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INTRODUCTION
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Since 1973 and the first oil crisis, the issue of exhaustion of oil resources is ubiquitous in

the energy domain. In 1973, the oil resources were estimated at 30 years but thanks to the
development of oil yields, wind and water energy, the new estimation is about 40 years of oil
consumption. Production and energy demand has never stopped growing and humanity has to
find an other way to remedy oil exhaustion.
For a long time now nuclear fission has been an alternative. It is a process where a nuclear reac-
tion is initiated by the splitting of the nucleus of a heavy atom. This nuclear reaction also results
in the emission of neutrons and a very large release of energy (about 200 MeV). This reaction
produces a certain percentage of waste elements which are difficult to get ride of because of
their radioactivity. Moreover fuel uranium supplies are limited, even though another of fission
fuel plutonium can be obtained from the wastes produced in the uranium fission cycle. More-
over a nuclear accident can release a large variety of radioactive elements in the environment
as we have seen with Chernobyl (1986) and more recently Fukushima (2011). This last events
lead many countries to improve the use of fission energy and develop renewable energy (wind,
geothermal, solar...) but the energy obtained is not sufficient for the world.

An alternative way to obtain sufficient energy could be the nuclear fusion called sometimes
thermonuclear fusion which generate less radioactive waste. Thermonuclear fusion is the energy
source of the universe, our sun and stars. The nuclear fusion chosen in this work consists in the
fusion of two hydrogen isotopes deuterium (;D) and tritium (7).

There are three main advantages of fusion reactions of deuterium and tritium. The first one
concerns the fuel reserves. Deuterium is abundant in the ocean water and it can be extracted
at a very low cost. On the contrary, there is no natural tritium. However, tritium is obtained
by breeding with the lithium isotope Li® which is present in important quantity on earth. The
environment impact of fusion is the next advantage. Indeed, no greenhouse emission, no other
harmful chemical materials are emitted into atmosphere. Finally, safety of fusion reaction is
also an advantage. Only tritium is a radioactive element which is quickly disintegrates (the
tritium half-life is about 12 years) contrary to radioactive elements in fission reactions.

The main characteristic of this fusion reaction is its high specific energy generated by the fusion
of deuterium (D) and trititum (7). This reaction provides (per unit mass) eight times more
energy than fission of uranium and between 106 to 107 times more energy than fossil fuels.
The reason is in the binding energy, which for nuclear force within a core, is of the order of
MeV whereas for the electromagnetic force (within the electronic structure of an atom), it is of
the order of eV. Since the twentieth century, humanity searches to create artificial conditions to
trigger these fusion reactions and control them in order to obtain energy usable for all human
activities in terms of electricity and heat flux. The generator scheme is currently planned to
produce continuously energy via the exo-energetic nuclear reaction

DY +3T — JHe* +n+17.58MeV. (1.1)

The amount of energy released depends on the number of reactions caused in the volume of
plasma confinement and its temperature. The gain G of the reaction becomes positive when
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the energy released by fusion reactions becomes greater than the one invested in the reaction.
This condition can be expressed in terms of density », temperature 7 of the plasma and its
confinement time 7 through the Lawson criteria ([13]). For a Deuterium-Tritium plasma of 10
KeV, this criteria can be rewritten as

nt> 102 m3s.

The helium nuclei in (1.1) (also called «a particles) maintain the environment’s temperature at
some 10K, the usable energy is carried by created neutrons. The conditions for fusion reac-
tions lead to the management of a very warm material environment and so very ionized, which
is called plasma. The plasma is the fourth state of matter, it is a fully ionized fuel constituted
of charged moving particles interacting by electromagnetic forces. Such a plasma can not come
into contact with a solid without being volatilized.

If the plasma can be stably maintained far away from the walls, by magnetic fields, a continuous
production is possible: this is the process of magnetic confinement fusion called MCF ([9, 10]).
The well-known MCF device is the tokamaks which confine a gas mixture of hydrogen iso-
topes using a magnetic field produced by coils and an induced current flowing in the plasma.
The longitudinal confinement is achieved by choosing a toroidal geometry for the magnetic fu-
sion reactor.

If nothing is done to confine the plasma, continuous energy generation can not be realized
but the production of energy can be obtained by repeating the process at a rate of a few Hz.
This is the way of the inertial confinement fusion called ICF ([8, 12, 14]). Fusion by inertial
confinement, in which fits this thesis, was introduced 50 years ago after the development of
lasers. ICF consists of compressing and heating by means of laser beams a target (1 mm of
diameter) containing a solid or liquid DT fuel. Then the heating by lasers compresses the target
and the aim of ICF is to achieve compression around 1000 times liquid density with minimal
heating of the target until the final phase when the compressed fuel is heated to thermonuclear
reaction temperature. This approach is called the direct drive (see figure 1.1 (a)). However to
avoid the development of hydrodynamic instabilities, another way has been studied: the indirect
drive (see figure 1.1 (b)). The target capsule is surrounded by a hohlraum. Light enters in the
hohlraum and produces X-rays which in turn provide target heating and compression. It is a
more robust but less efficient approach.

To understand processes in ICF, in particular in direct drive approach, a mathematical mod-
eling is necessary. Indeed, the major issue for direct drive approach is the description of
the transport of particles, interactions between particles through electromagnetic fields and of
course collisions between particles. These phenomenons are important to understand physics of
plasmas inside the pellet. The aim of this thesis is to propose different numerical approaches suf-
ficiently robust and relatively low cost in computational time to illustrate the electron transport.
Classically kinetic theory is used to describe the evolution of different species in a collisional
plasma with accuracy. The Fokker-Planck-Landau equation describes electron transport, accel-
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Laser beams
Laser
beams
X-

(@) ()

Figure 1.1: Schemes for irradiation of a target by intense laser light by direct drive approach
(a) and indirect drive approach (b).

(b)

Figure 1.2: “International Thermonuclear Experiment Reactor” project (ITER - Cadarache)
for the process of magnetic confinement fusion (a) and the laser installation “Laser MegaJoule”
(LMJ - Bordeaux) for Inertial Confinement Fusion (b) .

eration of particles and consider binary collisions between particles whereas Maxwell equations
are used to describe the evolution of electromagnetic fields. The solutions of the kinetic equa-
tions are non-negative distribution functions f,(¢, x, v) specifying the density of each specie «
of particles with velocity v at time ¢ and position x. For the sake of simplicity, we assume in this
thesis that the plasma consists of electrons and one ion specie which is considered as immobile
in the plasma. Here, all study on the plasma are with small collisional time or plasma period,
that is why we can consider ions as immobile because of their important mass compared to
electrons. In order to approximate the solution of such problems, many computational methods
have been developed up to now. A variety of models are used to describe electrons transport:
there exists some hydrodynamic models ([3, 4, 5]) and some kinetic models ([1, 2, 6, 7, 21]).

In order to take into account all collective effects, we first focus on a kinetic description and
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we improve a code to solve Fokker-Planck-Landau equation coupled with Maxwell system.
This code called KETS issued from the work of N. Crouseilles and F. Filbet ([6]) has been
then developed by R. Duclous ([7]). KETS is an acronym for Kinetic Electron Transport
Simulation. KET'S is based on a high order deterministic direct numerical method to solve the
Vlasov-Maxwell system coupled with Fokker-Planck-Landau collision operators. The phase
space considered is a planar geometry of two dimensions in space and three dimensions in ve-
locity. This scheme enjoys many fundamental properties such as conservation of flux particles,
positivity of the distribution function... In the present work, KETS code is applied for some
crucial processes in direct drive approach. Indeed the electron collisional transport between the
laser absorption zone and the ablation front is studied. Moreover the formation of a hot spot
obtained during first thermonuclear reactions is then simulated.

However the computational time considered for simulations with KET'S code is too much ex-
pensive to be useful in practical computations for Inertial Confinement Fusion. To overcome
this drawback, we chose in this work another approach by considering an intermediate model
between kinetic model and hydrodynamic one. This new reduced model called My model in-
volves an angular closure in the phase space and retains only the energy of particles as the
kinetic variable instead of the velocity variable. This model presents the same accuracy than
a kinetic model and reproduces our understanding of the electron transport for ICF. Moreover
the use of moment model presents two other advantages. First the model simplify the kinetic
description and then it is appropriate for massively parallel computation with minimal data
transfer. It is important to note that the idea of using this model for kinetic equation is not new.
The originality of this work comes from the collision operator. Indeed to preserve physical
conditions and to satisfy fundamental properties, a new approximation for the collision opera-
tor is proposed here. We consider first the M; model for this new description. The closure on
the angle variable is crucial to guarantee physical properties. There already exists a moment
model called Py model ([15, 16]) but the positivity of the underlying distribution function is
not ensured. Here we propose instead a model based on a minimum entropy principle. The
problem of minimization under moments constraints have been firstly introduced by Levermore
([17]) and then clarified by Junk and Schneider ([11, 20]). The present model enjoys many
interesting properties for the continuous way and also semi-discretized way. Some simulations
are presented here to illustrate these properties.

Numerical simulations shown in this thesis has been realized with parallelized versions of the
code KETS and M,;. Indeed, to reduce the computational time, each program has been mas-
sively parallelized. Both code (KETS and M, code) has been parallelized in mpi by using the
library PETS C. Most of results presented in this paper has been launched on the two national
supercomputing french centers called CINES and CCRT. Most of KETS simulations has been
performed with 42 processors to improve the time computation, on the CEA — CCRT — platine
facility. This facility is a cluster of NovaScale 3045 servers with a power of 48 Tflops, in-
cluding 932 nodes, each one having 4 Intel Itanium dual core processors, at 1.6 Ghz. Each
processor has a memory of 24 Go. The NovaScale servers are interconnected by a Voltaire Net-
work, with technology Infiniband DDR. Concerning the CINES — Jade facility, it is a cluster
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S GIAIltixICE8200 with a power of 267 Tflop/s. This cluster includes 23040 nodes, each one
having 2 processors Intel Quad-Core E5472 or X5560.

This thesis is a combination of plasma physics, numerical analysis and applied mathematics.
In order to highlight the interaction between physics, mathematics and computing, we choose
to divide this work in five chapters. The content is then organized as follows.

In the second chapter, some basis of classical kinetic models are recalled for plasma physics.
The collisionless kinetic theory is first presented with Vlasov equation. Then the collisional ki-
netic theory is described with the non-relativistic Maxwell-Fokker-Planck system. Moreover
fundamental properties of the collision operators are detailed such as conservation laws, en-
tropy dissipation, etc.

The third chapter is devoted to the improvement of a deterministic direct numerical method
introduced in [7] to solve the non-relativistic 2D, X 3D, Vlasov-Maxwell system coupled with
Fokker-Planck-Landau type operators. Its construction is improved to obtain a conservative
scheme for the phase space. Finite volume method is used in order to obtain the approxima-
tion of the solution of the Maxwell-Fokker-Planck system. Some positive high order numerical
MUSCL schemes are presented in the first section to obtain a good compromise between accu-
racy and computation time. Then in a second part, some boundary conditions are proposed to
obtain a conservative scheme.

The efficiency of each high order scheme is compared in chapter four. Several test cases will
be considered to check properties of the numerical scheme. Then some applications which
describe crucial processes in ICF are presented. On one hand, the evolution of the hot spot
is studied when first thermonuclear reactions are obtained in the center of the D-T pellet in a
weakly collisional regime. On the other hand, we focus on the simulation of the kinetic electron
collisional transport in ICF between the laser absorption zone and the ablation front.

In the fifth chapter, the new approach is introduced to reduce the huge computation time ob-
tained with kinetic models. This chapter is devoted to the development and the validation of
the reduced M, model. M, consists in reducing computational time by considering minimum
entropy for the angular distribution of particle. M; model is based on two equations depending
only of the tow first moments. The two equations obtained characterize the mass conservation
and momentum conservation. The principle of the angular moment closure is first explained on
a simple kinetic BGK model. Then the moment model is generalized for the Maxwell-Fokker-
Planck-Landau kinetic equation and different properties are shown such as H-Theorem. The
derivation of an entropic semi-discrete scheme for the space homogeneous moments system is
then presented with entropic property. Finally some test cases are shown to illustrate that the
full discrete scheme satisfies the properties of the semi-discrete scheme.

The sixth chapter is the most theoretical chapter because no simulations are presented inside.
The kinetic continuous equation in spherical domain is first described and a new model is cho-
sen for collisions in order to preserve collision properties. The derivation of a semi-discrete
scheme is then presented. Next, the N-moments model is derived from the continuous kinetic
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equation and the model is shown to preserve fundamental properties such as conservation laws.
The semi-discrete scheme associated is finally proved to be an entropic scheme for the moments
system.

Finally we finish in the last chapter by conclusions and perspectives to this work.
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Tables (1, 1) gather parameters, symbols and constants used through this thesis. The units
system is the international units system. The main symbols and parameters used in this work
are given by

Each constant used here are expressed as:
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Quantity Denomination Units (S.1.)
e, N; electron and ion density m™3
T, T; electron and ion temperature K

Z atomic number -

E electric field V™!

B magnetic field T

P charge density Ccm’

i current density Am™
Vi plasma (electron) thermal velocity m.s~!
Wpe electronic plasma pulse s—1
Ape Debye length m
Alaser laser wavelength m

I laser intensity W.m™>

ne critical density m

Figure 1.3: Glossary of symbols and parameters.

Constant Denomination Value
e positive electron charge | e =1,60219x 107" C

g. = —e | signed electron charge | ¢.=—1,60219x 107" C
m, electron mass m, =9,1094 x 107! kg
c speed of light c =299792458 m.s~!
kg Boltzmann constant | kz = 1,3807 x 1072 JK~!
£o vacuum permittivity | gy = 8,8542 x 1072 F.m™!
o vacuum permeability to = 4n x 107" Hm™!

Figure 1.4: Glossary of constants.
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CHAPTER 2

BASIC CONCEPT ON TRANSPORT OF
ELECTRONS AND KINETIC MODEL IN
THE PLASMA PHYSICS
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2.1 Introduction

To describe the state of a plasma, there exists two ways of modeling, each description point out
different physical aspects. The first one is hydrodynamical model which consists in determining
macroscopic quantities of the plasma such as density, temperature, pressure...

Despite their computational efficiency, this approach is not sufficiently accurate to describe
the majority of observed phenomena. Indeed the hydrodynamical method is inadequate for
some phenomena like electromagnetic study... For more accuracy, the plasma can be studied in
smaller scale. For example the molecular status of the plasma can be considered, this treatment
is called kinetic theory ([11, 12]). The way widely used consists to study the movement of each
particle which form the plasma. However this way can be too much expensive and very difficult
if the density of the considered plasma is huge.

Nevertheless, such a detailed description is not necessarily required to understand the behavior
of the plasma. To describe plasma, a statistical method is sufficient. The statistical description
of particles is used by means of their non-negative distribution function f,(¢, x, v) specifying
the density of each specie « of particles with velocity v at time ¢ and position x. This chapter
concerns modeling of this theory. For the following chapter, the condition of plasma neutrality
is assumed for the equilibrium of the plasma in the absence of external forces. Moreover we
assume in this thesis that the plasma consists only of electrons and one ion specie which is
considered as immobile in the plasma. Here, all study on the plasma are with small collisional
time or plasma period, that is why we can consider ion as immobile because of their important
mass compared to electrons.

In this chapter, we recall some basis of classical kinetic models for plasma physics. First,
basis of the colisionless kinetic model is presented. Then collisional kinetic theory is described
with the non relativistic Maxwell-Fokker-Planck system and some properties of the collision
operator are detailed such as conservation laws, entropy dissipation, etc.

2.2 Description of the colisionless kinetic model: from Liou-
ville equation to Vlasov equation

Let us consider a system of N punctual particles of the same specie. The state of each particle
at time 7 is determined by a vector position x; and a vector momentum p; with i € [0; N]. The
state of the system at time ¢ is given by the vectors

X1, X2...XN ,
Pi,P2---Pn -

This set of vectors defines a point in a 6 dimensions space called phase space. To describe the
plasma constituted with these N particles, we introduce the density

In(X1, Xo.. Xy, P1, P2---PN) »
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where
dN = fvd’xy..d*xyd’p1..dpy |

is the probability that the phase of the system is at time ¢ inside a specific element of 6V di-
mensions. In fact, dN corresponds to the probability that particle 1 is inside the volume d°x;
around x, with a momenta inside the element d° p, around p, when at the same time particle 2
to be inside the volume @ x, around x, with a momenta inside the element & p, around p, and
the same thing for the remaining N — 2 particles. Liouville theorem leads to conclude that fy is
conserved in time. By using partial derivatives, we obtain the Liouville equation

dfy _Ofy <o Ofv N Ofv
“JN _ 9IN . W,—~= =0. 2.1
at = o 4 Vax,.Jr; op; @D

Here v; = % represents the velocity of the particle i and W; = %
particle.
Since p; = mv;, by considering that the velocity of particles is less than the light speed, Liouville

equation (2.1) can be rewritten into

is the force applied on this

v Ny O Wi Al
» +;V"axi+; oy =0 2.2)
Nevertheless, the density function fy presents too many data on the system of N particles
and it is very difficult to handle. To describe with less accuracy the system, let us introduce a
simple distribution function £; such as the number of particle dN; inside the element d°p; is
given by
dN, = fid’x\d’py ,

with /i = N [ fyd*x;...d*xydp;...dpy. In the same way, let us introduce the function f,
which represents the probability that the particle 1 is inside the volume a’x; with a veloc-
ity vector which extremity is inside the volume & p; while the particle 2 is inside the vol-
ume d’x, with a velocity vector which extremity is inside the volume d°p,. The number
of particles which verify such conditions is given by dN, = fAdPx\dPx>dp\d®p, with f, =
NN = 1) [ fyd’xs...d*xyd’ps...d°py. By multiplying Liouville equation (2.2) by N and then
integrate on variable &’ x,...d" xyd’ p,...d° py, we obtain the equation of £; evolution

of ofi Wi dfi
Ay A 22 op 2.
o T Vax, tm ey, T BV (2.3)
with W d
B(f) = — —12.£arx2dv2 : (2.4)
m Vi

where W, represents the force acting on the particle 1 due to the particle 2. The second term of
the left hand side of the equation (2.4) expresses the transport of particles while the third term
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specifies the action of external forces.

In the same way, by using one integration less, we obtain an equation on the evolution of £
depending on f; and so forth until the equation on the evolution of fy. This method called
regressive method (see [7, 8] for more details) leads to a system of N equations referred as the
Born-Bogolioubov-Green-Kirkwood-Yvon system (BBGKY). This system is closed by choos-
ing an assumption on the distribution function of the highest degree.

The closure method for equation (2.3) leads to give an approximated expression of B(f>)
depending only on f;. The chosen closure determines the equation obtained. The three main
approximations lead to Boltzmann equation with a second member, Boltzmann equation with-
out a second member (B(f;) = 0) and Vlasov equation. We will focus on the last one.

Function f, can also be rewritten such as

L=+,

where C, denotes correlation function between two particles. When the density of particles is
such that we can not neglect interaction, the simplest assumption consists to neglect correlation
between particles (i.e. long-range interaction are just taken into account). Thus, in B(f;), we
can set

fH=hh

Therefore, equation (2.3) can be simplified into

of ofi W'y 0fi
on v on Wioh
or “VVox, T Tm v

This is the Vlasov equation which is fundamental in plasma theory. W’; represents applied
fields (external fields and macroscopic fields generated by the plasma) and is given by

W, = —S(E+v xB),
m

where E represents the electric field, B is the magnetic field and e is the electron charge.
Vlasov equation consists in considering only collective interaction which determine the trajec-
tory of particle. Collectives action are defined as the action of the charge mean field on each
charge particle, this mean field is generated by other particle.

Neglecting the correlations between particles leads to consider the phenomenon whose scope
is greater than the correlation length Ap, called Debye length. Ap. writes in the case of an

electronic population as
_va _ [&oksT.
Ape = — = s
Wpe nee

where T, is the electronic temperature, #, is the electronic density of the plasma, kp is the Boltz-

) ) fn e . .
mann constant, v, = kgT.m, is the thermal velocity and w,, = —— is the plasma period
€y,
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frequency. This Debye length expresses the fact that the charge of an electron of the plasma is
screened by the other charge particles, Ap, is the screened length.

2.3 Collisional kinetic theory: the Maxwell-Fokker-Planck
system

The second fundamental equation to describe collisional plasma is the Fokker-Planck equation.
It is derived from the Boltzmann equation where multiple collisions between charged particles
with small deviations are taken into account ([3]). This can be justified by the long-range
Coulomb force. To take more into account the correlation effects, the particles collide only if
the impact parameter p (the distance between two particles which will come into collision) is
less than Ap,. Thus a particle come into collision with all particles included in a Debye sphere.
Classically in kinetic theory, a Fokker-Planck-Landau equation coupled with Maxwell equations
is used to describe the evolution of different species in a collisional plasma (see [5, 6, 2, 9] for
instance). The Fokker-Planck-Landau equation is the most accomplished model to describe
collisions. In this section, we present this system. Then we briefly review some backgrounds
about the collision operator properties and the property of the system to conserve energy.

2.3.1 Maxwell-Fokker-Planck equations

In collisionnal plasma kinetic theory, the time evolution of the electrons distribution function
f(t,x,v), where x € R® and v € R?, is governed by the Fokker-Planck-Landau equation

6,f+V-VXf+%(E+VAB)-VVf:C(f,f), 2.5)

coupled with the Maxwell equations describing the time evolution of the electric field E(t,x)
and magnetic field B(t,x). This Maxwell equations are expressed as

OE -2V, AB=-3
N

0B+ViANE=0,

(2.6)
v, E=2 |
€0
V,-B=0,

where ¢ = —e 1s a charge of an electron, m its mass, &, represents the permittivity of vacuum, ¢
the speed of the light.
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Macroscopic quantities p and j represent the plasma charge density and the plasma current
density and are defined by

o =q(n,—ny) = q(fRS f(t,x,v)dV—Zni) and j(z,x) = qu3 ft,x,v)vdv .

Here C(f, f) is the collision operator introduced in [2]. It is called Fokker-Planck-Landau
operator and defined by

C(f’f) = Cee(f’f) + Cei(f) .

The operator C,, stands for the electron-electron collision operator

Ceelf, f) = @ee divy ( fR  C@I/VIVSV) = WV f (V')]dV') ; 2.7)

where u = v—V’ is the relative velocity of electrons and @(«) is an operator acting on the relative
velocity u

1
|uf?

() = —(juf’/d—u®u), (2.9)

where /d is the unit tensor. The conservative form of (2.7) is called Landau form. There exists
an other equivalent form of this operator called Rosenbluth form. It is derived by developing
(2.7) as a non-linear combination of a diffusive operator and a friction operator.

Remark 1. The operator ®© is called the Landau tensor. It corresponds to the projection matrix
on the orthogonal plane of u. The tensor ® is a symmetric positive semi definite matrix.

The coeflicient «,, writes
e*lnA
Qe = —22 , (29)
8meym;
where In A is the Coulomb logarithm, which is supposed to be constant over the domain, —e
represents the charge of an electron, m, its mass, Z is the ion charge and ¢ is the permittivity of
vacuum.

The electron-ion collision operator C,;( /) is defined by
Cei(f) = @i divy[P(W)Vy f(V)] (2.10)
where the coefficient a,; is given by

_ Znpe*InA

Apj =

= ZNyQ,e . 2.11
8me;m? ° 11)

Remark 2. The third equation of Maxwell equations (2.6) called Poisson equation is redundant.
Indeed the first equation of (2.6) called Ampere equation and Poisson equation are equivalent
if Poisson equation is verified at initial time.
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2.3.2 Properties of the collision operator

Next we present conservation laws and dissipation entropy property of the collision operator
C.. and C,; (see [1, 4] for more details). The electron-electron collision operator satisfies mass,
momentum and energy conservations property

1
f Cee(f,f)[v]dV:O, t>0, (2.12)
R3

while the electron-ion collision operator satisfies only the conservation of mass and energy

f ce,(f)( 12)dv =0,1>0. (2.13)
R3 |V|

They both satisfy the entropy dissipation, i.e.

fCei(f)logdeSOandfCee(f,f)logdeSO.
R3

R3
Therefore the Boltzmann entropy H = fR3(f log f — f)dv is a Lyapounov function, i.e.
dH
—(@<0.
Y

Property 3. The equilibrium state of the electron-electron collision operator C,, is given by the
Maxwellian distribution function

~ m, : m(v — u,)?
M, = ne(27rkBTe) exp( T ) , (2.14)

where kg is the Boltzmann constant, n, is the electronic density, T, is the temperature and u, is
the mean velocity defined as

ne:ff(t,x,v)dv,
RS

1
u. = —f(t,x,v)vdv,
He

T.=2Z¢ [ fx, v)v-ulPdv .
3ne R3

The equilibrium state of the electron-ion collision operator C,; is given by the isotropic functions

f=1). (2.15)
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Proof. We aim to prove here that isotropic distribution functions are equilibrium state of the
electron-ion collision operator, i.e.

C.i(f)=0. (2.16)
After integrating (2.16), we get
f C.i(f)dv=0. (2.17)
R3

From the definition of the operator C,;, the right-hand side of (2.17) writes

f oV [D(V)Vy fldv = 0 ,
R3

which can be simplified into

jlmwwWAWﬂh=m
R3

Therefore we get
OWV)V,fV,f=0Vv.

L

Since @ is an orthogonal projector on Q = N

obtain

v, we have ®(v)V, f proportional to v. So we

v, f=0,V¥ve R .
SovlV,f.
In Spherical coordinate, i.e. v = (v,, vy, V), the divergence V, f can be written as

0f> 10f— 1 df
Vof = —e +—— — e, .
/ are " r6969+rs1n9690e¢

Since (e; ,?;)J_v, we obtain the following equalities

of _of _
A dp

and (2.15) follows. O

2.3.3 Conservation of total energy

The choice of the Maxwell-Fokker-Planck system to describe a plasma presents an other inter-
esting property. Indeed under some conditions on total energy flux, the system conserves the
total energy given by

Eit = go(E* + (cB)?) + f mv* fdv . (2.18)

v
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Proposition 1. The Maxwell-Fokker-Planck system (2.5-2.6) conserves the total energy under
the following conditions on the frontier y of Q

&oc*(E A B).n + f mv>(v.n)fdv =0 . (2.19)

Remark 4. The case widely used to obtain conservation of energy, consists to consider periodic
boundary. You can also consider that eyc*(E A B).n = 0, i.e. if the regime is periodic or the
magnetic field is null on the boundary, and at the same time fv mvi(v.n)fdv = 0, ie. if the
regime is periodic or the domain is infinite or limit conditions are specular (f(—v.n) = f(v.n)).

Proof. Consider here the two first equations of Maxwell equations (2.6), i.e. Ampere equation
and Faraday equation

1 0E = ]
Ampere : iyl rotyB = g (2.20)
0B
Faraday - o +rot,E =0 . (2.21)

Now, multiply respectively equation (2.20) and equation (2.21) by E and B and sum the two
obtained equations. So we get

1 160E*> 106B? -1
——— +-— —E. tXB+B tE=—jFE. 2.22
220r T2 T ro ey (2.22)
Equation (2.22) can be simplified into
16 5 1
sa s —+B +divg(E AB) = ——]E (2.23)

After integrating equation (2.23) over €, we obtain

10 E2 s 1 _
— + B dx+ (EAB).ndo=—-——— | jEdx. (2.24)
2 at F1e) C280 Q

2
Now, by multiplying the Fokker-Planck-Landau equation defined in system (2.5-2.6) by m%

and integrating it over the domain of velocity v, we get

0 v? . V2 ) v2 v2
£y m?fdv+dzvx( m?fvdv)+q divy ((E+V/\B)f)?dV= C(f,f)? dv .
\4 \4 \4 v (2‘25)
The third term of the right-hand side of equation (2.25) can be rewritten as

V2 & V2
divy (B +V AB)) > = div, ((E VA B)fE) — f(E+vAB).Y, (7) .
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2

Since V, (%) = v, we obtain

v? v?
divy ((E + v A B)f) 5 = divv((E +VA B)f?) —E.wv.

Thus, we get
2
1
fdivv((E +VA B)j)%dv = —fdeV-E =-——jE.
A4 v q

Therefore, since collision operator C(f, /) preserves energy (2.12, 2.13), equation (2.25) can

simplified into
ﬁff V—zd + di ff V—2 avl-jE=0 (2.26)
al ). m—-dv vy ) m—vav|—-jE=0. .

where ¢ = fv f m% dv is the plasma energy and F = fv f mvz—zv dv is the plasma energy flux.
Finally the energetic balance equation is obtained by summing equation (2.26) and equation
(2.24) multiplied by &y. The obtained equation can be written as

1

5%(50(E2+(CB)2)+ f mVZfdv)+divx(soc2.<EAB)+ f mvzvfdv)=0- 2.27)

By integrating over the space domain, equation (2.27) can be rewritten as

%% . (80(E2 +(cB)?) + fvmvzfdv) ax + fag (socz(E AB)n+ fvmvz(v.n)fdv) do =0,

and the proposition 1 follows. O
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3.1 Introduction

In the previous chapter, we have presented an overview of some kinetic models. In this chapter,
we will focus on the numerical schemes that we used.

