Aix - Marseille University

DOCTORAL SCHOOL
SCIENCES POUR L’INGENIEUR: MECANIQUE, PHYSIQUE
MICRO & NANO-ELECTRONIQUE

PHD THESIS

to obtain the title of

PhD of Science

of the University of Aix - Marseille
Specialty : FLUID MECHANICS

Defended by
Hugo BUFFERAND

Development of a fluid code for tokamak edge plasma

simulation — Investigation on non-local transport.

Jury :

Rewviewers :

Advisors :

Eraminators :

Invited :

Thesis Advisor: Eric SERRE

prepared at M2P2-CNRS Laboratory, Marseille

defended on November 28, 2012

Detlev REITER
Ulrich STROTH

Guido CIRAOLO
Eric SERRE
Philippe GHENDRIH
Pascale HENNEQUIN
Pierre SAGAUT
Stefano LEPRI

Jiilich Forschungzentrum

Universitat Stuttgart

Institut fiir Plasmaforschung

Ecole Centrale Marseille

M2P2-CNRS (Marseille)

CEA-IRFM (St Paul 1éz Durance)

LPP - Ecole Polytechnique (Palaiseau)
Université Pierre et Marie Curie - Paris 6
Istituto dei Sistemi Complessi - CNR (Florence)






Contents

Introduction

I

11

General concepts

[.1 Charged particles trajectories and interactions . . . . . . . .. .. .. ...
[.L1.1 Particles trajectories . . . . . . . . . ... oo
[.L1.2  Coulombian interaction . . . . . . . . . ... ... ... ..

[.2  From Vlasov-Landau equation to fluid equations . . . . . . . . .. .. ...
[.2.1 Kinetic description . . . . . . . ... Lo Lo Lo
[.2.2  From kinetic to fluid equations . . . . . ... .. ... .......
[.2.3 The collision operator . . . . . . . ... ... ... ... ...
[.2.4 Chapman-Enskog fluid closures . . . . ... ... ... ... ....
[.2.5 Spitzer-Hérm and Braginskii closures . . . . . ... ... ... ...

[.3 Quasi-linear treatment of the cross-field turbulent transport . . . .. . ..
[.3.1 Rewriting continuity equation . . . . . . . .. . ... ... ... ..
[.3.2  Multiscale expansion . . . . . ... ... ... ... ... ...
[.3.3  Expression for the Poisson bracket . . . . ... ... ... .....
[.3.4  Fourier resolution of coupled mean-field /fluctuations equations . . .
[.3.5 Determining quasilinear particle lux . . . ... ... ... ... ..

[.4 Scale separation and diffusion . . . . .. .. ... ... ... L.

[.5 Plasma-wall interaction - Bohm boundary conditions . . . ... ... ...

Edge plasma simulations with the fluid code SOLEDGE2D

II.1 Motivations for SOLEDGE2D development . . . . . . .. ... ... ....

II.2 The SOLEDGE2D fluid model . . . . . ... ... ... ... ... ....
[I.2.1 Continuity equation . . . . . . . . . . ... ...
[1.2.2 Momentum equation . . . . . . . .. .. . ... ... ... .....
[1.2.3 Emnergy equations . . . . . . . .. . ... .. ... ...

II.3 Computational domain and magnetic topologies . . . . . . .. .. .. ...
I1.3.1 SOLEDGE2D coordinates . . . . . .. ... ... ... ........
I1.3.2 Multi-domain algorithm . . . . . ... ... ... ... .. .....

I1.4 Boundary conditions and penalization technique . . . . . . ... ... ...
[1.4.1 Ghost-cell boundary conditions . . . . . .. ... ... ... ....
[1.4.2 Penalization technique for plasma-wall interaction . . .. .. . ..

11
11
12
17
20
20
22
26
30
35
37
37
39
40
41
42
44
47



CONTENTS

I1.5 Tlustrative simulations in limiter and divertor configurations . . . . . . . . 69
I1.5.1 MISTRAL test case in realistic Tore Supra configuration . . . . . . 70
[I.5.2 Divertor simulations . . . . .. ... ... ... ... .. ... 72
[I.6 In practice . . . . . . . . . . . e e e 73
IIIInvestigations on heat flux closures in weakly collisional plasmas 75
II1.1 General concepts linked to weakly collisional closures . . . . . . ... ... 76
[II1.1.1 Flux limiters . . . . . . . . . . . . . . i 76
[I1.1.2 Non-local formulations . . . . . . ... ... ... ... .. ..... 79
IT1.1.3 Higher orders and kinetic models . . . . . . ... ... ... .... 79
[11.2 Stochastic 1D model for weakly collisional plasmas . . . . .. .. .. ... 79
[I1.2.1 Description of the model . . . . . . . . .. ... .. ... .. .... 80

I11.2.2 Study of the equilibrium properties: characteristic thermalization
scale . .o 81
[11.2.3 Generalized Fourier law . . . . . . . .. ... ... ... .. .... 85
[I1.2.4 Numerical evidences of memory effects . . . . . .. ... ... ... 86
I11.2.5 Spatial correlations in the nonequilibrium steady state . . . .. .. 90
[11.2.6 Discussion and heat flux expression . . . . . ... ... ... .. .. 91
[11.3 Introduction of non-local ingredients in SolEdge2D . . . . ... ... ... 91
[TI.4 Discussion on discontinuities, boundary conditions and boundary layers . . 96
IV Transport of neutrals 101
IV.1 Neutrals in plasma . . . . . .. .. .. . 101
IV.1.1 The plasma density regimes - Two-points model . . . . . . . .. .. 102
IV.1.2 Analytical solutions . . . . .. . ... ... ... ... ... ..., 105
IV.2 Implementation of a non-local fluid model for neutrals in SolEdge2D . . . . 108
I[V.2.1 The fluid model equations . . . . .. .. ... ... ... ...... 109
IV.3 Implementation of neutrals with the Monte-Carlo code Eirene . . . . . .. 113
IV.3.1 A quick introduction to EIRENE . . . . . . . ... ... ... .... 113
IV.3.2 Numerical aspects on the coupling . . . ... ... ... .. .... 115
IV.3.3 Example of main chamber recycling investigation . . . .. ... .. 118
V Transition from subsonic to supersonic regimes in the SOL 121
V.1 Geometry driven transition . . . . . . . . . . ..o 122
V.1.1 Supersonic transition in divertor configuration . . . . . . . . . . .. 122
V.1.2 Supersonic transition in limiter configuration . . . . . . . . . . . .. 123
V.2 Theoretical model for supersonic transition . . . . . . .. ... ... .. .. 123
V.2.1 The effect of neutrals . . . . . .. ..o 126
V.3 Temperature driven transitions . . . . . .. . . ... ... ... ...... 126
V.4 Magnetic field driven transitions . . . . . . . ... ..o 127
Conclusions 129




CONTENTS

Bibliography 133
List of Figures 141
List of Tables 145
A Complementary notes on collisions 147
A.1 Fokker-Planck expression for collisional term . . . . . .. ... ... ... 147

B Numerical scheme 149
B.1 Spatial discretization . . . . . . . . ... ... 149
B.1.1 Advection terms . . . . . . . ... ... 149

B.1.2 Diffusion terms . . . . . .. ... 153

B.2 Time discretization . . . . . . . . . ... 154

C Metric coefficients in SOLEDGE2D 157
C.1 Covariant and contraviant base . . . . . . . ... .. ... 157
C.2 Curvilinear coordinates in 2D . . . . . . . . .. ... ... ... 157
C.3 Gradient . . . . . . . . 158
C.4 Divergence . . . . . . . . 159
C.4.1 Divergence of a magnetic field aligned vector . . . . . . . ... ... 159

C.4.2 Perpendicular terms . . . . . .. .. ... Lo 160

C.4.3 General expression for magnetic fields aligned terms . . . . . . . .. 162

C.5 Continuity equation . . . . . . . . . ..o 162
C.5.1 Using the metric . . . . . .. ... ... 162

C.5.2 Non-Dimensionalized equation . . . . . . . .. .. ... .. ..... 163

C.6 Momentum equation . . . . . . . . . . . .. . .. 164
C.6.1 Using the metric . . . . . . . ... ... o 164

C.6.2 Non-Dimensionalized equation . . . . . . ... ... ... ...... 165

C.7 Temperature equation . . . . . . . . . . . . e 166
C.7.1 Using the metric . . . . . . . ... ... 166

C.7.2 Non-Dimensionalized equation . . . . . . ... .. ... ... .... 167

D One-dimensional particle model for heat flux analysis 171
D.1 Introduction . . . . . . . . . . . e 171
D.2 Models with constant particle velocity . . . . . . ... ... ... ... .. 172
D.3 Models with non-constant velocity . . . . . ... ... ... ... ... .. 176
D.4 Models with two velocity classes . . . . . . ... ... .. L. 179
D.5 Conclusions . . . . . . . . 180




CONTENTS




Introduction

The fusion reactions between light atoms are known for being the energy source of stars.
An important research effort is now carried out to control and reproduce these reactions
on earth. After decades of research programs and the construction of several devoted
experimental reactors, the international ITER program represents a new promising step
for operating the reactor as a fusion power plant. In that perspective, fusion reactions
must produce more power than is supplied to heat the plasma. ITER must also prove
that a fusion reactor can operate almost continuously using long and repeated discharges.
In a farther future, the DEMO project will investigate ways to build a cost-effective fusion
reactor prototype.

The fusion reactions take place in a plasma, a state of matter that can be described
by a fully or partially ionized gas. Fusion reactions occur when enough energy is provided
to atom nuclei to overcome the Coulombian barrier that tends to repeal them from each
other. It is necessary to confine the particles long enough in the hot core region to obtain
a sufficiently high interaction rate and a sustainable fusion reaction. This constraint is
expressed by the so called Lawson criterion [1]. This is the principle of the magnetic
confinement. The most favorable reaction is the Deuterium-Tritium reaction for which
fusion occurs at the smallest temperature. However, the temperature required in this case
still reaches 10 keV that is about 10® K. Moreover, in order to keep this very hot plasma
far from the reactor chamber walls, magnetic fields are used to control charged particles
trajectories and prevent them from impacting the solid materials.

Charged particles tend to follow magnetic field lines. A strong anistropy develops
when a magnetic field is applied to a plasma and the flows parallel to the magnetic field
are much larger than the cross-field ones. In particular, if the magnetic configuration
is such that the magnetic field lines do not intercept the reactor chamber walls, the
plasma particles evolving on these field lines should be “confined”. The most common
magnetic configuration implemented nowadays is the tokamak configuration. In tokamaks
an helicoidal magnetic field is generated by the combined effects of external coils and
induced current in the plasma itself. This magnetic configuration can be represented by
nested tori flux surfaces on which the magnetic field lines spin around 1.

At some point on the edge of the confined plasma region, the magnetic field lines
necessarily intercept the solid. This plasma region where the magnetic field lines are
“open” is called scrape-off layer (SOL). The last closed flux surface (LCFS) constitutes
the interface between the confined plasma and the SOL. Different magnetic geometries
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Figure 1: Tokamak configuration and toroidal coordinates definition. (p,0,1) denote the
toroidal, poloidal angles and the surface label, respectively.

are implemented to control plasma-wall interaction. In the limiter configuration (see
Figure 2,a), a protruding solid element intercepts the nested tori flux surfaces, opening
the field lines. This element directly faces the confined plasma and must be designed to
hold large heat fluxes. In the divertor configuration (see Figure 2,b), a dedicated coil
creates a poloidal magnetic field in order to cancel the poloidal magnetic field generated
by the plasma current. The magnetic field is zero at the X-point and the LCFS has a
8-shape. In this configuration, the open magnetic field lines intercept the solid in a region
called the divertor region which is not directly in contact with the confined plasma. This
configuration is thus meant to improve plasma confinement.

b.

LCFS

Core plasma Core plasma

Separatrix

Scrape-off layer
Scrape-off layer

Divertor targets Private flux region

Figure 2: Different edge plasma configurations: a. Limiter configuration. b. Divertor
configuration

The edge plasma is defined as the region including the scrape-off layer and the external
core plasma touching the LCFS. This region is thus located at the transition between
closed and open field line plasmas and governs the plasma-surface interactions. The edge
plasma is also known to play a major role in plasma confinement since transport barriers
may spontaneously arise near the LCFS. In particular, a high confinement mode (H-mode)
characterized by a temperature and density pedestal localized at the LCFES is observed for
high power. This phenomenon initially observed in divertor configuration [2] has also been
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Figure 3: Radial profiles of (a) electron temperature from core plasma Thomson scattering
data (triangles and z-symbols), and electron cyclotron emission (ECE, horizontal bars),
(b) ion temperature from CHERS, and (c) electron density from core plasma Thomson
scattering in L-mode (875 ms, dashed line) and H-mode (1150 ms, solid line). Figure

from [1]

reported for limiter cases [3| and is thus quite generic. Density and temperature profiles
before and after H-mode transition on DIII-D are plotted on Figure 3. The mechanisms
at the origin of these barriers are still matter of debate.

In the early days of tokamak physics, the impact of the edge plasma on the core high
temperature plasma has been quite underestimated. The main focus was on optimizing
core plasma performances. The importance of the edge physics on the plasma confinement
has slowly imposed and despite the many efforts made to decouple the edge plasma from
the core, the ITER performances are now considered to be also controlled by the edge
region. Several mechanisms can play a role in the core-edge coupling such as impurity
contamination from the walls or flow shear near the separatrix. These effects can be dele-
terious (cooling effect due to radiation of impurities) or positive (creation of transport
barriers). The high complexity of edge plasma physics requires resorting to numerical
simulations. The great challenge of edge plasma numerical modeling is to qualitatively re-
produce the transport properties observed from experiments and quantitatively estimate
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particle and energy fluxes flowing in the tokamak plasma. In particular, in the scope of
ITER design, a special care is taken to understand the properties of the divertor con-
figuration. Indeed, the divertor must be optimized to control the energy flux impacting
the materials, reduce the amount of impurities in the confined plasma, enable an efficient
pumping of the Helium ashes. For all these phenomenons, the geometry of the divertor
and plasma facing components plays a major role and despite an important effort for
decades, simulating the whole tokamak edge plasma in realistic conditions remains an
open problem. In this context, several codes based on fluid modeling have been devel-
oped in the fusion community such as EDGE2D, B2-EIRENE, BOUT, etc... In France,
the devoted program ESPOIR funded by the French Research National Agency (ANR)
aims at developing a 3D electrostatic fluid code to simulate edge plasma in realistic ge-
ometry. This project gathers the effort from plasma physics (CEA-IRFM, PIIM), applied
mathematics (LATP) and high performance computing (M2P2, INRIA) laboratories.

This thesis works has been achieved in this perspective, at the interface between plasma
physics and computational fluid dynamics. This work focuses on the full development of a
fluid code, SOLEDGE2D (Chapter II), that must provide solutions for particle and energy
transport in the edge plasma within complex and realistic 2D geometries. A penalization
technique (Chapter II) has been developed to model plasma-wall interaction in very flex-
ible geometries such as to treat realistic PFCs. In addition, the plasma code has been
coupled with the Monte-Carlo neutral code EIRENE that implements the complex dy-
namic and chemistry of neutrals within the plasma (Chapter IV). This dedicated effort to
properly describe the entire solid surface interacting with the plasma makes SOLEDGE2D
an efficient tool to investigate crucial problematics as main chamber recycling, impurity
migration in the tokamak vessel and divertor efficiency to control plasma wall interaction.
The problematic of flow patterns in the edge plasma is also addressed. SOLEDGE2D
simulations have for instance highlighted a broad range of plasma configurations where
supersonic flows appear in the quasineutral plasma (Chapter V). In the divertor topology,
the role of neutrals to prevent or trigger these transitions has been studied in details.

An issue tackled in this manuscript is the theoretical limit of the fluid description
when it is applied to edge plasma modeling (Chapters III and IV). Many typical scales
and processes involve in edge plasma description. The length of the magnetic field line
L), proportional to the physical size of the machine (major radius of the tokamak Ry) is
associated with the parallel transport. The Larmor radius py, associated with the gyromo-
tion of charged particles in a magnetic field is the typical length associated with classical
cross-field transport. The particle mean free path A. is associated to thermalization pro-
cess due to Coulombian collisions between plasma particles. Finally, the Debye length
Ap is associated to charge separation effects. In particular, charge separation occurs near
the walls where electrostatic sheath develops. In the case we consider in tokamaks, the
ordering differs between “hot” plasmas (core region) and “cold” plasmas (SOL) as

Hot plasma: Ap L pr < L < A (1)
Cold plasma: Ap L pp~ A L Ly
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The fluid approach being relevant for scales much greater than the collisional mean free
path (Chapter I), Equation 1 shows that the fluid approach is only valid for cold plasma
(Ae/L < 1). The edge plasma is at the transition between cold and hot plasmas and
could thus be accurately simulated with a full kinetic code. However, such approach
remains numerically prohibitive (in particular, due to the requirement of modeling the
fast electrons dynamic in the edge) making the fluid modeling more affordable even if
not completely appropriate. Some corrections and dedicated fluid closures are proposed
(Chapter III) to take the effect of weak collisionality into account. In that perspective,
a dedicated work has been achieved in collaboration with statistic physicists at the CNR
and at the University of Florence (Italy) to develop a 1D stochastic model taking into
account collisionality in heat transfer properties. Non-local formulations for heat flux
have been expressed with a generalized Fourier law, taken into account spatio-temporal
memory effects with a long-range collision kernel.

Beforehand, some theoretical backgrounds used to derive SOLEDGE2D equations and
boundary conditions are summed in Chapter I.
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Chapter 1

(General concepts

Content

Some insights related to plasma physics are reported in this chapter.
A special attention is devoted to the fluid model implemented in the
edge plasma code SOLEDGE2D. The fluid model is derived and it is
discussed in the limits of fluid closures. The reader is advised to
report to the abundant literature on the subject [5, 6, 7, 8] to get
more details.

This chapter starts with the description of charged particle motion. In Section I1.1.1,
the particle trajectory in an electro-magnetic field is computed. Section [.1.2 then de-
scribes the Coulombian collision/interaction between two charged particles. From the
single particle description, the kinetic description and then to the fluid description are
subsequently deduced. The fluid closures are discussed as regard to the collision prop-
erties exhibited for the Coulombian interaction in Section 1.2.4. One also presents how
transport associated to rapid fluctuations can be described in a diffusive way. This part
justifies the model adopted all along this manuscript to treat plasma turbulent trans-
port. Finally (Section 1.5), some basic notions on sheath properties at the plasma-surface
interaction are presented.

I.1 Charged particles trajectories and interactions

When an electromagnetic field is applied to an ionized gas, the charged particles evolution
is driven by two independent forces due to external electromagnetic fields, the Lorentz
force, and to the many electrostatic interactions among the particles themselves and de-
scribed by Coulombian collisions.

11



I. General concepts

I.1.1 Particles trajectories

Let us consider an orthonormal direct frame (€,,€,,€,). At a time ¢, the particle is
characterized by its position Z, velocity v, mass m and charge q.

a) Magnetic confinement

The transport of charged particle in presence of an electric E and magnetic field B can
be described by the Lorentz equation

ov S L Bo
mo = q{E(x,t) + U X B(:v,t)} (L.1)

One has Fp = qU X B. Due to Relation [.2, the force induced by F'z does not work. Hence,
magnetic field cannot be used to increase particle kinetic energy.

Wg=Fp-0=q[t,B,7 =0 (1.2)

The effect of magnetic field in the plane perpendicular to B is now considered. As-
suming the magnetic field homogeneous B = Be,, Lorentz equation becomes

dv -
md—: = qux B
g [ v Uy 0 Uy
m% Uy = ql| v, | X 0 =qgB | —v,
vz v, B 0

The magnetic field B has no effect on the parallel velocity since dv,/dt = 0. For the
perpendicular velocity, the following linear system of coupled equations is considered:

dv, qB
= —uv
dt m 7
(1.3)
dv, qB
— — __rvm
dt m
The cyclotronic frequency w, is defined as
we. = qB/m (L4)

Reporting the second equation in the first one yields the ordinary differential equation

d?v,

7 + w?v, = 0 (L.5)

This equation admits solutions of the general form v, = vysin(w.t + ). Integrating the
equation for v, one obtains v, = vy cos(w.t+¢). With such velocities, the particle motion

12



L1. Charged particles trajectories and interactions

is decribed by an helicoidal trajectory spining around the magnetic field lines (see Figure
I.1) that is to say:

= —ppcos(wet + ©)
y = prsin(w.t + ) (1.6)
z = Ut

with p; = vg/w,. the Larmor radius. If T" denotes the characteristic temperature such
that the average velocity vy in the perpendicular plane is given by vy = \/2kgT/m, the
Larmor radius expression becomes

2]{,’BT 1 vV 2kBTm
m W qB
XA

Figure I.1: Gyromotion: schematic representation of helicoidal trajectory along a magnetic

field line.

When charged particles are placed in a magnetic field, they tend to follow magnetic
field lines. In order to keep charged particles in a specific volume, closed field lines or
more generally closed magnetic surfaces are used. This is the basic principle of magnetic
confinement. The magnetic field strength must compensate the thermodynamic pressure
that leads to plasma expansion. A major tokamak parameter called [ expresses this
balance between magnetic pressure that confines plasma and thermodynamic pressure
that leads to “deconfinement”.

p p
pr— pu— I.8
ﬁ pmag. BZ/Q,UO ( )

For the plasma to be confined, § < 1 is required. In practice, stable plasma are obtained
with § =~ 0.1. One understands that if reducing [ increases confinement but it also
increases the cost since increasing B requires higher currents. An optimal value ensuring
good confinement properties for a reasonable cost may be found.

If B is not homogeneous, Equation I.1 does not admit generally integrable solution.
However, for strong magnetized system, a perturbative treatment can be used that allows

13



I. General concepts

to split the motion into a fast cyclotronic motion (motion described above in an homoge-
neous magnetic field) and drifts due to fields inhomogeneities. This treatment known as
the adiabatic theory is valid as long as

- -1
VB
Adiabatic theory: pr K (H—B’H> (1.9)

and as long as the variations of magnetic and electric fields occur on a longer time scale
as the gyromotion.

b) Drift velocities

One decomposes any quantity ¢ = {7, B, E} as ¢ = (¢) + @ with (@) = 0. The averaging
operator (-) is defined as the average over the gyromotion. Equation 1.1 leads to:

;(( >+U>ZQ{<E>+E—I—((U>+6>x<<§)+é>} (L.10)

Averaging Equation 1.10 leads to,

m%0 g L)+ ) < (By+ (5 x B)) (L1)

and substracting 1.11 from 1.10, we obtain the following equation for the fluctuations:

8”0

m = {E+f) x (B) + (0) x B+ x B— (0 B>} (L.12)

Following the adiabatic theory, the fluctuating velocity is assumed to be given by the
cyclotronic motion equation detailed in the above paragraph a). Hence, Equation 1.12
finally simplifies to

m% - {@ x <§>} (L13)
This gyromotion equation is associated to the Larmor radius p; given by Equation L.7.
The information about the fast gyromotion is now reported into the average motion. In
Equation .11, the term (o x B) has to be evaluated. In particular, the fluctuations of B

during the gyromotion® are evaluated using B = (77, - V)(B). One has thus, according to
Equation 1.6,

(5 x B) = <<pwac> (7 V)(B))
V(B

- (761 98) 5 (-t 981) )

= <pkppakawzez wjpkﬁk ]pzez>

!The gymotion is described here as a rotation of radius py, around the gyrocenter. The details on how
the gyrocenter is defined are not detailed in this manuscript

14



L1. Charged particles trajectories and interactions

Since 1, = pr(cos ¢.€; + sin¢.€;), it follows that (p;p;) = 1p?8;; if both indeces i and j
correspond to transverse directions, (p;p;) = 0 otherwise. For convenience, brackets will
be suppressed in the followings. The parallel and perpendicular projections are made with
respect to the vector b = (B)/(B). Hence (0 x B) simplifies to:

. 1 .

(5 B) = phw. (E(vl B) - mB)

Since V- B = 0, one has V., B, = —V B = =V, B. Finally, one has

. 1 . .
(0 x B) = —5piw.VB = —%VB (1.14)

with the magnetic moment p = 1¢||7 x ¥ = Jqw.p?. Equation .11 becomes :

m% =q (E + (V) x E) — uVB (I.15)

Projecting 1.15 onto the transverse plane yields

d(vyb)

m
| dt

dv,
m ——
dt

—q (EL i E) —uV.B (.16)

At first order, the first term in the LF'S is neglected. For the second term,

dU” dg 9 -
) ZﬂﬂL Vig = vivib

Multiplying Equation 1.16 by x B to get U,

d(v)b)
dt

(muﬁv”E) x B=gq <E x B + B2(U||l;— 27)> — uVBx B (1.17)
Finally
. ExB B = g 7
U= 7 + B2 X [uVB + mUHVHb] (I.18)

The first contribution 75 = E x Bﬁ/B2 called the electric or “E cross B” drift does not
depend on the particle species. Consequently, it does not produce any current. The second
contribution is a combination of so-called grad-B and curvature drifts. This velocity is
mostly vertical in tokamaks and produces charge separation, electrons and ions drifting
in opposite directions. This equation can be simplified in the low 3 limit. Indeed,

Vi = b-Vi—

15



I. General concepts

Maxwell-Ampére law VxB= ,uoj' and MHD equilibrium j x B= 6}9 are used to obtain
the relation

—(Vx B)x B/B*>= —— ~-Vj3

Vb —

Equation .18 is rewritten as

—

V) =

E_1 X é /J/B + mvﬁ — — mUH - —
B x VB BxV 1.19
Bz * qB? - " quoB* VP (1.19)

where the last term is negligible in the low-( limit.

Concerning the parallel dynamic, projecting Equation [.15 onto the parallel direction
yields

d(v”g) - di_)l - =
m—— b+ m—= b=qky —uVB (1.20)

The first term of the LHS reduces to mdv)/dt while the second gives

In the low-8 limit, 7, x (VB x b) reduces to 75 x (VB x b). Hence,

U”{V”ﬁl}-g = %{ﬁEx(ﬁBxg)—@xuof}-g
= U {(15e7) 98— (e )} Fw - L

The last term in the RHS being proportional to (3, it can be neglected and the final
equation for v is given by

dy) .
m% = qE) — pV B+ muy g -

VB

~ (1.21)

This equation highlights the driven mechanisms of a single particle motion along the
magnetic field line. In particular:

16



L1. Charged particles trajectories and interactions

e Electric field with a non zero parallel component. This term can be used to generate
plasma current.

e Parallel gradient of magnetic field. Due to the 1/R structure of the magnetic field,
this term generates particle bouncing and so-called banana orbits.

1.1.2 Coulombian interaction

This section is devoted to derive major characteristics of the Coulombian interaction such
as collision time and particle mean free path.

The Coulombian interaction between two particles of charge ¢; and ¢s is given by the
inverse square force

(1.22)

Figure 1.2: Scheme of the Coulombian interaction between two particles of mass and
charge (my, q1) and (ma, g2).

problem is a “classic” of mechanics. In recall here the major properties of the particle
motions. The two particles follow hyperbolic trajectories that lie in the same plane. If v
and ¢, denotes particles velocity before interacting, one may compute the velocities ¢, and
U4 after interacting. This analysis is performed in the center of mass frame represented on
Figure [.3. In particular, the impact parameter b is defined as a function of (¥, Z, Uy, ¥).

(FX 1712) X 1712

2

b=r1-¢€¢ = T-

7?- (1712 . 7:)1712 — U%2F

b(Z. Ty, Uy, U =
(o fe T 7~ Bl — P

This geometrical parameter determines the intensity of the collision between the two
bodies. More precisely the deviation angle x is linked to the impact factor by the following
relation taken from [5, Section 2.8].

tan (X> =—— (1.23)

17



I. General concepts

= - ]\/22<77L2,(]2,/U2)
/

Figure I1.3: Scheme of two particles colliding in the relative frame. b denotes the impact
factor and x denotes the deviation angle.

where by denotes the impact factor below which the deviation is greater than 90 degrees.

q192 . mims
by = ——5 th = — [.24
O dme2?, s — (124)

So far, the problem has been treated in the plane containing the particle trajectories.

Figure 1.4: Scheme of the interaction cross section oy for deflection angle x = 90°. The
collision process is azisymmetric and € s an angle introduced around the symmetry azis.

The 3D problem is axisymmetic and the angle € is introduced to complete the description

18



L1. Charged particles trajectories and interactions

(Figure 1.4). The Coulombian interaction cross section o for large deflection (more that
90 degree) is defined as (one assumes m; = my and ¢ = ¢o):

4
q . [
o9 =T = ——— with E=—-mv [.25

07 T T q6relen 2 12 (1.25)
The particle velocity after collision can now be computed. If o7, denotes the velocity of
particle 1 in the relative frame before collision, the velocity after collision is expressed by
7, = R, - 71, where R, denotes the rotation around €, of angle x. More generally (7
denotes the velocity of center of mass)

—f . — —
v = Vg T+ U,

= Ug+ Ry (U —Ug)
mﬂ_fl + m2172
= (1-R,) MO

R, 7 1.26
my + my TR (1.26)

The same expression exists for 0. Given #; and ¥ or b and €, a given couple (77, ¥)
is associated to a unique couple (¢7,7). C denotes the bijective relation linking the
velocities before and after the collision. This bijection contains the characteristics of the
Coulombian interaction between two particles.

To go further, let us consider the decrement of velocity for particle of type 1 in the
relative frame. @y, is originally aligned with €,. After colliding, the velocity ¥} has a
component along €, and a component along €. If one sums collision events over the impact
parameter b, due to symmetry, the average component (7} - é,) = 0. Concerning the -
direction, the variation of velocity is evaluated during time 0t (the volume of interacting

particles is represented on Figure 1.5. n denotes particle density)

ledt

Ty, - €y) = (/ vy, (1 — cos X)27rbdb) X NV, garOt
0

> 2tan’(x/2)
_ 2
= nvl*5t7r/0 Vi tan?(y/2) 2bdb

m_, V. 2 - ng
v = nvl*étﬂ/o Ul*m2bdb

= 2mno 6thy[In(b* + b3)]°

Figure 1.5: Elementary volume of particles that interacts during time 6t with the particle
of velocity vy and with the impact factor b.

The integral diverges when b — oo so a cut-off value for b must be found. The Debye
length is used as upper integrating bound since it is the characteristic length for which
Coulombian interaction is shielded. Hence,

0(71, - €x)

A 2
TR 2mnoi by In (1 + {—D} ) = 2nogv;, In A (1.27)

bo

19



I. General concepts

From this expression, the characteristic collision time is defined as the time required to
cancel the initial parallel velocity,
U1 1

: (1.28)

0(T, - &) 2noguy, InA

Te =

Likewise, one defines the collision mean free path as \. = vy, - 7,

1

c = - :[-2
2noyIn A (1:29)

In Equation 1.25, o is proven to be inversely proportional to the square of particle energy
in the relative frame. This energy can be linked to plasma temperature using & ~ 3/2kgT.
Hence, the following dependences for mean free path and collision time are obtained:

T2 T3/2
Ae X — and Te X
n

(1.30)

I.2 From Vlasov-Landau equation to fluid equations

I.2.1 Kinetic description

The most intuitive description of the plasma consists in monitoring the position and veloc-
ity of each ion and electron constituing the plasma. The plasma dynamic can be computed
by following every particle trajectory using Lorentz Equation I.1. This microscopic de-
scription can be linked to Klimontovitch description of the plasma [8] where one defines a
distibution function describing the microscopic evolution of all the particles in the phase
space. However, it is obviously not affordable here for any computing device; for each
cube-meter of typical tokamak plasma, more than 10%° particles should be considered as
well as the interactions between every particles that is to say 10%° interactions.

A statistic treatment is thus required and constitutes the kinetic description of the
plasma. Indeed, if a plasma particle is described at any time ¢ by its position Z and its
velocity ¥, it is possible to define the probability density function (p.d.f.) of the particle
f(Z,0,t) such as f(Z, v,t)d>Zd>0 is the average number of particles in the small volume
d*% about ¥ and with a velocity within the small volume d*v about ¥ in the velocity
space. The p.d.f. description is based on averaging over several statistical realisations of
microscopical states. As any theory based on stochastic averages, it is relevant if statistical
fluctuations about the average are small.

