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Introduction

Matrices aléatoires et applications

Depuis le début du XXeme siecle et 'apparition des statistiques multivariées, beaucoup de travaux ont été con-
sacrés a la mise au point de nouveaux outils statistiques pour traiter de grandes quantités de données. Tradi-
tionnellement, ces outils ont été développés dans le cas ou 'on dispose d'un grand nombre N d’observations
statistiques (ou échantillons) de dimension raisonnable M, et se basent relativement souvent sur l'utilisation de
la matrice de covariance empirique des observations. Siles N observations statistiques sont représentées par les
vecteurs M—dimensionnelsyy,...,yy, alors la matrice de covariance empirique est donnée par

1 N
—Nn;ynyn-

Le comportement des matrices de covariance empirique a donné également lieu a de nombreux travaux, notam-
ment sur la caractérisation de la loi jointe des valeurs propres et vecteurs propres. Le comportement asymptotique
de ces matrices a également été étudié, dans le cas ol1 le nombre d’observations disponibles tend vers 'infini, tan-
dis que la dimension des observations est fixe (voir par exemple les références classiques Anderson [2] et Muirhead
(33]).

Aujourd’hui, les progres des différentes technologies ont entrainé une nette augmentation de la dimension
des données a traiter (M grand), sous des contraintes de temps toujours plus fortes (limitations sur N). La plupart
des outils classiques (estimateurs, tests) ont été étudiés quand le nombre d’échantillons N est bien plus grand
que la dimension des observations N. Or, dans beaucoup de domaines, il n'est pas toujours possible de dis-
poser d'un nombre trop grand d’observations, notamment quand les modeles ne sont stationnaires que sur une
courte période de temps. Citons notamment comme exemple le domaine des communications multi-antennes
ou il est crucial de pouvoir estimer les canaux de transmission en un minimum de temps (et donc un minimum
d’échantillons), car leurs propriétés statistiques évoluent tres vite, et tout en ayant la possibilité d’avoir un grand
nombre d’antennes (dimension des observations) qui permet d’augmenter le débit de transmission. Ces con-
traintes sont également présentes en finance par exemple, ot 'on dispose de grands portefeuilles d’actions, mais
de peu d’échantillons, car la encore les modeles évoluent tres vite. Il apparait des lors que les outils statistiques
classiques affichent des comportements différents, notamment ceux basés sur I'estimée empirique des matrices
de covariance.

Ainsi, il est devenu nécessaire de disposer de nouveaux outils performants dans le cas ou la dimension des
observations est grande, et du méme ordre de grandeur que le nombre d’échantillons disponibles. Ceci passe par
une meilleure compréhension du comportement asymptotique de quantités fondamentales telles que les valeurs
propres et vecteurs propres des matrices de covariance empirique, quand la dimension et le nombre des observa-
tions tendent vers I'infini au méme rythme. Ces problémes trouvent leur réponse grace a la théorie des grandes
matrices aléatoires. Le régime asymptotique considéré est donc celui ot M, N — oo de telle sorte M/N — ¢ > 0.

Les premiéres applications des matrices aléatoires aux statistiques remontent a la fin des années 1980, avec
les travaux de Girko (voir par exemple [21]), fondateur de la théorie de la "G-estimation" (G pour "Generalized").
Dans le cas de modeles dits "a covariance”, les observations yy, ..., yn € CM gécrivent

1/2
Yn =R77X,,

ouxy,..., X, sont des vecteurs indépendants et identiquement distribués (i.i.d.), dont les entrées sont i.i.d. centrées
et de variance 1, et R est la matrice de covariance M x M des observations. L'idée de la "G-estimation" repose sur
le fait que la mesure spectrale empirique des valeurs propres de R, dont la fonction de répartition est donnée par

A 1 A
FQ) = A—/jcard{k:)tk <A},
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avec ;11, s A M les valeurs propres de R, est proche, quand M, N — co et M/ N — ¢ > 0, d’'une distribution déter-
ministe. Plus précisément (Silverstein [39], Girko [21]), on a presque slirement

FOO)-FQ) —o0, 1)

ol F est la fonction de répartition d’'une mesure de probabilité déterministe, fonction des valeurs propres de R
et du ratio M/N. Girko a développé un certain nombre d’estimateurs pour des fonctionnelles de la matrice de
covariance R, en utilisant la relation existante entre F et ces fonctionnelles de R, puis en utilisant le fait que F est
estimable de facon consistante par F. Ces mémes idées ont été reprises par El Karoui [18] en 2008, dans le cadre
de I'estimation des valeurs propres de la matrice R. Plus récemment en 2009, Mestre [49] a également proposé un
nouveau point de vue sur I'estimation des valeurs propres et vecteurs propres de R, basé sur des représentations
en intégrales de contour facilement estimables.

Lapplication des matrices aléatoires au domaine des télécommunications est relativement récente, malgré
I'importance des probléemes. Les premiers travaux concernent la théorie de I'information (Telatar [43] en 1999),
ol la capacité de certains canaux de communications MIMO (Multiple Inputs Multiple Outputs) est étudiée. Il est
ainsi montré que cette capacité peut étre interprétée en terme de fonctionnelle des valeurs propres de matrices
aléatoires. En effet, la capacité ergodique par antenne d'un canal MIMO gaussien a M antennes de réception et N
antennes d’émission est donnée par

I( )—[E[ ! lo det([+ HH*)]

ol H est la matrice M x N du canal dont les entrées sont i.i.d. gaussiennes complexes standards, p est le rapport
signal a bruit. Cette capacité s’écrit comme

I(p)=E

f log(1 + pA)dE(A)
R

ot F(A) est la distribution empirique des valeurs propres de HH*. En utilisant (1), il est ainsi possible de montrer
que I(p) converge vers une quantité constante, dont on connait 'expression analytique. Ces idées basées sur les
fonctionnelles de valeurs propres de matrices aléatoires ont été également reprises dans le contexte des grands
systemes CDMA (Code Division Multiple Access - voir Tse & Hanly [45], Verdu & Shamai [47]), ol les matrices aléa-
toires en jeu ne sont plus gaussiennes. Plus récemment, ces idées ont également été utilisées dans les problemes
d’optimisation de la capacité, ol le but est de précoder les signaux transmis de maniere a maximiser la capacité
de transmission (voir par exemple Chuah et al. [13], Moustakas et al. [32], Dumont et al. [17]).

Dans le contexte du traitement statistique du signal, qui est1’objet principal de cette thése, les travaux sont peu
nombreux. Une premiére contribution de Silverstein et Combettes [41] pose le probléme de la détection de signal
dans les grands réseaux de capteurs, quand le nombre d’antennes et le nombre d’échantillons disponibles sont
grands et du méme ordre de grandeur. Il est ainsi montré experimentalement que les valeurs propres de la matrice
de covariance empirique se séparent en deux groupes, le groupe des plus grandes valeurs propres étant directe-
ment relié au nombre de sources émettrices. Ces résultats ont été formalisés plus récemment avec I'introduction
des "spiked models", qui sont des matrices aléatoires perturbés multiplicativement par des matrices de petit rang
(voir Baik et al. [6], Baik & Silverstein [7]). Des algorithmes de détection basés sur ce phénomene de séparation
des valeurs propres de la covariance empirique ont ainsi été développés, notamment par Nadakuditi & Edelman
[34], Kritchman & Nadel [30]. Tout récemment, Bianchi et al. [10] ont proposé une étude des performances du
test du maximum de vraisemblance généralisé pour la détection d’'une seule source, en développant des résultats
de grandes déviations sur la plus grande valeur propre de la matrice de covariance empirique. Parallelement a la
détection de sources, des travaux ont été conduit dans le domaine de la localisation de sources. Ainsi, Mestre et
Lagunas [51] ont proposé une méthode d’estimation des directions d’arrivée, basés sur I'algorithme MUSIC, qui
présente de bonnes performances pour un nombre d’antennes et d’échantillons du méme ordre ordre de grandeur.
Les travaux de Mestre-Lagunas constituent le point de départ du travail de cette thése et sont résumés dans la sec-
tion suivante.

Quelques résultats classiques et applications aux grands réseaux de capteurs

La théorie des grandes matrices aléatoires est bien antérieure aux problemes statistiques évoqués précédemment,
et trouve ses fondations en physique nucléaire dans les travaux de Wigner [48] de 1958. Wigner a notamment
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étudié le spectre de certaines matrices aléatoires hermitiennes et montré que la distribution empirique des valeurs
propres converge vers la loi du demi-cercle.

1l faut attendre 10 ans plus tard pour voir apparaitre les premiers résultats asymptotiques concernant les ma-
trices de covariance empiriques, grace aux travaux de Marcenko & Pastur [31]. Considérons M, N € N* tels que
M = M(N) est une fonction de N, et cy = M/N — ¢ €]0,1] quand N — oo, ainsi qu'une matrice

b3 g X (2)
N = ——=AN,
VN
avec o > 0 et Xy une matrice de taille M x N dont les éléments sont des variables aléatoires i.i.d. centrés et de
variance 1. Comme précédemment, nous définissons la mesure spectrale de Xy X}, (ou distribution empirique de
ses valeurs propres), par la mesure de probabilité aléatoire

1 M
v =17 1;1 O e’

avec le,N <...< iM,N les valeurs propres de ZNZ}"V et 0, la mesure de Dirac en x. Marcenko & Pastur ont notam-
ment montré qu’il existe une suite de mesures de probabilité déterministes (vy), telles que

AN—-VN o 0, 3)

presque stirement, ou représente la convergence étroite. La loi vy est de plus donnée par

VA=2A% -

202cmA

—00

ou Ay =0?(1—-/cn)? et A}, = 0%(1 + /cn)?. Quand N — oo, il est clair que vy tend vers une loi limite v, appelée
mesure spectrale limite de ZyX},. Le support de v est donné par l'intervalle [02(1-/©)?,0%(1 + /)], com-
munément appelé "bulk" dans la littérature. La convergence (3) signifie que I'histogramme des valeurs propres de
I X} se concentre autour de la distribution v, pour N grand, comme montré dans I'exemple numérique donné
en figure 1.

Limiting spectral distribution and histogram of the sample eigenvalues

[ TJHistogram

Marcenko—Pastur density

0.9 \
0.8f \
0.7+ \
0.6 \
051 : \S
0.4 \
03f
02
01f
L L L L L I
-3 -2 -1 0 1 2 3 4 5

Figure 1: Densité de la loi vo, pour o = 1, ¢ = 0.5, et histogramme des valeurs propres de ZyZ}; dans le cas ou
N =2000, cy =0.5 et 0 =1, pour une réalisation de la matrice aléatoire Xy.

Lapproche originale de la preuve de Marcenko & Pastur repose sur l'utilisation de la transformée de Stieltjes
mpy(z) de iy definie par I'intégrale

danA
my(z) =[ M, pour tout z € C\R,
R A—2z
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et consiste a prouver que 1y (z) — kv (2) —n 0 p.s., ol kK y(z) est la transformée de Stieltjes de vy. Cette méthode
est relativement puissante dans le sens ol elle fait intervenir la résolvante (Z NZy -zl M) ! par I'égalité

. 1 X -1
my(z) = A—/ITr (ENZy—2Im)

grace a laquelle des calculs peuvent étre réalisés aisément. De nombreux résultats ont été obtenus par la suite sur
le comportement des valeurs propres de =y X}, prises individuellement. 1l a ainsi été montré en particulier que
(voir Bai & Silverstein [4])

A .S. A .S.
Ay =2 0?1 = Vo2 et Ayy —=— o?(1 +0)2.
N—oo N—oo

Les valeurs propres de =y 2% sont ainsi toutes "absorbées" dans un voisinage du "bulk" [o?(1 - v/¢)?,0%(1 + y/¢)?]
a partir d'un certain rang N.

Pour comprendre les applications potentielles de ce résultat au traitement du signal, considérons un ensemble
de K sources émettant sur un réseau de M antennes, avec M > K. A l'instant discret n, le signal recu s’écrit

Yn =As; +Vy,

¢ A est une matrice déterministe complexe de taille M x K contenant les coefficients de transmission entre les
K sources et le réseau d’antennes,

* 8, =[S1n...,5nkl! le vecteur des signaux transmis (non observable), supposés gaussien i.i.d. centrés de
covariance Rs = E[s;s}]. Les sighaux sont également supposés i.i.d. dans le domaine temporel.

* v, un vecteur gaussien complexe (moyenne nulle, covariance o1, réprésentant le bruit de transmission
indépendant du signal source.

En collectant N échantillons du précédent signal dans la matrice Xy = \/LN [y1,...,yn], on obtient

2y=—+Wyp, (5)

VN

ouSy =I[s1,...,syl et Wy = \/LN [v1,...,vy]. Dans le cas olt aucun signal n'émet sur le réseau d’antennes, Xy = Wy
présente la méme distribution que (2), et donc toutes les valeurs propres de la matrice de covariance empirique
des observations sont concentrées dans un voisinage de [02(1 —-V0?%,0%(1+ \/E)z], pour un nombre d’antennes et
d’échantillons suffisamment grands. En présence de signal, le modeéle (5) est par contre équivalent a

Iy =Ty Xy (6)

ot T'y = ARgA* + %I et Xy une matrice M x N dont les entrées sont complexes gaussiennes standards et in-
dépendantes. Sous I'hypothése que A et Rs sont de rang plein, on a rang (ARgA*) = K, et les M — K plus petites
valeurs propres de I'y sont toutes égales a o2 sauf les K plus grandes qui sont strictement supérieures. En posant
o =1 sans perte de généralité, I'y est donc une perturbation de rang K de la matrice identité I,;, et (6) apparait
donc comme une perturbation multiplicative de (2). Il convient de quantifier la perturbation engendrée sur les
valeurs propres de 2 X}, dans un premier temps lorsque K est petit comparativement a M, N. Le comportement
des valeurs propres dans un tel cadre est donné par les résultats sur les "spiked models" (voir Baik et al. [6], Baik &
Silverstein [7]).

Considérons plus précisément le modele (6), ou I'y est une matrice déterministe definie positive de valeurs
propres A;, y < ... < A,y et Xy une matrice dont les entrées sont i.i.d. centrées de variance 1. Supposons comme
précédemment que M est une fonction de N et cy = M/N — ¢ €]0,1], posons K un entier indépendant de N.
On suppose de plus que les M — K plus petites valeurs propres de I'y sont égales a 1,i.e. A}y =...=Apy—xnN =
1, et que les K plus grandes valeurs propres Ajy—x+1,n,N,--.,Aym,n convergent vers des limites 1 <y <... < yx
quand N — co. Comme I'y est une perturbation de I'identité de petit rang K comparé aux dimensions M, N, il est
attendu que le comportement global des valeurs propres de Z X}, soit proche du cas (2), i.e. que leur distribution
empirique soit proche de la loi de Marcenko-Pastur. En effet, si fi)y désigne la mesure spectrale empirique de
b NZ}k\, dans le cadre du modéle (6), alors on a toujours fixy — vy ~ ® .0, ol v est donnée par (4) (Silverstein

—00
[39]). Neanmoins, quand N — oo, toutes les valeurs propres de ZNZ}k\, ne se concentrent pas autour du bulk
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[02 1-v0?% 0201+ \/E)]. En effet, il est montré (voir Baik & Silverstein [7]) que les K plus grandes valeurs propres
AM-K+1,N>--» Ap,ny de X szv peuvent converger vers des limites en dehors du bulksiy;,...,y, les valeurs propres
limites correspondantes de Ty, sont supérieures a un certain seuil. Plus précisément, on apour k=1,...,K,

)

A p.s. Yi+ _Yck}’_kl Siyp>1+ NZ
AM-K+kN

N—oo (1+\/E)2 sinon .

Notons que yj > 1 +/c implique yy + % > (1++/¢)°. Les résultats énoncés en (7) sont illustrés en figure 2.

Limiting spectral distribution and histogram of the sample eigenvalues

[ Histogram

Marcenko-Pastur density

0.8

0.7

04r

03

0.2

i
6 /8 10

Figure 2: Densité de la loi de Marcenko-Pastur v, pour o = 1, ¢ = 0.5, et histogramme des valeurs propres de
ZNZ}k\, dans le cadre du modele (6). Les parametres sont K =3, N = 2000, cy = 0.5 et o = 1, pour une réalisation de
la matrice aléatoire X,y. Les 3 plus grandes valeurs propres de I' ;y sont 3,5, 7, et les valeurs propres correspondantes
de Z X}, sont entourées en pointillés.

Les implications dans le cadre applicatif du réseau d’antennes (5) sont immeédiates. Siles K valeurs propres non
nulles de ARgA™ associées aux K sources émettrices sont suffisamment grandes, alors pour N, M suffisamment
grands, les K plus grandes valeurs propres de ZyZX}, seront séparées des M — K plus petites. Ces phénomenes
spécifiques aux "spiked models" ont notamment été exploités dans des problemes de détection des sources (voir
les travaux de Nadakuditi & Edelman [34], Kritchman & Nadler [30], Nadler [35], Bianchi et al. [10]).

Dans le cas oul le nombre de sources n’est plus négligeable comparativement aux nombres d’antennes et
d’échantillons, il est nécessaire de considérer un cadre plus général pour étudier le comportement des valeurs pro-
pres de X7 On considere donc le modele (6) ol T'y est une matrice définie positive telle que sup y [IT vl < oco.
Dans ce contexte, il est montré (Silverstein [39]) que la mesure spectrale empirique fi vérifie

fin — N m 0, ®)

presque sirement, oll 1y est une mesure de probabilité déterministe et absolument continue de support compact
(Silverstein & Choi [40]). De maniére équivalente,

N (2) — my (2) == 0, pour tout z € C*, ©)
N—oo

ou iy (z) = A—l/ITr (ZnzZy -2l M)71 est la transformée de Stieltjes de iy et ot mpy(2) = [p+ d‘/{f (ZM ,la transformée de

Stieltjes de uy, vérifie I'équation

1
my(2) = 2T (O (1= ey — enzmn (2)) - zIy) !, pour tout z € C\supp(in), (10)

avec supp(uy) le support de uy. La différence essentielle par rapport au modele (2) réside a présent dans le fait
que les différentes quantités décrivant le comportement global asymptotique des valeurs propres de X y X3, ne sont
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plus connues explicitement, mais uniquement par I'intermédiaire d’équations. Ainsi, il ne sera plus possible de
déduire des résultats précis concernant le comportement des plus grandes valeurs propres de Xy X},. Néanmoins,
il est tout de méme possible de mettre en évidence un phénomeéne de séparation des valeurs propres. En effet,
définissons

z

wn(z) = (1D

1-cy—cyzmn(z)’

Alors Bai & Silverstein [5] ont montré que, pour un intervalle [a, b] tel que [a—¢€,b + €] Nsupp(uy) = @, pour un
certain € > 0 et a partir d'un certain rang N, on a wy(a) < wy(b) et

card{k: ik,N <a} =card{k: Ay < wn(a)} et card{k: ﬁk,N > b} = card{k : A,y > wn (D)}, (12)

avec probabilité 1, pour N suffisamment grand. Autrement dit, si par exemple les valeurs propres de I’y sont
scindées en deux groupes suffisamment séparés, de telle maniére que

MNS...<Ay-xN<wn(@ <wnb) <Apy-k+1,N<-..<AMN,
ol K peut dépendre de N, alors presque sirement, pour N grand,
/11,1\/ <...= /AlM_K,N <a<b< /11\/1_1(4.1,1\] <...= iM,N-

Ce phénomene de séparation est illustré en figure 3, ot1 'on constate la séparation des valeurs propres de ZyZ};
en 3 groupes.

Limiting spectral distribution and histogram of the sample eigenvalues
07 . . . .
[ JHistogram
= Density

Figure 3: Densité de la loi uy pour o = 1, cy = 0.5, et histogramme des valeurs propres de Zy X}, dans le cadre du
modele (6). pour N = 3000, une réalisation de la matrice aléatoire Xy . Les valeurs propres de I'y sont 1 (multiplic-
ité 750), 7 (multiplicité 300) et 25 (multiplicité 450).

Cesrésultats généraux sur les modeles de matrices aléatoires a covariance ont été exploités par Mestre [51] dans
le cadre de la localisation de sources. Dans ce contexte, il est courant de supposer que la matrice A du modeéle (5)
s'écrit A = [a(0y),...,a(0k)], ot a(f,),...,a(0k) représentent les vecteurs directionnels linéairement indépendants
associés aux K sources émettrices, et 0y représente 'angle d’arrivée de la k-iéme source. En supposant la matrice
de covariance des signaux Rg de rang plein, il est facile de voir que I’espace propre associé a la valeur propre o2 de
I'ny =ARgA* + 021, est engendré par les vecteurs a(0;),...,a(fk). En notantu; y,...,up,n les vecteurs propres de
I'y associés respectivement aux valeurs propres A; n, ..., Ay, N, ceci implique que les angles 01, ...,0k sont racines
de la fonction de localisation !

M-K

nN©) £ Y a@) ugnup ya), (13)
k=1

is sont les uniques zéros sous certaines conditions portant sur la fonction 8 — a(@), par exemple pour le modele classique a(0) =
1,e7sin@®) ol(M-1)msin(@) correspondant a un réseau d’antennes uniforme et linéaire, dont les capteurs sont espacés de la moitié de la

longueur d’onde.



CONTENTS 13

ol Zﬁi‘lK ug, yu; ; est le projecteur sur le sous-espace propre de I'y associé a la valeur propre 02. Quand M est
indépendant de N, la forme quadratique 1y (6) peut étre estimée de facon consistante par

M-K
ANO) £ Y a@) anay ya),
k=1

quand N — oo, ol Zjlé/[: ‘IK ay, Nﬁ]’;  estle projecteur sur le sous-espace propre associé aux M — K plus petites valeurs
propres de la matrice de covariance empirique Z NZ}*\, (dontles vecteurs propres sont notés @iy, ..., s, n). Les an-
gles 01,...,0k peuvent alors étre estimés en considérant les K plus petits minima de 0 — 7 (0), c’est 'algorithme
d’estimation MUSIC ("MUItiple SIgnal Classification"), mis au point par Schmidt [38] dans les années 1980. Cet
estimateur a fait I'objet d'une littérature foisonnante en traitement statistique du signal, et sa consistance et nor-
malité asymptotique ont en particulier été étudiés (voir Stoica & Nehorai [42]) dans le régime asymptotique ou
M est fixe et N tend vers I'infini. Dans le cas ot M et N tendent vers 'infini au méme rythme, )5 (0) n’est plus

consistant, car ”Z NN~ (% +0°%I M) H ne tend plus vers 0. REcemment, Mestre [50] a proposé une approche
séduisante pour étudier le cas o M, N — oo et M/N — c €]0,1[, en exploitant les principes de la G-estimation
initiée par Girko et les résultats de localisation des valeurs propres (12) de Bai & Silverstein pour les modeles a
covariance. Lidée part du principe que la fonction de localisation 7 (0) peut étre exprimée par I'intégrale de

contour
1
nn(0) = —yg a@)* (I'y - wlhy) 'a@)dw, (14)
27 Je

oll € est un contour orienté dans le sens antitrigonométrique, entourant uniquement la valeur propre o de I'y.
De plus, sous certaines hypothéses ne dépendant uniquement que du comportement du support de py, il existe
un rectangle Z = {u +iv:ue(t,tt),ve [—6,6]}, avec 8,1, 1" > 0 indépendants de N, pour lesquels wy (0%) est
un contour admissible pour €, i.e. wxy(0%) est un contour entourant uniquement la valeur 02 de Ty etlaissant les
autres valeurs propres a I'extérieur. Dans ces conditions, le changement de variable w = wy(z) dans (14) permet
d’exprimer 7 (0) sous la forme

1
nn (@) = —f a(0)"Tn(2)a0) (1 - cy — cnzmy(2)) wy(z)dz. (15)
21 Jom

ou Ty (2) = Ty (1 —cy — cnzmp(z) — 21 "1 est la matrice intervenant dans la trace (10), et w}v(z) la dérivée de
wp (z) définie en (11). En appliquant en particulier (9), I'intégrande

gn(z) =a0)"Tn(2)ad) (1 - cn — cnzmy(2) Wiy (2)
peut étre approchée par 2
&n(2) =a(0)"Qn(2)a®) (1 - cy — cnziin(2)) Wy (2),

avec Qu(2) = (ZnZj, -zl M)_l et W) (z) la dérivée de wy(z) = gn(z) est une fraction rationnelle

dont les poles sont les valeurs propres )ALLN, ...,fLM,N de ZnZ}, etles zéros @1 v < ... < O, N de la fonction z —
1-cn — cnzmiy(2), qui sont tous réels et au nombre de M. Il est important de mentionner que les hypothéses
formulées sur supp(uy) impliquent, du fait des propriétés de séparation exacte des valeurs propres de ZyZy;, que

p-s. pour N suffisamment grand,

. . . A IR R A . .
MNy - AM=K N, OLN> -, OM-K,N E[E, E7 ] et Ay—ks1, Ny - s AN, OM-K+1,N> -, OM,N > T +E,

pour un certain € > 0. Dans ces conditions, les poles de gx(z) sont suffisamment éloignés de 02, et 'on peut
montrer que

~ p-s.
Um(gzv(z) gn(2))dz 0 (16)
En notant
1
) =— 4 , 1
Nrmt, N (0) Py jg% &n(2)dz (17)

20n a également utilisé le fait que [a(0)* (Qn(2) ~ Tn(2))a(®)| — n 0 p.s. pour tout ze C*.
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on a donc fymi,n (@) —nn(0) — 0 p.s., et donc fyme, v (0) est un estimateur consistant de la fonction de localisation
flrmt, v (0) dans le régime asymptotique M, N — oo, cy = M/N — ¢ €]0,1]. Cette intégrale n'est par calculable
numériquement en pratique, car la connaissance du rectangle 2 n’est pas accessible. Néanmoins, il est possible
de calculer explicitement cette intégrale car la position des poles de gx(z) par rapport au rectangle &% est connue.
Un calcul classique de résidus donne alors la formule explicite suivante, facilement implémentable,

M
N (0) = ) Ekvald) iy yiy, ya®),

k=1
avec
AN Om,N
1+3M omN___ OmN ourk<sM-K
Eun = Lim=m-k+1 (ﬂk,N*Am,N Ak, N=Wm,N P ’
’ M-K /im N Om,N
— K e — = o ourk>M-K.
Zm_l (Ak,N_/‘lm,N A, N=@Om,N p

Bien que les travaux de Mestre aient un portée relativement générale 3, I'application au contexte de localisation de
sources n'est valide que pour des signaux gaussiens i.i.d. et indépendants entre eux (la matrice Sy a des colonnes
ii.d), ce qui élimine un bon nombre d’exemples pratiques, notamment le cas ou les signaux sont corrélés tem-
porellement (e.g. processus AR) ou dont la loi varie au cours du temps. Par ailleurs, il est important de noter que
les travaux de Mestre établissent la consistance de I’estimateur de la fonction de localisation, mais la consistance
de I'estimateur angulaire (les minima de la fonction de localisation) n’est pas traitée, et nécessite en particulier de
montrer une consistance de type uniforme,

sup  [Armen(©) N (0)| == 0, (18)

O€[-m,m] N—oo

un résultat qui n’est pas une conséquence directe de la convergence fjymi, n(0) =N (0) — N 0.

Lobjectif de cette these consiste donc a étendre I'approche de Mestre au cas ol les signaux sont vus comme
déterministes, ce qui permet de considérer un plus large panel d’hypothéses en pratique. Dans ce contexte, il est
nécessaire de considérer le cas des matrices aléatoires dites "information plus bruit", et (5) peut étre maintenant
considéré comme le modélg plus général Xy = By + Wy, olt By est une matrice déterministe (dans le cas de la lo-

N

calisation de source By = Aﬁ estde rang K) et Wy est une matrice aléatoire dont les entrées sont i.i.d gaussiennes

complexes centrées de covariance oI ;. Les principales contributions du présent travail de recherche concernant
le modeéle information plus bruit sont données dans la section suivante.

Contributions de la these

Les contributions de la these s’articulent en deux axes principaux. Le premier axe concerne I'étude du spectre
des matrices aléatoires de type information plus bruit, et notamment la localisation des valeurs propres en grande
dimension (voir par exemple (12) dans le cas des modéles a covariance). Le second axe de recherche concerne
I'étude d'un algorithme de localisation amélioré, en adaptant la procédure de Mestre évoquée dans la section
précédente.

Spectre des matrices aléatoires gaussiennes information plus bruit

Le premier axe de de cette these s’articule donc autour du modele "information plus bruit"
2y =By+Wp, (19)

ol By est une matrice déterministe M x N de rang K < M telle que supy Byl < co et Wy une matrice dont
les entrées sont gaussiennes complexes i.i.d centrées de variance % Rappelons que 'on considére le régime
asymptotique ou M, K sont des fonctions de N, et cy = M/N — ¢ €]0,1] (le cas ¢ = 1 sera éludé pour alléger le
manuscript). Ce modeéle de matrice aléatoire a fait 'objet de peu de recherches, et les principales contributions
sont dues a Dozier & Silverstein [16] [15] et Girko [21]. En particulier, ces travaux étudient la convergence de la
distribution empirique fiy des valeurs propres de ZyX}, de la méme maniere que pour (8). Ainsion a fiy —

3Les mémes idées peuvent étre employées pour trouver des estimateurs consistants des valeurs propres et des formes quadratiques de
projecteur sur les sous-espaces propres de I' iy, pour le modele (6), dans un cadre non nécessairement gaussien (voir notamment [49]).
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e

BN 0 p.s., ol uy est toujours une mesure de probabilité déterministe absolument continue, mais dont la
—00
transformée de Stieltjes my(z) vérifie cette fois I'équation
(2) : TrTn(2) (20)
mp(z) = =TrTn(2),
N Mo
pour tout z € C\R*, avec Ty(z) la matrice
2 2 BnBy -
Tn(2)=|-z(1+o0“°cymn(2)Ip+0°(1—cn)Ip + (21)

1 +0'26NmN(Z)

Une analyse de supp(un), le support de pp, est donnée dans Dozier & Silverstein [15], mais la procédure de déter-
mination de supp(uy) proposée n'est pas la meilleure. Inspirés par les travaux de Mestre, nous montrons que

Q
supp(un) = U [xg v X5 1, (22)
q=1

oltx; y<x/ y<...< Xo N < xa N sontles 2Q extrema positifs de la fonction
Py (w) = wl —a?en fy(w)? +0%(1 - en) (1 - 0% ey fv(w)),

ou fy(w) = ﬁTr (B NBy - wl M)_l. Lobtention de (22) passe en particulier par I'analyse des propriétés de la fonc-
tion wy(z), I'analogue de (11), qui est donnée dans le contexte information plus bruit par

wn(z) =z(1+ UchmN(z))2 —o’(1-cpn) (1+ UchmN(z)) . (23)

Cette caractérisation du support est une étape indispensable a I'étude de résultats sur la localisation presque stire
des valeurs propres de Xy X%, pour N grand, résultats qui n'ont pas encore établis dans des travaux antérieurs.
Nous montrons dans un premier temps qu’aucune valeur propre de XX}, n'appartient a supp(uy) p.s. a partir
d’un certain rang N. Plus précisément, si [a, b] est un intervalle et qu’il existe € > 0 tels que [a—€, b+e]Nsupp(un) =
@ a partir d'un certain rang N, alors

card{k:;lk,Ne la,bl} =0, (24)

p.s. pour N grand. Ce résultat est’analogue d'un résultat démontré par Bai & Silverstein [4] dans le cadre des mod-
eles a covariance, non nécessairement gaussiens. Pour montrer (24), nous utilisons une méthode plus simple que
[4], basée sur I'exploitation du caractere gaussien du modeéle, et qui a été proposée par Haagerup & Thorbjornsen
[22] dans le cas des matrices de Wigner (matrices hermitiennes a entrées gaussiennes). Nous déduisons également
un ordre de décroissance pour la probabilité qu'une valeur propre /Alk, n de ZnZ}, sorte du support: si £ est un
compact contenant .y a partir d'un certain rang N et 7 un voisinage compact de %, avec .£#,7 indépendants de
N, alors

A 1
P(3k: Akn QV):@(W)’ pour tout [ €N, (25)

La méthode de [22] peut également étre utilisée pour montrer une propriété de séparation des valeurs propres de
> NZ}*V analogue a (12), ot la fonction wy est donnée désormais par (23). Ces résultats sont notamment exploités
dans le cadre des "spiked models" gaussiens non centrés, pour établir la convergence des plus grandes valeurs
propres de ZyZ}. En effet, sous 'hypothése K indépendant de N et en supposant que les K valeurs propres
non nulles de ByBy;, i.e. Ay—g+1,n,-..,Ap, N, cOnvergent respectivement vers les limites 0 < y; < ... < yg, nous
montrons que pour k =1,...,K,

AN

" N—oo

T siy > a2/,
0?(1++/c)? sinon.

(yr+0%0) (yr+0?)
{ (26)
Ainsi (26) montre que I'on peut exploiter les valeurs propres de XX}, pour la détection de sources. En effet,
dans le cadre du modele a traitement d’antennes, ot By = %, les K plus grandes valeurs propres de ZyZ}; se
détacheront des autres si y; =limyA;, ny > o2 V/c. La quantité 02\/5 constitue en ce sens un seuil de détectabilité.

Ces résultats ont été démontrés pour la premiere fois par Benaych & Nadakuditi [9], dans un cadre plus général
que le cas gaussien, mais la méthodologie utilisée est relativement différente.
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Application des modéeles gaussiens information plus bruit a la localisation de source

Le second axe de cette theése consiste donc a étendre au cas de signaux déterministes les résultats d’estimation
sous-espace obtenus par Mestre pour les signaux gaussiens i.i.d (cadre des modeles a covariance). A l'aide des
résultats développés préalablement sur le support de la distribution asymptotique yy, nous montrons ainsi que
la fonction de localisation ny(0) = Z],y:_lK a(@)*uk,Nu;Na(B), ol uy,y,...,up, N désignent désormais les vecteurs
propres de ByB}, associés aux valeurs propres A; v <... < Ay,n, peut s’écrire comme

wiy(2)

1 *

sous certaines hypotheses de séparation des sous-espaces bruit et signal (i.e. entre le sous-espace associé aux
M — K valeurs propres nulles de ByB}, et son complément orthogonal). L'étape suivante consiste a estimer de
facon consistante le terme sous l'intégrale, par des quantités ne dépendant que de la matrice 2, ce qui implique
notamment de montrer que a(f)*Qny(z)a(f) est un estimateur consistant de la forme quadratique a(0)* Ty (z)a(0)
quand N — oo, ol Qn(z) = (Z NZ}*V -zl M)_l estlarésolvante de X NZ}“V. Nous obtenons ainsi

Wy (2)

—dz, 27
1+o02cymin(2) “ (27)

1
f]new,N(g) = f a(e)*QN(Z)a(G)
271 Jo

ol W), (2) est la dérivée de Wy (z) = z(1+ Uzcg\;m]\;(z))2 —0?(1—cn) (1+0%cnn(2)). Les résultats sur la local-
isation des valeurs propres de ZyXy;, et plus particulierement les résultats de séparation, permettent ensuite
d’évaluer I'intégrale estimée (27) a 'aide du théoréme des résidus, pour obtenir une formule ne dépendant plus
que de o, cy et des valeurs propres et vecteurs propres de ZyX},. Ceci nécessite également un résultat de sépara-
tion pour les zeros du dénominateur z — 1+02cyity(z). Ayant développé un estimateur consistant de la fonction
de localisation n 5 (8), nous nous intéressons ensuite a la consistance de I'estimateur des angles d’arrivées, définis
comme étant les K minimas les plus significatifs de cette fonction. Pour étudier cette consistance, nous proposons
une approche basée sur un calcul de moments de I'estimateur, apres régularisation par une fonction dont le but
est de séparer et confiner les poles de I'intégrande (27). Nous utilisons notamment (25) et prouvons un résultat
similaire pour les M zeros de z— 1 + 0%cn7iin(2), le dénominateur dans (27).