Numerous works have considered constructing discretizations of the Maxwell-Fokker-Planck
system that obey the physical properties of conservation and entropy described previously. The
first scheme in this direction was established in [7]. Unfortunately it turned out to be very expen-
sive in terms of computing time. Later various fast algorithms have been constructed to reduce
this cost (see [3, 4]). For example in [11], a time implicit scheme is used to solve the homoge-
neous Fokker-Planck-Landau equation in both the isotropic and 3-dimensional geometries. To
solve the involved linear system, kinetic methods are proposed to conserve fundamentals prop-
erties. In this chapter, we propose to use the deterministic direct numerical method introduced
in [8] to solve the non-relativistic Vlasov-Maxwell system coupled with Fokker-Planck-Landau
type operators. The space considered is a planar geometry of two dimensions in space and three
dimensions in velocity. The kinetic code KET'S developed by R. Duclous is based on a “split-
ting method” to split the Vlasov part and collisional part. A finite difference method is used to
describe the discrete collision operator as shown in [8]. A multigrid formulation of the Fokker-
Planck-Landau operator is employer to reduce the cost of computation of such discrete operator.
We proposed here to improve this kinetic code to obtain a conservative scheme for the phase
space. A finite volume method is used in order to obtain the approximation of the solution of
the system (2.5-2.6). Some positive high order numerical MUSCL schemes are presented in the
first section to solve the transport part. Their efficiency will be shown in the next chapter. Then
in a second part, a discretization of Maxwell equations is explained by using a finite difference
method. Finally, some boundary conditions are proposed to obtain a conservative scheme.

3.2 The high order numerical scheme

First, for the sake of simplicity, we focus on discretization in one dimensional space of the
kinetic transport equation in order to describe different high order schemes. Let us consider the
following equation for # > 0 and x € (0, L),

of of _

=iyl = A
(91+v(9x 0 (3.1

where v > 0 represents the velocity.

Let us define the mesh M, for the space variable x, decomposed into a family of rectangles
M; :]x,-_%, xi+%[, Vi € [0, n.], where Xipl = (i+ %)Ax and n, € N the number of points which
discretize the space domain (O, L). Ax represents the uniform step of discretization. Let Az be
the time step and " = n At.
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4

A

t}’H—l Ax
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Xi-1 Xi Xi+1

=

=
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=

Figure 3.1: Discretization of the mesh M,

Integrating equation (3.1) on a control volume C; = [x,_ 1, X, 1 ] x (7, ") (see figure 3.1), it
yields

n At n n
fiWH = fz - E[ i+1/2 7:i—1/2] ) (3.2)

1 Yivl . .
where f!' = & f * f(¢", x)dx is the mean value of f on the control volume C; at time "
X1

[~}

tn+1

Here, the flux at the interface x,, ! and at time ¢’ denoted by v f(t, x;, 1 )dt is approximated
by the high order flux 7} . t

The main step to get an accurate solution is to reconstruct the distribution function in the
space direction. To this aim, the distribution function f(z”, x) is approximated by f,(x) with
different kind of reconstructions. This reconstruction will determine the order of the scheme.
Higher the order and more the scheme is accurate but less stable. This section is devoted to the
presentation of different high order numerical schemes. For the sake of simplicity, we denote
the approximation f;(x;) for positive velocity by £ and f;~ for negative velocity. Therefore, the
approximated flux ¥, , at the interface x;, 1 from (3.2) writes

Fiiip = VTV (3.3)

3.2.1 Second order transport scheme

Some methods of reconstruction are presented here, they allow to obtain a second order scheme
which preserves the positivity of the scheme using slope correctors.
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Generalized minmod limiter: Van Leer’s parameter

Starting with the given cell average /", the first step consists in reconstructing a non-oscillatory
piecewise polynomial of the form

1

[ = £ S 8xp (3.4)

This method is conservative, 1.e

X,
ity
f =1
X1
2

Indeed, the slope p; is the same for a positive or a negative velocity thus f; = %(f;r + /) and the
conservative property follows. To ensure a non-oscillatory nature of the reconstruction (3.4),
one needs to use a nonlinear limitation in the computation of this slope. Here we have used
“Van Leer’s one parameter family of the minmod limiters” (see [10, 14])

fi+1_ i-1 0fi+1_fi eﬁ_fi—l
2Ax Ax Ax ’

pi = minmod (3.5)

where 0 € [1;2].
Recall that for two variables (x, y) € R?, the usual minmod limiter is defined as
minmod(x,y) = max(0, min(x, y)) + min(0, max(x, y)).
For three variables (x,y,z) € R, it is given by
minmod(x, y, z) = max (0, min(min(x, y), z)) + min (0, max(max(x, y),z)) .

Remark 5. Another choice of limiter which gives second order accuracy is the so called super-
bee limiter introduced by Roe ([13]) and defined as

pi = maxmod (mz’nmod(flurl — fi, 2 (f’ — /i )) , minmod(2 (le — ﬁ) , / _f_l )) . (3.6)

Ax Ax Ax A
For two variables (x, y) € R?, the maxmod limiter is defined as
maxmod(x,y) = min(0, max(x, y)) + max(0, min(x, y)).

Proposition 2. [f0 = 1, the Van Leer limiter (3.5) is equivalent to the usual minmod corrector
and if 0 = 2, it is equivalent to the superbee limiter.
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0.

Proof: If S = f’f’ —Jin < 0, we get
Ax Ax
. fi+1_fi fi_fi—l _ fi+1_fi fi_fi—l o fi+1_ i—1 fi+1_fi fi_fi—l _
minmod( Ar Ax ) = superbee( Ar ' Ax ) = minmod Ay 0 A 0 A =
(3.7)
If the slopes Jinr = and Jiz Ji have the same sign, so % is with the same sign. There-

X X
fore if the slopes are positive, the usual minmod limiter can be minimized such as

. Jor=fi fi= i\ _V(Jwa = fi | fi— S _ S — fin
< - .
mmmd( Ax ° Ax )2\ A T Ax 2Ax

Moreover if the slopes are negative, we obtain

. Jor=fi fim S\ (Jwma = fi | fi— S _ S = fia
>~ - :
mmmd( A Ax o2\ A T Ax 2Ax

and the equivalence with the usual minmod limiter follows. In the same way, we can show the
equivalence between the superbee limiter and the Van Leer corrector. O

Remark 6. Notice that the larger is 0 in (3.5) corresponds to less dissipative but still non-
oscillatory limiters. For example in the case 0 = 1, (3.5) is equivalent to the usual minmod
limiter which is more diffuse. Whereas for case 0 = 2, we get the superbee limiter which
is less diffuse but less stable than the minmod limiter. Therefore each limiter presents some
disadvantages and some advantages. So the limiter is chosen depending on the test case.

Remark 7. It is also called the monotonized central-difference limiter (MC limiter). This limiter
appears to be a good default choice for a wide class of problems as shown in [12].

Proposition 3. If we use the “Van Leer’s one parameter family of the minmod limiters”, the
approximate distribution function given by

1
fr=fi+ EAxpf , (3.8)

is defined as f;* € [fI"; f,]. Particularly, by using the usual minmod limiter (0 = 1), the
approximate distribution function

1
fr=1+ EAxpf , (3.9)

is given by fi* € [fI"; %]
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f:&—l_ﬁ an

X

Proof: First we prove the property of f;" € [f7, f7,] with 6 € [1,2]. If the slope d

fin _fn

are not with the same sign, the property on f;* is trivial because f" = f”. If the two
terms are with the same sign and if /77, > f" for example, we get

n 1 n
Ogﬁ—ﬁgze i+1 f)\ l’
because 6 € [1, 2]. Therefore, we obtain
<<+ B- =1

If 77, < fI', we can prove in the same way that £ € [f”, 1,

Secondly we show that, with the usual minmod limiter, fJr € [ ﬂ ﬂ”’”] If f’” " and £ ﬂ <=L are
with the same sign and if f7}, > f!" for example, we get

1
0<ﬂ—ﬂ<§%1_fin)-

Therefore, we obtain
n n 1 ﬁn + ifli-l
ﬁ<ﬁ<ﬁ+§(f£1—ff)=72 )

Remark 8. The minmod slope limiter preserves the order of the function (increasing or de-
creasing) unlike the superbee corrector with which reconstruction intersect.

Let TV(f) = Zfil_l |/"(xix1) — f"(x;)| denote the total variation of a piecewise constant
function f given by f(x) = f € Po, x; = [Xi, Xir1]-

Proposition 4. The scheme (3.2) with the use of usual minmod slope limiter has a diminishing
total variation (TVD),
TV(fn+1) < TV(fn) ,

provided the fixed mesh ratio A = v * satisfies

A<

wll\)

Moreover the scheme (3.2, 3.5) is TVD under the condition A <

=

Proof: After integrating equation (3.1) on a control volume [ Xio1> Xl ], it yields

B R R
At Ax '
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Therefore we obtain
S = =T - ) (3.10)

with A = vﬂ. We first consider the usual minmod limiter. Expression (3.10) can be rewritten as

n n n 1 . n n 1 . n
S = -al g Emmmod(fm RVl D Rl Emznmod(ff - Sl S _f;iz)] .
(3.11)
AL . .
For the sake of clarity, we set Af" | = f" — f", and =3 /,,,2‘ Equation (3.11) writes
-3 +5 gl
2
n+1 n A . 1 A . n n
S = f' = A1 + zminmod | 1, — —minmod(1,7" ) |Af", . (3.12)
2 r7+1 2 =3 =3
I*3

The incremental form of (3.12) gives

fin+1 =f+ Ci+%Af~Zl - D 1Af]
1 3 -

9

=
Bl—

with C;,y = 0and D,y = /1(1 + %mz‘nmod(l, - ) — 2minmod(1, r" l)). The scheme is TVD
1 =3

i+y

under two conditions, i.¢ if C;, 1, D;_ 1 > 0 and if C;, 1 + D, 1 < 1. Since minmod(1,r! ) = 0,
2

5o
we obtain D;_y > 1 - syminmod(1,7" ) > 5 and the first condition is ensured. Besides we get
2

minmod(1, rf’+1) < 1 and so
*3

1 3
CH% +D-_% <A1+ 5) < 5/1 .

Therefore, the scheme is TVD if %/1 <l,ie. ifaA < %

Now by considering the “Van Leer’s one parameter family of the minmod limiters”, we
obtain
Cii+D;_1 L2,
2 2

N
1+ 1

because 0 < minmod (2, 2rfl+1 , 217 ) < 2. Thus, with this limiter, the scheme is TVD if A1 <
i+3

1
2
O

Primitive technique

The high order approximation f;(x) is obtained here from a reconstruction using primitives
([6]). The main difference with the previous usual method comes from the fact that the slope
corrector p; depends on the sign of the velocity. By using the primitive technique, a second
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order accurate approximation of the distribution function on the interval [x

x;,1] 1s obtained
2
and can be expressed as

l—*

1
fF) = fixop; (3.13)
with
0 it (- - 1) <0,
pi=1 min(Afi 1, 2(f" = fmax)) if (/2 -/ <0, (3.14)
min(Af; i ,Z(f” Jfinin)) else ,
and
0 if (fis — SO = fL) <0,
p; =1 min(Afi_1, 2(fmin = /1) if (ff = f2) <0, (3.15)

min(Af;_ L 2(fmax — 1)) else .

The approximation of the distribution function defined by (3.13) with the slope limiters (3.14)
and (3.15) satisfies the conservation of the average and the positivity of f,(x) ([6]).

3.2.2 Third order transport scheme

A general family of TVD discretization with 5-point stencil is the Monotone Upstream cen-
tered Scheme for Conservation Laws (MUSCL). To improve the accuracy, we turn to a third
order MUSCL TVD scheme proposed in [1]. MUSCL schemes use a «-parameter family of
interpolation formulas with a limiter function W(R) : R — R such as

fr= 1+ RN+ S COAT
J

ﬁ=ﬁ”—1+K‘P( AR

1
2

(3.16)

Here R; is the ratio of successive solution increments R; =

1 . . .
2. In this section, the third order

>

1
scheme is defined by choosing « = 3 By using the “usual” limiter, we obtain

Af?,
PR)AS!, = minmod |6 “|AS" :mmmod( Af" L AfT 1)
"2 TAST =2 =37 Tty
1 Af,z-f (3.17)
ML, = mmmod( ¥va )Af+2 - mznmod(@Af”l,Af”%)

In order to use a less diffusive scheme, the superbee limiter (6 = 2) can be chosen but the
scheme is less stable. In the same way, another limiter can be chosen, similar in construction
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with limiters (3.14) and (3.15), defined as

0 ifAf A, <0,
W(R)AS_y = pix =1 Min@ = fuin), AfL ) AEASL 20, (3.18)
max(8(f ~ fuw) Af})) AL <0,
and
1 0 if A AS, <0,
‘P(E)Afi% = pip = ¢ MInAS 60 max = /1)) IFASL, 20, (3.19)

max(Af" \, 0(fmin — /7)) iTAf, <0
2 2
Proposition 5. By using limiters (3.18) and (3.19), the reconstructed distribution function ob-

tained for a positive velocity

1_
" i+ i2
fr=0+ 4p1 1 P

belongs to [0; fmax]- In the same way, for a negative velocity, the approximation

1+/< 1 -«

R .

JZAE
belongs to [0; fiax]-

Proof: Consider the case Af’ "1 20 (the case with Af’ "1 <0 is similar). Recall that
I*3 )

Vx,y € R, minmod(x,y) >0 .

Hence
fir=0.
Moreover f" writes
. 1tk IR B ¢ "

K= ~ I+ U = 1) (3.20)

Expression (3.20) can be simplified into
1
S = i+ i) Ll L@ =0 + o) - (3.21)

Since f/" < 0 and £}, <0, we obtain f" < frax.
For the reconstruction f;”, it comes that f;” < f" < fi.. Moreover /. can be rewritten such as

1+K

fr=- =

S/ DE (3.22)
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Expression (3.22) can be simplified into

jf:ﬁ”(l—lzke—lgk)+lgkfi’il. (3.23)
Since 0 € [1; 2], we get
L UES/DE
Therefore we obtain f;” > 0. ]

Proposition 6. The scheme (3.2, 3.3, 3.16) is L™ stable by using limiters (3.18) and (3.19)
5
provided 0 < 3 and the CFL condition satisfy

[N o)

here 1 At
where 1 = —.
Ax

Proof: Let us consider the case where the velocity v is positive and A f:jr . = 0 (other cases can
2

be demonstrated in the same way). By denoting A such as 1 = %, we get

= =AU = D (3.24)

By using reconstructions (3.16), equation (3.24) can be rewritten into
- l+k . -« . .
S ==+ Tmln(Afl,’i%,H(fmax -+ 7 rnln(AfH%,H]f)
1+ 1 -
+/1( iril + TK min(Afn 3 e(fmax - iril)) + TK min(Af,” 1 Qflril)) .
1—7 1—7

Then, it comes

1

1+ -
[ < = A +ATK9(fmax_ ")+ A 4"Afi'i . (3.25)

1 1
2 2

By definition of Af” |, the right-hand side of (3.25) writes under the form
i=3
< af + B+ Y S s
with

1+«
4

3+k 1+«

4 4

3+«

=1-2 , 6.
@ 4

,8:/1( H)andy:/l
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Notice that « + 8+ y = 1 and y > 0. The first term « is positive provided the numerical

coeflicient A satisty
4

34k

A<

Moreover § > 0 under the condition

6 < .
1+«

1
Therefore the third order scheme ( x = 3 ) is L™ stable with the CFL condition

A<

and for 8 < % m]

Proposition 7. The scheme (3.2, 3.3, 3.16) is a positive scheme for the limiters (3.18) and (3.19)

Proof. As the previous proof, let us consider the case where the velocity v is positive. From
equations (3.2, 3.3, 3.16), we get

l+k . " -k . .
o= fin+/l(fi"+Trnm(Afl._%,H(fmax—ﬁ))+Trn1n(Afi+%,0fi))

_ a(f;zl + %<min(Aﬁ_%,9(fmax—ﬁil))+ %min(Afi_%,Hfi’il)) .

Then we obtain

1+ 1-
s oA - A 4KA " A 4";;". (3.26)
l_i l_i
The inequality (3.26) can be simplified into
Sz aff B
where 3 s
a=1->dandf=1 ZK.
Notice that 8 > 0 and @ > 0 under the CFL condition
A< 2
s3>
and the proposition follows. O
Remark 9. By using « = —1 in reconstructions (3.16), we obtain the classical order 2 scheme

with limiter given by

{ p; = minmod(f},, — fI',0(f" — 1)) ,
p; = minmod(f!" — f*,,0(f5, — J1)
with 0 € [1;2].
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3.2.3 Fourth order transport scheme

A fourth-order compact MUSCL TVD scheme (see [15]) is proposed in this subsection. How-
ever this fourth order scheme do not ensured the positivity of the distribution function (because
no more conservative). This scheme has been extended in [2] by proposing an additional lim-
itation to preserve positivity of the distribution function f in the frame of VFRoe schemes for
the shallow water equations.

The present scheme with this additional limitation is explained simply by using the one dimen-
sional scalar conservation equation (3.1). In the same way as previously, the technique is based
on a polynomial reconstruction f;" and f;” depending of x;, 1 piecewise constant approximation.
This reconstruction does not satisfy positivity of the distribution function because of the non
conservative form of the scheme. However in [2], a modification of the scheme is proposed
to preserve the positivity property. Indeed by assuming that the reconstructed state f;* and f;-
belongs to Q = [0, oo[, an intermediate state f;" is introduced and given by

f= 3 A (.27)

According to a CFL condition divided by three ([2]), this fourth order scheme preserves the
non-negativity of the distribution function f” if f belongs to Q. The fourth-order MUSCL
TVD reconstruction proposed in [15] is defined as

S= AL
! - ! 3.28
{ﬁfﬁ+Mi (5.28)
Following [15], reconstructions reads
_ 1 LT . % 1, .= .~
(Af); = B3 (2A ficip +A fi+1/2) ) (Af);r = 6 (A Jici2 +2A fi+1/2) ) (3.29)
where
A fioiyp = minmod(A” fi_y 2, 40" fir1)2)
N (3.30)
A fiv12 = minmod(A” fii1 2, 40" fio1)2)
and
. 1 5=
A firipa = Aivipp = 8A3fi+1/2 )
(3.31)
A3fi+1/2 =Aficip =20 fin12 + Afisapa
Here Aﬁl/z, Af;l/z and Af;m are given by
Aficrj2 = minmod(Afi-1 2, 2A fir /2, 2A fiaz2)
Afi1p = minmod(Afin o, 20 fi32, 28 fio12) (3.32)

Aﬁ:_3/2 = minmod(Aﬁ+3/2,2Aﬁ_1/2, 2Aﬁ+1/2) .



High order kinetic scheme for Maxwell-Fokker-Planck equations 43

Concerning the limitation involving the intermediate state, we have to ensure the three following
restrictions

fT+OMf >0,
Sl =0Af7 20, (3.33)

fi= 1 =0Af - OAf .

Therefore to ensure these restrictions, a process of over-limitation is defined as

_ qm lim,—
A/ (334)

The modified limitation proposed in [2] to illustrate this new restrictions is defined as

(AN™ = 0 max (AN, —f)
(3.35)
(ANHI™ = 0 max (AN —f7)
where
1 if max((AN);.—f) + max ((Af);.—f") <0,
g = (3.36)

. Vi .
min (1, (A7) +max((Af),.+,—f,")) otherwise.

3.2.4 Verification of the scheme’s order

In this part, we do not prove analytically the order of schemes although it has been verified with
a strong and popular software called Maple.

In order to verify this, numerical results will be shown to illustrate the order of the different
methods. The order in space has been analyzed for each schemes on the transport equation.
To maintain the TVD property of each schemes, a suitable Runge-Kutta time discretization for
each scheme is used. These total variation diminishing Runge-Kutta schemes are described in
[9].

A general Runge-Kutta method of order m for (3.1) is written in the form

i-1

f0 = kZ:(; (Ozikjdk) + A1ByL (ﬁk))) o i=1.,m, (3.37)
f(o) _ fw, f(m) — fn+l ,

where L(f) = v

a.

In [9], the authors propose suitable coefficients a; and B to obtain optimal m” order TVD
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Runge-Kutta method (optimal in the sens of CFL condition and cost of computation). For
example, under the CFL condition ¢ = 1, the optimal second order TVD Runge-Kutta method
(3.37) is given by

ap=1, Bio=1,
_ 1 —
@20 = 7, B2 =0,

_ 1 _ 1
@21 = 7, ,321—5-

Now we consider a numerical application to illustrate the different order of schemes. For this
test case, the initial distribution function is chosen to be simple and periodic in order to obtain
more easily the analytical solution. More precisely, f is defined by

f(t=0,x) = sin(2rx) .

Moreover we consider transport equation (3.1) with a transport coefficient v = 1. The space
domain is discretized with different number of points from 10 to 100 points and the length of
the space domain is denoted by x,,,x = 6. We choose a time step satisfying the CFL condition.
The numerical results are computed at ¢ = 40.

Figure 3.2 shows the ratio of the L! norm of the error between analytical and numerical solution
depending on the space step Ax. The slope coefficient for the second and the third order scheme
correspond to the order of the scheme. Indeed we obtain 1.9986 for the second order scheme
and 2.8154 for the third order scheme.

y=4.6435+1.9986x y=5.9566+2.8154x

0L

121

4L

16|

18

Log of the L1 norm of the two solutions difference
Log'of thle L1| norm of tlhe two solutions difference

22 A1 40 9 8 7 6 5 4 3 210 9 8 7 5 5 4 3
Logarithm of the space step Logarithm of the space step
(a) ()

Figure 3.2: Evolution of the logarithm of the L' norm of the difference between the analytical
and the numerical solution, and the logarithm of the space step for the second order scheme (a)
and the third order scheme (b).

Concerning the fourth order scheme, results are different of what we expect. As you can see on
figure 3.3, the slope coefficient is equal to 1.9835 which does not match with the fourth order
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scheme. This paradox difference is explained by the use of the additional limitation. Indeed if
we analyze the order of the scheme on the part of the solution where the limiter does not affect
the calculation (regular zone), a slope coeflicient of 4.0016 is obtained as shown on figure 3.3.
This difference of order may influence the accuracy of the fourth order scheme. So the third
order scheme is maybe a better scheme in fact, this accuracy will be check in the next chapter.

o

y=-0.65386+1.9835x y=2.6545+4.0016x

(3}
T

10|

N
o
T

2L

N
(4]
T

4L

w
o
T

16|

w
(3]
T

18|

N
o

-20

Log of the L1 norm of the two solutions difference
Loglof thel L1 norm oflthe two solqtions Idiffere:nce

N
1

210 9 8 7 % 5 3 3 12 41 40 9 8 7 6 5 4
Logarithm of the space step Logarithm of the space step
(a) (b)

Figure 3.3: Evolution of the logarithm of the L' norm of the difference between the analytical
and the numerical solution, and the logarithm of the space step for the fourth order scheme
where limiters take action (a) and where limiters do not take action (b).

3.3 Numerical scheme for Maxwell equations

Now we consider the phase space (x,v) € R x R?. Let E be the electric field E denoted by
E = /(E,, E,, 0) and B the magnetic field B given by B = (0,0, B.).
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3.3.1 Maxwell equations

The non relativistic FKP-Maxwell system (2.5-2.6) can be rewritten as

af  of g f 4 of _
E + an + % (Ex + Bsz) 6—\}x + % (Ey —Bsz) 6_\}2 = Cee(j) + Cei(f) .
OE, -,
ot B €0 ’
(3.38)
o Ox &
oB. _ ok,
o ox

In order to have no time constraints about plasma frequency, electric and magnetic field (E, B)
are expressed in implicit format while sources (p, j) will be explicit. For the discretization of
the Maxwell equations, taking the centered formulation for the temporal derivatives gives

1
OE,; "2 Eiﬁfl - EZ:'
( . ) = "7 (3.39)

ot At

Concerning the space discretization, a finite difference method to second order is simply used
and writes
E"  —E"

OE. ) = =l el 3.40
O.E) = = (3.40)

By reducing the time of equation (3.40) to n + 1, we get

n n n n n+3 n+3
(6 E ')n+% — l Ex,_'l'—-il—l - Exji-—ll + Ex,i+1 _Ex,i—l — l Ex,i-fl + x,i—21 (3 41)
A 2 2Ax 2Ax 2 Ax ’ ‘
where
nt3 _ 1 n+l1 n
E °= 5 (Ei + Ei) . (3.42)

The choice of the space discretization is very important. Indeed this is one of few scheme that
conserve energy. Next for the magnetic field B we proceed as previously. The electric field E
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and the magnetic field B are solution of the following Maxwell discretized system
En-Ey T
At T e
E’H.'l —E". BrH;l/Z _ Bnﬂ;l/Z Jn.
Yl p2 + cz z,i+1 z,i—1 — _ﬂ, (343)
At 2Ax &
n+1 n n+1/2 _ pn+l/2
Bz,-; - Bz,i 4 Ey,i+1 Ey,i—l -0
At 2Ax ’
where E"*1/2 and B"*!/2 are given by
1 1
n+l/2 _ n+l n n+l/2 _ n+l n
E —2(E +E) and B —2(B +B"). (3.44)
The approximation for the current in (3.43) J{ and J} has been chosen such as
Tl= Y AV G and T = Y A T (3.45)
jez3 jez?
where Av = Av, = Av,. The system (3.43) can be simplified into
S
Er' = B - A
: : &
2 2
n+1 C At n+1 n+tl \ _ n At n c At n n
Ey,J'r + E(szﬂ - Bz,-;—l) - Ey,i - e_on - E(Bz,i+l - Bz,i—l) ’ (3:46)

y,it+l i—

; At " . 7 At n n
szl + E(E - Eyﬂl) =B, - @(Ey,iﬂ —Eji) -

3.3.2 Poisson equation

In the case of non-magnetic field, the only equations from (2.6) to consider are Ampere equation
and Poisson equation. Therefore the Maxwell system (2.6) becomes in on space dimension

OE,  —j«
ot B € ’
OE, _ _Jv
ot €0 ’
OE, p
ox &

(3.47)
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By using the same discretization than previously (3.43), the discretzed system of (3.47) writes

+1
E;’,i _E;,i _ _&
At € ’
E™ —E". Jn.
= (3.48)
0
En+% En+%
i Pxi-l _ n+l
Ax '

We choose here to discretize the charge density p at time n+ 1 like a predictor-corrector method.
Indeed electric field has to check Poisson Equation after each computation because the Poisson
equation is not ensured.

3.4 Boundary conditions and CFL condition

In this section, different phenomena of electron-wall interaction considered in our model are
described. Then our numerical approach is presented and finally, the CFL condition is detailed.

3.4.1 Boundary conditions on the distribution function in space x

A brief description is given here to present different processes considered in our model when
an electron reaches the boundary of our domain.

Specular reflection

The first one is the specular reflection (see figure 3.4 (a)). The particle is reflected on the wall
like a light ray on a plane mirror. Classically the electron is reflected from the wall in a random
direction which can be explained by the uncertainty about the state of the wall. The number of
particles hitting the wall is equal to the number of particle bouncing with an inverse velocity.
At the boundary x,,;,, for positive velocity v, > 0, it can be expressed as

S, Xmins Vi, vy, V) = f(, Ximin, = Vs Vy V) (3.49)

Diffusive reflection

Now we will consider the diffuse reflection as a boundary condition (see figure 3.4 (b)). A
diffuse reflection is the result of interaction between electron and the electric field in the wall.
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Y X4
(a) ()

Figure 3.4: Representation of different conditions during interaction particle-wall: specular
reflection (a) and diffusive reflection (b)

The electron is first trapped in the wall then its temperature changes to be the same as the
one in the wall and finally the particle is ejected from the wall in an isotropic way with the wall
temperature. The number of particles which go in the wall is the same as the number of particles
which go out of the wall.

The distribution function at the boundary x = x,,;, for positive velocity is given by a Maxwellian

)
J@ xp, Ve, vy, v2) = aKe™T + (1 — ) f(t, Xp, —Vy, Vy, V) (3.50)

with v the mean velocity output, @ € [0; 1] the accommodation parameter. We will take @ = 1
in our studies. 7T represents the temperature and the mean velocity issued from the wall tends
to 0.

In order to conserve the charge, the current flow must be null, i.e. we obtain

Jx=4 f Vi f(Z, Xmin, Vi, Vy, v2)dV = 0 . (3.51)
R3

By splitting velocity v, into positive and negative terms, equation (3.51) can be simplified into

q f [f Vi f (£, X, Vi, vy, v2)dVy + f Ve f (1, X, Vi, vy, vz)dvx] dvydv, =0 .
(vy,v2)eR? V20 V<0

Therefore K is solution of equation

2
q f [K f veeTsT dv, + f Vi [ (£, X, Vi, vy, vz)dvx] dvydv. =0 .
(vy,v:-)eR? vy 20 v, <0

Thus K is given as the ratio between the half inflow and the half outflow such as

- v f(t, X, Vi, vy, v )dV, Vi f (2, X, Vi, vy, v, )dVy
= e d = Jureo 4 . (3.52)

K 2 2
2kgT 2kpT
va>0 ve®sT dy, va>0 veZsT dy,
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3.4.2 Boundary conditions on the distribution function in velocity v

For the sake of simplicity, we consider in this subsection the discretization of the transport
equation (3.1) with the first order scheme

nel _ o F = F

LT e

At Av

D=

=0. (3.53)

The transport coefficient is given by v = 1. Since f > 0, we get 7—‘/ T= /7 and equation (3.53)
2

can be rewritten as

Lp B
At Av

To obtain a conservative scheme, we get

0.

n,

2/{?1‘2/{7:—%29‘}’15—%@:0- (3.54)

0 0

Ty,

By exchanging the indexes j in the sum of flux F, equation (3.54) can be simplified into

" .\ At " .\ At
()R = (- )

Therefore, in order to have a conservative scheme, we can impose f”, = =0.

