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Introduction

The Witt algebra and its universal central extension, the Virasoro algebra, have been in-
tensively studied. They arised in many research fields in Mathematics and in Theoretical
Physics and have numerous applications (e.g. see [11]).

From a pure algebraic point of view, the construction of the Witt algebra is the following.
Let W := @,z W, be a Z-graded vector space with one dimensional homogeneous spaces
W, = vect(L,). We define on W the Lie bracket [L,, L] :== (m — n)Lptm. The algebra
(W, [,]) is called the Witt algebra.

Thus the Witt algebra is an infinite-dimensional Lie algebra and is Z-graded.

The Witt algebra is not just an abstract algebraic construction but occurs in many math-
ematical fields. The Witt algebra W can be geometrically constructed as the Lie algebra
of meromorphic vector fields defined on the Riemann sphere that are holomorphic except
at two fixed points. Indeed, let the Riemann sphere be viewed as C U {oc}, i.e. the com-
pactification of the complex plane and let the two fixed points be 0 and oo. Then a basis
of W is given by {L, := z”*la% |neZ}and [Lyy, Lyl = (n— m)L g,

The Witt algebra admits an universal (one-dimensional) central extension. A Lie algebra [
is a (one-dimensional) central extension of a Lie algebra L over a field K if there exists a Lie
algebra exact sequence 0 — Kc — [ — L where Kc is the one-dimensional trivial Lie alge-
bra and the image of Kc is contained in the center of L. It is well-known this is equivalent
to [ = L @ Kc with the Lie bracket [x.yl; =[x, ¥]lL +©(x,y) - c, where ¢ is a 2-cocycle

of L. The universal central extension of the Witt algebra is called the Virasoro algebra and

0

its usual normalization is given by the normalized 2-cocycle @(Lp, Lm) = %(n3 — M0y m-

In mathematics we find many generalizations of the Witt algebras. For example there are
the generalized Witt algebras [15], which are graded Lie algebras over an abelian group
and whose homogeneous spaces are not necessary finite-dimensional. We also find gener-
alization to Lie super-algebras: the super-Witt and super-Virasoro algebras [2].

In this thesis we are interested in two particular generalizations of the Witt algebra.

The first are the Witt type algebras. Starting from the algebraic construction of the Witt
v,

algebra, the following question occurs: let ' be an abelian group, and let V = @Wer

1



Introduction 2

be a '-graded K-vector space with one-dimensional homogeneous spaces V, := Key; what
are all -graded Lie algebra structures on V?

This question was posed by Kirillov at the European School on Groups of Luminy in 1991.
A partial solution to this question are the Witt type algebras. They have been introduced
by R. Yu [38] in 1997. Given a map f : [ — K, Rupert Yu considers the [-graded algebra
V with the bracket [eq, eg] = (f(8) — f(a))eq+p. Under some conditions on f, V becomes
a Lie algebra called Witt type algebra. For example, any additive function f gives a Lie
algebra structure. If I is a free abelian group and f is an injective additive function, a Witt
type algebra admits an universal central extension very close to the Virasoro case.

The second generalization which is interesting to us are the Krichever-Novikov algebras.
This kind of generalization of the Witt and Virasoro algebra arose in the study of con-
formal field theory and was given by Krichever and Novikov in 1987 [18, 19] for Riemann
surfaces of higher genus. Let X be a fixed compact Riemann surface of genus g. We
choose two 'generic’ points Py and P_ and consider the Lie algebra of meromorphic vector
fields on X which are holomorphic on X \ {Py, P_}. For g =0, i.e. if X is the Riemann
sphere, this algebra is exactly the Witt algebra and its central extension is the Virasoro
algebra as described before. For higher genus g, this algebra is not graded anymore but
a weaker structure is still present: the almost-graded structure (see its definition below).
Krichever and Novikov showed that this algebra admits a central extension respecting the
almost-graded structure. Note that, in contrast to the Witt algebra, there are many non-
equivalent central extensions but only one which is compatible with the almost-grading (see
[33]). This algebra (with or without central extension) is now usually called the Krichever-
Novikov algebra (short: K N-algebra). Martin Schlichenmaier [34—36] give extension of the
K N-algebras to the multi-points case and give moreover explicit generators of the KN-

algebras which gives an almost-graded structure for the K N-algebras.

This thesis is split in two quite different parts but they are related to the Witt algebra. In
fact in the first part we study the Witt type algebras and in the second part, automorphic

algebras are linked to the theory of K N-algebras. Let us described each part more precisely.

The first part is about Lie-admissible structures on Witt type algebras. For any algebra
(A, *) over a field of characteristic different from 2, we define the algebra A~ := (A, [.])
and the algebra AT := (A, o) where [x,y] = x*xy —y*x and xoy = %(X*y+y*x).
If A= is a Lie algebra, then A is called a Lie-admissible algebra. Lie-admissible algebras
were introduced by A.A. Albert in 1948 [1]. Much of the structure theory of Lie-admissible
algebras has been initially carried out under additional conditions such as the flexible iden-

tity (x x y) * x = x % (y % x) or the power-associativity (i.e. every element generates an
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associative sub algebra).

Finding flexible or third power-associative Lie-admissible algebras with prescribed algebra
A~ has been a main problem in algebra. Benkart and Osborn [6] and Myung and Okubo [22]
gave in 1981 all flexible Lie-admissible algebras when A~ is a finite-dimensional simple Lie
algebra. Benkart extended this result in 1990 [5] and gave all third power-associative Lie-
admissible algebra when A~ is semi-simple and finite-dimensional. For infinite-dimensional
algebras the problem has been solved in the following cases: simple generalized Witt al-
gebras [15], Witt and Virasoro algebras [23] and Kac-Moody algebras [14]. Lie-admissible

algebras are also related with many problems in physics (see [25—29]).

Another class of Lie-admissible algebras are the left-symmetric algebras. An algebra (A, *)
is left-symmetric if (x,y,z) = (v, x,z) where (x,y,z) = (x*y) %z —xx (y % z) is the
associator. We can show that such an algebra is Lie-admissible. Left-symmetric algebras
arise in many areas of mathematics and physics. They have already been introduced by A.
Cayley in 1896, in the context of rooted tree algebras; see [7]. Then they were forgotten
for a long time until Vinberg [37] in 1960 and Koszul [17] in 1961 introduced them in the
context of convex homogeneous cones and affinely flat manifolds. They appear now in
many mathematical theories like the theory of vector fields, theory of operads, or affine
structures on Lie groups. The graded left-symmetric structure on the Witt and Virasoro

algebras have been classified (see [3]).

In the first part of this thesis, we study the problem of finding Lie-admissible structures for

the case of Witt type algebras.

In the first section we give all preliminary definitions and properties. We begin by introduc-
ing the definitions of the Lie-admissibility, flexibility and third power-associativity. We then
define the Poisson structures and we explain their link with the flexible Lie-admissible alge-
bras, we also briefly remind the theory of central extension. Finally we treat in details the
Witt type algebras. In particular we show which among them are simple or graded-simple

algebras.

In the second section we determine all third-power associative Lie-admissible structures and
flexible Lie-admissible structures on Witt type algebras. We obtain a general result for any
Witt type algebra. For simple Witt type algebras, the third-power-associative or flexible

structures are of the same form as for the simple algebras studied before [5, 15, 23]. But
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our results are true even for non-simple Witt type algebras and then we see how the sim-
plicity acts on the third-power associative and flexible structures. Since Witt type algebras
are generalizations of the Witt algebra, our results of course coincide with those given
by H. Myung [23] in the case of the natural Witt algebra. Finally, we search for Poisson
structures on Witt type algebras. In fact for a flexible Lie-admissible algebra (A, %), finding
Poisson structures on A is equivalent to requiring the associativity of the commutator law
o. Thus, since there exists non trivial flexible Lie-admissible structures on some Witt type
algebras, looking for Poisson structures is rather a natural question. We give a condition

for their existence.

Next we deal with central extensions of Witt type algebras. We compute their second
Lie algebra cohomology with values in the trivial module. It is interesting to see that this
group depends on the gradation by the group I". Rupert Yu already studied central exten-
sions for a class of Witt type algebras which are very close to the Witt algebra. Using his
result, we generalize Myung's paper on the Virasoro algebra [23]. More precisely we find
third power-associative Lie-admissible structures and flexible Lie-admissible structures on

the central extension of some Witt type algebras.

The computation of the 2-cocycles of Witt type algebras leads us to the problem of find-
ing symplectic structures. In fact a symplectic structure on a Lie algebra is given by a
non-degenerate 2-cocycle. It is well known that in the finite-dimensional case there is no
symplectic simple Lie algebras. We prove that the situation is different in the infinite-
dimensional case. Indeed we find symplectic structures on some of the simple Witt type al-
gebras. For a finite-dimensional Lie algebra A, any symplectic form induce a left-symmetric
product such that A~ = (A, [,]). A natural question is, whether this is also true for infinite-
dimensional Lie algebras. The answer to this question seems to be very difficult. Neverthe-
less, for some specific Witt type algebras we can give explicitly all symplectic forms which
induce a graded left-symmetric product. In particular, we study the case of the classical
Witt algebra and, as the classification of its graded left-symmetric structures is known [3],

we determine which ones are induced by a symplectic form.

All these results are published in the Journal of Geometry and Physics [4].

In the second part of the thesis we study the automorphic algebras.
Starting from arbitrary compact Riemann surfaces we consider the action of finite sub-
groups of the automorphism group of the surface on certain geometrically defined Lie

algebras.
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These algebras are the algebras of all meromorphic functions, the algebras of meromorphic
functions with poles only on a finite subset of points, and their induced current algebras, re-
lated to finite-dimensional Lie algebras. In the case of finitely many points, where poles are
allowed, these algebras are algebras of Krichever-Novikov type and they allow an almost-

grading.

More precisely, for a finite subgroup G of automorphisms acting on the Riemann surface,
we relate the invariance subalgebras living on the surface to the algebras on the quotient
surface under the group action. The almost-graded Krichever-Novikov algebras structure
on the quotient gives in this way a subalgebra of a certain Krichever-Novikov algebra (with
almost-grading) on the original Riemann surface.

Specially discussed is the situation where the finite subgroup of the automorphism group
has also a faithful representation on the finite dimensional Lie algebra used to construct
the current algebra.

According to the difference on the automorphism groups, the situation is divided in three
cases: genus g = 0 (Riemann sphere), g = 1 ( the complex torus ), and g greater or equal

2. In this thesis we study in details the cases of the Riemann sphere and the torus.

The second chapter is organized as follows. In the first section we remind all the material
needed about Riemann Surfaces. We give the basic definitions and properties on Riemann
surfaces, holomorphic maps and function and meromorphic functions. In particular the
situation of compact Riemann surfaces is described. Moreover, explicit descriptions of the

Riemann sphere and of the tori are given.

In the second section we are interested in the meromorphic functions with prescribed poles
on a compact Riemann surface X. For a finite set ' containing at least two points of
X, we consider the algebra M (X, ") of the global meromorphic functions which are holo-
morphic in X \ I'. This algebra is a Krichever-Novikov algebra and is almost-graded. We
give a description of the general situation of the Krichever-Novikov algebras and of their
almost-graded structure. The almost-graded structure of the Krichever-Novikov algebras
depends on a splitting of the set [ into two non-empty subsets. We treat in more details
the situation of the algebra M(X, ") and we give explicit examples for a two points set I
in the case of the Riemann sphere and of the tori. Moreover we explain how we can find

an almost-graded structure in the case when I is a single point.
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The third section is dedicated to the finite groups acting on a Riemann surface. In par-
ticular we are interested in the finite groups G acting holomorphically and effectively on a
Riemann surface X. Then we explain how the quotient space X/G can be equipped with a
Riemann surface structure such that the natural projection 7 : X — X/G is holomorphic.
There is a close link between stabilizer subgroups of the action and the ramification points
of the projection 7. In the case of compact Riemann surfaces, using the Hurwitz Formula
we are able to describe explicitly the possible ramifications (and the stabilizer subgroups)
of the map m. In the particular case of the Riemann sphere we give explicitly the groups
which realize these ramifications and we give the complete classification of the finite au-
tomorphism groups. For the complex tori T, the finite groups acting on T contains two
types of automorphisms; the translations, which are not fixing any point of T, and the
rotations, which are fixing points. Using the possible ramifications of the map ™ we can
conclude on the genus of the quotient Riemann surface T/G. A quick description of the

higher genus situation is also given.

In the last section, we study the automorphic algebras. Automorphic algebras are algebras
which are invariant under the action of a finite automorphism group G of a Riemann surface
X. First we consider the associative algebra M(X) of the meromorphic functions of X
and we show that the automorphic algebra Mg (X) of G-invariant meromorphic functions
is isomorphic to the algebra M(X/G). Most interesting is to consider the Krichever-
Novikov algebras M(X, ) where I is a finite set of points of X. We prove that the
automorphic algebra Mg(X,I") is also a Krichever-Novikov algebra and then admits an
almost-graded structure. Next we extend our study to the current Lie algebra which is
typically constructed by taking the tensor product of a finite-dimensional Lie algebra £ and
the associative algebra C[z, z71] . In fact as for the Krichever-Novikov algebras M (X, )
a natural extension is to consider the Lie algebras £(X, ) .= M(X,I) ® L. We consider
the action of special finite subgroups of Aut(M(X)® L) that we obtain by using a faithful
representation of a finite automorphism group G of the Riemann surface X on the finite
dimensional Lie algebra L. In fact we show that considering these special groups which are
groups acting simultaneously on the both algebras M(X) and L, is an important situation
and we study the automorphic algebra L5(X,T).

Finally, since the Lie algebra £(X, ) admits a natural almost-graded structure, we try
to describe the situation for the automorphic algebra Ls(X, ") in the special case of the

Riemann sphere and of complex tori.



Chapter 1

Lie-admissible structures on Witt

type algebras.

1.1 Preliminaries

1.1.1 Flexibility - 3rd power-associativity

In the following we give the definitions of 379 power-associative and flexible algebras. Also

we define the notion of Poisson structures.

Let K be a field of characteristic different from 2. For any algebra (A, %), we define two
products, [x,y] ;= x*xy —yxx and xoy := %(X*y+y*x). We denote by A~ the algebra
(A [, ]) and by AT the algebra (A, o).

Definition 1.1. An algebra (A, x) is said Lie-admissible if the algebra A~ is a Lie algebra.

Remark: Since the bracket [, ] is skew-symmetric, an algebra (A, *) is Lie-admissible if
and only if the bracket [, ] verifies the Jacobi identity.
Any associative algebra is Lie-admissible. Therefore we are mainly interested in non-

associative Lie-admissible algebra.

Definition 1.2. For a given Lie algebra (L,[, ]), a Lie-admissible product = on L is said

compatible with (L, [, ]) or just compatible, if [x,y] =x*xy —y*xx, Vx,y € L.
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Definition 1.3. Let (A, %) be an algebra. For x,y,z € A we define the associator

(x,y,2) == (x*xy)*xz—xx(y*2z). Then:

1. The product * or equivalently the algebra (A, ) is said 3¢ power-associative if

(x,x,x) =0, ¥x € A.

2. The product * or equivalently the algebra (A, x) is said flexible if

(x,y,x)=0, ¥x,y € A

We give equivalent formulations of these definitions, in terms of [, ] and o:
Proposition 1.4. 1. The following properties are equivalent:
i) (A, %) is 3" power-associative,
i) [x,xox] =0, Vx € A,
iii) 2[x,xoy]+ [y, xox] =0, Vx,y € A,

iv) [x,yozl+ [y, zox]+[z,yox] =0, Vx,y,z € A.

2. The following properties are equivalent:

i) (A, %) is flexible,
i) [x,y]ox=[x,yox], Vx,y €A,

i) [x,yoz]=[x,yloz+yo[x,z] Vx,y,z€A,
Hence A is flexible if and only if
ad(x) :=[x,.] € Der(A, o), Vx € A.

Proof. We suppose that * is 3" power-associative. Remark that x * x = x o x. Then:

(X, x,x) = (x % x) % x — x % (X *X)
= (xox)*xx—xx*(xoXx)

= [x,x0x].
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This proves the equivalence between i) and //)

Now we use the identity [x, x o x] =0, Vx € A with x + y:

x+y,(x+y)o(x+y)]=0
= [x,xox]+[x.2xoy] +[x,yoyl+[y.xox]+[y,2xoy] +[y,yoy] =0
<= 2[x,xoy]+2[y,xoy|l+[x,yoy]+[y,xox] =0. (1.1)

We use now [x,xox] =0, Vx € Awith x — y:

[x—y (x=y)o(x—y)]=0
> [x,xox] =[x, 2xoy] +[x,yoy] = [y, xox]+[y,2x0y] = [y,yoy] =0
— —2[x,xoy]+2[y,xoy]+[x,yoy]—[y,xox]=0. (1.2)

Finally (1.1)-(1.2) gives
2[x,xoy]l+[y,xox] =0. (1.3)
This proves i) — fii).

To get the last identity, we use (1.3) with x + y and z. That gives

Ax+y. (x+y)ozl+[z.(x+y)o(x+y)] =0
<= 2[x,x0z]+2[x,yoz]+ 2]y, x o Z]

+2[y,yoz]+[z,xox]+2[z,xoy]+[z,yoy] =0.

From (1.3) we have 2[x,x o z] +[z,xox] =0 and 2[y,y o z] + [z, y o y] = 0. Hence we
get:

2[x,yoz]+2[y,xoz] +2[z,x0y] =0
> [x,yoz]+[y,zox]+[z,x0y] =0. (1.4)

This proves iii) — iv).

To conclude notice that /v) trivially implies //)
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We suppose now that x is flexible. That means that (x,y,x) =0, Vx,y € A. Hence we
have:
(x*xy)xx—xx*x(y*x)=0
1 1
— E[X*y,x]+(x*y)ox—a[x,y*x]—xo(y*x):O

— % B[X,y]—l—xoy,x} + (;[X,y]—kxoy) o x

—;{&;%ﬂ+w04—w0<;UxLHmX>=0

— %[[X,y],X]+%[XO)/,X]—F%[X,y]OX—F(Xoy)OX

1 1 1
gl =Slyox] = oxoly. x] =xo(yox)=0
< [xoy,x]+[x,y]ox=0

= [x.ylox=[x,yox] (1.5)

We have to prove the last equivalence. We remark that:

[x.yoz]=[x,yloz+yolx,z], Vx,y,z€ A (1.6)
= |xolyrztzen)| = 2lxyl ezt zx by 430+ bzl + [z «y)

xyxzl+ X, zxyl =[x yl*xz4+zx[x,y]+y =[x, 2]+ [x, z] xy
=xx(y*xz)—(y*xz2)xx+x*x(zxy)—(z*xy)*xx
=(x*xy)xz—(yxx)xz+2zx(xxy)—2zx*(y*x)
Fys(xxz)—y*x(zxx)+ (xxz)*xy —(z%x)*y
=y 2)+(zy.x)+ V. z2,x)+(x z2,y) = (y.x.2) + (2, x,¥). (1.7)

But x is flexible if and only if

(x,z,y)+ (yv,z,x) =0. (1.8)
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In fact by polarizing (x, y, x) = 0 we get:

(x+y,zx+y)=0
= ((x+y)x2)x (x+y) = (x+y)* (2% (x+y)) =0
Sxxz)xx+ (xx2)xy+(y*z)xx+(yx2)xy
—xx(zxx)—xx(zxy)—y*(zxx)—y*(z*xy)=0
(xx2)xy+(y*xz)xx—x*(zxy)—y*x(zxx)=0

—=(x,z,y)+(y.z,x) =0,

Finally, the flexibility of = gives (1.8). But if (1.8) is true, then (1.7) is true and then (1.6)
too. Conversely, the identity (1.7) with z = x gives clearly the flexibility of *. ]

1.1.2 Poisson structures

Definition 1.5.

1. Let A be a K-vector space with two products { , } et -. (A {, },-) is a Poisson
algebra if (A,{ ., })is a Lie algebra and if (A,-) is an associative and commutative

algebra such that:
{xy-z}={xy}-z+y -{x,z}, V¥x,y z€A (1.9)

2. Let (L,[,]) be a Lie algebra. A Poisson structure on L is a product - such that

(L,[, ] ) is a Poisson algebra.

3. Let (A, ) be an algebra. A is Poisson-admissible if (A, [, ], o) is a Poisson algebra.
We Remind that [ , | and o are defined by [x,y] .= xxy —y*xx and xoy =
%(X kY 4y *X).

Proposition 1.6. An algebra (A, x) is Poisson-admissible if and only if A is flexible, Lie-

admissible and for all x,y,z € A we have

2x,y,2)=(y*x2)sx —(yxX)xz+xx(z2xy) — z* (x*xy).
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Proof. We suppose that A is flexible, and Lie-admissible. By definition the product o is a

commutative product. Moreover by proposition 1.4 the flexibility of * is equivalent to
[x,yozl=[x,yloz+yol[x,z] Vx,y,z€A

That is exactly the identity 1.9 applied to [, | and o.

Hence we just have to show that o is an associative law if and only if
2(x, v, 2)=(y*z)xx— (y*x)*z+x*(zxy) — z* (x*y).
By direct computation we get:

(xoy)oz=xo0(yoz)
(xoy)sz+zx(xoy)=xx*(yoz)+(yoz)xx
—(xxy+yxx)xz+zx(xxy+y*x)

=(yxz4+zxy)xx+xx(yxz+z%xy)
—(xxy)kz—xx(y*xz)—(z*xy)xx+z*(y*x)

=(yx2)kxx—(y*x)xz+x*(zxy)—z*x(x*Yy)
—=(xy.2)=(z2.y.x)

=(yx2)kxx—(ysx)xz2+x*x(zxy)—z*x(xxy).
Then the law o is associative if and only if
(x,v,2) = (z,y,x)=(yxz2)xx — (yxx)x 2+ xx(zxy) — zx(xxy). (1.10)
But we computed before (1.8) that the flexibility of * is equivalent to
(x,y,z)+(z,y,x)=0.
Hence the identity (1.10) becomes
20x,y,2) = (y*x2)xx — (y*x)x 2+ x*x (zxy) —z*x (xxy).

That ends the proof. ]

Proposition 1.7. An algebra (A, x) is Poisson-admissible if and only if A is flexible, Lie-
admissible and for all x,y,z € A

(x.v.2) = gl [2.x])
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Proof. As for the previous proposition we just have to show that the associativity of o is

equivalent to

1
(xiy.2) = Iy 2. x]]-
We proved in proposition 1.4 that (A, x) is flexible if and only if for all x € A, ad(x) is a
derivation of (A, o). Moreover (A, ) is Lie-admissible if and only if for all x € A, ad(x) is
a derivation of (A, [, ]).
Hence (A, %) est flexible and Lie-admissible if and only if for all x € A, ad(x) is a derivation
of (A, *).
By writing xoy = x* y — %[x,y], we get that:
(xoy)oz=xo(yoz)
1 1 1
= (x*y)*z— E[X*y,z] - E[x,y] *x Z + Z[[X,y],z]
1 1 1
= xx (y2) = Slxy 2] = Sxxly 2+ gy, 2]
1 1 1 1
—(x,y,2) — E[x*y,z] — E[X,y] *Z—I—E[x,y*z] —|—§X>)< ly, Z]
1 1
= 4l Iy, 2] - 31y, 2]
1 1 1 1
<:>(x,y,z)+§[z,x*y] +§[x,y*z] - E[x,y] *Z+§x* ly, Z]
1 1
= 2l by 2]+ 31z, by
1 1 1 1
—(x,y,2)+ E[Z'X] xy + SX* [z,y] + E[x,y] *x Z + SV * [x, Z]
1 1 1
- E[X,Y] *Z+ X v, z] = _Z[y' [z, x]]
1 1 1
=xy2)+5lzxxy =gy xlzx] ==y [z.x]

= 00.2) + 51l A = —3ly. 2.4

—x.2) = . [z A

1.1.3 Central extensions

Definition 1.8. Let (L,[, ]) be a Lie algebra. A skew-symmetric bilinear formw : L X L —

K is a 2-cocycle (scalar 2-cocycle) if:

w([x,y],z2) +w(ly,z],x) +w([z,x],y) =0, Vx,y,z € L.
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For any linear form h . L — K, the bilinear form dh defined by
dh(x,y) = h([x,y]), Vx,y € L, is a 2-cocycle.