Organisation du manuscript

Le chapitre 1 est consacré au résumé des outils fondamentaux qui seront utilisés tout au long de ce travail. En
particulier, les principales propriétés concernant la transformée de Stieltjes, I"outil central dans I'étude des valeurs
propres, sont données.

Le chapitre 2 présente les bases du modeéle information plus bruit, en particulier le résultat de la convergence de la
distribution empirique des valeurs propres est donné, ainsi qu'une étude complete du support de la distribution
asymptotique. En complément, nous examinons le cas ol le rang de B dans (19) est indépendant de N, référencé
dans la littérature sous le nom de "spiked models".

Le chapitre 3 est consacré a I'analyse de la localisation des valeurs propres de Xy X},. En particulier, les propriétés
de séparation des valeurs propres sont établies, et utilisées dans le cadre des "spiked models" pour étudier la limite
des plus grandes valeurs propres.

Le dernier chapitre 4 étudie I’équivalent de I'estimateur sous-espace de Mestre dans le cas ot les signaux sources
sont supposés déterministes. Les résultats des chapitres précédents sont utilisés pour montrer la consistance de
I'estimateur de la fonction de localisation obtenu, ainsi que la consistance de I'estimateur des angles d’arrivée.
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Chapter 1

Notations and basic tools

In this chapter, we introduce in the first section the notations which will be used throughout the manuscript. The
remaining sections are devoted to introduce fundamental tools and basic results.

1.1

Notations

We give here a list of the main notations.

The set of non-negative integers is N and the fields of real and complex numbers are denoted respectively
R,C. R* and R~ represents respectively the set non-negative numbers and non-positive numbers, and we
denote R* = R\ {0}, R} = R"\{0}, R, = R"\{0}. We also define C* ={ze C:Im(z) >0l andC” ={z€ C:
Im(z) < 0}, and write C* = C\{0}. The set of m x n matrices with entries in the field K is written IK"*" or
Mmxn(K). The set of n x n square matrices is simply denoted by .#,(K) and .#,*(K) is the set of n x n
Hermitian matrices. If § c R, &¢, Int(&) and 0& represent respectively the complementary, the interior and
the boundary of &, If & has a finite number of elements, its cardinal is denoted by |&].

For a complex number z, we denote by Re(z) and Im(z) its real and imaginary part, as well as z* or Z its
conjuguate. The imaginary unit is denoted i. The vectors and matrices will be respectively written with bold
lower-case and bold upper-case letters, e.g a € C", A € ./, (C). The transpose, conjuguate, and conjuguate
transpose of A € .#,,(C) are respectively denoted by A”,A and A*, its trace and spectral norm by Tr (A) and
lAll. If A,B € .#,(C), A = B stands for A — B non-negative definite. The canonical basis vectors of R" are
denoted ey, ..., e, with e; having all entries equal to 0 except the j-th which is 1.

Foraset & cC, €([R",&), €' (R",&) and € (R", &) correspond to the set of functions on R” taking values in
&, which are respectively continuous, continuously differentiable and infinitely differentiable. If we consider
bounded functions, we add the index "b" to the previous sets, and if the functions are compactly supported,
we add the index "c". The support of a function ¢ is denoted supp(¢).

A function 7 : R? — C can be written as ¥ (x, y) = y(z,2) with x = Re(2) and y = Im(z). If 7 € €' (R?C), we
define the classical differential operators

oy(z,2) _1(07(x,y) _iOY(x,y)) and &3 _1 (6?(x,y) LYy
0z 2\ ox dy 0z 2\ ox ay )

In this context, we directly write y € ¢ (R?,C) instead of Y€ €1 (R?,0C).

A complex valued random variable Z = X +iY follows the distribution €4 (a +if,0?) if X and Y are in-
dependent real Gaussian random variables A4 (a, ”72) and A& (ﬁ, %) respectively. The expectation of Z is
denoted E[Z] = a +1p and its variance as Var[Z] = E|Z —E[Z] 12 =02, If (X,,), (V;,) are two sequences of com-

plex random variables, X, — Y, na—s> 0 stands for the almost-sure convergence to 0 of X,, — Y;,. If (u,) and
—00

w

(vy) are two sequences of positive measures on R, we denote by p, — v, 0 the weak convergence of

n—oo

Un— V00, ie. the property fp¢du, — [p¢dv, —n 0 for all ¢ € €, (R,R).

19
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1.2 The Stieltjes transform and its properties
The results of this section can be found in Akhiezer [1] and in Krein & Nudelman [29].
Let u be a finite measure with support supp(u) < R. Its Stieltjes transform ¥, is the function

dud
‘P”(z)éfL) Vz € C\supp(u),
RA—2

which satisfies the following straightforward property.

Property 1.2.1. ¥, is holomorphic on C\supp(u) and such that ¥ ,(z)* = ¥, (z*). Moreover,
* zeC* implies ¥, (2) e C*,
* supp(u) cR" andze C* imply z2¥ ,(z) e C*.

Finally, ¥, satisfies the bound |¥ ()| < Wﬂ&w)) and |¥u(2)| < % .

The following property shows how to recover the measure p from the Stieltjes transform ‘¥ ;.

Property 1.2.2. The mass p(R) can be recovered through the formula

K(R) =ylgngo—iy‘1’p(iy). (1.1)
Moreover, for all p € €.(R,R),
1
f e)du) = —limIm (f exX)¥(x+iy)dx|. (1.2)
R 7T ylo R
Particularly, if a, b are continuity points of 1,
b
p(la, b)) = limf Im (¥, (x+iy))dx. (1.3)
10 Ja

We now give sufficient conditions for a function to be a Stieltjes transform. The second set of conditions can
be found in Tillmann [44], and extends the Stieltjes transform for signed measures.

Property 1.2.3. o If
1. W(z) is holomorphic on C*
2. zeC*t implies ¥ (z) e C*
3. limsup,_, [iy¥(iy)| <oo

then Y (z) is the Stieltjes transform of a positive finite measure on R.

° ]f
1. ¥(z) is holomorphic on C\.X" with % a compact set,
2. Y(z) —0as|z| — oo,
3. there exists a constant C >0 and n € N such that for all z € C\R, |V (2)| < max{dist(z,Jf)‘”, 1},

then Y (z) is the Stieltjes transform of a finite signed measure on R whose support is the set of singularities of
Y contained in X .

We now give the fundamental result, which states the equivalence between pointwise convergence of Stieltjes
transform and weak convergence of probability measures.

Theorem 1.2.1. Let (i), pu be probability measures onR and (Y ,,), ¥, the associated Stieltjes transform. Then the
following two statements are equivalent.

1 Y, (2) V,u(2) forallze C*,

n—oo

2. pn L’/J-

n—oo

w

Remark 1.2.1. If(u,) and (v,,) are sequences of probability measures, it also holds that i, — v, - 0 iff¥y,(2) -
—00
W, (2) =, 0 for all z € C*. This will be useful in the next chapters because we will often deal with sequences of

Stieltjes transforms which do not necessarily converge, but are close to other Stieltjes transform sequences.
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1.3 Standard results of matrix analysis

1.3.1 Various inequalities

The following two properties give various inequalities for trace and quadratic forms of matrices. They are straight-
forward applications of singular value decomposition, Cauchy-Schwarz and Jensen’s inequalities.

Property 1.3.1. LetA,Be 4, (C). Then it holds

e A=0 implies|Tr (AB)| < [|B||ITr (A),

e |Tr (AB)| < v/Tr (AA*)+/Tr (BB*).
Property 1.3.2. LetA € 4, (C). Then forallxe C",

* [x*Ax| < |A]llx]I?,

* [x*Ax| < V/x* (AA") /2% /x* (A*A)72x.
Property 1.3.3. IfA€ .4, (C) is Hermitian andx € C" with ||x|| = 1, then

(x*Ax)2 <x*A%x.

1.3.2 Resolvent formulas

In this subsection, we give some properties of the resolvent of Gram matrices, a fundamental tool in the analysis
of spectral distribution of random matrices. Let Z = [&;,...,&,] a m x n complex matrix. The resolvent of ZX* is
defined as

Q) =(2Z*-zl,)"" forall zeC\R'.

Remark 1.3.1. IfF(}) = %card{eigenvalues of ZX* < A}, commonly referred as the spectral distribution of matrix
3%, then it is easily seen that the Stieltjes transform of F(A) is %Tr Q(2). Thus Stieltjes transforms of spectral dis-
tributions are closely related with resolvents, and this link provides an approach to the study of asymptotic spectral
distribution of random matrices, as we will see in the next chapter.

Note that Q(z) satisfies the bounds [|Q(z)| < |Im(z)’1| and |Q(2)| < dist(z, spec(ZZ*))_l, where spec(ZX*) is
the spectrum of ZX*.

We now set £ = B+ W and denote as above Q(z) = (ZX* — zIn)_l. It will be useful for the next chapters to
have differentiation formulas with respect to the elements Wy, ; of W. Using the differential of the inverse 0A™! =
—~A"1(0A)A!, classical differential calculus leads to the following property.

Property 1.3.4. The resolvent Q(z) is a continuously differentiable function of W and we have

0[1Q(2)1;,; 0[Q(2)1;,;

W, =-[Q2)];k[Z*Q(2)];,; and oWy,

=-[Q()],;[Q(2) Z];,;.

1.3.3 Eigenvalues perturbation
The following inequality is particularly useful to perform additive perturbation of eigenvalues.

Theorem 1.3.1 (Ky Fan [19]). LetA,B e 4, (C) and denote o (A), 0 (B) and o (A+B) the respective singular values
(in increasing order) of A,B and A+ B. Then,

On-i-jA+B)=0,-i(A) +0,-;(B).
for proper indexes i, j.

Next, we state the well-known result on the continuity of the eigenvalues, as functions of the coefficients of the
matrix.

Theorem 1.3.2. Let f(z) € C"[z] given by f(z) = z"* + 12"V +.. . +ag. Denote @ = [ay, ..., an—1]. Then its n roots,
z1(@),..., zy (@), viewed as functions of the coefficients, are continuous.
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Next, we make use of this result to express the derivative of regular functions of the eigenvalues with respect to
the entries of the matrix. We will consider the special case of additive model. For a real function ¢ defined on R
and an Hermitian matrix A, we define

¢(A) = UDiag(¢p(A1),...,¢p(A,,)) U*,
with A4,...,1,, and U the eigenvalues and the eigenvectors matrix of A respectively.

Lemma 1.3.1 (Haagerup & Thorbjornsen [22]). Let.# c R an open interval and t — A(t) € 4, (C) a &t function
definedon .%. If p € €' (R,R), then t — Tr ¢(A(2)) is €' on.# and

4 {Tr @A)} =Tr ( '(A(t))w)
ar e Y dr )
In particular, if B a fixed matrix, then the function
W—Trp((B+W)B+W)")

is continuously differentiable, and

OTr p((B+W) (B+W)*
0 av‘y-)-( T = e B (BW)B+W) e
L]

As a consequence of lemma 1.3.1, we can express the derivative of the eigenvalues, up to an additional condi-
tion.

Lemma 1.3.2. Let B a fixed matrix and let W — A;.(W) the k-th eigenvalue of (B +W) (B +W)*, viewed as a function
of the matrixW. Let W such that A, (W®) has multiplicity one. Then the function Ay, is continuously differentiable
atW© and

oA
k =e; B+Wme;,
aVVi,j wo)

with T the projector onto the eigenspace associated with the k-th eigenvalue of (B+W®) (B +W©®)*.

Proof. From theorem 1.3.2, one can find a bounded neighborhood #; of W and a bounded open interval (a, b)
such that 1(W) € (a,b) and 1;(W) ¢ [a—e¢, b+ €] for [ # k and some € > 0 small enough. The proof follows from
theorem 1.3.1 by taking a function ¢ € €. (R,R) such that

A forall A€ [a,b]

1) =
P {0 forallA¢[a—¢€,b+€].

1.4 Standard probability results

1.4.1 Tools for Gaussian variables

This section is devoted to the introduction of two fundamental tools, a correlation identity and a Poincaré in-
equality for Gaussian random variables, which will be of constant use for the computations in the next chapters.
Let f :R2" — C and its associated function f(z,z) = f x,y),withz=x+iy. If fe € L(®2",C), we define the following
differentiation operators

ofzz) Ofzz))’

yesey

ofzz) ofzz]"

0z ' 0z,

Vof = and Vzf=

0z; 0z,
The following result is a well-known correlation identity.

Theorem 1.4.1. Let f : C" — C and assume f € €' (R*",C) such that f and its partial derivative are polynomially
bounded. Letx,y be n-dimensional i.i.d. real Gaussian vector with zero mean and covariance g, andz =x+1y. Then

Elzcf(@)] =eTE[Vzf] and E[zif(@)]=e,TE[V,f].
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Proof. The result is well-known and has been used e.g. by Novikov [36]. To give some insights, we prove the
result for a real Gaussian variable (the complex multivariate case can be obtained with the same technic). Let
X ~ ./ (0,0?). Using an integration by part, we get

E[Xf(X)Txiza] = —=€ %27 (f(~a) - f(@) + 0°E [f'(X)Tx1=a]

V2m
and using the polynomial bound on f, f’, dominated convergence theorem yields the desired result by taking the
limit a — oo. O

The next result is known in the literature as the Poincaré inequality.

Theorem 1.4.2. Let f : C" — C and assume f € €' (R*",C) such that f and its partial derivative are polynomially

bounded. Letx,y be n-dimensional i.i.d. real Gaussian vector with zero mean and covariance g, andz=x+1y. Then

Var [/@)] = Var|[f@)] <E[(Vaf)" T (Vaf)] +E[(V2f) T (V).

Proof. A complete proof can be found in Chen [12]. We give here a proof from Pastur [37] in the simpler real
scalar case and when f is real and twice continuously differentiable, bounded together with its first and second
derivatives. Let X ~ A4 (0,02) and X;, X i.i.d copies of X. Then, we can write

Var[f(0] =E[f(0°] - E[f0])° =E[gy) - g@)],
with g : R? — R defined by g(ay, az) = f(a1) f(az) andy = [X, X]T, z=[X}, X>]. Clearly,
Ld
E[gly) - g@)] =[ — {[E [g(y\/?+Z\/1 - t)] }dt
o dt
From the previous definitions,
[E[g(y\/;+zx/1 - t)] = [f(x\/?+xlx/1 “DFXVE+ XV T- t)] ,
and it is easy to obtain
d
a{[E[g(y\/—t+zv1— t)]}z

1[E[(\); \/_)f(X\/—+X1\/1T)f(X\/_+X2\/1T)]

(7—\/1T)f(X\/_+X2\/1T)f(X\/_+X1\/1T)]

Applying theorem 1.4.1 to the righthandside of the previous expression, we get

1
+_
2

%{E[gwmzm)]}:az[g[ XV XVTZ DS XV XVT7D)].

Using Cauchy-Schwarz inequality,

% {e [g(y\/—t+zm)]} < 02\/[E [f’(X\/—t+X1\/1Tt)2] \/[E [f'(X\/E+ sz/th)Z]
:oztE[f/(X\/th\/ﬁ)z], (1.4)

since X; and X, have the same law. Moreover, it is obvious that X7+ X; V1 -t ~ A (0,02), and consequently the
righthandside of (1.4) does not depend on ¢, which concludes the proof. O

1.4.2 Results for Wishart matrices

Let M, N € N* with M < N and W € ./, n(C) having i.i.d €.4 (0, ;) entries. It is well-known (see e.g. James [27])
that the distribution of the M eigenvalues of WW* is absolutely continuous, which implies that they are all different
with probability one.

The following concentration result is also well-known.
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Theorem 1.4.3 (Davidson & Szarek [14, Th. 11.13]). Letc = % and X = |W||. Then it holds thatE[X] <1+ +/c and
forallt>0,

2

P(X>1+ve+t)se N7,
Using theorem 1.4.3, we can easily obtain a bound independent of M, N for X” (p = 1) by writing,
+00 +oo
E[X”] =f P(X=pt! 'de<sp(1+ \/a”+f P(X=t+1+vc)pt+1+v0P ldy,
0 0
and thus E[X”] < K < oo, with K a constant independent of M, N, for all p e N.

Finally, from [27], for B € .#;,n(C) deterministic, the eigenvalues of the matrix (B + W)(B + W)™ also have an
absolutely continuous distribution, and thus have also multiplicity one almost surely.



Chapter 2

Asymptotic spectral distribution of complex
Gaussian information plus noise models

The present chapter is devoted to the introduction of the model of random matrices which will be used throughout
the manuscript, namely the information plus noise model. A M x N information plus noise matrix X of this model
writes

Z=B+W, (2.1)

where matrix B is a complex deterministic matrix (the "information" part) and W a complex random matrix (the
"noise" part) with i.i.d zero mean and variance /N entries. We will review some of the basic results concerning
the information plus noise model. Roughly speaking, the most important one, states that the empirical eigenvalues
distribution of the Gram matrix XX* (referred as spectral distribution of ZX*), i.e

N 1
F) = A—/Icard{eigenvalues of X" < A}, (2.2)

which is a random function, is almost surely close to a deterministic probability distribution F(A) (referred to
as "deterministic equivalent spectral distribution"), when M, N — oo such that the ratio M/N — ¢ > 0. We will
considered the case where ¢ < 1, to enlight the exposition. This asymptotic regime, which will be considered in
all the manuscript, suggests to adapt the notation, and we will consider M as a function of N, and all matrices
and related quantities will be denoted with index N. In this context, the result writes Fn(A) = Fy(A) — N 0 as. The
proof of this result relies on the use of the Stieltjes transform, and especially on theorem 1.2.1 in chapter 1, i.e it is

equivalent to prove the convergence riy(z) — my(z) —n 0, where 71y and myy are the Stieljes transform of Fy and

. N E dFy ()
Fy given by iy (2) = g % and my(2) = Jg d/‘l]X(ZA)'

In this chapter, we will review the main results concerning the convergence of riy(z) — my(z) to zero, and
provide further results. We will refine aresult of Dumont et al. [17] and prove that N2|E [y (2)]—mp(2)| is bounded
by a certain product of polynomials in [Im(z)| and |z|, independent of N. independent of N. This result will be the
corner stone of the technics used to prove results about the localization of the eigenvalues of Z X7, developped
in the next chapter 3. We will also characterize the asymptotic behaviour of certain bilinear forms related with
My (2), a result which will be useful in chapter 4 for the subspace estimation.

We also give several properties of the deterministic probability distribution Fy. In particular Dozier & Sil-
verstein [15] proved that Fy is absolutely continuous with density 77 1m (my(x)) where mp(x) is the continuity
extension of my on the real axis. [15] also provides a way to numerically compute the support .#y of Fy. We will
refine here this analysis and prove formally that .#}y is the union of a finite number of compact disjoint intervals.
Moreover, it appears, in the same way as [15], that the boundary points of .4y can be computed by looking at the
local extrema of a certain function depending on the eigenvalues of ByBj,, 02 and the ratio cy = M/N. Finally,
once the support #y of the limiting spectral distribution is identified, it is possible, using a contour integration
technique developed in Mestre [49], to obtain the mass, by Fy, of any connected component composing .#y.

This chapter is organized as follows. In section 2.1, we introduce the information plus noise model and the
main related assumptions. The main result concerning the convergence of the empirical spectral distribution is
also given, as well as the refinement of the bound of N2 (E [y (z)] — mpy(z)) mentionned above. We also prove
a similar property for bilinear forms of the resolvent (ZyXZ}, — zIp)~!, a central tool in the study of spectrum
of random matrices (see remark 1.3.1 in the previous chapter), and which will be also useful in the applicative
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part of this thesis, concerning the subspace estimation. Sections 2.3, 2.4 and 2.5 provide several properties of
the deterministic equivalent spectral distribution, and particularly a complete study of its support. Finally, we
postpone in section 2.7 several long proofs.

2.1 The complex Gaussian information plus noise model and notations

In this section, we present the information plus noise model of random matrices, which will be used throughout
this thesis.

We consider M, N € N* such that M = M(N), M < N and ¢y = M/N — c€ (0,1) as N — oco. A Gaussian infor-
mation plus noise matrix is a M x N random matrix defined by

Iy =By+Wy,
where
e matrix By is deterministic such that sup 1Byl < Bmax < 0o,
o the entries W; j v of Wy are i.i.d and satisfy W; j v ~ €4 (0,02).

Remark 2.1.1. Note that most of the results derived in this manuscript hold in the general case where cy, ¢ < 1, but
we choose to consider cy, ¢ < 1 to enlight the computations. Some results can be also extended to the non-Gaussian
case.

The spectral decomposition of ByBj, and ZyZ}; will be denoted respectively by

ByBy =UyANUy and ZnZh =UyAnNO}, 2.3)
with Uy, Uy unitary matrices and Ay = Diag(Ay,n,...,Amn), Ay = Diag (il,N, ) )ALM,N). The eigenvalues of
ByBjy and Zn 2}, will be ordered such that0< Ay y<... <Ay vand 0= A y<...< Ay N.
2.2 Resolvent of =X, and convergence of the empirical spectral measure

In this section, we review the main results related to the convergence of the empirical spectral measure of ZyZ};
defined by

(>

Mz

. 1
KN M 6;11c,1v’

=~
Il

1

with §, the Dirac measure at point x.
First, we define the resolvent of matrix X NZ}“V, by

Qn(2) = (EnZy—2Im) ',
for all ze C\R™. Its normalized trace +; Tr Qy(2) can be expressed in terms of the Stieltjes transform of fi, i.e

dan )
A—z

mn(z) £ iTr Qu(2) =
M R

The weak convergence of [iy can be studied by characterizing the convergence of ﬁTr Qn(z) as N — oo (theorem
1.2.1 in chapter 1). The main result of this section is the following.

Theorem 2.2.1. It exists a deterministic probability measure uy, satisfying supp(uy) < R*, and such that iy —
Un — 0 as N — oo with probability one. Equivalently, the Stieltjes transform my of iy satisfies iy (z) — my(z) — 0
almost surely V¥ z € C\R™. Moreover, ¥z € C\R*, my (z) is the unique solution of the equation

-1

BB},

1
m= A—/[Tr —z(l+0?enm)py + 02 (1 — )y + (2.4)

1+02cym

satisfyinglm(zmpy(z)) >0 forze C*.
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This result has been first proved by Girko [20] and later by Dozier-Silverstein [16]. Note that this result is also
true in the non Gaussian case. The measure uy is referred from now on as the asymptotic spectral measure of
ZnZy. The Stieltjes transform my of py is defined by

1
mpy(z) = MTI Tn(2), (2.5)

with
ByBj, -1

1+o02cymy(z) 26)

Ty(z) = (—z(l + ochmN(z))IM + 02(1 —cn)Ip +

forall ze C\R™.

Remark 2.2.1. If the spectral distribution Fy(x) = ﬁcard{k : Ak, < x} of matrix B NBY, converges to the distribu-

tion F(x) as N — oo, then iy — 1, with u a probability measure, whose Stieltjes transform m(z) = R % satisfies

dF(1)

—z(l+02cm(z) +0o2(1-c)

m(z) = 7

1+o2cm(z)

It is also possible to obtain further results concerning the convergence of E[riy(2)]. The following result
(proved in appendix 2.7.2) is a consequence of the complex Gaussian assumption, and does not hold in the general
case.

Theorem 2.2.2. Forall ze C\R,

) 1
[Elfn(2)] = mn(2)] < 77 P1 (12D Pa ( IIm(2)| )

for all large N, with Py, P, two polynomials with positive coefficients independent of N, z.

From theorem 2.2.1, we know that Ai/[Tr Qn(2) is a good approximation of Ai/[Tr Tyn(2z). A natural question is to
know if the entries of Qx(z) also approximate the entries of matrix Ty (z). The answer is given by the following
result (proved in appendix 2.7.3).

Theorem 2.2.3. Let(d;,n) and (dy,n) be two sequences of deterministic vectors such thatsup y lldy n I, supy ld2, Nl <
oo. Then, d;"N (Qn(2) = Tn(2))d2, Ny — N 0 almost surely for all z e C\R. Moreover,

|E[d] y Qn(2) - Tn(2)do,n]| < %Pl (1z)) P2 (L)
’ N Im(z)|

for all large N, with P, P, two polynomials with positive coefficients independent of N, z.

Note that the rate of convergence for the entries of E[Qy(2)] is slower than the rate for the trace [E[ﬁTr Qn(2)]
in theorem 2.2.2. The result of theorem 2.2.3 has also been extended to the non-Gaussian case [24], but at a slower
rate of N~!/2. The almost-sure convergence d} \ (Qn(2) ~Tn(2))dz,y —n O will be essential in chapter 4 for the
subspace estimation problem.

2.3 Function my and density of u

In this section, we review some properties of the Stieltjes transform my of the deterministic probability measure
un defined in theorem 2.2.1. Most of the results have been shown in Dozier & Silverstein [15]. We define Ay =

supp(un), the support of .
First, we give the following fundamental bounds.

Lemma 2.3.1. It holds that

Imn(2)| < 2.7

dist(z, #n)’

and moreover,

ITn (2 = (2.8)

1
dist(z, ) ’
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Proof. (2.7) is a consequence of property 1.2.1, and (2.8) is proved in appendix 2.7.1. O
The main properties of my are gathered in the following result.
Theorem 2.3.1. 0 does not belong to Sy and the function my satisfies the following properties.
1. Thelimitof mn(z), as z € C* converges to x € R, exists and is still denoted by my (x).
2. The function x — my(x) thus defined is continuous on R and analytic on R\0.%y.
3. my(x) is solution of (2.4) for x € R\0.Fy.
4. pn is absolutely continuous with density given by f,,(x) = 7 Im(mpy(x)).

Proof. Ttems 1, 2 and 3 have been proved in [15], but only for x # 0. We show in appendix 2.7.4 that 0 ¢ Sy if
cn < 1, a property not established in [15]. This immediately implies that m;(0) is well-defined and satisfies (2.4),
because the Stieltjes transform my is holomorphic in the neighborhood of 0, and item 3 also follows. Item 4 was
also proved in [15]. O

Theorem 2.3.1 essentially states that the definition of my(z) can be extended to the real axis by continuity on
the upper half plane.

Remark 2.3.1. We note that as my; is a Stieltjes transform, it also satisfies my(z*) = my(z)*. Therefore, it holds that

lim my(z) = my(x)*,
zeC™

zZ—X
forxeRifcy<1.

Remark 2.3.2. From the last item of theorem 2.3.1, we have Int(#y) = {x eRT :Im(mpy(x)) > O}, and my(x) €R for
X € R\ Fy.

We now end this section with the following fundamental bound, derived in appendix 2.7.5.

Property 2.3.1. The following inequality Re(1 + o?cympy(z)) = 1/2 holds for each z€ C.

2.4 Functions wy, ¢y and support of uy

This subsection is devoted to characterize the support .#y of uy. A study of the support is already provided in
Dozier & Silverstein [15], and we will refine here the analysis.

The study of [15] is essentially based on characterizing 1 + o?cympy(x) for x € Fy among the solutions of a
certain equation. We will use here the function

wy(2) = z(1+02cymy(2))’ - 02 (1 cn) (1 + 02 ey my (2), 2.9)

defined for all z € C, which is believed to simplify the analysis, and will be crucial for the subspace estimation part
1 As we will see, wy is closely related to the function

dn(w) = wd — o’y fv(w)? + 01— cp) (1 — o%en fv(w)), (2.10)

with fy(w) = ﬁTr (B ~By —wl M)fl. We will make the following additional assumption on the rank of By.
Assumption A-1: Matrix By has rank K = K(N) < M, and the eigenvalues of BNBY; have multiplicity one for all N.
Thus0=A; y=...= Apm-x,N < AM-k+1,N <...<Ap n. Note that K may scale-up with N or stay constant.

Remark 2.4.1. Assumption A-1 is not essential to study the properties of function ¢y, but this assumption will be
necessary for the chapter 4. In fact, ¢ will have different behaviours depending on whether By is full rank or not,
cn < 1 orcy =1. These different cases will impact the support Sy, in particular the property if 0 belongs or not to
IN.

IThe characterization of the support given in this section (in theorem 2.4.1), can also be directly deduced by using the results of [15]. We
choose here to develop and use the properties of the function wp;, which will often appear in the next chapters.
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We now turn to the function wy whose main properties are gathered in the following result, proved in appendix

2.7.6.

Property 2.4.1. The following assertions hold:

1. The function z — wy(z) is continuous on C* UR and the function x — wy(x) is continuously differentiable
onR\0.Fy.

2. Im(wpn(2)) >0 ifIm(z) > 0 and wy(x) € R\{Ay N, ..., Apm N} for x € R\Fy.

3. Forze C\0.#y, it holds that
1+0%cymy(2) = (1 - ey fv(wn(2) ™ 2.11)

and wy (z) is solution to the equation ¢pn(w) = z.
4. For x € R\.H, it holds that w),(x), ¢/ (wn (x)),1 - o?cy fy(wpn(x) > 0.
5. Int(HFn) = {x e R: Im(wy(x)) > 0}.

Property 2.4.1 is basically stating the fact that it is sufficient to study the behavior of Im(wy(x)) in order to
characterize the support .#y. Item 3 is the most important one since it shows that wy (x) is solution of the equation
¢n(w) = x, for x € R\0.%y. This observation will be the basis of the method used to characterize the support #y,
which consists in identifying wy (x) out of the solutions of ¢y (w) = x.

Remark 2.4.2. By taking derivatives with respect to z on both sides of the equation ¢ n(wy(2)) = z, we see that
wy(2) Py (wn(2) =1
holds for z € C\0.y (if z € R\0.Fy, the derivative is taken in the real sense). From item 2,

Py (wn(x) = lyi%l¢§v(wzv(x+ iy)

is well defined, as well as w';(x) (item 1). Thus, we deduce w'(x) =limy o w),(x +iy).

Remark 2.4.3. Under Assumption A-1, the equation in ¢n(w) = x for x € R is in fact equivalent to a polynomial
equation of degree 2(K + 1). This can be readily seen by using the expression of fn(w), so that we can express ¢y (w)
as sums of quotients of polynomials in w, i.e.

2
M-Kc c M 1
¢N(w):w(l+az——N—az—N —)
M w M ik AmN—Ww
M-Kc c M 1
+oll-cy |1+t —=N 52N — .
M w M i k1 AmpN — W

Hence, multiplying both sides of equation ¢ n(w) = x by WH%:MfKu (Am,N— w)z, we end up with a polynomial
equation of degree 2(K + 1).

The following result gather the main properties of function ¢ .

Property 2.4.2. 1. Function ¢ satisfies the following limits,

lim ¢pn(w) = +o0, lim¢py(w)=-o0, and lim dn(w) = +o0o,
weR weR weR
w!0 w10 W—AM-K+k,N

. . . _ + _ " e _
2. Function ¢ admits 2K +2 real different zeros denoted z, < zy < ... < 2y n < Zy np With 25\, 2y 25
the K + 1 zeros of function w — 1 —a?cy fn(w). Moreover,
* 202y <0and @ (z; ) >0, ¢ (zF ) <0
0,N’ “0,N N\“0,N » PNYFo,N ’
- + ! - i
° Zl,N’ ZI,N € (O)/ILM—K+1,N) and(pN(zl,N) <0, qu(ZIr,N) > 0)

o fork=2,...,K, 7\, 2y € AM-k+k-1,N AM-k+k,N) and ¢y (z; ) <0, (P;V(ZZ,N) > 0.



30 CHAPTER 2. ASYMPTOTIC SPECTRAL DISTRIBUTION OF COMPLEX GAUSSIAN INE PLUS NOISE MODELS

o W)

AM-K+1,N AM-K+2,N AM-K+3,N

Figure 2.1: Typical representation of ¢ (w): in this case, K = 3 and black dots represent the zeros z_,,, z;g N

3. Function ¢y admits 2Q positive local extrema, with Q = Q(N), 1 < Q < K + 1, whose preimages, denoted
wy <0< w;N SwWy Ny <...<wWq < waN, belong to the set {w € R: 1 —o%cy fy(w) > 0}. Moreover, we also
have

- A - + 4 + ;
e the local extrema Xgn = (/)N(wqu) and XgN= ‘PN(Wq,N) satisfy
- + - - +
0<x;y<XN<Xpn<:-<Xon<Xon (2.12)

* each eigenvalue Ay N ofBNB;‘V belongs to an interval (w; N? w:; Ny a=1...,Q,
* each interval (W, n» w;YN), q=1,...,Q contains an eigenvalue of ByB};,

* ¢ is increasing on (—0o, wy ), (W, ,00), (w;N, wy ) forg=1,...,Q-1

4. For x € R\ U(;:l [x;N, x; N1» the equation ¢n(w) = x admits a unique solution satisfying 1 — o?en fy(w) >0

and ¢, (w) > 0.

Proof. Property 2.4.2 follows from an elementary analysis of the function ¢y, except the ordering (2.12) (proved in
appendix 2.7.7), which is non-trivial. O

A typical representation of function ¢ is given in figure 2.1. We are now in position to completely characterize
the support #y.

Theorem 2.4.1. Under Assumption A-1, the support Sy of un is given by
Q - +
yN = U [xq,N’ xq,N]’
q=1

Proof. 1. Int(Fy) < ngl [x;,’N, x:;,N]: Letx e [R%*\US:1 [x;,N, x;,N]. From remark 2.4.3, the equation ¢y (w) = x
has 2K +2 solutions. Therefore, to prove that x ¢ Int(#), we have to verify that wy(x) can not be a non-real
solution of ¢y (w) = x, from property 2.4.1 items 3 and 5, and thus it is sufficient to prove that every solution
of ¢ n(w) = x is real. From property 2.4.2 items 1 and 2, we deduce that the equation ¢ (w) = x has at least

2K real solutions (see figure 2.1 for an example):

* one solution in (0, z; ) and one in (sz, AM-K+1,N)»

e one solution in (;LM—K%W’ZI;H,N) and one in (zLLN,/lM_KJ,kH,N) fork=1,...,K-1.
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Assume moreover x € (0, x] »), then using property 2.4.2, we easily deduce the existence of two real solutions
located in (25 zg N and therefore the equation ¢ (w) = x has 2K + 2 real solutions. If x € (xa N O0), it s
also clear from property 2.4.2 that there exists two real solutions in (1), y,00). Finally set x € (x:;’ N X g1, N) for
some q €{1,...,Q—1}. By property2.4.2 item 3, x:;, N and X4,y Ar€ two positive local extrema with preimages

q,N and wqul « located in one of the intervals (0, Apr—x+1,8), A+ kN> AM-k+k+1,8) for k=1,...,K -1
and which satisfy w* N Waiin € {w:1-0%cyfn(w) > 0} More precisely, this means that w? N wqul N
are located in one of the intervals (0, 2] \), (Ay-k+k,N) 2,1 p) fOr k=1,...,K—1. Since ¢n 1s increasing
on (w; NG w; 1, N the equation ¢ (w) = x will admit two more solutions in one of the intervals (O,Zi N
MM—K+k,NrZ,;+1 N) for k =1,...,K -1 (see further figure 2.1). This proves once again that the equation
¢n(w) = x has 2K + 2 real solutions for x € (x:; N X g1 ~)- Therefore all the solutions of equation ¢ (w) = x

arereal for x € [R+\U X qN,qu]
2. U g=1 (x;, N? x;’, N) € Int(Fy): Letx € U g=1 (x;' N x:;’ N)- From the previous arguments, we deduce that equation
¢n(w) = x has at least 2K real solutions:
¢ one solution in (0, Zf,N) and one in (ziN,/lM_KH,N),
e one solution in (AM*KHGN’ZI;—LN) and one in (zLLN,/lM,KJrHLN) fork=1,...,K-1,
and we can check that none of these solutions satisfy both the conditions 1 —o?cy fy(w) > 0 and ¢y (w) >

0. Since there are 2K + 2 solutions to the equations, it remains two more solutions. If the two remaining
solutions of the equation are real, then they are necessarily located in one of the intervals (z;; N AM-K+k,N)

for k= 1,...,K (see figure 2.1) and therefore do not verify the inequality 1 — o?cy fy(w) > 0. Therefore, x ¢
R\.%y, otherwise wy (x) would be one of the real solutions and would satisfies the inequality 1—o?cy fy (w) >
0 (property 2.4.1 items 3 and 4). On the other hand, if the two remaining solutions are complex conjuguate,
then again x ¢ R\.#y (otherwise wy(x) would be one of the real solutions). Therefore, we have

Q
R\A <R\ |J Ix, n» 25 vl
q=1
which in turns implies ngl (x;' N x:;, ) ©Int(An).