Ty,

3.4.3 Boundary conditions on the electromagnetic field in non periodic
cases

The boundary condition concerning the electromagnetic field for the space direction satisfies
Newman conditions on the electric field and Dirichlet conditions on the magnetic field. On the
boundary, electromagnetic field is given by

oE

N _
ax (xmma t) ax (xmax, t) 0 1)

B.(Xmin, 1) = Br(?), (3.55)

Bz(xmax, t) = BL(t) .
The linear system (3.46) with conditions (3.55) can be rewritten in conservative form as

AX =B. (3.56)
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The matrix 4, whom the first and last lines are defined by the condition (3.55), is defined as

1 a 0 a 00 O 0 O 0 0 O
-b 1 b 0 0 O O 0 O 0 0 O
0 -a 1 0 0 a O 0 O 0 0 O
-b 0 0 1 b O O 0 0 o0 0 O
0 0 0 -a10o0 O 0 O o0 0 O
0O 0 -b 0 01 O 0 O 0 0 O
A= : : R : : : R
O 0 O o0 00 1 0 0 a 0 O
O 0 0 o0 00 0O 1. b 0 0 O
O 0 0 o0 00 0O -a 1 0 0 a
O 0o 0 o0 00 -b 0 0 1 b O
O 0 o0 o0 00O 0O 0 0 -a 1 -a
O 0 0 0 00O 0O 0 -b 0 b 1
Here coefficients a and b write
At At
a= TAx and b= 1Ax
Vectors X and B from (3.56) are given by
E;“(r)l E;O c2(B;”1 —-B’_) ‘];’,0 By
B! B, B EL 0 0
E;7+11 E;l . cX( B?, - B Jy’{ . 0
B} Byl | EecEe || 0 | L] o
X E”J;l B E”. 4Ax R € J". 2Ax O
V=2 V=2 zn—1 Z,ny—3 Vhx—2
Ey,nx—l Ey,nx—l (B e Bz,nX—Z) J;,nx—l 0
Bl B, I ~Brms

3.4.4 CFL condition for the numerical scheme
CFL condition and electron-ion collision operator

Here we focus on the CFL condition of the approximation of the electron-ion collision operator.
Since the space variable is a parameter, only the space homogeneous equation is considered

of
E - Ce,i(.f’f) . (357)
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Recall that the Fokker-Planck-Landau C,;(f, /) stands for the electron-ion collision operator
and is given by

Ce,i(f) = ae,ivv-[q)(v)vvﬂ >

where a,; 1s defined in (2.11). Recall that ®(x) is an operator acting on the relative velocity u

[[u|/ld —u®u
llu’]
For the sake of simplicity, we simplify this expression as C,.;(f) = V,.(MV,f) where M =
O(V)ae, -
Forn > 0, (ffj“)i, ; 1s assumed to approximate the solution on the control volume C; ;. It satisfies
fu _ L( et~ Ji

fn _fn X
- —(m, + M, 2L 3.58
At Av T AV T Ay ) (3-58)

®(u) =

. Vi B
with M 1 = O(FF)ae, AV = v 1 -V,

-1 is the velocity space step and At is the time step.
So equation (3.58) can be rewritten as

At At
1
iflj-"— = :J(l - W(MHL + Mz—l)) +][znlA ) 5 + iilA—szH%
Since M is a positive matrix, the positivity of the scheme is ensured under the CFL condition

At

max (M, +M,_,) R (3.59)
4%
The CFL condition (3.59) can be simplified into
max(M) A > <1. (3.60)
Moreover eigenvalues of ® are defined as
1
SP(®) = {0, —}.

IVl

Therefore we obtain

(07 ae,i
max(M) = max(®(v)e,;) = ——— Av/2

From (3.60) and (3.61), the CFL condition for one dimensional velocity model for equation
(3.57) writes

(3.61)

4At
——= =
(Avy
In 3D velocity space, the CFL condition is given by

4At N 4At N 4At <
Qe i
(Avy)  (Avy) (A,

a’e,i

(3.62)
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Transport part and CFL condition

Now consider the Vlasov equation in 1D space given by

0
6—];+VVXf+%(E+V/\B)VVf:O. (3.63)
The numerical scheme associated can be written as
N N (R N (R A o=
- Mopyr TPyt W L A E+vAB) Y
At VT A VT Ax u ETVAB) =

Concerning the transport of particles depending on x, an upwind scheme is used to ensure the
positivity of the distribution function f. Therefore the well known CFL condition writes

At
max|VIAL_ (3.64)
Ax

For the acceleration of the particles, i.e. the transport of particles depending on v, the positivity
of the scheme is preserved under the CFL condition

g (max(E) + vy A max(B)) At <
m Av B

1. (3.65)

Fokker-Planck-Landau equation

Now the CFL condition of the Fokker-Planck-Landau equation in 3D velocity space can be
expressed. From (3.62, 3.64, 3.65), the CFL condition is given by the sum of the CFL conditions
of the different part of Fokker-Planck-Landau equation
max |v|Az
Ax

IR T
+ %(max(E) + Vinax X max(B)) At(Avx Fa

N 4Nt N 4Nt N 4At <1
Qi =

\(Avy) Ay (A
Remark 10. Classical condition for the use of Poisson equation is to consider time step smaller
than plasma period. Here Maxwell equations have been expressed in implicit form. That is why
we do not find a such condition in this work.

3.5 Conclusion

In this chapter we have proposed a numerical scheme based on a finite volume method to solve
the Fokker-Planck-Landau equation. The first numerical scheme presented of order two presents
many interesting properties such as TVD property. Then we have developed a third order
scheme to improve accuracy which preserves the positivity of the scheme and the L™ stabil-
ity. Finally a fourth order scheme is proposed in the same way and also preserves the positivity.
In next chapter, all these high order schemes will be used to study their good physical behavior
and to determine the best choice between them. To reproduce the behavior of particles at the
border, some boundary conditions have been presented for these high order scheme.
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4.1 Introduction

There exists already many codes which solve the Vlasov-Fokker-Planck equation. For example,
M. Tzoufras et al. have developed in [14] a relativistic 2D, X 3D, Vlasov-Fokker-Planck code
called OSHUN. This code describes the electron transport by incorporating a spherical har-
monic expansion of the electron distribution function. Nevertheless this decomposition while
limited to a finite number, does not ensure in the non-negativity of the distribution function
whereas in the KET'S code, positivity of the electron distribution function is ensured. In this
chapter, we develop the kinetic code KET'S with the improvements described in the previous
chapter such as new boundary conditions and new high order schemes (order 3). For this im-
provements, we keep parallelism aspect of the code. Moreover the efficiency of each high order
schemes described previously will be compared here through representative configurations of
ICF.

Several test cases will be considered to check the properties of the numerical scheme. First
the interaction of two counter streaming electrons beams is studied to validate the good be-
havior of the schemes described in the previous chapter. Then we are interested in laser-
plasma interaction, a significant part in ICF. Finally applications in ICF related to the local
and non-local regimes of electron energy transport are proposed to validate our solver in differ-
ent regimes. This test case will underline the robustness in different regimes. The difference
between both regimes is given by the Knudsen number K,, which quantifies the thermodynamic
non-equilibrium of the system, it is given by

where A.; defines the electron-ion collision mean free path and A7 is the electron temperature
gradient length. The local regime is defined by a small Knudsen parameter K,, << 1 which is
characteristic for a highly collisional regime. The local regime refers to the hydrodynamic limit.
The non-local regime is defined with a high Knudsen number K,, >> 1 which is characteristic
for a weakly collisional regime. The limit achieved here is the kinetic limit.

To better understand the physics of thermal conduction, the relaxation of a single hot spot is
studied to illustrate results in non-local regime. Then the evolution of a plasma with a high
temperature gradient is studied to represent the highly collisional regime. For each test case,
different scaling are used and described in appendix at the end of the chapter.

4.2 'Two-stream instability

To study the good behavior of previous numerical schemes implemented in the KET'S code
and explore each high order scheme, two collisionless instabilities are examined in regime that
involve strong electromagnetic fields, highly anisotropic distributions and trapped particles.

The physical context of this case is to study the interaction of electron oppositely propagating
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beams with a perturbation parallel to the beam velocities. This example, called the Two-Stream
Instability, is very important in the ICF physics because it reproduces the behavior of the plasma
in interaction with the laser beam. Indeed, the impact of the laser beam on the plasma involves
generation of a beam of fast electrons and a return current from that ensures the quasi neutrality
of the plasma. This leads to a very unstable configuration favorable to the excitation of plasma
waves. This is a relevant test in the study of the ICF physics.

We consider here the phase space with one dimension in space and one dimension in velocity
space without collision. Vlasov-Maxwell system is used to describe the time evolution of the
distribution function. We choose a scaling with the plasma frequency detailed in Annex 4.7. The
plasma density is normalized by the initial density #, and the energy by the initial temperature
Ty. The Vlasov-Maxwell system writes in these units

66—]; + V- (v) -V, -(Ef) =0,

OF
L (4.1)

Vi-E = (1 — n),
where the density and the current are expressed such as

n(t,x) = \fw f(t,x,v)dv and u(t,x)= l\[W vf(t,x,v)dv.

n

The initial conditions consist of two opposite streams of charged particles (electrons) with a
neutralizing background of immobile ions as sketched on figure 4.1.

Velocity domain v

A

Vg ——

Stream one >

»

S pace domain x

—Vd —— S Stream two

Figure 4.1: The two opposite streams in phase space at the start of the problem, t = 0.
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A small amplitude perturbation 4 << 1 with the wave number £ is considered as an insta-
bility seed. Thus the initial distribution function and electric field are given by

F=0,%7) = S[(1+4 coster)M, () + (1 — A cos(e) Mo, ()]
2 (4.2)

E(t=0,x) = 0,

where \
1)? (Vv —vy)?

is the Maxwellian distribution function centered around v,. The temperature of the plasma is
chosen as 7, = 1 and the density n, = 1. Boundary conditions on each side are chosen to be
periodic. At ¢ = 0, both streams have mean velocities +v, = +4 and are strongly perturbed
in position by choosing a perturbation amplitude 4 = 0.1. We discretized the periodic space
domain which length is x;,.x = 25 with 64 points, the velocity domain [—Vyax; Vimax] 1 also dis-
cretized with 64 points and the the truncation of the velocity domain is vy, = 12. In order to
respect the CFL condition of the scheme, we choose a time step Az = 1/200.

For all high order schemes, we first observe the same behavior for the two counter-streaming
beams as shown on figure 4.2. The two beams are initially well separated in the phase space (see
figure 4.2 (a)). Then as the instability develops they change direction and mix together as illus-
trated by figure 4.2 (d) to create a phase space vortex form which persists. This phenomenon
is called an electrostatic instability. In fact, both streams move through each other. Then a
density perturbation on one stream is reinforced due to the bunching of particles in the other
stream which slows the stream and some particles of the beam stop and then reverse. The same
behavior is observed with the other stream. Finally the opposing streams system has formed a
vortex in the phase space as illustrated in figure 4.2 (d).

The main differences between the high order schemes can be shown with the following di-
agnostic. On the one hand, the conservation of the total dimensionless is studied. On the other
hand, the logarithm of the dimensionless total electrostatic energy (which represents the plasma
wave structure) is analysed.

Figure 4.3 shows the impact of the use of different second order limiters on results. In figure
4.3 (a), the conservation of total energy is better with the slope limiter (3.14)/(3.15) than with
the corrector (3.5) where 8 = 1 and 6 = 2. The total energy variation is about 1.5% with the
slope limiter (3.14)/(3.15) while it is more than 5% with the corrector (3.5). Therefore, the
second order scheme with the slope limiter (3.14)/(3.15) improves the results compared with
other correctors. Moreover, the value of the coefficient 6 is important in the proprieties of the
scheme. If 6 is great, the energy dissipation is less important than for a small value of 6.

In figure 4.3 (b), the evolution of the electrostatic energy is studied. Initially the instability
grows exponentially which corresponds to a linear regime. Then the beams has reached their
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Figure 4.2: Representation of the beams in the phase space at initial time (a), at 6 plasma
periods (b), at 10 plasma periods (c) and after 30 plasma periods (d) with 64 X 64 grid points .

maximum kinetic energy. The subsequent oscillations and particle bouncing die out as the parti-
cles do not all have the same frequency of oscillation in the wave potential. The semi-analytical
solution for the linear regime is computed in [5]. Whatever the slope limiter chosen for the sec-
ond order scheme, the linear regime is well reproduced. The use of corrector (3.5) with 6 = 1
creates less oscillations in the non-linear regime compared to other correctors.

Therefore, for the second order scheme, the use of slope limiters (3.14)/(3.15) and (3.5) with
0 = 2 present better results than corrector (3.5) with 8 = 1.

Figure 4.4 represents also the evolution of total energy and electrostatic energy but with the use
of the third order scheme (3.16) and the corrector (3.18)/(3.19). The amplitude of the electro-
static energy first increases (linear regime) and then, it oscillates periodically around a constant
as shown with the use of the second order scheme. The use of corrector (3.18)/(3.19) with
6 = 2 increases the total energy with only a rate of 2, 2% instead of other correctors for which
difference is more than 5%. Moreover the slope limiter (3.18)/(3.19) with § = 2 generates more
periodic oscillations for the electrostatic energy. Therefore, the use of the corrector (3.18)/(3.19)
is the best choice for the third order scheme. Moreover the use of the third order scheme with
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Figure 4.3: Evolution of the total energy (a) and the electrostatic energy (b) of the second order
with the slope limiter (3.14)/(3.15) and slope limiter (3.5) where b = 1 and b = 2 with 64 X 64
grid points .

the slope limiter (3.18)/(3.19) seems to be

accuracy is demonstrated in figure 4.5.
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Figure 4.4: Evolution of the total energy (a) and the electrostatic energy (b) of the third order
case with the slope limiter (3.18)/(3.19) where b = 1 and b = 2 and with the limiter (3.17)

where b = 1 and b = 2 with 64 x 64 grid points .

Figure 4.5 (a) shows the variation of the total energy increases for all high order schemes but
the phenomenon seems to be attenuated with the fourth order scheme for which fluctuation is
only about 1%. With a longer simulation such as 40 more periods, the total energy for the fourth
order scheme is stabilized around a variation of 0.1%. Comparing the electrostatic energy in
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Figure 4.5: Evolution of the total energy (a) and the electrostatic energy (b) of the high order
case with the different slope limiters with 64 X 64 grid points.

figure 4.5 (b), each high order schemes present the same linear regime and some oscillations
around a constant value in the non-linear regime. Therefore, the fourth order scheme is the most
accurate scheme for the Vlasov equation.

Figure 4.6 shows the effect of the use of more discretization points on our results. For the
third order, the use of discretization points from 32 x 32 to 256 x 256 does not affect the results.
However, the use of at least 128128 points for the second and the fourth order scheme seems to
be suitable to have some periodic oscillations around a constant value in the non-linear regime.
Table 4.1 illustrates the computationnal time needed for the different high order schemes. The
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Figure 4.6: Evolution of the electrostatic energy of the second order (limiter (3.14)/(3.15)) (a),
the third order (limiter (3.18)/(3.19)) (b) and the fourth order (c) for 322, 642, 128* and 2567

grid points.

higher is the scheme’s order, the longer is the simulation, which is understandible because the
higher is the sheme’s order, the more operation is required. Nevertheless, the computation time
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with the third order scheme and the second order scheme does not increase too much with a
large number of discretization points. While difference in computational time when using a
large number of discretization points is more critical with the fourth order scheme.

2" order | 3" order | 4" order
32 %32 2.51 2.71 8.1
64 x 64 8.13 8.31 28.96
128 x 128 28.33 30.93 120.2

Table 4.1: CPU times (in seconds) made by the program to solve the Viasov equation for each
scheme order (two processors Intel(R) Core(TM)2 Duo CPU T960 @, 2.80 GHz were used).

To conclude, the third order scheme is more interesting for application in physics. Indeed,
this scheme is a good compromise between calculation time and accuracy of the numerical
solution. To complete this analyze, a comparison by using an other approach call M; model is
proposed in section 5.9.2.

4.2.1 Comparison with the Particle-In-Cell code

To demonstrate the good behavior and the accuracy of the fourth order scheme in the linear
regime but also in the non-linear regime, we compare our numerical results with results ob-
tained with the P/C code which is one of the most widely used kinetic code in plasma. The
PIC method introduced in [13] is described in appendix 4.10. The essential feature of PIC
codes is that the plasma is described as a large number of discrete paticles moving in their self-
consistent electromagnetic fields. Here the PIC code used for comparison, called PICLS has
been developped by Y. Sentoku [13] and use a fourth order scheme.

For this numerical comparison, we chose a one dimensional space direction and one dimen-
sional velocity direction. The initial distribution function f is the Maxwellian (4.2) with a
perturbation amplitude about 4 = 0,1. The space domain L = [0;25] is discretized with 64
points and the velocity domain [—Vyax; Vimax | With 64 points where vi,,x = 12. We chose a time
step satisfying the CFL condition. The scaling used here is described in Annex 4.7. The numer-
ical results are computed at time ¢ = 60.

Figure 4.7 confirms the good behavior of the fourth order scheme. For the linear regime, PIC
results are identically to those obtained with the fourth order scheme. In the non-linear regime,
both results present the same behavior, the eletrostatic energy obtained by both codes are very
close. Let us remark that the computationnal time need for PICLS is of the same order than the
computationnal time need for KETS, i.e. less than 5 minutes.
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scheme with 64 x 64 discretization points and the PICLS code.

4.3 Laser-plasma interaction

Although the physics of laser-plasma interaction is of a fundamental interest (see [8, 15]), it is
the wide range of significant applications of laser produced in plasmas which makes so worth-
while. Notable among these applications is ICF. Indeed the deposited energy to heat the target
of D-T via direct drive approach leads to a large variety of phenomena and mainly the energy is
brought to plasma with a laser. In this section, the interaction of a laser with a plasma is studied
in collisionless regime. The laser wave penetrates into a plasma only if the electron density
does not exceed the density described as “critical”. This critical density is given by

gom, 4mc?

n, = )
2 2
e /llaser

, 4.3)

c . .
is the laser wavelength and wy,g, is the pulse of the laser wave. In laser
Wigser
plasma physics, the critical density is given by

where Ajpser =

1.1 x 10!
/112aser (/’tmz)

The propagation of an electromagnetic wave in a hot plasma follows the Maxwell equations and
does not depend on the collisions between particles. The plasma is considered as neutral, that is
to say p = 0. Furthermore, only electrons contribute to the current because of the inertia of the
ions which are set more difficultly in motion by the wave. So we can assume that the velocity of
ions is null and thus consider our kinetic model. For this test case, the laser wavelength scaling

ne(cm™) = (4.4)
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chosen is a explained in Annex 4.8. In these units , the Vlasov-Maxwell system becomes

0
a—j: + V- (vH-Vy-(E+vxB)f) =0,
OE
o Vi x B = (2n)nu,
B Vi xE = 0, (4.5)
ot
o \2
VX'E :( Pe) (1 —I’Z),
Wiaser
V.-B =0,

where the density and the current are expressed such as

n(t, x) = \fn@ f(t,x,v)dv and u(t,x) = l\[w vf(t,x,v)dv.

n

The test case consists in analysing the interaction of a laser wave with a plasma which density 7,
varies between 0.5 . and 1.5 n.. We consider a box split in two parts, the first part with vacuum
and the second one with a plasma as shown in figure 4.8. The physical processes of this study
are described in three parts. First, the propagation of the laser in vacuum is examined, then the
expansion of plasma in vacuum and finally the laser-plasma interaction as shown on figure 4.8.

/llaser
B

PLASMA
(density n)

VACUUM

Xmin Xm Xmax

Figure 4.8: Laser-plasma interaction.

4.3.1 Laser propagation in vacuum

Propagation of a laser wave is an important process which impacts on laser-plasma interaction.
This is why we turn now to study the propagation of a laser wave in vacuum before studying
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the interaction with a plasma.

In numerical modeling of the shock ignition process, it is very important to have a wave which
goes out of the simulation domain without being reflected. Definition of non reflecting boundary
conditions is our goal. In this subsection, the appropriate boundary conditions for the use of the
centered numerical interpolation for electromagnetic fields are presented. Then some test cases
on the propagation of a laser wave illustrate the good behaviour of the scheme.

Characteristic method and numerical scheme

In the scaling detailed in Annex 4.8, electric and magnetic fields (E, B) are given by

OE
—— - V,xB =—(2n)%j,
P (2m)7j
(4.6)
6_B + Vi, xE =0,
ot

The phase space considered here consists in one dimension space domain and three dimensions
velocity domain. The electromagnetic field has three components: E,, E, and B.. In this
configuration, system (4.6) writes

0.Ex = —(271)* ji ,

0 0 ,
o (Ey+ B2) + ——(E, + B.) = —@2n) jy 4.7)

0 0 .
E(Ey - Bz) + a(Ey - Bz) = _(27T)2 ]y .

By setting Ep = (E, + B.) and Em = (E, — B.), system (4.7) can be simplify into

0.E, = —(271)* ji ,
0Ep OEp 5 .
B + o -2n) jy (4.8)
0Em OEm
= —2n),.
PR MRS

In the same way as (3.39), a centered formulation is chosen to discretize the temporal derivative
which gives
1
Ep!™ — Ep?
At '
By using a space discretization with a finite difference method to first order, space derivatives

can be expressed as

GEp)™*: =

Ep,, - Ep},

Ep))' =
(0<Ep)) Ax

(4.9)
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By reducing (4.9) at time n + 1, we obtain

1
1 (Epit) — Epr] Ep - Ep" 1(Ep™? + Ep™:
E N3 S i+l i+1 i-1) _ i+1 i-1 4.1
OuEp)™= =3 2Ax A )2 Ax ’ (4.10)
where .
n+ L _ _ n+1 n
Ep"2 = > (Ep +Ep ) .
The discretization of the system (4.8) by impliciting fields as in (4.10) gives
E"H.'l —E".
X,i X,i - _ 2 2 n
At ( Tr) .]X,l ’
n+1 _ ’H'%
Ep!*' - Ep] Ep,+1 Epiy _ _rp (4.11)
At 2Ax »
n n+i n+i
Em}*' — Em] + Em; ' —Em;_; - _Qn?
At 2Ax »
el 1 o
with Emi+; =3 (Eml’.’+1 + Emf) and i € [0; n,]. System (4.11) can be simplified into
En+_1 — E".
X,i x,1:_2 2.,,,.,
At ( ﬂ-) ]x,l
At (Epit! —Ep™] At (Ep! ., —Ep’
E;_'z+l+ i+1 - FE no_ i+1 i—1 — At (2 2'n_’ )
At (Em™! — Em’] At (Em’ , — Em"
E l"H—l _ i+1 i-1 = Em" + i+1 i-1 —Af(2 2 mo
= 2Ax( 2 " DAx 2 1@R) Iy

Boundary conditions

To introduce a laser wave from the left boundary, characteristics into the box are given by

Epn+l 2E‘O Sin(w[asert) )
Emn+l
-1

= EmB]*" .

with an electric and magnetic amplitude given by Ey = By. In order to have no reflected wave

at the boundary, characteristics out to the box are expressed as

Epn+l

Epn+1
{ Em*' =0.
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A first order upwind method will be taken into account to describe boundary. For the left
boundary, system (4.12) writes

At At At
Epn+l (1+_)—Ep8(1 —)+—Ep I_At(zﬂ)zjy,O’

2A " 2Ax) A
. At Emn+1 _Emn+l . At Emn _Emn .
Em0+1_A_X( L 2 0 ): +A_(712 0)_At(27r)2]y,0a
and on the right boundary, we get
At (Epi, = Epitl, At (EPi_ —Ep _,
E n+l - Ry E n nx Ry —At 2 2 .
p Ax( 2 pl’lx 1 + Ax( 2 ) ( ﬂ-) ]y,nx—l

At At At
n+l n 2 n
Em (1 + E) Emnx_l (1 - —) + _xEmnX - At(zﬂ') ]y,nx—l .

Propagation of a laser wave in vacuum

To describe the propagation of the laser wave in vacuum, the initial distribution function is zero
in the vacuum.

The space domain is discretized with 800 points and its length is given by L = 10. The nu-
merical results are computed at time ¢ = 20 with the time dimensionned by the laser period.
The objective of this test is to demonstrate that the previous scheme propagates laser light with
the velocity v = 1. Figure (4.9) shows propagation of the laser wave in the vacuum with the
numerical scheme of fourth order. The laser wave penetrates the vacuum by the left boundary
and propagates through the vacuum. The length of 10 wavelengths has been propagated in the
box which dimension is 10 wavelengths. This propagation with velocity v, = 1 translates the
good accuracy of the numerical scheme. This propagation is very close to the exact solution.
Indeed, the L, relative error between numerical and analytical solution is about 6.1073.

4.3.2 Poisson equation: equilibrium vacuum plasma

This test case is devoted to study the charge separation effects in the collisionless plasma expan-
sion into vacuum with no external magnetic field. Our particular interest is to study the electric
field at the plasma-vacuum front which is governed by the equilibrium between the electrostatic
potential @ and the electron density n.. The amplitude of electric field on the boundary between
vacuum and plasma is defined in [9] and given by
T,
E\max = — s 4.13

s = 5 (4.13)
where Ap, is the electron Debye length. We consider here again 1D, X 1D, problem as the
velocity components in the plane (y,z) do not contribute to the equilibrium of plasma. Some
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Figure 4.9: Evolution of the transverse electric field E, by using the fourth order scheme at time
t=3(a),t=9(b), t=15 (c) andt =20 (d) for 800 x 32 grid points

T=1KeV | T=5KeV | T =10KeV

n.=0,1n. | -1,40.107% | =3,13.107% | —4,40.1072
ne = N, —-4,42.10% | -9,89.107 | —1,40.107"
n.=10n, | —1,40.107" | =3,13.107" | —4,42.107!

Table 4.2: Values of the electric field E m.x on the boundary between plasma and vacuum for
different electronic density and temperatures.

theoretical values are referenced in table 4.2 for different values of electronic density #.. The
space domain L = [0; 30] is discretized with 5000 points to capture the formation of the electric
field at the plasma border. The velocity domain [—-0.5;0.5] normalized by the light velocity
along v, is discretized with 64 points. We choose a time step satisfying the CFL condition. The
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scaling used here gives the time step of the order of the laser period (cf Annex 4.8 for more
details on the scaling). The numerical results are computed at time # = 200.

At time 7 = 0, a plasma is assumed to occupy the two third space i.e. x > 9 with a density going
from n, = 0.1 n. down to n, = 10 n. with n, the critical density. The temperature of the plasma
is chosen from 7, = 1 KeV to T, = 10 KeV'. Electric field is supposed to be zero at initial time.
Figure 4.3.2 shows the electric field E, as a function of space at time # = 150. The plasma front
stands at x = 9 where the electric field peaks. Note that the electric field at the plasma front is
very close to the theoretical values described in the table 4.2. Indeed, the minimum value of the
electric field £, is greater than theoretical value from only 10%.

4.3.3 Laser-plasma interaction

Now after checking that the laser light is propagating with a good velocity and the vacuum-
plasma interface is well described, the laser-plasma interaction can be studied. Let us recall the
physical backgrounds of laser light propagation in plasma. Let &y be the wave number given by

the dispersion relation
2 2 2
kZ Wlaser _ Hon.€e _ wpe 414
0 2 - - = 2 ( . )
c m, c

n.e*

with electron plasma frequency w,, is expressed as w,, = p——
e<(

If wiaser 18 greater than w,,, ko is real and the wave can propagate in the plasma. However if
Wiaser 18 less than w,, then ky is imaginary and the wave in the plasma becomes evanescent and
penetrates only a small depth (skin effect).

For this test case, we choose a box divided in two parts. The first one is vacuum and the second
one is a plasma where the density varies between n, = 0.5n, and n, = 1.5n.. The plasma
front is localized at the middle of the box. The space domain L = [0;30] is discretized with
2000 points to capture the formation of the electric field at the boundary. The velocity domain
[—0.5;0.5] is discretized with 64 points. We choose a time step satisfying the CFL condition.
The scaling used here gives the time steps of the order of the laser period (cf Annex 4.8 for
more details on the scaling). The numerical results are computed at time # = 200.

Inside the box, electric and magnetic fields are initially zero. To simulate the laser propagat-
ing from the left side of the box, we chose the same specific boundary conditions as for the
propagation of laser in vacuum (subsection 4.3.1) i.e.

Ex(x=-1)=0,

Ey(x = _1) = EO Sin(wlasert) s
B.(x=-1)=E(x=-1),
Wiaser = 1.

The amplitude of the electric field £ and the magnetic field By is chosen such as
Eo = Bo = 01 .
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Figure 4.10: Evolution of the Electric field E, depending on the space domain x with density
and temperature such as n, = 0.1n. and T, = 1KeV (a), n, = 0.1n. and T, = 5KeV (b),

n, = n.and T, = 1KeV (¢), n, = n. and T, = 5KeV (d), n,

n, = 10n. and T, = 5KeV (f) for 5000 x 32 grid points.

= 10n. and T, = 1KeV (e),
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These dimensionless values correponds to a laser with an intensity about 7 = 10'® W/cm? (I =
% c eoEé) and laser wavelength defined by Ajger = 0,35.1076 m.

