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?% 1>*+0 .% 4!&+.%"1% .5-"  !"#$% "% .!3%". .*"1 3#& -"+;-% %"/ .- /#-0 .% /#0%
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 !" #$%&'!" (%) *!" +,$-$,!%.!" */0$,!%)!"1 ,!+,$"!%)$!" +&, 2%! -(%.)/(% *32)/4/)$

*$+!%*&%) *! 4& 52&%)/)$ *! 4('!#!%) .(%"(##$ +&, 4! #$%&'! *&%" "& 62,/*/.)/(% *!

,$"/*!%.!1 *!" "!,7/.!" +284/." +,(+("$!" +&, .!))! #9#! 62,/*/.)/(% !) *32% 8/!% +,/7$

.(#+("/)!:  ! ,!7!%2 *!" #$%&'!" &/%"/ 52! 4!2," +,$-$,!%.!" "(%) !;('<%!":  !" #$%&'!"

7()!%) "2, 4! .(2+4! =)&2; *! )&;!>52&%)/)$ *! 8/!% +284/.= !) +!27!%)1 ? 4& "2/)! *32%

7()! 52/ %! 4!2, .(%7/!%) +&"1 52/))!, @',&)2/)!#!%)A 4!2, 62,/*/.)/(% +(2, 2%! 62,/*/.)/(%

&++4/52&%) 2% ),/+4!) =)&2; *! )&;!>52&%)/)$ *! 8/!% +284/.>+,/; *! 4& )!,,!= &2'#!%)&%)

4!2, 2)/4/)$:

 ! #&,.B$ *! 43/##(8/4/!, !") ,!4&)/7!#!%) "/#+4! C /4 !;/")! 2%! 52&%)/)$ )()&4! *!

)!,,! D;!1 */7/"$! !%),! 4!" */0$,!%)!" 62,/*/.)/(%"1 .B&52! 62,/*/.)/(% */"+("! *(%. *32%!

52&%)/)$ D;! *! )!,,!:  & )!,,! !") .(%"/*$,$! .(##! $)&%) 2% 8/!% +&,-&/)!#!%) */7/"/84!

!) B(#('<%! !%),! )(2)!" 4!" 62,/*/.)/(%": E!+!%*&%)1 4! +,/; *32%! 2%/)$ *! )!,,! *$+!%*

*! 4& 62,/*/.)/(% *&%" 4&52!44! !44! !") "/)2$!1 .&, 4! #&,.B$ *! 4& )!,,! "2/) 4!" ,<'4!" *32%

#&,.B$ .(#+$)/)/- @(0,! $'&4! *!#&%*!A:  ! 8/!% +,/7$ .(#+("/)! >B(," 4('!#!%)> !") 2%

8/!% %2#$,&/,! *(%) 4! +,/; !") +&, .(%"$52!%) D;$ ? 1:

 & 52&%)/)$ +&, B&8/)&%) *! 8/!% +284/. +,(*2/) +&, 2%! 62,/*/.)/(% *$+!%* *2 %/7!&2

*! 4& )&;! 4(.&4!1 52/ !") 2%! )&;! 4/%$&/,! 8&"$! "2, 4& 7&4!2, -(%./<,!: F(2) .(##! *&%" 4!"

#(*<4!" *! G!")B(01 4!" !0!)" !;)!,%!" *32% 8/!% +284/. *32%! 62,/*/.)/(% "2, 4!" #$%&'!"

*3&2),!" 62,/*/.)/(%" "(%) !;.42":
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*$#!*(  $", 5(1("'( *(  (#$"5 -64A, (" ,()6( 5( 6$",!", )%#$*,% 4!) *( B)% $) ='?*-#.

9" CDDE3 *( B)% $) ='?*-# 4()F', GHG 6-**-!)5 5;(')$ !' ,-,)( 5( *! BIJ3 KC 6-**-!)5 

5;(')$ !' ,-,)( 5( *! L #!*-,% *$#!*( 5-)(#,(3 MG 6-**-!)5 5;(')$ !' ,-,)( 5( *;>NO3 (, MD

6-**-!)5 5;(')$ !' ,-,)( 5( *;>/==3 !*$) &';(" CDDH3 *! B!@(  ') *! I!*(') J8$',%( PBIJO

)!44$),!-, 0 *;9,!, ("1-)$" GGD 6-**-!)5 5;(')$ P $-, GQ.G R 5;!'+6(",!,-$"O3 *;>64A,  ')

*( /(1("' 5( =() $""( =ST -&'( P>/==O3 MH 6-**-!)5 5;(')$ PM.E R 5( 5-6-"',-$"O3 (,

*;>64A,  ') *( N$#-%,% P>NO3 HM 6-**-!)5 5;(')$ PUM.E R 5;!'+6(",!,-$"O3 *( 6$",!", +%V

"%)% 4!) *! L #!*-,% *$#!*( 5-)(#,(  ;%*(1!-, 0 MG 6-**-!)5 5;(')$ PCG.K R 5;!'+6(",!,-$"O.
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 ! "# $#%& '()*+,-& ./- "&. 0-(1-+232. 4()5673+&.

8! "# $#%& 0-(9&..+())&""&

:&. 3-(+. 1-&;+,-&. 3#%&. .()3 #..+.&. ./- "# <#"&/- "(*#3+<& =/ >+&) +;;(>+"+&-? 3&""&

@/& *&""&5*+ &.3 *#"*/"2& 1#- "&. #/3(-+32. *&)3-#"&. A=#). =& 3-,. )(;>-&/.&. *(;;/)&.? +"

)BC # 1#. >&#/*(/1 =& -#11(-3 &)3-& "&. <#"&/-. #=;+)+.3-#3+<&. &3 "&. <#"&/-. ;#-*D#)=&.

=&. >+&). 9()*+&-.! :# $#%& 0-(9&..+())&""& )& *()*&-)& @/#)3 E &""& @/& "&. &)3-&1-+.&.!

F() ;()3#)3 &.3 9()*3+() =/ *#1+3#" +)<&.3+ =#). "B&)3-&1-+.&? *B&.35E5=+-& "& (/ "&. >+&).

+;;(>+"+&-. (G "B#*3+<+32 &.3 &%&-*2& A"# <#"&/- -&3&)/& 1(/- "& *#"*/" =& "B+;1H3 .&-# "# <#"&/-

"(*#3+<& *#=#.3-#"&I? #+).+ @/& "&. +;;(>+"+.#3+(). *(-1(-&""&. A;#*D+)&.? (-=+)#3&/-.7I?

=()3 "# <#"&/- -&3&)/& 1(/- "& *#"*/" =& "# 3#%& &.3 "& "(C&- .B+" .B#J+3 =& "(*#3+()? (/ KL M

=& "# <#"&/- =B#*D#3 .+ *&. #*3+9. ()3 232 #*D&32 1#- "B&)3-&1-+.&!

:# $#%& =BN#>+3#3+()? 1#C2& 1#- "# 1&-.())& @/+ (**/1& "2J#"&;&)3 "& "(J&;&)3 #/ K&-

O#)<+&- =& "B#))2& A"(*#3#+-& (/ 1-(1-+23#+-&I? &.3 *#"*/"2& ./- "# <#"&/- "(*#3+<& #=;+)+.5

3-#3+<& =/ "(J&;&)3! 6+&) @/& *&-3#+). ;2)#J&. 1/+..&)3 P3-& &%()2-2. .&"() =&. *()=+3+().

.(*+#"&. &3 2*()(;+@/&.? "& ;()3#)3 =& "# $#%& =BN#>+3#3+() )& 1&/3 &) #/*/) *#. P3-&

*().+=2-2 *(;;& =21&)=#)3 =/ -&<&)/ Q /) ;+""+#-=#+-& @/+ .(/D#+3& <+<-& =#). /) .3/=+(

1#+&-# /)& $#%& =BN#>+3#3+() +)R;& 3#)=+. @/B/) .;+*#-= #C#)3 D2-+32 =B/) *D73&#/ =&<-#

.B#*@/+33&- =B/)& $#%& =BN#>+3#3+() ./12-+&/-& E 1"/.+&/-. ;(+. =& .#"#+-&!

:# $#%& '()*+,-& ./- "&. 0-(1-+232. 673+&. &.3 <&-.2& 1#- "# 1&-.())& 1DC.+@/& (/

;(-#"& A1#- &%&;1"& /)& F(*+232 S+<+"& T;;(>+"+,-&I 1-(1-+23#+-& #/ K&- O#)<+&- =& "B#))2&

*().+=2-2& =/ >+&) +;;(>+"+&- *()*&-)2! :E &)*(-&? "& ;()3#)3 =& "B+;1H3 &.3 9()*3+()

/)+@/&;&)3 =& "# <#"&/- #=;+)+.3-#3+<& =/ >+&) +;;(>+"+&-? "& -&<&)/ (/ "& 1#3-+;(+)&

#/3-& @/B+;;(>+"+&- =/ 1-(1-+23#+-& )& -&)3-&)3 1#. &) *(;13& =#). "& *#"*/" =& "# 3#%&!

:# $#%& '()*+,-& ./- "&. 0-(1-+232. 4() 673+&. 9()*3+())& ./- "& ;P;& 1-+)*+1&! U""&

*()*&-)& &..&)3+&""&;&)3 "&. 3&--#+). #J-+*("&.! V)& 9(+. &)*(-&? ;P;& .+ =&. &%()2-#3+().

1&/<&)3 P3-& ;+.&. &) 1"#*& 1#- "&. *(""&*3+<+32. "(*#"&.? "& ;()3#)3 =& "# 3#%& )& =21&)=
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%$3 &5 /#*(#!1( ;'3#*/#1(#&!*, #9+.$9$!(#!2 /#7$3$!( (4< 34($* 4!/ &7$3#!2 /#7$3$!( 49&'!(*

&5 +'%.#1 2&&/? @&'*$-&./* 43$ 4**'9$/ (& %$ 4%.$ (& 9&:$ 53&9 &!$ ;'3#*/#1(#&! (& 4!&(-$3

53$$.0, 4!/ (& -4:$ +$35$1( >!&8.$/2$ 4%&'( (-$ +&.#10 #9+.$9$!($/ %0 $:$30 ;'3#*/#1(#&!

#! (-$ '3%4! 43$4? A!/$3 (-&*$ 4**'9+(#&!*, ;'3#*/#1(#&!* 43$ !&( 5&39$/ $<&2$!&'*.0,

%'( $!/&2$!&'*.0 %0 (-$ -&'*$-&./* (-4( 1-&&*$ (-$#3 +.41$ &5 3$*#/$!1$ 411&3/#!2 (& 4

'*'4. (34/$6&7 %$(8$$! 4 B'4!(#(0 &5 2&&/ 4!/ (-$ +3#1$ (& +4#/ (& %$ 4%.$ (& $!;&0 *'1-

B'4!(#(0?  5 (-$ !'9%$3 &5 ;'3#*/#1(#&! #* .432$ $!&'2-, (-$!, 5&3 $:$30 -&'*$-&./, (-$3$

$<#*(* 4 ;'3#*/#1(#&! 4++.0#!2 $<41(.0 (-$ +&.#10 #( 8&'./ +#1> #5 #( 8$3$ (-$ /#1(4(&3?