A 2-cocycle w is a 2-coboundary if there exists a linear form h of L such that w = dh.
The set of the 2-cocycles is denoted by Z?(L,K) and the set of the 2-coboundaries is
noted by B?(L,K). The second (scalar) cohomology group of L is the quotient group
H?(L,K) := Z°(L,K)/B?(L,K).

Definition 1.9. Let (L,[, ].) be a Lie algebra and w a 2-cocycle of L. On the vector
space E := L @ Kc we define the bracket [, g by:

x,¥le =[x, y]L + w(x,¥)c, Vx,y €L,

[x,cle:=0, Vxe L.

The algebra (E, [, |g) is a Lie algebra called the central extension of (L,[, ].) by means
of the 2-cocycle w. The central extensions of L, E1 by means of the 2-cocycle w1 and E»
by means of the 2-cocycle w» are equivalent if and only if w1 —wy € B2(L,K) (that means

they are in the same class in H>(L,K)).

Remark : Two equivalent central extensions are isomorphic Lie algebras.

Definition 1.10. Let (L,[, ]) be a Lie algebra. We say that (L,w) is a symplectic Lie
algebra if w is a non-degenerate 2-cocycle of L. Note that in the finite dimensional case,
L must be even-dimensional. The form w is called a symplectic structure or a symplectic

form on L.

1.1.4 Witt type algebras

Now we summarize the definitions about Witt type algebras and we list important results
on simplicity. Also we recall the classification of Witt type algebras. More details can be
found in the paper of R. Yu [38].
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1.1.4.1 Definitions and first properties

Let K be a commutative field.
Let [ be an abelian group and V = @aer V., a l-graded K-vector space such that
dimV, =1 for all o € T'. Let {eq}aer be a basis of V such that V, = Ke,.

During the European School on Groups of Luminy in 1991, A.A. Kirillov posed the following
problem: characterize all Lie algebra structures on V. Witt type algebras give a partial

answer to this problem.

Definition 1.11. Let f : [ — K. We define on V' the product [, |:V xV — V given by

lea, €g] = (F(B) — f(a))eatp

The algebra (V, [, ]) is denoted V/(f).
A Witt type algebra is an algebra V/(f) which is a Lie algebra. Since the bracket is skew-
symmetric, VV(f) is a Lie algebra if and only if the Jacobi identity holds for [, ].

Remark: Replacing f with f — f(0), that does not change the bracket and V(f) =
V(f — f(0)). Hence, we can always consider functions f with f(0) = 0.

Definition 1.12. Let £ be the set of functions f such that:

(E1) f(0) =0,

(E2) fla+p)(f(a) = F(B)) = (f(a) + F(B))(F(a) — F(B)) Va.feT.

In regard of the definition of Witt type algebras, they are completely characterized by the

map f. We give more information about these maps.

Proposition 1.13. A Lije algebra V' is a Witt type algebra if and only if V = V/(f) with
fef.

Proof. We suppose that V is a Witt type algebra. By definition, V' = V/(f) for some map
f: I — Kand Vis a Lie algebra. As remarked above, we can replace f by f — f(0) and
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suppose that f(0) = 0. That means that (E1) holds.
As V/(f) is a Lie algebra, the Jacobi identity holds for its bracket and

Z [ea, [€8, €y]] = O

cyclic

= 3 fea, (F(Y) — F(B))epq] = 0
cyclic

— Z (f(v) — f(B))[€a, €3+4] = 0
cyclic

= > (F(r) = FB)FB+7) = F(@)earpin =0

cyclic
= (f(v) = F(B)(F(B +7) — f(a)) + (fla) = F(V))(F(7y + ) = £(B))
+ (F(B) — f(a))(f(a+B) — (7)) = 0.

For v = 0 we get

— FB)(F(B) — f(a) + F(a)(f(a) = £(B)) + (F(B) — f(a))f(a+5) =0
=f(a+PB)(f(B) - f(a)) = (F(B) + f(a)(f(B) — f(a)).

This gives the identity (E2).

Conversely, we suppose that V = V/(f) with f € £. As (E2) holds we have:

Z [ea. €5, &]]

cyclic

= S (FCy) ~ FIB)(F(B +7) — F(e))earpin
cyclic

= Z [F(B+7)(F(v) — F(B)) — F(a)(F(7) — F(B))]eatpiv-
cyclic

But by using (E2), the previous equality becomes then

= > [(F() + FB)(F () = £(B)) — F(a)(F () = F(B))]€arpin

cyclic

= > [F()? = F(B)? = F(a)(F(7) = F(B))]earprry

cyclic
=[f(7)*> = f(B)> — f()(f(v) — F(B))
+ f(a)? = F(9)? = F(B)(F(a) = (7))
+ £(B)? — f(a)® = F(7)(F(B) — f(@))]eatpry =0
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That is, the Jacobi identity, holds and V' is a Lie algebra. ]

The following lemma gives some properties of maps in &:

Lemma 1.14. et f € & and let a,B € T.

1. If f(a) # f(B), hence f(a+B) = f(a) + f(B).
2. f(a) = £f(—a).
3. SetTg:=f~10).

a) The set ['g is a subgroup of T.
b) If o ~ B modulo 'y, hence f(a) = f(B).

Proof. 1. If f(a) # f(B), then f(a) — f(B) # 0. By (E2) we have
fla+B) = f(a) +f(B).
2. In (E2), we set B = —a. We get
(f(a) + f(=a))(f(a) — f(-a)) = 0.

So f(a) = +f(—a).

3. a) Let o, B8 € Ig. Apply (E2) to a4+ B and —3 and note that f(—8) = £f(8) = 0.
Hence we get
f(a+B)°=0.

Hence oo+ B € 5. Moreover 0 € g, so [ is a subgroup of I.

b) We suppose that a ~ 3 modulo I'g. We can suppose f(a) # 0 (otherwise
a€lg, BeTlgand f(a) =f(B) =0). Hence f(a) # (B —a) since B —a €Ty
and f(a —B) = 0. By 1) we conclude that

fB)=fla+B—a)=~f(a)+f(B—a)="f(a).

Lemma 1.15. Let f € £ and set [ = {a €T/ f(a) = f(—a)}.
Thenfzro orf =T.
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Proof. If car(K) =2, we clearly have T =T asVa € T, f(—a) = £f(a).

So we suppose that car(K) # 2.

Suppose first that [q = {0}. We show that if [ # {0}. Then [ is necessary equal to I".
Let a € T which is not in Ty i.e. a such that f(a) = f(—a) # 0 and let <y be any element
of I'.

First situation: f(a) = f(y). If f(y) = —f(—y), then f(a) # f(—y) (otherwise
f(a) = —f(—a)) and then f(a — ) = f(a) + f(—y) = 0. Therefore a« — v € I.
Hence a = «y. But that is absurd because () = —f(—) and f(a) = f(—a), we should
get f(a) =0.

Hence f(y) = f(—y) and £y € . As well, if f(—y) = f(a) we show that £y € .
Second situation: f(a) # f(y) and f(a) # f(—7).

Suppose that v ¢ [ ie. that f(y) = —f(—y). As f(a) # f(y) and as
f(—a) = f(a) # f(—y) we have:

fla+y) =fla)+f(v)

and
f(—a—)=f(—a)+f(—y) =f(a) — (7).

But f(—a — ) = £f(a+ ) so 2f(a) = 0 or 2f(-y) = 0. This is absurd. So «y € I
Finally, if o = {0} and if r # [ then [ =T. That is the expected result in the situation
Mo = {0}.

Suppose now that g # {0}. From the lemma 1.14 the map f is well-defined on the
quotient G := I'/Tg. Consider then the induced map f.G = /To — K which belong
again to £. For this new map we have Go = {0} and we can apply the previous computation:
G=GyorG=G. But G=1/lg. Hence G = Gy = {0} <= T =Tpand G = G <—
=T because Tg C T . ]

Proposition 1.16. Suppose that I is 2-torsion free and 3-torsion free. Let f € £ be an

injective function, then f is additive.

Proof. From part 1) of the Lemma 1.14 and the assumption that f is injective, we just
have to show that for a # 0, we have f(2a) = 2f(a).
By (E2) we have

f(2o — a)(f(2a) — f(—a)) = (f(2a) + f(—a))(f(2ct) — f(—a)). (1.11)

Moreover since I is 2-torsion free, o # —a. As f is injective, f(—a) # f(a). Hence
f(—a) = —f(a).
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Similarly, since I is 3-torsion free, 2a # —a. As f is injective, f(2a) # f(—a). Thus in
the identity 1.11 we can divide by f(2a) — f(—a) and we get f(a) = f(2a) + f(—a) i.e.

2f () = f(2ar).

1.1.4.2 Simplicity of Witt type algebras

The Witt type algebras generalize the Witt algebra. So it is natural to study when these

algebras are simple.

Definition 1.17. Let A be a I'-graded algebra. A graded ideal of A is an ideal which is a
graded sub-vector space of A.

The algebra A is said graded-simple if there is no proper graded ideal in A.

A Lie algebra L is said perfect if [L, L] = L. In particular simple and graded-simple Lie

algebras are perfect.

Theorem 1.18. Let f be a non-zero function of €. V/(f) is graded-simple if and only if
[ =To.
In particular if car(KK) = 2, V/(f) is never graded-simple.

Proof. (=)

We suppose that I # g. By Lemma 1.15, I =T. Hence f(a) = f(—a) forall a € T

In these situation, as [ey, €3] = (f(B) — f(a))eq+p it is obvious that ey ¢ [V(f), V(f)].
So V/(f) is not a perfect Lie algebra and cannot be graded-simple.

(=)

We suppose that f is non-zero and I' = I'g. Hence car(K) # 2 ( otherwise ' =T). Let / be
a non-trivial graded ideal of V/(f). We define " := {y € ['/e, € I}. Since / is not reduced
to zero, [ is not empty. We want to show that a+ B el forallae M and B e T. In
this case we have " =T. In fact, let vy be in " since —y € [ we have 0 =y —«y € "
Hence for all 3 € I we have 3 =0+8 € [" and then " = I". As a consequence, | = V/(f).
Let o € " and B € I'. There is three situations :
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1. If f(a) # f(B) so 0 # [eq, 3] € Kegqp. As [ is an ideal, eq45 € | and hence
a+pel.

2. Iffla)=f(B)#0soB ¢ Tg=". Thus f(—B) = —f(B). From (E2) we get

(26 = B)(F(26) + f(B)) = ((26) — F(B))((26) + f(B))
= (f(26) + (8))(2f(B) — f(26) = 0
«=1(26) = —f(B) or £(26) = 2f(B).

So we cannot have f(a) = f(B8) = f(206), because in this case f(B) = 2f(B)
or f(B) = —f(B). If f(B) = 2f(B) then B € Iy, against our assumption. If
f(B) = —f(B) then f(B) = 0 since car(K) # 2. Hence B € [ is this case too. Thus
fla) # £(26).

Moreover we cannot have f(—(3) = f(a + 28). In this case, as f(a) # f(283), we

should have
f(—=8)="f(a)+f(26) ie. —Ff(B)="f(a)+f(28),

but (28) = —f(B) or f(28) = 2f(B) and:
If f(26) = —f(B) so f(a) = 0 which is supposed to be wrong.
If f(28) = 2f(B) so f(a) = —3f(B) <= f(a) = 0 because car(K) # 2.

In conclusion we have proven that f(—03) # f(a+283) and f(a) # f(28). By 1) we
havea+20elanda+B8=a+26-08cTl’.

3. If f(a) = f(B) = 0, since f is non-zero, there exists v € I such that f(y) # 0.
As T =Tq, f(—y) = —f(y). By 1) (since 0 = f(a) # f(y)) we get aa +y € I
As well since f(a+ ) = f(a) + f(y) = f(v) # f(—y) = f(B — 1), we get by 1)
(a+7)+(B—y) el
Thusa+pBel’, YVael'and VB eT.

Theorem 1.19. [et f € £. The algebra V() is simple if and only if the following state-

ments hold:

a) f is non-zero and injective,

b) T is 2-torsion free.
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Proof. See [38]. O]

The following theorem gives in some cases a condition for two Witt type algebras to be

isomorphic.

Theorem 1.20. Let [ be a free abelian group and let f, g € £ be two injective functions.
The algebras V/(f) and V/(g) are isomorphic (as Lie algebras) if and only if there exists
X € K* and o € Aut(l") such that \g =f oo.

In the following we give a classification of Witt type algebras.

Definition 1.21. Let A be the set of additive functions from I to K.
Let P be the set of functions from I to K with the following property: there exists a
surjective group morphism T : I — Z/37Z and A € K* such that

0 if 17(a)=0,
fla)=9 X if 7(a) =1,
- if 7(a)=-1.

Let C be the set of functions from I' to K with the following property: there exists a
subgroup g of I', Tg # T and A € K* such that

0ifae ro,
fla) =
A\ otherwise.

Theorem 1.22. (Yu [38])
The set & is the union of the sets A, P and C. If car(K) ¢ {2, 3}, the union is a disjoint.

Proof. 1. Cardf(I') =1 if and only if f =0:
Since f(0) =0, if Cardf(I") = 1 so it is obvious that f = 0.

2. Cardf(l")=2if and only if f € C:
o is a subgroup of " and f(Ig) = {0}. If Cardf(I') =2 so f(MN\lp) ;=X e K*. It

is easy to check that such a function is in £.

3. Cardf(I") = 3 if and only if car(K) # 2 and f € P:
If car(K) # 2 and if f € P so it is obvious that Cardf(I") = 3.
Assume now that f(I") = {0, u, A} with X # u non-zero. Since \ # w, by the lemma
1.14 we have A+ i € f(I') and then A+ = 0. Hence 4 = —X and as A # y, it
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is not possible if car(K) = 2. So car(K) # 2. We have to show that there exists a
surjective morphism 7 : ' — Z/37Z satisfying the conditions of the definition of P.
Assume that I = I'. Let o, 8 € I such that f(a) = X\ and f(B8) = —\. Hence,
since f(a) # f(B) we have f(a +8) = f(a) +f(B) =0. Aswell, 0 =f(a+0) #
f(—B) = —X\. Thus:

A=fla)=fla+B—-0)="f(a+B)+(-B)=-\

That is not possible because A\ # 0. hence [ =To.

We define 7 as follow:

0 si f(a)=0,
T:T = Z/3Z;T(a) = 1 si fla)=2A,
-1 si fla)=-X,

It is quite easy to verify that 7 is a morphism and that f belong to P.

4. If Cardf (") > 4 then f is additive and non-zero:
Let B and <y be two elements of I". As Card(f(I')) > 4 we can find o € I" such that
fla) # F(7), f(a) # F(B+7) and f(a) # F(B) — F(7).
Hence f(B) # f(a) + f(7y) and as f(a) # f(«y), we have f(a + ) = f(a) + (7).
Thus f(B) # (o +y). Finally:

FB+7)+fla) =B+ (v+a) =1(B)+flv+a)=7F(B)+1(v)+ ()

This proves that (B +v) = f(B) + (7).

OJ

Remark: If carK € {2, 3}, the union is not disjoint. In fact, if car(KK) = 2 then P C C and
if car(K) =3, PC A.

We now specialize Theorem 1.19 by distinguishing whether f belongs to A, P or C. This
is not in the paper of Yu [38] but is quite obvious in regards of Theorem 1.19.

Proposition 1.23. Let f be in A, then V/(f) is simple if and only if f is injective. As the
functions of A are additive, V() is simple if and only if Tg = f~1(0) = {0}.

Proof. If car(K) =2, no Witt type algebra is graded-simple.
Hence we suppose that carK # 2. If [ is not 2-torsion free there exists o # 0 such that
2c0 = 0 and since f(2a) = 2f(a) = 0 we have o € 9. So g # {0} and f is not

injective. ]
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Proposition 1.24. Witt type algebras V/(f) with f € C are not simple.

Proof. If card(l") > 2 then f can't be one-to-one since f(I") = {0, A}. So V(f) is not
simple . If card(l") = 2 then ' = Z/2Z, which is a 2-torsion group. Hence V/(f) is not
simple. ]

Proposition 1.25. Let f € P then V/(f) is simple if and only if T = 0.

Proof. If car(K) = 2, there is no simple Witt type algebras. If car(K) # 2, f is one-to-one
if and only if T is an injective morphism. Moreover o = f~1(0) = 771(0). Hence f is
one-to-one if and only if [ = 0. On the other hand, as 7T is a surjective morphism, f is
injective if and only if 7 is bijective. In this case I' ~ Z/37Z which is 2-torsion free and so
V/(f) is simple. O]

Corollary 1.26. Let f € £. The algebra \V/(f) is simple if and only if f € AUP \ {0} and
Mo = {0}.

Proof. This follows directly from the previous propositions. ]

Proposition 1.27. Suppose that car(K) # 2. Let f be in €. Then V/(f) is graded-simple
if and only if f is a non-zero function in AU P \ {0}.
If car(K) = 2, there is no graded-simple Witt type algebras.

Proof. If car(K) = 2 then f(—a) = f(a), Vo € . Hence I =T and V/(f) is not simple-
graded. Now suppose that car(K) # 2. For f € C, if a ¢ g then —a ¢ o and so
f(a) = f(—a). Hence [ =T and V(f) is not simple-graded.

For f € A, [ = g since f is additive. In the same way for f € P, I = g since T is
additive. So V/(f) is graded-simple for f € AUP. O]

Any graded-simple Lie algebra L is perfect. That means that D(L) = L
where D(L) := [L, L]. A perfect algebra is not necessarily graded-simple but this is true

for Witt type algebras. More precisely, the following assertions are equivalent:

1. DV(f) = V(f),
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2. T =Ty,

3. V/(f) is graded-simple.

In fact if T = I then f(a) = f(—a),Ya € . In this case it is clear that ey does not belong
to D(V(f)) since [eq, e_o] = 0. In characteristic different from 2, non-perfect Witt type
algebras are V/(f) with f € C. In this case it is trivial to compute that

DV( f) - Vl—\l—o y

where V\r, = @'yer\ro V.

1.2 Third power-associative, flexible and Poisson structures on

Witt type algebras

In this section we determine all 379 power-associative structures and all flexible structures

on the Witt type algebras. Moreover we investigate for Poisson structures on them.

We consider Witt type algebras V/(f) over a field of characteristic not 2 with f £ 0. In
fact if f = 0, any commutative product on V/(f) is Lie-admissible compatible and 3rd
power-associative.
If A is a subset of ' we denote the vector space EBAYE,\\/W by VA. We search all third
power-associative products « compatible with the Lie algebra structure. As the bracket of
V/(f) is known, finding * is equivalent to finding the commutative product o associated to
*. Hence, according to the previous definitions and results we have to find a commutative
product o such that

[x,xox] =0, Vx € V(f). (1.12)

Therefore the product * is then given by x x y = %[x,y] +xoy.

Suppose now that there exists a commutative o such that [x,x o x] =0, Vx € V(f). We
yer CPe, with
Cf;‘ﬁ # 0 for a finite number of v € I'. For a = . We note C3% := CJ. Notice that

CP = CB% since o is commutative.

introduce the following notation: for any o, 8 € [ we set ey 0e5 := )
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1.2.1 Case of Witt type algebras of the type C

We consider in this section a Witt type algebra V/(f) with f in C. This means that there
exists a subgroup g of ', Tg # I and XA € K* such that f(a) =0 if « € [g and f(a) = X

otherwise.

Let {ey} be a basis of V(f) such that V, = vect(ey), Vo € I'. For the elements of the
basis, the bracket [, ] of V/(f) is given by

0 ifa,B€lgoraBel\l
len. €8] = § Aearp IfBETM\gandif aelg
~Xeqrp IfBE€Tgandifacl\l

We suppose that the product * is third-power associative and Lie-admissible. In this case

we have the following results:

Lemma 1.28. Leta €Tg and B € MN\[g. Then

1. eqoeq € V1,

2. egoeg € \/|—\|—0.
Proof. We write the identity (1.12) with x = ey:
[€n, €x0€q] =0

yer
<:>ZC§‘[ea, ey =0
yer
> CH(F(7) — (@) €aty =0
~yel

<:>Z CYf(Y)eary =0, because a € g
yel

= CJf(y)=0, Vyerl.
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Hence C$ =0, Vy € M\, and

€q O €y = Z CJey.

Y€lo

This proves the first assertion. A similar calculation gives the second one. ]

Lemma 1.29.

1. €3 0 €3 € \/5+r0, v erl.

2. eqoeg €V, ®Vqr, fora € Tg and B € T\['g. Moreover :

18

3CH 5o YYeTo,
C3P =14 3C% 5 VYEB+T,

0 otherwise.

3. exoeg €V, fora,B €y and eyoes € Vinr, fora,B € M.
Proof. We use the polarized form of Equation (1.12):
2[x,xoy]+[y.xox] =0. (1.13)
Forx=egand y = ey. Let a € g and B € M\lp. We have
2[eg. eg 0 €a) + [ea, €30 €3] =0

= 2|eg. > C¥ey| + |ea, > CBey| =0

’Yer ’Yer\ro
= 2ZC,($B[65,€7]+ Z ij[ea,e,]zo
yer ’YEr\ro
= 2) CP(F() - FB) epiy+ Y. CE(F(7) — F(a))eaty =0
yer yelM\lo

= 2) CP(-Negiyt+ Y. CHregiy=0.
yeloy YEMo
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We do the following changes of variables: v — v — 3 in the first sum and vy = v — a in

the second one. Then we get

= 2 Y CE(Neyt+ >, CH ey =0
YyeB+To yeM\rlo

= 2 Y C(Neyt Y, E e+ Y ey =0. (1.14)
Y€B+To YEB+To YEM{FoUB+To}

The last equation gives:
Ch_ =0, ¥ye\{foUB+ro}.
Since a € g, this is equivalent to
CF =0, vy eM\{loUB+To}.

This means that

€5 © € € Vp+1o-

Combined with the first assertion of the previous lemma, this proves the first part of 2).

In addition, equation (1.14) gives:

Py = §C5 w VY EB+T,

which is equivalent to

CoP = 2cf+ﬁ o VY €T

We use again equation (1.13) but with x = ey and y = eg when o € ['g and B € '\Ig.

