.

" IVERSITE
- DE PAU ET DES
o PAYS DE 'ADOUR

THESE

Pour I'obtention du grade de

DOCTEUR DE L’UNIVERSITE DE PAU ET DES PAYS DE
L’ADOUR

Faculté des Sciences Fondamentales et Appliquées
DOMAINE DE RECHERCHE : MATHEMATIQUES APPLIQUEES - Option Analyse des EDPs

Présentée par

M. Ahmed Rejaiba

Equations de Stokes et de Navier-Stokes avec des conditions aux
limites de Navier

Directeur de thése : M. Chérif Amrouche

JURY
M. Chérif AMROUCHE Professeur a 'UPPA Directeur de these
M. Luigi Carlo BERSELLI ~ Professeur a Universita di Pisa Rapporteur
M. Paul DEURING Professeur a I’Université du Littoral "Cote d’Opale"  Rapporteur
Mme. Amel BEN ABDA Professeur a I'Ecole Nationale d’Ingénieurs de Tunis Examinateur
M. MarcDAMBRINE Professeura I'U.P.P.A. Examinateur
M. Gilles CARBOU Professeur a I'U.P.P.A. Examinateur

These préparée au sein du Laboratoire de Mathématiques Appliquées de Pau (L.M.A.P.),
dans ’école doctorale des sciences exactes et leurs applications de I’ U.P.P.A.






Dédicaces

A 'ame de mon pere qui avait toujours souhaité ma réussite
A ma meére Mabrouka
A ma grand-mére Aicha
A mes fréres et soeurs
A mon oncle Habib

A toute ma famille






Remerciements

Il me sera impossible de remercier tout le monde car c’est grace a 1’aide de nombreuses personnes que
j’ai pu mener cette thése a son terme.

En premier lieu, je tiens a remercier chaleureusement mon directeur de these Chérif Amrouche. Il
a été plus qu’un directeur de thése pour moi, il m’a apporté réconfort et soutiens dans les moments
difficiles tout autant que réflexions et propositions d’idées. Je lui remercie pour la bonne qualité
d’encadrement, pour la qualité des ses conseils et pour son exigence professionnelle. Enfin, j’ai été
d’autant plus sensible a ses qualités humaines d’écoute, d’aide et de compréhension tout au long de
cette these. Merci beaucoup!

Je remercie Paul Deuring et Luigi Carlo Berselli d’avoir accepté d’étre les rapporteurs de cette
these et d’avoir consacré du temps pour juger ce travail. Je remercie également les examinateurs de
ce travail : Gille Carbou de m’avoir fait I’honneur de présider mon jury, Amel Ben Abda d’avoir fait
le déplacement depuis Tunis pour assister & ma soutenance et Marc Dambrine pour les questions et
les remarques pertinentes et constructives.

Je tiens a remercier ensuite le directeur du Laboratoire Jacques Giacomoni et toute 1’équipe EDP
de LMAP.

Un remerciement particulier doit étre adressé a Mari-Claire Hummel pour les nombreux services
rendus, pour sa disponibilité et ses encouragements. Ma reconnaissance ne sera jamais a la hauteur
du bien que tu as fait pendant mes trois ans de these.

Je souhaite remercier Adel Hamdi pour son bon encadrement lors de mon stage de master 2 a
I'INSA de Rouen. Merci Adel de m’avoir supporté et me conseillé durant cette période délicate.

Un remerciement spécial a tous mes enseignants durant ce long parcours pour la bonne qualité
d’enseignement et d’encadrement. Mes chers enseignants, je vous suis reconnaissant. Merci pour tout
ce que vous m’avez apporté durant ces années.

Je tiens & mentionner le plaisir que j’ai eu a connaitre le formidable fréere Mohamed Meslameni
avec qui j’ai partagé beaucoup des moments sympathiques dont je garde beaucoup des souvenirs. 1l a
été toujours tres proche pour m’encourager et me soutenir. Merci également & sa femme Hela Louati.

Cette gratitude va également a la grande soeur Nour Seloula et a son mari Abderrahmane. Nour

a été toujours présente pour m’encourager, m’aider et surtout me remonter le moral. Om Rayan : Je

iii



Remerciements

te suis infiniment reconnaissant.

Je souhaiterais remercier également mes amis et amies doctorants et docteurs : Nelly Barrau,
Zeina, Al Masry, Dong-Xuan, Hai Ha, Cheikh Ndour, Tom Rhomer, Benoit Guerville, Paul Sauvy,
Paul Acevedo, Yasmina Kheloufi, Yassine Zaim, Abdel Kader Alsayed, Osama Alabdali, Lionel Boillot,
Simon Delmas, Juan Viu Sos, Fanny Dardhalon, Nicolas Chauchat. Je voudrais également adresser
un remerciement spécial & Hind Al Baba pour la collaboration et pour les discussions mathématiques
assez riches qu’on les a eues pendant ces deux derniéres années.

J’ai une dette particuliere envers mes amis, Brahim Boughrara, Hammou El Othmany, Mustapha
Mahdoui, Riadh Boubaker et Mostapha El Mehdi pour leurs encouragements et pour la bonne am-
biance durant ces trois années. Je remercie également les amis Tunisiens de Pau, Amine, Dhaker,
Ramzi, Hamdi, Wassim, les deux Omar et Fares pour les bons moments passés ensemble. Je tiens a
remercier également Kamilia Dairy pour la bonne organisation du pot de soutenance.

Merci a tous mes amis, Hedi, El Mokhtar, Mohamed Rhayma, Chokri, Zaied, Aws, Mohamed
Riadh, Hamdi, Ahmed Arfaoui, Mohamed Drissi, Amine Marzoughi, Ramzi Hamemi, Ala Khalfa,
Youssef Sbai, Mokhtar Mchirgui, Tarek, Mohsen, Akrem, Belgacem, Jaafar, Helmi, Faouzi, Bouha,
Zouheir, Asfour, Zied, Rafique, Farouk, Saber Fethi, Nasr, Walid, Issam, Imed Mahfoudhi, Ayadi,
Henda, Jojo, Bilel, Ramzi, Assma, Zineb, Ayman, Saleh, Raouf et tant d’autres.

Enfin, je dédie ce travail & toute ma famille. A ma mére Mabrouka qui occupe une place immense
dans mon coeur, & ma grand-mere Aicha et surtout a mes fréres et soeurs. Je vous dis que j’ai de la
chance d’avoir des formidables fréres et soeurs comme vous. Vous avez été a mes c6tés tout au long

de mes études...que Dieu vous protege!

iv



Contents

Introduction générale

I Stokes equations with Navier boundary conditions

1
2
3

0 g O Ot

Introduction . . . . . . . . L
Preliminaries and functionals spaces . . . . . . . . . . ... e
Weak solutions of (87) . . . . . . . . . e
3.1 Thecase p=2: . . . . . . . e
3.2 The general case 1 < p <00 . . . . . . o i i it
Strong Solutions of (S7) . . . . . . . ..
Very weak solutions of (87) . . . . . . . ..
FEigenfunctions of the Stokes problem . . . . . . . . .. ... Lo
Stokes equation with friction slip boundary condition . . . . . . . .. ... ...

Navier-Stokes Equation . . . . . . . . .. L

IT Navier-Stokes equations with Navier boundary conditions

1

2
3
4

Introduction and functional framework . . . . . . . .. ..o
Stokes problem . . . . ..
Oseen problem . . . . . . oL
Navier Stokes equation . . . . . . . . . . ..
4.1 Strong solution . . . . . . . ..
4.2 Study of Existence result of problem (NS8) for % <Pp<2 .

III Semi-group theory for the Stokes operator with Navier boundary condition

=W N =

Introduction . . . . . . . .o L
Preliminary results . . . . . . . . . L
The Stokes operator . . . . . . . . . .
Analyticity results . . . . . . L e
4.1 Analyticity in LP(Q) . . . . . o o

4.1.1 The Hilbertian case . . . . . . . . .. .. o

4.1.2 LP—theory . . . . . . . e
42 Analyticity in [HE (div,Q)) . . . . .
4.3 Analyticity in (Tp/(Q))’ .................................

13
13
14
22
24
26
30
31
36
38
42

47
47
49
52
69
70
71

75
75
76
79
80
81
81
83
93
95



Table des matieres

Pure imaginary powers of the Stokes operator . . . . . . . . . ... L L oL 98
The evolutionary Stokes problem . . . . . . . . . . .. 99
6.1 The homogeneous Problem . . . . . . . . .. .. 99
6.2 The inhomogeneous Stokes Problem . . . .. . .. .. ... .. .. ... .. 101
Références bibliographiques 105

vi



Introduction générale

Dans cette thése on s’intéresse a ’étude théorique des écoulements de fluides visqueux incompressibles
qui peuvent intervenir dans plusieurs domaines physiques, tels que la météorologie, 'aérodynamique,

océangraphie et de nombreux autres domaines. Ils sont souvent modélisés par des équations de Stokes

%—1: —Au+Vrn=§f dans €, (0.1)
divu =0 dans €2, (0.2)
ou de Navier-Stokes
?;—Au—I—u-Vu—i-Vﬂ—f dans ©, (0.3)
divu =0 dans €, (0.4)

ou f, u et m désignent respectivement les forces extérieures, le champ de vitesses et le champ de
pression et ) est un ouvert borné connexe de R3.

A ce jour la plupart des travaux mathématiques portant sur les équations de Stokes et de Navier-
Stokes dans un domaine borné considérent des conditions classiques de non-glissement, dites aussi
conditions de Dirichlet introduites par G. G. Stokes en 1845 [60] :

u=0 sur 02, (0.5)

qui signifie que le fluide adhere a la paroi.

Néanmoins, dans les applications on peut se trouver face a des situations physiques ou il est
nécessaire de faire intervenir d’autres types de condition au bord pour bien décrire le comportement
du fluide pres de la paroi. En effet, comme I’a indiqué Serrin dans [56], les conditions aux limites
classiques de non-glissement ne sont pas toujours réalistes et conduisent & des phénomenes de couche
limite pres de la surface.

En 1827, Navier [53] a proposé une condition dite condition de glissement avec friction & la paroi
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qui permet de prendre en compte 'effet de glissement du fluide prés du bord et de mesurer la friction
en considérant la composante tangentielle du tenseur des contraintes proportionnelle & la composante

tangentielle, désigneée par 7, du champ de vitesses :
u-n=g et 2[D(u)n] +au, =h sur 99 (0.6)
ou « est un coefficient de friction et D(u) est le tenseur de déformations défini par

1 8’[/4 8Uj .o
R < < 3.
D(u);; 2<8xj+8a:i>’ 1<4,;<3

Remarquons formellement, si & — 0o, g = 0 et h = 0 sur 02 alors les composantes normale et
tangentielle de la vitesse sont nulles et on retrouve la condition classique de Dirichlet ; physiquement
on dit que la paroi rigide freine le fluide. Il est important de noter que le cas @ = 0 est aussi intéressant
et qui correspond a la condition de glissement de Navier sans frottement, dite aussi condition de Navier

parfaite.

Notons que ces conditions sont souvent utilisées dans les simulations numériques d’écou- lement
en présence de parois perforées et aussi en présence de parois visqueuses. Dans ce contexte on peut
citer les travaux de Amirat et al [2] qui ont étudié les équations de Navier-Stokes considérées dans une
couche horizontale dont une surface horizontale rugueuse, les travaux de D. Bucur et al [23, 24] sur
une étude de leffet de la rugosité pres de bord. Citons aussi le travail de W.Jagen et Miklic [41, 42].
Ces conditions sont également utilisées pour les parois perforées [13]. Observons que dans le cas d’un
bord plat, si « =0, g = 0 et h = 0 sur 012, alors les conditions de Navier (0.6) coincident avec les
conditions suivantes :

u-n=0 et curlu x n =0 sur 9N (0.7)

. Dans le cas d’'un bord régulier, de classe C1! les deux conditions different d’un terme d’ordre O :

[D(v)n]_ =V, (v-n)+ (g:i)T - 22: <'vT . 2:;) T surl.

k=1

Dans certaines situations, d’autres types de conditions aux limites peuvent intervenir. Par exemple

les conditions d’imperméabilités sur le champ de vitesses et le champ de vorticité
u-n=0, curlu-n=0 et curlcurlu-n=0 sur 0. (0.8)

Concernant ’analyse mathématique portant sur ce type de conditions aux limites, on peut citer les
travaux de Bellout, Neustupa et Penel [16] ou les auteurs étudient les équations de Stokes et de
Navier Stokes. Dans [52], les auteurs démontrent l’existence de solutions partiellement fortes pour les
équations de Navier-Stokes stationnaires descriptives de fluides visqueux barotropiques compressibles.

Nous pouvons également citer le travail de J. Neustupa et P. Penel [54].

Pour certaine écoulements, il est important de prescrire la valeur de la pression tout au moins sur
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une partie du bord, on peut par exemple donner les exemples suivants :

1
uxn=0 et 7r—|—§\u\2:0 sur 0f). (0.9)

Ce dernier type de conditions aux limites et les conditions (0.7) ont fait 'objet de plusieurs travaux.
Bernard [18, 19], Kozono et Yanagisawa [44] et récemment Amrouche et Seloula [8, 9] ont développé
des propriétés sur les potentiels vecteurs, ils ont établi quelques inégalitées de Sobolev et ils ont donné
des résultats d’existence de solutions faible, forte et treés faibles dans la théorie LP. Dans [14, 15, 27],

les auteurs ont étudié les équations de Stokes et de Navier-Stokes avec les conditions aux limites (0.9).

En outre, on peut donner la condition de Neumann suivante :
((Vu)T + ’qu) n—mn=0 surdf) (0.10)

avec —1 < vy < 1. Physiquement, ces conditions expliquent ’absence de contraintes sur l'interface
séparant deux milieux. De nombreux auteurs se sont intéréssés a ce type de Conditions. Dans [48],
les auteurs ont défini 'opérateur de Stokes et ils ont montré 'existence de solution "mild" pour le
probléeme de Stokes avec les conditions aux limites (0.10). Solonnikov [58] a prouvé I'existence locale-
ment en temps de la solution classique pour les équations de Navier-Stokes non-stationnaires avec les

conditions aux limites (0.10) avec v = 1.

Cette these est consacrée a I’étude mathématique des équations de Stokes et de Navier-Stokes
stationnaires et aussi le probleme d’évolution de Stokes avec des conditions aux limites de Navier.
Bien que moins vaste que celles portant sur des conditions aux limites de type Dirichlet, il existe
cependant une littérature importante qui s’intéresse a I’étude mathématiques des équations de Stokes

et de Navier-Stokes avec des conditions aux bords de Navier (0.6).

Le premier travail a été effectué par V.A Solonnikov et V.E Schadilov en 1973 [59]. Dans ce papier
les auteurs ont étudié le probleme de Navier-Stokes avec la condition de Navier sur une partie du bord
et une condition de Dirichlet sur le reste du bord, ils ont obtenu des résultats d’existence de la solution
faible dans H'(Q) x L?(Q) et aussi la solution forte dans H?(Q) x H' ().

En 1985, G. Mulon et F. Salemi [50, 51] ont donné des résultats d’existence, d’unicité et de
régularité pour les problemes de Navier-Stokes stationnaires et d’évolution avec des conditions aux

limites de Navier dans le cas d’'un domaine borné ou d’un domaine extérieur.

H. Beirao da Veiga [31] a prouvé l'existence de la solution faible pour 1’équation de Navier-Stokes
avec des conditions aux limites de Navier dans le demi-espace. L’équation de Navier-Stokes dans le
cas d'un bord plat a été étudiée par Berselli [20], dans ce travail il a prouvé l'existence de la solution
généralisée, de la solution forte et de la solution trés faible dans L3(£2). Nous pouvons citer également
H. Beirao da Veiga et F. Crispo [28, 30] qui ont établi des résultats de convergence pour le probléeme
de Navier-Stokes quand la viscosité tend vers 0. Dans le cas de probleme d’évolution, il est important
aussi de citer le travail de H. Beirao da Veiga [29] ou il démontre que 'opérateur de Stokes avec la
condition de type Navier est maximal, monotone et auto-adjoint et par suite il engendre un semi-

groupe analytique de contractions. Et par conséquent, il a établi 'existence de la solution forte pour
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le probleme de Stokes.

En 2D, T. Clopeau, A. Milkeli¢ et R. Robert [26] ont obtenu des résultats d’existence de la solution
faible et de la solution forte. Des résultats similaires ont été donné par Mucha [49] pour les équations
de Navier-Stokes dans un tuyau infini. Busuioc and Ratiu [25] démontrent ’existence de la solution
globale dans H? pour les équations de Navier-Stokes. D’un point de vue analyse numériques du

probléme, on peut se référer aux travaux de R. Verfiirth [63] et A. Liakos [45, 46].
Ce manuscrit est composé de trois chapitres:

Dans le premier chapitre, nous considérons les équations de Stokes stationnaires avec des conditions

aux limites de Navier dans un domaine borné connexe de R3 :

—Au+Vr = f dans €
divu = dans €2
(ST) X
U-n = g sur 0f)
2[D(u)n]. = h sur OS2

L’objet de ce chapitre est d’étudier quelques résultats d’existence et d’unicité pour des différents type
de solutions, notamment la solution généralisée, la solution forte et la solution tres faible. Nous
commencons par prouver quelques relations sur lesquelles nous nous appuyons dans la suite : pour un

champ de vecteurs v € D(2), nous montrons les relations suivantes:

ov 2 0v
curlvxn=V,(v-n)— <8n)7£<07'88k> 7, surl (0.11)
et
[D(v)n|. =V, (v-n)+ (81}) — 22: (v 81}) sur " (0.12)
o7 on). = T os) ' '

Par conséquent, nous obtenons : pour v € D(Q) avec v-n =0 sur [’

2
0
[D(v)n]_ = —curlv x n — 2]; (vT . 85:) T, surl (0.13)
ou bien aussi 5
[D(v)n]. =curlv x n —2 (v) sur . (0.14)
on ),
. . . . . . , 2 on
Pour simplifier les notations nous introduisons 'opérateur d’ordre 0 : Aw = Y"j_; (wr - 8—)7'k
Sk

En procédant comme dans [55] et en se servant de le densité de D(Q2) dans EP(£2), nous montrons
1
que pour v € EP(Q) on a bien [D(v)n|_ € W »”(I') et nous avons la formule de Green suivante :
pour v € EP(Q) et p € VP (Q),

~(Av,p)g =2 [ D(v): D()dz — 2(D(v)n],. )r (0.15)
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avec

VP(Q) ={ve W'P(Q); dive=0inQ, v-n=00onT},
EP(Q) = {ve W'P(Q): Av e [HY (div,Q)]'},
(oo =4 '>W’%’p(r)>< Wy & SPLES N EY @)y < HY (@)
Supposons que f € [H(If,(div, D)), x =0dans Q, g=0sur 9N et h € Wﬁi’p(l“) qui satisfait
h-n=0 sur T. (0.16)

Nous utilisons la formule de Green (I.15), nous montrons que trouver u € W P(Q) solution du

probléme (87) est équivalent a

Trouver u € VP(Q) telque,

(0.17)
Ve e V(@) 2 | D@w):Dig)dz = (f.¢)q+ (h )

Comme indiqué par V. A. Solonnikov and V. E. S¢adilov dans [59] il est facile de voir que

1) Sil'ouvert Q est obtenu par rotation autour d’un vecteur b fixé de R3, alors le noyau correspon-

dant au problem (I.1) est une droite vectorielle engendrée par le champ de vecteurs 8 défini par

B(x) =bxx, pourzec Q.
Ce noyau, ne dépendant pas de p, sera noté par J(€2).

2) Si le domaine € n’est pas obtenu par rotation autour d’un vecteur, alors le noyau se réduit a

Zero.

Il est important de signaler que pour assurer ’existence dans le cas d’un ouvert obtenu par rotation

autour d’un vecteur b, la condition de compatibilité suivante est nécessaire :

(f,B)q + (h,B)r =0, (0.18)

Dans de récents travaux, C. Amrouche et Nour Seloula [8] ont considéré le probleme de Stokes

avec des conditions aux limites portant sur la composante tangentielle de la tourbillon :

—Au+Vnr = f dans €2

divue = ¥ dans
u-n =g sur 02
curlu xn = h sur OS2

Afin étudier ce probleme dans le cadre général de la théorie-L?, les auteurs ont établi une condition

Inf-Sup permettant ainsi de prouver l'existence de la solution généralisée grace au théoréme de
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Babuska-Brezzi. N’ayant pu établir la condition Inf-Sup suivante :

| P(®): D(p)da
inf sup {2

ape;/;’;(ﬂ) sey b 1€ ||W1,p/(m|| ¢ lwirq)

> B, (0.19)

qui constitue un des points clefs pour étudier le probléeme (I.1), nous avons choisi une autre approche
pour le résolution : Nous commencons par le cas Hilbertien en utilisant le lemme de Lax-Milgram, la

coercivité étant donnée par une 'inégalité de type Korn suivante : pour un ouvert lipschitzien borné
: 2 2 2 1
< .
im0l 3 ) < C(ID(w) g + /F w-ndo), Vue HY(Q) (0.20)
inégalité dite de Poincaré-Morrey. L’étude de la théorie LP pour 1 < p < oo, sera faite en deux étapes

: Dans un premier temps nous étudions le cas p > 2 et le cas 1 < p < 2se faisant par des arguments
de dualité.

Pour le cas p > 2 nous utilisons la relation (0.13), nous pouvons écrire le probleme (87) comme

suit :

(8h) —Au+Vr=f e divu=yx dans £,
T
u-n=0 et curluxn=-2Au—-—h sur T.

Pour ce probléme, nous avons déja 1’existence d’une solution (u,7) € H*(Q) x L*(Q) qui est unique
a un élément de T () additif pres pour la vitesse et un réel prés pour la pression. Cependant, pour
montrer que cette solution est bien dans WP () nous vérifions tout d’abord que les nouvelles données
f et —2Awu — h satisfont la condition de compatibilité suivante : pour tout p > 2 et p € K g(Q)

22Dy’ @iy < (v, T (2AU + ho)r =0 (0.21)

avec

KL(Q)={ve L’(Q); divv =0, curlv =0inQandv-n=0onTl}.

L’appartenance de (u, ) & WP (Q)x LP(Q), avec p > 2, est alors une simple conséquence du Théoréme
4.4 dans [55].

La quatriéme section de ce chapitre sera consacrée & 1’étude de la régularité de la solution. Plus
1
précisément si f € LP(Q) et h € Wl_E’p(F), nous montrons que u € W2P(Q) et 7 € Whr(Q).

L’existence de la solution tres faible est également étudiée dans ce chapitre dans la section 5. En

se servant de nouveau d'un résultat de densité de D(Q) dans I'espace Hp(A;€2) nous montrons que
1
pour v € H,(A;Q), nous avons [D(v)n|_ € W TRP(D), ot

Hy(A;Q) = {ve LP(Q); Av e (TP (Q))'},
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avec (TP (Q)) est espace dual de
T7(9) = { € Hj(div,2); dive € WP () }.
De plus nous avons la formule de Green suivante : pour tout v € H,(A;Q) et tout ¢ € S7(Q), on a

(0.22)

i1

(B0, @) (v )y x v (@) = /Q veApdz+ QDO ) 1t it

w

avec

SP(Q)={pc W*(Q); ¢ -n=0,dive =0, [D(u)n], =0onT}.

Une fois cette trace est proprement définie et la formule de Greeen est bien établie, nous pouvons
prouver que pour f € (TP (Q)) et h € WP (') qui satisfont les conditions de compatibilité
(0.16) et (1.16), le probléme (8) admet une unique solution u € L?(Q)/T7(Q) et 7 € W ~LP(Q)/R.
L’idée de la preuve consiste a passer par le probleme dual et a utiliser le résultat obtenu pour la

solution forte.

Dans la section 6, nous montrons I'existence d’une base hilbertienne formée par les vecteurs propres
de l'opérateur de Stokes. Cette base sera utile dans la suite pour étudier 'existence de la solution

faible pour le probleme de Navier-Stokes.

Le cas du probleme de Stokes avec une condition aux limites de Navier avec friction a la paroi est
également traité dans ce chapitre dans le cas hilbertien. En fait pour une friction o > 0 bornée, nous
montrons Pexistence et 1'unicité d’une solution (u,7) € H'(Q) x L*(Q)/R. Contrairement au cas de
probléme du Stokes avec une condition de Navier dite parfaite, le noyau ne dépend pas de () et se

réduit a zero.

La derniere partie de ce chapitre sera consacrée a 1’étude de probléme non linéaire de Navier-Stokes

dans le cas hilbertien.

—Au+u-Vu+Vr=f dans £,
divu =0 dans £,
u-n=0 sur T,

2[D(u)n], =h sur T.

Nous commengons par montrer que, pour f € (H (? 2(div, Q) et h € H *%(F) qui satisfait la condition
(0.16), trouver une solution de probléeme de Navier-Stokes problem (N87) est équivalent & trouver une

solution de la formulation variationnelle suivante :

Trouver u € V2(Q) telle que,
(FNS)
Ve VAQ), 2| D(w): Dip)dz+blu,u) = (f. @) + (b o)

avec <'7 )Q = <'7 '>[H(?’Q(div,ﬂ)]’XH(?’Q(diV,Q)’ <'a '>F = <'7 '>H_%(F)><H_%(F)
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et

b(u, v, w) :/Q(u-V)v-wdm.

Constatons que pour cette forme b, nous avons les propriétés d’antisymétries par rapport aux

premiéres et aux deuxiémes variables suivantes : Pour u € V2(Q) et n € J(Q2), nous avons
b(ua u, 77) - b('U,, n, 77) = b(n: n, ’U,) =0.

Par suite, dans le cas d’un ouvert €2 obtenu par rotation autour d’un vecteur fixe, il est nécessaire
ici d’imposer une condition de compatibilité de type (I.16) pour résoudre le probléeme (N87). Ceci est
inhabituel dans 1’étude des problemes non linéaires comme par exemple le probleme de Navier-Stokes
avec des conditions aux limites de Dirichlet.

Remarquons que, sif u = w+ n, avec w € Z(Q) et p € T(Q), est une solution de (FN§), alors
pour tout ¥ € Z(),

2 [ D(w): D) do -+ b(w+n,w,3) + b(w,m.) = (%) + (b )y (0.23)

avec
ZQ)={ve H'(Q);divve=0 inQ, v-n=0 onF,/,B-vd:zzzo}.
Q

Rappelons que pour tout ' € T(Q), on a

blw+n,w+n,%+n)=bw+mnwp)+blwn,P).