O

Remark 2.4.4. If x e R\.Fy, it is easy to see from property 2.4.2 and the arguments of the proof of theorem 2.4.1 (see
also figure 2.1), that wy (x) is the unique solution of ¢ y(w) = x satisfying 1 — o?cy fn(w) >0 and ¢’y (w) > 0. More-
over, wy maps (x N,xqul N) fo(w? N Was, N)» and property 2.4.1 implies that wy (x) is increasing on (x:;,N,x;H’N).
Therefore, since wy is continuous on R, we get

wn (x, ) = w, y and wN(x;,N) = w:;,N. (2.13)
Moreover, from remark 2.4.2, we have the equality ¢, (wn (x)) w),(x) = 1 for x € R\OF. But
<PN(wN(x)) (PN(wq N =
‘I

(and similarly for x:;, n)» Which shows that the derivative w(x) is unbounded when x approaches the boundary of
the support 0.Fy.

The next result states that the support of u does not escape to infinity.

Lemma 2.4.1. Under Assumption A-1,

sup X, y < 0.
N
Proof. Recall that Bpax = supy 1By |l. Thus, for w > Bpax

sup|fy(w)| <
N

IBmax — W|,

sup|fy(w)| € ——,

NN |Bimax — I
suplw fr(w)| < v

N N B |Bmax_w|2y
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and since ¢y, (w) = (1 - %y fy(w)? —20%eyw i (w)(1 - o%en fv(w) — ot en(1 - en) fr, (w) converges towards 1
when w — +oo, we deduce that for € > 0, Jwe > Bimayx such that Vw > we, ¢/, (w) > € for all N. Since gb;\,(waN) =0,
this implies that

SUp W, y < We < +00.
praide)

Moreover, using waN = wN(xaN) = xaN(l +0? c]\;mz\/(xaN))2 —02(1-cy)(1+02 cNmN(xaN)), and property 2.3.1
in section 2.3, we get

Wwe o%(1-cn)

+ < 4w, +202,
(1 +020NmN(x6,N))2 1+achmN(xaN) €

.
*on =

which concludes the proof. O

Theorem 2.4.1 states that the support .#y is a disjoint reunion of compact intervals, which will be referred to as
"clusters". Each of these clusters [x;’ N x;y N can be computed from function ¢ since xl" N < xi N<-e < x(‘?, N <

xa N coincide with the set of all positive extrema of function ¢ . Moreover, each cluster is associated to an interval
of the type [w, ., w;N], q=1...Q, inthe sense that x, \ = ¢y (w, \) and x;’N = (/)N(w;;’N) (property 2.4.2 item 3).
On the other hand, we also see that a specific eigenvalue Ay y, k =1,..., M, always belongs to one, and only one of
the intervals (W w:;‘ ] (property 2.4.2 item 3). This motivates the following terminology.

We will say that eigenvalue 1, n, k=1,...,M of B NB;‘V is "associated" with the cluster [x;i, N? x:;, N if A€

- +
[wqu, wqu].

Observe that this association is not a one-to-one correspondence, in the sense that multiple consecutive eigen-
values of ByBj, may be associated with the same cluster. Notice moreover that 0 is always associated with the
cluster [x] v, xi N1+ We now show that the mass of any cluster by uy is directly related to the number of associated
eigenvalues. Define

Tg=kell,..., K} : Ap-kekn € (W, wg ), (2.14)

and |.94| = card(#,) > 0. Note that |.#;| > 0 from property 2.4.2, and |-%;]| is the number of non zero eigenvalues of
ByBj, associated with [x; N x; 1+ The following result in proved in appendix 2.7.8.

Property 2.4.3. Under assumption A-1, it holds that

_ ] M-K
IJN([xLN!x;N]) = = +—,

M
and forq =2,
- [-Zql
(i) = 2.

Property 2.4.3 basically states that the mass of a cluster by uy is exactly the proportion of eigenvalues of ByB},
associated with this cluster.

2.5 The special case of spiked models

In this section, we consider the special case where the rank of ByB} is independent of N. In this case, it is possible
to compute explicitely the boundary points of the support .#y, and thus to obtain the precise characterization of
1y, in terms of its support and concentration of its mass. We replace Assumption A-1 by the following stronger
assumption.

Assumption A-2: The rank K > 0 of ByB}, does not depend on N and forallk =1,...,K, the positive sequence
(AM-k+k,N) writes

AM-K+k,N =Yk +ERN

withlimy_ 4o €,y =0andy; <...<yg.
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Before characterizing the support .4y, we discuss some consequences of assumption A-2. From theorem 2.2.1
(section 2.1), it is straightforward to see that for z € C*, iy (z) —n m(z) almost surely, with

1
—z(1+02cm(2))+02(1—-c)

m(z) = (2.15)

m(z) the Stieltjes transform of the Marcenko-Pastur , given by

du(x) \/(x— 02(1-v¢)?) (0?21 +v0)?—x)

dx 202cmx

lo2a-veroza+yvor-

We now study the support .#y of measure uy, under the assumption A-2. We recall that an eigenvalue A n of
B NB}“V is associated with the cluster [x if A v e (w w; ) (see section 2.4 for details). Recall also that

A _
‘ivN’quN] q,N’
eigenvalue 0 is always associated with [x] , x; 1. The following theorem is proved in appendix 2.7.9.

Theorem 2.5.1. Under Assumption A-2, define K = cardik : vy > 0®\/c} and assume thato®\/c &€ {y1,..., Yk}, i.e

2
Y1<...<YK-K; <O \/E<'}/K7Ks+1 <...<Yk-

Ks+1, —

Thus, for N large enough, the support Sy has Q = K + 1 clusters, i.e $v = U =1 [x 7 N,x:;, Nl The first cluster is

associated with A\ N, ..., Ay—k,, N and is given by
e 1 1
XiN=02(1— CN)2+@(N) a}’ld xIN:02(1+‘/CN)2+@(N)-

Forq=2,...,Ks¢+1andk=q-1, the cluster [x;’N, x:”’N] is associated with A y—x +k,N and

_ 1
XN =V AM-K+kN» CN) -0* (—)

VN

- 1
XqN = W(AM—Kﬁk,N, cy)+0* (—) .

VN

_ A+0%0(A+0) +( 1) L. 1
wherewy(A,c) = " and O (\W) zsaposmve@(m) term.

Under the spiked model assumption, measure py is intuitively expected to be very close to the Marcenko-
Pastur distribution p, and particularly .#y should be close to supp(u) = [02(1 - \/5)2, o%(1+ \/E)Z]. Theorem 2.5.1
shows the first cluster [xi N,xf’ Nl is very close to the support of the Marcenko-Pastur distribution and we have
presence of additional clusters if the eigenvalues of BB}, are large enough. Indeed, if K; eigenvalues of ByB},
converge to different limits, above the threshold o2 /c, then there will be K additional clusters in the support of
Sy for all large N.

Theorem 2.5.1 also states that the smallest M — K eigenvalues of B NB}“V are associated with the first cluster, or

M-Ks 'and that py([x a4 fork=2,...,K;

kN’ xZ,N]) =

equivalently that py ([x] y, x y]) =

2.6 Discussion and numerical examples

In this section, we discuss the results of theorem 2.4.1 of section 2.4, and give some numerical examples.

The analysis provided in the previous sections shows that the boundary points of #y x; < x; NS <X N <
xa  coincide with the set of all positive extrema of function ¢y, and moreover we have seen that the eigenvalues
of ByB}, are associated to the clusters of #y, i.e. Ay is associated with [x;} NG x:;, N ifAgn € (w;, NG w:;, N)» with

Wy n» w:;,N the preimages of x_ , x:;'N by ¢pn.

In figures 2.2, 2.3 and 2.4, we have represented the typical behaviour of function ¢, for a rank K = 3 matrix
By . Several situations are drawn, which are commented below.

In figure 2.2, we see that all the eigenvalues of B NB}"V are associated to (X ppr xf Nl There exists no positive local
extrema other than X N and xf N and thus .#y has only one cluster, i.e #y = [x] oo x;' INIE

In figure 2.3, eigenvalue 0 is associated to [xiN, xIN], Ay-2,N, Ap-1,n are associated with [xiN, x;’N], and Ay v
is associated with (x5 o x; Nl The support %y is composed of 3 clusters.

In figure 2.4, each eigenvalue is associated to a different cluster.
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Support £y ____

AN

AN—2,N AM-1,N

Figure 2.2: ¢ (w): Case 1

oNw)

Support S5 ’:,\

Figure 2.3: ¢ (w): Case 2
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oNw)

Support Sy ~:- .

b Powy
2N ¥ ’
| 3, ' 3,N

Anr-2,N Av-1,N Ay, N

Figure 2.4: ¢n(w): Case 3

The conditions for the support.#y to split into several clusters depend in a non-trivial way of o, the eigenvalues
of ByB}, and the distance between them. Nevertheless, under the stronger Assumption A-2 (i.e. K independent of
N and convergence of the eigenvalues to different limits), we have obtained explicit conditions for the separation
of the eigenvalues: an eigenvalue of ByBY, is separated from the others ifits limit is greater than o2/c (see theorem
2.5.1). The non-separated eigenvalues are those associated with [xl’, N? xi Nl Therefore in the spiked model case,
the behaviour of the clusters of .#y is completely characterized.

In figure 2.5, we plot the density of uy in the case where cy = 0.5, 0 = 1 and the eigenvalues of ByB}, are 0
(multiplicity M - 2), 5, 10, for N = 20,100,200,2000. With this parameters, 5 > 0,/cy and thus there are two clus-
ters associated with eigenvalue 5 and 10. Moreover, the width of each cluster tends to 0 at rate @ (N~'/?) (theorem
2.5.1).

In figure 2.6, we have plotted the density of uy, in the context where N = 20, M = 10, 0 = 1 and BNB;‘V is
diagonal with three different eigenvalues, 0 with multiplicity 5, 5 with multiplicity 2 and 10 with multipliticy 3. The
density is plotted by computing x — 7~ Im(my(x + i y)) for y << 1 (see theorem 2.3.1). Note that my(z) for ze C*
is evaluated iteratively using the fixed point equation (2.4), and this procedure always converges as proved in [23].
On figure 2.6, we also notice that the density behaves as a square root near the boundary points of the support, a
result already proved in [15]. This result will be of importance, for proving that w}, is integrable in a neighborhood
of the boundary points (property 2.7.1 in appendix 2.7.8).

In figure 2.7, we have plotted the function wy (x) for x € R, in the same settings as for figure 2.6. More precisely,
figure 2.7 represents Im(wy(x)) versus Re(wy(x)). As stated in property 2.4.1, we see that wy(R) does not meet
any eigenvalue, wy(x) has positive imaginary part for x € #y and is real for x € R\Fy. If 65y = {wn(x) : x €
[x;’ er:;, MU {fwyx)*:x€ [x;} NG x:;, N1} this shows that € y encloses the eigenvalues of B NB;‘V associated with
[x;’ N x:;' n1- In the present example, the eigenvalue 0 is associated with [x] y, xf n1» 5 is associated with [x; y, xz Nl
and 10 with [x; N x; Nl Therefore, in figure 2.7, 6 n encloses eigenvalue 0, and eigenvalue 5 is in turn enclosed
by €6>,n and 10 by 43,n. This property will be fundamental in the chapter on subspace estimation, to perform
contour integration. Note that this property is also used in the proof of 2.4.3 in appendix 2.7.8.

2.7 Appendix
2.7.1 Boundon |Ty(2)|
In this section, we prove the inequality | Ty (2)|l < dist(z, Pn) 7L for all ze C\Hy, or equivalently

. Iy
Tn(2)Tn(2)" = dstz, A2 (2.16)
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Figure 2.5: Illustration of the spiked model assumption on the density of
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Figure 2.7: Im(wy(x)) versus Re(wy (x)) for x e R

with Sy = supp(un). It is shown in Hachem et al [23, Th. 2.4 & Prop. 2.2]) that Ty coincides with the Stieltjes
transform of a positive matrix-valued measure p 5 with support %y such that g () =1y, i.e.

TN(Z):f M
N A—2z

Since my(z) is solution to the equation (2.4), it is clear that ﬁTr By = pn. In order to establish (2.16), we follow
the proof of in Hachem et al. [23, Prop.5.1]. We first remark that function 1y (z) defined by

l—CN

my(z) = cymy(z) —

is the Stieltjes transform of the probability measure iy = cypy + (1—cn)6o. The support of fiy thus coincides with
Fn U {0}, and is included in R*. Therefore, it holds that W > 0 if z € C\R (see property 1.2.1). We remark
that

Tn(2) -Tn(2)* dpy)
2i =Im() oy M=z’

By using the identity,
Tn(2) - Tn(2)" =Ty (2) (Tn(2) " - TN(Z)_I) Tn(2)",
we get after some algebra

Im(z)/yN A2

Im(2) TN ()TN (2)* +0?Im(ziy (2) Ty (2) Ty (2)* +

0'2(,‘]\]

11+02cnmy(2)]?

Im(mpy(2)Tn(2)ByByTN(2),

for each z € C\R, or equivalently

IN |A - Z|2

2

o Im(zmy(2)) o°CcN Im(mpy(2))

T T * T T * T ByByT *.
N(Z)Tn(2)" +0 m2) N(2)Tn(2) +|1+UchmN(z)|2 m(2) xTn(2)BNB TN (2)
Consequently, we obtain that
. dpyA)
TNy ()" < f En
IN |A_Z|

for z € C\R, but also for z € C\.#y because both members of the above inequality are continuous on C\.#y. This
immedialely leads to (2.16).
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2.7.2 Proof of theorem 2.2.2

In this section, we prove that it exists two polynomials P;,P, independent of N, with positive coefficients, such
that

1
[El/n (2)] — my(2)| < ﬁlﬁ (IZI)Pz( ) (2.17)

Im(z)|
for all z € C\R. Since ri1y and my are Stieltjes transforms, i1y (z*) = iy (2)* and my(z*) = my(2)*, and thus we
only need to prove the result for z € C*. For the remainder of this section, Py, P, will be used as generic polynomials
whose values may change from one line to another.

Some auxiliary quantities

For ease of reading, we will use the notations
~ o
an(z)=Eloccympy(2)] =E [NTI QN(z)] and On(z) =ocymp(z2).

We also define

an(z)=apn(z)— @ and b6n(z)=6pn(2) -

o(l—cp)
From section 1.2 in chapter 1, it is easy to check that axn(z) and @y (z) are Stieltjes transforms of respectively the
finite measures ocyE[fn] and ocyElay] + o (1 — cn)bo, carried by R*. Thus, for z € C*, ayn(z), zay(z), zdy(z)
and @y (z) belong to C*. Similarly, §(z) and Sn(z) are Stieltjes transforms of the finite measures ocypuy and
ocypn +0o(1—cn)dp.

Moreover, [-z(1 +oay(z))]~! and [-z(1 + oa@n(2))]~! are also Stieltjes transform of probability measures car-

ried by R*, which in particular imply ‘m ) <zl Similarly, we have the same bounds for [-z(1 + 0 n(2))] -1

Im(z) *
and [—z(1+ 06 N(2)] -1
We remark also that dn(z) = E[ {Tr Qn(2)] with Qu(2) = (ZNEN-— zIN)_l. Matrix T (z) defined in (2.6) writes

Ty (@) = [—2z(1+ 06y (2] BvBy |
N(Z)—(—Z( +0on(2)Ip + T(SN(Z))
and 6y (z) = §Tr Ty (z). We also define
3 BB -1
TN@)z(—n1+oaNunhv+-—JL¥l—)
1+00n(2)

and remark, after simple calculations, that Sn(z) = %Tr Tn(z). We finally denote by Ry (z) and Ry (z) the matrices
defined by

ByBy, 7' _ BiBy '
Ry(z2) = (—z(1+0dN(z))IM+—) and Rpy(z) = (—z(1+0aN(z))IN+—~) (2.18)
l+oan(z) l+oan(z)
The above remarks show that
-1 -1 1
[Ry(@Z)l= min |—— —z(1+oay(z) < min ‘Im(——z(l +0dN(z))) < .
k=1,...M|1+o0ay(z) k=1,..,.M l+oan(2) Im(z)

The same bound of course holds for Ry (z), as well as Ty (z), T (z). We finally remark that %Tr Ry (2) is the Stieltjes
transform of a probability measure carried by R*.

A fundamental system of equations

We now consider the difference Ry (z) — Ty (2) = Ry(2) (TN(Z)‘1 - RN(z)‘l) Ty (z) and use the mere definition of
Rn(2), Tn(2) to get

o ~ -
NTr Ry (2) - Tn(2) = (@n(2) = On(2)) 2UN(2) + (an(2) = SN (2) un(2),
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) 2 Ry (2)ByB Ty (2)
with upn(z) & & Tr — L Z2N2N N2

2 . . . .
N ' Groan@)0+008 @) and vy(z2) £ ”NTr Ry (2)Tn(z). Similar computations give

[ . _ _ < _
N (Rn(2) —Tn(2) = (an(2) = 6n(2) 20N (2) + (@n(2) — ON(2) Un(2),

sy~ a g Ry(2)ByBNTN(2) . P =
with @iy (2) = FTr Trodn )+ otn @) and 0y (2) = 5 Tr Ry (2)Tn(2). Define
o
en(z) :aN(z)—NTrRN(z). (2.19)
Since
o l+oan(z) o . - o(l-c
—TrRy(2) = —~N()—Tr Ry(2) + (—~N),
N l+oan(z) N z(l+oan(2)
we easily deduce that
_ A - [o l1+oay(z)
En@)=an(z) - =TrRy(2) =en(z) —————. (2.20)
N l+oan(2)
.. . By, Tn(2) Ty (2)B} By RN (2) Ry (2)B} . . .
Moreover, from matrix inversion lemma, 7 +1‘1’75N( 2 = Trodu (’;’) T +"(’7 I = Tic &Né’), which implies upy(z) =

iin(z). Therefore, gathering the previous expressions, we obtain the following 2 x 2 linear system

[aN(Z) —O0n@| _[un(2) zvn(@)]|[an(2)-0n(2)]  [en(2) ©2.21)
an(z) —6n(2) z0N(2)  un(?) | |an(z)-06n(2)| [En(R)] ’
The determinant associated with this system is defined by
AN(2) = (1 - un(2)* - 22 vn(2) N (2).
Bound for ¢y (2)
We first prove that
kaLPMW(l ) (2.22)
NI= 2\ m@))’ .
Of course, the same type of bound holds also for €y(z) from (2.20) .
We first consider the following useful result.
Lemma2.7.1. Forz e C\R, let (Mn(z)) a sequence of deterministic matrix such that
My (2) =Py (I12]) P ( ! )
MERETE T ma) )
Then,
Var 1TrQ()M()<1P(||)P( ! ) (2.23)
N NN = N T 2 (im g ) ’
1., 1 1
Var NTr ZvQn(2)Mpy(2)| < mPl (Iz]) P2 ( )] )

Proof. As the proofs of the two statements are similar, we just prove the first statement of the lemma. We first
remark that

QN pg
oW jn

AQN(Dpq

;
ow; iN

—Qn(2)]p,i [ZTVQN(Z)]M and —-Qn(2)]i,q [QN(RD)ZN] ), ;)
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and the Poincaré inequality (theorem 1.4.2 in section chapter 1) gives

1
Var NTr Qn(2)Mp(2)

2

6[QN(Z) p.q TE| &

<_Z NZ oW; i v
p.q )])

My (2)]g,p

1]

a[QN(z) p.q
Z . My (2)]g,
P awl N !

— E 2
< 3 [[E‘[ZTVQN(Z)MN(Z)QN(Z)]N’ +[E‘[QN(Z)MN(Z)QN(Z)Z?V]i,j‘ ]
i

C
<t [Tr Qn(2)Mp (2)Qn(2)Qn (2) "Mn(2)*Qn (2) " ENZ Y ]

C
+3E [Tr Qn(2)*Mp(2)*Qn(2) " Qn(2)Mn (2)QN () ENZ ] -

Using the resolvent identity Qx ()X NZ* =1Ij; + zQn(2) together with the bounds |Qx(2) | < ﬁ and My (2)| <
P1 (1z)) P2 (Im(z)) leads the desired result. O

To prove (2.22), we make use of a n equation involving E[Qx(z)]. Define

_ -0 1 E[Qn(2)IBy
W):—( L (—)) (2.24)
z(l+oay(z) N l+oan(2)

It is shown in Dumont et al. [17] that for all z € R,

3 ByBY,
Iy +An(2) =E[Qn(2)] (—Z(1+UTN(Z))IM+—), (2.25)
l+oan(z)

where

An(z) = AN (2) + Ao N(2) + Az N(2), (2.26)
with
A =—72 ENEL LT E 2.27
L) = s E[ Q@I E T Q) ~ ElQu(2)D) 2.27)
2
Ao n(2) = H—[E [(QN(z) EIQn(2)]) Tr ZNQN(Z)BN] (2.28)
2

A3 n(z) =— E[Qn(2)]E —Tr (Qn(2) —E[Qn(2)]) Tr ZvQn(2)By (2.29)

(1+oan(2))?

It is easy to see that the lefthandside and the righthandside of (2.25) are holomorphic matrix-valued functions on
C\R™, and thus (2.25) holds not only on R}, but also on C\R" by analytic continuation. As it will become apparent
below, the entries of matrix A y(z) converge towards 0.

The general expression of @ 5 (z) — 7 5 (z) given in [17] is complicated. However, the simplicity of the model con-
sidered in this work (matrices D and D in [17] are reduced to oI; and o) allows to derive a simpler expression.
Indeed, taking the trace on both sides of (2.25) yields

g

i BjV[E[QN(z)lBN)
N

l+oan(2)

—oen+ %Tr An(2) +2(1+07N(2) an(2),

and from the definition of 7 (z) in (2.24), we also have

o

B} EQy(2)By
N r\——mm

l1+oan(z)

) =zin(@) (A +oan(z)+ocy.
The two previous equalities imply that

Tn(z) =an(z) + g lTr An(2). (2.30)
z N
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Inserting (2.30) in (2.25) and taking the trace, we finally obtain

1 1
NTr EQn(2)] -Rn(2) = %Tr E[Qn(2)] RN(Z)%TT An(2) + NTI An(2)Ry(2). (2.31)

Since | & Tr E[Qn(2)] Ry (2)| < ocnlIm(2)| 7, to prove (2.22), itis sufficient to check that for i = 1,2,3,

1 1
NTI A NMy(2)| < FPl”Zl)Pg (2.32)

ey
IIm(2)|)’

with My (z) as in lemma 2.7.1. We just prove the result for i = 1, the case i = 2,3 being similar. Using the classical
identity QN(z)zsz\, =1y +2Qn(2) yields

0%z

1 1 2
NTI Ay N(2)Mpy(2) = E (NTI Qn(2)— [E[QN(Z)]))

l+oan(z)

Since |1+ oan(z)|"! < |z||Im(z)|"}, lemma 2.7.1 gives immediately (2.32). This concludes the proof of (2.22).

Convergence of a y(z) — O n(2)

We now prove that

an(z) —0n(2) Fra— 0, (2.33)

for all z € C*. For this, we use the system of equations (2.21) and (2.22). From the bounds developed above, we
have |Ry (@), ITn(2)|l <Im(z) "' aswell as |1+ c2cnan(2)| 7L 11+ 02cndn(2)| 7! < |z|Im(z) ! and therefore,

2 2
0“Bmax|z|
1- >]-— o
lun (2)] Im(2)?
2R lon@Ion ) < T2
Im(z)4

where we recall that Bmay = supy [Bx|l < co. Therefore, we have [Ay(2)| = (1-uy(2))? - |2* lun (2)| [Ty (2)] > §
for all z in the open set

g 2 2 2\2 4,2

B 1 B X
g:{zec+:l_m>_}ﬁ ze02+:(1_0 maxl2l ) ol 1]

Im(z)* 2 Im(z)4 Im(z)* ~ 2

Therefore, by inverting the system (2.21), we obtain gy (z) = an(z) —dn(z) — n 0 for each z € &, from the conver-
gence (2.22). But since a (z) and § y(z) are Stieltjes transforms of finite measures with support included in R*, we
deduce that gy is holomorphic on C* and |gn(2)| < IZI‘;(Cg , which means in particular that the sequence (gy) is uni-
formly bounded on each compact subset of C*. Therefore (gy) is a normal family by Montel’s theorem. If (gy())
is a subsequence which converges uniformly on each compact of C* to the holomorphic function g, then g(z) =0
for z € &, which implies g is identically zero on C*, by analytic continuation. Thus all converging subsequence of
the normal family (gn) converge to 0, therefore the whole sequence (gy) converge to 0 uniformly on each compact

of C*, which proves (2.33).

Bound for Ay (z)

We now tackle the most demanding step of the proof, namely computing a polynomial bound for |Ax(z)|~!. First,
from the definition of Ay (z), we clearly have the inequality

AN = (- lun(2))* = |2 [un ()] |5 (2)].
Applying Cauchy-Schwarz inequality (via property 1.3.1 in chapter 1), we obtain
1/2)2

AN (2)] = (1 — @ |uan @2 =122 o @] v @V |5 w2 | (2 (2.34)
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Tn(2)ByBy TN (2)"
[1+06N(2)

Ry (2)ByBy Ry (2)”
N+oan(2)?

2 2
with uy n(2) £ % Tr U, N(2) & 5 Tr ,and

A 02 * A 02 *
v,n(2) = WTI Tn(2)Tn(2)", vy N(2) = WTr Ry (2)Rn(2)7,
2 2
~ N = ~ * - A0 ~ ~ %
U1,n(2) = WTF Tn(2)Tn(2)", Uo N(2) = NTI Ry (2)Rn(2)".
For the remainder, we define
MN@2E(1-u§@) -2 N@ TN and Ay n(2) 2 (1- uyn(2)) = 22 Vs N (2) TN (2).

The following two lemmas are dedicated to study separately polynomial bounds for |A;, ~(2)| ! and [Ag, N@IL.

Lemma2.7.2. ForzeC™,
A1n(2) 7t =Py (2] P2 (Im(2) 7).
Proof. Using the formula Ty (z) - Ty (2)* =Ty (2) (T&* - TN(z)) Tn(2)*, it is easy to see that

m(z)

Im (6 x(2)) = up, N (2)Im (S (2)) + v1,5(2)Tm (26 5 (2)) + V1N (2).

with ) y(2) 2 S Tr w and v, §(2) 2 STr Ty (2) Ty (2)*. Similarly, we obtain
’ N [1+0bn(2)]| ' N
z 9 - _ = (2) .
Im (26 n(2)) = |21° 01,8 (2)Im (6§ (2)) + i, N (2)Im (265 (2)) + i, N (2).
L 2 Ty (2)ByBnTN(2)* - 2 s ~ ¥ . .. Tn(2)B, By Tn(2)
with iy £ UN% and 01 n(2) £ % Tr Tn(2)Tn(2)*. From the identity I:V(’;N(Z) = 1+A¢1761:]\,(Zz) , we deduce
u1,n(2) = i, n(2), and thus we have the following system
mOn@) | _| wn@  nin@] ] ImOyE) | ImE) a2 (2.35)
Im(26n5(2)] ~ |1z 01,n(2)  ui,n(2)] [Im (26N (2) N @) ‘

whose determinant is exactly A} y(z). From Cauchy-Schwarz inequality,

2 0_2

N2 = T Ty (2)Th(2)* = —— [Tr T (z)|2>i|5 (z)|2>i1m(5 (2)%>0
1,N N N N —MN N _CN N _CN N )

for ze C*, since §y is a Stieltjes transform. Thus, we can rewrite the first equation of the system (2.35) as

Im(n(2) Im(z)
v1,n(2)

Im (265 (2)) = (1 - u1,n(2)) v1,n(2).

Mixing with the second equation, straightforward computations yields

v1,n(z)  Im(z)
Im 6 n(2)

AN @) = (1-u N (D) - 220N (2) TN (2) =

Since |1+ 06 n(2))| = olm(6n(2)) >0 for ze C7, it is easy to see that

on(2) on(@)* o . -1 « e1-1
1+06N(z)_1+06N(z)*_NTI([BNBN wy(@] " - [ByBy -~ wn ()] )

v1,n(2)

= (wn(2) — wn(2) )m,

with wy(2) £ 2(1+ 065 (2))(1+ 08 n(2). This implies Im (5 v (2)) = Im (wy (2)) 222

and

. Consequently, Im(wp(z)) >0

Im(z)

_— (2.36)
Im (wpn(2))

A n(2) =



2.7. APPENDIX 43

With this expression, it is easy to compute an upperbound on Ay, ~(2)7L. Indeed, from the relation between 8 y(z)

and 6 y(2), we can rewrite wy(z) = z(1 + 06 5 (2))2 — 02(1 — cn) (1 + 08 5 (2)). Since & 5 (2) is the Stieltjes transform of
OCN
Im(z)

the finite measure ocy iy, we have [0y (2)| <
this bound in (2.36), we finally get

for z € C*, which implies that |wy (2)] < Py (I2]) P2 (ﬁ) Using

1
AI,N(z)‘lsPI(lzl)PZ( )
Im(z)

We now turn to a polynomial bound concerning A, n(z).

Lemma 2.7.3. There exists two polynomials Qy,Q with positive coefficients, independent of N, z and a set

R
gN_{zea: -7 Q2D Q| | > 0p

such that up n(z) <1 and

1
Ayn(2) ' <Py (I2]) P, (—)
Im(z)

foralllarge N and z€ &y.
Proof. From (2.22) and (2.20), we have

an(z) = %Tr Ry(2) +en(2) and @y (2) = %Tr Ry(2)+én(2),

with e (2)],16n (2)] < 7Py (12 P k- Using Ry (2)~ R (2)* = R (2) Ry (2) ™ ~Rn(2) IRy (2)* and 2R (2) -
Z*Rn(2)* = |zIRn(2) (2 *Ry(2)™* - 27 'Ry (2) )Ry (2)*, we get

[Im(aN(Z)) _| wn@  vn@][Im(an(2) | Im@) [von(2) L[Im(ezv(Z)) 2.37)
Im (zan(2) 21202, n(2) o, N(2) | |Im (2@ (2)) o |uzn(2)] N2 |Im(z€n(2) '
2 Ry(2)ByByRy(2)* Ry (2)B} B Ry (2)

with @i, y = Troan P we deduce uy (z) = @ip,y(2). The system (2.37)

is thus equivalent to

. From the identity TrodanD = Troan@’

(2)

1
vz N (2) + ﬁlm (en(2)) (2.38)

m(z)

(1-up,n(2))Im (an(2) = vo, N (2)Im(zdN(2)) +

I 1
(1-up,N(2)Im (zdn(2) = |z|? U,y (2)Im(a y(2)) + Uz, N(2) + ﬁlm (z€n(2)) (2.39)

Since ay(z) and @y(z) are Stieltjes transform of finite measure with support included in R*, and |vy y(2)| =
# |%Tr RN(z)|2 > 0 (similarly to v;,n(2) since %Tr Ry (z) is also the Stieltjes transform of a finite positive mea-
sure), we obtain from (2.38),

Im(z) 1
(1-up,n(2)Im(an(2) > V2, N(2) — NZ len(2)]. (2.40)
We now prove that there exists 7 > 0 such that for all large N,
I 2.2
v (2) = 0N (2.41)

64(n2 + 22?2

We rely on theorem 2.4.1 and remark that the sequence of probability measures (uy) is tight. Therefore, it exists
1 > 0 such that infy uy ([O,n]) > % From (2.22) and the convergence (2.33), we deduce A%ITr Ry(z)—mp(z) =N 0
for all ze C*. Since ﬁTr Ry (2) is the Stieltjes transform of a probability measure &y carried by R*, this implies

EN— N Nw 0 and thus ¢ ([0,7]) > 1 for all large N. Therefore,
—00
o dén () dén() oenén (10,71)
—TrR = = I >1 —_—
[ R =oev| |, S| 2oanima || G = me =y
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which implies (2.41). Going back to (2.40), we get the following bound

I 3 1 1
m(@)7oen —Pluzan(I ())

(1 - uz,N(Z)) Im (apn(2)) > W N2

Define

Im(z)30cy 1

— +. e, 1
éal,N = {Z€ c": 64(1]2+ |Z|2)2 NZPI (|Z|)P2 (Im(z)) > 0}.

Remark that this set can be written as

_ oo L 1
éaLN—{ZEC 01 N251(|Z|)Sg(lm(z))>0}.

with S;,S, two polynomials with positive coefficients independent of N, z. Notice also that 1 — uy n(z) >0 on &y,
for all large N. Rewriting equation (2.38) as

Im (zay(2)) = Im;z) B Im(eN(z)))

((1 —up,n(2)) Im(an(2) — 7

V2, N(2)

and inserting into (2.39), we get

I
Ao N(2) = ! ( V2. (2 miz) +(1-up,n(2))

Im(en(2)) N Im(zézv(z)))
Im(an(2) o N2 ’

V2, N(2) N2
which implies the bound

Ar N(2) =

Ly@ Im@ 1 (|eN(z)|+,, (z)|z€N(z)|)
o Im(an(z) Im(ay(z)) N2 2,N N2

. 2 Im(2)202
for z € & and for all large N. Using the bounds Iml(r;‘fvz()z)) > 11;122 , UaN(2) = GT((HZZ)% and the fact that e 5 (z) and

€n(z) are polynomially bounded ((2.22) and (2.20)), this lead us to the bound

A ()>—Im(Z)4UCN (1—i5 (1z)S ( ! ))
2N = a2+ 1222 U N2 2 iy ) )

for all large N, with S;, S; some polynomials with positive coefficients independent of N, z. Define the set

& —{zec+-1— 1S(|z|)§( L )>1}
2N~ TNzt \m)) ~ 2["

Define also the polynomials Q; =S; + V25, for i = 1,2 and the set

R
(g)N—{ZEC 01 N2Q1(|Z|)Q2 Im&) >0p.