As before we get:
2leq. e 0 eg]l +[eg. a0 ea] =0

= 2 ea,ZCs‘ﬁeAY + Eﬁ,ZC,C;GrY =0

yer Y€lo
= 2> C¥leq, 5]+ > Ceg ey =0
yer vy€elo
= 2> CP(F(7) — F()) €asy + Y CHF(Y) — F(B))egiy =0
yer v€lo

= 2 ) C¥Fxeaiy+ Y CI(—N)egiy =0.
yelM\rlo y€ely
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We do the following changes of variables: v — v — a in the first sum et v — v — (3 in the

second one,

= 2 ) CF(Ney+ > CEprey=0

yer\ro YEB+To
= 2 Y CF(Ney+2 Y CF(Ney+ Y. CY ey =0.
YEB+To yer\{FoUB+To} YEB+To

(1.15)

Equation (1.15) gives: C;"Eja =0, Vy e N\{loUB + g} which is equivalent to
ny"6 =0, Vyel\{loUB+Tg} since a € INg.
Moreover equation (1.15) gives: C;"Ea = %C,‘;‘_ﬁ, Vv € B + g which is equivalent to

1 .
Ciy"ﬁ = §C§‘+a_ﬁ, Vy € B+ Tgsince a € INg.

Thus the second assertion is proved.
To prove the last assertion of the lemma, just write Equation (1.13) for x = ey and y = eg

with o, 6 € g and a, 8 € MN\To. O

Lemma 1.30. Let o, 3 be in T then:

1. Ifa—pB €l then ey 0 eg € Vi, and

16 1
CHB — 70 4p-a T2 ap VY€ a+To,
i 0, otherwise.

2. Ifa—PB ¢&To then ey o eg € Viir, ® V4r, and

1B

§Cw+ﬁfa, Vy € a+ Ty,
CPP =1 3C% 5 WYEB+T

0, otherwise.

Proof. We use now the second polarized form of equation (1.12):

[x,yoz]+|[y,zox]+ [z,xoy] =0. (1.16)
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For x=ey, ¥y =eg and z = ¢, with a,3 € g and pu € '\[g, we get

lea. 30 ey] +[eg. €u0eq] + [eu. ex0eg) =0

22 Y41 ﬁe’Y+ Z 2 WHBM

'yel'g yeu+To

+ | 22 yu—aby T Z 2 ’Y+cx/—t
Y€lo Yeu+To

+ | ey, Z Cf,‘ﬁeq =0

Y€l
1
— Z EC’I;+M 5(f('7) —f(a)) Caty + Z > ’y+[3 y,(f(’Y) - f(a))ea-l-’y
v€lo YEU+To
F 3 S )~ B erss + Y 3Canu(F0) — F(B)eyip
v€lo vep+To
+ > CSP(F(Y) = (1)) ety =0
’YEro
1
A Z 2 7+6 phCaty + Z §C$+a—u>‘ev+ﬁ+ Z C'CYXB(_A)%#Y =0.
yeEU+To yeEU+To v€elo

We do a change of variables in the first two sums: v - y4+u—a and vy —- v+ u —G.
Thus:

1
Z 5 Clipaterint Y 5Crra—pAeyin + D CP(—Neusy = 0. (1.17)
Y€l v€lo yeloy

Hence, Equation (1.17) gives for o, B € Io:

1
¢
csP QCWB ot 5Ciap VY €T, (1.18)

We use again the equation (1.16) for x = €4,y = €z and z = e, with o € ¢ and

B, e Mly. So we get

lea, €30 €,] + (€5, €u0€0] + [en e 0] =0

Z Cﬁue’Y + | e 22 vu—a® t Z 2 'y+ocu

’YGF\FO Y€l yeR+To
1 o
+ |6 Z 2 'y+ﬁ a&r T Z §C7+0tfﬁe’Y =0
Y€l YEB+To

— Z CH¥ Xy + Z 5 Chip-a(=Neyip + Z 5 "y+[3 a(=Neuty =0.
YeM\lo Y€lo Y€lo
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We do a change of variables in the last two sums: vy = vy+a -G and v = v+ o — .

We get

1
Y P Aeaq + ) §C$+ufﬁ(_>‘)e’”°‘

YEMTo YEB+To
1
+ ) §C5+ﬁf#(*>‘)e“7+°‘:0'
YeEU+T

Equation (1.19) gives for B, u € MN\[g:
fB+Tog=pw+Tp, then

1B 1,
CHP = { 3t 3G VY ERTTO,

0 otherwise.

fB+Tqg# u+ o, then

1.8
ZC’Y‘FB—U' V’YQ/.L‘F ro,
_ 1
Ciy"“— §C’¢+u,7[3 VyeB+To,
0 otherwise.

(1.19)

(1.20)

(1.21)

Finally, by combining equations (1.18), (1.20), (1.21) and the second part of the previous

lemma, we get the stated result.

1.2.2 Case of Witt type algebras of the type A or P

We suppose now that V/(f) is a Witt type algebra with f € P U A.

]

We recall that f € A means that the function f is additive and that f € P means that

there exists a surjective group morphism 7 : [ — Z/3Z and an element XA € K* such that

0 si 7(a)=0,
fla)=¢ X si 7(a) =1,
A si T(a) =—1.

If fisin A, it is additive and the following property holds:

f(a) = f(B) if and only if a — B € To.

(1.22)
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If fisin P then
fla) =f(B) = 1(a) =7T(B) <= a— B €Ty.

We use this property in the proofs below.

We suppose that the product * is third-power associative and Lie-admissible.

Lemma 1.31.

Vaecl, eyoeq € Voir,.

Proof. As in the above proofs we use the identity 1.12:
[x,xox] =0,VxeV(f).

For x = e, we get:

D CH(F(7) = f(a))eary = 0. (1.23)
yer

Using now the property 1.22, we get :
Cy =0, Vysuchthaty —a¢lgie v¢a+Tlo.

This proves the lemma. ]

Lemma 1.32.
Ifa—0B ¢ g, then:

P =1Ce 5 VYEB+TL

5P =3C0 5 0 Vyca+T,

P =o, Vyda+ToUB+To.

Ifa— B €Ty, then:
C¥ =0, Vyd¢a+lo=pL+To

Proof. We use the second polarized form of the identity 1.12:

Vx,y € V(f), 2[x,xoy]+[y,xox]=0.
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For x = e4 and y = eg we get:

2 CP(F(y) = F(a))eary + > C(F(7) = F(B))egsy = 0.

yer yea+lo
=2) CGP(F() — fl@)eary+ Y, CTpralf(@) = F(B))eaty =0
yer YEB+To

Moreover f(v) = f(a), Vy € a+ .

Hence we have

{ ¥y € B+ o, 2CP(F(B) — F(a)) + C2 g q(Fa) — F(B)) =0,
¥y ¢ B+To, 2C5°(f(v) — f(a)) =0.

Therefore there are two situations:

1. If a—B € Iy then f(a) — f(B) = 0 and the first identity is null. The second one
gives CSP =0, Vy ¢ a +To =B+ Io.

2. Ifa—B ¢ Tgthen f(a) — f(B) # 0 and the first identity gives:

1
Vy€EB+To CIP =-CS

T o vta—p

By changing the roles of a and 8 and since C30 = CF%, Wy €T, we get as well:

1
Vy€ea+To, C¥ = §C5+5—a-

And the second identity gives :

Vyda+ToUB+ o, C,‘i‘ﬁ:O.

That ends the proof. ]

Lemma 1.33. Fora, B inT such that oo — 3 € g,

1 1
¥ = 5Capt 50 Y¥EAtTO

Proof. We use the second polarized form of the identity 1.12:

Vx,y,ze V(f), [x,yoz|+[y,zox]+[z,xoy]=0.
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Forx=ey,y=egand z=¢, witha—B elgand u ¢ a+ o we get:
1 4 1
Z EC’Y-HL—ﬁ(f(fY) — f(a))eyta + Z ) ry+5 M(f( ¥) — (@) ey+a
YEB+To Yyeu+To
1 1
+ Y. 5 nf) = fBeys+ D SCH L o(F(Y) = F(B)eyss
yeu+lo yea+Tg
+ ) CSP(F(y) — F(w))eyru =0.
yea+Tg
Since a — B € g we get:
> 2 o (F() = F(@))eyra+ D 2C2‘+a u(F(p) — f(a))eyip
YeU+To veu+To
+ ) C3P(f(a) — F(u))eyru =0
yEa+Tg
We do a change of variables in the first two sums:
1
Z ECf_a_m(f(N') — f(a))eytu + Z Ca _pral(f() = f(a))eytu
yEa+Tg ’yeﬁ—i-l'o
+ > CSP(f(a) — F(1))eysu =0
yea+To
Asu ¢ a+Tg, f(u)— f(a) #0 and so:
1
Vyea+To C3P QC;J;Q 6+ 5 pa (1.24)
O]

1.2.3 The general case

We consider now general Witt type algebra V/(f).

The lemmas of the two previous sections can be resumed by the following proposition which

is a general result:

Proposition 1.34. Foralla,B €T,

€a © eﬁ S VO(‘H—O D Vﬁ.H’O,
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and

1 1
— E : y+T B Y+
Ca 0= <2C$‘+a_555+r3 2C’Y+ﬁ—a6a+rg) Ey-
yer

Theorem 1.35. Third power-associative, Lie-admissible compatible products on a Witt

type algebra V/(f) with f # 0 are:

xey =2l 4 Y (b0 + ()b,
Y€l

where t, are the V/(f)-morphisms defined by ty(€n) = €atr, Yo € [ and where

{uy : V(f) = K; v € To} is a collection of linear form.

Proof. Let x be a third power-associative, Lie-admissible product, and o the associated

commutative product. We proved in the previous proposition that :
_ 1 cx 6’Y+|—0 1 CB 6’Y+|—0 1.25
€aoep = 2578010 T 5 Cytp-alartr, | O (1.25)
yer

where C are the constants given by ey © €q := > i, C ey

This equation is equivalent to
1 1l 5
cacep= ) 5Cyta-pey ) 5Cy+p-alr
yEB+To yEa+lo

After the following change of variables: v — v + @ for the first sum v — v + o for the

second one, we get

1 1
€q O €3 = Z §C$+a€[3+’y + Z §C5+5€a+ry. (126)
Y€l Y€l

We define for each <y in g, the linear form uy by :

1
Uy(eq) = §Cg+,y.

Hence the equation (1.26) becomes:

€ © € = Z uy(ea)ty(eg) + uy(ep)ty(ea).
v€lo

By linearity of o, uy and ty we get

Xoy = Z uy(X)ty(v) + uy(¥)ty(x), Vx, ¥y € V(f).
v€lo
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Finally, since x x y = %[X,y] 4+ x oy, the result is proved.

Conversely, suppose now that there exists a collection of linear forms u, : V(f) — K with

v € [ such that

xoy = Z Uy (X)ty(y) + ty (y) £y ().
Y€l

Then

oxox] = [, 20 ()t ()]

Y€l

= Z QU’Y(X)[Xy t’y(X)]-

Y€l

In addition, it is easy to compute that [x, ty(x)] = [x, x], Vv € ['g then:

[x,xox] = Z 2uy(x)[x, x] = 0.

v€lo

This proves that * is third power-associative. ]

Remark: Since eyoey =) C5 ey, just a finite number of C$ are non-zero. Hence

yea+Tg
we get that

Vx € V(f), uy(x) # 0 for a finite number of 7y € I'.

Proposition 1.36. (V/(f),*) with f # 0 is flexible Lie-admissible and compatible if and
only if

sy = %[x,y] Y ()t (0) + iy (V) ()
Y€l

with the same conditions as in the previous theorem and in addition DV (f) C ker(uy), Vv €
.

Proof. Remind that (V/(f), ) is flexible if and only if:
[x,y]ox =[x,y o0x]. (1.27)
The flexibility implies the third power-associativity, hence the product we o is of the form:

xoy =3 uy()ty(y) + th(y)ty(x).
Y€l
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Hence Equation (1.27) with x = ey, ¥ = €g gives

Y tn([ea ep])ty(ea) + ty(ea)ty([eas €5]) = Y ty(ep)len, atn] + th(€a)len: €514]-
y€Ely y€Ely
(1.28)

Remark that for all v € g, we have [ey, €aty] = 0 and [eq, €3++] = ty([ea. €8]). SO

(1.28) is equivalent to

> uy([ea. eg])ty(ea) = 0.

Yy€lo
This means exactly that Vvy € o, uy([ea, €g]) = 0 or Vy € g, uy(DV(f)) = 0. That

proves the proposition. ]

Theorem 1.37. There are non-trivial flexible Lie-admissible structures only on Witt type

algebras with f € C.

Proof. It is obvious by the previous proposition and since in characteristic different from
2, we have DV/(f) # V/(f) only for f € C. O]

Remark. For f € C we have DV(f) = Vf\r,. Hence, flexible Lie-admissible products on
V/(f) are given by

Xoy= Z Uy (X)ty(¥) + uy(¥) ty(x),
Y€l

with UylViyry = 0.

We can now search for Poisson structures on Witt type algebras. Remember that we just
have to find flexible Lie-admissible products such that the associated commutative product
o is associative. So for Witt type algebras V(f) with f € AU P, Poisson structures are
trivial structures. For V(f) with f € C we need to find for which collections of linear forms

{uy : V(f) = K/ UV, = 0; v €Tg)}, the product

Xoy = Z Uy (X)ty () + tuy(¥) ty(X)
Y€l

is associative.
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We compute the associator of o:

(xoy)oz={ 3 ()t + uw<y>ry<x>) 0z

Y€l

= Z Uy(Xx)ty(y) 0 z + uy(y)ty(x) © z)

Y€l

= > n(x) (Z Uty (V) tu(2) + uu<z>ru<tq<y>>)

Y€l relo
+uy(y) (Z uu(ty (X)) tu(z) + Uu(z)tu(t'y(x))))
welo

= Z Uy (X) U (ty (¥)) tu(2) + Uy (X) U (2) tugry (v)
v.u€lo

+ Uy (V) up (B (X)) 8 (2) + Uy () U (2) sy (X).

As o is commutative, we have x o (y o z) = (y o z) o x and then:

xo(yoz)= Z Uy (V) U (ty(2)) tu (%) + Uy (¥) Up(X) tusy(2)
v.1€lo

Fuy (Z2)up(ty (¥) tu(x) + Uy (Z2) up () tusy (¥)-
Finally we get

(x,y,z)= Z U’y(X)Uu(tfy(Y))tu(Z) + U'y(X)Uu(Z)tu—i-'y(Y) + U’y(Y)Uu(t'y(X))tu(Z)
Y.1EM

+ Uy (V) U (2) by (X)) = Uy (V) Uty (2)) 1 (x) = ty (V) U () 44 (2)
= Uy(Z2)up(ty (¥)) tu(x) = ty(Z2) up(X) tusry (v)
= Z [uy () up(ty(¥)) + ty (¥) up(ty(x))]tu(2)

v.1€lo
= [y (V) uu(ty(2)) + uy(2) uu(ty(y))]tu(X)
+ Uy (V) U (2) tgy () = Uy (V) Uu(X) iy (2)
+ [y () uu(2) = vy (2) U ()]t sy ()

Hence, as UylVer, = 0; for x, ¥ € Vi, and z € Vr\r, the identity (x,y,z) = 0 is equivalent

to:

Z UN(X)Uu(t'y(Y))tu(Z) + U’y()’)uu(t“y(x))tu(z) - UW(Y)U;L(X)tu.Jr'y(Z) =0. (1.29)
Y.u€Elo
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By writing the last equation (1.29) with x = ey, y =egand z=¢e,, o, €gand o € I’

we get:

Z [uy(ea)uu(epiy) + ty(eg)uu(aty)leotp — Uy(ep)up(€a)estputy =0 (1.30)

¥.u€Mg
= D [uy(ea)uu(Epiy) + ty(ep)tu(€aty)ertn — Y th(€s)uu(€a)ertpiy =0
¥,h€Mg ¥,u€Mg

=Y uy(ea)uu(epiy) + ty(e)uuleasy)] | eoru— Y. Y ty(ep)uu(ea)ersp =0

uely \velo pelg Y+u=p
T.ueEl

— Z Z [ty (€a)up(€prvy) + Uy(es)tu(eatry)] | €otn — Z Z ty(es)tp—y(€a)€ssp =0

w€Elo \Y€lo pElo vElo

A Z Z [uy(ea)up(€pry) + ty(eg)up(€atry)] | €osu — Z Z uy(eg)tp—(€ea)eotu =0

w€lo \v€lo welov€lo

— Z Z [y (ea) tp(Ep4v) + ty(€g) Up(Eaty) — Uy(eg)tu—(€a)] | €r4p =0
w€ly \v€lg

— VueTlo, Z [ty (€a)Up(€pry) + ty(€) uu(eatry) — Uy(€g)Up—y(€a)] = 0. (1.31)
v€lo

We remark that the last equation does not depend on o. In fact if (1.31) is true, it is
easy to prove that (1.30) is true for any ¢ € . So by linearity we get Equation (1.29)
for any x,y € W, and z € V(f). Moreover since V7 € g, Uyly, = 0, (1.29) is true for
all x,y,z € V(f). Hence (x,y,z) =0, Vx,y,z € V(f) is clearly verified. Finally o is

associative if and only if for all o, G € g

D luy(ea)tu(€py) + ty(5) tu(Caty) = ty(€3) U~ (€a)] = 0, Vu € To.
Y€l

In particular if @ = 3 we get
Z ty(€a)[2up(eaty) — Up—(€a)] =0, Vi € To.

Y€l

Theorem 1.38. A flexible Lie-admissible product = on a Witt type algebra V() is a Poisson
product if and only ifV a, B, € g

Z [uy(ea)up(€pty) + ty(eg)up(€atry) — ty(ep)uu—y(€a)] = 0.
Y€l
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Open question: For easy choice of [y (like Zo or Z3), we get u, = 0, Vy € . But
we did not prove anything for the general case. Do examples of Witt type algebra with a

non-trivial Poisson structure exist?

1.3 One-dimensional central extension of Witt type algebra

In his article [38], Rupert Yu he determines the one-dimensional central extension for some

Witt type algebras which are very close to the Witt and Virasoro algebras:

Theorem 1.39 (Yu). Let [ be a free abelian group and suppose that calK = 0. Iff € £ is
injective, then the Witt type algebra V/(f) has a universal one-dimensional central extension
given by the 2-coycle:

®(eq, €) = 0o, —p(F(a)® — f()).

Remark. The Witt type algebras which are considered in this theorem are a subclass of
the algebras V/(f) with f € A.

We are interested in one-dimensional central extensions for other classes of Witt type

algebras.

1.3.1 Case of Witt type algebra of type C.

Let V() be a Witt type algebra with f € C. The set '\l is denoted by I

Proposition 1.40. A bilinear form w of V(f) is a 2-cocycle if and only if there exists a

skew-symetric bilinear form ¢ on Vi, and a linear form h on Vi such that :

f&x

1 w =
IV X VEy
2‘ w‘VrOXVr/ = dhlVrOX\/r/; w‘Vr/XVrO = thVr/XVrOr

3' w‘Vr/XVr/ = O
Proof. Let w be a 2-cocyle of V(f). Then w is skew-symmetric and

w([x,y], 2) +w(]y, z], x) + w([z,x], y) =0, Vx,y,z € V. (1.32)
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For x =ey, y =eg and z = ey with o, B € [g, v € [, we get:

w([ea €3], ey) + w([es, &y]. e3) + w([ey, ea). €3) =0 (1.33)
i.e. Aw(egiy, €q) — AW(€qtry, €3) = 0. (1.34)

Hence if a = 0, we obtain

ey, ) = w(epiy, @) = 3 w(lep ex). ). (135)

Let be h : Vi — Ky — %w(y,eo). Then h is a linear form of Vf~. Moreover for
B eT’, veTly, by Equation (1.35) we have

w(eg, ey) = h([eg, &y]) = dh(eg, ey).

This proves the second statement.
The first is clear. For the last part , we write Equation (1.32) for x = €4, ¥y = eg and

z=eywitha,Bel’, vl We easily get:

w(€p+y, €a) = W(€a+ty, €8)-
In particular if v =0,
w(es, eq) = w(eq, €3).

Since w is skew-symmetric we conclude that w(eq, eg) =0, YVa,B el

Conversely, one can easily verify that a skew-symmetric bilinear form verifying 1,2 and 3

also satisfies the 2-cocycle condition. ]

Theorem 1.41. Let f be in C. The second cohomology space H*(V/(f),K) is isomorphic

to C 2(V|—0, K) the vector space of skew-symmetric bilinear form on Vf,.

Proof. A 2-cocycle w of V(f) is a 2-coboundary if there exists a linear form g such that
w = dg. Since [V, \r,] = {0} we have @ = 0 . Conversely if w is such that @ = 0, we
choose a linear form g with v, = h and then w = dg. Therefore w is a 2-coboundary if

and only if @ = 0. We consider the following map:

¢ Z2(V(F),K) = C*(Vr, K);w = @.
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The map @ is onto. Moreover ker® = {w e Z?(V(f),K)/@ =0} = B2(V(f), K).
Hence the vector space Z2(V/(f),K)/B?(V(f),K) =: H*(V(f),K) and the vector space
C2(Vf,.K) are isomorphic. O

Since we know the 2-cocycles of V/(f), we are naturally interested by symplectic structures

on V/(f). We give conditions on I" and Ig for the existence of symplectic structures.

Theorem 1.42. Let f be in C. If || is finite, there exists a symplectic structure on the
Witt type algebra V() if and only if either [ : To] =2 or [l : Tg] =1 and || is even.

If |[] is infinite and if [ : To] < 2, there exists a symplectic structure on the Witt type
algebra V(f).

Proof. The algebra V(f) is symplectic if and only if there exists on V(f) a non-degenerate
2-cocycle. Suppose that [[: 9] = 1. Then o =T and any skew-symmetric bilinear form
is a 2-cocycle. We just have to find a non-degenerate one. Since || = dimV/(f), if '] is
finite and even, it is possible. If || is infinite, it is always possible. Indeed every infinite set
I is the disjoint union of two equipotent subsets since / is equipotent to / x {0} LU/ x {1}.
So [ = T1UlN» with a bijection ¢ between "1 and I'», then the skew-symmetric form defined
by w(eq, €3) = 6g(a) is non-degenerate.

We suppose now that [ : Tg] = 2. Then I = o U (a + g) with a ¢ Tg. Thus
V(f) = VW, ® Viatr, and we define the following 2-cocycle on V/(f):

@ =0; h(ex) =1 and h(exty) =0, V7y € [o\{0}.

We verify that w is non-degenerate: suppose that w(x,y) =0 for all y € V(f). We can

write x = > crayey and y = > - buey with ay, by # 0 for a finite number of y € T.
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Hence

W(Z Ay Cy, Z byey) =0

yer yer

— W(Z ayey, Z byey) + w( Z ayCy, Z byey) =0

Y€l yea+Tyg yeEa+Tg Y€l

A Z aybayph(ley, earu]) + Z aatybuh([€atry,eu]) =0
v.uelo v.1€lo

= A Z ayba+ph(ey+atn) — Z da+ybuh(€atytu) | =0
v.0€lo v.u€lo

=M D aybary — aaiybu | =0

Y+u=0
Y.HET

= ) aybg—y — datyb_y =0. (1.36)
RS

Fory =e, with u € g (i.e by =1 and by =0, Vv # u ), Equation 1.36 gives aq—, = 0.
Likewise for y = ey4,, With u € I'g we get a_, = 0. So we get ay =0, Vy €T, thisis to

say x = 0. This proves that w is non-degenerate.