Ce qui entraine que : Trouver une solutions u € H'(Q) solution de (FN8) se réduit & trouver w € Z(f)
vérifiant (1.3).

Ainsi, nous montrons 'existence de (u,7) € H'(Q) x L?*(Q) solution de probleme (N87). Con-
trairement au cas de probleme de Navier-Stokes avec la condition de Dirichlet ot on a unicité de la
solution pour des données petites, ici on a une infinité de solutions. En effet, u + ¢3 sont aussi des
solutions pour ¢ € R. L’idée de la preuve consiste a utiliser la méthode de Galerkin comme pour le
cas Dirichlet (voir [61]).

Les résultats de ce chapitre ont fait I'objet d’une publication dans "Journal of Differential Equa-

tions" [6] et d’une conférence internationale avec acte [5].

L’objectif du Chapitre II est de généraliser les résultats d’existence de la solution faible pour
le probleme (N87) obtenus dans le chapitre I dans le cadre la théorie LP. Notons que, a notre
connaissance, on ne trouve pas dans la littérature des travaux qui traitent le probleme de Navier-
Stokes avec des conditions aux limites de Navier dans le cadre de la théorie L. La plupart des
travaux qui existent, étudient le cas hilbertien avec des forces f qui sont uniquement dans LQ(Q) (voir
[50, 51, 59]). Dans notre travail nous étendrons ces résultats dans un cadre plus général pour obtenir
des solutions qui sont dans (u,7) € WHP(Q) x LP(Q) avec des données dans des espaces fonctionnels
plus larges (Hg/’p/ (div,Q))".

Nous commencons par généraliser les théoréemes démontrés dans le Chapitre I portant sur I'existence
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de la solution généralisée pour des données f dans des espaces plus large (plus précisément dans
(H!7 (div, Q))").

Pour étudier I’existence de solution faible pour le probléeme (N87) pour des données f € (H 6/ 4 (div, Q))
avec p > 2, il suffit d’utiliser les résultats de régularité de probleme (87). Cependant, le cas % <p<2
est plus délicat a étudier. Pour le faire on va utiliser un théoréme de point fixe. En premier temps,

nous étudions le probleme d’Oseen suivant :

—Au+v-Vu+Vr=Ff and divu=0 dans £,
u-n=0 and 2[D(u)n]_=h sur T.

T

On suppose ici que le domaine ) n’est pas obtenu par rotation autour d’un vecteur et v € L3(Q)
vérifie divo =0 dans Q et v-n=0sur I

Pour f € (Hgl’p/ (div,Q2)) et h € Wﬁi’p(f‘) qui satisfait la condition (0.16), nous montrons que
le probleme (0) admet une unique solution (u,7) € W'P(Q) x LP(Q)/R et nous avons I'estimation

suivante :
2
| wllwiv + 1|7 llLo@rs CA+ | v lls @) f H(H(;'/’p/(div,Q))’ + 1A ”W_%,p(m)- (0.24)

1
Nous montrons également pour f € LP() et h € W' »?(T') qui satisfait la condition (0.16) que

la solution (u,7) € W2P(Q) x WhP(Q). De plus, nous avons l’estimation suivante :
lullw2e@) + 117 lwir@)r< COF+ | 0 [l gs@) *(Iflne@) + 1Rl -3 ) (0.25)
Par conséquent, nous montrons que 'application

T:VPQ) — VPQ)

v —  u,

est bien définie. Rappelons que pour v € VP(Q), Tv = u est I'unique solution de probleme (O).
En outre, en utilisant les estimations (I1.46) et (II1.39), nous montrons que l’application T est une

contraction pour des données f et h qui satisfont :

bl 1 < o (0.26)

(hal (B (div, Q) ) =

pour un certain a; > 0. Appliquant le théoréme de point fixe de Banach, on déduit que le probléme
(N87) admet une solution (u,7) € WHP(Q) x LP(Q). Concernant 1'unicité, ici comme dans le cas
du probleme de Navier-Stokes avec condition Dirichlet, nous avons unicité pour des donnée petites et
plus précisément pour :

+ |[A < ag, (0.27)

HfH(HOT/’p/(div,Q))/ W_%’p(F) =
avec ag € 10, aq].

Les résultats de ce chapitre a paraitre dans un article accepté au " Mathematical Methods in the
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Applied Sciences" [4].

Le troisieme chapitre est consacré a la résolution du probleme d’évolution de Stokes:

?;—AujLVTr:f dans Q x (0,7)

divu =0 dans Q x (0,7)
u(0) = o dans Q

L’étude de ce probléme avec des conditions aux limites de Dirichlet a été faite par un grand nombre
d’auteurs. Giga [36, 37] a montré des résultats d’analyticité sur des espaces L" et il a étudié aussi le
domaine de I'opérateur fractionnel de Stokes. Giga et Sohr [38, 39] et Borchers et Sohr [21] ont établi
des résultats dans le cas d’'un domaine extérieur. Nous pouvons citer le travail de Abe et Giga [1] ou
ils établissent I’analyticité de semi-groupe dans ’espaces de fonctions bornées. D’autre part, il existe
d’autre travaux portant sur les conditions aux limite de type Navier. On peut se référer, par example,
au travail de Mitrea et Monniaux [47] ou ils montrent I’existence de la solution "mild" pour le probleme
de Stokes. Récemment Al Baba, Amrouche et Escobedo [10] ont étudié le probleme de Stokes avec

des conditions de type Navier (0.7), ils ont établit des résultats d’analyticité sur des espaces LP.

Nous nous sommes intéressés ici a la résolution du probleme d’évolution homogene de Stokes avec

des conditions aux limites de Navier

%—AU—FVTI':O, divu =0 dans Q x (0,7),
u-n =0, [D(u)n]. =0 sur I x(0,7),
u(0) =ug  dans Q.

et le probléeme d’évolution non-homogene de Stokes

u _Au+Vr=f, divu=0 dans Qx(0,7),
u-n =0, [D(u)n]_. =0 sur I x(0,7), (0.28)
u(0) =0 dans Q.

Concernant ’étude du probléeme homogene de Stokes, notre approche sera basée sur la théorie des
semi-groupes. Nous étudions la résolvante de 'opérateur de Stokes avec des conditions aux limites de

Navier. Pour y faire face, nous procédons comme dans [10], nous étudions le probléme suivant :

{ Au—Au + Vr=f, divu=0 in §, (0.29)

u-n=0, D(u)n|.=0 on I,

T

Nous montrons ici, pour A € C*, l’existence et I'unicité de la solution faible, de la solution forte et de
la solution tres faible du probléme (IT1.3). De plus, si  est de classe C*! et A € C* tel que Re A > 0,

alors nous avons 'estimation suivante :

k(§),p
fulzro) < S o (0.30)

10
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Nous prouvons également des estimations similaires a (0.30) pour les normes de [H g, (div, Q)5 , et
[Ti”/(Q)MW. Une fois nous avons ces estimations, nous pouvons utiliser la théorie des semi-groupes
pour montrer 'existence et I'unicité de la solution faible, de la solution forte et de la solution tres
faible pour le probleme homogene.

Concernant I’étude du probléme non-homogene, il est important de noter, sauf dans le cas hilber-
tien, que I'analyticité ne suffit pas pour obtenir une solution u € W1(0,T; LP(Q)) N LP(0,T; D(A))
du probleme (0.28) (voir [17]) dans le cadre général de la théorie LP.

Dans [34, 39], les auteurs ont étudié le probleme de Cauchy abstrait suivant :

{ U 4 Au(t)=ft) 0<t<T (0.31)

u(0) =0,

avec —A est un générateur infinitésimal du semi-groupe analytique sur un espace de Banach complexe
X. Tls montrent I'existence d'une solution w € WP (0,7; X) N LP(0,T; D(A)) du probléme 0.31 ,leur
approche est basée sur les estimations des puissances imaginaires pures de l'opérateur A et sur la
notion de (-convexité.

Dans notre travail, nous procedons de la méme maniére. Nous montrons en premier temps

I’estimation suivante : Pour un certain t 6y on a pour tout s € R
H(—A)iSHL(LgT(Q)) < Mr(Q,p) e, (0.32)

pour un certain M > 0.
Cette estimation va nous permettre d’appliquer le Théoréme 2.1 démontré dans [39] et de déduire
lexistence de u € WHP(0,T; L (Q)) N LP(0, T; D(A)) solution du probléme 0.28.

11
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Chapter 1

Stokes equations with Navier boundary

conditions

1 Introduction

Throughout this work, if we do not say otherwise, we assume that £ be a bounded domain in R? with

boundary I' of class C*!. We consider the stationary Stokes equations:
—Au+Vr=f and divu=0 in Q (L.1)
and the stationary Navier-Stokes equations:
—Au+u-Vu+Vr=f and divu=0 in Q, (1.2)

where u denotes a velocity, m a pressure and f are the external forces.

To study these problems, it is necessary to add some boundary conditions. Note that these systems
are often studied with Dirichlet boundary condition, also called no-slip boundary condition, which is
applicable in the case where the boundary of the flow is solid. Yet, in the physical applications, we
are often encounter situations where this conditions does not quite feasible. In this case, it is really
important to introduce another boundary conditions to describe the behavior of fluid on the wall. For
example, when a part of flow boundary is the air, it is convenient to use a slip boundary condition.

In the literature, in 1827, Navier [53] was the first to propose a Navier with friction boundary
condition, in which there is the stagnant layer of fluid close to the wall allowing a fluid to slip, and
the tangential component of the strain tensor should be proportional to the tangential component of

the fluid velocity on the boundary:
u-n=0 and 2[D(u)n|.+au, =0, (1.3)

where D(u) = %(Vu+VuT) denotes the deformation tensor associated with the velocity field u, a the
scalar friction function, n the exterior unit normal and 7 the corresponding tangent vector. Systems
(I.1) and (I1.2) with (I.3) have been studied by many authors. Note that, the first paper is due to V.
A. Solonnikov and V. E. Séadilov [59] in 1973 without friction function (o = 0) in the Hilbert case

13
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and only for external force f € L*(Q). We also refer to the paper of H. B. da Veiga [30]. We can cite
the work of Clopeau, Mikelic and Robert in two dimension [26] or the paper of Verfiirth [63], who has
studied the mathematical formulation of Newtonian fluid flow with slip boundary condition. In the
case of special boundary, such that periodic rough boundary we can mention the works of D. Bucur
et al. [23] and the paper of J. Casado-Diaz et al. [33].

The purpose of this work is to study some results of existence, uniqueness and regularity of solu-
tion for the stationary Stokes problem (I.1) and also Navier-Stokes problem (I1.2) with the boundary
condition (I.3) with v = 0.

Our method, to study Stokes problem, consists to use Lax-Milgram theorem and Korn’s inequality
to prove the existence and uniqueness of weak solution in the Hilbert case, to use duality argument
for the general case 1 < p < oo and exploit the relationship between slip-Navier boundary condition

and the the following boundary condition:
u-n=0 and curluxn=0, (1.4)

to prove the regularity. To study Navier-Stokes equation, we use Galerkin method and some compact-

ness results.

The outline of this paper is as follows: In Section 2, we will recall some preliminaries results,
introduce an important frameworks and announce a crucial result which gives the relationship between

(I.3) and (I.4) in the weak sense on the conventional spaces.

In Section 3, we investigate the existence and uniqueness of weak solution for system (I.1), (1.3).
The main idea is to begin by proving the existence and uniqueness in the Hilbert (p = 2) case for Q
only of class C™! then generalizing this result in LP-theory for 1 < p < oo for Q of class C?!.

In Section 4, we establish the existence and uniqueness of strong solution when we impose more
regularity to data.

The purpose of Section 5 is to proof the existence of another class of solutions called very weak
solution for less regular data. The idea is based on using the regularity of solution and a duality
argument.

In Section 6, we prove the existence of a similar basis of eigenfunctions of Stokes operator to that
given by T. Clopeau et al. in [26].

The purpose of Section 7 is to study the Navier-Stokes problem with Navier boundary condition

in the Hilbert case. The idea here is to use the Galerkin method and the Brouwer theorem.

2 Preliminaries and functionals spaces

In this section we review such basic notations and functional frameworks. Let us first recall some
elementary properties. We note that the vector-valued Laplace operator of a vector field v = (v, va, v3)
is equivalently defined by

A v = 2divD(v) — grad (div v) (I.1)

14
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or by
A v = grad (div v) — curlcurl v. (1.2)

Second, we define the following spaces: For all 1 < p < oo,
LY(Q) = {ve L?(Q); /dea: =0},
is equipped with the norm of L?(Q),
HP?(div,Q) = {ve LP(Q); divv € LP(Q)},

which is equipped with the norm:

3=

lollz»@ive) = (10700 + 1div ollE s o))

and
HP?(curl,Q) = {v e LP(Q); curlv € L?(Q)},

which is equipped with the norm:

3=

”'UHHP(curl,Q) = (H'UHI}JP(Q) =+ IICurlvHip(Q)) .

According to [9], the space D(Q) is dense both in HP(div, ) and H”(curl, Q). The closure of D()
in H?(div,Q) and in HP(curl, ) is denoted respectively by H¥(div,Q) and H[ (curl,Q) and can

be characterized respectively by
HP(div,Q) = {v e H(div,Q);v-n =0onT},

Hl(curl,Q) = {v € H(curl,Q); v x n=00nT}.

Let now introduce some notation to describe a boundary. Let us consider any point P on I'" and
choose an open neighborhood W of P in I' small enough to allow the existence of 2 families of G2
curves on W with these properties: a curve of each family passes through every point of W and the
unit tangent vectors to these curves form an orthonormal system (which we assume to have the direct
orientation) at every point of W. The lengths s1, s along each family of curves, respectively, are a
possible system of coordinates in W. We denote by 71,72 the unit tangent vectors to each family of
curves, respectively.

E =

With this notation, we have v = Z}i:l veTi + (v - n)n where 7, = (7,7, ) and vy, = v - Tg.

k17 "k2) k3

In the sequel, for simplicity of notation, we write

2
Z wr as (1.3)

k

In this paper we need a relationship between slip-Navier boundary conditions (I.3) and (I.4), for this

15
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reason we state the following result:

Lemma 2.1 For any ve W?2P(Q), we have the following equalities:

2D (), = V(v m) + (22) A
curlvx n=V,(v-n)— (2’:1)7_ — Av.

(L4)

(L5)

Proof. In this proof we use the local coordinates (similar to Theorem 3.1.1.1 in [40]) and the density
of D(Q) in W2P(Q). Let v € D(Q) and let us start by calculate a gradient of v on the boundary.

2
. (9’11 T 8’0 T
Vv = ;ETE +87n
B orr  Ovg T 2 d(v-n) T
= 2 (’Ukaisg‘i‘aisg k) ¢ +£zzl( 856 n-+ v na—SE)Tg
2
Ouy, 0Tk, d(v-n) on, 1
+ kz::l(an'rk—l— g )nt + ( 3 n+wv ny ynt.
As a consequence,
B vy, ori, O(v-n) n
(T =2, Gamtugy)* on " "oy
Therefore,
2
_ 5 (O OTk ) on
on
Note that — - n = 0, then we have
on
2 2
T OTkyr | 0% 7 Ow-m) 7\ . (O™
(Vo)" = Z Tg(?)k<88£) +aSgT )+Z:17'g( 5 n 4+ n<635> )

2
avk 8Tk; T 6(’0 . n) on T
+ Zn(—nrf+vk(a—n) )+ n( o nT+'v~n(—n) ).

Since a—n -n =0, we deduce that

0sy,
2 2
T 0Tk 1 d(v-n) 0Tk 7 d(v-n)
(Vo) n—zzk:nvk(—asé) n+£:z:1'rg 05, +kz::1nvk(—an) n+n 5
Then,
2 2
T OTk 1 > d(v-n)
Vo) n| = v ( —)'n T
{( ) L— &kzzl K (855) e:zl 0sy ¢

16
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Adding up equality (I.7) to (1.9) we obtain

2 vy oty n 2 OTk . p 2 d(v-n)
2D(w)n), =3 Dry o (TE) 40024 Y (W() n) ot . (L10)
k=1 9T n k=1 5¢

But we know that

ov, o, ot on
(%)T - = on T + vk on Jr v "on’
and
d(v-n)
Vr(v-m) :g 9sg
Which implies that
ov ot
2D = (— (v —_— . I.11
2D(v)n], = (5-), + Vr(v n)+£zk:vk 55, "7 (I.11)
In addition, because ‘T{ -n=0on I, we have
I AL S oy e O
k™ L = - k k-5 14
Ok sy =1 (=1 ds¢
22: (22: VLT 8n> T
= - ETk" 7 | T
=1 \k=1 9
2
= 0sy

Therefore, we have
a‘Tk
kaa— ‘nT)=—Av.
L

0
Since € is of class C?!, we see that a—n e Wh*°(T),¢ = 1,2. Hence, using (I.11), (1.12) and the
S¢

density of D(Q) in W P(Q), we obtain (1.4).

In the other hand, we know that

1 iavx +8vx
curlv = — X T+ = X n.
klask T on

As consequence, we have

2
ov ov
curlvxn_kZ::l(a—Serk)><n+(%><n)><n.

Now, in general

(uxv)xw=(u-w)v— (v w)u.

17
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Using this equality, we have

curlv xn = 2 (@n)T — (T n)@—I—(@n)n—@
N =1 8sk k k 8Sk on 8n’
2
ov ov ov
kz::l (a—Sk ‘)T + (87 n)n — I
On other hand, we have
(G mn— 52 = —(50)
an " on on’™
Consequently,
ov ov
curlv xn = ;(35] ‘)T — (a—n)T7
2
_ Ny en) ov
= ; 75, T; — Av (811)7" (I.12)

In conclusion, since €2 is of class C*!, we can pass to the limit in (I.12) and we obtain equality (I.5)
in W2P(Q). O

Remark 2.2 In the particular case v - n = 0, we have the following equality:For all v € W?P(Q),

ov

2D(v)n], = (5), — Av,
ov
1 — (%% Aw.
curlvx n (On)T v
which implies that
1
[2D(v)n|,. = —curlv x n—2Av in W»P(T). (I.13)

Note that we can obtain the equality (I.13) in weak sense. To do this, we must give a sense to curl vxn

and to [D(v)n|,. when v belongs to an appropriate space. We need the following space:
VP(Q)={ve W (Q);dive=0inQ, v-n=00onT},
with the norm of W1?(Q)and
EP(Q) = {ve W'P(Q): Av e [HY (div,Q)]'},
where [Hé’/(div, Q)] is the dual space of Hopl (div, Q). EP(Q) is equipped with the norm:
I o lprr=l o oy + 1A g vy -

We note that D(Q2) is dense in EP() (see [55], Lemma 4.2.1). We need also the following two
lemmas. To prove the first one we refer to ([55], Corollary 4.2.2).

18
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Lemma 2.3 We suppose that Q is of class CY'. The linear mapping v : v — curlv x n defined on

D(Q) can be extended to a linear and continuous mapping
~v: EP(Q) —— W #P(D).
Moreover, we have the Green formula: For any v € EP(Q) and ¢ € Vp/(Q),

— (Av, ) = / curlv- curlp dz — (curlv x n, p)r. (I.14)
Q

where (., .)r denotes the duality between W_%’p(f‘) and W%’p,(l") and (., .)q denotes the duality between
(HY (div,Q)) and HY (div, Q).

Lemma 2.4 Suppose that  is of class CY'. The linear mapping © : v —— [D(v)n]_r‘F defined on

D(Q) can be extended by continuity to a linear and continuous mapping
0: EP(Q) —— W rP(D).
Moreover, we have the Green formula: For any v € EP(Q) and ¢ € V¥ (),

~(Av,g)g =2 [ D(v) : D() do—2(D(v)nl,. o)r- (L15)

Proof. Let v € D(Q) and ¢ € W ¥ (Q) with ¢ - n = 0onT, then, by using (L.1), we have

~(Av,ply =2 [ D(v): Veda - (2D(v)n],. )r

—/ divvdiv e dz
Q
Then, for any v € D(Q) and for any ¢ in V7 () we have

~(Av.¢)g =2 [ D(v) : D(¢) d — (2D(v)nl,. p)r. (.16)

Now, let p be any element of WP I(I‘), then there exists an element ¢ in W ' (Q) such that
divee =01in Q and ¢ = p, on I' with

Il ) < Cllitell gy < Cllialy 3 (117
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Consequently,

|<2 [D(v)n]r ’ M’>F|

[(2[D(v)nl,., pr )y
[2[D(v)n], )|
HAUH(

IN

H5’<div,m)’”"’”Hé”(divm
+ 2D )l|zr@) D) Lo o

Av|P , 2P 2D (v)|P
1851 g+ 2 TP e

S

[(2[D(v)n]., p)r|

IA

1
v

(Il g + 272D ) 7 - (I.18)
() ()

It follows that from Korn’s inequality, we have
(D), , 1)] < Collollmrey el o)
Thus, by using (1.17), we deduce that

I3 < Cllolpso,

Therefore, the linear mapping © : v —— [D(v)n)| #r defined on D(Q) is continuous for the norm

of EP(Q2). Since D(N) is dense in EP(£2),O can be extended by continuity to a mapping still called
1 /
© € £(EP(Q), W »P(I')) and formula (I.16) holds for all v € EP(Q) and ¢ € V' (Q). O

Owing the previous result, it is possible to extend (I.13) in WP (I') and we have the following

corollary.
Corollary 2.5 For any v € EP(Q) such that v- n=0 on I', we have
2D(v)n|, = —curlvx n—2Av in W_%’p(F). (1.19)

Remark 2.6 Note that, if Q is of class C%1, then the slip-Navier boundary condition (I1.3) condition
differs from (I.4) only by the term —2Aw. This term is equal to zero in the case of the flat boundary,

consequently we have (I1.3) and (I.4) are identical, in this context we cite the paper of H. B. da Veiga
et al. [30].

In the sequel, we need the result of existence and uniqueness for the following intermediate problem:

—Au+Vr=f in

u-n=g on

Q,
divu=yx in
L,
I.

curlu x n=h on

20



1.2 Preliminaries and functionals spaces

We introduce the following spaces:
K% (Q) ={ve LP(Q); divv=0, curlv =0inQand v x n =0onT},

KL(Q)={ve L’(Q); divv =0, curlv =0inQandv-n=0onTl}.

We now recall a result of existence and uniqueness of weak solution for the problem (8;) (see [8] and

[55]):

Theorem 2.7 Suppose that Q is of class CY'. Let
fe [HY (div, )], x € LX(Q), g € W' 5P(I),hx ne W r"(T)
and verifying the following compatibility conditions: Forany ¢ € K’}I(Q),

(fie)g + (hp)r =0, (1.20)

/gzxdwzégda- (1.21)

Then, Stokes problem (81) has a unique solution (u,7) € W'P(Q) x LP(Q)/R satisfying the estimate:

[l + 17 [ eym < CO gy + IXzr @) + 1 +

+Hh X n|| W_%’p(f‘)).

We need also the following result (we refer to [55]):

Theorem 2.8 Let f € [Hg/(curl,Q)]’ with div f = 0 in Q satisfying the following compatibility con-
dition:

Vo e K¥(Q), =0, (1.22)

<f’ ’U> [Hgl (curl,Q)]’ x Hopl (curl,)

and h be such that h x n € Wlf%’p(lj). Then the following problem

—Au=f in €,
divu=0 in €,

uxn=hxn on I.

has a unique solution in W P(Q)/KX.(Q) and we have

||u||W1’p(Q)/K]Z\7,(Q) < C(HfH[Héo/(curl,Q)]’ + Hh’ X nHWl—%,p(F))‘
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Chapter I. Stokes equations with Navier boundary conditions

3 Weak solutions of (S7)

In this paper we are interested in the following problem:

—Au+Vr=Ff in

divu =x in
u-n=g on

2[D(u)n]. =h on

H 5 20D

The aim of this section is to study the existence and uniqueness of weak solution for problem (S7).
First, we consider the Hilbert case. Then, we will study the case of LP-theory, 1 < p < co. We start
by the following proposition:

Proposition 3.1 We suppose that x =0 and g = 0. Let f € [Hé’/ (div, Q)] h e W_%’p(f‘) such that
h-n=0 on T. (I.1)

The problem: Find that (u,7) € WYP(Q) x LP(Q) satisfying (S7), in the distribution sense, is
equivalent to
Find we VP(Q) suchthat,

(1.2)
V€ V7(@), 2 [ D@w:D(p)de= (f.e)q+ (he)r-

Proof. First, we note that if h € W_%’p(F), then we have h - n € W_%’p(I‘). That means that
1 1.7
the relation (I.1) holds in W ™ »P(I'). In fact, let a be in W»* ('), or Q is of class C1!, then
1.7 1
an € W»P (T) since n € W1(I'). The regularity W »”(I') of h - n is then consequence of the
relation

(h-n,a)r = (h,an)p.

Now, using Green formula (I.15), we deduce that every solution of (87) also solves (I.1). Conversely,
let u be a solution of the problem (I.1). Let us take a function ¢ € D(2) such that divep = 0 as a

test function in (I.1). Then we have

2 [ D(w): D(p)dz = (A @)y .0
As a consequence,

Vi € Dy(12), (—Au—f, 90>®’(Q)x@(g) =0.

So, by the De Rham Theorem, there exists a distribution 7 in D’ (Q) defined uniquely up to an additive

constant such that
—Au+Vr=f. (1.3)

As Vr e [Hé’/ (div, Q)] — W ~1P(Q), we deduce that 7 € L?(Q) (we refer to [3]). Moreover, by the

fact that u belongs to the space V?(2), we have divu = 0 in 2 and w.n = 0 on I'. It remains to
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1.3 Weak solutions of (S7)

prove the Navier boundary condition 2 [D(u)n],. = h on I'. We multiply Eq. (L.3) by ¢ € V7(Q)

and we integrate on (2:
2 [ D(w): D) do — 2(D(wnl, . ¢)r = (.} (14)
Using (I.1) and (1.4), we deduce that
Ve € Vp,<Q)7 <2 [D(U’)n]r ) 90>F = <h’a 90>F

1 .7 /
Let now p be any element of the space wle? (I'). So, there exists ¢ € WP (Q) such that
dive =01in Q and ¢ = p. on I'. Its clear that ¢ € Vp/(Q) and

@D(wnl, — by = (2[D(wnl, — b )y
= (2[D(u)n], — h, @),
= 0.