 ! -#* 1&!1.'*#&!, "#$%&'( $:&>$/ (-$ -&9&2$!$#(0 &5 (-$ ;'3#*/#1(#&!* *(3'1('3$C ;'3#*6

/#1(#&!*, 4( $B'#.#%3#'9, 8#.. %$ 1&9+&*$/ &5 -&'*$-&./* -4:#!2 $<41(.0 (-$ *49$ +3$5$36

$!1$* &:$3 (-$ +'%.#1 2&&/, *& (-$ +&.#10 8#.. %$ '!4!#9&'*.0 /$($39#!$/? D&!*$B'$!(.0,

(-$ $!/&2$!$#(0 &5 (-$ ;'3#*/#1(#&! 5&394(#&! *$$9* (& -4:$ *$23$24(#:$ +3&+$3(#$*, *#!1$ #(

.$4/* (& 4**&3(#:$ 94(1-#!2? @&8$:$3, "#$%&'( 84* !&( :$30 *+$1#E1 4%&'( (-$ /$E!#(#&!

&5 *$23$24(#&!, *#!1$ (-$ 94#! &%;$1(#:$ &5 -#* 43(#1.$ 84* (& /$9&!*(34($ (-4( +3$5$3$!1$*

&:$3 (-$ +'%.#1 2&&/ 14! %$ &%*$3:$/?

"-&'2- :$30 #!F'$!(#4., "#$%&'()* 43(#1.$ 84* !&( 5&394. 4( 4..?  ( (&&> (8& /$14/$*

%$5&3$ 4 1&-$3$!( 9&/$. %4*$/ &! -#* #!('#(#&!* 1&'./ %$ /$:$.&+$/?

"-$!, 4 8#/$ .#($34('3$ $<+.&3$* (-$ :4.#/#(0 4!/ (-$ 1&!*$B'$!1$ &5 "#$%&'()* #!('6

#(#&!*? G#3*(, (-$ +3$5$3$!1$* &:$3 (-$ +'%.#1 2&&/ 14! %$ &%*$3:$/ &!.0 4( (-$ $B'#.#%3#'9,

8-#1- 34#*$* *$:$34. B'$*(#&!C /&$* 4! $B'#.#%3#'9 4.840* $<#*(H #5 !&(, '!/$3 8-#1- 1&!6

/#(#&!* #* (-$ $<#*($!1$ &5 4! $B'#.#%3#'9 $!*'3$/H I$1&!/, (-$ #9+41( &5 (-$ -&'*#!2

943>$( 4!/ &5 (-$ +&**#%.$ (4<4(#&! *1-$9$ J(-$ +'%.#1 2&&/ 14! %$ E!4!1$/ (-3&'2-, 5&3

#!*(4!1$, 4 (4< &! 8$4.(-, &3 (-3&'2- 4 (4< %4*$/ &! (-$ -&'*#!2 :4.'$K &! (-$ $<#*($!1$

&5 4! $B'#.#%3#'9 4!/ (-$ *$23$24(#&! -4* %$$! #!:$*(#24($/ %0 94!0 $1&!&9#*(*? "-#3/,



 !  !"#$%&' (

 !"# $%&'!( $  #(& &'$& )!*$) +%,)-* .!!/ $(# 0!& 1+%(#1 +%,)-* .!!/2 &'#3 "$3 #-&'#( ,#

+$(&-$))3 *!0 %"#/ ,3 '!% #'!)/ &'$& /! 0!& )-4# -0 &'# 5%(- /-*&-!0 &'$& +(!/%*# &'#"2

!( &'#3 "$3  %6#( 7(!" $ *!0.# &-!0 #6#*&8 9-0$))32 $ )$(.# 0%",#( !7 $(&-*)# -04# &-.$&#

!0 &'# /#:0-&-!0 !7 &'#  #.(#.$&-!02 $0/ !0 &'#  #.(#.$&-4# +(!+#(&-# !7 #0/!.#0!% 5%(- ;

/-*&-!0  &(%*&%(# 7!("$&-!08

<'# 0#=&  #*&-!0 >-)) +(# #0& &'# /-6#(#0& $&&#"+& $& "!/#))-0. <-#,!%&? -0&%-&-!0 2

% -0. "-*(!#*!0!"-* &'#!(3 *!0*#+& 2 $0/  !"#&-"# &'# *!!+#($&-4# @$"# <'#!(3 &!!) 8

<'# &'-(/  #*&-!0 >-)) #=$"-0# &'# "$-0 (# %)& !0 &'# #=- &#0*# !7 $0 #A%-)-,(-%" $0/ -& 

#B*-#0*38 <'# 7!%(&'  #*&-!0 >-)) 7!*% !0 &'# /#:0-&-!0 !7 &'#  #.(#.$&-!0 $0/ -& *$% # 8

9-0$))32 &'# :7&'  #*&-!0 >-)) *!0*)%/#8

 !" #$%&''()* +(&,$-./0 ().-(.($)0

 !"! #$% &%'%()* )++(,)-$%.

C# &'!6 DEFG >$ $"!0. &'# :( & #*!0!"- & &! +(!4-/# $ 7!("$) "!/#) !7 "%)&-;5%(- /-*&-!0$)

#*!0!"-# 8 <'# "!/#) -  -"+)#2 &'#(# #=- & H .!!/ I $ )!*$) +%,)-* .!!/ JZK $0/ $ *!";

+! -&# +(-4$&# .!!/ JxK8 L4#(3 5%(- /-*&-!0 +(!/%*# $ )!*$) +%,)-* .!!/ &'(!%.' $ &$=

,$ #/ !0 '!% #'!)/ >#$)&'2 &'$& - #=!.#0!% 8 <'#(# #=- & $ *!0&-0%%" !7 '!% #'!)/ 

,#)!0.-0. &! &'# -0&#(4$) [0; 1]2 $0/ $  #& !7 5%(- /-*&-!0 J ⊂ N, ♯(J) = M 8 M 5%(- /-*;

&-!0 j - *!"+! #/ !7 $ "#$ %($,)#  %, #& Ij ⊂ [0; 1]8 <'# 0%",#(2 +!  -,)3 0%))2

∫
Ij

dλ2

>'#(# λ - &'# N#,# .%# "#$ %(#2 *$0 (#+(# #0& 7!( -0 &$0*# &'# "$  !7 '!% #'!)/ &'$&

)-4# -0 5%(- /-*&-!0 j8 L4#(3 '!% #'!)/ "% & *'!! # $0 %0-A%# +)$*# !7 (# -/#0*#2  !2

∀(j, j′) ∈ J, j 6= j′, Ij ∩ Ij′ = ∅ $0/

⋃
j∈J

Ij = [0; 1]8 M 5%(- /-*&-!0 j - *'$($*&#(-O#/ ,3

&'# &$= ($&# tj -& $++)-# $0/ ,3 &'# $"!%0& !7 +%,)-* .!!/ -& +(!/%*# JZjK8 P!% #'!)/ 

/-6#( -0 >#$)&' $0/ -0 +(#7#(#0*# 8 9!(  -"+)-*-&32 C# &'!6 $  %"# &'$& '!% #'!)/ $(#

!(/#(#/ ,3 &'#-( >#$)&'I &'# '!% #'!)/ ? >#$)&' /- &(-,%&-!0 - "!/#))#/ $ $ N#,# .%#

"#$ %($,)# 7%0*&-!0 ω : [0; 1] → R∗
+ ; '!% #'!)/ i - #0/!>#/ >-&' $ >#$)&' ωi ∈ R∗

+ ; >-&'

ω ,#-0. -0*(#$ -0. $0/ ,!%0/#/ 7(!" $,!4#8 Q(#7#(#0*# $(# (#+(# #0&#/ ,3 $ 7%0*&-!0

&'$& - *!0&-0%!% 2 -0*(#$ -0.2 &>-*# /-6#(#0&-$,)# $0/ A%$ -;*!0*$4# >-&' (# +#*& &! #4#(3

$(.%"#0&I

Ui : R2
++ −→ R+

(Z, x) 7−→ U(Z, x)



 !"! #$%&''()* +(&,$-./0 ().-(.($)0  !

 !"#!$#"% &#'()!* +'',-#. ()+( ∀i ∈ [0; 1], ∀(Z,Z ′, x, x′) ∈ R4∗
++, Ui(Z, x) > Ui(Z

′, 0)

+/. Ui(Z, x) > Ui(0, x
′)0 1/ 2!".'% +33 )!,'#)!3.' 2!,3. 4"#5#" + 6!/',-4(7!/ 8,/.3# 27()

'("76(39 4!'7(7$# +-!,/(' !5 ()# 4,8376 :!!. +/. ()# 4"7$+(# :!!. (! +/9 8,/.3# 27() #7()#"

/! 4,8376 :!!. !" /! 4"7$+(# :!!.0

;33 ()# (+< "#$#/,#' +"# .#$!(#. (! ()# 4"!.,6(7!/ !5 ()# 4,8376 :!!.% ()+( 7' 4"!.,6#.

()"!,:) + 37/#+" 6!'( 5,/6(7!/% '! Zj = tj̟j % 2)#"# ̟j =
∫
Ij

ωidλ 7' ()# +::"#:+(#. 2#+3()

7/ =,"7'.76(7!/ j0 >)# 8,.:#( 6!/'("+7/( )!,'#)!3.' -,'( "#'4#6( 7' :7$#/ 89 x ≤ (1− t)ωi0

?7/6# ()# ,(737(9 7' +32+9' 7/6"#+'7/: 27() "#'4#6( (! x% +/. '7/6# ()#"# 7' /! '+$7/:'% +33

()# /#(@!5@(+< 7' 6!/',-#.% '! x = (1− t)ωi0 A#/6#% ()# ,(737(9 5,/6(7!/ 6+/ 8# "#@2"7((#/

+' 5!33!2'B

Ui(Z, x) = Ui(t̟, (1− t)ωi)

C!/("+"9 (! >7#8!,(% &#'()!* .!#' /!( +'',-# ()+( ()# /,-8#" !5 =,"7'.76(7!/ 7' 3+":#

#/!,:) (! )+$# #$#"9 )!,'#)!3. 37$7/: 7/ + =,"7'.76(7!/ ()+( +4437#' #<+6(39 ()# 4!3769 ()+(

2!,3. -+<7-7D#' 7(' ,(737(90 ;' + 6!/'#E,#/6#% &#'()!* 7/(#:"+(# + 6!33#6(7$# .#67'7!/ ",3#B

()# -+=!"7(9 $!(7/: ",3#0

F'7/: ()# -#.7+/ $!(#" ()#!"#-% ()7' +'',-4(7!/ 7' #E,7$+3#/( (! +'',-7/: ()+(% 7/

#$#"9 =,"7'.76(7!/% ()# (+< "+(# 7' ',6) ()+( )+35 !5 ()# )!,'#)!3.' 37$7/: 7/ ()# =,"7'.76(7!/

2!,3. 2#+G39 4"#5#" + )7:)#" (+< "+(# 2)73# )+35 !5 ()# )!,'#)!3.' 2!,3. /!( 8# 2!"'#@!*

27() + 3!2#" (+<@"+(#0 ?7/6# ()# ,(737(9 5,/6(7!/ 7' +'',-#. (! 8# 6!/6+$# 27() "#'4#6( (!