Now suppose that |I'| is finite and that w is a symplectic form. From Proposition 1.40 , a
2-cocycle w verifies wyy, x\, = 0. Therefore if w is non-degenerate, for each x in Vf+ there

exists y in Vf, such that w(x, y) # 0. This means that the following map is injective:
w: Vi — (V) x = w(x, ).

As [ is finite, the vector spaces W and W, are finite dimensional too and
dim(\r/) = ||, dim(\r,) = |lo|. Hence || < [Io| and then |I'| — [[o] < [Fg|. This
is equivalent to [I : [p] < 2. O]

1.3.2 Case of Witt type algebras of type P.

Now let f be in P. We note I'; = f1({1}) and I_; := f1({-1}). Hence
V(f)I\/ril@\/ro@Vrl.
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A bilinear form w is a 2-cocycle if and only if w is skew-symmetric and if Identity (1.32)
holds . Since the Identity (1.32) is linear, it just has to be verified for generators. Hence
let x = ey, ¥ = €3, Z = &y.

1. Ifa,B,v €T, fori € {—1,0,1}, Identity (1.32) holds.

2. Ifa,B€lgandyerl;, i€ {-1,1}, Identity (1.32) holds if and only if
w(eq, ey) = w(ey, eqty), Ya €lg, vy €T (1.37)
3. faelgand B,yeTl; ie{-1,1}, Identity (1.32) holds if and only if
wl\/r[.)(\/r/, = 0
4 Ifaely, BeTl_y, v€Tlg, Identity (1.32) holds if and only if
1
w(eatp, &) = > (W(ea+'yr eg) + w(egty, ea)) :

5. fa,Belandyel;withije{-1,1}, i#j, Identity (1.32) holds if and only if
so does (1.37) .

%w(eo, €n), Ya €y

Let be the linear form h: V(f) — K defined by h(ey) = and

taking any values on Vf,.

Hence, we get:

Proposition 1.43. On V/(f) with f € P, a bilinear form w is a 2-cocycle if and only if

there exists a linear form h of V/(f) such that w is the skew-symmetric bilinear form defined

by:

1. w‘VF,vXVF/ = O, | € {—1, 1},
2. (U‘\/I_OX\/FI = d(h|\/|',)’ i€ {—1, 1},

3. w(eqtp, €y) = % (w(eaJrq, eg) + w(eg4r, ea)) , Yael, Bel_y, yeTy.

Remark: The equation of the first part of Proposition 1.43 for v = 0 gives w(ep, .)MO =0.

Therefore there is not homogeneous symplectic form on V/(f) for f € P.

Proposition 1.44. On V/(f), a 2-cocycle w is a 2-coboundary if and only /warOero =0
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Proof. If w is a 2-coboundary, then w = dg with g a linear form on V/(f). Let x,y € \f,
Then w(x,y) = g([x, y]) = 0.

Conversely suppose that Wive xVey = 0. Thus, by the assertion 3 of the previous proposition
we have:

w(eqty €8) +w(esty, €a) =0, Va1, Bel_1, v Ty

This proves that for o, &’ € 'y and 3,8’ € [_1 such that a + 8 = &’ + ', we get

w(eq, e3) = w(ey, ea).

Hence for v € T, take h(ey) = —%w(ea, eg) for any a,B such that v = a + 8. So

w = dh and w is a 2-coboundary. ]

Lemma 1.45. An abelian group G such that for all g € G\{0} the quotient group G/{g)

is of finite order is a finite abelian group or is isomorphic to Z.

Proof. Obviously the property holds for every finite abelian group. So we suppose that G
is an infinite abelian group. We show that G is torsion-free. In fact, if there exists a torsion
element g € G, then the subgroup (g) is of finite order. As the quotient group G/{g) is
of finite order too, the group G should be of finite order. Hence G is torsion-free.

The quotient group G/(g) is of finite order. We denote by {q1,...gn} its elements. Hence
G is generated by {q1, ...qn, g}, it is a finitely generated abelian group. But we said that G
is torsion free. This means that G is a finitely generated free group, i.e. isomorphic to Z/
with / > 0. We suppose that / > 1. Hence the quotient group G/(g) with g = (0,1, ...,1)
is isomorphic to Z, which is not possible. This proves that / = 1, i.e.that G is isomorphic
to Z. L]

Proposition 1.46. /f g is a finite abelian group or is isomorphic to Z, all 2-cocycles of
V/(f) are 2-coboundaries. In particular the second group of cohomology H?(V(f),K) is

null.

Proof. Let w be a 2-cocycle of V/(f).

We said before that the identity 3 of the proposition 1.43 give us w(ep, ')\Vfo = 0. Hence
if we set 8 = —a € '_1 in the identity 3, we get w(eutry, €—a) = w(ey, e—aty). Hence
forallael,Bel_q, ify:=a+ 0 €l we have

w(eq, €3) = W(eqtry, €5—y).
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Therefore if o’ € 1, B’ €y aresuchthaty=a+ 06 =a’ + 6" and o’ — a € (), we
have

w(ea, eg) = w(ey, ep). (1.38)

We consider the quotient group I'/{y) and the canonical projection w : [ — ' /{y). For a
fixed v € o we define the map ®7 : 7(l1) = K; & — w(ey, ey—q) which is well defined
since  Identity (1.38)  holds. Moreover, —we can remark that
card(m(l1)) = card(mw(g)) = card(To/{Y)).

Let v bein I'g. Forall a1, a» € I'1 and w € g we have

W(€ay—ag+y—ps €u) = W(ey—p, €u) = W(E€ay—arty—p: €u)-

Hence by using again identity 3, we get

W(€a+pr €arty—u) — W(€a;, E—ayty—u) = W(Cortp €-arty—p) = W(€ar, €-ayty—p)-
So, for all v, u € g and a7, ap» € 1 we get

OV(a1 + i) — OV (q1) = V(a2 + 1) — PV (Q2). (1.39)

By the previous lemma and the condition on g, we know that for all v € 'y the quotient
group [g/{7y) is of finite order. Since card(m(I"1)) = card(I"q/(y)) the map ®7 has a finite
number of value. For u € Iy, let K be the order of u. We have

P"(@) - (a+p)=¢"(a+Kn) —¢"(a+ (K-1n)+¢"(a+ (K- 1)i)
—¢"(a+ (K—=2)g)+ ...+ ¢"(a+2a) — ¢7(a + L)
By (1.39) we have
(@) —¢"(a+p)=¢"(a+(K-1p)—¢"(a+Kp)=..=¢"(a+i)—¢7(a+20).
Hence
(@) —¢"(a+p)=(1-K)[¢"(a) - ¢"(a+n)],

and then
V(@) =¢"(a+pn)=¢"(a+p)Vael, v,uelo
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That proves that each map ®7, € I take just one value. That proves that for o, &’ € "1
and 3,8’ € I'1 such that o + 8 = o’ + ' we have w(eq, €3) = w(ey, €z). In this case,

identity (3) gives Wiy, xvp, = 0. Hence w is a 2-coboundary. O]

1.4 Third power-associative structure on the central extensions

of Witt type algebras.

In the following we study the relation between third power-associative structures on a Lie
algebra L and third power-associative structures on a central extension E of L. Also we
give the third power-associative structures on the central extension of some Witt type

algebras.

Let £ := L & Kc be a central extension of a Lie algebra L by means of a 2-cocycle w.
Let xg be a third power-associative product on E compatible with the Lie structure and
og the associated commutative product on E defined by xop y = %(x *xgy+y*ex). We

remind that g is third power-associative if and only if [x, x og x]g =0, Vx € E.

Since og is commutative product, there exists:

1. o; a commutative product of L,

2. o0 is a symmetric bilinear form of L,
3. Ais an endomorphism of L,

4. X\is a linear form of L,

5. ye€ L and u € K,

such that

xopy=xo,y+oa(x,y)c Vx,ye€L,
xopc=cogx=AX)+Ax).c VYxeL,

CopC=9+u.C.

Moreover, since [x, x og x]g = 0, Vx € E we get:
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1. [x,xo. x]. =0, Vx € L and then o, is a third power-associative product of L,
2. w(x,xo; x)=0, ¥x €L,

3. ad(x) o A= ad(A(x)) Vx € L and A is w-symmetric:
We use the linearized form of [x, x og x]g = 0: 2[x, xog y]g + [y, X o x]g = O; with

x €L and y = c. We get
2[x,x o clg =0 <= [x, A(x)]. + w(x, A(x)).c = 0.
So A(x) € kerad(x) Nkerw(x,.), Vx € L and that is equivalent to
w(x, A(y)) = w(A(x),y), Vx.y € L

and
X, AL = [AX), y]L, Vx,y €L

i.e. ad(x) o A=ad(A(x)) Vx € L and A is w-symmetric.

4. v e Z(L)Nkerw:
We get this result by using the same equation with x=cand y € L.

Conversely suppose that there exists on L a third power-associative product %, . We denote
by o; the associated commutative product. We choose o, A, A, v, w verifying the four

previous properties. Hence, we can define the product og on E by

xopy=xo0,y+o(x,y).c Vx,y €L,
xopc=cogx=AKX)+Ax).c VxelL,

CopCc=9+u.C

It is easy to check that if w(x,x o, x) = 0,Vx € E, we have [x,xog x]g =0, Vx € E.
Hence that defines a third power-associative product on E.
As a consequence and since x *xg y = %[x,y] + xog y and [E,c] = 0, the following

proposition holds.

Proposition 1.47. Let L be a Lie algebra and E := L @ K.c be a central extension of L
by means of the 2-cocycle w.
Any third power-associative structure xg on E induce a third power-associative structure
on L by

x* y=p(x*xgy), Vx,y €L.
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Moreover x verify w(x, x x; x) =0, Vx € L (or equivalently w(x,xo; x) =0 ).
Conversely any third power-associative structure x; on L such that w(x, xx;x) =0, Vx € L

can be extended on E by

1
X*xpy=x%_y+o0(x,y).c+ Ew(x,y).c
xxg c=cx*xgx=A(x)+ Ax).c
C*p C=7Y+WHC
with o is a symmetric bilinear form of L; A an endomorphism of L such that A is w-
symmetric and ad(x) o A = ad(A(x)) Vx € L; X a linear form of L; vy € Z(L) Nkerw and

uwe K.

Note that xg Is non-unique.

We study now the particular case of Witt type algebra given in the theorem 1.39. That
is an algebra V/(f) over a field K of characteristic zero with I" a free abelian group and
f . T — K a injective function. By the theorem 1.39, V/(f) has a unique universal central

extension given by the 2-cocycle
d(eq, 3) = 6a,,5(f(oz)3 — f(a)).

Let W be such a Witt type algebra and V its central extension.

As f is injective we have g = {0}, and then any third power associative structure on W
is given by

Xy o= ST yw + UGy + (),

where u is a linear form of W.
Proposition 1.48. Third power-associative products on V compatible with the Lie algebra

structure are:

1
X*py = E[x,y]w +ux)y+uly)x+o(x,y).c Vx,yeW,
x*pCc=copx=kx+Ax).c VYxeW,

C*y C = U.C,

where k, u € K, o is a symmetric bilinear form of W and X\, u are linear forms of W'
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Proof. For all x € W, x oy x = 2u(x)x and then, as ® is skew-symmetric, we have
®(x, x oy x) =0, Vx € W. By the previous proposition that means that there is a third-
power associative product on V. Moreover in W we have kerad(x) Nkerw(x,.) = C - x
and Z(W) = {0}. Hence the linear form A is necessary an homothecy (we note its ratio

by k) and v = 0. That gives the result, according to the previous proposition. ]

Proposition 1.49. The only flexible product on V which is compatible with the Lie algebra

structure is the trivial one:

1
xxyy=shkylw xyeWw
xspc=copx=0 VYxeW

cxpyc=20

Proof. Any compatible flexible product *xy, on V is third power associative and then, is as
describe in the previous proposition. The aim is to show that the flexibility implies that
c=0, A=0,u=Xx=0and k=u=0.

Remind that the flexibility of %y, holds if and only if:

[u,vopwly =voy [uwly+woy[u,v]y, Yu,v,weV. (1.40)
Wesetin1l40 u=xeW, v=y €W and w = c. Hence we get
[x,yopcly =coy [x,y]y.

This is equivalent to
(k= w)(x, y) = A(x, ylw)-

If Kk —u # 0, & should be a 2-coboundary but that is not true. So k = u and
A[x, ylw) =0, Vx,y € W. Since W, W] =W we get that A = 0.

Now we set in 1.40 u=w = x and v = y. We get
[x.y ov x]y = [x, ylvoy,
which is equivalent to
u(x)P(x, y)c = Mx)P(x, y)c + a([x, ylw, x)c + kd(x, y)x + u([x, y]w)x, Vx,y € W.

So we have
u([x, ylw) = —k®(x,y) Vx,y € W, (1.41)
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and
u(x)®(x,y) =o([x, ylw. x) Vx,y € W. (1.42)

We suppose that k # 0. Hence according to 1.41, & should be a 2-coboundary. So k =0
and as k = u, we have k = u = 0. Moreover if k =0 we have u([x, y])w = 0. As before
that means that v = 0.

As u =0, identity 1.42 becomes:

o([x,¥lw,x) =0Vx,y € W.

By polarization of this identity we get that o is an invariant symmetric bilinear form on W'.
This means
o([x,y],z) =o(x, [y, z]) Vx,y,z € W.

We can show that there is not non-zero invariant symmetric bilinear form on W. In fact,

in the last identity we set x = ey, ¥y = €9 and z = eg with o, B € I'. We get

o([ea. eo], eﬁ) = o(eq, [eo, eﬁ]) Va,BeTl.

This is equivalent to
fla+B)o(eq, 5) =0Va,B T,

Therefore for all @ + B # 0 (f is injective) we get
o(ea, e3) = 0.
By using again the invariance identity we get
o([ex, e—al. &) = o(ea, [6-a, &0]), Va €T.

That is equivalent to:

—2f(a)o(ep, ep) = f(a)o(eq, e—q)-

So for all @ # 0, o(eq, e_q) = —20(eg, €9). But for o + B # 0 and B8 # 0 the invariance
identity still gives o([ex, €], e—(at8)) = (€a. [€3. €_(a4p)]). SO

f(B — a)o(eatp. e—(a+ﬁ)) =f(—a—20)o(ex, e-a),
and since o(ey, e—o) = 20(ep, €9), Yo € T, we get

o(eg, e) = 0.
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We conclude that ¢ = 0. O

Corollary 1.50. Let 2 be the Witt algebra and U the Virasoro algebra. Third power-

associative compatible products on the Virasoro algebra are:

1
X*my:E[X,y]gm—i—u(x)y+u(y)x+a(x,y).c Vx,y €20
Xxg C=copx=kx+Ax).c VxeW

C*y C = W.C

where k, i € K, o is a symmetric bilinear form of 20 and A, u are linear forms of 2.

Moreover the only flexible compatible product on U is the trivial one.

Remark. This corollary is a result of Myung [23]. Our proof for the flexible structure is

quite different than the proof of Myung and gives an additional information: @ = 0.

1.5 Left-symmetric structures induced by symplectic structures

on Witt type algebras

This chapter is devoted to the study of some left-symmetric structures on certain Witt

type algebras and their connection with symplectic structures.

An algebra (A, ) is said left-symmetric if

(x.y.2)=(y.x,2), VYx,y,z€ A

If (A, %) is a left-symmetric algebra then A~ is a Lie algebra. For a given Lie algebra

(L, [, ]), a left-symmetric structure * is said compatible with the Lie algebra structure if

[X,y] =x*y—y*x.

Let (L,[, ], w) be a finite-dimensional symplectic Lie-algebra. Since w is a non-degenerate

bilinear form, there exists Vx, y € L a unique element x x y such that
wixx*y,z)=—-w(y,[x, 2]) Vz €g.

In this way we define a left-symmetric product * which is compatible with L.
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J. Helmstetter has showed in [13] that if (L,[, ]) is a finite-dimensional Lie algebra such
that there exists a compatible left-symmetric structure then [L, L] # L. Consequently if L

is @ non-zero semi-simple Lie algebra then L is not symplectic.

Remark. We can prove that a semi-simple finite-dimensional Lie algebra L is not symplectic
without using the Helmstatter's result. Indeed, if B is the Killing form of L and w a

2-cocycle of L then there exists a derivation § of L such that
w(x,y)=B(6(x),y), VyelL.

Since L is a finite-dimensional semi-simple Lie algebra, § is an inner derivation. So there
exists t € L such that § = ad(t). If t =0 then w =0 and if t # 0, then

w(t,y) = B(ad(t)t,y) =0, Vy €G

This proves that w is degenerate. We conclude that L is not symplectic.

The following examples proves that there exists an infinite-dimensional symplectic semi-
simple Lie algebras. In fact if k € Z, then the following bilinear form defines a symplectic

structure on the Witt algebra W := @, < X >:

w(x,y) =X ([x. y]), Vx,y e W, k € Z.

Definition 1.51. Let (L,[, ],w) be a (infinite-dimensional) symplectic Lie algebra. If for

each x,y € L there exists an element x x y such that:
wxxy, z)=—-w(y, [x 2]), (1.43)

we say that w is left-symmetric admissible. Note that x = y is then unique since w Is
non-degenerate.

If w is left-symmetric admissible, then x is a compatible left-symmetric product of L.

Let K be a field of characteristic zero. We consider a free abelian group I" and an injective
function £ : ' — K. In this case f belongs to A and the second cohomology group

H?(V(f),C) is a one-dimensional vector space generated by the 2-cocycle

(ea, €g) = 0a,—p(f ()’ — ().
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Consequently any 2-cocycle w of W is of the following form:

w=Xb+dh XNeK, heL(WK).

Let W = V(f) = @, cr < ey > be the Witt type algebra defined by f.

Definition 1.52. A bilinear form w of W is said homogeneous of degree p € T ( or p-

homogeneous) if

w(ex, €3) =0 Va,B such that o+ + p # 0.

Proposition 1.53. A homogeneous symplectic form on W is left-symmetric admissible and

the induced left-symmetric structure is graded.

Proof. Let w be a p-homogeneous symplectic form on W. Let ey, g be two homogeneous

elements of W. We set 79 := —a — B — p. We define the linear map h by
h:W —=K; ey = —w(eg, [€a, &]).

Since w is p-homogeneous, we get :

h(ey) =0 vy e M\{v}.
Let g be the linear map defined by:

g: W =K, ey — w(eqtp, ey).

Likewise, since w is p-homogeneous and non-degenerate, we get

g(ey) =0 vy el\{vw},

and
g(ey,) # 0.

Hence kerg C kerh and there exists Aog € K such that h = A,gg. Therefore
W(Aapeatp, €y) = —w(eg, [ea, &y]). Hence ey * €3 := Aggeq+p. Then, by linearity, for all
X,y € W there exists x x y € W such that w (x * y, z) = —w(y, [x, z]). We conclude that

w is left-symmetric admissible. Moreover it is clear that * is graded. O]
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Remark: Note that this proposition is even true for any [-graded Lie algebra with one-

dimensional homogeneous spaces.

Proposition 1.54. Let w be a bilinear form on W. Then w is a p-homogeneous symplectic

form if and only if p ¢ 2T and w = pder, with u € K*. Here eX , is the linear form defined

by e ,(ey) =0 ify # —p and e ,(e—,) = L.

Proof. We suppose that w is a p-homogeneous symplectic form. Hence there exists a
linear form h on W such that
w=X\d+ dh.

As w(eg, eg) = 0 and w is non-degenerate, then p # 0. Let o, B € I such that a +3 = 0.
Then
0 = w(ea ) = A(F(0)* — F(@)) + dh(ea, ep)
= A(f(a)® = f(@)) + (f(B) — f(a))h(eo).

Since f is injective and additive we get

3 _
h(eop) = A(f(o;)f(a)f(a)) = %(f(a)2 —1), Va#0.

Since I is infinite, there are two elements ag and (g such that By # +ag. So f(ag)? #
f(Bo)?. Hence A =0, h(eg) = 0 and w = dh.

Since w = dh and w is p-homogeneous we have
0 =w(ep, e3) = f(B)h(eg), VB # —p.

Therefore {eq, a € M\{—p}} C ker h. So there exists u € K such that h = pe* ,. More-
over 4 # 0 because w # 0. Finally if p = 2a where a € [, then
w(e_q,e3) = h([e—a,e3]) = 0, VB € I'. Since w is non-degenerate, we conclude that
p¢2r.

Conversely the 2-cocycle udeip is clearly p-homogeneous and if p ¢ 2 then
w(ey, e p-a) = uf(—p —2a) # 0, Ya € I. Hence w is non-degenerate because
w(eq, e3) # 0 for all o, € T such that a +B+p =0 . So w is a p-homogeneous

symplectic form. ]

Theorem 1.55. Let w be a symplectic form on W. If w is left-symmetric admissible and

if the induced left-symmetric structure is graded, then w is homogeneous.
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Proof. Let o, 8 €T, then e, * g is the unique element of W such that
w (ex * €3, 6y) = —w(eg, [ex. &]), VY ET. (1.44)

Since * is graded, there exists Aog € K such that ey * €5 := Agg€ais.
By the identity (1.44) we have:

Aopw(€atp, &y) = (F(@) = F(7))w(es, €aty). (1.45)

In (1.45) we set a = 0. Hence we get:

Aogw(es, ey) = —f(7)w(es, ey),

which is equivalent to
(Aog + F(7))w(es. ey) = 0. (1.46)

For each B €T, since w is non-degenerate, there exists necessarily an element yg € I such
that w(eg, ey;) # 0. By (1.46) we have

Xog = —f(B)-

Since Aog is unique and f injective, yg is unique too. Thus w(eg, ey) # 0 if and only if
v = 3. We set p := —o.

In order to show that w is p-homogeneous, we to prove that 8 + g does not depend on
B and that we have B+ =7 = —p, VB € T.

If we use again equation (1.45) and set v = 0, we get
Napw (€0, €)= Fl@)w(en, &). (1.47)

We have Vo # 0, f(o)w(ea,eg) # 0 if and only if B = <4 Hence

Va # 0, Aay,w(en, eatry,) # 0. In addition w(ep, ey) # 0 if and only if v = v = —p.
Hence we have a +v4 = Yo = —p, Va # 0. Finally we proved that w(ey,e3) = 0
for all &, B € I such that a+B+p # 0. That exactly means that w is p-homogeneous. []

Corollary 1.56. The left-admissible symplectic forms on W such that their induced left-
symmetric structure is graded are:

*

Wy = /J,de_p,
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with p ¢ 2" and u € K*.

Moreover the left-symmetric product induced by w, Is given by:

flo+2a+06)f(p+206)
flo+2(a+p))

€y * €3 1= €atp, Va,BE€T.

Proof. The first assertion results from Proposition 1.54 and Theorem 1.55 . We just have

to give the induced left-symmetric product. By equation (1.45):
AapW(eatp, &y) = f(a —Y)w(es, eatry), Vo, B,y € T.
Let o, B,y €. Since w = w, := pde ; with p ¢ 2", we get:
Aaphde”  (eatp, &y) = f(a —y)udeX (&g, €atry).
which is equivalent to

Aagf (v —a—B)el j(earpry) = fla—7)f(a+v—B)el (eatpiry)-

Fora+ B8+ v+ p =0 we have
Aapf(—p—2(a+B)) = f(Ra+B + p)f (=28 — p).