This implies that
2[D(u)n].=h on T,

it is that end of the proof. O
First, we denote by a the bilinear form defined on V?(Q) x V¥ (Q) by
a(u,p) = /QD(u) :D(yp) dx. (I.5)
We introduce the kernel J(2) for any 1 < p < oc:
J7(Q) = {v € W'P(Q); D(v) =0inQ, dive = 0inQandv-n = 0onT}.
Observe that, if 2 is obtained by rotation around a constant vector b belongs to R3, then
T7(Q) = Span{8},

where

B(x)=bxez, forxe Q.

Else, the kernel I?7(€) is equal to zero (see [64] for more details). We denote
NP(Q) = {(u,c); u € TP(Q), c € R}.

Since TP(Q) and N?(£2) do not depend on p, we note T(£2) instead of TP(Q2) and N(Q) instead NP(Q2).
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Chapter I. Stokes equations with Navier boundary conditions

Remark 3.2 By this characterization, we deduce the following compatibility condition:

(£, B)a+ (b, B)r =0

(with h - n = 0) that is necessary to solve problem (I.1) and then also to solve (87) with x = 0 and
=0.

3.1 The case p = 2:

In this section we prove the existence and uniqueness of weak solution for problem (87) in the Hilbert
case. Our proof is based on the use of Lax-Milgram theorem. Before that, we introduce the following

spaces:
X(Q) = HY(Q)/T(Q). (L6)

To prove the coercivity of the bilinear form a, we are now going to give the proof of the following

lemma which was cited in [63] without proof.

Lemma 3.3 (Poincaré-Morrey Inequality) Let Q2 be a Lipschitz bounded domain. Then, we have
Jnt et vl < CD@Gg) + [ [u-nfdo).  vue H'(®) (.7
where the constant C' only depends on Q2. In particular, the semi-norm ||D(uw)||p2(q) is a norm which

is equivalent to the norm |lul| g1 (o) if u € H'(Q),u-n=0onT and/ u- Bdx=0.
Q

Proof. Let us P denote the orthogonal projection from L?(Q) onto T(Q) with the product scalar of
L*(Q). Then

: 2 2
pelg’l(fQ) ||u+p||L2(Q) = [l PUHLQ(Q)'

Therefore, it suffices to show that, there exists C' > 0 such that
|lu — PuH%g(Q) < C(HD(U)HQLQ(Q) + /1“ lu-n|?do), foranyuc H'(Q). (L.8)

To establish the existence of such constant, assume the contrary. Then, for any k > 1, there exists

Uk, such that
luk — Pugl 220 > B(ID (i) 20 +/F]'u,k -l do).

We can suppose that
2
[lug — Puk”LQ(Q) =1L

As consequence, )
© > D@y + [l nfPdo, vk e N

Setting w, = up — Pup and using the Korn inequality, we deduce that wy is bounded in H 1(9)
Then, by Rellich theorem, there exists a subsequence still called w; that converges to w in LQ(Q)
and weakly in H'(Q). Since ID(w)||f2() = 0 and w - n = 0, we deduce that w belongs to T().
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1.3 Weak solutions of (S7)

Moreover, we have w € T(Q)+, where T(Q)* is the orthogonal complement of J(Q) in L?(Q). Hence

w = 0, in contradiction with the relation [|wy|[ 2y =1, V& = 1. The proof of lemma is completed.
O

Now, we can solve the Stokes problem.

Theorem 3.4 Suppose that x = 0 and g = 0. Let f€ [HZ(div,Q)]' and h € H_%(F), satisfying (1.1)

and
{F.B) g vy xmgive) T By o gty =0 (1.9)
Then, Stokes problem (St) has a unique solution (u,m) € (H(Q) x L*(Q))/N(Q). In addition, we

have the following estimate:
ol 2y + W 2 < CO maamany + 103 ) (1.10)

Proof. It is clear that the bilinear form af(.,.) given by (I.5) is continuous on H () and using
Poincaré-Morrey inequality (IL1.5) we deduce that it is also coercive on X (€2). Moreover, we have the
linear form ¢ : X(§2) — R, which is defined by

( ) <-f7 >[H0 div Q)],XHz(dIV Q) + <h7 ‘P>H7%(F)XH%(F) °

is continuous over H *(Q)/J(Q). Thus, we deduce by Lax-Milgram’s theorem that problem (I.1) given
in Proposition 3.1 has a unique solution u € X () and 7 € L?(Q2)/R.

Using the variational problem and Poincaré-Morrey inequality, we have

Il x(9) < Co(llf a2,y + HhHHf%(F))- (1.11)
On the other hand,

IVl g-10) < If L) + 1A% g
We know that

1F 1) < CLllf a2 aiv.0))
and
[Au] g-1(q) < Cllull g ()
Therefore,
ég]% I+ k22 0) < Co(Ilf a2 a0y + Hh”Hf%(F))' (1.12)

The estimation (I1.10) follows easily from (I.11) and (I1.12). O

We can also solve the Stokes problem when the divergence does not vanish and we have the following

corollary the proof of which is given later in Corollary 2.3.
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Chapter I. Stokes equations with Navier boundary conditions

Corollary 3.5 Let f, x,gand h such that
fe [H2(div,Q)], y € L3(Q), g€ H2(Q)and h e H 2(T),

satisfying the compatibility conditions (1.1), (1.9) and

/Qxd:vz/rgda- (1.13)

Then, problem (87) has a unique solution (u,7) € (H*(Q) x L*(Q))/N(Q). Moreover we have the

following estimate:
lull g2 o) 7y + 17 lz2@)r < CUF B2 @v,0) + X 22(0) + ||9||H%(F) + ”hHH*%(r))’ (1.14)

Remark 3.6 In the case g = 0, we can write problem (87) as follows:

(sh) —Au+Vr=Ff and divu=y in Q,
T
u-n=0 and curluxn=-2Au—h onlT.

3.2 The general case 1 < p < o0

We now investigate the case 1 < p < co. We start by showing the existence and uniqueness of weak

solution for (87). We start by studying the case p > 2.

Theorem 3.7 Assume that p > 2. Suppose that x = 0 and g = 0. Then, for any f € (H(’f,(div, Q)
1
and h € W »P(T") satisfying (1.1) the following compatibility conditions are satisfied

(f.B)q + (h.B)r =0, (1.15)

where (., )r = (.,.) W EP oy WA (D) and (., ) = (., ’>[Hgl(div,ﬂ)]'xH(f/(div,Q)'
Then, problem (St) has a unique solution (u,7) € (W1IP(Q) x LP(Q))/N(Q). In addition, we have
the following estimate:

).

ull wie)a@) + 17 lLr@)yr < C(HfH[Hg'(div’Q)], + HhHW%,p(F)

Proof. We know that for all p > 2 we have

(HY (div,Q)) < (H3(div,Q)) and W »P(I) = H~3(T).

Then according to the Hilbert case the problem (S7) has a unique solution (u,7) € (H' () x
L2(Q))/N(Q). Applying Corollary 2.5, we have

curlu x n+2[D(u)n]_= —2Au on H*%(F),

T
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1.3 Weak solutions of (S7)

because u € E*(Q) and Q is of class C%!. As consequence, (u, ) is solution of (8}.). Therefore, (u, )

verifying the following problem: For all ¢ € V 2(Q),

/chrl u-curle dz = (£, ) (myaiv o)y xmjave) T 2AEER@) g g

In particular, we have
2
(F. @) (mz(aiv.)y < H@ive) T2AUho@) oy oy =0, forall € Kop(Q).
Or more generally, for all p > 2 and ¢ € K ;ZI(Q)

<.f7 LP>(H(Z;7, (diV,Q))/XHé), (diV,Q) + <2Au + h? ‘P>I‘ = O (116)

In the other hand, we have u, € H%(I‘) — W7%’6(I‘). Therefore, by (1.16) and Theorem 2.7, we

have (u,7) € W1P(Q) x LP(Q), for 2 < p < 6. Now, suppose that p > 6, then repeated application
1

of Theorem 2.7 enables us to assume that u, € Wl_éﬁ(f‘) — W »P(T') for all p > 6. Clearly,

—2Awu — h belongs to W_%’p (I"). Consequently, by the same reasoning, we deduce that the solution
(u,m) € WLP(Q) x LP(Q). O

We can also solve the Stokes problem when the divergence does not vanish.

Corollary 3.8 Let p > 2. Let f, x,gand h such that
fe [HY (div,Q)], x € LP(Q), g e W' #?(I) and he W #P(I),

satisfying (1.1), (1.13) and (1.15). Then, Stokes problem (87) has a unique solution (u, ) € (WP(Q)x
LP(Q))/N(Q2). Moreover we have the following estimate:

[l wre )z + I llr@)r < C(”fH[Hg’(div,Q)y Hixllzr@) + gl -1

).

™)

Proof. We solve the following Neumann problem:
) 00
A=y inQl and —— =g onl. (I.17)
on

For x € LP(Q2) and g € Wl_%’p(I‘), problem (1.17) has a unique solution § € W 2P(Q)/R satisfying

the following estimate:

10/l 2.00) e < C(lIxILr0) + HQHWP%,;)(Q))-
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Chapter I. Stokes equations with Navier boundary conditions

Setting z = u — V6, then (87) becomes: Find (z,7) € W (Q) x LP(Q) solution of problem

—Az+Vr=f+Vx in Q,
divz=0 in €,

(1.18)
z-n=20 on I,
2[D(z)n], = H on T.

with H = h—2[D(V#0)n]_. Observe that f4+Vx belongs to [Hé’/(div, )]’ and H belongs to W_%’p(F)
and satisfies H - n = 0. Using Remark 3.2, to prove that problem (I.18) has a solution, it is necessary

to prove the following compatibility condition:

(f+Vx,B)q + (H,B)r =0, (1.19)

which is equivalent by (I.15) to the condition

(Vx,B)q — 2[D(VO)n],.,B)r =0

In fact, it is clear that V6 belongs to E?(€2). Then applying Green formula (1.15) with v = V6 and
¢ = B we obtain

—(2[D(VO)n], . B)r = —(A(V0),B)q
= - <VX7B>Q .

Thus, due to Theorem 3.7, problem (I.18) has a unique solution (z,7) € W1P(Q) x LP(Q)/N(Q2). O

The following theorem will be proved by duality argument.

Theorem 3.9 Assume that 1 < p < 2. Let f € (Hgl(div, 2), x € LP(Q), g € Wl_%’p(f‘) and
1

he W »P(T), satisfying the compatibility conditions (1.1), (1.13) and (1.15). Then, problem (St) has

a unique solution (u,7) € (W1LP(Q) x LP(Q))/N(2). In addition, we have the following estimate:

el wie) /@) + 17l Le@)m < C(HfH[Hg’(div,Q)], +lIxllr@) + ||9||W1_%,p(r)

A g )

Proof. The proof will be divided into two steps.

First Step: We suppose that g = 0. Using Green formula (I.15), we deduce that problem (S7) has

the following equivalent variational formulation: Find (u,7) in (W 1P(Q) x LP(Q))/N(Q) satisfying

w-n =0 on I such that: Vi € LV (Q), Vw € E¥ (Q) satisfying w- n = 0 and [D(w)n]. =0 onT
<’LL, —Aw + V77>Hg(div,ﬂ)X(Hg(div,Q))’ - /Q ndivwdx

= <.f7 w>(HOP/ (div,Q))’XHé]/(div,Q) + <h7 w>F - AXHda: (120)
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1.3 Weak solutions of (S7)

According to Corollary 2.3 for any pair (F,¢) in ((Hp(div,Q))' LT(2)) x Lfgl(Q) there exists a unique
solution (w,n) € (W W' (Q) x L (Q))/N() such that
—Aw+Vn=F and divw=¢ inQ, w-n=0 and [D(w)n]=0 onl
and
inf Q) (lw + Al 1 ) + 17+ 22ll 1o @) < CUF I mz@iveyy + 1€l @)- (1.21)

(Am)EN(

Let T be a linear form defined from ((H%(div,Q)) LT (Q)) x Lg,(Q) onto R by
75 (B 9) = U 0) ey ey + (o0 = [ xda,
Note that, using (I.21), for any (A, k) € N(2) we have

|T(F’ ()0)| S |<f’ w + A>(H§/(div,Q))’XH§/(diV,Q) + <h’7 w + A>F - /QX(U + k)dm|

< O gy sy + Xy + 1B g ) (B gy + Il

Thus the linear form 7' is continuous on ((H(div,)) LT (Q)) x LSI(Q) and we deduce that there
exists a unique (u,7) in H{(div, Q) /50y X LP(Q) /g such that

T(Fa(p) = <u7 F>Hg(diV,Q)><(H8(div,Q))’ + /QT('QOd%

To finish, we shall prove that u belongs to W'?(Q2). We recall that u € LP(Q) and Au = V7 — f €
(Hé’/(div, Q) — W1P(Q). Now, we introduce the following spaces:

X,(Q) = {ve WyP(Q); dive e W, P(Q)}

and
T, () = {v € DP(Q); Av € (X, ()},

It is clear that W™ 1P(Q) — (X,/(Q))’ and thus we have u € T (). Therefore, according to Lemma
12 of [7], we have u, € W_%’p(F) and also —2Au — h belongs to W_%’p(F). Finally, using Remark
3.6 and Theorem 2.7, we deduce that (u,7) € W LP(Q) x LP(Q).

Second Step: We solve Neumann problem (1.17) with x € LP(Q2),g € Wl_%’p(F) satisfying (I1.13).
There exists a unique § € W 2P(2) /R solution of (I.17). Setting z = u — V@ the rest of the proof runs
as in proof of Corollary 2.3. U

Remark 3.10 We are so far interested in the boundary conditions on the stress tensor. However, it

is also interesting to consider the boundary conditions on the tangential components of the normal
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Chapter I. Stokes equations with Navier boundary conditions

derivative:

—Au+Vr=Ff and divu=y in €,

ov (1.22)

u-n=g and =h onl.
on’7T

As in Corollary 2.5, using the relation (I.5), we can write

(ZZ)T =V,(u-n)—curlu xn— Au in Wﬁi’p(F). (1.23)
As consequence, in the same way as for problem (87) we can solve the problem (1.22) and we have

the following theorem:

Theorem 3.11 Let f € (H(I)D/(div7 V), x € LP(Q), g € Wl_%’p(I‘) and h € W_%’p(F), satisfying
the compatibility conditions (1.1) and (1.13). Then, problem (1.22) has a unique solution (u,m) which
belongs to W1P(Q) x LP(Q)/R. In addition, we have the following estimate:

|l wie) + ITllr@)r < C(Hf||[H§'(diV7Q)], +[IxllLr ) + HQHWk%,p(F)

+||hH W*%vp(r))‘

4 Strong Solutions of (S7)

We prove the existence of strong solutions (u,7) € W *P(Q) x LP(Q) for the Stokes problem.

Theorem 4.1 Let f € LP(Q),x € WP(Q), g € WZi%’p(F) and h € Wlf%’p(l“), satisfying the
compatibility conditions (1.1), (I.13) and (1.15). Then, problem (8t) has a unique solution (u,m)
belongs to (W?P(Q) x WLP(Q))/N(Q) and satisfies the estimate:

). (L.1)

Il sy + oy < CUALe + ol oy, + 1011

( )

Proof. Before, we note that under the hypothesis of Theorem 2.4, the problem (87) has a unique
solution (u,n) € WHP(Q) x LP(Q)/N(Q).

To prove the regularity of the velocity, we set z = curl u. Observe that —Az = curlcurl z and
curlz = —Au+ Vy = f+ V(x — 7). Using Remark 2.2, we deduce that z satisfies the following

problem:
—Az=curlf in €,
divz=0 in €,
zxn=H on TI.

where H = —2Au — h. Since, Q is of class €>! and v € W'P(Q), we have Au € Wl_%’p(l").
1
Consequently, H € W' »”(I') and satisfies the compatibility condition (L.1). Since, curl f belongs
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to [H} , (curl, Q)] and satisfies the following compatibility condition

(curl f, 90>[H(§"(cur1, Q< HE (curl, @) = 0, forallp € KX (9),

we deduce from Theorem 2.8 that z € W 'P(Q). Then u € X*P(f2), where
X2P(Q) = {v € LP(Q); dive € WP(Q), curlv € WIP(Q)andv-n e W2 »5 (D)}

As a consequence, thanks to the imbedding of X*P(Q) in W 2P(Q) (see [9]), the solution u of the
problem (87) belongs to W 2P(Q). Finally, since

Vr =Au+ f € LP(Q),

we deduce that = € W 1P(Q). O

5 Very weak solutions of (Sr)

In this section we want to prove the existence of a very weak solution for the Stokes problem (87).
To prove this, we shall apply a technique used in [7] for the Dirichlet boundary conditions and in [§]

for the Navier boundary conditions. First, we start by introducing the following space:
T7(9) = { € Hfj(div,2); dive € W, () }.

We recall now some preliminary results which we shall use in the sequel (for instance see [8]).

Lemma 5.1 The space D(Q) is dense in TP(Q) and for all x € W —P(Q) and ¢ € TP (), we have

(Vx, 90>(TP/(Q))/>< 7 (Q) = —(x, div ‘P)W —Lp(Q)x W, P (Q)" (L1)

Lemma 5.2 A distribution f belongs to (TP(Q)) if and only if there exist ¥ € L¥ () and fy €
W =L (Q), such that
f=¥+Vi.

Moreover, we have

1Fll (e @)y = Max{[®|| .o o, [ follw 1 () }-

Giving a meaning to Navier boundary condition of a very weak solution of a Stokes problem is not

easy. For this reason, we need to introduce the space
H,(A;9) = {ve LP(Q); Ave (TP(Q)'},
which is a Banach space for the norm:

lollm, a0 = v lr@ + 1AV 7w g
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Chapter I. Stokes equations with Navier boundary conditions

The following lemma (see [8]) is important to prove a trace result.

Lemma 5.3 The space D(Q) is dense in Hy(A; Q).

Let us introduce the space
SP(Q)={pc W>(Q); ¢-n=0,dive =0, [D(u)n], =0onT}
and recall the following formula (see [3]):

0
divv:dinvT—i—Kv-n—i——v-n on TI.

on

(L2)

The following lemma proves that for any v which belongs to H,(A;Q), we have [D(v)n], is well

defined in Wﬁl*i’p(l“).

Lemma 5.4 The mapping Y : u > [D(u)n); on the space D(Q) can be extended by continuity to a
1
linear mapping still denoted by Y, from Hy,(A;Q) into W_I_E’p(f‘) and we have the following Green

formula: For any w e H,(A;Q) and ¢ € SP'(Q),

—1—

(Awu, ‘P>(TP’(Q))’><TP’(Q) = /Q u- Apdz+ (2[D(u)n|-, @)

1 1 .
w E’IJ(F)X W1+57P, (F)

Proof. First, let u € D(Q). Then for any ¢ € Sp,(Q), we have on one hand

<Au,cp)(Tp/(Q)),XTp/(Q) = /Qdivudivcpda:—Q/QD(u) : D(p)dz

+ @2D(u)n)r,e) i

1 1
w E7P(F)XW1+5’pI(F)

and on the other hand
/ u-Apdr = / div u div pdx — 2/ D(u): D(p)dz
Q Q Q
Thus, for any u € D(Q) and ¢ € S7'(Q)

(A 0) oty 1 (1) = /Q w- Agda+ ADWRr @) gy

Now, let p € W1+%’p/(F). We know that there exits ¢ € W > () such that

0
p=p, and %zAu—ndivFuT on I.

In addition, we have the following estimate

190l 2y < Clltell vear < Clltll vt

(1) ()
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As Ap-n=0onT (see (I1.3)), we have

ap

o "= —divrp, on T

Using identity (1.2), we deduce that
divp=0 on T.

Also, using (I.4), we have

an
= Au—Ap
= 0.
To recapitulate, ¢ belongs to S p/(Q) and satisfies
e .
o =p, and In Ap — ndivpp, onl. (I.5)

Therefore, we can bound the boundary term as follows: For functions ¢ belonging to S p/(Q)

u - Apdz|

| = [[D(u)nlr, @)

1=

(D@l ar) - .

1 1 1 1
BP(Ir)x WP (1) BP(IC)x W TR (1)

< ’<Au7 (P>(TP/(Q))/XTPI(Q) _/Q

< H‘PHTP’(Q)HAUH(TP’(Q))/ + HUHLP(Q)H‘PHWZP’(Q)
< C”’"’HHP(A;Q)”‘PH w2r'(Q)

< CHUHHP(A;Q) ||IJ‘” W1+%7p,(1—‘)'

Consequently, we obtain for any u € D(Q):

I[D(w)n]-|

Wb < Ollulla,(an)-

It follows that, the linear mapping Y : u +— [D(u)n],; defined in D(S?) is continuous for the norm of

H,(A;Q). Finally, by density of D(2) in H,(A;2), we can extend continuously this mapping from
1
H,(A;Q) into W ~'"»?(T') and the Green formula (I.3) holds. O

Now, we are in position to prove the existence and uniqueness of a very weak solution for Stokes

problem (87). The proof of the following theorem is similar to Theorem 4.15 in [§].

Theorem 5.5 Given any f, x,g and h with

Fe (T (Q)),x € LP(Q),g € W #(I),h e W "5¥(T),
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Chapter I. Stokes equations with Navier boundary conditions

and satisfying the compatibility conditions (1.1), (I1.15) and

/Qxdw=<g,1)

W_%’p(F)XW%’p/(F)'
Then, problem (S1) has a unique solution
we LP(Q)/T(Q) and 7€ W 1P(Q)/R.

Moreover, we have the estimate:

).

|ull 2z ) /70) + I7llw 100 r < C(Hﬁ|(Tp'(Q))/ + Xl e ) + ||§/||W71 0y + Hh”W

1
Eyp( *1*5710(1—\)

Proof. The basic idea of this proof is to use the duality argument and the strong solution of the
adjoint problem with Navier boundary condition. The proof falls into three parts: in the first part we
will write the variational formulation, after that we prove the existence of a very weak solution when
g = 0 and, in the third part, we will finish with the case that g is not vanishing.

First Step : Observe that if u € H,(A;Q) and 7 € WP(Q), then according to (I.1) and (1.3) we
have for any ¢ € S (Q) and for any ¢ € W ¥'(Q),

(ZAUEVT Q) v @y (@) = _/g;u'mpdm_<2[D(u)n]7’(P>W‘1‘zlwp(r)xwl+zlwp/(r)

<7T, diV Q0>W —1’P(Q)><W01’p/((l)’

/u-qu.'E = —/qdivud:ﬂ+<u-n,q>p.
Q Q

Thus, if (u,7) € LP(Q) x W ~12(Q) solution of ($7), then u € H,(A; Q) and for any ¢ € SP'(Q) and
for any ¢ € W ¥ (Q) we have

- /Q u- Apdz — (m,div ‘P>W71,p(Q)XW01,p’(Q) ={f, ‘P>(Tp’(Q))/X T ()

k) WPy w R (1)

/ u - Vgdx = —/ xqdz + (g, q)r.
Q Q

(1.7)

Conversely, let (u,m) € LP(2) x W ~1P(Q) be a solution of (I.7). Therefore, it follows immediately
that,
—Au+Vr=§Ff and divu=yx in €.

Now, writing

Au=Vr—f

and using Lemma 5.2 we deduce that u belongs to Hy,(A; ). As consequence, applying Lemma 5.4
1
we have 2[D(u)n], € W'~ #"('). We repeat application of (1.3) and using Lemma 5.1 enables us
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I.5 Very weak solutions of (S7)

to write: for any ¢ € §¥ (1),

/Qu Apda+ DN @) 1 ety =~ P @

—(m, div ) (L.8)

W =12 (Q)x WP (Q)°

Comparing (1.7) with (I.8), we get

@D(w)nlr, @) Wl BT < w e () (h. @) W B w B ()

Let p € w it (). Analysis similar to that in the proof of Lemma 5.4, there exists a function
@ € 87 (Q) such that ¢ = ...
Consequently,

(2[D(u)n|r, ) W’l’%’p(r)x W“%’p/(r) = WP (1) x W1+%,p/(r)7

Accounting on the above equality, we have
2[D(u)n] =h on T.

It still remains to prove that w-n =g¢ on I'. For this, we consider the equation divu = x in 2, we
multiply this equation by ¢ € W' (), do the integration by parts and compare with (I.7). Then we
get

(u-n,q)r = (g9,9)r-

As consequence,
1
wu-n=g in W »P().

This finishes the first step.
Second Step : We suppose that

g=0 on I and /Xda::O.
Q

According to Theorem 2.4, for any (F, &) € (L (Q) LT () x (Wol’p/(Q)ﬂLg,(Q)) there exists a unique
solution (¢, q) € (WP (Q) x W' (Q)) /N(Q) such that
—Ap+Vg=F and divp=¢ inQ, ¢-n=0, and [D(¢)n|r =0 onl
and
(4 Aoy + o+ bl @) < O+ el ). (09

(A K)EN

Let T be a linear form defined from (L (Q)LT(Q)) x (W, (Q) N LE () onto R by

T:(F, &) —{f, §0>(Tp’(Q))/><Tp’(Q) + (h, {’P>W717%,p(F)XW1+%,p/(F) - /Qqu:B-
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Chapter I. Stokes equations with Navier boundary conditions

Note that for any (A, k) € N(£),

| xta+n)

|T(F7£)‘ < |<f790 + )‘>(Tp’(Q))/XTp’(Q) + <h790 + )‘> W—l—%,p(F)XWI-F%,p/(F) - q

< O vy + INlo@) + 101y s g VPN )+ 1€l 1 ):

Thus, the linear form T is continuous on (L¥ () LT(€)) x (Wol’pl(Q) N LSI(Q)) and we deduce that
there exists a unique (u, ) in (LP(Q) 5(q) x W ~1?(Q)/r) solution of problem (L7).

It remains to prove the existence and uniqueness of very weak solution when ¢ is not vanish.
Third Step : Now, we suppose that g # 0 satisfying the compatibility condition (I.6). Then, there
exists a unique § € W1P(Q)/R solution of Neumann problem (I.17). Now, setting z = u — V0,
then (87) becomes: Find (z,7) € WP(Q) x LP(Q) satisfying (I.18), with H = h — 2[D(V6)n]_.
Since VO € Hp,(A;Q), it is clear that H belongs to W_l_%’p(F) and satisfies H - m = 0. On
the other hand, we have f + Vx belongs to (TplQ)’. Thus, due to the second step, there exists a
(z,m) € (LP(R2) x WLP(Q))/N(R) solution of (I.18), and the proof is complete. O

6 Eigenfunctions of the Stokes problem

In [26] T. Clopeau et al. showed, in two dimensions, the existence of an orthonormal basis formed
by the eigenfunctions of Stokes operator with Navier boundary condition. It was the idea to invest
in a relationship between curlu and [D(u)n]_ on the boundary and reduce to the resolution of bi-
Laplacian problem. By this method they were able to show the existence of the basis without solving
the stationary Stokes problem. Yet, this technique is not valid in the case of three dimension.