Therefore, one can easily check that & < &1,y N &2, v, which concludes the proof. O

End of the proof of (2.17)
We finally use the above results to tackle the proof of the convergence (2.17). We recall that

A n()=(1- M1,N(Z))2 ~Z2niN@ D n(2) and Ay n(z) = (1- Mz,N(Z))2 — 22 s N(2) Do, N (2),
by definition and that the bound (2.34) states that
1/2)2

AN @1 = (1= i @] o @) =122 018 [on @] [in @] 0,020 (2.42)

It is easy to check that for nonnegative real numbers x;, s;, #; (i = 1,2) with x; <1 and (1 — x)2—s;it;=0fori=1,2,
we have

(- Vx132)? = Vsis2616 > \/(1—361)2—51 tl\/(l—x2)2—32t2.
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From lemmas 2.7.2 and 2.7.3, for z € &, we have u; ny(2) <1, uz n(2) <1, Ay n(2) >0 and Ay n(2) > 0. Thus, from
(2.34), we get [An(2)] = /A1, n(2)y/A2,n(2) and consequently, using the polynomial bounds in lemmas 2.7.2 and
2.7.3, we immediately deduce that

AN <P (|z|)P2( ) (2.43)

Im(z)

2 2
0 Bmaxlzl

for all large N and z € &y. By inverting the system (2.21) and using the bound |uy (2)| < T lvn(2)] < ﬁ

2
~ = .
and |7y (2)] < Tz’ We obtain

1
lan(2) - 06N (2)] = FPI (|Z|)P2( ) (2.44)

1
Im(z)

for z € &y. On the other hand, for z € C*\&y, we use the trick of Haagerup & Thorbjornsen [22] and we have
1< le (12D Q2 (Im(z)) and consequently

1 20
|Im(2)| N2 Im(z)

lan(2) —On(2)| =

1
Qi(lz I)Qz( (z))

This concludes the proof of (2.17).

2.7.3 Proof of theorem 2.2.3

The proof borrows several results from the proof of theorem 2.2.2, given in appendix 2.7.2. In this appendix, P;, P
will be a generic notation for polynomials independent of N wit positive coefficients. Their value may change from
one line to another.

We first begin with the equivalent of lemma 2.7.1.

Lemma 2.7.4. Forz e C\R, let (Mn(z)) a sequence of deterministic matrix such that

IMpy(2)l = Py (IZI)Pz(|I i )I)

and (dy,n), (d2,N) two sequences of deterministic vectors such thatsupy [ld;,n|l,supy lldz, N || < co. Then,

Var|dj yQn (IMy (), v] = P12 P2 ( m()] )

* * 1
Var [d] yZyQn(2)My(2)da,v] < NPI (|Z|)P2(|Im(z)| )

and

@)
Tm(z)| )

Proof. The proof is based on straightforward computations similar to lemma 2.7.1, and is therefore omitted. [

1
Var [ (d},Qu(2)dy)’ ]s P1 (12]) 2(

We now prove that
* * 1
[E[d] yQn(2)d2,n] - d] T (2)do | < a1 (12D P, ( = )|) (2.45)

Using equations (2.25) and (2.30) in appendix 2.7.2, we have for ze C*,

2
E[d] yQn(2)d2,n] = d] yRN(2)da, N +d] yAN(2)RN (2)d2, v +E [d] yQn (2)RN (2)d2 N] %Tr An(z).  (246)

The arguments used in appendix 2.7.2 to bound the terms involving matrix Ay(z) lead to

1
—TrA
’N rAn(2)

1
< FPleDPZ(IIm(z)I)’
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and therefore the third term in the righthandside of (2.46) is also bounded by N~2P; (|z[) Pz(
arguments also allow to handle the second term. Indeed,

_1
‘Im(z”). The same

1/2

1 1
|d; yA1N(DRN(2)dz,n| <Py (12) Py ( TE )Var (4] yQv (RN (@)dz,v]"* Var | = Tr Qu(2)

’

and using Cauchy-Schwarz inequality, lemmas 2.7.4 and 2.7.1, we obtain

1 1
|d} yALN(2RN(2)d2,n| < 3/2P1 Iz z(llm(z)l)'

The terms d \A; n(z)Ry(2)dz y for i = 2,3 are bounded with similar arguments. Therefore,

|E[d} yQn(2)d2,v] —d] yRy(2)d2 v | < 3,2P1(I 2l) 2( 2.47)

@)
Im(z)| )"
We now handle the difference di N BN (2) —Tn(2))dy,n. For this, we write the usual identity Ry(z) — Tn(2) =
Ry (2) (Tn(2) "' =Ry(2) 1) Tn(2) and obtain

dT,N Ry (2) -Tn(2)do, N =

o(an(z)-6n(2) X
(1+0’6N(z))(1+0aN(z))d1 VRN (@BNBLTN (2)da,n + 02(@N(2) - On (2)d] yR(2) T (2)do, N

From theorem 2.2.2, it holds that

1 1
lan(2) -0n(2)| = — P1 (|Z|)P2( )
[Im(2)|

for all large N. Using @n(z) = an(z) — z7lo(1-cy) and SN(Z) =8n(2) -z to(1 - cp), we also have

|an(z) -6 (z)|<iP (|z|)P( ! )
N N —N2 1 2 IIm(z)I »

which implies

1 1
|d1N(RN(z) TN(Z))d2N|< — P12zl z(llm(z)l)'

This concludes the proof of (2.45).
The last part of the proof is dedicated to prove that

|d} yQN(2)d2, N —d] yTN(2)da N | 2,0,
N—oo

for all z € C\R. From (2.45), it is sufficient to prove that,
d; v (Qn(2) —E[Qn(2)) do,y ——0,
’ N—oo

for all z € C\R, or equivalently for all z€ C* since Qn(z*) = Qn(2)*. Obviously, we have

E[d] 5 (Qn(2) ~EIQu @D da | = |E[(d] y @n(2) ~EIQu@N do )| | +Var|(d] y Qu(2) ~ElQu @D da )],
<Var[d]  (Qu(2) ~E[Qu(2)]) dz,v ]+ Var | (d]  Qu(2) ~ElQn (2D dan)° .
Using lemma 2.7.4 and Borel-Cantelli lemma, we deduce that for z € C*, the convergence
d; v Qn(2) —E[Qn(2)Dd2,n =0

holds on a event of probability one Q,, depending on z. We now prove that it exists an event of probability one Q
on which the previous convergence holds for all z€ C*. Let (z;) a dense sequence in C*, and define Q = Uy Q.
Fix a realization in Q. For z € C*, there exists a subsequence (z,) such that |z — zg, | < %, and thus

|d} v (Qn(2) —E[Qn(2)]) da v
< |d1 N QN(Z) QN(Zkl ))dy N| + |d [E[QN(ZICI)] - QN(Z) 1)d> N| + |d1 N QN(Zkl [E[QN(Zkl)])dzle
lz =z, |

< |d} v (Qn(zk) —E[Qn(zt)]) don| + Idy nlllIda,n m
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Therefore,

1supy lldi,nllidz Nl
I Im(z)Im(zg,)

limsup |d y (Qn(2) —~E[Qn(2)]) d2,n| < (2.48)
N

which goes to 0 by taking the limitin /.

2.7.4 Proof of theorem 2.3.1: 0 does not belong to the supportifcy <1

In order to establish that 0 does not belong to the support .#y, we show that it exists ¢ > 0 for which ux([0,x]) =0
for each x €]0, e[. To show this, we will consider the function h(m, z) defined as

BNBTV )
1+02cym

1 -1
h(m,z) = A—/[Tr(—z(l +oleymIy+02(1 -y +

Observe that the equation m = h(m,0) is equivalent to

-1
1 2 By B?v
m=—Tr|{c"(1-c\y)Ipy+————
M NM T o2 cNm
Now, the condition ¢y < 1 implies that the function m — w is decreasing on R,. Therefore, the equation

m = h(m,0) has a unique strictly positive solution denoted . Next, we will check that

1 oh =0
0mlimy0)
Indeed, observe that
6]’1 O'ZC 1 BNB* BNB* -2
— — N iy N (UZ(I—CN)IM+—N) ,
am (mp,0) 1+UZCNmOM 1+UZCNm0 1+026Nm0

so that

-1
ByBYy o?cnmy
= <1,

oh 2 1
TN _ 1y (02(1 — ey +

0m |0y 1+02cnmg M 1+02cymy)  1+0d%cnmg

as required. Hence, the implicit function theorem implies that there exists an open disk centered at zero with
radius n > 0 denoted 2(0,7), and a unique function 71(z), holomorphic on 2(0, ), satisfying 171(0) = m( and such
that

m(z) = h(m(2), 2)

for | z| < n. Evaluating the successive derivatives of function z — h(m(z), z) at the origin, one can check that for each
1=0, m\"(0) is real-valued. Since mq > 0, there exists a positive quantity €, 0 < € < 1 such that m(x) is real-valued
and m(x) > 0 if x €] —¢,€[. On the other hand, it can be readily checked that if x < 0, the equation m = h(m, x) has
a unique strictly positive solution. Now, for x < 0, my(x) is strictly positive, and satisfies this equation. Therefore,
it holds that mpy(x) = m(x) for —e < x < 0. Since the two functions my and 7 are holomorphic on 2(0,¢)\ [0, €]
and coincide on a set of values with an accumulation point, they must coincide on the whole domain of analicity,
namely 2(0,€)\[0,¢e]. We recall that for 0 < x <e€, un([0, x]) can be expressed as

X

1
un(0,x])=— lim Im(my(s+1iy))ds.
T y—0,y>0Jo

Therefore,

1 X
un(0,x]) =— lim Im@m(s+iy))ds.
T y—0,y>0Jo

As m is holomorphic on D(0,¢), the dominated convergence theorem implies that

1 X 1 X
— lim Im(m(s+iy)ds= —f Im(m(s))ds =0.
7 y—0,y>0Jo T Jo

because m(s) € Rif s € [0, x]. This establishes that ([0, x]) = 0.
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2.7.5 Proof of property 2.3.1: lower bound for my(z)

It is shown in [15] that Re (1 +omp(z)) > 0. We rewrite here the proof and improve the bound. We use here the
notations introduced in the proof of theorem 2.2.2 in appendix 2.7.2, as well as some results. In particular, doing
similar computations as for the system of equations (2.35), it is straightforward to obtain the following 2 x 2 system

Re(1+0dN(2))
Im(1+0dn(2)

Re(1+0dn(2))
Im(1+0dn(2))

u1,N(2) —Re(2)vy,n(2) Im(z) vy, n(2)
Im(z) vy, N (2) ui,n(2) +Re(z) vy n(2)

)

L
0

where u;,y and v; y are defined in appendix 2.7.2 by

0%  Tn(2)ByByTN(2)" o?
up n(z) = —Tr and v n(2) = —TrTny(2)Tn(2)".
LN N L+ oon (D LN N N(2)Ty

The determinant of the above system is (1 — u; y(2))? — |z|? v1,5(2)?. In appendix 2.7.2, we have defined
ALN(D) = (1- w,n(2)° =12 01 N () 1 N (),

with 7y n(2) = ”—;Tr Tn(2)Tn(2)*. Moreover, with the usual identity

zZTN(2) — 2" Tn(2)" = 2T N(2) v TNZ(Z) Z*Tn(2)",

Z*

it follows that

- - I
Im(z8n(2) =Im (S n(2) 12° v1,n(2) + Im (28§ (2)) ur, N (2) + m(z) uy,n(2).

But from the system (2.35) in appendix 2.7.2,

< - < I
Im (28N (2)) = Im (O n(2)) 12* 71,5 (2) + Im (26 5 (2)) ur, N (2) + ) u1,N(2).

(2.49)

From the very definition of 5N(z), we have Im(ng(z)) =Im(zd y(z)) and the two previous equations give 7 n(2) =

Im(6n(2))
Im(On(2)

v1,n(2). Using the relation between vy, (z) and 71, n(2), we get

o(1—-cn)Im(z)

_ 2 2 - _ 2 2 2
AN =(1-uN(2) —zI7v,N(2) 01,8 (2) = (1 - ur, N ()" — |zl v, N (2)7 |1+ PImGn) )
and from lemma 2.7.2 in appendix 2.7.2, we have A; y(z) > 0 for z € C*, which implies

o(1-cn)Im(2)vf
212 Im (0 n (2))

(- u,N(2)% ~ |21 v1,§(2)% >

forall ze C*. Since vy, n,Im( n(2)) > 0 for z € C* (see appendix 2.7.2), we deduce
(1 - u,n(2)* =2, N(2)* > 0.
Therefore, by inverting the above system (2.49), we obtain

Re(1+00n(2) = 1-wu,N(z) —Re(x)vy N(2) 1
N - n@2—2Pin)? ~ 1-uN @) +12lvn(2)

1
==,
2

the lastinequality following from 0 < |z|v, n(2) < 1—uy,n(2) < 1. The extension to C~ comes as usual from 0y (2)* =
dn(z*) and the extension to the real axis is straightforward by the continuity of my(z) when z — x € R, described

in section 2.3.

2.7.6 Proof of property 2.4.1: function wy
In this appendix, we prove the different items stated in property 2.4.1.

e ITtem 1 is trivial from the properties of my stated in section 2.3.
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e Item 2 is proved in [15, Th.3.2].

e Since Re(1l + o%cymp(z)) > 0 for all z € C (see property 2.3.1) and my(z) satisfies equation (2.4) for all z €
C\0Hy, it is easy to see that

mpy(z)

m = fn(wn(2), (2.50)

or equivalently that 1 — UchfN(wN(z)) = m
we obtain ¢y (wy(z)) = z which proves item 3.

Plugging this equality into the expression of wy(z),

¢ For item 4, by differentiating (2.50) on both sides, we obtain for x € R\0.%y;,

iy (%)

l / =
wN(JC)fN(wN(x)) - (]_+O'2CNmN(x))2,

and w), (x) > 0 follows by noticing that f},(w) >0 on R\{A1 n,..., Ay, n}, my(x) € R and m),(x) > 0 (by differ-
entiating the integral representation of my) for x € R\.#y. By taking derivatives with respect to x € R\.¥y on
both sides of the equation ¢y (wn(x)) = x, we see that

Wiy ()P (wn(x)) =1.
Thus, ¢§V(wN(x)) > 0. Finally, item 3 and property 2.3.1 implies 1 — o2 ey fv(wn(x)) >0, for x € R\Hy.

* We now handle the last item 5. Let x € Int(%y). Using (2.50) and taking imaginary part on both sides, we
obtain

Im(my(x))
11+ 02cympy(x))?

1 * - * * -
= Im(wn (1) 1 Tr (ByBY — wy(0)1y) ' (BNBY - wn () Ty)
But,

1 % -1 * * -1
7 (BNBy — wn(0)Im)  (BNBy— wn () 1y)

1
MIAkN—wN )12

12
< || BBy - wyeon) | =
Equality (2.50) also shows that wx(x) € {11,n,...,Am, N} and thus Im(wpy(x)) > 0 if Im(my(x)) > 0. On the
other hand, assume Im(wy (x)) > 0, then my(x) ¢ R, otherwise we would have wy(x) = x(1 +02cympy(x))% -
o2(1=cny) 1+ a2eymp(x) €R.

2.7.7 Proof of property 2.4.2: increase of the local extrema of ¢

We will prove a more general property, namely if w,, w, are two critical points of ¢ (i.e ¢y (w;2) = 0) such that

1-¢? cn fn(wy2) >0, then ((pN(wl) - ¢>N(wz)) / (w2 — wy) is always positive. We denote by ¢, and ¢, the quantities

¢n(wy) and ¢y (w»), and we define h,, =1 — UchfN(wn) so that we can write ¢, = wnh‘:‘, +0%(1—cn)hy,, nefl,?2).
Using direct substraction of the expressions of ¢; and ¢, we can write

hy —wrh ho—h
d) le (h1+hg)w+0'2(l—clv) 2 ! —hyhy.
wo — W — Wy Wy — w
Consider now the following inequality
2 M A M A M A
2 k,N 1 Z k,N kN L Z kN S 2.51)
M & AN —w1) (A, N — w2) M = Agn—w1)? M A n—ws)
which can be readily obtained by noting that
2
| M 1/2 Ao )12
vy () () > (2.52)

M D (/1kN wy) (Ak,N_WZ)
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Using the definition of k; and &, we can readily write

AN
wy — wy = Ay — w1) Ay — w2)’

thz—wlhl 0' CN

Ms

and hence the inequality in (2.51) is giving us

(I) (pl > (h h GZCN / /
B (hy + hy) 1—T(fN(w1)+fN(w2)+w1fN(w1)+wsz(wz))
B T Pl 2.53)
Wwo — W

where f1/v(w) denotes the derivative of fy(w). Using again the definition of #; and hy, we can rewrite the last term
of the previous expression as

M

1 (wy — WI)Z
+
fraw) + fy(w2) - M,CZI AN = wD)?Agn = w2)? |

hg—hl O’ZCN

Wy — Wy 2

By inserting this last equality into (2.53) and replacing fi (w) with o=2(1 — h;), we obtain the expression

b2—pr _oten(—cn) 1 & (ws — wy)? 12+ 12
wz—wi 2 M = Ay — w1)?(Ag, n — w2)? 2
o'en(l-cn) 2 hy + hy

(2.54)

o
2 [f;(/(wl)'Ff](;(wz)]—?(

w1 f(wy) + wa ff; (w2))

Now, both w; and w are critical points ¢y, so that for n = 1,2, we have ¢ (wy) = h% —20%w, f{,(wy) hy — ot (1 -
cn) fy(wp) = 0. Thus, we can write

h? + h? oten(1-cp)
—52 =0 [win fywn) + waho iy (wa)]) + === [ fiwn) + fy(wa)],
and by inserting the last equality into (2.54), we obtain
¢2— 1 - otend-cn) 1 Y (wo — w1)? a? / /
> — +—(—h — . 2.55
— 5 M 2= Gem— w2 0en— w2l 2 (h1 = h2) (w1 fy(w1) — wa fry(w2)) (2.55)
Using again the fact that ¢§V(wn) =0, we can write wnfl’\,(wn) = Zh” % fN(w") and thus (2.55) becomes
$p2-¢1 _olend-cn) 1 ¢ (wp — wy)? (1 — hz)z
wy—wy 2 M = AN — w1)? (Mg, n — w)? 4
a*(1-cp) ogt1l-cpn) h h
——N(fN W) — fr (W) + ————cn | — fa(wa) + — fr(wn)|. (2.56)
4 hy h
Clearly, we have
1 ¥ (w2 — wy)? M 1

- [fyw) + fy(ws)] =

I\_/Ik_l AN — w1)2 (A, v — w2)? Mk " (AN — w1) A — wo)’

and thus by multiplying the previous equality with 4, h; and adding h? 5 Fr(wr) + h? 1 fr(w2), we can also write

1M hy I 2

Mo\ Mgy —w1 Agn— w2

M

1
15 fr(wy) + 13 fry (w2) + Mkz1 AN — w1)? (Mg, v — w2)?

hy ha(ws — wy)?

—hihy [fy(w) + fry(w2)].

The left hand side of the previous equality appears in (2.56) as a common factor on the last two terms of the right
hand side of that equation. Hence, plugging it into (2.56), we obtain

p2—pr _oten(—cn) 1 ¢ (w2 —w1)?
wo—wy 4 M = Ay — w1)? (A N — w2)?
L ha)*  oten(l-cy) 1 X he Y
4 4hihy M\ Agn—w1 A n—w2

Finally, noting that all the terms of the above equation are non-negative, we have established the desired property.
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2.7.8 Proof of property 2.4.3: mass of the clusters

In this section, we evaluate the mass of any clusters by py, i.e the quantity p N([x;' N’ x;, N

We first give some additional properties on function wy. In particular, we show that it can be used as a proper
integration contour. The idea is to use the curve {wy(x): x € [x;y N,x:;' MU {fwy(x)*:xe€ [x;y N,x:;' N1} to perform
contour integration. The main difficulty is that wﬁv(x) becomes unbounded when x — x;], I x;  (see remark 2.4.4
in section 2.4). However, it holds that w/, is still integrable in a neighborhood of x_
property.

Property 2.7.1. Letq=1,...,Q. Then, there exists a constant C > 0 and neighborhoods V(x;y N 7/(x:7’, N of respec-

N xt 2N 3 stated in the following

tively XoN and x{; W Such that,

-1/2

Wi+ ipl = Cle=xgn| T Vaxiye Vg Vgl (2.57)
-1/2

le’v(x+iy)|SC'x—x:;’N’ Vx+iy€7/(x;,N)\{x;'N}. (2.58)

Proof. This property is a straightforward consequence of the results obtained in Dozier & Silverstein [15, Sec. 4].
We prove the result only for X n the arguments being similar in the other cases. Moreover, since w}v(z*) = w}v(z) *
we only consider z € CT UR.

An elementary analysis of function ¢y (see property 2.4.2) shows that the equation ¢n(w) = x] \ has at least
two solutions in each interval (0, Ap/—x+1,n) and Apr—x+k, N> Av—k+k+1,8) for k=1,...,K—1, and one solution at
point wy ,, < 0. Since the equation ¢y (w) = x; y is a polynomial equation with degree 2K +2 (see remark 2.4.3),
it remains one real solution. The solutions of ¢ (w) = x being continuous functions of x (see theorem 1.3.2 in
chapter 1), we deduce that w; , is necessarily a double solution, i.e w; ; is a zero of ¢y (w) — x] , with multiplicity
2. Since wy \ is a the preimage by ¢ of the local maximum x| , it follows that ¢ (wy \) <0.

Therefore, local inversion theorem implies the existence ofa biholomorphism 1 (i.e. an holomorphic bijec-
tion with holomorphic inverse) defined on a neighborhood of wy y to aneighborhood of 0 such that v N(wpN) =0
and

Pn(w) - x7 y =yn(w)°.

Since wy(z) — wy N when ze Ct — Xy We obtain z — XN = 1//N(wN(z))2 for z € C* in a neighborhood of X] N
Consider the principal branch of the square root. Without loss of generality, we set , /z— x| y = ¥n(wn(2)) for

z ¢ C" in a neighborhood of x| . Since yy is invertible in a neighborhood of wy ,, the last equality rewrites

wy(z) = w&l (, [z—x] N) and by taking derivative, we obtain
1
2\ /2= X Ny (‘Vﬁl (\/ Z=Xy, N))

for all z¢ C* in a neighborhood of x, - Moreover, ¥ N(wl ) # 0 since yy is invertible in a neighborhood of wy .
Therefore, we obtain the following bound

wy(2) =

C
lwi@)| s ——,
z— xlN‘

for all z¢ C* in a neighborhood of X with C > 0 a constant. For z=x+ iy, we get

¢
N

and since limy|o w), (x +iy) — w,(x) for x ¢ 0.%y (see remark 2.4.2 in section 2.4), the bound is also valid for y =0
and x # x;, N~ in a neighborhood of x; n-. This concludes the proof. O

|wy(x+iy)|=

We now use this property to perform contour integration by using wy. We first define the set

Can 2 {wn () 1 x € gy, x5 1 u{wn (0" s xe gy, x5 v}
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Lemma 2.7.5. 6, y is a continuous closed path such that €4 N NR = {w; NG w:; N}. Moreover, the integral

;‘N * ! *
o glwn(®))wy(x)"dx (2.59)

q,N

N x;’N , X
j{+ g()L)d)L:ff g(wN(x))wN(x)dx—f
%q,N Xon X
is well defined for all functions g, continuous in a neighborhood of €4 n, where ‘zo”; N means that € N is counter-
clockwise oriented. In particular,

Inde, (S

L 1 }{ da {1 ifs € (wy ny wy y) (2.60)
€

T omi ne—A o ifég[w;,N,w;,N].
Proof. From the results of section 2.4, we know that

e 1wy is continuous on R,

q

+ +

o wN(x;'N) =W,y and wN(xq’N) =Wy n»

+

e Im(wpy(x)) >0forxe (x;,N,xq,N).

This implies that 6,y is a continuous closed path enclosing (w; N w:; n)- The integral (2.59) is well defined from
property 2.7.1. Finally, one can easily check that basic properties concerning the winding number are still valid in
the context of contour 6, y, which implies (2.60). O

Lemma 2.7.5 is basically pointing out the fact that w defines a valid parametrization of a contour that will not
intersect any eigenvalues of ByBY,. In particular, we can check that all the results concerning integrals over piece-
wise continuously differentiable paths are still valid with 6 v, especially the residue theorem. If g is a continuous
function in a neighborhood of 6, y such that g(1*) = g(1)*, we notice that

1 x;,N
A)dA = —
gdr=— [

YN

— Im (g(wn(x) Wy (x)) dx.
i b (g(wn () wy ()
q,N
where 6\, means that the contour is clockwise oriented.
With the previous results, we are now able to prove the result of property 2.4.3. From section 2.3, uy is abso-

lutely continuous with density 7~ Im(my(x)). Therefore, it holds that

1 ,
BN ([ n X N1 = ~im (fx_qN mN(x)dx). (2.61)

q,N
In order to evaluate the righthandside of (2.61), we rely on lemma 2.7.5. From property 2.4.1, we deduce

fnv(wn(x))
1-02cenfn(wn(x)

my(x) = Vx e R\OHy.

Moreover, from remark 2.4.2, we have w;V(x)¢§V(wN(x)) =1lon (x;y N x:;' N). Consequently, we get

x+

1 :
N (1 o X ) = —Im(f "
XD = Im| f

q,N

gn(wn(x) w}\,(x)dx) , (2.62)

where gx(A) is the rational function defined by

v
1-c?enfn(d)

gnvA) =

4 1-— / /1
:fN(/D(l—UzCNfN(/l)—2020wa1’v()L)_U on (1= en) fy( ))

1-c%enfn(d)

In order to justify the existence of the integral at the righthandside of (2.62), we prove that gy(w) is contin-
uous in a neighborhood of 6, . This is a consequence of the properties of function wy described in prop-
erty 2.4.1 in section 2.4. We first note that the poles of gn(w) coincide with the eigenvalues of ByB}, and the
real zeros Z(;—,N’ZI_,N""’ZI_(,N of 1-— ochfN(w) (see property 2.4.2). As wy(x) is not real on (x;’N,x;yN), x —
gn(wpn(x)) is continuous on (x;’ er;, n)- The continuity at x;v y and x:;’ y follows from w;} N = wN(x;' N) and
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w; N = wN(x;, N which do not coincide with one the poles of gn(w) (see again property 2.4.2). Therefore, it
is clear that uN([x; N x:; N)) can also be written as

1
(X, N X, ])=—.j§ (M)dA.
HNUXg N Xg N1 =5 "O?,NgN

The integral can be evaluated using residue theorem and we give here the main steps of calculation. Since €4, n
only encloses (w; N w; N (lemma 2.7.5), we will have residues at the following points:

e for g = 1: residues at zo, v, 0 and zg, n, A pr—x+k,n for k € F,
* for g = 2: residues at zy, y, Ap— x4k, N fOr k € Iy,

where 9 is defined in (2.14). We consider the decomposition gy (1) = g1,n(A) + g2,n (A1) + g3 n(A), with

g = v (1-o?enfv (D),
g.n () = —20%cn A fy (M) fry (D),
N ()

[ 4 - T 2. 4~
g3,N(/1)— o en(l CN)l—UZCNfN(M.

..........

tedious but straightforward calculations, we finally find that for k € {1,2,...,K},

1 +202<:N 1
M M2 l;sk/ll,N_/lk,N,

Res (g1,N AM-Kk+kN) = —

20%cn 1
Res (g2, vy AM—k+k,N) = — ,
( - ) M2 I#k /ll,N - Ak,N
1- CN
Res (g3, Ny AM-k+kN) = — .
CN
For the residues at 0, we get
Res(g1,n,0) M- +20° M-K1 i !
1N, 0)=— N —) —,
M i3 AN

Res(go,n,0) = —20°cn

1-cyn

Res (g3 n,0) = — .

IZCN . Using these evaluations, we obtain

Finally, the residues at z;,  for k =0,..., K are given by Res(g3 v, zk,n) =

immediately that if g = 2, then, N
BN (X n» x;,N]) =— ) [Res(g1,n:Am—k+kn) +Res (82N Avi—k+k,n) + Res (83,8, Av—k+k,n) + Res (85,n, 2k, n) |
kegq
_ 17l
=
Ifg=1,
JS{(ENE XIN]) =- Z [Res (81,8, AM—k+k,n) + Res (82N, Av—k+k,n) + Res (83,8, Av—k+k,n) + Res (83,5, 2k, ) |
kE]l
— [Res(g1,n5,0) +Res(g2,n,0) + Res(g3,v,0) + Res (g3,n, 20, ) ]
Al MK
M M’

which concludes the proof.



54 CHAPTER 2. ASYMPTOTIC SPECTRAL DISTRIBUTION OF COMPLEX GAUSSIAN INE PLUS NOISE MODELS

2.7.9 Proof theorem 2.5.1: support in the spiked model case
Preliminary results on perturbed equations

We first state two useful lemmas related to the solutions of perturbed equations. They can be interpreted as ex-
tensions of lemmas 3.2 and 3.3 of [7]. In the following, we denote respectively by 2,(z, 1), 2.(z,r) and €(z,r) the
open disk, closed disk and circle of radius r > 0 with center z. Moreover, in this paragraph, the notation o(1) de-
notes a term that converges towards 0 when the variable € converges towards 0. The first result is a straightforward
modification of [7, lemma 3.2]. Its proof is thus omitted.

Lemma 2.7.6. For each ¢ > 0, we consider h¢(z) = h(z) + y.(z) with h, x. two holomorphic functions in a disk
Do(20,70). We assume that SUp ;g (7, ) |Xe(@) = 0(1). We consider zp = zo + 6 with 6. = 0o(1). Then, 3¢g >0
and r >0 such that for each 0 < € < €y, 29 € D, (20, 1) and the equation

z2—2z0c—€he(2) =0,
admits a unique solution in 9,(z, r) given by

Ze = 20,¢ +€h(2p) + 0(€).

Moreover, if we assume that zo € R, h(z) € R for z € R, and that for € small enough, zo € R, he(z) € R for z € R, then
zZe € R.

The second result is an extension of [7, Lem.3.3] to certain third degree equations. The proofis given at the end
of the section.

Lemma2.7.7. Foreache>0andi=1,2, weconsider h;.(z) = h;(2)+);(2) with h;, x; . holomorphic functions in a

disk Do (20, 10). We assume that hy (z9) # 0 and thatsup eq, (o) |Xie(@)| = 0(1) fori=1,2. We consider zy ¢ = zo + 0
with 6. = o(1). Then, Ieg > 0 and r > 0 such that zo. < Dy (29, 1) Ve € (0,€0) and the equation

(z— zo,‘g)3 —€(z-20¢) h1e(2) +€°hpe(2) =0
has 3 solutions in 2,(zo, r) given by

zo = 20— VeV (z0) +o(Ve),  zl =zpe+ VeV hi(z) +0o(Ve)

and

where /. is an arbitrary branch of the square root, analytic in a neighborhood of hy (zy). Moreover, if we assume that
° z20€ER, hj(2) eR for zeR,
e fore small enough, zo €R, h;(2) €R for z€R,

then z. is real. Moreover, if hi(zp) > 0 then z,, z: and z. are real while z;, zg' are non real if hy (zp) < 0.

Study of the support

We now identify the clusters of the support .4y, and evaluate the points x a er;, yforg=1,...,Q. From theorem
2.4.1 in section 2.4, these points coincide with the positive extrema of function ¢ (defined in (2.10) section 2.4).
Therefore, we first evaluate the real zeros of ¢ (w) = (1-0?cy fy (W))? —20% ey w fr, (W) (1 -0 ey fy(w)) —o* en(1—
cN) f]’v(w). Straightforward calculations give

1 1
Ply(w) = NNW) + T2 N W)+ 5 s N W) |

w? [T5_; A,y — w)3
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with

K

rin(w) = (w? - oey) [TAMm-k+in— w)®,
k=1

o2+ en)Ay-k+jn | & )
AM-k+,n—wW)" |,

K K
xonw) = —20%cy [ Ap—kskn—w) Y [Ajn | w? +0* A +en)w -

k=1 = 2 =1

I#]

o | & K K K ,
xaNw) =0 | Y Av—kion [ [ An—xsin = w) || Y Av—krkenBw = Apr—gieon) [ [ Ani—xi,n — w)” |
k= I= k= I=
! l#llc ! l¢l
Therefore, (/)’N(w) =0 if and only if
1 1 ~
xi,n(w) + A—/[Xz,N(w) + WX&N(LU) =0. (2.63)

Note that ¢y < 1 for N large enough since ¢ < 1. Observe that the zeros of ¢, are included into a compact interval
% independent of N (see the proof of property 2.3.1 section 2.4). Next, we claim that for each a > 0, it exists § > 0
such that

> f,

1 1
x1,n(w) + ]\—/[Xz,N(W) + WX?»,N(W)

for N large enough, if |w - 0?V/c| > a, lw+0?yc| > @, lw—yil > a, for k= 1,...,K and w € .#. This follows
immediately from the inequality

1 1
= x1,n(w)| = sz,mux - W?{&maxr

1 1
xi,n(w) + MXZ’N(W) + WXS,N(W)

where y; max = Maxye.s [xinv(w)| for i = 2,3. This shows that the solutions of eq. (2.63) are located around the
points 02\/c,-0%V¢, Y, k=1,...,K.
In a disk 2, (0 \/c, r), (2.63) is equivalent to

o LW—UZ\/EN( o) =
w-o°Vey+ M ) X2 N W)+ x5, N (W) =0, (2.64)

We use lemma 2.7.6 withe = M1, zg = 0%/, 29, = 0+/Cy, and the functions

_(w—az,/cm

he =
() x1,n(w)

1
X2,N (W) +A—/[)(3,N(w)]

and k(w) = limpy/— 400 he (W). h(w) is obtained by replacing ¢y and the (Ap/—x+k,n)k=1,...x by cand the (yr) k=1, x
in the expression of k.. Lemma 2.7.6 implies that it exists r for which equation (2.64), or equivalently equation
(2.63), has a unique solution in 920(02 V¢, r) for M large enough. This solution is given by 02\ /cN + @(ﬁ). Itis easy
to check that

dn (02\/@+@’(A—14)) :02(1+\/E)2+6’(Ai/1).

This quantity is positive, and it is easily seen that ¢/, has a change of sign in 2, (02\/c, r) for M large enough, thus
showing that 02/cy + @ (M™!) is the pre-image of a positive extremum of ¢. Exchanging 2/c with —a2/c, we
obtain similarly that it exists a neighborhood of —o?/c in which equation (2.63) has a unique solution given by
—o? VCN + @(1\_14)' Moreover,

o[-0 ) -Fa-var o (L]

so that —o2/cy + @(ﬁ) is also the pre-image of a positive extremum of ¢ .
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We now consider i € {1,..., K}, and study the equation (2.63) in a neighborhood 2, (y;, r) of y;. In order to use
lemma 2.7.7, we put € = ﬁ, 20 =i, 20, = AM-k+i,N- Itis easily seen thatin 2, (y;, 1), eq. (2.63) is equivalent to

1 1
(W= Ay-x+iN) = M(w —AM-k+i,N) e (W) + e hye(w) =0,

where

2
K 0" (1+cN)AM-Kk+kN | 4K
ZUZCNZ,CZI [AMK”C,N (wz +o%(1+ CN)W — + Hl:1 AM-Kk+1,N— w)?
1#k

hye(w) =
be (w? =t en) T, Ant—k ke, v — W)?
k#i

x3,n (W)
(w? —otcy) Hlk;i AM-k+k,n —W)3

hz,e(w) =-

We denote by h; (w) and hy (w) the limits of /; ¢ (w) and hy . (w) when e — 0, i.e. the functions obtained by replacing
cy and the (Ap/—g+k,N)k=1,.,x Dy ¢ and the (yi)k=1,. x respectively in the expressions of h¢, hye. After some
algebra, we obtain that

.....

