 2000. Most of those algorithms operated on a local neighborhood and
used geometrical rules to discriminate points belonging to the ground surface. Among others,
Elmqvist 57 float a deformable surface upwards from beneath the point cloud by minimization
of the model energy function. Through an iterative process, Axelsson 13 increases the density of
a triangular mesh by including point meeting certain angle and distance criteria. Véga 150 intro-
duces a discriminant function based on neighboring points slope and height difference. In order
to segment the point cloud and so retrieve the ground points every approach delineate a portion

74



of the 3D space where bare-Earth points are expected to reside. The input points falling in this
portion of space are tagged as ground points. Sithole 139 points out that the performance of such
algorithm is related to the use of context: algorithm strategies that use more context are better
able to separate ground from other points.

1.2 Cঘখঙঊছ঒জঘগ ঘএ ঊ঎ছ঒ঊক ঊগ঍ ঝ঎ছছ঎জঝছ঒ঊক L঒DAR ঍ঊঝঊ

The context of TLS data in forest areas is extremely different (see Figure 4.1). The point of view
and the distance to the sensor produce unlike characteristics in the recorded point cloud.

Figure 4.1: Illustraধon of laser pulse intercepধon for (a) ALS and (b) TLS. (c), adapted by Chasmer37, represents
the average laser pulse frequency (percenধle) distribuধons for ALS (blue) and TLS (red) obtained for a survey of
a mixed deciduous forest.

For instance, Chasmer 37 analyzed for the two systems, ALS and TLS, the frequency of laser
returns within defined slice of space divided along the Oz axis. The results, shown on the Figure
4.1 highlight a continuous distribution of the points for the TLS, decreasing with the altitude.
Whereas for the ALS data, the distribution presents two clear modes: one corresponding to the
signal interception by the canopy, the other one being the reflection of the ground. While occlu-
sion is a problem affecting both TLS and ALS data, the size of the occlusion compared to point
cloud size is much higher for TLS: TLS dedicated methods cannot rely only on points neigh-
borhood to extrapolate and fill the holes. Even if the context of TLS data differ strongly from
ALS, to our knowledge there has not been any method developed exclusively for the processing
of TLS data. Our motivation was to fill this lack by developing a specific method which adapts
the level of detail according to the distance to the sensor and to the occlusions, and that builds
upon surface reconstruction with CSRBF to produce accurate digital terrain model.

As described in previous section, our goal is to reconstruct digital terrain model surfaces from
dense 3Dpoint clouds; actually such data is simultaneously inhomogeneous, noisy, locally highly
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occluded or overdescribed. Hence, we aim at simultaneously segmenting points (ground / non
ground) and reconstructing a terrain model. Therefore, chosing an appropriate model is a key
issue. Taking the holes and the noise into account, mesh models appear unsuitable. As the
point clouds contain both vegetation and ground points, filtering and reconstruction must be
implemented simultaneously, what also rejects parametric models. Thus implicit models arise
as a natural solution with the required properties of continuity and curvature controls. Among
them, the radial basis functions, as described inChapter 3, have strong approximation properties.
Hence, we have chosen this model in our work.

2 R঎কঊঝ঎঍ ঠঘছঔ

The pioneering works of Turk and O’Brien 147 demonstrated that implicit surfaces such as RBF
were efficient to repair incomplete or noisy data sets. And several approaches were built on the
variational nature of global RBF to obtain interpolation or approximation results 33. However,
such approaches entail inverting large dense matrices as the approximation is not local. Starting
from the work ofMorse et εl. 111, the class of compactly supportedRBF (CSRBF) has been largely
studied for data approximation: it provides a local control over the reconstruction and entails
only the inversion of extremely sparse matrices. Another way to repair incomplete and noisy
data sets is to use a support vector machine approach 121. However such methods are not local
enough to be used as a filtering method.

Because TLS data might show extreme variations in density due to occlusions, we hypothe-
size that CSRBF models are appropriate in order to both fill holes and to produce a continuous
surface as an approximation of the ground. Our idea originates in Ohtake’s work on surface
reconstruction from unstructured point clouds using so-called functional RBF (see 115 and previ-
ous work). This approach differs from other RBF approaches in the sense that it combines local
parametric surface patches and compactly supported Wendland’s RBF functions 152. The latter
are actually used as partitions of unity in order to merge local patches.

Based on this background work, we propose an innovative method to overcome the flaws of
TLSdata. Wemanage the high point density and sudden shifts in this density by using a quadtree
division of space to adapt the scale locally. In order to handle the holes created by occlusion
we chose to model the surface by the combination of implicit patches merged with compactly
supported radial basis functions.
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3 Aকঐঘছ঒ঝ঑খ

3.1 Oট঎ছট঒঎ঠ ঘএ ঝ঑঎ ঊঙঙছঘঊঌ঑

The workflow of the proposed method is presented in Fig. 5.1. It relies on 3 main steps: 1) a
quadtree construction allowing a dynamicmulti-scale local approximationof the ground surface,
2) a refinement step dedicated to identify and correct approximation errors in the quadtree cells
and 3) the computation of the implicit function and its polygonization.

Thequadtree subdivision of space is used to provide the supporting neighborhood forCSRBF
and parametric patches. The quadtree is iteratively built according to the quality of the local
reconstructionwith respect to the data. Practically, the quadtree structure is driven by the quality
of the parametric patches thus providing an optimal scale structure for digital terrain modeling
using CSRBF.

Hence, we first compute an adapted quadtree subdivision of space. Simultaneously, for each
cell, we compute by least square fitting an approximating local quadratic elevationpatch ? . Then,
the splitting process is guided by the quality of the fit: if the data contained in a cell cannot be
properly approximated by such a quadratic patch, then the node is subdivided (unless the maxi-
mum level is reached). At the end of this process, the fitting error can remain high in some cells:
Such a fitting problem may be associated with the presence of non-ground points in the qua-
tree cell. Our next steps filter such points. Indeed, we added 2 sequential filters to address this
issue. The first filter identifies and removes non-ground points based on a statistical analysis of
the vertical distribution of points in a given quadtree cell. The second filter compared the local
quadratic patches to its neighbors to detect and replace any local inconsistencies by computing a
new surface approximation using the neighboring patches. Following these steps, a globalmodel
is computed by merging the local implicit patches into an implicit function using CSRBF ? . Fi-
nally, the DTM is computed through a polygonization of the zero level set of the global implicit
function.

3.2 Iগঙঞঝ ঙঘ঒গঝজ

A driving hypothesis of LiDAR point classification algorithms is that ground points are local
elevationminima. Unfortunately, inTLS point clouds, such localminimamay often correspond
to non-ground points as illustrated on Figure 4.3. This is either due to occlusions generated by
surrounding objects (ie. vegetation and trees in forest environment), or to fluctuations of the
ground itself, owed to the oblique view of TLS. In addition, due to the relation between point
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Figure 4.2: Overview of the method : (1) iteraধve build of the quadtree, (2) filtering of points using histogram,
(3) filtering of points with the distance of neighbor centroids to the local patch, (4) merge of local patches using
CSRBF and (5) polygonizaধon of the surface.
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Figure 4.3: Effect of the resoluধon of the 2D grid on the selecধon of the local minima: a) raw point cloud (26
millions points), b) local minima with a grid of 5cm (120k points), c) local minima with a grid of 10cm (38k points)

density and distance to the sensor, fixing an appropriate scale to identify those local minima is
challenging. Besides these limitations, the use of local minima remains interesting, especially
because it drastically reduces the amount of data. Under this hypothesis, the first approximation
of the ground surface consists in projecting the raw point cloud into a fine regular 2D (x, y) grid
and further selecting the points of minimum elevation in each cell. The resulting set of points
denoted by P = {pi}i=1...N ⊂ R

3 serves as input data for the proposed algorithm. Generally
speaking, the size of the 2D grid should be selected according to the expected DTM accuracy.
The smaller the grid size, the higher the point density and the finer the DTM.

3.3 Lঘঌঊক ঊঙঙছঘড঒খঊঝ঒ঘগ ঘএ ঍ঊঝঊ ঌঘগঝঊ঒গ঎঍ ঒গ ঊ ঌ঎কক

Given {O1, . . . , ON} ⊆ P(P) a partition of P (in our case, a quadtree subdivision of space), for
each subset Oi (or cell), we denote by ci the centroid of Oi (we will call it center of Oi).

In each cell Oi, an approximate tangent plane is computed using least square fitting. Let
(u, v, w) denotes a local orthonormal coordinate system such that the direction w is orthogonal
to the fitting plane. We approximate Oi by a local implicit quadric function

gi(u, v, w) = w − hi(u, v) (4.1)
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where, in the local coordinate system, hi is a quadratic parametric surface of the following form:

h(u, v) = Au2 + Buv + Cv2 + Du + Ev + F (4.2)

Coefficients A, B, C, D, E, F are determined by the least square minimization of:

Ei =
∑

pj=(uj,vj,wj)∈Oi

(wj − h(uj, vj))2 (4.3)

where {pj} is the set of points contained in the cell Oi. Once gi is defined, the weighted sum of
squared residuals quantifies the quality of the fit. We denote it by Elocal(Oi) and use it as a metric
to guide and adjust the quadtree division of the xy plane (see section 3.4).

In a further step, we use compactly supported Wendland’s RBF functions ? as a partition of
unity to merge these local implicit functions (issued from parametric patches) and compute a
global implicit model. More precisely, we use ϕ(r) = (1 − r)4+(1 + 4r), where + means (x)+ = x
if x > 0 and (x)+ = 0 otherwise, which is C2 and radial on R

3. Hence in each cell Oi, we use,
as a partition of unity, the function Φσi(∥x − ci∥) = ϕ(∥x−ci∥

σi ) , where the parameter σi controls
the size of the zone of influence centered around ci. Computation of the global implicit model is
presented in section 2.4.

3.4 Qঞঊ঍ঝছ঎঎ ঍঒ট঒জ঒ঘগ

As mentioned in section 2, the quadtree subdivision process is guided by the quality of the pre-
vious local approximation. Because of its computational efficiency, we use the method intro-
duced by ? to generate our quadtree model. The quadtree is stored in a tree where each node
has four sons. Initially, the bounding box of data is defines the root of the quadtree. Then, we
iteratively subdivide each cell into four quadrants according to the residual Elocal(Oi) of the least
square approximation on the points (see section 2). We subdivide the node containing Oi when
Elocal(Oi) ⩾ Ethreshold, where Ethreshold is a user defined threshold. The process stops when either
all leaf nodes are found or when quadrants are smaller than the minimal size allowed (Sizemin).
The parameter Ethreshold drives the quality of the final surface result. Indeed a low value forces
the division of the quadtree to get better local approximating patches. The parameter Sizemin is
fixed by taking into account the resolution of the 2D grid used to filter local minima (see 2.2). At
least, a minimum of six points per quadrant is needed to compute the local approximation gi in
equation 5.2, since the local approximating patch has six coefficients.
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3.5 Cঘছছ঎ঌঝ঒ঘগ ঘএ ঊঙঙছঘড঒খঊঝ঒ঘগ ঎ছছঘছজ

Once the quadtree division process is over, the algorithm iterates through leaf cells to correct
its approximating surface patch if needed. For each cell Oi, one of the three following scenario
happens: (1) The cell contains only ground points, so the local approximation is maintained. (2)
The cell contains both ground and non-ground points. In that case, the non-ground points are
filtered out and the local patch is approximated again with remaining ground points only. (3)
The cell contains only vegetation points. The whole set of points is then filtered out and the
local approximation is computed using data from the neighboring cells.

In practice, Elocal(Oi) is computed for each leaf node, and quantifies the local quality of the
reconstruction. As mentioned earlier, the quadtree subdivision process may eventually produce
cell of high Elocal(Oi). This is the case when the maximum subdivision level is reached but the
cell contains both ground and non-ground points. Therefore, based on this value, we define two
different filters, which actually come to improve segmentation of ground, non-ground and noise
points.

3.5.1 H঒জঝঘঐছঊখ এ঒কঝ঎ছ঒গঐ

The first filter relies on the commonly accepted hypothesis that the ground is a continuous sur-
face. Hence, the projection over the Oz axis of the surface restricted to a cell, should be a segment
of R. Thus, the vertical distribution of points falling within a quadtree cell is expected to be
unimodal. In practice, let us consider a cell that cannot be divided anymore because its size is
the minimum size allowed Sizemin. If the vertical distribution of points is not unimodal, then
Elocal > Ethreshold. Only the points of the lowest cluster (that is of the first mode) describe the
ground topography. Therefore we filter out the highest cluster and keep only the information of
the first mode (that is the lower cluster). To do so, we fill an histogram with the distribution of
the elevationof all the points of the cell (see Fig. 4.4), smooth that histogramwith amedian-filter,
and finally detect the last bin of the first peak, which provides a limit of elevation for the lowest
cluster. Then we filter out the points above that limit, and compute a new local approximation.
The size of the histogram bin Sizebin and the width of the median filter Widthfilter are input pa-
rameters of the algorithm. They need to be tuned by the user depending on the structure of the
vegetation and on the slope of the scanned area.
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Figure 4.4: Histogram filtering method
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Figure 4.5: Neighborhood filtering method

3.5.2 N঎঒ঐ঑ঋঘছ঑ঘঘ঍ এ঒কঝ঎ছ঒গঐ

Another filtering criterion is the disruptive change in local parametric patches with respect to the
neighboring cells of the quadtree. For each leaf node, we estimate Eneighbors(Oi) as the averaged
sum of squared values of the local quadric gi at each centers of its neighbors. More precisely, let
Cneighbors = {c1, ..., cM} denote the centers of the neighbors of Oi:

Eneighbors(Oi) =

√ 1
M

∑

j=1...M
gi(cj)2 (4.4)

For a given leaf node li, if Eneighbors(Oi) is higher than a threshold Emax defined by the user, we
delete the set of points of that node and consider the set of all points of the neighboring nodes
to compute a new local approximation gi by least square minimization such as eq. (5.2). Such a
node is then tagged as rebuilt (see Fig. 3).

Let us denote by Pfiltered the set of points that remains after the previous filtering steps (3.5.1)
and (3.5.2). All further computation only rely of those points.

3.6 Cঘখঙঞঝঊঝ঒ঘগ ঘএ ঝ঑঎ ঐকঘঋঊক ঒খঙক঒ঌ঒ঝ খঘ঍঎ক

Based on the previous steps, we can now compute a global implicit model by sewing together
local patches by means of Wendland’s CSRBF used as partitions of unity. The global implicit
model f : R3 7→ R is computed as:

f(x) =
∑

ci∈C
gi(x) · Φσi(∥x − ci∥) (4.5)

whereΦσ is the CSRBFdefined in 2.3 and gi is a local implicit approximation, similar to equation
5.1 in 2.3) and computed according to the leaf node li (see Algorithm ??) and to σi (as defined
below).
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We first compute σi. Let us point out that f has support inside ∪i=1...N B(ci, σi), Therefore,
we define and compute σi such that this union of spheres is a covering of the bounding box of
the input point cloud. More precisely, given a cell Oi of center ci and Ci

neighbors = {ci1, ..., ciM} the
centers of the neighboring nodes, we compute the radius σi as:

σi = max
j=1...M

∥ci − cij∥ (4.6)

The global implicit model (equation 5.3) is then obtained by computing, for each leaf node li
of center ci: either a refined local approximation (over the points included in B(ci, σi)) if li is not
tagged rebuilt, or the approximation gi computed in the neighborhood filtering when li has been
tagged rebuilt.

Algorithm ƪ Computation of the final implicit model
let N be the number of leaf nodes of the quadtree
Pfiltered is the set of points remaining after filtering
L = {(li, σi)}, i ∈ {1, N}
f = 0
for (each li ∈ L) do

if (li is not tagged as rebuilt) then
compute Pi = {p ∈ Pfiltered ; ∥ci − p∥ ⩽ σi}
compute local approximation gi of the set Pi

else
set gi as computed in the neighborhood filter

end if
f = f + gi(x) · Φσi(∥x − ci∥)

end for

3.7 Eডঝছঊঌঝ঒ঘগ ঘএ ঝ঑঎ DTM ঊজ ঊ খ঎জ঑

Following fromourmodeling choices (namelyWendland’s RBF and quadrics), the implicit func-
tion f is C2. Hence it is possible to use a polygonization algorithm to represent the zero-level set of
the implicit function f. In the space defined by the union of the spheres of radius σi, f is discretized
into a scalar field. From this scalar field, the polygonizer computes a set of triangles approximat-
ing the implicit surface f, by using a marching cube like algorithm.
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Table 4.1: Processing ধme scaling with the number of local minima

2D grid Local minima Leafs in quadtree Time
20 cm 10k points 295 5s
10 cm 38k points 1057 28s
5 cm 149k points 3226 4m53s

3.8 Cঘখঙক঎ড঒ঝঢ

The study of the complexity shows that the algorithm is of order O(N) (where N is the initial
number of minimal points, see section 2.2). Indeed, the computation of the quadtree is of or-
der O(N × Ncells), where the constant Ncells = 4Levelmax is the number of cells in the worst case.
Histogram filtering aswell as the computation of gi are linear, that is of orderO(N); the neighbor-
hood filtering and the computation of the set of parameters σi are constant, of order O(Ncells).
The computations were done on an Intel Xeon E3-1200 (3.1 GHz) with 8Gb RAM. Table 4.1
shows examples of processing times according to the grid size and corresponding point density.