Remark that f(—p —2(a+B)) # 0 since p ¢ 2. Hence

_ f(2a+ B+ p)f(28 + p)

A= T aatp)) PED

]

Remark. This result holds for a class of Witt type algebras which contains the Witt algebra.
Graded left-symmetric structures on the Witt algebra are classified (see [3]). There are two
classes of such structures denoted (in [3] ) by Vie, o, € € C statisfyinge =0ore * ¢ Z
and VPk B € C and k € Z satisfisfying B # k. Our graded left-symmetric structures
2

induced by a symplectic form belong to the first class V¢ with @ =1 and € = 5



Chapter 2

Automorphic algebras.

2.1 Generalities on Riemann surfaces

In this part we remind definitions and general results about Riemann surfaces. We give
more precisions for the situation of the Riemann sphere and for the tori.

Details of this part (and in particular the proofs) can be found in the book of Otto Forster
[10] or in the book of Rick Miranda [21].

2.1.1 Definition and examples

Definition 2.1. Let X be a Hausdorff topological space. A complex chart on X is an
homeomorphism @ : U — V of a open subset U C X to an open subset V C C. Two

complex charts 1 : Ua — V4 and > : U> — Vb, are said to be compatible if the map

P20t p1(UrNUa) = po(Ur N Us)

is biholomorphic.

A complex chart ¢ : U — V on X is said centered at the point p if o(p) = 0.

A system A := {y,; : Uy = Vj, i € I} of compatible charts such that X = |J,;, U; is called
an atlas. We define on the set of atlases an equivalence relation: two atlases A; and A5

are equivalent if the set of charts A; U A5 are again an atlas. This means that every chart

57
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of A7 is compatible with every chart of A».

Definition 2.2. A complex structure on a topological space X is an equivalence class ¥ of
atlases.
A Riemann surface is a pair (X, %) of a connected Hausdorff topological space and a

complex structure 3_.

Usually, to define a Riemann surface, we just give an altas A on X. Then the corresponding

Riemann surface is the pair (X, A) where A is the equivalence class of the atlas A.

Let us give some examples of Riemann surfaces:

1. The complex plane C with the complex structure given by the one chart atlas {idc :
C — C}.

2. The Riemann sphere Co,. Let Co, ;= C U {oo}. The topology on C., is given as
follows: the open sets in C4, are the usual open sets of C together with the sets of
the form V U {oc} where V is the complement of a compact subset K C C. That
makes C, into an Hausdorff connected topological space. The complex structure is
defined by the altlas {@, : Ui — Vj, i = 1,2} with

U =C UQZ(C*U{OO}

1/z forzeC*

1 = idg ©pr(z) =
' 2(2) {O for z = oco.

Note that the Riemann sphere is a compact Riemann surface.

3. The complex tori: Let w; and ws be two complex numbers which are linearly inde-

pendent over R. We define the lattice L by
L = Zwi + Zwo = {muw1 + mawy | my, my € Z}.

The lattice L is a subgroup of C. Let X = C/L be the quotient group. On X we put
the usual quotient topology which makes the projection map 7w continuous. With this
topology, C/L is an Hausdorff topological space and since C is connected, C/L is
also connected. Moreover, this is a compact topological space since 7 is continuous.

In fact C/L = w(P) where P is the compact parallelogram

P :={awi + bwyl|a, b € [0, 1]}.
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The complex structure of C/L is given as follow:

A chart is defined using the map 7. Let V C C be an open subset such that no two
points in V' are equivalent under . Then U := w(V) is an open set and 7|V is a
homeomorphism from V to U. Take the inverse ¢ : U — V. This is a complex chart
on C/L. We have to check that the set A of charts obtained in this way is an atlas.
It is clear that C/L is covered by the charts of A. Then, we just have to check the
compatibility of the charts. Let @1 : U1 — V4 and @5, : U> — VW, be two charts of A.

Then consider the map
PYi=p20p7 11U N ) = po(Us N o).

Let z € 1 (U1 N Uo). We have m(9(z)) = w(z) and thus ¢(z) —z € . Since I is
a discrete set, this proves that 1(z) — z is constant on every connected component
of ©1(U; NUs). Thus 9 is holomorphic and the same proof gives that ¢! is also
holomorphic. That proves the compatibility of the charts of A.

The complex structure on C/L is defined by the atlas A.

Remark: For every compact Riemann surface X there exists a unique topological type given
by the genus g = g(X) € N. Equivalently, g(X) is the dimension of the space of global
holomorphic differentials on X. In our examples, g(C) = 0 and g(C/L) = 1.

2.1.2 Holomorphic maps

Definition 2.3. Suppose X andY are two Riemann surfaces. A continuous mapf : X —Y
is called holomorphic if for every charts @1 : Uy — V4 on X and @, : U — V56 on'Y with
f(Uy) C U, the map

profopil Vi — Vs

is holomorphic (in the sense of the theory of complex functions).

The map f is called an isomorphism if it is bijective and if the map f 1 is also holomorphic.
An isomorphism from X to X is called an automorphism. The set of all automorphisms of
X is denoted by Aut(X).

If there exists an isomorphism between two Riemann surfaces X and Y, then they are called
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isomorphic.

Remark: Due to the local behaviour of holomorphic map (see below), if F: X — Y is a
holomorphic and bijective map then F~! is automatically holomorphic.

Note that Aut(X) is a group with the usual composition law.

Theorem 2.4 (Local behaviour of holomorphic maps). Let F : X — Y be a non-constant
holomorphic map between two Riemann surfaces X and Y. Fix p € X. There is a unique
integer m > 1 satisfying: for every chart &' : U’ — V' onY centered at F(p), there exists
a chart ® : U — V on X centered at p such that ® o F o ®~1(z) = z™.

Corollary 2.5. Let X and Y be Riemann surfaces and f : X — Y be a non-constant

holomorphic map. Then f is open.

Definition 2.6. The multiplicity of a holomorphic map F at p is the unique integer m given

in the previous theorem. The multiplicity of F at p is denoted by mult,(F).

Definition 2.7. Let F : X — Y be a nonconstant holomorphic map. A point p € X is a
ramification point for F if mult,(F) > 2. A pointy € Y is a branch point if it is the image
of a ramification point for F. Note that the set of ramification points as well as the set of

branch points are discrete.

Proposition 2.8. Let F : X — Y be a non constant holomorphic map between compact

Riemann surfaces. For each y € Y we define d,(F) as

dy(F):= Y multy(F).

pEF1(y)

Then d,(F) is (a finite) constant, independent of y.

Definition 2.9. Let F : X — Y be a non constant holomorphic map between compact
Riemann surfaces. The degree of F is the integer d,(F) for any y € Y. It is denoted by
deg(F).
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Proposition 2.10. A holomorphic map between compact Riemann surface is an isomor-

phism if and only if it has degree one.

Theorem 2.11 (Hurwitz's formula). Let F : X — Y be a nonconstant holomorphic map

between compact Riemann surfaces. Then

29(X) — 2 = deg(F)(29(Y) = 2) + Y _[multy(F) — 1]

peEX

where g(X) and g(Y') are the genus of X and Y respectively.

Theorem 2.12 (Identity theorem). Suppose X and Y are Riemann surfaces and fi, f, :
X — Y are two holomorphic mappings which coincide on a set A C X having a limit point

a€ X. Then fi and f> are identically equal.

2.1.3 Holomorphic functions

Definition 2.13. Let X be a Riemann surface and Y an open subset of X. A function

f Y — C is called holomorphic if for every chart @ : U — V on X, the function
fopl:ipUNY)—=C

is holomorphic.

This definition coincides with the definition of holomorphic maps between the Riemann
surfaces X and C.

The set of holomorphic functions of Y is denoted by O(Y')

Theorem 2.14 (Riemann's Removable Singularities Theorem). Let U be an open subset
of a Riemann surface and let a € U. Suppose that a function f € O(U \ {a}) is bounded

in some neighborhood of a. Then f can be extended uniquely to a function f € O(U).

Theorem 2.15 (Maximum principle). Suppose X is a Riemann surface and f a non-

constant holomorphic function of X. Then |f| does not attain its maximum.
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Corollary 2.16. Every holomolorphic function on a compact Riemann surface is constant.

2.1.4 Meromorphic functions

Let X be a Riemann surface, let p be a point of X. By punctured neighborhood of p we
mean a set of the form U — {p} where U is a neighborhood of p. The concept of type
of singularities for usual complex functions can be extended to functions on a Riemann

surface.
Definition 2.17. Let f be a holomorphic function in a punctured neighborhood of a p € X.
(a) We say f has a removable singularity at p if and only if there exists a chart ¢ - U — V
with p € U, such that the composition f o ¢~ has a removable singularity at o(p).

(b) We say f has a pole at p if and only if there exists a chart ¢ : U — V with p € U
such that the composition f o ¢~ has a pole at ¢(p).

(c) We say f has an essential singularity at p if and only if there exists a chart ¢ : U — V

with p € U such that the composition f o ¢~—* has an essential singularity at ¢(p).

Note that this definition does not depend of the choice of the chart U.

If £ is a holomorphic function on a punctured neighborhood of a point p € X, the behaviour

of f(x) for x near p determine which kind of singularity f has at p.

(a) If [f(x)] is bounded in a neighborhood of p, then f has a removable singularity at p.
In this case, lim,_,, f(x) exists and if we define f(p) to be this limit, f is holomorphic

at p.
(b) If |f(x)| approaches oo as x approaches p, then f has a pole at p.

(c) If [f(x)] has no limit as x approaches p, then f has an essential singularity at p.

Definition 2.18. A function f on X is meromorphic at a point p € X if it is either
holomorphic, has a removable singularity, or has a pole, at p. We say f is meromorphic on

an open set W if it is meromorphic at every point of W.
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We can now give an equivalent definition for meromorphic functions

Definition 2.19. Let X be a Riemann surface and Y an open subset of X. A meromorphic
function f : Y — C is a holomorphic function f : Y' — C where Y’ is an open subset of Y
with:

(i) Y\Y' is a set of isolated points.

i) For every point p € Y \'Y' we have
(i)

lim |f(x)] = oco.

X—p

The points of Y \ Y’ are called the poles of f. The set of meromorphic functions of
Y is denoted by M(Y).

Meromorphic functions are particular cases of holomorphic maps:

Theorem 2.20. Let X be a Riemann surface and f € M(X). If we define for each
pole p of f, f(p) := oo, then f : X — C4 Is a holomorphic map. Conversely, consider
f: X = Cu a holomorphic map. If f~1(oc0) consists of isolated points, then f : X — C
is @ meromorphic function with poles in f=1(o0). If f~1(c0) does not consist of isolated

points then f is identically equal to oo by the identity theorem.

2.1.4.1 Laurent series and order

Let f be defined and holomorphic on a punctured neighborhood of p € X. Let ¢ : U — V
be a chart on X with p € U. We have that f o ¢! is holomorphic in a neighborhood of

20 := ¢(p). Therefore we can expand f o ¢~ ! in a Laurent series about zy:

F(¢12) =3 cnlz — 20)"

n

This is called the Laurent series for f about p with respect to ¢. The Laurent series
obviously depends of the choice of the chart ¢. We can however use Laurent series to

check the nature of the singularity of f at p:
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Proposition 2.21. The function f has a removable singularity at p if and only if any one
of its Laurent series has no negative terms. The function f has a pole at p if and only if
any one of its Laurent series has finitely many (but not zero) negative terms. The function
f has an essential singularity at p if and only if any one of its Laurent series has infinitely

many negative terms.

This characterization of the nature of the singularity is possible because the value {minn | ¢, # 0}

does not depend of the choice of the chart ¢. Hence we can define the order of f at p.

Definition 2.22. Let f be a meromorphic function at p. Consider its Laurent series with
respect to a local chart ¢ : U — V: Y cn(z — 20)". The order of f at p, denoted by
ordy(f) is:

ordp(f) :=min{n| c, # 0}

Lemma 2.23. Let f be a meromorphic function at p. Then f is holomorphic at p if and
only if ordy(f) > 0. In this case f(p) = 0 if and only if ord,(f) > 0. f has a pole at p if
and only if ordy(f) < 0. f has neither a zero nor a pole at p if and only if ord,(f) = 0.

Note that the order of a meromorphic f function at a point p € X is related with the
definition of multiplicity given before. In fact, consider the meromorphic function f as a

holomorphic map F from X to Cy,. Then
(a) If pe X is a zero of f, then mult,(F) = ordy(f).

(b) If pe X is a pole of f, then mult,(F) = —ord,(f).

(c) If p € X is neither a zero nor a pole of f, then mult,(F) = —ord,(f — f(p)).

From the definition of the degree of a holomorphic map we can extract the following:

Let f be a non-constant meromorphic function on a compact Riemann surface X. Let
F 1 X — C4 be its associated holomorphic map. Let {x;} be the points of X mapping to
0 and {y;} be the points of X mapping to co. The x/s are exactly the zeroes of f and the
yfs are its poles. Let d be the degree of F. By definition of d, we have

d= Z multy,(F) = Z multy(F).
i J
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We explained before that the only points of X where f has nonzero order are its zeroes

and poles. Moreover we have
multy(F) = ordy(f) and mult,(F) = —ord,(f)

Hence

Proposition 2.24. Let f be a non-constant meromorphic function on a compact Riemann

surface X. Then

Z ordy(f) = Z ordy(f)+ Z ord, (f) = Zmu/tXI(F) - Zmu/txj(F) =0.
p i j i j

Note that this proposition means that a meromorphic function on a compact Riemann

surface has as many zeroes as poles.

2.1.4.2 Meromorphic functions on the Riemann sphere

Meromorphic functions on the Riemann sphere C, can be easily described.

Let R : C — C be a rational complex function. The function R is a meromorphic func-
tion on € and can be extended to a meromorphic function on C4, by defining R(c0) =
limz—00 R(Z). If R(00) = oo then oo is a pole of R and if R(c0) € C then R is holomorphic
in oo.

Conversely, let R be any meromorphic function on C,. Since C is a compact topological
space, R has just a finite number of poles {p1, ..., Pn}. Suppose that oo is not a pole of R.
Since R is a meromorphic function of C,, the restriction R|c of R to C is a meromorphic
function of C with poles in {p1,..., pn}. Let hy,..., hn be the principal parts of Rc.
Hence, we can consider the holomorphic function g := R|c — (h1 + -+ hp). Since the h;
are rational function of C, they can be viewed as meromorphic functions of C,, with poles
in p;. Thus the map g can be extended as a holomorphic function of C,,. But C is a
compact Riemann surface and holomorphic functions of C, are the constants. Thus g is
a constant and R is a rational function (since the h;’s are rational functions).

If R has a pole in oo, consider the meromorphic function % which does not have a pole
in co. By the same justification we prove that % is a rational function and then R is a
rational function too.

We just gave the proof of the following proposition:

Proposition 2.25. Meromorphic functions on the Riemann sphere C, are the rational

functions:
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2.1.4.3 Meromorphic functions on tori

Fix a complex number T in the upper half plane and consider the lattice L :=Z + Z7. We
will see later that we can always consider lattices of this form. We form the complex torus
X :=C/L.

Let f be a meromorphic function on C. We call f doubly periodic (with respect to L) if

f(z+n+m1)="1(z), YnnmeZ, z€C

Such a function f descends to the quotient X = C/L to a function f € M(X). Conversely,
if g € M(X) we get by defining f(z) := g(z+ L) a function f € M(C) which is doubly
periodic and satisfies f = g. Hence the doubly periodic functions are the meromorphic

functions of the torus.

There are two remarkable doubly periodic functions: the Weierstrass g-function and its

derivative function g’:

@(Z)_*+ Z ( )2 sz)

welL\{0}

@(Z) = Z(Z w)g

welL

The function g has poles of order 2 in each point of the lattice L. Thus g is a meromorphic
function on X with a pole of order 2 in 0.
The function g’ has poles of order 3 in each point of the lattice L. Thus g’ is a meromorphic
function on X with a pole of order 3 in 0.
Note that the function g is even and that the function g’ is odd. Hence since g’ is doubly

periodic, we have
©'(1/2) = p'(1/2) = ¢'(1/2+ 7/2) = 0.

Moreover, as X is a compact Riemann surface and as g’ has a pole of order 3 in 0, the
points 1/2, 7/2 and 1/2 + 7/2 are the only zeros of g/.

These two doubly periodic functions are algebraically related by the following relation

()2 =40 — gop— 93
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with
1
=60 > =
wel\{0}
B 1
g3 =140 > =5
wel\{0}

The g, g3 are called the Eisenstein series. For a fixed lattice they are constants. It is
possible to show that the discriminant function A(T) := g3(7) — 2793(T) is never equal to

ZEro.

For a fixed lattice, consider the polynomial equation 4t3 — got — g3 = 0 and note e, &
and es these roots. As the discriminant A = gg — 27g§ is not zero, no two of these roots

are equal. Moreover the following relations occur:
et t+e+e3=0
9o = —4(erer + ere3 + exe3) = 2(e + €5 + €3)

g3 = 4erezes.

Since 1/2,7/2 and 1/2 + 7/2 are the zeros of g’ and since (/)% = 4p> — g — g3, we
get that

p(1/2) = e p(1/2) = p(1/2+7/2) = es.

Note that since e, e, ez are the roots of the polynomial equation 4t3 — gt — g3 = 0, the

differential equation (')? = 4> — gog — g3 is equivalent to

(0')° =4(p— e1)(p— e)(p — e3).

Using g and g’ we can describe the set of meromorphic functions on X:

Theorem 2.26. The field of meromorphic functions on the torus X can be given as
M(X) = C(p. ¢)

That means that each meromorphic function on X is a rational function of g and g'.

More details about the Weierstrass g-function can be found in the book of Martin Schlichen-
maier [30] or in the the book of Farkas and Kra [8].
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Another approach to describe the meromorphic functions on the torus X are via theta-

functions. We define

9(2) ‘= Z e7ri[n27'+2nz]_

nez
This series converges absolutely and uniformly on compact subsets of C. Hence 0 is a
holomorphic function on C
Note that 6(z + 1) = 6(z) for every z € C. We need to know how 8 transforms under

translation by 7. An easy computation shows that
0(z +7) = e TlTHg (7).

Thus it is clear that zg is a zero of 8 if and only if zg + L are zeroes of 6. In fact the only
zeros of 6 are the points 1/2 + 7/2 4+ L and these zeroes are simple.

So if we consider the function
Q(X)(z) =0(z—1/2—7/2—x)
we get a function with simple zeroes at the points x + L. Moreover we have
60 (z+1) =69 (2) and 6% (z 4 7) = —e 2m(Z=X)g() ()

Now we consider the ratio

[T, 6% (2)
Hf:l ‘9(”)(2)

The function R is a meromorphic function on C with n simple poles at the y;’s and m

R(z) :=

simple zeroes at the x;'s. Moreover R is obviously periodic, i.e., R(z + 1) = R(z) but

R(z+7) = (=1)" e 2mlm=mz+2y=2 Xl R(Z).

Therefore to obtain a doubly periodic function we need m = n (which it is not a surprising

in regards of Proposition 2.24) and >, x; — Ejyj c7.

We have proved the following:

Theorem 2.27. Fix an integer d and choose two disjoint sets of d complex numbers {x;}
and {y;} such that >, x; — >_;y; is an integer. Then the ratio of the translated theta

functions )
. Xi

R(zy o ILO)

Hj e(yj)(z)
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is a meromorphic L-periodic function on C, and descends to a meromorphic function on
X=C/L.

We remark that the ratio R has simple zeroes at the points x; + L and simple poles at the
points y; + L.

Moreover, let f be a meromorphic function on X and let {p;} and {q;} be the two sets of
its zeroes and poles respectively. Suppose that ), p; = ZJ q; in the quotient space X. We
can choose two sets {x;} and {y;} of complex numbers with X; = p; and y; = g; such that
>_iXi = >_;¥j. Thus by considering the ratio function R(z) := []; G(Xf)(z)/]_[j 001 (z),
we get a meromorphic function on X with zeroes at the p;'s and poles at the g;'s. Thus
the function f/R is a holomorphic function on the compact Riemann surface X. So f/R
is a constant, and f is equal to R, up to a constant.

In fact we are able to prove that any meromorphic function on the torus X verifies the
following condition: let {p;} be the set of its zeroes and {q;} be the set of its poles, then
2P =24

In fact suppose that > ;p; # »_;q; for a meromorphic function f € M(X). Choose
two points pg and gg such that E/d:o pi = Z,d:o g; and then form the ratio of translated
theta-functions R(z) := H:d:o 6 (z)/ Hfj:O 011 (z) as above. Consider the meromorphic
function g := R/f and note that g has just a zero at pp and a pole at qo.

Let G : X — C4 be the holomorphic map to the Riemann sphere which corresponds to
the meromorphic function g. Since g has a single simple zero and a single simple pole, G
has degree one. Hence G is an isomorphism by Proposition 2.10. But that is not possible
since X has genus one and C, genus zero.

This contradiction shows that we must have >, pi = >_; q;.

We just proved two important facts:

Proposition 2.28. On a complex torus, there is no meromorphic function with a single

simple pole.

Proposition 2.29. Any meromorphic function on a complex torus is given by a ratio of

translated theta-functions (up to a multiplicative constant).

More details about theta functions can be found in the book of Farkas and Kra [8] and in
the book of Rick Miranda [21]
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2.2 Meromorphic functions with prescribed poles on a compact

Riemann surface.

In this section we discuss the situation of meromorphic functions with prescribed poles on
a compact Riemann surface.

Let X be a compact Riemann surface. Let I :={Py, P,, ..., Pc} (k > 2) be a set of distinct
points. We consider the algebra M(X, ") of global meromorphic functions of X which are
holomorphic on X\ I'. What we mean is the set of meromorphic functions on X such that
poles can only appear at the points in I".

These algebras are a particular case of a more general situation: the algebras of Krichever-

Novikov type.

2.2.1 Algebras of Krichever-Novikov type.

Let us give a short definition of algebras of Krichever-Novikov type. More details can be
found in [34-36].

Let K be the canonical line bundle of the Riemann surface X. Its associated sheaf of local
sections is the sheaf of holomorphic differentials. For every A € Z consider the bundle
K& with the usual convention: K9 := O is the trivial bundle, and K£~1 := K* is the
holomorphic tangent line bundle (its associated sheaf is the sheaf of holomorphic vector
fields). Denote by F* the vector space of global meromorphic sections of K* which are
holomorphic on X \ T.

Locally, sections of F*(I") look like

f(z) = a(z)dz>, with  dz* = (dz)®*

where « is a local meromorphic function without poles outside of I'.

Hence if A = 0 we get the above set of functions M(X, ) or just M(I) if X is fixed.
Other special cases are of particular interest: A = 1 which is the case of differentials, and
X = —1 which is the vector field case. The set F~1(I") is usually denoted by £(I"). By
multiplying sections by functions we again obtain sections. Thus the space M(I") becomes
an associative algebra and the spaces F*(I") become M (I")-modules. The vector fields in
L(I") operate on FX(I") too by:

aB

(a@)gs ) (6192) = (a2 L(2) + 2622 a2
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The space £(I") becomes a Lie algebra and the space F*(I') becomes a Lie module over
L().