In order to study the evolution of the p.d.f. in time, one establishes the conservation
equation

of

ot

where V represents the velocity in the phase space. Besides, since V-V =0in the phase

+V-(fV)=0 (1.31)
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1.2. From Vlasov-Landau equation to fluid equations

space, Equation .31 can be rewritten

of

SV V=0 (1.32)

Distinguishing physical space and velocity space, one obtains Boltzmann Equation:

of |

8t T-Vof+a-Vof =0 (1.33)

where ¢ denotes velocity in physical space and @ denotes particle acceleration. For a
charged particle, this acceleration is given by the Lorentz force. However, one must re-
member that the kinetic description is based on an averaging process over the microscopic
states. Hence, the effect of the “mean” electric and magnetic field and the effect of electric
and magnetic field on the microscopic states must be distinguished. The latter contri-
bution is often refered to collision contribution since even if there is no actual collision
between plasma particles, the overall effect of several microscopic interactions between
charged particles shows ressemblance with the friction-diffusion process characteristic of
the average motion of particles interacting through elastic collisions. The resulting equa-
tion is refered to as Vlasov-Landau equation

g{ﬂ Vol +— <E+ x B)-V,f = <g{) (1.34)
where (0f/0t). denotes the effect of “collisions”. The work of Landau to express this
term can be found in the literature |9]. This term results in a friction-diffusion in the
velocity space and is the dominant term for high density and low temperature plasmas
(typically Edge plasmas). On the contrary, for hot plasmas (typically in tokamak core
region), this term becomes second-order and Vlasov-Landau equation may be simplified
to Vlasov equation

ST vxf+%(ﬁ+ﬁx§)-ﬁ,f=0 (1.35)

For cold plasma, the collisional term is the dominant one and Vlasov-Landau Equation

(%)c —0 (1.36)

The solution of this equation is the well-known Maxwellian distribution. A perturbative
treatment around this equilibrium distribution is then performed leading to the fluid
approach. This work is addressed in the following paragraphs about fluid equations and

reduces to

fluid closures.
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I. General concepts

1.2.2 From kinetic to fluid equations

From the kinetic equation, it is possible to derive equations for any moment of the distri-
bution function f. The moment of order k is defined as

M () = / o f (&, T)dv (1.37)

, koo
where 7% = @;_, v.

One starts with Vlasov-Landau equation

o F oo (o
_+U.fo+a.vvf_(a>c (1.38)

where F denotes Lorentz force F' = q(E+17>< E) Several approaches have been developped
to express the collisional part of the equation. Multiplying by #* and integrating Equation
1.38 over v, one obtains:

Of 4 . - S e g E = ko= OfF\ ;-
b 8tv dv—l—/vv{v sz}v dv—i—/v{m va}v dv—/vv Bt Cv dv

that is developped as

% (/V fU’“dU) +/VU {% - (@f) —%}Mﬁ

The term V, - ¥ cancels out since variables are independent. The divergence of the lorentz
force in the velocity space simplifies as

= ﬁ 1 = — —
V- (—) — —V,-q(E+7x D)
m m
= gﬁy- (Ux é) for ¢ and E do not depend on @
m
= g(é-ﬁvxﬁ—ﬁ-ﬁvx§>
m
=0 for B does not depend on v and V, x v =0
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1.2. From Vlasov-Landau equation to fluid equations

Going back to moment equation,
0 > -
&(/ kadU)Jr/ {Vx-(fﬁk“)— U zﬁ}dﬁ
V’U v
~+/ {ﬁv- <f£®17’“> — (f£-6v> ®17k}d17 = / (a—f> i di
; m m L \ 0t J

Then, using V, ® % = kIl @ 7% 1,

- F
9 </ fﬁkdﬁ) + Vg - fz?’““dUJrW
ot \Jy, Ve v, M

—/ ka®Uk‘1dU = / (a—f) v
y T v, \ Ot ) ¢

fv* vanishes on the velocity space boundary assuming f has a strong decay when ||7]|
tends to infinity. This property is verified for the Maxwelian distribution for which f ~
exp(—||7]|*) has a stronger decay than any power law. Finally, the moment equation
yields:

—

F
® My, =Cy, (1.39)

m

oM -
at’“wx-Mkﬂ—k:

Since the differential operators only apply in the physical space the notation ﬁx is replaced
by V. The contribution linked to collisions is denoted Cj and is defined by Equation 1.40.

_ Of\
Ck_/vv(at)cv dv (1.40)

Usually, the fluid approach considers moments up to the second order. The moment
of order 0 gives continuity equation, the moment of order 1 gives velocity equation and
the moment of order 2 gives the pressure or energy equation. It must be noticed that
the k'*-order moment equation contains divergence of the (k + 1)-order moment. In the

equation of the 2"-order moment, it is thus necessary to find a closure relation to express
the moment of order 3 (heat flux) as a function of lower order moments. This closure
relation often relies on small perturbation treatment around equilibrium and is discussed
with more details in section [.2.4.

a) Continuity equation

The density n is defined as moment of order 0 and the fluid velocity « as moment of order
1:
1
n=M,;,= f(@)dv ; U= My = —/ Uf(V)dv (1.41)
Vy

n n
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I. General concepts

From Equation .39, the following equation for density is obtained:

on

o+ V - ni = Cy (1.42)
The collisions do not create or destroy particles, hence Cy = 0. Continuity Equation finally
becomes:

on -

a—?+v-nﬁ=0 (1.43)

b) Momentum equation

The equation for the moment of order 1 that is the particle flux I' = nu is now derived.
This equation contains the second order moment M. The latter is developped as:

My = /ﬁ@ﬁf(ﬁ)dﬁ

11
Moy = ni®ud+ — (1.44)
m
where ' denotes the perturbation from the fluid velocity u, v = ¢ — 4. The pressure
tensor IT is defined as
II=m | (V—u)® (¥—u)f0)dv (1.45)
Vu
The isotropic pressure p is given by p = Tr(IT)/3 such that IT = pl + E with Tr(E) = 0.
Also, since Coulombian interaction is an elastic process, it conserves particle momentum
in average, hence C; = 0. Using Equation .39, the following equation is obtained for fluid
velocity:

a 7] = ]._.[ ﬁ —
ﬂ+v'(nﬁ®ﬁ+—>—n—zo (1.46)
ot m m

The expression for IT is discussed in the section about closures 1.2.4.

c) Energy equation

The total energy FE, of the fluid is defined as the integral of the kinetic energy of all
particles. The total energy is thus given by the relation:

1
Ei= | Smi-of(0)dv (1.47)
Vu
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1.2. From Vlasov-Landau equation to fluid equations

The definition of total energy is linked to the second moment using ¢ - v = Tr (J ® v).
One obtains

1
E, = EmTr(Mg)

= —-mIrlt®u+ —
2 m

1 1
— Zm@-d+4-Tr(pl+E
5 u+2r(p+ )

1 3
E, = Emu2+§p (1.48)

The total energy is then splitted into:
e the fluid kinetic energy E, = Lmu?
e the internal energy U = %p

Using Equation .39, the following equation for total energy is obtained

OE, 1 ) L
i gmr (v - Mg) —ni-F =0 (1.49)

with

Ms = /173f(17)d17—/ (@ +T) f(ii + 0)dT
2 Vi

I I |

= nURUIRU) +uU®—

m

--+/ 17’®ﬁ®17’f(ﬁ+17’)d17’+/ F o @ (G + )T
Vv’ Vv’

The divergence is developped using

Tr (6 ARL® E') = Tr(0;a;bjck)
= &aibjcj

- V. (az? : 5) (L50)

yielding

- - - Tr(TI - II 2
Tr(V-./\/lg) = V‘(anﬁ)+V-( i )ﬁ)+2v-<ﬁ‘—)+av-§ (I.51)
with heat flux vector defined as

1
7= gm / |7 — @2 — @) (5)d7 (152)
\Z8




I. General concepts

The heat flux ¢ that is a third order moment will be expressed as a function of lower
order moments in the next section about fluid closures. Finally, the following transport
equation is obtained for total energy where one identifies advection of energy, work of
external forces and work of pressure forces.

E o —d = —
%+V~(Etﬁ)JrV«(ﬁ-H)JrV-(T—nU'F:@ (1.53)

The kinetic energy equation is obtained by multiplying velocity equation (1.46) by m:

T — H —
mﬁ~%+mﬁ-v-(nﬁ®ﬁ+—>—nﬁ-F = 0
ot m
aEc =, — — - 3
5 +V-(Ba)+a-V-Il—ni-F = 0 (1.54)

Substracting Equation .54 from Equation 1.53 yields the Equation for internal energy:

U - - -
§+V~(Uﬁ)+H:(V®ﬁ)+v-cj:cg (L55)

1.2.3 The collision operator

In the above equations, the tensor pressure I, the heat flux ¢ and the contribution Cc can
be expressed from collisions properties. The algebra presented in this paragraph is inspired
by the work made by Chapman, Enskog and Cowling summarized in the Reference [7]. The
reader is invited to report to the bibliography for further information. More succinctly,
this section presents the general path that makes possible to obtain a fluid closure using
a perturbative treatment of the kinetic equation. A special care is taken to highlight the
limits of this method.

The first step is to provide an appropriate statistical description of the Coulombian
interactions that act among the particles. As described in section 1.1.2, the many Coulom-
bian interactions can be described as elastic collisions.

In that perspective, the collision term expressed in the RHS of Vlasov-Landau Equa-
tion [.34 is expressed as a source-sink term:

Number of particles in Number of particles in
the volume di around ¥ the volume d7 around &
(f)f> Stdidi — with veloSity in thci B with veloSity in th(i (1.56)
ot . volume dv around v volume dv around v
produced by encounters “destroyed” by
during time Jt encounters during time 4§t

The loss of particles with velocity ¢ due to collisions is evaluated by counting how many
collisions occur between particles of velocity v with other particles during time 6t. Two-
body collisions are taken into account, the effects of collisions between more than two
particles being considered negligible. As described in section 1.1.2, a two-body collision
can be entirely described by the impact factor b, the angle e (see Figure 1.7) and the
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1.2. From Vlasov-Landau equation to fluid equations

relative velocity between the two colliding particles § = ¥ — @, 2. Moreover, if the collision
geometry is given (that is b and €), there is a bijective relation C that links the particle
velocities before colliding (¢ and ¥,) and the particle velocities after impact (¢ and o7,).
This relation can be determined analyticaly as done for Coulombian interaction in section

1.1.2.
¢ . Before impact After impact (1.57)
(’U, 1}*) — (/U ) U*)

Direct encounter Indirect encounter

Figure 1.6: Creation and destruction of particles of velocity v by collision with a particle
of wvelocity vy,. Left: Direct collision producing a particle of velocity v'. Right: Inverse
collision creating a particle of velocity v.

For each set of parameter, it is possible to determine a volume in the physical space
in which the colliding particle of type 2 must rely to interact during time 6¢. This volume
represented on Figure 1.7 is given by dv = gdtbdbde. The number of encounters can then
be determined with the formula:

dN,,

enc.

{ Number of particles } { Number of particles particles that }
with velocity o can collide with particle of velocity v

= fdvudZ x f.dv,gdtbdbde (1.58)
One recovers the formula 3.5-6 of ref. |7]:
AN . = ff.kdkdidv,dist (1.59)

using gbdbde = kdk.

Likewise, in order to evaluate the number of collisions leading to the creation of par-
ticles with velocity v, the same treatment can be done by considering what Chapman
and Cowling call inverse encounters. The following formula (3.52-7) for the number of
particles created is obtained:

AN+ = f'f'kdkdvdv,dzot (1.60)

enc.

where f’ and f] denotes the pdf of colliding particles leading to the creation of a particle

2Tf x denotes any function associated to the particles described by the kinteic equation, x, denotes the
same function but associated to the particles with which the formers collide. The two classes of particles
can describe the same species, however, one must keep two sets of independent variables to distinguish
the two bodies colliding.
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I. General concepts

g12

Figure 1.7: Volume to consider for a two particle collision. € denotes the angle of symme-
try, b denotes the impact factor and g2 = Uy — Uy the relative velocity between the particles.

with velocity ¥. Due to the properties of the bijection 1.57, it is possible to determine

easily the pair of impacting velocities (7,7)) leading to after-impact velocities (¥, ).

Consequently, one may write in a compact form f'f] = ff,.(C(¥,7,)).

Finally, the following formula is obtained for the collision term:

<8—f) Stdzdv = NI — N, (1.61)
c2

at ENnc. Eenc.

af o ! el 7=
(E)& ~ [[ s srwdiaz, (1.62)

This relation is often refered to as Boltzmann form of the collision term. As mentionned

leading to

in section 1.2.5, this relation is not suited to treat Coulombian interaction for the integral
does not converge when integrating b over R*. Some corrections must be done to cut-off
the integral and take long range encounters into account.

a) The Maxwellian distribution

From Equation 1.62, it is possible to express f at equilibrium. An homogeneous gas where
collisions are the only mechanism inducing force is considered. The Boltzmann H-function
is defined as,

H= / Fln fdv (1.63)

Since the system is homogeneous in space, H only depends on time. In particular,

9 9 0
a_fj _/&(flnf)dﬁ_/(l—klnf)a—{dﬁ (L64)
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1.2. From Vlasov-Landau equation to fluid equations

Reporting Equation 1.62 and using some algebra described in |7,

5= J[[arwnes - powdiasas

1 gl I gl L= 1=
=[] w s - g1 k.o (1.65)

In this expression, either ff, < f'fl or ff. > f'f., the RHS of Equation 1.65 is always
negative. The famous Boltzmann H-theorem thus states 0;H < 0. Moreover, since H
cannot tend to —oo for finiteness of energy, H must converge to a finite value leading to
O,H = 0. This steady state is characterized by so-called local balance that is ff, = f'fL.
This can be rewritten as

Inf+Inf,=Inf +Inf (1.66)

Hence, In f is a summation invariant of the process. As a consequence, this invariant must
express as a linear combination of the other 3 fundamental thermodynamic invariants that
are: mass, momentum and energy.

1
Inf=a;+d - mv+ agémv2 (1.67)
The constants a; are found to match the pdf fluid moments that are density, velocity and

energy. The pdf is given by the Maxwellian distribution f3;. In this equilibrium state,
the temperature is defined as U = 3/2kgT.

furmn () e (il (1.68)
M=\ ok, ) P 2%pT ‘

This expression gives the following moments:

e Density: n = [ fy(0)dv

e Velocity: @ = [ Ufy(¥)dv
e Pressure: Il = [(U— @) ® (0 — @) fa (0)dv = kpnT1
Defining the isotropic pressure p = 1/3Tr(II), one recovers perfect gas state law:
169
e Total energy: E; = [ 1/2mv? fu (0)dv = 1/2mynu?® + 3/2kpnT
The well-known expression for monoatomic gas internal energy is also recovered.
3
U= §anT (1.70)
o Heat flux: ¢= [ |7 — @|*(¥ — @) far(¥)dv = O
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I[.2.4 Chapman-Enskog fluid closures
a) Chapman-Enskog ordering

In the fluid equations derived in section 1.2.2, several terms have not been expressed yet.
These terms are the pressure tensor IT, the heat flux ¢ and the collisional contributions
C;. The fluid closure consists in finding an expression for these terms, expresion that only
depends on the fluid variables n, @ and T. These expressions can be found empirically or
using a perturbative method to solve kinetic equation. The technique derived by Chapman
and Enskog reported in [7] is one of these perturbative method. Let us describe how it
works.

The kinetic Vlasov-Landau equation 1.34 can be written as £(f) = 0 with

§(f)=J(ff.)+Df (1.71)

where J is the collision operator and D is the advection operator
Df=-L40-Vf+a -Vof (L.72)
As stated by Equation 1.62,
J(ff.) = / / (ff. = f' £ kdkdg, (L.73)

The advection term is linear whereas the collisional term is bilinear in f and f,. The
approach of Chapman & Enskog is to develop the density function as

1
F=_fO+ W ef@ . (L.74)

where ¢ is a small parameter.

The bilinearity of the collision operator yields:

1 1
J(f. f) = J<gf(°)+f(1)+af(2)+...,gf*<°)+f£1)+sf*(2)+...)

_ E%J(f@), FO 4 % (SO )+ IV D) +
1 1

= OGO LN+ STV D D)+

Hence the collision operator can also be decomposed according to powers of . In partic-
ular, one has JO(f, f.) = J(f, f.). For higher orders,

T

JOO O Oy =N (R pr=R) (L.75)
k=0
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1.2. From Vlasov-Landau equation to fluid equations

Concerning the advection operator D, the linearity gives

Df = D (éf(o) + O 4 5f(2))
1
= DO L DA(FO Oy 4 (1.76)
€
D) depends only on f*) with & < r — 1. The kinetic equation £(f) = 0 can thus be
developped as

§f) = JUL)+Df

_ LYoo oy, Lo o (1) 4(0)
- €2J (f 7f*0)+€[‘]1(f >f 7)+D1(f ):|

+ [J(2)(f(0)7 f(l)’ f(2)’ L)+ p(2)(f(0)’ f(l))} + ...
— ig(O)(f(O)) + 15(1)00(0)7 f(l)) + 5(2)(]47(0)7 f(l)’ f(2)) 4. (1.77)
€

Solving &(f) = 0 is then replaced by solving the system of equations

OOy = 0 (1.78)
cO(FO FMy = ¢ (1.79)
ER(FO O 2y = 9 (1.80)

For more details on this development, please refer to |7, chapter 7|. The first equation has
a well defined solution since @ (f(©)) = J(f(o)f*(o)) is equal to zero if f(© is a Maxwellian
distribution (see paragraph 1.2.4-a)). At this stage are set the density n, velocity @ and
temperature T of the fluid.

3/2 - (12
O (7) = m _mjlv—d* 181
D) = ne (QWkBT) exp( T (1.81)

Since the first moments are set by f, one has

Yk >1, Vn € {0,1,2}, /J”f(’“)(ﬁ)dz?: 0

The correction terms fM, f@ . still have to be determined. They will produce pertur-
bation about the equilibrium distribution leading to inhomogeneities and fluxes. These
terms are derived by solving Equations (1.79,1.80,...) successively.

b) Computation of pressure tensor and heat flux - fluid closure

= 1/n [ 0f(0)dv denotes the fluid velocity and V = (#—1i), the heat flux is defined as
§= [VV?f(7)dv and of the pressure tensor as IT = [V ® V f(¥)dv. From the 0**-order
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of Chapman-Enskog development, f© is given by the Maxwellian distribution 1.81. The
0™ order contribution for ¢ and II is thus given by

1 L O B 5 o fO
7o = §m/VV2deU:O and  TIV :m/V®Vf di = pl (1.82)

e
where p = kgnT. As expected for an equilibrium distribution, the heat flux is zero. In
order to get a net heat flux, it is necessary to account for f( at least. Theoretically,
one should account for highest order contributions in the development, though, if the
collisionality is high, the distribution is not expected to depart much from the Maxwellian
distribution hence the small parameter ¢ in the development is small enough to neglect f*)
contributions for £ > 2. When the collisionality gets smaller, these contributions cannot
be neglected and Chapman-Enskog development is no longer relevant. Consequently,
the following expressions obtained with Chapman-Enskog development for heat flur and
pressure tensor only apply if collisionality is high, that is | D(f)|| < ||J(f f.)|| which can
be expressed as:

A
High collisionality condition: pr=2 = )\—D > 1 (1.83)
7-C (&

where v* is the collisionality, 7. (resp. A.) is the characteristic collision time (resp. mean
free path) and 7p (resp. Ap) is the characteristic time (resp. length) associated to external
forces and system geometry.

In order to get f() let us solve Equation 1.79:
D) + SO, 1) =0 (181

If the expression for J is given by Equation 1.75, an expression for D still has to be
determined. The exact expression obtained by Enskog is given by |7, Equation 7.14-19].
In this manuscript, a simplified approach is proposed. Let us assume DM (f(©) =~ D(f):

oy _ Y G0 2 S 0
DY (fY) = 5 +7- VY 4+a-v,f (1.85)
or
DfoO D o - o -
DY () = l’;t +V-Vf(°)+<6—3?)-va(o)—(va(O)é@V):(V@ﬁ) (1.86)

where V = #— i denotes the relative velocity and where the time derivative in the relative

frame is given by

D 0 -
— 2 7. 1.
D 8t+u \V4 (1.87)
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1.2. From Vlasov-Landau equation to fluid equations

Since f(© is a function of n, @ and T, the time derivative is developped, giving

of9  af@on  of® oa of®or

o on ot oa ot oT ot

(1.88)

The time derivative are computed from fluid equations where the unknown parameters
¢, IT and C; are those obtained with f(. This assumption is consistent with [7]. Since
C(fO) =0, g(f9) = 0 and II(f©) = pI, the fluid system to consider is (see fluid
equations in section 1.2.2).

on = .
00 . =. . Vp
oT - P
i-VT +27TV -4 = .91
BT +u-V +3 V-u 0 (1.91)

Equation 1.90 yields @ — Du/Dt = ﬁp/mn. Reporting in Equation 1.86 and using a
logarithmic formulation, one has

=

()N . . L
Dln/ +V~V1nf(0)+%-vvlnf(o)—(Vvlnf(o)@)V):(V®7I)

Dt

PO(§O)y = §(0) {

Since f(© is given by the Maxwellian distribution,

72
0 _ n B mV
In f© = const. + In <T3/2> T (1.93)
thus ~
- 1%
Vyln fO = -7 1.94
\% nf kT ( )
Also,
Dln f© 1Dn 3 DT mV?2 DT
Dt Dt 2T Dt  2kgT? Dt
nvV-i 3 = mV? DT
= — TV - i -
TG “) T 2,12 Di
o omVr s
 3kgT
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The following simplification can be done:

V-ﬁlnf(o)—i—@-ﬁvlnf(o) - V. (ﬁlnf(o) _@>
mn

p
- f(O)
g . 1
V-Vin (anT
- (mV? 5\ =
- V. 2\ VT
v (QkBT 2) vin

The final expression for D) is finally given by Equation 1.95.

DO (FO) = O { ( mve §> V.-VInT + —— (V QV — l1/211) (Ve ﬁ)} (1.95)
2%kpT 2 kpT 3

The expression for DU is now reported in Equation 1.84. Given the properties of the
bilinear function J), one obtains the following general solution for f() (see |7, Equation

7.31-7))
f<1>:_f( {,/%BTA VinT +B: (6@@)} (1.96)
n m

where A and B are two parameters depending on n, 7" and V. Besides, A is an odd
function of V' components (A ~ VZ+1) whereas B is an even function of V (B ~ V).

Hence the contributions of A disappear in computation of even moments such as pressure
tensor whereas the contributions of B disappear in odd moments such as heat flux.

It is now possible to compute the heat flux 7= ¢V:

Whatever the properties of the collisions, the heat flux expresses according to the well
known Fourier’s law:

{=—k-VT (1.97)

where the heat conductivity tensor k depends on the nature of collisions whose properties
express through the parameter A.
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Likewise, the following expression is obtained for the pressure tensor.
II = pl+E
L o (fO .
= m/V®V (—+f(1)> dv

€
:;ﬂ+m/V®VﬂWWa7
The resulting expression for Z is given by Equation 1.98.
- ool [2kgT - —
B = —m/V@Vf(O)— =5 B . (V®u)dV
n m
1 I -
= ——\/2mkgT [/V@ Vf(O)B} (V)

n

The pressure tensor can be expressed in term of viscous stress as

E=—v:(V®i) (1.98)

where the viscosity tensor v depends on the collisions properties through B.

1.2.5 Spitzer-Harm and Braginskii closures

In the previous paragraph, it has been proven that in highly collisional plasma, the heat
flux is linked to the temperature gradient by a linear combination given by the heat
conductivity tensor k. The expression for k depends on the properties of the Coulombian
interaction. During the 50’s, L. Spitzer and R. Hdrm gave an major contribution to
evaluate heat conductivity in ionized gas [10, 11]. Their work differs from the Chapman-
Enskog method in the way the Coulombian inverse-square interaction is treated. Indeed,
the two-body interaction considered in Chapman-Enskog development implicitely applies
in a range b much smaller than interparticle distance d. For Coulombian interaction, it is
necessary to take into account collisions for which b > d, the cut-off distance to consider
for b being the Debye length. The two-body collision formula given by Equation 1.62
is no longer suited when b > d because the particles interact with many other particles
at the same time. These many simultaneous interactions are better described with an
isotropization process. This process is well described by the Fokker-Planck expression
that interpret collisions as a friction-diffusion process in the velocity space (see Fokker-
Planck derivation for collisions in Appendix A.1). In that perspective, Spitzer & Hdrm
reformulated Chapman-Enskog procedure where they splitted the collision term J into a
close encounter contribution that is described by the two-body collision term used so far,
and a far encounter contribution described by Fokker-Planck expression

Chapman-Enskog Spitzer-Harm (1.99)
J(f 1) — S ([ f) + K([ ) '
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where Jp, is given by the same expression as J (Equation 1.62) but bounding b to [0, bo|
instead of R*:

T 1) = / * / /b (f'f — £ £.)gbdbdeds, (1100)

Concerning K, it is given by Fokker-Plank expression where average velocity variation are
computed for collisions with impact factor greater than b:

ff* - Z a AUZQ Z 81}1(%] Avi72AUj72>) (1.101)

with for any quantity x,

27 AD
(xy) = / / / g fxbdbdedv,
. Je=0 Jb=bg

where A\p denotes Debye length.

Using such a formulation, Spitzer & Hdrm performed the development given by Equa-
tion 1.74. This development is, as a consequence, based on the same assumption of high
collisionality. The physical ingredient added by Spitzer €& Hdrm to take long-range in-
teractions does not change the conclusions of Chapman-Enskog development that links
heat flux with temperature gradient. Moreover, after numerical integrations of collisional
terms, Spitzer & Hdarm obtained the following expression for electron heat flux in ionized

plasma:
T 3.5-104 7% .
e — —3.162 Lete T, = —3.16 < VT, 1.102
st me v Z(mAJ10) my ¥ (1102)
and for ions
nTir; = 15.108 772 .
o = —3.9— VT, = —3.9 VT, 1.103
45H: — Z5 (I AJ10) m, © (1.103)

where In A is the Coulomb logarithm. The numerical expressions are taken from [12] where
T must be expressed in eV. The T5/2-dependence of heat conductivity with temperature
is characteristic of ionized gas. Also, due to the impact of masses, one has k./k; ~
v/m;/m. =~ 40. The work done by Spitzer-Héarm does not take the effects of magnetic
field into account. Thus, relations 1.102-1.103 cannot be used to evaluate heat flux in
the direction perpendicular to the magnetic field for which particle dynamic is ruled by
cyclotronic motion. However, Spitzer-Hdrm relations apply in the direction parallel to the
magnetic field, direction for which Lorentz force has no effect. With the same approach,
Spitzer € Hdarm obtained a closure expression for plasma conductivity.

The temperature dependence with the parallel heat conductivity can be recovered by
doing the following simple dimension analysis. The heat flux being given by ¢ = —xV T,
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L.3. Quasi-linear treatment of the cross-field turbulent transport

energy equation is a diffusion equation yielding

3. onT 0 oT

where s denotes the parallel direction coordinate. & is thus homogeneous to n x A\?/7
where A is the characteristic length of the diffusion process and 7 the characteristic time.
In our case, 7 is given by the collision time 7, and A is given by the collision mean free
path A, (see Equation 1.30). Hence,
2
K| = AN ET LT (1.105)
T m

As mentionnend above, this formula is correct when no magnetic field is present. If a
strong magnetic field applies, the typical length at which significant gradients occurs is
no longer the collision mean free path but the Larmor radius. In this case, the following
expression is obtained for perpendicular heat conductivity:

2 2

np: /1 n
— - 1.106
i T > m B2T ( )

During the 60’s, S. Braginskii [12| extended the work done Spitzer € Hdirm and per-

formed a complete closure in presence of both electric and magnetic fields. The expression
obtained by Braginskii for x, is compatible with the above simple derivation. Bragin-
skii also obtained a complete expression for the pressure tensor. Besides, since plasma is
a multifluid, Braginskii closure also contains coupling terms between ions and electrons
equations due to collisions among the different species. The expression obtained by Bra-
ginskii can be found in the literature |12, 5, 13]. One recalls that once again, the validity
of Braginskii’s closure is theoretically bounded to high collisional plasma.

I.3 Quasi-linear treatment of the cross-field turbulent
transport

This section presents the model that justifies treating turbulent cross-field transport as
effective diffusion terms. It is similar to eddy viscosity models in Reynolds Averaged
Navier-Stokes (RANS). This approach refered to as quasi-linear treatment is commonly
applied in transport codes. In particular, it is the one used in SOLEDGE2D (Chapter IT).

I[.3.1 Rewriting continuity equation

In tokamak plasmas, non-linear interactions give raise to small scale structures constitu-
tive of plasma turbulence. The transport properties are drasticaly modified. In particular,
the cross-field transport is strongly enhanced and the plasma confinement is thus highly
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controlled by turbulence intensity. This paragraph describes how turbulence can be taken
into account in a transport point of view without resolving the instrinsic nature of turbu-
lent structures. This method is often refered as quasi-linear treatment, leading to effective
turbulent diffusivities derivation.

Let us start with continuity equation (Equation 1.43):

0 -

a—? YV i =0 (1.107)
The velocity is projected in the direction perpendicular and parallel to the magnetic
field. According to the adiabatic theory (see Section 1.1.1-a)), the velocity decomposes as
U = uyb+ 1, where @, is the drift velocity where only the electric drift is considered (see
Equation 1.19)

ExB

32

The same procedure could be done with the other drift contributions and that simpli-

—

u, =

(1.108)

fication does not change the overall results. The electrostatic field is given from the
normalized electric potential £ = —kpT.V¢/e and Equation 1.107 is rewritten

g—” + V- (nuyb) + V- <nDBohm5 x %) =0 (1.109)

with Dpopm = kgT./(eB). The perpendicular convective flux term is developped

V- (nDaul x 96) = (”Dghmw) (%% B)- B (v{"Dgohm}xﬁqs)

B
= &ng j"’DBohm ( {ﬁ} X vn)

where the MHD equilibrium and Maxwell-Gauss equations are used. Curvature effects
VB/B = 0 are neglected, hence in the low-G limit, the cross-field transport gives

v <nDBohmE X %) Do - (w X vn) (1.110)

The continuity equation hence reduces to

?;Z + V| (nuy)) + Dpoim {9, n} = —vk(n —ng) (I.111)

where the Poisson bracket is defined by {F,G} = b- (ﬁF X ﬁG) A source term is also
added in the RHS to drive the system to an equilibrium density ng. A Krook operator
is chosen to do so with a vanishing small frequency vg. In absence of convection, the
system relaxes exponentially to the equilibrium density with a characteristic decay time

TK — 1/I/K
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L.3. Quasi-linear treatment of the cross-field turbulent transport

1.3.2 Multiscale expansion

In order to separate the mean field from the turbulent fluctuations, one resorts to scale
separation. In this perspective, the mean field evolution is governed by long time and
space scales whereas turbulence is fast and operates on smaller scales. The time variable
is then decomposed into two independent variables ¢, and ¢; associated to the long time
scale 79 and to the fast turbulent time scale 7, respectively. One has t = 19ty + mt;. The
small parameter e, = 71 /79 — 0 defines the scale separation. The time derivative is then

0 1 /0 10 1 /0 1 0
S (N [ [.112
ot To (8750 * T1 8251) To ((%0 * Eg 3151) ( )

The same treatment as for time is performed for parallel space scales. The parallel coor-

expressed as

dinate s is expressed as z = Lj(zp + €521) giving

1 0 1 0
V” = L_H (8_2’0 + 6_86_21) (1.113)

The average operator (-) is also defined in such a way that for any field F', (F}) = 0 and
(F) = Fy. Besides, the mean field Fj is supposed to depend only on large spatio-temporal
scales (zo and ty) whereas the fluctutating field depends on both large and small scales.
As a consequence, for any fast variable x, for any field F', the following relation applies:

0Fy

—= 1114
Bz, 0 (1.114)

The small parameter ¢; — 0 is introduced to govern fluctuations intensity. The density
field and electric potential fields are splitted between the mean field and the turbulent
field such that n = ng +eyn; and ¢ = ¢y + €¢¢1. Assuming parallel velocity only varies
on large scales u = ug, particle balance equation I.111 is developped as:

Ong ey 0m ,  Om
8t0 Es 8751 f@to
0

T (0 e, O 0
+L|| (520 (notio) + e, 0z e D29 (n1u0)>

+70D Bohm ({¢0, no} +ey [{do, n1} + {1, n0}] + 5?{¢17 ”1})

(L.115)

- (VKTO)nl =

Applying the average operator, the mean field equation for density is obtained.