20%cy?(yi + ZH9)
hi(yi) = T ,
y;—otc
while h (y;) is equal to
204 c?y3
ho(yi) = ————+.
2 Yl 'Y? _ 0'4C
Lemma 2.7.7 implies that it exists r such that
1 o?cy; 1
AM-K+i,N— ;i m +o0 (A_/I) (2.65)

is solution of (2.63) contained in 9,(y;, r). It is however easy to check that

2 401 _ 2
1 o°cy; +0(1)):_0 1-0¢) ( c
M

A roai N — — 1--]<0.
<PN( M-K+i,N MYy 10?5t 27 2)

Therefore, (2.65) cannot be one the points w; NG w;N. Moreover, if y; < o2 /¢, then hy(y;) <0 and (2.63) has no
extra real solution in 2, (y;,r). If y; > o%/c, then Iy (y:) >0, and the quantities

1 1 1 1
/leKJri,N_\/?VI hl(Yi)+O(\/T/I) and /1M7K+i,N+\/T/[\/h1(Yi)+O(\/T/I) (2.66)

are the 2 other real solutions of (2.63) contained in 2, (y;, r). After some algebra, we get that

dn (AM—KH',N - \/L]\_/IWJF 0 (\/Lﬁ ) =

AM-k4iN +02eN) Av-krin +02) 1 2/ mydyi-o'c) N 0( 1 )
AM-K+i,N VM Y2 VM)’

1 1
on (AM—KH',NJr \/T/IV hi(yi) + O(V_M ) =

Am-k+i,N + 02 eN) AM—k+i,N +0?) R 2/ iy (y? —otc) ‘o (L)
AM-K+i,N VM Y2 VM)

are both positive. It is easy to check that if k = K- K; +1,...,K, then, 02\/ty < Anm-k+k N for N large enough. By
noticing that ¢/, changes sign around the points (2.66), one can deduce as above that the critical points (2.66) are
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necessarily local extrema. Thus, .#y has K + 1 clusters, and for k= K—K;+1,...,K, g=k— K+ K;+1
- 2 2 1
xpny=0"(1-vcn) +@(J\_/[)’

1
xiN:02(1+\/cN)2+@’(A—4),

= Am-k+kN + 0N Ay-kekn+0%) 1 2y - oo + O(L)
N AM-K+kN VM ) VM)’
. AM-k+k,N +02CN) Ay—k ok, N +02) N 1 2y m Py -o'c) n O(L)
aN AM-K+k,N vM i VM)’

which proves theorem 2.5.1.

Proof of lemma 2.7.7

We begin by choosing r > 0 and €; > 0 such that r < ry, zp.c € D¢(z0, 1) and D (zo¢, 1) < Do (29, 10), foreach 0 <e <e;.
Let f.(2) = (z— 20,6)° — €(2 — 20,c) 11 ¢ (2) + €2 hye(2) and ge(z) = (z — 2z0,)°. Moreover, define % = SUPg, (5.1 | hi (2)]
(fori=1,2).

As SUP ze9, (z0,10) lxie(2)| = o(1), it exists €3 < €7 such that SUPg, (z9,r) |h;¢(2)] = K; (for i =1,2) for each € < €,. For
z2 € D¢(z9,1), it holds that

|fe(2) - ge(2)| < €|2— 20| | h1e(2)| + €| 2 (2)].

As zpe — zg = 0(1), it exists €3 < €, such that, for each € < €3, |z — 2o | < 2r on D.(z9, 7). Hence, for each € < €3, it
holds that \fe(z) - ge(z)| < 2erK; +€2K, on D.(zy, ). We now restrict z to € (zo, 1), the boundary of 2.(zy, r). It
exists €4 < €5 for which 2erK; +€2K; < %3 <13 =|z— z|® holds on ¥ (z, r) for each ¢ < e4. Therefore, Vz € € (2o, 1),
we have |f:(2) — g:(2)| < |g¢(2)| for € < 4. It follows from Rouché’s theorem that these values of ¢, then f; and g,
have the same number of zeros inside 9, (zy, r). Thus, for € < €4, the equation

(z—20,)° —€(z2—20¢) h1,6(2) +€* o e(2) = 0 (2.67)

has three solutions in Z,(z, r). Using the the same procedure to functions f¢(z) = (z - Zo,e)2 —€hyc(2) and g.(2) =
(z— 2016)2, we deduce that if € < €5 < €4, the equation

(z—206)° —€h1e(2) =0 (2.68)
has two solutions 2., 2} in 9, (zo, r). We clearly have |zg . — 2; | = G €'?) and |zg - Z; | = 0(1). Therefore, h; ¢(2;) —
hi(z9) = 0o(1). As hi(zp) # 0, it exists € < €5 and a neighborhood of h;(zp), containing h¢(Z; ), h1¢(zo) for each
€ < €6, in which a suitable branch of the square-root , /- is analytic. We assume that solution Z; is given by zpc—2, =
—\/E\/m As |hy(z9) — hy¢(27)] = 0(1), we have zg — 2, = —v/€\/h1(20) + 0(v/€). We obtain similarly that
20, — 2: = \/E\/ hl (Z()) + 0(\/5)

Considering again Z;, it follows that it exists €7 < € such that for each € < €7, it holds that

|20 — 25| > ‘/E—V;”(ZO) > \VeVr, (2.69)
with r' < ‘hlfl—z")'. Fore < eg < €7, we have vVer’ < r and for z € Dc(20,¢, Ver’), we get
(2= 2062 e (2)] > el e (D) - 12 - 20,6 > €(Ime(@) - 7).
It is easy to check that for each € < €9 < €g, then |1 ((2)| > 'hlé—z")' for z€ D.(zp, Ver’). Therefore,
|(z—z0,€)2—€h1,g(z)| >6(|h1(2—z())| —r') >er'. (2.70)

The inequalities (2.69) and (2.70) prove that in Z.(zo¢, Ver’), the equation (2.68) has no solution and that the
equation (z — zo,e)3 —€e(z—zp,¢) h1,¢(2) = 0 has only one solution there.
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We now study the number of solutions in 2.(zy ¢, Ver’) of the equation (2.67). Consider

fe(2) = (2= 20)° —€(2— 20,6) 1,e(2) + €% Py e (2),

8e(2) = (z— 206)° —€(z— 20.e) M1, (2).
We have | f, (z) — g.(2)| = ezlhg,g(z)l. We consider z € € (z,¢, Ver'). From (2.70), | g (2)| > (er")3'2, Therefore, for each
€ < €19 <€y, it holds that |g.(2)| > €2 hy ¢(2)| = | fe(2) — ge(2)|. Thus, from Rouché’s theorem, the equation (2.67) has

only one solution in 9, (zy ¢, Ver'), denoted by z.. To obtain z., we write

—€? hz,e (2¢)

Ze — 20, = .
(ze — 20,¢)* — €1 ¢ (z¢)

Since |(z — Zo,e)2 —ehye(2)] > er on D (20,6, Ver') (see (2.70)), we get that
2
e“K;
|z€—z0’€| < —/2 =0 (€).
€r

But from equation (2.67), we also have e(ze — 2g,¢) 11 ¢ (2e) = (2e — 20,¢)° + €2y ¢ (2¢) which leads to

hz,e(ze) 4 (ze — ZO,e)3
hl,e(ze) ehl,e(ze) '

Ze — 20 =€

Itis clear that

hz,e(ze) _ ho (zo) _

=o0(1),
hie(ze)  hi(zo) M
so that
h2(zo)
Ze — 20 =€ +o(e).
< h(20)

We now evaluate the two remaining solutions of (2.67) located in the set 2,(zo, 1)\%,(20,¢, Ver'), denoted z_, z;' .
As |z, —zp¢| > V1'e, we can write

2 hz,e (Ze_)

_ 2 —
(2c —z0,e)" =€hie(z;) —€
Ze — 20

(2.71)

This implies that |z; — zo,| = @(/€) and that |z, — 29| = 0(1). Taking a suitable branch of the square root, (2.71)
implies that

zp — 20 = —\/€h1e(27) + 0(vE) = —Vehy(z0) + 0(Ve).

We obtain similarly that z} — zg . = v/€hi(29) + 0(/6).

We finally verify that if zp and 2z belong to R for each €, and that £;(z) and h; ¢(z) belong to R for eacheif ze R
for i =1,2, then z, is real while z_, z are real if h; (zp) > 0.

If z¢ is not real, it is clear that z; is also solution of (2.67) because functions h; . verifies (h;¢(2))* = hjc(z").
As |z} — zo,l = 1ze — 20l = O(€), and that (2.67) has a unique solution in the disk Z,(zo, \/; ), this implies that
z} = z¢. Onthe other hand, assume that 1, (zp) > 0 and the z; , z/ are non-real. Then, z} * and z; * are also solution
of (2.68). Since equation (2.68) has only two solutions outside the disk Z,(z¢, \/; ), it follows that 2] and 2, are
complex conjuguate. But as their real parts have opposite sign for ¢ small enough, this leads to a contradiction.
Therefore 2} and 2, are real. We finally note that if & (zg) <0, then 2 and z_ are non real.



Chapter 3

Spectrum localization in the Gaussian
information plus noise model

This short chapter is dedicated to study properties concerning the localization of the eigenvalues /11, Noeeor A M,N of
ZnZ}. Roughly speaking, we will show that no eigenvalue appears outside #y a.s. for all large N, and that the

number of eigenvalues in each cluster [x; N? x; Nl coincides with the number of eigenvalues of B NB;‘V associated

; - +
with [xq,N, XgN

Historically, the first results concerning localization of the eigenvalues have been given by Bai & Silverstein in
a couple of papers [4] [5], in the context of zero-mean correlated random matrix model (possibly non-Gaussian).
The technics used appear to be rather complicated, and more recently, Haagerup & Thorbjornsen [22] introduced,
in the context of Gaussian Wigner matrices, a much more simple method fully exploiting the properties of the
Gaussian model to study the almost sure absence of sample eigenvalues outside the support of the limiting spectral
distribution. Following this work, Capitaine et al. used this method and extended this result to the so-called
Wigner deformed model (i.e the sum of a Wigner matrix plus a deterministic Hermitian matrix with finite rank),
and moreover proved an exact separation property, but using the method of [5].

In this chapter, we use the method of [22] to prove that for ¢ > 0 such that (a —¢, b + €) is outside #y for all
large N, then no eigenvalue of ZyZ}, lives in (a, b) almost surely for all large N. We moreover show that it is still
possible to use the results of [22] to prove an exact separation property. We will prove here that almost surely, for
N large enough, the number of eigenvalues of Z X}, less than a (resp. greater than b) coincides with the number
of eigenvalues of B NB;‘V associated to the clusters included into [0, a] (resp. included into [b,c0)).

In this chapter, we will also study the limiting behaviour of the eigenvalues of information plus noise matrices,
in the context of spiked model, i.e when the rank of the deterministic matrix is independent of the dimensions,
i.e K =rank (By) is independent of N and the K non zero eigenvalues of BNB;‘V AM-K+1,N>---»AM,N converge to
respective limits y; < ... < yx when N — oco. Using the characterization of the support in this context (theorem
2.5.1 in chapter 2), and the above general results on almost sure localization, we prove that if y; > o2 V¢, the
corresponding eigenvalue of Zy 27}, i.e AM—K+kr splits from the other eigenvalues and have a deterministic limit,
a phenomenon called "phase transition" in the literature.

First results of this type have once again first been discovered for the zero-mean correlated model. In this con-
text, Johnstone [28], on the basis of several applications examples, proposed the scenario where the eigenvalues
of Hy are all equal to 1 except a few ones, and outlined the problem of the behaviour the eigenvalues of Zy X}, in
this context. The first study was given by Baik et al. [6] in the case where the entries of Wy are Gaussian. Using
extensively the explicit form of the joint probability distribution of the entries of Xy, [6] established the almost
sure convergence of the largest eigenvalues of X}, as well as central limit theorems. Later, Baik & Silverstein
[7] studied completely the almost sure convergence in the non Gaussian case. Their method heavily relies on the
results of Bai-Silverstein [4][5] on the localization of the eigenvalues of Zy 27}, as well as the characterization of
the support of the deterministic limiting eigenvalue distribution of X}, provided in Silverstein-Choi [40] (their
technic was especially used in the previous chapter for the proof of theorem 2.5.1). More recently, Bai-Yao [3] ad-
dressed central limit theorems in the non Gaussian case. It is worth noticing that these works have been unified by
Benaych & Nadakuditi [9] who proposed a common method to study several spiked random matrices model. The
ideas of [9] were to reduce all of these models to the spiked Wigner case, and to study the characteristic polynomial
of such matrices. This work was shortly followed by [8] where central limit theorems are established.

The chapter is organized as follows. In section 3.1, we introduce the main tool of the approach of Haagerup &

1. This last property will be referred to as the exact separation of the eigenvalues of Zy X},

59
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Thorbjornsen [22], which consists in a "smooth indicator function" whose purpose is to count the eigenvalues of
2N}, inside a compact interval outside #y, and we establish the main related properties. In section 3.2, we prove
that the spectrum of Zy X}, is almost surely included in #y for all large N. We also prove a further result by eval-
uating the rate of convergence to 0 of the probability that the eigenvalues of ZyZ}; escape from a neighborhood
of the support #y. Finally, we prove the property of almost sure separation in the spectrum of ZyX},. In section
3.3, we use the previous results in the special case of the spiked models, and describe the limiting behaviour of the
eigenvalues of Zy X7, In section 3.4, we provide some discussions about the results of this chapter and give some
numerical examples.

3.1 Preliminary results

In this section, we derive results concerning the quantity

1 . 1y
7T PENEY) £ i kg ¢ (Ak,n),

where ¢ € €:°(R,R). More precisely, we compute an approximation for its expectation and evaluate the rate of
convergence of its variance. Such results will be of crucial importance to prove that A, y,..., Ay n are located
inside .# for all large N and the separation of the eigenvalues.

Remark 3.1.1. If ¢ is equal to 1 on an interval [a,b] and 0 on R\(a—¢€,b +¢€), then Tr ¢ (ZNZ}‘V) plays the role of a
smooth counting function of the set [a, b], i.e. it is equal to the number of eigenvalues onNZ;‘V inside[a, b, provided
that no eigenvalue onNZj‘V belongs to (a—e,a) U (b, b+e).

Before stating the main results of this section, we recall the useful property derived in theorem 2.2.2, i.e for all
zeC\R,

AN (2)
N2

Elmin(2)] = my(2) + 3.1)

for all large N, with y 5 holomorphic on C\R satisfying | N (2) | <P (|z]) P2 (IIm_l(z)I)’ with P; and P, two polynomials
with positive coefficients independent of N. The following lemma will be also useful.

Lemma 3.1.1. Let ¢ € €°(R,R) independent of N and (hy) a sequence of holomorphic functions on C\R satisfy-
ing the polynomial bound |hy(z)| < Py (|z]) P2 (m), with Py and P, two polynomials with positive coefficients
independent of N, z. Then, we have

limsupf ‘(p(x)hN(x+ iy)|dxs C < oo,
ylo JR

with C a positive constant independent of N.

Proof. Lemma 3.1.1 is proved in Capitaine et al. [11], and relies essentially on the ideas of Haagerup & Thorb-
jornsen [22]. O

The next two results are the extensions to the information plus noise model of the results of [22, Prop.4.7] and
the proofs use exactly the same arguments.

Lemma 3.1.2. Let g € 6°(R,R) independent of N. Then,
[E[—lT (= z*)] f Md (/1)+@(—1 )
r = .
M PleNsy o @ UN N2
Proof. From property 1.2.2 in chapter 1,

E

—1 Tr(P(Z =i )] = —1 l'mIm(f (p(x)[E[m (x+1 )])dx
M N&~N 110 N Ly
as well as

dx.

1
f(p(A)duN()L):—limIm(f pxX)my(x+iy)
R 7T ylo R
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Using (3.1), it follows that
E| =T (= z*)] f A dun ) L lim1 (f (xnx+iy) |d (3.2)
—Tr - = ——1limIm X X+ X. .
M Pl&EN&ZN R(P KN N2 10 Rq) AN y
The result of the proposition then follows from a direct application of lemma 3.1.1. O

Lemma 3.1.3. Let ¢ € 6.°(R,R) independent of N and constant on each cluster [x,, N,x(; N1 of S for all large N.
Then,

Var

A—I/ITup(zNz;‘V)] =@(%).

Proof. The application of Poincaré inequality gives

1 *

Var MTr(p(ZNZN)
<"_2 [E' 0 {iTr (= Z*)}2+ 0 {iTr (= Z")}2
SNEG lowgy LM PENEN oW,y v PENEN

Using theorem 1.3.1 in chapter 1, we obtain

0 1 1
—Tro(ENZN) == [Zve (ENZEN)]; 0 .
6Wk,l,N{M ro(zy N)} a7 N9 (ENEN)] (3.3)

and the derivative w.r.t W]; LN 18 the complex conjuguate of (3.3) since ¢ is real-valued. This yields

Var

L g (zazy) <Ll iy "(ENZE) ENZS
2 TP ENZy)| =GB ST (Zn2y) INZy |
for some constant C > 0 independent of N. Applying lemma 3.1.2 with the €2° (R, R) function 1 — ¢’ (1)?1, we get

1 £1\2 . 1
[E[A—/[Tup’(zNzN) INZY :fR/up’(/l)zduN()LH@(ﬁ).

But from the assumptions, supp(¢’) N.#y = @ and the result of the proposition follows. O

3.2 Localization of the eigenvalues

In this section, we study the almost-sure location of the eigenvalues of ZyZ}; for N large enough. We first prove
the almost-sure absence of the eigenvalues of XX}, outside the support #y of the limiting spectral measure uy;,
and we further show that the probability that an eigenvalue escapes from any neighborhood containing .# for
all large N decreases at rate ﬁ for all p € N. The third part of this section is dedicated to study the eigenvalue
separation phenomenon, namely that for N large enough, the eigenvalues of 2y X7, split into groups following the
clusters of Ay.

3.2.1 Absence of eigenvalues outside the support

The arguments we use to prove the almost-sure absence of the eigenvalues outside .#y are due to Haagerup &
Thorbjornsen [22] and have been used by Capitaine et al. [11].

Theorem 3.2.1. Leta,beR, ande >0 such that (a—e€,b+¢€) N SN =@ forall large N. Then, with probability one,
card{k: A € [a,bl} =0,

for N large enough.
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Proof. The result is in fact a simple consequence of the results derived in section 3.1. Indeed, consider a function
@ EE(R,[0,1]) and

1 for A€ [a,b]
o) =
0 forAeR\(a—e,b+e).

Then we have

2

1 1
Pl T (ENEN) > )SNS/S[E e (EnER)

N4/3
2

= N8/3( + Var

1 . 1 .
E A—4Tr(p(ZNZN) A—/[Tnp(zNzN) )

1
:@(N‘“ff)’

where the last inequality follows from lemmas 3.1.2 and 3.1.3. Therefore, with probability one,

for all large N. From the definition of ¢, the number of eigenvalues of ZyZ} in [a, b] is upper-bounded by
Tro(= NZ}‘V), and is therefore @(N~'/3) with probability one for all large N. Since this number has to be an in-
teger, it is equal to 0 and consequently we deduce that no eigenvalue belongs to [a, b] with probability one for all
large N. This concludes the proof of theorem 3.2.1. O

3.2.2 Escape probability of the eigenvalues

In this section, we improve the result obtained in theorem 3.2.1 by evaluating the probability that an eigenvalue of
I X} escapes from a compact neighborhood containing %y for all large N. For a compact set £ < R, we denote
by % the closed e-neighborhood of %, i.e the compact set

He={xeR:Tye X stix—y|<e}.

Theorem 3.2.2. Fixe > 0 and let # be a compact set containing Sy for alllarge N, and % the closed ¢ -neighborhood
of X . Then, it holds that

. 1
P(3k: Ak n € ZS) :@(ﬁ)’

forallleN.

To prove this result, we consider a function ¢ € (R, [0, 1]) and

) = 1 forde %S, 3.4)
P = 0 forlex. '

From this definition, we clearly have
P(3k: Ak € ) <P (Tr p(EnZ3) = 1) <E [(Tr p(EnZ3))” |
for I € N. Therefore, to establish theorem 3.2.2, it is sufficient to prove the following lemma.

Lemma 3.2.1. For all function ¢ € €°(R,R) constant outside a compact set and vanishing on ¥y for N large
enough, it holds that

1
E[(ryenzi)| =0 (W) (3.5)

foreachleN.
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Proof. We prove lemma 3.2.1 by induction on [. Consider / = 1. Denote by b the constant value taken by y over
the complementary of a certain compact set. Write ¢ = ¥ + b, where ¢ € €° (R, R) satistying ¢ = —b on Sy for N
large enough. Using lemmas 3.1.2 and 3.1.3, we obtain

. . 1
Var [Tr w(ENZR)] = Var [Tr ¢/ (ENZR) | :@(F)’

) =-mpre():

ASE[Try(ZnZy)] = DM +E[Tr §/(ZyZ})], thisleads to E[Tr w(EnZ})]| = 6 (% ). From the equality,

E[Tr ¢ (EnZR)] = MfRu"/(/l)d/.tN(/l) +0

E|(TryEnz)’| = E[Try@Enzp)) + Var[Try 2 zh)],

we finally obtain that (3.5) holds for [ = 1.

We now assume that (3.5) holds until the order [ -1 for each function of ¥*° (R, R) vanishing on .#y for N large
enough and constant outside a compact set. We consider such a function ¢ and evaluate the behaviour of the
21-th order moment of Tr ¢ (Zny Z}). We have

2
E[(try@nzi)| = [E](try@nzi)]) + var [(TrwEnzh)]- (3.6)
The first term of the righthandside of (3.6) can be upperbounded as follows
«1])2 £ 1)2 2(1 1
[E[ryenzi)|) <E|(TrwEyz)]E|(TryEyzi)® "] =0 (sz)
using that (3.5) holds until the order [ — 1. The second term of the righthandside of (3. 6) can be evaluated with the
Poincaré inequality. Using that the partial derivative of Tr ¢ (ZnyZ}) w.r.t. W; j v and W, ]  are equal respectively

to e;f LV (ZNZ))e; and e;‘u/’ (ZnZ3)Zne; (theorem 1.3.1 in chapter 1), we obtain immediately that

Var[[Trw(ZNZN)) <C[E[—Tr W ENZDPENEY) (Try(Enz)) 2

with C > 0 a generic constant independent of N. Using Holder’s inequality, it follows that

1 _
E [NTr (W ENZ2ENEL) (TryEnz))

1
1

1 =1
SC([E‘NTr (v'eEvz?Enzy)| | (E[mveEyz)®]) T 3.7)

Since the function A — v’ (1)1 which belongs to €°(R, R) vanishes on #y and is constant outside a compact set
for N large enough,

1 ! * 2 * !
E| T (V' ENZNENZN)

1 2 1 20-1)
< [E'NTr (W' (ENZ3PENZY) [E‘NTr (W' ENZ3PENZY)
1
-0(5a)
Plugging the previous estimates into (3.7), we get
var | (Try(2n23))'| <£([E[(T = z*))”])kTl
ar | (Iry(anzy =N? rylanzy
Define xy = E [(Tr w(ZNZTV))Zl] and uy = NZIxN. From (3.6), we have the inequalities xy < 1512 xN + % and

-1
uny<Ciu Nl + C». We claim that the sequence (uy) is bounded. If this is not the case, there exists a subsequence

&

uy, extracted from wuy which converges torwards +oco. However, the 1nequa11ty ur / —ir + > 1 must holds for N
N

large enough. As uy, — +oo, this leads to a contradiction. Therefore, uy is bounded and xy = % for N large
enough. This proves lemma 3.2.1. O
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3.2.3 Separation of the eigenvalues

In this section, we show that the eigenvalues of XX}, splits into several groups, related to the eigenvalues of
ByBj,. We refer the reader to chapter 2 section 2.4 for an exposition of function wy and its link with the support
IN.

Theorem 3.2.3. Leta,beR ande >0 such that (a—e,b+¢€)N.FN =@ forall large N. Then, under Assumption A-1,
with probability one,

card{k: ik,N < a} =card{k: A,y < wn(a)}, (3.8)
card{k: Ar,n > b} = card {k: g,y > wn (D)}, 3.9)

for N large enough.

We first prove (3.8) and assume that a > 0 because (3.8) is obvious if a < 0. We consider 1 < ¢ and assume
without restriction that 0 <7 < a. We consider a function ¢, € €°(R, [0, 1]), independent of N, and such that

1 Vie[0,a-n]

A) =
Palt {0 VA€ (—00, 1) U (a,00).

By lemma 3.1.2, we have

: 1
E [MTr Pa (ZNZ;\/)] - fR PaNdun() =@ (ﬁ)

or equivalently

1 1
E [MTI([)“ (ZNZTV)] Z'UN([O,Q—T]]) +0 ﬁ)

Lemma 3.1.3 also implies that

1 . 1
Var MTrwa(ZNZN)] :@(m).
Therefore,
1 . 1
[P’( A_4Tr§0a(ZNZN)_/~‘N([Ora_n]) > W)
2
< N®3Var A—l/[Tr%(zNz;‘V) + N8/3 [E[Ai/[Tr%(zsz‘v)—pN([o,a—n])]
1
:@(N“B)'

which implies that with probability one,

(3.10)

1 * —
1\_4Tr pa(ENZY) =pun(10,a-1)+0 N4/3)‘

By defining Q, = max{q: x;,N < a}, it is clear that un([0,a—n]) = Zgil ,uN([x;yN,x:;'N]) because uy((a—n,a)) =0.
From property 2.4.3,

M-K

Qa
+ 2 1741,
=1

un(0,a-n]) =

with #; ={ke{l,...,K} : App—k+k,N € (W, n» w:;'N)}, and thus
un([0,a—-n]) = card{k: Ay n < wy(a)}.

Therefore, using (3.10), we get that

1
|Tr @ (EnZ)) —cardik: Ay < wy(@)}| =0 (W) 3.11)
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But almost surely, for N large enough, Tr ¢,(ZnZ})) is exactly the number of eigenvalues contained in [0, a] be-
cause no eigenvalue of ZyX 7, belong to [a -1, al (use theorem 3.2.1 with @ —n in place of a). The left handside of
(3.11) is thus an integer. Since this integer decreases at rate N~/3, it is equal to zero for N large enough (for further
details, see the properties of wy in section 2.4 chapter 2). To evaluate the number of eigenvalues in the interval
(b, +00), we use that no eigenvalue belongs to [a, b] (theorem 3.2.1). Therefore,

card{k: ik,N > bl = M —card{k: ik,N <al.

which coincides with the number of eigenvalues of ByB}, in interval (wy(b), +o00), for all large N, a.s. This con-
cludes the proof of theorem 3.2.3.

3.3 Applications to the spiked models

In this section, we use the results of the previous section on localization of the eigenvalues, to compute the limits
of the largest eigenvalues when dealing with spiked models. We refer the reader to chapter 2 section 2.5 for an
exposition on the spiked model. Recall that under Assumption A-2, K; was defined as the number of limiting

eigenvalues of ByB}, greater than 0?y/c, and that we defined function v by (A, ¢) = w The main result
is stated as follows.

Theorem 3.3.1. Under Assumption A-2,
o?(1+)? for k=0,
v(yr,c) for k=1,...,K;.

I~ a.s.
AM-K+k,N —— {

N—o0
Proof. We first assume yj # o?ycfork=1,...,K. To prove theorem 3.3.1, we use theorem 3.2.3 in section 3.2.3.
Let k € {1,...,Ks}. From theorem 2.5.1, the eigenvalue Ay, +k,n is the unique eigenvalue of ByBj, associated

with the interval (xg, N,x:;, ) g = k+1, for N large enough. Moreover, the number of clusters of Fy is equal

to K + 1 for N large enough and the sequences x

o and x7  converge towards limits equal to 0%(1-+/0)? and

0%(1+/c)? for g = 1, and equal to v (y;, ¢) for g = 2 and [ = K— K+ g — 1. Theorem 3.2.3 implies that for each ¢ > 0,
almost surely for N large enough, then Ayr— g 1N € (W(yk, €) —€, ¥ (Y, ¢) +¢) for k=1,...,K; and that Apy_g, N €
(0%(1-V0)? —€,02(1 + \/©)* +¢). This shows that Ay +kn — ¥ (yk, ©) for k=1,..., K.

We now prove the convergence of Ay—g, n to o021+ \/5)2. We have already shown limsup y Ay—x,, N < o021+
V/©)? almost surely. It remains to prove liminfy Ay—x, N = 0%(1 + /¢)%. Assume the converse is true. Then it
exists € > 0 such that liminfy Ay—x, N < 02(1++/c)?> —e. We can thus extract a subsequence Ay, Ks,p(N) CONVerg-
ing towards a limit less than o(1 + /c)?> —¢. Let fipn) be the empirical spectral measure associated with matrix
Z o N)Z(’;( ny- We deduce that

fio (@21 + V)2 —e,0°(1++/€)?]) =0 asforall large N. (3.12)

Theorem 2.2.1 in chapter 2 implies that fi,(n) converges towards the Marcenko-Pastur distribution whose support
is exactly (02(1 — v/¢)?,0%(1 + /¢)?]]. This contradicts (3.12).

We now handle the case where yx_x, = 02y/c. For this, we will use the Fan inequality (see theorem 1.3.1 in
chapter 1 section 1.3.3). For a M x N matrix A, we will denote by x1 (A),...,k p(A) its singular values. We define uy. y
and vy y the left and right singular vector of By associated with x(By). Fan inequality (chapter 1 section 1.3.3)
gives, fore >0,

Ky-k, By +0Wp) <xpg, By + oWy + €uM—KS,NV7\4_KS,N) + KM(€11M—KS,NVX,[_KS,N),

and

* *
KM-K; By +0Wy +€uM—Ks,NVM7KS,N) = KM-K; By +0oWpy) + KM(euM_KSYNvM*KS,N).

From the results of the previous section, it is clear that, almost surely,

Kv-k, By +0Wp +€“M—K3,NV7\4—KS,N) = \/w ((, /Y K-k, +e)2 , c) +0(1).

Therefore, we end up with

\/W((\/YK—IG +€)2,C) —€ SliH]lVianM_KS(BN-FO'WN) Slimj\?up KM_KS(BN-FO'WN) < \/1[/((, /Y KK, +€)2’C) +€.

Since w(A,c) — 02(1 +/c)*> when A — 02 /c, this completes the results of theorem 3.3.1. O
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Figure 3.1: Density of uy and locations of the eigenvalues of Zy X7,

3.4 Discussions and numerical examples

In this section, we discuss the results on localization and separation of the eigenvalues (theorems 3.2.1, 3.2.2 and
3.2.3), as well as the application to the spiked model (theorem 3.3.1), and give some numerical illustrations of the
phenomena described.

To get some insights on theorem 3.2.1, assume for example that for all large N, the number of clusters Q of #y
does not depend on N, and that foreach g =1, ..., Q, the sequences of boundary points (x;, N and (x;, ) converge

torwards limits x,, and x;, satisfying x; < x <x; <xj <...< Xg < xa. In this context, theorem 3.2.1 implies that

almost surely, for all € > 0, each eigenvalue belongs to one of the intervals [x; —¢, x; + €] for N large enough.

To interpret theorem 3.2.3, we keep the same simplified assumptions and use the terminology introduced in
section 2.6 chapter 2. In this case, the result of theorem 3.2.3 means that almost surely for N large enough, the
number of sample eigenvalues that belong to each interval [x —¢, x; +¢] coincides with the number of eigenvalues
of B NB;‘V that are associated with the cluster [x;y N x;’ Nl for all large N.

These two facts are illustrated in figure 3.1 where we have plotted the density of uy and the eigenvalues of
> NZ}*V. The parameters are N = 20, M = 10, 0 = 1 and matrix B NB}*V is diagonal with eigenvalues 0 (with multi-
plicity 5), 5 (with multiplicity 2) and 10 (with multiplicity 3). On figure 3.1, we clearly see that no eigenvalue of
I nZ} is located outside the support. This property is verified in practice for small values of N, which confirms
that the escape of eigenvalues outside the support is a rare event (theorem 3.2.2). Moreover, we also see the clear
separation between eigenvalues. Indeed, the three clusters contain respectively 5, 2 and 3 eigenvalues. Note that
in the assumptions made in this manuscript (Assumption A-1 in chapter 2 section 2.4), the non zero eigenvalues
are supposed to have multiplicity one. It is not difficult to see that the statement of theorem 3.2.3 also holds in the
general case, by counting each eigenvalue of BB}, with its respective multiplicity.

In figure 3.2, we have represented the evolution of the density of yy in the spiked model assumption when
N =20,100,200,2000. We have kept the same settings as in figure 3.1, except that eigenvalues 5 and 10 have always
multiplicity 1 (and thus eigenvalue 0 have multiplicity M — 2). The density of uy is given for different values of N,
and the eigenvalues of Xy X}, are also represented. This example agrees with the statements of theorems 2.5.1 and
3.3.1.
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Chapter 4

Subspace and DoA estimation in large
sensor networks

This chapter is devoted to the application of the random matrix results given in the previous chapters to the prob-
lem of "subspace estimation" in array processing.

In general, one has to infer on K parameters from a set of N multivariate observations with dimension M,
which are composed of a signal and a noise part. Usually, the signal part has a low rank correlation matrix while
the noise part has a full rank correlation matrix. To extract the K parameters of interest from the observations, a
classical procedure is to exploit the fact that the observation space of the correlation matrix of the observations
splits into two orthogonal subspaces: a signal subspace of dimension K (corresponding to the eigenspace of the
signal correlation matrix) and a noise subspace with dimension M—K. In general, the resulting estimators are com-
putationally much more affordable than other estimators such as those based on the maximum likelihood (M.L.)
principle, which generally perform better but unfortunately need an exhaustive search in a multi-dimensional
parameter space.

In order to formulate a generic subspace estimator, one must first infer the eigenvectors of the correlation
matrix of the observations, which is not available. As a consequence, classical subspace estimation methods make
use of the empirical correlation matrix, and approximate the eigenvectors of the true correlation matrix as the
eigenvectors of the sample estimate. This procedure is clearly optimal when the number of samples N tends
to infinity while the observation dimension M remains constant. Indeed, under certain ergodicity assumptions,
when N — oo for a fixed M, the sample correlation matrix of the observations converges almost surely to the true
one, and consequently when N >> M the sample eigenvectors (i.e. the eigenvectors of the sample correlation
matrix) tend to be very good representations of the true ones. In practical applications, however, the number of
available observations N and the observation dimension M are comparable in magnitude, which leads to strong
discrepancies between the sample eigenvectors and the true ones. This originates from what is usually referred to
as the breakdown effect of subspace-based techniques (see e.g. Tufts et al.[46]).

The fact that sample eigenvectors are not the best estimators of the true ones has been known for decades,
although the study of valid alternatives to the classical estimators has been limited by the fact that investigations
basically concentrated on the regime where N >> M. However, it has been recently suggested (see Mestre [51]) that
finite sample size situations (whereby N and M are comparable in magnitude) can be better examined by investi-
gating the asymptotic regime in which M and N converge to +oo at the same rate, i.e. M, N — +oo, whereas ¢y = %
converges towards a strictly positive constant. Using random matrix theory, Mestre [51] showed that traditional
subspace estimators are asymptotically biased in this asymptotic regime. Furthermore, consistent estimators for
this regime can be found, which outperform the traditional ones for realistical values of M and N. In this context,
random matrix theory can be very useful to characterize how the sample eigenvectors differ from the true ones in
a scenario where M and N are comparable in magnitude and to derive alternative estimators of the eigenvectors
that converge, not only when N — +oo for fixed M, but also when M, N — +oco at the same rate. This was more
extensively demonstrated in [50] and [49], which respectively considered the characterization of the sample eigen-
vectors when M, N — +oco at the same rate, and proposed alternative consistent estimators for these quantities in
the new asymptotic regime.