2.2.2 Almost-graded structure.

For infinite dimensional algebras and their representation theory a graded structure is usually
of importance to obtain structure results. A typical example is given by the Witt algebra W.
In our more general context the algebras will almost never be graded. But it was observed
by Krichever and Novikov in the two-point case that a weaker concept, an almost-graded
structure (they call it a quasi-graded structure), will be enough to develop an interesting

theory of representations (highest weight representations, Verma modules, etc.).

Definition 2.30. a) Let L be an algebra (associative or Lie) admitting a direct decom-
position as vector space L = @, Ln. The algebra L is called an almost-graded
algebra if dim L, < oo and there are constants R and S with

n+m+S

Lo LmC D Ln VYnmez (2.1)
h=n+m+R

The elements of L, are called homogeneous elements of degree n.

b) Let L be an almost-graded (associative or Lie) algebra and F an L-module with
decomposition F = @, Fn as vector space . The module F is called an almost-
graded module if dim F, < co and there are constants R' and S’ with

n+m+5S’

Lo FoC @ Fn VYnmes (2.2)
h=n+m+R’

The elements of F, are called homogeneous elements of degree n.

In the previous definition the homogeneous spaces £, and F, are finite-dimensional. Thus
we can find adapted bases {A,, | n € Z, p = 1,..., kn} of L and
{fap|n€Z, p=1..., hy} of F such that

L,=vect(Anp|p=1,..., kn) Fo=vect(fhp|p=1,..., hn).

Such bases are called almost-graded basis of £ and F adapted to the decompositions
L=, Lnand F =, Fn.
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In practice for a given algebra £ we try to find a basis {A,, | n€Z, p=1,..., kn} of L
such that A, p-Amg € vect(App | h=n+m+R,...,, n+m+S, p=1,..., kn). Thus
by defining

Lni=vect(App|p=1 ... kn)

we give an almost-graded structure of L.

Let us return now to the case of the three spaces M(I), £(I") and F*(I") defined in the
section 2.2.1.

Theorem 2.31. Associated to any splitting of [ into two non-empty subsets, I := [UQO,
one can introduce for M(I"), £(I') and F*(I') a decomposition into

M) =P M, L) =L, FI)=HM,
nez nezZ nez
such that M(T), £(I') and FX(I') are almost-graded with respect to the decomposition.

In all cases, the lower shifts in the degree of the result can be made to zero.

It is very important to stress the fact that the almost-graded structure depends of the
splitting of I into two non-empty subsets.

This theorem is a central result for the Krichever-Novikov algebras. The difficult proof
can be found in the works of Martin Schlichenmaier [30, 36] and is essentially based on
the Riemann-Roch Theorem. Explicit generators and explicit almost-graded basis can be
found for these algebras and modules [34, 35]. We give here an idea of the way how to

construct these generators for the case of the algebra M(I").

Suppose that ' = /UO with | = {Py, ..., Py} and O = {Q}. An almost-graded basis of
M(T) is given by elements A, ,, n€Z,p=1,..., k which are essentially fixed by

ordp (Anp) = (n+1) =07, i=1,..., k

and complementary condition for the point @ of O. Then the almost-graded structure is
given by the decomposition M(I") = @ ., M(I), with

For example, for the two points situation (i.e. /| = P and O = Q with P, Q in generic

position) the conditions are

ordp(An) =n ordg(An) =—-n—g
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with some modification at Q needed for small |n| values, e.g. we take always Ag = 1.

Until now we always considered a set [ containing at least two distinct elements. This
condition was necessary to fulfil the conditions of the previous theorem: split the set
into two non-empty subsets.

How is the situation for a one point set I'? Can the algebra M(X, ') also be equipped
with an almost-graded structure?

The answer is yes but the gradation will depend on the choice of another point. Suppose
that I ;= {Q}. Choose now a point P # @ in X. Hence we know by Theorem 2.31 that
the algebra M (X, {P}U{Q}) admits an almost-graded structure

M (X APYQY) = P M.

nez

In fact this almost-graded structure verifies the following:

1. My :==D,>o My is an almost-graded subalgebra of M (X, {P}U{Q}).

2. My = M(XAQ})

M. is the subalgebra of M (X, {P}U{Q}) consisting of functions also holomorphic in
P. Hence M(X,{Q}) admits an almost-graded structure depending of the choice of the

reference point P.

2.2.3 Case of genus 0

Let X be the Riemann sphere and I := {P, Q} be a set of two distinct points of X. In this
case there is only one splitting: ' = {P}U{Q}. We can give here an explicit almost-graded
basis of M(X,I'); the set of global meromorphic function on X which are holomorphic on
XA\T.

If P,Q # oo we define

An(z) =(z—=P)" - (z=Q)™" VneZ.

If @ = oo we define
An(z) = (z—P)" Vn € Z.

If P = oo we define
An(z) =(z—=Q)" Vnez
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In every case, the set {A,, n € Z} is a basis of M(X, ). Hence

M(N) =P M,
nez
where M, := vect(A;). Moreover
An-Am= An+m-

Hence this is even a graded basis of M(X,T).

In this example, clearly the subalgebra M is exactly the algebra M(X, {Q}) and it admits

a graded structure.

2.2.4 Case of genus 1

We use the notation of the section 2.1.4.3.

Let L = Z + TZ be a lattice with &(7) > 0 and let X be the complex torus C/L. We give
here an explicit example of an almost-graded structure for a two points set I'. We suppose

that ' = {1/2}U0. Then we define the following meromorphic functions:

1 _
Aok = (pp — e1)k, Aokq1 = 5@’(@ - el)k t

Since p(1/2) = e; and since g is even, the function (g — e;) has a pole of order 2 in 0

and a zero of order 2 in 1/2. Hence
Ordo(AQk) = —2k, ord1/2(A2k) = 2k.

The function g’ has a pole of order 3 in 0 and has a zero of order 1 in 1/2,7/2 and
1/2+ 7/2. Hence

ordo(Azk+1) = —(2k + 1), ordyjo(Aok+1) =2k — 1.

The set {A,, n € Z} is a basis of M(X,T). Hence by setting M,, := vect(A,) we get the
decomposition
M(X.T) =P M,.

nez
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Moreover, if n or m is even we have obviously
An-Am= An+m-
If n=2k+1and m= 2k’ + 1 then using e; + e + e3 = 0 we get

1 ’
Ap-Ap = ZK)Q(@ - el)k+k -
1
=7 4p—e)p—e2)(p—e)p—

=(p—e)p—e+(e1—e))(p—e+(e1—e3))(p

’_
el)k+k 2

/_
_ el)k-i-k 2

=[(p—e)’+ (e —es—e)(p—e)?+ (e1 — e)(er — e3)(p — e1)](pp — 1)K 2

= (p— )™ 1 3e1(p— &) K + (61 — &) (261 + &) (p — er) K1

= An+m + 3elAn+m72 + (61 - 62)(261 + e2)An+m74

Hence that defines an almost-graded structure.

As above we remark that the subalgebra M is exactly the algebra M(X, {0}). Thus we
have here an almost-graded structure of M(X, {0}) depending of the point 1/2.

2.3 Group Action on Riemann Surfaces

All details of this section can be found in the book of Rick Miranda [21].

2.3.1 Generalitites

Let G be a finite group and X a Riemann surface.

A left action of G on X isamap G x X — X : (g, p) — ¢.p which satisfies

a) (gh).p=g.(h.p) forg,he G and p e X

b) e.p=p for p € X and e the unit element of G.

The orbit of a point p € X is the set G(p) := {g.p | Vg € G}. The stabilizer of a point
p € X is the subgroup G, := {g € G | g.p = p}. We recall that two points in the same
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orbit have conjugate stabilizer. More precisely: Gy, = 9Gpg~ L.

Moreover we have the
following relation:

1G(P)[ - [Gp| = |G-

The kernel of an action of G on X is the subgroup K := {g € G | g.p = p Vp € X}.
Obviously, K is the intersection of all stabilizer subgroups and K is a normal subgroup.
Moreover the quotient group G/K acts on X with trivial kernel and with the same orbits
as for the action of G. So we usually assume that the kernel is trivial. Such an action is

called an effective action.

For each g € G, the map p +— g.p is a bijection. The action is said to be continuous if
for all g € G this bijection is continuous. The action is said to be holomorphic if for all
g € G the bijection is holomorphic. In the holomorphic case, this bijection is necessary an

analytic automorphism of X.

The quotient space X/G is defined as the set of orbits. The natural projection 7 : X —
X/G sends a point p € X to its orbit G(p). The usual way to give a topology to such a
quotient space is to declare a subset U C X/G to be open if and only if 7r_1(U) is open in
X. Clearly the projection 7 is then continuous. If the action is continuous, then 7 is an

open map.

Here we give some details about stabilizer subgroups of an effective and holomorphic action:

Proposition 2.32. Let G be a group (not necessary finite) acting holomorphically and
effectively on a Riemann surface X, and fix a point p € X. If the stabilizer subgroup G, is
finite then it is a finite cyclic group.

Obviously, if G is a finite group, all stabilizer subgroups are finite cyclic subgroups.

Proposition 2.33. Let G be a finite group acting holomorphically and effectively on a
Riemann surface X. The points of X with nontrivial stabilizer subgroups are discrete.

If X is a compact Riemann surface, these points form a finite set.

Our goal is to put a complex structure on X/G such that 7 is a holomorphic map. This is

done by the following construction which can be found in [21]
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Proposition 2.34. Let G be a finite group acting holomorphically and effectively on a
Riemann surface X. Fix a point p € X. Then there is an open neighborhood U of p such
that:

a) U is invariant under the stabilizer G,: g-p € U for every g € G, and p € U,
b) Un(g-U) =10 for every g ¢ Gp;

¢) the natural map a : U/G, — X/G, induced by sending a point in U to its orbit, is a

homeomorphism onto an open subset of X/G;

d) no point of U except p is fixed by any element of G,.

Proof. See the book of Rick Miranda [21] (p77). O

The above proposition helps us to define charts on X/G. We just have to define charts on
U/G, and transport these to X/G via the map a. More details can be found in the book
of Rick Miranda [21].

Theorem 2.35. Let G be a finite group acting holomorphically and effectively on a Riemann
surface X. Then there exists a complex structure on X/G such that X/G is a Riemann
surface and that the projection m : X — X/G is holomorphic. Moreover 7 is of degree |G|

and mult,(m) = |Gp| for any p € X.

Proposition 2.36. A group G acting holomorphically and effectively on a Riemann surface

X is isomorphic to a group of automorphisms of X.

Hence in the following we will identify each group acting holomorphically and effectively

on a Riemann surface with a group of automorphism.

We suppose now that X is a compact Riemann surface. Note that in this case, X/G is
compact too.

In the following we explain the link between stabilizer subgroups and the ramification points
of the quotient map .

Let m: X — X/G be the projection map and y a point of X/G. The set of the pre-images
of y is a single orbit and for each point x of this orbit, we have mult () = |Gx|. Since

stabilizer subgroups of points of the same orbit are conjugated, mult,(m) is a constant
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integer r. The set m~!(y) contains exactly s = |G|/r elements.
The set of ramification points of m corresponds exactly to the set of point with nontrivial
stabilizer subgroup. This set is a disjoint finite union of orbits. Moreover, these orbits

correspond to the branch points.

We apply the Hurwitz's formula to the quotient map w. Let y1, ..., yx be the k branch
points in X/G of m and r; be the multiplicity of the |G|/r; points in m=1(y;), with r; > 2.
Then

K K
20(X) 2= 61(29(x/6) ~2) + 3" (- 1) = Gll2(x/6) 2+ 3 (1~ 1) (29
i=1 i=1 !

Set R:=>K (1— %I_). Then we get

29(X) —2=16[[29(X/G) =2+ K]. (2.4)

This equation is very important and gives us many pieces of information about the finite
groups which can act on a Riemann surface. Moreover the quantity R = Zf‘:l(l — %I) is
clearly important in studying the actions. Some special values of R will help us in the next

sections. The following lemma is elementary and can be shown by a direct check.

Lemma 2.37. Suppose that k integer r1,..., re with r; > 2 for each i are given. Let
R=Y,,(1—1). Then

k=1, anyn

k=2, anyn,nr

k=3, {ri} ={2,2,any r3} or

k=3, {ri} ={2,3,3} or {2,3,4} or {2,3,5}

a) R <2<k, {I’,‘}:

k=3, {ri} ={2,3,6} or{2,4,4} or{3,3,3};

We now consider the situation of the Riemann sphere and of the tori.
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2.3.2 The situation of the Riemann sphere.

Using Identity (2.4) we are able to determine the finite groups acting holomorphically and
effectively on the Riemann surface Cx.
Suppose that G is a finite group acting holomorphically and effectively on C,. Since C

has genus 0, C,,/G has genus 0 too. So the Hurwitz formula in this case says that
-2 =|G|[-2+R].

We see that if G is not the trivial group (i.e. |G| > 1) then R # 0 and there must be
ramification points. Moreover since |G| > 0 we must have R < 2.

We use the same notation as above.

Suppose that kK =1, then R = —%forsomer22. So0<R<land2>2-R>1;

hence |G| = 2/(2 — R) will not be an integer. That is not possible, thus k cannot be 1.

Suppose now that kK = 2. From Lemma 2.37 any ry, r» is possible. In fact not all possibilities
can occur and we show that r; and r» must be equal. To see this suppose that the branch
points are y; and y». Consider a small loop v in Cs /G around y; which starts and ends
at a point yo . This loop v may be lifted to a curve in C4 starting at any of the |G]|
points in the fiber of ™ over yp. The permutation of this fiber of m given by sending a
point p in the fiber to the endpoint of the lift of v which starts at p, is of order ry. Similar
considerations apply to a small loop around y» give a permutation of order rb. However
since Coo/G = Cq, these two loops are homotopic; hence the permutations must have
the same order, so 1 = =r.

In this case |G| = 2/(2— R) = r. This is achieved by the cyclic group Z, of order r, acting

on Co by multiplying the coordinate z by rt” roots of unity.
In case k = 3, we see that:
if {ri}={2,2,r}, then |G|=2r;
if {r}=42,3,3}, then |G|=12
if {ri} ={2,3,4}, then |G|=24;
if {r}=1{2,35}, then |G|=60
The first case is achieved by the action of a dihedral group D,. The latter cases are

achieved by actions of T, @, and I. These are the famous " platonic solid actions”, which

are groups acting on the sphere leaving either a tetrahedron (the 2,3,3 case), a cube and
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a octahedron (the 2,3,4 case), or a dodecahedron and a icosahedron (the 2,3,5 case)

invariant.

Let us give explicitly the action of these groups in terms of finite groups of automorphism.
Note that we give for each case an explicit example of the realization of the action. Other
realizations can be given by conjugating these examples. For more details, see the paper
of Lombardo and Mikhailov [20]

1. The group Zy, N € N*:

It is the group generated by the transformation

0(z)=Qz, Q=exp (2/\/7”) Zy={c"/n=0,1,..., N-—1}

There are two points which are fixed by elements of Zy: 0 and co. The orbits are:
Zn(0) = {0},  Zn(o0) = {oc}.

The stabilizer groups are
(Zn)o = (ZNn)so = Zn.

2. The dihedral group Dy:

It is of order 2N and generated by two transformations:

1 2mi
0s(z) =Qz, o4(z)= > Q=-exp <l7\r/l>

They verify oY = 07 = (050+)? = id and we have:

Dy ={ol,0lot/n=0,..., N-—1}
We give the non-generic orbits (i.e. the orbits containing fixed points). If N is odd:

Dn(0) ={0,00}, [(Dn)ol =N
Dy(1) = {1,9,..., QN1 (D)1 =2
Dy(-1)={-1.-Q...., —QN Y (D) =2

If N is even, then Dy (1) = Dpy(—1) but:

Dy(i) = {i,iQ,....iQ" 1}, |(Dn)i| =2
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3. The group T (note that T = A,):
It is of order 12 and generated by two transformations:

ozt

0s(z) = -z, oi(z2)= -

We have 02 = 0} = (050¢)° = id and

T = {0}, 0f0s0{"In,m=0,1,2}.

There are three non-generic orbits. One coming from the two fixed points of the

transformation os; 0 and oo:

T(0) ={0,00, £1,£i}, [(T)o| =2

14
The transformation o; has two fixed points, y1 = 1++ I3 = w + IW and
Ll W+ @ with w =€ <2i7r> and
= = wi =exp| — ;
V2 1-v3 p 3

T(m) = {+(w +iw), £(w - @)}, [(T)y[=3
T(v2) = {#i(w + i@), i(w — @)}, [(T)y,| =3

4. The group O (note that O = S4):

It is of order 24 and generated by two transformations:

_z+1
Cz—1

os(z) =iz, o0+(2)

These generators verify o4 = 02 = (0s0¢)% = id and we have

0 = {0, 00010, 050705|n,m=0,1,2,3}
There are three non-generic orbits:

0(0) = T(0) = {0, 00, £1, i}, |To| =2
The above point 7y; is a fixed point of o, hence:

O(m1) = T(1) | JT(12)

The point § = exp(im/4) id a fixed point of z — i/z, hence:

O(8) = {&6, %8, i"(1+6+6),i"(1— 6 —8)/n=0,1,2,3}
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5. The group T (note that T As):

It is of order 60 and generated by two transformation:

(2+e3)z+1 (27r/>
e e=exp .

O'S(Z):EZ, Ut(z): 7 — €2 _ ¢3 =

5
The generators verify 02 = 07 = id and we have

I= {0l olo,0™ oloi020:0", oloro20:020:|n,m=0,1,2,3,4}.

There are three non-generic orbits:

I(0) = {0, 00, €T + k71 T2 1 €672 [k = 0,1,2,3,4},

: 1+¢€ 1 : .
The transformation 020:02(z) = % has two fixed points:
3++5+1/6(5+5)
U1 = =1 — we — We,
4
3+ V5 —1/6(5++/5)
Uo = =1— We — we

4
The orbits I(1) = I(u2) contain 20 points which are the roots of

2720 228715 + 494710 + 22875+ 1 = 0.

The point / is a fixed point of the transformation c20:030:020+(z) = —1/z. The

orbit I(/) contains 30 points which are the roots of

730 4 522725 — 100052%° — 1000521° — 52275 + 1 = 0.

Definition 2.38. An homography of C, is @ map from o : Co, — C such that

az+ b
cz+d

o(2) =

with ad — bc # 0, o(—d/c) = oo, o(0) = a/c if c #0 and g(c0) = o0 if ¢ = 0.
The set of homographies is a group for the usual composition denoted by H.

The homographies are also called fractional linear transformations.
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Let 01(2) = (a1z+b1)/(c1z+d1) and 02(2) = (axz+b2)/(caz+d>) be two homographies.

The composition o1 0 05 is

. (3132 + b1C2)Z + (a1b2 + b1d2)
(crax + dic)z + (c1bo + d1d2)

01 OO'Q(Z)

Hence the inverse of oy is 07 }(2) = (dvz — b1)/(—c1z + a1)

It is now clear that the homographies are related with the invertible 2x2 matrix. In fact

there is the following surjective group morphism:

p: GL(2,C) — H

<a b) az+b
— Z—

c d cz+d

Moreover an homography is invariant by dividing a, b, ¢, d by v/ad — bc. Hence we can

always choose a, b, ¢, d such that ad — bc = 1. Thus there is also the following surjective

group morphism:

(a b) az+b
— Z
c d cz+d

By the Isomorphism theorem we get :
H=PSL(2,C)= PGL(2,C)

where PSL(2,C) = SL(2,C)/£ld and PGL(2,C) = GL(2,C)/C*Id.

Proposition 2.39.
Aut(Co) =H

Proof. Of course an homography is an automorphism of Cy.

Let o be in Aut(C,) . We said before that a holomorphic map from C, to C, can be
viewed as an meromorphic function of C,,. Hence as ¢ is an automorphism of C, it is
in particular a holomorphic map from C, to C4, and can identified with a meromorphic
function of C.

We proved before that the set of meromorphic functions of C,, is the set of the rational
functions C(z). Thus o(z) = P(z)/Q(z) where P and Q are two polynomial functions.
Since o is an automorphism, it has degree one. That implies that as a meromorphic

function o must have a single simple zero and a single simple pole. So the polynomial
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function P and Q must be respectively of the form az + b and cz + d. Note that a =10
correspond the case of a zero in oo and b = 0 to a pole in co. Finally to avoid o to be a
constant, P and @ must be non-proportional. Hence ad — cb # 0. That shows that o is

an homography of C,. ]

We give now the classification of the finite groups of Aut(C).

Definition 2.40. Let A and B be two finite subgroups of Aut(Cs). The groups A and B

are said to be conjugated if there exists 0 € Aut(Cy) such that:

A=cBo !

The conjugation is an equivalence relation for the finite subgroups of Aut(Cy ). Of course

two conjugated groups are isomorphic.

Theorem 2.41. Up to conjugation, the only finite subgroups of Aut(Cy,) are
Zy, Dy, T, O, I

with N € Z.

For the proof see [16].

2.3.3 The situation of the tori.

Proposition 2.42. Let X and Y be two complex tori given by lattices L and M respectively.
Then any holomorphic map F : X — Y is induced by a map G : C — C of the form
G(z) = vz + a, where y is a constant such that yL C M. That means the holomorphic
map G is a lift of F to the universal coverings of the tori (i.e. C).

The map F sends zero to zero if and only if a€ M . The map F is an isomorphism if and

only if yL = M.

The proof can be found in the book of Rick Miranda [21].

There are some special lattices:

The square lattices which have orthogonal generators of the same length. The hexagonal
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lattices which have generators of the same length separated by an angle of 7/3.

Proposition 2.43. Let X = C/L be a complex torus. Any holomorphic map F : X — X
fixing O is induced by the multiplication by some v € C. If F is an automorphisms, then

either:

1. L is a square lattice and vy is a 41" root of unity;
2. L is a hexagonal lattice and v is a 6t root of unity; or

3. L is neither square nor hexagonal and v = £1.

Using the two above proposition, we are able to describe all automorphisms of complex
tori. Let F : X — X be an automorphism of the complex torus X. The map F is induced
by a linear map G : C — C of the form G(z) = vz + a where v is either a 4" root of
unity, a 6% root of unity, or v = £1, depending to the form of the lattice L. Note that

the only automorphisms without fixed points are translations.

Proposition 2.44. Let X be a complex torus and G a finite group acting holomorphically
and effectively on X. Then the Riemann surface X/G is of genus 1 if and only if G is a
finite group of translations of X.

If G contains at least one automorphism fixing at least one point of X, then X/G is of

genus 0. Moreover the possible ramification for the quotient map T are:
k=3,{r}=1{2,3,6},{2.4,4}, or {3,3,3}

or
k=4,{r}=12,222}

This means there are k ramification points with multiplicities r;; i = 1,..., k (ie. k

nontrivial orbits with stabilizer subgroups of order r;).

Proof. If X is a Riemann surface of genus 1 and G a finite group acting holomorphically

and effectively on X, we get from Equation 2.4:

R =2-2¢(X/G)

As R > 0 it follows that g(X/G) is at most one and R =0 or R = 2. Moreover R = 0 if
and only if g(X/G) =1 and R =2 if and only of g(X/G) = 0.