87?,() T0 0

a—to + L_Ha_zo(nouo) + 7—Ol)Boh'm <{¢07n0} + €§<{¢1’n1}>) =0 (1116)

The effect of fluctuations on the mean field equation is given by the correlation term
({¢1,m1}). The quasi-linear treatment consists in finding an expression for this term that
only depends on the mean field variables. Substracting Equation 1.116 from Equation
1.115 and defining the Krook frequency vy = 5/ gives the equation for the fluctuating
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density

0 0 0 0
om ., _omw (uo om 0 (n1u0)>

8751 B 8t0 L_” 82’1 0z 20
+  e570DBorm ({@0, 11} + {01,10})
+ €570 Bohm <{¢1,n1} - <{¢1,n1}>> = —c.ny (L.117)

1.3.3 Expression for the Poisson bracket

Let us assume the magnetic field is mostly toroidal, giving b~ Roﬁgp. In the (p,0,v)
coordinates system, the Poisson bracket is given by:

(F,G} = 5-<§F><€G)

} OF -  OF OF G-  AG aG
= RyVy- ([ Vi + v9+—w} { Vi + v9+—wD

o 0 6¢ 0
- 0F 0G = - O0F0G =
oF 0G  OF 0G
- o (G55 - %%)

where J denotes the Jacobian J = Vi - (ﬁw X 60) The final expression for Poisson
bracket can also be expressed as

10y - mur (2 (£25) - 2 (52) w8

Once again, the scale separation gives ¥ = 1)y + €591 and 6 = 6y + €,6,. Reporting in the
Poisson bracket expression,

{F,G} = {F,G}op +— ({F Gho+{F,G}on) + - {F G}ia (1.119)
where one has introduced

(101 o (L (529) - 2 (129 L1

Re-injecting expression for Poisson bracket 1.120 into mean field equation 1.116, the Equa-

tion for average density becomes:

on To O .
W(()) + L—Oa—(nouo) + ’UL{qbo, no}op 4+ ... (1.121)

zui <<{¢1,n1}1 1> + & <<{¢1,n1}1,0> + <{¢1,n1}0,1>) + €§<{¢1,n1}070>> =0
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L.3. Quasi-linear treatment of the cross-field turbulent transport

with v = 79D ponmRoJ. In order to take fluctuations into account in mean field equation:

e the first term to consider in Equation 1.121 is ({¢y,n1}11). This term cancels out
due to periodicity and vanishing properties of fluctuating fields 3

e the second term (({¢1,n1}1,0) + ({¢1,71}0.1)) is the one considered in the quasilinear
study. This term expresses as

0 0 9
<{¢1, nitio) + ({01, n1}0,1> = <390 (¢1 aZi) > <6¢0 (¢1 07;11) >
. (9 8(251 a a¢1
= %, <"10w1> ~ 3, <”l 891> (1122

In particular, (n10p,¢1) and (n10y,¢1) have to be evaluated.

e the third term is neglected

At leading order (using /e, — 0 that is to say small fluctuations for a large scale
separation) the following equation for the fluctuations is obtained:
Gnl TolUp 8n1 « .
+ +v) ({%, nifo1 + {1, n0}0,1> +vl ({Cbo, nitio + {1, no}0,1> = —&sM
8t1 LH (921

(1.123)
Before reporting the expression for (({¢1, n1}1,0)+{{#1,71}0.1)) in the mean field equation,
Equation 1.123 must be solved to get an estimation for n; and ¢.

I.3.4 Fourier resolution of coupled mean-field/fluctuations
equations

Using 0y, Fy = 0 and 0y, Fy = 0, Equation 1.123 can be rewritten

8711 *anl “ ((%bo 0 a¢0 > e <0n0 0 6710 0

ot oz T\ Bg, a0, 9, o0 Du0 06, 00, azm)(bl“”“ =0

(L.124)

where vﬁ denotes the dimensionless velocity vﬁ = Touo/L). Let us perform the Fourier
transform over the fast variables ¢1, z1, #; and ;. For any function f

t 7Z ) ’9 ) <= z w
f( Ifol 2’01 Zol 001 ) Z /dw/dlq/dk e’ i (k| 21+ky )1 +ke01 —wti) fw . kd;,kg(t())ZO)eO’wO)

kg=—00
(1.125)
3More precisely, (9p, X) = 0 and (9, X) = 0. The average operator is an integral over the fast
variables. Applying Green formula to the following expression leads to evaluate the function X on the
boundary of the fast variable domain. Due to periodicity or vanishing properties, these terms always
cancel out.
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The linear Equation 1.124 can then be expressed as

Jo o . dng ong\ -
(_M + ol L (keaw e aeo> ' 55) ne (k‘gawo "0, )
(1.126)
Defining k| = ko 55% — ky 552, one has iy = R - ¢y with
R — _ klvi @(‘)no_k_w(?no
w—]{?HU‘T—kJ_UI—F?;&TS k'J_ 81#0 kJ_ 800
w — kyvy — kv — ieg
= ko L A (:_egzo - Z—w%) (L127)
* * 2
(w—k”v” —k‘LvL> + (&5) Leve mLERo
[.3.5 Determining quasilinear particle flux
Reporting Equation [.122 into the mean field continuity Equation [.121 gives
ong T O £ ) i ) On
) = — =0
Dty Ly 9z "000) FULG0 moJoo + L e mp s ) = B Mg,
(1.128)

The quasilinear fluxes are defined as

Go = <n1%> and Gy =— <nlg%ll> (L.129)

Using Fourier transform of n; and ¢,

i - B fufufw 5 forfor [

kllffoo

i — (W' +w )t + (k] +k”)21+(k’ thy )1+ (kptky )01 ) 2701 o
.. € ( Il >/Lk¢nlu’,k’|,k:p,k/0 lew,/’ki‘/’k%’kg

Averaging over the fast variables ¢, z1, #; and 1, contained in the exponential term leads
to a product the Dirac terms d(w’ +w"), 6(k| + k|), 6(ky + ky) and 6(ky, + ky). Finally,
the quasilinear fluxes reduce to

o) <= o -
<n1—8 ¢1> =Y / dw / dk / iy (=R )00 gty Py g g (1.130)
kg=—00

where z* denotes the complex conjugate of z. The relation ¢7 = ¢;_ Y
K| Kap ke TR TRy

holds since ¢, is a real field. Likewise,

O <= - N
<m—8911>: S [ fany [k Citain, oG, (L131)
kg=—00
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Using 7y = R - ¢1 and ¢1¢% = |¢1]2, one finds

Gy — f /dw/dk”/dk:w (—ikyR)|¢n|?

kg=—00

Gy = io / dew / dk; / dhy (ikgR)|61 |

kg=—00

Reporting Equation 1.127 for R, a diffusive expression is obtained for the turbulent fluxes:

ano 6n0
= —|Dypyp——+Dyyg— 1.132
Go ( ) EI + Dy 800> ( )

8n0 8n0
Gy =— (D — +D —) 1.133
Y Y B Y Do ( )

with
=2 . i(w— ki — ko)) + &5
D;; = € Z /dw / dk) /dkw Uj_kikj|(b1]2 I Jé . (1.134)
kg=—00 (w — kv — /ﬁvj) + (&)

where ¢;; = 1 if ¢ = j, —1 otherwise. In any case, the diffusion coefficients take the form

1X + €5
X2+ g2

D, = /ka%lI?

Since the diffusion coefficient are real, the odd part of the integral vanishes giving

€s
_
X2 + 83 es—0

Dy — / AX |2 / AX |61 [Pr5(X)

Using the fact that f.(r) = X% tends to the Dirac distribution for ¢ — 0. Finally, the

T 2 4€2
diffusion coefficient are given by

+o0
Dij=¢€j Y. / dw / dk; / dky v* kik;| 61 *70(w — w,) (1.135)

kg=—00

where the resonance frequency is determined by w, = kjvy + k. v7.

The quasilinear approach leads to a diffusive expression for the tubulent transport.
In particular, once the above turbulent effective diffusivities computed, the continuity

43



I. General concepts

equation becomes

ong 10 O = 5? i 5
5_150+L820(710“0)+“{¢0’n0}0,0 B ZSULQQ Dwaw D0939

et , 0 on Ong
ity (Povigy + Pusiyt)

This equation can be written in a more compact form. The index 0 are removed for
writing convenience since only mean field variables are considered.

on = =
E + V- (nu”b) + DBohmRO {(]5, } (D VJ_TL) (1136)
where
2 8
Doy Doy = 50
D= —D ohmJ I ’ d V= o 1.137
g, oM 0<Dw,0 Dw,w) o . (%) ( )

I.4 Scale separation and diffusion

In this chapter, it has been emphasized that under some conditions, transport can be
taken into account through a diffusive process. The first case has been encountered in
section 1.2.4 where the transport of velocity and energy due to collisions has been recast in
the form of two diffusive laws: the viscous stress and the Fourier’s law. However, a special
attention must be paid to point that these formulations have been obtained in the high
collisonal limit where a strong ordering is assumed between the scale that characterizes
collisions and the system size or gradient scale. The second case hase been addressed in
section 1.3 where it has been proven that the cross-field turbulent transport can also be
described by a diffusion process. Once again, this diffusive formulation derived from the
quasilinear treatment assumes a scale separation between a small scale associated with
the turbulent structures and the mean field gradient scales that are assumed to be much
longer.

The two phenomenons mentionned above are based on the same kind of physical
system: a stochastic behavior at small scales (collisions in the first case, turbulent micro-
structures for the second case) and a mean field characterized by smooth and slow fluc-
tuations on longer scales. These systems can be modeled in a synthetic forms by the
Kramers-Moyal formalism [14]. Let us consider that P(z,t) characterizes the probability
distribution function of the quantity of interest (particles density, energy...). The micro-
scopic stochastic process can be described by a Markov process where the probability of
transition from the position x to the position z’ is given by the kernel K(x — z’). The
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master equation giving the evolution of P(z,t) is given by

Probability to arrive in x Probability to leave z

dP(z,t) = from 2’ positions during p — ¢ to 2’ positions during
the time interval dt the time interval dt

= / dr'K (2’ — z)dtP(2',t) — / dr'K(x — 2')dt P(z,t)

giving the master equation

?9_];(:5, t) = / AWK 2Pt - / " K (z — 2') Pl (1.138)

—00 —0o0

At this stage, the assumption of scale separation is made. In that sense, the micro-
scopic stochastic process is supposed to be characterized by a small scale compared to
the gradient scale of the field P(x,t). The scale of the microscopic process is the decay
length of the kernel K(z — 2’). Let us suppose here that this scale can be defined; this
assumption is discussed in next paragraph. The major consequence of the scale separation
is that a Taylor expansion can be performed about x so as to express the first term in
Equation 1.138-RHS:

oP 1 0*P
P2’ t) = P(z,t) + (2' — o) =—(2,t) + = (2 — 2)* =—(,1) (L.139)
ox 2 x
Assuming Kernel symmetry, that is K(x — 2') = K(2/ — z) = K(2' < z) traducing that
the miscroscopic motion has no prefered direction, reporting Equation 1.139 into Equation
[.138 gives

oP oP <, , 0?pP | , 9
E(I’w_@_x(x’t)/ dx'K(z' < z)(x —x)—w(x,t)§/ dz'K (2 < z)(z' — )
(1.140)

Due to symmetry the first term vanishes giving the expected diffusive behavior for P

o0 o0

2 oo
aa_f(l'at) = DZT%:(SUJ) with D= %/ do' K (' < z) (2’ — x)? (1.141)

o0

The diffusion coefficient is given by the spatial correlation characterizing to the microscopic
process. Another formulation can link the diffusion coefficient with temporal correlation
leading to the Green-Kubo relations [15].

Another limit relies in the convergence of the integral given in Equation I.141. Indeed,
if the microscopic kernel decay is not strong enough, the above mentionned expression for
the diffusion coefficient tends to infinite values. If this kernel is exponential, the integral
converges and the diffusive formulation is relevant; conversely, if the kernel is Lorentzian,
the integral diverges and no diffusion formulation can be used. The transport in this case
can be described by super-diffusion processes that have been well studied in the literature
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|16]. The underlying microscopic process is described by Levi flights where the “long
range jumps’ characterized by the tail of the transition distribution ensure most of the
tranport. Even if the probability of transition decays with the distance covered during a
jump, the decay is not strong enough and the average length of a jump is infinite. One
fails in particular to define a finite mean free path for this process.

To go further, let us consider the results from statistical mechanics about the de-
scription of transport for weak departure from equilibrium. This study is based on the
description of the irreversible evolution of a system driven out of thermodynamic equilib-
rium. A synthetic description of this study is done by Jean-Marcel Rax in |17, Chapter
11]. In the hydrodynamic regime, a distinction can be made between transport time
scales in the physical space and kinetic relaxation time scales in the velocity space that
are supposed to be much faster. Under this scale separation assumption, the fluxes are
linked to thermodynamic forces — this theory is attributed to Lars Onsager [18] and is
sometimes refered to as “4th principle of thermodynamic”. For instance, a plasma is made
of a mixture of species described by its electric potential ¢, chemical potential u, pressure
p and temperature 7. At equilibrium, these variables are uniform and fluxes are zero.
If the system is slightly out of equilibrium, the fluxes express as a linear combination
of the latter intensive quantities gradients called thermodynamic forces. If one denotes
¢ the heat flux, T the major species mass flux, J the electric current and ~ the impu-
rity (minor species) mass flux, the flux are linked to the forces according to table I.1.
The kinetic theory aims at expressing the different diffusivities as functions of plasma

vr s o Gy
¢ | Fourier’slaw  Joule-Thomson effect  Peltier effect Dufour effect
' | Thermo-osmosis Darcy’s law Electro-osmosis Osmosis
J | Seebeck effect Flow current Ohm’s law Electrodiffusion
o Soret effect Reverse-osmosis Electrophoresis Fick’s law

Table 1.1: Onsager relations between flures and thermodynamic forces for slightly out of
equilibrium systems

parameters. The study consists in considering the kinetic equation in the velocity space
assuming hydrodynamic gradients in the physical space. Several methods exists such as
linear developments, perturbative treatments, spectral methods, etc... some of them have
been detailed in the above paragraphs. For plasma theory, three kinds of development
must been emphasized:

e Braginskii (classical) theory where the microscopic motion is described by Coulom-
bian “collisions” and where the magnetic field is considered homogeneous (see Section
[.2.4),

e neo-classical theory where microscopic motion relies in particles orbits in inhomo-
geneous magnetic field. This transport is not treated in this manuscript,
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L.5. Plasma-wall interaction - Bohm boundary conditions

e turbulent transport theory where the microscopic motion consist in turbulent micro-
structures due to electric and magnetic field fluctuations (see Section 1.3).

As a conclusion to this study, it has been proven that under the assumption of a scale
separation between the stochastic process and the mean field fluctuations, the transport
can be described with a coarse-grained diffusive law. The diffusive description fails if the
stochastic process mean free path is longer than mean field gradient length. The cases
where the mean free path is infinite such as in the Levi flight process are thus obviously not
diffusive. Nevertheless, even if the correlation expression for diffusion converges (Equation
1.141), one must ensure that the mean free path of the underlying stochastic process is
smaller than gradient length to apply a diffusive treatment. Chapter II focuses on this
case where the microscopic process exhibits a finite mean free path but where the latter is
longer than system gradient scales. One is thus interested into recasting the closure work
performed in this chapter to obtain a non-diffusive closure for weakly collisional systems.

I.5 Plasma-wall interaction - Bohm boundary condi-
tions

When the plasma interacts with a solid, recombination processes occur. In that perspec-
tive, the solid acts as a sink for the plasma. This sink produces plasma flows. Most of
the ions and electrons that recombine on the wall will latter be reinjected into the plasma
as neutrals. The mass balance between the outflux of ions and electrons and the influx
of neutrals is often refered to as plasma “recycling”. However, the recycling process is
not instantaneous and a detailed study of traping-detraping of particles coming from the
plasma into the solid has to be done [19].

X Trapping,
¢ De-trappring,
X Diffusion...

Figure 1.8: The recycling mechanism. lons and electrons impacting the wall can recombine,
be trapped and diffuse in the solid. They can further be re-emitted in the plasma volume
as atoms or molecultes.

Due to the difference of mobility between heavy ions and light electrons, the two
species are not interacting in the same manner with the solid. The solid hence breaks the
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quasineutrality and a net plasma charge is observed in a thin layer surrounding the solid
called “plasma sheath”. The typical thickness of the sheath is given by the Debye length
Ap. Due to the higher mobility of electrons, the solid charges negatively. The plasma
sheath is thus charged positively to shield the quasineutral plasma from the negative wall.
If basic features of the sheath were given by I. Langmuir in 1929 [20], it is 20 years later
that D. Bohm managed to provide an explicit formulation and clear interpretation of
the sheath physics [21]. K.U. Riemann also provides an interesting review on the sheath
mechanisms |22].

N

Plasma

1

. 1

Quasineutral Plasma i Sheath
1

Electron flow

AD 0
1
Ion flow —:—> D

® O

Figure I1.9: Scheme of the near wall plasma region. Definition of sheath near solid surface.

The plasma geometry near the wall is represented on Figure 1.9. Since the Debye
length is much smaller than the collision mean free path, the sheath can be regarded as
collisionless. As mentionned in the above paragraph, due to high mobility of electrons,
the wall is usually charged negatively. Hence, most of the electrons are repelled from the
wall surface. This does not mean that no electrons reach the wall. Besides, in order to
ensure quasineutrality at steady state, there must be as many ions as electrons leaving the
quasineutral plasma, hence as many ions as electrons entering the sheath. The electron
distribution is supposed to be weakly modified by wall losses.

Let us derive so-called Bohm criterion in the case of cold ion plasma, i.e. T; < T,.
This development can be found in [6, Chapter 2|. ¢ denotes the electrostatic potential,
¢se being the value of electrostatic potential at sheath entrance. Figure 1.10 represents
the electrostatic potential of a shielded negatively charged surface.

The fluid description is supposed to apply for electrons and that their inertia can be
neglected. In this case, Equation 1.46 provides the following relation between electron
density and electrostatic potential

Vipe = —neeE) (1.142)
keVnd, = neeV ¢ (1.143)
(1.144)
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Plasma Plasma
sheath sheath
¢ > < v <
A 1 | A 1

! Pre-sheath plasma Pre-sheath plasma

Figure 1.10: Electric potential and velocity in the Scrape-off layer plasma

giving the so-called Boltzmann relation:

Ne = Ny €XP <w> (1.145)
Ble

The reference potential is ¢ = 0 where the ion source is located far upstream from the

wall. The ions are accelerated due to the potential difference between the upstream point
and the sheath entrance. Assuming 7; = 0 and that the acceleration is collisionless,
conservation of ion energy gives

Loy

gmiv” = —e (1.146)

Besides, the ion particle flux is constant since there is no ion source between the upstream
position and the wall.

(bse
¢

In the quasineutral plasma, one has n, = n; whereas in the sheath, the relation between

n;U = const. = N, (1.147)

electron and ion density is given by Maxwell-Gauss equation

v E="2 (1.148)
€0
that can be expressed as Poisson’s Equation
d*¢ q
— =——(n; — ne 1.149
= —Lni—n (1.149)

Reporting Equation 1.145 and 1.147,

U N R <€(¢—¢se)>
a2 e |\ o P\T5T

(L.150)
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Denoting A = ¢4 — ¢ > 0, we may expand

se ]~ 1 A
d) ~14+ = =1-
2¢ 2 ste\

eX (¢ ¢8€>
kBT

22

giving
d*A seA 1
~ < _ (L151)
d!L’2 o kBTe 2|¢se|
This equation admits non-oscillatory solutions only if
e 1
kBTe 2|¢se‘
Reporting in Equation [.146, Bohm criterion for ions velocity at sheath entrance is ob-
tained:
kgT,
Vge > Cs with Cs = = (I.152)
my;

where ¢, denotes the sound speed (speed of electro-acoustic waves). This result can be
generalized for hot plasmas where T; = T,. In this case, the expression for sound speed is
given by

o — [ FrTe 1T (L153)
m;

where 7 is a polytropic index. In particular, v = 1 if the plasma is isothermal and v = 5/3
if the plasma is adiabatic with isotropic pressure.

A comparison can been made between the sheath entrance and the fluid expansion
into vacuum. In both cases, the presence of a strong sink drives a sonic or supersonic flow
at the boundary [23]. The acceleration of the ions to the sound speed at sheath entrance
is due to the difference of electrostatic potential between the stagnation plane where the
ion source is located (¢ = 0) and the sheath entrance (¢ = ¢s.). The region where the
acceleration takes place is often refered to as “pre-sheath” region.

From this analysis of sheath properties, the plasma outflux at sheath entrance is de-
duced:
kB (Te + E)

m;

[ye = nuge > ncs =n (I.154)
If the particle outflux is known, the energy outflux has still to be determined. Since the
sheath is collisionless, the outgoing heat flux is necessarily convective and thus expresses
as

de = /yeaneTere and q;i = r)/ianz’T;Fse (1155)

where 7, and ~; are called sheath transmission coefficients. A kinetic approach must be
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L.5. Plasma-wall interaction - Bohm boundary conditions

used to determined these transmission coefficients. Several formulation can be found in
the literature. The following expressions can be found in [6, Chapter 25].

T
i~ 25 —L— ~0.5 1.156
g T (I.156)
and ) T
m .
~ —0.51 r— ) (1+=)(1=6)"2+~0. I.1
Ve = OSn{( Wmi)( +Te)( Je) }—I— 0.5 (I.157)

where 0. is the secondary electron coefficient. On Figure 1.11 are represented the values
of v as a function of T;/T.. For simplicity, the following value are considered in this

127 —
104 — 7, (5,=0)
8- -c- Ye(8e=06)
6 T ]
4
2_
0 | ' ' '
o 1 2 3 4 5

Figure 1.11: Sheath transmission coefficients for Hydrogen plasma as a function of T =
T;/T. and secondary electron emission coefficients.

manuscript.
vi =25 and Ye = 4.5 (L.158)
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Chapter highlights

o Three fluid equations for density, momentum and total energy are de-
rived from the Boltzmann equation.

o Assuming high collisionality, closure relations are obtained for pres-
sure tensor and heat flur. These closure expressions take the form of
diffusive terms such as Fourier law where the heat conductivity is given
by Spitzer-Hdrm relation:

§= —roT??VT
e Applying scale separation assumption, the turbulent transport can also
be expressed by effective diffusive relations.

e Bohm boundary conditions model the interaction between the plasma
and the solid. In particular, it states that plasma flow can be sonic or
supersonic at sheath entrance.

|Mie| > 1
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Chapter 11

Edge plasma simulations with the fluid
code SOLEDGE2D

Content

The edge transport code SOLEDGE2D developed during this thesis
is introduced. The considered fluid equations is firts presented in-
cluding conservation equations for n, v, 7" together with appropriate

boundary conditions. The multidomain algorithm incorporating the
penalization technique used to model plasma-wall interactions is also
presented. Finally, some illustrative simulations in cylindrical and X-
point configuration are examplified.

II.1 Motivations for SOLEDGE2D development

Motivations are various and concern the understanding of physical mechanisms governing
transport at the edge, the prediction of particles and heat fluxes at the walls for toka-
mak operations as well as the development of a test bed tool to develop original numerical
methods on the road of developing 3D turbulent fluid code (ANR-ESPOIR). For instance,
the understanding of H-mode transport barrier that develops under some conditions about
the LCFS remains an open question. This plasma configuration that is nowadays well de-
scribed and reproduced experimentally has never been simulated self-consistently without
forcing the transport barrier formation.

In the scope of designing plasma facing components, an important effort is made
to simulate precisely plasma behavior close to the wall of the tokamak chamber. This
work is crucial since simulating plasma up to the wall is required to estimate impurities
due to plasma-wall interaction. This kind of simulations have been reported to be quite
challenging. In fact, many plasma codes are based on magnetic-field-aligned coordinates
that are not suited to treat the complex geometry of the chamber wall. Contributions
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I1. Edge plasma simulations with the fluid code SOLEDGE2D

concerning this issue can be found in the literature and the work made on meshing up-
to-the-wall with the fluid code B2-EIRENE [24] must be cited. In order to deal with this
issue without resorting to mesh reshaping near the solid surface, penalization technique
has been used in the transport code SOLEDGE2D to implement boundary conditions. This
immersed technique allows to treat boundary conditions on a single magnetic-field-aligned
mesh extending from the plasma into the PFCs, defined by a mask function. Numerical
results show that such a technique is able to recover appropriate boundary conditions at
plasma-solid interface |25], in particular the Bohm boundary condition. Such a technique
opens the perspective of modifying the mask function dynamically to simulate how the
plunging of a probe modifies the plasma. In a general point of view, the fact that the
code takes real geometries of PFCs into account makes it particularly suited for synthetic
diagnostic applications.

In this chapter, the code equations are presented as well as the penalization technique
used to impose boundary conditions. One also reports some details on the algorithm and
some results in various geometries.

I11.2 The SOLEDGE2D fluid model

The basic SOLEDGE2D set of equations can be deduced from the fluid equations presented
in Chapter I. Three fluid equations are considered per species (either ions or electrons):
equation for density, velocity and temperature.

I1.2.1 Continuity equation

Let us start with the 2 equations for density (see Equation 1.43):

a;%ﬁ-(neﬁe) = S (IL.1)
87% - - B ni
o TV () = S (11.2)

S™ denotes any volumic source of plasma. Assuming quasineutrality, these two equation
reduces to a single equation for plasma density n that is taken to be equal to ions density.

n=mn; = Zn, (IL.3)

Z being the number of charges per ion. The assumption of no parallel current is made
leading to the simplification u., ~ u; = u where u denotes the so-called plasma velocity.
Moreover, the turbulent cross-field transport is taken into account in a diffusive way,
according to the quasi-linear approach presented in section [.3. Neglecting mean field
drifts, one as finally (see Equation 1.136)

g_? L. <nu“g) _v. (D%n) +gn (I1.4)
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I11.2. The SOLEDGE2D fluid model

I1.2.2 Momentum equation
Concerning momentum equation, Equation 1.46 gives

0N,

Me BT +V- (menetle @ U, + I1,) = —neeﬁ + Sle (IL.5)
8 ’i_’i = - - = .

Braginskii collisional closure provides a complex expression for the pressure tensor I1. In
SOLEDGE2D, the pressure tensor is approximated by its spherical part yielding IT = pl.
Also, the mass of electrons is neglected. Hence, projecting both equations along the
magnetic field:

V”pe = —neeE” (117)
on; - o
Equation II.7 gives Boltzmann adiabatic response for electronic pressure. Given Ej =
—Vyé,
eV o
Inn, = —V,InT, I1.9
Vilnne = 20 = Vi in (IL.9)

For Equation II.8, the advection term develops as:

—

v

e The first term gives V - (mmzuﬁa

e The second one is treated with the quasilinear approach and yields a diffusive con-
tribution —m;V - <V€L(niu”)>

e The third term in v% is neglected assuming v, <

Finally, the ions velocity equation becomes

8niu||

m;
ot

Adding Equation I1.7 and I1.8, one gets rid of electric field and obtains SOLEDGE2D
equation for parallel velocity:

—

+ 6 . (m,n,uﬁg> + V”pi = mzﬁ . (VVLO%'UH)) + niZGEH + Sl (HIO)

'a’nU”

my
ot

—

+V- (mmuﬁa + V(pe + pi) = m;V - <U§L(nu”)> + Gl (I1.11)
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with the state equations (perfect gases)

pe = kgn,Jd, = kgZnT, and p; = kgn;T; = kgnT; (I1.12)

I1.2.3 Energy equations

a) Kinetic energy equation

Since the parallel component is the only one considered for velocity, the parallel kinetic

energy expresses as b, = %m,nuﬁ (since the mass of electrons is neglected, so is their

kinetic energy). The equation for kinetic energy is thus obtained from velocity equation
multiplying it by u.

onu - = R S v

m;u)| It I + UHV . (mmuﬁb) + UHV“ (pe + pi) = miuHV . (VVJ_(TLUH)) + UHSFT’

o0F, N - 1 on - - = = )
o + V- (Ecu”b) + imluﬁ <8t + V- (nu|b)> + ’LLHV“ (pe +pi) = miuHV . (VVJ_(’I”LUH)) + UHSFI

Reporting continuity equation

OE, = = 1 - - . /= 1 .
ot +V- (Ecu”b> +u V) (pe +pi) = —imiuﬁv- (DVln> +miu V- (yVl(nu”)) +u||SF" — imiuﬁS
(11.13)
b) Internal energy equation
Then, let us consider the equation for total energy (see Equation 1.53)
aEta = — = — = pvid — o E
oy + V(B tUy) + V- (patia) + V- G0 — NaGalie - E = Co, + 57 (I1.14)

with F;, = %aneTe and By, = %k:BniTi + %mznzuf For the cross-field transport, the

quasi-linear diffusive formulation is used once again. If ® 1(E;,) is the cross-field electron
energy flux, one writes

—

- (3
Q)L(Ete) = —DVL (gijneTe)
3 — —
= —Sks (TEDVLne + neerLTe) (IL.15)
This flux is splitted so as to distinguish the convective flux

= 3 d 3 -
(I)conv(Ete) = —EkBZTeDV’I’L = 5]{?BT6(I>L(TL6)

where @ (n) denotes the cross field particle flux (see Equation I1.4) from the conductive
flux 5
CBcond(Ete) = _§sznXeﬁTe = _aeﬁTe
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I11.2. The SOLEDGE2D fluid model

where the standard Fourier’s law is recovered. Finally, reporting Boltzmann relation for
electric field, electron energy equation gives,

NE . (3 . L 3 - ; .
= (2I<:BZnTe> +V- (2kBZnTeu|b> +kpZnTY - () = SkeZV-(T.DVin+ny.V.T.)

V- (a).5) +Co, + 8% (1016)
For the parallel heat flux, Spitzer-Hdrm collisional closure is used (see section 1.2.5)

qp. = KTV T, (I1.17)

A thermalization term between the species due to ions-electrons collisions must also be
added. From Braginskii (see [12, Equation 2.17]), this term gives
3Me Ne
Co, = —Cy, = Q. = —(T; - T.) (IT.18)

m; Te

where the electron collision time computed by Braginskii is (|12, Equation 2.5¢|)

__SymeL” (TL.19)
4y 2metZn.In A '

One rewrites Q, = om2Te_3/2(ﬂ —T,) with
o= Y"1\ oret 22 In A (I1.20)
my

The final form for electron temperature equation

gt (;kBZTLTe> + 6 . (ngZnTeu”l_)) + k:BZnTeﬁ . (u“g) = ngZﬁ . (TeDﬁLn + nxeﬁlTE)
> 0r5/2 n’ Ue
vy (ﬁeTe V”Te) tagn(Ti=T)+5 (I1.21)

In order to obtain the internal energy equation for ions, kinetic energy equation is
substracted from ions total energy equation. The ions total energy cross-field flux is given
by

- - (3 1
¢, (Ey,) = —-DV, <2anTi + 2mmuﬁ)

3 = d 1 - —
= _§kB (TlDVJ_n + nxiVLTi) + §mluﬁDVJ_n — mzuHUVJ_(nu”) (11.22)

From II.14(blue) - 11.13(red), denoting E;, = U; + E.:

oU;
ot

. L . 3 . . .
+ V- (Uiu”b) + V- (piqu) — nZneEH — UHVH(}% er,;) = ika . (TZDVL’TL + TL)QVLT,)

n

- 0 5/2 -,
+V . (Iﬁ:i Ti VHle) - OLT3/2

1 .
(T; — Te) + SF _ UHSFL + imiuﬁS” + K,
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where the correction term KC; is given by

-

- 1 - o 1 P N .
K, = V- (—2miu2|DVJ_n + TT%UlI/VJ_('fLUl)) + imiuﬁv . (DVLn) —miuV - <1/Vl(nu”)>
(11.23)

which simplifies to

Ki = —miu (ﬁLuO . (DﬁLn) -+ m,v (ﬁluu) . (ﬁL(nu”)) (IT.24)

Finally, denoting
1

the following equation is obtained for ions internal energy:

0 (3 - 3 - - - 3 - - -
& <2anTZ‘> + V- <2anTiU|b> + kpnT;V - (u”b) = ika . (TiDVJ_n + nxiVJ_Ti)
2

nva (mg)Tf/ 2v||n> - T —T)+ SV + Kk (11.26)

n
aT3/2(

I1.3 Computational domain and magnetic topologies

11.3.1 SOLEDGE2D coordinates

The SOLEDGE2D equations are solved with finite-differences method on a magnetic field
aligned grid. More precisely, the tokamak can be described by the magnetic coordinates
(1,0, ), see Figure 11.3.1 where v labels flux surfaces, 6 denotes a generalized poloidal
angle and ¢ the toroidal angle. SOLEDGE2D assumes toroidal symmetry hence J, = 0.
The SOLEDGE2D grid is thus described by the remaining relevant coordinates (¢, ). The

Figure I1.1: Toroidal geometry and definition of toroidal coordinates. (p,0,1) denote the
toroidal, poloidal angles and the surface label, respectively.
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I1.3. Computational domain and magnetic topologies

numerical grid is thus represented by a structured (¢,0) mesh. Each point in the lattice
is given by its grid coordinates (i,7) with i € [[1, Ny] and j € [1, Ny] where N, (resp.
Ny) denotes the grid resolution in the radial (resp. poloidal) direction. The discrete
coordinates (1;)ieqi,n,] and (0;);e1,n,] hence characterize the SOLEDGE2D lattice. Each
grid point (1, 6;) is also associated to coordinates in the physical space (R;;, Z; ;). As a
consequence, the differential operator V is expressed in the (¢, 0) frame as

V=_—&+ &+ 4 (I1.27)

where (¢¥, &% &%) is the contravariant base associated to the (1,0, ) coordinates. These
vectors are defined as

-~ 00 00

=Vip=_— — d &@=Vl=_—ép+ ¢ I1.28
(0 ér+ ==éz an € 3R€R+ 577 ( )

where (ég,é7) is the Cartesian orthonormal base of the poloidal plane. The different

spatial derivatives such OR/0v are specific to the magnetic geometry and constitute so-

called metric coefficients. For more details on the metrics, see Appendix C.