#+6) +":,-#/(% !/# 6+/ 4"!$# ()+( 4"#5#"#/6#' +"# '7/:3#@4#+G#. !$#" t% '!% ,'7/: H3+6GI'

-#.7+/ $!(#" ()#!"#-JKL% 2# G/!2 ()+( ()#"# #<7'(' t̄ ',6) ()+( t̄ 7' 4"#5#""#. 89 )+35 !5 ()#

$!(#"' (! +/9 (+< "+(# 3!2#" ()+/ t̄ +/. 89 )+35 !5 ()# $!(#"' (! +/9 (+< "+(# )7:)#" ()+/

t̄0 M/6# #+6) =,"7'.76(7!/ )+' .#(#"-7/#. 7(' (+< "+(#% )!,'#)!3.' +"# 5"## (! 3#+$# ()#7"

=,"7'.76(7!/ 5!" ()# !/# ()+( 2!,3. -+<7-7D#' ()#7" ,(737(90

; =,"7'.76(7!/ '(",6(,"# 7' ()# '4#67N6 .7'("78,(7!/ !5 )!,'#)!3.' +-!/: ()# .7*#"#/(

=,"7'.76(7!/'% +/. + 2M @$#6(!" ({tj , Zj}j∈J) "#4"#'#/(7/: ()# (+< "+(#' +/. ()# +-!,/(' !5
4,8376 :!!.' 4"!.,6#. 89 #$#"9 =,"7'.76(7!/0 ; =,"7'.76(7!/ '(",6(,"# 7' '(+83# 75 +/. !/39

75B

• O$#"9 =,"7'.76(7!/ )+' 7(' 8,.:#( 8+3+/6#.B ∀j, Zj = tj̟j %

• 1/ #$#"9 =,"7'.76(7!/% ()# (+< "+(# 7' ()# !/# 6)!'#/ 89 ()# -#.7+/ $!(#"%



 !  !"#$%&' (

•  ! "!#$%"!&' "($ )*+%*,)-% ,! &%(-% #*)&(,%.(&&/ ),$ 0#.)$')+,)!*1 ∀j ∈ J, ∀i ∈
Ij , Ui(tj̟j , (1− tj)ωi) ≥ Ui(tk̟k, (1− tk)ωi)∀k ∈ J

2")$ *!,)!* !3 %4#)&)5.)#6 )$ 7)'%&/ #$%' )* ,"% &),%.(,#.% !3 &!+(& 8#5&)+ 9!!'$: ;,

)$ <*!7* ($ ,"% 3.%% 6!5)&),/ %4#)&)5.)#6: 2")$ *!,)!* +!*$)'%.$ !*&/ )*')-)'#(& 6!5)&=

),/> 7")+" )$ +!*$)$,%*, 7)," ,"% ($$#68,)!* !3 ( +!*,)*##6 !3 "!#$%"!&'$1 $)*+% %-%./

"!#$%"!&' "($ ( *#&& 6%($#.%> ),$ '%+)$)!* !3 &%(-)*9 #*)&(,%.(&&/ ),$ 0#.)$')+,)!* +!#&' *!,

6!')3/ ,"% ,(? 5($%> *!. ,"% -!,)*9 !#,+!6%: @")&% 6!$,&/ #$%'> ,")$ *!,)!* )$ 7%(<%.

,"(* (*!,"%. '%A*),)!* !3 $,(5)&),/ ,"(, +!*$)'%. 9.!#8 '%-)(,)!*$ B3!. )*$,(*+% CDEF ,"(,

7% 7)&& 6%*,)!* &(,%.G: H*+% ,"% %4#)&)5.)#6 )$ .%(+"%'> ,"% 0#.)$')+,)!*$ $,.#+,#.% )$ $,(5&%:

H,"%. %+!*!6)$,$ "(-% 8.!-)'%' (&,%.*(,)-% 6!'%&$ 3!. 2)%5!#, )*,#),)!*: H*% !3 ,"%6

)$ I&&)+<$!*: ;* ")$ (.,)+&% CJJF> ,"% $%, !3 "!#$%"!&'$ )$ ')$+.%,%> (*' ,"%.% (.% ')K%.%*,

8.)-(,% 9!!'$ (*' 8#5&)+ 9!!'$: 2"% 6()* ')K%.%*+% )$ ,"% *!*=')-)$)5)&),/ !3 ,"% &!+(&

8#5&)+ 9!!'$: L!*,.(./ ,! @%$,"!K> I&&)+<$!* ($$#6%' ,"(, "!#$%"!&'$ +!#&' +!*$#6%

%),"%. !*% !. M%.! #*), !3 %(+" 8#5&)+ 9!!'> (*' (, 6!$, !*% 8#5&)+ 9!!':

2"% 3(+, ,"(, "!#$%"!&'$ +!*$#6% ( -%+,!. !3 8.)-(,% 9!!'$ )*$,%(' !3 ( +!68!$),%

8.)-(,% 9!!' )$ *!, +.#+)(&> $)*+% ')K%.%*, 8.)-(,% 9!!'$ 8.)+%$ -%+,!.$ (6!*9 0#.)$')+,)!*$

7!#&' "(-% ,"% $(6% %K%+, ,"(* ')K%.%*, ,(? .(,%$1 ,"% 8.)-(,% +!*$#68,)!* 7)&& -(./ 3.!6

!*% 0#.)$')+,)!* ,! (*!,"%.:

N!7%-%.> ,"% *!*=')-)$)5)&),/ !3 ,"% 8#5&)+ 9!!'$ )*,.!'#+%$ ( *!*=+!*-%?),/ !3 ,"%

+!*$#68,)!* $%,> 7")+">  !"#$"#> +!#&' "(-% +(#$%' ,.!#5&%$ ,! 8.!-% ,"% %?)$,%*+% !3 (*

+!68%,),)-% %4#)&)5.)#6: 2! (-!)' ,")$ ')O+#&,/> ,"% (#,"!. 8.!-)'%' ( +!*-%?)A%' -%.$)!*

!3 ")$ 6!'%&> 5/ .%8&(+)*9 ,"% +!*$#68,)!* $%, 5/ ),$ +!*-%? "#&& (*' #$)*9 ,"% '%6(*'

+!..%$8!*'%*+% ($ )* CDPF:

Q!6% %+!*!6)$,$ 8.!-)'%' 6!'%&$ % & 2)%5!#, #$)*9 ( ')$+.%%, *#65%. !3 "!#$%"!&'

)*$,%(' !3 ( +!*,)*##6: R!. )*$,(*+%> @!!'%.$ BCSDF (*' CSPFG 9%*%.(&)M%' @%$,"!KT$ 6!'%&>

5/ .%&(?)*9 $!6% ($$#68,)!*$ $#+" ($ ,"% *!*=.)-(&./ !3 ,"% &!+(& 8#5&)+ 9!!'$: Q"% ($=

$#6%' ,"(, ,"% 8#5&)+ 9!!' $#K%.$ 3.!6 +!*9%$,)!* B+(&&%' "%.% U+.!7')*9 %K%+,UG> 7")+"

6%(*$ ,"(, "!#$%"!&'$T #,)&),/ '%+.%($%$ 7)," ,"% *#65%. !3 8%!8&% ,"(, +!*$#6% ,"% 8#5=

&)+ 9!!'> 3!. (*/ 9)-%* (6!#*, !3 8#5&)+ 9!!' 8.!'#+%': 2"!$% 8(8%.$ (.% .%&(,)-%&/ +&!$%.

,! 2)%5!#,T$ )*,#),)!*$ )* ,"% $%*$% ,"(, +.!7')*9 %K%+, (.% (&&!7%' )* 2)%5!#,T$ 8(8%. ,!

0#$,)3/ ")$ ($$#68,)!* ,"(, 0#.)$')+,)!*$ 7!#&' *!, 5% ,!! +.!7'%':



 !"! #$%&''()* +(&,$-./0 ().-(.($)0  !

 !"#$%& '() #" *"+%, -.%/"0#12 .!#0.#."!2 .2 #" 02% $%+"!.2#.3 3"(,.#."!24 5"!#&(&) #"

3,(22.3(, 3""6%&(#.7% 8(*% #$%"&)9 .! '$.3$ $"02%$",+21 0#.,.#) "!,) +%6%!+2 "! #$% 6():

*%!# #$%) &%3%.7%9 .! $%+"!.2#.3 3"(,.#."! ;&(*%'"&<9 $"02%$",+2 (,2" 7(,0% #$% 3"(,.#."!2

#$%*2%,7%2 =2%% ;"& .!2#(!3% >?@A4 5"!2%B0%!#,)9 "!% $"02%$",+ *() 6&%;%& ( 3"(,.#."! .!

'$.3$ $% '"0,+ &%3%.7%2 ( ,"'%& 6()*%!# #$(! .! (!"#$%& "!%9 .; .# 6&%;%&2 #$.2 3"(,.#."!

;"& .#2 .!#&.!2.3 3$(&(3#%&.2#.32 #" #$% "#$%& "!%4 C&%D% E F&%%!/%&8 >GH@ 6&"6"2%+ ( *"+%,

.! '$.3$ $"02%$",+2 (&% (22.8!%+ #" ( 3"(,.#."!9 /0# (&% (,,"'%+ #" B0.# #$%.& 3"(,.#."!

#" (!"#$%& "!%4 -$%) 3"!2.+%& .! #0&!2 #$% 3(2% '$%&% !" #&(!2;%& (&% (,,"'%+ /%#'%%!

3"(,.#."!29 (!+ #$% 3(2% '$%&% #$"2% #&(!2;%&2 (&% (,,"'%+4

-$% *"+%,2 %I6,"&%+ .! #$% 6&%7."02 20/2%3#."! +" !"# .!#%8&(#% #$% ,(!+ *(&<%#9 2"

$"02%$",+2 +" !"# 3"!20*% $"02.!89 (!+ +" !"# 6() (!) 3"2# ;"& ,.7.!8 .! ( 3&"'+%+

J0&.2+.3#."!4  2 ( 3"!2%B0%!3%9 2.!3% #$% 60/,.3 8""+ +"%2 !"# 20K%& ;&"* 3"!8%2#."!9

"!% *() (220*% #$(#9 .! *(!) 3(2%29 $"02%$",+2 '"0,+ /% /%##%&:"K .; #$%) *%&8%+ .!#"

(! 0!.B0% J0&.2+.3#."! #" 6&"+03% ( ,(&8% (*"0!# "; 60/,.3 8""+ (# ( ,"'%& 3"2# =2.!3%

#$% (88&%8(#%+ '%(,#$ '"0,+ /% $.8$%&A .!2#%(+ "; 2#().!8 2%6(&(#%+ .!#" +.K%&%!# 2*(,,%&

J0&.2+.3#."!29 (2 ,"!8 (2 #$%) +" !"# +.K%& L#"" *03$L "! #$% #(I &(#% #$(# *02# /% (66,.%+4

-$.2 (220*6#."! .2 B0.#% 0!&%(,.2#.3M "!% 3(! "/2%&7% #$% 3":%I.2#%!3% "; /.8 3.#.%2

(!+ 2*(,, 7.,,(8%2 .!2.+% (! 0&/(! (&%(4 -$.2 3":%I.2#%!3% 3(! /% %I6,(.!%+ /) #$% 6&%2:

%!3% "; ( 3"*6%#.#.7% ,(!+ *(&<%#M ,.7.!8 .! ( /.8 3.#.%2 (,,"'2 $"02%$",+2 #" 3"!20*%

( ,(&8% (*"0!# "; 60/,.3 8""+9 /0# $"02.!8 .2 3"2#,)4 N! #$% 3"!#&(&)9 #$% $"02.!8 6&.3%

.2 ,"'%& .! ( 2*(,, J0&.2+.3#."!9 /0# #$% J0&.2+.3#."! '.,, 6&"7.+% ( ,"'%& ,%7%, "; 60/,.3 8""+4

-$% .!#&"+03#."! "; ( ,(!+ *(&<%# .! ,"3(, 60/,.3 8""+2 %3"!"*) *"+%,2 '.,, /% +.2:

3022%+ .! #$% !%I# 20/2%3#."!4

 !"!" #$% &'() *'+,%-

O!#%8&(#.!8 ( 3"*6%#.#.7% ,(!+ *(&<%# .!#" ( *"+%,  ! "! P%2#$"K &(.2%2 #$% B0%2#."! ";