Note that R = 0 means that there are no ramification points for the map 7 i.e. that there
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are no points in X with nontrivial stabilizer subgroups. According to the description of the
automorphisms of a complex torus, it is clear that the only automorphism with no fixed
points are translations. Hence G can be identified as a finite group of translations of X.
If R =2, then X/G is of genus zero and there are k > 1 ramification points for w. Remem-
ber that r; > 2 and that R := Zf‘zl(l—%’). As 3 < (1 — %’) <1, it'sclearthat 3 < k < 4.
A direct check shows that R = 2 is only possible for {r;} = {2,3,6},{2,4,4}, or {3,3,3}
for k =3 and {r;} ={2,2,2,2} for k = 4.

O]

Using the results on holomorphic maps between complex tori we can give the classification
of complex tori.

First we remark that every complex torus is isomorphic to a complex torus X, defined by
a lattice L, generated by 1 and 7, where 7 is a complex number with positive imaginary
part. In fact, if a lattice L is generated by wy and wo, then using 7y := 1/w; maps L into
the lattice generated by 1 and wy/wy. If the ratio wy/wy is in the upper half-plane, then
this is T; otherwise we take the equivalent generator 7 := —w>/ws.

Now, in order to classify complex tori we ask when X; and X, are isomorphic. This is the
case if there exists a complex number <y such that vL; = L,. Since L, and L., are both
generated by 1 and respectively 7 and 7/, this is equivalent to having the two numbers
v and T generating L. So we need that -y and 7 lie in L: there must be integers
a,b,c,d such that v = ¢/ + d and y7 = a1’ + b. That gives 7 = (a1’ + b)/(cT’' + d).
Moreover for v and y7T to generate L., we must have the determinant ad — bc equal to
+1. In fact, since both 7,7/ are in the upper half plane it must be equal to 1. These two

conditions are clearly sufficient, and we have proven the following:

Proposition 2.45. Two complex tori X; and X, are isomorphic if and only if there is a

a b
matrix < d) in SL(2,7) such that T = (at’ + b)/(cT’ + d).
c
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2.3.4 Higher genus situation.

Let X be a compact Riemann surface of genus g > 2.

Theorem 2.46 (Hurwitz [9]).
1. Aut(X) is always finite.
2. |Aut(X)| < 84(g —1).

3. A generic Riemann surface of genus g > 3 does not have any non-trivial automor-

phisms.

Remark: “Generic” is a loose expression for the following fact, if you take a completely
arbitrary Riemann surface of genus g > 3 then it will have with very high chance no non-
trivial automorphism.

Mathematically more precise is that the moduli space compact Riemann surfaces of genus
g >= 2 has (complex) dimension 3g — 3 and the set of Riemann surfaces with nontrivial

automorphism for genus g >= 3 is a “subscheme of codimension” at least 1.

Despite the Result 3 of the theorem above there are very interesting Riemann Surfaces

with nontrivial automorphism groups.

1. Hurwitz Riemann surfaces.
A Riemann surface of genus g > 2 which has exactly the automorphisms group of

order 84(g — 1) is called a Hurwitz Riemann surface.

2. Hyperelliptic Riemann surfaces.
They generalize tori (also called elliptic surfaces) and are compact Riemann surfaces
which are a twofold covering of the Riemann sphere. Interchanging the covering
sheets gives an automorphism which is of order 2 (an involution).
In the case of genus 2 all Riemann surface are hyperelliptic.
If we take as subgroup of the automorphism group of an hyperelliptic Riemann surface
the subgroup generated by the involution we obtain as quotient the Riemann sphere
and as quotient map the covering map defining the hyperelliptic Riemann surface.
Moreover if we check (2.4) we see that the number of branch points is exactly 2g+2.
As the ramification indices are always exactly 2, over each branch point there lies
exactly one ramification point. As they constitute the set of fixed points of the
involution, the hyperelliptic involution has exactly 2g + 2 fixed points.
This result is also true for genus one. Here the involutionis z mod L — —z mod L

and the fixed points are the points 1/2,7/2,(1+ 7)/2.
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2.4 Automorphic algebras

2.4.1 G-invariant functions

Let X be an arbitrary compact Riemann surface. Let G be a finite group acting holomor-
phically on X. Associated to this left action on X there is a left action on M(X), the set

of meromorphic function of X,

GXM(X)—=> M(X): (g, f)—g-f
where the meromorphic function g - f is defined by
g-f(p):="7(g7'-p)

Definition 2.47. A meromorphic function on X is called G-invariant if for all g € G,
g.f =f.
The set of G-invariant function of X is denoted by Mg(X)

Definition 2.48. There is a natural projection from M(X) to Mg(X):

()6 : M(X) = Mas(X)

1
fi (g = EZg.f
geaG

The following is immediate:

Proposition 2.49. [et f be a function of M(X).

a (f)¢ is a G-invariant function.

b If f is G-invariant (f); = f

Proposition 2.50. Let N be a normal subgroup of G. Then

<f>G = <<f>/\/>c;//\/
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Proof. We proof first that the projection ( )G/N is well defined for f € Mpn(I"). Suppose
that g = h in the quotient group G/N, so that g~*h € N. Then g~ th-f = f since
f € Mn(X) andso h-f =g-f. That proves that ( ),y is well defined for f € Mp(").

And now:

N N 1 Nl 1
<<f>N>G//v—||G|| Z 9'<f>/\/—||G| ;/ g'|/\/|z_||G||/\/| Z gh-f
GEG/N

GeG/N heN geG/N

heN
1

:@_Z I-f since g={gh, he N}

geG/N

I€g

- L S 1 =(f)
~lal e

1eG

Proposition 2.51. Consider the kernel subgroup K of the action of G on X. Then
() =f, Vf e M(X)

and
(e =(Flg/k

Hence Mg (X) = Mg,k (X).

Due to the previous proposition it is enough to consider holomorphic and effective actions
on X. Recall that in this case, such a group acting on X can be identified with a subgroup

of automorphisms of X.

From now on, an action will be holomorphic and effective.

Let us give some properties of G-invariant functions.

Proposition 2.52. Let f be a G-invariant function.
For any x € X, ordy(f) = ordg «(f) for all g € G. This means that if f has a pole or
zero in x then f has a pole or zero of the same order in g.x for all g € G. Likewise if f is

holomorphic in x, then f is holomorphic in g.x for all g € G.
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Proof. Let K be the order of f in x (i.e. K := ordx(f)). We choose a local coordinate z

centered around x and expand the function f as a Laurent series around x:

f(z)= Z anz", ax #0.

n>K

1

Let g be an element of G. We write the automorphism g~* in local coordinates as a Laurent

series. We choose a local coordinate z’ centered around g.x and the local coordinate z

1

centered around x (the same local coordinate as above). Since g~* is an automorphism

hence its Laurent series is

gil(zl) = Z bnz", by #0.

n>1

By composition of the two above Laurent series we get the Laurent series of the function

1

fog~!in the local coordinate z' around gx. We get

n
SPSTEID SEA boriei) I pee

n>K m>1 n>K

1

for some ¢, € C with cx # 0. Hence the order of the function f o g~* in g.x is K. But

since f is a G-invariant function we have
fogl="T.

So
ordg.xf = ordg.xf o g_1 = K = ord,f.

Proposition 2.53. The algebras M (X) and M(X/G) are isomorphic.

Proof. Let us give the isomorphism. Consider

®: M(X/G) — Mg(X)
fisf

where f(x) := f(X) for all X € X/G. Said differently, f = f o m where 7 is the usual
quotient map from X to X/G.
Note that f is meromorphic since 7 is a holomorphic map and f a meromorphic function.

Moreover f is G-invariant: f(g.x) = f(g.x) = f(X) = f(x) for all g € G and x € X.
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It is easy to verify that ® is a morphism of algebras. To show that this morphism is an

isomorphism we give the inverse of the map:

e~ Mg(X) = M(X/G)
ff

where f(x) := f(x). The function f is well defined since f is G-invariant. We just have to
show that the function f is a meromorphic function of X/G. We know that there is just a
finite set of points of X with non trivial stabilizer group. We denote this set by S. Then for
each point p of X/G\m(S), the group G, is of order 1 and then mult,(m) = 1. This means
that 7 is local homeomorphism in p. So it is clear that the function f is meromorphic in
X \'S. As the poles of f are isolated points, we can find for each point s € S an open set
Us such that f is holomorphic in Us \ {m(s)}. Then m(s) is a singularity of f. But m(s)
cannot be an essential singularity because in this case f should have an essential singularity
in each points of m~1(m(s)), and that is not true. Hence 7(s) is an removable singularity

or a pole and hence f is meromorphic on X/G.

Let I be a finite set of points of a Riemann surface X. We consider the Krichever-Novikov

algebra M (X, T) of global meromorphic functions on X which are holomorphic on X \ I

Definition 2.54. The set of global meromorphic functions on X which are holomorphic
on X\I" and G-invariant is a subalgebra of M (X) and of M(X,T) denoted by Mg(X,T).

Proposition 2.55. 1. Mg(X, ) = Mg(X)NnM(X,T).

2. The set I can always be split into two subsets 1 and I'» such that ['1 contains all

the full orbits and I'> the other points and we have
Mg(X,T) = Mg(X,Tq).
3. Suppose that [ = vazl G(P;). Hence

Me(X,T) = Mg(X,T1) = M(X/G, m(1)).
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Note that (1) = w(P) U---Um(Py).

Proof. 1. Itis obvious by the definition of Mg(X,T).

2. According to Proposition 2.52 a non-constant G-invariant function cannot have a
pole at a point P without having poles at each point of the orbits G(P). This clearly

proves the assertion 2.

3. It is just by restriction of the isomorphism of Proposition 2.53.

We can remark that if 1 = 0, then Mg(X, ) = Mg(X,0) = O(X) =C.

Hence without restriction it is enough to consider sets [ which are the union of full orbits.
Corollary 2.56. Let [ be a union of full orbits.

The algebra Mg (X, T) is a Krichever-Novikov algebra.

Hence the algebra Mg(X,T) admits almost-graded structures. There are three situations:

1. IfT =0, then Mg(X,T) = C and the almost-graded decomposition is trivial.

20T = U,N:1 G(P;) with N > 1, then associated to any splitting of I into two disjoint

sets of orbits, Mg(X, ') admits an almost-graded decomposition.

3. If I = G(Q) consists of one G-orbit, then for any choice of orbit G(P) with
P ¢ G(Q), Mg(X,T) admits an almost-graded decomposition coming from the
algebra M of the algebra Mg (X, G(P) U G(Q)).

Proof. It is obvious since Mg(X,I) = M(X/G,n(I")) and since M(X/G,w(I')) is a

KN-algebra. O]

Note that Mg(X, ) is a subalgebra of the Krichever-Novikov algebra M(X, ") and is
isomorphic to the Krichever-Novikov algebra M(X/G, w(I")).

2.4.2 G-invariant current algebras

Let £ be a finite dimensional Lie algebra. The classical current algebra associated to L is
the algebra £ := C[z, z71] ® £ with Lie structure

Z"ox,z2"2y]=2"""®[x,y], x.y €A nmcZ
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The algebra £ can be described as the Lie algebra of £-valued meromorphic functions on
the Riemann sphere which are holomorphic outside 0 and co. Starting from this description,
the natural extension to a higher genus compact Riemann surface X is to replace C[z, z7!]
by an associative algebra of meromorphic functions on X.

More generally if £ is a Lie algebra and A an associative, commutative and unital algebra

then the tensor vector space A ® L is a Lie algebra with the bracket
[a@x, b®y] =ab® [x,y].

In this way we define some Lie algebras:
Definition 2.57. Let L be a finite dimensional Lie algebra, X a Riemann surface and I a
finite set of points of X. We define the following Lie algebras
1L LX) =MX)® L
2. LX,T) =MX )L
Consider now any finite group G acting on L(X).
3. Lg(X):={ae L(X)|g.a=a, Vg€ G}. Thisisjust the set of G-invariant elements
of L(X).

4. Lo(X, ) ={ae€ L(X,T) | ga=a, Vg e G}. Note that Lg(X,[) = Lg(X) N
L(X,T).

5. Ly =(L)g={acL=C®L|ga=a YgegG}

The following facts are immediate:

1. L(X,T), Lg(X) and Lg(X,T) are subalgebras of L(X).
2. Lg(X,T) is a subalgebra of Lg(X).

3. LZC® L is a subalgebra of £(X).

4. LY is a subalgebra of L.

5. The algebra L(X) is a natural M(X)-module: g-(f®a) := gf ®a for g, f € M(X)
and a € L.

6. Likewise the algebra £(X,I") is naturally a M (X, ") module.
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7. As for G-invariant functions, for any element a € £(X) we define

(a)g ::@an.

geg

We have Lg(X) = (L(X))g-

Proposition 2.58. For any splitting of I' into two subsets | and O, the Lie algebra L(X,T)
admits a natural almost-graded structure coming from the almost-grading of the associative
algebra M(X,T).

For a single point set I = {Q}, the Lie-algebra L(X,[") admits a natural almost-graded

structure depending of a second reference point P.

Proof. Let M(X,I) := @,z M, be the almost-graded decomposition of M(X, ") of
Theorem 2.31. Then

LX.N) =P,

n€zZ

where L, .= M, ® L. Since L is supposed to be a finite-dimensional Lie algebra, the
subspaces L, are finite-dimensional too. This decomposition gives obviously an almost-
graded structure to L(X,T).

If T = {Q}, as above we choose a reference point P and we consider the almost-graded
structure M(X, {P}U{Q}) = D,z M, associated to the splitting I' = {PYU{Q}. Thus
the algebra M(X,T) is equal to the algebra M, = P59 M,. That gives an almost-
graded structure to the algebra M(X,I"). Hence the decomposition

LX.T) =Ly

n>0

with £, := M, ® L, ¥Yn > 0 gives as above an almost-graded structure to the Lie algebra
L(X, Q). O]

Proposition 2.59. Let G be a finite group acting on L(X) and N a normal subgroup of
G. Then for all a € L(X)

(ag = (@) g/ -

Proof. It is exactly the same proof as for Proposition 2.50. ]
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The elements of L£(X) can be described as the L£-valued meromorphic functions on the
Riemann surface X. For this we have to define what we exactly mean by " meromorphic”,

"poles”, "holomorphic” for the elements of L(X).

Definition 2.60. Let a € L(X). Let {e1,..., en} be a basis of the Lie algebra L. Thus
a=>1"fe where f; € M(X) (for convenience we dropped the sign ®) . For all point
p in X, we choose a local coordinate z and we expand each function f; as a Laurent series

around p. Thus a is locally written as

a(z) = Z anz"
n>M
where a, € L, ¥Yn € L and with ay; # 0. This series is called the Laurent series of a at
the point p.
Using the Laurent series of an element a € L(X) we can define the order of a in a point
p e X by
ordpa =M

As for functions the order is well-defined (it does not depend on the chosen coordinate)

and p is a pole of a if M < 0, a is holomorphic in p if M > 0 and p is a zero of a if M > 0.

2.4.3 Groups acting on L(X)

Here we give a natural way to get a finite group acting on the tensor Lie algebra £(X). We
explain how we can reduce to some groups which are isomorphic to finite groups acting on
a Riemann surface X and which are acting simultaneously on M(X) and £. This method
can be found in the paper of Lombardo and Mikhailov [20] for the genus O case but it is

still true for higher genus Riemann surfaces.

The first restriction is to consider subgroups of the direct product group Aut(X) x Aut(L):

Proposition 2.61. The direct product group Aut(X)xAut(L) is a subgroup of Aut(L(X)).

Proof. The elements of Aut(X) x Aut(L) can be identified with elements of Aut(L(X)).
Let (g,0) € Aut(X) x Aut(L). We define the automorphism

(9,0): LX) = L(X)
fear—g-f®o(a)
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where g - f is the action defined in the section 2.4.1.
This is clearly a Lie algebra morphism since g is associated to a morphism of M(X) and

o a morphism of £. Moreover the inverse map of (g, o) is just the map (g7, 071). [

We can now reduce our discussion to finite subgroups of Aut(X) x Aut(L) acting simul-

taneously on M(X) and L. This is the topic of the two following results:
Theorem 2.62 ([20]). Consider two groups A and B and G a subgroup of the direct group
A x B. We define:

Uy :=Gn(Axid), U, =gn(id x B), K:=U; U

Then:

1. Uy, Us and K are normal subgroups of G

2. wi(U;) is a normal subgroup of mj(G) fori = 1,2 (where w1 and m, are the projections
on A and B).

3. There is two isomorphisms

Y1 :G/K = m(G)/mi(K), Yo 1 G/K = ma(G)/m2(K)

4. G/K =diag (¥1(G/K) x ¥2(G/K)) := {(¥1(9). ¥2(9)) | g € G/K}

Proposition 2.63 ([20]). Let G C Aut(X) x AutA be a finite group. Consider the normal

subgroups Uy, U and K of the previous theorem. Then

£6(X) = (£0)g = (L), )= (LKD), )

gk a/K

Note that in the paper of Lombardo and Mikhailov [20] the Riemann surface X is always
supposed to be the Riemann sphere but the proposition is even true for any Riemann

surface.

Using Theorem 2.62 and Proposition 2.63 we can conclude the following:
Let G C Aut(X) x AutL be a finite group. The group Ui consists of the automorphism
of G which are acting just on M(X). Thus averaging over U; is equivalent to replace in

M(X)® L the associative algebra M(X) by the subalgebra M (y,)(X). In the same way,
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averaging over U is equivalent to replacing the Lie algebra £ by the Lie algebra Ly, (g)
of the m,(G)-invariant elements of £. Hence new effects (beyond the already discussed
action on M(X) and the automorphisms of £ separately) will only appear if we have simul-
taneous transformation and we might even assume the subgroup K to be trivial to study
these effects. But from Theorem 2.62, if K is trivial then G = m1(G) = m2(G).

Hence, if G is finite in this case it will be isomorphic to a finite subgroup G of Aut(X) and
finally (again using theorem 2.62) G = diag(G, ¥(G)), where 9 : G — Aut(L) is a group
monomorphism.

We study more precisely this situation in the following.

We have similar results as for the G-invariant function:

Proposition 2.64. Let G be a finite group acting on L(X) and G the corresponding finite
group of Aut(X).

Let a be in Lg(X)

For any x € X, ordy(a) = ordgx(a) for all g € G. If a is holomorphic in x, then a is
holomorphic in g.x for all g € G.

Proof. That follows directly from Proposition 2.52. ]
Proposition 2.65. Let G be a finite group acting on L(X) and G the corresponding finite

group of Aut(X). Let T be a finite set of point of X. We split T into 'y and ', such that

1 contains all the full orbits and > the other points.

~

CLg(X,T) = Lg(X, 1)

N

IfT1 =0, then Lg(X,T) = (L)g.
3. The Lie algebra Lg(X) is a Mg(X)-module.
4. The Lie algebra Lg(X,T) is a Mg (X, )-module.

5. For f € Mg(X) and a € L(X)
(f-a)g="1-(a)g

Proof. The first assertion is a direct consequence of the previous proposition: a G-invariant
element with a pole in p has necessarily a pole in each points of the orbit G(p).

The other assertions are obvious. O
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We remark that as before it is enough to consider sets [ of full orbits.

2.4.4 Almost-graded structures G-invariant current algebras

Let £ be a finite-dimensional Lie algebra, X a compact Riemann surface, G a finite group
of Aut(X) and 9 : G — Aut(L) a group monomorphism.
We consider the average ( )¢ : £L(X) — L(X) defined as

(f @ x)g ::|g1|Zg-(f®x):|cl;|Zg'f®¢(g)~x
geg geG

for all f € M(X) and x € L.
Since ({ )g)g = ()g. this is a projection of the vector space £(X).

The projection ( )g can be restricted to a projection of the vector space L:

(x)g = |(1;| d W(g)-x,  VxeL

geiG

Hence
L=1Im();®Ker()g.

Note that the above restricted average is exactly the usual average () of the faithful
representation % of the finite group G, and the subspace Im ( ) is exactly the G-module
LC of the invariant element of £. From now on we will use the notation ( ). to denote
the restricted average to £ and £C to denote the space of the invariant elements of L.

From now on this decomposition will be noted as

L=LCDKer ().

The following properties are obvious:

1. LC ={xecL|¥(g)-x=x, Vge G}.

2. 9(g)o()g=()go¥(g) =()s., VgeG.

3. £9 and Ker ( ) are both G-modules.
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Proposition 2.66.

1. £C is a Lie subalgebra of L.
2. [L, Ker()g] C Ker( )¢
3 Let f e M(X) and x € LC
(fex)g=(flcg®x
In particular f ® x is G-invariant if and only if f € Mg(X).
4. Let f e M(X) and y € Ker( )s
(fRy)g € M(X)® Ker( )g

In particular if f is a constant map, (f ®y>g =0.

Proof. 1. £C is a vector subspace of £ and since for all g € G the map ¥(g) is an

automorphism of Lie algebra, we have

¥(9) .yl =(9) x.¥(g) vyl =[xy, VxyeLC.

So [£®, £C°] C £C and LC is a Lie subalgebra of L.

2. Let x € L and y € Ker ( ). We have

(vl = = S0 eyl = = Sl(9) x9(e) Y = = S[(g) .01 =0

gEG geG geG

Hence [x, y] € Ker ( )¢.

3. Since x € L, ¥(g) - x = x for all g € G. Hence

(f @x)g |G|Zg f@yP(g).x |G\Zg fox=(fe®x.
geai geG

4. Since Ker ( ) is a G-module, 9¥(g) -y € Ker ( ) forall g€ G. So

(FRYy)g ‘G|Zg f@(g)-y € M(X)®Ker()g
geG
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Let N be the dimension of £ and let K(< N) be the dimension of £C.
Let {e1,..., en} be a basis of £ such that {ey, ..., ex} is a basis of the algebra £C and

{exs1, .-, ey} a basis of the vector space Ker (). Any element a of £(X) is written as

N
asz;@@;
i=1

with £ € M(X), Vi=1,...,N.

Proposition 2.67. Let a € Lg(X). In the above decomposition a = Z,N:l fi ® e, for
i=1,..., K the functions f; are G-invariant (i.e. fi € Mg(X)).

Proof. Since a € Lg(X) we have

a= <a>g
Hence
N N
Y iwe=Y (ioe)
i=1 =1

From point 4 of Proposition 2.66 we have
(fi @ e)) € M(X) @Ker ()5 = vectpxy(extt - - -, ey), Vi=K+1,..., N.
Moreover from the point 3 of the Proposition 2.66 we have
(fivwe)=(flc®e, Vi=1,..., K.

Hence
<f®e,> EM(X)@LQ vectM(X)(el ..... eK), Vi=1,..., K.

Soin N, five =1, (fi®e)g we have

N
Y (iee)g Z fi® e
i=K+1 i=K+1
and
K K
Y (fiweg=> fioe.
=1 i=1

Since (i ®e) = (fi)g@e fori=1,..., K, we get

Mx

K
G®€, Zf,-@e,-

=1
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and so

Hence fori=1,..., K the function f; are in Mg(X). 0

2.4.4.1 The case of the Riemann sphere

The situation on the Riemann sphere has been already studied in a paper of Lombardo and
Mikhailov [20]. In fact in this paper many examples are given. We give here a more general

result.

We use the same notation as above but here the Riemann surface X is the Riemann sphere
Cx and G is a finite group of Aut(Cy).