On figure I1.2 is represented an example of SOLEDGE2D grid. In this case, the mag-
netic configuration is made of circular nested tori. At the bottom of the machine is located
the limiter (see Figure 2).

0.9

0.8

>-0.7

0.6

0

Figure I1.2: Example of mesh for a circular case with a limiter at the bottom. Left: mesh
in the physical space. Right: mesh in the (1, 0) space - in this simple case 1) = r where r
denotes the minor radius. Boundary conditions are figured in color: Red: Core boundary
condition, Green: Bohm boundary condition, Purple: Radial wall boundary condition

The numerical scheme used in SOLEDGE2D is detailed in Appendix B.
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I1. Edge plasma simulations with the fluid code SOLEDGE2D

I1.3.2 Multi-domain algorithm

Complex topologies such as divertor configurations are mapped into a Cartesian frame
(1, 60) using a multi-domain algorithm. In fact, whatever the topology of the magnetic
configuration, it can be described by a set of elementary subdomains having a simple
rectangular topology. A matrix of neighborhood then specifies how these elementary
elements are connected to each other. This approach is also efficient for parallelization by
assigning each subdomain to one processor using, here, OPENMP library.

Divertor and limiter domains are splitted as described on Figure I1.3 and I1.4 respec-
tively.

o7kl l

Figure 11.3: Divertor configuration. Example of subdomain decomposition. Zone 5 corre-
sponding to core plasma 1s periodic. This closed field line region communicates with the
main-SOL region (zone 2) that extends to the divertor SOL (zones 1 € 3). The divertor
SOL regions communicate with subdomains 4 and 6 that represent the private flux plasma
Tegion.

>

1 2
L

=

Figure I1.4: Limiter configuration. Decomposition into four subdomains for paralleliza-
tion. The limiter is infinitely thin. The parallel direction is described by 0, the perpendic-
ular direction is described by ).

Each subdomain is provided with tables containing data fields for spatial grid, metric
coefficients, plasma variables etc. Moreover, each subdomain is surrounded by ghosts cells
that store the necessary information on the neighboring subdomains. These ghost cells
are represented on Figure II.5 where a limiter decomposition is shown. Two cases must
be considered:
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I1.3. Computational domain and magnetic topologies

e The neighbor is another subdomain. In this case, one just reports the values of the
neighboring subdomain fields into the ghost cells.

e The neighbor is a boundary of the computational domain (core, wall or limiter). In
this case, one uses the boundary conditions to compute the ghost cell values.

Neighboring values

¥

Wi 3 E 4
_ S
Subdomain #3 fields
1 2

Figure 11.5: Sketch of the subdomain decomposition and definition of the neighbor la-
bels. In this example, for subdomain 3, one has North=wall, South=1, Fast=j and
West=limiter.

In any case, the computation of ghost cell values in parallel algorithm requires a
communication step between the processors at the beginning of each iteration.

The algorithm is sketched on Figure I1.6. First, a communication phase takes place
between the threads to determine subdomain neighboring values. Then, the equations
for density and velocity are solved using an explicit time discretization. Finally, the
temperature equations that contains parallel diffusion terms that are solved implicitly.
This last phase requires gathering the subdomains connected in the parallel direction into
so-called parallel areas.
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/l Load subdomains data |\

Compute neighboring |
values

|

Compute explicit source
terms

Invert density and
momentum equations

KlCompute matrix coefficientsl/
Concatenate matrix
coefficients

Apply boundary conditions

For each subdomain

Invert temperature sets of
equations

Update domain fields | .

|

For each parallel area

Figure 11.6: Sequences of the multi-domain algorithm used to solve SOLEDGE2D equa-
tions. The first explicit part is perfomed in parallel for each subdomain (density and
velocity equations). The second part that contains parallel diffusion treated implicitly by
a tri-diagonal matriz inversion is performed in parallel for each parallel area (cluster of
subdomains connected in the parallel direction).

II.4 Boundary conditions and penalization technique

I1.4.1 Ghost-cell boundary conditions

In the standard way of imposing boundary conditions, the above mentionned “ghost cells”
surrounding the subdomains are used. These ghosts cells or points are represented on
Figure I1.7.

The values taken for ghost points are computed from the following boundary condi-
tions:
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-0 -0 06 & - ® Soledge mesh point
........ PSR S S SE— S_— - _
Ghost points:
........ - - @ Limiter (Bohm) BC
@ Radial wall BC
........ o ‘

Figure I1.7: Definition of ghost points to set boundary conditions. The ghost points are

located at domain boundary. The horizontal direction represents the parallel (6) direction.

The vertical direction represents radial () direction.

e Core boundary conditions:

‘ density velocity T, T;
, 5 core velocit core electronic core ions
Values | core density (m™) (m2s-1) Y temperature temperature
(eV) (eV)
S Electrons incoming Ions incoming
particle influx )
Fluzes (s~1) Slip boundary power power

Table 11.1: Possible sets of boundary conditions on c

ore side. The boundary condi-

tions on core side control particle and energy influxes. The user can specify either

the value or the flux for most quantities

e Wall parallel boundary condition:

According to Bohm boundary conditions 1.5, ions velocity at sheath entrance must
be greater or equal to sound speed. The Bohm boundary condition on ions velocity
lu| > ¢ is recast as:

if |uHupstmam‘ < ¢ then
Juy| =
else
VﬁuH =0
end
Concerning heat flux, sheath transmission expression are used (Equation I1.155) with
sheath transmission coefficients 7, = 4.5 and ~; = 2.5. The parallel total heat flux
in the plasma equation is given by

5
o = ks To — KOT2PY | T, (11.29)
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This flux is set to be equal to the energy flux given by sheath transmission coeffi-
cients, yielding at sheath entrance

5
§/€BnuHTa — mng/QV”Ta = Yakpnu T, (I1.30)

Density is extrapolated linearly at sheath entrance to get values for ghost cells.
Table II.2 sums up parallel boundary conditions.

‘ density velocity T, T;
2kpnu
B.C. Vﬁn =0 luy| > cs VTe = —# VT =0

Table I1.2: Parallel boundary conditions at a solid wall (Bohm + sheath transmission
for energy)

e Wall perpendicular boundary condition:
In the wall ghost cells radially connected to the wall, one imposes ngc = 0, T;
and T,

€BC
toward the solid. For velocity, a slip boundary condition is used.

=0
BC
= 0. This ensures a net diffusive flux of particles and energy oriented

‘ density velocity T, T,
B.C.| =0 Viup=0 T.=0 T, =0

Table 11.3: Wall perpendicular boundary conditions

I1.4.2 Penalization technique for plasma-wall interaction

Instead of using ghost points for plasma-surface boundary-condition, an immersed bound-
ary condition technique called penalization |26, 27, 28, 29] has been implemented. Indeed,
the ghost-cell method presented in the above paragraph requires to adapt the mesh to the
geometry of the wall (see Figure I1.7). If this method is manageable for simple geometries
such as square limiter, simulating complex geometries of real PFCs remains challenging.
The penalization technique extends the plasma grid from the plasma into the solid. A
mask function y distinguishes the grid points in the plasma and in the solid. The objective
is to modify the fluid equations in the penalized domain in such a way to recover desired
boundary conditions at the interface between the plasma and the solid.

A first step was made to get Bohm boundary conditions in isothermal plasma [30]. In
this contribution, the penalization technique is inspired by the physics and the fact that
solid elements in plasma act as a strong plasma sinks has been used. In particular, Bohm
boundary conditions can be compared to the properties of any fluid flows expanding into
vacuum. In that perpective, one expects to recover these specific boundary conditions if
one adds an important density sink term in the solid volume. The following penalized
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system for n and I" = nu is considered':

on = o X e =

5 + V- (nub) + u (n—n.) = V- (Dvln> (I1.31)
T (—b) +V) <M) +Xr = V- (pV.r) (IL.32)
ot n m; n

where 7 is a small parameter and the mask function y is defined as:

‘= { 0 in the plasma (I1.33)

1 in the solid

In the plasma, x = 0 and the regular fluid equations are recovered. In the solid, since n
is a small parameter, the penalized equations give at leading order n = n. and I' = 0. n.
is thus the “virtual plasma density within the solid”. This parameter is chosen to be very
small, typically n. is chosen to be ten thousand times less than typical plasma density. It
is proven [23] that the penalization procedure is able to ensure a near sonic Mach number
at the plasma-wall interface recovering Bohm boundary condition. Let us study why.

For simplicity, in the following paragraph, one considers the region of the SOL where
flows are positive. The same treatment can be done symmetrically for negative flows. The
particle flux I' and total pressure are given by

I' = nuy II = mynuj+ pe + p;
and I
nes M = mnc*(1+ M?)

where p, = kgnT, and ¢, = \/kB(Te + T;)/m;. In this short demonstration, the system
is considered isothermal. At steady state in the plasma domain, the penalized system of
Equations I1.31 can be simply rewritten as

o _
ds

" oIl

Hence, in the SOL plasma, the parallel gradient length for I' is given by the typical length
Lg associated to perpendicular density source. As a first assumption, the loss of pressure
in the SOL due to the perpendicular source of momentum can be neglected. The total

pressure is thus constant along the field line yielding,

Ly (0T L Ly (01
Sy el = d (= =0 11.35
r ( 0s )plasma LS w II s plasma ( )

In the solid region, the penalization terms lead to a fast decay of flux and pressure char-

1Rigorously, one should denote n,, and u)the variables of the penalized system of equation and prove
that these penalized variables properly fit with the density n and velocity u) in the limit  — 0. These
n-subscript are not used in the manuscript for writing convenience and clarity.
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I1. Edge plasma simulations with the fluid code SOLEDGE2D

acterized by decay length Lr and L. One writes,

Loy L. hfomy L
I' \ 9s solid_ Ly IT \ 9s solid_ Ln

From I' and IT expressions, the logarithmic derivatives give

o,I' Os O M 0404
_om oM oy

r  n M Cs
0,11 s 0.4  2MOM
II n Cs 1+ M2

This system of equation can be rewritten

on 2M? 8SP+1+M28SH
n  1—-M2T 1— M2 11
A oI 8l
A T 11
with
oM
A_1+M2

(11.36)

(I1.37)

(I1.38)

(I1.39)

The function A is plotted on Figure I1.8,a. Its properties are detailed in section V. Let
us consider equation II.38, in standard SOL the RHS is positive since 0,11 ~ 0 and
o' = ST > 0. Hence d,,4 > 0 and starting from the upstream stagnation point, A is

continuously growing. For a continuous Mach number solution, this behavior is possible

only if one remains on the subsonic branch (acceptable and non-acceptable solutions are

represented on Figure 11.8,b).

a b.
1.0 T GEEEREE R : RS RIIIL IR tEEEE
N
< . ~
0.5+ T~
0.0 i . . . .
0 1 2 3 4 2 3 4
M M

Figure I1.8: a: A as a function of Mach number M. b: Starting from stagnation points,
acceptable (solid black) and unacceptable solutions (dashed gold) for 0s,A > 0. The unac-

cepatble solution breaks Mach number continuity.

Concerning density Equation 11.37, reporting expressions for I' and II gradient scales
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gives
Ly (on _ L (I1.40)
n \ 05/ asma 1— M2 Lg '
Ly (on _ o Ly 1+ MLy (IL41)
n\0s).u  1—M2Lr 1—M2Lg ‘

Assuming continuity of parallel density gradient?, the two above expressions must give
the same density gradient length L,, at plasma-solid interface that is

_ Z 11.42
L, 1— M2 Lg ( )
Lo 2MP Ly (Ls Ls\ Ly (11.43)
L, 1—M?Ls \Lr Lg Ly '
giving
L 1 — M?
= - I1.44
Lg 202 ( )
Ly, Ly Ly
— = — — -1 11.45
Lg Lg " <Lr ) (I1.45)

Given the fact that Lg is a long scale of the order Lj and that a strong density (resp.
pressure) drop is expected at the transition, that is L, < Lg (resp. Ly < Lg), Equation
11.45 gives Ly =~ L. The Mach number at the transition is given by Equation I1.44:

1
Myen = | ———— I1.46
o=\ Tom (11.46)

The Mach number remains subsonic everywhere. In the limit L,/Ls — 0, one obtains

a near sonic Mach number at the transition which is compatible with Bohm boundary
condition. This solution is valid if the Mach number is subsonic in the plasma. In section
V, the supersonic case is addressed. The decay length of density in the penalized domain
is given by the penalization parameter 7. One expects L,, = 1. The dependence of Mach
number on the n parameter is studied by performing a set of 1D simulations. The radial
source is set to a constant value in ST = S* in the whole domain (hence Lg = L;) and
the mesh resolution is set to 1600 points. The penalized region represents 400 points in
the middle of the domain. S is set to zero. Simulation results are shown on Figure I1.9.
The numerical solutions are compared with the analytical solution (see section IV.1.2).

However, the analysis presented above is drastically simplified. On the numerical point
of view, extra parameters such as mesh size and numerical scheme can play a role in the
final value for Mach number at the transition.

2this assumption is discussed in details in [23, section 5.2]
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Figure I11.9: Results for Mach number, density and total pressure in a 1D penalized system.
The particle source S™ is set to a constant value and the analytical solution is plotted for
Mach number. Results for different values of the penalization parameter n are shown. The
solution in the plasma is plotted in red and the solution in the limiter is plotted in blue.

Concerning radial transport, by imposing the density to be small in the solid, the
density gradient ensures that the radial diffusive flux is always oriented toward the solid.
The exact formulation for boundary condition when magnetic field line intercept solid
elements with grazing incidence are still debated. The radial transport properties obained
with penalization at least guarantee that plasma flow is always oriented toward the solid
and no plasma can flow out of the solid.

Concerning the boundary condition for temperature |25, 31], one has to set the parallel
temperature gradient. This is done by adding forcing terms at the solid surface. Unlike
for density where the density value is imposed in the entire solid volume, the temperature
gradients are set only at the solid surface. This is a general feature when penalization
is used to impose derivatives (Neumann boundary conditions). Secondary penalization
masks y; and yo are added around the main mask y. The x; and ys limiters extent is
such as they start one grid point before the main penalization mask (see Figure 11.10). In
that sense, the first point where the gradient is penalized is in the plasma and not in the
solid. Then, the secondary masks overlap the main mask on 2 or 3 grid points. One can
also defines the mask y3 = x\(x1 U x2)-

If N5, and NE. denote the gradient boundary conditions that must be imposed on
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NP =

S

Figure I1.10: Penalization masks for Neumann type boundary conditions.

the left and right side of the obstacle, the penalized temperature equation is the following,

% (ngnT) + LHS + % (VT — Ngo) — % (VT — Nje) + % (T —1T.)=RHS

(I1.47)
where LHS and RHS denote the left hand side and right hand side terms of equations I1.26
and II.21. Vﬁ and Vﬁ% denote left and right sided parallel gradients. When x; = 1 (resp.
X2 = 1) the dominant term in temperature equation gives VﬁT = Nk, (resp. Vf‘ = NE.)
imposing the desired boundary condition. It is important to use decentered expression
for gradients to guarantee that no information travels from the solid to the plasma. The
last penalization term forces the temperature to be equal to 7. in the rest of the solid.
Indeed, as shown on Figure I1.11, the middle part of the solid can be radially connected
with the plasma. A vanishing temperature in the solid hence ensures a net radial diffusive
flux oriented toward the solid.

50 100 150

Figure I1.11: Example of penalization masks for a circular fluz surfaces configuration with
a flat bottom limiter. a: Real space. b: (¢, 0) space. Parallel and perpendicular flows are
represented by thin an thick arrows respectively. One notices that radial flows are possible
between the plasma and the limiter.

I1.5 Illustrative simulations in limiter and divertor con-
figurations

The capability of the code is illustrated here on two simulations briefly detailed.
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I1. Edge plasma simulations with the fluid code SOLEDGE2D

I1.5.1 MISTRAL test case in realistic Tore Supra configuration

The complex wall geometry of the machine is accurately modeled in SOLEDGE2D sim-
ulations using penalization technique. The magnetic configuration is the one used by J.
Gunn to study cross field transport inhomogeneities [32]. This reference shot, that will
be refered in this manuscript as MISTRAL base case, consists in adjusting magnetic con-
figuration to change plasma-wall contact point location. The plasma is successively in
contact with bottom main limiter, inboard limiters and outboard antenna limiters. The
different configurations are schematized on Figure I1.12 taken from [32].

1.0

z[m] ILFS ‘

0.5¢

= ) HFS
= > |
panicb | 1 |

sJe)wi| Jenpow

0.0 outflow ) I ‘: " ‘ |
.05 \ 3 \

:..f ‘ .y L ‘",l toroidall
-1.0 RIm] limiter

15 20 25 30 15 20 25 30 15 20 25 30

Figure 11.12: From left to right these four panels show the magnetic configurations used
in the experiment. Both the LCFS and the flux surface on which 1/e of the LCFS density
was measured in each case are drawn (red lines). The main paths of the particle outflux
from the core, as we postulate based on the simple model, are indicated by arrows. The
sign of the parallel flow is defined to be positive when its poloidal projection is directed in
the positive poloidal direction (clockwise in the R-Z plane). At the probe location positive
flow is directed from the high field side towards the low field side. Shot TS#33463 (]32])

Due to the enhancement of turbulent transport on the magnetic low field side (LFS),
scrape-off layer thickens when the plasma contact point is on the inboard limiter rather
than when the contact point is on the outboard limiter. Indeed if one considers the
continuity equation at steady state, parallel scales and perpendicular scales can be linked
by

-

V- (nub) = V-(DV.n)

N2
ne Dn
S 11.48
Ly N (IL.48)

where L is the typical distance between the turbulent plasma source and the limiter. A
represents SOL thickness and is thus expressed by

DL
AL = ” (11.49)

Cs

In the LFS configuration, the source and the limiter are at the same location hence L is
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I1.5. Illustrative simulations in limiter and divertor configurations

small involving a thin SOL. Conversely, the SOL gets thicker if the source is far from the
limiter such as in the HFS configuration. The enhancement of the turbulent transport on
the LFS due to ballooning also induces characteristic plasma flows captured in J. Gunn
experiment by a Mach probe at the top of the machine. The arrows on Figure 11.12
represent the orientation of the flows.

The experiment has been reproduced with SOLEDGE2D. The cross-field transport
enhancement on the LFS has been taken into account using a peaked diffusivity profile
centered on the outboard midplane. The diffusivity is represented on Figure I1.13.

90

: 120 60
8

150 6 30
. 4
2

180 0
j 330
300
0

(o] (o]
1
—_—

N

N

N
1

210

Cross-field diffusivity (m23'1)

0 T 240

1
-180 -90 0 90 180

27

Figure 11.13: The diffusivity profile as a function of the poloidal angle is given by a 30°-
wide Gaussian shape centered on the outboard mid-plane. The average diffusivity (D) is
1 m2s™! and the Gaussian peaking is such as D,yaz/Dmin = 20

The simulation results are represented on Figure I1.14. The Mach number field is

1.3

0.8

0.4r

-0.4

-0.8+
15

-1.5

5 2 2.5 3

Figure 1I.14: Simulation results for the 4 magnetic configurations. Color background:
Mach number. The SOL thickness is represented with gray lines.

represented in color and the density decay is represented with contour levels. The same
trend as in the experiment is recovered. 1D plots representing density and Mach number
at probe location are shown on Figure II.15. The experiental data are also represented
for comparison. A qualitative agreement concerning the density decay length is once
again recovered. Concerning Mach number, the simulations rather fit the experimental
results close to the separatrix. A net departure is though observed in the far SOL. The
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I1. Edge plasma simulations with the fluid code SOLEDGE2D

discrepencies may be linked to the presence of neutrals that are not taken into account in
these simulations or related to the effects of drift velocities which are not implemented.
Also, the nature of cross-field transport in the far SOL is probably not well described by
the simple diffusion term used in SOLEDGE2D equations. Let us notice finally that input
parameters have not been optimally tuned with respect to experiments.
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Figure I1.15: Mach number at probe location (top of the machine) for the different mag-
netic configurations. a: erperimental data. b: simulation results ; Density at probe loca-
tion. c: erperimental data. d: simulation results

11.5.2 Divertor simulations

Divertor simulations have been performed for several machines. Below is an example of
simple X-point configuration in JET geometry. The Mach number and electrons temper-
ature are represented. The realistic geometry of JET wall is well taken into account using
the penalization technique. The typical grid size for this kind of simulation is 200 points
in the radial direction and 360 points in the parallel direction. The simulation time is of
the order of 10 hours on 4 processors to reach steady state.
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a. Mach number b. T, (eV)
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Figure I1.16: JET simulations. a. Mach number. b. Electrons temperature

Many simulations have been made in the Tore Supra - WEST geometry. This case
is a double-null configuration. The simulation domain must be divided at least in 16
subdomains to simulate this magnetic configuration. On Figure 11.17 is represented the
WEST geometry from magnetic flux surface definition to SOLEDGE2D subdomains. One
notices the penalized areas in the square (1, 0) subdomains.
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Figure I1.17: WEST geometry. a: flux surfaces. Multidomain decomposition: b. Poloidal
cross section in the (R,Z) plane. c. Poloidal cross section in the (1,0) space. Density
field is represented as color background.

II.6 In practice

SOLEDGE2D code is written in FORTRAN 90 and it is parallelized using OPENMP library.

Input parameters must be provided such as cross field diffusivities, particle and power
influx, mesh etc... In order to make the code easier to use, a graphical interface has been
developed in JAVA to automatically generate these input files. A snapshot of the infercace
is shown on Figure I1.18.

73



I1. Edge plasma simulations with the fluid code SOLEDGE2D

| Mailleur pour Soledge-2D

Select theta frontiers | Detect X Point Create Zones

Figure 11.18: Snapshot of SOLEDGE2D graphical interface

Also, Matlab routines have been developed:

e Pre-processing: Generation of meshs from magnetic flux maps.

e Post-processing: 2D and 1D plots from simulation results

These routines are to be rewritten in JAVA and included to the graphical interface.

Chapter highlights

SOLEDGE2D is a transport code solving equations for plasma density,
parallel velocity, electrons and ions temperatures.

The penalization technique used to model plasma-wall interaction
makes possible to simulate the plasma up to the main chamber wall.
Whatever the complexity of the wall geometry, Bohm boundary condi-
tions are recovered.

The multidomain approach enables flexibility and makes possible to
simulate a broad range of magnetic configurations.

The program is parallelized using OPENMP.

A graphical interface developed in JAVA can be used to generate mesh
and run the code.
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Chapter 111

Investigations on heat flux closures in
weakly collisional plasmas

Content

After a brief summary of the state-of-the-art, a stochastic 1D model

is proposed to investigate energy transfer and its dependence on col-
lisionality. A non-local expression is found and its implementation in
the transport code SOLEDGE2D is discussed.

In section 1.2.4, it has been reported that for highly collisional plasmas, the probability
density function of particles velocity is given by the Maxwellian distribution fy. Out of
equilibrium, the expression for heat flux is obtained using Chapman-Enskog development
about the Maxwellian. In particular, when particle mean free path is much smaller than
system size, the heat flux is found to be proportional to temperature gradient and expresses

according to Fourier’s law:
q=—rVT (ITL.1)

As far as the Coulombian interaction is considered, the mean free path increases
sharply with temperature (Equation 1.30).
T? 3

Ae = Te -0 1.2-101°=% [m] with 7, in eV and n in m~
n

(I11.2)

In the table below III.1 are given mean free path values for typical plasma parameters
in the core and edge region. For some cases, the mean free path can exceed the typi-
cal length associated to the machine. Concerning the edge plasma region of interest in
SOLEDGE2D simulations, the far scrape-off layer can be seen as collisional. Conversely,
collisionality drops near the separatrix where the plasma temperature reaches hundreds
eV. The hypothesis of high collisionality thus fails and the problem of heat flux closure
has to be revisited to take low collisionality effects into account.
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| density [m®] Temperature [eV] Ae [m] v

Core plasma 102 10000 1200 0.05
Edge plasma 10%° 500 120 0.2
SOL entrance 2-10'8 100 120 1
Far SOL 1017 10 12 )

Table II1.1: Typical mean free path values and collisionalities. One has chosen system
size L = 60 m.

III.1 General concepts linked to weakly collisional clo-

sures

One recalls that the heat flux is given by the expression (see Equation .52 with ¢/ = 77— )

1 — Il g
a=gm [ 17 @ (111.3)

Heat flux thus represents a measure of pdf asymmetries given by the third order moment
called skewness. In the collisional case, these assymetries are small and can be linked to
the temperature gradient. This is possible due to collisions that link particle velocities at
one position with temperature spatial inhomogeneities in the neighboring region. In the
general case, it is unlikely that such a process exists.

I11.1.1  Flux limiters

In any case, for a Maxwellian distribution, the upper bound for the heat flux is provided
by the one-sided flux also called “free-streaming” flux gpg that represents the flux of energy
carried by the particles with a positive velocity.

1 N
qrs = =m 17[|%v) f (0)do (I1.4)

2 V”’vl/\ >0

that is, reporting the expression for the Maxwellian distribution

2 kT
qrs = \/jnkBTcs with Cs = \/L (II1.5)
T m

In that sense, it represents the flux associated with the maximum assymmetric distribu-

tion based on Maxwellian distribution. The opposite free streaming flux ¢, could also
been defined considering particles travelling in the opposite direction. For a Maxwellian
distribution that is perfectly symmetric, one finds of course g, = qrs + grg = 0. Since
Spitzer-Harm expression for heat flux is based on high collisionality assumption, it is ex-
pected to fail at high temperature or low density, when particle mean free path is much
longer than system size. Spitzer-Harm derivation also assumes particle distribution func-
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II1.1. General concepts linked to weakly collisional closures

tion to be a perturbed Maxwellian distribution so in any case, Spitzer-Hérm heat flux
must be less than free streaming bound. In other words, based on the existence of local
thermal equilibrium, Spitzer-Harm expression enables the development of temperature
gradients on scales necessarily larger than collisional mean free path.

However, in some specific configurations, kinetic simulations and experimental mea-
surements show that “Temperature” gradients can develop on the typical system size even
if this size is smaller than collision mean free path. Of course, Spitzer-Harm expression
fails to describe this situation where collisionality drops and local balance no longer ex-
ists. Besides, it is irrelevant to use the term “Temperature” when refering to the quantity
defined as the ratio between pressure and density in this case. The failure of Spitzer-
Harm expression appears when Spitzer-Harm expression is applied to these “Temperature
profiles”. heat flux values greater than the permitted free streaming upper bound are
obtained. In any case, an effetive heat diffusivity can be defined as

q
Reff = ﬁ ~ ]{JBTL)\VTCS (1116)
Spitzer-Harm expression assumes Ayr &~ \. where ). is the collisional mean free path;
it thus overestimates heat diffusivity in the above mentionned configurations where v* ~
>\VT/)\C < 1L

Several attempts have been made to correct Spitzer-Harm expression to catch these
low v* situations. The simplest one consists in using so-called flux-limiters. Indeed, as
Spitzer-Hérm overestimates the flux and guessing the upper bound value (free streaming
values), the flux-limited expression is defined as the weighted harmonic average between
Spitzer-Harm heat flux and free streaming heat flux:

qrL = (L T >_1 (I11.7)

qsH QedFs

For low collisionality cases, gsy < qrs and one finds qr;, = qsy. Conversely, for low
collisionality, Spitzer-Harm expression overestimates heat flux such as qrs < ¢sy and
qrr = aeqrs. Of course, this expression is clearly empirical and just avoids overestimat-
ing heat flux in the collisionless limit. It intrinsically assumes that heat flux tends to the
Maxwellian free streaming value in the low collisionality case. In that sense, this expres-
sion refers to the Maxwellian distribution when it is no longer relevant. This asymptotic
value in the collisionless case is thus prescribed and based on a misleading definition of
temperature. Also, the transition from the Spitzer-Hérm to the low collisionality expres-
sion is only controlled by the failure of Spitzer-Harm expression to match this prescribed
collisionless asymptotic value. Comparison with kinetic simulations are performed for
different plasma conditions to evaluate the weight .. The latter is found to vary between
0.03 and 3. Patching up a fluid expression to take kinetic effects into account cannot
provide anything but raw corrections. Nevertheless, this formulation is quite convenient
and likely provides an ad-hoc but reasonable correction in the v* < 1 limit. Several nu-
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III. Investigations on heat flux closures in weakly collisional plasmas

merical, theoretical and experimental studies |33, 6, 34] have been made to link the weight
a, with plasma properties to better control the flux limiter expression. More comments
on the commonly used flux limiters can be found in the literature [35, 36, 11, 37]. Figure
II1.1 taken from [, Figure 26.5] represents normalized parallel temperature profiles for
different collisionalities, with and without flux limiter corrections. Spitzer-Harm and flux
limiter expressions fairly match for high collisionnalities (v* = 40) and quite well for low
collisionnalities (v* = 2.5) where both predict rather flat temperature profiles. The major
discrepencies occur for intermediate collisionalities where the temperature gradients are
steeper with the kinetic correction’.

1.0
T |
TU
0.5+
0 | | | | l
0.2 0.4 0.6 0.8 1.0
X
L

Figure III.1: Temperature profiles normalized to upstream temperature T,, for different
levels of collisionality, with and without a heat limiter. The parameter o (Equation 111.7)
controls flux limiter threshold. It is clear that the effect of this heat limiter is greatest for
intermediate collisionality.

! The transition between the collisional and collisionless regime does not occur at v* = 1 but for higher
v* because suprathermal particles v =~ 3¢s play a major role in heat flux value. Since mean free path
scales as A, oc v*, the suprathermal particles can be considered weakly collisional for v* < 100
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I11.1.2 Non-local formulations

A more theoretical work has been carried out in the early 80’s by [38]. This work has
been extended and commented afterwards [39].

IT1.1.3 Higher orders and kinetic models

An other effort has been done to overcome the difficult work to close heat flux expression
by considering highest order equations. In the work by T. Passot [10] on Landau fluids, the
set of fluid equations is closed not a the third order but at he fourth order moment. A weak
departure from a bi-Maxwellian distribution is assumed to close the system. Waterbag
models are also used to better describe the distribution function. In this model, the pdf
is represented by a serie of N,, step functions whose bounds and values are unknowns of
the waterbag system of equation. These equations are of the fluid type.

III.2 Stochastic 1D model for weakly collisional plas-
mas

A key issue of contemporary statistical mechanics is to understand the behaviour of sys-
tems steadily kept out of equilibrium. We propose in this section to investigate heat
transport in weakly collisional plasmas with a simple stochastic model that address the
key nonequilibrium effects, as the lack of local thermalization.

Indeed, a considerable insight on the nature of nonequilibrium steady states has been
achieved by considering simple stochastic models that describe interaction among “par-
ticles" at the mesoscopic level. This class of systems has the invaluable advantage of
being pretty straightforward to simulate by Monte-Carlo type of methods and, in some
cases, to allow for an analytical solution, which is usually unfeasible in the deterministic
cases. Actually, many general properties of nonequilibrium states are inferred by such
simplified models thus opening the way to general concepts and approaches [41, 12|. For
heat conduction problems|43, 44, 45], the simplest level of modeling amounts to consider
local energies as random variables on a lattice [16]. In this context, a model that can be
explicitly solved is the Kipnis-Marchioro-Presutti (KMP) lattice model, in which stochas-
tic collisions mix the energy of neighboring particles, conserving the total energy [17].
This model is proven to satisfy Fourier’s law when put in contact with two external reser-
voirs yielding a linear temperature profile. Energy conserving stochastic noise has been
also used in lattice model systems, as natural generalizations of KMP and of the simple
exclusion process [48]. In the same perspective, lattice of coupled oscillators subject to
energy and momentum conserving noise have been also discussed to describe anomalous
heat conduction problems and the associated steady-state correlations properties |19, 50].