4 Eডঙ঎ছ঒খ঎গঝঊক

Thealgorithmhasbeendeveloped as aplugin forComputreeplatform(http://computree.onf.fr),
dedicated to the processing of TLS data in forest environment. It uses the point cloud library
(PCL) (pointclouds.org) and the GNU scientific library (GSL) (gnu.org/software/gsl).

Our method has been evaluated using two distinct approaches:
- Simulated data were used to assess the performance of the method on simple forest scene of
known structure using the Hausdorff distance criteria.
- Real TLS scan acquired over 4 forest plots were used to test the robustness of the method over
complex terrain and forest structures. Due to the absence of field truth, scans of different point
of view were compared using the same criteria.

4.1 S঒খঞকঊঝ঎঍ ঙঘ঒গঝ ঌকঘঞ঍

Four TLS like point clouds were generated from meshed landscapes: we intended to assess the
response of our approach to various terrain configurations (ridge, bumps and slope) and occlu-
sion rates. To do so, we designed four terrain configurations (see Fig. 4.6): a ridge (plot s1),
a flat surface with bumps (plot s2), a 10◦ slope scene (plot s3) and a 30◦ slope scene with sim-
ilar bumps (plot s4). Each terrain was planted with five virtual trees to simulate occlusion by
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Figure 4.6: Landscape models designed on Blender for simulaধon purpose : a) Plot s1 - Ridge b) Plot s2 - Bumps
on flat ground c) Plot s3 - Bumps on 10° ground slope d) Plot s4 - Bumps on 30° ground slope

the vegetation. A TLS simulator was used to generate the points clouds. It is based on PBRT
(http://www.pbrt.org/) and emulates the interactions using a ray tracingmethod. Starting from
a 10 meters side length mesh model we generated using Blender (http://www.blender.org/) and
a fixed position of the scanner facing the slope, we produce TLS like point clouds of the scenes
for feeding the algorithm. The vegetation structure, composed of five trees, was kept identical
within all the generated landscape to reduce its effect in the statistical analysis.

Quality assessment was done by comparing the mesh models of the terrain surfaces with the
outputs of the algorithm using the Hausdorff distance implementation available in Meshlab
(http://meshlab.sourceforge.net/). The Hausdorff distance evaluates the distance between two
surfaces represented as triangular meshes by adopting a surface sampling approach. For each
scene, we generated a map of occluded areas in order to analyze the quality of the reconstruction
both inside and outside occlusions.
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Table 4.2: real data plots features

vegetation topography slope
plot r1 high trees simple small
plot r2 small trees simple small
plot r3 small trees complex medium
plot r4 high trees complex strong

Hausdorff distance were also evaluated independently for visible and occluded areas to assess
the quality of the reconstruction. For each plot, the occlusion mask is generated by projecting
the set of points on the xy plane and further discretizing the plane to obtain a 2D binary grid
with a value of 1 if the pixel contain data and a value of 0 otherwise. The overall occlusion rate is
computed from the maks as the number of pixel containing data to the total number of pixels.

4.2 R঎ঊক ঍ঊঝঊ

The method was further tested using real data collected within a hardwood-dominated forest
(Phalsbourg, France). The ground topography is complex, with important slope variability and
the presence of abrupt elevation changes locally. The ground supports a large diversity of forest
structures, from low density stands with dense understory vegetation principally made of ferns,
to very dense and multi-layered stands of different age structure. The dataset consisted in four,
20x20m squared plots, scanned using anOptech ILRIS 3D from 3 different point of views. The
plots (Table 4.2)were selected inorder tomaximize the variability of both the ground topography
and the vegetation structure. The resulting point clouds show complex and dense occlusion near
the ground, thus providing challenging data for ground reconstruction.

As no reference surfaceswere available, the quality assessmentwas done by comparing the out-
put of the algorithm for each couple of scans. To do that, wemeasure the likelihood of the results
by computing theHausdorff distances between the output surfaces. Amap of intersection inter
scan was also generated in order to analyze the quality of the reconstruction on the pooling area
of both scans. The intersection map was computed as the intersection of the two corresponding
occlusion masks. From this intersection map, we computed an overlap ratio as the surface of the
intersection map divided by the surface of the scanned area.

In order to evaluate the quality of our method, our results were also compared with those ob-
tained using a tin-iterative approach 13 has implemented within LAStools. As indicated above,
the TIN-iterative approach is among the best methods for both ground point filtering and ter-
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rain reconstruction and is well suited for assessing the performance of the proposedmethod. For
the sake of this study, the tin-iterative algorithm was run using a 10 cm resolution for the selec-
tion of the local minima with the finer parameters in order to recover the smaller features on the
ground. Fig. 4.12 presents the Hausdorff distance between Axelsson’s DTM and ours and Fig.
4.11 illustrates recurring artifacts observed with Axelsson’s approach.

4.3 S঎গজ঒ঝ঒ট঒ঝঢ ঊগঊকঢজ঒জ

The algorithm parameters were submitted to a sensibility algorithm to assess their influence on
the quality of the reconstructed surface. Simulated datawerewell suited to optimize the quadtree
structure, including their minimum size Sizemin and the error associated to the quadratic patches
Ethreshold (see 3.4). Because the simulation environment was not complex enough to assess to sen-
sibility of the filtering parameters (ie. Sizebin, Widthmedian and Emax), the sensibility analysis of
those parameters has been conducted on the real data only, and assessed by measuring the mean
Hausdorff distance between individual scans has base line of comparison.

5 R঎জঞকঝজ ঊগ঍ ঍঒জঌঞজজ঒ঘগ

5.1 S঒খঞকঊঝ঎঍ ঙঘ঒গঝ ঌকঘঞ঍

Fig. 4.7 highlights some of the key points of the algorithm using plot s1 as a reference: Fig. 4.7a
and Fig. 4.7b show respectively the raw point cloud and the resulting quadtree structure. It
can be seen that the complexity of the quadtree correspond well to the complexity of the scene,
with respect to both the topographical variations and occlusion patterns. Fig. 4.7c illustrates
the persistence of non ground points in the initial set of local minima, and the importance of
filtering to identify the ground points. Finally, Fig. 4.7d shows the mesh resulting from the
polygonizationof the implicit function level-set, and its capabilities inmanaging large occlusions.

The simulations were run using the parameters values presented Table 4.3. These values were
selected using a trial and error experiment and further refined through the sensitivity analysis.
The resolution of the 2D grid used to select the localminimawas fixed to 5 cm in order to provide
a detailed topographical reconstruction. The sensitivity analysis was limited to the following
parameters: the minimum size of the leaf of the quadtree (Sizemin), the threshold on the error of
approximation within a leaf of a quadtree (Ethreshold) (see 3.4). The filtering parameters were not
considered here, because the simulated scenes were not complex enough in term of vegetation
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Figure 4.7: Simulaধon process: a) raw point cloud produced by the TLS simulator (with scan direcধon), b) the
opধmized quadtree structure, green cells are not filtered, yellow cells are filtered by the histogram method and
red cells are filtered with the neighborhood method, c) the filtering of non remaining non-ground points, d) the
resulধng terrain model defined as the level-set of the conধnuous funcধon.
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Table 4.3: Staধsধcal indices on Hausdorff distance (cm) for the simulated scenes, inside/outside the occlusions
and on the full area (total)

scene plot s1 (occlusion: 40%) plot s2 (occlusion: 19%)
(Ethreshold , Sizemin) 0.1cm , 20cm 0.1cm , 20cm

inside outside total inside outside total
mean 3.25 2.06 2.40 3.42 1.56 1.76

percentile 50 2.52 1.24 1.61 3.14 1.07 1.16
percentile 70 3.82 2.20 2.71 4.79 1.86 2.02
percentile 90 6.92 4.44 5.39 6.61 3.52 4.31

scene plot s3 (occlusion: 27%) plot s4 (occlusion: 42%)
(Ethreshold , Sizemin) 0.1cm , 20cm 0.1cm , 50cm

inside outside total inside outside total
mean 4.67 1.48 2.21 13.01 2.94 7.18

percentile 50 3.33 1.08 1.30 9.34 2.07 3.51
percentile 70 5.68 1.77 2.22 16.93 3.58 6.74
percentile 90 10.77 3.19 5.12 31.38 6.39 20.23

to run such an analysis. Indeed the filter parameters were fixed using a simple trial and error
experiment. Fig. 4.8a) and 4.8b) present the evolution of the mean Hausdorff distance between
the reference mesh and the reconstructed one when those parameters vary. Overall, the mean
distance increaseswhen the quadtree gets coarser. On the other hand, setting aminimum size too
low leads to incorrect reconstruction, especially when the landscape is complex and the occlusion
rate high, for instance for the scene with a slope of 30◦. The threshold on the weighted sum of
the squared residuals drives directly the quality of the reconstruction, the lowest values allowing
the sharpest reconstructions.

Table 4.3 shows the Hausdorff distance computed for each plot and the corresponding set of
parameters. Overall, mean distances varied from 1.76 cm (plot s2, flat topography) to 7.18 cm
(plot s4, 30◦ slope). The more the slope, the more the mean distance and extreme values. Strong
topographical variations, like ridges (plot s1) also showed slightly higher distances compared to
smoother terrain undulations (plot s2). This was expected, because fast elevation shift generate
large data gaps (40% of occlusions) and are difficult to reconstruct. For all the plots, the Haus-
dorff distances increase in occluded areas. Mean values ranges from 1.48 cm (plot s2) to 2.94 cm
(plot s4) in sampled areas, and from 3.25 cm (plot s1) to 13.01 cm (plot s4) in occluded ones. This
corresponds to increase in errors ranging from a factor 1.57 (plot s1, 40% of occlusions) to a factor
4.4 (plot s4, 42%of occlusions), which is quite good considering the proportion of reconstructed
surface. Interestingly, the extreme values are following the same trends, highlighting the robust-
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Figure 4.8: Sensiধvity of the minimum size of a) the leaf of the quadtree Sizemin and b) the threshold on the the
weighted sum of squared residuals Ethreshold
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Figure 4.9: On the top row: Three georeferenced scans acquired from different points of view (red, green and
blue point clouds) for plots r1, r2, r3 and r4. On the boħom row: Merged point clouds of plots r1, r2, r3 and r4
and the resulধng reconstructed DTM(the point density has been reduced and an eye-dome lightning shader has
been used for display purpose)

ness of the approach. Indeed, the distance of the 90th percentile varied from a factor 1.55 (4.44
to 6.92 cm, plot s1) to a factor 4.91 (6.39 to 31.38 cm, plot s4).

5.2 R঎ঊক ঍ঊঝঊ

Table 4.5 presents the parameters values used for processing the point cloud obtained for the four
forested plots. The quadtree-related parameters were fixed according to the sensibility analysis
performed on the simulated data. The filter parameters were set following a sensitivity analy-
sis. The performance of the histogram filter is based on the bin size (Sizebin , Fig. 4.10a)) and
the number of bins of the median filter (Widthfilter, Fig. 4.10b)). While the two parameters are
dependent, Fig. 4.10a) and 4.10b) presente the response curve of the mean Hausdorff distance
for each parameter separately, the value of the other parameter being set to its optimal value.
The response of the Hausdorff distance to the bin size presents minimum values in the range
0.1-0.15 m. Smaller values added noise to the histogram, making it difficult to have clear peaks in
the histogram. On the opposite, large Sizebin values might mix ground and non-ground points,
thus smoothing the histogram and lowering the precision of the filter. The size of the median
filter (Widthfilter) was found to be sensitive to low value (ie. from 1 to 5), especially in high slopes
(Fig. 4.10b)). Above this threshold, the sensitivity remains low, despite an optimum could be
find in the range 5 to 7. The parameter of the neighborhood filter (Emax) behaves like the size
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Table 4.4: Staধsধcal indices on Hausdorff distance (cm) for plot 1,2,3 and 4, on the overlapping area (overlap)
and on the full area (total)

plot r1 plot r2
overlap total overlap total
scan 1 on scan 2 (overlap 18%) scan 1 on scan 2 (overlap 18%)

mean 3.69 8.21 4.56 16.68
percentile 70 4.32 8.92 5.06 17.26
percentile 90 7.96 17.72 9.22 50.46

scan 2 on scan 3 (overlap 33%) scan 2 on scan 3 (overlap 22%)
mean 2.87 8.74 3.60 10.33

percentile 70 2.99 10.28 3.95 9.45
percentile 90 7.28 22.04 8.03 31.75

scan 3 on scan 1 (overlap 20%) scan 3 on scan 1 (overlap 13%)
mean 4.53 9.24 5.84 19.99

percentile 70 5.33 9.98 6.59 16.17
percentile 90 9.34 21.40 10.96 59.99

plot r3 plot r4
overlap total overlap total
scan 1 on scan 2 (overlap 21%) scan 1 on scan 2 (overlap 12%)

mean 3.20 16.28 5.60 12.48
percentile 70 3.36 9.57 6.72 11.65
percentile 90 6.46 45.95 11.60 30.01

scan 2 on scan 3 (overlap 20%) scan 2 on scan 3 (overlap 12%)
mean 3.80 8.79 6.30 18.11

percentile 70 3.87 10.08 6.81 19.79
percentile 90 7.93 23.02 15.34 43.12

scan 3 on scan 1 (overlap 23%) scan 3 on scan 1 (overlap 7%)
mean 2.75 16.04 8.80 18.39

percentile 70 3.06 10.75 10.48 17.31
percentile 90 5.59 44.77 15.86 45.70
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Table 4.5: Parameters set opধmized for the DTM reconstrucধon of the real data

parameters plot r1 plot r2 plot r3 plot r4
Ethreshold(cm) 0.1 0.1 0.1 0.1
Sizemin(cm) 20 20 30 40
Sizebin(cm) 0.15 0.05 0.05 0.1
Widthfilter 3 5 10 5
Emax(m) 6 6 2 8

of the median filter, with a higher sensitivity to small values and an optimal value around 6.0 m
(Fig. 4.10c)). This was expected because the neighborhood filter is related to both the quadtree
size and the terrain slope. By linking neighbor patches and putting a threshold on the difference
between them, Emax quantify the stiffness of the resulting surface.

The plots were processed using the parameters values presented in Table 4.5. Because the op-
timal parameters are expected to vary according to the plot structure, an optimization procedure
was developed for each plot. The approach consists in providing a range of values for each param-
eter and to select the set of parameter values minimizing the Hausdorff distance between scans
of the same plot.

Table 4.4 presents the results obtained over the four forested plots. Fig. 4.9 presents on its
top row the point clouds colored by scan, to provide an idea of the scene complexity and on
its bottom row the DTM computed from the merged point clouds. A notable difference with
the simulation study is the increased complexity of the vegetation structure and of the terrain
roughness. This resulted in increased occlusions and inmore complex patterns of point densities
and spatial distributions. This effect of vegetation density could be seem through the very small
amount of overlapping areas between scans (Table 4.4), with values ranging from 7 (plot r4)
up to 33% (plot r1). In this context of intense reconstruction, the Hausdorff distance obtained
here are higher than those achieved from the simulated data (Table 4.3). The mean and 99th
percentile distance values range from 8.21 cm (plot r1) to 19.99 cm (plot r2), and from 17.72 to
59.99 cm respectively. Butmost of these differences originated from reconstructed areas. Indeed,
the increase is muchmore limited in the overlapping areas, withmean distance ranging from 2.75
cm (plot 3) to 8.80 cm (plot r4), and values of the 90th percentile limited to the range 7.96 (plot
r1) -15.96 cm (plot r4).

The degradation of theHausdorff distancewith respect to the simulationmight have different
origins. Overall, and as indicated above, the driving factor is the higher density of the vegetation
aswell as the presence of lowvegetation. While the former generated complex occlusionpatterns,
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Figure 4.10: Sensiধvity of a) the size of the bin of the histogram filter Sizebin, b) the width of the median filter of
the histogram filter Widthfilter and c) the threshold of the neighborhood filter Emax
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Figure 4.11: Comparison of theMNT producedwith Axelsson’s algorithm (in light blue) and ourmethod (in green).
We idenধfy four types of recurrent errors: a) problem of reconstrucধon at the base of the trunk, b) instability of
MNT at the edge of the plots, c) issue on occlusion management, d) error in points classificaধon (the point density
of the point clouds have been reduced, an eye-dome lightning shader has been used and one of the two surfaces
is displayed as a wireframe for display purpose )
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the later added noise at the ground level, making it more difficult to identify it precisely. Such
an issue with low vegetation have also been reported with ALS data 139, 106. Because occluded ar-
eas are reconstructued from the local approximations, any degradation of the local patches will
translated into a degradation of the reconstructed part. Themajor constribution of the increased
hausdorff distance within the occluded areas rely to the amount of occlusions, wich is dramat-
ically higher compared to the simulations.2 used infrared information from a digital camera to
filter out vegetation from TLS data and further generate a DTM. Such an approach is however
difficult to apply within forest plots due to both the thickness and number of vegetation layers.

The histogram filteringmethods proves to performwell on simulated and on real data. Never-
theless it uses two sensitive parameters which needs to be fixed with ε priori assumptions about
the terrain and vegetation complexity, and so about the number or shape of the modes of the
histogram. In order to improve the vegetation filtering, we are currently implementing a more
efficient mode detector algorithm. We think that such approach would compromise more on
the limitation between ground and vegetation points to filter out more precisely the vegetation.