Our objective in this section is to show the existence of the Hilbertian basis of V () formed by

a sequence of eigenfunctions (wvy), € H'(Q) of problem (87). Let us introduce the following problem:

—Au+Vr=f and divu=0 in £,
u-n=0 and [D(u)n|.=0 on T, (L.1)
/u'ﬂdw:&
Q

We start by the following lemma:
Lemma 6.1 Let fe (Hg(div, Q))/ satisfying the following compatibility condition:

(£, 5>( =0. (L.2)

I
H(div,Q)) x HZ (div,Q)

Then, problem (1.1) has a unique solution uw € H'(Q) and = € L2(Q)/R satisfying the estimate:
lull () + 7l L2 (@) m < CIS

(H2(div,9)’

Proof. Let (u,7) be one of solutions given by Theorem 3.4. We know that w can be written as
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1.6 Eigenfunctions of the Stokes problem

u = Pu+cfB, where Pu is the orthogonal projection of u onto L*(Q) LT () and ¢ € R. Tt is immediate
that Pu is the unique solution of (I.1). This finishes the proof. O

We introduce the following spaces:
Z(Q)={ve H'(Q);divv=0 inQ, v-n=0 onF,/,B"vd;c:O}
Q

and
H(Q) ={ve L*Q);divv=0 inQ, v-n=0 onF,/ﬂ-vdmzo}.
Q

We have the following theorem:

Theorem 6.2 There exists a sequence (v;); of V() and (\;); C R such that: The sequence (v;);
is a Hilbert basis of H(Y). Moreover we have

i) Aj > C(Q2)>0 and limj 40 Aj = +00
i1) 2/ D(v;) : D(¢p) dx = /\j/ v;-pdx, Ve ViQ)
Q Q

i) AD(vj):D(vk)dwzxjajk.

Proof. We introduce the operator

A H(Q) — Z(Q) — H(Q)

f— u +— u,

where w is the solution given by Lemma 6.1. Note that, H(Q) is a Hilbert separable space and A is

compact. Moreover, A is self-adjoint operator, indeed
/QAfl-fzdw:2/QD(u1):D(u2)da::/QfI-Af2dm,

where Af, = u;,7 = 1,2. To summarize, A is a compact and self-adjoint operator, consequently H (£2)

possesses a Hilbert basis formed by a sequence of eigenfunctions wuy:

Auj = pjuj, p;>0,7>1 and lim p; =0.

Jj—+oo
Particularly,
/ u; - updx = 0j;, and / Auj-vdz = / pju; - vdr Vv e V3(Q).
Q Q Q
So,
Vo € V3(Q), / ;D (u;) : D(v)dz = / u;j - vde
Q Q
We set \; = /%j, Vj > 1. Then we have lim;_, o Aj = +00
and

Yo € V3(Q), /QD(uj) :D(v)dx = )\ /Q u; - vde.
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Chapter I. Stokes equations with Navier boundary conditions

As consequence, by applying Lemma 3.2 we have

1 1
IDCu a0y = A = Fluilieg = g

0

This basis will be very useful in the study of problem of existence of weak solution for Navier-Stokes

equation in the Hilbert case.

7 Stokes equation with friction slip boundary condition

In this section we consider Stokes problem with friction slip boundary condition and we give some

results as the case of Stokes problem with Navier boundary condition.

—Au+Vr=f in Q
divu=yx in £,
(Sr)

u-n=g on I

2[D(u)n]. +aur, =h on T,

where o > 0 is friction coefficient. We proceed in the same way as in the Proposition 3.1, we obtain

the following proposition:

Proposition 7.1 We suppose that x =0, g = 0. Let f€ [H3(div,Q)), h € H_%(I‘) such that
h-n=0 on TI.
The problem (8F) is equivalent to the following variational problem:

Find we V2(Q) suchthat,

(I.1)
Vo € V2<Q)7 2 JoD(u) : D(p) dz+ [p a(z)prur do = (f, 90>[Hg(div,ﬂ)]/ng(div,Q)

Now, we show the following inequality which will be useful in the proof of coercivity.

Lemma 7.2 Assume that §) is of class C1t. Suppose that o € L°(T') and o > 0. Then, there exists
a constant C = C(2) > 0 such that

/ ]D(u)|2dm+/a|u.,-]2da > Cllull gy, Vue VAQ). (1.2)
Q r
Proof. Assume that inequality (I.2) is not true. Then there is a sequence (), of V*(Q) such that

[tnll 1) =1
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1.7 Stokes equation with friction slip boundary condition

and )
/ |D(un)|2dm+/a|(un),.\2da <>, Vn>1 (1.3)
Q T n

Hence, there is a subsequence, again denoted by (u,), and u € V?(Q) such that
(ty, )pconverge to u weakly in H'(Q), strongly in L (),

and
D(u,) —— 0 in L*Q)

It follows from Korn inequality that for all € > 0 we have

|up — unH%ﬂ(Q) < C{flup — un”%ﬂ(g) + [ D(up) — D(Un)H%Z(Q)}

<e.
Thus, the subsequence (u,), is a Cauchy sequence in H'(Q) and then
u, — u stronglyin H'(Q).

Therefore, D(u) = 0, which means that u(z) = a+ b x , a, b € R3. But by Inequality (1.3) we have
ur = 0on T, then w =0 on I'. Using the second left-hand side of (I.3) , we deduce that w = 0. Which

is a contradiction with [|u[| g1 o) = 1. O

Now, we can solve the Stokes problem with Navier boundary condition.

Theorem 7.3 ( Weak solution for (Sr))
Suppose that x = 0 and g = 0. Let f€ [H3(div, Q)] and h € H_%(F), satisfying

h-n=0 on T.

Then, the Stokes problem (Sp) has a unique solution (u,7) € H'(Q) x L?(Q)/R and we have the

following estimate:

lull g o) + 117 llz2@)/m < IF @y + 10053 1) (L4)

Proof. Thanks to the Proposition 7.1, the problem (Sg) is equivalent to the following variational

formulation:

Find w € V suchthat,

(I.5)
VoeV, 2[,D p)dz + [pa(r)p urdo = (f, >[H (div, )] x H3(div,)

- <h’¢>H_

1 1 .
3 (D) H 3 ()
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Chapter I. Stokes equations with Navier boundary conditions

We consider the Hilbert space V?(Q) endowed with the norm ||v|| v2) = 1vllp2) T 1D(@)][p2(q)

E(u, ) :Q/QD(U) : D(p) dac—l—/roz(x)cpTuT do  foru, ¢ € V3(Q),

W) = {F @) a2 aiv.)) x B2 (div,0) — (P (’0>H*%(r)xH%(r) ~

Its easy to see that the bilinear form E(.,.) (resp. the linear form (.))is continuous on V?(2) x
V2(Q)(resp. on VZ(Q)) since we have

E(u, ) < C||“||H1(Q)”<P||H1(Q) < C||U||V2(Q)H<P||V2(Q)v
) < (If gz vy |+ 1Rl g g (DIl v2()-
Furthermore, the bilinear form E(.,.) is V?(Q)—elliptic, as we have
Vu € V3(Q), E(u,u)> Clluly.

thanks to the Lemma 7. According to Lax-Milgram theorem, there exists a unique function u € H 1(Q)
and m € L2(f) solution of the Stokes problem (S$z). O

Remark 7.4 We can also solve the Stokes problem (8) when the divergence operator is not vanish

and g # 0. To do this, simply we consider the following Neumann problem:

0
Af=x inQ and 8—:g on T. (1.6)
on

and setting z= u— V0.

We prove now the existence of strong solution (u,7) € H?(Q) x H'(Q) for the Stokes problem (S7).

The proof of the following theorem is based on results given in Lemma?2 and Lemmad.

Theorem 7.5 Assume that ) is of class C*'. Suppose that x = 0. Let f € LQ(Q), g€ H%(Q) and
h e H%(F), satisfying
/ng:O and h-n=0 on T.
r

Then, the solution (u, ) given by Theorem 7.3 belongs to H*(Q) x H'(Q) /R and satisfies the estimate:

el 2y + I7ll13(0) < CO g2y + gl 5,y + 1Bl 1 ) (L7)

Proof. Before, we note that under the hypothesis of Theorem 7.3, the data f satisfies also the
hypothesis of Theorem 8.
So, this implies that problem (Sz) has a unique solution (u,7) € H'(Q) x L2(2)/R. Now, to prove
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1.7 Stokes equation with friction slip boundary condition

the regularity of the velocity, we set z = curl u. We deduce that z satisfies the following problem:

—Az=curlf in €,
divz=0 in €,
zxn=H on I
9 on
where H = aur — 2% 7 (ur - =—)7 — h.
sy,
Because (2 is of class €>! and u € H'(Q), we have Y7_; (ur - g—n)‘rk € H%(F), it follows that
Sk

H ¢ H%(F) and H - n = 0. Since curlf belongs to [Hz(curl, Q)] and satisfies the compatibility
condition (1.22) for p = 2, as result from Theorem 2.8 that z € H'(Q2). Then u € X?**(Q). As a
consequence, thanks the imbedding of X 2%(Q) in H?(Q) (see[9]), the solution u of the problem (87)
belongs to H*(Q).
Where

X22(Q) = {ve L*Q);divv € H'(Q),curlv € H'(Q)andv-n € H%(F)}

Moreover, since
Vrn=Au+f e L*Q),

we deduce that = € HY(Q). O

We have the following result concerning strong solution of the Stokes problem (87), where the diver-

gence operator does not vanish.

Corollary 7.6 Assume that Q is of class C*'. For every f € L*(Q), x € H'(Q), g € H%(Q) and
he H%(I’), satisfying

/gdaz/ xdr and h-mn=0 on I.

r Q

The solution (u, ) given by Theorem§ belongs to H*(Q) x H'(Q)/R and satisfies the estimate:

lull g2y + Il @) < CUAlL2 ) + XN @) + HQHHg(F) + HhHH%(F))- (1.8)

Proof. We solve the following Neumann problem:

Af =x inQ2 and @:g on T. (1.9)
on

This problem has a unique solution this problem has a unique solution § € H?3(Q)/R satisfying
the estimate:

. (L10)

161132y < CUNXN () + 9l 5 g

41



Chapter I. Stokes equations with Navier boundary conditions

Setting z = u — V6, then (S7) becomes: Find (z,7) € H?(Q) x H'(Q)/R such that

—Az+Vr=f+Vyx in €,
divz=0 in €,
(I.11)
z-n=0 on T,
2[D(z)n]. +az, = H on T.

where H = h—2[D(V0)n]_—a(V0), and belongs to H 2 (T"). Observe that f 4 Vy belongs to L?().
Thus Due to Theorem 7.5, this problem has a unique solution (z,7) € H?*(Q2) x H'(Q)/R. Therefore
u = z 4 V0 belongs to H (). O

Using the same reasoning of the Section 3, Section 4 and Section 5, we have the following results:

Theorem 7.7 Let f € (Hgl (div,Q)), x € LP(Q), g € Wl_%’p(l“) and h € W_%’p(f‘), satisfying the
compatibility conditions satisfying the compatibility conditions (1.1) and (1.13). Then, problem (Sg)
has a unique solution (u,7) € WHP(Q) x LP(Q)/R. In addition, we have the following estimate:

ull wir@) + 1Tl Le@)r < C(Hf||[H§'(diV7Q)], + Xl e + Hgle_%,p(F)

8 Navier-Stokes Equation

We consider the following Navier-Stokes problem:

—Au+u-Vu+Vr=f in
divu=0 in £,
u-n=0 on I,

2[D(u)n].,=h on T.

The aim of this section is to prove the existence of weak solution and strong solution of problem (N8r).
To prove the existence of weak solution, we need to introduce some spaces. First, we introduce the

following space: .
H ™ (div,2) = {v € L¥(Q); divo € LX(Q), v-n=0onT},

which is a Banach space for the norm

loll

We define also the space

ES%(Q) = {ve H'(Q); Av e [HP*(div,Q)]'}.
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1.8 Navier-Stokes Equation

_ 6
We note that D(Q) is dense in Hy ’2(div, Q). As consequence, we have the following lemma, which

has a similar proof as Lemma 2.3.

Lemma 8.1 Suppose that §) is of class CY1. The linear mapping Y : v —— [D(v)n]ﬂF defined on

D(Q) can be extended by continuity to a linear and continuous mapping
Y: E32(Q) — H2(D).
Moreover, we have the Green formula: for any v € Eg’Q(Q) and @ € V3(Q),

— (A% Q)52 @iv.)) x BS? (divi) = 2/QD(”) : D(p) dz— 2([D(v)n],, o)r. (1.1)

Thanks to this lemma, we can show that the Navier-Stokes problem (N87) is equivalent to the following

formulation:

Find we V2(Q) suchthat,
(INS)
Ve e VAQ), 2 [ Dw):Dip)de+ [ (uV)u-pda=(f.¢)q + (b

where (.,.)q = (., '>[H(?’2(div,ﬂ)}’><H§’2(div,ﬂ) and (., )p = (., '>H‘%(F)><H‘%(F)'
In the sequel we write b(u, v, w) = / (u-V)v - wde. To facilitate the work, we give some properties
Q

of the operator b.

Lemma 8.2 For any u € V(Q) and n € T(Q), the following identities hold

b(u, u,m) = b(u,n,n) = b(n,n,uw) = 0.

Proof. We know that b(w,n,n) = 0. Since, D(n) = 0, we have 8;7]? = —Z%Z, then, for any u € V 2(Q)
3 3
8uj anj
b(u,u,m) = ijzzzl/gzuiwnjdm: —ijzzzl/gui s u;de
3 3
= U —u;dr = — uj—mn;de
ZJZI/Q Oz zjzl o Ox;
= —b(u,u,n).

Consequently, b(u, w,n) = 0. Finally, because D(n) = 0, we have

1
b(n,m,u) = §/Qu - V|n|* dz = 0.
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Chapter I. Stokes equations with Navier boundary conditions

Using Lemma 8.2, we deduce that the following compatibility condition is necessary to solve problem
(FNS):
(f.B)q+ (h,B)p =0. (1.2)

Due to all these results we can now solve the problem (FNS).

Theorem 8.3 Let f e (Hg’z(div, Q))’ and h € H_%(F), satisfying h-n =0 on T' and the compatibility
condition (1.2). Then problem (FN8) has solution (u,7) € H'(Q) x L?(Q). Moreover, we have the

following estimate:
Il o+ ez < OO g gy + 1Pl g4 )

Proof. To show the existence of u, we start by constructing the approximate solutions of the problem
(FNS) by Galerkin method and then thanks to compactness arguments, we prove, by passing to the
limit, some convergence properties. We note that, if u = w + n, with w € Z(2) and n € T(Q), is a
solution of (FNS), then for any ¢ € Z (),

2/ D(w Y)dz+ b(w+n,w,¥) + b(w,n,¢¥) = (f,9)q + (h, ). (L3)
Note that for any i’ € J(2), we have

blw+n,w+mn,%+n)=0b(w+mn,wp)+b(w,n,p).

It follows that problem (FNS8) is reduced to finding w € Z(Q) verifying (1.3).

Now, for each fixed integer m > 1, we define an approximate solution w,, of (I.3) by
Wi, € Vi,

I4
2/9D(wm) : D(vg) de + b(wy, + 1, Wiy, V) + b(wp,, 0, vk) 14

={f,op)q+ (h,vp)p, k=1,...,m

where V,,, = (v1,...,v,,) is the space spanned by the vectors vy, ..., v, and {v;}; is the Hilbertian

basis of H(2) given by eigenfunctions of Stokes problem. We define a scalar product on Z(2) by
Vui,uz € Z(Q), ((u1,u2)) / D(u;) ug)dx.

With an aim to establish the existence of the solutions of the problem (I.4), we consider the following

operator

PV, — V,

w — Pp(w)
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1.8 Navier-Stokes Equation

defined, for each n € J(N2) fixed, by

((Pm(w), 2)) = 2((w, 2)) + b(w + n, w, 2) + b(w, . 2) — (f, 2)g — (b, 2)1-.

Let us note that
Vw e Z(Q), b(w+mn, w,w) =blw,n,w) =0.

Thus, using inequality (II.5), we show that

(P (w), w)) = [wllv,, 2llwlv,, - el Bl - )

HS2 (div,))’
where the norm on V,, is induced by the norm on Z (Q)

As consequence, ((Pp,(w), w)) > 0 for ||w|y,, > (HfH(H6 2 4iv,0)’ '+ HhHH%(F)). We know that
P, : V,, — V,, is continuous. Therefore, the hypothesis of Brouwer theorem is satisfied and there
exists a solution w,, of (1.4).

Passage to the limit: Since w,, is a solution of problem (I.4), we have

2||D(wm)Hi2(Q) = (f, wn)a + (h, wy)r.

Using compatibility condition (I.2) and Lemma 3.2, we obtain the a priori estimate:

lwmllv,, < CIfll il [

HS2(div,2) ) ~3 F)>
Since the sequence wy, remains bounded in Z(f2), we can extract a subsequence wy such that
wp — w  weakly in Z(9),
The injection of Z () into H(2) is compact, so we have
wp — w in H(Q).
Therefore, we can pass to the limit in (I.4) and we obtain

2/D Y)dx +b(w+n, w, ) +b(w,n,¥) = (f,P)q + (h, )

for any ¥ € Z(Q).
Finally, we conclude that w = w + n is a solution of (NSr). O

Remark 8.4 We proved that, in the case of symmetric domain, the Navier-Stokes problem (NSr)
has a infinity of solutions for all data satisfying the compatibility condition (I.2). Then, we have a
situation where we don’t have a uniqueness of solution even if the data is sufficiently small. Unlike
the Navier-Stokes problem with Dirichlet boundary condition where we have a uniqueness of solution

for data sufficiently small.
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Chapter I. Stokes equations with Navier boundary conditions

Theorem 8.5 Let fe LQ(Q) and h € H%(F), satisfying h-n =0 on ' and the compatibility condition
(1.2). Then problem (NS7) has solution (u,7) € H*(Q) x H(Q). Moreover, we have the following

estimate:

Il g2y + Il 10y < CUIAlL2 () + ||hHH%(F)>'

Proof. According to Theorem 4.3, there exists (u,7) € H'(Q) x L2(Q) solution of (N87). So,
(u - V)u belongs to L%(Q) Thus, f — (u-V)u € L%(Q) and satisfies the following condition:

/f-ﬂdm—b(u, u, B) —/h-ﬂda —0. (L5)
Q r
Furthermore, u satisfies the following problem:
—Au+Vr=f—u-Vu and divu=0 in €, (L6)
u-n=0 and [2D(v)n].=h on TI. '

Thanks to Theorem 2.4 we deduce that u belongs to WQ%(Q) Thus, Vu € ng(Q) — L3(Q).
Therefore f — (u - V)u € L?(Q) satisfying again the condition (I.5). As consequence, we apply again
Theorem 2.4, we deduce that (u, ) € H?(Q) x H'(Q) solves (1.6). O
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Chapter 11

Navier-Stokes equations with Navier boundary

conditions

1 Introduction and functional framework

Let © be a bounded domain of class C1'! of R? with boundary I'. We are interested to the study of

solutions to the Navier-Stokes equations:

(NS) —Au+u-Vu+Vr=fFf and divu=y in €,
u-n=g and 2[D(u)n].=h on T,

where u denote the velocity, 7 a pressure, f are the external forces, n the exterior unit normal, 7 the
corresponding tangent vector and D(u) = £(Vu + Vu') denotes the deformation tensor associated
with the velocity field u. Note that this type of boundary condition is introduced by Navier in 1827
(see [53]). They are used in various physical situations, as for instance in case when the stagnant layer
of fluid close to the wall allowing a fluid to slip.

Note that the mathematical literature on the Navier-Stokes equations with Navier boundary condi-
tions is less wide than that on the Navier-Stokes equations with classical Dirichlet boundary conditions.
However, there exist some works that are interested to study these types of problem. Indeed, one can
cite the work of V. A. Solonnikov and V. E. Séadilov [59] where the authors studied the Hilbert case
for data f belongs to L*(£2). Another example is the work of G. Mulone and F. Salemi [50, 51] where
authors studied the existence of weak solution in H () for stationary Navier-Stokes system (the
evolution system is also studied). In our works, we extend these results and the result obtained in
[6] for the case of L theory not only for large values of p, but also sor small values (3 < p < 2). It
is important to note that, to our knowledge, there are no works that are studying the problem L”
theory.

The purpose of this paper is to prove the existence of weak solutions and some regularity results
in LP—theory with 1 < p < co. Note that the existence of solution in H '(€2) x L?(Q) has been proved
in [6] with a suitable choice of data. For p > 2 we can easily prove the existence by using regularity of
Stokes problem. We can next, obtain a weak solution in W (Q) x LP() for % < p < 2 by using the
fixed point theorem after studying the Oseen problem. The difficult part in this works is to prove the
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Chapter II. Navier-Stokes equations with Navier boundary conditions

existence of weak solution in W *(Q) x LP(Q) for 3 < p < 2. To do this we study before the Oseen
problem with Navier boundary condition and we can conclude the existence result for Navier-Stokes
problem with fixed point theorem.

Let us first introduce some functional spaces and recall some elementary proprieties. We note that

the vector-valued Laplace operator of a vector field v = (v1, v, v3) is equivalently defined by
A v = 2divD(v) — grad (div v). (IL.1)
Second, we define the following spaces: For all 1 < r,p < oo,
Hy?P(div,Q) ={ve L"(Q); divv e L?(Q), v-n=0 onl},
which is the Banach space for the norm:
vl zre(givo) = lvllzr@) + [div vl Le )

and we suppose that

S|

iftp > g (I1.2)

Wl =

r<p and

=

With this choice of p and r, we have

3 1 1 1
Lr(Q) — LP(Q) if - G II.
Wo"(Q) — LP(Q) i P> 3 and r_p+3 (IL.3)
and 5
WL (Q) = WH(Q) = L2(Q) — LP(Q) if p< 5 and 1<r<p. (11.4)

If r = p we denote H['(div,(?) instead of H?(div, Q).

The proof of the following lemma is similar to that of Lemma 8 in [7].
Lemma 1.1 The space D(Q) is dense in Hy"(div, ).
In the next lemma we characterize the dual space of H P (div, Q).

Lemma 1.2 A distribution f belongs to (Hg/’p/(div, Q))/ if and only if there exist F € L"(Q) and
X € LP(Q), such that f= F+ Vx with the following norm

H ‘fH(H(;'/’p/(div,Q))/: maX{H F HL”KQ)? || X HLP(Q)}'
Let introduce the space:
VP(Q)={ve WH(Q); dive=0inQ, v-n=0onT} (IL.5)

and
E™(Q)={ve W'(Q); Ave (H] " (div,Q))'}.

The proof of the following lemma is similar to the case r = p (see ([55], Corollary 4.2.2)).
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I1.2 Stokes problem

Lemma 1.3 The space D(Q) is dense in E™P(£2).

As consequence, we have the following lemma.

Lemma 1.4 The linear mapping © : v —— [D(v)17,]7_|F defined on D(Q) can be extended by conti-

nuity to a linear and continuous mapping
0:E"P(Q) —— W »P(I).
Moreover, we have the Green formula: for any v e E™P(Q) and ¢ € VP (Q),

~(Av,g)g =2 [ D(v) : D() do—2(D(v)n,. oir- (IL6)

where (.,.)r denotes the duality between Wﬁi’p(lﬂ) and W%’pl(F) and (.,.)q denotes the duality best-
ween (Hg/’p/ (div,Q))" and Hg/’p/ (div, Q).

The plan of the paper is the following. In section 2 we recall some results and we will try to extend
a result of existence for Stokes problem with data f only in (H{ /(div, Q))/ (proved in [6]) to the case
(H M 4 (div, Q))/ In section 3, we give some results of existence, uniqueness and regularity for Oseen
problem with Navier boundary condition and we establish some estimates of solution that will be
useful to show the existence for solution for problem (N8§) for small values of p (% < p < 2). The last
section is devoted to study of the Navier-Stokes problem in LP-theory for % < p < 00, We give some

results of existence and regularity.

2 Stokes problem

We first study results of existence for weak solution for the following Stokes problem:

(s) —Au+Vr=f and divu=yx in €,
u-n=g and 2[D(u)n|.=h on TI.

Note that in [6] we have shown the results of existence and uniqueness of the weak solution for data
fe (Hgl(div, Q)), In this section we show the same results for data f in a larger space such as the

space (H{ 4 (div, Q))/ This will help us in the study of Oseen equations and Navier-Stokes equations.

Remark 2.1 We can always return to solve this problem with dive = 0 and uw - n = 0. Indeed, for
1
X € LP(Q) and g € W' #P(T), we consider § € W 2P(£) a solution of the following problem:

Af=x inQ and % =g onl. (IL.1)
on
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Chapter II. Navier-Stokes equations with Navier boundary conditions

Now, setting z = u — V 0, then (8) becomes: Find (z,7) € W P(Q) x LP(Q) solution of problem

—Az+Vr=f+Vx in Q,
divz=0 in €,

(I1.2)
z-n=20 on I,
2[D(z)n], = H on T,

with H = h— 2[D(V0)n]..

Before study the problem (8), we give the variational problem that will be useful to characterize
the kernel of Stokes operator. We have the following proposition whose proof is similar to proof of

Proposition 3.1 in [6].

Proposition 2.2 We suppose that x = 0 and g = 0. Let f € (Hg/’p/ (diV,Q))/, h e Wﬁi’p(lﬁ) such
that
h-n=0 on T. (IL.3)

The Stokes problem (8) is equivalent to the variational formulation:

Find we VP(Q) suchthat,
(IL4)
V€ V7(@), 2 [ D@w:D(p)de= (f.¢)q+ (he)r-

We introduce the kernel J?(Q2) for any 1 < p < oc:
JP(Q) ={ve WPQ);Dv)=0 inQ, dive=0 in Q and v-n=0 onT}.
Observe that, if € is obtained by rotation around a constant vector b belonging to R3, then
JIP(Q) = Span{B}, where B(xz) =bx z, forxze Q.
Else, the kernel I7(Q) is equal to zero (see [64] for more details). We denote
NP(Q) = {(u,c); uwe TP(Q), c € R}

Since TP(€2) and N?(£2) do not depend on p, we note T(€2) instead of TP(2) and N(Q2) instead NP ().

The following two theorems are proved in [6].