In our model, the dynamics inspired by the above mentioned KMP model [17] is sup-
plemented by interaction rules introduced to describe the salient features of Coulombian
interaction and to introduce an energy-dependent thermalization mean free path.
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I11.2.1 Description of the model

We aim at characterizing plasma heat transport with a probabilistic model. This model
is sketched in Figure I11.2. At each lattice site i = 1,..., N we have a pair of particles of
energies E;” and E; : the plus and the minus sign indicates particles moving in opposite
directions with constant velocity. Their discrete-time dynamics consists of two steps. At
each time t, we first perform a free convection of energy:

EE(t) — EL,(t) (IIL.8)
We assume periodic boundary conditions assumed as for a ring geometry. Taking inspi-
ration from the KMP-model, we consider that the energy exchange mechanism between
particles occurs at each lattice site 7 at any time ¢ and amounts to a random redistribution
of the total energy of the particles. In formulae:

Ef(t+1) = r[EBf(t)+ E ()]
= ZTEZ(t,)
Ef(t+1) = (1—7)[E )+ E (t)] (I11.9)

2(1 = r)Ey(t)

where we have defined the energy on the site i as E;(t) = [E; () + E; (t)]/2 and with r a
random number uniformly distributed in [0, 1].

In order to include an important ingredient coming from the physics of the inter-
actions among plasma particles, we mimic an effective Coulomb-like cross section (see
section 1.1.2) by assuming that the energy exchange may occur with a rate P inversely
proportional to the square of the energy of the interacting particles. Specifically,

C
P = 15 (B, Bn)? (IT1.10)
where Fj,; is an energy scale, 0 < E; < 400, and C'is a suitable constant. For F; < Ejy,
the interaction probability is energy-independent meaning that low-energy particles are
strongly interacting. In this asymptotic limit, Equation (III.10) is expected to yield
a standard diffusion mechanism. On the other hand, for E; > FEi, the collision rate
vanishes and thus particles travel almost ballistically.

periodicity Ei+ periodicity
o—>
5
gl:l X51 (_é;_ st i=N
i

Position of heat sources

Figure II1.2: Sketch of the 1D particle model. The dynamic step is represented in red and
the interaction step in green.
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II1.2. Stochastic 1D model for weakly collisional plasmas

In tokamaks, plasma particles interact with hot and cold localized sources (e.g. Fast
particle heated region, hot/cold turbulent structures, etc...) that are schematized as
external reservoirs. We can introduce two heat sources located at the lattice sites 7;, and
i. (typically i, ~ N/4 and i, ~ 3N/4 ) and with inverse temperatures (3, 3., respectively.
To keep the interaction rule as simple as possible and in analogy with other models of
heat baths [14] we assume a strong coupling with the sources: at each time step, energies
El-i, at the source sites ¢ = iy, i, are assigned new random values drawn from the Maxwell-
Boltzmann distributions (), exp(—0€) and (. exp(—p.€) respectively.

In the simulation hereby discussed, the update is synchronous on all lattice sites; one
could make it sequential by updating randomly chosen sites from a unifom distribution,
but we do not expect significant modifications w.r.t. the synchronous rule.

A related mean-field model is discussed in Appendix D.

I11.2.2 Study of the equilibrium properties: characteristic ther-
malization scale

a) Relaxation to equilibrium

In order to study the equilibrium, we consider a domain without sources and let the system
evolve starting from an arbitrary random state. Let us denote by f(E,t) the distribution
function of energies of all particles at time t. As an example, we consider the case such that
the energies of the particles are initialized with f(E,0) being a step distribution function
centered on the average energy Fy (see the curve labeled ¢ = 0 in Figure II1.3). As
expected, after a certain number of time steps, f(F,t) approaches a Maxwell-Boltzmann
distribution fo(E) = fexp(—FE) where 8 = 1/T = 1/E, see Figure I11.3a. To monitor
this convergence to equilibrium we considered the distance d(t) = (||f(E,t) — fo(E)|]).
The || - || denotes £' norm while (-) means an average over several trajectories. At long
enough times, this distance decays exponentially to zero d = Fexp(—t/7,), see Figure
IT1.3b. Actually, a closer inspection of the data suggests that equilibration process occurs
in two stages, compatible with a double exponential fit. We can argue that the first
time scale is associated to some transient equilibration that may depend on the chosen
initial conditions. What actually governs the asymptotic behavior of the relaxation to
equilibrium is the final stage characterized by a time scale that we denote 7,.. Numerical
evidence suggests that the latter time scale is proportional to the square of the average
energy, 7, < E3 ( see the lower line in Figure I11.4) . This is a consequence of the choice of
the interaction rate P in Equation (II1.10). More precisely, the relaxation time 7, can be
seen as the number of events required for probability of having interacted to be of order
1, that is for independent events 7P = 1.

b) Fluctuations around equilibrium

In the spirit of linear response theory, properties of the fluctuations of equilibrium currents
yield information on transport coefficients. In the present context we are interested in the
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Figure I11.3: Relaxation to equilibrium for N = 1000 particle sites, Ey = 10 and E;,y = 5.
a: Initial (blue), transient (red) and equilibrium (green) distribution of energy. b: Distance
to equilibrium distribution versus time. Blue: simulation results - Red: fit with exponential
decay with decay time 7, - Green: fast transient relaxation of initial conditions.

5 T
10 7 I
. Eo/Ein<1 1 Eo/Eine>1
10° - ; =
. PR
10° ! &
, e
10 N ] ’,5' 'e'"
10" - §$,e
8 .-V ¢ 1.97
100_’0’ 'é" ---- 1, E
e .. ! T B
-1 _ ’»’ | E
0 g 2 4 68" 2 4 68" 2 0
10 100

Figure II1.4: Characteristic times of the interaction as a function of system average tem-
perature Ey. Blue dots: Relazation time to equilibrium, see Section a) - Red squares:
fitting value of T in Equation II1.20 - Green diamonds: culting time 7. = 1/w.. Line:
Power law fit.

correlation function of the heat current J, c;(7) = (J(¢t)J(t — 7)) whose time integral is
related to the thermal diffusivity by the Green-Kubo formula [15]

1 0o

where T is the equilibrium temperature of the system defined above and N the number of
sites, defining the length of the sysem. We ignore here the difference between diffusivity
and conductivity since they only differ by a proportionality constant. More generally,
the time behavior of c¢; yields information on relaxation processes and thus on nonsta-
tionary energy transport. By Wiener-Khintchin theorem, this description is equivalent
to considering the power spectrum Sp[J|(w) = Flcs(7)] where F denotes the Fourier
transform.
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II1.2. Stochastic 1D model for weakly collisional plasmas

In our model, the heat flux at site i is defined as j;(t) = E; ,(t) — E; (t) as can be
found by writing the lattice continuity equation E;(t + 1) — E;(t) = —j;+1 + ji- The total
heat flux travelling in the system is the sum of all the local contributions J(t) = > . j; ().

The application of Green-Kubo formula for open, finite systems is still matter of debate
[51], so it is relevant to perform a comparison between different statistical ensembles. In
a first series of experiments, we considered the microcanonical system that is with the
sources turned off. In Figure [11.5,a we plot the power spectra of J for different values
of the system energy Fy. The data are fitted with a Lorentzian shape, i.e. Sp[J](w) ~
C/(w? + 7,%) assuming that the time correlation function c; decays exponentially with a
single? characteristic time-scale 7.. From the data we found that 7, ~ Eg, see the lower
line in Figure II1.4, namely the same dependence of the thermalization time 7,.

The time 7, defines a characteristic length A, which represents a particle mean free
path. Indeed, if a particle moves on a length smaller than . (or on a time smaller than
7.), the interaction probability is very small and the transport of energy can be considered
as ballistic. On the contrary, on scales larger than A., it is likely that a particle undergoes
several interaction events hence reducing its correlation with its inititial conditions. The
particle thermalizes and the energy transport can be thereby described as a standard
diffusion process.

This observation is useful to interpret the data for the canonical case in which the sys-
tem interacts with two sources both having the same temperatures 3, = 3. corresponding
to an average system energy equal to the value £y employed in the microcanonical setting.
The heat flux power spectra for different values of E, are reported in Figure I11.5,b.

At small enough energies A\, < N microcanonical and canonical spectra are almost the
same (compare the lower-lying curves in Figure II1.5). Conversely, for larger Ey (A, ~ N)
differences are significant. In particular in the presence of sources the spectra display
oscillations. This is a consequence of the presence of localized thermal sources in the
lattice. More precisely, the particle transit time 7, between the sources corresponds to the
characteristic time of the oscillations of the spectra. Despite this oscillating behavior, one
observes at any value of Ej a flat profile of the spectra for small frequencies, w < 1/75.
This is due to the fact that particles loose memory when interacting with the sources and
no correlation can be expected for times larger than 7y, ces-

Another difference between the microcanonical and the canonical cases is shown in
Figure II1.6. One can conclude that the Green-Kubo relation (II1.11) evaluated in these
two ensembles yields the same result only for small enough energies. For high value
of Fy, a quasi ballistic regime where D grows proportionally to EZ is observed for the
microcanonical data, while the canonical data exhibit a saturation of the ballistic regime
and D levels off at half of the system length N/2. This upper bound is reached because
any particle must at least interact with the sources. These results can be found directly

2Admittedly, the Lorentzian fit is not very accurate for wr. ~ 1. A possible improvement would
be to consider a two-parameter fitting with two characteristic time-scales, somehow akin with the two
relaxation stage illustrated in Figure II1.3. For simplicity, we ignored this refinement henceforth.
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Figure I11.5: Power spectrum of total heat flux for different average energies Ey. Simula-
tion parameters: N = 1000 and E;,; = 5. The black line represents the w=2 asymptotic
behavior. a: Results without sources and fits with Lorentzian. The vertical lines corre-
sponds to the respective cutting frequency w. b: Results with sources. The vertical dashed
line indicated the characteristic frequency associated with system size Wsygiem. Units on
the vertical axis are arbitrary.

from the following algebra on Green-Kubo formula:

1 o 1 9
D = NT? /0 cy(T)dr = NT? (J* )Y Teor
where 7., is defined as the characteristic correlation time. From equilibrium distribution
of energy, the local heat flux j; can be described by a Normal law centered on 0 and with
a standard deviation of /2T and consequently, the total heat flux (J2) = (32, ji) =
2NT?. Concerning the correlation time, one can distinguish between three cases. For
small enough temperatures such that particle mean free path is shorter than the distance
between the sources, the correlation time is inversely proportional to the probability rate of
interaction 7., = 1/P. For high energies Ej, the mean free path becomes larger than the
distance between sources and the correlation time is then the transit time 7, = N/2. The
threshold between collisional and ballistic regime is reached for Ey > \/N/2E;; = Epa.
One finally obtains

1 if EO < Eint
2
D~ <EEOt) if By < Eo < Epan (I1.12)
3 if By < Eo

For comparison, in Figure I11.6 we report also the values of D computed by nonequi-
librium simulations. Those are obtained by computing the average heat current divided
by the applied gradient 2(3; — 3, ')/N. The temperature difference is fixed to 20% of the
average, to insure that the gradient is small for the considered sizes. The current can be
evaluated by averaging either the energies exchanged with the sources or the above defined
current, J. Equality of such two quantities (within statistical fluctuations) is checked to
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ensure that the steady state is attained on the time scale of the numerical simulations
(typically 105 time steps). It is noteworthy that the canonical Green-Kubo data accounts
very accurately for the nonequilibrium measurementts of the finite system.
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Figure I11.6: Comparison of heat diffusivities computed by nonequilibrium simulations for
three different lattice sizes (circles, squares and triangles) and with Kubo-Green formula
(N = 1000, Ey = 5); stars and crosses correspond to the data with and without sources
respectively. The horizontal lines mark the two asymptotic values D ~ 1 and D ~ N/2;
for comparison we draw a line corresponding to D ~ Ef (dash-dotted).

I11.2.3 Generalized Fourier law

The first step to analyse the transport properties of the stochastic model is to determine
whether the energy flux can be expressed using the linear-response approach. At a macro-
scopic level, one uses the most general linear relation between the energy current J and
the local temperature gradient. Precisely, one can express the heat flux with a generalized
Fourier law where J takes the form of the spatio-temporal convolution of the temperature
gradient with a memory kernel K [52]
o] t aT
T ) = — / i’ / ARz — ot — ) (@ 8) (IIL.13)
o oo Ox

The temporal evolution of the temperature field is given (up to some dimensional constant)

by the heat equation:

oT oJ

Making use of the Laplace-Fourier transform

Y (k,w) :/ dx/ dtY (z,t)ekr=«b
—0o0 0

85



III. Investigations on heat flux closures in weakly collisional plasmas

Equations II1.13 and II1.14 yield the relation

’ iw — k2K (k,w)

(I11.15)

The simplest phenomenological form of the kernel is the one in which memory decays
exponentially in both time and space,

K(zt) = %exp (-5) exp (—%) (I1L.16)

where by 7 and A the characteristic time and space scales above which the heat transfer
can be described by a diffusion process. In the definition we choose the coefficients in
such a way that the usual Fourier law J = —Dg—z is recovered for a constant and time-

independent temperature gradient. The Laplace-Fourier transform of K is thus given
by
~ D
K(k,w) = .
hw) = Aoy a + a2

(IT.17)

This means that T(k, w) may have poles at complex frequencies and thus that relaxation
may occur in the form of damped heat waves [52]. In order to obtain some insight on what
to expect from our model, let us for the moment drop the terms in A\. The Laplace-Fourier
transform of the heat equation then reduces to

o T

(I11.18)

which (assuming 0,7 (z,t) = 0 for t = 0) is also the Laplace-Fourier transform of the
telegraphist Equation [52].
o*T 10T 0T
T Yo
For 7 <« 1, that is to say a short mean free path, the telegraphist equation becomes

(I11.19)

the equation of diffusion with a diffusion coefficient A7. For 7 > 1, the first derivative
vanishes and one finds the wave-propagation equation with a wave velocity v = V/A.

I11.2.4 Numerical evidences of memory effects

In this Section, we perform numerical simulations with the stochastic model to investigate
if its behavior can be described by this effective formulation.

a) Equilibrium fluctuations

In this part, we study the spatio-temporal evolution of the fluctuations around equilib-
rium. To compare with the above hydrodynamic approach, we compute numerically the
dynamical structure factor (|E(k,w)|), where E(k,w) is the the spatio-temporal Fourier
transform of the energy field F;(¢). As usual, (-) denotes the average over several realisa-

86



II1.2. Stochastic 1D model for weakly collisional plasmas

tions. One tries to fit the results obtained numerically with the formula found analytically
for the time and space exponential memory Kernel. According to Equations I11.15 and

I11.17 one obtains
T3 +1/7)

HE@MA|>=(WQ_W@2+(wﬁﬁ2 (I11.20)
with ,
wh = b_k (111.21)

T 14 A2k
To derive Equation from II1.20 from III.15 we let

(E(k,w)?) = (IT(k,w)[*)

and assume that average over the initial random conditions of F|[T'(z, 0)] yields a constant
denoted by T.

The numerical results and fits are plotted in Figure I11.7 in the case Ey = E;,,; = 5. For
high values of k (k = 0.1), i.e. at small scales, we observe a peak at finite frequency that
indicates some kind of oscillating response, that is the propagation of damped temperature
waves. On the contrary, at large scales (k = 0.01), the peak disappears and the spectrum
shows a monotonic decay that signals the onset of a diffusive behavior. We have also
observed that for small (large) values of Ey, i.e. at low (high) temperature, the behavior
is diffusive (ballistic) for all values of k.

2_
S

N 4 |
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Figure 111.7: Dynamical structure factor for Ey = 5. One notices the resonance for high
values of k denoting a ballistic transport at small scales that differs from the diffusive
transport at large scales (no-resonance for low value of k). The low-frequency part of the

data have been fitted with the function B/[(w? —w2)? + (w/7)?] derived by II1.20 under the
approzimation w < 1/7 where the numerator symplifies to a constant.

Moreover, we finds that wy is approximately proportional to k. i.e. typically we are
dealing with regimes where \k < 1. For what 7 is concerned one finds that it scales as
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7 ~ EZ, which is consistent with the data shown in Figure I1L.4.

b) Evolution of perturbations

The dynamics of disturbances is a typical nonstationary heat conduction problem [53, 54].
From Equation (IT1.18) it is expected that their propagation would display a transition
from a diffusive to a wave-like propagation behavior upon increasing the energy. Numerical
studies have been performed by "thermalizing" the lattice at energy FE, according to a
Maxwell-Boltzmann distribution and then heating a small domain of the lattice at the
energy 1.5F,. Figure I11.8 shows this finite amplitude perturbation propagates in space
and time for different values of Ej.

0 100 200 0 100 200
3
2 E ——t=40 2 E 2 E
t=80 ﬂ
- x [0,
1 I T T T 1 1 1 T —
0 100 200 0 100 200 0 100 200

Figure 111.8: Propation of a perturbation for different temperature. a: Low temperature
Ey/Eine = 0.2 (diffusive transport) - b: Intermediate temperature Eo/Ey = 1 - c: High
temperature Ey/Ey, = 4 (ballistic transport)

It can be observed that for small values of Ey the perturbation diffuses, whereas
for Ey/E;: > 1 one observes the ballistic propagation of two temperature fronts, in
qualitative agreement with the telegraphist Equation (II1.19).

c¢) Temperature profiles at steady-state

In Figure II1.9 we plotted three temperature profiles at steady-state for different values
of the initial average temperature of the system FEj,. For each case, the temperatures of
the source are chosen as Eyo/Fo = 105% and E.q/Fo = 95%. One plots the average
temperature E; as well as the forward-going and backward-going particles temperature

(EF). One notices that for low values of temperature, one has E; ~ E ~ E; and
one recovers a quasi-linear profile interpolating between the two sources temperatures
that is similar to the temperature profile that could be found considering the Fourier law

J = —kVT. On the countrary, when the temperature is higher, one observes a departure
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between E; and E; that is a consequence of the weakness of the interaction for such
temperatures. This difference between E;, E;) and E; can be seen as the failure of
local thermal balance. In this case, the heat transport between the sources is obviously
ballistic. When one considers the profile of the average temperature, one notices a quasi-
linear profile in the region between the sources. However, one observes steep temperature
gradients close to the sources. This suggests te existence of a boundary layer around
sources position.
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Figure I11.9: Temperature profiles at steady-states with sources for different values of Ey
(a: Ey = 0.1, b: Eg =2, ¢: Ey = 10). For all cases, Ey = 0.5. On the second figure is
also plotted in dashed line the solution of the heat Fquation using flux expression given by
Equation 111.22

A possible explanation can be drawn by solving Equation (I11.14) with the kernel of
Equation (IIL.16).

D (o.@)

o)

/

J(z) = dx’ exp (—@) g—:(as’) (I11.22)
This expression is quite similar to the one proposed by Luciani [38] to describe heat flux
for steep temperature gradients in plasma. The profiles obtained fit quite well with the
steady-state solution of the stochastic model (see Figure II1.9). Notice that the solution
correctly reproduces the temperature drops at the sources, that could not be obtain by
the standard Fourier law. More precisely, the Fourier transform of the heat equation gives

according to Equation II1.17
Dk?* .

1+>\2k2T:S

where S denotes the Fourier transform of the sources. One notices that this equation can

(I11.23)

be rewritten as

T(x)=T(0)+ % /Ox dx’ /Ow’ dz"S(2") + %S(m) (I11.24)

where S(x) = Sy(d(x —xp) —d(x —x.)) in the case we consider here. The first contribution
describes solution of the standard diffusion law. It is the dominant term if A> < D. The

second term that becomes dominant if A is important traduces non local effects and causes
the strong gradients localized near sources.
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II1.2.5 Spatial correlations in the nonequilibrium steady state

In this section, we consider the steady nonequilibrium state with heat sources at differrent
temperatures.

Analogously to what found in other stochastic and deterministic models [48, 55, 50],
we expect the onset of a non-zero heat flux to be characterized by long-range spatial
correlations. In the KMP model, correlations are given by the expression (see [41])
¢ (Th—To)2 i ]

}v+f % (1 o %)

if 0<i<ji<N

Ci = (IT1.25)
(T1—To)? i (T1—Tp)?
<Ez‘>2 +2 N+f N (1 B N) + N(N+01)
L it 0<i=353<N
where the spatial autocorrelation function C7; is defined as
Cij = (EiE;) — (Ei)(Ej) (I11.26)
and (E;) denotes the value of the mean energy at site i.
(E) =Ty + (T) — To)~— (I11.27)

N

We have computed numerically C7; for our model. For low values of Ej (diffusive
regime) data agrees with theoretical predictions (that are essentially equivalent in the
KPM model), while for large values of E — 0 (ballistic regime) no spatial correlation is
present (see Figure I11.10).

a . b. 4
3.0 —
. T 12
2.5 ° \Z./ 8 15
x4
x 297 Co X = 10
O 154 00 04 038 O
X
1.0+
0 . 5
0.5 w’ -.‘“'."--.
ade MAAALLL L _"l--_ .. i
O'O_MIW O-1aaad | IA-AA-AT-AA—A-&?*A*A-TA—A#AT
0.2 04 06 0.8 1.0 0.2 04 06 0.8 1.0
i/N i/N

Figure II1.10: Spatial correlation function close to the cold source for different value of in-
teraction temperature (a: Eg,y = 0.001, b: Eyy = 1000). Results show spatial correlations
at low temperature (left) in good agreement with analytical model developped in reference
[/ 1] plotted with lines for different system size N. At high temperature (right), the spatial
correlations disappear.. In these simulations, one has Ty = 10 and Ty = 0.1.
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II1.2.6 Discussion and heat flux expression

The stochastic model presented in this section well reproduces the transition from colli-
sional to ballistic transport. In any case, the heat flux can be expressed according to the
generalized Fourier law

o) t
q= —/ dm’/ dt' K(x —2',t —t')VT = —K « VT (I11.28)

where the kernel is given by

— t—1t
K(z—a't—t)= Kgexp (—@) (——) (I11.29)

T

where A is the collision mean free path and 7 the collision time. This formulation is
consistent with the non-local formulation of Luciani. The temporal correlation ingredient
is added providing the possibility to catch wave like propagation of heat in the system.
The impact of such an expression for heat flux in 1D systems and in SOLEDGE2D is now
presented.

II1.3 Introduction of non-local ingredients in
SolEdge2D

The non-local expression for heat flux is implemented in SOLEDGE2D. The spatial mem-
ory kernel and the heat flux are defined as

o) = — / dm’% exp (— |2 _A‘”') Z—Z(J;') (TI1.30)

The integral bounds depend whether one considers open or closed field lines. The integra-
tion domains are represented on Figure II1.11. For a closed field line, the integral bounds
corresponds to the points where the field line intercept the solid. The heat flux is given
in this case by Equation I11.31.

Ly
Non-periodic case:  ¢(z) :/ dz'K (") (IT1.31)
0

Conversely, if one condiders open field line, the domain is periodic and denoting L; the
magnetic field line length, the heat flux expresses as

x+Ly /2
Periodic case: q(z) = / dz'IC(x) (I11.32)
z—Ly /2
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Figure II1.11: Sketch of the integration domain used to compute non-local heat flux in the
closed and open field line case.

A simplified heat equation is considered:

o o _

st =5 (I11.33)

This reduced equation is used to study the numerical discretization of the non-local heat
flux. With centered finite differences, one has

R L
@ _ 41 — i
Ox Tit1 — Ti—1

with the integral expression

gty = Y K(i+1,j+1) (T —T)) (I11.34)

WE

0

.
Il

L _
41 =

WE

K(i —1,j) Ty — ) (ITL.35)

<.
Il
o

where N denotes the number of grid points in the parallel direction. According to the
kernel definition g

K(i,j) = == exp (@) (I11.36)
d(z;,x;) denotes the distance between the point z; and z;. For the closed field line case,
this distance is given by d(z;,x;) = |x; — x;|. For the open field line case, the distance is
given by the algorithm

d(xi, vj) «— x; —x; mod Ly
if d(x;, ;) > 5 then
d(w;,7;) « |d(w;, ;) — Ly mod 2

end

92



II1.3. Introduction of non-local ingredients in SolEdge2D

The discrete heat Equation II1.33 is rewritten using the above expressions:

N
oT; 1 . .
niE—Si = m]gok Z+1 ]+1)(1j+1_jj)_}i(@_l,])(jj+1_jj>

N+1

N
- Z (i—1,5) — K(i+1,j+1) T+Z (i+1,j)-K(i-1,j-1)T;
xl"rl_'rll —

N
= 2—1] K(z’—i—l,j—i—l)—i—K(i—i—l,j)—K(z’—l,j—l)]Tj (III.37)
x7.+1
]:1
1
- [K(i —1,0) — K(i +1,1)] Tp
Ti+1 — Ti—1
1
+————— [K(i+1,N+1) = K(i — 1,N)] Tn+1

Tit1 — Tj—1

In the non-periodic case, the values Ty and Ty, are determined using boundary condi-
tions. In the periodic case, Ty = Ty and Ty, = T7. This system of equation is solved
implicitely as

e
<5t11 - DU) LT = % + 8 (ITL.38)

where in the simple case, the matrix (D;;) is given by

1
Dj=——[K(i—-1,j)—K(i+1,j+1)+K(Gi+1,j) —K(i—1,5—1)]
Tit1 — Ti—1

(II1.39)
The matrix expression can be modified by boundary conditions:

e For the periodic case:
Since Ty = T and Ty, = T1, the above expression is correct if j # 1 and j # N.

Otherwise:
1
Dy = #[K(i—1,1)—K(i+1,2)+K(i+1,1)—2K(i—1,N)+K(z’+1,1)}
Ti41 — Ti—1
Din = ;[2K(z‘—1,N)—K(i+171)+K(z‘+1,N)—K(z’—l,N—l)—K(z‘+1,1)]

Tit1 — Li—1

e For the non-periodic case:
the sheath transmission relation are imposed:

5
Gcond = (’Ya - 5) k‘BnTau”

Ly
BC: / di' K(x — 't — " )\VT,(2) = (va — g) kenTyuy
0
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III. Investigations on heat flux closures in weakly collisional plasmas

Following the expressions for the heat fluxes (Equations I11.34 & II1.35),

@ = K(0,7) (Tj41 — 1T})

5
= ('ya — 2) kpnTyu

M-

<
Il
o

Likewise

N
N = Y KIN+1,i+1) (T —Tj)

=0

5
= (’Ya — 2) anTau”
1 N—1 5

T = Ty — K(N+1,7+1D)(T;51—-T5) — o — = | kpnTy,
N+1 N KN+ LN+1) j;) (N+1,j+1)(Tj11 i) K’Y 2) BT UI}R

The expression for T, must be reported in Tj expression. Finally, one obtains

N-1 N 7 J+1
| — j KO (KN 1 KN 1)
R N e T
j=2 N+1
o, K{Ky, Ko K
+I60<K[1)V1_I{N+l+ TN—ﬂO K&—Wﬁ T
N+1 N+1
KN 5 5
+B0— [(% - ) kpnTyu } - Bo K% - ) kenTau }
KT 5 . 5 1,
N-1 j—1 J
_ . KL (K} —K})
1 N+1 0 0
Tnyr = Tv—Bn Y. [KJ{,H S (e X T
j=2
K} KNT K} K}
R D Ok
0 0

Ky 5 5
- a5 Ta a Ty Ta
it | (=3 ) ponta] [ (105 o]

with
N+1
Kyt K

= and On =
0 fcN+1 N o1 0 fcN+1 N o1
KoKyl — Ko Ky KoKyl — Ko Ky,

Bo

Reporting into Equation I11.37 gives the expression for the matrix Dj; including boundary
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condition.
KO  —K! KNK?2
Dy = Dpy+——1—HL11-p | Kj— ——H (I11.40)
Tit1l — Ti-1 Ky
N+1
_i_Kz‘+J1r — Kij\il By (Kz . KJIV+1K(%>
Tit1 — Ti—1 Nt K3
K? | - K} : o KN (K — KV
D, = D+ =l “idlg i gt gy 0 ONdL TN+ 1141
] J + Tit1 — Ti1 ﬁO 0 0 K]]\\{ill ( )
N+1 j—1 j
_Ki+—{ — Kij\ll 5N Kj _ Kj+1 _ K11\7+1(K8 B K(j))
Tir1 — Tt N+1 N+1 KD
K9 — K} KNKN
D; — Dz + i—1 i+1 ﬁ KN—I _ 0 N+1 11142
N N Tit1l — Ti—1 0 0 KJI\\,TIII ( )

N+1 N N—-1
+Ki+1 - K5 1-8x [ KN, — Kzlv+1K0
Ti41 — Ti—1 Nt K(())
The source term becomes

KO  _ Kl KN 5 5
S o= &4 i+l 0 [( - ) kpnT,u ] — [( o — ) kgnTayu } I11.43
Tit1 — Ti—1 Po KN+ 7 2) " I R K 2) "B I I ( )

N+1
K_NJrl_KN Kl 5 5
i+1 i—1 N+1
- o — 2 ) kanTouy| = | (7a — 2 ) ksnT
e {5 (e 2 pwan] = (2= 3 bt ]}

Let us consider a regular mesh with N = 20. The mesh length is dz = L;/20. The
matrix (D;;) is represented on Figure I11.12 for A = L/100 and A = L. In the first case,

a b.
, ||
4
. l
8
" [
. O =
14
16 B
18
20 B

Figure I11.12: Non-diagonal terms of the generalize diffusion matriz D for a 20-points
grid. a: X = L/100 standard diffusion case. b: A = L strong non local effects.

the mean free path is much smaller than mesh resolution and the typical tri-diagonal
matrix characteristic of diffusion problems is recovered (second order):
Ty =20+ T S

0*°T
Z - = = — 111.44
0x? S 2012 ( )

Diffusion — tri-diagonal: D
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III. Investigations on heat flux closures in weakly collisional plasmas

Conversely, if the mean free path is much larger than mesh size (second case), the general
diffusion matrix is non-sparse, expressing the long-range interactions and non-locality.

Numerically, the non-sparse matrix is inverted using the LAPACK library. Numerical
techniques to solve the non-local problem are reported in the literature |56, 57, 58|. The
method presented above may show non-physical oscillations in the temperature profiles.
Further work will be necessary to properly implement that non-local form in SOLEDGE2D
and ensure a stable behavior for the convergence.

As a preliminary results, Equation II1.45 is solved

or dq

S T, =5 (111.45)

where the heat flux is given by

_ / _|:E—$/| a_T /
q= K/dxexp( 3 )ax(x)

If a constant temperature gradient is considered, one has ¢ = —KAVT, the “effective”

diffusion coefficient is thus proportional to A. The source Sy is constant in the entire
simulation domain and the boundary condition ¢ = AT%/? are considered. This boundary
condition is similar to the one obtained with sheath transmission coefficients boundary
condition. This system is solved for different A values and results are shown on Figure
IT1.13. As X increases, the temperature profiles get flatter since the “effective” diffusion
coefficient is larger. Also, if the mean free path A\ is comparable with system size L,
steep temperature gradients are localized on the domain boundary. This boundary layer
discontinuity is the same as the one observed in the stochastic model around dirac energy
sources. Due to the non-locality of transport (lack of local thermalization), a discontinuity
develops between the plasma domain and the wall that is ruled by different physical
mechanisms.

III.4 Discussion on discontinuities, boundary condi-
tions and boundary layers

In the previous paragraph, discontinuities seem to appear in the heat equation solution if
non-local operators are considered. One investigates whether these discontinuities have a
physical meaning or are just spurious effects due to an ill formulated expression for heat
flux.

Let us recall where the discontinuity appears. In paragraph II1.2.4-c), an analytical
solution for the heat equation has been found in the periodic case. If the energy source
is given by S(x), the temperature profile, solution of the heat equation with a non-local
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Figure I11.13: Numerical results for different collisionalities. The outfluz on both sides
of the domain is imposed (for symmetry reason, only one side is shown). For low colli-
stonality, notice the flat temperature profile with high temperature jump at the boundary.
For high collisionality, one gets a continuous temperature drop without discontinuity at
the boundary

exponential kernel heat flux is given by Equation I11.24 that is

T(w) = T(0) + % /0 " /0 " S + %sm) (T1T.46)

The continuity of the temperature field is thus conditionned by the continuity of the
sources. More precisely, if discontinuous sources are considered, the last term in the above
equation states that the temperature profile will be discontinuous as well. The study
of the underlying stochastic model enables to exhibit the physical mechanisms leading
to this discontinuity. The first ingredient, once again, is a discontinuity in the source
profile. Second ingredient, the thermalization processes between the plasma particles
with the sources must be stronger than the thermalization processes between the particles
themselves. This can be expressed in term of thermalization scales. In particular, the
thermalization scale between the particles is the collision mean free path. In the stochastic
model presented in paragraph II1.2.4-¢), the coupling with the source if infinitely efficient
and the thermalization length with the source is zero. As long as the collision mean
free path is non-zero, a discontinuity occures near the source (as confirmed by Equation
I11.46). If the mean free path is zero, one recovers a continuous solution for temperature,
even if the source is discontinuous.