Figure 4.11 represents the laser propagation from the vacuum to the plasma with a density
n. = 0,9 n.. The numerical results are shown at the time from ¢ = 20 to # = 200. At time ¢ = 20,
the laser wave did not interact with the plasma yet. The propagation is just effective in vacuum
and the laser wavelength corresponds to the laser wavelength choosen. At time 7 = 35, the laser
begins to interact with the plasma. The laser amplitude inside the plasma increases because

refractive index N = /1 — Z— is less than 1.

Indeed as according to (4.14) the laser wave number & in plasma decreases and is given by
k=kyxN, (4.15)

which can be rewritten as
ﬁlaser =Nx ﬂlaser/plasma P (416)

where Ajuser/piasma Stands for the laser wavelength in the plasma. Moreover the conservation of
the Poyntig vector kE* = ¢ implies that the laser amplitude increases and it can be expressed

as
Ey

N
This is a linear approach and it is valid in a strongly under-dense plasma.
If the density plasma is close to the critical density, this approach is not sufficiently accurate as
it does not take into account some effects such as plasma heating weakly . That is why, higher
is the density and worst is this approach. For the density n, = 0, 9 n., the laser wavelength in the

ﬂlaser/plasma

E= 4.17)

plasma is given by = 2,33 which is different from the theoretical value by 26, 3%.

laser

Besides we can note a partial reflexion from the plasma boundary. This reflexion comes from
the creation of the eletromagnetic fields at the plasma boundary.

Figure 4.12 shows the propagation of the laser wave at time # = 100 for different values of
the plasma density from »n, = 0, 1 . to n, = 2 n.. For plasma with a low density, the interaction
with the laser is not significant compared to over-dense plasma. Indeed, for n, = n,, the laser
wavelength penetrates only the plasma on small distance and becomes evanescent. In the case
with a density n, = 2 n. the laser does not penetrate the plasma. This behavior for the two last
cases can be explained by the fact that wiye 1s less than w,,.

ﬁlaser/plasma

Values of the ratio for different densities are detailled in table 4.3. This value is

compared with the approxilralsleétion (4.16) in the second line of this table. For a strongly under
dense plasma, the results are very close to the approximation (4.16) whereas for plasma density
close to the critical density, results are different. The phenomenon can be explained by the
fact that the previous approximation is exact for plasma which density is very low. Indeed, the
approach do not consider effects associated to high density such as heating effect. Moreover the
coupling between the plasma and the laser increases for density close to critical density. That is
why results are differents for high density.
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Figure 4.11: Evolution of the transverse electric field E, in the space domain x at time t = 20
(a), t = 35 (b), t = 80 (c) and t = 200 (d) for 2000 x 64° grid points and a density plasma of
n=09n,.

0,05n, | 0,1n, | 0,2n. | 0,3n. | 0,4n, | 0,5n, | 0,9n,
Ataserjlasma 1 1,01 1,03 1,08 1,11 1,15 2,33

Alaser

Relative error | 2,5% | 3,8% | 7,7% | 9,2% | 14,7% | 18,4% | 26,3%

Table 4.3: Value of the ratio between the laser wavelength in the plasma and the laser wave-
length in vacuum and value of the relative error with the approximation (4.16) for different
values of plasma density n..

4.4 Application for the electron energy transport: the Batishchev
test

In order to check the implementation of collisional terms in the electron kinetic equation, we
consider the non-local transport theory, i.e. a regime where the characteristic scale of the prob-
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Figure 4.12: Evolution of the transverse electric field E,, in the space domain x at time t = 200
forn, =0, 1n.(a), n.=0,5n. (b), n, = n. (c) and n, = 2 n, (d) for 2000 x 64° grid points.

lem is comparable with the electron mean free path. The relaxation of an initially localized
temperature enhancement is studied here. This problem has been studied by Batishchev in
[1, 4] for the planar geometry and by Senecha ef al. [11] for cylindrical geometry. This test
problem corresponds to the localized heating of a plasma over a short time period and the subse-
quent relaxation of the temperature. Steep temperature gradients due to the localized heating by
nonuniform laser beams give rise to non-local heat transport. We considere here the collisional
regime defined by the Maxwell-Fokker-Planck-Landau system. We choose the scaling defined
in Annex 4.9 to use a time step of the order of the electron-ion collision time 7,;. Thus in these
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units, the Maxwell-Fokker-Planck-Landau system is given by

L v 9, B = SClf N+ Cal)
66—];: = %nu (4.18)
‘9;; = -,

where @ = —2* and B = —. The collision terms C,.(f, /) and C,;(f) are given in (4.37).

Wpe
Initially in thls test case, electrons are represented by a local Maxwellian distribution function
with a Gaussian temperature profile (see figure 4.13) given by

2
T(x,t=0)=Ty+ T, exp(—%), (4.19)

with Ty = 1 KeV, T} = 3KeV and D = 14,25 A,;. We choose here the boundary condition
corresponding to specular reflection. The spatial scale length L (the hot spot size) is varied over

T-T,
A

T1:3T0

> x//lei
b L/2 >

Figure 4.13: Spatial distribution of the electron temperature

a range from L = 80 A,; down to L = —80 A,;. This space domain is discretized with 160 points
to obtain one cell for one mean free path. The velocity domain [v; i Vimax] = [—8; 8] along
each direction 7 of v is discretized with 32 points. We choose a time step satisfying the CFL
condition. The numerical results are computed at time ¢ = 10.

40 processors were used for this simulation (CINES facility). The domain decomposition on
the space domain allows each processor to deal only with 4 points in space. The typical run



Validation and numerical results 77

time is about 8 hours for # = 10 collision times, with this set of parameters.

Figure 4.14 (a) shows the electron temperature evolution. After few iterations, at time ¢ =
2 7., the temperature profile begins to relax to a colder temperature. Until time # = 10 7,;, the
eletron temperatue of the plasma relaxes to a colder profile. The numerical scheme traduces the
good behavior of the relaxation of the hot spot. Moreover hot spot relaxation is caracterized
by small density perturbations. On figure 4.14 (b), the variation of the density is plotted. The
density indeed fluctuates weakly. On figure 4.15 (a), the dimensionless transverse electric field
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Figure 4.14: Evolution of electronic temperature T, (KeV) (a) and dimensionless electronic
density n, (b) over a time from t = 0 down to t = 10 1,; for 160 x 323 grid points.

E, is represented as a function of time. From system (4.18), the electric field is given by

—eE — lVPe =0,

ne

(4.20)

with P, the electron pressure. With a constant density 7., equation (4.20) can be simplified and

the electric field writes :

E=--VT,. 4.21)
e

Figure 4.15 (a) indeed shows that eletric field extremas are localized at the positions where
temperature gradients are present. This behavior is consistent with equation (4.21). This con-
figuration leads to the the creation of a heat flux. The flux density of heat carried by particles is

given by the vector
m

q= ;ne fRs(V —u)vfadv, (4.22)

where u represents the relative velocity of electrons. The evolution of the heat flux is represented
on figure 4.15 (b) and shows the same properties as the electric field. These behavior of electric
field, temperature or heat flux are consistent with results presented in [1]. Indeed results have
the same behaviour than in [1]. Results are not exactely the same because initial configuration
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is slightly different than Batishchev’s configuration used in [1]. Our configuration has been
chosen to be used for shock ignition application, one of the new approach in ICF. This test case
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Figure 4.15: Evolution of the dimensionless transverse electric field E, (a) and dimensionless
heat flux Q (b) over a time from t = 0 down to t = 10 1,; for 160 x 323 grid points.

puts forward the suitable use of the code KET'S in the non-local regime. In the next subsection,
the use of the numerical schemes described previously is extended to the local regime. This
simulation is subject to some comparisons with hydrodinamical models based on [10].

4.5 Validation for the electron transport in the collisional lo-
cal regime

In order to validate the numerical modeling electron transport in the collisional local regime, a
simple gradient temperature configuration is proposed here. The test case represents the mo-
ment during which a laser deposits its energy on the hot temperature side and the absorbed
energy is transported to the cold temperature side as shown on figure 4.16. This configuration
leads to the the creation of heat flux which contribute to the preheating of the region down to
the temperature gradient. An electric current and electric field are generated by the movement
of particle. We propose here to compare the heat flux Qgp and electric field Egp computed from
the numerical solution of the Fokker-Planck-Landau dimensionless equation and Maxwell sys-
tem, with those obtained analytically. Dimensionless equations are given by the scaling defined
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Figure 4.16: Representation of the temperature gradient in local regime.

in Annex 4.9. In these units, Maxwell-Fokker-Planck-Landau system is given by

Z_j; +Vi - (vH)-Vy-(E+vXxB)f) = %Ce,e(ﬁf)+ Cei(/)

OJE 1

==, (4.23)

1
Vi E=—(1-n),
a

where @ = v, ;/w,. and § = vy /c. The collision terms C,.(f, /) and C,;(f) are given in (4.37).
To describe the behavior of particles at the boundary, the diffusive reflection was assumed.

An analytical solution for the electron heat flux were computed from a kinetic model by Bra-
ginskii and the Ridgers theory ([3]).

First, we define the average over velocity for a microscopic quantity 4(v) as

1
<A>=— | Afav, (4.24)

ne Jr3
where n,(t,x) = f f(¢,x,v)dv is the density of electrons.
R3
The basic macroscopic quantities used in the Braginskii theory are given by

j = gqen. (v) (electric current),

1
q= 3 men, {(v-v)v) (electron heat flux), (4.25)

R = f mvC,;(f)dv (electron-ion friction force),
R3
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and

1
p=nT,= gmene ((v— < v>):(v= <v>)) (electron pressure),

1
II = gmene {(v— <V >)®(v— < v>))— pl (stress tensor), (4.26)

Qoc = %mene ([(v—<v>)-(v— <v>)](v- <v>)) (diffusion heat flux).

There, j is the electric current, q the total heat flow, R the friction force accounting for the
transfer of momentum from ions to electrons in collisions, 7, is the temperature, p is the scalar
intrinsic pressure, I1 is the stress tensor, q, is the intrinsic heat flow and I the unit diagonal
tensor.

Quantities p, IT and qye are defined in the local reference frame of the electrons, whereas j, q
and R are defined relative to the ion center of mass frame. Ions are supposed to be at rest.

Qe can be exoressed in function of j and IT and is given by

me <v>2%j

5
Qoc = q +j : _pI +1I /(nee) + . (427)
2 2 e

The term q represents the diffusive flux, the second term is the product of the velocity and the
enthalpy and the last term is the product of the velocity and the kinetic energy.

Braginskii transport theory

In [6], the anisotropic pressure tensor IT and the electron viscosity m, < v >? are neglected. In
this section, we shall not neglect these parameters and verify that they are indeed negligible.

The Braginskii theory expresses the electric field E in terms of V,p, VT, and j, and q the
heat flux, in terms of V, T, and j. Transport relations adopted by Braginskii (the classical Ohm’s
law and heat flow equation) are given by

. . .
g=—2T2 —ky VT = Tyt = 23 i, <v>2L
2 e e 2n.e
o (4.28)
E = Vo +jxB+ 2= —ﬁep.VxTe) .
en, nee

In papers [6, 5], terms in IT and m, < v >? are neglected. We choose here to keep these tems
contrary to R. Duclous’s work in order to evaluate their impact. The total heat flow q and the
electric field E are expressed, in the formalism of Braginskii, in a three-fold geometry, defined
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by the temperature gradient VT, and the magnetic field B,. The current j, electric field E and
the anisotropic pressure tensor II are expressed according equations (4.25, 4.26, 4.28). The
stress tensor I1 is symmetric, with a zero valued trace. The specific dependence of the system
to that direction is accounted by the electrical resistivity a.,, the thermoelectric and thermal
conductivity tensors, 3., and k., respectively, that are calculated from the kinetic theory.

The strong collisional local limit is considered in this section. The tensors are decomposed
in ||, L, and A components relative to the magnetic field unit vector and the electric current.
Directions denoted with || and L are respectively parallel and perpendicular to the magnetic
field. Consequently, the parallel and perpendicular components of a vector u are respectively
uy = b(u-b)and u;, = b x (b X u), where b is the unit vector in the direction of the magnetic
field. The direction defined by the third direction in a direct orthogonal frame is denoted by A.
In the system (4.28), transport coefficients ¢ are described with reference to the magnetic field
and the driving force u behind the transport, i.e.

p-u=¢bb-u)+p,bx(uxb)+tp,bxu. (4.29)

The heat flux and the electric field can then be rewritten in terms of dimensionless quan-
tities, at a reference point denoted by the subscript R, for the particular 1D geometry of our
temperature gradient configuration. In that case, the scaling using a collision frequency is used
as previously and shown in Annex 4.9.

We obtain
5 . 3 T c 1 C . C ; 5 - /
qx = —5 eJx — 7 EKep,LVxTez - Te(ﬁep,J_]X _ﬁep,A]y) - Enelnl,ljx
5 —1 . 1 . 2
_Ene o)y = E]x <v>5
5 . 3 7 c Z C . C 4 5 -1 [
qy — _ETeJy —_ ? EKep,/\VxTez - Te(ﬁep’J_‘]y _ﬁep’/\]x) - Ene H1,2Jx
57 1 4.30
+§nelnl,1]y - Efy <V >2’ ( )
g _1 . 2 (2 -3 . c
Ex =n, ]sz —n, pr _ﬁep,J_VxTe + g ;Te (aep,J_]x + aep,/\]}’) ’
i C 2 2 _% C ; ¢ /
Ey = —n, ]sz _IBep,/\VxTe + § ;Te (a'ep,L]y - a,eP,/\]x) ’
where ozgp, gp and Kgp are the dimensionless transport coefficients which are functions of the

ion charge Z. y denotes here the Hall parameters given by

X = WcTei
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where w, is the electron gyrofrequency and 7,; is the electron-ion collision time. It defined the
electrons trajectories.
Dimensionless transport coefficient are defined as

dimensioned quantities — dimensionless quantities

ey ( Tei ) > ., = n.me Zp ,
men, R Tei
IBep - IBep :ﬁgp > (431)
Kep( me ) Sy = n Tt o
neTeiTe R m, °r

3

N 12re; \m,T¢ 3 [n 1
where 7, = ——— = = [z —.
2an;Z2etinA - 2 N 2,

In the system (4.30), all collision frequencies are chosen with an homogeneous, constant

Coulomb logarithm. This does not alter the accuracy of the analytical solution since the loga-

rithmic approximation has already been performed.

4.5.1 Electron transport in the local regime

Here, a configuration with small Knudsen parameters Kn << 1 is considered to obtain local
regime. This test will underline the accuracy of the collision operator in highly collisional
regime. The electron transport will be studied in a plasma with a cold temperature 7', at the left
end and a hot temperature 7T at the right end. Let us denote x; and xz such as the leftmost and
rightmost point of the domain. The initial gradient temperature profile 7, is given by a third
order polynom in x — x,, where x,, stands for the middle of the gradient temperature given by

Xy = s R The coefficient of this polynomial function such that it verify on boundaries
TE(XL) = TL >
Te(xg) = Tr , (4.32)
oT, oT,
= —— =0.
o (xL) o (xr)
Moreover, on the middle point x,,, T, is defined by
Tr+T
To(xn) = =",
2
(4.33)
oT, TR — T,
— (X)) = ——————— .
Ox (XR — XL)//l
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Here, A is a parameter that determine the initial stiffness of the temperature gradient.

The simulation is performed with the following parameters. The size of the dimensionless
domain L = xz — x; = 5400 A,; is discretized with 126 points, the size of the velocity domain
[Vimins Vimax] = [—12, 12] for each direction 7 discretized with 32 points, the ion charge Z = 1.
The initial value of the magnetic field is B.(r = 0) = 1 and the initial electric field is zero over
the domain, i.e. E.(t = 0) = E,(f = 0) = 0. In this simulation, B, is constant. Therefore in
equations (4.30), the Hall parameter y is expressed in terms of the dimensionless quantities B,
and 7, as

 3VRB.T}
2V2 Z

The initial distribution function is a Maxwellian function depending on the local temperature,
with a density that is constant over the domain. The initial temperature profile is chosen such
as T, = 0.8, Ty = 1.2 and 1 = 10 for the stiffness of the gradient. This set of parameters
corresponds to the local regime close to the diffusion transport (the Knudsen number is about
1/500). The dimensionless time step size is Af = 1/1500. The scaling used is defined in Annex
4.9.

42 processors were used for each simulation (CINES facility). The domain decomposition on
the space domain allows each processor to deal only with 3 points in space. The typical run
time is 24 hours for # = 40 collision times, with this set of parameters.

X

By using the second order scheme, results are represented in figures 4.17. Maximum electric
field Epp and maximum heat flux Qgp computed from KETS code are compared with analytical
solution given in [3, 6]. We can see that longitudinal macroscopic quantities obtained with the
second order scheme is nearly the same as the analytical longitudinal quantities in the order of
less than 5% accuracy. Transverse quantities agree with the theory with about 20% accuracy in
the asymptotic limit. The oscillations for electric field observed in figure 4.17 are the conse-
quences of the plasma waves excited by the initial condition. These oscillations can be reduced
by using a large time steps in the limit of the CFL condition as shown in [5]. We can also note
that with the use of the second order scheme, a slight heating effect appears. This means that
the second order scheme is a little diffusive.

Besides in [5], Duclous et al. propose the same test case without negligeable terms, i.e.
terms in IT in the definition of heat flux (4.28). By comparing their results with those obtained
here, we can remark that negligeable terms can be effectively considered as very small. The
same behavior of electric field and heat flux is observed by using the third and the fourth order
scheme described in chapter 3. Indeed, as you can see on figures 4.18 and 4.19, longitudinal
quantities agree with the theory with about 7% and 5% accuracy by using respectively the third
and the fourth order scheme. Concerning transverse quantities, it agree with the theory with
about 27% and 24% accuracy for the third and the fourth order scheme. Results disagree with
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Figure 4.17: Longitudinal (a) and transverse (b) heat flux ———=— and electric field
maxy, (Ogr) max, (Egr)

against the dimensionless time for the second order numerical scheme.

those obtained with the two-streams instability test. Indeed, there is no logical in the accuracy of
results, mainly with the third order. But we can see that the fourth order gives a better solution
than the one obtained with the second order scheme.

2.5 T T T T T T T 3 T T T T T T T
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N
3
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-
(9]
g e

Ratio of longitudinal data
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maxy, (Orp) max,, (Erp)
Figure 4.18: Longitudinal (a) and transverse (b) heat flux —=— and electric field —-—

x (OBR)
against the dimensionless time for the third order numemcal scheme.

maXy, (EBR)

We can see that results do not match exactly with the Epperlein solution. It comes from that
fields obtained on the boundaries are not very close to the Epperlein field as you can see on the
figure 4.20. We can explain this difference by the fact that the Poisson equation is not verified
globally on the domain but locally. The use of finite volume scheme means that we do not
analyze quantities on the boundaries of cells but at their center, therefore fields obtained on
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Figure 4.19: Longitudinal (a) and transverse (b) heat flux MO nd electric field maxy (Brr)
B maxy, (Ogr) max, (Egr)

against the dimensionless time for the fourth order numerical scheme.

boundaries are in fact fields obtained with an interpolation of fields calculated on the center
of the first boundary. To compensate this error and improve the scheme,a predictor-corrector
method described in the article [12] can be used.
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Figure 4.20: Longitudinal (a) and transverse (b) heat flux are shown against the dimensionless
time for the fourth order numerical scheme.

4.6 Conclusion

The objectives of this chapter have been achieved. Each numerical scheme has been validated
through the different test cases. Indeed, results obtained for the four configurations of ICF
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are consistent with our knowledge of physics and reproduce a good behavior. Concerning the
efficiency, the third order scheme is more interesting to be used. Indeed, this scheme is a good
compromise between time executed by the simulation and accuracy of the numerical solution.
The fourth order scheme remains the most accurate. Moreover, this scheme is well adapted for
both collisionless situations and the collisional regime. Whatever the regime considered, results
obtained are very close to physical results. Nevertheless, the computationnal time need for each
simulation is an important drawback even with the use of massive parallelisation. For example,
the typical run time for the collisional local test case is 24 hours for 40 collision times by using
the fourth order scheme. Although computer speed and memory are continuously improving,
the abilitiy to use kinetic codes is still difficult. To reduce the computationnal time, a new model
is proposed in the next chapter.
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4.7 Appendix A: Scaling with the plasma frequency

We adopt a system of normalized units in order to obtain a dimensionless form of the Vlasov-
Maxwell-Fokker-Planck equations. The plasma frequency w,., the Debye length A, the ther-
mal velocity of electrons vy, and the cyclotron frequency w,, are defined as follows

neez €0KBTO KBT() eB
, Ape= — s Vi = sy Wee = —. (434)
€M, npe m, m,

These parameters enable us to define dimensionless parameters marked with a tilde. The time
is normalized to the inverse electron plasma frequency w;el, distance to Debye length Ap, and
velocity to the thermal velocity v,,. Electric fields, magnetic field and distribution function are
respectively normalized such as

I E 5 B ce x V3
E=-_—" B=_2 % x_yplm (4.35)

b
Me VipWpe me Wpe Wpe Ho

In these units , the Fokker-Planck-Landau-Maxwell system becomes

0

V= (VX B = 2 Col /i) + v Ca ),
OE 1

5 —EVXsznu,

(4.36)

0B
— + V, xE =0,
ot

Vi-E=(1-n), V,-B=0,

where 8 = vy /c, v is the ratio between electron-ion collision frequency and plasma frequency

Znge*lnA Z InA Ve , Znge*lnA
Y S a ey o T with ve; = e
8memyv, wpe  8mngd;,  Wpe 8meym; v,

The zero and first order moments of the distribution function are

n(t,x) = \fw f(t,x,v)dv,

u(t,x) = n(tl, 9 ‘[1;3 f(t,x,v)vdy.

Moreover, in (2.22) the dimensionless collision operators are considered

Co ) = Vo ( [Lov =L m s - vl av ).

(4.37)
Cei(f) = Yy [@(WV)Vyf(V)],
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with @ given by (2.8).

4.8 Appendix B: Scaling with the laser wavelength

We adopt a system of normalized units in order to obtain a dimensionless form of the Vlasov-
Maxwell equations. The laser period T, the laser wavelength A, the light speed ¢, and the
laser pulsation wy,, are defined as follows

2 2 2
Otser = 2 = S Qe = 035um, ¢ =2,99.10° s, Tiger = ——.  (4.38)

- B
T; laser /llaser Wiaser

These parameters enable us to define dimensionless parameters marked with tilde. The time is
normalized to the laser period 7)., distance to the laser wavelength A, and velocity with
the speed of light c¢. Electric field, magnetic field and distribution function are respectively
normalized such as

N ek ~ eB ~ Ao 1
E=—— B-= , f=f—.]=] . (4.39)
Mg CWiaser me Wiaser ) en:c
In these units , the Vlasov-Maxwell system becomes
af
i + Ve - (vH)=-Vy-(E+vxB)f) =0,
OE
o Vi x B = (2n)nu,
B, V., xE =0, (4.40)
ot
2
Wpe
VX-E:( )(l—n),
Wiaser
Vy-B =0,
where v is the ratio given by
Znyge* InA
v =

- 2 02 03 "
8m ey m;c

The zero and first order moments of the distribution function are
n(t,x) = f f(t,x,v)dv,
R3

1
X ‘[1;3 f(t,x,v)vdyv.

u(t,x) =
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4.9 Appendix C: Scaling with an electron-ion frequency

For the analysis of collisional processes, a new scaling is introduced here which allows time
steps to be of the order of the electron-ion collision time. In order to take into account transport
phenomena occurring at the collision time scale, several parameters are required. It concerns
the electron-ion collision frequency v, ;, the associated mean free path A, ;, the thermal velocity
v, and the cyclotron frequency w,.

Znge* InA Vi kzT eB
Vei = 2 2.3 ° /le,i = s Vi = s Wee = . (441)
8meymg v, Ve,i me m,

These parameters enable us to define the dimensionless parameters marked with a tilde. Di-
mensionless time, space and velocity, are respectively given by

[=vet, X=x/Aesy V=Vl (4.42)

Dimensionless electric field E, magnetic field B, and distribution function £, are respectively
expresed as

E=

ek B= e A (4.43)

b
MVipVe,i MeVe i Ve,i noy

This leads to the following dimensionless equations

P 1

O Ve N =V (E 4V XBY) = L Colf )+ Casl ),

OE 1 1

E_EVXXB: 2

88—1: o B0 (4.44)

1
Vi E=—(1-n),

V,-B=0.
where @ = v, ;/w,. and § = v, /c. The collision terms C..(f, /) and C,;(f) are given in (4.37).

4.10 Appendix D: Description of the Particle-In-Cell code called
PICLS

The essential feature of Particle-In-Cell (P/C) codes is that the plasma is described as a large
number of discrete paticles moving in their self-consistent electromagnetic fields. P/C methods
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give details of wave motions in the plasma and of the particle distribution function. Ions and
electrons are normally simulated as two distinct species but for brevity the discussion here will
only be of the electron equations of motion.

Particle-In-Cell methods (P/C) consist to repeatedly solve Vlasov equation (2.2) coupled with
Maxwell equations (2.6) for each particle specie using a characteristics method. The particles
are grouped in sets called macro-particle whose behavior is given by the equation of motion

@:Ze(E+B><B),

dt vy

(4.45)
dx _p
d vy’

where p is the momentum of a macro-particle and x its position. Here 7y is the Lorentz factor
and it is given by

2
v=4/1+ % .
mc

E and B denote repsectively electric and magnetic field. Z represents the charge number of
the macro-particle and m its mass. Each macro-particle is not considered as a ponctual par-
ticle but like a volume as big as the space domain step Ax centered on the position x of the
marco-particle. The typical time scale of the simulation is the plasma period and in general
PIC codes are unsuitable for description of the plasma on a hydrodynamic time scale. The
Particle-In-Cell code used for comparison is PICLS introduced in [13]. This code solves multi-
dimensional problems by using a numerical dispersion-free Maxwell solver with a directional
splitting scheme ([2]). Moreover to supress the numerical instability causing under-resolving
the Debye length, PICLS has a fourth order current/force interpolation of the sources p and j
instead of other P/C code. Then a current-conserving integration scheme is implemented (see
[7] for more details). Besides binary collisions are enclosed in PICLS based on the model
developped in [13].
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This chapter is submitted for publication in [37].

5.1 Introduction

As seen before, a variety of models are used to describe electrons transport, some hydrodynamic
ones ([13, 11, 12]) and some kinetic ones ([5, 6, 14, 21, 22, 43]). Here the standard physical
model is studied. Let us consider f° as the isotropic part of the distribution function f and f*
the anisotropic part of the distribution function. The usual model employed in plasma physics
can be expressed such as

— 0
(anze

where @ € R*. Here QY (/°) represents an approximation for the electron-electron collision
operator. In plasma physics, classical approximations lead to consider that the main contribu-
tion for the electron-electron collision operator comes from the isotropic part, that is why here
° depends only on f°. This model allows mainly to conserve fundamental properties such as
the mass and energy conservation and the entropy dissipation. However this model is ill-posed.
Indeed whatever the closure chosen, this model does not preserve the realizability domain.
Of course, apart from this this model, some kinetic models like Fokker-Planck model exist but
computations are too much expensive and mainly kinetic codes can not run many collisional
times. Most of them are restricted to some tens of collisional time in practice. A relevant
example is the kinetic code KETS described in chapter 3 and cross-validated with an implicit
Vlasov-Fokker-Planck code called IMPACT developed by Kingham and Bell [31]. Beyond a
few tens of collisional time, the KETS code becomes unstable in the non-locale regime. To
reduce the computational time, the plasma can be described by fluid models. For example in
[11, 12, 13] a bi-fluid compressible Euler model coupled with the Poisson equation is consid-
ered. However, for the new high energy target drivers, the kinetic effects are too important to
neglect them and replace kinetic computation by usual macroscopic Euler Models with 7;-T,
temperatures.

This is why to preserve the realizability domain, we consider in this chapter a new approxi-
mation of the electron-electron collision operator to correct the model 5.1. This is the original-
ity of this work. This new continuous model satisfies fundamental properties (i.e. conservation
laws and entropy dissipation). Then we will consider an intermediate description between the
fluid and kinetic levels. The microscopic velocity is written in spherical coordinates and the
model is written by considering the moment system with respect to the angular variable. But
the choice of the closure on the angle variable is crucial to guarantee reasonable properties for
the resulting model. For example, the moments model Py proposed in [38] does not satisfy pos-
itivity of the underlying distribution function of electrons and entropy dissipation. This comes
from the closure which leads to define the distribution function by truncated spherical harmonic
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expansion in the angular variable. For the Py model, modifications are proposed on the closure
([29]) to obtain a non-negative distribution function. Nevertheless, this model does not satisfy
some other fundamental properties such as the entropy dissipation. Moreover there is no gen-
eral theory to describe boundary conditions although some idea are proposed. For example, in
[33, 34], authors propose an asymptotic limit approximation to prescribe boundary conditions
for the neutrons transport equation.