However, [50] and [49] cannot be applied to the signal plus noise model considered here, unless the observa-
tions are random multivariate quantities that are Gaussian, independent and identically distributed in the time
domain. In practice, however, there are multiple applications in which the observations do not present this struc-
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ture, and are better modelled as a deterministic component (corresponding to the signal part) plus some additive
noise, that is generally Gaussian distributed. This corresponds to the information plus noise matrix model studied
in chapters 2 and 3. [51, 50, 49] used the classical zero mean correlated matrix model, developped in Silverstein
[39], The purpose of this chapter is thus to propose improved subspace estimators for the information plus noise
model, which will represent the case where the source signals are modelled as non-observable deterministic se-
quences, by using the previous results developped in chapters 2 and 3.

The chapter is organized as follows. In section 4.1, we introduce the model of observations which will be used
throughout the chapter, and state the subspace estimation problem in this context. We also present the traditional
estimation procedure used for the subspace estimation problem. In section 4.2, we derive a consistent subspace
estimator in the regime N, M — oo while M/N converges to c € (0,1). In section 4.3, we apply the previous results
of subspace estimation to the problem of Direction of Arrival (DoA) estimation, and in particular we derive an
improved MUSIC type algorithm and prove the consistency of the source angle of arrival estimates. In section 4.4,
we provide some numerical examples illustrating the performance of the improved estimator.

4.1 Statistical model and classical subspace estimation

In this section, we introduce the classical statistical model associated with the subspace estimation problem in
signal processing. We consider the context where K narrow band deterministic source signals (sx)x=1,. x are re-
ceived by an antenna array of M elements, K < M. The corresponding M-dimensional observation signal y,, (at
discrete time n) can be modelled as

Yn = Asn +Vnr

where A is a M x K complex matrix whose entries represent the attenuation between the K source signals and the
M receive antennas, s, is a K-dimensional complex vector containing the transmitted signals from the K sources
at time instant n, and where v, is an additive white complex Gaussian noise with zero mean and covariance matrix
Elv,v;] = 0%I);. We assume that y,, is available from n = 1to n = N, and that ¢y = % < 1. From now on, we adopt
the conventions of chapter 2,i.e M = M(N) < N and K = K(N) < M are functions of N.

We denote by Yy = [y1,...,yn] the M x N observation matrix, which can be readily written as

Yy £ ASy +Vy, 4.1)

where Sy = [s1,...,8y] and Vy = [vy,...,vy]. From this matrix, the empirical spatial correlation matrix of the ob-
servation is given by %YNY;‘V, whereas the empirical spatial correlation matrix associated with the noiseless ob-
servation is given by %AS NSNAT.

In order to simplify the notation in the subsequent exposition, we set £y = N~2Yy, By = N~2ASy and
Wy = N2y so that (4.1) can be equivalently formulated as

2Ny =By+Wy, (4.2)

Under the assumption that A and Sy have full rank K, we retrieve the main properties of the information plus
noise model defined in chapter 2 section 2.1 , namely

e By is arank K deterministic matrix,
» Wy is a complex Gaussian matrix with i.i.d. entries having zero mean and variance o/ N.

Remark 4.1.1. In the context of source localization (estimation of the direction of arrival of the K sources), a typical
model for matrix A is given by A = A(0) = [a(0,),...,a(0k)] where @ = (0,,...,0k) are the angles of arrival of the K
sources impinging on the array of receive antennas. The column a(0y) is called in this context "steering vector" of
the k-th source and depends on the angle of arrival 6y and the geometry of the antennas. This model will be used in
section 4.3 in the context of the so-called MUSIC algorithm.

We will assume without loss of generality that the non null eigenvalues of BB}, have multiplicity one. We denote,
as in chapter 2, by /AlLN <...=< iM,N and0=A; v =...= Ay—x,N < AMm-k+1 <...< Ay, n the respective eigenvalues
of ZyZ7% and ByBY,. The associated eigenvectors are iy ..., 4y, vy and uy n, ..., Uy, N

In the terminology of subspace estimation, we call "noise subspace" the subspace span{u; y,...,up—x,n}, i.€
the eigenspace associated with eigenvalue 0 of ByBj}, and "signal subspace" the orthogonal complement, i.e the
eigenspace associated with the non null eigenvalues of ByB},. The goal of subspace estimation is to infer on one
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of these two subspaces, in terms of the projection matrices. Therefore, the purpose is to estimate the projection
matrix on the noise subspace, i.e IIy = 224: EK uy, NUZ‘ - This estimation problem may involve a high number of
parameters, if M, N are large, therefore one usually prefer to estimate bilinear forms of this projector, i.e quantities
as dfy yIndz,n. By a classical polarization identity, this reduces to estimating any quadratic form of IIy. The
subspace estimation problem we consider here is to find a consistent estimator of

nn =dyIydy, when N — oo, (4.3)

where (dy) represents a sequence of deterministic vectors such that supy lldyll < co. Traditionally, ny is esti-
mated by 7y = d;‘vfl ndy = ZQ’I: _lK d G, vy, vdy, i.e by replacing the eigenvectors of ByBj, with their empirical
estimates. This estimator makes sense in the regime where M does not depend on N (thus cy —y 0), because
from the classical law of large numbers,

[EnZ3 - BNBy +0°Iy)|| ——— 0.
N—oo

However, the latter convergence is not true in general, if cy —n ¢ > 0 (see the general results in chapter 2, or the
results concerning the spiked model chapter 3 section 3.3 for an immediate counterexample). In particular, it can
be shown that )y — ) ;v does not converge to 0.

The purpose of the next section is to provide a consistent estimate of ny by using the results concerning the
convergence of bilinear forms of the resolvent of Xy X%, provided in chapter 2 theorem 2.2.3.

4.2 Generalized subspace estimation

In this section, we will make the two additionnal assumptions, basically expressing the fact that the eigenvalues
associated with the noise subspace are separated from the eigenvalues associated with the signal subspace, for all
large N. We refer the reader to chapter 2, for an exposition of function wy and the characterization of the support
Sn of measure py.

Assumption A-3: Foralllarge N, Ayi—g+1,8 > WN(X, ), i.e the non zero eigenvalues of B NBjV are not associated
with the first cluster [x] y, x| \1 of .

Assumption A-4: There exists t; y, />0 (i =1,2) such that
0<z <liminfx; v <lim13uprN <tf <ty <liminfx; y < lim;upxaN <t

It should be noticed that since supy xa n < oo (chapter 2 section 2.4 theorem 2.4.1), we always can find z; > 0

satisfying Assumption A-4. Assumption A-4 is mainly technical and the most important is Assumption A-3, whose
purpose will be fully revealed during the derivation of a consistent estimator of 7 y. Roughly speaking, it will allow
not to take into account any contribution of the signal subspace.

4.2.1 Preliminary results

We first give the following useful result, which will be of constant use in the sequel, and which is proved in appendix
4.5.1.

Lemma4.2.1. Let £ < C\ ([tl‘ ST ,oo)) a compact set. Then, under Assumption A-4,

a.s.

sup |y (z) — my(2)] 0,
ZEH N—oo
s (4.4)
sup |y (2) — miy(2)| —— 0,
ZEX N—oo
and for (dy n), (dz,n) as in theorem 2.2.3
sup |d} y(Qn(2) - Ty(2)da v | ——— 0. 4.5)
ZEX N—o0
Finally, if0¢ X,
1 1
su s (4.6)

p p -
sex|1+c2enmin(z) 1+o02cymp(z)| N—oco
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We now introduce certain new quantities. We define the M x M matrix

O'ZCN

Oy=Ayn+ 117, 47
N N % (4.7)

where f\N = Diag(;ll,N,...,)ALM,N) and 1 =[1,...,117. We denote by @1,n,...,0n N the eigenvalues of ﬂN (in in-
creasing order). With this definition, the solutions to the equation 1 + o?cyrin(z) = 0 are included in the set
{®1,N,...,0pm N} This can be seen by writing the characteristic polynomial of Qp, ie

det (QN - ZIM) =det (AN - ZIM) (1 + (TZCNmN(Z))
More precisely, if ka,N has multiplicity i, i.e. ik—l,M < /Alk,N =...= ik”_l,N < ik”,N, then we have
O 1, N<AN=OpN=-.. = Apyi-1,N = Ok1i-1,N < Op4i,N < Akti,N-

Remark 4.2.1. The eigenvalues (/Alk, N)k=1,.,m have multiplicity 1 almost surely (see section 1.4.2). This readily im-
plies that a.s. 1N < ... < @y, N, and therefore the equation 1 + o2cnmin(z) =0 has M solutions satisfying

Al,N<(xA)1,N< </1M,N <(DM,N-

Consequently, from the previous remark, when the eigenvalues @; y,...,®p,n Occur in a statement where a
set of probability one is used, one can always assume that they have multiplicity one. The main result concern-
ing &1 N,...,0pM N is that they satisfy a similar separation property than in theorem 3.2.3 (chapter 3 section 3.2.3)
Applying the result of theorem 3.2.3, Assumptions A-3 and A 4 immediately imply that with probability one,

il,N;---riM—K,N elt;,f] and iM—K+1,N;-nyiM,N €lty, 1], (4.8)
for all large N. Therefore, we also have the following result.

Corollary 4.2.1. Under Assumptions A-1, A-3 and A-4, with probability one, it holds that
OUNy - OM-KNEL, 6] and Op-xs1N =1 4.9

foralllarge N.

Proof. Fix a realization in the probability one event Q = Q; N Q,, with Q; and Q, the respective probability one
event on which Theorem 3.2.3 and Lemma 4.2.1 hold. The interlacement of A,y and @,y implies that

A A - + A A —_
o1,N,...,0M-k 1, NELH,H], and Opy-kaN,--OMNZ L,

for all large N. Therefore, we only need to prove that @k n < t] for all large N. Let § > 0 such that #; -6 >0 and
tf+6<t;,y>0and

R={u+iv:uc(t; -6t +6l,vel-yyl}.
We first establish that

sup |n(2) ' - wn(@ 7 =N 0. (4.10)
ZEOR

From Lemma 4.2.1, sup,c54 | Wn(2) — wn(2)| — n 0 and thus we just need to prove that
inf inf |wy(2)| > 0. (4.11)
N ze0R
Matrix T (z) can be written as
2 H -1
Tn(2) = (1 +0 cymy(2) (BNBy — wn(2)1y) .

Therefore, it holds that

I1+a%cnmp(2)l

TN () = )
ming=1, ,mlA,n— wWn(2)]
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Since 0 is eigenvalue of ByBy;, we get for z € 0%

1+0cymy(2)| = min Ay - wn(D T

=1,...,

= ITv (@) wn (2)]
and the bounds in property 2.3.1 and (2.8) imply

dist(z, #n)
lwn(2)| 2 ——Z
2

which proves (4.11). From the properties of function wy (see property 2.4.1 in chapter 2), the set #1 ny = {wn(2) :
z € 0%} is a closed € path intersecting the real axis at points wy(t; —6), wN(tfr + 9), enclosing the interval
(Wi p wf N and leaving [wn (z; ), +oo) outside, for all large N. Assumption A-3 implies that 0 is the unique eigen-

value of ByB}, enclosed by #1 y for all large N. As the contour #; y = wy (02) encloses 0, it holds that

1 1

1= — AldA= —
2mi Wiy 2mi Jog+ wn(2)

wy(2)

where the superscript + means that the contours are counterclockwise oriented. From (4.10) and Lemma 4.2.1, we
have

wh(2) - wh(2)

zselllagz Wn(z) wn(z)| N—co
where
N (2) = 2(1+ 0% enrin(2) = 0% (1 - ) (1 + 0 e iy (2)).
Thus it follows that
L ONE g (4.12)

271 Jog+ W (2) N—o0

An elementary analysis of the function wy shows that apart from @, n,...,Om, N, Wn(2) admits M + 1 real addi-
tional zeros denoted 2y v, ..., 2y, v such that Zg i € (0,/11,]\;), ﬁM,N <dp,N < Zy,N,and ik,N <OpN<Zrn< )AL;CH,N.
Since we have infy inf 59 | W (2)] > 0 and sup 454 | WN (2) —wn (2)| —n 0, it holds that @ p— kN, Zvm—-k,N € O for N
large enough. The argument principle states that the integral in (4.12) is the number of zeros minus the number of
poles of iy (counting multiplicities) contained in Z. The poles of @y in 2 are /11, Nyee- A M-k,N (with multiplicity
2) and consequently 1 = card{z € Z : Wy (z) = 0} — 2(M - K) for all large N. We already know that & n, 2x,n € Z
fork=1,...,M - K -1, and therefore 3 more zeros are contained in %. These 3 zeros are necessarily 2y n, O p—-x,N
and Z);_g, N because A M-K+1 = I, does not belong to . Since in the definition of 2, § > 0 can be made arbitrarily
small, this concludes the proof. O

4.2.2 The general case

We are now in position to introduce a new consistent estimator of ny = ZQ/[: _1K d;‘vuky Nu;; NdN with (dy)ny=1 a
sequence of deterministic vector such that supy ldy |l < oco.

Theorem 4.2.1. Define

Wy (2)

<)

) _Ly( dyQn(Rdy ——5———
nnew,N_zn.i e NXN N1+0'2Cﬁ’lN(Z)

where R is the rectangle # = {u+iv:u€ [ty —6,t] +6],v e [~y yl}, withd >0 such that t; =6 >0 and t +5 < t;,
and y > 0. Then, under Assumptions A-1, A-3 and A-4,

N a.s
flnew,N —IN —— 0,
N—o0o

and fjnew,N = 22’1:1 ék,Nd}kVﬁk,Nﬁ;;NdN with probability one for N large enough, where, fork=1,..., M - K,
O'ZCN M /Alk,N+/11'N M 1 1

- = tof(l-cn) Y |3 — = -
M pTker Ay — A n)? I=M—k+1\ AN —An ApgN—@N

fk,N=1+

, (4.13)
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andfork=M-K+1,...,M,

2. M=K M-K

¢ o°cn LN T ALN 1 1

kN == - —— —o’(l-cp) Z (4.14)
=1 AN —ALN) AN — /111\1 Ay — 1N

Proof. From the properties of function wy (see property 2.4.1 in chapter 2), the set #1 y = {wn(2) : z € 0%} is a
closed €' path intersecting the real axis at points wn(t; = 08), wy(t] +0), enclosing the interval (wy np wI’ N) and
leaving [wy(#;), +00) outside, for all large N. Assumption A-3 implies that 0 is the unique eigenvalue of B NB;‘V
enclosed by #1 y for all large N (note that these remarks have already been made in the proof of Corollary 4.2.1).
Thus, from residue theorem

M-K
.

nN= ). dyugnvup ydy
k=1

1

Comi Wy

d%, (ByBY — ALy) ' dyda,

where #] ", means that #1 y is clockwise oriented. This leads directly to

1 * * -1 !
= — ByBy — I .
=g dy (BNBy — wn(2)y)  dyw)y(2)dz

Using the equality (1 + o?cmy(2)(B NB}“V —wn(2Iy)~! = Ty (2), which follows easily from the definition in (2.6),
we can write

N f gn(2)dz,

2711

. (@)
with gn(z) = d\Tn(2)dN #ﬂ’i\;(z)

be estimated consistently (and uniformly) from the elements of the sample covariance matrix ZyZ};. Indeed, we
have

. Now, the key point of the proof is based on the observation that gy(z) can

sup |gn(2) - gn(2)| == (4.15)
ZEOR N—

where

Wy (2)

gn(z) = dNQN(Z)de,

with @), (2) the derivative of Wy (2) = z(1+ 0 cyhin(2))? — 02 (1 — cn) (1 + 0% cn 1y (2)). The convergence (4.15) is a
straightforward consequence of lemma 4.2.1. This directly implies that,

0.

1 . a.s
z—mjg% (8n(2) - gn(2))dz ~

To conclude the proof, it remains to prove that fpew, y defined in Theorem 4.2.1 verifies

Tnew, N f gn(2)dz. (4.16)
27[1

gn is arational function and its poles are
o il,N, ceo fLM,N the eigenvalues of Ty X},
* O1N,...,Op N the zeros of z— 1+ 0% ey (2).
Consequently, from the location of the poles in (4.8) and (4.9), we obtain by the residue theorem
M-K . R
ez X (indae- (o) Res @A)+ Indae- (@1.0) Res (. 01)

where Res(gn, 1) denotes the residue of function gy at point A and Indyg- (1) the winding number of 0%~ around
A. After tedious, but straightforward computations (see Appendix 4.5.2), we eventually check that (4.16) holds. O
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The new consistent estimator introduced in Theorem 4.2.1 can be seen as an extension of the work of Mestre
[51], which assumes that the useful signals are Gaussian mutually independent random i.i.d. sequences.
We remark that the consistent estimator fjnew,n is a linear combination of the terms dj i, Nﬁ,’; Nd N for k =

1,...,M and in contrast to the traditional estimator fjiaq,n = Z],y: _lK dy g, Nﬁ;:’ NdN' it contains contributions of
both the noise subspace and the signal subspace of the sample covariance matrix.

We also note that Assumptions A-3 and A-4 are intuitively important because the various sums on the right
hand side of (4.13) and (4.14) remain bounded thanks to (4.8) and (4.9): in (4.13) and (4.14), the terms |/1k,N - /11,1\/|
and | Ay, v — @, x| are greater than t; — t;".

Remark 4.2.2. It is worth pointing out that whenever the number of samples is forced to be much larger than the
observation dimension (N >> M or equivalently cy — n 0), the proposed estimator converges to the classical sample
eigenvector estimate f)y. This can be readily seen by taking the limit as cy — n 0 in the coefficients of (4.13) and
(4.14), and noticing that ®; ny — N /11,1\/ when cy —n 0. Hence, as cy —n 0, we have E;QN —-ylfork=1,....M-K,
andék'N —nO0fork=M-K+1,...,M, implying that fjnew,N — f)trad, v — n 0. This shows that the proposed estimator
is in fact a generalization of the classical sample eigenvector estimate.

4.2.3 The spiked model case

In this section, we consider the special case of spiked models, already introduced in chapter 2 section 2.5 and
whose main consequences have been given in chapter 3 section 3.3. Using Assumption A-2, we derive from theo-
rem 4.2.1 a simplified estimator.

Theorem 4.2.2. Let

A * A M * A A % r,(/ik N)
Tspike, N = Ay IINd N + Z dNuk,NukYNdN 1-—F] (4.17)
k=M-K+1 LAk, M) mAg,N)

where T'(x) = xm(x)m(x), and m(x) is the Stieltjes transform of the Marcenko-Pastur law, defined in (2.15) and
m(x) =cm(x) — 1—;6 Then, under Assumption A-2, iflimy Ap—x+1,8 = Y1 > o2 V¢, it holds that

TA’ n a.s. 0
i —NN .
spike, N Neooo

The result of theorem was also derived in [25], using a different method. The proof of theorem 4.2.2 relies on
the following lemma (proved in appendix 4.5.3), which is similar to lemma 4.2.1.

Lemma4.2.2. Let
H <C\([0,0*(1+ VO Iu{y (YD), ..., v (yr)}),

a compact set. Then under Assumption A-2, if imy Ap—x+1,N = Y1 > o2 V¢, then it holds that

a.s.

sup |y (z) — m(z)] 0,

ZEH N—oo

sup |1ty (2) - m'(2)] —— 0.
ZEX N—oo
Moreover, if i n(2z) = %4 22/[_ _IK ﬁ denotes the truncated sum associated with iy (z), and % < C\[0,0(1+ \/5)2]
- k,N—
a compact set, then,
A a.s.
sup |7, n(2) — m(z)] —— 0,
ZEX N—oo
sup |ﬁz/tyN(z) -m'(2)| 25 0.
ZEX N—oo
We now state that the (@ p/—x+k,n) k=o0,..,x have the same behaviour than the Ar—x+ kN)k=o0,..,x- More precisely:

Lemma 4.2.3. Under Assumption A-2, iflimy Ap—x+1,8 = Y1 > o?\/c, we have

N a.s.
OM-K+kN (Y ©),
N—oo

fork= 1,...,Kandd)M_K,NNa'—s'>02(1+\/5)2.
—00
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We now complete the proof of theorem 4.2.2. For this, we will use the formula of the estimator given in Theorem
4.2.1. Write

M-K 2 M A~
£ * A A % * A * 0"CN 1 ZAZ,N
> Sk ndyly i ydy = dy Tivdy + Z dy by, vy ydy _ —
k=1 I=M—K+1 k=1 Anv—Ain Aen—Aw)
2 M 1
+o*1-cy) Y, (An—@n) Z d Oy, Ny vdy.
I=M=-K+1 o1 Ay — A n) Ay —0pn)

(4.18)

From Theorem 3.3.1 and Lemma 4.2.3, forall k = 1,...,K, wM K+k,v and Ao K+k,N converge to ¢(yy, ¢) and thus
there exists ¢ > 0 such that [A,_ KN — Ao K+kNl =€ and A KN —OpM-k+k NI =€, w.p.1 for all large N. Conse-
quently, we have the inequality

M-K M 2 i 1 "
N N N ogcy (1 21 AN —
d;VHNdTV_ Z fk,Nd}kVﬁk,NﬁledN SdTVHNdN Z N (—+—12'N)+0'2(1—CN)—' > : ,
k=1 =M-x+1| M \e € €
which implies
A~ M-K a.s
d;:VHNdN Z fk NdNuk Nllk ydv ——0,
=1 N—oo
Next, we write
M M M-K A
o 1 1 2 kN
Y &endyiyna) ydy=-ofey Y, dyiyna) ydyv— Y. ( - — + — ;
k=M—K+1 ’ k=M-K+1 ’ M 5 \Mn-Aken (AN —Agn)?
) M M-K 1 1
—0°(l-cy) ), dylgnigydy ) (= — — —|. .19
k=M-K+1 =1 \@i,N—AkN AN —AkN

Using Lemma 4.2.2 and Theorem 3.3.1, it is easy to see that

1M_K( 1 i 2ik,N ) a.s.
M G\ liv-Aeny Aoy —Agn)? ) N—oo

To handle the second term on the righthandside of (4.19), we first notice that @ y,...,@um, N are the eigenvalues

m@ (yk, ©) + 2w (yr, o) m' (W(yk, ).

~ 2 ~ A~ ~
of matrix Ay + %IIT, with Ay = Diag(Ay n,...,Ap,n) and 1 =[1,...,1] T, Using the matrix inversion lemma, we
obtain for x Q{ilyN, '--;iM,N;d)l,N)---,(Z’M,N}y

A -1 A -1
1M 1 . o1 ofey (An—aTI 117 (Ay - x1
— Y = Sy [(Ay—ay) - v (Av =) > A( v =)
M= ogn—x M M 1+o“cympy(x)
) R
o°c iy, (X)
= iy (%) — N N (4.20)

M 1+02cymn(x)’

Next, from Lemma 4.2.3 and Theorem 3.3.1, for x ¢ [0%(1 — v/¢)?,0%(1 = vV©)?] U {w/(A1,©), ..., ¥ (A, ©)}, w.p.1 for all
large N, we have the following decomposition,

MZK(AI o ): % (A1 ! )+(ﬁ 1 _% 1 ) N

=1 \WIN=X A N—X) =m—k+1\An—X OIN—X SJWINTX S A N—X

)

From the limits of Ay_x+ kv and @y g4k n for k=1,..., K, the first term of the righthanside of (4.21) satisfy

M 1 1
_ - as._ o
I=M—k+1\AN—Xx @O N—X] N—co

From (4.20), the second term satisfies

M( 1 1 ) ) 1y (X) as. o, m®

_ - = N . c .
S\oin—x Ay-—x 1+02cymiy(x) N—oo 1+o02cm(x)
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Let

= 2 T otem’

M‘K( 1 1 ) ,  m'x)
+
i=1

d)l,N_x - il,N_x
With probability one, for N large enough, the sequence (hy) is a normal family on ]o?(1 + v/¢)?,00[ by Montel’s

Theorem. Consequently, sz — n 0 uniformly on each compact subset of 1021+ \/E)Z,oo[. Getting back to (4.19),
we finally end up with

0.

M=

£ * A Ak
CM-k+k,N — @)Uy Kk, NU gy o vdN
k=1 N—oo

Troreme s — a2 e(m(y (yk, ) + 29 (yk, O Y (5, ©))-

From the Marcenko-Pastur canonical equation (2.15), we have

with probability one, where ay = o*c(l-0)

-1 -1
7 = d =,
M= oZemzy ™ " (i oZema)
where m(z) = cm(z) — % This implies that the identity

Yy My, o)1+’ cmy(yg, o) = -1, 4.22)

holds. Using twice (4.22) leads to

—_1_ 2 / 4 _ = U _ 1 )
ap=1 (20 cy(yr,om Wy, o) +o c(l =y lyr, omy(yg c))m (Y(yg,c)) v omwano))

We therefore end up with aj =1 - m with
m(y, c) , m@(y, ¢)?
=-I( ,c)(—a4c(1—c m'( ,c)—Zazc— ,oom ' ( +—— .
B V(Y ©) Yym' (y(y, €) T (e ) Yy c)m (y(yg) T (e, )2
It is easy to see that for x > 0?(1+v0)?%, T(x)wx) =1, with w(x) = x(1 + 0?cm(x))? —0%(1 — ¢)(1 + 0%cm(x)). There-
T (yr)w @(yg,c)

fore, F/(l//()/k, c)) = T o From (4.22), we have
m(y(yg,c)) 2
———— =—(1+0"cmy(yr ), (4.23)
Ty (ys, ) Vi
which impli =T’ 1. Twoe) . s
plies Bx =T" (@ (yk, ¢)). Therefore, aj =1 TR M)’ which finally implies
f/new“ﬁspike Naj.oo 0.

4.3 DoA estimation
In section 4.1, we introduced the M x N matrix of observations
YN = ASN + VN,

where S represent the deterministic source signals, Vyy the white gaussian noise and A the M x K matrix of steering
vectors, containing the transmission coefficients between the K sources and the M receive antennas. As stated in
remark 4.1.1, a typical model for matrix A is

A=A0)=[a(61),...,a0k)],

where 0 = [0, ...,0k] contains the angles of arrival of the K sources.
The classical source localization problem in signal processing consists in estimating the vector 8 from the
N samples collected in the matrix Yy. The so-called subspace-based estimator of 8 = 01,...,0)T relies on the
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observation that if matrices A(@) and Sy have both full rank K, then the angles 6,,...,0 are solutions 1 of the
equation a(0)*Iya(f) = 0, where we recall that ITy represents the orthogonal projection matrix on the kernel of
matrix A(0)SyS3A(0)*. In this context, the MUSIC (MUltiple SIgnal Classification) algorithm, derived by Schmidt
[38] consists in estimating for each 8 the quadratic form 1y (6) = a(0)*IIya(0) of Iy by a certain term ) 5(8), and
then to estimate the K angles as the argument of the K most significant local minima of function 8 — ) (0).

This approach has been extensively developed in the usual regime where N — +oco and M is fixed. As stated
in section 4.1, nn(0) can be estimated consistently in this context, for each 8, by ) (0) = a(0)*Tya(@) with Iy
the orthogonal projection matrix on the eigenspace associated to the M — K smallest eigenvalues of the empirical
covariance matrix %YNY;‘V. It clearly holds that

a.s,

sup |An®) —nn ()| ——0, (4.24)

Oe[-m,m] N—oo

and (4.24) immediately implies that the corresponding estimators of the direction of arrivals are consistent. Of
course, as stated in section 4.1, this convergence does not hold under the assumptions given in section 2.1.

In this section, we prove that the DoA estimates obtained from the improved subspace estimator introduced
in theorem 4.2.1 are consistent as N — co. We consider a uniform linear array of antennas the elements of which
are located at half the wavelength. The steering vector a(0) is thus given by

T
) (4.25)

a) = IM [1,einsin(f))“”,ei(M—l)nsin(B)

for 6 € [-7, 1. However, we will consider the model

_ 1 0 io-0o]T
a(@)—\/—]\_/[[l,e ey @ ] ,

for 6 € [, ], which is equivalent to (4.25), but simpler for the computations.
The consistency of the DoA requires to have a uniform consistency result as (4.24).

Proposition 4.3.1. Under Assumptions A-1, A-3 and A-4, and if a(0) satisfies the condition (4.26),

sup |ﬁnew,N(9) - nN(0)| 22 0.
O€[—m,m) N—o0

Remark 4.3.1. Proposition 4.3.1 hold of course for more general function a(0). In particular, the proof of Proposition
4.3.1 can be easily adapted for any function a(9) : [-m, ] — CM such that

|a@) —a@)| <CN"|6- 9'|s and sup sup |la@)]. (4.26)

N O€[-m,mu]
with s >0, r =0 and C > 0 a positive constant.

The uniform consistency in proposition 4.3.1 can be transfered to the angles estimates, as follows. In order to
define the estimators of 61,...,0x properly, we need to assume that the number of sources K is constant with N,
and we consider K disjoint intervals .#1,..., %k, such that 8y € .#, and define for each k the estimator ék, ~ of Oy
by ék' N = argminge g, [fnew,n (0)|. We deduce the following result.

Theorem 4.3.1. Under Assumptions A-3 and A-4, and if K > 0 is independent of N, then,
Ny —0r) ——0,
Ok,n —0k) Y
fork=1,...,K

Proposition 4.3.1 and Theorem 4.3.1 are proved in the following subsections.

LThis is due to the fact that spanfa(01),...,a(0g)} = span{up/_g+1,N,-..,Up, N}, Or equivalently that the orthogonal complement of the
column space of matrix A coincides with the noise subspace. Note that the K angles may be unique solutions under certain assumptions on
function 6 — a(6).



4.3. DOA ESTIMATION 79

4.3.1 Regularization of the spectrum

We first introduce a "regularization trick" which will be fundamental to prove Proposition 4.3.1. It will be shown
in the next subsection that it is sufficient to establish that for each a > 0 and for each 6 € [-m, 7], P(|fjnew,n (0) —
nn (@) > a) decreases fast enough towards 0. For this, a tempting choice is to use the Markov inequality, and to
establish that the moments of [f)pew, v (0) — v (0)| decrease fast enough.

From theorem 4.2.1, we have

1

Nnew,N = ﬁ?g@- dyQn(2)dy

Wy (2)
1+ 02crin(2)

<)

and we choose y>0ande >0, €< % small enough such that the rectangle £ is given by

R={u+iv,0<t] —3e<u<t{ +3e<t, —3¢,—y<v<y}h 4.27)

.....

is well-defined for N greater than a random integer, but this fact does not imply the existence of the moments
of [finew,n(0)]. In order to solve this technical problem, it is necessary to prove that the probability that at least
one element of {ik,N,d)k,N :k=1,..., M} escapes from [#] —2¢, t1+ +2e] U, -2, t2+ + 2¢] decreases at rate ﬁ for
any [ € N, and that the moments of a convenient regularized version of [fjpew, N (0) — N (0)]| converge fast enough
towards 0.

In the following, we denote by J the set

Te=1It] —€, 1 +elUlt; —¢€,t; +el,
and define the events «/; y and o n
n=3k: MingTe) and obo y = 1Fk:0pn € Te). (4.28)

From theorem 3.2.2, we know that
1
P(s/in)=0 (ﬁ) (4.29)

for all / € N. A similar property also holds for the &y .

Lemma 4.3.1. Under Assumptions A-1, A-3 and A-4, it holds that
1
P(shn) =0 i) (4.30)
foralll eN.

Lemma 4.3.1 is proved in appendix 4.5.5. Using this result, we now introduce a regularization term, denoted
XN, defined as follows. We consider a function ¢ € €¢°(R, [0, 1]) satisfying

1 forled;
P = _ . _ . (4.31)
0 forAeR\([1] —2¢ 1 +2elult; 26,15 +2€]),

and define the random variable

xn =det p(EnZi)det o (Qy), (4.32)
which verifies 1 ¢ S AN where &/ = o) y U oo . It turns out that, considered as a function of the real and imagi-
nary part of the entries of Wy, yn is a €' function, and using Poincaré inequality, we establish in appendix 4.5.6

Lemma 4.3.2. Under Assumptions A-1, A-3 and A-4, if (dy) is a sequence of uniformly bounded deterministic vec-
tors, i.e. supy |ldn |l < oo, then, for each integer 1, it holds that

21

sup E
ZEORy

W' (2) w',(z)
N ~Tn(2) N ) NY3

C
< N (4.33)

‘dfv (QN(Z)

1+UZCNﬁ1N(Z) 1+020NmN(z)

where the constant C does not depend on the sequence (dy).

The above mentioned property eventually allow to prove the uniform consistency of estimator fjnew,n (6).
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4.3.2 Uniform consistency of the subspace estimate

We now handle the proof of Theorem 4.3.1, and when function 8 — a(6) satisfies the conditions (4.26). We recall
that from the bounds (2.7), (2.8) and property 2.3.1, we have

1
1+02ceympy(2) |

wy(2)

— . = C, (4.34)
1+o0cympy(z)

sup [[Tn(2)[l, sup

sup
ZEORy ZEORy ZEORy

where C > 0 is independent of N. Moreover, since 7y (2), [|Qn(2) || < dist (z, {iLN,...,/ll\},N})_l and from the very

definition of event «#, y, it also holds

wy(2)

1+ o2cnrin(2)

XN

_ <C. 4.35
1+02ceymin(z) | AN (4.35)

sup [IQn(2)IIxnN, sup

ZEORy z€0.

sup
ZEORy
We consider the set 2k—1)
-
= 2T e

whose elements are denoted vy y for k=1,..., N?, and remark that for each 6 € [-7, 7] and for each N, there exists
an integer ky such that |0 — vy, vl < % For each 6 € [—, ], it holds that

flnew,N (@) =N (0) = [ﬁnew,N(e) - ﬁnew,N(VkN,N)] + [flnew,N(VkN,N) - nN(VkN,N)] + [nN(VkN,N) - TIN(Q)] . (4.36)

It is easy to check that the third term of the r.h.s. of (4.36) satisfies

1
sup [Ny n) —nn@)| <2 sup [a@) —a(vi, n)|| =0 (—) (4.37)
Oe[—m,m) Oe[—m,m) N

In order to evaluate the behaviour of the supremum over 6 of the first term of the r.h.s. of (4.36), we prove that for
each a >0,

. R 1
IF’( sup  |fnew,N(0) — Nnew, N Viy,n)| > a) =0 (W)

Oe[—m,m]

where 8 > 0. We first remark that for each [ € N, it holds that

P| sup |ﬁnew,N(9) —ﬁnew,N(VkN,N)| > a) = IP( sup |77new N () = new,N (Viy, N)| ﬂdc > a’) +P (/n)

Oe[—m,m) Oe[—m,m)
< 1[E (7] 1 (7 !
=, |new, v (0) = Anew, N Vi )| g | +O\ i |-
Moreover,
N I
eV ©) = nowr Vi )| Ty <C 4 |(a(6) - atvi, )" Q @D o] e i
new, N new,N Vikn,N g = 6%; kn,N N 1+026Nﬁ1N(Z) kn,N Ay .
The inequalities (4.35) and 1 ¢ S AN imply that
lon@I|—P e (4.38)
su || ——————|1y¢ , .
zeagy N 1+0?%cyrin(2) Iy

for some constant term C. Inequality (4.37) thus implies that

l

A

« Wy (2)
(a®) —a(viy,n)) QN(Z)ma(VkN,N)

sup

Tye < —
Oe[—n,7] N

N!
thus showing that

. 1
P ( sup mnew,N(e) - nnew,N(VkN,N)i > CI!) =0 (_l)
Oel—m,m] N
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for each integer [. Borel-Cantelli’s lemma eventually implies that

sup |ﬁnew,N(9) - ﬁnew,N(VkN,N)l -0
Oe[—m,m]

almost surely.
We finally study the supremum of the second term of (4.36).
Let a > 0, then

P| sup |flnew,N(VkN,N) —nN(VkN,N)| > (X) < P( sup |ﬁnew,N(Vk,N) —T]N(Vk,N)| > 06)
Oe[-m,m] k=1,...,N?