In the case where sources are removed and if the flux is imposed as boundary condition
instead, discontinuities are also observed at the boundary. This case is important since it is
the one encountered in the SOL where the energy flux at sheath entrance is prescribed by
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III. Investigations on heat flux closures in weakly collisional plasmas

sheath properties. For instance, let us consider that the heat equation is solved imposing
zero energy outflux at the boudary. Let us consider the domain x € [0,1] where heat
equation yields at steady state

% ( /0 1 exp (_ = ;“) Z—Z(x’)dx’) = S(x) (I11.47)

The integral of the source is zero in order to get a steady state solution. Integrating over

x and using ¢(0) = 0, the temperature gradient is the solution of the Fredholm equation
of the first type:

/0 1 exp (_ |2 —A:c|> Z_Z(g;')da:’ = Q(x) (IT1.48)

with Q(z) = [ S(«/)da’. It is unclear whether this equation admits continuous solu-
tions. Further investigations on Fredholm equation properties must be done at this stage.
Numerical results are presented for a high and low collisonality case on Figure II1.14.
Whatever the resolution of the numerical grid, a discontinuity develops in the low colli-
sionality case on the domain boundary. To what extent is this dicontinuity physical? This
discontinuity issue have been reported for neutral fluids in Knudsen layers. A dedicated
work has then been achieved to find appropriate boundary conditions for this kind of
systems [59].

Let us go back to the kinetic description. It is unlikely that particles velocity dis-
tribution function f is discontinuous at sheath entrance. Even if they are very weak,
collisions express as a diffusive operator in the velocity space ensuring continuity in the
velocity space. Regularization processes transfer this continuity into the physical space.
These smoothening effects can be seen as the consequence of the probabilistic description
of particles. Indeed, as mentionned by Cédric Villani in [60]:

“Underlying kinetic theory is the modelling assumption that the gas is
made of so many particles that it can be treated as a continuum. In fact
there are two slightly different ways to consider f : it can be seen as an
approzimation of the true density of the gas in phase space (on a scale
which is much larger than the typical distance between particles), or it
can reflect our lack of knowledge of the true positions of particles”.

In any case, if the distribution function is continuous, so are its moments and thus tem-
perature field (defined as second order moment and not as the “true” thermodynamic
Temperature at equilibrium). The discontinuity observed with the non-local model still
has to be understood properly. Comparison between fluid results with non-diffusive heat
flux and kinetic simulations must be performed. This work in progress is an interesting
perspective to this manuscript.
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Figure I11.14: Numerical results for Fredholm Equation II11.48 solving heat equation with
a non-local exponential kernel. The heat flux on domain boundary is set to zero. The
normalized temperature fluctuations about the average temperature (0T = T — (T')) are
plotted as a function of the spatial coordinate x. The source S(x) is given by S(x) =
—So cos(2mx). Simulations are performed for different collisionalities v* = L/X where L
(resp. \) denotes system size (resp. kernel mean free path): a. Collisional v* = 100 ; b.
Intermediate v* = 10 ; ¢. Weakly collisional v* = 1. A discontinuity arises at domain
boundaries when collisionality drops. For the collisional case, according to Fourier’s law,
the heat fluz cancels out by setting temperature gradient to zeros: qgc = —kVT = 0.
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III. Investigations on heat flux closures in weakly collisional plasmas

Chapter highlights

o At low collisonality, the diffusive description for the collisional trans-
port fails.

e Several corrections to the diffusive law can be found in the literature
including flux limiter formulations.

o A simple stochastic model for collisional transport has been developped.
The study of transport properties including temporal and spatial cor-
relations has permitted expressing the flux in a non-local generalized
Fourier’s law where and exponential kernel describes temporal and spa-
tial memory effects:

t oyt b o
q(z,t) = / dt’ exp (—t t ) / dx’ exp (— i )\a: |> VT (z', )
—0oQ T a

This formulation is consistent with the one formerly formulated by

Luciani in its reference paper [38].

e Discontinuities can appear in the temperature field with this formula-
tion about sources or at domain boundaries. The physical meaning of
those discontinuities is still under investigation.
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Chapter IV

Transport of neutrals

Content

The localization of ionization and radiation sources governs edge
plasma physics. The study of neutrals trajectories suggests that their
mean free path is of the order of the tokamak size. Using non-local

formulations, a fluid description is investigated to describe neutrals
transport. More precisely, a generalized diffusion law is implemented
in SOLEDGE2D. Finally, to obtain a self-consistent description of the
neutral physics SOLEDGE2D has been coupled with the Monte-Carlo
neutral code EIRENE.

IV.1 Neutrals in plasma

In section 1.5, the mechanism taking place when the impinging plasma interact with a solid
component has been shortly described. When plasma ions encounter the wall, a fraction
recombines in the solid and can be latter re-emited in the plasma as neutral atoms or
molecules. At steady state, up to 95% of the plasma flow can be re-injected in the plasma
as neutrals. The transport of neutrals is governed in particular by the ions-neutral and
neutral-neutral collisions. The molecules also encounters several dissociation where the
molecule initial momentum is redistributed to the different chemical species resulting of
the molecule dissociation. Figure IV.1 represents the typical path of a Dy molecule in the
plasma.

Several numerical methods can be used to simulate these different processes. In a
first section, a simple fluid model for neutrals is presented. This model aims at capturing
the overall impact of neutrals on plasma flow. In this model, only one neutral species is
considered and is transported with the same kind of non-local transport formulation as
those found for heat flux in the previous chapter. Secondly, one introduces the neutral
code EIRENE developped in Jiilich that fully describes neutral collisions and chemistry
using Monte-Carlo algorithm.
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Figure IV.1: Example of neutral typical life in the plasma from molecule emission to atom
tonization.

IV.1.1 The plasma density regimes - Two-points model

One of the major problem in edge plasma physics consists in evaluating heat load impact-
ing plasma facing components. Let us consider the two points model, the first point being
located upstream from the wall at the stagnation point, the second point being at sheath
entrance (on the target). n, and 7T, (resp. n; and T;) denote the density and temperature
at the upstream point (resp. on the target). g denotes the energy flux flowing along the
field line. The energy source is considered to be located at the upstream point, hence g
is conserved all along the SOL. The configuration is represented in Figure IV.2.

Stagnation
point

Wall

Energy flux
+
Mass flux

e T

particle flow

Figure IV.2: 2-points model configuration. The upstream point is located at the stagnation
point. One considers here that the whole perpendicular mass and energy flux enters the
SOL at the stagnation point.

The flow dependences with n, are investigated. The unknown we consider are T, n;
and T;.

For very low plasma density, ionization takes place in the core. If the heating power
is high enough, the temperature needs to be quite high in the SOL to carry the heat flux
and compensate for low density. In this case, due to high parallel heat conductivity, the
field line are almost isothermal, giving 7, = T;. If the viscosity is neglected, the total
pressure is conserved at the first order. Provided Bohm criterion applies in its equality
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IV.1. Neutrals in plasma

form on the target, one has

2neTe = T (IV.1)
In any case, the heat flux on the wall is given by sheath transmission coefficients (see 1.5)
as
k2
q” = lkantjjtcst - Oéntj—f)/2 Wlth o = B (IVQ)

N

Combining Equations IV.1, IV.2 with T, = T,,, one obtains

T T, — <2i>2/3

ang,

(IV.3)

Ty
ng — —
2

In this regime, for a given temperature the heat flux is provided by the sheath transmission
expression. This regime is thus refered in the literature as sheath limited regime.

When ionization takes place in the SOL, the conditions involve an increase of plasma
density close to the wall and thus reduce temperature for a given energy flux. In this
configuration, the energy source is still in the core whereas the particle source is located
near the targets. In this two points model, the influence of ionization on velocity or
plasma temperature is neglected. The neutral contribution is thus only regarded as a
particle source close to the targets (see Figure IV.3). In the region upstream of the

Stagnation
point Wall
Energy flux Mass source (ionization)
n, T, ne Ty

Figure IV.3: 2-points model configuration. The upstream point is located at the stagnation
point. The energy source is located at the upstream point whereas the mass source due to
recycling is located near the wall

ionization source, the parallel flow is close to zero and the parallel heat flux reduces to
the conductive contribution:

5
qH :M— H0T5/2V||T = {cond. (IV4)

The relation between upstream and target temperature is thus given by

2qL

T7/2 _ T7/2 .
t u 7 Ko

(IV.5)
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or

N 2/7
T,=T, |1+ (—q) (IV.6)
T,
where one has defined "
2q) Ly
T = —=——+ V.7
= (2 V.1

It T, < T, one finds T; = T, and recovers the sheath limited regime. Conversely, if
T < T,, Equation IV.6 simplifies to

T,=T,= <§qﬁ—0'> (IV.8)

Using relations IV.1 and IV.2 yields

_ 10/7
4 2L|| 47 q9)
7 = = (== il I IV.
T a2 (7m0> n? (1v-9)
and
a2 2L|| 6/7 ni
ng = 5 (7—/%) qﬁ” (IV.10)

This regime where the heat flux is constrained by the conductive flux is refered as con-
ductive limited or high recycling regime since it appears when the ionization is located
near the targets.

It is possible to express a criterion at which the transition occurs, that is 7; < T.
Reporting the expression for 7}, one obtains

40 q \
S T,
a? (anU) <

ne < 0‘_2<2qL|>6/7
“ 4qﬁ 7 Ko

For a fixed value of g, the trends for T; and n, are represented on Figure IV.4. For even
higher value of n,, the pressure loss due to neutrals as well as the volumic source of energy
generated by radiation in the neutral region lead to the detached plasma regime where
density decreases on the target as n, increases. This roll-over is represented as well on
the Figure.

These trends are found experimentally and plotted on Figure IV.5,a where experimen-
tal results obtained for an axisymetric divertor configuration on ASDEX are represented.
These density regimes are rather generic and are well recovered in the ergodic divertor
configuration on Tore Supra [61], Figure IV.5,b.
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Figure 1V.J: Density regimes. Variations for target density (a) and target temperature

(b) as a function of upstream plasma density. The heat fluz is fized and the trend is ruled
by Equations IV.3, IV.9 and IV.10.
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Figure IV.5: a: ASDEX, 1983. Scaling of the electron temperature and density measured
by a Langmuir probe, and the ion temperature deduced from Doppler-broadened CIII ra-
diation of the ASDEX divertor plasma with the main plasma density. The decrease in
Neq == Ny al the highest density would, today, be attributed to divertor detachment. (Figure
from Ref. [0]). b: density scan performed in the ergodic divertor configuration on Tore
supra. One recovers the low density sheath limited regime, followed by the high recycling
regime until the density rollover in the detached regime, T, < 10 V. (Figure from [61]).

IV.1.2 Analytical solutions

In this paragraph, simple cases that can be solved analytically are considered for both
sheath limited and high recycling plasmas. Once the solutions derived, the characteristics
of the two regimes are summed up for comparison.
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a) Sheath limited regime

One considers the plasma steady-state along the field line. The radial particle source is
supposed to be constant: ST = Sy. In the sheath limited regime, the temperature is
constant along the field line. Also, if the pressure loss due to flow shear is neglected, the
following equations (from fluid equations, see section 1.2.2) have to be solved:

or
Os

on

S . 5 =0 (IV.11)

Integrating from stagnation point (s = 0) to the target (s = L), one obtains:

I'=necsM = Sps (IV.12)
1 = nm;ci(1+ M?) = ecst. (IV.13)

Applying Bohm boundary conditions (M =1 for s = L)) gives

SoL
n, = 22 Ny = 214 (IV.14)
Cs
Dividing Equations IV.12 and TV.13 gives
2M S
= — IV.15
1+ M? L” ( )
which yields
L 2 S 2
M="01— 1 (i) and  |n=2 i (IV.16)
8 L|| Cs L”—,/Lﬁ—SZ

The Mach and density profiles are plotted on Figure IV.6.

b) High recycling regime

To get analytical solutions in the high recycling regime, an exponential decay for the ion-
ization source is prescribed. The radial source of particles is set to zero. The temperature
profile is ruled by equation IV.4 giving

2 2/7
T(s)=T, (1 . (%) L-) (IV.17)

106



IV.1. Neutrals in plasma

with the same definition as in the previous paragraph (Equation IV.7). From continuity
equation, the particle flux is given by

I(s) = /0 " Suds’ = S, {exp (—L “A_ S) — exp <—%)] (IV.18)

where an exponetial decay has been chosen for the ionization source profile. In particular,

one finds

L
q) = vksliT: = vkpSo <1 — exp (—)\_”)) T,

1z
This relation gives the temperature at the target plate hence the temperature everywhere
using Equation IV.17. One also gets density on the target using Bohm boundary condition

and assuming 7T, = T;:
L 2kpT,
I'y=25 <1—exp(——>):nt Bt
Aiz m;

The conservation of the total pressure gives the density profile.

r? r?
m;— + 2k‘BnT = mz—t + Qk‘BntTt = Ht
n n¢

yielding

T+ VI = SmikpTT2
"= AT

(IV.19)

c¢) Comparison and summary

The typical solutions for density, temperature and Mach number are plotted for the dif-
ferent density regimes based on the above paragraph equations.

The main characteristics of the two regimes are summed up in Table [V.1. One notices
in particular that high recycling regime is characterized by a strong increase of density
near the targets. A strong temperature drop can also be associated to the conduction
limited/high recycling regime.

‘ Sheath limited High recycling
Densit monotonic decay sharp increase
y Ny = Ny /2 near the targets

zero almost everywhere
Increase to Mach 1
localized near the target

increasing all

Mach number along the field line

Temperature constant strong gradient

Table IV.1: Density regime characteristics (summary)
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Figure IV.6: 1D simulation results. Density (a.), temperature (b.) and Mach number
(c.) profiles for the sheath limited (red) and high-recycling regime (blue). The profiles are
normalized to the upstream value, the upstream position being located at s = 0 and the
target at s = 1, s being the normalized parallel coordinate.

IV.2 Implementation of a non-local fluid model for neu-
trals in SolEdge2D

In order to study the impact of neutrals on the plasma flows, it is possible to use a
very simple model for neutrals. In this model, the neutrals are transported with an
isotropic diffusion process. This transport implicitely assumes an underlying microscopic
Brownian motion where the neutrals mean free path is smaller than the typical length
considered in SOLEDGE2D simulations. This assumption is barely valid in typical plasmas
and the transport of neutrals from their emission source to the place where they ionize
is often better described by an isotropic ballistic motion. In that perspective, a non-
local generalized diffusion can also be used to take weak-collisionality into account as in
chapter III. Despite its overall simplicity, the diffusive model for neutrals gives a good
insight on the overall mechanisms and regimes controlled by neutrals. Further details on
these models can be found in the literature [62, 63].
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(ov);, = 107°

IV.2.1 The fluid model equations
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where the ionization source is given by Equation (IV.21).
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Figure IV.7: (ov) as a function of T, for Hydrogen from Equation 1V.22.
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In the model considered here, the sources of neutrals are located at the surface of plasma
facing components. At each time step, for each SOLEDGE2D mesh cell in contact with
the wall, the outflux of plasma is computed and a percentage of this outflux is reinjected
as a volumic source of neutrals. The percentage of reinjection is provided by the recycling
coefficient R*; one typically chooses R* = 95%. Then the neutrals are transported with
the generalized Fick law and encounter ionization events whose intensity is governed by
the ionization cross-section (ov);.. The Equation for neutrals density is the following:

(IV.20)

(IV.21)

where according to [13], (ov);, is given by Equation IV.22 (T, in eV') and is plotted on
Figure IV.7.

OO) cm?® /s with Eo =13.6¢eV

(E
exp | —

(IV.22)
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The neutral flux is given by generalized Fick law

t
T, =— / df’/ dt' K (% — &, t —t\Vn,(&,t') = —K * Vn, (IV.23)
% —00

with the kernel expression

K(@—-7,t—1t)= Kyexp (—M) exp (——) (IV.24)
T

where A and 7 denotes space and time correlation scales.

Notice that the ionization source S;, present in Equation IV.20 gives the neutral con-
tribution written in Equation I1.4 as S™ (S™ = S;,). The neutral diffusivity kernel is a
free parameter that is set to obtain relevant penetration length for neutrals in the plasma.
This parameter that is linked to neutral velocity should depend on the temperature.

On Figure IV.8 and IV.9 are displayed some SOLEDGE2D results in WEST geometry
for the sheath limited and high recycling cases. The simulation parameters are given in
Table IV.2. In these simple simulations, the characteristic correlation time and length are
chosen small enough for the transport process to be diffusive. The mesh size is 100 points
in the radial direction and 300 points in the parallel direction. The computation time is
about 1 day on 4 processors.

|  Sheath limited | High recycling
Core density 2.5-10"% m=3 1020 m =3
Core Temperature 200 eV 200 eV
Crross field 5 1 5 1
diffusivities L ms L ms
Neutrals diffusivity 1000 m?s~1 1000 m?s~1

Table 1V.2: Simulation parameters for the sheath limited and high recycling simulation
with the fluid model for neutrals.

The main characteristics of the two regimes are recovered. In particular, a flat tem-
perature profile is found in the sheath limited regime as well as a strong temperature
drop in the high recycling regime. In the first case, a decaying density profile is observed
unlike the second case where the plasma density is peaked near the targets. Also, one
remarks the slightly supersonic flow in the sheath limited case (for further details, see the
dedicated section on supersonic flows in paragraph V).
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IV.3. Implementation of neutrals with the Monte-Carlo code FEirene

IV.3 Implementation of neutrals with the Monte-Carlo
code Eirene

IV.3.1 A quick introduction to EIRENE

The code EIRENE has been developped at Forschungszentrum in Jiilich, based on a Monte-
Carlo algorithm that is known to be very effective to simulate complex randomized process.
Monte-Carlo methods have the great advantage to permit a kinetic description of systems
in complex geometry configurations. The Monte-Carlo procedure consists in intrepret-
ing the Boltzmann equation as a stochastic process. In particular, test particles whose
behavior is prescribed by the above mentionned stochastic process are followed and the
average properties of the test particles population give the desired quantities (density,
ionization source etc). In that sense, the distribution function is not directly computed.
The procedure directly gives access to fluid moments taking the whole kinetic effects into
account. As any random procedure, the drawback of this method is the stochastic noise
that decreases as the square root of the number of test particles; a considerable number
of test particles and thus a large amount of computation time may thus be required to
reach a satisfactory low level of noise.

The EIRENE code needs input plasma parameters that are provided here by
SOLEDGE2D. EIRENE has also been coupled with many other plasma codes such as B2
[64, 65, 66], EDGE2D [67, 68, 69, 70], OEDGE |71, 72] or EMC3 [73]. In the next para-
graphs, the algorithm beneath EIRENE code is briefly describes. For more informations,
the reader is kindly invited to refer to EIRENE documentation |64, 74, 75].

Let us go back to Boltzmann equation. No external forces are taken into account. One
only considers collisions with a background species whose distribution function is denoted
f» and for which the collisions cross section is denoted ¢. From Boltzmann expression for
collisions (Equation 1.62)

Wﬂwﬁ 7,7, /// (@ V50, V)0 = V|| f(@) (V') di aV aV
_///"(17 0 VG = VIIF(0) £.(V)di dV'dV + Q(F,¥,t) (IV.25)

In this expression, Q(Z, v, t) is the net source of particles. If the background distribution
function f, is given, the above equation can be linearized to

af(:g,tﬁ, D) 795 0,t) = /0(@* = 0) f(T)dT — v f(7) + Q(F,7,1)  (IV.26)

where one has defined the collision frequency

/// (W, V&, V)G = V|| £(V)dT dV'dV (IV.27)
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and the collision kernel

>/

ayHm://dmﬁwﬁnv—WwﬁqmmV (IV.28)

The simplest way to model Equation IV.26 is to interpret the physical meaning of it and
derive a stochastic process that mimic the same behavior. In particular, if one considers
that collisions can be described by punctual events in space and time, a stochastic process
that determines when collision events occur must be found. Looking at Equation 1V.26,
test particles with velocity ¢ are emitted from the source Q(Z,v,t) and then follow a
ballistic motion between collision events. These collisions events are described by the sink
term of particles —v,.f(¥) that is characterized by its frequency v.. The future of the
particle after the collision is determined by the collision kernel that tells the number of
particles of velocity ¥ created from particles of velocity ¥ during each collision event and
vice versa. In particular, a distribution function can be obtained from the kernel as

(T« v) = O = )

_ V.2
TCW — v)dv (1v.29)

To sum it up, a sampling procedure is used to generate test particles from, the source
Q(Z,0,t). These particles travels ballistically until a collision event occures. The events
probability is determined from the collision frequency v.. After a collision, the velocity
of the particle changes according to the distribution function ¢(¢" < ¥). This procedure
repeats until the particle is absorbed. Indeed, in this simple version, one has only con-
sidered elastic collisions that change particle velocity but other collision events such as
ionization can be considered in parallel to build a model as complex as necessary. This
model follows more or less the underlying physics of the system. It is refered as analog
process'. Numerically, the particle tracking algorithm that aims at determining particles
trajectory in the simulation domain is shared by many Monte-Carlo codes and is gath-
ered in the “geometrical” module of EIRENE. A specific work must be done concerning
the computation of collision rate v. and the sampling of the source and of the transition
kernel c¢. This work constitutes the “physical” module of EIRENE. It relies on atomic
physics database such as HYDHEL and AMJUEL that have been built from a long and
systematic experimental process.

In the above procedure, one has assumed that the distribution function for background
particles is given. In practice, when considering the collisions between the neutrals and
the plasma, ions are assumed to be described by a shifted Maxwellian distribution whose
parameters are given by ions density, velocity and temperature. Most of the source of
neutrals comes from recycling on the wall. A dedicated module is implemented to address
this problem: from plama flux and properties on the wall, EIRENE considers a truncated
shifted Maxwellian distribution of ions impacting the wall, the solid-particle interaction is

Tt is sometimes useful to resort to non-analog processes such as “Russian roulette” to stop particle
trajectories when they get out of the region of interest of the simulation domain. These processes optimize
performances and computation time
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then calculated with the Monte-Carlo TRIM code |76]. The impinging ions can either be
reflected as fast particles or desorbed. In the latter case, the desorbing atoms or molecules
are emitted with a temperature close to the wall temperature. The physical and chemical
sputtering processes are also considered.

In the plasma volume, the electron impact processes and the heavy particles collisions
can be disctinguished. The electronic collisions include ionization, dissociation and recom-
bination. The heavy particle ones include elastic collisions and charge-exchange collisions,
the latter being an elastic collision between a slow and a fast particles that exchange their
charges (or velocities indifferently!).

Once the stochastic process governing test particles trajectory established, it is nec-
essary to extract the information on the desired quantities (ionization source etc...). The
quantity whose average value is equal to the desired moment is called the estimator. It
exists several type of estimators. EIRENE uses the collision estimator and the track-length
estimator. These estimators differ in the way they ponderate test particle trajectories in
the averaging process.

Simulations are based on arbitrary triangle grids and can address any kind of geom-
etry, independently of the magnetic configuration. EIRENE is thus a very flexible tool
on the geometrical point of view. In order to couple SOLEDGE2D with EIRENE, each
SOLEDGE2D cell that as a rectangular shape is splitted into two triangles to generate
EIRENE grid. Then, dedicated interface routines were developped to provide plasma pa-
rameters and fluxes computed by SOLEDGE2D as input for EIRENE and send particle,
momentum and energy sources computed by EIRENE back into SOLEDGE2D (see section
IV.3.2). An example of EIRENE neutrals trajectory in Tore Supra - WEST configuration
is shown on Figure IV.10. One notices the presence of H,, H; and H molecules, the
background plasma being made of H' ions. On this figure, one also notices that neutrals
can travel on very long distance in the machine between collisions. The fact that some
neutrals travel with a long mean free path justifies once again the kinetic treatment of
neutral transport.

It is not necessary to re-compute neutral sources at each SOLEDGE2D time step.
“Short cycling” routines can rescale previously computed sources according to plasma
evolution. With such a procedure, the number of calls to EIRENE is reduced by a factor
up to 10. Since rescaling sources is much faster than recomputing them with EIRENE,
“short cycling” reasonably reduces computational time.

IV.3.2 Numerical aspects on the coupling
a) EIRENE mesh definition

The EIRENE mesh is based on triangle shaped cells. Each side of the triangle is given
some specific properties. If the triangle is located in the middle of the plasma domain,
each triangle side is associated with informations on the neighboring mesh cell. If the
triangle is located near the chamber wall, the triangle edge in contact with the solid is
affected with specific properties such that EIRENE identifies plasma-solid boundary. As a
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Figure 1V.10: Example of EIRENE output. Neutral trajectories in WEST geometry. The
symbols represents the different events encountered by neutrals on their way.

consequence, if the EIRENE mesh does not require to be aligned with the magnetic field,
it has to be aligned with the chamber wall geometry.

Conversely, if SOLEDGE2D grid requires to be aligned with the magnetic field, no
special geometrical requirement is made concerning aligning the mesh with the surface
elements. In particular, with the penalization technique, the exact plasma-solid interface
location is not even known. This asymptotic method just prescribes that the interface is
located between two SOLEDGE2D mesh points where the mask function y switches from
0 to 1.

In order to generate the EIRENE grid from the SOLEDGE2D grid, SOLEDGE2D virtual
cells (square) are just splitted into two triangles. This regular case is represented on Figure
IV.11.

If this method works well in the plasma region, a special treatment must be done near
the wall since the triangles obtained after splitting SOLEDGE2D cells have no reason to
be aligned with the chamber surface. An extra splitting is thus performed to get triangles
aligned with the wall. The splitting method is represented on Figure IV.12. The effective
position, where the wall is located if the wall-aligned triangles are not used, is also plotted.
If wall-aligned triangles are not used, the wall is described by a sharp stair-shaped surface
slaloming around the exact wall location, see Figure IV.12. The surface area is not the
real one and it is unclear if the two way of meshing give the same results for high mesh
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Figure 1V.11: Definition of the EIRENE grid from the SOLEDGE2D grid for regular cells
(in the plasma region - far from the wall).
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Figure 1V.12: Eirene mesh definition near the wall. Top: Eirene grid using wall-aligned
triangles. Bottom: FEirene grid without using wall-aligned triangle. The location of the
effective surface is represented.
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resolution.

b) Interpolations and extrapolations

Once the EIRENE mesh is defined, plasma quantities computed with SOLEDGE2D (such
as density, temperature etc) need to be interpolated on the EIRENE grid points. This is
done quite easily since EIRENE points are by construction surrounded with SOLEDGE2D
points on which plasma quantities are known. However, the plasma quantitites computed
with SOLEDGE2D must be extrapolated to the EIRENE grid points located on the wall.
This extrapolation procedure can be reduced by using the plasma quantities computed
on the nearest SOLEDGE2D point located in the plasma domain.

IV.3.3 Example of main chamber recycling investigation

The penalization technique (Section I1.4.2) allows simulating recycling phenomenon within
the entire chamber wall. On figure IV.13 neutral density and ionization sources are rep-
resented in a SOLEDGE2D-EIRENE simulation performed with JET geometry. In this
tokamak configuration, the separatrix can be quite close to main chamber walls and the
cross-field turbulent transport can bring plasma to recycle out of the divertor region. In
order to highlight the phenomenon, some ballooning effects are modeled using a peaked
diffusivity profile centered on the outboard mid-plane. With such an enhancement of the
radial transport, one clearly observes a net ionization source in the low field side region
(Figure IV.13, right).
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Figure IV.13: SOLEDGE2D-EIRENE simulation results in JET geometry. Left: Atoms
density — Right: lonization source. A net tonization source is present at the outboard
mid-plane due to recycling on chamber walls.

These results are preliminary and a deeper analysis on how this main chamber recycling
affects plasma flows must be carried out. A special care must be taken to evaluate the
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percentage of the plasma flux recycling on main chamber walls and to define geometrical
criterion to prevent this main chamber recycling contribution. Comparison of results with
experimental data [77] are also required.

The simulation of the plasma up to the main chamber wall requires to estimate the
amount of impurities in the plasma. Indeed, at least two mechanisms can increase the
level of impurities: first, there is the direct sputtering on the main chamber wall and
secondly, the impurities coming from the main chamber can be transported up to the
divertor region where they can impact the divertor materials increasing the sputtering in
this region. The sputtering due to impurities impact is much stronger than sputtering due
to hydrogen ions impact, since impurities are much heavier. In order to evaluate these
phenomena, one must couple SOLEDGE2D-EIRENE with an impurity code.

Chapter highlights

o The study of so-called density regimes shows that the plasma behavior
s very sensitive to the position of the ionization source.

e As a consequence, it is extremely important to properly simulate neu-
trals transport. The neutrals mean free path being quite long and com-
parable to system size, a non-diffusive approach is used.

o A simple model using the generalized diffusion law presented in Chapter
11T is first implemented.

o In the diffusive limit that is assuming high collistonality for neutrals,
the sheath-limited and high-recycling regime properties are recovered.
The non-diffusive results are still to be investigated.

e A kinetic Monte-Carlo algorithm can also be used for simulating neu-
trals transport. This is done by the neutral code EIRENE that has been
coupled with SOLEDGE2D. The study of neutrals trajectory justifies the
non-diffusive treatment. The results obtained with EIRENE will have
to be compared with the results obtained with the generalized diffusion
law. The statistics on neutrals trajectories could also be used to extract
the shape of the collision kernel and compare it with the prescribed

exponential decay for the analytic model.
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Chapter V

Transition from subsonic to supersonic
regimes in the SOL

Content

Various configurations leading to sub/supersonic transition are de-
tailed in quasineutral plasma. In particular, the effect of the divertor
topology on plasma flows is addressed. The supersonic regime is also
recovered in presence of strong temperature gradients near the plasma
facing components and magnetic field inhomogeneities.

The purpose of this section is to investigate the conditions required to obtain a su-
personic transition in the quasi-neutral plasma. This work is based on simulation results
from the fluid transport code SOLEDGE2D. These simulation results confirm predictions
made by an analytical model developped in [23]. From this analytical model, the basic
ingredients required to produce a supersonic transition are emphasized. Beside the role
played by the plasma topology, the dependence with neutrals, temperature and magnetic
field is also addressed.

As mentionned in Section 1.5, the wall acts as a strong sink for the plasma and drives
the plasma flow up to a Mach number greater than 1 at the sheath entrance. This is the
so-called Bohm criterion. The flow properties at plasma wall interface are thus very similar
to those of a flow in vacuum expansion where a supersonic transition in the upstream flow
region is observed. To go further, the validity of Bohm criterion in its equality form will
be discussed in this section. Indeed, many diagnostics such as Langmuir probes 6] use the
marginal equality form of Bohm criterion to extract density or temperature measurements
even if supersonic solutions in the quasi-neutral plasma are known to exist ([78],[79]).
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V.1 Geometry driven transition

Two classical configurations are detailed and will be used as reference cases to develop
a theoretical model that describes supersonic transition requirements. The first example
is an ideal divertor configuration in slab geometry. The second one is a realistic limiter
configuration based on ToreSupra’s tokamak geometry. The simulations are run without
neutrals and at high temperatures (7, ~ T; ~ 200 eV in the edge plasma). In this case,
the intense parallel heat flux ensures that the temperature is almost constant on each
magnetic flux surface.

V.1.1 Supersonic transition in divertor configuration

Hereinafter, an ideal divertor configuration is considered where the magnetic surfaces are
computed from pendulum phase portrait. This configuration shows two symmetric X-
points on the separatrix, Figure V.1,a. The following SOLEDGE2D equations (11.4, I1.11)
are solved until steady state:

83_? +V- (nuug) =V- (Dﬁﬂl)
mi% +V- (mmuﬁg) +kgVin(T, +T;) = m;V - (VﬁL(nUn))

The Mach number at steady state is plotted on Figure V.1,b. The Mach number is ob-
served to be supersonic in the divertor region, the transition from subsonic to supersonic
flow being located at X-point position. In this simulation, boundary conditions are im-
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Figure V.1: SOLEDGE2D simulation for an ideal slab divertor configuration. a: Mach
number represented in the ideal divertor magnetic configuration (Line contour represents
|My| = 1. b: Mach number parallel profile in the SOL along the separatriz on the LFS
and HFS. The supersonic transition is more intense on the tokamak LFS.
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posed directly in the finite-difference scheme, without using penalization technique. The
same transition has been observed numerically in JET and WEST geometries [80, 81].

V.1.2 Supersonic transition in limiter configuration

One considers here a simulation of ToreSupra’s tokamak geometry. The magnetic con-
figuration corresponds to the shock #35230 and the complex geometry of the machine is
taken into account using penalization technique. In this case, a transition from subsonic
to supersonic flow is observed in the region located below bottom limiter. One notices
that this region represented on Figure V.2 is not radially connected with the “feeding”

core region.