For this reason there is a considerable motivation to develop an other moment closure. That
is why we will derive a new reduced kinetic model called the M; model whose construction
is based on an entropy minimization principle. This model has been first introduced in [20]
to find an approximation of radiative transfer and energy evolution equation. The system of
conservation laws that is obtained is closed by minimizing the radiative entropy (see also [25]
for extension). This approach has been extended in [4] by proposing numerical methods with
high order reconstruction which provides positivity of the distribution function. In order to have
accurate results and costless numerical schemes, a convenient change of variables has been pro-
posed to eliminate the space dependence in the flux function. In kinetic theory, the problem of
minimization under moments constraints has been first introduced by Levermore in [36]. The
main motivation was to construct BGK models ([2]) which could fit transport coefficients at
the hydrodynamic limit. Moreover the well-posedness of such problems has been clarified by
Junk and Schneider in [30, 41]. But in the present case, the aim is different. Here the energy of
particles constitutes a free parameter. Then we integrate only the kinetic equation with respect
to the angle variable and we return only the energy of particles as kinetic variable. By using a
closure defined from a minimization entropy principle, we obtain a closed system.

The contribution of this chapter is first the derivation of a new moments system from the
Maxwell-Fokker-Planck-Landau system. This model is next shown to be entropic and to pre-
serve the realizability domain. In order to perform numerical simulations, an entropic semi-
discretization in the energy variable of the model is proposed. The cornerstone of the construc-
tion of the scheme is an entropic average used to define the quantities on the interface (Theorem
16). This definition implies that the Rosenbluth and Landau form of the discretized collision
operator are still equivalent. This entropic average has been used for a kinetic equation by Del-
lacherie in [8, 7, 16, 17, 18].

This chapter is organized as follows. The principle of the angular moment closure is explained
in section 5.2 on a simple kinetic BGK model. In section 5.3, the moment model is generalized
for the Maxwell-Fokker-Planck-Landau kinetic equation. Here the distribution function is solu-
tion of the system constituted by the Fokker-Planck-Landau kinetic equation coupled with the
Maxwell equations which describe the time evolution of the electromagnetic field. The system
is derived by considering the angular moments defined in section 5.2. In section 5.4 the angular
moment system is proved to be entropic (Theorem 13). Section 5.6 is devoted to the derivation
of an entropic semi-discrete scheme for the space homogeneous moments system. The time is
kept as a continuous variable whereas the energy variable is discrete. Next several numerical
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test cases for the full discrete scheme are performed in section 5.8. Test cases show that the full
discrete scheme satisfies the properties of the semi-discrete scheme shown in section 5.6.

5.2 Principle of the angular moment closure

In this section an original derivation of moment closure is proposed. The main difference with
other existing moment model is that the final equation is semi-kinetic. Indeed the system is
obtained by an angle variable integration and the system remains kinetic in energy.

For the sake of simplicity, we assume a BGK kernel-collision operator to derive the closure.
The time evolution of the electron distribution function f(¢, x, v), where x € R® and v € R?, is
governed by the following kinetic equation,

0. f(t,x,v)+v- -V f(t,x,v) = C(f), (5.2)

where,
C(f) = v(vD(M; = /),
with

3/2 )

me myv
=Ne| m———— - , 53
MO " (27TkBTe) exp( 2kBTe) ( )

and v(]v]) being the collision frequency.

Next we explain the construction of the M; model on the BGK model (5.2, 5.3). This system is
constructed by using a minimum entropy principle for angle variable of particle by keeping the
energy of particles as kinetic variable. If S, is the unit sphere, Q = v/|v| represents the direction
of propagation of the particles. In this case, by setting = |v|, the three first moments with
respect to Q are defined as

20 =2 fS F0)dQ, 1) = 8 fS Qf () d, £ = & fS Q0 dY.  (5.4)

Remark that 7° is a scalar, /! is a vector and 72 is a tensor. By integrating the system (5.2) with
respect to Q it holds that

6tf0(t’ X, {) + Vx : (é/fl(t’ X, {)) = V(é/)(4ﬂ[2Mf(t’ X, é/) _fo(t’ X, {))’
atfl(t’ X, 4) + Vx : (gfz(t’ X, 4)) = _V(g)fl(t’ X, L:)

Of course, the open problem remains the computation of moment f? as a function of f° and
/f!. The minimum entropy principle [36, 40] with respect to the moments (1, Q) implies that f
should be taken under the following form,

J = po(§) exp(=Q - a({)), (3.5
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Figure 5.1: Eddington factor y versus anisotropy parameter modulus |«|.

where pg is a non negative scalar (po > 0), and « is a three components real valued vector. An
important parameter is the anisotropy parameter a,

a=f'1/",

which satisfies by construction |a| < 1. The computation of the different moments of the distri-
bution function (5.5) gives

inh inh 1- th
|| ||
In fact, these relations can be combined to give,
1 - th
o = L-lolcoth(a) 57
|arf?
or by taking the modulus of a,
a| coth(|al) — 1
o = lalcothdad — 1 .
||

The relation (5.8) cannot be inverted explicitly by hand. However, this relation determines a
unique solution which can be computed and tabulated numerically. a is assumed to be known,
/7 can also be computed

2 _ 1-x 3)(—1](_1 f_l)
rr(Fre P e i) ¢

_ |af? = 2la] coth(al) + 2

|o?
radiative Eddington factor on figure 5.2.

In [23, 26], several possibilities are given to approach the y factor. In particular a pre-computed

. The y factor is plotted on figure 5.1, and compared with the
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o
Radiative closure
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Figure 5.2: Comparison of Eddington factors y from radiative transfer closure and electronic
closure.

table gives the factor y as a function of @. By considering many moments, this approach be-
comes too expensive. Another possibility used here consists to approximate y by a suitable
function depending on y properties ([1]) given by

x(0) =173, x(1) = x(=1) = L and }'(1) = —x'(-1) = 2. (5.10)

For concrete applications, the y factor can be tabulated by a very simple rational approximation,

agad® +asa* + ay a* + ay

, 5.11
a4+b2a2+bo ( )

which is very accurate (the difference with the exact curve is about 10~'%). The coeflicients a
and b (used in [23]) are given by

ap = 0.762066949972264, by = 2.28620084991677,
a, = 0.219172080193380, by = -2.10758208969840,
as = —0.259725400168378,
as = 0.457105130221120.

Remark 11. Notice that with y = 1/3 we find the P, model ([27]) described in the introduction
of this chapter.

5.3 Moment model for the classical case
In this section we recall some backgrounds about the Maxwell-Fokker-Planck-Landau model.

In a second subsection the M; model associated to Maxwell-Fokker-Planck-Landau is then
presented.
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5.3.1 Classical Maxwell-Fokker-Planck-Landau Kinetic equation

The time evolution of the electron distribution function f(¢,x, V) is governed by the Fokker-
Planck-Landau kinetic equation coupled with the Maxwell equations which describe the time
evolution of the electric field E(¢, x) and magnetic field B(¢, x). The resulting equations ([10,
15, 35]) can be written as,

Of+v-Vif+ LE+vAB)-Vof = Colf, ) + Cal /), (5.12)
m
OE AV AB= -3 (5.13)
€
OB+V, AE=0, (5.14)
v, E=%, (5.15)
(S))
V..B=0, (5.16)

where C,. and C,; are the electron-electron and electron-ion collision operators, p = g(n,—ny) is
the plasma electric charge, ¢ = —e is the electron charge, Z is the ion charge number and ¢ is the
vacuum permittivity. The electron density 7.(7, X) = f fdv and the current j(¢,x) = ¢ f fvdv
are given from the electron distribution function of electrons.

Equation (5.15) is redundant because (5.13) and (5.15) are equivalent from the charge con-
servation if Poisson equation (5.15) is verified at initial time.

The electron-electron and electron-ion collision operators are given by definition (2.7, 2.10)
and present different interesting properties describe in chapter 2, mainly conservation laws and
equilibrium states.

5.3.2 Moment closure for the classical kinetic equation

As the main part of angular closure is given in section 5.2, we give only the final result of
the closure on Maxwell-Fokker-Planck-Landau system (5.12 - 5.16) (see appendix 5.12 for
computations). For 7°, /! and #? defined as in (5.4), we obtain

00"+ V.- @+ 0 (LB 1) = 00O (517)
0L 4V @)+ 0 (LPE) = (1B + ' 0 B~ fE)
= Q.M+ 0/ (18)

OE-AV AB=-2, (5.19)
€
8B+V, NE =0, (5.20)
v.,-E="%, (5.21)
€

V.-B=0, (5.22)
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where the collision operators Q° and Q! are given by,

i i 2 ee ' i .
0.(f) = ‘; 65( ZA@)@(;) 4B<§)f’), i=0,1, (5.23)
2 ei
oL = - ; . (5.24)

The coeflicients a,. and «a,; are introduced in the formula (2.9) and (2.11), and the coeffi-
cients A({) and B({) are given by

A(Q) = f mln({3, )w2 Fw)dw, (5.25)

B() = f mm( (f) (W)) (5.26)

The expression of coefficient B({) (see annex 5.11), can be simplified as

BO = f Pwydw. (527)

Equation (5.17) represents the charge balance and involves the electron-electron collision kernel
C.., whereas equation (5.18) represents the momentum balance and involves the electron-ion
collision kernel C,,.

The charge p and the current ; are given by

p=g f PO, j=g f 1 O,

and the closure of f? is already established in formula (5.9).

5.4 Entropic properties of the continuous model

First we prove that the realizability domain is preserved by the continuous model (5.30, 5.31).
Next the model is shown to satisfy a H theorem.

5.4.1 Introduction

From now, we chose a one dimensional direction of propagation. Therefore we take u € [—1, 1]
as the direction of propagation variable instead of Q. In that case the formula (5.5) writes

f = pexp(—au), a eR, ue[-1,1], (5.28)
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and the closure relation writes /2 = f%y. Next, we set

i 1
PO =52 = | ip@ exp-a(ne (5.29)

In this part, equations (5.17, 5.18) are considered with electromagnetic fields equal to zero
leading to the system

0"+ V- = Ol (5.30)
Of + V-GS = Qu(f)+ Qul(f), (5.31)

where

o [ 1 1 |
0%/ =0, (é fo J(Z. L) F°<§')264(F°<§)) —F°(§)26¢F°(4’) g'zdg’) :

© [ 1 1 ]
0 (/) =34(§f0 J(&. ) Fo(g’)zag(Fl(g))—Fl(g)?a{,FO(g') é"'zdé') . (5:32)

Qéi(fl) =T

with :]'Zé«, éd) — 26;66 ll’lf(i» i) év/24<«2.

5.4.2 Realizability domain

To solve the minimization problem, we introduce the realizability domain A defined by
0 . .
A= {g = ( gl ) eR*/AgeL'([-1,1]) : [-1,1] = R such that /' = ¢* < p'g(a,u) > Vi =0, 1} .

Remark 12. In the particular case of moments up to order 1, the realizability domain is shown
to be equal to B defined by

0
B:{g:(gl )ERZ, g0>0 and |g1|<g0}U{(0,0)} .

Proposition 8. By using the continuous problem defined by equations (5.30, 5.31, 5.32) and
under the assumption f(t = 0,{) € A, the realizability domain is conserved with respect to
time, i.e. f(t,{) € Aforanyt> 0.

Proof. We first show that the positivity of F° is preserved. Consider here (5.17) in a homoge-
neous space situation

j 2 ee
d.f = 5%, (fA(ﬁ,g)ag(

i

2

3 ) - éB(f’,f)f"), i=0,1, (5.33)
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where A(f°, ) and B(f°, ) are defined in (5.25, 5.26). (5.33) can be rewritten as

2,

CoF = =20, (LA O0F = CBU . OF).

By setting

~ ° 11 ~ <
AF°,¢0) = f min(E, F)w“FO(w)arw and B(F°,¢)=3 f w2 FO(w)dw,
0 0
we obtain 5
Lo F = %ag (PAF, 0o, F + B, OF), i=0,1, (5.34)
Let H be a convex positive function such as H < 0 and defined by

_ ] -Cx ifx<0 +
H(x)‘{o ifx>0 * CER

We consider now equation (5.34) with i=0. By multiplying equation (5.34) taken for i = 0 by
H'(F°) and integrating over £, we get

fo 20O fo 20y (AR, O0F) H (P

3

+

f ) 20“64 (B, OF°) H'(FOydc. (5.35)
. 3

By using the Green formula on the first term of the right-hand side of (5.35), convexity of H
implies

jo\oo 2(;(6‘36év ({ZZ(FO,{)agFO(g)) H/(Fo)dé/ <.

Moreover the second term of (5.35) can be simplified as

- . 0o e
f 2‘;“ 3¢ (B(F*, OF°) H'(F°)d¢ f 200, H'(F)0,F° f w F (w)dwd(
0 0 0

+ f 2w H(FY) (¢F°Y dz .
0

By using an integration by part, we get

f ) chyee O (B, OF) H'(F)d¢ = f T 20 2P0 (~HF) + H(FOF) dg.
0 0

Moreover, by construction of H, Vx, (—H(x) + H'(x)x)x = 0. Therefore, (5.35) gives

f ) POH(F)dL <0 .
0
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After integrating the previous inequality, we get
f CH(F, Hd¢ < f CHF t = 0)dc .
0 0

By using the definition of H, f H(F%d = 0 for F° > 0. Then H(F°) = 0 a.e. and the
0

positivity of F? is preserved.

Notice that F! satisfies (5.34). So by arguing in the same way as previously, we can deduce
that the positivity of F! is conserved. By linearity of (5.34), ®, = F! + F® and ®, = F' — F°
also satisfies equation (5.34). Then the positivity of ®@; and @, is preserved. So the realizability
domain is conserved in time. ]

5.4.3 H Theorem

The main result of this subsection is the following Theorem proving that (5.30, 5.31, 5.32) is
entropic.

Theoreme 13. E = In(p) f°—af" is an entropy for the system (5.30, 5.31, 5.32). More precisely,
we have

6;E + V * F S O,
where F is the entropic flux given by F = In(p) ! — a f>.

Proof. Multiply equation (5.30) by In(p) and equation (5.31) by —« and add the two equalities.
In that case, the left-hand side is equal to 9,E + V - F. Therefore it remains to prove that

Lfm@%WWifa@%wwifa@%WWs0 (5.36)
0 0 0

By using the definition of Q.(f), equation (5.7) and the fact that
1 — |x| coth(]x]) < 0 for any x € R, it comes that

%:w@WMSU
So it remains to prove that
LhM%WW=
o =, Q. SO ﬁww
fo 5:[5[() J((»()( Iz éﬁ(( 7 ) 2 év,a('( I )

() dl' |In(p)dl < 0. (5.37)
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By using a Green formula in the expression of f()+oo In(p) 0% (f)d¢, we get
" N A (9] A A (SN A (48 fﬂ(é’))
0 J(, -0 - —0p
[ odle ) e T pad - a2
() dZ’'| In(p)d¢

+ 00 + 00 . 1 1 6
- f f 7.0 (—FO({’)@FO@) _ —,Fo(é)(?ngo(é’)) o
0 0 4 4 1Y%

1
7 () dgde . (5.38)

1 1
Next we compute ZF 20 F° () - ZF %0, F°(£). From (5.29), we get the relation

1

1
0 F (D) = f 0ep0) expl-a( O - f 0P exp(-alCpd (5.39)
By using the expressions of F° and d,F", it holds that

1 1
ZF°(4’)64F°(4) - ZF‘)@)@{'F%() =

1 1 6
[ 1 [ 1 [p(é’)eXp(—a(é’)ﬂ’)(_ﬂ;(é). exp(—a( )u) — %(9§(I({)p(§) exp(—oz({),u))

op( '
—0(0) exp(~a(Ope) ( 3 ’;(5 ) exp(-a(c ) - B oealp) eXp(—a(é’)u’))] dudy’
So
Lo, 70 - Lo, @) = f 1 f (0 expleal@up(e exp(—al& W)
’ 14 ’ 4 = y —lp P )P p U
op() u Arp(L) W ) ,
- =0 R Sy, dudu’. 5.40
(p({)é 0O gt 0o dua (5.40)
Next we set
K(¢ L o ) = J(£, 8 EP0(0) exp(—a(Op)p(L) exp(—a( ') (5.41)
90(0) 1 3,0(0)
5(0) = 200 = X0 5.42
@)= BO=" (5.42)

Therefore by using equality (5.40) in (5.38) we get
+00 + 00 . 1 1 6
- f ¢ f 7. )R8 @) - 0o, P L dgde
0 0 4 4 74
—+00 —+00 1 1
- f f f | f KL ) O = ) SOEE

+00 +00 1 1
[ [ [ K@) -0 - @) e du
0 0 -1 J-1
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The transform (£, ") — (7, {) leads to
i T , 1 0/ o1 0 1 0 0/ o1 6(p v
[ e FearGEnE 0 - P00 F ) dde
0 0 ¢ 4 24

= fo h fo h | 1 | 1 KW, &' 1) (50) - 6 d2dd dyudy

1 +00 +00 1 1 , ’/ o ’ _ , , ,
P fo fo f 1 f KL o) (B0 = WA ) (O0) = 80 ) L k.
(5.43)

Next, for the remaining term
+00 oo oo 1 1
[ oweom= [ [ TeonGrens o - 5 oore)
a{a 7\2 /
?(5 ) ddi”,

we proceed as previously. The expression of F'! given in (5.29) leads to
1 1
9F'(Q) = f 1 H0p(§) exp(—a(p)du — f 123:0(0) p(¢) exp(=a( p)dp. (5.44)

-1

Therefore by using expressions (5.39, 5.44), we get

oo e _ 1 1 0
fo fo 7¢.0) 20 (F‘J(g')ZagFl({) - PO 00 P | ey

h " 1 1 2 ee 4 ’ / / ’
:fo fo L L C; K, ', 1) (6(0) = 6(8)) uB(&) dédd dudu
+oo ool pl
+ fo fo [ 1 I 1 K(¢, & 1) (B = BOw) uB(L) dLdd dudy’ .
Then by using again the transform (¢, ") — ({7, {) it comes that
- v~ 1\ 2 12 0/1 1 1 1 0,6§af ,
0 0 év { {
1t ol
"2 fo fo f 1 f KL (00) = 8) BQ) ~ WBE)) ALl dpdy
1 ol
) fo fo f 1 f 1 K& i) (B = BQOw)* didl dudy’. (5.45)

Next in order to end the proof, we add the right-hand sides of (5.43) and (5.45). We obtain the
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term
—+00 00 1 1
fo fo f 1 f 1 K(Z. ¢ 1 1) (6(0) = 6(4) WBQ) — B(L) didl dudy’

‘% fom fom f I f I KL opo ) B~ BQOw) dgdy dudyd

Lot e ol
_Efo‘ L Il Il K& i) (8(0) = 6L didd dudy'.

Moreover, the inequality

(6(0) = (NP = BEW) < %((5(5) =6 + (B = BEWY),

gives
—+00 00 1 1
fo fo f 1 f K@ o) (510 = 8 ) (aBL0) = B g dd
1 r~ 0ol / ’ e / |
Szfo fo LLK(Z,Z,M,#)(&{) 8())° dedd dudy

| e o ol 2
— K. 1l L rpesr dede dudid .
s [ [ K@i 60 - sipe dede

This gives the non positivity of (5.36) and the theorem follows. ]

5.5 Inverse Bremsstrahlung effect

To describe laser-plasma interaction, an other collision operator (Langdon operator) can be
added to the equation (5.12). Indeed, to understand the energy absorption of laser radiation
deposited in the matter, we need to know the mechanisms involved. Physically, the laser wave
penetrating into the matter provides energy to the electrons which oscillate at a certain fre-
quency. These last one take energy getting in collision with ions and after deflection, they
absorb a photon by bremsstrahlung inverse (BI) effect. This is Langdon [32] who manifests
first an interest to this heated phenomenon in suggesting an operator acting on distribution
functions. The bremsstrahlung inverse phenomenon characterizes inelastic collisions between
a photon and an electron in ion field. The photon disappears and its impulsion and its energy
are transferred irreversibly to the electron.

First the extraction moment of Langdon operator is explained. Then we describe the Epper-
lein formalism ([24]) to express the electric field and the heat flux in such configuration.
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In this work, we focus on electron-electron and electron-ion collision operator. This sub-
section is just an introduction of the Langdon operator and its relevance to describe all physics
phenomena. We do not use this term in the next simulations. It will be interesting to use this
Langdon term in a forthcoming work.

5.5.1 Moment closure for the classical kinetic equation with the Langdon
operator

In this subsection, we consider the classical Maxwell-Fokker-Planck-Landau system. Then
we add the Langdon operator to the collision part. It is also called the collisional absorption
operator. The system obtained is given by

O +V VoS + LE+VAB)-Vof = Colfs /) + Cai(f) + Clang(f):
m

OE -V AB=-1

€
OB+V,AE=0, (5.46)
v.-E= £,

€0

V.-B=0.

Here Cj,,g(f) denotes the Langdon operator ([32]) and it is given by

Clang(f) = A div, (gi—sv)(v V)V, f) , (5.47)

4 2
with4 =2nn,Z e_2 Ind ?0 and vy is the peak velocity of oscillation of the electrons in the high-
m

e

frequency electric field. g is a function defined such as g(v) = (1 + a)_zf;-z(v)) = (1 + V—‘g) .
14

24
Here 7,/ (v) = — 1s the electron-ion scattering rate and v,, is defined by w7.(v,) = 1. We

consider here that the laser pulse is very large compared to other oscillatory phenomenon so we
can approximate g such as g(v) = 1.



108

Then by extracting moments of (5.46) with respect to u', we get
0 + Vi @)+ 0 (LB 1) = 0L + Ol 1)
0 4V @)+ 3 (L PE) = L (1°E 40/ 7B PE) = 0L + Q") + Ol

OE-AV. AB=-2,
€ (5.48)

0B+V,NE =0,

v,.-E=£
€

Recall that the collision operators 0, and Q!. are given by (5.32). Here Q?ang and Q}ang represent
the Langdon operator and are expressed as

0 0 (gar  2g¢Q)

O/ = Aag (—53 vy ) (5.49)
o (.2 af!

Olang () A&(fl—gg)—a—];gé—?). (5.50)

Moment closure for the Langdon operator is detailed in appendix 5.13.

5.5.2 Analytical solution: Ridgers transport theory

In [42], Ridgers et al. have proposed to develop transport equations in the presence of inverse
bremsstrahlung (IB) heating and magnetic fields . They revisit the transport theory and deter-
mine the effects of IB heating on transport by deriving a transport theory for a super gaussian
electron distribution function in the presence of magnetic fields.

From the formalism of Epperlein [24], the resulting transport relations (classical Ohm’s law and
heat flow equation) are given by

q= _Kri-VXTe - Tel/’ri-ll; - ¢ri-vxp s

(5.51)
1 viv
_yrivxp‘i'j xXB- i)
en, nee

E =

- ne:Bri'VxTe .
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As in subsection 4.5, the heat flux and the electric field can then be rewritten in terms of di-
mensionless quantities, at a reference point denoted by the subscript R, for the particular 1D
geometry of our temperature gradient configuration. The scaling using a collision frequency is
used.

We obtain

3 T c z C . C ; 3 T - 3 ¢

q = —5 J;K”"_val Tez - Te(ﬁri,.l..]l _IBep,/\JZ) - E \/jnelTe2 ¢ri,LVx1p ’
3 | c Z c c 3 | g M

q>2 = _7 \/;K”i,/\v)q Te2 - Te(ﬁri,_LJZ _IBep,/\Jl) B 5 \/;nelTe2 ¢Vi,/\vx1p ’

5.52
-1_ ¢ -1 - 2 2 c . c . C ( )
Ey=-n,9,;,Vap+n. jrB;- 3 ;(%i,m + @0 J2) = Bri iV Te

e 1. 2 2 .. ¢ . .
E, = _ne17ri,AVx1p + 7. 1JZB3 3 \/;(aruh = @i pJ1) = BriaVa Te .

where af,, B¢, ki, v.. and ¢¢, are the dimensionless transport coefficients which are functions

ri> =ri?

of Z and the hall parameters y = w.7 only.
They are defined as
dimensioned quantities — dimensionless quantities
T N,
(0451 — Q& = )
Mmehe )|, T
IBH' - :8}’1' :ﬁij »
m nJT,t 5.53
Kri( - ) — Ky = < ,L:i» ( )
nTe)|p e
Yri = Vi = Yf, B
m Tt
¢ri ( . ) - ¢ri = Lqﬁiz :
T.t)|, m,

3
12n%e; \m T 3 [ 1
wheret= ——— = = [=—.

2anZ2e*inA - 2 N2,

5.6 Semi-discretization of the problem

In this section we propose an energy discretization such that the Landau form and the Rozen-
bluth form of the discretized operators are the same (see Remark 14). The key point of the
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scheme construction is the approximation of F° and F' on the interface through an entropic
average (Theorem 16). This allows to reproduce in Theorem 17 the proof of Theorem 13 in a
discrete setting showing that the scheme is entropic.

5.6.1 Introduction

Let us define the primal mesh M, for the velocity variable ¢, decomposed into a family of
rectangles Mj+% =1{;-1, 4, Yj € [1,m], where {; = jA{; and m € N the number of points
which discretize the energy domain. A, represents the step of discretization which can be
variable. We denote by D its associated dual mesh consisting of cells D; =]J;_ N %[ where

{1 = (- %) AZ;. Let h; be an approximation of /({;) for all distribution function 4 and /4, !
an approximation of /({;, 1 ). For the sake of clarity, we define
i IO
F({) = 2 i=0,1. (5.54)

J

To solve this minimization problem, let us introduce the realizability domain (A, defined by

G° 4 4
Ay = {G:( o )ERZ/Elgj as F' =< pig(a,p) > Vi=0,1, Vj € [l,m]}.
J

The aim of this section is to propose an entropic discretization of (5.30) and (5.31) in a space
homogeneous situation

(5.55)

{ 6tﬁ) = Qge,j ’

1 _ Nl 1
alf} - Qee,j + Qei,j ’

where the operators 07, ., O, ; and Q,, ; are respectively the discrete forms of OF,(f°), Qu.(f")
and Q;,(f") defined in (5.32). The expressions of 07, ., O,, ; and Q,, ; are given in (5.56, 5.57).

ee,j? ei,j

Definition 1. The collision operators 00, ., Q., . and Q.. . involved in (5.55) are respectively

ee,j’ J ei,j
given by
GO _ GO
QO = j+% J_%
ee,j Aé/j ’
G -G
0! = Jt3 J=3 (5.56)
ee, Aéf] >
Zaei
Qelei,j B fjl J
g
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with

Z 1 Fl,-F) 1 FO  —F9
=64l J(é/ﬁ-l > é/k+ ) [ il FO 1 s d
i 2641 A§J+7 §k+% I*a A§k+%

I\)I'—‘

.1 z : ({j ) l J+1 F,+_ 1T Tk
i % 2 2641 A§J+7 §k+% i

~. =
B>
S
¥

1

— 2, .
where J(§j+%’§k+%) = inf 3 é/ é/li—l'
3 {j é/k-%— ’

Here F | and F j1,+ , are the respective approximations of F({;, 1) and ¥ "¢ 1). F?+ ) and

+3

Jt3 . .
F ]1_+1 are evaluated on the interface O and are generally defined as averages of F; and F JRE
2

€ {0, 1}. In the present case, (F?Jrl , Fj1,+1) have to be defined in such a way that the scheme is
2 2
entropic. This means that the proof of Theorem 13 must be valid at a discrete point of view.

Remark 14. One important point is the following. The collision operator Q..(f) can be written
with its Landau form

ag( ” fo Jc. {)(f(f) (f({))_f(é)a{, (f({’))))’

& 4 %
or in its Rosenbluth form as
/) /&)
(e [~ Te.rrorer (o2 - e ZE2)))
0 4 {
These relations are of course equivalent for the continuous model, but not always for the dis-
crete one. So the goal of Theorem 16 is to give a definition of (F ‘,)+ L F }+1) in such a way that
2 2

both formulas are equivalent as a discrete point of view.

Remark 15. This problem has already been first considered by Dellacherie [8, 18]. Indeed,
Dellacherie et al. derived an entropic numerical scheme for collision operator by using an
entropic average (see extensions in [7, 16, 17]). In these articles, f;, LIS defined as an entropic
average of fi.1 and f;_ as

S =i

fﬁ% = (/-0 = In(/) if fi.1 # f;and fj, else .
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Hence in the present chapter, we generalize this approach to a system.
More precisely we aim to give a discretization of (5.39) and (5.44) such that

Fl,—F) Aln(Pj)Fo Aa;

AL, NI S NI

Fl {j:%pl Afﬁ% 2 Agﬁ% i (5.58)
= Al Ay
A{j+% A§j+% 7+ A§j+% el

where Aln(p;) = In(p;,1) — In(p;) and Aa; = ;.1 — ;. p; and a; represent here the approxi-
mations of p({;) and a({);).

That is why (F j+1,F?), (Fl,1» F}), Aln(p)), Aa; being given, F? F/+ F2 , are researched
such that
0 0o _ 0 _ Ap .l
Fon =y = ARG, =Bl (5.59)
F]+l Fj = Aln(pJ)Fﬁ%—AajFﬁ% .
is satisfied.

5.6.2 Realizability domain

Proposition 9. By using the semi-discretized problem defined by equations (5.54, 5.55, 5.56,
5.57) and under the assumption that fi(t = 0) € Ay, the realizability domain is conserved with

respect to time, i.e. j_”j(t) € Ay foranyt > 0.