#$% #(I(#."! 23$%*%4 O! *"2# 3"0!#&.%29 !(#."!(, #(I(#."! .2 /(2%+ "! $"02%$",+21 '%(,#$9

'$.,% ,"3(, #(I(#."! .2 /(2%+ "! #$% $"02.!8 7(,0%4 -$"2% #'" #(I(#."! 23$%*%2 *() $(7%

+.K%&%!# .*6,.3(#."!2 .! #%&*2 "; #$% %I.2#%!3% "; (! %B0.,./&.0* '.#$.! #$% 2(*% *%(!.!8
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1.8 A3+&.1!+" 2#4#+2 !+ ./# *)!3+. !A 43761& -!!2 1+ ./#1( C3(1"21&.1!+ ZD !+ ./# *)!3+. !A

./# &!)4!"1.# 4(15*.# -!!2 x ./#8 #+C!8D *+2 *6"! !+ ./# *)!3+. !A 6*+2 h ./#8 &!+"3)#D

,/!"# 7#A!(# .*E 3+1. 4(1&#D 21@#(#+. A(!) !+# C3(1"21&.1!+ .! *+!./#( !+#D 1" 2#+!.#2 pj =

%" 4(#51!3"68D /!3"#/!62" 5!.# .! 2#.#()1+# ./#1( C3(1"21&.1!+F" .*E (*.#D ./# 21@#(#+&# 1"

./*. ./# .*E 1" 61+#*(68 7*"#2 !+ ./# /!3"1+- 5*63#= B/# 4(1&# 4*12 78 * /!3"#/!62 A!( !+#

3+1. !A /!3"1+- 1+ C3(1"21&.1!+ j 1" ./#+ (1+dj)pj D ,/#(# dj 1" ./# 2,#661+- .*E (*.# *4461#2

78 C3(1"21&.1!+ j= >#+&#D ./# *)!3+. !A 43761& "4#+21+- 1" djpjHj D ,/#(# Hj 1" ./# .!.*6
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6*+2 1" /!)!-#+#!3" *+2 4#(A#&.68 2151"176#=

B! 1+&!(4!(*.# ./# 6*+2 )*('#. *+2 ./# 2,#661+- .*E .! ./# 2#0+1.1!+ !A ./# ".*7161.8D

,# 2#0+# Bij ∈ R2
+, Bij = {(x, h) ∈ R2

+ : x + (1 + dj)pj ≤ ωi *" ./# "#. &!+"3)4.1!+

!A 4(15*.# -!!2 *+2 /!3"1+- ./*. (#"4#&." ./# 732-#. &!+".(*1+. A*&#2 78 * /!3"#/!62 i
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;LM ./*. 4(#A#( tj .! *+8 6!,#( .*E (*.#N

• >!3"1+- )*('#. &6#*(I Hj =
∫
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 ! " #$%&'( )*+&,&-.&+/ /+0% 1.&0)!

2! 3$ 4$+0)4$,5 04$+,5 41#) &'6)'%&#) %$ ,)1#) +'&,1%).1,,7 &%0 8+.&05&6%&$'9 ∀j, j′ ∈
J, ∀i ∈ Ij , ∀(x, h) ∈ Bij , Ui(Zj , x̄, h̄) ≥ Ui(Zj′ , x, h)!

:4&0 '$%&$' $; 0%1-&,&%7 &'6$.<$.1%)0 %4) $') 5)=')5 &' %4) <.)#&$+0 0+-0)6%&$'> -+% 1550

%?$ ),)/)'%09 %4) ,1'5 <.&6) /+0% )*+1, 0+<<,7 1'5 5)/1'5 &' )#).7 8+.&05&6%&$'> 1'5

-) 0+64 %41% 4$+0)4$,50 ?$+,5 41#) '$ &'6)'%&#) %$ /$5&;7 %4)&. 6+..)'% 6$'0+/<%&$' $;

<.&#1%) ($$5 1'5 4$+0&'(! :4$0) )@%.1 6$'5&%&$'0 /1A) %4) 5)='&%&$' $; 0%1-&,&%7 0%.$'().

%41' %4) $') ?&%4$+% ,1'5 /1.A)%!

"0 &' B)0%4$CD0 1.%&6,)> ,$61, <+-,&6 ($$50 5$ '$% ()').1%) 0<&,,$#).0 &' $%4). 8+.&05&6E

%&$'0 1'5 5$ '$% 0+C). ;.$/ 6$'()0%&$' )C)6%! F$?)#).> 6$'%.1.7 %$ B)0%4$C> ,$61, <+-,&6

($$50 1.) 100+/)5 %$ -) <.$5+6)5 %4.$+(4 1 %)64'$,$(7 %41% /17 '$% -) ,&')1.! :4) 6$0%

;$. <.$5+6&'( 1' 1/$+'% Z $; <+-,&6 ($$5 &0 (&#)' -7

C : R+ −→ R+

Z 7−→ C(Z)
?4&64 &0 6$'E

%&'+$+0 1'5 &'6.)10&'(! F)'6)> %4).) )@&0%0 1 ;+'6%&$'

C−1 : R+ −→ R+

dpH 7−→ C(dpH) = Z
%41% (&#)0 %4) 1/$+'% $; <+-,&6 ($$5 %41% ?&,, -) <.$5+6)5 ?&%4 1 -+5()% $; dpH!

G' )#).7 8+.&05&6%&$'> %4) %1@ .1%) &0 64$0)' -7 /18$.&%7 #$%&'(! F$+0)4$,50 5)%).E

/&') %4)&. ;1#$.&%) %1@ .1%) 6$'0&5).&'( %41% pj &0 (&#)' 1'5 %41% 4$+0)4$,50 41#) <).;)6%

&';$./1%&$' $#). %4) <+-,&6 ($$5 6$0% ;+'6%&$'! :4) ')? -+5()% 6$'0%.1&'% &0 (&#)' -7

x+ (1 + d)ph ≤ ωi! "0 <.)#&$+0,7> %4).) &0 '$ 01#&'(0 1'5 %4) +%&,&%7 ;+'6%&$' &0 100+/)5

%$ -) 1,?170 &'6.)10&'( ?&%4 .)0<)6% %$ x 1'5 h> 0$ %4) -+5()% 6$'0%.1&'% ?&,, 1,?170 -)
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0# /# 6#%)/7 !:3)4) $)3. 5)44 &$)0!1

;!% -!/#%! %,! )/-)$!*% 3%)4)%< *#/-)%)#/&4 3(#/ %,! &.#3/% #" (3 4)* !'(!/-)%3$!

E = dpH8 5,)*, )0 & "3/*%)#/ #" %,! &.#3/% #" (3 4)* 7##-8 %,! /!%=#"=%&' P = (1 + d)p

&/- %,! ($)6&%! 5!&4%,8 &0

Vi(E,P, ωi) = max
h∈[0;ωi

P

Ui(C
−1(E), ωi − Ph, h)

2,! >?@ #" %,! (3 4)* 7##-  < %,! /!%=#"=%&' ,#30)/7 ($)*! )0 7)6!/  <

ai =
∂Vi(E,P,ωi)

∂E
∂Vi(E,P,ωi)

∂P
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%,! &.#3/% #" (3 4)* 7##- &/- %,! /!%=#"=%&' ,#30)/7 ($)*! &$! )-!/%)*&4 )/ &44 D3$)0-)*%)#/01
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-)*%)#/0 )0 &% 4!&0% !:3&4 %# %,! /3. !$ #" ,#30!,#4- %<(!01
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<#!4. 4%(. &# (0 (1#!0& #2 "!34-/ @##. 4%$$ &'(0 Zj 7 3%/(!$% '#!$%'#4.$ 4-)-0@ -0 j′7 3+
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0#0F/#0)%?-&+ #2 &'% /#0$!1"&-#0 $%&9 J%& !$ /#0$-.%* ( '#!$%'#4. %0.#<%. <-&' ( "*-)(&%

<%(4&' #2 100 (0. 4-)-0@ -0 ( ,!*-$.-/&-#0 <-&' H = 100 (0. p = 29 D'% /#$& 2!0/&-#0 -$

@-)%0 3+ C(Z) =
√
Z9 D'% /#0$!1"&-#0 3!0.4%$ B17 /#1"#$%. #2 (1#!0&$ #2 "!34-/ #2

100007 #2 "*-)(&% @##. 40 (0. #2 '#!$-0@ 207 (0. 2 /#1"#$%. #2 (1#!0&$ #2 "!34-/ #2 400007
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)-$-34%7 3!& &'%*% %?-$& $%)%*(4 &+"% #2 '#!$-0@ <-&'-0 ,!*-$.-/&-#09 Q$-0@ &'-$ 1#.%44-0@7
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B'*.' &'# -#&3!K3&$J '!%)*-8 A(*.# *) &'# )$"#@  *-.# &'*) .!-+*&*!- *) )%M.*#-& &! #-)%(#
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&'# A%72*. 8!!+5 !( *- &#(") !K B#$2&'@

=!B &'$& &'# #J*)&#-.# !K $- #O%*2*7(*%" .$- 7# #-)%(#+5 2#& #JA2!(# &'# O%#)&*!- !K

&'# *&) A(!A#(&*#) *- &#(") !K ^$(#&!3#M.*#-.4@

 !"!# $%& &'()*)+%), ,*-,./ 0,%&123&45)&617

X- &'*) )#.&*!-5 B# B*22 #J$"*-# &'# A(!A#(&*#) !K &'# #O%*2*7(*%" *- "!+#2) _ 2$ ]*#7!%&

*- &#(") !K ^$(#&!3#M.*#-.4@ `#& %) N()& (#"*-+ &'# "!)&24 %)#+ -!&*!- K!( )&$7*2*&4@



 !"! #$%&''()* +(&,$-./0 ().-(.($)0  !

 !"#$%&$'($)*% %(#"'("#+ $% %(,-.+ $/ ,*& )*.0 $/1

• 2) 3)"%+3).& i 3,% $*'+*($4+ () 5)&$/0 $(% '"##+*( ')*%"56($)* -"*&.+ Xi )# ()

.+,4+ "*$.,(+#,..0 $(% !"#$%&$'($)* /)# ,*)(3+# )*+1 ∀j, j′ ∈ J, ∀i ∈ Ij , Ui(Zj , Xi) ≥
Vi(Zj′ , Pj′ , Rij′) 73+#+ Vi(Zj′ , Pj′ , Rij′) #+6#+%+*(% (3+ 5,8$5,. "($.$(0 (3,( 3)"%+3).&

i ',* )-(,$* 73+* (3+ ,5)"*( )/ 6"-.$' 9))& $% Zj′ : (3+ *+(;)/;(,8 6#$'+% )/ +4+#0

6#$4,(+ 9))&% Pj′ : ,*& (3+ ,4,$.,-.+ 7+,.(3 $% Rij′ <

•  4)($*9 +="$.$-#$"5 $% #+,'3+& $* +4+#0 !"#$%&$'($)*<

• >4+#0 !"#$%&$'($)* 6#+%+*(% , -,.,*'+& -"&9+(1 (3+ .)',. 6"-.$' 9))&% ,#+ /"..0 ?;
*,*'+& -0 (3+ ?%',. #+4+*"+%: (3,( ,#+ &+4)(+& )*.0 () (3+ 6#)&"'($)* )/ (3+ .)',.