5.3 Cঘখঙঊছ঒জঘগ ঠ঒ঝ঑ ALS ঊকঐঘছ঒ঝ঑খ
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Figure 4.12: Staধsধcal indices on the Hausdorff distance between the DTM surface produced by LAStools and
our method for the four plots

In Fig. 4.12 the mean Hausdorff distances between Axelsson’s DTM and ours remain around 2
cm for the four plots, which shows a global similarity between Axelsson’s surfaces and the ones
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produced by our method. Nevertheless, we noticed that LAStools exhibits four kinds of recur-
ring errors on specific point cloud patterns, as shown in Fig. 4.11. Fig. 4.11 a) shows a common
error of classification at the base of a trunk. Fig. 4.11 b) shows an example of surface instability at
the edge of a plot. Fig. 4.11 c) shows some artifacts produced by occlusions. Fig. 4.11 d) shows an
error of classification. Because of the strong slope and the low density of point, the upper part
of the plot is classified as non ground. Overall, the surfaces produced by our method are more
stable, smoother, with less artifacts and cover the full extend of the plots. As DTM extraction is
a key point to asses points altitude, such stability is clearly an advantage of our approach.

6 Cঘগঌকঞজ঒ঘগ

This paper introduces a ground surface approximation algorithmdedicated toDTMproduction
fromTLS data. The proposed algorithm is designed to approximate the ground as the zero level
set of an implicit function, rather than directly segmenting ground points (which is the case in
most ”virtual deforestation” algorithms found in the literature). The presentation of the result as
an implicit function enables further developments to improve the quality of the reconstructed
surface. Indeed, energy-minimizing deformable models would improve the DTM by pushing
the surface towards the data points.

This algorithmhas first been testedon simulateddata, inorder to explicitlymeasure thequality
of ground approximation as a distance between the input surface and the output surface. Overall,
the approach proved accurate in terms of ground point segmentation, DTM reconstruction,
both on simulated and on real data. While errors tend to increase with the occlusion rate, the
reconstructed surface remains consistent with the reference one, highlighting the quality of our
hole filling process. One limitation is the difficulty of correctly modeling the ground surface
along the border of the sampling areas when large occlusion occurs. However, such a problem is
independent from the method itself and can be solved by optimizing the TLS sampling area.

The method has been developed for forest application, but can be used in various environ-
ments. Regarding DTM computation, future developments will focus on improving the results
computed on complex forest environments by applying a deformable model in order to correct
the digital terrain model and further improve data approximation.
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5
Geometric model of trees

From allometric models based on field measurement to architectural and quantitative structure
models based on terrestrial LiDAR scanning data, every current model found in the literature
approximates the trees shape using cylinders. Such a cylindrical representation could be a good
approximation for tree having either a simple structure, such as conifer trees, or broad-leaved
trees showing regular trunk and branches. However, cylinders are expected to be too rigid to
describe more complex shapes (for example, buttresses) resulting from either genetical traits or
stresses related to the mechanical environment of the tree 109. Indeed, the cross sections of trop-
ical stems often present alternating convex and concave portions, as illustrated on Figure 2.4.
Improved description of the tree shape might be of prime interest to compute accurate volume
or biomass, but also to support our understanding of the effect of the tree environment on its
morphological traits, and to assess its economic value. Based on these assumptions, we proposed
a more flexible and continuous model expressing the geometry of tree parts as an implicit func-
tion. This chapter introduces our new model based on quadratic local approximations blended
together with compactly supported radial basis functions in order to transform a discontinuous
tree model based on a stack of independent building blocks to a continuous implicit function.
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1 Iগঝছঘ঍ঞঌঝ঒ঘগ

In many parts of the world, forests are subjected to intense human pressures, and the ongo-
ing global warming further constraint their dynamics and functioning in directions and mag-
nitudes that can strongly varied in space and time as demonstrated by 36 with an emphasize on
tree growth. Monitoring forest ecosystems require more and more detailed information about
forests attributes, as also needed for example for international reporting regarding carbon cycle
and the development of wood energy 104. While field data acquisitions are time consuming and
costly, thus limiting the development of precise field databases of forest parameters, terrestrial
laser scanning (TLS) emerged as a practical tool to acquire accurate data on forests at either plot
or stand level47, and to further estimate forest parameters.

TLS systems sensed the local environment using laser signal to produce very detailed 3D point
cloud of the scene surrounding the sensor. Newham 114 acknowledged that TLS point clouds
catch forest structure information with much more details than traditional field measurements
can do. Also extracting information from such 3D point clouds is not easy. The point cloud
structure is not homogeneous. The point spacing decreases with distance to the sensors. And
the point density can be heavily affected by occlusions generated by the objects spread within the
scene.

Also in the last decade, manymethods have been used to extract forest information fromTLS
data at either plot or tree level94,114,47. Plot level approaches mostly focused on the estimation
or traditional forest parameters such as dbh, height and/or stem profile99,76,98. But others ap-
proaches directly dealt with the entire point cloud to retrieve plots properties like vegetation
profile, vegetation density, or the leaf area index 31,17,159,53.

From very high density point clouds, advanced tree reconstruction approaches have been pro-
posed. Most of them have been developed for the processing of individual trees.45 proposed an
architectural model combining a skeletal curve approach to retrieve the tree structure and allo-
metric relationship to build the branching structure and further assess the amount of foliage.
Dassot47 introduced a semi-automatic approach to model tree architecture using cylinders and
further estimate tree parameters such as tree volume. 128 introduced a method involving a clus-
terisation and segmentation of the point cloud followed by the reconstruction of the tree archi-
tecture using cylinders. They further summarized these geometric and hierachical information
into the concept of quantitative structure modeling (QSM). A similar cylinder-based tree recon-
struction method has been proposed by73, using a sphere-following approach to progressively
reconstruct the tree structure from the ground to the apex. Jumping from the tree level recon-

102



Figure 5.1: Overview of the method for two cylinders adjusted on the point cloud describing a part of the trunk:
(a) cylinders of the VHT adjusted to point clouds; (b) bounding boxes of the cylinders defining the space parধধon;
(c) local approximaধons with cylindrical quadrics and their CSRBF, (d) Extracধon of geometric model as the the
zero levelset of the implicit funcধon resulধng of the merge of local approximaধons.

struction to the plot level reconstruction is not an easy task. Intermingling crowns and occlu-
sions by branches and leaves in the signal path makes is difficult to accurately segment trees. 127

used a clusterisation approach to first detect tree bases followed by a distance-based expansion
procedure to allocate the remaining clusters to the detected trees. 141 used both a clustering and
a shortest-path algorithm to detect trees and segment associated crowns. Combining Hough
transform and active contours, 129 under a multi-scale framework introduced a method to au-
tomatically detect and reconstruct trees. While it has the potential the reconstruct the full tree
architecture, the method in its present form has only been validated on tree stems.

Despite the efficiency of state of the art tree reconstruction methods and the ongoing devel-
opment of segmentation approaches, it would be of interest to rely more on the point cloud
structure to producemore realistic 3D treemodels. Taking take of the local point cloud structure
might allow an improved description of the tree shape as well as the computation of additional
criteria describing the wood quality. Because TLS point clouds are prone to occlusions, and also
because those data-sets are in-homogeneous, heavy and noisy, they are not reliable for the direct
construction of the geometric shape as a mesh model. Instead, the modeling as an implicit sur-
face appears as an lightweight and efficient alternative, to smooth noise, in order to propose a
continuous model of the woody part of the tree. Expressed as an implicit function, a shape can
be then improved by additional computational step.

Here, we provided a methodological framework to compute an implicit surface modeling of
tree woody structure. From a set of geometrical shapes (ie. QSM) we proposed to improve the
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tree reconstructionwhere point data is available and topreserve the supporting geometrical shape
in the absence of data. The proposedmethod is based on local quadratic patchesmerged together
by radial basis functions, following the partition of unity.

The paper is organized as follows. Section 2 introduces definitions and concepts used through-
out this paper, and then describes the different steps of our algorithm. Section 3 presents our
validation method based on simulated point clouds and section 4 presents the results. Finally,
further developments are discussed in Section 6.

2 Aকঐঘছ঒ঝ঑খ

2.1 Oট঎ছট঒঎ঠ ঘএ ঝ঑঎ ঊঙঙছঘঊঌ঑

Themethod presented here is part of a complete processing line dedicated to the reconstruction
of forests plot attributes model. Using TLS point cloud acquired in forets, this processing line
automatically detects the trees and models their the woody structure with a continuous surface.
The approach presented here consists in the continuous modeling of the tree structure as an
implicit surface based on aQSM (i.e. a discontinuous sequence of cylinders). While ourmethod
is adapted to any kind of QSM, it uses a variant of the Hough transform in the scope of that
paper. The method is made of three main steps illustrated in Figure 5.1.

The first one detects the stem andproduces theQSM: it divides the dataset along the stem into
a sequence of components to transform the global problem into a set of local problems (Section
2.2.2). The second step computes by least square fitting an approximating local quadratic patch
in each local component (Section 2.3). Finally the implicit function is computed by merging the
local approximations and extracts the final model as the zero-levelset of that implicit function
(Section 2.4).

2.2 Iগঙঞঝ ঒গএঘছখঊঝ঒ঘগজ

We consider a point cloud acquired with TLS that describes the trunk and branches of an indi-
vidual tree. That set of un-oriented data points, provided by the sensor, and denoted by P =

{pi}i=1...N ⊂ R
3 is the input of our algorithm. As mentioned previously, to divide the global sur-

face approximation problem, we build upon a discrete tree model (QSM) to define a division of
the space: the set of independent building block of theQSMdefines a partition of the space used
by our method to pass from global to local. In practice we run a variant of theHough transform
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(VHT), introduced by 129 to obtain a set of cylinders distributed along the bark of the tree (Sec-
tion 2.2.2). The bounding boxes of those cylinders constitutes the structure of space. Because
that method uses not only the position of the points but also their normal, we first detail briefly
the normal estimation in Section 2.2.1.

2.2.1 Eজঝ঒খঊঝ঒ঘগ ঘএ ঝ঑঎ গঘছখঊকজ

Anormal ni is computed for each point pi. To do so, a tangent plane at each point pi is estimated
by a principal component analysis on the k-neighborhoodof pi (where k is an user definedparam-
eter). The direction of ni is chosen orthogonal to the tangent plane. However, such a choice does
not guarantee that the resulting set of normal is coherent (ie. either all of them are inwards or
outward). Therefore, the vector field defined by {ni}i=1...N is corrected bymodeling the problem
as a graph optimization problem to adjust each ni with its nearest neighbors78.

2.2.2 Vঊছ঒ঊগঝ ঘএ ঝ঑঎ Hঘঞঐ঑ Tছঊগজএঘছখ

The classical Hough transform was first used in image analysis to identify imperfact instances of
image lines. This technique was later extended to identify positions of arbitrary shapes 15. The
variant of the Hough transform approach (VHT) introduced by 129 adjusts a sequence of cylin-
ders along the stem axis.

Figure 5.2: Illustraধon of the Hough transform in 2D: (a) computaধon of the point normals; (b) definiধon of a
4D Hough space (x,z,y,r) of ”res” resoluধon. Vote of two points along their normals, the darker cell cumulates
the vote of both points; and (c) ađer the vote of the whole set of points, extracধon of the most probable circle
approximaধng the points with a given uncertainty linked to the resoluধon of the Hough space. The uncertainty
passes on the center coordinates and on the radius.

TheVHT (Figure 5.2) is based on the idea on the following idea: a point pi of normal ni, votes
for a small set of cylinders, actually a line directed by ni in the accumulator space discretized along
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Figure 5.3: Class of shapes modeled by Equaধon 5.1 : (leđ) hyperboloids , (center) cylinders with an ellipse cross
secধon and (right) ellipsoids

(x, y, z, r) where x, y, z is the center and r the radius of the cylinder. This line in the accumulator
space is computed by a fast voxel traversal algorithm based on 5. The most probable cylinder
in the slice is estimated as the local maximum in that discrete slice. This cylinder (xi, yi, zi, ri)
provides a bounding box Bi and its center ci. The set of bounding box Bi constitutes the spatial
structure we build on in the following step (Figure 5.1b)).

2.3 Lঘঌঊক ঊঙঙছঘড঒খঊঝ঒ঘগ ঘএ ঍ঊঝঊ ঌঘগঝঊ঒গ঎঍ ঒গ ঊ ঌ঎কক

For each local frame, we first compute a Frenet coordinate system. Actually, let w denote the
eigenvector associated with the smallest eigenvalue in the principal component analysis of the
normals. We complete this vector so that (u, v, w) denotes an orthonormal coordinate system.
Thepoints ofBi are approximatedby a local implicit cylindrical quadric functionof the following
form:

gi(u, v, w) = Ai · u2 + Bi · v2 + Ci · u × v + Di · w2 − ri (5.1)

ri is the radius given by theHough transform and coefficients Ai, Bi, Ci, Di are determined by the
least square minimization of:

Ei =
∑

j∈{1...N}
pj=(uj,vj,wj)∈Oi

gi(uj, vj, wj)
2 (5.2)

Under such a minimization, only few shapes are allowed : cylinders with an ellipse cross sec-
tion, ellipsoids and hyperboloids (the signs of coefficient A and B determine whether the hyper-
boloid is one sheet or two sheets).

Once gi is defined (by least square minimization of Equation 5.2, the total residual Ei, which
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Figure 5.4: Illustraধon of the validaধon process of our approach : (a) mulধ-view scanned tree, (b) the raw data
is clipped and cleaned to keep only 15 meters of the trunk. , (c) the Poisson surface reconstrucধon provides
the reference mesh and its volume, (d) the LiDAR simulator computes a simulated single scan LiDAR point cloud
using a ray tracing algorithm, (e) Hough cylinders distributed along the trunk, (f) levelset of the implicit funcধon,
(g) close-up on the implicit on the levelset.

is the weighted sum of squared residuals, quantifies the quality of the fit. If Ei is superior to a
threshold defined by the user or if the coefficient A and B have different signs (which is given by
a two sheets hyperboloid), we consider that the approximation failed and proceed to a simpler
one, constraining Di = 0. This allows to keep control over the local approximation by forc-
ing it to be cylindrical. The flexibility of the quadric is thus constrained to produce a coherent
approximation and prevent from data gaps in the final volume computation

2.4 Cঘখঙঞঝঊঝ঒ঘগ ঘএ ঝ঑঎ ঐকঘঋঊক ঒খঙক঒ঌ঒ঝ খঘ঍঎ক

After estimating a local approximation in each cellBi, the global geometry of the tree is computed
by smoothing all the quadratic patches into a surface model. In practice, compactly supported
Wendland’s RBF functions 153 were used as a partition of unity to merge these local approxima-
tions and compute a global implicit model. More precisely, we use ϕ(r) = (1− r)4+(1+4r), where
+ means (x)+ = x if x > 0 and (x)+ = 0 otherwise, which is C2 and radial on R

3. Hence in
each cell Bi, we use, as a partition of unity, the function Φ

σ
i(∥x − ci∥) = ϕ(∥x−ci∥

σ
i ) , where the

parameter σi controls the size of the zone of influence centered around ci.
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The global implicit model f : R3 7→ R is computed as:

f(x) =
∑

ci
gi(x) · Φ

σ
i(∥x − ci∥) (5.3)

where Φ
σ
i is the CSRBF defined previously, σi is its radius and is defined hereafter and gi is the

local implicit approximation, computed in Section 2.3.
As σi is the radius of the smoothing function Φσ, this parameter control the influence of each

local approximations: a smaller value tends to keep the influence of the quadric of a given cell
Bi really local, whereas a larger value tends to spread its influence along the stem axis of the tree.
Moreover, the support of the function f (Equation 5.3) is the union of the supports of theCSRBF
Φ
σ
i it is composed of. To guarantee that this union of supports covers the input point cloud, we

compute σi as:

σ
i = max(h, ri) ∗ (1 + Ƀ) (5.4)

where h is the height of the bounding box Bi and ri is the radius of the cylinder provided by
the VHT. The coefficient Ƀ is optimized by the user and allows to control the influence of the
approximations.

2.5 Eডঝছঊঌঝ঒ঘগ ঘএ ঝ঑঎ ঠছঊঙঙ঒গঐ জঞছএঊঌ঎ ঊজ ঊ খ঎জ঑

Following fromourmodeling choices (namelyWendland’s RBF and quadrics), the implicit func-
tion f is C2. Hence it is possible to use a polygonization algorithm to represent the zero-level set
of the implicit function f. In the space defined by the union of the spheres of radius σi, f is dis-
cretized into a scalar field, whose resolution is set by the user. From this scalar field, the polygo-
nizer computes a set of triangles approximating the implicit surface f, by using a marching cube
like algorithm. We use a Bloomenthal-like polygonizer22 which is well suited for our functional
RBF.

2.6 Cঘখঙক঎ড঒ঝঢ

The complexity study shows that the algorithm is of order O(N), where N is the initial number
of data points (section 2.2). Indeed, the local approximation is of order O(N × Ncells), where the
constant Ncells is the number of slices provided by the VHT.