Proof. Let F such as F(¢ = 0) > 0 for any j. Hence there is 7 > 0, such that F(#) > 0 for

any ¢ € [0, 7[ and any ;. Suppose that there exist j, such that F’; 0 ,(1) = 0. By evaluating the time
evolution of f7 in £;,, we get

difp(r) = Ait [Ajo+; F?OH(T)A; Fa™ - Ajo—l Fi® Afo 1(7))
i ALg“ (Bins P 0= By ). (5.60)
where
L= D TGy G DEY (DA
J
and

(7)) = F(T)
jo+- Jo+ ZJ(éVJOJr ’{k+ k IA{HL Aév]”%'
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From the definition of F 3 o through the entropic average in ,, it holds that
0+3

FO _FO F?O -0

Jo+l Jo
0 = 0

F =
3 log(FY ) = log(F9)

So (5.60) can be rewritten as

00 = <5 (A1 FO (1) + 45 FS (). (5.61)

A{Z

AsA,,1>0,4,_1 >0,equation (5.61) gives d,f;,(t) > 0. F" satisfy for A¢ small enough

Jotz = Jo—2
Fi (t = Af) = F) (1) = Atd,F) (1) + O(AF) = —Atd,F) (1) + O(AF)

because F?O(T) = 0. If we consider that 9,f;,(r) > 0, we get F?O(T — Ar) < 0 for small Az.
Therefore we have

1

A_QVZ (AJ'0+% ?0+1(T) +4 o—lFO 1(T))
If4; ol = Oord; 1= = 0, the definition of 4, i gives Vj F O(T) = 0. In the other case, we get
F j0+1(7') Fj,- 1(7‘) = 0. By induction on j we stlll obtain that ¥j F(t) = 0. Therefore by using
the Cauchy-Lipschitz to the Cauchy problem (5.61) with the initial conditions Vj, F(t) = 0,
we get that F;(r) = 0, Vj, ¥Vt > 7.
If for any j F;(0) = 0, we get F/;() = 0 by using the Cauchy-Lipschitz theorem, for # > 0 is a
global solution. Finally consider the case where F;,(0) = 0 and F';,1(0) > 0. If there is 7 > 0
s.t. F;, > 0 on ]0,7], we are in the same situation as the first one. If F;; < 0 on ]0, 7], we
have for A¢ small enough, F; (A7) = 8,F;, At + O(A#). Then 6,F;, < 0. As 8,F;,(0) < 0, is
impossible because of equatlon (5.61), (9, ,(0) = 0. But this 51tuat10n leads to Fj,1(0) = 0
which contradicts our assumption. The case where 0,F;,_1(0) < 0 and 6,F;,(0) = 0 being treated
analogously, the positivity of the initial condition is preserved for 7°.
Next we prove in the same way that the positivity of f! is also preserved. By arguing like for
the continuous model we conclude that the realizability domain is preserved.

O

5.6.3 Boundary conditions

We have shown in the previous subsection that the semi-discretized model (5.54, 5.55, 5.56,
5.57) conserves the realizability domain. So we have to choose boundary conditions adapted to
the conservation of the realizability domain.
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Consider here the space homogeneous system (5.30, 5.31, 5.32). The conservation laws for
electron-electron collision operator (2.12) read in spherical coordinates

1
ff C.o(f) 4;? dQ2dr =0, 1> 0. (5.62)
S, JO

2

Therefore, the conservations of mass, momentum and energy write

f QSM)( ; )42014:0 and f OL(/)Lde = 0.
0 2 0

After integrating over (; the first equation of (5.55), mass conservation imposes the boundary
condition G° | = 0.

After multiplzying by {; and integrating over ; the second equation of (5.55), we obtain

S

J=0

aFJl c 1 1
WAé/j = Zng]Aé/j = G
Jj=0

_1
2

However, to satisfy the proof of Proposition 8 on the realizability domain, we must have the
same conditions on G° and G'. So we use an approximation for /', i.e. we take G' | = 0.

2
Of course, we lost the momentum conservation but this conservation is not satisfied by the
operator C,; and also therefore by C,, + C,,;.

5.6.4 [Entropic property of the scheme

Next the following theorem proves that the system (5.59) has a solution in the realizability
domain A,.

Theoreme 16. (F, F;?H,Fjl.,F}H) being given, there are (F;_’+%,Fj1,+%) € Ay such that

FO

jo —Fj = Aln()F, = AajF
(5.63)
Flo = Fy = Aln(o)F ), = AayF7, .
0
Proof. By setting a = ( ZO ) and u = ( Z ) ) vectors defining f = p exp(a.u), F; can be written
1

as
0

F@) = ( i ) —< exp@D >,

where < . > is defined for any function ¥ by < ¥ >= % f_ 11 Y(u)du.



An entropic scheme for reduced moment problem 115

Consider the function ¢; such that ¢,(0) = 0, with i = 0, 1, defined by

(0,1 - R,
YNt s ) = Filag + (1 - nay) - Fiay) .

with @; = fa; + (1 - f)a, and @, a, two different given values of @. As, ¢,(0) = 0 we have

1
%@zﬁﬁmw

and
1
F(a,) - Fi(ag) = fo Vo Fi(ta,+ (1 -1 ag)dt. (ay— ay) . (5.64)

Since VaF' =< exp(@.m)uu' >, (5.64) becomes

1
Fl(ag) - F'(ag) = f <exp(a,.p)pu >. (ag — ay). (5.65)
0
The relation (5.65) can be written in the algebraic form
F(aq) — F (ap) = A(ag, @a)(aq — @),

with

1
A(ag, @g) = f <exp(a,u)u®u>dt.
0

By using the Fubini theorem, we can simplified the matrix 4 into

1
A(@gr @) =< f exp(@, Q)diE ® i >=< P ® L >,
0

1
with P(u) = f exp(a,.n)dt. Since ¥ > 0 and @ p is a positive bi-linear form, the matrix 4 is

0
symmetric and positive defined. So there is a matrix 4 which contains the average values. This
matrix is so invertible, thus the function @ — AAa realizes a bijection.

We can conclude that there exists solutions for the system (5.63) in the realizability domain A,,.

O
. . - In(p)
Next Theorem 16 is applied for the moments problem with @ = Ly and
F?+l - Fj) = A(O,O)A ln(pj) - A(()J)Aa’j ,
(5.66)
F}_H — ]-7]1 = A(l’o)A ln(pj) —A(l,l)Aaj ,
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where

1
< f exp(a.p)dt > < fol exp(a.u)dtu >
A= 9

F° F',
Jj+ Jt3
F' F* |

Nl— Nl—

1
< f exp(@p)diu > < fol exp(@.n)d’® >
0
Finally we prove that the scheme is entropic.

Theoreme 17. For G defined in formula (5.57),

~ G G' -G,
2 ei
E-= Z “Agj In(p;) — Z—“Ag“]a] ; 1 (5.67)
J

is an entropy for the system (5.55, 5.56, 5.57).

Proof. Firstly the third term defining £ in (5.67), in the same way as in continuous model, we
get

Zaei
-=—2fl<0.
3
&
Next the first term in (5.67) can be rewritten
A Y F o\ e ) ‘

By using the discrete form of the collision operator electron-electron G°(f?) given by (5.57),
the right-hand side of (5.68) reads

1 F/+1 _F? | F, - F] Pj+1
Z{ I L) | F F° In
J*3 j+3o Skl k+ év : A{ N {k+% J+3 A§k+1 p;
G DG AL (5.69)

By setting

1 In(p;+1) — In(p))
6j+l = s
: {j+% A{j+%

(5.70)

_ 1 Q1 —«;
B VS

1 - )
: {j+% A{j+%
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which represent the discrete version of (5.42), (5.69) can be simplified into

1 ]+1

—FO 1

Fl(c)+1_F0

R SRT TR (g zkml T
7k j+1

A§J+7

0
1
§k+% 7 Aévk+2

j+%A§j+%A§k+%

Next by using Theorem 16, there are (F 1,F ! ) such that

1 FY, - F°
J

Jj+l -
L L =5

j+§ i+ L

§j+% Agj-%—% .

1 Fjl'+l
§j+%

- F!
J= J _
. 1 4 L
+5 Jt3

Agﬁ% e

Therefore, we obtain

= _Z{;%{li%j@ﬂ%’{“%)l;‘?

+Z§J+ §k+_J(§J §k+2)(Fl F2+% i+ _F?+%F/i+%ﬁk+%)6j+%A§j+%A§k+% .

Next we introduce

]+ k+1(/J ﬂ)

L —F2 B,

_ﬁj+lF1~

1
2 Jt3

Bl—

J+3 It

_Z GO (PJ+1)

1( ]+7

§j+%§,§+%-ﬂ§j+%, §k+%)f(§j+%’ﬂ)f(§k+%’ﬂl) )

which corresponds to the discrete form of (5.41). Hence (5.72) can be rewritten as

- Jt2 Pj

J

f f Z j+ k+1(/’l H )(6J+ 6k+%)6j+%A§j+%A§k+%dﬂdﬂ,

f f Z j+ k+1w H )(ﬁ ﬁk+%)6j+%A§J+%A§k+%d/.ld/.l, .

= 01100, 1AL 1 A

(5.71)

(5.72)

(5.73)

(5.74)
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By exchanging the indexes j and k and by using the symmetry of the operator K, the first term
of the right-hand side of (5.74) writes

1 1
- | D0 i N0 = 08 0Ly B i
1t 2
- f | f | %Kj%,,ﬁ%(ﬂ,ﬂ') (0104 = 01et) ALy Adydudi . (5.75)
and the second one reads
1 1
Il Il ;Kﬁ%,lﬁ%w’ﬂ/)(ﬂﬁﬁ% — 1B 1)0 ;1 AL 1 AL dpdy

1 1 1 ’ ’ ’
= §f1 fl E Kj+%,k+%(ﬂ’/~1)(6j+%_6k+%)(ﬂﬁj+%_NIBk+%)A{j+%A§k+%d/~ld/J-
G4

(5.76)
Therefore, by adding (5.75) and (5.76), we get
- Z GO 1 In (@)
7oA
1 ! 2
"2 f 1 f 2K p ) By = Guay) ALy Al i
1Ja 4
1 1 1
+§ fl fl Z Kj+%,k+%w’:u/) (6j+% - 6k+%) (ﬂﬁﬁ% - ﬂIIBk+%) A§j+%A{k+%d/1d// .
RN RN
Next it remains to study the term
Z #A{]% = — G]1_+%(aj+1 —a/j) . (577)
J / J

By using the discretized form of the collision operator Q! (") given by (5.57), the right-hand
side of (5.77) can be expressed as
- 1 Fla-F, 1 FL -F
=Y Lo d o, b)) | FY - F! * (@jr1 — ;)
; AL AACVAS Al eS e+l {j+% A§j+% {k+% i+ A{]H_% J+1 J

& ALt A (5.78)
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For the sake of clarity, recall that 6, ! and 3, 1 are given by (5.70). So the expression (5.78)
writes

+1

= 1
%‘Agﬁ%{k*; (§j+% §k+%) e+l ol A{ﬁ% {k% j+i A{k+%
Bjs 1A ALy - (5.79)

By using expressions of F?+1 and F J1,+1 given in (5.71), we obtain
2 2

1
_ZGJ+%(aj+l —(Ij)
J

Fin=F, 1., R F/?]

1 1
= —fl fl ZJ({j+%’{k+%)|:FJ1~+%F2+;(6J'+% _6k+%)]:8j+%Aé/j+%Aé/k+%d/~ld/J,
G a4

1 1
+ Il Il zk: S 15 Git) [F;;F,?% [ F;+£Fli+;ﬁk+;]ﬁj+;A§j+éA{k+;dﬂd/’t, :
J>
Hence, by using the definition of K, 1 ,,1 given in (5.73), it holds that

j+§,k+§
1
_ZGj+%(aj+1 —ozj)
J
1 1
o D K Gy = G M Ml
2

1 Al
+ f f Z Kot it (s WYWB s = KB B 1 AL L Ay s dudit
-1 J-1 57
By proceeding as in the proof of (5.77), we get
Z G]l~+%((1/j+1 - ;)

J
1 1 1
=5 Il Il Zk:Kﬂ;,H;w,u')(uﬁﬁ; —H B 1 )01 = 6 DAL LA v dudy!
J>
1 1 1
) L L Z]; Kot ot (s 1B vy — 1 Bre s ALy A ALy 1 At (5.80)
J>
Then, by adding the two right-hand sides of (5.77) and (5.80)and by using that

’ 1 7
(601 = Op DWB 1 — WPy 1) < 7 ((6j+% =6 1)* + (B —#ﬁ/ﬁ%)z),

we get the non positivity of E. O
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5.7 Numerical scheme for the free transport

To discretize the free transport part in equation (5.2), a Finite Volume method based on HLL
method ([28]) is derived .

The so-called HLL scheme has been developed by Harten, Lax and Van Leer [28] with the
purpose of computing the Godunov flux in order to obtain an approximate solution for the
Riemman problem. With this approach, the inter-cell numerical flux is directly approximated.
Starting from a two waves configuration separating three constant states, and assuming the
wave speeds are known, the application of the integral form of the conservation laws allows to
approximate the flux. The resulting HLL Riemann solvers constitute very efficient and robust
approximate methods ([3]). We will sketch here its principle in order to set the starting point of
the study that follows.

For the sake of simplicity, we omit collision terms and let us consider here only the free transport

equation 3 5
u

5 + ax?‘—‘(u) =0, (5.81)
where ¥ stands for the flux in the x space direction.
Let us define the mesh M, for the space variable x, decomposed into a family of rectangles
M,; :]xj_%,xﬂ%[, Vj € [0,n,], where Xj1 = G+ %)Ax and n, € N the number of points which
discretize the space domain (O, L). Ax represents the uniform step of discretization. Let A7 the
time step and ¢’ = nAt.
As usual, we consider known a piecewise constant approximation " (x, #*) defined by " (x, ') =
u'; forx e M;, ¥j e Z.
In the HLL approach, the exact Riemann solver solution is substituted by a single approximate
state (see figure 5.7). Here b, and by stand for the wave speed, i.e. the eigenvalue of the flux
jacobian matrix and verify b, < 0 < bp.

bL bR

u, %(ML, Uug)

urg, F(ur) ug, F (ug)

Figure 5.3: Structure of the HLL scheme - Riemann problem.
The approximate solution of the Riemann problem is given by

X
ug, lf—<bL,

ugr(x,t) =q u" ifby < - < by, (5.82)

=

Up lbe < ; .
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The HLL Riemann solver involves a “star” region that consists of a single constant state. Be-
sides the search of weak solutions lead to the Rankine-Hugoniot jump condition

{ —by (" = up) + (F(ur, ug) = F () = 0, (5.8
—bg (ug = ) + (F(up) = F (ur, ug)) = 0. ‘
From (5.83), expression for #* and F (ur,ug) are expressed as
ut = brug — brup — (¥ (ur) — F (ur)) ’
T () ~ 07 ) + Babytan = 1) (534)

F(uy, ug) =

bR - bL

The HLL approximate Riemann solver (5.82, 5.84) is impose at each interface x,, | assum-

ing CFL condition (5.85) ensuring that the Riemann solvers do not interact in the case where
At < bL,j+%bR,j—%

AX - bL,j+% - bR,j—% '

(5.85)

The updated approximation at time #"*! can be expressed as

rg+1_ 1

u = —
J Ax

X1
f " u"(x, " + Af)dx .

-1
Integrating the equation (5.81) on a control volume C; = [x,_ 1, X0 1% (", ), it yields

" == (7))
where
F (") if0<by ..
Ty aih,) = Froy@llty)  ifby 1 SO < by, (5.86)
F (i) if by oy < 0.

5.8 Numerical tests for validation

Now, we turn considering numerical applications to illustrate the properties of the previous
method. For this numerical application, we chose a one dimensional direction of propagation.
Therefore we take i € [—1, 1] as the direction of propagation variable instead of Q. The two
first subsections are devoted to the the full discrete model

1 ,N+1 NY _ 0
= =) =0

(5.87)
](}I,N+l _](}I,N) — Qée’j + Qéi’j ,
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where the operators O, ., 0,, ; and Q,, ; are defined in (5.56). The scaling used here gives time

steps At to be of the order of the electron-ion collision time.

In the first subsection we consider the convergence from an non-centered Maxwellian to a
centered one. Next the second test case illustrates the convergence from a bi-Maxwellian dis-
tribution function to a centered one.

5.8.1 Convergence to the steady state with an non-centered Maxwellian

This test case is devoted to study the evolution of an non-centered distribution function to the
steady state thanks to the collision effects.

The initial distribution function f is a Maxwellian distribution function centered around ¢, = 2
with a density » = n. and a temperature 7 = 1 KelV. More precisely f is defined by

(¢ - évd)z)'

fi=0.0=(3) " exn -5

The energy domain is discretized with 64 points and the length of the energy space is denoted
by Lmax = 8 (for the 4 thermal velocity). We choose a time step satisfying the CFL condition.
The scaling used here gives time steps to be of the order of the electron-electron collision time.
The numerical results are computed at time # = 100. For the validation procedure, the numerical
results are compared with the exact solution, i.e. the centered Maxwellian distribution with the
same mass and energy than f(z = 0, {).

The boundary conditions for the energy domain satisfies also naturally the positivity constraints
of f* and the conservation of the mass, i.e. at the left boundary /°, = f7 and /!, = — /.

Isotropic case

For this test case, the initial data is chosen in the class of isotropic functions, i.e.
F(1=0,) = exp(~({ —2)°)
F't=0,0)=0,

In Figure 5.4 (a) and figure 5.4 (b), we have represented the evolution of mass and energy in
function of time. We observe that mass and energy are conserved. This result is consistent with
the conservation laws given in subsection 5.3.1.

Besides, the evolution of the entropy (figure 5.4 (c¢)) induced by the scheme is decreasing in
time as shown in Theorem 13.

Notice also on figures 5.5 (a) and 5.5 (b) that the realizability domain is preserved in time, i.e.
F° remains positive and |F'| < F°. Moreover F'(z,/) remains equal to 0 and the isotropic part
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Figure 5.4: Evolution of the mass (a), energy in time (b) and the entropy (c) with respect to
time in the case of {ymax = 8 with 64 points for isotropic initial data.

F(t,¢) converges to a centered Maxwellian. As shown on figure 5.5 (c), the scheme has con-
verged quickly from ¢ = 40.

Figure 5.5 (d) shows the evolution of the distribution function F" with u = 1, defined by its
isotropic part F° and its anisotropic part F!. With the anisotropic coefficient a, we determine
then « (5.7) and therefore F' given by formula (5.5). We remark that the distribution function
F converges to a centered Maxwellian distribution which is close to the exact equilibrium state
with an L, relative error about 10~*. This enhances the good accuracy of the scheme.
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Figure 5.5: Description of the moments F° and F' with respect to the energy { at initial
time (a) and at final time (b), evolution of the convergence in logarithmic scale i.e. df0 =
2 |F?’N i F?;r]\lf |land df1 =3 ; IFjl.’N i Fjl.;r]\lf | (¢) and evolution of the distribution function F
in time with u = 1 (d) in the case of {ynax = 8 with 64 points.

Anisotropic case

In this subsection, an anisotropic initial function is chosen such as
F(t=0,0) = exp(=({ - 2)°) ,

F(t=0,¢) ‘

ey _
Fl(1=0.0) = ——

Figures 5.6 (a) and 5.6 (b) show the conservation of mass and energy in time which is consistent
with the conservation laws given in subsection 5.3.1. Moreover, the evolution of the entropy
induced by the scheme is decreasing in time (5.6 (¢)) as shown by Theorem 13.
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Figure 5.6: Evolution of the mass (a), energy in time (b) and the entropy(in log scale) (c) with
respect to time in the case of {max = 8 With 64 points for anisotropic initial data.

From figures 5.7 (a) and 5.7 (b) the realizability domain is still preserved during the sim-
ulation. Moreover the isotropic part £ converges to a centered Maxwellian. This fact can be
explained by the electron-electron collision operator effect whereas the anisotropic part F'! con-
verges to null state because of the electron-ion collision operator effect. From figure 5.7 (¢), the

scheme has converged quickly from 7 = 80.
Figure 5.7 (d) represents the evolution of the distribution function F* with u = 1, reconstructed
from its isotropic part F° and its anisotropic part F'!. We remark that the distribution function

F converges to a centered Maxwellian.

In order to compare the M; model with the P; model ([27]), let us consider the initial data

Fli(t=0,0)=F(t=0,0)/2
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Figure 5.7: Description of the moments F° and F' with respect to the energy { at initial
time (a) and at final time (b), evolution of the convergence in logarithmic scale i.e. df° =
F IF?’N - F?jr]\lf land df' = 3, |F Jl.’N T_F jlﬁ | (¢) and evolution of the distribution function F
in time with u = 1 (d) in the case of {ynax = 8 with 64 points for anisotropic data.

instead of
Fl(t=0,0)=F(t=0,0)/3.

The M, model still shows the convergence of the distribution function to the steady state while
preserving realizability domain.
Remark that, with this initial distribution function, the P; model does not conserve the real-
izability domain from first iterations. Indeed from figure (5.8), at time ¢ = 0.15, F° becomes
negative and F! is greater than F°. This highlights the advantage of the M; model which con-
serves the realizability domain.

Now to evaluate the computational time of the M; model, we compare M, results with re-
sults obtained with the kinetic code KETS (presented in chapter 3 and see also [21, 22]) and
validated in chapter 4 and with some comparison with results obtained with an implicit Vlasov-
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Figure 5.8: Description of the moments F° and F' with respect to the energy { at time t = 0.15
with £ € [0 : 8] for the M, model (a) and with { € [0 : 8] for the P, model (b).

Fokker-Planck code called IMPACT developed by Kingham and Bell [31]. For the simulation
with the kinetic model, each component of the velocity domain is discretized with 16 points.
The numerical test is performed with vy max = Vymax = Vzmax = 8. M; model run during 305 s
whereas the CPU time describing KET'S simulation is about 8 717 s. Therefore, M; simulation
runs 28 times faster than the KET'S one. This enhances the good computational time of the M,
model.

We have also check that for the isotropic case, i.e. F!( = 0,¢) = 0, the conservation laws
are preserved. Indeed, we observe that mass and energy are conserved. Besides, the evolution
of the entropy induced by the scheme is decreasing in time. Moreover, by plotting the evolution
moments F° and F!, we observe that F'(z, /) remains equal to 0 and the isotropic part F(¢, 0)
converges to the same centered Maxwellian than for the anisotropic case. Notice that the scheme
has converged quickly from # = 40. We remark also that the distribution function F (defined
with FO(¢,0) and F'(¢, ) converges to a centered Maxwellian distribution which is close to the
exact equilibrium state with an L? relative error about 10~*. This enhances the good accuracy
of the scheme.

5.8.2 Convergence to the steady state with a bi-Maxwellian distribution
function

The initial data is now a bi-Maxwellian distribution function i.e. a sum of two Maxwellian
functions with a density » = 1 m~3 and T = 1 KeV. The first one is centered around ; = 2



128

and the second one around ,» = 6. So the bi-Maxwellian function is defined as

3/2 _ 2 _ 2
Fo(t — O, é«) — (127’1_;) (exp (_ ({ 2{d1) ) + exp (_ ({ 2{d2) )) ’

0(f —
Fl=0p="0=00
3
For this test case, the energy domain is discretized with 64 points. The numerical test is
performed with {,.x = 20 which represents the length of the energy space. The scaling used
here gives time steps to be of the order of the electron-electron collision time as previously. We
choose the time step in order to satisfy the CFL condition and the results are computed at time
¢t = 100. The boundary conditions for the energy domain satisfies also naturally the positivity

constraints of F° and the conservation of the mass, i.e. at the left boundary F°, = F{ and
Fl, = -FL.
-1 0

Figures 5.9 (a) and 5.9 (b) show the mass and the energy conservation in time. The evolution
of the entropy induced by the scheme is still decreasing in time as shown by Theorem 13.

Figures 5.10 (a) and 5.10 (b) confirm that the realizability domain is preserved in time.
Moreover the isotropic part F° converges to a centered Maxwellian whereas the anisotropic
part F'! converges to null state. As shown on figure 5.10 (c), the scheme has converged quickly
from ¢ = 200.

Figure 5.10 (d) shows the evolution of the distribution function /" with 4 = 1. We remark that
converges to a centered Maxwellian distribution function with an L, relative error about 107*.

5.9 Comparison with Kinetic model

This section is devoted to study the good behavior and the accuracy of the M; method by using
some comparisons with results obtained by kinetic model. Indeed to evaluate the accuracy of the
M, model, we compare M, results with results obtained with the kinetic code KET'S described
in chapter 3 (see also [21, 22]).

In a first subsection, a collisional regime is considered. The propagation of the electron beam in
vacuum which converges to a steady state is illustrated. Then the second subsection is devoted
to study the good behavior and the accuracy of the M| method by studying the interaction of two
electrons beams described in chapter 4. Indeed to compare the accuracy, a collisionless regime
is considered and the evolution of the distribution function is given by the Vlasov dimensionless
equation (3.63) and Maxwell system.

In both test cases to discretize the transport equation, we use a Finite Volume method coming
from the HLL method introduced by Harten ez al. ([28]) and explained in section 5.7.
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Figure 5.9: Evolution of the mass (a), energy in time (b) and the entropy(c) with respect to time
in the case of {max = 20 with 64 points for bi-Maxwellian initial data.

5.9.1 Evolution of an electron beam

Electron transport is an important process in plasma physics which impacts on many areas
including laser-plasma. That is why now we turn considering the full discrete model including
transport part and collision part to illustrate the good behavior and the accuracy of the method
on a one space dimension domain. To discretize the transport equation, we use a Finite Volume
method coming from the HLL method introduced by Harten ez al. ([28]) and explained in
section 5.7. The full discrete model can be written such as

1 (N1 ONY, 1 [N _ &N \_ A0
Af(fj) fj) )+Ax(?j+% ‘};_%)_Qee,j’

1,N+1 1,N 1 N N _ 1 1
5 )+E(gj+%_g'%)_ cej T Ceij >
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Figure 5.10: Description of the moments F° and F' with respect to the energy ¢ at initial
time (a) and at final time (b), evolution of the convergence in logarithmic scale i.e. df0 =
SilF ?’N R ;)J;le |and df1 = 3, |F l.l’N 1o F l.lf;/ | (¢) and evolution of the distribution function F

in time with u = 1 (d) in the case of {ynax = 8 with 64 points for bi-Maxwellian data.

0 1 1 .
whgre ¥, G are HLL flux and the operators Q,, i Qe and Q,, ; are defined in (5.56): ‘

This test case consists to study the convergence of an electron beam, which atomic mass is
Z = 10, in the vacuum to a steady state. The initial distribution function in the one dimension
space domain is null. The boundary condition on the right side is a Dirichlet condition chosen

in order to satisfy realizability domain and to create an electron beam
3

my: (=& A

F?l = (E) eXp (—T and Fll = ?

For this test case, the energy domain is discretized with 64 points and the space domain is dis-

cretized with 100 points. The numerical test is performed with {,.x = 8 and x,.x = 5. The
scaling used here gives time steps to be of the order of the electron-ion collision time. We
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choose a time step satisfying the CFL condition. The numerical results are computed at time
¢t = 300.

Figures 5.12 (a) — (f) show the evolution of the electron beam at different time steps. After few
iterations, at time # = 0.015, the electron beam spreads through the space domain (figures 5.12
(a) and 5.12 (b)). Then at time ¢ = 0.15, figures 5.12 (¢) and 5.12 (d) show that the isotropic
part F° begins to relax to a Maxwell function centered around ¢ = 0 while the anisotropic part
F' is close to 0 at the end of the space domain. At the end of the computation, at time ¢ = 300,
the isotropic part has converged to a Maxwellian function centered around 0. This Maxwellian
is not uniform in space (figure 5.11). This phenomenon can be explained by the fact that the
electron beam is still injected at the beginning of the space domain. Concerning the anisotropic
part, F'! is null except at the beginning of the space domain (5.11) for the same reason as for
the isotropic part. The results obtained transcribe the convergence to the steady state due to the
collision operators. Notice also that the realizability domain is still preserved in time.
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Figure 5.11: Description of moment F° (a) and F' (b) with respect to the energy { at time
t =100 for x =0, x = 0.5 and x = 5 in the case of {nax = 8 with 64 points and xy.x = 5 with
100 points for electron beam data.

To evaluate the good behavior and the accuracy of the M, model, we compare M; results with
results obtained with the kinetic code KET'S. For the simulation with the kinetic model, each
component of the velocity domain is discretized with 16 points and the space domain is dis-
cretized with 100 points. The numerical test is performed with Vi max = Vymax = Vomax = 8
and xp.x = 5. We choose a time step satisfying the CFL condition. The numerical results are
computed at time # = 300.

Figure 5.13 represents the mass with respect to the space domain computed with the present
M, model and the KETS code. We observe that the two masses obtained with the two codes
lead to constant distribution function at the end of the space computation domain. This fact is
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Figure 5.12: Description of moments F° and F' with respect to the energy { at time t = 0.015
(a) and (b), at time t = 0.15 (c¢) and (d) and at time t = 100 (e) and (f) in the case of {max = 8
with 64 points and xn.x = 5 with 100 points for electron beam data.
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explained by the convergence of the distribution function toward a centered Maxwellian.
Moreover it can be shown that the M; model creates a boundary layer of length % because of
incompatibility data between the beam injected and the converged distribution function. This
phenomenon is not reproduced with the KET'S code which has no difficulties to take into ac-
count this situation. That is why the two results are different on [0, %]. On the remaining area,
results are observed to be close. Moreover the sameness between two results can be more ac-
centuated by using more discretization points but this approach need too much resources and
time for the kinetic code KETS'.

24

23} o
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Dimensionless mass
~

| M1 model
.. ., KETSmodel -
0 0.5 1 16 2 25 3 35 4 45 5
Dimensionless space domain x

Figure 5.13: Description of the mass p in space domain at final time obtained with the M,
model and KETS model in the case of {ya.x = 8 with 64 points and x,x = 5 with 100 points for
electron beam data.