6"-.$' 9))&%<

@3+ &+?*$($)* )/ A,#+();+B'$+*'0 C)# A,#+();)6($5,.$(0D $% 7$&+.0 E*)7*1 ,* ,..)',($)*

)/ 6"-.$' ,*& 6#$4,(+ 9))&% $% A,#+();+B'$+*( $/ *) )(3+# ')*'+$4,-.+ ,..)',($)* )/ 6"-.$'

,*& 6#$4,(+ 9))&% ',* $*'#+,%+ %(#$'(.0 (3+ "($.$(0 )/ )*+ 3)"%+3).&: 73$.+ ,.. (3+ )(3+#% ,#+

*)( 7)#%+;)F<  !"#$%&$'($)*% %(#"'("#+ $% A,#+();+B'$+*'0 $/ $( .+,&% () , A,#+();+B'$+*(

,..)',($)* )/ 6"-.$' ,*& 6#$4,(+ 9))&%<

G+7.+0 HIJ 6#+%+*(+& %+4+#,. ')"*(+#;+8,56.+% $* 73$'3 +$(3+# *) +="$.$-#$"5 +8$%(%:

)#: $/ ,* +="$.$-#$"5 +8$%(%: $( $% *)( A,#+();)6($5,.< K+ &$%($*9"$%3+& 6"#+ 6"-.$' 9))&%:

(3,( &) *)( %"F+# /#)5 ')*9+%($)* ,*& 6"#+ 6"-.$' %+#4$'+%: 73$'3 ')%( $% 6#)6)#($)*,. ()

(3+ *"5-+# )/ "%+#%< K+ ,.%) ')*%$&+# $* ("#*% (3+ 6)%%$-.+ )-!+'($4+ /)..)7+& -0 .)',. 9)4;

+#*5+*(%1 , &+5)'#,($' )*+: 73)%+ 9),.% $% () 5,8$5$L+ , '+#(,$* %)'$,. 7+./,#+ /"*'($)*:

,*& ,* +*(#+6#+*+"#$,. )*+: 73$'3 $% $*&+6+*&+*( /#)5 3)"%+3).&%M 7+./,#+ C/)# +8,56.+:

5,8$5$L$*9 (3+ 6#)-,-$.$(0 )/ -+$*9 #+;+.+'(+&: )# (3+ *"5-+# )/ $*3,-$(,*(%D<

N* )#&+# () 6#)4+ (3+ +8$%(+*'+ )/ ,* +="$.$-#$"5: 5)%( ,"(3)#% "%+& +$(3+# G#)"7+#M%

)# O,E"(,*$M% ?8+& 6)$*( (3+)#+5< P)5+ ')*&$($)*% ,#+ #+="$#+& () ,..)7 (3+ "%+ )/ , ?8+&

6)$*( (3+)#+5< Q)# $*%(,*'+: R+%(3)FM% 5,$* #+%".( $% (3+ $&+*($?',($)* )/ , %"B'$+*(

')*&$($)* () 3,4+ ,.. %(,-.+ !"#$%&$'($)*% %(#"'("#+ %+9#+9,(+&: $* ,&&$($)* () (3+ %(,*&,#&

6#)6+#($+% ,%%"5+& )* (3+ 6#+/+#+*'+%1 (3+ S,#9$*,. T,(+ )/ P"-%($("($)* CSTPD: 9$4+*

-0

∂Ui
∂Z

ωi
∂Ui
∂x

: 5"%( -+ , ')*($*")"% ,*& $*'#+,%$*9 /"*'($)* 7$(3 #+%6+'( () i<

N/ (3$% ')*&$($)* $% %,($%?+&: (3+* ,* +="$.$-#$"5 7$.. -+ #+,'3+&< G"( (3+ +="$.$-;

#$"5 $% *)( *+'+%%,#$.0 A,#+();)6($5,.< U)*%$&+# ,*0 ',%+ 73+#+ (3+#+ $% )*.0 )*+ (06+



 !  !"#$%&' (

 ! " #$%" &'$( )*+" ",&! &*-*./ *.  .% 0#1*$'*2+* .( ,.' +"%  +"%1 ",&!( *. , $%2 .'  .%3

4&%,1&5( +" $% 0#1*$'*2+* .$ )*&& 6% *'%.+*2,&( $*.2% +"% +,7 6,$%$ )*&& 6% +"% $,8%( $ )*&&

6% +"% 8%'*,. - +%1$9 :1%!%11%' +,7 1,+% ;,2+#,&&5( %-%15 " #$%" &' )*&& 6% +"% 8%'*,.

- +%1<3 4 .$%=#%.+&5( . " #$%" &' 2,. 6% 6%++%1> ? 65 8 -*./ !1 8 *+$ 0#1*$'*2+* . + 

+"% ,. +"%1  .%( $ $#2" , 0#1*$'*2+* . $+1#2+#1% *$ $+,6&%3 @ )%-%1( +"% 0#1*$'*2+* .$ $+1#2>

+#1% )"%1% ,&& " #$%" &'$ ,1% 8%1/%' *.+ , /1,.' 0#1*$'*2+* . ) #&' 8,A% ,&& " #$%" &'$

6%++%1> ?( $*.2% +"% +,7 6,$% ) #&' 6% 8#&+*:&*%' 65 2 ,.' %-%15 " #$%" &' ) #&' 6% +"%

8%'*,. - +%1( $ +"% +,7 1,+% *8:&%8%.+%' ) #&' 6% +"% +,7 1,+% +",+ 8,7*8*B%$ *+$ #+*&*+53

C#1+"%18 1%( @,8*&+ . DEFG 2&,*8%' +",+ +"% 2 .'*+* .$ #.'%1 )"*2" +"% :1 -*$* .  !

& 2,& :#6&*2 /  '$ *$ H,1%+ > :+*8,& ,22 1'*./ + I*%6 #+( $#2" ,$ +"% .#86%1  ! " #$%>

" &'$ *. %-%15 0#1*$'*2+* . +",+ *$ ,$$#8%' + 6% J :+*8,&J( )"*2" 8%,.$ +",+ +"% '%$*1%'

,8 #.+  ! :#6&*2 /  ' 2,. 6% :1 '#2%' ,+ +"% & )%$+ ,-%1,/% 2 $+( ' . + " &' *. 1%,&*+53

@*$ 8,*. 2 .+1*6#+* . *$ + $" ) +",+ , &,.'>1%$+1*2+* . : &*25 8#$+ 6% *8:&%8%.+%' + 

%.$#1% +"% %7*$+%.2%  ! , H,1%+ > :+*8,& %=#*&*61*#8K + 6% , 8%86%1  ! +"% 0#1*$'*2+* .(

, " #$%" &' 8#$+ 2 .$#8% 8 1% +",. , '%L.%' +"1%$" &'  ! " #$*./3

I"% %7*$+%.2%  ! $:*&& -%1$ ,.' 2 ./%$+* .( ,& ./ )*+" +"% '*?%1%.2%$ *. :1%!%1%.2%$(

2,. 6% :,1+  ! +"% 1%,$ . )"5 *+ 8,5 6% %M2*%.+ + ",-% " #$%" &'$ $%:,1,+%' 6%+)%%.

'*?%1%.+ 0#1*$'*2+* .( *.$+%,'  ! ",-*./ ,&& " #$%" &'$ 8%1/%' *.+ , /1,.' 0#1*$'*2+* .3

N%+ #$ L1$+ :1%$%.+ , '%L.*+* .  ! $:*&& -%1$3

O & 2,& :#6&*2 /  ' :1 '#2%' 65 0#1*$'*2+* . j /%.%1,+%$ : $*+*-% $:*&& -%1$ *. ,. +"%1

0#1*$'*2+* . j′ *! ,.'  .&5 *! +"% ,-,*&,6&% ,8 #.+  ! :#6&*2 /  ' *. j′ *$ $+1*2+&5 *.21%,$*./

)*+" 1%$:%2+ + +"% ,8 #.+  ! :#6&*2 /  ' :1 '#2%' *. j3

O8 ./ +"% $%-%1,& : $$*6&% ),5 + 8 '%& +"% $:*&& -%1$( P1%%.6%1/9$ 8 '%&&*./ DQRG *$

+"% 8 1% /%.%1,&K " #$%" &'$9 #+*&*+5 !#.2+* . '%:%.'$  . +"% ,8 #.+  ! :#6&*2 /  ' :1 >

'#2%' 65 +"% 0#1*$'*2+* . ,.'  . +"% .#86%1  ! " #$%" &'$ +",+ &*-% *. *+3 I"% *8:,2+  !

+"% 8,$$  ! +"% : :#&,+* .  . +"% :#6&*2 /  ' *$ . + '%L.%'( )"*2" *$ , -%15 /%.%1,&( ,.'

,. *.+%1%$+*./ ),5 + 8 '%& +"% 2 ./%$+* . %?%2+$3 P1%%.6%1/ DQRG ,&$ /%.%1,&*B%' S%$+>

" ?9$ 8 '%& 65 *.+1 '#2*./ +"% :1%$%.2%  ! :1 L+>8,7*8*B*./ L18$ +",+ :1 '#2% $%-%1,&

A*.'$  ! :1*-,+% /  '$( 65 1%&,7*./ +"% ,$$#8:+* . +",+ & 2,& +,7%$ ,1% :1 : 1+* .,&3 I"%

 .&5 ,$$#8:+* . 8,'%  . +"% +,7 $2"%8% *$ +",+ . " #$%" &'$ ) #&' 6% ,$A%' + :,*' ,

+,7 /1%,+%1 +",. *+$ )%,&+"3 @ )%-%1( #.'%1 $+,.',1' ,$$#8:+* .$( P1%%.6%1/ :1 -%' +",+

+"% %7*$+%.2% ,. %=#*&*61*#8 2,. 6% %.$#1%'3



 !"! #$%&''()* +(&,$-./0 ().-(.($)0  !

 !"#$% %&'( !% )*+, !-. )*/, "$012.# ! 30.#442-5 60$ %"24401#$% 5#-#$!7#. 89 40'!4 "&842'

500.%: 7(# !1!24!84# !30&-7 06 "&842' 500. (0&%#(04.% 4212-5 2- ;&$2%.2'720- j '!- #-;09 2%

521#- 89

Zj =
∑

k∈J
αjkζk

<(#$# αjk 2% 7(# %"24401#$% '0#='2#-7 6$03 ;&$2%.2'720- k 70 ;&$2%.2'720- j> ?(# %"24401#$%

'0#='2#-7 3!7$2@ A = [αjk] .0#% -07 -##. 70 8# %933#7$2'A 7(# 0-49 !%%&3"720- 2% 7(!7A

∀(j, k) ∈ J2, αjj = 1 !-. 0 ≤ αjk ≤ 1>

B%2-5 ! .2%'$#7# -&38#$ 06 (0&%#(04.% '0&4. (!1# '!&%#. "$084#3% 70 "$01# 7(# #@C

2%7#-'# 06 !- #D&2428$2&3> ?(# "$084#3 2% E-0<- !% F7(# 2-7#5#$ "$084#3F )GH,> I2-'#

J$0&<#$K% 7(#0$#3 '!- 8# !""42#. 0-49 70 '0-72-&0&% 6&-'720-A 27 3!L9 -07 8# !""42#.

26 7(# %#7 06 (0&%#(04.% 2% -07 '0-72-&0&%A !% 26 27 7(# '!%# (#$#> M0<#1#$A N00.#$%A 89

$#"42'!72-5 7(# #'0-039A 60&-. ! %04&720- 70 "$01# 7(# #@2%7#-'# 06 !- #D&2428$2&3>

?(# 2-7$0.&'720- 06 '0-5#%720- !-. %"24401#$% 521#% 7(# 2-7&2720- <(9 (!12-5 (0&%#C

(04.% %#"!$!7#. 8#7<##- .2O#$#-7 ;&$2%.2'720- 3!9 8# &-!-230&%49 "$#6#$$#. 70 7(# 5$!-.