108



3 Eডঙ঎ছ঒খ঎গঝঊক

The experiments were conducted under a simulation framework. In order to model realistic
shapes with known reference volume, we set up a three step process (Figure 5.4). From real trees
(n = 4) scanned with a high density, portions of trunks (∼ 15m length) with a limited amount
of occlusions were extracted. Then a Poisson surface reconstruction (PSR) algorithm86 (Section
3.1) was applied to the point cloud to generate a realistic shape and further compute its volume.
From these references shapes and volumes, a LiDAR simulator based on a ray tracing algorithm
(Section 3.2) was then used to generate point clouds from various point of views and train the
modeling. Indeed, each point cloud only describes the visible side of the trunk, thus providing
large occlusions. To evaluate the performance of the proposed method for tree volume estima-
tion from occluded shapes, three different reconstruction approaches were compared (see Figure
5.5): 1) the sum of the volume of the cylinders adjusted by VHT, 2) the sum of the volume of the
cylinders obtained by least square fitting and 3) our method based on cylindrical quadrics and
RBF.

3.1 T঑঎ ছ঎এ঎ছ঎গঌ঎ টঘকঞখ঎

To realistic tree surface such model we considered detailed TLS scans of tree individuals and
used the Poisson surface reconstruction (PSR) method to produce a closed surface of part of the
trunks. These TLS scans were acquired during a special field campaign dedicated to the study of
few individuals : the low vegetation surrounding the trees have been cut and the trees themselves
have been scanned form multiple point of view. This special modus operandi produced homo-
geneous point clouds depicting accurately the tree shape details. Thus, from these multi-scan
point clouds, we produced reliable tree surface model with PSR. Represented as a triangle mesh,
we computed their volumes by adding the signed volume of each of the tetrahedra formed by
the origin and each triangle of the mesh 158. Figure 5.6 presents the four individuals chosen for
the study and the mesh resulting of the PSR. The tree 1 and 2 are Terminεliε superbε and the
trees 3 and 4 are Pycnεnthॺ εngolensॹ.

3.2 G঎গ঎ছঊঝ঒ঘগ ঘএ ঝ঑঎ ঝ঎জঝ঒গঐ ঍ঊঝঊ

From the trianglemeshes produced by the Poisson reconstruction surface implemented inMesh-
lab (http://meshlab.sourceforge.net/), we ran a TLS simulator to generate several single-view
scans from varying point of view. This simulator is based on PBRT (http://www.pbrt.org/)
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Figure 5.5: Close up on the modeling of the tree from single view point simulated scan with : (a) the cylinders
derived from the VHT, (b) the cylinders from least square fiষng, (c) the quadrics surface before the merge with
RBF, (d) the levelset of the implicit funcধon resulধng of the merge of the quadrics with the RBF.

and emulates the interactions using a ray tracing method. To artificially increase the size of our
testing data sample, we generated a set of single point of view scans by setting up virtual scan
positions evenly distributed around the reference mesh (i.e. 16 for each trunkmodel, locate 22.5◦

apart from each other).

4 R঎জঞকঝজ ঊগ঍ ঍঒জঌঞজজ঒ঘগ

Volume statistics are shown as box-and-whisker plots in Figure 5.8 for the global set of volume es-
timation, and Figure 5.7 details the results for individual trees. For each data set of eachmethods,
a box is drawn to indicate the position of the lower and upper quartile of the data. The box has
a center line indicating the median of the data. The whiskers above and below the box indicates
the maximum and minimum values in the data set (except for outliers).
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Figure 5.6: The mulধ scan LiDAR point clouds of four trees along with their trunk PSR. a) and b) are Terminalia
superba (common name : Fraké). c) and d) are Pycnanthus angolensis (common name : Ilomba). For each tree, the
mesh resulধng from PSR is display on their right side, with the cross secধons of the point cloud on the leđ side.
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Figure 5.7: Staধsধcal indices on the normalized difference of volume between the esধmaধon and the reference
for the three methods detailed for each tree.
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Figure 5.8: Staধsধcal indices on the normalized difference of volume between the esধmaধon and the reference
for the three methods tested on the whole set of trees.
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Overall, the volume estimated by ourmethod is closer to the reference than the fitting of cylin-
ders method what shows a clear improvement in the use of cylindrical quadrics and CSRBF over
the use of cylinders. Except for the tree 1, the proposed method show a light overestimation of
the volume but is unbiased. This results highlight the importance of developing methods more
adapted to the real shape of the trees. Indeed, cylinder fitting or other forms of geometric fitting
are not well suited to model complex tree structures.

The figure 5.8 shows a mean difference of estimation around 10% of the reference volume for
the fitting of cylinders with VHT and least square method. That mean difference is reduced to
less than 5% with our method. This highlights a improvement in the estimation of the volume,
but also an improvement in the modeling of the tree itself. Indeed, computing the volume of
a tree has a strong smoothing effect. A small improvement in the volume estimation means a
noticeable improvement in the tree modeling.

The effect of tree complexity on modeled volume can be seems on box-plots describing the
four trunk samples independently (Figure 5.7). Overall, the simpler the tree structure, the better
the results. Indeed, the simpler tree shapes tend to be enough described by a single view-scan,
but more complex shape, like the shape of the tree 1, would need homogeneously distributed
information to transcribe all the details of the shape. That explains the performance of the VHT
cylinders for the tree 1 : the discretization on the radius and the smoothing effect of the compu-
tation of the volume as the sum of the cylinders make VHT to performwell in that case. On the
other hand, this effects is very sensitive to the parameters and the modeling of the tree remains
improvable.

Our algorithm requires a geometric support, provided as a QSM. The methods that recon-
struct a coherent set of cylinders along the trunk and themain branches are currently in develop-
ment. Once finalized, theywould extend the structure of the space to support our reconstruction
towards the branches.

5 R঎জঞকঝজ ঋঊজ঎঍ ঘগ S঒খঙক঎Tছ঎঎

While the previous paper described geometric model based on QSM coming from the Hough
transform introduced by Ravaglia 129, we propose here a continuous modeling based on Simple-
Tree73 software results. Simpletree is a C++ based implementation which builds tree models by
browsing the point cloud with a 3D sphere. It describes the trunk and every branches individu-
ally by a sequence of cylinders. Unlike the processing of the single trunk section presented in the
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previous paper, turning SimpleTree models into a continuous model induce the correct manage-
ment of the branch junctions. To do so, we lean on the segment breakdown of the tree structure
provided by Simpletree. We model each segment following the method described in Section 2.3.
Considering a tree composed of N segments, we compute for each segment j ∈ {0, . . . , N − 1} an
implicit surface fj of the form:

fj(x) =
∑

ci
gi(x) · Φi(∥x − ci∥) (5.5)

where Φi is the CSRBF centered in ci and gi is the local implicit approximation as defined in
Section ??.

In order to limit interference of shapes at the segment junctions, we define g the global implicit
function as:

g(x) = max[f0(x), . . . , fN−1(x)] (5.6)

The global implicit function g is finally polygonized to retrieve the surface mesh model of the
whole tree. Figure 5.9 illustrates a watertight mesh model of a an evergreen sub-tropical tree
(Erytrophleum fordii) produced by such approach.

6 Cঘগঌকঞজ঒ঘগ

Using this method to compute the volume of trees has proven to reduce the error by 50% on av-
erage, which demonstrates an improvement in the global geometrical modeling. We proved that
the use of cylindrical quadrics and RBF improve the computation of the volume of trees over
cylindrical approximations. Our method is about more than just an estimation of the volume,
it models the tree itself as an implicit function, which can be with further work better shaped.
Indeed, the implicit function resulting of the merge of the local approximations can initiate a
deformable model in order to push the surface towards the data point, thus improving the esti-
mation of the volume.
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Figure 5.9: Waterধght tree mesh model of a an evergreen sub-tropical tree (Erytrophleum fordii) based on Simple-
Tree: (a) and (b) raw point cloud and the conধnuous surface model from two points of view, (c) branch juncধon
without the treatment detailed in Equaধon 5.6 and (d) the same juncধon ađer correcধon.
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6
Reconstruction

of partially occluded objects

In the previous chapter we introduced a method turning a discontinuous geometric tree model
made of a linked stack of cylinders into a continuous implicit function. Based on the locations
and directions of the building blocks of aQSM, our continuous tubular model fills the occluded
areas and improves the approximation of more complex shapes. This chapter focuses on the
improvement of the continuous tubular model: as it is defined as an implicit function, the sur-
face model is further re-shaped to approximate the 3D sample points. From this insight emerges
twomanners of model enhancement: (i) a traditional surface reconstruction approach using the
tubular continuousmodel as a safeguard to handle the occlusions and (ii) a deformable approach
initiatedby the tubular continuousmodel. We explored these twoways of improvement. Onone
hand, we developed an original Poisson surface reconstruction specifically designed to manage
occlusions (Section 1 to 5). On the other hand, we address the problem following a deformable
approach which has not yet been published and whose theoretical background is described in
Section 6.
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1 Iগঝছঘ঍ঞঌঝ঒ঘগ

This paper presents an original Poisson surface reconstruction method using compactly sup-
ported radial basis function (CSRBF), specially designed for the reconstruction from 3D point
clouds of partially described objects.

With the emergence of new scanning technologies, reconstruction of 3D surfaces from scat-
tered data receives an increasing attention. Pioneering works in the late nineties explored dif-
ferent options. First, triangular mesh reconstruction (through Delaunay triangulations, alpha
shape reconstruction or Voronoi diagrams, for instance20,23,56,9). However scanning devices such
as LiDAR scanners produce dense, noisy and potentially occluded point cloudswhich can hardly
bemodeled bymeshes. In order to cope with these data features, smooth surfaces are an efficient
solution and many works have been carried out both on parametric and implicit surfaces. The
unstructured, non planar nature of point clouds makes implicit surfaces a key modeling tool.
Global reconstruction methods based on radial basis functions (initiated by Carr and al. 32) take
advantage of the approximating properties of RBF. However, polyharmonic RBF have a global
support, and hence reconstruction entails dense ill-conditioned matrices. In order to mitigate
this problem, further works focused on compactly supported radial basis function (either used
directly78 or as blending functions between local reconstructions 115). Another approach takes ad-
vantage of both global and local fitting schemes by approximating the field of estimated normals
through a Poisson reconstruction scheme86.

Our work has been developed in the context of surface tree reconstruction from Terrestrial
Laser Scanning (TLS) data-set and more precisely for data-sets acquired in forest environments.
TLS technology is nowadays broadly used in the domain of forests study. It allows to acquire
the 3D forest structure as point clouds in record time47. However, the features of such data are
challenging when it comes to reconstruct models and extract informations (actually more chal-
lenging than classical applicative data such as urban environments or isolated objects): clouds are
extremely dense, inhomogeneous, noisy and present large occlusions. Specific algorithms are re-
quired to extract the useful information. One of the Forestry applications is to retrieve automat-
ically the tree structure, branching organization and the branch size distribution. The modeling
through quantitative structure models (QSM), that summarize those information by describing
the whole tree components in an hierarchical order, has been explored by72,128,129. While those
methods are effective to extract the structural parameters, they propose a discontinuous model
and rely on local cylindrical approximationswhich has proven to be the best local approximation
but can lead to substantial errors. Indeed, to assume that a tree is a cylinder can be far from the
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reality, specially when we consider tropical trees. 39 underlined an error of 50% on the computa-
tion of the volume from field measurement at the tree level by such approximation in tropical
forests. sharper 3Dmodeling are required to better describe the shape and improve the geometric
model, in order to assess precisely tree properties.

To overcome this approximation, and to use the millimeter accuracy of the scanner, classical
surface reconstruction methods86 can be used to produce tree models. While excellent results
can be obtain on isolated trees specially well scanned, the complexity of forested environments
creates occlusion that are hard to handle for those approaches. Even with dense scanning de-
signs, occlusions may still occur in the upper part of the trees. Indeed, the surface of the trunk
and branches sampled by the scanner is often locally occluded by the surroundings. Actually,
only the surfaces visible from the sensor point of view are described, the remaining part is oc-
cluded. Usually, one combines scans acquired from several point of view around the targeted
tree in order to limit the occlusion ratio. However, the multiplication of scans cannot get ride
off the entire occlusion because of the spatial configuration between the sensor and the objects
scanned. Therefore, none of the existing approaches can be used as such. Our works provide
a new Poisson reconstruction algorithm based on CSRBF functions; this underlying model lets
us therefore combine the resulting reconstruction with a priori models computed for occluded
areas and expressed with CSRBF functions.

2 Oট঎ছট঒঎ঠ ঘএ ঝ঑঎ ঊঙঙছঘঊঌ঑

Our method focuses on approximating accurately the data points and managing the occlusions
to produce a closed surface. To do so, it identifies and processes separately visible and occluded
areas. In visible portions on the object, a Poisson surface algorithm is used to reconstruct the sur-
face. In occluded areas, the tree-like object surface is approximated using a tubular profile. The
smoothing characteristic of the compactly supported radial basis functions (CSRBF) guarantees
the continuity of the shape between the two models.

Illustrated on Figure6.1a), the two following sections describe both pre-processing steps on
which our method builds upon: the computation of the points normal that are required by the
Poisson surface solver, and on the other hand the tubular shape that guides the reconstruction
in occluded areas.
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Figure 6.1: Overview of the method: a) as a pre-processing, we compute a QSM and the normal of the points.
Then we consider each building block of the QSM independently. b) data points are distributed over the part of
the trunk exposed to the LiDAR beam, dividing the space in occlusion and visible areas, c) based on a QSM, we
esধmate the tree shape as a tubular model expressed as an implicit surface d) in the visible area, we compute
a Poisson surface reconstrucধon based on CSRBF e) the algorithm approximates the surface of the tree by a
Poisson surface in the visible area and closes the surface by using the tubular model in the occlusion. The tree
surface is retrieved by blending the set of models computed for each QSM building block.

2.1 Pঘ঒গঝজ গঘছখঊক ঌঘখঙঞঝঊঝ঒ঘগ

Let P = {pi}i=1...N ⊂ R
3 be the input point cloud. The pre-processing step towards Poisson sur-

face reconstruction is to compute a consistent normal fields for each sample. We use the method
introduced by Hoppe78 to compute a normal ni at each point pi. First, we compute for each
point pi a co-variance matrix C created from Nk, the k-nearest neighbors of pi.

C =
1
k

∑

pj∈Nk

(pj − p)(pj − p)T (6.1)

where k is the number of point in the neighborhood of pi and p is the center of the nearest
neighbors. We attribute to ni the value of the Eigen vector of the matrix C corresponding to its
lowest eigenvalue.
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The previous step computes a normal field forP but cannot guarantee its consistency. Indeed,
when dealing with surface reconstruction the normal field should be coherent and verify the fol-
lowing characteristic: for two points pi and pj that are geometrically close, ni · nj ≈ 1. Otherwise
either ni or nj should be flipped. In order to obtain a consistent global orientation of the normal,
we fill a graph G with the data set P . We attribute a weight wi to the edges connecting each points
pi to its k-neighbors as:

pj ∈ Nk, wi = 1 −
∣

∣⟨ni, nj⟩
∣

∣ (6.2)

Then, we compute K a sub graph of G with a minimum-spanning-tree algorithm91. We visit
K with a depth-first search and propagate the normal orientation through its nodes: For a point
pi of the data set P , we call pj, j = 1 . . . m its neighbors in the graph K. We flip the normal of nj

if ⟨ni, nj⟩ is negative. At the end of the process, the input point cloud P is enriched by a globally
consistent normal ni for each of its data point pi

2.2 Tঞঋঞকঊছ ঐঞ঒঍঎ ঎জঝ঒খঊঝ঒ঘগ

In a pre-processing step, we compute a QSM of the tree. From this discontinuous stack of
cylinders, the global outline of the tree is then modeled by a continuous tubular shape as in 110.
Following this approach, the tubular model is expressed as an implicit function built as a stack
of quadratic approximation gi merged together with compactly supported radial basis function
(CSRBF), namely Wenland’s CSRBF 154. Our method takes as input the function f defined as:

f(q) =
∑

Zi

gi(q) · Ψ
σ
i(∥q − ci∥) (6.3)

where Zi is the given slice along the Oz axis, gi is a quadratic function and Ψ
σ
i is a CSRBF

centered in ci.

3 CSRBF Pঘ঒জজঘগ জঞছএঊঌ঎ ছ঎ঌঘগজঝছঞঌঝ঒ঘগ ঐঞ঒঍঎঍ ঋঢ ঊ খঘ঍঎ক ঔগঘঠগ ঊ
ঙছ঒ঘছ঒

As illustrated on Figure 6.1, our method is based on several steps: 1) we divide the space into two
parts, the occluded and the visible areas, by analyzing the angular distribution of the points. 2)
We define a space of functions based on CSRBF with high resolution near the points and near
the surface of the tubular model, and coarser resolution away from them. 3) In the visible area,
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we set up and solve the Poisson equation. 4) In the occluded area, we express the tubular shape
in our space of functions and inject in the solution. 5) Finally, we extract an iso-surface of the
resulting implicit function.

3.1 Mঊছঔ ঘএএ ঝ঑঎ ঘঌঌকঞ঍঎঍ ঊছ঎ঊজ

Illustrated on Figure 6.1b), the pre-processing QSM computation described in Section 2.2 pro-
vides a division of space into several slices Zi along the stem axis. In each subset, an analyze of
the angular distribution of the points let us detect holes: among the points contained in Zi, if
two points are separated by an angle larger than a given user-defined threshold, then the portion
of space in between is considered as occluded. Such process on the whole set of slice Zi defines a
boundary between visible and occluded areas.