2

< ) P(|newNVin) =N (Vi N) | > @)

=
2
-

1
< Y [P{|fnewnVin) — N Vi N | > a} nay)] +6(ﬁ)
1

=
I

for each integer I. We now introduce in the above term the regularization term yy = det p(ZnZ},)det P(QnN)
defined in (4.32). As yy is equal to 1 on /%, it holds that

P ({|finew,n Vi, ;) =N (Vi N) | > @} N eZ) = P ({|finew, N Vi, N) —nN(Vk,N)|X§v > afnady)

=P (|ﬁnew,N(Vk,N) —NMNWk,N) | X?\] > 05)
1
- W[E|(ﬁ“eW’N("kyN) — ) 1

The introduction of y is in part motivated by the observation that the moments of fijnew,n (Vi N) )ﬁv are finite.
Moreover, it holds that

E| (Anew.n Vi) — v i) 1]

scf E
0%

y

W, (2) wl,(2) 2

1+02cymy(2)

a(vin)” (QN(Z) -Tn(2) |dz| (4.39)

_ Wyle 2
1+02cymin(2) )a(Vk,N)XN

and the proof of proposition 4.3.1 follows by applying lemma 4.3.2 to the above expression.

4.3.3 Consistency of the angles estimates

We now adress the proof of theorem 4.3.1, by considering the model of steering vectors
. . T
a@) =(1,e",... ™MD

for 6 € [-m, ], which is equivalent to the model (4.25). Recall that we assumed the number of sources K is fixed,
i.e. that K does not scale with N. In other words, model Xy = By + Wy corresponds to a finite rank perturbation
of the complex Gaussian i.i.d. matrix Wy.

Remark 4.3.2. In this context, we derived in section 4.2.3 an alternative consistent estimator, Tspike, N(O) of nn(6).
However, as we will in section 4.4, estimator finew, N (0) always leads in practice to the same performance as fspixe,n (0)
if 1\_12 << 1 but outperforms fispike, n(0) for greater values of % Therefore, the use of estimator finew,n(0) appears in
practice more relevant than fispike, n (6).

In order to establish the proposition, we follow a classical approach initiated by Hannan [26] to study sinusoid
frequency estimates. The approach is based on the following result whose proof is straightforward.

Lemma 4.3.3. Let (ay) a real-valued sequence of a compact subset of (—0.5,0.5], and converging to a as M — oo.
Define gy (a ) = AL,I Z],:I:I e~ i2mkanm Ifa £ 0 orifa =0 and M|ay| — oo, then gar(ap) — 0. Ifa = 0 and Ma

B eR, then qy(apy) — e’gsinc(g).

—00
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We denote by A the matrix A(f) corresponding the true angles 8 = (61,...,0x)”. It is clear that nx(0) = 1 —
a(0)*A(A*A)"'A*a(0). By the very definition of Ok v, |finew,n Ok x| < [finew, N (0k)]. From proposition 4.3.1 and the
equality nny(0) = 0, we have |fjnew, v (O, n)| — 0 W.p.1., as N — oco. Consequently,

NN O )| < 1NN Ok, N) = inew, N O, x| + [Tinew, N Ok, n)
< sup INNO) = Anew,n (O] + Anew,n Ok )]
Oe[—m,m)
a.s.

0. (4.40)

N—oo

From Lemma 4.3.3, (A*A)™! converges to Ix as N — co. Since (ék, n) is bounded, we can extract a converging
subsequence (O y(n)). Let ay = O () — 0. From Lemma 4.3.3, if ay — a # 0 as N — oo, then

a.s.

N—oo

a0k, o) *AA*A) AT a0 p(v) 0, (4.41)
and thus 7 N(ékw ny) — 1, a contradiction with (4.40). This implies that the whole sequence (0 5) converges to-
wards 0. If N Iék, ~—0x|is not bounded, we can extract a subsequence such that N 16 ko) — 0kl — +ooand Lemma
4.3.3 again implies that (4.41) holds, a contradiction. N Iék' ~—0¢|is thus bounded, and we consider a subsequence
such that N (0, —0x) — p where § € [-7, 71]. From Lemma 4.3.3, if § # 0, we get

2
0 —2 1-sinc|=| >0,
N Ok,pv) e sinc| 2

which is again in contradiction with (4.40). Therefore, § = 0 and all converging subsequences of (N |ék,<p(N) —0kl)

converge to 0, which of course implies that the whole sequence (N Iék' ~ — 0kl) converges to 0. We finally end up
with N(O, n —0r) — 0w.p.1.,as N — oo.

4.4 Discussion and numerical examples

We consider a uniform linear array of antennas the elements of which are located at half the wavelength whose
steering vector model a(0) is given by (4.25). In the following numerical experiments, source signals are realizations
of mutually independent unit variance AR(1) sequences with correlation coefficient 0.9. The SNR is defined as
10log(o~?2). The additive noise varies from trials to trials.

Comparison with the traditional estimator and the unconditional estimator We first compare the results pro-
vided by the traditional subspace estimate, the new estimate f)pew, v (0) defined as fjpew, ;v for dy = a(0) (referred to
in the figure as the "conditional estimator"), and the improved estimate of [51] derived under the assumption that
the source signals are i.i.d. sequences (referred to as the "unconditional estimator"), and denoted fjync,n(0). The
corresponding angular estimates (defined as the preimages of the K deepest local minima of the estimated local-
ization function) are denoted respectively "Trad-MUSIC", "Conditional G-MUSIC" and "Unconditional G-MUSIC"
in this section. We refer as "separation condition" the property that the eigenvalue 0 of matrix ByB}, is separated
from the clusters corresponding to its non zero eigenvalues, i.e. for each 0%, Mand N, 0 < wI’ N < Wy < AM-K+1,N-

We mention that the estimate of [51] is supposed to be unconsistent in the context of the following experiments
because the source signals are not i.i.d. sequences. However, we will see that the performance of the conditional
and the unconditional estimates are quite close, a property which will need further work (see the remarks below).

¢ In experiment 1, we consider two closely spaced sources, such that 8; = 16° and 8, = 18°. The number of
antennas is M = 20 and the number of snapshots is N = 40. The separation condition is verified if the SNR
is larger than 10 dB. In order to evaluate the performance of the estimates of the localization function, for
each improved estimator (conditional and unconditional), we plot versus 8 in figure 4.1 the ratio of the MSE
of the traditional estimator of a(0)"Ta(@), i.e. fyaq n (@) = a(@)Ta(®) over the MSE of the improved esti-
mator fjnew,n(0). The SNR is equal to 16 dB. Figure 4.1 shows that the two improved estimates have nearly
the same performance, and that they outperform significantly the traditional approach around the 2 an-
gles. We however notice that the three estimates have nearly the same performance if 0 is far away from
01 = 16° and 0, = 18°. In order to evaluate more precisely the improvements provided by the conditional
and the unconditional estimators around 6, and 6, we plot the quantities %Zizl Elf)traa, nOr) =1 NOOI?,

322 Elfinew,n0r) —nn (0117 and 3 Y2 _ Elfjunc,v (@) —1n (O)1? vs SNR (note that 7y (6x) = 0), in figure 4.2.
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Figure 4.1: Ratio (in dB) of the MSE of )44, () over the MSE of fjnew,n (6) vs angles 6.
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Figure 4.2: Mean of the MSE of the estimates of )y (01) = a(6,) " ITa(6,) and nx(02) = a(02) ' I ya(d,).

In figure 4.3, we plot for each method the mean of the MSE of the two estimated angles versus the SNR, i.e
0.5([E|(§1 —0:1%+ [Eléz —6,]%), where él,z denote the estimated angles. The estimates of 8, and 6, are defined
as usual by taking the arguments of the two deepest local minima of the estimated localization function.
The mean of the two Cramer-Rao bounds is also represented. The performance of the two improved esti-
mates are again quite similar, and they provide an improvement of 4 dB w.r.t the traditional estimator in the
range 15dB-25dB. We now plot the probability of outlier, defined here as the probability that one of the two
estimated angles is separated from the true one by more than half of the separation between the two true
sources. In figure 4.4, we compare the outlier probability of the three approaches versus the SNR of the three
estimators. For a target probability of error of 0.5, the two improved estimators provide a gain of 8 dB over
the traditional estimate. We finally evaluate the influence of M and N on the performance. N varies from 20
to 200 while the ratio cy is kept constant to 0.5, and SNR = 15 dB. In figure 4.5 we have plotted the mean of
the MSEs on the estimates of nn (6y) = a(Gk)HHa(Hk) for i = 1,2. The separation condition occurs for N = 32.
Figure 4.5 illustrates clearly the unconsistency of that the traditional estimate.

¢ In experiment 2, we now assume that the number of sources K is of the same order of magnitude that M and
N,ie. K=10, M =20,N =40. The ten angles (0x)x=1,.,10 are equal to 0 = —40° + (k- 1)10° for k=1,...,10.
The separation condition holds if SNR is greater than 15 dB. We again plot versus 6 in figure 4.6 the ratio of
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Figure 4.3: Mean of the MSE of the angles estimates versus SNR
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Figure 4.4: Outlier Probability vs the SNR

the MSE of the traditional estimator of the localization function over the MSE of its conditional and uncon-
ditional estimators. SNR is equal to 16 dB. Figure 4.6 shows again that the performance improvement of the
conditional and unconditional estimates is optimum around the angles (0x)x=1,.10. Figure 4.7 represents
the mean of the MSEs of the various estimates of ny(0y) = a(Hk)HIIa(Qk) for k=1,...,10 w.r.t. the SNR, and
confirms the superiority of the two improved estimates when the separation condition holds.

All the previous plots clearly show that the conditional estimator outperforms the traditional one, while its differ-
ence with the unconditional one is negligible. This is a quite surprising fact. To explain this, we recall that the
unconditional estimator has been derived in [51] under the assumption that matrix Sy is a Gaussian matrix with
unit variance i.i.d. entries. The unconditional estimator of [51] is based on the observation that if Sy is an i.i.d.
Gaussian matrix, then the entries of (ZyZ}, — zI ) ~! have the same behaviour as the entries of matrix Tiig,n(2)
defined by the following equation

1
Miiq, N (2) = J\_/ITr Tiig,n(2),
Tiig,n(2) =

[(AA™ + O'ZIM) (1—cn — enzmign(2) — zIM]_l )
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Figure 4.6: Ratio (in dB) of the MSE of the traditional estimate of the localization function over the MSE of its
improved estimates versus 6

One can verify that the entries of Ty (z) defined by (2.6), which depend on Sy, have the same asymptotic behaviour
as the entries of Tjiq ;(z) when Sy is a realization of an i.i.d. matrix. In this case, the conditional and unconditional
estimators have of course the same behaviour. If however Sy is not an i.i.d. matrix, then the entries of (Z NZ}‘V -
zIp)~! do not behave like the entries of Tjg y(2) so that the unconditional estimator should become unconsistent.
The previous simulation results tend to indicate that it is not the case. The explanation of this phenomenon is a
topic for further research.

Comparison with the estimator (4.17) We now present some numerical comparisons between the subspace es-
timators fnew,n (0) and Aspike, v (0) defined by (4.17) for dy = a(0).

¢ We consider again the parameters of experiment 1 above, i.e. we consider two sources located at 6, = 16°
and 0; = 18°. The number of antennas is M = 20 and the number of snapshots is N = 40. In figure 4.8, we
evaluate by Monte-Carlo simulations the quantity 0.5(E|6; — 6, |* + E|@, — 6,[%), which is the mean of the MSE
of the two estimated angles, versus the SNR. The performance of the SPIKE-MUSIC and G-MUSIC estimators
are very close. The mean of the two Cramer-Rao bounds is also represented. In figure 4.9, we compute by
Monte-Carlo simulations %Zizl El7Ox) — n(Hk)Iz, i.e the mean over the MSE of the localization function,
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Figure 4.7: Mean of the MSE of the estimates of a(6;) “ITa(0;) for k= 1,...,10 versus SNR
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Figure 4.8: Mean of the MSE of the two estimated angles

evaluated at the true angles. For an SNR greater that 10 dB, the performance of fjspike, v is close once again
0 fnew,N-

¢ In experiment 3, we consider K = 5 sources located at —20°, —10°, 0°, 10° and 20° and M and N are still equal
to 20 and 40. The separation condition is verified for all values of SNR between 10 dB and 30 dB. In figure
4.10, we plot the same graph as in figure 4.9. We notice that the spike estimator is not close anymore to the
G-MUSIC because the ratio K/N is not small enough. However, it still outperforms the traditional MUSIC
estimator.

4.5 Appendix

4.5.1 Proofoflemma 4.2.1: some uniform convergences

Define the event Q = Q) N Qy, where Q; and Q; are the probability one events over which the results of Theorems
2.2.1 (chapter 2) and 3.2.3 (chapter 3) hold, and fix a realization in Q. Therefore, for N large enough, (fiiy — my) is
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Figure 4.10: Mean of the MSE (localization function), K = 5.

a sequence of holomorphic functions on C\ ([tl‘, tf] u [tz‘,oo)) and from the bound in property 1.2.1,

2
dist(z, [17, 11U (25 ,00))’

MmN (2) — my(2)] <

This implies that (ri2y — my) is a normal family on C\ ([tf’ tf] u [tz’,oo)) by Montel’s theorem. Let (Mp(ny — M)
be a subsequence which converges uniformly on each compact subset of C\ ([t’, tl+ luls, ,oo)) to a holomorphic
function ¢. Theorem 2.2.1 implies that 7y (2) — My (2) —n 0 for all z € C\R™, and thus { = 0 on C\R*.
By analytic continuation, we deduce that ¢ = 0 on C\ ([#;,#]U[z;,00)), and consequently all converging sub-
sequence extracted from the normal family (/i1y — my) converges uniformly to 0 on each compact subsets of
C\ ([tl‘ , t1+ lule, ,oo)) which in turn implies the uniform convergence of the whole sequence (ri1y — my) to 0. The
uniform convergence of the derivatives 77, — m/y, is a straightforward consequence.
Using the bounds

1Qn ), ITn (2) || < dist(z, [17, 51U [£5 ,00))

(Theorem 3.2.3 in chapter 3 and bound (2.8) in chapter 2), (4.5) is obtained similarly.
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Finally, from property 2.3.1 (chapter 2),

inf |1 +0 cNmN(z)| =2,
ZEX

for all large N. Therefore, using (4.4), we have for all z € & |1 +0o2cy mN(z)| > 1 for all large N, and thus,

0.

su ! L <02€N sup |mn(z) — my(2)] as
ZEE/ 1+02cnmin(2) 1+020NmN(z) ) ZEE/ N N N—oo

This concludes the proof.

4.5.2 Computations of the residues and formula of the estimator

In order to evaluate these residues, we first remark that

M d7 ukNu NaN
dyQn(2)dy = ZNA—

=1 Akn—2z

and gn(z) can thus be written as

M
gn(2) = ) dyly N ydy (G, (2) + Prn (2) + Tk n(2),
k=1

where we have defined

R l+UZCNﬁ1N(Z)
agnN@) = —F—,
A'kN_Z
202 cyznth,(2)
Brn(2) = A—N

kN—Z
1y, (z)

" (Z) —()' C (I_C )
YN N N AN -2 A +02cymy(2)

Consequently, with probability one

f gn(2)dz=
27mi
M M-K

- Y dyi N ydy Y (Res (@, Amn) +Res (Bin, Am,n) +Res (Fin, Am,n) +Res (Fi.n, @m,n)),
k=1 m=1

for all large N and classical residue calculus gives

0' O~ CN
) A . —AkN_/lmeork;ém,
Res (@, N, Am,N) =
_ 1-‘1—0' CNMZI¢]1Cm for k = m,

20%cy Ain f
=N _ 5t fork#m
M A n=AmN)?, 7 m,

Res (ﬁAk’N’im’N) = 20 cN Z AkN

l 1 Ain—Ar for k=m,

0?1 - cN)—fork;ém,
k,N—

Res (5 Amn) =
) ) 1-
~M—H 1+U nyM 1—/1lzvllk for k=m,
ik
~ N l—CN
Res (7k,n, Omn) = —azf.
Ak, N — @m,N

Next, we define é kN as

M-K

ék,N_ Z ReS akN) mN)+RES(ﬁkN, mN)+ReS(YkN,/1mN)+ReS(YkNywm))
m=1
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We obtain, fork=1,..., M- K

2 M 2 M 1
N o°cy 1 20°cy AkN 1-cn
Sk,n=1- Y = —+ - ——+M
M opTxer A — AN M ipiTk+1 (A — Ain) N
D el Moty et 930 een
+0°(1-cn) = ~ ~ + = ~ ,
i=1 Ain—AgN =1 —AdkNy i1 AN = AN
i#k l;ék i#k
andfork=M-K+1,...,.M
¢ MZ 1 _20%cy MK Ak
k, -
=1 Ain AkN M i=1 ( k,N—ﬂ,,,N)z
(,t)l N — /1
+0*(l-cn) Y,
3 (Aiv-Aen) (@ Ak,N)
To retrieve the final form of {; y given in the statement of Theorem 4.2.1, we notice that
M 1
1+ UZCN_ Z — — =0,
i1 AiN— O, N
and use the following lemma
Lemma 4.5.1. The following identity holds foranyk=1...M,
1 % 1 2 % 1 1 % 1
M S Ain-bkn MSAin-Aey M S 60— Ay
i#k i#k i#k
Proof. We first write the equation in w, 1+ o?cyiy(w) =0 as
2. M
o°c 1
Ny +1=0,
j=1 A]‘,N -
and by multiplying the left-hand side by H ( - ), we define a new polynomial Q(w), by
olon M M
Qe === [T (hiy-w)+ H Ay —w)
j=1i=1 I=1
I#j
As the polynomial function Q has M roots at @; n;, ..., N, We can write
M
Q) =[] (@,n-w).
I=1
Therefore,
M 2. M
~ N ~ O°CN ~ ~
Qi) =[] (@n—AkN) = I[TAn=Akn)
1=1 M 5
I#k
which will be useful later on. Let us now consider the derivative of Q given by
M Uzc M M M
Q'w) = Z]—[ DN —w) Zl_[ Ay - o) ZZ [T Ajn-w).
j=1li=1 j=11#] =1 j=1
I#j =1 l¢m jEm,l
Evaluating again this function at point A kN, We obtain
s M M ) M ) 20%cy M M R
QN ==Y [T @in—Axn)==T] Ain—Akn) - v; Y IT (Ajn—=Akn)
j=11=1 I=1 j=1

=1
I#] I#k I#£k j#k,1
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(4.42)

(4.43)

(4.44)
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or, dividing both sides by the first term on the right hand side of the equation,

ZMll_[ (wl,N_/ik,N) o
l#] 20 CcN Z 1

HAi (AZ,N - Ak,N) M 1:1
=1
I#k I#k

Going back to equation (4.43), one can also write

SV (@08 = Akn) N | TR YY)
l#] _crch l#] o CN% 1
H?il (Ain—Akn) M H?ﬁl(@l,N—ik,N) M Sain-Aen
I#k

Consequently, we see that we can write

20 cN % 1 _o?ey 1 +020N f 1
AN -Agy M oogn-Aiey M5 opn—Aen
£k I#k
or, reorganizing the terms of this expression in a convenient way,
2 2. M 2. M 2. M
g c 1 g c 1 og°c 1 g c 1
=N - =Ny Ny - Ny (4.45)
M Mn-opny M S An-Agy M Sogn-An M oS Anv—Aen
I#k I#k I#k
But from the equation in w (4.42), we obtain
2 2. M
o°c 1 ogc 1
lh— - Ny~ -9 (4.46)
M Agny—bry M S A N—OkN
1#k
and by inserting this expression into (4.45), we finally get the expression in the lemma. O

4.5.3 Proof oflemma 4.2.2: another uniform convergences

We only prove the second assertion of the theorem concerning 7, y, since the technic is similar for 72y. We define
the domains % = C\[0,0%(1 + v/¢)?] and %; = % \{w(A1),...,w(Ak)}, and denote by Q; the probability one event
on which the convergences in theorem 3.3.1 holds. We easily deduce that 71, n(2) — iny(z) —n 0 on Q;, for all
z € ;. Moreover, my(z) — m(z) —n 0 on an event Q, , depending on z € %;, and s.t. P(Q ;) = 1. Let (z4) a dense
sequence of C\R and fix a realization in the probability 1 event Q = Q) NQp with Q =N Q2 ;. For, z € %, let (z,)
asubsequence s.t. |z -z, | < % Then,

| (2) — m(2)] < |y (2) — i ()| + [ (zx,) — mizg,) | + | m(zr,) — m(z2)] .

But from theorem 3.3.1, there exists € > 0 s.t. |A;un — 2| = € for N large enough and all m. This implies that for
large enough, |/lm N =2k, = § and

|Zkl _Z| M 1 2|Zk‘l _Zl
[N (2) — iy (2, | < T Y >
m= 1|/1mN Z||/1mN Zkl| €

Consequently, limsup y |71y (2) — m(2)] < 7 2Z 4 |m(zkl) - m(z)’ which goes to 0 by taking the limit in /. Therefore,
we have shown that on the event Q, 71, y(z) — m(z) —n 0 for all z € %;.

To conclude the proof, we fix € > 0 and consider again a realization in the probability 1 event , and notice
that (771, y — m) is a normal family on %, = C\[0,0(1 + /) + €] by Montel’s theorem, for N large enough. For a
subsequence converging uniformly on each compact subset of %,, we have shown that the limit is 0 on the set
U Ny (A1),...,w(Ax)} and by analytic continuation, also on %,. Consequently, the whole sequence (1,5 — m)
converges to 0 uniformly on each compact subset of %,. This of course implies the same convergence for the
derivative (ﬁz’t, N~ m'). Since € can be made arbitrarily small, this concludes the proof.
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4.5.4 Proof oflemma 4.2.3: Behaviour of & y under the spiked model assumption

In this proof, we denote by €' (A, r) and 2(A, r) the circle and open disk centered at A with radius r.

Let Q; and Q, the probability one events on which the convergence of Theorem 3.3.1 and Lemma 4.2.2 hold
respectively. Fix a realization in Q = Q; N Q.

Let 1 < i < K. Since m is continuous on R and Re(1 + o%cm(x)) > 0 for all x € R (see theorem 2.3.1 and section
2.5 in chapter 2), we can find ¢ > 0 small enough such that infycg Re(1 + o2cm(x)) > 4e. This also ensures that we
can choose r > 0 small enough such that

D(0*A+VO)*,1NNDW(y1,0),1)N...0nDWw(yk,c),r) =2, (4.47)
and

sup  Re(m(z)) <0,
zZ€D(y(yi,0),1)

inf  Re(1+0%cm(2)) = 3e,
Z€D(y(y;,c),r)

sup |[Im (azcm(z)) | <
Z€D (Y (y;,c),1)

[NSHN

Let 0 < r’ < r. Thus, Theorem 3.3.1 implies
AM-k.N €D(@* L+ 1),

and JALM,KHC,N €D (yk, c),r") for k=1,...,K and N large enough. Since 1y converges to m uniformly on each
compact of C\ ([0,6%(1+ 0?1 Uiy (y1,0),...,¥(yk, ©)}), we deduce that for N large enough,

o infreqy;,o0,m Re(1+0?cmy(2) = 2¢,
* SUPzerg iy 0. M (0P crn(2) I < e,
* SUPc(yiy;,0,r) Re (M (2)) <O0.

In particular, the three points above imply

sup IachmN(z)l <l-e.
Z€E (W(y;,c),r)

Consequently, by defining h(z) = Ay_k+in — 2 and h(z) = (iM_K+;,N —z)(1+a%cnrmn(2)), it follows that
|h(2) = h(2)| = | A—k+in — 2| |07 entin(2)| < |Am-ksin — 2| = 1h(2)],

forall z€ € (yw(y; ), r'). Therefore, as 1+0%cymin(z) hasone polein 2y (y;,c), 1), ie. iM_KH', Rouché’s Theorem
implies that 1 + o?cy 7y (z) has exactly one zero inside 2 (v (y;,c), ). Since r’ > 0 can be made arbitrarily small,
we deduce that ®p—x+in =N W (yi, ) fori=1,..., K.

We now prove that ®p—x, N — N 02(1++/¢)?. Assume this is not the case. For € > 0, we have from Theorem 3.3.1
o1+ \/E)2 —€=@pm-k,N =W (y1,¢) +e€for N large enough. Therefore we can extract a subsequence @ p-k,p(N) — N
0 # 0%(1 +/c). From the above discussion, we also have 6 # v (y1, ¢). Thus,

2 o N
1+ 0% Cp) () (@ M-K,p(N)) =0,

for all N and Lemma 4.2.2 yields 1 + o2cm(6) = 0, which leads to a contradiction since Re(1 + a2cm(x)) > 0 for all
xeR.

4.5.5 Proofoflemma4.3.1: Escapeof ®; v,...,Op,N
To prove lemma 4.3.1, we follow the same approach than in Section 3.2.2, and therefore it is sufficient to prove
Lemma 4.5.2. For all function v € €°° (R, R) constant over the complementary of a compact interval and vanishing

on &y for N large enough, it holds that

. 1
E|(Try@n)”| =0 (W) (4.48)

foreachleN.
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FOr this, we Study the behaViOur Of the Stlelt]es tranSfOrm nN (Z) Of the dlStrlbutlon _Al/[ 2 k=1 6d)k,N deﬁned by
( ) ( ) '
n z —Tr (( !N — zI .
N M

and use Lemma 3.1.1 as well as the inverse Stieltjes transform formula (property 1.2.2). Our starting point is the
following result showing that the empirical eigenvalue distribution of Q is very similar to the distribution of the
eigenvalues of ZyX},. In the following, Py, P, are two polynomials independent of N with positive coefficients,
whose values may change from one line to another.

A rate of convergence for [ [ 171y, (2)] — m/y (2)

We first prove, as an auxiliary result, that

1
|E[riy(2)] - my(2)| = ~z P102hP2 (

1
) ) (4.49)
[Im(z)]|
aresult similar to theorem 2.2.2.
For the quantities used below, as well as their properties, we refer the reader to the proof of theorem 2.2.2
(appendix 2.7.2). We first notice that (4.49) is equivalent to

1
|ay(2) -6y (2)| < ﬁPl(lzl)Pg( ) (4.50)

[Im(z)|
where we recall that ay(z) = E[o?cnin(z)] and dn(z) = o2cymy(2). In order to prove (4.50), we first show that

ByBY, )*1
)

eg\,(z), the derivative of €(z) = an(z) — %Tr Ry (z), where we recall that Ry (z) = (—z(l +odan(2)Iy+ Troan®@

satisfies

(4.51)

lev(2)| < LZPI(|Z|)P2 (;)
N [Im(2)]

and deduce from this that (4.50) holds. In order to evaluate the behaviour of egv(z), we recall from (2.31) that
2

1 o o [
ay(z)— NTI Ry (z2) = NTI E[Qn(2)] RN(Z)NTI‘ An(z) + NTI An(z2)Ry(2), (4.52)

where Ay (z) is defined in (2.26), and differentiate (4.52) with respect to z. It is easily checked that the derivative
of the righthandside of (2.26) is bounded by P; (1z))P2(IIm(2)| ™), using lemma 2.7.1 2 and the fact that ||R§V(z) | <
P, (1z])P2(IIm(2)|™Y). The details are omitted. It is also possible to prove

o s o 1 1
ey ()| = |ay(2) - N RN(Z)| =z P102DP, (m) (4.53)
_ * -1
with @y (2) = an(z) — @ and Ry(z) = (—z(l +oan(2)Iy+ IJ?(;VT%) . In order to complete the proof of 4.50,

we observe that
1
aly(2) -8y (2) = o Tr Ry (2) — 6y (2) + €y (2), (4.54)
ay(2) =8 (2) = O'%Tr Ry (2) =6y (2) + & (2). (4.55)
From the system of equations (4.108), we have
%Tr Ry (2) — Tn(2) = (@n(2) — On(2) zvn(2) + (an(2) — SN (2) un(2), (4.56)
g ~ ~ - X ~
NI (Ry(2) ~Tn(2) = (@n(2) ~ 0w () un(2) + (an(2) = On(2) 20N (2), (4.57)

By differentiating (4.56), (4.57)) w.r.t. z, we use (4.54), (4.55) and (2.22), and recall that both |ay(z) — §n(2)] and
|an(z) —d n(2)| are bounded that #Pl (1z])Py (IIm(z)I‘l) (see theorem 2.2.2). We check that uyn(z), zvy(2), zUn(2)
and their derivatives are bounded by P; (|z|) P (IIm(z) | ‘1), and obtain eventually that

[‘f:N(Z) —é:;v(z) ¢n(2)
@y (2) -6y (2) én(2)

2In fact, it is necessary to adapt the statement of lemma 2.7.1 by replacing Q y (z) with Qr(2)2. The proof is similar.

(f;\,(z) —Q;V(Z)
@y (2) =6’ (2)

un(z) zvn(z)
zin(z)  un(z)

)
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with &N (2)], IEN(Z)I bounded by N72P,(|z])P2 (IIm(z)I‘l). The determinant of the above system is the same as
(4.108), i.e.

An(2) = (1 - un(2)? - zvn(2) TN (2). (4.58)

From (2.43), |An(2)™!| = P1(1z))P; (/Im(z)| ') for all z in subset <7y of C defined as

oy = {ZEC\IR —Q1(z)Q2 (Im(2)| ') < }

where Q; and Q> are 2 polynomials independent of N. Thus, we can invert the previous system on &/ to get

1 ¢n(2)
@)

1-un(z) zun(2)
zin(z)  1-un(2)

Cf;V(Z)—QQV(Z) _ 1
@y (2) -0\ (2)] An(2)

This implies that Ia’N(z) (z)I is bounded by = P1(|z])P2 (IIm(z)I 1) on /. If z € C\{RuU «/N}, we proceed as
usual: we remark that

C
la'y (2) = 8’y (2)] < |y (2)| + |6y (2)] < mal’

for each z with C > 0 independent of N, and 1 < %Ql(lzl)Qg (IIm(z)I‘l) for z € C\ {RU «/y}. Therefore,

C 1
|a§V(z)—6§V(z)|_| |N2Q1(|Z|)Q2(|Im(z)| 1) = 5z P112DP2 (Im(2) ),

on C\ {RuU%y}. This in turn shows that (4.50) holds on C\R.

Decomposition of E [7iy(2)]
We now prove that

duy() 1 [ dxy(d)

El7in(2)] =f

+ , 4.59
o A=z Mls A-z rn(2) (4.59)

where « y a finite signed measure carried by .#y such that x v ([xq N N]) O0forg=1,...,Qp, and ry a holomor-
phic function on C\R satisfying

1 1
rn(2)| < —=Pi(|z])P s
Irn (@) = 5 Prlz) Z(IIm(z)l)
To prove (4.59), we use that Qpisarank1 perturbation of Ay (see section 4.2.1), and obtain immediately that
(@) = iy (@) - — iy (2)
in(z) = my(z) — — z
N N Vel

o? cNm (2)
1+02cnmn(z)”

where i N(2) = Therefore, for z € C\R, it holds that

1 ~
Elnn(2)] =E[mn(2)] - ]\_/[[E[hN(Z)]' (4.60)
We first establish that
~ 1 1
El|h —-h <—P P 4.61
|E[An(2)] - hn(2)] 102D 2(|I ()I) (4.61)

o?cnmly(2)

TroZenmn @ For this, we write

where hy(z) =

hn(2) - hy(2) =
o?cen (il (2) — my (2)) (02 cn)? (mn(2) () (2) — My (2) + miy (2) (my (2) — iy (2)))

= + ~ (4.62)
(1+o02cnmin(2)(1+02cympy(z)) (1+02cenymin(2)(1+02cnympy(2))
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From theorem 2.2.2 and lemma 2.7.1, we get

1
Elrn(2) — my(2)|* < 2Var [y (2)] +2|E iy (2)] — my(2)]° < —P1 (12]) P ( )
N Tm(2)]

Therefore,

1
Elmin(2) — my(2)| < N (Pl (1z]) + P>

)
Im(2)| /)

Since lemma 2.7.1 also holds with Q ~(2)? instead of Qn (2), this implies similarly with (4.49) that

E |1ty (2) — mly (D) < — P (12) P ( ! )
N TVEL = N T Imea) )

Therefore, it holds that

E

i)
Iim(z2)[ /)"

Since —z(1 +o%cnin(2)) ! is the Stieltjes transform of a probability measure carried by R*, we have

1
iy (2) — my(2)| < N (P1 (Iz) + P2

1 __ 2l
1+0o2cymn(z)| ~ 1Im(2)]’

and using the bounds |my(z)| < IIm_l(z)I’ Im;\,(z)l < m, 1+02cympy(z)| <2 (property 2.3.1), we eventually get
from (4.62) that

N 1 1
E|h -h <—P P .
|hn(2) — hy(2)] 12D P2 ( |Im(Z)|)
This immediately implies (4.61). Using property 2.3.1, we obtain that |hy(z)| < 202cN|m§V(z)|. As |m)y(2)| <
m, it holds that |hy(2)| = C m, with C a positive constant. Property 1.2.3 implies that hy(z) is the
Stieltjes transform of a finite signed measure x y, the support of which is the set of singularities of iy (z), i.e. Hy.

In order to evaluate x N([x; N? x; N1)y we use the inverse Stieltjes transform formula,

1
KN ([xg n X D) =lim—1m(f[ hn(x+ iy)dx).

ylo a NN

2 .
It is clear that hy (x + iy) = 208U+ NMNEEID) | where the complex logarithm corresponds to the principal deter-
mination defined on C\R™. We note that property 2.3.1 justifies the use of the principal determination. Therefore,

J

When y — 0, this converges towards log(1 + o cy mN(x:;’N)) ~log(1+0%cy mN(x;,N)), areal quantity because Xy N

hn(x+iy)dx = log(l + UchmN(x:;'N + iy)) —log(l + achmN(x;YN + iy)).
N g

and x:;'N belong to 0.y and 1 + o cNmN(x:—;yN) > 0 (property 2.3.1). This shows that KN([JC;,N, x;’,N]) = 0. Conse-
quently,

. dxn(A
E[hn(2)] :L) Z]j(z) +Mry(2),
N

where ry(z) is holomorphic on C\R such that |ry(2)| < #Pl (lz))P2 (;) This shows (4.59).

|Im(2)|

Proof oflemma 4.5.2for /=1

We now handle the proof of lemma 4.5.2 in the special case [ = 1, and in the next paragraph, extend the result for
any / € N by induction. For this, we use the Poincaré inequality (theorem 1.4.2) as in the proof of lemma 3.1.3.
However, in the present case, the entries of Qy, considered as functions of the real and imaginary parts of the
entries of Wy, are not continuously differentiable on RZMN hecause function Wy — ik, v is not differentiable at
points for which eigenvalue ik' n is multiple. The use of Poincaré inequality has therefore to be justified carefully,
which is the purpose of the following result.
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Lemma 4.5.3. Let be a function of €°(R,R). Then, Tr {7(Qy), considered as a function of the real and imaginary
parts of the eniries of Wy, is continuously differentiable. Moreover, if the eigenvalues of ZNy X}, have multiplicity 1,
it holds that

0 {iTr(%ﬂ ))}—i
Wiy \ M NIy

Lemmas 4.5.3 is proved at the end of this section. The bound

M
DN (A (VTN ) AT TS e (4.63)
-1 .
Ji

SupE [IWyWHII”] < +00, (4.64)
N

valid for p € N, which have been given in section 1.4.2, will be also useful for the following.