;&$2%.2'720-A <(24# 30.#4%  ! N#%7(0O '0-'4&.# 7(!7 7(# 5$!-. ;&$2%.2'720- 2% !4<!9% !

 !$#70C#='2#-7 #D&2428$2&3>

P0'!4 "&842' 500.% %&O#$ 6$03 '0-5#%720- #O#'7% 26 !-. 0-49 26 7(# !1!24!84# !30&-7 06

40'!4 "&842' 500.% (0&%#(04.% '!- #-;09A ZA .#"#-.% "0%2721#49 0- 7(# "&842' #@"#-.27&$#

E !-. -#5!721#49 0- 7(# 3!%% 06 (0&%#(04.% 7(!7 '!- '0-%&3# 7(#3A µj >

?(#$# #@2%7 %#1#$!4 !""$0!'(#% 70 30.#4 '0-5#%720-> Q-# "0%%284# 8&7 #@7$#3# <!9 06

30.#442-5 '0-5#%720- 2% 70 !%%&3# 7(!7 7(# "&842' 500. '0%7 6&-'720- .#"#-.% 0- 7(# "#$

'!"27! !30&-7 06 "&842' 500.> R7 2% #D&21!4#-7 70 !%%&3# 7(!7 (0&%#(04.% %(!$# 7(# 40'!4

"&842' 500. #D&!449A %0A 26 7(# 7!@!720- 2% 8!%#. 0- <#!47(A 7(# !1!24!84# !30&-7 06 "&842'

500. #!'( (0&%#(04. '!- '0-%&3# 2% 521#- 89 Zj =
tj̟j

µj
<(#$# µj =

∫
−i ∈ Ijdλ 2% 7(#

3!%% 06 (0&%#(04.% 2- ;&$2%.2'720- j> ?(# 40'!4 "&842' 500. '!- 7(#- 8# '0-%2.#$#. !% !

"#$6#'749 $21!4 '0330- $#%0&$'#> I03# !$72'4#% 30.#44#. '0-5#%720- 2- %&'( ! <!9 S%## 60$

2-%7!-'# )*T,U>

I&'( ! 30.#442-5 2% D&27# $#%7$2'721# !-. &-$#!42%72': ! 324420- (0&%#(04.% #-.0<#.

<27( 7(# %!3# <#!47( <0&4. #-;09 7(# %!3# !30&-7 06 "&842' 500. 26 !44 421#. 2- ! 5$!-.



 !  !"#$%&' (

 !"#$%#&'#() *$ #+ ',-. *// /(0-% $-1*"*'-/. #)'( * 2#//#()  !"#$%#&'#()$3 4,#$ 2(%-//#)5 &*)

6- *11/#-% ()/. '( * 0-". +-7 8#)% (+ 1!6/#& 5((%9 +(" -:*21/- * "(*%3

; 2("- "-*/#$'#& 2(%-//#)5 #$ ',- ()- 1"(0#%-% 6. <*'-$ =>?@3 <*'-$ 2(%-//-% ',- *0*#/A

*6/- *2(!)' (+ 1!6/#& 5((% Zj =
ζj

µβ
j

9 7,-"- ζj #$ ',- *2(!)' (+ 1!6/#& 5((% 1"(%!&-% 6.

 !"#$%#&'#() j9 *)% -21#"#&*//. -$'#2*'-% ',- 1*"*2-'-" β3 4,(!5,9 +(" 2($' 1!6/#& 5((%$9

',- 1*"*2-'-" β 7#// 6- #)&/!%-% 6-'7--) 0 *)% 19 ',-"- -:#$' $(2- 8#)%$ (+ 1!6/#& 5((%

+(" 7,#&, ',- ,.1(',-$#$ β = 1 &*) )(' 6- -:&/!%-%3

B+ /(&*/ 1!6/#& 5((%$ %( )( $!C-" +"(2 &()5-$'#() -C-&'$9 ',- 5"*)%  !"#$%#&'#() #$ */A

7*.$ D*"-'(A(1'#2*/9 +(" * $#21/- "-*$()E ',- 2-%#*) 0('-"F$G #) ',- 5"*)%  !"#$%#&'#()

7#// */7*.$ 6- 7("$-A(C #+ ',-"- *"- *' /-*$' H %#$'#)&'  !"#$%#&'#()$9 6-&*!$- ',- '*: 6*$- (+

#'$  !"#$%#&'#() 7#// 6- /(7-"9 $( -0-) #+ #' #$ $'#// ',- 2-%#*) 0('-"9 #'$ !'#/#'. 7#// 6- /(7-"3

4,- $*2- "-*$()#)5 &*) 6- !$-% '( %-2()$'"*'- ',*' *) -I!#/#6"#!2 #) J((%-"$K 2(%-/

2*. )(' 6- D*"-'(A(1'#2*/ #+ ',- &"(7%#)5 -C-&' #$ )(' '(( $'"()53

L(7-0-"9 #+ &()5-$'#() -C-&'$ *"- $'"()5 -)(!5,9 ',-) ',- 5"*)%  !"#$%#&'#() 2#5,' )('

6- D*"-'(A-M&#-)'E N!11($- ',*' ',- /(&*/ 1!6/#& 5((% #$ 1-"+-&'/. "#0*/9 $( ',- *0*#/*6/-

*2(!)' (+ 1!6/#& 5((% #$ ',- *2(!)' (+ 1!6/#& -:1-)%#'!"- %#0#%-% 6. ',- 2*$$ (+ ,(!$-A

,(/%$9 *)% ',*' ',-"- -:#$' '7( 5"(!1$ (+ ,(!$-,(/%$9 ,*0#)5 ',- $*2- 7-*/',9 6!' %#C-"-)'

1"-+-"-)&-$9 ()- 5"(!1 7*)'$ * ,#5, '*: "*'- *)% * ,#5, *2(!)' (+ 1!6/#& 5((%9 7,#/-

',- (',-" 5"(!1 7(!/% &,(($- * /(7-" '*: "*'-3 4,-  !"#$%#&'#() $'"!&'!"- &(21($-% (+

',- 5"*)%  !"#$%#&'#() #$ &/-*"/. )(' D*"-'(A-M&#-)'9 6-&*!$- ',- 5"(!1 ,*0#)5 ',- 5"-*'-$'

2*$$ 7#// &,(($- ',- '*: "*'-3 B+ 7- &()$#%-" ',-  !"#$%#&'#()$ $'"!&'!"- 7,-"- ',- '7(

5"(!1$ 7-"- $-1*"*'-% #)'( '7( %#$'#)&'  !"#$%#&'#()$9 ',- '*: 6*$- 7(!/% 6- ',- $*2- #)

-0-".  !"#$%#&'#()9 *)% 6(', 5"(!1$ &(!/% ,*0- #'$ +*0("#'- '*: "*'-3 O()$-I!-)'/.9 ,(!$-A

,(/%$ 6-/()5#)5 '( ',- 5"(!1 7#', ',- 5"-*'-$' 2*$$ 7(!/% 6- #)%#C-"-)' 6-'7--) /#0#)5

#) ',- 5"*)%  !"#$%#&'#() *)% /#0#)5 #) *  !"#$%#&'#() &(21($-% ()/. (+ (',-" ,(!$-,(/%$ (+

#'$ 5"(!19 7,#/- ,(!$-,(/%$ 6-/()5#)5 '( ',- (',-" 5"(!1 7(!/% $'"#&'/. 1"-+-" ',- $-&()%

 !"#$%#&'#()$ $'"!&'!"- '( ',- P"$' ()-3

L(7-0-"9 ',- 5"*)%  !"#$%#&'#() #$ )(' )-&-$$*"#/. $(&#*//. -M&#-)'9 *$ $,(7) 6. Q!-$A

)-"#- R <%%(! F=S?@ *)% =SH@G3 4,-. !$-% ',- )('#() (+ $!1-"A*%%#'#0#'. %-0-/(1-% #) ',-

&((1-"*'#0- 5*2- ',-(".3 ; 5*2- #$ $!1-"A*%%#'#0- #+ *)% ()/. #+ ',- 1*.A(C (+ ',- !)#() (+

'7( &(*/#'#()$ #$ 5"-*'-" ',*) ',- $!2 (+ ',- '7( $-1*"*'-% &(*/#'#()$K 1*.A(C$3 ;11/#-% '(



 !"! #$%&''()* +(&,$-./0 ().-(.($)0  !

 !" #$%&'(&) &*+ ,*%-. &*+  !"*%/0  !" '$1"%2.((& &3& / -".+'  !.  4* #$%&'(&) &*+' )*$5(

1%*($)" . 6%". "% .-*$+ *, 1$75&) &,  !"/ -"%6"(  !.+  !" '$- *,  !" .-*$+ *, 1$75&)

6**(  !"/ )*$5( 1%*($)" &+  !"/ %"-.&+ '"1.%. "( .1.% 8 9!"/ 1%*3"(  !. 0 &+ . -*("5

 !" :"' !*;0 &,  !" 6.-" &' '$1"%2.((& &3"0  !"+  !" 6%.+( #$%&'(&) &*+ &' .54./' "<)&"+ 

.))*%(&+6  * .+/ &+(&3&($.5&' &) '*)&.5 4"5,.%" ,$+) &*+8 =,  !" 6.-" &' +* +")"''.%&5/

'$1"%2.((& &3" >4!&)! 4*$5( 7"  !" ).'" &'  !"%" "?&' '*-" )*+6"' &*+ ";") '@0 )5".%5/ & 

-&6! +* 7"  !" ).'"8

9!"&% -*("5 &' A$& " &-1"%,")  !*$6!0 7").$'"  !" "?&' "+)" *, .+ "A$&5&7%&$- ).+

+* 7" 1%*3"(8 B*+&'!&0 C" D%" *+ E :"7"% FGHI "3"+ '!*4  !. '$)! . -*("5 -./ +* 

.(-& . 1$%" ' %. "6/ J.'! "A$&5&7%&$- &,  !" 5*).5  .? 7.'"( *+ 4".5 ! &' 1%*1*% &*+.5

.+( 1%","%"+)"' .%" A$.'&25&+".% 4& ! %"'1")  *  !" 1%&3. " )*+'$-1 &*+8 K 1$%" ' %. "6/

J.'! "A$&5&7%&$- &' . #$%&'(&) &*+' ' %$) $%" 4!"%" +* !*$'"!*5( !.3" &+)"+ &3"  * -*3"

$+&5. "%.55/  * .+* !"% #$%&'(&) &*+ +*%  * )%". " & ' *4+ #$%&'(&) &*+8

=,  !"%" "?&' '"3"%.5 5*).5 1$75&) 6**('0  !"+  !"%" -./ +* "?&' . 3* &+6 "A$&5&7%&$-

4& !&+ . #$%&'(&) &*+0 '*0 "3"+ &, -*7&5& / &' +* .55*4"(0 *% &,  !"%" "?&' ' *+5/ *+" #$2

%&'(&) &*+0  !" ' .7&5& / *, . #$%&'(&) &*+' ' %$) $%" )*$5( 7" )*-1%*-&'"(8 9* "+'$%"  !"