3.2 Pছঘঋক঎খ D঒জঌছ঎ঝ঒ণঊঝ঒ঘগ

We use an octree division of space as the resolution of our model needs to be refined close to the
points and the surface of the tubular model. To do so, we define the octree to be the minimal
octree so that every point falls into a leaf of a resolution fixed by the user. Then we force the
octree division close to the tubular shape by analyzing at the eight corners of each leaf falling in
the occluded area the sign of the implicit function given in Section 2.2, and illustrated in Figure
6.1b). A different sign for at least one of the corners of a leaf results in its subdivision. Finally, we
refine this octree by allowing a maximum difference of levels equal to one between a leaf and its
neighbors to settle a smooth decrease of resolution. Ovisible and Ooccluded are respectively the leafs
falling in the visible area and the ones falling in the occluded area as defined in Section 3.1. The
set of leafs O form a partition of the space.

3.3 D঎এ঒গ঒ঝ঒ঘগ ঘএ ঝ঑঎ এঞগঌঝ঒ঘগ জঙঊঌ঎

Given {O1, . . . , ON} a partition of P (in our case, the octree subdivision of space previously de-
fined), for each subset Oi (or cell), we denote by oci the center of Oi (we will call it center of Oi).
In order to build our implicit model, we define a space of functions as the span of translates of
Wendland’s CSRBF: for every node O, we set Φσo to be the CSRBF centered in oci with a radius
σo:

Φσo(∥q − oc∥) = ϕ(
∥q − oc∥

σo
) (6.4)
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More precisely, we use ϕ(r) = (1 − r)4+(1 + 4r), where + means (x)+ = x if x > 0 and (x)+ =

0 otherwise. The radii σo have been adjusted to recover details entailed to smaller Φσo , while
limiting the overlapping of greater functions. With this in mind, we computed σo as:

σo = ε × Sizemin +
√

3/2 × Sizeo (6.5)

Sizemin is the size of the smallest octree leaf, Sizeo is the size of the leaf O and ε is a parameter
tuned by the user. Spεn{Φσo}, the set of independent basis function Φσo is used as a basis to
express the implicit functions computed in the following chapters.

3.4 S঎ঝঞঙ ঘএ ঝ঑঎ Pঘ঒জজঘগ ঙছঘঋক঎খ

Poisson surface reconstruction initially consists in computing the characteristic function χ of a
closed surface. In ? , the autors highlight an integral relation between the gradient ∇χ and the
field of oriented points normal. Hence χ can be computed as an implicit function χ whose gra-
dient approximate a vector fieldV induced by the normal of the sample points: ∇χ ≈ V . Because
V is rarely integrable, this variational problem is turned into a standard Poisson problem by ap-
plying the divergence operator:

Δχ = ∇.V (6.6)

The definition of a discrete approximation of V is a critical step. The influence of each sample
normal needs to be distributed in its surrounding octree cells to produce a smooth points nor-
mal vector field. Considering a smoothing filter F and that a point pi of normal ni describes an
elementary patch of surface Api

, ? proposes the approximating formula:

V(q) =
∑

pi∈P

Api
· F(q − pi) · ni (6.7)

With this in mind, in the setting of CSRBF we consider N (pi) the neighborhood of a sample
point pi as: N (pi) = {o ∈ Ovisible, ∥pi − oc∥ < σo}. For q ⊂ R

3, we define V(q) as:

V(q) =
∑

pi∈P

1
W(pi)

∑

o∈N (pi)

ɀo,pi
Φσo(∥q − oc∥) · ni (6.8)
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where ɀo,pi
is defined as:

ɀo,pi
=

Φσo(∥pi − oc∥)
∑

o′∈N (pi)
Φσ

′
o(∥pi − o′

c∥)
(6.9)

and where the density W is defined as:

W(q) =
∑

pi∈P

∑

o∈N (pi)

ɀo,pi
.Φ1

σo(∥q − oc∥) (6.10)

with Φ1(r) = 1 − r being a Wendland’s CSRBF of first order.

3.5 R঎জঘকঞঝ঒ঘগ ঘএ ঝ঑঎ Pঘ঒জজঘগ ঎qঞঊঝ঒ঘগ

We express χ in the space Spεn{Φσo} as a linear combination:

χ(q) =
∑

o∈Ovisible

xo.Φσo(∥q − oc∥) (6.11)

By projecting the Poisson equation onto this space of functions, we obtain:

∀o′ ∈ Ovisible, ⟨Δχ,Φσo′⟩ = ⟨∇ · V,Φσo′⟩ (6.12)

Where Δχ(q) =
∑

o∈Ovisible

xo · ΔΦσo(∥q − oc∥)

Let us note L the matrix of elements ⟨ΔΦσo ,Φσo′⟩, v the vector of ⟨∇ · V,Φσo′ ⟩ elements and x
the unknown vector, composed of the linear coefficient of χ. Because our function basis is not
orthonormal, the Poisson problem then resumes to a least square minimization of ∥L · x − v∥2.
In our case, the minimum is computed by resolving L · x − v = 0. Indeed, as the matrix L
is self-adjoint and positive definite thanks to the properties of functions Φσo and ΔΦσo. More-
over it is sparse because of the compact support of the basis functions, thus solving this problem
directly is not expensive. The system is then inverted by using the LDLT Cholesky decomposi-
tion implemented in the Eigen Library. As the efficient resolution of the Poisson problem with
CSRBF is technical and complex, see Section 3.6 for further details on the system of equations
and optimization implemented for its resolution.

3.6 Oঙঝ঒খ঒ণঊঝ঒ঘগ

The Poisson Equation 6.6 can be express in its matrix form as:
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









. . .
⟨ΔΦσo ,Φσo′ ⟩

. . .





















...
xo
...











=











...
⟨∇ · V,Φσo′ ⟩

...











(6.13)

The dot product is that of L2(R). Given f : R
3 → R and g : R

3 → R two compactly sup-
ported functions and Ω the union of their compact supports, the dot product can be expressed
as follows:

⟨f , g⟩ =

∫

R3
f(q) · g(q) · dq =

∫

Ω
f(q) · g(q) dq (6.14)

Keeping upwith the definitions introduced earlier in this document, we denote byL the lapla-
cian matrix and by V the vector (⟨∇ · V,Φσo′ ⟩)o′∈O.

3.6.1 Eটঊকঞঊঝ঒ঘগ ঘএ ঝ঑঎ ঒গঝ঎ঐছঊক ঝ঎ছখজ

Let us first compute the coefficients of the matrix L, that is ⟨ΔΦσo ,Φσo′ ⟩. Integrating by parts
compactly supported functions, we obtain

∫

Ω f′′ . g = − ∫

Ω f′ . g′. So we can express the terms of
the matrix as:

⟨ΔΦσo ,Φσo′ ⟩ = −⟨∂Φσo

∂x ,
∂Φσo′

∂x ⟩ − ⟨∂Φσo

∂y ,
∂Φσo′

∂y ⟩ − ⟨∂Φσo

∂z ,
∂Φσo′

∂z ⟩ (6.15)

As pointed in Section 3.3, we useWendland’s CSRBF to define our basis, that is for q(x, y, z) ∈
R

3, Φσo(q) = (1 − ∥q−oc∥
σo

)4+(1 + 4∥q−oc∥
σo

). The derivative along the first coordinate thus gives:

∂Φσo

∂x = −20
σ
2
o
(1 − ∥q − oc∥

σo
)3(q − oc)x (6.16)

where (v)w denotes the coordinate of a vector v along the w axis (with w respectively x, y and z).
Let us set qo = q − oc and qo′ = q − o′

c. The combination of Equations 6.15 and 6.16 gives:

⟨ΔΦσo ,Φσo′ ⟩ = −(
400
σ
2
o.σ

2
o′

)

∫

Ω
(1 − ∥qo∥

σo
)3+(1 − ∥qo′∥

σ
′
o

)3+⟨qo, qo′⟩dq (6.17)

We then simplify Equation 6.17 as:

⟨ΔΦσo ,Φσo′ ⟩ = −(
400
σ
2
o.σ

2
o′

)Lo,o′ (6.18)
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where:

Lo,o′ =

∫

Ω
(1 − ∥qo∥

σo
)3+(1 − ∥qo′∥

σ
′
o

)3+⟨qo, qo′⟩ .dq (6.19)

Following the same process, we express the projection of the divergence of V on our base of
functions by:

⟨∇ · V(q),Φσo′ ⟩ =
∑

pi∈P

∑

o∈O

ɀo,pi

∫

Ω
∇ · [Φσo(∥qo∥) · ni]Φσo′ (∥qo′∥) .dq (6.20)

where:

∇.[Φσo(∥qo∥) · ni] = ⟨∇Φσo(∥qo∥), ni⟩ = −(
20
σ
2
o
)(1 − ∥qo∥

σo
)3+⟨qo, ni⟩ (6.21)

Finally, we rewrite Equation 6.20 as:

⟨∇ · V(q),Φσo′ ⟩ =
∑

pi∈P

∑

o∈O

ɀo,pi
(
−20
σ
2
o

)
∑

t∈{x,y,z}

Dt,o,o′ (ni)t dΩ (6.22)

where:

∀t ∈ {x, y, z}, Dt,o,o′ =

∫

Ω
(1 − ∥qo∥

σo
)3+ Φσo′ (∥qo′∥) (qo)t dq (6.23)

3.6.2 Sঝঞ঍ঢ ঘএ জঢখখ঎ঝছ঒঎জ

In order to fasten and simplify the computation of thematrix and vectors terms of Equation 6.13,
we study symmetries of Lo,o′ and Dt,o,o′ and show that actually only few of these terms need to be
computed.
Symmetriॸ for the computεtion of Lo,o′ .

Let us define the function f by f(x) = (1 − x)3+. Equation 6.19 becomes:

Lo,o′ =

∫

Ω
f(∥q − oc∥

σo
)f(∥q − o′

c∥
σo′

)⟨q − oc, q − o′
c⟩ dq (6.24)

Let us first show that this expression is invariant by a translation t : q 7→ q − oc.

Lo,o′ =

∫

Ω
f(∥q∥

σo
)f(∥q + oc − o′

c∥
σo′

)⟨q, q + oc − o′
c⟩ |det(Jt)| dq (6.25)
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det(Jt) is the determinant of the Jacobian of the translation t whose value is 1.
Then let us consider a rotation r : q 7→ Rqwhosematrix in the canonic basis is R and sending

the vector oc − o′
c to ∥oc − o′

c∥e1 along the x axis, with e1 = (1, 0, 0). Equation 6.25 becomes:

Lo,o′ =

∫

Ω
f(∥Rq∥

σo
)f(∥Rq + ∥oc − o′

c∥e1∥
σo′

)⟨Rq, Rq + ∥oc − o′
c∥e1⟩ |det(Jr)| dq (6.26)

As the rotation R is an isometry, it maintains norms and dot products.
So, by using |det(Jr)| = 1, Equation 6.26 becomes:

Lo,o′ =

∫

Ω
f(∥q∥

σo
)f(∥q + ∥oc − o′

c∥e1∥
σo′

)⟨q, q + ∥oc − o′
c∥e1⟩ dq (6.27)

Therefore, Equation 6.27 proves that Lo,o′ depends only on σo, σo′ and ∥oc − o′
c∥.

Symmetriॸ for the computεtion of Dt,o,o′

Following the same ideas, we study the symmetries of Equation 6.23:

∀t ∈ {x, y, z}, Dt,o,o′ =

∫

Ω
f(∥q∥

σo
)Φσo′ (∥q + oc − o′

c∥) (q)t dp

We can prove in a similar way that Dt,o,o′ depends only on σo, σo′ , ∥oc − o′
c∥ and the distance

∥oc − o′
c∥ projected on t.

3.6.3 R঎জঘকঞঝ঒ঘগ

The integrals Lo,o′ and Dt,o,o′ are computed with MISER algorithm of Press and Farrar imple-
mented in GSL. This Monte Carlo technique reduces the overall integration error by concen-
trating integration points in the regions of highest variance.

Moreover, the use of invariance properties we just proved reduces drastically the number of
integrals needing to be computed. Indeed, we showed that the integrals in Lo,o′ depend only on
σo, σo′ and ∥o − o′∥, and that the integrals in Dt,o,o′ depend only on σo, σo′ , ∥o − o′∥ and (o − o′)t.

In practice, we stored the values of the integrals in hash-tables whose hashes were computed
from the variables σo, σo′ , ∥o − o′∥ and the extra (o − o′)t for the integrals in the Dt,o,o′ . Actually,
those hash-keys are converted into integer values to avoid floating point precision problems. For
each couple o, o′, we thus compute the integrals Lo,o′ and Dt,o,o′ only if the value is absent in the
hash-table. Table ?? illustrates the drastic reduction of the number of computation in the case of
the reconstruction of the Stanford bunny. For each value of radii explored, among the hundreds
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ε Non-zero entries in matrix L Computations of Lo,o′ Computations of Dt,o,o′

1.5 4773131 14 31
1.6 4781877 16 38
1.7 4785120 18 44
1.8 4785766 19 47
1.9 4786511 21 52
2.0 4786627 22 54

Table 6.1: Evoluধon of the number of integrals computaࣅons Lo,o′ and Dt,o,o′ for the reconstrucধon of the Stan-
ford bunny model according to the radii σo of the basis funcধons (parameter ε in Equaধon 6.5) for an octree
resoluধon of 1 mm.

of thousands matrix entries that need to be estimated, only few dozen are actually computed
thanks to the symmetries, the remaining being retrieved by a search in the hash-table.

3.7 Iগও঎ঌঝ঒ঘগ ঘএ ঝ঑঎ ঝঞঋঞকঊছ জ঑ঊঙ঎

In order to include the tubular shape defined in Section 2.2, f, the implicit function describing
the tubular shape, needs to be stated in the base Spεn{Φσo}. To do so, we consider the system:











. . .
Ao,o′

. . .





















...
yo
...











=











...
f(o′

c)
...











(6.28)

where Ao,o′ = ⟨Φσo ,Φσo′ ⟩
Thanks to the properties of Wendland’s CSRBF Φσo , this matrix is self-adjoint and positive

definite. Thus, the system is inverted by using the LDLT Cholesky decomposition implemented
in Eigen library.

At last, we obtain the linear decomposition of f in Spεn{Φσo} as:

f(q) =
∑

o′∈Ooccluded

yo′ · Φσo′ (∥q − o′
c∥) (6.29)

3.8 Sখঘঘঝ঑঒গঐ ঋ঎ঝঠ঎঎গ ট঒জ঒ঋক঎ ঊগ঍ ঘঌঌকঞ঍঎঍ ঊছ঎ঊজ

In most cases, the transition between χ the implicit function defined in the visible area and f the
one defined in the occluded areas is handled by the smoothing characteristic of the Wendland’s
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Figure 6.2: Smoothing of the final surface in the overlap area by combining linearly the implicit funcধon soluধon
of the Poisson equaধon χ and the implicit funcধon of the tubular model f.

CSRBF.Nevertheless, while dealingwith complex tree shapes, the transitionmight be too rough.
To overcome this issue, we define an overlap portion of space, whose size is user defined, inwhich
we mix both implicit function linearly. In this sub-part of Ovisible called Ooverlap, we consider the
implicit function k defined as:

k(q) =
∑

o∈Ooverlap

[ɀo · xo + (1 − ɀo) · yo] · Φσo(∥q − oc∥) (6.30)

whereɀo is the coefficient of the linear interpolation between xo and yo according to the angular
position of the centre of o in Ooverlap.

Finally, our resulting implicit function h is expressed as: h = χ + k + f, as illustrated on Figure
6.2.

3.9 Sঞছএঊঌ঎ ঎ডঝছঊঌঝ঒ঘগ

Following fromourmodeling choices (namelyWendland’s RBF and quadrics), the implicit func-
tion f is C2. Hence it is possible to use a polygonization algorithm to represent the zero-level set
of the implicit function h. In the space defined by the union of the spheres of radius σo, h is
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discretized into a scalar field, whose resolution is set by the user. From this scalar field, the poly-
gonizer computes a set of triangles approximating the implicit surface h, by using a marching
cube like algorithm22.

Figure 6.3: Reconstrucধon of the Stanford bunny surface with different methods: (Center, white) The reference
surface reconstructed by the ”zipper” program and provided by the StanfordUniversity. (Right, green) The Poisson
surface reconstructed by Kazdan’s algorithm implemented in Meshlab for an octree depth of 7. (Leđ, blue) The
Poisson surface reconstructed by our method for an octree depth of 7.

4 R঎জঞকঝজ ঊগ঍ টঊক঒঍ঊঝ঒ঘগ

To assess the quality of our algorithm, we validate it by part: in Section 4.1, we compare the
surface generated by our approach to the Poisson surface reconstruction found in the literature,
namely the un-screened version of the Poisson reconstruction developed in ? . Then in Section
4.2, we compare how those two methods handle occlusions. Finally, in Section 4.3, we analyze
the improvement brought to the tree modeling.
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Figure 6.4: Result of classic Poisson surface reconstrucধon (green mesh) and of our approach (blue mesh) on
simulated point cloud (red points) that features an angular occlusion of 10◦, 15◦, 20◦, 90 ◦ and 180◦.