2

Figure V.2: SolEdge2D simulation of ToreSupra’s configuration. Mach number (green line
contour represents | M| =1

V.2 Theoretical model for supersonic transition

The study of the A-parameter introduced by Ph. Ghendrih [23]| provides good insights
on the supersonic transition mechanisms. The idea is to find a reduced expression for
the particle flux that depends only on the Mach number. One starts with expressing
the parallel particle flux as I'j = nvj = nMc,. Then, one expresses the total pressure
I = p+1/2mmvf = nci(1 + M?). Replacing nc, in the expression for the particle flux
and rearranging the terms lead to the following expression for A:

. 2M . 21—‘”6S
1+ MZ2 I /my

A (V.1)
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The parameter A is plotted on Figure V.3. One can distinguish between the subsonic
branch where d.A/dM > 0 and the supersonic branch where d.A/dM < 0. A transition

e T

2
M
Figure V.3: Graph of function A as a function of the Mach number

from subsonic to supersonic regime hence requires a change in A derivative sign. In our
case, one is interested in the variation of the Mach number along a magnetic field line. The
coordinate along magnetic field line is denoted z and the operator V) is reduced to the
derivative d/dz. One can express A derivative as dA/dM = (dA/dz)/(dM/dz). If one
has a transition from subsonic to supersonic flow along the field line (for instance let us
consider that the flow is subsonic for z < zy and supersonic for z > z;), the sign of dM/dz
does not change (in the case we take as an example, dM/dz|,—,, > 0). Consequently, a
transition occurs if the sign of d.A/dz changes. However, if this condition is necessary, it is
not sufficient. Indeed a change in the sign of d.A/dz can be accompanied with a change in
the sign of dAM//dz. This condition for transition is similar to the one encountered in fluid
mechanics in a convergent-divergent nozzle [82]. In this fluid analogy, the nozzle throat
correponds to the point where the sign of d.A/dz changes. Let us consider an accelerating
subsonic flow in the convergent part. Two cases are possible, either the nozzle throat is
choked and the flow become supersonic in the divergent part of the nozzle or the nozzle
throat is not choked and the flow remains subsonic and decellerates in the divergent part.
In this analogy, it is the fluid properties at the outduct of the nozzle that determines
whether the nozzle throat is choked or not. One will see that the same kind of rule applies
in our case when boundary conditions on the divertor targets are introduced.

Let us compute the derivative d.4/dz from expression given in Equation V.1:

d.A  d.D) LEC
.A N FH Cg II

(V.2)
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One notices that variations of particle flux, total pressure and temperature along the
field line compete with each other and it is quite complex to predict where a transition can
occur in the general case. However, one may focus on some particular cases to highlight
the physics of the transition. For instance, in the above examples, the temperature is high
enough to guaranty that heat conductivity makes temperature constant along magnetic
field lines. Hence, the term d.c, vanishes. Also, if the velocity shear is small and in
absence of charge exchange with neutrals, parallel velocity equation gives total pressure
conservation along the field line, hence the term d,II can be neglected over particule flux
term. In this simple case, Equation V.2 thus reduces to d.A = (2myc,/I1)d.T"). Also,
at steady state, continuity equation gives d.I'j = d,(Dd,n) + S™. Finally, Equation V.2
becomes:

ia_
dz  II/m;

{6-(D%n)+sn} _ 2 g (V.3)

One recalls that the supersonic transition occurs if dA/dz sign changes. Consequently,
one notices that a change in the sign of the particle source 8™ can trigger a supersonic
transition. It is then possible to investigate whether this condition is realized in our above
simulations. One reminds that there is no neutral contribution in these reference cases.

In the divertor case, the key element is the SOL topology. In fact, without neutrals,
Equation V.3 states that a transition can occur if the sign of V- (Dﬁﬂz) changes along
the field line. This is what exactly happens when crossing the X-point on the separatrix
(Figure V.4,center). The radial profiles for different z positions along the field line are
plotted on Figure V.4 ,right. More precisely, in slab geometry, one has §" = V- (Dﬁln) =
D@an. In the area where the SOL is connected with the core (z < z,), the particle balance
presents a positive source of particle from the core (8™ > 0) and the radial density profiles
are concave (usually with an exponential shape whose decay is fixed by the SOL thickness
An). On the contrary, in the divertor region where the SOL is connected with the private
plasma region (z > z,), there is no more feeding from the core and the radial density
profiles take the form of a double exponential decay, both in the SOL and in the private
region, with a maximum of density close to the separatrix. Hence a net outcoming radial
flux develops between the considered magnetic field line and the private plasma region and
S™ < 0. A supersonic transition is thus possible. One then wonders whether the transition
actually occurs. The easiest way to address this problem is to look at what happens if the
transition does not occur: let us denote A, (resp. A;) the value of A at X-point (resp.
Target) position. In the divertor region, one has d.A/dz < 0 according to Equation V.3,
hence A; < A,. Since we are on the subsonic branch of A (see Figure V.3), this implies
M,; < M, < 1 which is not compatible with Bohm boundary condition (M; > 1). Hence
the solution is necessarily supersonic in the divertor region, the transition taking place at
X-point position and the Mach number on the target being striclty supersonic.

In the limiter case, the same pattern applies. Even if there is no X-point, one observes a
transition determined by system geometry. Indeed, plasma area located below the toroidal
pumped limiter is not radially connected with the core. It plays the same role as the
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Figure V.4: Isothermal simulation with v = 0. Mach number at the separatriz: Left-
without neutrals. Center- with neutrals (R* = 0.9). Right- Radial density profiles in the
Core connected region and in the Private plasma connected region

divertor region in the divertor geometry. The same analysis can be done and a transition
occurs along field line when passing from a core connected region to a “shadowed” region.
One must notice that in this case, the magnetic field variation could have some effect on
the transition, see Section V.3.

V.2.1 The effect of neutrals

A source of particles due to neutrals can compensate the loss of particles due to the
perpendicular transport ans thus avoid a transition. In other words, one has to ensure
that even if V - (DV n) is negative, V - (DV n) 4+ S™ is positive. To investigate this
assumption, one repeats the ideal slab divertor simulation but with the fluid neutral model
turned on (Section IV.2.1). The recycling coefficient is set to R* = 0.8. The Mach number
along the separatrix is plotted on Figure V.4,center with and without neutrals.

As expected, one notices that with a high enough neutral source, the supersonic tran-
sition does not occur and the Mach number reads M; = 1 on target plates. Thus the
transition highly depends on the tunning of the neutral model, even in this case where
the neutrals are coupled to the plasma by a simple response as density source.

V.3 Temperature driven transitions

In the above section, the supersonic transition was driven by a change of topology in the
divertor configuration. In order to emphasize the mechanism of the transition, one has
then focused on simplified configurations where the temperature and total pressure are
constant along field lines. One has observed that in the latter case, the transition can take
place far from the wall. In the following part, one focuses on the effect of temperature.
Indeed, when the temperature in the SOL is reduced, strong temperature gradients can
take place. One must take these gradients into account and look at their consequences on
the transition.

The following simulation is performed without neutrals. The absence of neutrals for
low temperature is not physical but one just want to confirm the possibility of transi-
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V.4. Magnetic field driven transitions

tion due to steep temperature gradients. Actually, the presence of neutrals would also
contribute to sharpening temperature profiles. In presence of neutrals, the transition
would be then a competition between particle source terms that tend to maintain the flow
subsonic (see Section V.2.1) and the temperature gradients that tend to make the flow
supersonic. A fine analysis of this interaction with neutrals is not permited by the raw
neutral model used in this paper so one has prefered presenting the effect of temperature
gradients without neutrals.

Let us consider the impact of temperature gradients on the parameter A. If one
neglects the variation of total pressure, the derivative of A along the field line is given by

Equation V.4
dA 2c r dT., dT;
i T (e (V.4)
dz  II/my csll/m; \ dz dz
Hence, one deduces that d.. 4 can become negative if one has a strong drop of temperature.
That is what actually happen near the target plates for low temperature plasma. Besides,
this transition does not require that the sign of S” changes hence this transition should be
observed in a simple ideal limiter configuration at low enough temperatures. Simulation
results are plotted on Figure V.5 where Mach number and temperature are represented.

Mach Number
Te (eV)

T T T T
Y Ry — -1 00 02 04 06 08 10 00 02 04 06 08

Parallel coordinate Parallel coordinate

Figure V.5: Supersonic transition due to steep temperature gradients. a. Mach number
in the Slab limiter configuration. The white line contour represents |M| = 1. b. Mach
parallel profile in SOL revealing a supersonic flow near the limiter. c. Parallel temperature
profile showing important temperature gradients.

On Figure V.5, one observes as expected a transition to supersonic flow near the
limiter.

V.4 Magnetic field driven transitions

The effect of magnetic field can be highligthed in a simple configuration. Once again, one
considers a limiter geometry but without slab approximation. One can then distinguish
between a high magnetic field side (HFS) and a low magnetic field side (LFS). If one takes
the magnetic field into account, in the continuity equation, the divergence of the parallel
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particle flux expresses as

L. T\ ar log B
B2 (—”) _ 9y g Olos (V.5)

b = —
V- 0z \ B 0z 52

= S" (continuity equation)

Hence, in the basic configuration without temperature gradients, the variation of A can
be described by Equation V.2 and Equation V.5 that gives,

dA  2c dlog B)

(V.6)

(Sn + FH P

Hence, a transition can occur if I'ydlog B/dz < 0. This behavior explains the differences
observed in 2 limiter simulations where the limiter is successively placed at the bottom of
the machine and on the HFS — see Mach number results on Figure V.6. When the limiter
is at the bottom of the machine, the flow becomes supersonic on the limiter face that is
exposed to the HFS plasma. In fact, this configuration meet the above required condition
on the magnetic field to trigger the transition. This is not the case when the limiter is
placed on the HFS of the machine.

a b.
1 1
05 05
0.5 0.5
0 0 0 o
0.5 0.5
05 05
1 1
25 3 35 25 3 35

Figure V.6: Mach number for 2 different limiter configurations. The white contour line
represents |M| = 1. a: Limiter on the HFS region. b: Limiter at the bottom. When
the limiter is at the bottom, on the HFS, since the magnetic field decreases as approching
the limiter, a supersonic transition is possible. This is not the case on the LFS where
conversely, the magnetic field increases as approaching the limiter. When the limiter is
located at the inboard mid-plane, on both side the magnetic field increases as aproching
the limiter. The transition hence does not occur.
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V.4. Magnetic field driven transitions

Chapter highlights

o The hydrodynamic properties of the plasma make transition from sub-
sonic to supersonic flow in the quasineutral plasma possible.

e The non-dimensionalized parameter A gathers the informations about
how this transition is permitted or not since it occurs if dA/dz = 0.

2M 2I'c,

AZl—i—M?_H/mi

e In particular, the supersonic transition can occur:
— if the sign of the plasma source changes: this occurs in particular
about the X-point in the sheath-limited regime,

— if strong temperature gradients take place near the targets: This
occurs in the low power, high recycling regime,

— if the magnetic field is inhomogeneous.

e In any case, the transition is driven by the Bohm boundary condition
that imposes |M| > 1 on the wall.

e The consequence of the supersonic transition on the flux impacting the
wall is still under investigation.
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Conclusion

The SOLEDGE2D code development has benn motivated by various concerns from the
understanding of physical mechanisms governing transport at the edge to the prediction
of particles and heat fluxes at the walls for tokamak operations, as well as the development
of a test bed tool to develop original numerical methods on the road of developing 3D
turbulent fluid code (ANR-ESPOIR). Original numerical methods such as the penalization
technique that models plasma-wall interaction for complex geometries have been validated.
The penalization method enables in particular to use a largely orthogonal grid up to the
main chamber wall providing a great flexibility to simply and efficiently simulate realistic
tokamak configurations. Its applications to complex SOL in the limiter configuration have
been published in [25]. Concerning diverted plasma simulations, realistic configurations
such as ToreSupra—WEST and JET geometries are reported in this manuscript. During
the code development, a special attention has been paid to guarantee numerical precision
and efficiency. Some simple configurations such as the slab limiter and slab divertor
for which analytical work can be done have been used to validate the code behavior.
In particular, a special care has been taken to understand the many situations where
spontaneous supersonic transitions take place in the quasineutral plasma. A complete
description of the flow properties leading to supersonic velocity has been published in the
literature [23, 83]. Also, a collaborative work has been achieved with experimentalists to
understand the impact of turbulence ballooning on plasma flows in the edge region [31, 84].
Indeed, if the transport code does not directly provide informations on the turbulence (the
cross field transport being set by ad hoc diffusion coefficients), it enables reproducing the
overall flow pattern, simplifying the interpretation of experimental data.

Simulating the plasma up to the wall is a key issue to properly estimate where the
heat load is deposited as well as where the recycling mechanisms take place. Far from
the core plasma, the physics is widely controlled by the interaction between the plasma
and the neutrals. In the perspective of understanding how the latter influence the edge
plasma, SOLEDGE2D has been coupled with several neutral models. First, a fluid model
where neutrals transport is ruled by a diffusion law has permitted recovering the expected
density regimes. To go further, the kinetic Monte-Carlo code EIRENE has been used to
properly address neutrals transport and complex interaction with the plasma. Combined
with the penalization technique, the neutral code EIRENE makes possible to quantify the
part of the main chamber wall recycling in the particle balance. These results have been
presented at PSI-2012 conference in Aachen [81]. The first wall recycling phenomenon is
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of major concern since it could reduce the close-divertor configuration efficiency to hold
impurities far from the confined plasma. In the scope of a better understanding of the main
chamber influence on the tokamak performance, the SOLEDGE2D-EIRENE code should be
coupled with an impurity code. It is indeed important to accurately quantify the amount
of impurities produced on the wide main chamber surface since their concentration in the
edge plasma is a key parameter to estimate sputtering and impurity production on the
main plasma facing components.

In addition investigations have been carried out to find fluid closures taking weak
collisionality effects into consideration. After studying the literature on this subject, a
theoretical work has been achieved in collaboration with the CSDC! group of statical
physicists in Florence. First, a deterministic model presented at Varenna international
School of Plasma-Physics [85] gave some analytical results on heat propagation in a lat-
tice. Then, a stochastic model based on Kipnitz-Marchioro-Presutti’s approach has been
implemented to study how microscopic energy exchange can be expressed in term of a
macroscopic fluid formulation for heat flux. In the high collisionality case, the standard
Fourier’s law is recovered. Conversely, when collisionality drops, a non-local relation is
found and an exponential kernel takes long range spatio-temporal memory effects into
account. This generalized Fourier’s law asymptotically recovers a ballistic transport of
energy if the collisionality tends to zero. This work initially focused on parallel heat flux
closure can be generalized to any process where the particle mean free path is comparable
to typical system size. It has thus been applied to improve transport description in the
neutral fluid model. A comparison between results obtained with the fluid model and with
EIRENE is a natural perspective to this work. The results obtained with the stochastic
model and the generalized Fourier’s law derivation can be found in [86].

During this thesis, an important numerical and theoretical work has been achieved
to improve transport simulations in the edge plasma. In a near future, more quan-
titative simulations should be performed and compared with experimental results. A
comparison with other codes shall also be done to benchmark SOLEDGE2D results.
Finally, once the code fully validated, it will be involved in the WEST-tokamak
program to predict heat load on the materials and evaluate impurity contamination.

!Center for the Study of Complex Dynamics
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Appendix A

Complementary notes on collisions

A.1 Fokker-Planck expression for collisional term

The collisional term gives the rate of particules whose velocity changes from v to ¥ because

O\ f(& 5 t+dt) — f(Z 5,1)
(E) B dt

of collisions.

In order to estimate it, it can be useful to introduce the function ¥ (v, Kv) that gives the
probability that a particule of velocity ¢ has a Av velocity increment during a time unit.
Hence, the expression of df(Z, U, 1),

f(Z,0,t+dt) = // F(Z,7 — Au, 0)(T — Ao, Av) dA’ (A1)
%

One can approximate this term using a Taylor series cut at the second order,

— — — —

F(7,7 — Mo, )7 — Ko, Av) = (7,7, W(* Av)
—Z G (VA + 3 Z Go g0 ) Bt + o(A0?)

It is now possible to express the collisional term as follow,

of o . Lo Ava 3
(@C——zm(w [ v s aae)
82 — A’UQA’Uﬁ
= T, U Av A2
+2 " 8vaavg< ey // v Av) =1 ) (42)

One can notice that the integrals can be expressed thanks to the average deviation rate

and deviation cross-products rate calculated in [5],

(Avy) = / / / ¢A“°‘ dAe’
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A. Complementary notes on collisions

Ava A
(AvaAvg) = / / / " ”a “%A

This leads to the Fokker-Planck expression of the collision term:

and

(?’)‘_{)c - za: a%(m”‘* Z 5%@@ ; ((AvaAvg) f) (A.3)

The 1D-tensor (Av,) and the 2D-tensor (Av,Auvg) are called the Fokker-Planck coeffi-
cients. One can notice that the terms in (Av,Awvg) play the role of diffusion coefficients
in the velocity space.
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Appendix B

Numerical scheme

In this appendix, one describes the numerical method that is used to solve SolEdge2D

equations:
on - -
S+ D=V (DVin) (B.1)
6F|| - FH T.+ T\ » T.+ T\ = a
=V (n—l—n ot B (e ) VB = (ymr”) (B.2)
I3+ (300 «nnn - (U5) = ¥ (k0729 1.0)
ot \ 2 n o
+V. (gDToﬁLn + gganﬁLTQ) (B.3)

The numerical method is based on finite difference scheme. The spatial discretization
will be addressed firstly, followed by the time discretization.

B.1 Spatial discretization

B.1.1 Advection terms

In this section, one considers the advective part of the equations; the system considered

is the following:
(On+V-Tb=0

or + ¥ (I 4 L) §_ g

3} N (B.4)
omT, + V- (TT.5) + 40TV - (55) = 0

onT, +V - <I’Tiv5> + vnTiﬁ . (%g) =0

\

a) Re-writing in a conservative form

This set of equation corresponds to Euler equations for an adiabatic gas. In the following,
one uses gas constant v = 2/3 and one introduces the variables corresponding to entropies
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B. Numerical scheme

S, and S; for these adiabatic gases.

e Te 7 ﬂ
s.= P~ Si= = (B.5)

T ny o ol

Sy ot
Considering the adiabaticity of the system, one expects entropy equations to be easily
expressed in a conservative form. In fact, the above equations can be rewritten in a flux

form:
(

ar 4G (I 4 i)Y

0Se +V - (%5) =0
08+ - (55) =0

(B.6)

\

Finally, if one introduces the expression of the divergence (see Appendix C on expression

> 0 (X
o xi- 55l (X)

of differential operators),

the above system can be rewritten as

U +8F =0 (B.7)
where
n T
- 1T Lo | &y msesy
U=— d F==|T" m; B.8
BG | . . B S.L (B.8)

Many numerical schemes have been developed to solve 1D equations of the form given
by Equation B.7. Given the fact that due to the strong gradients appearing in velocity and
density fields at the interaction between the plasma and solid surfaces, it is necessary to use
a numerical scheme able to handle discontinuities. The ENO (Essentially Non-Oscillatory)
scheme developped by [87] and WENO (Weighted Essentially Non Oscillatory) scheme
developped by [88| are well suited to this kind of problem. A modified version of these
schemes developped by [89] have thus been implemented in SolEdge2D.

b) Donat-Marquina’s formulation

In this part, one does not analyse scheme properties. For further details, refer to the
given reference. One just states the algorithm implemented in the code. The numerical
scheme described by [89] can be summed up as follow. The finite difference discretization
of Equation B.7 gives

—

7 FMl_FMl

oUu i+ -1
— 2 2 B
ot QH_% — Qi_% ( 9)
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B.1. Spatial discretization

where one uses Donat and Marquina’s discrete expression for the flux:

M _ M l Fr
F;Z—Q—% = F (UH_%’ UH_%) (B]_O)
ﬁiﬂfl = ﬁM(ﬁLb 7,1) (B.11)
2 2

The variables Uﬁl and U™, are computed according to the WENO procedure pre-
2

sented in paragaph c).

Then the expression of the flux FM is based on spectral eigen modes properties of the
linear system of Equations B.7:

U + 0, F(U) = 0

One computes the Jacobian of the flux A(U) = F /U

0 1 0 0
. B G T G =73 R O U
AU)=¢g| ™ o™ TR (B.12)

—

The eigenvalues of this matrix are X(U) = G[v, v, v+ ¢;, v — ¢ where ¢, is the sound speed
in adiabatic gas and v =I'/n,

w)g 313

my

Then one expresses left and right eigenvectors:

; I
. 1 3 o -1-2 L
- - a a B.14
U =553 o ot adbBt )9 1/2 (B-14)
and
1 1 1 1
R(ﬁ)— v v vtCs U—Cs (B.15)
0 —a 2 B '
—a 0 ) )
where
o — Te‘[‘yTi
g = L (B.16)
5 = L
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B. Numerical scheme

One computes the “sided” local variables

Q= Lo U
{ O = LU")-U" (B.17)
and the “sided” local fluxes
{ o = LU F(WOY (B.18)
¢" = L(U")-F(U")
Then, one computes the “modified sided” fluxes with a flux-limiter Roe scheme:
fork=1,...,4
if \e(UY) x Ae(UT) > 0 then
if \x(U") > 0 then
or = o
¢ =0
else
¢ =0
o = or
endif
else
o, = max{ |\ (T)], |\ (D7)}
o = 0.5(¢ + i)
¢, = 0.5(¢; — anlly)
endif
endfor
Finally, one computes the Marquina fluxes that we use in Equation B.9
FM@U' U™ = ¢+ - R(UY + ¢~ - R(U™) (B.19)

c) WENO scheme

The WENO scheme used in SOLEDGEED must be able to deal with non-uniform grid.
The formulation used is inspired from |90, 91|. The WENO2 scheme is impleted giving:

Uiy1 = wy(0;42)P5(0;41) + w1 (0;41)p1 (0;41) (B.20)

1
2

and
Ul =wy (0 0)06" (1) + 0™ (0 1)py ™ (0341) (B.21)

The interpolating polynoms being defined for s = {0, 1} by

PL(O) = b+ bL4(0 0, ) (B.22)
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B.1. Spatial discretization

with
i Ui — Uiy i U, —U;_1
b(),o =Ui1 + (291‘4-% ‘91—% 01_90@-1-% — QZ R ) bO,l o 201‘-1—% - 0’ 3
i U1 — U . i S U — U
bio=Ui+ (9z‘+% 9i_é)9i+g ~0,_, ; by, = 29i+% —6,
The weights wy(f) and w;(6) are computed using for s = {0,1}
4 o (0)
<= 550) + 01(0) (29
with i)
L) = —= B.24
0= e (B.24)

The variable € is a small number (usually ¢ = 107%) avoiding division by zero. The
variables IS¢ evaluate interpolating polynoms sharpness and are computed from polynoms
slopes:

152 = (62,1)2<0i+% - ‘9‘—5)2 (B.25)

(2

The factors C(6) depends on the mesh. The following expressions are used to compute
fluxes at the point 6;,1:

. QH_Q - 0i+l . 9i+l - 01—%
CO<91+%) = QZ+% _ gz_g ) Cl (ei-l-l) - gH_g _ ez_g
; Oivs =011 ; 01 =0, 1
C(Z)—i_l(ei-‘r%) = 0. z — 0. j ) Ci—i_l(ei-i-l) = 0. Z —f. j
+5 =3 i+ =3

B.1.2 Diffusion terms

The diffusion terms that are used either in the perpendicular transport terms or in the
parallel heat transport term are discretized with a centered second order finite difference
scheme. The diffusion coefficients are evaluated on virtual middle-points. Hence, the
terms 0y DU or 0y, DO, U are computed by the following relation (z represents either 6

or ¥):

0 <D8U) _ UZ-+1 Di—l—l + Dz Ti — Xi—1

ozr \ Oz 2 dz3
U, Digv+Djxy — 2 " Di+ Dy wipq — x4
2 dz3 2 dx3
Di+ Dy xip1 —
i B.2
Flima 2 dx3 (B.26)
with
dl’g = 0-5(Ii+1 - 'Ti—l)(xi—l-l — LL’Z)(IZ — .Cl,’i_l) (B27)
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B. Numerical scheme

For non-orthogonal grids, one also has to compute cross-derivative terms such of the

form 9y DO,U or 0,D0pU. These terms are evaluated with a double centered method, for
instance:

0 oU 1 oU oUu
26 @%) = T ((D%M - (D%XH) (B.28)

J+1 it — qpi—1 J—1 il — i1

Ojr1— 051

The behavior of the diffusion scheme has been tested on a non-orthogonal grid and

has shown rather satisfactory results. One must mention that it has not been verified

that the discretization of non-orthogonal terms guarantee conservation and stability of

the solution.

B.2 Time discretization

Let us evaluate characteristic times associated to the different contributions in SolEdge2D

Equations:

e Advection terms: The characteristic speed of advection is the isothermal (y =0

in Equation B.13) sound speed ¢; = +/(T. +T;)/m;. The characteristic time for
advection is then (IV, denotes here the number of points in the #-direction).

As  RogAf  2mRoq

~

Cs Cs N, 2Cs

Tadv =

For realistic value of temperature (7. = T; = 200 eV'), major radius (Ry = 3 m),
safety factor (¢ = 4) and let say 200 points in the poloidal direction, one obtains a
typical advection time 7,4, ~ 107 s.

Perpendicular transport: The characteristic time associated with the various
diffusion processes can be evaluated as

_ AL? _ L*
D — NZ2D

TL

For realistic values of D = 1 m?/s, L, = 0.1 m and for 100 points in the radial
direction one obtains 7, = 1079 s.

Parallel heat transport: The characteristic time associated with the parallel heat
conduction is
3 i As? 3 ¢*R347?
R N e R M NP TP
For typical values n = 10" m™3, kg = 107" Wm ' K~7/2, T =200 eV = 1.73E6 K,

one obtains 7, &~ 1079 s,
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B.2. Time discretization

The advection and perpendicular transport hence correspond to slowly varying contri-
butions that will be solved explicitely. Conversely, the parallel heat transport is 1000
times faster and will be solved implicitely. The penalization terms are also stiff terms
that are solved implicitely. One then solves the system given by Equation B.29 where £
denotes explicitely solved contributions, D denotes parallel heat transport terms and P
the penalization terms.

0X

— =E+D+P (B.29)

The time scheme is based on so called IMEX scheme [92, 93, 94] that aims at optimizing
stability and precision for partial equations mixing explicit and implicit treatment. The
temporal scheme retained is based on a second-order IMEX scheme that uses Adams-
Bashforth scheme for explicit terms and Crank-Nicolson scheme for heat transport terms,
these two schemes being second order in time. However, in order to ensure the positivity
of the solution, the penalization terms have to be solved with backward Euler implicit
scheme that is only first order in time. The temporal scheme is given by Equation B.30.

Xrtt— X 3 1 1
=5 55"—1 +3 (D™ + D) + P (B.30)
Adams—%rashforth Crank?rl\ﬁcolson
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Appendix C

Metric coefficients in SOLEDGE2D

C.1 Covariant and contraviant base

For any set of 3D coordinates (u', u?, u3) it is possible to define a covariant base (ei, e;, e3).

If one denotes R the position vector in the 3D space, the covariant base is defined as:

R R JR

Jul ) €2 = 02 ) €3 = s (C.1)

e =

This base is not necessarilly orthogonal and one denotes g;; = e; - e; and h; = g;;. Any
vector X can be expressed in the covariant base according to Equation C.2:

X = X'e; + X%, + Xe; (C.2)

One can also define the contravariant base (e', €% €*) such as e’-e; = ¢;;. One can deduce
that the contravariant base is given by the relation

e' = Vu' , e’ = Vu’ : e’ = Vu? (C.3)

One also denotes the scalar product ¢ = e’- e’ and h' = g*. Likewise, any vector X can
be expressed in the contravariant base as

X = Xe' + Xye? + Xze? (C.4)

Using the definition e; - € = §,;, one deduces that X; = X - e; and X' = X - €.

C.2 Curvilinear coordinates in 2D

One considers the cylindrical coordinates (R, z, ) associated to the covariant base
(er,e.,e,) and to the contravariant base (e',e”,e?). This base is linked to the or-
thonormal base (ég, é,,¢é,) by the relation (e, e e¥) = (VR,Vz,Vp) = (ég, é,,6,/R).
Each point of the grid is given by its coordinates (R, z, ¢) and for each point, the magnetic
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C. Metric coefficients in SOLEDGE2D

field is given as:
B = B¢ + B%¢, + B¥¢,

One considers the curvilinear coordinates (1,6, ). One assumes that the iso-y surfaces
are orthogonal to the magetic field, hence B - V¢ = 0. One has

B = BYe,+ B’ey+ Bve,
= ByVi+ ByVl + B,V

Since B - V¢ = 0, one has BY = 0.

iso-i

Figure C.1: Definition of covariant and contravariant vectors

C.3 Gradient

The gradient is defined as follow,

ox\ .
X = . !
\V/ (aul)e

where one has denoted u! = 1, u?> = 6 and u® = ¢. One projects the gradient operator
along the magnetic field and uses the following definition of parallel and perpendicular
components:

VA, A=A, +bA
with b> =1 and b- A = 0. Thus, A =b - A. Applying to V, one has

VX =V, X +bVX
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C.4. Divergence

with

VX = b-VX
_ éBi(VX)i
e

Since we assume @-axisymmetry, one has d, = 0. Also as mentionned above, B -V = 0.
The only remaining terms in parallel gradient expression is thus,

One can express the above expression using projection of magnetic field along the cylin-
drical base using the chain rule
00 00

Vo = @VRJraVz

o0 . 00 .
= ——=¢p+ —¢€,

OR 0z

Hence the expression

1 /06 00 0X
VIX=73 (%BR - @Bz) a

C.4 Divergence

C.4.1 Divergence of a magnetic field aligned vector

First, let us separate the perpendicular and parallel terms using
B
V-A = V-(AL+EA||)

_ v.A +dy.BiB.v (A
B B

A

V-A = V'AJ_+BV|| <§)

Hence one has:
A

V- (4b) = BV (E)
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C. Metric coefficients in SOLEDGE2D

C.4.2 Perpendicular terms

In Soledge2D equations, A is usually a diffusive perpendicular flux that can be expressed
as

A, =-DV,X =-D(VX —bV;X)

One need to express V-A | = =V - (D(VX — bV X)). Let us work on the divergence
operator. One need to recall how to express covariant base as a function of contravariant
base:

o — e xet Vil x Vi
el (el xer) J
where
J=¢e (e xe)=e;-(ejxey)] ! =J"
Hence, o
71 = V! x Vu* =V x (u/VuF)

One writes divergence of A as

VA = V-(A)

- v ()

= JAV(V x (Vb)) + ej L V(JAY)
V-A = J'e V(JAY)
Since V = ei0,:, one has .
loJA
- J o
If A=—DV X, one has to express (V,X)’. One knows that (VX); = 9,,X. Thus,

V-A

V.X = VX-bVX

= giiei — bieiV”X
SO
(V. .X) = €&V, X
= (%) e e — biVHX
where

e.e=Vu -V

V' =b-Vu'
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C.4. Divergence

One can now take the properties of the curvilinear system used here (9, = 0 and b = 0).