Let @ € X be a point with a trivial stabilizer group Gg. Let P be a second point
of X such that G(P) N G(QR) = 0. Let I := G(P)UG(®). Recall that the algebra
M (X,T) is isomorphic to the algebra M(X/G,{m(P)}U{m(Q)}). A graded basis of
M(X/G Am(P)}UAT(Q)}) is

_ B z—7(P) k
Ak(Z) = <Z—7I'(Q)> ., VkeZ.

The corresponding graded basis of Mg(X, ) is

k
z—g-P
A =]l>=——+]  Vkez
geG Z2=9: Q
with
Ak A =Akx, Yk 1 €Z
Let {e1,..., en} be the above basis of £. We define the following elements:

ek=Ac®e, VYkeZ i=1,..., K;

1
e’.l:<®e,‘> , i=K+1,..., N;
(z—-Q) g

ek=A1-e, VYkeZ i=K+1,..., N;

i

It is clear that the eX are elements of Lg(X,T).
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Proposition 2.68. For all i = 1...N and k € Z the elements eX(z) are non-zero and

linearly independent.

Proof. Suppose first that i1 =1, ..., K. Then e,.k = Ak ® ¢ is clearly a non-zero element.
Suppose now that i = K+1,..., N. If the e}(z) are non zero, then the e (z) are non-zero.

So we just have to prove that the e!(z) are non-zero. Remember that
)= 1 Z( o) e e

For all g € G the function g- == is a global meromorphic function with single simple poles
in g-Q. Since Q is supposed havmg a trivial stab|l|zer subgroup hence for g 7é hin G,
g-Q # h-Q. Hence in the sum, the functions g -

pole in different points. Moreover for all g € G we have PY(9g) - & # 0 since Y(g) is an

automorphism of £. So the sum cannot be null and e} IS non-zero.

Let us show that the ef(z) are linearly independent. We have £ = £C @ Ker ( ). Hence
Lg(X.T) = (M(X, 1)@ L) P M(X,T) @ Ker()g)

Moreover we know that the e for i =1,..., K are in M(X,T) ® £C and that the ef for
i=K+1,..., N are in M(X,T) ® Ker( ). Hence we can show separately that the eX
fori=1,..., K and the elk fori=K+1,..., N are linearly independent.

1. Fori=1,..., K:
Let {\ix,i=1,...,K k € F} be a finite set of complex numbers (here F is a finite
subset of Z). Suppose that

Z Z )\,"kel-k:O.

keF i=1..K

We have

Z Z A,ke Z Z A,kAk®e,

keF i=1..K keF i=1..K
= 2 (Z MAk) ® e
i=1...K \keF

Hence Yy er Yoii1 kAikel =0ifandonly if Y-, cp NikAx =0foralli=1,..., K.
But each Ag is of order k in P, so each X, x has to be zero.

Hence the e,-k fori=1,..., K are linearly independent.
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2. Fori=K+1,..., N:

The element e,-1 can be written:

N
1 § :
e = ae

I=K+1

with a; € M(X). The meromorphic entries a; are linear sums of functions g - ﬁ

Moreover only a; will have pole at @ of order 1 (besides maybe at other points of
G(Q)). The a;, j # i will be holomorphic at Q. If (.|.) is the standard scalar
product in £ extended to £(X) such that the e; are unitary, this can be resumed by:

ordg ({& | &)) = —1 and ordg ({e! | &) =0, Vj # .
So since ordg (Ax) = —k and since ef‘ = Ax_1€! we have:

ordq ({ef | &) = —k and ordg ((ef | &)) = —k+1, Vj #i

Let {\ix,i=K+1,...,N, k € F} be a finite set of complex numbers (here F is a
finite subset of Z). Suppose that

N
Z Z >\,"k€',k=O

keF i=K+1

We choose a local coordinate around @ and expand e,k as a Laurent series:

ef(z)=b" ,ez7F + Z Biz', b, #0
I>—k
where b" , € C* and B € vect(exs1, .. ., €i 1, €igl, .-, en)

Let M be the maximal element of F. We expand the linear sum ), ¢ Z,N:KH N kel

as a Laurent series in the same coordinate around Q:

N N
(Z Z A,,ke,-"> (z2) = ( Z A/,Mbi,\/,ei> z M4 Z D,z

keEF i=K+1 i=K+1 I>—M

with D, € L.

Hence if >, cr Z,’-V:KH Xikel =0, we have necessarily

N

Z >\i,Mbi—I\/lei =0.
I=K+1
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Since {¢,i = K+1,..., N} are linearly independent and since bLM # 0 for

>\,'.M:O, V/G{K-f-l,...,/\/}.
We can now repeat this process for each "new” maximal element of F. That proves
ANik=0 Vie{K+1,...,N},Vk € F.

Thus the ef for i = K+1,..., N are linearly independent.

Theorem 2.69. The set

{ef, i=1,... K keN; e, i=K+1,...,N, ke N*}

j

is a basis of Ls(X,G(Q)).

Proof. We proved in the previous proposition that the e,-k are linearly independent. We
k

[

just have to show that any element a of Lg(X, G(Q)) is generated by the above e

The element a can be written as

N
a:Zf,-®e,-.
i=1

We proved before that since a is G-invariant, the functions f; for i = 1,..., K are in
M (X). Moreover, since a € Lg(X, G(Q)) the functions f; are in Mg (X, G(Q)). But the
functions A, form a basis of the algebra M (X, ") and in particular the functions Ay for
k > 0 form a basis of M(X,G(Q)). Hence foralli=1,..., K the function f; is written

as
fi = Z CA

leN

with a finite number of c/ #0.

Hence
K K _ K _
Shoe-Y Y dhea-3 Y de
i=1 i=1 IeEN i=1 IeEN

We prove here that {ef‘, i = 1,...,K, k € N} is a basis of

M(X,G(Q)) ® LE = vectyx)(e, i=1,..., K).
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Consider now the element of Lg(X, {Q})
K ‘ N
b::a—ZZc/e/Z Z fi @ e.
i=1 IeN i=K+1

Suppose that b has a pole in Q with ordg(a(z)) = L, L < 0. We choose a local coordinate

around @ and expand b into a Laurent series:

b= bzk beeL, a #0.
k>L

Suppose that the lower element by = S_N ., di e; with dj € C.
As in the proof of the previous proposition, we consider the Laurent series of the e,-_L for
i=K+1,...,N around Q:

e (z) =blezt +> Bz, b, #0

I>L
where b € C* and Bj € L.
We consider the element
S
b(z)=b(z) = Y Let(2).
i=K+1 "L

By writing the Laurent series of b’ around Q we see that ordg(b’) > L. Moreover the
element b’ is G-invariant since it is the linear sum of G-invariant elements. Thus by Theorem
2.64 we know that ordg(b’) = ordg.q(b') > L, Vg € G.

We can repeat this method and get an element

-3 3 e
itk
of Lg(X, G(Q)) which is holomorphic in the points of G(Q). More precisely we know that
b — AN Z—ie,-k is a holomorphic element of
M(X) @ Ker () = vectyxy(ektt, - -, en). But since the ¢ are not G-invariant the
only holomorphic element of M(X) ® Ker ( ) is 0. Hence

-3 > o

k=1i=K+1

Since b:=a— YK, > en Ciel we have
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K L N
o k ok
Y3 3 S0
i=1 IeN k=1i=K+1 "k
That prove that {ef, i=1,..., K, keN; ek

cel i=K4+1, ..., N, k € N*} is a basis of
Ls(X, G(Q)).

We introduce the following decomposition of Lg(X, G(Q)):

Lg(X.G(Q)) = P LS
k>0
where £ = vectc(ef | i=1

..... N) for all k > 0 and L3 = vectc(e® | i =1
We remark that £ = £° = vectc(ej | i =1

Theorem 2.70. The decomposition

Lg(X.G(Q) =P L

k>0

is an almost-graded decomposition of the Lie algebra Lg(X, G(Q)) and
[ﬁgvﬁlg] C £g+l—2 @ﬁg'H_l @£g+/_

Proof. First it is easy to check that for all k,/ € N:

Ar-LgC Lt

We check now the almost-grading under the bracket.
Fori,jed{l,..., K} and k,/ € N:

We proved before that £C is a Lie subalgebra of £. Hence [e;, ¢j] € £E = vectc(e, | n=1
Hence:

[eX, ef] = A A ® e, e] = Ay @ [er, 6] € vecte(ekt | n=1

Forie{l,..., K}y je{K+1, ..., N} and k € N, | € N*:

We  proved before that [L£C, Ker ()] C

Ker()s; and that
ej € vectyyxy(en [ n=K+1,..., N). Hence it is clear that

[ei, ej-l] cvecte(el |n=K+1



Chapitre 2. Automorphic algebras. 107

So
lef. ef] = Ac- Ai_1ler, ef] € vectc(ef ™ [ n=K +1,...N) c L§".

Forije{K+1,..., N} and k, | € N*:
The bracket [e}, ej-l] is a G invariant element with poles of order 2 at the points of G(Q).
So we have

lel, eJ-l] € Eg D E}; D Eé.

Hence
[ef, ef] = Ak_1-A_1[el, e}] € £§+’_2 D ng”_l @ Eg*’.

Theorem 2.71. The algebra Lg(X,T) = vectc(ef | i=1,...N, k €Z) is a Lie subalge-

bra of Lg(X,T") and admits an almost-graded decomposition

Lo(X.T) =EPLE
kEZ

where Eg = vectc(ef | i =1,...N). Moreover
[ﬁévﬁlg] C £g+l—2 @ﬁg'H_l @[:S—H-

Proof. It is just an extension of the previous proof: our arguments are available for negative
k. Hence the vector space Eg(X, M) is closed under the bracket. So it is a Lie subalgebra

which inherits the almost-graded structure. ]

Remark: Even if the e for positive integers k generate the algebra Lg(X, G(Q)), the
negative ones do not generate the algebra L£g(X, G(P)). Hence the algebra £g(X,T) is
just a Lie subalgebra of Lg(X, ). It is not clear if the full algebra Lg(X, ") admits or not

an almost-graded decomposition.

2.4.4.2 Examples

Here the Riemann surface X is still the Riemann sphere C.

We choose here for £ the Lie algebra s/(2,C) of the traceless matrices of order 2 x 2.
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The usual basis of s/(2,C) is {x, y, h} where
0 1 0 0 1 0
X = , y = , h = .
0 0 10 0 —1
The bracket is the commutator and we have
[x.yI=h [xhl==2x, [y, h=2y.
The automorphisms of s/(2, C) are given by the conjugation by an invertible matrix:
Aut(sl(2,C)) = {ars MaM™ | M € GL(2,C)}

Note that @ and c@ with ¢ # 0 give the same automorphism.

1. Our first example can be found in details in the paper of Lombardo and Mikahailov
[20].
Let G be the dihedral group D». We said before that it is a group of order 4 and

generated by the transformations
1
os(z) = -2z, oi(z) = >

Since an automorphism of s/(2, C) is given by a invertible matrix up to a multiplica-
tive constant, a monomorphism 9 : D, — Aut(s/(2,C)) is nothing but a faithful
projective representation of Iy into PGL(2,C): 9 : Dy — PGL(2,C). Here there

is just one class of equivalent faithful representations given by the representation P

such that
- 1 0 - 01
S =Y(os) = (0 _1> , T :=9Y(o:) = (1 0) )

Hence our group G = diag(G, ¥(G)) is generated by two transformations
gs 1 L(X) = L(X); a(z) = Sa(—z)S7 1, gr  L(X) = L(X);a(z) = Ta(1/z)T
and the group average is

(a(z) + Sa(-2)S~* + Ta(1/2)T~* + TSa(~1/2)S 1T~

=

(a(2))g =

We easily check that
(X)g =)= (MNs=0.
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In this example the subalgebra £ is reduced to zero. We take as a basis of Ker ( )G

the basis {x,y, h}. Let @ be an elements with a trivial stabilizer subgroup and

P an element such that G(P) N G(Q) = 0. Hence, for P only the elements of
Coo \ {0, 00, +1, £/} are allowed. Let I := G(P) UG(Q)

We give here the explicit almost-graded basis of the algebra £g(X, ) (Theorem
2.71). Of course by Theorem 2.70, this also gives an almost-graded basis of Lg(X, G(Q)).

We compute the element e}, e) and e}:

s () (o )
2=Q/g \grZmy O
s-(s2g) -0 ),
270 \agtey O
> B P(1—z%) (1 0)
o 2Z-P)a-2P) \o 1)

Here the elements A, (which are a graded basis of Mg(X,I")) are fixed by the

condition respA; = 1. Hence

L (2-QH)(1-22Q%) - 2P(P* —1)
Al(z)_a(z2—P2)(1—z2P2)' Q= (Q2— P2)(1 — Q2P2)"
A = AX.

And the element eX are

ef:Ak,lei, e;‘:Ak,le;, e,{f:Ak,le%, k € Z.

For n, m €:
Ko L kel ke
[exr ey] - E (aeh + €h ) !
1
leff, eX] = 75 (bex™ ™2 — cep™ ™ + 261,
1
[ef. e)] = G (—bef ™2 + cef Tt —2ef 1) .
where
L 2Q2%(1 — P*) o AP+ QT —4Q%P2 + P+ PIQY)
TR@-P-P@) T T (- PH@ - P PR

8P

C=1_pi
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2. We consider now an example with the subalgebra £¢ # {0}. Let G = Z the fi-
nite group generated by the transformation o(z) = —z. As in the first example, a
monomorphism ¥ : G — Aut(s/(2,C)) is equivalent to a faithful projective repre-
sentation 9 : Zo — PGL(2,C). 1 is determined by the image of 0. Since o is

a transformation of order 2, the matrix S := %)(0) is of order 2. Let we choose

S= '@(as) = (é _01>

Therefore the group G = diag(G, ¥(G)) is generated by the transformation
g: LX) = L(X); a(z) = Sa(—z)S™?
and the average ( )g is
(a(2))g = 5 (alz) + Sa(~2)5 ).

We have

w66 )

Hence £® = vectc(h) and a basis of Ker( )s is {x,y}. Let Q be a point with a
trivial stabilizer subgroup (i.e. @ # 0,00) and P a point such that G(P)NG(Q) = ;

let = G(P)UG(Q).

We give here the explicit almost-graded basis of the algebra £g(X, ) (Theorem
2.71). Of course by Theorem 2.70, this also gives an almost-graded basis of Lg(X, G(Q)).

A graded basis of Mg(X,I) is

2_p2 k
Ak(Z) = (;—Q2> , kel

if P # 0o, and

1 k
Ak(Z) = (ZZ—CQ2> , keZ
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if P=o0.

Now we define

1 o X =z
e(z) = <Z—Q>g =5 —Q2X'

y -z
e}}(z) = <Z—Q>g =2 sz,

and for k € Z

ef(2) = Ax-16l(2),
ef(2) == Ax_1€}(2),

ef(z) == Axh.

The brackets of these elements are:

Kol K+
[exv eh] = _2e><+

Ko k1
[ey, ep] = 2e,™"
[eX, el] = aef ™ + bef =t 4 cef =2

X h

where
Q2 _PZ_Q2 P2
= b= =
4= pr_op202 — QA Pi _2p2Q2 — Q4 = Pt _op22 — QF
if P+ o0, and
a=Q@> b=1 c=0

if P=o0.

Note that for P = oo the almost-grading is just

[Lgv Elg] - Eg-ﬁ-l—l ® £é+l.

2.4.4.3 The case of the complex tori

Let X = C/L be a complex torus. Let G # {id} be a finite group of automorphism of
X. We suppose here that G contains at least one automorphism fixing at least one point
of X. We know that in these situations X/G is isomorphic to the Riemann sphere. Let
7 : X = X/G be the canonical projection.

Let {P,Q} be two points which are not fixed by the elements of G and such that the
orbits G(P) and G(Q) are disjoints. We consider the set [ := G(P) U G(Q). Note that
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(M) =7(P)Un(Q).
We saw above that the algebra Mg (X, ') is isomorphic to M(X/G,n(I')). We gave an
explicit basis of M(X/G, w(I")):

A(z) = (z = m(P) (z = m(Q)) "

The corresponding basis of Mg(X, ) can be expressed in terms of translated theta-
function: in fact I = {g- P, g-Q, g € G} and since the group G is not a group of
translation we have > o9 P = > 69 -Q = 0. In fact we can consider (up to a
translation) that the automorphism of G are fixing 0. And by Proposition 2.43 the orbit
of a point R consists of the points (R where ¢ runs through all N" roots of unity, with
suitable N. As their sum equals zero the sum over the full orbit will be 0 too.

Let {pg, g € G} and{qy, g € G} be the sets of complex numbers which satisfy conditions

of theorem 2.27. Then consider

K —k
A(2) = H 0P (z) | - H 6(%9)(z)
geG geG
The set {A,, n € Z} is a graded basis of the algebra Mg (X, T).
Let £ be a finite-dimensional Lie algebra and {ey, .. ., en} a basis of £ such that {eq, .. ., ex}

is a basis of £C and {ex, ..., ey} is a basis of Ker ( ).

Let f € M(X) be a meromorphic function with a single pole in P and @ and holomorphic
elsewhere. Such a function always exists but is not unique. We introduce the following
elements of Lg(X,I):

el.k:Ak(X)e,‘, VkeZ, i=1,..., K;
ei1:<f®e,>g, iI=K+1,..., N;
e,‘k:Akfl.ell' VKEZ,I:K-FL,N,

Note that . )
<f®e,->g=@Zg'(f@@e,—):@Z(g'f)é?w(g)-e,—)
geg

geG

Moreover it's clear that the elements e,-k(z) are G invariant.

Proposition 2.72. fFor all i = 1...n and k € Z the elements elk(z) are non-zero and

linearly independant.
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Proof. It is the same proof as the proof of Proposition 2.68. ]

Let £§1 be the subvector space of L(X, ") of the G-invariant elements which are holomor-
phic in X \ G(P) U G(Q) with poles in G(P) and G(Q) of order maximum 1. This vector
space contains the elements e,-1 for i = 1,...,n and the elements e,o fori=1,..., K.
Since these elements are linearly independent we complete them to a basis of Eél. In fact
since the holomorphic elements of ﬁg(X, ) are all generated by the e,o fori=1,..., K,

just some elements with poles of order 1 left. Let €1, ..., ep be these elements.

Theorem 2.73. The set
{61,...,6,\/1;6,", i=1...N, kEZ}

is a basis of Ls(X,T).

Proof. We proved in the previous proposition that the ef‘ are linearly independent. It is ob-

vious that {eq, ..., emiel, i=1,..., N, k € Z} is a set of linearly independent elements.

Thus we just have to show that any element of Lg(X, ") is generated by the €; and the
k

€.

Let a € Lg(X,T). The element a can be written as

N
a:Zf,-@e,-.
i=1

We proved before that since a is G-invariant, the functions f; for i = 1,..., K are in
M (X). Moreover, since a € Lg(X,{Q}) the functions f; are in Mg(X, {Q}). But the
functions A, form a basis of the algebra M (X, ) and in particular the functions Ay for
k > 0 form a basis of M(X,{Q}). Hence for all i =1, ..., K the function f; is written as

fi = ZC/A/

IeN

with a finite number of ¢/ # 0.

Hence
K K . K .
Y ee=YY dasa=) Y de.
i=1 i=1 IeN i=1 IEN
We prove here that {ef, | = 1,..., K, k € N} is a basis of

M(XA{Q}) ® LC = vect pyxy(er i=1,...,K).
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Consider now the element of Lg(X, {Q})

K N
b::a—ZZc/e/Z Z i ®e.
i=K+1

i=1 /eN

Suppose that b has a pole in Q with ordg(a(z)) = L, L < 0. We choose a local coordinate

around @ and expand b into a Laurent series:

b=> bz beeL, a #0.
k=L

Suppose that the lower element is b; = Z,N:KH d[ e with d,i e C.
It is easy to check that for i= K +1,..., Nandj# 1

ordg <e,-k | &) =—k, ordg <e,k | ej> =—k+1, Vk>1,

ordp (ef | &) =0, ordp(ef|eg)=0, Vk>2,

We consider the Laurent series of the efL fori=K+1,..., N around Q:

e,-_L(z) = bl ezt + Z Biz!', bl #0

I>L
where b] € C* and B} € L.
We consider the element
N d,‘
V(z):=b(z)— > tef(2).
i=K+1 "L

By writing the Laurent series of b’ around Q we see that ordg(b’) > L. Moreover the
element b’ is G-invariant since it is the linear sum of G-invariant elements. Thus by theorem
2.64 we know that ordg(b’) = ordg.q(b') > L, Vg € G.

We can repeat this method and get an element
—L N d/l( .
’_
H=b-> > ke
k=2 i=K+1 K

of Lg(X, ') which has poles of order at most 1 at the points of G(Q).

By using the elements eX for i = K +1,..., N with k < 0 we can reduce as well to the
order 1 the order of the poles at the points of G(P) of the element b'. Finally we get an
element b’ which have poles of order 1 at the points of G(P) and G(Q). Hence b’ € ﬁgl.
That ends the proof. ]
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Résumés de la these

Structures Lie-admissibles sur les algebres de type Witt et les algebres automorphes.

L'algebre de Witt a été intensivement étudiée. Elle est présente dans de nombreux do-
maines des Mathématiques. Cette these est I'étude de deux généralisations de |'algebre de
Witt: les algébres de type Witt et les algébres de Krichever-Novikov. Dans une premiére
partie on s'intéresse aux structures Lie-admissibles sur les algebres de type Witt. On donne
toutes les structures troisieme-puissance associatives et flexibles Lie-admissibles sur ces
algebres. De plus, on étudie les formes symplectiques qui induisent un produit symétrique-
gauche.

Dans une seconde partie on étudie les algebres automorphes. Partant d'une surface de Rie-
mann compacte quelconque, on considere |'action d'un sous-groupe fini du groupe des au-
tomorphismes de la surface sur des algebres d’origines géométriques comme les algebres de
Krichever-Novikov. Plus précisément nous faisons le lien entre la sous-algebre des éléments
invariants sur la surface et |'algebre sur la surface quotient. La structure presque-gradue
des algebres de Krichever-Novikov induit une presque-graduation sur ces sous-algebres de
certaines algebres de Krichever- Novikov.

Lie-admissible structures on Witt type algebras and automorphic algebras.

The Witt algebra has been intensively studied and arise in many research fields in Math-
ematics. We are interested in two generalizations of the Witt algebra: the Witt type
algebras and the Krichever-Novikov algebras. In a first part we study the problem of find-
ing Lie-admissible structures on Witt type algebras. We give all third-power associative
Lie-admissible structures and flexible Lie-admissible structures on these algebras. More-
over we study the symplectic forms which induce a graded left-symmetric product.

In the second part of the thesis we study the automorphic algebras. Starting from arbitrary
compact Riemann surfaces we consider the action of finite subgroups of the automorphism
group of the surface on certain geometrically defined Lie algebras as the Krichever-Novikov
type algebras. More precisely, we relate for G a finite subgroup of automorphism acting on
the Riemann surface, the invariance subalgebras living on the surface to the algebras on the
quotient surface under the group action. The almost-graded Krichever-Novikov algebras
structure on the quotient gives in this way a subalgebra of a certain Krichever-Novikov
algebra (with almost-grading) on the original Riemann surface.
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