Table 6.2: Hausdorff distance staধsধcs (mm) for the reconstrucধon of the Stanford bunny

min max mean RMS
Un-screened PSR 0.00 2.17 0.21 0.32

CSRBF PSR 0.00 1.74 0.22 0.30

4.1 Cঘখঙঊছ঒জঘগ ঠ঒ঝ঑ঘঞঝ ঘঌঌকঞজ঒ঘগ

In order to test the robustness of our version of Poisson surface reconstruction, we compare the
surface we generate to the one created byKazhdan versionwhich stands as a reference in this field
of research. To do so, we solved the Poisson problem on a non-occluded well known standard
model (the Stanford bunny), and produced directly a surface model without injecting any shape
in the solution, ie. we ran the part of the algorithm described in Section 3.4, 3.5 and 3.9 only.
Figure 6.3 presents the reconstructed surfaces of the bunny.

Then, we estimated the distances to the reference for the un-screened Poisson surface recon-
struction and for our method. This quality assessment was done by comparing the reference
mesh model with the outputs of the algorithms using the Hausdorff distance implementation
available in Meshlab (http://meshlab.sourceforge.net/)
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4.2 Oঌঌকঞজ঒ঘগ খঊগঊঐ঎খ঎গঝ

The development of our method ensues from the need of holes management in the 3D point
samples collected in forests. Indeed, traditional surface reconstruction techniques found in the
literature struggle to handle big holes in point distribution. In particular, dealing with trees de-
scribedby singleTLS scans, only the bark facing the scanner is describedby the point samples, the
back side remains occluded. To compare our approach to the traditional PSR in such situation,
we generated point clouds distributed on a cylinder of 1 meter radius with a decreasing angular
distribution to simulate a widening occlusion. A visual assessment of the surface reconstruction
on occluded cylinders (Figure 6.4) demonstrated how our approach can handle data gaps over
50% of the surface. In such case, point samples are distributed only on half of the cylinder, like a
single scan in forests. On the opposite side, traditional PSR shows shape inconsistencies starting
at 15◦ and failed to close the shape when the occluded areas exceeded 20◦.

4.3 Mঘ঍঎ক঒গঐ ঘএ ঝছ঎঎জ

The following experiment focus on testing the efficiency of our reconstruction approach with
respect to cylindroid fitting approaches. To that end, portions of real trees were used to generate
a reference model and associated volume. The efficiency of the method has been evaluated from
a volume estimations and from distance computation from the input points to the computed
surface mesh. We chose four portion of real trees modeled as a triangulated mesh whose volume
is previously estimated to serve as reference. On this four references, we ran a TLS simulator to
generate several single-view scans from varying point of view. To artificially increase the size of
our testing data sample, we generated a set of single point of view scans by setting up virtual scan
positions evenly distributed around the referencemesh. The simulated point cloudswere used to
compute tree volume from twoapproaches: 1) themethodbasedon cylindrical quadrics andRBF
and 2) our Poisson surface reconstruction method based on CSRBF. Sixteen simulated point
clouds were produced for each tree, which gives a validation set of a total of 64 computations of
volume with the two methods.

5 D঒জঌঞজজ঒ঘগ

First, we compared our method to the un-screened Poisson surface reconstruction well recog-
nized in the computer graphics field of surface reconstruction. Despite a longer computation
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Figure 6.5: MeanHausdorff distance between themesh computed and the input point cloud for the twomethods
on the four trees

time due to the Monte Carlo integration needed to compute the matrices terms, our method
have proven to be as efficient to rebuild the surface mesh of the Standford bunny, which is well
described, with less noise and no hole. Indeed, the distance between the input point cloud and
the reconstructed surface presented in Table 6.2 have the same magnitude for the two methods.
Moreover, ourmethod produces a slightly more detailed surface thanks to a smaller radius of the
kernels. Indeed, the un-screened Poisson reconstruction surface produces a smoother and less
detailed surface for the same octree refinement.

The second step of the validation was to evaluate the effect on occlusion on both methods.
The results of the experiment presented in Figure 6.4 shows clearly the limit of the un-screened
Poisson surface: for an angular occlusion higher than 20◦, which correspond to hole of 35 cm
on a cylinder of points of 1 meter radius, the method doesn’t manage to close the hole. On the
other hand, our method, guided by the shape of the tubular, handle occlusions, even for higher
angular distribution upto 180◦.

The last part of the validation was to measure the added value of our method in the modeling
of tree and in the computation of their volumes. Themodel that ourmethod produces was com-
pared to the tubular shape based on quadrics and CSRBF described in Section 2.2. Overall, the
proposed poisson-CSRBF-based approaches provided an improved approximation of the object
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Figure 6.6: Close-up from two point of view of the reconstructed surfaces of a slice of point distributed on the
lower part of a tree presenধng buħresses: in the upper part, the input point cloud with deleted points in blue that
arধficially creates occlusion and the remaining points in green; in the middle part the surface reconstructed with
the Quadrics and CSRBF method; In the lower part, the surface reconstructed with our Poisson reconstrucধon
method based on CSRBF
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Figure 6.7: Normalized difference of volume between the esধmaধon and the reference for the two methods
tested on the four trees.

shape as well as the object volume. Themethod is particularly well suited to reconstruct irregular
shapes, thus beingmore flexible to handle the diversity of shapes found in natural environments.
The method would be particularly useful to reconstruct crown branches whose shape could be
distorted due to gravity effect, as well as tree buttresses that remain difficult to model and could
contain a significant portion of the tree volume and biomass. Figure 6.6 presents a example of
surface reconstruction on an unfavorable case of point cloud distributed on the buttress at the
base of a tree. While the tubular shape struggle to fit to the points, our method approximates
correctly the shape of the buttress and keep the shape of the tubular in the occlusion. Figure 6.5
highlights the improvement on the tree modeling from the tubular shape to our Poisson surface
reconstruction based on CSRBF. For the whole set of trees used in the validation, the tubular
shape model stay over 1.5 cm on average. Our method reduce this distance to an average of 6
mm. That remaining distance between the model and the points is due to the smoothing of the
implicit function described in Section 3.8, where we set aside input points and surface to handle
complex tree shapes. Moreover, because of the due to point density shift, our method produces
slightly less good results on the thinner trees, for instance the tree 4. This issues defines the two
axis to improve themethod: First, we will improve the occlusion detection tomergemore wisely
the surface coming from the resolution of the Poisson equation to the shape known a priori. Sec-
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ond, we will implement a multi-scale approach to the Poisson surface reconstruction in order to
better handle the variation of points density. By following the framework defined in ? where the
matrices are partially recomputed at each refinement iteration, we will build an adaptive solver
to solve the Poisson equation that exploits the refinability of the space of functions. This will
also lead to a better memory management and a faster computation.

6 Aগঘঝ঑঎ছ ঊঙঙছঘঊঌ঑: ঒খঙছঘট঎খ঎গঝ ঘএ ঝছ঎঎ খঘ঍঎কজ ঠ঒ঝ঑ ঊ ঌঘগট঎ঌঝ঒ঘগ
খঘ঍঎ক

Inspiredby the level-sets formulations 140,146,119 in the field of imageprocessing, this secondmethod
recovers the shape surfacebypropagating an interface representedby the zero level set of a smooth
function, as introduced by Gelas66. In practice, the evolution of the interface is driven by a
time-dependent partial differential equation (PDE) where the so-called velocity term reflects the
3D point cloud features. The level-set PDE is then solved through a collocation method using
CSRBF. The next Sections present the computation of the velocity terms and introduce the con-
vection evolution equation. Because of time constraints, the resolutionof the evolution equation
has not been achieved yet. Once completed and validated, the method will be submitted.

6.1 D঎এ঒গ঒গঐ ঝ঑঎ এঞগঌঝ঒ঘগ জঙঊঌ঎

Based on the space segmentation provided by the N building blocks of the QSM, we define a
subdivision of the space {O1, ..., ON}, where each cell Oi contains the ith building block. In each
cell, we define a function space FOi on which the level-set PDE is discretized. In practice, the
function space construction follows the same process as in Section ??. In each cell Oi, we use
an octree division of the space. This octree is the minimal octree so that every point falls into
a leaf of a resolution fixed by the user. Then we force octree divisions close to the continuous
tubular model shape by analyzing the sign of its implicit function at the eight corners of each
leaf : a different sign for at least one of the corner of a leaf results in its subdivision. Finally, we
refine this octree by allowing a maximum difference of level equal to one between a leaf and its
neighbors to settle a smooth decrease of resolution. The function space is then defined as the
span of translates of Wendland’s CSRBF Φro centered in each leaf center oc of the octree:

Φro(∥q − oc∥) = ϕ(
∥q − oc∥

ro
) (6.31)
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where ro is the support and depends on the depth of the leaf.

6.2 Fছঘখ ঌঘগঝ঒গঞঘঞজ ঝঞঋঞকঊছ খঘ঍঎ক ঝঘ CSRBF খঘ঍঎ক

The first stepof themethod consists in stating the continuous tubularmodel in thebase Spεn{Φro}
as the linear combination g(x) =

∑

oc

ɀoc · Φroc (∥x − oc∥). To do so, we consider the system :











. . .
Aoc,o′

c
. . .





















...
ɀoc
...











=











...
f(o′

c)
...











(6.32)

where oc,o′
c are the center of two octree leafs, Aoc,o′

c =< Φroc (∥x − oc∥),Φro′c
(∥x − o′

c∥) >, ∀x ∈ R
3

and the implicit function f, describing the tubular model is expressed in the base Spεn{ϕri} as:

f(x) =
∑

Oi

gi(x) · ϕri(∥x − ci∥) (6.33)

where ci is the center of the cellOi. It is important tonote that Spεn{ϕri}differs from Spεn{Φro}:
the functions of Spεn{ϕri} are used to merge the cylindrical quadrics of the continuous tubular
model by partition of unity whereas the base Spεn{Φro} is used to express our model as a linear
combination of its functions.

Thanks to the properties of Wendland’s CSRBF Φro , the matrix of the Aoc,o′
c elements is self-

adjoint and positive definite. Thus, the system is inverted by using the LDLT Cholesky decom-
position.

6.3 Sঘকট঒গঐ ঝ঑঎ ঌঘগট঎ঌঝ঒ঘগ ঎টঘকঞঝ঒ঘগ ঎qঞঊঝ঒ঘগ ঞজ঒গঐ CSRBF ঌঘককঘঌঊ-
ঝ঒ঘগ

We define now V(p, t), p ∈ R
3, t ∈ R, a velocity function reflecting the geometrical properties

of the interface according to the data, and quantifying the local deformations over time. Our
collocation approach implies the evaluationof the velocityV(p, t) at eachCSRBFcenter oc. Then,
for each oc, the velocity is computed by minization of an energy function inspired by the snake
approaches introduced by Kass85. Indeed, we define the energy function ξ(q), for each q ∈ R

3 to
be the sum of two terms: ξdata(q) which gives rise to the sample points force and ξsurface(q) which

137



gives rise to the external constraint forces. A weighting scalar parameter ɂ, defined by the user,
adjusts the influence of both terms.

ξ(q) = ɂ · ξdata(q) + (1 − ɂ) · ξsurface(q) (6.34)

Considering a set of points pi, i ∈ [1, . . . , N], a local fitting plane of normal n, for each q ∈ R
3,

the distance t between q and the plane, ξdata and ξsurface are expressed as function of t and n, at the
point p = q − t × n:

ξdata(t, n) =
∑

pi

⟨pi − q + t × n,
n

∥n∥⟩2.ϑ(∥pi − q + t × n∥)

ξsurface(t, n) = ⟨x′ − q + t × n, n′⟩2
(6.35)

where n′ is the gradient of the implicit function defining the continuous tubular model, and
x′ is the projection of p on the zero level-set of this function. For clarity sake, ξsurface quantifies
the distance between the continuous tubular model and the MLS model 11 approximating locally
the data. The gradient of ξ is then expressed as ∇ξ = ɂ · ∇ξdata + (1 − ɂ) · ∇ξsurface.

Following equations 6.36 and 6.40 detail the computation of both data and surface gradient
terms, respectively ξdata and ξsurface.

∇ξdata(t, n) =
∑

pi
2 · ⟨pi − q + t × n,

n
∥n∥⟩ · ∇⟨. . .⟩ · ϑ(∥pi − q + t × n∥)

+⟨pi − q + t × n, n
∥n∥⟩2MT

(t,n) · ∇ϑ(∥pi − q + t × n∥)

(6.36)

where ∇⟨. . .⟩ is computed as:

∇⟨. . .⟩ =







1
∥n∥ · (I3 − n · nT

∥n∥2 ) · (pi − q) + t · n
∥n∥

∥n∥






(6.37)

M(t,n) is a 3x4 matrix expressed as:

M(t,n) =











nx

I3 · t ny

nz











(6.38)
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and considering ϑ as a Wendland’s CSRBF ϑ(r) = (1 − r)4 · (1 + 4 · r), ∇ϑ is expressed as:

∇ϑ(r) = (−20 · r) · (1 − ∥r∥)3 · r
∥r∥ (6.39)

The second gradient term is computed as:

∇ξsurface(t, n) = 2 · MT
(t,n) · ⟨x′ − q + t × n, n′⟩ · n′ (6.40)

Then, weproceed to amultidimensionalminimization that requires finding a point (t, n) such
that the scalar function ξ(t, n), defined in Equation 6.34, takes a value which is lower than at
any neighboring point. A one-dimensional line minimization is performed along the direction
∇ξ(t, n) until the lowest point is found to a suitable tolerance. The search direction is then up-
dated with local information from the function and its derivatives, and the whole process re-
peated until the true minimum is found. In practice, we retrieve (tmin, nmin), minimizing ξ(t, n)

with the Fletcher-Reeves65 conjugate gradient algorithm available in the GSL library and initi-
ated to (t0, n0) = (0, n′).

From this minimization process computed at each collocation center arises a deformation vec-
tor defined as voc = −tmin ×nmin. Figure 6.8 illustrates an example of the deformation vector field
induced by a slice of 3D points distributed on a tree trunk.

Figure 6.8: Deformaধon vector field, colored according to the intensity, computed on a slice of 3D points (in
white) distributed on a trunk.

To push the surface to the data points according to the deformation vector field, we propose
to follow a convection model as proposed by Osher 119:

df(p, t)
dt = vp · ∇f(p, t) (6.41)
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where vp is the deformation vector expressed at p.
To solve Equation 6.41, we assume that space and time are separable, we decompose f(p, t) as

the product of a line vector Φ(p) and a column vector μ(t):

f(p, t) = Φ(p) · μ(t) (6.42)

Injecting 6.42 into 6.41 gives the ordinary differential equation of evolution:

Φ(p) · dμ(t)
dt = vp · [μ(t) × ∇Φ(p)] (6.43)

After the application of Euler’s method, Equation 6.41 becomes:

μ(t + τ) = μ(t) − τ · Φ(p)−1 · (vp · [μ(t) × ∇Φ(p))] (6.44)

where τ is the time step.
Thanks to the properties ofWendland’s CSRBF, thematrixΦ(p) is sparse, selfadjoint and pos-

itive definite. Thus, Φ(p) is inverted by using the LDLT Cholesky decomposition implemented
in Eigen library. The evolution of the CSRBF coefficients is finally given by Equation 6.44.

In practice, a convection evolution problem is defined in each subdivision Oi. Once each con-
vection problem has been solved, we combine the set of CSRBF corresponding to each subdivi-
sionOi to build a globalmodel describing thewhole tree. From this global set of CSRBFwe com-
pute an implicit function and finally extract its zero levelset to produce the tree surface model.

6.4 Cঘখঙক঎ড঒ঝঢ

The complexity of the various steps of our approach is detailed as:

• Using an octree data structure for the collocations layout, as advised by Wendland 155, the
matrix Φ(p) computation is O(NlogN) and the implicit function evaluation f is O(logN).

• According to Botsch25, the inversion ofΦ(p) through theCholesky factorization isO(nzf),
where nzf is the number of nonzero factors, which depends on the CSRBF center position
and on the CSRBF support size.
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6.5 Cঘখঙঊছ঒জঘগ ঘএ ঝ঑঎ ঝছ঎঎ খঘ঍঎কজ

While we showed previously promising results of our Poisson reconstruction surface guided by
a model known a priori, it obviously needs improvements to be used efficiently in the computa-
tion of tree model. Indeed, it relies on several «small»Poisson surface reconstructions, one for
each building block of the QSM it uses as a guide, and then becomes un-affordable at the tree
scale. Nevertheless, if the input point cloud presents minor occlusions, and describes faithfully
the structure of the tree, the usefulness of the QSM guide decreases. In that case, leaving the
QSM guide out and running the Poisson surface reconstruction on the point cloud describing
the woody part produces a surface model of the tree in a timely manner.

In that context, we compare our modeling and the volume it generates to three different ap-
proaches: (i) the field measurement where the tree is chunk into logs and then weighted, (ii) the
allometric model which establishes quantitative relations between the height, diameter and the
volume of the tree, and (iii) the quantitative structure modeling previously defined. In practice,
using each of these methods, we compute the volume of four tropical trees of different species
from different architectural groups: Terminεliε superbε (common name: Fraké), Triplochiton
scleroxylon (common name: Ayous), Pycnεnthॺ εngolensॹ (common name: Ilomba) and Ery-
throphleum suεveolens (common name: Tali).