Denote by b the constant value taken by ¢ over the complementary of a certain compact interval, and by ¢ the
function of €°(R,R) defined by (1) = w(A) — b, which is equal to —b on #y. Using Lemma 3.1.1 and (4.59), we
obtain

[E[Ai/[Tru?(ﬂN)] =/lep(A)de(;L)—Ai/[nyw(;L)dKN(;L)m’(#). (4.65)
Using that x y([x 7 N,xq N =0 foreach g=1,...,Qp, we get that ny W (M) dxn(A) =0 and that
E [iTru?(ﬂN)] = —b+@(i).
M N2
Therefore, it holds that
E —Tr U/(QN)] (—2)

To prove lemma 4.5.2 for [ = 1, it thus remains to prove that

Var %Tr (w(sz))] =@(%). (4.66)

We first note that, considered as a function of (Re(W;,; n),Im(W; j n)1<i<sm,1<j<N, A—/ITr w(QN) is continuously
differentiable by Lemma 4.5.3. Therefore, function MTr w(Qy) is continuously differentiable as well. It is thus
possible to use the Poincaré inequality to evaluate the lefthandside of (4.66). Furthermore, as the eigenvalues
(ik, N)k=1,.,m have multiplicity 1 a.s. (see remark 4.2.1), it is sufficient to evaluate the partial derivatives of function
ﬁTr w(Qy) when Wy is such that the (flk, N)k=1,...m have multiplicity 1. As the derivative of ¥ coincides with 12/',

(4.63) and Poincaré inequality lead to

,,,,,

1 R c_|1 e A 2.
Var | - Tr (w(ﬂN))]sm[E 7 ZNZNI:ZIW'(QN)]M ul'Nul'N) ,
or equivalently,
M
Var —Tr (v(Qn)) ] —Z AT ]
From property 1.3.3, we get
' @111 = (1 @n17) - (4.67)

Therefore, it holds that

Var iTr( @) | =
a M (V4895 =<

e L R
E [||2N2N|| 7 v QN2 (4.68)
As supy [[BNBy Il < +o0, (4.64) yields

SUpE[ZNZ 1P < +oo.
N
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We remark that IIZNZT\,II < t2+ + ¢ on the set di (see (4.28)), and thus

<(t7 +¢)E [%Tr w/(ﬂN)?‘] .

* 1 ! A 2
[E[||2NZN|| Ly, 37 T ¥ (@)
Function y'? belongs to €°(R,R) and vanishes on #y. Therefore, (4.59) implies that E [ﬁTr v Qn)? =0 (#)

Moreover, as ﬁTr 7 ©Q N < sup, v’ M2<CwithCa positive constant, we have

1
< CE[[ZnZi ] 1], = CEINENZRI) PP = 0 1.

. L&
Bz 7 Xw' @0

for each integer p. This completes the proof of (4.66).

Proof of lemma 4.5.2 for any /
Assume that (4.48) holds until integer [ — 1. We write as previously that

E|(try@n)*| = (E[(mr w(ﬂN))’])z +Var | (Try(@w)' | (4.69)

The Cauchy-Schwarz inequality leads immediately to
1
) , (4.70)

~ 1 2 N 2 A 21-2
[E[(ry@n)]) <E[(Trw@w)?|E[(Try@n)* | =0 (W
As for the second term of the r.h.s. of (4.69), we use Poincaré inequality and Hélder’s inequality to obtain

)

. 1l M, R
(Trp(p))* " 77 2 e (19 @)’
k=1

Var |(Try (@)’ | < CE

=1

1

N1
)([E[(Trw(ﬂN))ZZ]) ,

1 M , oA 2
o kz AN (W ()1 k k)
-1

sC([E

where C is a positive constant. Property 1.3.3 leads again to
!

* 1 ! r A 2
<t IIZNENIIMTH// Q)

E

1 M, oA 2
Y Aen (W QN k k)
k=1

|

We write again that
! l

’

1 A 2
+E IIZNZ}‘VIIMTr v'(Qp) L

! 1 .
= [E‘ IZNZNI MTI W/(QN)Zﬂm‘l,N

* 1 ' r A 2
E IIZNZNIIMTM// (Qn)

and obtain as previously that
!

+ (IP’(&%LN))UZ) .

l<c [E‘lTr "(Qn)?
= M VSN

L1 )
E ‘ IZNER 5Ty (@)
But, applying Cauchy-Schwarz inequality as in (4.70) to E |Tr ¢/ (€n)? |l leads to E| 1 Tr ¢/ (Qn)? |l =0 (ﬁ) Gath-

ering all the previous inequalities, we find that
=1
]

+0 —)

N2l

E [(Tr w(QN))Zl] < % ([E [(Tr II/(QN))ZI])

lez ) This concludes the proof

and in the same way as in the proof of lemma 3.2.1, we obtain E [(Tr w(ﬂN))ZI] =0 (

of Lemma 4.5.2.
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Proof of auxiliary lemma 4.5.3

We first establish the following auxiliary result.

Lemma 4.5.4. Given an integer D > 0, let f be a continuous real function on RP. Let @ be an open set of RP such
that RP\@ has a zero Lebesgue measure. Assume that f is a ‘€' function on © and that its gradient f' on © can be
continuously extended toRP. Then f is €' on the whole RP with gradient f'.

Proof. We only need to prove that for any x € R” — @ and any sequence x, — x,
FGen) = 0 = (f'(x), xn = X) + 0(dp).

where d,, = ||x, — x||. Since f is uniformly continuous on any small neighborhood of x, there exists a sequence 6,
such that for every y and y' in this neighborhood for which |y —y'| < 6,, |f()) = f()] < d%. Since RP — @ has a
zero Lebesgue measure, there exists y,, and z, in € such that

X = Yl <Min(8,,, d2) and || x — z, || < min(5,, d2).

Therefore, it holds that max(| f (x,) = f (yn)|, | f (zn) = f (0)]) < d2. Writing f(x,)— f(x) = f(x0) = f )+ f(yn) = f(zn) +
f(zy) — f(x), we obtain that f(x,) — f(x) = f(yn) — f(zn) + 0(dy,). By differentiability of f on @ and continuity of f’
at x,

Fn) = fzn) =" (@n), yn— 2n) + 0Ulyn — zall) = (f'(x), x5 — X} + 0(dy)

which proves the lemma. O

We now complete the proof of the Lemma. We consider ¥ € 6:°(R,R), and establish that, considered as a
function of the real and imaginary parts of Wy, function Al/[Tr ¥(Qy) is continuously differentiable on R*MN e,

that for each pair (i, j), the partial derivatives % {3 Tr ¥ (Qn)} exist, and are continuous *. We denote by & the

.....

.....

1.3.2) and that

oA N L
Wiin [ZNULN“LN] i 4.71)
Using again lemma 1.3.2 and the very definition of Q (see (4.7)), we obtain
0 R oA 0 ) LM .
W {Try(Qn)} =Tr @ (QN)(SW‘ —{Qn}| = ZNZW’ Q)]0 N 4.72)
L,j,N i,j,N =1 i

and get that ﬁTr ¥ (Qp) isa €' on @. By Lemma 4.5.4, it remains to establish that the righthandside of (4.72) can
be continuously extended to any point W(])V of R*MN\@. For this, we first prove the following useful result.

Lemma 4.5.5. IfA;n = A; n, then [§(Qn)]xk = [W( Q)11

Proof. We start by observing that for any integers my, my, ..., m,, matrix A = Ay 117AR? --- 11TA Y writes

A~

my my me—1 me-1
AMn AN AN ALN
_ . . . . A M
A= . . . . . . AN
Am .. am Ame1 Ame—1
/IM,N /IM,N AM,N A’M,N

hence [Alyx = [Aly; if /Alk_ N = /11, ~- The same can be said about 117A and A117. Consequently, the result of the
lemma is true when ¥ is a polynomial. Since any continuous function ¥ is the uniform limit of a sequence of
polynomials on compact subsets of R, the result is true for such . O

347 is real valued, the partial derivatives w.r.t. Wiy j,N thus coincide with the complex conjugate of the partial derivative w.r.t. Wj ; y. Itis
therefore sufficient to consider these derivatives.



98 CHAPTER 4. SUBSPACE AND DOA ESTIMATION IN LARGE SENSOR NETWORKS

We consider an element WS, of R2MN\@, and denote by my, ..., my, with M = Y7 m;, the respective multiplic-

,,,,,

matrices over the corresponding eigenspaces. Lemma 4.5.5 implies that foreach i =1,...,L,

=Kj.
mi+..+mij+mi—l,my+..+mi+mj—1

7' @

== [u?'(ﬁ)

mi+..+m;,mp+...+m;
Therefore, for any sequence (Wy ;) ,eny converging torward W‘])V, it holds that
L

ZTVZKZHLN
=1

lim 9 { ! Tr (@ )}
n—oo OWi']',N M v N

This completes the proof of Lemma 4.5.3.

Wrn=Wn,,

b

4.5.6 Proofoflemma4.3.2

In order to shorten the notations, we denote by g (z) and gy (z) the functions defined by

Wy (2)

5 =dj dy——————,
§n(2) =dyQn(2)dN T e p—————,

and

wh(2)
=d* T S ha—
gn(z) =dy N(Z)dN1+UchmN(z)

In order to evaluate E|gn(2) — gN(z))ﬁVIZI

regularization factor y .

, we use the Poincaré inequality. For this, we need first to differentiate the

Differentiation of the regularization factor

We recall that if H a hermitian matrix with a spectral decomposition H = }; y;x;x], its adjoint (i.e. the transpose
of its cofactor matrix) denoted by adj(H) is given by adj(H) = ¥;(ITxz; y1)x/X;. When H is invertible, adj(H) =
det (HH .

Lemma 4.5.6. Assume assumptions A-1 to A-6 hold. Considered as functions of the real and imaginary parts of the
entries of Wy, functions det (EnZ%) and det ¢p(€y) belong to €' (R*MN), and their partial derivatives w.r.t. W; jn
denoted by

0

) R
Dil;inN:= det p(ZnZi)}, d [Dsl;in:= det p(QN)},
D1l,j,n aWi,j,N{ et p(ENZ})}, and [Dalijn awi,j,N{ et o)}
are given almost surely by
[D1];,j,n =ejZyadj ((ENZR)) ¢’ (EnZR)es, (4.73)
M
Dalijn = |2y D [adj(¢p@n) @' @N)],, 1T N (4.74)
=1 i

ji
If we denote by 98\, and 9B, the events defined by
%1,1\/ = {Hkiik,N ng;} N {il,N)---»iM,N € supp((p)}, and gggyN = {E”C : (Z)k,N ng} n {QI,N;“-»(DM,N € supp((p)}
then [D1];,jn =0 on QBIC'N and [D]; jn=0on .98§’N.

Proof. We first establish that det p(ZyZ}) isa %! function, and that (4.73) holds. We use the same approach as in
Haagerup & Thorbjornsen [22, Lem. 4.6]. We start begin by showing that the differential of det ¢(X) is given by

det X).H="Tr (adj@X))¢' X H). (4.75)
As det (X)". H=Tr (adjX)H) and (X")".H =Y.' X'"HX""'~/ for any n € N, we have

det X").H = Tr (adjX")(nX""")H)
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since adj(X") and X commute. So (4.75) is true when ¢ is a polynomial. By choosing a sequence of polynomials P,
such that P,, — ¢ and P!, — ¢' uniformly on compact subsets of R, we generalize (4.75) to any ¢ € €'. Now one
can check that
0(ZNZR)
————— =eje X},
oW jn TTITN
and it remains to apply the composition formula for differentials to obtain (4.73).
We also remark that at a point Wy for which there exists a A; i ¢ supp(¢), we have

M
adj(p(ZNZNT)) ¢ (ENENT) = Z(]‘[ w(/lk,N))tp’(Al, NN =0 (4.76)
1=1 k#l

hence the derivative (4.73) is zero on %f N

It is easy to check that det ¢ (Q ) is a ¢! function on the open set @ of all matrices Wy for which the eigenvalues
of X NZ}*\, are simple, and that (4.74) holds if Wy € @, i.e. on a set of probability 1. In order to show that det (p(fl N)
is a ¢! function on R*N\@, we use again lemma 4.5.4, and verify that (4.74) can be continuously extended to
R2MN\@. For this, we claim that

[adj(@@n) 9" (@N)] . . = [adj(@ QN9 (@N)] 4.77)
if 1x v = A; . Indeed, given € > 0, let @, (x) = @(x) + £. Since @ (Qn) >0,
adj(pe (QN) @ (Qn) = det (9 ( Q) ( QN L (Qn).

Applying lemma 4.5.5 to ¥ = ¢! x L, we obtain that

[adj(@e (@)@, (N ] = [adj(@e (@MIQLQN)];, i Ay =An (4.78)
and letting € — 0, we obtain the same result for adj ((p(fl N Q). Similarly to the proof of lemma 4.5.3, this
proves that (4.74) can be continuously extended to R?MM\@. O
End of the proof

We now establish (4.33) by induction on /, and first consider the case / = 1. We recall that from the bounds (2.7),
(2.8) and property 2.3.1, we have

1
1+o2cymp(2)

wy(2)
sup [Tn(2)ll, sup <C (4.79)

ZEORy ZEORy

) SUp | D)
zeoz, | 1 o cymy(2)

where C > 0 is independent of N. Moreover, since iy (2), |Qn(2)] < dist (z, {il,N,...,/iM,N})_l and from the very

definition of event ., , it also holds

Wy (2)
1+02cnrin(2)

XN

_ <C. 4.80
1+02cnrin(2) N (4.80)

sup [Qn(2)lxn, sup
zeﬁﬁy zE@%y

, sup

ZE0Ry

In the following, C will be a positive constant independent of N whose value may change from one line to another.
We write the second moment of (gn(2) — gn(2)) X%v as

E|(gn(2) - gn@xa ] = [E((@n(2) - gn(2)x%)|” + Var ((gn(2) - gn(2)x%)-

We evaluate Var [(gn(2) — gn(2)) )(?V] using the Poincaré inequality and get
2
v ( )

gn(z) ., 0Qn(2) Wy (2) .
= d d
Wi v NoWi iy " 1+oZenn() tdyQu@dy

2 2

OXN
aWiyij

Z 10gn(2)

Wi N

08n(2)

+2E
aWi,j,N

1gn(2) - gn(2)I? (4.81)

2
Var|(gn (@) - gn(Nrh] = - T E
Lj

Itis clear that

{rorenina]
0VVi,j,N 1+02cnymin(2) ’



100 CHAPTER 4. SUBSPACE AND DOA ESTIMATION IN LARGE SENSOR NETWORKS

We verify that
dy Z%NJ(Z; dy = ~d3Qn (De; €, 25 Qu (I,
so that )
dN SQN(Z) dy| =dyQn(2)Qn(2)"dy dyQN(2)ZNZ QN (2) dy.

As yn # 0 implies that AM,N = |IZNZE‘VII < tZT + 2¢, (4.80) implies that

sup ¥ dyQn(2Qn(2)*dy dyQn(2)ZNZHQN(2) dy < C.

Z€E0Ry
Using again (4.80), we get that

2

4 wy(2) « 0QN (2) 4
su —_— <C. (4.82)
zeﬁﬂpy AN 1+02cnmn(2) Zj Nan N dw
We obtain similarly that
. 2

4 * wN (Z) } C
su |d { - < —. (4.83)

zeaﬂpyXN Qv an gN U1 +o2eymy(2) N

The same conclusions hold when the derivatives w.r.t. variables W, j,n are considered. This shows that the first
term of ther.h.s. of (4.81)isa @ (%) term. We now evaluate the behaviour of the second term of the r.h.s. of (4.81),
and establish that
1
=0 (—) (4.84)

NP

2

sup E
ZEORy

IEn(2) — gn

aw,JN

OXN

as ZXNaa . (4.79) and (4.80) imply that SUP 2oz, )(NIgN(z) en(@?<C.

o

for each integer p. We express 37
Therefore, it is sufficient to check that
OXN '2

for each integer p. aw ~ can be written as

oxN

—2—— = [D1];,j,ndet p(Qn) + [Dy]; j ndet p(ENZR).
an']'N

It holds that

E|Y|D1];,vdet p(@n)|°
i,j

= E[det p@n)*Tr (ZnZ} ¢/ (EnZ3)%adj (PENENY)?) 1, x|
Moreover, we can write

Tr (ENZR¢ (EnER)adi ($ENEN)) = X dend/ Aew)? [T oA w)? < Tr (EnZRg/ (ENZR)),
k I#k

because ¢(1) <1 on R. Therefore, it holds that

E|Y|Di]; ) ndet p@n)|°
i,j

<E[det p(Qn)*Tr (ENZNG (ENZR)?) Ly v ] < CNP(B1 N,
because det ¢p(Qn)) <1, and Tr (EnZ}3 ¢ (EnZ})?) < CN on % n. As B,y © i, (4.29) implies that

-o(w)

D115, vdet p(@n)|°
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for each integer p. Using similar calculations and (4.30), we obtain that

o

for each integer p. This completes the proof of (4.84) and establishes that

E|Y|D2);jndet pENZER)|

1]

1
sup Var[(gn(2) - gn(2)yy) =0 (—] .
Z€E0Ry N

In order to evaluate the term |[E [(gN(z) - gn(2) )ﬁv] |2, we also need the following auxilliary lemma proved at the
end of this section.

Lemma 4.5.7. It holds that

1
sup |E[dyQn(2)dnyn—dyTn(2)dN]| =0 (W)’ (4.85)
ZE0R N
1
sup |E[min(2)xn—mn(2)]] :@(F)’ (4.86)
ZE0Ry
1
sup |[E[m;\,(z)XN—m;\,(z)]|=@(ﬁ). (4.87)
ZE0Ry

We express (gn(2) — gN(z)))(%V as f1,n(2) + B2, n(z) where

Prn(2) = xn (dyQn(2)dy —dy Ty (2)dN) % (4.88)
and R )
Pan(@ = Ay T (Ddy ( 1+ aLZUéVN(;)zN(z) 1+ aL:éVN(ZN(z) ) ’
and establish that
sup [Elﬁuvlz =0 (%) and sup [EI,BZJ\/I2 =0 (%) (4.89)

Z€E0Ry ZEORy

Using (4.80), (4.89) for B,y will be established if we show that

1
sup E|yn (dyQn(2)dy —diTy(2dy)[ =6 (—)
Z€0R), N

For this, we write that
Elxn(dyQn(2)dy —di Ty (2dy) | = Var(yndy Qn (2)dy) + [E(xn @y Qu (2)dy - di Ta(2)dn)|*.

The above calculations prove that SUP ez, Var[XNd;‘VQN(z)dN] =0 (%), while (4.85) and 1 -E(yn) = @’(ﬁ) for
each p imply that

E [0 @R Qu Dy - d Ty (@) =6 (1 .
This completes the proof of (4.89) for ;. In order to show (4.89) for B2 n, we first remark that from (4.79),
|d7VT N (2)dp| is uniformly bounded on 02 y, and write that

) wh(2) ~ wh(2) _

N\1+02cymin(z) 1+02cymy(2)

1y (2) miy(2)

o* ey (M (D) —my (@) + 220" enyy (i (@) — miy(2) — " en(1 = ew)xy l+o2cnimiy(z) l+o2enmy(2))’
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or equivalently that
) wh(2) wh(2)
AN S - =

1+o2cymn(z) 1+o2cymy(2)
ooy iy (2) - my(2) +2z0% en iy (1l (2) - miy (2))
XN
(1+c2cenmin(2)(1+02cymy(z))
XN
(1+o2enymin(2)(1+02cymy(2))

—(@%cen)?0*(1-cp) [mn(2)y N (17 (2) = My (2)) = My (2) (i (2) = M (2)) ]

~0%eno*(1-cn) [xn () (2) — my(2))].

The Poincaré inequality and Lemma 4.5.7 imply that

1
sup E|yn (i (z) —m (z))zzﬁ(—)
s3p el =@ =0 5

and

1
sup E|yn(Uithy(2) — my(2)|* =0 (—2)
Z€0R), N

Eq. (4.89) follows immediately from

XN
Q+o2eymin(2)1+02cymn(2) |~

’

sup
ZEORy

(see (4.79) and (4.80)). This completes the proof of (4.33) for [ = 1.
We now assume that (4.33) holds until integer [ — 1 and write that

E[3 (év(2)~ gn(a) [ = [E[ (% et~ g @) ||| + Var| (1% (e~ g @)
The Cauchy-Schwarz inequality implies that

‘[E[(X%V(gN(z)_gN(z)))l” <E|33@n@ - gn@ [ E|a @n@ - gn@[ ",

and shows that

2 (A 112 1
sup [E(r% (@n(2) - gn(2)'| =0(— |-
Z€0R,, N

The Poincaré inequality gives

08N (2) 2

var | (13, (&n(2) - gn (@)’ s#E[|x§V(gN(z)—gN(z))|2" K 42”((5W”N I8n(z)

oW, N

|

80212
+80 L

\gN(Z)—gN(z))|2 I 2211 6%7N| ]

2
)SC,

for some deterministic constant C. Therefore, the supremum over z € 2%, of first term of the r.h.s. of (4.90) is a

Finally, (4.82) and (4.83) imply that

08n(2)
oW jn

agn(2) |
Wi N

sup XNZ(

ZE0Ry

(5 (#) Moreover, it can be shown as in the case / = 1 that the supremum over z € %, of the second term of the

righthandside of (4.90) isa @ (ﬁ) for each integer p. This completes the proof of lemma 4.3.2.

Proof of auxiliary lemma 4.5.7

In this section, we denote by a,n(2), &, n(2), R, n(2) and R, n(2) the regularized versions of the respective func-
tions an(z), @n(z), Ry(z) and Ry(z) (introduced in appendix 2.7.2), i.e.

1 1 -
arn(z) =0oE NTr Qn@)yn| and arn(2) =0k NTI Qn@)xnN|,
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and

-1 * -1

B By
—N 1 +oarn(2)
l1+oa,n(2)

ByBj, ) )
Rn(@) = -2+ Uar,N(Z))) RN (2) = (
l+oa,n(2)
Itis clear that a,,y and @,y are the Stieltjes transforms of positive measures carried by C\supp(¢) and C*\supp(¢)
respectively and with mass ocyE[y ] and oE[y n]. This implies that the following uniform bounds hold: Let £
and .# be compact subsets of C\supp(¢) and C*\supp(¢) respectively, then we have

sup la,n(2)|<C and supla,n(2)|<C. (4.90)
ZEX ze X
In order to establish lemma 4.5.7, it is necessary to show that similar bounds hold for functions m, IR, N2

and IIRr,N(z) [l. For this, we introduce function w;n(z) = z(1 + oca,nN(2))(1 + 0d&,n(2)) and prove the following
lemma

Lemma 4.5.8. For any compact subset % of C\supp(¢), it holds that

sup |a'r,N(z) —6N(z)| —0, (4.91)
ZEX N—oo
Zg{/  min_ [Akn — wrn(2)| > C>0. (4.92)

Proof. Define xn(z) := a,n(2) — 6 5(z) where we recall that S (2) = ocympy(z) = % Tr (Tn(2)). Since 6n(z) and
a,n(z) are Stieltjes transforms of positive measures carried by C\supp(¢), ki is holomorphic on C\supp(¢) and
satisfies

C

< - .
[xn(2)| < d(z supp(@))

This implies that the sequence (k y) is uniformly bounded on each compact subset of C\supp(¢). By Montel’s the-
orem, (k) is a normal family. Let (xy () a subsequence of (x i) which converges uniformly to x on each compact
subset of C\supp(¢)) . Then « is holomorphic on C\supp(¢). From theorem 2.2.2, E [%Tr QN(z)] - %Tr Tn(2) V 0

for ze C\R" and since yy — n 1 a.s., dominated convergence theorem implies
kn(z)=E g Tr Qn(2) g TrTyn(2) 0
2)=E|— z -— z) —
N N N\ZIYN N Nz~

for z € C\R™. Thus, x(z) = 0 for z € C\R*, and by analytic continuation, x(z) = 0 for all z € C\supp(¢). Therefore,
all converging subsequences extracted from the normal family (x 5 (z)) converge to 0 uniformly on each compact
subset of C\supp(¢p). Consequently, the whole sequence (x y) converges uniformly to 0 on each compact subset of
C\supp(¢). This completes the proof of (4.91). We also notice that

o(l-cny) o(l—-cpn)
+ (

N2 =a,n(z) - 1-E(xn)) (4.93)

and recall that §y(2) = O n(2) — 292 As 1 - E(yn) = O () for each integer p, (4.91) implies

sup |z(@,n(2) — O n(2))| — 0.
zZeEX

Hence, it holds that

sup |wr,n(2) — wn(2)| — 0.
ZEX

Thus, (4.92) follows immediately from

1
min |/1kN - wN(z)| > —dist(z, ), (4.94)
k=1,..M" 2

.....

das a consequence of

1+0d%cym 1
Ty (@) = — N (2)

.....

(see (2.8)) and property 2.3.1. O
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Lemma 4.5.8 immediately implies that the following uniform bounds hold.

Lemma 4.5.9. Let % and % be compact subsets of C\supp(¢p) and C*\supp(¢p) respectively. For N large enough,
we have

sup | ——| < C, (4.95)
ze}ijf ‘ l1+oarn(2)
sup [R,n(2)|| <C, (4.96)
ZEX
sup IR, n(2) < C, (4.97)
ze X
sup IR, n(2) = Tn(2)[| — 0, (4.98)
ZeEH
sup IR, n(2) —Tn(2)[ — 0. (4.99)
ze X

Proof. The uniform convergence result (4.91) together with property 2.3.1 implies that

1
inf |[1+0a,ny(2)|> -
zeJi’i r,N( )| 4

for N large enough. This establishes (4.95) that holds for N large enough. In order to prove (4.96), we express
R; n(2) as

R,n(2) = (1+0a,n(2) (BNBy - wrn(2) ™
and use (4.90) and (4.92). The proof of (4.97) is similar, and is based on the identity

R.n(2) = (1+0a,n(2) (ByBy - wrn(2) .

We remark that function @, y(z) has a pole at z = 0. Hence, any compact & over which IIRr, ~(2)|l is supposed to
be uniformly bounded should not contain 0. The proof of (4.98)s follows immediately from (4.91) and from (4.95),
(4.96), (4.97). Finally, to establish (4.99), we remark that

- _ ByRy(2)By Iy
Rr(2) = wy,n(2) l+oa,y(2)’

i BAIVGBY Iy
N wy(2) 1+00n(2)

and that |w, y(2)| and |wy(z)| are uniformly bounded from below from (4.94) and (4.92) (recall that 0 is one of the
eigenvalues of B NB;‘V). O

We now establish (4.85) and (4.86). In order to prove that ay(z) —0n(2) = O (#) on C\R™, [17] used the inte-
gration by parts formula (theorem 1.4.1) and the Poincaré inequality to show that the entries of E[Qx(z)] are close
from the entries of Ry (z) (see the fundamental equation (2.25) in the proof of theorem 2.2.2). Then, ay(z) —dn(2)
was evaluated by solving a linear system whose determinant Ay (z) given by (4.58) was shown to be bounded from
below. Lemma 4.5.9 allows to follow exactly the same approach to establish (4.85) and (4.86). However, functions
an, @y, Ry, Ry have to be replaced by their regularized versions. The following results show that the presence of
the regularization term y does not modify essentially the calculations of [17]. We first indicate how the integra-
tion by parts formula is modified. Vec(.) denotes the column by column vectorization operator of a matrix.

Lemma 4.5.10. Let (fy)n=1 be a sequence of continuously differentiable functions defined on CM™M*N) with poly-
nomially bounded partial derivatives satisfying the condition

sup |fiv (Vec(Qn(2)),Vec(Zn)) xn| < C.
Z€E0Ry

Then, for all p € N, we have

E[f (Vec (Qn(2)),Vec(En) yn] = E [ f (Vec(Qn(2), Vec(Zn)) XI’CV] + elﬁf,@ : (4.100)
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forall ke N*, and

2 10 ,Vec(Z
[E[Wij,Nf(Vec(QN(z)),Vec(ZN))XN] = %[E f(VeC(%NW(Z)) ect N)))(N] + Ezﬁ;Z), (4.101)
ij,N
— 2 19f (Vi ,Vec(Z
[E[Wij,Nf(VeC(QN(Z)),VeC(ZN))XN] = %[E[ f ec(%z;(?)}v ec( N))XN] +€3}]\]V;§Z)’ 4.102)
l],

with SUpzegzz, 1€i,N(2)| < C < oo.
As for the use of the Poincaré inequality, we have:

Lemma 4.5.11. Let My(2)) a sequence of deterministic complex M x M matrix-valued functions defined on C\R
such that

sup [IMn(2)|l=C.
ZEORy

Then,

1
sup Var| —Tr Qn(2My(Dyn | < —5»
ZEORy N N2

and foray € CM such thatsupy llay|l < oo,

. C
sup Var[ayQn(2)My(2)anyn] < —.
Z€E0Ry N

Moreover; the same kind of uniform bounds still hold when Qy(z) is replaced by Qn(z)?.

The proofs of these results are based on elementary arguments, and are thus omitted. Following the calcula-
tions of [17], we obtain that

2
E[Qn(@xN] =Rrn(2) + Arn (2R N (2) +E[Qn(2) x N ] RN (2) %Tr Arn(2) +ON(2)R,N(2) (4.103)

for each z € C\supp(¢) where @ /(z) is a matrix whose elements are uniformly bounded on 02, by % for each p,
and where A, n(z2) is the regularized version of matrix Ay (z) (see (2.26)) defined by

o? o? o?
Apn(z) = E[Qn(2)xn]E [(NTI Qn(2)yn —E [WTT QN(Z)XN]) WTI ZT\/QN(Z)BNXN]

T (1+oann(2)?
1
+ —_—
1+oa,n(2)
1
+ —_—
1+oa,n(2)

2 2
E (%TYZ?VQN(Z)BNXN—[E %TTZEQN(Z)BNXN])QN(Z)XN]

2 2
o o
E (WTI Qn(2)yn—-E [NTI Qn(@xN ) QN(Z)ZNZTVXN] , (4.104)
After some calculations using lemmas 4.5.9, 4.5.10, 4.5.11, we eventually obtain that

sup |ay (EIQn(2)xn] —R,n(2)an| <

20, N32’
sup |ayn(z) — ZTr (RrN(z))‘ P (4.105)
By A A T N
sup |a,n(z)— gTr (RrN(z))‘ < i (4.106)
B A T N

for all large N. In order to prove (4.85) and (4.86), it remains to handle the terms involving the difference R, n(z) —
Tn(z). We show in the following that

. C
sup |ay (R,n(2) - Tn(2))ay| < — (4.107)
Z€0R), N
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for all large N. We start as usual with the identity R,y (z) - Tn(2) =Ry, n(2) (Tn(2) "' =Ry n(2) 1) T (2), to get

arn(z)—0n(2)
(1+oarn(2) A+08n(2)

ay (R,n(2)-Tn(2))ay =0 ayR, n(2)BNBy TN (2)ay

+20 (@,n(2) - 6n(2) ay RN (DTN (D).

The expression (4.93) of &,y implies that z(@, n(z) — Sn(2) = z(a,N(2)—O6N(2)+ O (ﬁ) for each integer p. Thus,
to prove (4.85) and (4.86), it is sufficient to check that

— < —
Sup |ann(2) -] < 17
We will use the same ideas as in the proof of theorem 2.2.2 and remark that (&, n(2) = n(2), @, n(2) — SN(Z)) can
be interpreted as the solution of a 2 x 2 linear system whose determinant is a regularized version of (4.58), and
appears uniformly bounded away from zero on 02,,.
Using again the previous expression of R, y(z) — Tn(z) together with (4.105), (4.106) and repeating the proce-
dure for R,y (z) — Tn(z), we obtain

arN(2) - (2)
arn(z)—0n(2)

arn(2) —On(2)
arn(z)—0n(2)

RN (2)ByBNTN(2) 2 - 2, = ~
(1+Uar,N(z])\g(l+z76N(z))' vrN(2) = §Tr Ry n(2)Tn(2) and 7y, (2) = 5 Tr Ry, n(2)Tn(2). The quan-

tities €, 5 (2), €, n(2) satisfy SUpzeozz, le,n(2)| < C, SUP zeozz, |, n(2)] < C. The determinant of the system is given
by

urn(z)  zvrn(2)
zvrN(2)  upN(2)

i [Er,N(Z)
N2 [€rn(2)

, (4.108)

2
with u; n(2) = G Tr

Arn(2) = (1= unn(2)* = 220§ (2) By v (2).

Lemma 4.5.9 implies that for all large N, u, n(2), vr,n(2) and Uy, n(z) are uniformly bounded on 02,,.. Therefore, to
conclude the proof of (4.107), it remains to check that for all large N,

inf |A;n(2)|=C>0.
ZE0Ry

Consider the function Ay (z) where we have replaced the matrix R, n(2) and R, ny(z) by Ty(2) and Ty (2), i.e
An(2) = (1 - iy (2)* - 2°Un (2) DN (2),

Ty (2)ByBNTN(2) . 2 x 2~ X
(1+;V§N(Z§\;(1’101§N(z)), Un(z) = §Tr Tn(2)?, and vn(z) = ST Tn(2)%2. Lemmas 4.5.8, 4.5.9 im-

ply that |iin (2) — ur,n(2)|, |vr,n(2) — Un(2)| and | 7§ (2) — Un(2)| converge to 0 uniformly on 0%, which of course
implies

. " 2
with iiy(z) = % Tr

sup |An(z) —An(z)| —— 0. (4.109)
2€0% N—oo

Using Cauchy-Schwarz inequality, we get

|An(2)| 2 A n(2) = (1- w1,n(2)* ~ 12 v1, N (2) T1 n (2),

Tn(2)ByBj Ty (2)*
1+08n(2)I
of lemma 2.7.2, we know that

with uy n(2) = & Tr , v n(2) = T Ty ()T (2)* and 7y, n(2) = & Tr Ty (2)Ty (2)*. From the proof

AL n(2) = ﬂ
’ Im (wn(2))
which implies

zeing%y Ay n(z) = C.
We deduce from this that infzeaggy |AN(2)| = C > 0 for all large N. Therefore, we can invert the system (4.108) and
obtain

sup |a,n(2)—6n(2)| =
ZEORy
for all large N. This establishes (4.86) and completes the proof of (4.85).
The proof of (4.87) is similar to the proof of (4.49) (appendix 4.5.5), but as above, a(z), @ y(z), Ry (2) and Ry (2)
have to be replaced by their regularized versions a, n(2), &, n(2), R, n(2) and Rr, ~NN(z). The reader can check that
the properties of these regularized functions allow to follow the various steps of the proof of (4.49).

N2’
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