"?&' "+)" *, . 3* &+6 "A$&5&7%&$- &,  !"%" "?&' q 5*).5 1$75&) 6**('0 . 3* &+6 %$5" !.' 7""+

&("+ &L"( 7/ M%""+7"%6 FNOI .+( $'"( 5. "% 7/ M%""+7"%6 E P!& *3& Q FNRIS  !" q2-.#*%& /

%$5"8

9!&' %$5" ' . "'  !. .+ "?&' &+6 .55*). &*+ (Z1, ..., Zq) *, 5*).5 1$75&) 6**(' 4&55 7"

%"15.)"( 7/ .+* !"% ,".'&75" .55*). &*+ (Z ′
1, ..., Z

′
q) &, .+( *+5/ &,  !" ,%.) &*+ *, !*$'"!*5('

 !. 1%","%  !" '")*+( .55*). &*+  *  !" "?&' &+6 *+" &' 6%". "%  !.+

q
q+1 8 T73&*$'5/0 &,

q = 10  !" q2-.#*%& / %$5" ("6"+"%. "'  *  !" '&-15" -.#*%& / %$5"8

U*' .% &)5"' )*+'&("%&+6  !" "?&' "+)" *, '"3"%.5 1$75&) 6**(' $'"  !&' %$5" &+ *%("%  *

"+'$%"  !" "?&' "+)" *, . 3* &+6 "A$&5&7%&$-0 '$)! .' B*+&'!& FGNI8 B*+&'!&V' 1%**, *,  !"

"?&' "+)" *, .+ "A$&5&7%&$- !.' 7""+ .(.1 "( &+ * !"% .% &)5"'  * 1%*3"  !" "?&' "+)" *, .+

"A$&5&7%&$-0 ,*% "?.-15" 7/ D5*)! E W"+6&+*7$Q &+ FXYI8

9!" .$ !*%'0 $'&+6 B*+&'!&V' 1%**, *,  !" "?&' "+)" *, .+ "A$&5&7%&$-0 "+'$%"(  !" "?2

&' "+)" *, .+ "A$&5&7%&$- $+("% Z .''$-1 &*+'S  !" 1$75&) 6**( .+(  !" )*-1*'& " 1%&3. "

6**( .%" 7* ! +*%-.5 >4!&)! &' . 1%"  / ' .+(.%( .''$-1 &*+@0 .+(  !" U[P *,  !" 1%&3. "



 !  !"#$%&' (

 !!" #!$ %&' ()*+,-  !!" %'."/ %! 0 0&'. %&' 121,+1*+' 13!).% !# ()*+,-  !!" %'."/ %! 04

1."4 #!$ 1. 121,+1*+' 13!).% !# ()*+,-  !!" Z̄ ∈ [0; 1]4 %'."/ %! /!3'%&,.  $'1%'$ !$ '5)1+

%! Z̄6

7!$'!2'$4 ,# %&' /(,++!2'$/ -!'8-,'.% 31%$,9 ,/ /:33'%$,-4 %&' 1)%&!$/ ($!2'" %&1% 1++

/%1*+' ;)$,/",-%,!./ /%$)-%)$' 1$' /:33'%$,-4 0&,+' ,# ,% ,/ 1/:33'%$,-4 %&'$' '9,/% 1. ).,5)'

'5),+,*$,)3 ,# /(,++!2'$/ -!'8-,'.%/ 1$' +!0 '.!) &4 1." /'2'$1+ '5),+,*$,1 ,# %&': 1$' &, &

'.!) &6

 !" #$% &%'()*)+( +, -%./%.0*)+(

<3!. '-!.!3,/%/4 /!-,!+! ,/%/4 (!+,%,-1+ /-,'.%,/%/4 1." 3!$'  '.'$1++: /!-,1+ /-,'.%,/%/4

%&' ",/-)//,!. !. /' $' 1%,!. *: ,.-!3' *'%0''. .', &*!)$&!!"/ !$ -!33).,%,'/ *'-13'

3!$' 1." 3!$' ,3(!$%1.% 1/ 3!$' 1." 3!$' ('!(+' 3!2'" %! 1 3'%$!(!+,%1. 1$'16 ='*1%'/

'9,/%/ 1*!)% 0&'%&'$ !$ .!% /' $' 1%,!. ,/ ,.'+)-%1*+'4 '8-,'.% !$ '2'. "'/,$1*+' #$!3 1

0'+#1$,/% (!,.% !# 2,'06

<+%&!) & %&'$' '9,/% +!%/ !# 1$ )3'.%/ 1 1,./% !$ ,. #12!$ !# /' $' 1%,!. *: 0'1+%&

>!$ *: ,.-!3'?4 !.' 31: ;)/% 1$ )' %&1% &!)/'&!+"/ 0&! 1$' /,3,+1$ ,. %'$3/ !# 0'1+%&

0!)+" &12' %&' /13' ($'#'$'.-'/ !2'$ %&' ()*+,-  !!"4 1." /! "'-,/,!./ 0!)+" *' '1/,'$ %!

%1@' 1." 3!$' $'/('-%'"6 A. %&' -!.%$1$:4 !.' 31: !*;'-% %&1% (!2'$%: -!.-'.%$1%,!. ,.

1 .', &*!)$&!!" /''3/ %! *' -!$$'+1%'" 0,%& &, & -$,3,.1+ 1-%,2,%:4 .!% !.+: ,. %&,/ 2'$:

.', &*!)$&!!"4 *)% ,. %&' 0&!+' 3'%$!(!+,%1. 1$'16

7!$'  '.'$1++: 4 %&' '9,/%'.-' !# 1. ,3(1-% !# /(1%,1+ ,.'5)1+,%,'/ !. 3'%$!(!+,%1. 1$'1/B

 $!0%& 1." "'2'+!(3'.% ,/ 0,"'+: 1"3,%%'" *: '-!.!3,/%/ 1." /!-,1+ /-,'.%,/%/6 C!0'2'$4

%&,/ /'-%,!. 0,++ .!% ($!2,"' 1$ )3'.%/ #!$ !$ 1 1,./% /' $' 1%,!.4 *)% ($'/'.% %&' (!//,D

*+' "'E.,%,!./ !# /' $' 1%,!. 1." ,%/ -1)/'/6 A.' (!//,*+' 01: %! "'E.' /' $' 1%,!. ,/ %!

3'1/)$' ,% %&$!) & 1. ,."'96

<+%&!) & %&'$' '9,/%/ /'2'$1+ ,."'9'/ 3'1/)$,. /' $' 1%,!. 0,%&,.  $!)(/ ,# %&'$' 1$'

!.+: %0! ",F'$'.% %:('/ >*+1-@/ 1." 0&,%'/4 !$ 31+'/ 1." #'31+'/?4 /)-& 1/ =).-1.B/ >GHII?4

J&',+ 1." K,.,LL1B/ >GHMG?4 C)%-&'./B >NOOO? !$ K$1.@'+ 1." P!+,;B/ >NOOI?4 !.+: #'0 ,.D

"'9'/ %&1% -1. 3'1/)$'/ /' $' 1%,!. *'%0''. 3!$' %&1. %0! %:('/4 !$ 0,%& 1 -!.%,.)!)/



 !"! #$% &%'()*)+( +, -%./%.0*)+(  !

 !"#!$%&' (&)*+ ,-+) .&/)#0/ )1& 2&#31$0-"1004 5#/# 60&78#&/) 9:;<= )1& 2&#31$0-"1004

>0")#/3 ?/4&@ A2>?B 9:C<= )1& 5#/# 60&78#&/) 0D >&3"&3!)#0/ A26>B 9:E< !/4 )1& 6&/)#%&

5!F ?/4&@ A65?B 9CG<'

H& 4&/0)& µ !+ )1& .!++ 0D 10-+&10%4+ #/ )1& !"&!= !/4 µj !+ )1& .!++ 0D 10-+&10%4+

%# #/3 #/ ,-"#+4#8)#0/ j= ωmean
A"&+F' ωmed

B !+ )1& .&!/ A"&+F' .&4#!/B #/80.& #/ )1&

I10%& !"&!= !/4 ωmean
j A"&+F' ωmed

j B!+ )1& .&!/ #/80.& A"&+F' .&4#!/B #/ ,-"#+4#8)#0/

j' J#/!%%K= I& 4&/0)& σj !+ )1& +)!/4!"4 #/80.& 4& #!)#0/ #/ ,-"#+4#8)#0/ j= !/4 σ= )1&

+)!/4!"4 #/80.& 4& #!)#0/ #/ )1& I10%& !"&!' L ,-"#+4#8)#0/+ +)"-8)-"& #+ 4&M/&4 !+ )1&

)"#F%&) S = (J, {Ij}j∈J , {ωi}i∈I)

N1& +&3"&3!)#0/ #/4&@ 0D ! ,-"#+4#8)#0/+ +)"-8)-"& S #+ ! D-/8)#0/ I(S) ∈ [0; 1]= )1&

8%0+&" I(S) #+ )0 1= )1& .0"& )1& ,-"#+4#8)#0/+ +)"-8)-"& S #+ +&3"&3!)&4' OD 80-"+&= )0

80.F-)& ! +&3"&3!)#0/ #/4&@= I& I#%% "&P-#"& )1!) )1& 80/+#4&"&4 !"&! #+ 80.F0+&4 0D !)

%&!+) Q ,-"#+4#8)#0/+ !/4 !) %&!+) Q 4#R&"&/) %& &%+ 0D I&!%)1'

(&)*+ D0".!%%K I"#)& )1& F"& #0-+%K .&/)#0/&4 #/80.& +&3"&3!)#0/ #/4&@&+ S

• N1& 2&#31$0"1004 5#/#*+ 60&78#&/) A256B SNGC = M+1
M−1− 2

M(M−1)ωmed

∑M
j=1Rjω

med
j =

I1&"& Rj #+ )1& "!/T 0D ,-"#+4#8)#0/ j= +-81 )1!) )1& "!/T 0D ,-"#+4#8)#0/ I#)1 )1&

1#31&+) .&4#!/ I&!%)1 #+ U= !/4 )1& "!/T 0D ,-"#+4#8)#0/ I#)1 )1& %0I&+) .&4#!/

I&!%)1 #+ M '

• N1& 2&#31$0"1004 >0")#/3 ?/4&@ A2>?B S NSI =
∑M

j=1 µj(ω
mean
j −ωmean)2

σ2 '

N1& 2>? #+ )1& "!)#0 V!"#!/8& #/)&"W,-"#+4#8)#0/ 0 &" )0)!%  !"#!/8&'

• N1& 5#/# 60&78#&/) 0D >&3"&3!)#0/ A56>B S NCS =

1∫

i=0

(
∫ 1
i′=0 |ωni−ωni′ |di′)di

∑1
i=0(

∑1
i′=0 |ωi−ωi′ |di′)di

I1&"& ωni #+ )1& .&!/ I&!%)1 #/ i*+ ,-"#+4#8)#0/'

• N1& 6&/)#%& 5!F ?/4&@ A65?B S CGI = 1− 4
∫ 1
i=0 |Pi−Pmed

i |
µ

I1&"& Pi #+ )1& &+)#.!)&4 F&"8&/)#%& #/ )1& I10%& !"&! 4#+)"#$-)#0/ 0D 10-+&10%4 i =

!/4 Pmed
i #+ )1& &+)#.!)&4 F&"8&/)#%& #/ )1& I10%& !"&! 4#+)"#$-)#0/ 0D )1& .&4#!/



   !"#$%&' (

 !"#$ !%& !' ( $ )"*+#&+,(+!- +- . +,  !"#$ !%& i %+/$#0

1! '2*3 -! #$4*$42(+!- +-&$5 *$#6$,(+-4 #$/$*2% &$#+*27%$ 6*!6$*(+$#  2# 7$$- +&$-(+8$&0

9:!-4 ( $ &$#+*27%$ 6*!6$*(+$# 2 #$4*$42(+!- +-&$5 # !"%& *$#6$,(3 ( $*$ 2*$;

• 1,2%$ <-/2*+2-,$; ∀k ∈ N∗, ∀S, Sk, . $*$ S = (J, {Ij}j∈J , {ωi}i∈I) 2-& Mk =

(Jk, {Ikj }j∈J , {ωik}ik∈Nk) #", ( 2( i ∈ Ij ⇒ ∀ik ∈ [k(i − 1) + 1; ik], ik ∈ Nk
j 2-&

∀i, ∀ik ∈ [k(i − 1) + 1; ik], ωik = ωi ( $- I(S) = I(Sk)0 <- .!*&#3 2 #$4*$42(+!-

+-&$5 ( 2( *$#6$,(# ( +# 6*!6$*(= .+%% *$:2+-# ,!-#(2-( +' $2,  !"#$ !%& +# >,%!-$&>

k (+:$#0 ? +# 25+!: +# -$,$##2*= (! ,!:62*$ @ :$(*!6!%+(2- 2*$2# !' &+A$*$-( 6!6B

"%2(+!- #+C$#0

• D! E!-$(2*= <%%"#+!-; ∀c ∈ R+
∗ , ∀M,M ′

. $*$ M = (N, J, (Nj)j∈J , (ωi)i∈N ) 2-&

M ′ = (N, J, (Nj)j∈J , (cωi)i∈N )3 ( $- SI(M) = SI(M ′)0 ? +# 25+!: +# "#$'"% (!