Moreover an important remark on the M; model is interesting. Indeed, for this test case,
M, model run during 175000s whereas the CPU time used by KET'S code is around 530000s.
Therefore, M; model run 3 times faster than KETS code by having the same precision.

5.9.2 1D two-stream instability

Here the test case of section 4.2 chapter (4) is used for the M; model in order to study the
accuracy. Indeed this subsection is devoted to reproduced the interaction of two electron beams
of equal density with M; method. Recall that the two counter-streaming beams that are initially
well separated in the phase space, start to mix together and create finally a complicated vortex
structure as shown on the figure 5.14. Vlasov-Maxwell system is used to describe the time
evolution of the distribution function. We choose a scaling with the plasma frequency detailed



134

Later

Tume

Figure 5.14: Evolution of the two counter-streaming beams in time

in annex 4.7. The Vlasov-Maxwell system writes in these units

0
a—/; + V- vH-Vy-(E+vxB)f) =0,
OE 1
E - —ZVXXB:I’ZU,
B (5.88)
8_B + V,xE =0,
ot
Vi-E=(-n), Vi-B=0,

where the density and the current are expressed such as

Znge*lnA Z InA Vei " Znge*lnA
Y= Sre2mVvi w, Samdd, w WL Ve = 8reEmv
0 "e Vin Ype 0%p pe 0 "e Vin

Regarding the kinetic KETS code, as in section 4.2, we consider here the phase space with
one dimension in space and one dimension in velocity space. The initial distribution function
and electric field are given by

f(t=0,x,v) = % [(1 + 4 cos(kx)M,,(v) + (1 — A cos(kx)M_,,(v)], 559

E(t=0,x) = 0,

where

_ ur % _me(v - Vd)z
M, (V) = n, (ZﬂkBTe) exp( T, ) , (5.90)

is the Maxwellian distribution function centered around v,. Here the temperature of the plasma
is T, = 1 KeV and the density is n, = n,.

Boundary conditions in space are chosen as periodic conditions on each side. The physical
parameters are chosen such as the initial beams mean velocity is +v, = +4. The periodic space
domain which length is x;,.x = 25 is discretized with 64 points. The velocity space [—Vmax; Vinax]
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is also discretized with 64 points and the the truncation of the velocity space is vy = 12. In
order to respect the CFL condition of the scheme, we choose a time step Az = 1/200.

Concerning the M; model, the energy domain is discretized with 64 points and the length of
the energy space is denoted by {nax = 12. We chose a time step satisfying the CFL condition.
The scaling used here is defined in appendix 4.7. The numerical results are computed at time
t = 30.

To describe the interaction between both streams, we choose two groups of particles, one for
each beam. From 5.5 and the definition of the Maxwellian (5.90), we get by identification

3 2 2
m, 2 me(évgl,d +9)

po({) = ne (27rkBTe) exp (_—2kBTe :

(5.91)
_ Melle1a
) = kT,
Therefore, the initial data for the first group of particles is chosen such as
1 inh
70 = L0 4 4 cos(ex)) x dmp, 002,
£ 2 [

(5.92)

sinh(Ja|)(1 — || coth(|a]))

la®

1
fgll = 5(1 + A cos(kx)) X 4mpg

with pg and @ defined in (5.91). The initial data for the second group of particles is chosen such
as the first one but with an opposite drift energy, i.e. (f:z, fglz) are given by (5.91, 5.92) with

é/gZ,d = _é/gl,d‘

We have already seen the good behavior of M; model and M, reproduced here the good
behavior of the two stream mixing. To evaluate the accuracy of the M; model, figure 5.15
shows the evolution of the dimensionless electrostatic energy with respect to time for both
models. By using a perturbation amplitude of 4 = 0.001, we can observe that the electrostatic
energy from M; and KETS are very close which is relevant for the accuracy of M;. However
by using a perturbation amplitude of 4 = 0.1, results presents some slight differences. In the
linear regime obtained by both codes are very close with a strong perturbation 4 = 0.1 but in
non-linear regime, M; model develops more non linear instabilities.

5.10 Conclusion

We have developed a new model for electron transport in plasma taking into account the colli-
sions between electrons and between electrons and ions. Its construction is essentially based on
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Figure 5.15: Evolution of the electrostatic energy with respect to time with a weak perturbation
amplitude A = 0.001 (a) and a strong perturbation amplitude A = 0.1 (b) for My and KETS

codes.

an entropy minimization principle and an integration of the kinetic model w.r.t the angle vari-
able of the microscopic velocity. Next an entropic semi-discretization in energy of the model
based on an entropic average is proposed. Finally numerical simulation in the context of the full
discretized model are performed. The results are in a very good agreement with the properties
proved on the semi-discrete model and results obtained with kinetic model.

Several extension and application of this work can be considered. For instance, the generaliza-
tion of the present results to a model which uses N moments is proposed in the next chapter.
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5.11 Appendix A: computation of the B coefficient

The coefficient B (5.26) can be computed as

[ minG san(E52
[ () [ (52

[W_3f)(W)]‘ _[F3W S'w [f"(W)r
0 ¢

53 W2 53 W2 W2

B(?)

e
—% fo‘ Fw)dw.

5.12 Appendix B: moment closure for Maxwell-Fokker-Planck-
Landau system

To establish this closure we will proceed by step. First the closure for the colisionless kinetic
equation is determined. Then the moment closure for homogeneous system will be computed.

5.12.1 Derivation of the equations about f; and /| free-streaming

First, the moment extraction of (5.17, 5.18) without collision is considered.
Let us denote by ¢ some test function, we get

O f +v-Vof +q(E+vAB)-V,[)e()dv = 0. (5.93)

veR3

Recall that v = /Q and dv = 72didQ. Since V,o(0) = ¢'(0)Q, after using Green formula,
equation (5.93) can be expressed in spherical coordinate (¢, i, ¢) as

fowat (52 fszfa’Q)<,0(§)a’§+f0oo v, ({{2 fsz Qfdg)go(g)dg
—fomso’(é)qE-(éz fsz Qfdg)dg: 0.

Therefore we get for all test functions ¢

| (0o + Ve ) + 0, GE - ) e,
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Now to obtain the equation on the evolution of /', for all test function ¢, we get
O f+v-Vif+q(E+vAB)-V,)Qu()dv=0.
veR3
By using Green formula, we get

Of +v- V. /) Q) f

veR3 veR:

—f lgo({)q(E+v/\B)fdv+f l(,o(g“)Q@)Q(q(E+v/\B)f)a’v:0,
veR3 { veR3 é/

because V,Q = % (I-Q®Q). Since Q® Q (v A B) = 0, we obtain

(DL (q(E+vAB)f)Qdv

fo @fi + V.- e~ [ ¢ @R (GES Qv - fo Lo

veR3
ffdQE+§3fQfdQAB)d§+fm%go(§)(§2fQ®QfdQE)d§:O.
S» Sa 0 S>

Finally, previous equation can be rewritten for all test functions ¢

fo (atfl +vx~<§ﬁ>+q(ag<ﬁE)—§mE+4ﬁ AB—sz>))<,o<§>d§=o,

Hence system (5.17, 5.18) without collision is verified.

5.12.2 Moment closure for the collision operators C,, and C,;

We begin by considering the electron-ion collision operator C,; which is much simpler to com-
pute.

Moment closure for the electron-ion collisions

To establish this closure we consider only the homogeneous case with the collision operator C,;,

2
I -
0f = Culf1= @V, - 'V'W—PV@VVV F0)| = auV, - [SOV. )], (5.94)
where S (v) denotes the projection operator on the orthogonal plane to the vector v ( S(v)v = 0)
2] - 1
Ml—;‘mzza—g@g))- (5.95)
"

Let us denote by ¢ some test function, the duality approach leads to

S) =

Of = @V - [SMV /D) e(Q)dv =0 . (5.96)

veR3
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By using Green formula, equation (5.96) writes in spherical coordinate (£, i, ¢) such as

e(c) _
[ose@avs [ a9 1s0ms1av =0,

wich can be rewritten such as
LV
[ ase@adrs [ aw @ 150 =0. (5.97)
veR3 veR3 é/

Since S (v) is symmetric, equation (5.97) can be simplified into

@ (s v.sav =
[ aseems [ aw(sol)-va=o.

Since S (v)v = 0, we get 9, fo = 0 and the C,; operator has no influence on the equation for f.

After extracting the zeroth moment order, consider now the first order moment extraction.
The duality approach gives

O f — @V, - [SOMV,f]) Qe(d)dv =0 . (5.98)

veR3

By using Green formula, equation (5.98) writes

f SO+ f SO [SOIV, f]Qdv

veR3

tas [ AOSOISOTAdv=0.
veR3
Since S (v) is symmetric, S (1)S (v) = S (v). So

f A, fQ(O)dv — a; f &?vv T -vev]fdv=0. (5.99)
veR3 {

veR3

Moreover V,, - [V —v®v] = =2v = =2/Q, therefore equation (5.99) can be expressed in
spherical coordinate (¢, u, ) as
2(1’61'

{3

We remark that the electron-ion collisions are only relevant for the f; behavior, not the f.

6tf1:—

fi-
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Moment closure for the electron-electron collisions

To establish this closure we consider only the homogeneous case with the collision operator
C€€7

0if = Cee/, /) = @V, - f S@) OV ) = [V, f (D] aV, (5.100)

VeR3
where S (1) is given in (5.95) and # = V' —v. To simplify the moment extraction of this operator,
we will assume that the main contribution from this operator comes from the isotropic part of f.
In the remainder of this subsection, we will assume that the distribution function f is isotropic,

Le. = f(vD) = fQ).

We need introduce the notation I'(v) which is the term into the divergence in v,

I'(v) = f RSS @) [fOOV W) = [V ()] V.

From (5.100), C..(f, ) = @..V, - I'(v). Moreover if the distribution function f is also isotropic,
['(v)v is isotropic. So for some test function ¢,

fo ) (0.1 - 4700, ((TO) - ) Q)L = 0,

which implies that
0,f° = 4na .0, ({T (V) - v). (5.101)

The term I'(v) - v can be simplified into
rw-v= [ [ s | ko0~ oo o) |dear
Since I'(v) - v involves the S (¢)v matrix-vector product, we obtain
2=y Q- Q- -2 P - '
(2 +7 =20y - Q) (& + 07 = 200

+1 2 12 2

£ =) 4. (1 1)
d =3 f ) )

L Y R Va

we obtain finally the expression for the collision operator (5.23).

Suy =

As,

5.13 Appendix C: moment extraction for Langdon operator

The moment closure for the Langdon operator is now detailed. Let us consider the space homo-
geneous operator having the general form
of g

e Adivv(7(v®v)va) . (5.102)
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Let us denote by ¢ some test function , the weak form of equation (5.102) can be written as

f 6—fcp({)dv =4 f divy (‘i)v ® VVVf) e(v)dv . (5.103)
R3 6t R3

Equation (5.103) can be simplified into

\fR} (Z—];go(v)dv =-4 L} ((‘%) ®V) v ).vao(v)dv. (5.104)

Since Vyp(v) = ¢’ (v)Vy(v) = ¢'(v)Q, equation (5.104) rewrites

)
fRa a_];w(v)dv = -4 f ; &y PV ((vev)V,f.Q)dv

iy f g—:cp'(v)va.(Qg)Q)QdV (5.105)
RV
(5.106)

Since (Q ® Q)Q = Q'QQ = Q, (5.105) can be expressed as

fRS %¢(v)dV:—Af 80 )V, f.Qdy |

Then by using green formula, we get

P
fR 3 6—];<,o(v)dv - 4 fR Wi, (g(3)cp ). Q) (5.107)

Equation (5.107) can be simplified into

f U vy = 4 f f(V)[Vv(g(v) ())Q+(d Q)g() (v)]dv. (5.108)
g3 Ot R3

1 1 31 2 )
Moreover Vyv = Q and (divyQ) = —divyv + V, (—) v = — — — = —, thus equation (5.108) can
v v vV v oy

be written as
P 2
f a—{cp(v)dv - f 1 )[ (g( ") v )) 0.0+ —@cp'(v)] av . (5.109)
R V3

Equation (5.109) writes in spherical coordinates such as

AN 2 ) 280 ]
fo ar"o(é)dé‘Afo [é( O+ " 9@ 1ods . (5.110)
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By using some integration by parts, equation (5.110) becomes
= af° _ g ar  2g()
fo ESD(Z)dZ—AfO _5(?6_4“_ fo) o(O)d¢ , (5.111)

because ¢ is a smooth test function on compact support. Finally we obtain the equivalence in
the dual space

o o

£ooac

2
of _ 0 (g({) ar° 280 fo)
Now to obtain the equation on the evolution of f*, for all test function ¢, we get

f a—ffp(v)ﬂdv =A f divy (‘i)v ® Vva) e(v)Qdv . (5.112)
r3 Ot R3 A

Moreover we get

(fdivAa) = fZAJZZ; = fzgj; B (fvaA)i,

with 4 a vector and « a scalar. Therefore equation (5.112) can be simplified into

0
Lo =-1 [ veme s

R36 R3

Since Vy (¢(v)Q) = p(v)V,Q + ¢’ (v)Q ® Q, equation (5.113) becomes

== (veV)V,fdv. (5.113)

f?a—];cp(v)ﬂdv:—,qf g()[ (V)= (zd Q®Q)+¢(V)Q®Q]Q®vifdv
R3

Moreover we have (Q@Q)(Q® Q) = Q'QQ'Q = Q'Q = QR Q. Therefore we obtain by using
a green formula

of

of _ g(v)
P o(V)Qdv —A\[mf[

¢ (MdVQ ® Q) + (R ® D)V, ( 80) o'( ))] (5.114)

Since

diV(Q ® Q)

(V,Q)Q + (divyQ)Q

1 2.2
—ld-Qe9)Q+-Q =0,
1% 1% 1%

equation (5.114) becomes

f U vy = 4 f f[g(") ‘)2 “Q+@e0 (g(:)go(v))] . (5.115)
R3 ot R3 V3 V
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In spherical coordinates, equation (5.115) writes

+00 o 1 +00 2 0
. 6—];90(5)0’{ =4 fo [gé—?w'(g)g *or (‘%cp’({))] flae. (5.116)
By using some integration by parts, equation (5.110) becomes
= af! 1o (2 af!
fo a—ftso(é)dé = -4 fo [&(fl g;f) - a—];gg))] o(Q)d | (5.117)

because ¢ is a smooth test function on compact support. We can conclude that Yo € 9(]0, oo),

we obtain
911 g (0f! 0 2
Lo [ S5 50 e

definition (5.50) follows.
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This chapter on generalized moment model is the subject of one publication in [26].

6.1 Introduction

In comparison with the M; model derived in chapter 5, the My model is a generalization of M,
model to N given moments. It is performed by introducing a new formalism leading to a con-
cise form of the moment system. Moreover, contrarily to chapter 5 where the moment system
was discretized, we chose here to discretize the energy variable to extract the moments. Besides
proof presented in the previous chapter are very specific to M; model. Indeed theorems and
proofs are based on the knowledge of known coefficients to define the distribution function f.
Here these coefficients are unknown which implies a different approach.

The remainder of the chapter is organized as follows. The kinetic continuous equation in spheri-
cal domain 1s described in section 6.2. Moreover, a new model is chosen for collision in order to
preserve collision properties. Section 6.3 is devoted to the derivation of a semi-discrete scheme.
The time is kept as a continuous variable whereas the energy variable is discrete. The defini-
tion of the approximated solution on the dual mesh through an entropic average allows to prove
the entropic dissipation property of collision operator. Next, the N-moments model is derived
from the continuous kinetic equation in section 6.4 and the model is shown to preserve previous
property. In section 6.5, the semi-discrete scheme associated is proved to be an entropic scheme
for the moments system.

6.2 New Kinetic continuous model

The extraction of moments for the classical kinetic equation

O f +vo.f =C(f. [), (6.1)

is complicated because of the expression of the electron-electron collision operator. Some ap-
proximation has been proposed in [4, 14] but the new model obtained does not satisfy funda-
mental properties. That is why a new model for collisions will be proposed here to preserve
collision properties.

6.2.1 Presentation of the Kinetic continuous equation
Notations

If S, is the unit sphere, Q = v/|v| represents the direction of propagation of the particles and
u=Q, =cosh, 0 c[0,5]. Inthis chapter, we chose a one dimensional direction of propagation,
i.e. we take u € [—1, 1] as the direction of propagation variable instead of Q. By setting ¢ = |v],
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the distribution function f can be expressed in spherical coordinates by f(x, {, ). The N first
moments with respect to u are defined by

1
f'=2ng f [ ppdun = < fu' > Vie{0,N), (6.2)
-1

where < . > is defined for any function ¥ by

1
<W¥>=2n f Y(uw)du ,
-1
and (£, i) denotes the distribution function f in spherical coordinate. Next, we set

/'@
&

F'({) = (6.3)

Realizability problem

Consider here the case of a space homogeneous situation with one specie of particle, i.e. the
plasma consists only of electrons. In this case, equation (6.1) is reduced to

O f =Celf. 1) (6.4)

The moments extraction for the electron-electron collision operator C,.(f, f) is very compli-
cated because of its nonlinear quadratic formulation. That is why in Plasma physics, classical
approximations for the operator lead to consider that the main contribution for the electron-
electron collision operator comes from the isotropic part. This approximation denoted by Q..
has been defined in [30] and used in [4, 14] to study the homogeneous Fokker-Planck-Landau
equation for isotropic distribution functions.

For the sake of simplicity, consider here the M; model constructed from the three first moments.
By integrating the equation (6.4) with respect to Q in a space homogeneous situation, it holds
that

6ff) = Qge ’
(6.5)
6th =0,
with
0~ 1 1
00, =0, (é f J(Z, ) [Fo(é’)—é‘g(Fo(é)) - F°(é)—,ang°(4’)] é’zd{’) : (6.6)
0 { {
and

J¢.¢) = 2 inf(i i){’zﬂ 6.7)
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The definition of QY has been established by considering that the main contribution from this
operator comes from the isotropic part of f. Its expression (6.6) and the system (6.5) are ex-
plained in Appendix 6.7. However, the following example 18 demonstrates that this model does
not preserve the realizability domain A defined by

0

eRY/3Ag>0eL([-1,1]) and &* < pig(a) >= Vi€ {0, N}

In the particular case of the M; model, the realizability domain ‘A is shown to be equal to B
defined by

0
B:{g:(gl )eRZ, g">0 and |g1|<g°}u{(o,0)} .

Example 18. Let us chose the following initial data for the isotropic and anisotropic part

1

1
=0 = g)([os]({) and f'(t=0) = ZX[0,3](§) -

Because of the electron-electron collision operator effect, the isotropic part converges to a
centered Maxwellian. Moreover, the M, model preserves mass and energy. So the obtained
Maxwellian presents the same mass ( fooo 2d¢ = 1) and the same energy ( fooo 222de = 3) as the
initial distribution function. Therefore the Maxwellian writes

f'= \/geXp(_T{z)éz :

Hence figure 6.1 shows that the realizability domain B is not preserved anymore.

rrrrrrrrr

\‘
35 4

L
25 3

. . .
0 05 1 15 2
Energy of particles

Figure 6.1: Representation of the moments f° and f' with respect to the energy ( at the steady
state in the case of {max = 4 which denotes the length of the energy space.
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New linearized approximation of the collision operator Q..

Therefore, to preserve the realizability domain (proof in section 6.4.2), we consider that the
contribution from the electron-electron operator comes from the isotropic part for distribution
function depending on ¢’ and the expression of collision operator is given by the following
definition.

Definition 2. The electron-electron collision operator Q..(f) and the electron-ion collision op-
erator Q,(f) are given by

1 © 1 1
Oeef) = 0, (4 f J(Z, ) [F‘)({’)—agf({) —f({)—,af;/F‘)({’)] §’2d{’) : (6.8)
s 0 ¢ ¢

and
Qi 0

) = = ((1 - i)

of

ou
where 7({, (') is given in (6.7).

Expression (6.9) of Q,; in spherical coordinate (£, u, ¢) is detailed in Appendix 6.8 by con-
sidering one direction of propagation. So equation (6.1) can be approached in spherical coordi-
nates by

Of + Cuocf = 0(f) . (6.10)
where
O(f) = Qee(N) + Qei( /)
and Q..,0.; are defined by (6.8, 6.9).

Remark 19. If we assume that f is isotropic, i.e. f = f°, we obtain

0 =0"= |

Q

Coo(f, ))AQ = fg Coo(f°, 9dQ .

Now, let us check that the new model conserves fundamental properties.

6.2.2 Properties of the model

In this subsection, we present the fundamental properties satisfied by the new model, that is the
conservation laws, a H-theorem and the conservation of the realizability domain.

Proposition 10. The operator Q(f) satisfies mass and energy conservation properties and the
entropy dissipation property, i.e.

<fw§2Q(f)(;2)d{>:O and <fw{2Q(f)logfd§>sO.
0 0
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Proof. Firstly, in order to recover the conservations property, let us consider the quantity

* 1 * 1 * 1
< [[ean(p)ac= [T & <oun>(acs [T <oun>(p)a. @
0 ' 0 ' 0 ¢
For the sake of clarity, we introduce the notation

Q(e)e:év2 < Qee(f) > .

The first term of the right hand side of equation (6.11) can be rewritten as

E><>01 :OO °0~,0,1 _ l,0/:|/2l)
fo Qee(gz)dg f 64(5 f J(g{)[mmgagﬁ({) POF0F )| e

(;z)dg.
So, [~ 0%d¢ = 0. Since
fo Qpdr = -2 fo i fo WL (R [F%{')éagf‘)@)]d{'dg
2 [ [ eee [ﬁ(@%aﬁ‘)@v] dgde
we get from Fubini theorem

f 00 Pdr = 0.
0

Besides we have < Q,;(f) >= 0. Therefore the conservation properties follow

NN
<[ §Q(f)(§z)d§>—0-

Now we prove the entropy dissipation property of the collision operator.

~ 2 _ _ * * 12 ¢+ 17 ’ 0 /l _ l , 0/ o1
< f 2O log fdi >= — < f f ¢ KJ(L{)[F €)70:10) f(é){,é‘,:F(é)]
1

70 fdcdc > . (6.12)

Equation (6.12) can be rewritten in terms of f as
) 1 1 ) o . 1 1
2 1 d - _ ’2 , ’ ’ _a _ _6 , ’
< [ eonmegracs=— [ [ [ [ e 4)[f<4>§ S0~ 107 4f(§)]
1
;ﬁ(f a¢ag’ dudy’
1 1 ) )
- _ 12 2 717 y , 1 1 _ l (1 / ]
[ [ [ [ eeReorone [ 04(log £(0)) = 5,02 (log f(C)

1
234 log f({)d{dl dudy’ .
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Moreover the changing of variables (¢, (") — (£, {) leads to
00 1 1 1 00 00 . 1
< [T eanoerac=-3 [ [ [ ["ereReomone oo -

1 2
Zé‘a(logf((’))] dide dudy’

and the entropy dissipation property follows. O

6.3 Semi-discretized kinetic equation

In this section we propose an energy discretization for the new continuous model defined in sec-
tion 6.2 such that the fundamental properties of collision operator are conserved. In chapter 5, a
semi-discretized scheme of the moment system has already been proposed. Here, we discretize
the kinetic equation and then extract moments in section 6.5. The key point of the following
scheme is the approximation of the distribution function f on the interface from the primal one,
through an entropic average as in chapter 5. This average leads to the entropy dissipation prop-
erty for the discretized collisional operator.

6.3.1 Introduction

Let us define the primal mesh M, for the energy variable £, decomposed into a family of rectan-
gles Mj+% =1¢-1, ¢l Vj € {1, m}, where {; = jA{; and m € N the number of points which dis-
cretize the energy domain. A represents the discretization step, which can be variable. We de-
note by D its associated dual mesh consisting of cells D; =], 1,450 [ where {;_ 1= (- %) Al;.
Let /; be an approximation of /(¢;) for all distribution function # and 4, 1 an approximation of

1)

We denote f; by
£ = exp@ ). (6.13)
with
@,
a;=| : |anda;; = ai({)) . (6.14)
@y

The discrete form of (6.10) can be expressed as

O f; +{iudsf; = 0;, (6.15)
where

Q; = 0(fj) = Ocej + Oei - (6.16)
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Definition 3. The collision operators Q.. ; and Q.; ; are respectively given by

Ouy = 22~ 04
5] é/jzA{J
(6.17)
Qe O of;
ei,j — o 1- o s
Qe £ o (( : )5‘ﬂ)
with
O U fiu—fi 1 . F,-F
. = FO J J : k+1 k
G]+% {] ;kz:(; (§]+;,§k+§)[ kel o A{ﬂ% §k+%f]+7 A{H%
£, My (6.18)
where
2066 . 1 1
J(§j+ ,§k+1)— f[§3 e ]§j+_§k+1, (6.19)
J+y Ck+l
and f;, LIS defined by the following entropic average
fix1=Jj .
fj‘" 10g|f,+11| —log |f;l if f}*'l # fJ ’
(6.20)

fj+% = fi1 else.

Remark 20. This entropic average has already been considered for an isotropic distribution
function by Dellacherie ([14]) to build an entropic scheme. Next, in the previous chapter, this
approach has been generalized to a system for the M, model. Here we propose to use this
entropic average to preserve the collision properties and to simplify demonstrations.

Remark 21. For the sake of simplicity operator Q.. ; defined by Gj_+ , (6.52) can be rewritten
X 2

by using G'_ | as
Jt3

i J+1 fl i
T ST
where
A= zm:ml L L F A (6.21)
j+% - J+% £ é,3 {z lé/k+ §k+ B .
- !
3 N 1 1 0 0
By =0, ) min| =o—, =2, J(Fy = F)) . (6.22)
= §j+% §k+%
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6.3.2 Properties of the semi-discretized scheme

Proposition 11. Q; satisfies the following fundamental properties.
1). The operator Q; satisfies mass and energy conservations property i.e.

<Z§ QJ( )A§j> 0.

2) By defining f;, ! through the entropic average given by (6.20), the operator Q; satisfies the
entropy dissipation property

< Z{fleogfjA{j ><0.
70

Proof. First we aim to prove the mass conservation. A simple computation gives

<Z{QJA§j> G, %—G%.

We suppose G as a compact support function so G,, o= = 0. Besides G_ = 0 because {_ 1= 0.
Therefore we get

< Z {GON;>=0.

/=0

Then we will show the conservation of energy which can be rewritten into

<Zg 0,820 >=< — ZG Ca-3)> . (6.23)

By using the expression of G, ! given in (6.18), equation (6.23) can be simplified into

1 i+1 — Jj
<Zg O,(GAL; >=< - Zg} ZJ({,+ » e )[ Sy lfjA; lfj
J*t3

1 Fl(c)+l F;c) 2 2 2
T N G Ay (G0 -8) > (6.24)
+3 +§
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Since we have ; 2 {jz. =2 4l AZ;, 1 equation (6.24) can be rewritten into

< Z{JZQ/{JZA{J == _f f §k+ A{]+1A{k+1*](év+ ’é/k+ )fk+2
Jj=0 ]k 0
S =15
A,
1
f f §k+ A{]+1A{k+1*](év]+ L Gy L )f]+2
]k 0 é/+2

S = Ji
A§k+%

and the conservation of energy follows by exchanging indexes k and j. Next, we prove that the
numerical operator Q; is entropic. Firstly,

§,+

dudy’

dudy’

<Zg 0,logfiNl; >=< — Zl g(fgl)G > . (6.25)

From the definition of G, 1, equation (6.25) can be written as

]+’

< Zg Q]logf]Ag] >= - f f Z §]+ §k+ A§]+1A§k+1'](§]+ ’§k+£)fk+ f]+
J,k=0
[ L fin=fi 1 fn-k ] log fre1 108 f; 1
§j+% fj+%A§j+ {k+ fk+1A§k+2 { IA{
By using the change of variables (u, u") — (u’, 1) and the change of'index (j, k) — (k, j) together
to the entropic average (6.20) defining f,, L equation (6.26) can be rewritten into

(6.26)

<> 2ojlogfng; >= - f f Ay M T G s
=0 k 0

2
1 log fisi—logf; 1 log fir1 —log fi ,
- dudy’
§j+% A§j+% §k+% A§k+%
and the entropic dissipation property follows. O

6.4 Continuous moment model and entropy

In this section, we explain the construction of the My model obtained from the kinetic one
described in section 6.2. Besides collision operator properties are shown to be still preserved
by the moments extraction.
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6.4.1 N-moment model for the new kinetic equation

Firstly the My model constructed from the previous kinetic equation (6.10) is presented. This
system is established by using a minimum entropy principle for the angle variable by keeping
the energy of particles as a kinetic variable.

By extracting moment of (6.10) with respect to i/, we obtain

Of' + 0. =0, i€{0,N}, (6.27)

with _ ‘ ‘
Ql = Qlee + Qlel .

The expression O}, and Q' are computed in the following property.