Theorem 2.3 Let f,x,gand h such that
fe [HY (div,Q), x € LP(Q), g e W' »P() and he W #?(I),

satisfying (I11.3),

/Q xde = /F gdo. (IL5)
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I1.2 Stokes problem

and

(f.B)q + (h,B)r =0, (1L6)

where (., )pr = (., '>W*%’p(1“)xW%’p/(F) and (., .)a = (., '>[Hg'(div,ﬂ)}'ng'(div,Q)' Then, the Stokes problem

(8) has a unique solution (u, ) € (WHP(Q)x LP(Q))/N(Q). Moreover we have the following estimate:

).

el ey + 1 o < CU g+ Xl + 191 iy + 1Rl

We recall also the following regularity result:

Theorem 2.4 Let
FELPQ),x e WIP(Q), g e W 5P(T) and he W' #?(D),

satisfying the compatibility conditions (11.3), (IL.5) and (I1.6). Then, problem (8) has a unique solution
(u, ) belongs to (WP(Q) x WIP(Q))/N(Q) and satisfies the estimate:
).

1wl w200 + ITlwir@/r < CUIAIp @)+ | X lwir@ +|’9|’W27%,p N + [|Al] i

( @)

Now it is easy to extend Theorem 2.3 to the case f € (H g/’p , (div, Q))/ and we have the following

result.

Theorem 2.5 Assume that r and p satisfying (I11.2). Let
fe (H)' P (div, ), x € LP(Q),g e W' T#7(T) and he W (T

satisfying (11.3), (I1.5) and
(f.B)q + (h,B)r =0, (IL.7)

where (.,.)q = Then, the Stokes problem (8) has a unique solution

() [H P (div, Q) x HY 7' (div,Q)°
(u,m) € WP(Q) x LP(Q)/N(Q) satisfying the estimate:
) (IL8)

[l we @)y jae) + 17l e @) m < C(Hﬁ|(H5',p/(div7Q))/ + XL (e) + ||9||W1_%,p r + ||| -

BD)

(

In particular, if x =0, g =0and h = 0 then u € WQ’T(Q) with the corresponding estimate.

Proof. Observe that, due to Lemma 1.2, we can write f as f = F + Vi, where F € L"(Q) and

Y € LP(Q). Since, (Vz/J,,8>(Hg,(div,m)/ng,(din) = 0, by Theorem 2.3, we deduce that the following

problem:
—Av+Vmy=Vy and divv=y in Q,
v-n=g and 2[D(v)n].=h on T,

has a unique solution (v, m) € (W 2(Q) x LP(Q2))/N(9Q).
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Chapter II. Navier-Stokes equations with Navier boundary conditions

Now, since / F - Bdx =0, by Theorem 2.4, the following problem:
0

—Aw+Vm=F and divw=0 in

w-n=0 and 2[D(w)n]_ =0 on T,
has a unique solution (w, 1) € (W2"() x WHT(Q))/N(€). Observe that, according to (I1.2), we
have w € WP(Q) and 7, € LP(Q). Setting u = v + w and 7 = mg + 71, then (u,7) is solution of

the problem (8). The estimate (II.8) is immediate. Notice that, if x =0in Q@ and ¢ =0 and h = 0
on I', then my = ¢ and v = ¢ with ¢ € R. O

Remark 2.6 If ) is not obtained by rotation around a vector, we have the following result: Let
fe(H) " (div, Q) x € LP(Q),g € W' T5"(I)and h € W 3 7(I)

satisfying (I1.3) and (IL.5). Then, the Stokes problem (8) has a unique solution (u,7) € W P(Q) x
LP(Q)/R satisfying the estimate:

ull w1 + I7lle@r < C(HfH( 4+ Xl e (o) + ”9||W17%,p r +lhl 1, ).

H]"V (div,Q)) ( W PP(T)
3 Oseen problem

In this section we take
ve L3(Q), divv=0 inQ and v-n=0 onT (IL.1)
and we are interested into the following type-Oseen problem:
(O){—Au—i-v‘Vu—FVﬂ:f and dive =0 in €,
u-n=0 and 2[D(u)n] . =h on I.

The aim of this section is to study the existence and uniqueness of weak and strong solutions for Oseen
problem (O). These results will be used in the following to show the existence of weak solution for

Navier-Stokes problem for % < p < 2 by fixed point theorem.

Proposition 3.1 Let fe (Hg/’p, (div,Q)), h e Wﬁi’p(I‘) satisfying (IL.3). The variational formula-

tion:

Find we VP(Q) suchthat,

(I1.2)
v e VI(@), 2 [ D(w):Dig)da+ [ (v:V)u-pdo = (fphg+ (b

is equivalent to find (u, ) € WYP(Q) x LP(Q) solution of problem (0).
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11.3 Oseen problem

Proof. Using Green formula (I1.6), we deduce that every solution of (O) also solves (II.2). Conversely,
let uw be a solution of the problem (I1.2). Let us take a function ¢ € D(£) such that divep =0 as a
test function in (I1.2). We have

As a consequence,

Vo € D, () (mAu+v-Vu—f,0)y "@yxp) = O

So, by the De Rham’s Theorem, there exists a distribution 7 in @l(Q) defined uniquely up to an
additive constant such that
—Au+v-Vu+Vr=§f. (I1.3)

As Vr € [H P (div, Q)] — W ~12(Q), we deduce that = € LP(Q) (we refer to [3]). Moreover, by
the fact that w belongs to the space V?(2), we have divu = 0 in 2 and w.n = 0 on I'. It remains to
prove 2 [D(u)n].. = h on I'. We multiply the equation (II.3) by ¢ € V7 (Q) and we integrate on

2 [ D(w): D()da+ [ (v-V)u-pda—2(D(wnl, o) = f.0)a (IL4)
Comparing (I1.2) and (I1.4), we deduce that
Vo e VP(Q),  (2[D(uwnl,, )r = (h @)

1 .7 /
Let now p any element of the space W'l (T). So, there exists ¢ € W 1P (Q) such that dive = 0
in Q and ¢ = p, on T. Tt is clear that ¢ € V?(Q2) and

2[D(w)n], — h, )y = 2D (w)nl, — h.pir)p = 2[D(w)n], — h,p) = 0.

This implies that
2[D(u)n]. . =h on T,

which is the end of the proof. O

We recall the following inequality whose the proof is given in [6].
Lemma 3.2 (Poincaré-Morrey Inequality) Let Q2 be a Lipschitz bounded domain. Then, we have

vee H'Q), il fus K3 _C(HD(U)HiQ(Q)+/F|u-n|2da), (IL5)

where the constant C only depends on ). In particular, the semi-norm ||D(u)| p2(q) is a norm which

is equivalent to the norm |lul| g1 (o) if u € H'(Q),u-n=0onT and/ u- Bdx =0
Q

Now, we state a result of existence of weak solution in H'(Q) for Oseen problem with f €
(HJ?(div, Q).
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Chapter II. Navier-Stokes equations with Navier boundary conditions

Theorem 3.3 (Weak solution in H'(Q)) Let f € (HY?(div,Q)) and h e H_%(F) satisfying (I1.3).
Then the problem (O) has a unique solution (u,m) € (H'(Q)/T(Q)) x (L?(Q)/R) and we have the

following estimates:

ull g1 ) /) < C(||ﬂ|(H06,2(divm)' + Hh”H*%(r))’ (IL.6)

|7 ssm CO 1o Do) Wl sy + 1Pl o) (1L7)
Moreover, if f € Lg(Q) and h € W%g(f‘), then u € WQg(Q) and ™ € Wl’g(Q) and we have the

following estimates:

< OO+ 10l (I g g + 1A ot ) (1L8)

'5(I)

7 1.8 S CO+ 0 @) IS 8 + Il 18 ) (1L9)

Proof. We know according to Proposition 3.1 that the Oseen problem (0O) is equivalent to (II.2).
Let us introduce the bilinear continuous form: a(.,.) : V2(Q)/T(Q) x V2(Q)/T(Q) — R defined as

follows:
Vu,p € VEQ)/T(Q), a(u,p)= Q/QD(U) :D(p)dx + /Q(v -V)u - pdu. (I1.10)

Since divv =01in Q and v-n =0 on I', we have
/(U'V)u-ud:czo.
Q

As consequence, using inequality (I1.5), the form a(.,.) is coercive. Therefore, by Lax-Milgram theo-
rem, problem (O) has a unique solution (u,7) € V2(Q)/T(Q) x L%(Q)/R.
Using the variational problem and Poincaré-Morrey Inequality, we have

1wl g1 o)) < Colllf ||[H§72(div,g)]/ + ”hHH—%(r))'

On the other hand,
VTl g-10) S IF lg-10) + 1Aull g1+ | v Vu g1 -

We know that,
If ”H*l(Q) < Gillf H[H(?’Q(div,ﬂ)]’

[v-Vullg-1q<Cllv-Vu HLg(Q)SH vl vl

and

[Au| g-1(q) < Cllull g (o)
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11.3 Oseen problem

Hence,

i |7+ k @S CO+ 10 L) oy + 143 )
If fe Lg(Q) and h € Wég(F), then u belongs to H'(Q) and we deduce that » - Vu belongs to
Lg(Q) Using the regularity of Stokes problem, we conclude that (u, ) € W2’2(Q) X Wl’g(Q). O

In the remainder of this section, we suppose that (2 is not obtained by rotation around

a vector. This implies that J(Q2) is reduced to zero.

Theorem 3.4 (Strong solution in W?P(S)), with p > S) Letp >,
feL?(Q), he Wl_%’p(f‘) satisfying h-nmn=0 onl.

Then, the solution (u, ) given by Theorem 3.3 belongs to WP(Q) x W P(Q) and satisfies the esti-

mates:
| wllwer + I 7 llwiv@rs COA+ | vl 130 (flr@) + Hh||W17%,p(F))~ (IL.11)

Further, if p > 3, we have v-Vu € LP(Q).

Proof. We know by Theorem 3.3 that the solution (u,w) belongs to W2%(Q) X WI%(Q) As

v-VuecLs (©) only, we will search a priori estimates by considering v more regular in first time.

1) First step: We consider v € L*(Q2) with
s=3 if p<3, s=3+¢ if p=3 and s=p if p>3,

for some arbitrary € > 0. We know that there exists a sequence vy € D, () such that v,
converges to v in L%(Q) as A — 0 (see [3]). Therefore, we search for (uy,m\) € W2P(Q) x
W LP(Q) solution of the problem:

(O) —Auy+wvy-Vur+Vmy=fFf and divu), =0 in Q,
A
uy-n=0 and 2[D(uy)n].,=h on TI.

Recall that, from above, we can obtain a unique solution (uy,m)) belonging to Wzg(Q) X
WLs(Q).

If g < p <6, then f — vy - Vu) belongs to L2(Q), using the regularity of Stokes problem, we
deduce that w € H?*(Q) and also vy - Vuy belongs to L°(Q). As consequence, applying the
regularity of Stokes problem, we conclude that (uy, ) € WP(Q) x W P(Q).

If p > 6, then uy, € W25(Q) and vy - Vuy, belongs to L°(Q). Apply again the regularity of
Stokes problem we deduce that (uy,7y) € W2P(Q) x W P(Q).

Thus, we focus on obtaining a strong estimate for (wy, 7)) independently from A. Let e > 0
with 0 < A < 5. We consider:

vy =]+ v, Where v]=70vxp: and v}y =v)— 1] (IL.12)
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56

¥ being the extension by zero of v to R? and P the classical mollifier. By regularity estimates

for the Stokes problem, we have

| ux w2 + | o llwie@rs COIF lpr@) + 1 R le_%,p(r) + || va- Vuy lzr@) )-
(IL.13)
Now, we use the decomposition (I1.12) in order to bound the term || vy-Vuy |[pr(q). We observe
first that
[ o32 ls@<loa =l + [ v—v*pg Lo @< A+ % <e. (IL.14)
Recall that
W2P(Q) — WIFQ) (I1.15)

for any k € [1,p*] if p < 3, for any k € [1,00] if p = 3 and for any k € [1,00] if p > 3. Then,

using Hélder inequality and Sobolev embedding, we obtain

[ v52 Vur [zr@) < I v32 lzs@ll Vur lpro)< Cc || ua llwer ) (11.16)

%, which is well defined because the definition of the real number s.

a) Case p < 2. There exists r € |3, +00] such that 2 =1 — 1 and we have

1

P
|01 - Vuy [pr@) <l o1 lzr@ll Vua lip2q)

Now, using Young inequality, with 1 + = 3 + 7 L such that t > 1, we deduce that

o5 lzr@ <11 @ lzssll pg ot ms) -

As consequence,

01 - Vuy lr@)< Ce [ v llpso)ll wn a1 -

Using estimate (I1.6), we have
I o1 Vs e Ce 0 sy (1 ooy + 130
Because p > g, thanks the following embedding
LP(Q) < (HS (div, ), W' P(I) — H~3(D),
we obtain that

|05 -V [|r@)< Ce |l v llpaq) (Iflzr@) + thlwlﬁ,p(r))- (IL.17)



11.3 Oseen problem

b)

Using (I1.16) and (II.17), choosing € > 0 small enough, we deduce from (II.13) that

Il w2 + I llwse@yes CA+ 1o @) (I e + 1R 20 0)-

(IL.18)

Case p > 2. We know that the embedding
W2P(Q) — Wh(Q) (I1.19)

is compact for any ¢ € [1,p*[ if p < 3, for any ¢ € [1, 0] if p = 3 and for any ¢ € [1, 0] if
p > 3. We choose the exponent ¢ such that ¢ > 2. Therefore,

W2P(Q) — W(Q) — HY(Q).
As consequence, for any ¢’ > 0 there exists C. > 0 such that
I Vus l[pa@)< € [l wn lwerg) +Cer | un g1 q) -

Now, we want to estimate the term | vf - Vuy [gr(q). Choosing 2 < ¢ < p*, then there
exist r > p such that % = %—l—% and ¢ > 1 such that 1—1—% = %—l—% Using Young’s inequality,

we have

N

| v1-Vux ey < 191 lzr@ll Ve [y

IN

[0 llzs@syll P llLe@s)ll Vur o) -
Thus,
|07 -V [[pr@)< Ce | v llgsy (€ | wa llwzro) +Ce [ ur g1 ) )- (I1.20)

Using (I1.16) and (I1.20), choosing € and &’ such that £'C: || v |30 < %, we deduce from
(I1.13) that

| ux [lwer@) + | T llwio@)< C-Co(1+ | v [ p3q)) (I F llzr@) + (| B leﬁ,p(m ).

In all cases, we have the estimate uniform on A. Therefore, we can extract subsequences,
that we still call (uy)y and (7)), such that if A — 0,

uy — u weakly in  W*P(Q)

and
s+ ky =7 weakly in WLP(Q), with kyeR.

It is easy to verify that (u,7) is a solution of (O) satisfying estimate (II.11).

2) Second step: We consider now v € L3(9) satisfying (IL1). Let vy € D, () such that
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Chapter II. Navier-Stokes equations with Navier boundary conditions

vy — v in L3(Q). Consequently, the problem (0,) in under conditions of a) and its
solution (uy,my) € W2P(Q) x W LP(Q) verifies:

| ux [[wzr) + | o lwie@) < CA+ | va s @) I llr@) + ||hHW1_%,p(F))-

As consequence, when A\ — 0 the limit function (u,7) is solution of problem (O) and
satisfies (II.11).

g

Now we solve problem (O) with f € (H g/’p /(div, Q)) in order to find the generalized solutions for
p =2

Theorem 3.5 (Generalized solution in W'P(Q) with p > 2) Suppose that p > 2 and verifies
(I1.2). Let f € (Hg/’p,(div, ), h e W%’p(f‘) satisfying h - n = 0 on I'.Then, problem (O) has a
unique solution (u,m) € W'P(Q) x LP(Q)/R. Moreover, if 1 = % + %, there exists some constant
C > 0 such that:

1

Il + 17 los/ms CO+ 10 @) F gy gy + 18y ) Q12D

In particular, if h = 0, then w € W>'(Q) with the corresponding estimate, where t = min(r,3) if
r#3andt <3 ifr=3.

Proof.
1) If h# 0.

A) Existence: We note that, if p > 2 and
there exists a unique (ug, qo) € W 1P(Q)

+ %, then r > g. Applying Theorem 2.5,
Q) /R solution of the following problem:

D=

1<
= <
x LP

—~

—Awug+ Vg = and divug=20 in €,
{ 0o+ Vg =f v U (11.22)

up-n=0 and 2[D(ug)n].=h on T

verifying the estimate:

I 0l + 10 @S CULS gy e 18 Ly 3o)- (123)

pP(D

We have v - Vug belongs to L*(Q) with $= % + %. Since k > £, by Theorem 3.4 , we

deduce the existence of (z,0) € W2*(Q) x W1#(Q)/R solution of problem:

—Az4+v-Vz4+Vl=—-v-Vuy and divz=0 in €,
(I1.24)

z-n=0 and 2[D(z)n|_ =0 on T

T
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11.3 Oseen problem

and verifying the following estimate:

| 2 lwer) + 110 lwik@yr < CA+ [ v @) [ v- Vuo k)

< Cll ol 1+ 10 @)U gy o gay + 18130

(11.25)

Now, because § = %4— %, we have W2E(Q) — WPP(Q) and W'*(Q) — LP(Q) and
(ug + 2z, q0 +6) € WHP(Q) x LP(Q) verifies the problem (0). Estimate (I1.21) follows from
(I1.23) and (I1.25).

B) Estimates: In order to prove the estimate of solution obtained in the existence part, let

us write for € > 0
v =v] +v5; where v‘i:b*ps/Q/Q and ©v5 =v— v

where ¥ being the extension by zero of v to R3 and p, /2 the classical mollifier. Let (u,7) €
W LP(Q) x LP(2) /R be the solution of (O). Using the Stokes regularity we have

Il + 17 lev@ym OUF o gy + 1Ly gy + 110 T2 2.
(11.26)

For the term depending on v5, we have as in the proof of Theorem 3.4
| v5-Vullpr@=< Ce || ullwirg) - (I1.27)
In order to estimate the term depending on vf, there are two cases:

i) If p € [2,6): For the term depending on v, we use:

|01 Vul[pr) <[ o1 el Ve g2

<l vllgs@ll P2 lpe@syll Ve g2

where k = 66%]0 and t = ﬁ Now, using estimate (I1.6), we deduce that:

|1 Vullpro< Ce [ v i3 (Hfll( 52 (div,0)’ Al -1 ) (I1.28)

()

As consequence, estimate (I1.21) is deduced from (I1.26), (I1.27) and (I1.28).

ii) If p > 6: We note that estimate (I1.27) is still valid. For the term depending on vj, we

have:
| v - Vu l[zr@) <[l o1 lro)ll Ve llzag)
<l v gzl pes2 lntms)ll Vo [[La)
where% %—i—%and%zl—k%—%. Choosing 3 < ¢ < p, we have 3 < k <pandt > 1.
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Chapter II. Navier-Stokes equations with Navier boundary conditions

Use the interpolation estimate and young inequality, we deduce that:
IV llpa@ <l w o)l wlySe g < Co lulgio) +' | v llwisg)
where o = jgg :gg . With an adequate choice of small € and &’ we obtain estimate (I1.21).
2) If h = 0 on I, then by Theorem 2.5, we have uy € W27 (Q) — W1 (Q) with L=1_2if
r<3,1<7r*<ooifr=3andr* =ocifr > 3. Therefore, v- Vug € L*(Q) with ¢ = min(r, 3)
if 7 # 3 and t < 3 if r = 3. Again by Theorem 3.4 and Theorem 3.9, we have z € W 2!((Q),
which finish the proof.

O
Notice that we can also solve the following non homogeneous problem for p > 2:
(©) —Au+v-Vu+Vr=Ff and divu =y in €,
uU-n=yg and 2[D(u)n].=h on T.
Corollary 3.6 Suppose that p > 2 and verifies (I1.2). Let
fe (HI'V (div,Q)), xeLP(Q), geW'  »PT) and he W »?(I)
satisfying h-n=0 on T with
/ xdr = / gdo. (1I1.29)
Q T
Then, the problem (O') has a unique solution (u,m) € WP(Q) x LP(Q)/R. Moreover, if 1 = % + 3,
there exists some constant C > 0 such that:
I oy + 17 lstaym< CO+ 0 g F oty * 11y 4o
+ @ o) o) + 1911 g (1130)
Proof. We solve the following Neumann problem:
: 00
Af=x inQ and =9 o I. (IL.31)

For x € L?P(2) and g € Wlf%’p(f‘), problem (I1.31) has a unique solution § € W 2P(Q2)/R satisfying
the following estimate:

101lw 22 )/r < ClIxllzr) + ||9||W17%,p(r))-

Setting z = u — V6, then (O’) becomes: Find (z,7) € W P(Q) x LP(Q) solution of problem:

-Az4+v-Vz+Vr=f+Vx—v-V(Vf) and divz=0 in Q,
z-n=0 and 2[D(z)n|]_ = H on T

T
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11.3 Oseen problem

with H = h —2[D(V#)n]_. Observe that H belongs to W_%m(f‘) and satisfies H - n = 0. Applying
Theorem 3.5 we have (z,7) € W P(Q) x LP(). Moreover, we have the following estimate:

I 2l + 7 lzaym < CO+ 10 lgs@)(H Iy + 1 F Do gy

+ X er@) + v VVO @) (11.32)

Using Lemma 1.4, we have

Iy S8 gy +C 1 V8 Lo
< B g, + OO 70 o) + 19X gt iy
< OO x ooy + 119 Iypicpgy 18 0y p) (1133
In addition we have
lo-VVO r@=< Clvlle (Ix lze@ + 1Tg g o) (I1.34)
Estimate (I1.30) follows from estimate (I1.32), (I1.33) and (II.34). O

Now, let us introduce the following space:

ZP(Q) = {(v,0) € W' (Q) x LY (Q); Ave (HP P(div,Q)) v-n=0and [D(v)n]_ = 0onTl}.

Lemma 3.7 We suppose that 3 < p < 2 and r verifying (11.2). Let f € (Hg/’p/(div, V), h e
1 *

W »P(T) satisfies h-n =0 on I'. Then, there exists a unique (u,7) € L? () x LP(Q) solution of

(0). Moreover, zf% = % + %, we have the following estimate:

I ey + 1 s CO+ 10 g3 Fl gy oy + 1 Bl ) (1135)

Proof.

i) In the first step we prove that: Find (u,7) € W P(Q) x LP(Q) satisfying (O) is equivalent to
find (u,7) € WP(Q) x LP(Q) with dive = 0 and - n = 0 on I such that:

V(w,0) € ZP(Q),
(0D) :
(u, —Aw —v-Vw+ VO)qp, — / ndivwdz = (f, w)q, p + (h, w)r
Q

where the brackets (.,.)qp+, denotes the duality HY P (div, Q) x (HY P (div, Q)" and (., Dar
denotes the duality (H{ 7 (div,Q)) x H{ 7 (div,Q). Indeed, let (u,7) € W 'P(Q) x LP(Q)
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Chapter II. Navier-Stokes equations with Navier boundary conditions

solution of (0) and let (w,0) € ZP(Q2). Using Green formula (II.6), we obtain:
(A% W) ot i gy (i) T 2 /ﬂ D(u) : D(w) dz — 2([D(uw)n]_, w)r
= (u, —Aw)qp p, — (h, w)r.
Asv-Vue (Hg/’p/(div, Q)), we have

(v-Vu,w)q, y = / (v-V)u- wdx,
Q

where the integral is well defined because % + % + z% = 1. It is clear that

[ e [ oSy

Q

Next, since w-n =0 on I', we have
(Vm, w)oy p = —/deivwdx.
Now, since divw = 0 in Q and u - n = 0 on I, we have for any 6§ in L?'(Q):
0= —/Qedivudx = (u, VO)gp -
Because W '?(Q) < L? (), we have u € HY P(div,Q). To recap, we have obtained that:
(f, w)or p = (u, —Aw)gp , + (U, VO)op+ ,, — /Q(v -V)w - udr — /Q7rdivwd$ + (h, w)r.

It means that (u,7) satisfies (OD). The second implication is similar to that given in the proof

of Proposition 3.1.

ii) Let f}, € D(Q) and hy, € C*(I). Using the density of D(2) in (H!"" (div, Q)" and the density
of C*(T) in W ™ »"(T') we have f, — f in (H, * (div,2))" and hy — hin W »"(T"). Set
Hj, = hj, — (hy, - n)n. Because Q is of class Cb', then n € W 1°(T"). This means that H}, is

1
regular and verifying: Hy-n=0on T and H;, — hin W »?(T") because h-n =0 on I.

Now, we know that there exists (ug,7) € WP(Q) x LP(Q)/R satisfying:

—Augp+v-Vup + Vm, = and divug =0 in
{ " btV =T g (I1.36)

up-n =0 and 2[D(u)n], = H, on T.

Now, let us define the space E = H P (div,2) x LP(2)/R and for w = (u,w) € E, we define

the following norm:

[ w l[5=ll w | grer@iv) + | T llr@e -

We define also the dual space E' = (H}™(div,Q))' x L} '(€) which is equipped with the following
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11.3 Oseen problem

norm: for G = (F,p) € E',

I Glle=IFllar»@voy + O+ 1 vlpse) el
Using Hahn-Banach Theorem we can write

H w ||E — sup |<G7w>El><E'
cer 2o | Glg

(P, W)y + [ o dal
= sup {

Fe(EP"P(div,Q)), F#0 H F H(Héo*’p(div,ﬂ))’ + (H‘ H v HL3(Q)) ” Y HLP’(Q)'
eeL P (Q),p70

Consequently,

‘<ukaF>Qp*,p+/ 7Tk§0d£f|
| wr mze e @ivo) + | T llLe)r= sup Q

Pe(HE®P (div.2)) F£0 | F [z aiv.oyy A+ [ v llzae) [ ¢ ”LP’(Q).
weLP’ (2),0#0

Since p’ > 2, we know due the Corollary 3.6 that for any F € (Hg*’p(div, Q) and ¢ € L7 (Q),
there exits a unique (w,0) € W' (Q) x L? (Q2)/R such that:

—Aw—v-Vw+VI=F and divw=—yp in €,
w-n=0 and 2D(w)n], =0 on T,
satisfying the estimate:

| w HWLP’(Q) +1 ¢ ”LP’(Q)/RS C(l+ || v ||L3(Q))( | F ”(Hg’**p(div,ﬂ))/ +(1+ | v ||L3(Q)) [k ||LP/(Q) )

(I1.37)
Thus,

(g, —Aw — v - Vw + V) pe p — / mpdiv w dz|
Q

Uk || g PP (di + | Tk llLr)/r = sup
Vo lager @y Hlmlev@m= S0 T F e ammy + O 1o o) 19 Tor
peL P (Q),0#0

B - |<7Auk+v«Vuk. +V7Tk,w>Qp*7pf <hk7w>W7%'p(F)><W%’p/(F)|
FeHP*P (div,Q))!, F£0 ” F H(Hé"*”’(div,Q))’ +(1+ H v HL?’(Q)) H ¥ HLP’(Q)
peL P (Q),0#0

As consequence,

| Fro wr = (s e | S Fi Ml g iyl @ oy + R Il —an T
< OA+ o lps@) (L Fell gt @ivpy T 1 w1, 10

x (| F ‘|(Hé’*7p(div7g))/ T+ [ llga@) el @) )-
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Chapter II. Navier-Stokes equations with Navier boundary conditions

Hence,

).