For each method, the volume were estimated as follow:

• Concerning the volume estimation derived from the destructive measurement of the field
campaign, the volume itself is not directly available. Actually, once the trees were felled at
ground level, their biomass was measured by weighting small branches (diameter below
20 cm) and by approximating the bigger parts from geometrical considerations77,63. Using
the average wood density sampled on the different part of the tree, we can then express the
volume of the tree as:

VField = AGBfield/ϱfield (6.45)

where AGBfield (kg) is the measured biomass and ϱfield is the average measured density.

• Regarding the allometric approach, we estimated the volume following Chave 39 equation
that gives the above ground biomass as a function of height, diameter and density:

AGBest = 0.0559 · ϱ · D2 · H (6.46)
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where AGBest (kg) is the biomass, ϱ (g · cm−3) is the density, D (cm) is the diameter, and H is
the height of the tree. After adjusting the dimensions, the volume can be expressed as:

VAllometric = 0.559 · D2 · H (6.47)

For each tree, we consider a slice of 10 cm of points above the buttresses and project it
on the xy plane. From Ptextconvex−hull, the perimeter of the convex-hull of the resulting 2D
points, we estimate the diameter as D = Ptextconvex−hull/π. We choose to deduce D from
the perimeter rather than by circle fitting to stick to the field reality, where diameters are
estimated 50 cm above the last buttress using a tape meter surrounding the trunk.

• With regard to the estimation through QSM, the volume is computed as the sum of the
volume of each cylinders of the model. QSM models were produced using SimpleTree, a
C++based implementationof amethodbuilding treemodels developedbyHackenberg73.
This software proposes a way to enhance the model by correcting the vertical scrolling of
diameter evolution with the use of an allometric equation. Considering the «growth vol-
ume»for each cylinder, computed as the volume of the given cylinder plus the «growth
volume»of its child, a model of the form y = ε · xb is fitted against the radius of the cylin-
ders. The radii of the sequence of cylinders is then corrected according to this fit.

• To compute the volume enclosed in the continuous surface arising from our Poisson sur-
face reconstruction,we followed themethoddescribedbyZhang 157: we summed the signed
volume of the tetrahedron formed by the center of gravity of the mesh and each of its tri-
angle.

Figure 6.9 and 6.10 present the point clouds describing the trees selected for this comparison,
their section at breast height (1.3 m) and also the section picked for their diameter estimation.
They also display the 3D QSM and the corresponding surface reconstructed with our Poisson
method. Figure 6.11 compares the 3D model precision on both Terminεliε superbε and Pycnεn-
thॺ εngolensॹ.

Because of the limited size of the testing sample, the volume estimated in Figure 6.12 are given
for information purposes only. By comparing them to field volume methods, we give an idea
of the performance of state of the art methods which compute tree volume using LiDAR. Even
though no statistical conclusion on the methods efficiency can be deduced from such compari-
son, it is interesting to note the strong difference on the volume assessment computed by each
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methods. The reconstruction of complex geometry can be hardly validated with conventional
field measurements, that do not focus on estimating a shape but rather a volume by doing cylin-
drical approximation because of practical reasons and financial matters. Setting out from this
premise, simulation stands as the most relevant way to validate the method. This observation
highlights the need of a controlled simulation environment producing complex tree geometri-
cal model with required details, adapted buttresses and surface defaults. Based on AmapSim 16

of UMR AMAP laboratory or on the models produced by L-Architect44 for instance, the sim-
ulator would produce complicated tree model with a known volume, evolving from a defined
disturbance level.

7 Cঘগঌকঞজ঒ঘগ

Our Poisson surface reconstruction approach with CSRBF has proven to be effective to handle
point clouds imperfections in order to produce accurate geometric model of the woody part of
trees. Several improvements, that are clearly identified, need to be implemented to complete the
method andmake it usable in production conditions. The future development will enhance the
method in order to handle point density shift by following amulti scale approachwhichwill also
speed up the resolve of the Poisson equation. We plan to manage holes in the data more inge-
niously in order to better control the transition of the model between visible and occluded are.
On the other hand, encouraging results arise from the secondmethod dedicated to the enhance-
ment of treemodel: the deformation vector fields produced are consistent. Nevertheless, further
work is required to finalize the convection evolution equation solving. Once completed, both
methods will be compared in terms of accuracy and computation time.
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Figure 6.9: Illustraধon of the different models for the Terminalia superba (top) and the Triplochiton scleroxylon
(boħom). For each tree is ploħed, (leđ) the point cloud along with the secধon of points at 1.3 m and above the
buħresses, (center) the QSM in green and (right) the Poisson surface in blue.
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Figure 6.10: Illustraধon of the different models for the Pycnanthus angolensis (top) and Erythrophleum suaveolens
(boħom). For each tree is ploħed, (leđ) the point cloud along with the secধon of points at 1.3 m and above the
buħresses (The Tali have no buħress), (center) the QSM in green and (right) the Poisson surface in blue.
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Figure 6.11: Zoom onQSM and Poissonmodels for the Terminalia superba (top row) and the Pycnanthus angolensis
(boħom row). Each plot represents the point cloud describing thewoody part of the trunk, theQSMmodel (green)
and the Poisson surface (blue).
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Figure 6.12: Comparison of tree volume computaধon on four different individuals.

147





7
Conclusion and perspectives

Extracting knowledge from TLS point clouds acquired in forest environments involves dealing
with objects of different natures and geometrical properties, such as the ground, the tree trunks
and the leaves. In the past, ground and trunkmodeling have been investigated through indepen-
dent and unrelated approaches. In this thesis, we investigated the modeling of dense 3D point
clouds describing forest environments through implicit functions. The method framework was
designed to be flexible and the various tools developed were integrated under a fully automated
processing line addressing both terrain and tree structure modeling.

The flexibility of the method takes advantage of the huge diversity of modeling framework
allowed by RBF. For ground modeling, the implicit model was guided by a dynamic, multi-
resolution quadtree division of space, allowing for dealing with open surfaces. For closed sur-
faces, such as tree trunks, the quadtree structure was replaced by quantitative structure models
of trees, which can be derived from multiple approaches such as Hough transform or cylinder
fitting among others.

Overall, our results demonstrated the usefulness of such a family of approaches for modeling
forest scenes.
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The modeling of terrain surfaces was found to be robust for reconstructing large occlusion
gaps and was not affected locally by the presence of objects at the ground level. Interestingly,
the quadtree division is also a very convenient tool for generalizing the ground surface and com-
puting terrain properties according to either the local ground complexity or the required level of
detail. While the diversity of plots used to validate the method was quite high, the number of
plots remained limited. Also, it would be interesting to validate the method on a higher number
of plots to run a complete sensitivity analysis and to ensure its effectiveness. Also, if the approach
has been developed forTLS point clouds, we considered that the underlyingmodeling principles
are generic enough to be applied to low density point clouds such as those generated from air-
borne data. To do so, we planned to test the algorithmon the bench-marking data-base provided
by the ISPRS (http://www.itc.nl/isprswgiii-3/filtertest/, last consulted October 31, 2016). In its
current version, the quality of the modeling depends on a filter whose performance relies on the
point density and distributional properties. The effectiveness of the method and its generic na-
ture might thus be improved by a deeper analysis of the histogram of the point distribution and
by a refinement of the neighborhood filtering. Indeed, an in-depth study of the histogrammodes
would lead to a better screening of the vegetation and a detection of local continuity would also
have significant positive repercussions.

While the application framework of this thesis was the processing of forest TLS data, this al-
gorithm can be easily generalized and adapted to recover surfaces from 3D point clouds in other
scopes. For instance in the field of archaeology or architecture, the method would lead to in-
teresting results in the processing of point clouds produced by photogrammetry, structure from
motion orRGB-D camera describing bas-relief of cultural heritagemonument. Indeed, similarly
to TLS point clouds acquired in forests, such point clouds present noise and outliers that would
be smoothed by our method filters. Moreover, our specific modeling relying upon the stitching
of surface patches would help to fill the holes.

At the tree level, we investigated three different approaches to tree reconstruction. While cur-
rent state of the art methods summarized trees as a list of geometrical primitives, such as circles
(Hough) or cylinders (QSM), ourmethodused these outputs to guide a reconstruction approach
locally approximating the point structure and providing more realistic of the tree shape. Chap-
ter 5 introduced a model based on quadratic local approximations blended together with com-
pactly supported radial basis functions using the partition of unity concept, in order to retrieve
a global continuous surface model approximating the tree shape. The late developments on this
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method focus on describing accurately the branches junctions by encoding the insertions. The
forestry application of this modeling are relevant and needs to be developed. We invoked the
weaknesses and limits of the current modeling through discontinuous stacks of cylinders; our
modeling stands as a more efficient alternative without being more complex.

Chapter 6 provides an improvedmodeling approach. While themodel introduced in Chapter
5 built upon QSM to overcome occlusions, it is defined as an implicit function and so can be
further improved. Consequently, we presented two new methods that enhance the modeling.
The first one injects the tubular model in a Poisson surface reconstruction method to retrieve
a closed surface even in the case of occlusions. The second one uses the tubular model as the
starting point of a deformable model to push the surface model towards the data points.

Our results demonstrated that Poisson surface reconstruction is a very convenient approach
tomodel the variability of tree shapes. Compared with theQSM approach, ourmodeling allows
for providing unbiased approximations of tree volume and it provided the amount of detail nec-
essary to give insights on the wood quality for industry. Also, the Poisson approach can be used
without any QSM support in the absence of large occlusions in the point cloud making it inter-
esting for modeling different kinds of object shape. The formalism introduced to constrain the
Poisson surface reconstructions by an implicit function describing a shape known ε priori could
be further improved. From our experience, we think that it would be interesting to investigate
new locations for the centers data structure, for example using a multiscale approach which will
bring higher precision and efficiency to set up and solve the Poisson equation. This would lead
to a better discretization of the numerical scheme and a faster solving of the problem.

The opposite approach, consisting in the deformation of the model known a priori through a
data driven convection flow, has been barely explored. However, it is also promising and its com-
pletion is part of our future research. The comparison of the two methods in terms of accuracy
and computation time would lead to interesting results.

During the development of our methods, and especially during their validation, we realized
the need for a controlled simulation environment. Being able to generate complex tree shapes
presenting buttresses and surface defaults as a closed surface mesh would help to assess the per-
formance of the different reconstructing approaches. On the basis of existing plant simulators
and growth model of the literature, which produce accurate architectural skeletons of trees, our
modeling based on implicit surface could be used to deform and complicate the geometrical tree
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shapes in order to reflect imperfect, and so more realistic tree models.

Finally, building on its success and the positive feedback of the community, we intend to pur-
sue and further the research anddevelopment of theAndroid application«LiDARVRViewer».
Initially designed to display forest point clouds andmeshes, this application appeared to be used
in different fields. Indeed, it is actually generic and allows to load any point clouds and surfaces:
for instance it is used by professionals in the construction industry for the immersive visualiza-
tion of 3D buildings, or also by VR filmmakers to get an insight of the VRworld before the final
rendering. The future developments will improve the VR showcase of our work on forests and
will benefit at the same time to users from various scopes.
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A
Android application

«LiDAR VR Viewer»

During the finalization and testing of our algorithms, the quality of our reconstructed models
happened sometimes hard to asses visually: flooded in middle of the data samples, the surface
can be partially covered and also can itself hide points. The trend on virtual reality (VR) raised in
the past few years in the scientific and technological worlds brought the concept on visualizing
our data in an immersive manner. The introduction in June 2014 of the Google cardboard, a
low-cost device that uses a smart-phone screen and sensors to turn into a virtual reality (VR)
headset, ended up convinced us to produce a VR viewer to display our input/ouput in a precise
and entertaining way. Using the Cardboard software development kit and Android studio, we
developed «LiDAR VR Viewer»and released it on the Google Play Store. It counts today over
3500 downloads for a rating of 4.6/5.

1 Aগ Aগ঍ছঘ঒঍ ঊঙঙক঒ঌঊঝ঒ঘগ ঝঘ ট঒জঞঊক঒ণ঎ ঒গ VR ঙঘ঒গঝ ঌকঘঞ঍জ ঊগ঍ খ঎জ঑঎জ

Given the success of the ”LiDAR VR Viewer” application, we prepared a short article to intro-
duce its features. It is presented here and will be submitted to WSCG conference in the near
future.
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ABSTRACT

This paper presents an Android application dedicated to the visualization of point clouds and surfaces as an immer-

sive experience through a virtual reality head mounted display. Using the headtracking sensors of the smartphone,

a generic Bluetooth controller and a virtual reality headset, this application has proven to be a powerful tool to

investigate and explore 3D point clouds and meshed surfaces as a virtual reality environment.
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1 INTRODUCTION

The increasing ease of use and popularity of 3D acqui-

sition entails a wider and wider use of digital represan-

tations. Computer graphics play a major role in this de-

velopment, providing modeling, recognition and analy-

sis of 3D data. Acquisition techniques range from ac-

tive techniques such as LiDAR scanner, motion sensing

input devices like Microsoft Kinect, as well as passive

ones such as multi-view stereo and surface from mo-

tion. They somehow capture 3D point cloud sampling

the real world. Surface reconstruction algorithms build

upon such data to produce watertight surface usually

represented as mesh models. In order to visualize such

point clouds and asserted reconstructed surface, com-

puter scientists and professionals rely on dedicated vi-

sualization tools using Oculus Rift or other similar vir-

tual reality (VR) headsets. However, those devices are

expensive and need to be powered by high end desk-

top PC. The present paper presents an effective alter-

native to such costly virtual reality solutions : "LiDAR

VR Viewer", an Android application, freely available

on the Google Play Store (over two thousand down-

loads and rated 4.5/5), immersing the user into a vir-

tual reality made of 3D point clouds and possibly re-

constructed surfaces as mesh models. It stands as an

affordable VR experience with the use of simple head-

mounted displays such as Google cardboard while of-

fering a possible navigation into the data by the mean

of a bluetooth controller.

The paper is organized as follows. Section 2 presents

the design of the application, its user interface, and

summarizes its screens lifecycle, Section 3 highlights

advanced features implemented to improve the render-

ing and the overall VR experience. Section 4 presents

the performance of the application and few examples of

in-app screenshots. Finally, further developments are

discussed in Section 5.

2 DESIGN

The application has been developped following An-

droid developper best practices proposed by Google.

It is made of three different screens (called Activity

among Android developpers) as shown in Figure 1.

The first one, appears when the application starts and

presents the settings that allow users to modify the ap-

plication features. Then, loading is done asynchro-

neously and a format check on the file is performed.

When the data file is not conform, an error message

is displayed and the first activity is reseted. Finally,

once the data are loaded, the last activity shows up as

an OpenGL canvas to render the 3D points and meshs.

Figure 1: Application activity lifecycle

The user can access several options that define the ap-

plication behavior and the rendering of data, as shown

in Figure 2. Under the "Display" section, the user can

define the rendering: an immersive mode, dedicated to

smartphones used with a reality head mounted device,

or a classic mode, to use the device as a window on

the virtual world of its data. Under the "Point cloud"

section, one can setup the file containing the points and
1



the parameters for their rendering such as their colors

or sizes. The path to the file containing the mesh is

defined under the section "Mesh". The inputs for the

camera movement are defined under the "Camera mo-

tion mode" section.

3 FEATURES

The following sections give details on the main fea-

tures we chose to implement in OpenGL shading lan-

guage [3, 6] to improve the visualization while keep-

ing a flowing experience. Actually, this was the main

challenge: to provide an immersive experience through

devices with low computing power.

3.1 Immersive mode

As shown on the Figure 3, the application proposes two

rendering modes : 3a) a simple non-immersive mode

designed to be used without VR headset as a window

on the world of the data, where the navigation is done

by using the touchscreen, and 3b) an immersive mode

dividing the screen in two parts, and designed to be

used with a VR headset to reproduce the 3D effect with

double-view stereo. In the last mode, chromatic aber-

ration and distortion induced by the lenses of the VR

device are corrected.

Figure 3: Rendering in classic mode (a) and immersive

mode (b) of an aerial LiDAR point cloud (The point

cloud contains 2 million points, and has been colored

using aerial imagery and illuminance computation pre

processing)

3.2 Optimization of buffers

The complexity of our scenes with millions of points

and triangles on lightweight devices requires the use of

Figure 2: Graphical user interface of the scrollable pa-

rameters activity. It allows the user to setup the render-

ing of the 3D data.
2



vertex buffer objects. Instead of transferring vertex in-

formation from client memory at every frame, the in-

formation is transferred once and rendering is then per-

formed directly from the graphics memory cache. Plus,

instead of using a separate buffer for positions, normals

and colors, we implemented packed buffers storing all

of this data. Packed buffers have proven more effi-

cient for GPU rendering as all the informations needed

to render an object are located in the same block of

memory. One should note that because of Froyo’s bro-

ken OpenGL ES 2.0 bindings, the targeted plateform

are devices running Gingerbread (2.3) and higher. This

seems reasonable as the application requires a GPU re-

cent enough to handle the graphic load.

3.3 Meshes and points rendering

To improve the rendering of surfaces, we shade them

according to a partial Phong reflection model [5]. As

specular reflection needs several computation in the

fragment shader, only ambient and diffuse reflection

were implemented to keep a flowing experience on

highly detailed models.

Figure 4: Rendering of a mesh (a) with ambient light-

ning only (no diffuse lightning) and (b) with partial

Phong lightning.