For divergence, one has
1 (0JA? OJAY
A= =
v 7 ( 26 " oy )

And for perpendicular gradient,

(VX)) = Za—gveua—fp;ve-w—%vux
(ViX)¥ = GV +55V6-Vy

where one expresses

Ve = (2)+ ()’
2 2
Vot o= (g5) +(3)
vo.-ve = G+ g
and
Ot O 0
1 1 /0pae O b
S =V-VOxVeo=|04 0.0 0 :_(_____)
J 0 0 1R R\OROz 0z0R
1 1 (0pa8 o o8
7=V WXW_R(aRaz azaR)

One can reformulate perpendicular gradient expressions considering the fact that ones
want a projection in the magnetic flux surface (along eg) and a projection perpendicular
to the magnetic flux surface (along Vi) = e?¥). One has

V. X = (VLX)eeg + (VLX)wew

with
e, = ae’ + beg
e¢-e¢ = 1l=qe’ e = a:VZJQ
ey e = 0=ae’ - e"+b = b:—%
hence

e’ - e’ V. .X)¥
VX = ((VLX)H - (VLX)¢9¢ . ew) © + %ew

For diffusive tranport, one defines the diffusivity within the surface (Dy) and perpendicular
to the surface (D¥) such as the turbulent flux ® is given by

Y. ol P
— 0 _ p©€ "€ (VLX)
b = Dg((VJ_X) (VJ_X) ed).ew)eg D ew'ewe
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One computes its coordinates in the covariant base

e’ . e

PR

(@) = ®-e’=—-Dy(V X) — (DY — Dg)(V_ . X)¥

= —DY(VO V)ouX — (Dg(ve2 — G + (DY - De)%) 0o X
(B)Y = d-e¥=-D¥(V, X))

= DY (V20,X + (VO - V)9 X)

with

B.-Vo 060 00
g = B = (BR@—FBZ%)

C.4.3 General expression for magnetic fields aligned terms

For magnetic field, one has V - B = 0. However, it can be useful not to make this
assumption and to consider B as a field without specific properties. Hence, the divergence
of a vector aligned on B becomes:
v (4B) — B, (W) dg.p
I I\ B B

Ay Ay19JB

- B ) 4 S22

Vi (B) " BT 0w
Ay Aj10JB-Vé

V- (4B) = BY (g)* BJ 00

C.5 Continuity equation

C.5.1 Using the metric
Let us rewrite continuity equation taking the metric coefficients into account.

on
i T = }
8t+v 0 (C.5)

That gives, according to the above expressions

0 r
8—?+BV(E>+V'FL:0
on I\ 1 (oJrg  oJryy\
E+BV||<§)+3< 20 + 90 =0
on o (Ty\ 1 (oJr% oJrY\
E+Bgae<3)+J< R
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C.5. Continuity equation

> 89n

with

02
Y = —-D%¢"0yn — (Dg(he ~G*) + (DY — Dg)—gh ;
Iﬂf = —Dw (h”’@wn + gewﬁgn)

C.5.2 Non-Dimensionalized equation

One rewrite the equation with non-dimensionalized variables n* = n/ng, I'* =T}/ (noco),

0 = 0/2m, * = (b = Ymin) [ Ao, G* = GRo, VO* = G2 and Vy* = §°
ng On* g+ "o% 0 (T, 1 AJTY J2m  DJTY J Adhy 0
T0 815* 27TRO 80* B J 89* 81#*
One defines 79 = 27 Ry /o hence,
on* BG* o (T* L 2R 1 AJTG 2 DJTY Ay 0
(975* 89* B ToCo J 89* 61/1*
where
27TR0£ _ 27TRO —Dd}Qﬂ-Awaew* No 8w*n*
nocoy 2 NnoCo2m a? Aty
2\ * o* a ? *2 ¥ 2\ ? (991/;*)2 g *
2R D ey
a  coa
(EBo Do (Y gy e (DU Do G
a coa 21 Ry a coa  coa) h¥* b
* A * A * 1 A A (gelp*)z
FG — " Y nr — _hé’__*Q A n*
L= gt (Pee( 29 )T\ Pt " Pe) )W
and
27TRO Fi’b_ 27TR[) Awo 2 * Mo 2’/TA’(7DQ * 10
— _p¥ B Open* + —— 2" 2 9pun*
NnoCo AZD() RQCOAQ/)O a A’l/)o e + a2 g 2m o1
* A * * * *
F’ZZJ_ = _W (hq’/) 8¢*n + ggw 39*n )
with or R
_ 2rRo v _ 0 _ ac
A= p : Pe? = T : Pey D, (C.6)
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and continuity equation becomes

on* o (T*\ 1 [oJr9* oaJr’’
BG* I + 1 N _
o g@&*(B)+J<69* - aw) 0 (€D
C.6 Momentum equation
C.6.1 Using the metric
Momentum equation is the following
or I

One needs to evaluate the quantity b -V - (Xb ® b). One has:

b-V-(Xb®b) = b-[Xb-(V&b)+ (V- (Xb))b]
= V- (Xb)+Xb-(Vab)-b

Then using the gradient definition

oel

_0A 04 e
ou’

VoA=A; ' ith A, = - = -
® Qe wi PS5 T o

e+ A,

Using b¥ = 0 and J,, = 0, the expression b - (V ® b) - b can be reduced to

b-(Vab)-b = be- (a—bj.ei®ej) -bley + brey - (bj

dui 7 © ei) e

out
. Ob; ) Oe
= bV +b"bbex - —
out + ik out
ob* ob'b ob'b . ObFbiey
= — —b; . b, — —bel - .
ou’ 7ot +O; ou’ J ou’
ot Ob’ ObFey
out

= i ow Ve
' b
= blb~é9

ou’
b-(Ve®b)-b = 0

Back to momentum equation, one has
2
\

M\ BY L1 LVp+EV-d =0
Mgy TPV B, P L=

T rs
mi—— +m BV | 5— | + V) (n(T. + 1)) +

1(oJel  oJst) _
J\ 060 o
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C.6. Momentum equation

or| a6 90 o (1TF\ 10 1 (040  0J¢"
mi0t+<BR3R+Bzaz> {mzae (Bn +§ae(n(Te+Ti)) +j 20 + 90 =0

s = 0,0 — (= G%) + (v — ) )
L/mi = 90T — { vo(h” = G7) + (" —vp) == | Ol

of fm; = —v" (h*O,T) + g" 0T

C.6.2 Non-Dimensionalized equation

One rewrite the equation with non-dimensionalized variables n* = n/ng, I'* = I'||/(noco),

0 = 0/27, * = ( — Yin) [ Atho, G* = GRo, VO* = G0, Vi = T

m;nogCo or* *minocg 0 1 F*Q 1 0 * * * 1 8J¢i/2ﬂ 8J¢3/)_/Awo
B = + T* 41T : -
o TP r N \ B ) THaer I )+ 5 T D0 0

with Co = \/ma

* *2 0 P
55F+Bg*{ 0 (1F)+1 ) (n*(Te*+TZ-*))}+ 2 Ry 1<8J¢L/27r+8j¢l/Awo>:O

ot* 00* \ B n* B 00* minoct J 00* o*
where
6
27TR02 ﬁ _ 27‘(’530 —Vw 27TA2’L/)0 gew* NnoCo 8¢*F*
minocy 2m nocg2m a Ay
21\ >, g« a \’ 21\ > (¢%¥")2 \ noc
_ =" h9 _ *2 Y 0 06 *F*
<V9<a) ( <27TR0) GO+ v\ ) T ) or O
= _27TROﬁ 00 e T

* A * * A * 1 * A A gew* 2 "
" = —ﬂg‘%’ Dy T — (—(h9 il )+ ( ) (™) )ae*r

Reg Re? Rep) hv"
and
27TRO ¢1ﬁ _ 27TRO W Ad)o 2 w*’ﬂoCO * 27TA1/)0 ow*’l’boco *
noCo A’l/]() - nocoA¢0 v a h Awo 6¢*F + a2 g 2 89*F
w* A "/’* * gw* *
o =25 (n" 0T + g™ 0.1
with
| ac ac
Re¥ = — | Rep=—2 (C.9)
v Vp
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and momentum equation becomes

r* 1F*2 0 * Y*
o B0 (s ) 49 (*(TJ+TZ~*>)+§<‘9J% +‘9J¢L>:o

ot 90~ 00 o
(C.10)
C.7 Temperature equation
C.7.1 Using the metric
Temperature equation is the following
3 onT r
—kB% +V- (SkBTI‘) + kpnTV - (E) =-V-q+ Q. (C.11)

That gives, according to the above expressions

3. onT

1 3 conv Cchaleur-tur F q
Sk + BV <B2kBTr|>+v-¢' LV et g TRY (B'n> -BY) (%) +@.

3. onT 3 T 1 [0Jef  aJeY
7]€B B + BV, <2B/€BTF|> + kpnT BV (Bn) + 7 ( a0 + 90
1 [(8J99 aJoY koT°/?V | T
"+J< o ow )PVl T

T T r ] ¥
§kB on Bg{ 0 ( ! ) + anT2 (l -l-% <8J¢J‘ + aJ(bl)

ot P06 00 n 00 oY
g () o (o) o
with
o —§k T {Dw " Oum + (De(he - G*) + (DY Da)( ZZ)Q) 39”}
= ngTF‘i
gblb = —ngT{Dd’ (hw(%n—l—gew(%n)}
= ;kBTFf
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C.7. Temperature equation

and

9 ; o o . (972
o = —§k’B”{X g 5’wT+(X9(h —9) "= X6) )(%T}

¥ = ~Skpn {x (W0,T + ¢ O5T) )

C.7.2 Non-Dimensionalized equation

One rewrite the equation with non-dimensionalized variables n* = n/ng, I'** = I} /(noco),

0 = 0/2m, v = (Y — tyin) [ Atho, G* = GRo, VO* = 98 and Vy* = §°

an0T038n*T* *anOCOTO 3 0 *T* P 0 I
v 2 Ot* +BY 27 Ry {260* ( B )+” ™ 56 (Bm)}
L1 8J¢Y /2 N 8J6" | Ay L1 8J®Y /2 N 8J®Y JAyy |
J 00* oY J 00* oY -

. Ty 9 52 T2 . OT*
BG*—% | kT .
9 GrRo) 007 (’*0 o g 9 ) O

Son*T* (30 (TT*\ ... 0 (T*
3 o T BY {280*( B >+”Tae* (Bn*)}

.31 <3JT*ri* . 6JT*Ff*> L 2Ry 1 (ami/% . 8J<I>‘f/A¢0> _
27\ oo

o> J 00~ o*

k’Bn()CQTo J
d 1 T*%  aT* .
BgG~ < g ) + Qe

00* Peﬁ“ B 00*

with : or R

vBTNoCo 4T LT

Pe"lr _ B0 05/2 0
where

6
27TRO & _ 27TRO §k3 —Xw 2%A¢099w* To aw*T*
kBTLQCOTO 2w kBTLQCOT()Qﬂ' 2 a? Awo

o 2 o a 2 » v 2 2gg¢*2 T, .
- (><9 (Z) o (5 ) o+ 0 =) () 2 ) Showr

_ 3 . [2mRo x¥
2 a coa

*2
27TRO X0 o* a 2 2 2’]TRO Xw X0 gew
AV h _ * -/ N AV 8 *T*
* ( a coa( 27 Ry g+ a coa  coa) h¥* o
A

*2
” A * 1 A A gew
(I)H*:_i * 64/1*6 T po* L g*? . 90 T*
* 2" { ReVPr? g el RegPrg ( A2 g7+ Re¥Pr?  RegPrg ) h¥* ¢

9" 0y T
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C. Metric coefficients in SOLEDGE2D

and
27TRO (ﬁﬁ 27TR() Awo * TO 27TA’(/10 0 *TO
—— = 71{3 hw — O T+ —— V2 0p T
an()CoTO AQZJO anocoTkoo B X a AT/} + a? g 2w 0
* 3 A * *
OV = —Tnt——— (W7 0y T + g7 0 T*
* 2" Re¥Pr¥ ( v T o )
with .
prv — X , Pry = A0
Y vy

and Temperature equation becomes

3 On*T* * r*T* n*T* _

27 ot + Bg 239*( B ) T aa* (Bn*)}

31 (8JTr Y | aar YT\ g [8J99" | 98Iy N 1 T*5/2 ~p 97> «
57( 90* + > J a0+ a¢* + BG ae* Peﬁ B g 96~ + Qe

Perpendicular correction term for ion temperature equation

For ion temperature equation, an extra term is present in the RHS term to ensure total
energy conservation. This term is the following:

Ly FH Ly
s =met v, () i, o (1)

Since we already know the covariant coordinates for the fluxes (¢ and ¢!), the scalar
product can be computed for example as

r r r
o (5] () (52),

One need to determine contravariant coordinates for the perpendicular gradient. One has

(VJ_)()Z = VlX-eZ-
= <8Xe‘—bV||X)

a 7
0X 1
= 57~ 5 (Beot Be,) eV X
0X B-Vb
(V. X), = 57 " B (eg-€;)VX
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C.7. Temperature equation

Hence

Sy, = mi (—uwggwawrn - (ug(h‘9 — G+ ¥ — Vg)(gzw)z) agr”) ( ( - ) o V) (%))
tmq (<1 (RY0uT) + g% 09Ty ) ) % (% (%) BngngH (F”))
(- )< (8 2) 2 )

0
FH W (1 01 a (T B-V¢ L)
(o0 (o e s00)) x (35 (5F) = 25700 (3))

And if one takes above non-dimensionalized expresion, one has:

27 R
kpnocoTo

2
2w Ry w 2mAY%o g% MoCO N (2%)2 ox ( a )2 " (271')2 “ gov*
= T { o TSR0 ey 00 pe il B A il —v) L
anocoTom { v a? g Ao v ve a 27 Rg g * a o vo) h¥
2 *
noCQ [&0] a 2 r
O+ T — | 1- *“he* | Ogx | —
o } {27r< (27rR0) g 9) 0 (n*)}

2
n 27 Ro i {_Vw <(A1/Jo) hw*ngcoa T4 27rA1/)oggw*nocoae*F*>}

kpnocoTo a Ao a? 27
%&@WD%QJWWMD”
o {0t g (00 (F) (1~ (57,) 9
+ (%ﬂ) (DY — Dy) Zw > x ;;89*71*} x {;’T <1 - (27:;%)2?2119*) Op+ (Z:)}

2
_ 2mRoco miFi{Dw ((Aﬂ)o) hw*A”zZ awn*JF%AQwo mp*noa n )}
0 a

kpnocoTo 'n
st (o () -G oo ()
sl () () 5 o)
)+3{ Re? (h Dy T* 4 9" 0p-T )} (aw* (E> - %g* goy ™ Ogx (%))
S () () o)
1 )= o G e o (e () o (5))

* * * 1 * * rx * * r 1 * * I
Su, :3( Iy ) (1—AQQ 2hg )ag* (n) +3(¢5 -1, ) (aw* () ~ 56790 00 (n>)

One inverts the Jacobian to compute ey-e; and one uses €y = a/2mep* and e, = a/Ape,*.

—1
he  goy he g%

9oy Ny A
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Appendix D

One-dimensional particle model for
heat Hux analysis

D.1 Introduction

Heat transport in the presence of a temperature gradient imposed by heat reservoirs is a
classical problem in the physics of plasmas, that has been tackled over decades by different
approaches. In order to improve heat transfer modeling in weakly collisional plasma, the
development of so called “toy models” is of a great interest. These models have the
goal of catching the specificities of different regimes of heat transfer in the simplest way.
In this paper, we focus on heat transfer in the direction parallel to the magnetic field
in tokamak plasma. These plasmas are known to be weakly collisional, however, the
computation of the heat flux in these plasma often relies on Spitzer-Hérm expression |10]
of the heat flux that is based on a strong collisionality assumption. In fact, this closure
equation is used in the fluid approximation where local balance should be verified. In
order to account for the departure from local balance at high temperature, the Spitzer-
Hérm formulation is sometime adjusted. Many examples of these flux limiter corrections
adjusting the flux expression to work at low collisionalities can be found in the literature
|38, 37]. In this manuscript we aim at revisiting this problem by considering very simple
models that epitomize the minimal ingredients for reproducing some general properties
that are known to characterize the diffusive as well as the ballistic regimes typical of heat
transfer in plasmas.

Far from a complex kinetic treatment, our models rely on particles that move along
a closed magnetic field line and that exchange energy with each other. They can also
interact with heat sources. In our approach, the properties of the tokamak magnetic
field line are simplified and we consider that the magnetic field is constant on the field
line. By comparison with a tokamak, one can consider that all the particles are passing
and trapped particles are not considered. The models implemented in this work can be
sorted in two categories. The first ones that will be presented in section D.2 consider
particles traveling with a constant velocity. The second ones illustrated in section D.3
assume that particle velocities are linked to their respective energy following the relation
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D. One-dimensional particle model for heat flux analysis

v = AVE. We further show that these two models can be related one to another by a
suitable relation.

This particle models could be studied in parallel with the kinetic treatment performed
two decades ago to study transition from strongly collisional to collisionless regime [95, 96].

D.2 Models with constant particle velocity

The domain considered in the following model is a periodic line of length L where a heat
source of energy Ej is located at x5, and another one of energy Ej, is located at zz,. On
this line, 2 x N particles are uniformly spread on the mesh {z;}cpi,ny, with 2; = iL/N.
Hence, on each node of the grid x; are located two particles. One is travelling forward with
velocity v™, one is travelling backward with velocity v~ with [v™| = [v™| =v. E;" and E;
denote the forward (+) and backward (—) moving particle volumic energies, respectively.
The energy £ of a particle is given by the relation &€ = VE = SézE, where V = Séz
is the volume of a particle, S is the arbitrary surface of the particle pependicular to the
direction considered so far and dz is the characteristic length of a particle equal to the
mesh length dx = L/N.

+
: EHi \J :
\f\ TR R T | f:B; L MEUX
Eol 1 1 I 1 l T ‘i T 1 T I I I I I I I I 1 L T T EL’
X <o Delta x 52
Ei

Figure D.1: Sketch of the domain

The evolution law of the system relies on two steps: a dynamic step (t — ¢t + 1/2)
when the particles jump from one node to the closest neighboring node according to the
sign of their velocity, and an interaction step (t+1/2 — t+1) during which the + and —
particles that are located on the same node exchange part of their energy. The evolution
is given by Equations D.1 where the t + 1/2 step is denoted with a prime and the ¢ + 1
step is denoted with two primes.

Dynamic step Interaction step

(£ = B = By B (D.1)
— — +1 gt
E7" = E., E" = Eﬁ"’%

« is a number that quantify the exchanged amount of energy between the particles. If
a = 2, the energy of the two particles after the interaction is the same. In this case,
one can say that the interaction is total. Moreover, when the particles pass through the
nodes x;,, and x;_, where the heat sources are located, they take the energy of the source.
In stationary conditions, we have for all i, E” = EF. Hence, using Equations (D.1),
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the solution can be obtained by iterating equations (D.2) with the “boundary conditions”
E =E, and E;, = Ey.

.+ = + . - _pt
{ BEr = Bt AB - g AR = Bt

— D.2
Er = By - AL “ (D-2)

From recursive serie analysis, one can prove that the solution takes the form E;" = ai+b
and £ = ct + d. Reporting these expressions in Equations D.2 and considering the
boundary conditions, one obtains the value of a, b, ¢ and d:

Et = E.—FEo i+ Eso-is1—Fs1-is2+FEs1-(2—)
i T dg1—i 2+ (2—a) is1—ts2+(2—a) . . .

B = CBBa L Beia BitetBaeea  1001E fiasie] (D.3)
i isl_is2+(2_a) isl_is2+(2_a)

It is also possible to compute the energy exchanged with the source at each time step.
For instance, for source sq, this energy increment is given by the relation

5 =V (2B — B — B}) =V (2B — Bl — Fiy) (D4)

is1 1s1—1

Also, since Eg = E;_ = E;

., the expression of the /€ can be expressed as

&=V -{(E, —Ef )+ (E! —E )} (D.5)

is1—1

One notices from Equation D.2 that the quantity & = E}f | — E; verifies &, = & = &.
This quantity is conserved wherever the particles interact with each other and do not
interact with the sources. These subdomains are denoted with the letter A and B on
Figure D.1. Consequently, the energy exchanged with the source s; can also be written
as 0F = V(=& + £p). If we divide this energy by the time step d¢t = dz/v and by the
surface S, one can determine the heat flux ¢ by

1= g = v(~Ea+ ) = 04+ a5 0

Using Equations D.3 gives the following expression for ¢p

(Esl — ESQ) (]_ — Oé)

qB:UfB:U(EZl_Ei;H):U'isl_i52+(2_a) (D.7)
Besides, one can calculate the energy gradients,
gpt_ P —E- 1 Ba-Ey (D.8)
Tip1 — Tl or iy —ig+ (2—a)
Reporting equation D.8 into Equation D.7 gives
g =—(a—1)-6x-v-VE* (D.9)

As noticed previously, the case where o = 2 is of particular interest since it implies a ther-
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malization between the 4+ and — particles. This condition guarantees local equilibrium,
i.e. E;" = E; . This balance leads to defining the temperature as 7' ~ E*. The heat flux is
then expressed by the standard Fourier law for heat conduction : ¢ = —vdxVT = —xkVT.
Moreover, this expression is compatible with the standard derivation of heat conductivity
[6]:

Kk = kpnAvy, (D.10)

where A is the mean free path, v, is the thermal speed, kp is Boltzmann constant and n
is the plasma density. In the case where a = 2, the equivalent mean free path is dz since
thermalization occurs at the lattice scale. v plays the role of the thermal speed.

For a # 2, B # E; and it is not possible to define local balance at the mesh scale.
However, if we define F = (E* + E7)/2, we have a Fourier’s like expression for the heat
flux that is ¢ = —v(a — 1)dz VE. In this case, we have k = v(a — 1)dz. To be coherent
with the usual derivation of heat capacity, one should find that the equivalent mean free
path in this case is A = (o — 1)dz. In fact, the interaction rule guarantees an exponential
decay to equilibrium after a characteristic number of interactions n = o — 1 and thus a
characteristic decay length compatible with the above expression for the mean free path.

For o going to infinity, the + and — particles almost do not interact with each other.
A standard collisionless regime is then expected. Indeed, using Equations D.3, one can
find directly that VE* — 0. Hence, in the domain B of Figure D.1 for instance, we have
E,, = Et # E~ = E, and there is no local equilibrium. As expected, the mean free
path tends to infinity and the particle behavior is ballistic. Moreover, making o — oo in
Equation D.7 gives ¢ = v(E,; — Eg) which is compatible with the ballistic expression of
heat flux.

On Figure D.2 are plotted results for &« = 2 and o = 30. In the first case, one can
notice that £+ = E~ = E that defines local equilibrium.

Collisional (a = 2) Intermediate (o = 15) Ballistic (o« = 10%)

3 a

00000000000 AAAAAAL
E—

Figure D.2: Simulations performed with constant velocity for different values of a. E™
(circles), E= (triangles) and E (solid thick line). The sources are located at x =5 and
x = 15. Their respective energies are 3 and 1. The length of the domain is 20. The
number of particles is 2 x 50

To go further, since the quantity A = (a — 1)dx plays the role of mean free path, it
can be interesting to introduce also a dependance of a on the energy. This is done by
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considering the following law for a:

+ —\\T
Eref

In this expression, F,. is chosen small enough to ensure that the energy ratio is always
larger than one such that o > 2. r is a positive real number. The idea is to consider the
case where a >> 1 yielding the approximation A = dz(a—1) ~ 26z (max(E;", E; )/Eret) o
E;". For plasma physics, the case where » = 2 is of particular interest since Coulombian
interactions between plasma particles give a mean free path proportional to the energy
square. The assumption o > 1 does not imply that collisionless cases are the only ones
considered. Indeed, as long as A < L < (a — 1) < N where L is the domain legnth anf
N the number of interactions undergone by a particle as it travels through the domain,
the model can be supposed to be collisional.

We are interested in finding analytical solutions for this system. We will solve it in
the domain B on Figure D.1 where E* > E~. The system to solve is then

E-.—EF
141 i—1 J— + . - _ +
2(ES BT EL +e- (B — EL)
E- . —EF

o= Tl el B o - _ Bt
B = B, 2 (B Bty | it e (Bq, — EL)

Ef = Ez‘Jr—1+

(2

(D.12)

where ¢ = 1/a < 1. One must notice that the numerator of the exchange term can be
developped as

- EL = EL - Ef (B -EL)
= E,,—E'+e (B, - E")

~ E_,— E =¢ = constant

Hence, the problem is reduced to solving recursive Equation D.13 for E;":

B _ )
Ef =Ef + m with B =¢- Ep /2 (D.13)

An approximate solution is

1
s

Ef =(Ef"+(i—in)-B-(1+7r)%

)

(D.14)

The unknown B is determined using ¢ = E; — E | = 2B/E"; and E; , = Eq. Reporting
in Equation D.14 for ¢ = 15 — 1, one find

_1
2B/Ely=Ep — (B + (i — 1 —ig1) - B-(1+7)) ™ (D.15)

Solving equation D.15 gives B, ¢ and finally the heat flux ¢. The simulation results
are compared with the analytical solution on Figure D.3. One expects to find a good
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agreement between the simulation results and the analytical solution in the cases where
a > 1. For the first case, we have chosen Es = 0.5, £ € [2, 5] and r = 2 hence
a € [16, 100] > 1. The hottest particles will thus require about 100 interactions to
thermalize. The number of particles used in the simulation is N = 2x3000. Consequently,
each particle undergoes 3000 interactions when it covers the domain. Since 3000 > 100,
this case can then be considered as a collisional case, that is A < L. In fact, on Figure
D.3,a, one can notice that for all i, E; ~ E; . In the second case, we choose the same
parameters except that we limit the number of particles to 300. Thus, the relation A ~ L
applies and the case is not collisional. One can notice the departure between E+ and E~
on Figure D.3,b
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Figure D.3: Simulation results with o < max(ET, E~)2. E,, = 5 and E,, = 2. (a):
Energy profiles obtained when the simulation is performed with 2 x 3000 particles and
guarantee that for all i, 1/ae < 1 and X < L. (b): The simulation is performed with
2 x 300 particles for A\ ~ L. Simulations results are plotted with symbols: E™ (triangles),
E~ (circles) and E (squares). Analytical estimations corresponding to Equation (D.14)
are plotted with lines.

D.3 Models with non-constant velocity

Unlike the previous models where the velocity of particles is constant, a dependancy of
velocity on the energy is added such that v = Av/E*. The previous energy can now
be seen as the particle’s kinetic energy. In the following simulations, we consider the
same domain as described on Figure D.1. Particles are randomly placed in the domain
with a given initial energy. One half is moving forward and one half is moving backward.
The algorithm detects when two particles meet or when they meet the sources. In that
case, particles exchange part of their energy with the same rules as those described in the
previous section. The particle’s velocity modules are recalculated and their velocity sign is
conserved. Since the sign of velocity is unchanged, particles exchange energy with the two
source alternatively. The U-turn is not allowed since making the two traveling directions
equally probable would lead to defining an automatic local equilibrium. As a consequence,
some fluctuations apart, the rate of interaction with the two sources is the same. This
interaction rate is also characteristic of the rate with which particles interact with each
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D.3. Models with non-constant velocity

other. Analytical solutions are more difficult to obtain for this kind of model since there is
no well defined lattice for solving the recursive equations. However, in the collisional case
where E* &~ E~, an approximate solution can be found by solving Equations (D.1,D.12)
on the lattices {z;"} and {z; }, see Figure D.4, where

o — x| = ot-v [ =0t AVES '

Since B ~ E;, one has Vi, Az} ~ Az; , and one can define the lattice z; ~ z ~ ",
see Figure D.4. To determine the values of x; for all i, one has to solve Az, = Adt/E;
constrained by Y Ax; = L where the values of E; are given by the solutions found in the
previous section. One has to remember that this approach is only valid for the collisional

cases.
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Figure D.4: Lattice definitions
in the collisional approrimation
for non-constant velocity

Figure D.5: Energy profiles in the non-constant
velocity case for r = 2. Simulation results: E*
(triangles), E~ (circles) and E (squares). Line:

analytical estimation. Number of particles: 2 X
500.

In particular, one finds {z;} in the case where the mean free path depends on the
energy. From Equation D.14, the energy is given by the relation

E; = (a+b-4)/0+7 (D.17)

where @ = E!*" — Bi, (1 +r) and b = B(1 4 r). In the following, we just focus on
the domain B defined on Figure D.1. In order to determine the value of z;, we use the
approximation Az;/Ai =~ dz/di. Hence,

de = Adt(a+1b- z)ﬁdz
r,—xgq = Abt jZl(a +b- 2)2(1714»T)d7[ (D.18)
T — Ty = Adt f:f (a+b- Z)ﬁdz
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The solution of these equations is

i = 1(m)2§$2)_% (D.19)

342r
{ r; = c+d(a+b-i)20+
b

d

c and d can be determined using z; , = x5, and z;, = z,,. Reporting the expression of i

2
P 3427r
E = (Ild C) (D.20)

Since in the collisional case, one has E(xs) = Fq and E(xs) = Eg, the constant can be

in Equation D.17 gives

determined and the energy is finally given by Equation D.21.

;
El/ﬁ _ El/ﬁ 2

In this collisional case where a lattice has been determined, the heat flux can be
calculated as in the previous section, see Equation D.7. The velocity is now a function of
the temperature:

_ V(B -ER) R
q9 = TH =L Af ijz#l*fti (D.22)
= —A-l-(a—1)WEVE

In Figure D.5, a comparison between simulation results in the collisional case for
r = 2 and the above analytical estimation is plotted. The + and — particles energy are
shown. One notices that these two variables are almost equal which justifies the above
approximations.

We also study the dependance of the heat flux on the energy in the case r = 2. To
do so, the number of particles is kept constant equal to 500. The energy of the source is
chosen as E;, = 1.05 x Ey and E;, = 0.95 x Ey where Ej is a parameter that describes
the energy of the system. We choose E,of = 0.8 and simulations are performed for values
of Ey between 2 and 200. A particle undergoes approximately Nj,e, = 500 interactions
as it travels from one source to the other. Since « represents the number of interactions
necessary to thermalize, the regime is expected to be collisional for o = 2(Ey/ Erer)? < 500.
To make it clearer, we define the collisionality v* as v* = Njyer/a. We are in a collisional
regime if v* > 1 that is Ey < 13. For Fy > 13, the regime is ballistic. The distance
between the source is denoted £. For each case, one computes the average gradient of E.
On Figure D.6,a is plotted the equivalent heat condictivity x = ¢/E as a function of Ej.
On Figure D.6,b is plotted ¢L/(Es, — Es,).

On Figure D.6,a we notice that for low energies we have ¢ o ES/Q(ESQ — Eq)/L.
Besides, for low energies, we have VI =~ (FE,, — E,,)/L thus ¢ E{;’/ZVT. This
characteristic of the collisional Spitzer-Harm regime. For high energy, we have ¢ o
VEy(Es, — Eg,)/L ~ vy (Es, — E,,). This is characteristic of the ballistic regime. The
transtion occurs for v* = 1, as expected. On Figure D.6,b we notice that with the defini-

178



D.4. Models with two velocity classes

Z 9 2
.. | y=0,52x+5,65

= 65 T e M 1 i 8 - 1
\m 6 - -7 % ©
"'5 55 P 0 > % 7 S
= 5, o (o))
T Id 1 0 T 6 10
S 45 y=250x+3,44 . | 2 © 5 2

44 ! -3 4 | | -3

0 1 2 0 1 2
log E, log E,

(a) (b)

Figure D.6: (a). q/{(Es, — Es,)/L} as a function of the energy of the system Ey. Simula-
tion results (symbols) exhibiting the transition from conductive to ballistic regime. Power
law fittings are represented with lines. (b). Effective heat conductivity k = q/VE as a
function of the energy of the system Ey, simulation results (symbols), power law fitting
(line) exhibiting K Eg/z. The collisionality is plotted with dot-line.

tion of £ = (E* + E7)/2, we recover the Spitzer-Hirm like law for the heat flux, even in
the collisionless case (v* < 1).

D.4 Models with two velocity classes

One considers the same model has the one presented in section 7?7 except instead of
having just particles moving 1 step forward and 1 step backward, one adds “suprathermal”
particles which move two step forward and backward at each time step. The latter particles
hence travel twice faster as the formers. After the dynamic step, the energy is redistributed
on each lattice site according to the law

E—(1—-a)E+aF (D.23)

where 1
E=7 (EY+E +E*" +E*) (D.24)

where E?T and E?~ denotes the energy of suprathermal particles. Since all the particles
do not have the same velocity, one has two class of particles which do not have the same
collisionality. One expects that the above results obtained with a single class of velocity
will not apply in the range of o for which the slow particles are collisional and the fast one
are ballistic. Indeed, one reproduces the same experiment as in section D.3 and plots heat
conductivity k = ¢/VE as a function of E. The results are represented on Figure D.7.
One notices that in the above mentionned range for which the two class of particles do
not have the same collisional behavior, the heat conductivity drops and do not follow the
same law on the whole temperature range as in the single class case. It is thus not possible
to obtain a simple expression ¢ = KV E with x oc £7. This example with two classes of
particles emphasize the necessity to use so-called flux limiters in the temperature range
corresponding to the transition from collisional regime to ballistic regime.
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log k
log v*

loga

Figure D.7: Heat conductivity as a function of temperature for the two classes of velocity
system. The drop of heat conductivity in the intermediate range of temperature is charac-
teristic of the flux limited regime. One represents the collisionality of the two classes of
particles. The flux limited region corresponds to vy <1 and v* > 1.

D.5 Conclusions

The analysis of simple models where energy transfer takes place exhibits the well-known
Spitzer-Harm diffusive behavior in the collisional regime. Also, the transition from colli-
sional to ballistic behavior was observed as the equivalent mean free path of the particles
increased. This transition can be compared with the one observed with a kinetic treatment
limited to considering 4 moments of the distribution function [95, 96]. In the present “toy-
model”, no distinction is made between thermal and suprathermal particles. A perspective
of this work could be to introduce this ingredient to investigate flux-limiter formulations
that are used when thermal particles are collisional and suprathermal particles are ballis-
tic.
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