Property 22. The moments of Q.. are given by
g&=&@Limxﬂﬂ@%@MD—ﬁwéwﬂwﬂf@j,
whereas the moments of Q. are expressed as
%=%§w—wH—wnwy

The expression of the electron-electron collision Q’, is simple whereas the moment extrac-
tion Q'. for the electron-ion collision is computed in Appendix 6.9.
Then the minimum entropy principle [23, 27] under moments constraint implies that the distri-
bution function f should be taken under the following form

S ) =exp(@({.t,x).1) , (6.28)

0
@ M

witha =| ! [andp =
ay N
(6.28) implies that @ and £ are in bijection in the realizability domain (6.8). Therefore f¥*! can

be expressed as
fN+1 — {2 <f/JN+1 > .
By setting
A 0’
andQ=| : |, (6.29)
N+1 oN

it holds that f satisfies (6.27) and we obtain the system written in a concise form

Af+¢0.f=0. (6.30)
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6.4.2 Realizability domain

The continuous problem defined by equation (6.30) satisfy the following property.

Proposition 12. By using the continuous problem defined by equation (6.30) and under the
assumption f(t = 0,() € A, the realizability domain is conserved, i.e. f(t,{) € A foranyt > 0.

The proof of the Proposition 12 is shown by using the following lemma.

Lemma 23. Let g be solution to

g _
E - Qee(g) + Qei(g) >

with

(ACF*, 0)dg + BIF®*,0)g)

%@=%%Q )f)

Oee(g) =

342

Here A and B are given by

AF*, 0 =¢ f m1n(§3, W4F°(w)+dw

{3’

+ {
B’(F0+ )= {f mln— — W0, (f)(w)) —3£ W F(w)rdw .

(6.31)

(6.32)

(6.33)

(6.34)

(6.35)

Therefore by using the continuous problem defined by equation 6.31 and under the assumption

2(0,2) € A, the realizability domain A is conserved, i.e. g(t,{) € A for any t > 0.

Notice that definition (6.32) is a simplification of definition (6.8). Moreover, recall that F0* =

max(0, FY).
Proof. Let H be a convex positive function such as H” < 0 and defined by

—-Cx ifx<0
H(x):{o ifx>0 » >0

By multiplying equation (6.31) by {?H’(g) and integrating over Q, we get

fﬁW@&=ff%@H®m+ff%®H®&-
Q Q Q

(6.36)
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We show firstly that f 2 0..(9)H (2)dQ < 0. The first right-hand side term of (6.36) writes
Q

~ ~ 2 ee Y + 7
4 fo POQH (L = 4n ( fo e 0 (A", )deg) H (g)de

3

+

fo ) 22‘“ d (B(F**, )g) H'(g)d{) : (6.37)

By using integration by parts on the first right-hand side term of (6.37) together with the con-
vexity of H implies the inequality

=2 ee ~ . ,
fo Csy 9 (A(F*, 0)d.g) H' (9)dL < 0.

Moreover the second term of (6.37) can be simplified as

* 2 ee D, + ’ * 7 +
fo 29, (B, 0)g) H'()d¢ f 2a..H ()08 f W F* (w)dwd

3

+

f 20, H'(g)*gF d( .
0

By using an integration by part, we get

*2 ee Y + ’ ” + ’
[ (B 00 e = [ 20 (-t + H @

Moreover, by construction of H, Yx, (—H(x) + H'(x)x) x = 0. Therefore, (6.37) gives

fg 2 0.(9)H ()dQ < 0. 6.38)

Then we show that f ?0.(g)H (2)d¢ < 0. The second right-hand side term of (6.36) writes
0

00 1 0 0
[omeaaz [ [ 20 (a-mE ) remd. 639
Q 0 J-1 H M
By using an integration by parts, equation (6.39) writes
00 1 0 2
[eomeaa=- [ [ ca-n(E] #@ac.
Q 0 -1 H

Function H can be taken more regular by assuming that H’(0) = H”(0) = 0. In this way, the
second derivative can be considered for the previous equation. By convexity of H, we get

fg 2 0u(@)H (9)dQ < 0. (6.40)
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From equations (6.38) and (6.40), we obtain

f F0H(g)dQ <0 .
Q

After integrating the previous inequality, we get

f LPH(g(1, 2))dQ < f C2H(g(0,Q))dQ .
Q Q

By using the definition of H, f FPH(g)dQ = 0. Then H(g, Q) = 0 a.e. and the positivity of g
Q
is preserved, i.e. g > 0. O

Let us now finish the proof of Proposition 12:

Proof. Let us choose f(0, ) € A therefore

_ 1
700.0) = f 0.0 (6.41)

with £(0, ) > 0. The distribution function f(0, ) > 0 is solution of equation

0
(9_]; = Oee(f) + 0ui(f) (6.42)

whose collision operators Q.. and Q.; defined respectively by formulations (6.32) and (6.33).
Extracting moments of the equation (6.42) and setting g(z,{) = f_ 11 f(0, O)udu leads to

0
Eg(t’ 5) = Qee(g(t’ 4)) + Qei(g(t’ 4)) . (643)

From lemma 23, we deduce that g(¢, £, ) > 0. By uniqueness of the solution we get g(z, {, i) =
f(t,¢, 1) and the solution of the continuous problem defined by equation (6.30) belongs to the
realizability domain.

Then by taking g(z,2) = f°(£), we deduce that f°(z,) > 0 which implies that /°*(2) = 7°(0)
and the proposition 12 follows. O
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6.4.3 H-theorem

To solve the minimization problem, let remember the realizability domain A defined in 5.33.
The following lemma shows the existence of a solution for the minimization problem

(gnﬂi{r]& {< exp(a.u) > —6.?}) P ,

(o4 FO
where@ =| : |and F =
ay FN

Lemma 24. The value FN*! is defined by values of (F")ico.ny. Indeed, by taking f under the

form
N
J(@) = exp (Z a,-u"] ,

i=1
and by choosing F'({) € A, the minimization problem (P) subject to the realisability constraints

A has a unique solution.

Proof. Let us introduce
J@) = min {< exp@p) > -@.F} .
a€R!

First we aim to prove the existence of solutions for the problem (P). By coercivity and convexity
of J ([20, 21, 28]), its unique minimum satisfies

J(@)=0. (6.44)
That is
F' =< flay' >,

i.e. the unique minimum of the function J realizes moments as desired.
O

One of the main result of this paper is the following theorem which proves that the system
(6.29, 6.30) is entropic.

Theoreme 25. E =< fIn f — f > [* is an entropy for the system (6.29, 6.30). More precisely,
we have
E+V.F<0,

where F is the entropic flux given by F = ¢ < (fIn f = u > .
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Proof. Equation (6.30) multiplied by @ can be rewritten into

@0, < fu> +lady < fua > & =< Capo(f) > . (6.45)
The first term of the left hand side of (6.45) can be simplified into

.0, < fu>=0, < (ua)f >-<oua)f> .
By using the definition (6.28) of f, we get
.0, < fu>=0,<logff>—-<a,f> . (6.46)

In the same way we have

(a0 < fup >= {0, < (@puf > ={. < o(apuf >,

and then
(@0, < fufi >= {0, (< log [ fuu>) = < Ludf > . (6.47)
Then, from equations (6.46) and (6.47), we obtain

atf <f10gf—f>§2d§+é‘xf §<(flogf—f)ﬂ>§2d§=f <log fONE > de .
0 0 0

and Theorem 25 follows from Proposition 10. O

6.5 Semi-discretization of the problem

In this section, the moments procedure with respect to the angle variable is applied on the semi-
discrete scheme proposed in section 6.3. This allows us to derive an entropic scheme for the
My model derived in section 6.4.

6.5.1 N-moment model for the semi-discretized Kinetic equation

Firstly, moments of f; are given by
ﬂ:{2<yiﬁ(a) >, Vie{0,N}, Vje{l,m}. (6.48)
Then the moments of f; satisfy for any i € {0, .., N}
0fi+&0.07" = 0

where /1 =< fii' > 7 and O, =< Q' > {7
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To solve this problem, we introduce the discrete realizability domain A, defined by
g
Ai=18=| ' |€ RY, such that 3 g; > 0 and ? <,u’jj~(a) >:f;
g
Vi e {0,N}, Vje{l,m}}. (6.49)
By extracting moments on equation (6.15), we obtain the N-moment discretized system as
Ofi+L0.f; = 0;, (6.50)
where 1 .
f i’ 0]
fj: ’fj: ’Qj: :@Qj>-
no 0,
Definition 4. The discrete collision operators Q;e’ ; and Qil.’ ; involved in (6.50) are respectively
given by
. Gi- l_Gi- L

Q;e,' = j+2A{.j_2 5
’ " (6.51)

0, = aufi(i= 1)/ = i+ D).

where
. oy~ 1 Fiy —F; 1 Fa-F
Gl' :é/ 1 J(é/ l,{ 1)[}70 J _ Fl, +
j+s J+3 kZ:(; J+32 Skt e+l §j+% A§j+% §k+% j+i A§k+%
& Al (6.52)
with ﬂ{j+%,{k+%) is given by (6.19) and
. 1 .
F;_+% = fo fj+%,u’du. (6.53)

Recall that £, 1 is defined in (6.20).

Remark 26. Remember that chapter 5 shows that there exists an intermediate state (f]f+ Dielo.Ny €
. 2
Ay related to (f")icio.ny expressed by

i l: k+1i —_ =
B~ A= {A51), ., @ -,
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where |
and a; an approximation of a({;). For 6 € [0, 1], f,,1 is defined by

2

1
fﬁ;:f exp (@0 + (1 - O)a;s1) 1do,
0

which can be simplified after some computations and by continuity into
exp(@;i17) — eXp(@; )
fr =

L ——— ——
2 Qjy1-M— .

if @

fﬂ% = exp(a1.1) else.

By using definition (6.13) Off;+l’ equation (6.54) can be rewritten as
2

_ Jiv1 = J
log(fj+1) — log(f))

fj+% = fi1 else.

f}+1 f f}+l¢_f}'9

(1]

(6.54)

(6.55)

Therefore the intermediate state f ., ! defined in [25] is equivalent to the entropic average (6.53).

Remark 27. From a computational point of view, an approximation of (6.53) can be obtained

through a usual quadrature formula.

6.5.2 Realizability domain

The semi-discretized problem defined by equations (6.50, 6.51) satisfy the following property.

Proposition 13. By using the semi-discretized problem (6.15, 6.17) and under assumption that

E(t = 0) € Ay, the realizability domain is conserved, i.e. ]_‘j(t) € Ay foranyt> 0.

Lemma 28. Let g; solution to
og;  Gp1= Gy

- + Qei, [ 5
ot LA !
where
= &1~ & =
Ot ZAmTag T s

(6.56)

(6.57)

(6.58)
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B, 1 is given in remark 21.

Therefore by using the continuous problem defined by equation 6.31 and under the assumption
gi/(0) € Ay, the realizability domain A, is conserved, i.e. g;(t) belongs to the realizability

domain Ay for any t > 0.
Proof. Let H be a convex positive function such as A" < 0 and defined by

—-Cx ifx<0
H(x):{o ifx>0 * >0

By multiplying equation (6.56) by ¢ 12'+  H'(g;) and integrating over ¢ and u, we get
2

OH !
f I B nyuyii= [ DGy = Gy )+
J

1
I 1 D01 QAL du
J

(6.59)

From expression (6.21) together to a shift of index, it comes that the first term of the right-hand

side of equation (6.59) can be simplified into

Alj
+ f1 Z (§j+%gj+1 - Ej—%gj)H,(gj) :
o

The second term of the right hand side of (6.60) can be rewritten as

D (Bsgi —Biig)H' () = D [(Bjy — Boy)giH ()
J

J

\[iz +1Qee(gj)H,(gj)A{f+ldu fZAﬁz L (H,(gj-%-l) H'(g)))

§j+%(gj+l - gj)H/(gj)] :

Moreover by convexity H, H satisfies

1
H(gj1) =2 H(g)) + (gj+1 _gj)H/(gj) + E(gjﬂ _gj)zH”(gj) .

Then by non-negativity of B, 1, equation (6.61) becomes

J+3
Z (Eﬁ%gﬁl - Ej—%gj)HI(gj) < Z [(§j+% - Ej—%)ng/(gj)
J J

+§j+%(H(gj+l) - H(gf))] '

(6.60)

(6.61)

(6.62)

(6.63)
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By using a shift of index, we get
D (Bsgsy — BiLig)H () < D (B — B ) )(—H(g)) + g;H'(2))) - (6.64)
J J
By construction of H, we get (-H(g;) + g;/'(g;)) = 0 and thus

Z (Eﬁ%gﬂ% - Ej—%gj)H,(gj) <0. (6.65)
J

Moreover since H’ is a non-decreasing function, the first right hand term side of (6.60) is nega-
tive. Therefore, from (6.65), we obtain the following inequality

1
fl Z{]2~+%Qee(gj)H,(gj)Aé/j+%d/J <0.
T

Besides by arguing like for proof of lemma 23, the second term of the right-hand side of equa-
tion (6.59) is negative. Indeed, integration by parts are effective in 4 which is a continuous
variable.

Then by using definition of H, lemma 28 follows. O

Let us now finish the proof of Proposition 13:

Proof. By using lemma 28 with g; = f;.), we deduce that f]o > 0. Then by arguing in the same
way, we get f; > 0. Therefore, it remains to solve

of _ G~ Oy (6.66)
ot OAG ’

with

G\ =4, ff“_ff—(B

+
VAS J+3 AL, +%) g+t
J*t3

where 4 ol and B, 41 are respectively given by (6.21) and (6.22). By arguing like for the proof
of the lemma but on equation (6.66), Proposition 13 follows. O

6.5.3 Entropic property of the scheme

Finally, this subsection is devoted to demonstrate the entropic property of the scheme. We recall
that this scheme is based on an entropic average given in (6.53).
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Theoreme 29. E = Z < filnf;—f; > {12- is an entropy for the system (6.50). More precisely,
=0
we have
0,E+V.F<0,

where F = Z G <(filnf;i— fu> 4“12. is the entropic flux.
=0
Proof. First, after multiplying equation (6.50) by a, we get
@.0,f; + (a0, f; = 4.0 -
Hence, by using the expression f;,
@;.0, <hf; > §F + a0y <puf; > § =< u0;47 > (6.67)
The first left hand side term of (6.67) can be expressed such as
;.0 < uf; >= 0, <a;puf; > -0(a;.n)f; .

which can be simplified into

;.0 <puf;>=0,<logf; f;>—<0f;> . (6.68)
In the same way, the second term of the right hand side can be rewritten into
L0 < uf; >= {0, (< log f; firt >) = < Ludsf; > (6.69)

Then, from equations (6.68) and (6.69) and the definition of f;, it comes

9 Y < filnfi—f;> CAG+0. Y & < (finf - fu> CAL =< log ;0,83 >
=0

J=0

From the dissipative property of O; given in Proposition 11, Theorem 29 follows. O

6.6 Conclusion

We have proposed firstly a model for plasma electron transport with a new consistent colli-
sion operator for the electron-electron interactions. Its definition allows mainly to conserve
fundamental properties such as the mass and energy conservation together with the entropy dis-
sipation. Next we have motivated the development of a semi-discretized scheme in the energy
variable for the new continuous model. This model still preserves fundamental properties by
using a specify entropic average. Moreover the My model derived from the new continuous
model is proved to be entropic. This My model is based on an entropy minimization principle
and an integration of the kinetic model w.r.t. the angle variable. Finally the moment extraction
on the semi-discretization model is proved to be entropic.
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6.7 Appendix A: Moment closure for the homogeneous sys-
tem for isotropic distribution function

To establish this closure we consider only the homogeneous case with the collision operator
C€€7

0 f = Cee(f, /) = eV, - f [ O@) SOV ) = f0)V f()] Y, (6.70)

VeR

where ®(u) is given in (2.8) and # = v/ — v. To simplify the moment extraction of this operator,
we will assume that the main contribution from this operator comes from the isotropic part of f.
In the remainder of this subsection, we will assume that the distribution function £ is isotropic,
iLe. f=f(M) = f(D.

We need to introduce the notation I'(v) which is the flux term given by divergence in v,

I'(v) = f . Q@) [fOIVof ) = FOIV SO V. (6.71)

The I'(v) term satisfies Ce.(f, /) = @..V, - ['(v). Moreover if the distribution function f is also
isotropic, I'(v)v is isotropic. In fact, in this case I'(v)v = g(]v]) does not depend on the direction
of vector v. If we set ¢ = |v|, and we denote by ¢ some regular test function, it comes that

0 = . (atf - a’eevv : I_‘(V)) ‘p({)d‘},
_ f 3ol O)dv + e f V,0(0) - TO)dv,
veR3 veR3

[ afe [ ranfeccsan [ @ [ rorvanac

f ) A, °p()dl + . f ) %(,0,({)47&‘(\)) v*d¢, as T(v) - v is isotropic,
0 0

[ (@~ 4rode o) -v) et

which imply that
0,10 = Ama .0, ({T () - v). (6.72)
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Now to compute I'(v) - v, let us introduce the notation £’ = V| i.e. v/ = ’Q)". From (6.71),
the term

/O (W) = fFOV, f(V)] dV

can be rewritten in spherical coordinates as

[f (¢ ')Eazf () = [ f(&)|dY L (6.73)

By symmetry of ®(u), ['(v) - v writes

I'()-v= f . D)y - [fOVS) = FO)Vy fON]dV . (6.74)

From (6.73), I['(v) - v term becomes in spherical coordinates

rov= [ [ et |10k - oacso|area . 679

By setting some scalar product as 4, = ®(u)v- v and Ag = ®(u)v - Q', (6.75) can be expressed
into
* 1
o= [f(é’)zé‘gf(é)/lv - f(é)ﬁgff(é’)Agf] dQd . (676)
0 'eSH

Since u = v -V =v—-Q', the Landau tensor ¢ can be developed into

P+ =20y Q- (vv+ QA @Y - (Y ®v+veQ))
(@2 +07 =20y Q) '

O(u) = (6.77)

From (6.77), we obtain

(2= v Q= @@ =LY

O(u)y = 5
(4“2 + 4“12 _ 24’/‘} . Q/)7

(6.78)

By using equation (6.78), the first scalar product 4, = ®(u)v - v writes

_ @2 =v-E+ I - Q- Q ) _

A, 5
({2 + é«;z _ 2{/‘} . _Q,’)i

Recall that 4 represents the cosine of that angle between the vector Q and v, such that Q-v = {u.
By using u variable, 4, can be simplified into

PR T
(&2 + 0% = 20

(6.79)
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In the same way, we get

__era -
(442 =20 0p)

The computation of the I'(v) - v term can now be completed. From (6.79) and (6.80), expression

(6.76) of the term I'(v) - v can be simplified into

Ay

(6.80)

00 +1 424412(1 _/Jz) [ ) 1 | , ] L
S 79/ = [ 500 /&) | 2rdud™dl” (6.8
(V) v ‘fo‘ \[1 (§2+§,2_2§§,ﬂ)% f({)é/ {f({) f(é/){, {f({) TT /Jé/ { ( )

with dQ" = 2ndu. As,

+1 2 12 2
£ - 4. (1 1)
du = inf( . 23],
L @ roroazgptt 30\E L

I'(v) - v can be rewritten as

=8 1 1 1 1
r)-v = f —"inf(—,—)§2§'2 [f((’)—é‘gf(é)—f(é“)—,agff(é“’)] grdr. (6.82)
0 3 ¢ £

In this case, as we have assumed that 7 is isotropic, f°(¢) = &* fsz () dQ = 42 £(0). So from
(6.72) and (6.82) it comes that

“2 (1 1\ o)1 1 N
o = wanle [ (e g oo | R a2 ) - F e (| e )

We retrieve exactly the formula for the collision operator involved by the equation on f°. We
neglect the operator Q,, for the equation on f! because we retain only the isotropic part of this
operator and /' represents the anisotropic part of the distribution function.

6.8 Appendix B: Expression of (. in spherical coordinate
(.1, )

To establish the expression of Q,; in spherical coordinate (£, i, ¢) defined by (6.89), we consider
only the homogeneous case with the collision operator C,;,

atf = i VV((D(M)VVU)) ’ (683)

where ®(u) is an orthogonal projection operator issued from the coulomb potential, acting on
the relative velocity u defined by

1

Y=

(uPld —u®u) .
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We express equation (6.83) along the coordinate system (¢, i, ¢), which describes the direction
of propagation Q as
u
Q=|+1-pPcosgp
V1 —@2sing

In this frame, the velocity v is defined as

Vi 47
v=|w|=LQ =]l -lcosyp
CAJl =2 sing

The gradient V,, f can be rewritten as

V.f = a—vaé a—fV + g—j:Vvso (6.84)

Since we have

u Al —p?cosg /1 —u?sing
Vvi D({ M, ‘,0) (D(Vx’ Vy, Vz) )_1 _ 14 —u\1-p2 cosp —u\1-p2 sing
V) POwwv) \ DE . e) ¢ ¢ ¢ ’
0 —sing cos ¢
1-u?¢ 1-u2¢
the gradient vector can be simplified as
1 —pu? 1
Vi=0, Vo= K2 and V,p = o (6.85)
1 -2
By using (6.85), (6.84) writes
0 of \J1 - 0 1
V[ = f_> f —> f —> (6.86)

= o 4“ 090\/1——{

We denote by ¥ some test function and we obtain
intz: 0, fY(v)dv = f V. (OW)V, H¥Y(v)dv .
R3

Since

f V, (DO, NP W)dy = — f DOV, £V, P (v)dv
R3 R3
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and by using the expression of the divergence term (6.86), we obtain

- L T o U1
mewwMW-fm{ L Wﬁfz)

[0_\113 AP 1 - 12 24 o1 _>)
oL o ¢ 6¢\/1—7§

which can be rewritten as

_ of \/1———> 6f 1 R 4
L} VV.((D(V)va)lP(V)dV - ‘[l@ [6/J {2 6Q0 \/1_7 2 )

[a\}u/l— 24 oY 1 _>]
ou 2 690 V1 =222

because @ is an orthogonal projection on Q (d)(v)Q =0, <I)(v)e,J e,J and e, e, = e¢). Besides

(6.87)

(e}, e, e,) is an orthonormal basis, so (6.87) writes

(6f6‘P1—2+6_f6_‘P 1 )d
ouou & ¢ op (1 -p)?

f V, (@O, NP V)dv = f (6.88)
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As dv = *ddude, (6.88) writes

fR . V, (W), HP()dy = f

Q
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Then by using integration by parts we obtain

_ [ NN
[ ve@wmronn= [ Ll 2 (-2 2

Therefore we obtain the moment closure for the electron-ion collision (6.9)

Qe af 1 af
Qer = 4’3[ (( - )@) 090(1— 2090)] (6:89)

6.9 Appendix C: Moment extraction for the electron-ion col-
lision

(1af

1 2 9 )] Y(v)dv .

In this appendix, we will show that the moment extraction for the electron-ion collision Q,; can
be written as

0,1 = urs (1= 1 = G+ 1Y) (6.90)
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We denote by ¢ some test function and we will establish the weak formulation associated with
the electron-ion collision operator Q,;

0
[ <ourwe > woae=an [ [ a5 (05 (5
HEPQydudy .

We consider here the isotropic case. So % f = 0 and the weak formulation can be rewritten by
using Green formula

00 ) 00 1 1 6
[ <oamwesvode=-eo [ [ a2
0 0 a4 ou

By using again the green formula we get

i~ W(dude .

o) 0 . 1 1
_ i 2 — Tl 2 -2 7 2 i
fo < Qi UE > WO = f 5 [(z )¢ f Sl =i 1 f lfﬂd#]
WO

So .
0L = agi (G- 1f2 =G+ 1) .

Remark 30. We can find these results back by taking moments of the definition (2.10) of the
electron-ion collision operator. We denote by  some test function and we will establish the
weak formulation associated with the electron-ion collision operator C,;

00 00 1
[ <canme > v =2ma [ [ VA0S0 P
0 0 -1

In the Cartesian coordinate system, we get

[ <curnnie > woic = au [ 51007 AW

So
fo "< CAlPWE > WL = -y fR OOV (69D
V,.[1 (V)] can be written as
Vo L)) = Vot (i) + 1 V() (6.92)
Since

1 1 1 1 1
vV.Q=V, (—v) =V, (—) v+ —VW,v = 2V Vev+ —Id
VI VI v VI v

= ﬁ(!d -QRQ) = (|v|21d vev) = O®W) (6.93)

VP
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By using (6.93), we get
Vou = V,Q, = dve, ,

and so
Vo' =i oWe, .

Therefore (6.92) can be rewritten as
Va (V)] = i~ OYes w(v) + 1 Vu (V)

and and equation (6.91) can be reformulated into
[ <cuanwe>wodc = o [ [ (TS000100%) u(hi

1 .
+ ;ﬂ’lﬁ’(lvl)Vv f(). (CD(V)Q)] dv .
Since (D(V)V = O, we get

S [ TS, @) =
Hence (6.94) gives

I, < comwe > woac = -a | [ (v 00000R) 0]
which can be simplified as

| < carme > wodc=a | v st rav.
The development of the divergence term gives

00 ‘ . N 1
f < Co N > ()AL = a f TS ()er Y, (Ww(lvl)) fdv

0 R}

ray [ VSO oy
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with S(v) =V? Id — v ®v. (6.95) can be simplified into

oo [ Bt 5150w s

f < CalNW > W) i
0

- f 2v?x”—4t/'(IVI)fdv
R3 v

v a fR i 1)S(v)cb<v)?x.?x#w(|v|)fdv.

(6.94)

(6.95)

(6.96)
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Since
QWSY) _ WO0) _ 1o

Ivf* v VP

we get
1

OMS(V)—— 1 1
VP

— —
T er.e; = Wq)(v)ex.ex =

Therefore (6.96) can be rewritten as

1
(VP =D = W(MZ — 15V .

o0 i 2iu’ w: 2
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which can be expressed in spherical coordinate by

00 ) 00 1 ) )
fo < Cal WL > YL = fo D [+ D <l > il = D <2 >
WAL .

and the expression (6.90) of Q' follows.
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CHAPTER 7

CONCLUSION AND PERSPECTIVES
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In this thesis, we have presented different mathematical approaches to modeling some im-
portant processes in Inertial Confinement Fusion.

This processes have been first described by a kinetic scheme. In this way, the time evolution
of the distribution function was given by the Maxwell-Fokker-Planck-Landau system. To solve
this system, a numerical solver developed by R. Duclous called KET'S has been improved. In-
deed, different high order schemes have been proposed. The third and fourth order schemes
are based on MUSCL schemes. Their construction and their different conservation properties
have been shown. Moreover some work on boundary conditions have been proposed for KETS .

Then, the efficiency of each schemes has been illustrated trough four different crucial pro-
cesses of ICF. First the study of the two streams instability has shown the good behavior of each
scheme and thus validates each one. Some comparison with P/C code and theoretical solution
for linear part have confirmed the accuracy of results. Moreover, comparisons between simula-
tion results have shown that the third order scheme seems to be the best compromise between
time executed by the simulation and accuracy of the numerical solution. Then the test based
on laser-plasma interaction showed the relevance of the use of such solver in well known diffi-
cult situations. Moreover the relaxation of the hot spot has presented the good behavior of the
code KETS in weakly collisional regime. The good behavior of the scheme has also been con-
firmed by some simulation presented by O.V. Batishschev. Besides in highly collisional regime,
this scheme has be shown to be well adapted and very close to physical results by using some
comparison with Braginskii theory. Nevertheless, in the four configurations of ICF, the compu-
tational time for each simulations was too much important in spite of the massive parallelization.

To reduce this computational time, another approach between the kinetic and the hydrody-
namic limits has been proposed. This model called the M, model was written by considering
the moment system with respect to the angular variable. The choice of the entropy minimiza-
tion principle for the angular closure enables us to guarantee physical properties such as the
positivity of the distribution function. The M; model under which the realizable set is invariant
has been proved to be entropic. Then a semi-discrete scheme in energy based on an entropic
average has been derived.

The numerical results obtained with this approach are in a very good agreement with phys-
ical properties. Indeed relaxation of a Maxwellian or the sum of Maxwellian have shown that
the entropy is conserved. Moreover these test case highlight the good relaxation to equilibrium
states of collisional operator. Moreover a comparison with the kinetic code KETS has shown
the accuracy of M;. The two stream instability show that M; code and kinetic code have the
same accuracy for small perturbation of beams. Moreover M, results obtained with the propa-
gation of laser beam in vacuum are very close to those obtained with the kinetic code.



Conclusion and perspectives 181

Finally the previous intermediate approach M; has been generalized to a model which uses
N moments. The My continuous approach also conserves fundamental physical properties. In
particular, the model has been proved to be entropic by the use of an entropic average. Next a
semi-discretized scheme in energy has been developed and also proved to be entropic.

To extends this model, several applications of this work can be considered. Indeed it will
be interesting to see how use the model with mobile ions. The idea is to add the ion movement
equation to the Fokker-Planck-Landau equation. Of course, the ion consideration in kinetic
code will involve a huge computational time. So it will be interesting to consider M; model with
mobile ion for a more efficient analysis. Then the forthcoming work should be to extend this
work for a plasma in the relativistic regime. There exists many high intensity laser installations
that can achieve highly relativistic intensities. Moreover these installation generate extremely
high currents of relativistic electrons in interaction with solid targets. This is why it will be
interesting to repeat the work of this thesis with relativistic electrons. The difference with the
usual Fokker-Planck-Landau equation consists in considering the momentum instead of velocity
of electrons. In ICF, the possible perspective that emerges from this work is to apply the M,
model for one of the new approach in fusion called shock ignition. The shock ignition concept
of ICF relies on the ability to launch a strong converging shock into a pre-assembled fuel. This
thesis already presents some useful tools for this application such as the Bremsstralhung Inverse
effect or the Batishchev test case. This work could naturally be extended toward explaining in
more depth energetic electron transport for shock ignition.