It g ooy + 7 ot/ €O+ 10 @)l P gy Ay

Then, we deduce that uy is bounded in LP*(£2) and 7+ ¢, is bounded in LP(€2) where (cx)r C R.

Now, we introduce the following space:
SP(Q) ={ve W?P(Q); v-n=0,dive=0and [D(v)n] =0 onT}.
Further, we have for any 1 € Sp,(Q),

[ Auypdo = [ Ap-wdo + @D(wnl, . 9)
Q Q

-1

_1 1 .7 .
w B PMxw e P (1)

Then, we deduce that

w™

—<f]<;7¢>97",p' — /Q v Uk V¢ dx = /QA’l’b s UL dx —+ <2 [D(Uk)n]T 7¢> %‘F(F)X W1+%’pl(r)‘

(IL.38)
Therefore, we can pass to the limit in (II1.38) as in the proof of Lemma 5.4 in [6], we deduce
that Q[D(uk)n]T,¢>W,1,%,p(r)xwl+%,p/m — 2[D(u)n], ) byt )
we can pass to the limit in (II1.36) and we deduce that (u,7) € LP*(2) x LP(Q) is the unique
solution of (0).

. Finally,

0

Remark 3.8 For Hg,’p/(div7 2)) with 1 < p < 2, we managed to prove the existence of solution
(u, ) € LP (Q) x LP(Q) for problem (0O), it remains to prove that u € W (Q). We show this later
in Theorem 3.10 for % <p<2.

Before, we give the following regularity result.
Theorem 3.9 (Strong solution with 1 <p<$) Let1<p< g,

feLP(Q) and he Wl_%’p(l“) satisfying h-mn=0 onT.

Then, problem (O) has a unique solution (u, ™) € W*P(Q)x W LP(Q)/R. Moreover, there exists C > 0
such that:

| ullwer) + | 7 llwis@rs CA+ || v HL3(Q))2<H-ﬁ’LP(Q) + Hhlef%,p(F))- (11.39)

Proof. Let A > 0, f, € D(Q) such that f, — f in LP(Q) and hy € C*°(I") such that hy — h in
1
W' o P(T). Let (uy,m) € W2P(Q) x WLP(Q)/R the unique solution of problem:

—Awuy+v-Vuy+Vrm, =Ff, and divuy, =0 in €,
uy-n=0 and 2[D(uy)n|.=hy on T,
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11.3 Oseen problem

satisfying
| ux Iz + | 7 llwie@yr< Cr(ll £ llzr@) + || ha lefé,p(r) + | v-Vuy [gr) ). (1140)

Now, we decompose v as in (II.12). Then for a fixed € > 0 we set v = v] + v§ with v] = ¥ * N and

| v5 [|3()< €. Therefore,

| v5 - Vuy ||LP(Q) < 5 ||L3(Q)|| Vuy ||Lp*(§2) < Coe || uy ||W2’p(Q)
and
|01 Vur [zr@) <101 [zr@ll Vua lzo@) 1o lpsoll pg ool Vua llzoq)
with % + é = 1% and 1+ % = % + % We choose 7 > 3 and ¢ > 1 and this implies that ¢ < p*.

Taking € > 0 such that C1Cse < %, we obtain

+ v llzs@ll pz lze@ll Vua llpaq) )-
(IT.41)

| ux lwer@) + I 7 lwro@)r< 201 (I Fa lle@) + || b ”W“%’P(r)

From (I1.41), we prove that there exists C3 > 0 not depending on A such that for any A > 0 we

have
| Vuy [[pa@)< Cs || £ lze@) - (11.42)

We know that the embedding W 2?(Q) — W 19(Q) is compact for any ¢ < p*. As consequence, for
any 1 > 0 there exists C, > 0 such that

| Vur llza) <0 ll ua llweo) +Cn || un l[ze@

<0 |l ur lwer@) +CC || un llpe (g -

Now, using estimate (I11.35), we deduce that
I 9 lg)= 1 s 2oy +CCo 0+ 10 o) £ lamiey + 1 Al gy ) (143)

From (I1.41) and (IL.43) and choosing 7 such that nC1C; || v || 3o < 1, we deduce we obtain for any
A > 0 small enough

2
| ux lwer@) + | 7 lw e r< 4C1 max (1, CC.Cp) (14 | v llps) ) (I £ lzr) + || Pa ”W“%’P(r))'

(I1.44)
Thus we can extract subsequences of u) and 7y, still denoted by ) and ), such that

uy—u in W??P(Q) and m\+cy—7 in WIP(Q),

where (c))x C Rand (u,7) € W2P(Q) x W P(Q)/R verifies (0) for h = 0 and the following estimate:

2
Il w2y + 17 lwoe@es CO+ Lo llpee) ) U F lere + 1R 50 ) (I1.45)
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Chapter II. Navier-Stokes equations with Navier boundary conditions

Theorem 3.10 (Generalized solution with % < p < 2) Suppose that % < p < 2 and verifies (I1.2).
Y 1

Let f € (Hy P (div,Q)), h € W »P(T) satisfying h- n = 0 on I'.Then, problem (O) has a unique

solution (u,7) € W'P(Q) x LP(Q)/R. Moreover, if = %+ %, there exists some constant C > 0 such

that:
Il wir) + 17 o)< COF | 0l s @) (| £ ' @wayy TPl - p) (T146)
In particular, if h = 0, then w € W>"(Q). Moreover, if% = %—i— %, then we have the following
estimate:
I ey + 17 oS OO+ 10 gae) 15 oy (1L47)
Proof.

A) Existence:

A1) We note that, if p > % and % <14 3, then r > 1. Applying Theorem 2.5, there exists a

unique (ug,qo) € WH(Q) x LP(Q p)/R solution of problem (I1.22). We have v - Vug belongs
to L*(Q) with z= ]l) + %. Since k > 1, by Theorem 3.9, we deduce the existence of (z,0) €
W 2k (Q) x W L*(Q) /R solution of problem (I1.24). Now, because + = 7—1—3, we have W2k (Q) —
WLP(Q) and W H*(Q) < LP(Q), then (ug+2,qo+60) € W P(Q)x LP(Q) verifies the problem
(0).

A2) Now, if h = 0 on T, then by Theorem 2.5, we have ug € W 2" (). Therefore, v- Vug € L"(Q).
By Stokes regularity we have z € W 27(Q).

B) Estimate:

B1) The case of h=0 on I': Let f € (Hgl’p,(div, Q))’, then we can write f as follows:
F=F+Vyy with FeL(Q) and e LP(Q)

with
H F HLT(Q)SH f H(HOT,’Pl(diV,Q))’ a‘nd || ¢0 HLP(Q)S” f H(H()T,’P/(div,ﬂ))’ *

We write the first equation of (O) as follows
—Au+v-Vu+ V(1 — 1) =

and so we can suppose that f € L"(1).
Let (f)x € D(Q) such that f, — f in L"(Q). For ¢t € (0,1). We have

pe* fr € DR?), %i_%kh_{gopt*}k:}’ and pt*fk/9—>f whent — 0, k — oo
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11.3 Oseen problem

where f is the extension by zero of f to R3.

Moreover, for ¢ = 35%2,

~ ~ 4 =3 ~
| e * fi ||Lg(R3)§H ot a3l i llorms) < 37”5 7N i Nz rsy - (I1.48)

We choose t = k=% with a > 0 which will be specified later. Set F = p; * j"k/g. Then, F, — f
in L"(Q) as k — oo. According step A2), there exists (uy, ) € W27 (Q) x LP(Q) solution for
the problem:

—Aup+v-Vu, +Vm, =F; and divug =0 in €,
up-n=0 and 2[D(ug)n], =0 on T,

Observe also that (ug, 7)) belongs to H1(Q) x L*(Q). Since 1 = ;1) + %, we have W2M(Q) —

r

W LP(Q) and using Stokes regularity we obtain:

| uk lwre) + | 7 L@y r<Il vk [[wer@) + | T Lr@)/rS Cl( | Frllor + | v Vug [z )
(I1.49)

From (II1.49), we prove that there exists a constant Cy not depending on k and v such that for
any k € N* we have
| Vug [[gr@)< Co || Fr llpm @) - (I1.50)

Indeed, assume, per absurdum, the invalidity of (I1.50). Then for any m € N* there exists
by e NNF, € Lg(Q) and v, € L*(Q) with divv,, = 0 in Q and v, - n = 0 on T such that, if

(ug,,,m,,) denotes the solution of the problem:

—Awuy, +v-Vuy, +Vmy, =3F,, and divu,, =0 in €,
Uy, -n =0 and 2[D(uy,)n], =0 on T

T

the inequality
| Vg, lLr@)>m || Fe,, (279, (IL.51)

would hold. We set:

T
| Vue, [[zr@)

Uy e

m 0 _ m
m =

T and Ry, —
| Ve, |z @)

w,, = - m
| Vg, [[zr@)

Then for any m € N* we have

-Aw,, +v, -Vw, +V0, =R,, and divw, =0 in €,
Wy, -1 =0 and 2[D(wy)n]., =0 on T.

Now, since R,, € Lg(Q) — (HOG’Q(diV, Q)) for any m € N* and ¢ > 0, and applying estimate
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Chapter II. Navier-Stokes equations with Navier boundary conditions

(I1.6),
(RS CH P S P ———— TP S
@=L @7 [V, T | " @ [ Ve, o 7 e b @
From (II.51), we have
C ~
< * .
H Wm HH1 || 3: || r(@) ” Pt me HL%(R:;)

Using (I1.48) and choosing ¢ = —1; with 0 < o < %/, we deduce that

47 C ~
| wm )< ——= | fe llzrms) -
1=
7| Fe,, o)

It is clear that the right hand side of the last inequality tends to zero when m goes to oo, we
deduce that
w, — 0 in HYQ).

Then, Vw,, — 0 in L*(Q) and in particular in LP(Q). On the other hand, we have ||
Vwy, ||gr@)= 1, which leads to a contradiction. Inequality (I1.50) is therefore established.
As consequence, from (I1.49) and (I1.50) we obtain for any k € N*

s Dy oy + 17k lmye COF 10 llgsay) || F o) -

Thus we can extract a subsequence of u; and my, still denoted by u; and 7, such that
up, —u in WHW(Q) mp+e =7 in LP(Q),

where (u,7) € W1P(Q) x LP(Q) verifies (O) for h = 0 and the following estimate:

I oy + 7 oy CO+ 10 lsa) 1S g ey -

B2) The case of h # 0 on I': Applying Theorem 2.5, there exists a unique (ug,qo) € W HP(Q) x
LP(Q2)/R solution of problem (I1.22) verifying the estimate:

I 0 llwrgey + 110 @/ CULE gy gy + 1 8L, 1) (IL52)

We have v-Vug belongs to L"(2). According to step A1) and step B1), we deduce the existence
of (z,0) € W2 (Q)x W L7(Q) /R solution of problem (I1.24) and verifying the following estimate:

| 2 [lwer ) + 110 [lwir@ymr < CA+ ([ v o) [ v-Vuo [z @)

< Cllvllgs@ A+ [l vz R 1, )

H f H HT p (leQ )/ W D P(F)
(IL.53)
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Now, because 1 = %—F %, we have W2 (Q) — WP(Q) and W(Q) < LP(Q) and (ug +

r

z,q0+0) € WP(Q) x LP(Q) verifies the problem (O). Estimate (I1.46) follows from (II.52) and
(IL53).

O

Remark 3.11 Notice that if p < %, we have v - Vug is not integrable. Thus, we can not apply the
same reasoning as in the previous proof. We have v - Vug = div(v ® u) € W ~1P(Q) but it is not an
element of (H L4 (div, Q))’. Consequently, it is difficult to prove the existence of generalized solutions
of problem (O) when 1 < p < % unlike the case of Oseen problem with Dirichlet boundary condition
where we can use the fact that div(v® u) € W ~1P(Q).

4 Navier Stokes equation

The aim of this section is to prove the existence of weak solution and strong solution of problem (N§).
Take x = 0 and g = 0. Thanks to Lemma 1.4, we can show that the Navier-Stokes problem (N§), is

equivalent to the following formulation:

Find u € VP(Q2) suchthat,
(INS)
Ve e V(@) 2 [ D(u): Dig)da+blu,u,9) = (f.¢)o + (b

where (.,.)q = (., .)[Horz,p/(divﬂ)],ngr,p/(div’Q) and b(u, v,w) = [ (u-V)v-wdz. To facilitate the work,

we give some properties of the operator b. The proof of the f%llowing lemma is similar to the case
p=2.
Lemma 4.1 For any we€ VP(Q) and n € T(Q), the following identities hold

b(u, u,n) = b(u,n,n) = b(n,n,u) = 0.

Remark 4.2 Using Lemma 4.1, in the case where € is obtained by rotation around a constant vector

a, we deduce that the following condition is necessary to solve the problem (N§),

(f.B)q + (h.B)r =0. (IL.1)

An existence result is given by the following theorem, whose proof is given in [6].

Theorem 4.3 Let
fe (HS?(div,Q))’ and he H 2(D),

satisfying h-m =0 on T and the condition (I1.1). Then Problem (FN8) has solution (u,7) € H*(Q) x
L2(Q)/R. Moreover, we have the following estimate:

| w ||H1(Q) 7 2@ r< c(l ‘fH(HOG’2(div,Q))/ +h HH‘%(F) )
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Now, we treat the general case 1 < p < oco. We start with the case p > 2.

Theorem 4.4 (Generalized solution for p > 2) We suppose that p > 2 and r > g. Let f €

(Hg/’p/(div, Q))/ and h € W_%’p(I‘), satisfying h-n =0 on T' and the compatibility condition (IL.1).
Then, Problem (N8) has solution (u, ) € W'P(Q) x LP(Q). Moreover, we have the following estimate:
).

I w1 lzrym< CCLE sl R LY Y

oo, _1
H' (div,)) 5P (T)

S we have (H}"(div,Q)) < (HS*(div,Q)) and W »¥(I) —
H_%(F). Thus, problem (N8) with x = 0 and g = 0 has a solution (u,7) € H(Q) x L%(Q). As

consequence, u - Vu belongs to L%(Q) Now, we write

Proof. Since p > 2 and r > &

—Au+Vr=f—u-Vu.

At first, according to Lemma 4.1, we note that (f — w - Vu, h) satisfies the compatibility condition

(I1.7). Using Lemma 1.2, we can decompose f as follows:
f=F+Vy, with Fe& L"(Q)andy € LP(Q).

As consequence, we distinguish according to the values of r and p the different following cases:

i) If r < 3, then p < 3 and f — u- Vu belongs to (Hgl’p/ (div, Q))/ As consequence, using Theorem
2.5, we deduce that (u,7) € WHP(Q) x LP(RQ).

ii) If r > 3 and p < 3, then 2 < 2 < %4—% and we have f — u - Vu belongs to (Hg’ml(div,Q)),. We
apply for the second time the Theorem 2.5, we deduce that (u,7) € W1P(Q) x L?(Q).

iii) If p > 3, since (I1.2), then r > 3. Using the same reasoning, we deduce that (u,) € WP (Q) x LP(Q).

O

Now, we give some regularity results.

4.1 Strong solution

Theorem 4.5 (Strong solution with p > g) We suppose that p > %. Let f € LP(Q) and h €
1

W'TvP(1), satisfying (I1.3) and the condition (IL1). Then, Problem (N8) has solution (u,7) €

W2P(Q) x W P(Q). Moreover, we have the following estimate:

).

||u||W2’p(Q) + ||7THW17P(Q)/]R < C(Hﬂ|LP(Q) + ||h”W1_%,p(F)

Proof. The idea of the proof is to use the result of existence for Stokes problem. According to
Theorem 4.3, there exists (u,7) € H'(Q) x L?(Q) solution of (N§). We consider two cases:

a) g <p< % We have u - Vu belonging to L%(Q), the result follows directly from the regularity
of Stokes problem.
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b) 3 < p<3. We have (u,7) € W22(Q2) x W3(Q). Recall that
W23(Q) — W3(Q) — L(Q)

with ¢ > 1. Then, uw - Vu belongs to L(Q) for any ¢ < 3. To conclude we apply the regularity
of Stokes problem.

c) p > 3. We know that w € W?3(Q) and 7 € W13(Q). Using the fact W23(Q) — L>(Q),
we deduce that w- Vu belongs to L(Q) for any ¢ € [1,00[. Again, according the regularity of
Stokes, we have (u,7) € WP(Q) x W1P(Q).

4.2 Study of Existence result of problem (N§) for 3 < p <2

In this subsection we study the existence of weak solution of problem (N§) with domain €2 not obtained
by rotation around a vector, with data f € (HOT/’pl(div,Q)/ and % < p < 2. We give the following

Theorem whose proof is similar to Theorem 4.1 in [9].

Theorem 4.6 Assume that % <p<2andr= 33Tpp' We suppose that x =0 and g =0 on I'. Let

fe (H'Y (div,Q)) and he W #P(D)

satisfying h-n=0 on I

i) There exists a constant y such that, if

+R <oy, (11.2)

H‘fH HT x4 (div,Q2))’ p(r

then, problem (N8) has solution (u,m) € WIP(Q) x LP(Q)/R. Moreover, we have the following
estimate:
AR,

)-

||u||W11p(Q) + ”ﬂ-HLP(Q)/ (HfH(HT ' (div,2))’ P(F)

ii) Moreover, there exists a constant ag €]0, 1] such that this solution is unique if

11 oy + 1Ay 3 < 02 (IL3)

Proof.

i) Existence: We start to prove the existence of generalized solutions. We want to apply Banach’s
fixed point theorem. The idea is to apply this fixed point over theorem the Oseen problem (O).
We are searching for a fixed point for the mapping T,

T:VPQ) — VP(Q)

v —  u,
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where VP(Q) is given by (IL.5) and for v € V?(Q0), Tv = u is the unique solution of Oseen
problem (O). In order to apply the fixed point theorem, we have to define a neighborhood B,

in the form:
By={veVPQ), v-n=0 on I' and |[v|pirgq=<A}

Let v; and vy € B). We choose a contraction method, we must prove that there exists 6 € |0, 1]
such that

| Tvr — Tz ||y roy=Il w1 — w2 [[yrry< 0 || v1 — 02 [lyyrnq) - (IL.4)

In order to estimate || u1 — ug2 ||y 1(q), We observe that for each k = 1,2, we have (uy, m;) €
W LP(Q) x LP(Q) verifies:

—Aup+ v -Vup,+Vrmp=f and divur =0 in Q,
up,-n=0 and 2[D(ug)n]_=h on T.

with the estimate

).

I vy + 1k omym OO 0 s 2O gy gy + 1 Ly

Now, in order to estimate the difference u; — ug, we observe the problem verified by (u,7) =

(w1 — ug,m — ma), which is the following one:

—Au+v-Vu+Vr=—v-Vuy and divu=0 in Q,
u-n=0 and 2[D(u)n|. =0 on T,

T

where v = v; — vy. Using the estimate made for Oseen problem successively for u and us, we
obtain that:

| u HWM'(Q)S C(1+ [ v ||L3(Q)) | v-Vus [l @) -

Then

[ u Iy e < CA+ [l v1ligs) v gzl Ve llpr@)
< (14 | 01l 0+ 02 i) |1 @ o (11.5)

x (I f H(H(;‘/vp/(div,ﬂ))’ +1k HW‘%”’(F))'

Now, we set a =|| f H( +lh| _1 . Then, (II.5) becomes:

H'V (div,Q)) W B (D)

| u{[wreo< C?a(1+ || v l£3(0)) 1+ [| v2 ||L3(Q))2 v lg3
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II.4 Navier Stokes equation

Now, let C; > 0 such that
voe WH(Q), (vl Crllvllwirg -
As consequence, we have
| [lwir< C*’Cra(1+Cy || vy | w1e@) (1 +C1 || ve HWl’p(Q))Q [vllwir - (L6
Therefore, we can obtain estimate (I1.4) if we consider A such that
C1C%a(1+ C1A)? < 1,

that is verified, for example, taking:

1

= —((201C2a)7% —1) and a<
Cy

A (IL.7)

1
20,C?%°
Thus, if (IL.7) is verified, the fixed point ux € W 1P(Q) satisfies the estimate:
lw oy € Call+ Gl us llyingy)?
i.e
| ws [ gy 1m0 < %,

where zx is the smallest solution of the equation: aCh2? + (2a — 1)z + & = 0with a = CCiq,

j.e Tx = 1—2ng V11_4“. We take a < i and we have

|| ” < 2a < 4a
ux , —,
WP Q)= Ci(1—2a++1—4a) = C4

which finishes the proof of existence.

Uniqueness: We shall next prove uniqueness. Let us denote by (w1, 1) the solution obtained in
step i) and by (w2, m2) any other solution of (N§) corresponding to the same data. Set u = u—uq
and m = m — . We find that:

—Au+u-Vu+Vr=—u-Vuy and divu=0 in Q,
u-n=0 and 2[D(u)n]_=0 on T,

T

As consequence,

[ llwio< OO+ | ur ligsq)) | w- Vus [[rr @),

as in step i), we have

I HWl”’(Q)S COI+Cr | w HWLP(Q)) | HWLP(Q)H U2 HWLP(Q)y

73
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We know that, for ¢ = 1,2
[ ui llwirg) < Ca(l+Cr | uillyieg)?,

SO

Consequently,

Then, if 4C1C%a(1 +4CC1a)? < 1, we deduce that w = 0, which finish the proof of uniqueness.

O
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Chapter 111

Semi-group theory for the Stokes operator with

Navier boundary condition.

1 Introduction

Let us consider in a bounded cylindrical domain € x (0,7") the linearised evolution Navier-Stokes

problem

{%—Auww:f, divu=0  in 2x(0,7), (IIL.1)

u(0) = ug in Q,

where the unknowns w and 7 stand respectively for the velocity field and the pressure of a fluid
occupying a domain 2. Given data are the external force f and the initial velocity uyg.

To study these problems, it is necessary to add some boundary conditions. Note that these systems
are often studied with Dirichlet boundary condition, also called no-slip boundary condition, which is
applicable in the case where the boundary of the flow is solid. Yet, in the physical applications, we
are often encounter situations where this conditions does not quite feasible. In this case, it is really
important to introduce another boundary conditions to describe the behaviour of fluid on the wall.
For example, when a part of flow boundary is the air, it is convenient to use a slip boundary condition.

In the literature, in 1827, Navier [53] was the first to propose a Navier-with friction boundary
condition, in which there is the stagnant layer of fluid close to the wall allowing a fluid to slip, and
the tangential component of the strain tensor should be proportional to the tangential component of

the fluid velocity on the boundary:
u-n=0 and 2[D(u)n|.+au, =0, (I11.2)

where D(u) = (Vu + Vu') denotes the deformation tensor associated with the velocity field u, o
the scalar friction function, n the exterior unit normal and 7 the corresponding tangent vector.

In this paper we deal with the Stokes operator with the Navier-type boundary conditions (III.2)
for @« = 0. Our goal is to obtain a good semi-group theory for the Stokes operator with Navier-type
boundary conditions (III.2) for « = 0 on LP-spaces as it is well known for Dirichlet boundary condition
( for instance see [36-39]).

One of our main result is the following:
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Theorem 1.1 The Stokes operator with Navier-type boundary conditions generates a bounded analytic

semi-group on LY (Q)for all 1 < p < cc.

This analyticity allows us to solve the Problem (II1.1)-(II1.2) and to get strong, weak and very
weak solutions. To prove Theorem 1.1 we use a classical approach. We study the resolvent of the

Stokes operator:

{ Au—Au + Vo= f, divu=0 in €, (IIL.3)

u-n=0, D(u)n]_=0 on T,

T

where A € C* such that Re A > 0. We prove the existence of weak, strong and very weak solutions to

Problem (II1.3) satisfying the resolvent estimate

c(Q,p
fulere < S ISl (L4

We also prove estimate (II1.4) for the norms of [Hg/ (div, Q)];, , and [TPI(Q)];’T. Notice that for p = 2

one has estimate (II1.4) in a sector A € X for a fixed ¢ € |0, 7[, where

Y.={AeC" |arg)| <7 —¢}.

2 Preliminary results

In this section we review such basic notations and functional frameworks. Let us first recall some
elementary properties.

Let us consider the following spaces:
X™P(Q) = {v e LP(Q); dive € WM IP(Q), curlu € W™ HP(Q)andwv-n € W™ YPP(D)} (TI1.1)
and
Y™P(Q) = {v e LP(Q); divo € WM HP(Q), curlv € W™ HP(Q)andv x n. € W L/PP(D)],

We have the following lemma (see [9]).

Lemma 2.1 Let m € N*. Assume that §) is of class C"™!, then the spaces X™P(Q)) and Y™P(Q) are
continuously embedded in W™P(Q).

Second, we define the following spaces: For all 1 < p < oo,
LY (Q) ={ve LP(Q); divv =0in Qand v-n =0 onl},

is equipped with the norm of L?(Q2). We use the some notations as in Chapter I and Chapter II and

n the sequel, for simplicity of notations, we write

2
Aw=> (w,- aTk)T’“' (IT1.2)
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We recall that for any v € D(Q) the following formulas holds:

ov

[D(v)n|. =V, (v-n)+ (a—n)T —Av (IT1.3)
and
curlv x n=V,(v n)—(@) — Av (I11.4)
T on’T ' '
Remark 2.2 In particular if v-n = 0 and [D(v)n|,. = 0 we have curl v x n = —2Awv. As consequence

Av-n=divrAv onl,

where divp denote the surface divergence on I

Consider now the space
EP(Q) = {v e W'P(Q); Av € [HY (div,Q)]'},
which is a Banach space for the norm:
[ vller@=Iv HWLP(Q) + || Av ”[Hg”(div,m]f :

We know that D(Q) is dense in EP(Q) (see [8, Lemma 4.1]). In addition we have the following

lemma (see [6, Lemma 2.4]).