Moreover, the application allows to chose between two

rendering modes for the mesh, either as a smooth sur-

face composed of a set of triangles or as a wireframe

to improve visualization when needed. Our procedure

for wireframe drawing is based on [1]. By providing

the barycentric coordinates of the vertex to the fragment

shader, we compute for each fragment the shortest dis-

tance to the edges of the polygon. Then, by setting a

threshold on that distance and using alpha testing, tri-

angles edges are drawn directly as a part of triangle

rasterization, without resorting to line primitive, and so

without any performance hit.

Figure 5: Close up on the rendering of mesh as smooth

surface (a), as a wireframe (b) and as a surface with

superimposed wireframe(c).

Similar lightning methods have been explored for

the point clouds, especially the eye-dome lightning

shadding technique proposed in [2], but such shaders

involve too costly computation for smartphones or

tablets GPU resulting in big drops of FPS. Indeed,

provided the large size of handled point clouds and

the double computation rendering for immersive

mode (one for each eye), GPU cannot ran more than

really simple shaders. Nevertheless, preprocessing

illuminance computation drives to consistant FPS

ratio together with a crisp and clear rendering (on

Figure 3, RGB values on each point are scaled with the

illuminance factor computed with a generalization of

[7]).

3.4 Control management

As the application rendering is based on OpenGL, the

concept of camera motion is not directly available.

Nevertheless we simulate such a motion by moving all

objects of the scene in the reverse direction, giving the

illusion that user is moving. To define a camera we

need its position in world space and a local coordinate

system made of three vectors: the direction in which

the camera is pointing, a vector pointing to the right

and a vector pointing upwards from the camera.

The coordinate system formed by the camera direc-

tion, the right and up vectors are given by the Android

SDK as a view transformation matrix linked to the ac-

celerometers and gyroscopes output of the smartphone

and updated at every frame. By applying this matrix to

the world coordinates, we obtain vertex coordinates as

seen from the camera’s perpective at every frame, thus

allowing the application to have a flowing headtracking

of the camera direction.

To define the camera position, the user has three op-

tions. In classic mode, the camera can be moved for-

ward and backward by using the touchscreen : a swap

from bottom to top of the screen move the camera for-

ward and a swap from top to bottom bring it backward.

In immersive mode, the user can trigger the "motion

mode" by using the magnetic trigger. In that mode,

the camera position is updated at every frame accord-

ing to the camera direction. The user can move in the

world by looking at where he wants to go. Finally, the

most precise option to control the camera is by using a
3



bluetooth generic controller. Moreover, the controller

allows to modify several rendering options on the go.

The mapping of the buttons is given in Figure 6.

Figure 6: Button mapping on bluetooth controller : 1)

move forward/backward and strafe leftright, 2) (if avail-

able) : go up/down, 3) go down, 4) go up, 5) reduce ve-

locity, 6) increase velocity, 7) toggle points rendering,

8) switch mesh rendering between surface and wire-

frame, 9) toggle mesh rendering, 10) reduce points size

and 11) increase points size

4 EXAMPLE OF RENDERING AND

PERFORMANCE

Figure 7 shows examples of rendering through the

non-immersive mode of the application. It highlights,

amongst others, the different coloration of points

implemented : 7a) a color ramp scaling with a scalar

field, 7b) a color ramp scaling with the altitude of

the points or 7c) RGB values. Figure 7d) displays an

airborne LiDAR dataset colored with the altitude of the

point and Figure 7e) displays a point cloud constructed

with the structure from motion method; it describes a

temple from south India.

Figure 8 shows an analysis of the performance of our

application ran on an Adreno 330 GPU with Qualcomm

Snapdragon 801 2.5 GHz CPU on a 720p screen. It

presents the average framerate with respect to the num-

ber of sample points rendered. According to this result,

for the given hardware, users can load point clouds with

upto 2 millions points while keeping a flowing experi-

ence.

5 CONCLUSION

The optimization of the OpenGL rendering allows our

application to maintain a descent 30 fps framerate for

well detailed 3D data on lightweight devices. It is not

enough to completly avoid motion sickness, but it is

descent enough to propose a clear, flowing and afford-

able VR experience. The new trends in development

and the evolution of the technology will lead to much

better performance in the near future. Indeed, the up-

coming generations of smartphones with more power-

ful GPU promises enhancement of this virtual reality

experience. The current developments focus on im-

plementing a level of details (LOD) approach for the

data managment. By following an octree division of Figure 7: Examples of rendering through in-app screen-

shots
4
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Figure 8: Evolution of the average frame per second

ratio with the number of points displayed by the appli-

cation in immersive mode.

the point clouds as introduced by [4] and loading on

GPU only the relevant part, we expect a huge boost in

performance. Moreover, the introduction of the Vulkan

API, meant to replace OpenGL, will also boost the per-

formance and allow the broadcast of the application on

other operating system. The application is currently

being ported on the Oculus Mobile systems: the im-

plementation of parts of the app using native-code lan-

guages such as C and C++ thanks to the Android NDK,

and the extra inertial measurement units of the Samsung

Gear VR will enhance this VR experience.
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2 R঎ঌ঎গঝ ঍঎ট঎কঘঙখ঎গঝজ

As presented in the previous paper, several specific techniques were implemented to overcome
the relatively low processing power of smart-phones CPU and GPU. To keep a high frame rate
while displayingmillions of points and complexmesh on the high definition screens of those de-
vices, we kept simple OpenGL Shading Language (GLSL)88,130 shaders to limit the computation
per pixel. However, simple techniques found in the literature and lately implemented as GLSL
shaders to be hardware supported, allowed to improve the rendering of surfaces. Among other,
the focus was on surface elements rendering and lightning models.

2.1 Sঞছএ঎কজ

At the interface between point cloud and surface resides the concept of surfεce elements (sur-
fels) 107: able to render complex geometric objects, surfels are point primitive without explicit
connectivity, represented as small disks oriented with the local normals. Pfister 124 defines a sur-
fel as ”a zero-dimensional n-tuple with shape and shade attributes that locally approximate an
object surface”. While using surfel to render an object geometry, we transfer two costly tasks as
pre-processing: (i) the re-sampling of the point cloud to limit the redundancy of geometric in-
formation at a given resolution and (ii) the computation of the normals. Then surfels become
tailored primitive for fast rendering.

Inspired by Gross71, we parametrize the screen-space square over [−r, r]2, where r is the surfel
radius. For each of the pixel (x, y) ∈ [−r, r]2, a depth offset Ƀz from the surfel centerp is computed
as a linear function depending on the surfel normal vector n = [nx, ny, nz]T expressed in the
camera space:

Ƀz = −nx
nz

· x − ny
nz

· y (A.1)

This depth offset is then used to compute the 3D distance from the surfel center: the pixel
(x, y) corresponds to a point inside the surfel if ∥(x, y, Ƀz)∥ ⩽ r. Otherwise, it is discarded.

The quality of the model rendered rely on the expertise of the user and in the calibration of
the pre-processing step: the point density and the surfels radiusmustmatch the expected output
resolution of the image.

Our implementation of the surfels lightning is detailed in Listing A.1.
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Lisধng A.1: GLSL code of the surfels lightning vertex and fragment shaders
✞ ☎
/ / V e r t e x s h a d e r
un i fo rm mat4 u_MVP ; / / Map from wor ld s p a c e t o camera s p a c e
un i fo rm mat4 u_MVMatrix ; / / Map from camera s p a c e t o s c r e e n s p a c e
a t t r i b u t e v e c4 a_Position ; / / P o s i t i o n o f th e v e r t e x
a t t r i b u t e v e c 3 a_Normal ; / / Normal o f t h e v e r t e x
v a r y i n g v e c 3 v_Position ; / / P o s i t i o n g i v e n to f r a gmen t s h a d e r
v a r y i n g v e c 3 v_Normal ; / / Normal g i v e n to f r a gmen t s h a d e r

v o i d main ( ) {
/ / T r an s fo rm th e v e r t e x i n t o e y e s p a c e .
v_Position = v e c 3 ( u_MVMatrix * a_Position ) ;

/ / T r an s fo rm th e normal ’ s o r i e n t a t i o n i n t o e y e s p a c e .
v_Normal = v e c 3 ( u_MVMatrix * v e c4 ( a_Normal , 0 . 0 ) ) ;

/ / F i n a l p o i n t p o s i t i o n in s c r e e n c o o r d i n a t e s .
g l _ P o s i t i o n = u_MVP * a_Position ;

/ / S c a l e t h e s u r f e l s i z e w i th th e d i s t a n c e t o th e camera
g l _ P o i n t S i z e = u_Size / g l _ P o s i t i o n . w ;

}

/ / F ragment s h a d e r
p r e c i s i o n mediump f l o a t ; / / S e t t h e d e f a u l t p r e c i s i o n to medium
uni fo rm v e c 3 u_LightPos ; / / The p o s i t i o n o f th e l i g h t in e y e s p a c e
v a r y i n g v e c 3 v_Position ; / / I n t e r p o l a t e d p o s i t i o n f o r t h i s f r a gmen t
v a r y i n g v e c 3 v_Normal ; / / I n t e r p o l a t e d normal f o r t h i s f r a gmen t

v o i d main ( )
{

/ / l i g h t v e c t o r
v e c 3 lightVector = no rma l i z e ( u_LightPos − v_Position ) ;

/ / C a l c u l a t e t h e do t p r o d u c t o f t h e l i g h t v e c t o r and v e r t e x normal .
f l o a t diffuse = max ( do t ( n o rma l i z e ( v_Normal ) , lightVector ) , 0 . 4 ) ;

/ / compute th e c o o r d i n a t e o f t h e g i v e n p i x e l c e n t e r
v e c 2 ptc = g l_Po in tCoord− v e c 2 ( 0 . 5 ) ;

/ / The d e p th f o r th e g i v e n p i x e l
f l o a t depth = −v_Normal . x / v_Normal . z * ptc . x+v_Normal . y / v_Normal . z * ptc . y ;

/ / Check i f t h e p i x e l ” p o i n tC e n t e r ” c o r r e s p o n d s t o a p o i n t i n s i d e th e s u r f e l
v e c 3 pointProj = v e c 3 ( ptc . x , ptc . y , depth ) ;
f l o a t r = l e n g t h ( pointProj ) / 0 . 5 ;

/ / i f not , i t i s d i s c a r d e d
i f ( r >= 1 . ) d i s c a r d ;

/ / S e t t i n g th e f r a gmen t c o l o r
g l _F r a gCo l o r = v_Color * diffuse ;

}
✝ ✆

Theupcoming developments on the surfel renderingwill focus on the computation of the cor-
rect surfel radius. Currently, the splat-size is constant and set by the user, as shown in the vertex
shader of Listing A.1. To estimate a correct radius dynamically, we propose to follow Pajarola 120

approach in order to force the elliptical disks to cover the surface at all levels of details. Moreover,
this approach introduces a blending process to smoothly interpolate the texture color of irreg-
ularly distributed point samples. Both of these techniques are related to a crucial improvement
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Figure A.1: Stanford bunny rendered with surfel: (a) and (b) 3k points with surfel of different radius and (c) 35k
points.

needing to be implemented: the optimization of the data to be loaded into the GPU according
to the viewpoint, as presented by Pauli 122.

2.2 Cঘঘঔ-Tঘছছঊগঌ঎ খঘ঍঎ক

In the recent developments, a special effort has been made to the rendering of surface, in par-
ticular to the lightning model. Indeed, inspired by Cook and Torrance43, we implemented a
realistic lightning model. This model, known to be closer to the physical reality, simulates the
specular reflectance of different materials. The model treats each surface as consisting of many
micro-facets: Very small facets that reflect the incoming light. On rough surfaces, the slopes of
these microfacets vary greatly, and on smooth surfaces the micro-facets are oriented in a similar
direction 144. The model focuses on the specular reflection rs computed as:

rs =
F · D · G

Π(n · l)(n · v)
(A.2)

where n is the local normal vector, l is the light vector and v is the view vector. F , the Fresnel
factor, defines what fraction of the incoming light is reflected and what fraction is transmitted.
Because the original Fresnel formula is too computationally expensive, we used the Schlick ap-
proximation 135 to get similar results with faster computation. D is the directional distribution of
the micro-facets. On smooth surfaces, all micro-facets have a similar orientation and therefore
all the reflected light is close to the reflection vector. On rough surfaces, the light is more widely
distributed. Some of the micro-facets block the incoming light before reaching the surface or
after being reflected. G, the geometrical attenuation factor, is a value from 0 to 1 that represents
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the proportionate amount of light that remains after this shadowing or masking has taken place.
This calculation assumes that all micro-facets have the form ofV-shaped grooves and is described
in details by Blinn21.

Our implementation of the Cook-Torrance lightning is detailed in Listing A.2 and its effect is
illustrated in Figure A.2.

Lisধng A.2: GLSL code of the Cook-Torrance lightning vertex and fragment shaders
✞ ☎
/ / V e r t e x s h a d e r
un i fo rm mat4 u_MVP ; / / Map from wor ld s p a c e t o camera s p a c e
un i fo rm mat4 u_MVMatrix ; / / Map from camera s p a c e t o s c r e e n s p a c e
a t t r i b u t e v e c4 a_Position ; / / P o s i t i o n o f th e v e r t e x
a t t r i b u t e v e c 3 a_Normal ; / / Normal o f t h e v e r t e x
a t t r i b u t e v e c4 a_Color ; / / Co lo r o f t h e v e r t e x
v a r y i n g v e c 3 v_Position ; / / P o s i t i o n g i v e n to f r a gmen t s h a d e r
v a r y i n g v e c4 v_Color ; / / Co lo r g i v e n to f r a gmen t s h a d e r
v a r y i n g v e c 3 v_Normal ; / / Normal g i v e n to f r a gmen t s h a d e r

v o i d main ( ) {
/ / T r an s fo rm th e v e r t e x i n t o e y e s p a c e .
v_Position = v e c 3 ( u_MVMatrix * a_Position ) ;

/ / P a s s th rough th e c o l o r .
v_Color = a_Color ;

/ / T r an s fo rm th e normal ’ s o r i e n t a t i o n i n t o e y e s p a c e .
v_Normal = v e c 3 ( u_MVMatrix * v e c4 ( a_Normal , 0 . 0 ) ) ;

/ / F i n a l p o i n t p o s i t i o n in s c r e e n c o o r d i n a t e s .
g l _ P o s i t i o n = u_MVP * a_Position ;

}

/ / F ragment s h a d e r
p r e c i s i o n mediump f l o a t ; / / S e t t h e d e f a u l t p r e c i s i o n to medium
uni fo rm v e c 3 u_LightPos ; / / The p o s i t i o n o f th e l i g h t in e y e s p a c e
v a r y i n g v e c 3 v_Position ; / / I n t e r p o l a t e d p o s i t i o n f o r t h i s f r a gmen t
v a r y i n g v e c4 v_Color ; / / I n t e r p o l a t e d c o l o r f o r t h i s f r a gmen t
v a r y i n g v e c 3 v_Normal ; / / I n t e r p o l a t e d normal f o r t h i s f r a gmen t

v o i d main ( )
{

f l o a t C = 0 . 8 ; / / r o u g hn e s s o f t h e s u r f a c e ( 0 : smooth , 1 : rough )
f l o a t ni = 0 . 2 ; / / f r e s n e l r e f l e c t a n c e a t normal i n c i d e n c e

/ / No rma l i z e i n t e r p o l a t e d normal
v e c 3 N = no rma l i z e ( v_Normal ) ;

/ / L i gh t v e c t o r
v e c 3 L = no rma l i z e ( u_LightPos − v_Position ) ;

/ / V e r t e x −to−e y e s p a c e ( v i ew v e c t o r )
v e c 3 V = no rma l i z e (−v_Position ) ;

/ / Ha l f−v e c t o r
v e c 3 H = no rma l i z e ( v e c 3 ( lightVector−v_Position ) ) ;

f l o a t NdotH = max ( 0 . 0 , do t ( N , H ) ) ;
f l o a t VdotH = do t ( V , H ) ;
f l o a t NdotV = do t ( N , V ) ;
f l o a t NdotL = do t ( N , L ) ;
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/ / F r e s n e l R e f r a c t i o n ( F )
f l o a t k = pow ( 1 . 0 − NdotV , 5 . 0 ) ;
f l o a t F = 1 . 0 − k + ni * k ;

/ / G a u s s i a n term (D)
f l o a t alpha = a c o s ( NdotH ) ;
f l o a t D = C * exp (− alpha * alpha * C ) ;

/ / Geome t r i c f a c t o r (G)
f l o a t G1 = 2 . 0 * NdotH * NdotV / VdotH ;
f l o a t G2 = 2 . 0 * NdotH * NdotL / VdotH ;
f l o a t G = min ( 1 . 0 , min ( G1 , G2 ) ) ;

/ / C a l c u l a t e t h e do t p r o d u c t o f t h e l i g h t v e c t o r and v e r t e x normal .
f l o a t diffuse = max ( do t ( n o rma l i z e ( v_Normal ) , L ) , 0 . 4 ) ;

/ / S e t t i n g th e f r a gmen t c o l o r
g l _F r a gCo l o r = v_Color * diffuse * ( F * D * G ) / NdotV ;

}
✝ ✆

Figure A.2: Surface model enlightened by (a) a Lamberধan diffuse reflecধon model and (b) a Cook-Torrance
model.
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