Lemma 2.3 Suppose that Q is of class CY'. The linear mapping © : v —— [D('u)n]’_‘F defined on
D(Q) can be extended by continuity to a linear and continuous mapping
0: EF(Q) —— W (D).
Moreover, we have the Green formula: for any v € EP(Q) and ¢ € Vp,(Q),
~(Av.g)g =2 | D(v) : D) da— 2(D(v)n,. o)r- (IL5)

where (.,.)r denotes the anti-duality between W_%’p(F) and Wi (T') and (.,.)q denotes the anti-
duality between [HY (div, Q)" and HY (div, Q).

We have also the following result:

Lemma 2.4 Assume that Q is of class CY'. Let v € WHP(Q) such that Av € LP(Q). Then [D(v)n]
and curlv x n belongs to WY/PP(T) and satisfy respectively formulas (IIL.3) and (I11.4).

T

Next we consider the problem:

div(gradm — f) =0 in €, (gradm — f) - n=0 onI. (I1L.6)
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We recall the following lemma concerning the weak Neumann problem without giving the proof.

Lemma 2.5 (%) Let f € LP(Q)) (see [57] for instance), the Problem (III.6) has a unique solution
7w € WHP(Q)/R satisfying the estimate

lgrad 7||r) < C1(Q) | Fllzr ),

for some constant C1(€2) > 0.
(ii) Let f € [Hgl (div, )], the problem (II1.6) has a unique solution m € LP(Q2)/R satisfying the
estimate

HTrHLP(Q)/R < CQ(Q7p)Hf”[Hgl(div,Q)]’.

(iii) Let f € (TP (Q)), where TP(Q) is given by (IIL.47). The Problem (IIL.6) has a unique
solution m € W=1P(Q) /R satisfying the estimate

||7THW*1’P(Q) < C(va) Hf”(Tp’(Q))/
We give now the definition of a sectorial operator. Let 0 < 6 < 7/2 and let Xy be the sector

Yy = {)\QC*; |arg \| <7r—0}.

Definition 2.6 Let X be a Banach space. We say that a linear densely defined operator A : D(A) C
X — X 1is sectorial if there exists a constant M > 0 such that

Ve Xy, RO A)llexy < (ITL.7)

Al
where R(\, A) = (AT — A)~L.

This means that the resolvent of a sectorial operator contains a sector Yy for some 0 < 0 < 7/2 and
for every A € ¥y one has estimate (IIL.7). Moreover thanks to [35, Chapter 2, Theorem 4.6, page 101]

we have the following theorem:
Theorem 2.7 An operator A generates a bounded analytic semi-group if and only if A is sectorial.

However, it is not always easy to prove that an operator is sectorial in the sense of Definition 2.6.
Although, Yosida [65] has proved that it is suffices to prove (IIL.7) in the half plane {\ € C*; Re A > w},
for some w > 0. This result is stated in [12, Chapter 1, Theorem 3.2, page 30] and proved by K.
Yosida.

Proposition 2.8 Let A : D(A) C X +— X be a linear densely defined operator, let w > 0 and

M > 0 such that
M

VAECH Rea>w,  [[RO\A)gx) < o (IT1.8)

Then A is sectorial.
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Remark 2.9 Proposition 2.8 means that there exists an angle 0 < 6y < 7/2 such that the resolvent

set of the operator A contains the sector
Yo, = {N€C; |arg\| <7 —6p}
where estimate (I11.8) is satisfied.

To show the resolvent estimates of type (II1.4), we need the following lemma (see [11] for the

proof). Before we recall that the vectors w and Rewu given by
u= (1w, W, W3 ) Reu = ( Reu;, Rewus, Reus )
are the conjugate and the real part of the vector u

Lemma 2.10 Let u € WP(Q) such that Au € LP(Q). Then
Au, |ufP~2 - P2 vuPde + 4222 [ V] d
— (D [l ) ) ey = [ el VU de B IVl d
2% riRe (2% )t (2% @) d 0u |2 1119
where (., )r is the antiduality between W—'/PP(T') and W/P¥' ().

Remark 2.11 Notice that if Q is of class C>! then n € W1°°(T'). This means that, if u € WP(Q)

ou
Y A
8n)7' v

belongs to Wlf%’p(lﬂ) < LP(T"). In addition, we have |ul’"2m € W'¥ (Q) and then its trace belongs

such that w-n =0 and [D(v)n]_ =0 on I, then using formula (II1.3), we deduce that (

to WI=1/P'P (1) < LP(I'). As consequence, the integral / |u]p2(g:i)7_ -udo is well defined and
r
ou
i du p—2 P2(Z 7Y w
we can replace in (ITI1.9) the term <an, |ul u>F by /F |ul (an)‘r udo.

3 The Stokes operator

In this section we define the Stokes operator. This will be useful in the following to study the
analyticity. Will proceed as in the case of the Stokes operator with Dirichlet boundary conditions.

Before we recall the following space:
VP(Q)={ve W(Q); divu=0inQ and u-n =0, onT}.
The Stokes operator with Navier-type boundary conditions is defined by
Vu e VI(Q), Yo e VP(Q),  (Au. v) i@ = /QD(u) : D(v)d .

Notice that, we can also define the Stokes problem with Navier boundary condition by A : D,(A) C
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L2,(9) — I2(9), where
D,(A) = {u € WH(Q); Au € LP(Q), divu =0in Q,u-n =0, [D(u)n]_ =0onT} (IIL.1)

and Au = —PAu, for all u € Dy(A). We recall that P : LP(Q2) — Lb () is the Helmholtz
projection defined by, for all f € LP(Q), Pf = f — gradm, where m is the unique solution of
Problem (II1.6). This means that, the Stokes operator is defined by :

u € D,(A4), Au = —PAu = —Au + gradm,
where 7 is the unique solution up to an additive constant of the problem
div(gradm™ — Au) =0 in Q, (gradm — Au) -n=0 on I'. (I11.2)

Now, we remember the following density result:
Proposition 3.1 The space Dy(A) is dense in LY ().

Proof. The proof is obvious. Indeed, we have D,(2) C D,(A) C LY (). Because D, (2) is dense
in LB _(£2), we have D,,(A) is dense in Lf _(£2). O

The following proposition gives a simple definition of the domain of A.

Proposition 3.2 Suppose that ) is of class C*1, then
D,(A) = {u e W?(Q); divu=0inQ, u-n =0, [D(w)n]_= 0on F}. (II1.3)

Proof. For u € D,(A), we set z = curlu. It is easy to see that z € LP(Q2), divz = 0 in Q and
curlz = —Awu € LP(Q). In addition since  is of class C*!, then z x n = —2Au € Wl_%’p(F).
Therefore, applying Lemma 2.1 we deduce that z € Y!'P(Q) — W'P(Q). Finally observe that
u € LP(Q), curlu € WHP(Q), dive = 0in Q and u-n = 0 on I'. Again thanks to Lemma 2.1, we
conclude that u € W?P(Q), which ends the proof. O

Remark 3.3 In [11] authors studied the Stokes operator with the following boundary condition:
u-n=0 and curlu xn=0. (I11.4)

In this case the pressure is constant and the Stokes operator coincide with le Laplacian operator. In
our case the pressure cannot be constant since it is solution of problem (III.54). So, we are in the

same situation of the Stokes operator with Dirichlet boundary condition.

4 Analyticity results

This section devoted to prove the estimate of type (IIL.4), for data in LP(Q), [Hg/(div, Q)] . or
[T ()]

o,T"
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4.1 Analyticity in LP(Q)

The main goal of this subsection is to prove that the Stokes operator with Navier boundary conditions
generates a bounded analytic semi-group on L%,’J(Q) for all 1 < p < co. Our study will be done in
two parts. In the first part we treat the Hilbertian case and in the second step we treat the general
LP-theory.

4.1.1 The Hilbertian case

Let us recall the following lemma (see [11] for the proof).

Lemma 4.1 Let € € |0, x| be fized. There exists a constant C- > 0 such that for every positive real

numbers a and b one has:
YAEY,  |Na+ b >C(|Ma + b). (IIL.1)

We want to study the resolvent of the Stokes problem. For that we consider the problem (IIL.3)

and we have the following theorem:

Theorem 4.2 Let ¢ € |0, 71| be fized, f € L*(Q) and X € ¥..
(i) The problem (I11.3) has a unique solution (u,7) € H'(Q) x L?(Q)/R.
(ii) There exist a constant C. > 0 independent of f and X\ such that the solution w satisfies the

estimates o
lullp2iq) < ﬁ”f”]}(n) (II1.2)
and
CL
||D(u)HL2(Q) < ﬁ”f”]ﬁ(gy (I11.3)

(CL =1/C., where C; is the constant in (1I1.1)).
(#ii) If Q is of class C*' then (u,7) € H*(Q) x H'(Q) and satisfies the estimate

C(Q A e
[l g2 o) < ()\|) 11l 202y (IIL.4)

where C(Q, A\, e) = C(Q)(CL+1)(|A] +1).

Proof. The proof is in two parts. We start by the proof of existence and uniqueness.

(i) Existence and uniqueness: We consider the variational problem: find w € V() such
that for any v € VZ(Q)

a(u, v) = /Qf wdz, (ITL5)

where

a(u,v) :)\/Qu'ﬁda:+2/QD(u):D(%)da:.
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We can easily verify that the sesqui-linear form a is a continuous form on VQ(Q). For the coercivity,

observe that since A € Y., thanks to Lemma 4.1 there exists a constant C. such that

| a(v,v)|

A ||’U||i2(g) + 2HD('U)||%2(Q)|
Ce (|Al H’17”2L2(Q) + 2||D(”)”2L2(Q))~

Y

Now, using Korn’s inequality we deduce that
la(v,v)] > C. min(A],2)[o]%1 .

This means that, for all A € 3. a is a sesqui-linear continuous coercive form on VQ(Q). As consequence,
due to Lax-Milgram Lemma, problem (ITL.5) has a unique solution u € V2(Q) since the right-hand
side belongs to the anti-dual (V(Q))".

Now, we prove that the two problems (II1.3) and (IIL.5) are equivalent. Using Green formula
(IT1.5), we deduce that every solution of (III1.3) also solves (II1.5). Conversely, let u a solution of the
problem (II1.5). Let us take a function v € D(Q) such that dive = 0 as a test function in (IIL.5) we
have

)\/Qu 'ﬁdx+2/QD(U) D) da = (A — Au, ) gy ) 0y

As a consequence,
Vo € D, (), (Au— Au — f, ”>D’(Q)xD(Q) =0.

So, by De Rham’s Theorem, there exists a distribution 7 in D/(Q) defined uniquely up to an additive
constant such that
Au—Au+Vr =f. (I11.6)

As Vi € H ™ 1(Q), we deduce that 7 € L%(Q) (we refer to [3]). Moreover, by the fact that u belongs to
the space V2(€2), we have divau = 0 in Q and u.n = 0 on T'. It remains to prove the Navier boundary
condition [D(u)n]_ = 0 on T. We multiply the equation (ITL.6) by v € V?(Q) and we integrate on
Q:

/\/Qu-@dx + 2/QD(u) . D(@)dz — 2([D(u)n]. , v)r = /Qf-ﬁdx. (ITL7)

Using (II1.5) and (II1.7), we deduce that
we ViQ), (Dl v)r=0.

Let now p any element of the space H%(F) So, there exists v € H () such that dive = 0 in Q and
v =p, on I'. Its clear that v € V3(Q) and

(ID(w)n], , w)y. = (D(wnl, , by = (D(w)n], v} = 0.

This implies that
[D(u)n]., =0 on T.
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This prove that the two problems (III.3) and (IIL.5) are equivalent. Thus we obtain the existence and
the uniqueness of solution to problem (III.3).
(ii) Estimates: Now we prove the estimates. For this, multiplying the first equation of System

(IT1.3) by w and integrating both sides one gets
A / lul*dz + 2/ ID(u)|?dz = / f-udz.
Q Q Q
Now as described above, since A € X, there exists a constant C. = 1/C; such that

‘)“HuHiQ(Q)+2HD(U)”%2(Q) < C::|AHU’H%2(Q)+2HD(U)”%2(Q)|

/Qf-ﬂdx‘

Cl ||f||L2(Q)Hu||L2(Q)'

IA

As a result
L
lullg2q) < WHfHLZ(Qy
which is estimate (II1.2). In addition, it is clear that

Cl

D@y < E Izl o)
CZ o2
which is estimate (II1.3). We recall that C; is the constant in (IIL.1). O

Remark 4.3 The previous theorem is true in particular for f € L§7T(Q).

4.1.2 [P—theory

In this section we extend Theorem 4.2 to every 1 < p < co. In the first theorem we show the existence,
uniqueness and regularity of the solution to the problem (II1.3) in the case of LP-theory. The proof
of resolvent estimates will be divided en two step: In the first step, we prove the estimate for A € C*
such that ReA > 0 and |A| > Ao, where A\g = A\o(€, p) is defined in (II1.23). In the second step we

prove the resolvent estimate for 0 < |A\| < Ao.

Theorem 4.4 Let A € C € X. and let f € LP(Q). The problem (II1.3) has a unique solution
(u,7) € WHP(Q) x LP(Q)/R. Moreover, if Q is of class C>' then (u,n) € WP(Q) x W P (Q).

Proof. Existence: As in proof of Theorem 4.2, we prove that problem (III.3) is equivalent to the
following variational problem: Find w € V?(f) such that for all v € V¥ (Q)

)\/Qu‘ﬁdx—i-2/QD(u):D(ﬁ)dx:/gf-ﬁdx.
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To prove existence, we distinguish three cases:
(i) Case 2 < p < 6. Let (u,7) € HY(Q) x L?*(Q)/R be the unique solution of problem (IIL.3). We
write problem (III.3) in the form:

{ —Au + Vr=F, divu =0 in Q, (1118)

u-n=0, D(u)n|.=0 on I,

T

where F' = f — Au. Thanks to the embedding H'(Q) — LP(Q) one has F € LP(Q). It remains to
verify (see [6, Theorem 3.7]) that F satisfies the following compatibility condition

/ F.Bdx=0. (I11.9)
Q

Thanks to Lemma 2.3, we have
/F-de _ /(—Au+V7r)-de _ 2/ D(u) : D(B)dx — 2([D(u)nl.., B)r = 0.
Q Q Q

As consequence, applying [6, Theorem 3.7], we deduce that (u, ) belongs to W P(Q) x LP(Q).

(ii) Case p > 6. Since f € L%(Q), according to the point (i), problem (IT1.3) has a unique solution u €
W L5(Q < L°°(Q). Again, applying [6, Theorem 3.7]), we have (u, ) belongs to W P(Q) x LP(Q).

(iii) Case p < 2. Thanks to step (i) and (ii), the operator A\I + A is an isomorphism from V?(Q)
to (V¥ (Q)) for p > 2. Then the adjoint operator which is equal to AI + A is also an isomorphism
from VP (Q) to (VP(Q)) for p’ < 2. As consequence, the operator AI + A is an isomorphism for
p < 2. Notice that the operator AT + A € L(VP(Q), (V? (Q))') is defined by: for all ¢ € VP(Q), for
all £ € VP(Q)

(A + A, Owryxve) = A/Qw'gdx + 2/QD(</>) : D(€) da.

Regularity: If Q is of class C%!, we consider the problem (II1.8) and we apply the Stokes regularity
([6, Theorem 4.1]), which ends the proof. O

Remark 4.5 1. The pressure 7 given by Theorem 4.4, satisfies also the following problem:

Ar =div f in Q, gZ:Au~n:2divr(Au)+f-n on I
Moreover, we have the estimate:
IV7llLr) < Cllullw roq) + 1 FllLr@)- (1IL.10)

2. The result of the previous theorem holds in particular for f € Lb _(£2). In this case, notice that
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the pressure m is a solution of the problem

Am =0 in , ((;:—Au-n—2din(Au) on I'.

Moreover, we have the estimate:
[V7llzr) < Cllully e - (IIL.11)

The latter estimates will be useful in the sequel to show the resolvent estimates.

In the following, we want to prove the a resolvent estimate similarly to the estimate (III.2) for all
1 < p < co. But this case will not be easy to show as in the case p = 2 and the proof will be done in

several steps.

Resolvent estimates for |\| > \g

Proposition 4.6 Suppose that 2 < p < 4. Assume that Q is of class C*'. Let A\ € C* such that
ReX >0 and |[A| > Ao, where Ao = Ao($2,p) is defined in (II1.23). Moreover, let f € LL (), where
1 <p < oo andletu € WHP(Q) be the unique solution of problem (IIL.3). Then w satisfies the

estimate

k1(2, p
by < 05 1o 12

where the constant k1(2, p) is independent of A and f.

Proof. The proof will be divided en two step. Note that the calculation in the first step is true for
all p > 2.

First step: We proceed as in [11, Proposition 4.11]). Multiplying the first equation of problem
(II1.3) by |u|P~2 @ and integrating both sides one gets thanks to Lemma 2.10

-2
)\/ yu|de+/|uyp—2|Vu|2dx+4pT/ IV P22 d o
Q Q p Q

:/u|P—2(a“) ado + / |u\p_2f-f&dx—/ P2 V@, (TT113)
r on’T Q Q

Notice that, according to Remark 2.11, we have the integral on I' is well defined.

Since [D(u)n]_ =0 on I', we have

(%) = 3 (2% ) S
on'r T ds; )7 i

j=1 k=1
2 2 2
9 )
= Y muweri 5= e Y Tup (ITL.14)
j=1k=1 Sj k=1 Sj
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Now putting together (II1.13) and (II1.14) one gets
-2
)\/ P dae + / P2 [Vulfdz + 4”72/ IV P22 d o
Q Q p° Ja

3
+ (p—%iZ/ !u\p‘4Re(§f'“)Im(M'“)dx

8$k

—/]u\p QZZuJuka —da—l—/]u\p 2f. udx—/\u]p 2Vnr-a. (IL15)

J=1k=1

As consequence
-2
Re)\/|u\pdx+ / P2 |V u?da +4p72/ IV P2 d
Q Q p° Jo
on’/r

= Re [ [ul(5%) wrdo] + Re[ [ Jul 25 wds] - Re[ [ jul? Vr-ada]

and

8$k

m {/Fu|p_2(g:’)7-u,-da} + Im[/ﬁ|u\p_2f-ﬂdx} - I]fn[/ﬂ]u|p_2 Vr-udzx|.

3 _ ou Ju
Im)\/Q|u|pd:U+ (p—2)kz::1/9|u|p 4Re(8—xk-u>lm(7.u)dx

Using (II1.14), we have

Re Al o) + / P2 |Vufdz + 47/ IV [ulP2P d
Q
< @ [ [l do + |z lulfeie) + 197 oo lulflo, (1116
and
-2
Al < 2= / |u|p_2|Vu|2dx + 01(9)/ P do (ITL.17)
+ H.fHLP(Q s y + IVl Q)||U||Lp(9

for some constant C(€2) > 0. Now putting together (III.16) and (III.17) one has

(Re + [ \ffullygy + [ fuf* |V uf

-2
b 5 /|V|u\p/2|2d:ﬁ
Q
—2
< L / |u|p_2|Vu|2dﬂc + 201((2)/\u|pd0

+ 2 ||f”LP(Q [ullzr ) + 20Vlze)llulzs (ITL.18)
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Now putting together (II11.16) and (II1.17) one has

(ReA + [ImAD]jullly 0+ / P2 |V ulds + 422 / a2 d
< P2 / P2 |Vu|2dx + 201(9)/F\u|pd0

+ 201 F @ lullfoi) + 2097l oo llelf g (ITL.19)

To estimate the integral on I', we need the following inequality (see [40, Chapter 1, Theorem 1.5.1.10,

page 41]):
/|w[2da < 6/ Vw?dz + C’E/ lw|? d (I11.20)
r Q Q

for all w € H'(Q) and for all € € ]0,1[. Applying formula (II1.20) to w = |u[P/? and substituting in
(IT1.19) one gets

_ p—2
DY /Q|u|p 2|V ul2ds + 4]92/Q|V|u|p/22dx

IN

2
7/ P2 |V uf? de + 201 (Q) 5/ IV P22 d e + 05/ ful? da]
Q Q

- 2 FlolulErl + 21Vl ol (ITL.21)

We chose € > 0 such that € C1(2) = pp;f. As a result the constant C. in (II1.21) depends on p and €.
Then by setting C. = Ca(£2, p) one has

_ p—2
Mlellp ) + /pr 2|V uf? /|V|u‘ﬁ/2|2dl‘

< C3(9,p) [[ullfs +7/ w2 VulPdz + 2 (| fllpre) + ||V7T||L”(Q))||u”
where
C3(2,p) = 2C1(Q)C2(2 p). (I11.22)
We define
)\0 = 203(Q,p). (11123)

Now, for |A\| > A\ one has

A |H 1% 5 Q)+/|uyp 2]Vu]2dx+27/|V|u]p/2\2da:

2 [ ul 2 VuP de + 2 (1w + 197 )l

Second step: Since 2 < p < 4, according to the first step, we can write
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A

4—p _ p—2
L) p - F p—2 2 r—4 p/2|2
3l + 5L [l Vs ¢ 2P 9

< 2(Ifllzr) + HVWHLP(Q))HUHI[);(lg)'

Now, to estimate the pressure term, we proceed as follows: Since €2 is of class C*!, we have u €
H?(Q) — WP(Q) for all p < 6. Using (I11.11), we deduce that

[Vrllze @) < Cllull g2 q)-
In addition, using the regularity estimates of Stokes problem [6], we deduce that

lwll g2) < Cllullgzq) + [IF = Aullg2q)-

Therefore

1
ullg2gy < C(A+ B + CON fllz20)
1
Ao

N

C1+ =+ CONf 2 (-

As consequence )
IV7llr@) < C(L+ — + C)| fllz2 (0

Ao
Thus ()
P

|wm@sim—ww@, (ITT.24)

where Cy(Q) = 4(14+ C(1+ 5= + CY)). O

Proposition 4.7 Suppose thatp > 4. With the same assumptions of Proposition 4.6, let u € WP(Q)
be the unique solution of problem (III.3). Then u satisfies the estimate

k1(Q, p
b < 5 Ul .2

where the constant k1(2, p) is independent of A and f.

Proof. We have
[ullw2a) < Cllull gy + I1F — Aullgeq).

Therefore

O+&+QMWMWm

< G fllza)

IN

[llw2q)

N

where C5(2) =1 + %0 + Cy(92).
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Now, since W24(Q) — W1>(Q) — W?(Q), then

[ullwir@) < Co(Dllullwzaq) < Cs(Q)C6( DI fl L) < Cr() fllzre

where C7(02) = C5(Q)Cg(2) (mes Q)(p*4)/4p.

As consequence

[V7llzr ) < CCr ()| £l L (o)

Notice that

lullog = llullzrlull,
Cr( Q)] Fll o) [l -

IN

Now, putting together (II1.16), (II1.20) and (III.27) one has

_ p—2
Reullh, g + /Qyu|p 2|V uldz + 2p2/Q|V|uyp/2\2dx
03(9717)

(111.26)

(111.27)

< (B2 () 1 00 + 1) 1l Il

As a result one has
ReAullzr) < Cs(S4,p) 1 fllzr ()

[ a2V ul da < G ) ol

and

—92 B
222 [Vl de < @)l Flollullss

where

Cs(Q,p) = Cg(g’p)

C7(92) + CC7(Q) + 1.
In addition, using (II1.17), (II1.29) and (II1.30) one has

T Alflulr) < Co(Q2,p) | flLr(0)-
Thus putting together (II1.28) and (II1.32) one gets for p > 4

Cro($2,p
fulzror < 4 1Sl

which ends the case p > 4.

(I11.28)

(111.29)

(111.30)

(I11.31)

(I11.32)

(111.33)
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To recapitulate, from (II1.24) and (II1.33), we deduce that for all p > 2 we have

fulzror < "5 1l (1m34)

with
k1(2,p) = max(Cy (2, p), C10(22, p)). (I11.35)

By duality we obtain estimate (II11.34) for all 1 < p < 2. And we have the similar results as in

Proposition 4.6 and Proposition 4.7. To summarize, we state the following theorem:

Theorem 4.8 For 1 < p < co. Assume that Q is of class C*'. Let A € C* such that ReA > 0 and
Al > Xo, where Ao = Xo(§2,p) is defined in (I11.23). Moreover, let f € Lt (), where 1 < p < co and
let u € W2P(Q) be the unique solution of problem (III.3). Then w satisfies the estimate

r1(§2, p
fulora) < “5 Ul w0

where the constant k1(2, p) is independent of A and f.

Remark 4.9 The estimates (II1.36) remain valid for f € LP(§2). To obtain this estimate we proceed
in the same way as in the proofs of Proposition 4.6 and Proposition 4.7, just using the estimate (I11.10)

instead of (III.11) to estimate the pressure.

Resolvent estimates for 0 < |A\| < \g

Proposition 4.10 Let A € C* such that ReX > 0 and 0 < |A| < Ao, with Ao as in proposition 4.6.
Moreover, let 1 <p < oo, f € L (Q) and let u € WLP(Q) be the unique solution of problem (ITL.3).

Then w satisfies the estimate

fulzror < 52 1l (m37)

For some constant k2(2, p) independent of X\ and f.

Proof. Thanks to (II.2) with ¢ = § we have

< Cn

lull g2 (o) ST 1l z2e)

and C
ID(w)l[72 (0 ’)ﬁ 1£11 26
Moreover, using Korn’s inequality, we deduce that
B < Cia@(uldeq + D@3
14 |Al
< 012(9)0121W||f”i2(9)-
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Since |A| < Ao, we have
Ci3(2)
[ull o) < D 1 £1z2()

where

Clg(Q) = 011 Clg(Q)(l + )\0).
For the rest of the proof we distinguish two cases:
(i) Case 2 < p < 6. Because H(Q) — LP(Q) we have

Cus(, p)Cra (2 Cus(Q,p
lulo) < Cu@plul < “XEBOER g0 < S £,

where

C15(Q,p) = (mes Q)P=2/2 C15(Q, p)C14(Q).

(ii) Case p > 6. We have

[ullw2sq) < Cllullgsq) + [IF = Al gsq)

Consequently
1
[ullwas) < CQA+ B + Cis( ) F Nl 2o (o)
C16(2)
< Sl

where C16(2) = C(1 + Ao + Mo C15(92)).
Now, since W2%(Q) — W1P(Q), we have

C16(Q2)
Al

Cus(9,
2 o

lullpre) < Crr(Q p)llullw2sq) < Cr7(€2,p) 1 llzo@) <

Finally, we set k2(£2, p) = max(C15(£2, p), C18(€, p), and estimate (II1.37) is established. O

Theorem 4.11 Let A € C* such that ReA >0, let 1 <p < oo, f € Lb () and let u € WhP(Q) be

the unique solution of problem (111.3). Then w satisfies the estimate

fulzo) < 51 oo (s
where k3(Q, p) = max (k1(Q,p), kK2(2, p)).
We have also the following estimate
R4 Qap
D ey < = o (111.30)
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and
1+ \/\\

|A| ||f||Lp(Q (11140)

lullwar) < Ks(Sp) — 77—

Proof. The proof of estimate (II1.38) is a conclusion of Propositions 4.6 and Proposition 4.10. Let
us prove estimate (I11.39). The proof is done in two steps.

(i) Case / u - Bdr = 0. Thanks to regularity estimate of the Stokes problem [6] we know that
[ullw2p o Q: | — Au + V7| gr(o) and using the Gagliardo-Nirenberg inequality (see [22, Chapter 9,

page 195] for instance) we have

ID@lzr@) < C0) [ullymlul by
< C'p) |If = Mull g lul i)

C(Q,p)
= UM

ii) General case. Let u € D, (A) be the unique solution of problem (III.3) and set
P

/Qu-ﬂdacﬂ

181 22 ()

| Fllzr ()

uU=1u-—
As a result, thanks to the previous case we have

|D )HLP < C(Q,p) HAU’Z”LP(Q HuHLp

Thus

ID(@)l|zr(0) = ID@)l|zr() < 1A oty 18] iy = | = Aull i) %] e

Moreover, it is clear that
[@llLr) < C(2,p) [lullrr@)

As a consequence we deduce estimate (II1.39).

Theorem 4.12 The operator —A generated a bounded analytic semigroup on LgT(Q) foralll <p<

Q.

Proof. Recall that by Theorem 2.7 to prove that —A generated a bounded analytic semigroup, it
suffices to prove that —A is sectoriel. Now applying Theorem 4.4 and Theorem 4.11, we deduce that
the operator — A satisfies the assumptions of Proposition 2.8. Thus, we deduce that the anlayticity of
the semigroup generated by the operator —A4 on Lf _(€2) for all 1 < p < oo. O
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4.2 Analyticity in [HY (div, Q)]

In this subsection we establish the resolvant estimate of type (II1.4) for data f € [Hgl(div, )], .. For

this, let us introduce the space:
E = {f € [HY (div,Q)]'; div f € L’(Q)},
which is a Banach space with the norm

Also let us recall the following results whose proofs are given in [11].
Lemma 4.13 The space D(Q) is dense in E.

As consequence we have the following corollary:

Corollary 4.14 The linear mapping v : f —— f-n defined on D(Q) can be extended to a linear
continuous mapping still denoted by v : E —> Wﬁlfl/p’p(lﬂ). Moreover we have the following Green
formula: for all f € E and for all x € W2’p/(Q) such that g—i‘l =0onT,

[ iv )% de = (£, 900 + (F-n,r. (11142

where ()0 = o) py @iy sy @iv.ay 4 o0 = v eyarinmy r)
We proceeding as in [10], we prove the following theorem.

Theorem 4.15 Let A € C* such that ReA > 0 and let f € [Hgl(div, 0)). The problem (I11.3) has
a unique solution (u,7) € WIP(Q) x LP(Q)/R. Moreover, if Q is of class C*', then we have the

following estimate:
(2, p)
Felazy o = 37 1 ey vy

(I11.43)

for some constant C(2,p) > 0 independent of X\ and f.

Proof. (i) Existence: For the existence of solutions for problem (III.3) we proceed in the same
way as in the proof of Theorem 4.4.

(ii) Estimate: We know that,according to Theorem 4.4, for F' € Hgl (div, Q) and X € C* such that
Re A > 0 the following problem

{ Mw—Av+Vo=F, divv=0 in Q, (IT1.44)

v-n =0, [D(v)n|. =0 on T,

T

has a unique solution (v,6) € W P(Q) x LP(Q)/R. Moreover, if Q is of class C*!, applying Theorem

4.11, we have the following estimate:

C(2,p)
”vHLP/(Q) < ] ||F||Lp’(g)‘
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Thus
C(Q,p)

HY (div,Q) = A I ”Hg’(div,sz)'

o]l

Now let (u,7) € WP(Q) x LP(Q)/R be the solution of problem (IIL.3), then by using (II1.42) we

have:

= su ‘<u7—F>Q|

= D !
FeH? (div,Q),F#0 I ”Hg’ (div.)

‘(’U;, v — Av — V@)Q‘
1E]

] (HE (div,Q)]'

= sup
FeH? (div,Q),F#0 HY (div,Q)

[(Au — Au — Vr, v)q)

= sup -
FeH} (div,Q),F£0 1El HY (div.)

= sup M
FGHS, (div,Q2),F#£0 ” HHg/ (div, )

c(,p)
< /
- By ”fH[Hé’ (div,)]”’

which is estimate (II1.43) and this finish the proof of theorem. O

Stokes operator on [HY (div, )]
Let us introduce the following space:
[HE (div, )], . = {f € [HY (div,Q)]; divf=0 inQ and f-n=0 onT}

Notice that, we can also define the Stokes problem with Navier boundary condition by B : D,(B) C
[HY (div, Q)] , —> [HY (div, Q)], ., where

o,7)

D,(B) = {u € W"P(Q); Au € [HY (div,Q)], dive =0 in Q,
u-n =0, [D(u)n]. = 0onT} (IIL45)

and Bu = —PAu, for all u € D,(B). We recall that P : [Hgl(div, Q)] — [Hgl(div, )], is the

o,T
Helmbholtz projection defined by, for all f € [H g,(div, O)), Pf = f — gradm, where 7 is the unique
solution of Problem (II1.6). This means that, the Stokes operator is defined by:

u € D,(B), Bu = —PAu = —Au + gradm,

where 7 is the unique solution up to an additive constant of the problem

div(gradm — Au) =0 in Q, (gradm — Au) -n=0 on I'. (I11.46)
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Proposition 4.16 The operator B is a densely defined operator.

Proof. Just use the density of D, () in [HY (div, Q)] (see [11]). 0

We proceed as in the proof of Theorem4.12, we have the following result.

Theorem 4.17 The operator —B generates a bounded analytic semi-group on [Hp (div, Q)] .

4.3  Analyticity in (T%(Q))

In this section we prove the first time the existence of very weak solution for problem (I11.3). To prove
this we shall apply the same argument using in the proof of ([6, Theorem 5.5]). In the second time,
we establish also the estimate of type (I11.4) for the force f € T? (Q))'.

First le us introduce the following space
TP(Q) = {v € H})(div,Q); dive € W,"(Q)}. (I11.47)

Thanks to [8, Lemma 4.11, Lemma 4.12] we know that D(Q) is dense in T?(2) and a distribution
f € (TP(Q)) if and only if there exists a function ¢ € L” (Q) and a function fy € W1 () such
that f =1 + Vfy. Moreover we have the estimate

1917 gy + Wollyg10 () < [l vy
We introduce the following space
G = {f e @ (@); divf € LP(Q)},

equipped with the graph norm.
In the following, it is important to recall the two following results given in [11].

Lemma 4.18 The space D(Q) is dense in G.

In the following corollary, we prove that for f € G, the normal component of f is well defined and

belongs to W—2-1/pp (T") and we have the appropriate Green formula:

Corollary 4.19 The linear mapping v : f — f-n defined on D(Q) can be extended to a linear
continuous mapping still denoted by v : G —— szfl/p’p(l“). Moreover we have the following Green
formula: for all f € G and for all x € W37p,(Q) such that g% =0onT and Ax =0 on T,

/Q(divf)ydx — (£ V) gy + (F om0 (II1.48)

We recall that (., )0 = (-, Dy—2-1/p0r)xw2+1/o0/ (1)

Let also introduce the following space:

HP(A,Q) = {v e LP(Q); Av e (TP (Q))'},
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which is a Banach space for the graph norm. According to [8, Lemma 4.13, Lemma 4.14] we know that
D(Q) is dense in HP(A, ). As consequence, thanks to [6, Lemma 5.4] for every v in HP(A,Q) the
trace [D(wv)n],. belongs to W ~1=1/PP(T"). Moreover we have the Green formula: for any u € H,(A; Q)
and @ € §7(Q),

(I11.49)

1 1
Py« w e ()’

(Au @) o )y (@) = /Q u- Apdz + 2[D(u)n]-, @)

where
SP(Q)={pe W' (Q): p-n=0,dive =0, [D(u)n], =0onT}.
We recall also the following De Rham result:
Lemma 4.20 Let F € W 2P(Q) wverifying (F , V)pr)xoe) = 0 for all v € Dy(). Then there
exists x € WLP(Q) such that F = V .
Now, we can prove the existence of very weak solution and we established the resolvent estimate.

Theorem 4.21 Let A € C* such that ReX > 0 and let f € (TP (Q))' then the problem (111.3) has a
unique solution (u,n) € LP(Q) x W~1P(Q)/R. Moreover we have the estimate

C(,p)
||u||Lp(Q) < ’)\| HfH(Tp’(Q))m (111.50)
for some constant C (€2, p) > 0 independent of X and f.

Proof. By Green formula (II11.49), as in ([6, Theorem 5.5]), it is easy to prove that find w € LP(2)
solution of problem (IIL.3) is equivalent to the problem: Find w € LP(€2) such that for all ¢ € S¥' ()
and for all ¢ € W' (Q)

)\/QU@d%‘ - / u-Apdzr = <fa ‘P)(Tp’(Q))/qu’(Q)

u-Vgdx = 0.
Q

(ITL.51)

Note that the pressure can be recovered by De Rham argument given by Lemma 4.20.
Applying Theorem 4.4, for any F € Lp/(Q) there exists a unique solution (¢, q) € Wg’p’(Q) X
W7 (Q)/R such that

AMp—Ap+Vg=F and dive=0 inQ, ¢-n=0, and [D(p)n]r =0 onl. (IIL.52)

In addition, thanks to Theorem 4.11 we have

c(2,p)
H‘P”Lp’(g) < T HFHLP’(Q)'

Let T be a linear form defined from L? () onto C by:

T (F, &)= 5 @) av @yywrv' )
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where ¢ is the unique solution of (III1.52). Note that

c(Q,p)
‘L(F)| < ”fH(Tp’(Q))/H‘PHLP/(Q) < T ||fH(TP/(Q))/HFHLPI(Q)'

Thus, the linear form 7T is continuous on L¥ (©) and we deduce that there exists a unique (u,7) in
L?(Q) satisfies
L(F) = /Qu'Fd:E = (f, 90>(Tp’(Q))/XTp’(Q)

and satisfying the estimate (III.50). On other worlds w is the unique solution of problem (III.51).
Which completes the proof of the theorem. O

Stokes operator on (T (Q))

Let us introduce the following space:

T ()], . ={f e (T’ Q); divf=0 inQ and f-n=0 onTl}.

o,T

Notice that, we can also define the Stokes operator with Navier boundary condition by B : D,(C) C
[T ()], — [T? (Q)], ,, where

o,T 0,7

D,(C) = {u € W'P(Q); Au € [T”(Q)],,, divu=0in ©,
u-n =0, [D(un]. =0onT} (IIL53)

and Cu = —PAu, for all u € D,(C). We recall that P : [T? (Q)]' — [T (Q)], , is the Helmholtz

o,T
projection defined by, for all f € [Tp/(Q)]’ , Pf = f — gradm, where 7 is the unique solution of
Problem (II1.6). This means that, the Stokes operator is defined by:

u € D,(C), Cu = —PAu = —Au +gradm,

where 7 is the unique solution up to an additive constant of the problem

div(gradm — Au) =0 in Q, (gradm — Au) -n=0 on I'. (I11.54)

Proposition 4.22 The operator C is a densely defined operator.

Proof. Just use the density of D,() in [Tp,(Q)]:m(see [11]). O

We proceed as in the proof of Theorem4.12, we have the following result.

!
o,T "

Theorem 4.23 The operator —C generates a bounded analytic semi-group on [Tp/ ()]
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5 Pure imaginary powers of the Stokes operator

The main goal of this section is to study the pure imaginary powers for the Stokes operator A defined
in section 3. Before that, we recall some definitions. For a complex Banach space X, we consider a

linear operator A. We give the following definition:

Definition 5.1 The operator A is said to be a nonnegative operator if its resolvent set contains all
negative real numbers and

sup ¢ [|(t I+ A) | g(x) < oo.
t>0
We give also the following definition.

Definition 5.2 Let A a bounded operator such that the inverse A~! ewists and it is bounded (i.e.
0 € p(A)), the complex power A* can be defined for all z € C by the means of the Dunford integral:

Atf = ﬁ /Fe(—/\)z (A T+A) L AN, (ITL.1)

where Ty runs in the resolvent set of —A from 0o /=™ to zero and from zero to 0o e™9 0 < 6 < /2
in C avoiding the non negative real axis. The branch of (—\)* is taken so that Re((—=\)?) > 0 for
A <O0.

Remark 5.3 For more details about a complex power of a nonnegative operator, you can consult

/43, 62].

We recall the following property that will be used to study the abstract Cauchy-problem (see [39] for

more details).

Definition 5.4 Let 6 > 0 and K > 1. A nonnegative operator A belongs to E% (X) if A* € L(X,)

for every s € R and its norm in L(X ) satisfies the estimate
A | o, < K el (I11.2)

If in addition D(A) and R(A) are dense in X, we say that A € €5-(X).

We proceed in the same way as in [11]. We start by prove the same result the same result given by
the [11, Proposition 6.3] and we obtain the two following estimates:
(i) There exists an angle 0 < 0y < 7/2 such that the resolvent set of the operator —(I+A) contains

the sector
Yo = {A€C; |argA| <7 — o} (I11.3)

Moreover, we have the estimate
YA€y, A#D, IAT+ T+ A) Y gzz () < (I11.4)

where k3(€,p) is the constant in (II1.38).
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(ii) Now, let 0 < av < 1 be fixed, then for A € ¥y, such that A # 0 and || < m one has

[T+ 1T+ A) e ) < 27R5(Qp) A (IIL5)

Now, using the estimate (II1.4), estimate (II1.5) and the Dunford integral for the operator (I — A)

we obtain the following estimate as in [11, Proposition 6.4]: For all s € R we have
1T+ A%l gz oy < M rs(2,p) el*l®, (IIL.6)

for some constant M > 0.
As consequence we proceed as in the proof of [39, Theorem Al] and [11, Theorem 6.5 |, we can

proof the main result of this section:
Theorem 5.5 Let 0y as given in previous point (3). For all s € R we have
I(=A)*lleqrz oy < M r3(Q,p)ell®, (IIL.7)
for some constant M > 0. On other words we have
Vi<p<oo, s€R,  (—A)*ee&R(LL (),

where K = M k3(Q,p).

6 The evolutionary Stokes problem

6.1 The homogeneous Problem

In this section we solve the homogeneous evolutionary Stokes problem

u _Au+Vr=0, divu=0 in Qx(0,7),
u-n=0, [D(u)n], =0 on I'x(0,T), (IIL.1)
u(0) =ug in Q.

In fact, for the homogeneous Stokes Problem, the analyticity of the semi-group give us a unique
solutions satisfying all the regularity desired.

Before we state our theorem, we recall the followings theorem whose proofs is given [35, Chapter
2, Theorem 4.6].

Theorem 6.1 For an operator (A, D(A)) on a Banach space X, the following statements are equiv-

alent:
a) A generates a bounded analytic semigroup (T(2)).exuq0y 0n X.

b) There exists ¥ € (0,%) such that the operators eV A generate bounded strongly continuous

semigroups on X.
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c) A generates a bounded strongly semigroup (T'(t))t>0 on X such that rg(T(t)) C D(A) for all
t>0 and
M :=sup ||[tAT(t)| < oo.
>0

c) A generates a bounded strongly continuous semigroup (T(t))¢>0 on X, and there exits a constant
C > 0 such that o
[R(r +is, A)|| < 5l
forallr >0 and 0 # s € R.
d) A is sectorial.
We also recall the following result (see [35, Chapter 2, Proposition 4.3]).

Proposition 6.2 Let (A,D(A)) be a sectorial operator of angle 6. Then, for all z € X5, the maps

T(z) are bounded linear operators on X satisfying the following proprieties.
1) |T(2)|| is uniformly bounded for z € Xg, if 0 < &' < 4.
2) The map z — T(z) is analytic in Xs.
3) T(z1 + 22) = T(21)T(22) for all z1, 22 € Xs.
4) The map z — T(z) is strongly continuous in YLy U{0} if 0 < § < 4.

Applying the semi-group theory to the Stokes operator on L% (), [Hg/(div, Q)] and (T? (Q))!

o,T
respectively, one gets the strong, weak and very weak solutions to the homogeneous Stokes Problem
(ITI.1). Asin [11], the proofs of the following theorems are based on Theorem 6.1 and Proposition 6.2.

Theorem 6.3 Let ug € L% (Q2), then problem (II1.1) has a unique solution w(t) satisfying

u € C([0, +oof, L (22)) N C(]0, +oo[, Dyp(A)) N 1 (J0, 4oof, LY (), (I11.2)

u € C*(J0, +oof, Dy(A")),  VkeN, VLeN". (IIL3)

Moreover we have the estimates

lu(®)llze ) < Cro(2,p) luollzr (o (IIL4)
" Ou(t) Cao(2,p)
u 20\%6, P

|5 woy S 1wl (IIL5)

In addition, if 2 is of class C*' the following estimates hold

Co1(Q2,
ID(w)llzr ) < mfftp) ol Lr (0 (I1L.6)
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and
1
le(®)llw=r@) < Ca2(2,p) (1 + 2) lluollzr(@). (IIL7)

Theorem 6.4 Suppose that the given data ug € [Hg (div, Q)]5, , then the Problem (II1.1) has a unique

solution w satisfying

u € C([0, +oo, [HY (div, )]}, ) N C(J0, +oc[, Dy(B)) N CL(J0, +ool, [HY (div,Q)], ),  (IIL8)

u € C*(J0, +o0f, Dp(BY)),  VEEN, VLeN" (I11.9)

Moreover we have the estimates

’ < ,
Hu(t)H[H;g (diV,Q)]’ — C(va) HUOH[HS’ (div,Q)}” (III]-O)
Ju(t) C(Q,p)
[ < , '
H ot H[Hg’(div,m]/ = ¢ ||u0H[Hg (div, Q)] (IIL.11)
and 1
[ llwrra) < COp) 1+ D) oll s’ (g0 (ITL.12)

Theorem 6.5 Suppose that the given data ug € [Tp/(Q)]fH the Problem (II1.1) has a unique solution

u satisfying

u € C([0, +ool, [T7(Q)],,,) N C(J0, +oof, DL(C)) N C(J0, +ool, TP (Q)],,,), (I11.13)

o,T

u € CH(J0, +oo[, D,(CY),  VEEN, VIEN". (IIL.14)

Moreover we have the estimates

Hu(t)H[Tp/(Q)]/ < C(Q,p) ||u0||[TP/(Q)}/7 (111-15)
Ju(t) C (S, p)
HWH[T?’(Q)}/ S n HUOH[TP/(Q)}/' (I11.16)
and 1
|w(®)lLr) < C(Q,p) (1 + ;) [0l iz oy (I11.17)

6.2 The inhomogeneous Stokes Problem

In this section we solve the inhomogeneous Stokes problem

Qu _Au+Vr=f, divu=0 in Qx(0,T),
u-n =0, [D(u)n]. =0 on I x(0,T), (II1.18)
u(0) =0 in Q.
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For the inhomogeneous Stokes Problem, the boundedness of the pure imaginary powers of the Stokes
operator give us the maximal LP — L9- regularity for the solutions for the Problem.
Now, we recall some definition and important result. We start by the following definition (for

instance see [32, Theorem 2]).

Definition 6.6 A banach space X is (— convez if there is a symmetric biconvex function ( on X x X
such that ((0,0) > 0 and

Ve,ye X, |lllx =21, C(z,y) < llz+yllx. (ITL.19)

As consequence, we have the following proposition:

Theorem 6.7 Fvery Hilbert space is (-convex, -convexity is preserved by Banach space’s isomor-

phism and closed subspaces. Cartesian products and quotients of (-convex spaces are also (-conver.
As mentioned in [34, 39], we can use the following essential property of a (-convex Banach space:

Proposition 6.8 A Banach space X is (-convez if and only if the truncated Hilbert transform

™ T

(Hof)(1) = - /.. =D g fermx)

converges as € — 0 for almost t € R. Moreover, there is a constant C = C(s,X) independents of f
such that
HHfHLS(R;X)a 1<8<OO,

where (H f)(t) = lim._,o(H: f)(t).

Remark 6.9 Applying proposition 6.8, we deduce that LP(Q2) is (-convex if and only if 1 < p < co.
(see [32, Proposition 3] for the proof). And we have also the dual spaces (H S/ (div,Q)) and (TP (Q))’

are (-convex Banach space for 1 < p < oc.

Now, we consider the abstract Cauchy-Problem on a complex Banach space X:

{ %7; + Au(t)=ft) 0<t<T (I11.20)

u(0) =0,

where —A is the infinitesimal generator of an analytic semi-group in X. The following theorem will
be used. See [39, Theorem 3.3] for the proof.

Theorem 6.10 Let X be a (-conver Banach space. Assume that 0 < T < oo, 1 < p < oo and
that A € €9-(X) for some K > 1,0 < 0 < 7/2 and €% (X) as in Definition 5.4. Then for every
fe LP(0,T; X) there exists a unique solution w of the abstract Cauchy-Problem (I111.20) satisfying the
properties:
ue LP(0,Ty; D(A)), To<T if T <oo and Ty <T if T = oo,
ou

LP(0,T; X
5 € L(0.T3 X)
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and

/H e dt+/ [ Au(t)]% t<C/ IAOIE dt

with C' = C(p, 0, K, X) independent of f and T.

As consequence, as in [11], using Remark 6.9, Theorem 5.5 and Theorem 6.10, we deduce the following

the three following results:

Theorem 6.11 (Strong Solutions for the inhomogeneous Stokes Problem) Suppose that (2 is
of class C*! and let 0 < T < 00,1 < p,q < oo, f € L0, T; L () and wo = 0. The Problem (III.18)

has a unique solution (u, ) such that

w € LU0, Ty; WP(Q)), To<T if T<oo and Ty <T if T = oo, (I11.21)
7€ L0, T; WhP(Q)/R), %’; € LY0,T; L*(Q)) (I11.22)

and
T ou e T q ' d
/0 HE‘ oo /0 lAu®)[[p0)ydt + /0 I @l100) e 4t

T
< Ca.2) [ IFOILgdt. (11123)

Theorem 6.12 (Weak Solutions for the inhomogeneous Stokes Problem) Let 1 < p,q < oo,
ug =0 and let f € L9(0,T; [H’O’/ (div,Q)]), 0 < T < co. The Problem (III.18) has a unique solution
(u, ) satisfying

w e LU0, Ty; WHP(Q)), To<T if T<oo and Ty <T if T = oo,

me L0, T; LP(Q)/R), %l; € LY0,T; € [Hp (dive)], )
and
/ H H[Hp (dive))’ +/ Al [HY' (dive)] +/ I (E)IIZs Q)/Rdt
< C.a.9) [ 150!
< Ca ) | IFOI 0

Theorem 6.13 (Very weak solutions for the inhomogeneous Stokes Problem) Suppose that
Q is of class C*', let 0 < T < 00, 1 <p,q < o0, ug=0 and f € L4(0,T; [TPI(Q)]’). Then the evolu-
tionary Stokes Problem (II1.18) has a unique solution (w, ) satisfying

u € L0, Ty; LP(Q)), To<T if T <oo and Tpo < T if T = o0,

e L0, T; WHP(Q)/R), %’t‘ L9(0,T; € [T ()]

0',7')
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and

T
/H H[TP(Q /o”A“()“[Tpm)J'd +/ I Oly-1.0(0)m
T
< C(p.0.9) /0 O
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Résumé: Cette these est consacrée a Pétude des équations de Stokes et de Navier-Stokes avec des conditions aux
limites de Navier dans un ouvert borné de R3. Le manuscrit ici est composé de trois chapitres. Dans le premier, nous
considérons les équations de Stokes stationnaires avec des conditions aux limites de Navier. Nous démontrons ’existence,
Punicité et la régularité de la solution d’abord dans un cadre hilbertien puis dans le cadre de la théorie LP. Nous traitons
aussi le cas de solutions tres faibles. Dans le deuxiéme chapitre, nous nous intéressons aux équations de Navier-Stokes
avec la condition de Navier. Sous certaines hypotheéses sur les données, nous démontrons l’existence de solution faible
dans W"P(Q) x LP(Q), avec 3 < p < oo en utilisant un théoréme du point fixe appliqué a un probleme d’Oseen.
Nous démontrons examinons ensuite les questions de régularité des solutions en particulier dans W2P(Q) x WP (Q).
Dans le dernier chapitre, nous étudions le probleme d’évolution de Stokes avec la condition de Navier. La résolution
de ce probléme se fait au moyen de la théorie des semi-groupes analytiques qui jouent un rA ‘le important pour établir
I'existence et I'unicité de la solution dans le cas homogene. Nous traitons le cas du probleme non homogéne par le biais
des puissances imaginaires de I'opérateur de Stokes.

Mots clés : Equations de Stokes - Equations de Navier-Stokes - Equations d’Oseen - Conditions de Navier - Inégalité

de Korn - ThéorieL? - Théorie des semi-groupes.

Abstract: This thesis is devoted to the study of the Stokes equations and Navier-Stokes equations with Navier
boundary conditions in a bounded domain of R®. The work contains three chapters: In the first chapter, we consider
the stationary Stokes equations with Navier boundary condition. We show the existence, uniqueness and regularity of
the solution in the Hilbert case and in the LP—theory. We prove also the case of very weak solutions. In the second
chapter, we focus on the Navier-Stokes equations with the Navier boundary condition. We show the existence of the
weak solution in WP (Q) x LP(Q2), with £ < p < co by a fixed point theorem over the Oseen equation. We show also the
existence of the strong solution in W27?(Q) x W?(Q), for g < p < oo. In chapter three, we study the evolution Stokes
problem with Navier boundary condition. For this, we apply the analytic semi-groups theory, which plays a crucial role
in the study of existence and uniqueness of solution in the case of the homogeneous evolution problem. We treat the
case of non-homogeneous problem through imaginary powers of the Stokes operator.

Keywords : Stokes equations - Navier-Stokes equations - Oseen equations - Navier boundary conditions - Korn inequality

- LP—theory - Semi-groups theory.
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