,!:62*$ @ :$(*!6!%+(2- 2*$2 '*!: &+A$*$-( :!-$(2*= C!-$# !* (! !7#$*/$ ( $ $/!B

%"(+!- !' ( $ #$4*$42(+!- .+( +- 2 :$(*!6!%+(2- 2*$2 7$(.$$- (.! 6$*+!&#3 (! 2/!+&

( $ +-F2(+!- +##"$0

• 1$-#+(+/+(= (! 6$* ,26+(2% .$2%( &+A$*$-,$#; I(S) = 0 ⇒ ωmean
j = ωmean

j′ , ∀(j, j′) ∈
J2
0 G!-#+&$* 2 :$(*!6!%+(2- 2*$2 M ,!:6!#$& !' @ )"*+#&+,(+!-#0 ? $ 8*#( )"*+#&+,B

(+!- +# ,!:6!#$& !' @H  !:$%$##  !"#$ !%&#3 .+( -! .$2%( 3 I  !"#$ !%& $-&!.$&

.+( IJ KL 2-& @H  !"#$ !%&# $-&!.$& .+( IH KL3 . +%$ ( $ #$,!-& )"*+#&+,(+!- +#

,!:6!#$& !' @H  !"#$ !%&# $-&!.$& .+( H KL3 I  !"#$ !%& $-&!.$& .+( IJ KL

2-& @H  !"#$ !%&# $-&!.$& .+( @J KL0 M$*$3 ̟1 ≈ 7.55L 2-& ̟2 ≈ 12.45L3 7"(

7!( ( $ DNG 2-& ( $ GN< .+%% 7$ $O"2% (! J0

• 1$-#+(+/+(= (! #P$.-$## &+A$*$-,$#; I(S) = 0 ⇒ γjγj′ > 0, ∀(j, j′) ∈ J2
3 .+( 

γj =
ωmean
j −ωmed

j

σj
7$+-4 Q$2*#!-R# #$,!-& #P$.-$## ,!$S,+$-( '!* )"*+#&+,(+!- j0 ? +#

6*!6$*(= +# &$#+*27%$ '!* :2-= *$2#!-#3 ( $ :!#( +:6!*(2-( !-$ 7$+-4 ( $ &+A$*$-,$

+- 6"7%+, 4!!& 6*!/+#+!- 7$(.$$- @ )"*+#&+,(+!-#  2/+-4 ( $ #2:$ 2/$*24$ .$2%( 3

7"( &+A$*$-( &+#(*+7"(+!- #P$.-$##0 ? +# 6*!6$*(= +# -!( *$#6$,($& 7= ( $ DNG

2-& ( $ GN<0 <- ( $ %2#( $52:6%$3 γ1 ≈ −0.33 2-& γ2 =≈ 0.333 #! γ1 6= γ2 7"(

DNGTGN<TJ0 ? $ D1< 2-& ( $ NG1 &!-R( *$#6$,( ( +# 6*!6$*(= -$+( $*0 U$(R#

,!-#+&$* 2 :$(*!6!%+(2- 2*$2 M ,!:6!#$& !' @ )"*+#&+,(+!-#0 ? $ 8*#( )"*+#&+,(+!-

+# ,!:6!#$& !' @J  !:$%$##  !"#$ !%&#3 .+( -! .$2%( 3 2-& VJ  !"#$ !%&# $-&!.$&

.+( IJ KL3 . +%$ ( $ #$,!-& )"*+#&+,(+!- +# ,!:6!#$& !' WW  !"#$ !%&# $-&!.$&



 !"! #$% &%'()*)+( +, -%./%.0*)+(  !

 !"# $ %& '() * #+,-.#+/) .()+ .)  !"# 01$ %&2 3( "#!- .4'56/.7 γ1 = −1
2 '()

γ2 = 1
3
√
11
7 -+ γ1 6= γ22 8#+-. 9 :,;!-)!<"!+(- #'=. "#. -'5. '=.;'>. '() '>>;.>'".)

 .'/"#7 -+ ?@3ABC@A17 D," "#.E  +,/) <.;"'!(/E (+" #'=. "#. -'5. "E6. +F 6,D/!<

>++)7 -<#++/-  !// (+" D. F;.G,.(".) DE "#. -'5. 6+6,/'"!+( +F -",).("-222

• H+(+"+(!<!"EI ∀SA = (J, (IAj )j∈J , (ωi)i∈I), SB = (J, (IBj )j∈J , (ωi)i∈I)7  #.;. I

*2 i ∈ IAj , i
′ ∈ IAj′ , ωi > ωi′ 7

92 ωmean
jA

< ωmean
j′A

7

02 ωmed
jA

≤ ωmed
7

J2 ωmed
j′A

≥ ωmed
7

$2 IBj = IAj ∪ {i′} \ {i}, IBj′ = IAj′ ∪ {i} \ {i′}7

K2 ωmed
jB

≤ ωmed
7

L2 ωmed
j′B

≥ ωmed
7

I(SA) < I(SB)2

8#!- /'-" 6;+6.;"E !56/!.- "#'" '(E 6+6,/'"!+( 5+=.5.("7  #!<# !(<;.'-.- "#. )!M.;N

.(<. !( '=.;'>.  .'/"# D." ..( :,;!-)!<"!+(-7  !"#+," <#'(>!(> "#. ;./'"!=. 6+-!"!+( +F "#.!;

;.-6.<"!=.  !"# ;.-6.<" "+ "#. 5.)!'(  .'/"# +F "#.  #+/. ';.'7 -#+,/) !(<;.'-. "#. -.>;.N

>'"!+( !().4 "++2 8#. ?BC =!+/'".- "#!- 6;+6.;"!.-2 O."P- <+(-!).; ' 5.";+6+/!"'( ';.'M

<+56+-.) +F 9 :,;!-)!<"!+(-2 8#. Q;-" :,;!-)!<"!+( !- <+56+-.) +F 91 #+5./.-- #+,-.#+/)-7

 !"# (+  .'/"#7 *1 #+,-.#+/)- .()+ .)  !"# *1 %&7 '() 91 #+,-.#+/)- .()+ .)  !"# **

%&  #!/. "#. -.<+() :,;!-)!<"!+( !- <+56+-.) +F 91 #+,-.#+/)- .()+ .)  !"# $ %&7 *1

#+,-.#+/) .()+ .)  !"# ** %& '() 91 #+,-.#+/)- .()+ .)  !"# *$ %&2 R.6/'<!(> +(.

#+,-.#+/) F;+5 "#. Q;-" :,;!-)!<"!+( .()+ .)  !"# ** %&  !"# +(. #+,-.#+/) F;+5 "#. -.<N

+() :,;!-)!<"!+( .()+ .)  !"# $ %&7 (.!"#.; "#. 5.)!'( (+; "#. ;'(S +F .'<# :,;!-)!<"!+(

 !// <#'(>.7 -+ (.!"#.;  +,/) "#. ?BC2

8#. CB3 )+.- (+" ;.-6.<" "#. "#!;) 6;+6.;"E7  #!/. "#. ?@3 '() "#. B@C )+ (+" ;.N

-6.<" "#. F+,;"# +(. '() "#. ?BC7 "#. "#!;) '() "#. /'-" +(.2 H+;.+=.;7 "+ D. 'D/. "+

<+56,". "#. B@C '() "#. CB37 +(. 5,-" S(+ "#. .4'<" )!-";!D,"!+( +F  .'/"# !( .=.;E

:,;!-)!<"!+(7  #!<# 5'E D. =.;E <+-"/E2
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 !" #$!%& "&'%!(%) *"!+ #$& ,&%# !* +- .(!/0&12&) &3!(!+4%#% /$! %#514&1 #$& 3'5%&%

!* %&2"&2'#4!( 1! (!# 5%& &4#$&" !(& !* #$!%& +&'%5"&% 4( #$&!"&#43'0 +!1&0%6

7(!#$&" 8!%%4,0& 1&9(4#4!( !* %&2"&2'#4!( 3'( ,& &:8"&%%&1 4( #&"+% !* 3!(%&35#4;&(&%%

!* #$& 3!(#4(55+ !* $!5%&$!01%) '% 4# 4% .(!/( 4( 3!'04#4!( #$&!"-) %&& *!" &:'+80& <=>?@

' A5"4%143#4!(% %#"53#5"& 4% %&2"&2'#&1 4* '(1 !(0- 4* &;&"- A5"4%143#4!( 4% 3!+8!%&1 !* '

3!((&3#&1 %5,%&# !* #$& 3!(#4(55+ !* $!5%&$!01%6

B( 80'4( C(204%$) #$4% 1&9(4#4!( +&'(% #$'# ' A5"4%143#4!(% %#"53#5"& 4% %&2"&2'#&1 ,-

/&'0#$ 4* '(1 !(0- 4*) *!" &;&"- 8'4" !* A5"4%143#4!(%) #$& "43$&%# $!5%&$!01% !* #$& A5"4%143D

#4!( /4#$ #$& 0!/&%# 8&" 3'84#' /&'0#$ 4% 8!!"&" #$'( #$& 8!!"&%# $!5%&$!01% 04;4(2 4( #$&

!#$&" A5"4%143#4!(6 E0&'"0-) #$4% 4% '( &:#"&+& (!#4!( !* %&2"&2'#4!() ,5# #$'# '0%! +'.&% 4#

4(#&"&%#4(2) ,&3'5%& 4# '00!/% &3!(!+4%#% #! 41&(#4*- #$& #$& %&2"&2'#4;& *!"3&% #$'# /!501

0&'1 #! %53$ ' 85"& %&2"&2'#4!( 4( ' %#-04F&1 /!"016

B( +!%# '"#430&% 1&'04(2 /4#$ #$& /&'0#$D%#"'#493'#4!( !* %#',0& A5"4%143#4!(% %#"53#5"&)

'5#$!"% 3!(%41&" #$4% 1&9(4#4!( !* #$& #$& %&2"&2'#4!(6 70#$!52$ 4# 8"&%&(#% %!+& 1&*'50#)

!(& !* #$&+ ,&4(2 #$& *'3# #$& 2"'(1 A5"4%143#4!() 46&6 ' A5"4%143#4!( %#"53#5"& 3!+8!%&1 !*

!(0- !(& A5"4%143#4!( 2'#$&"4(2 '00 $!5%&$!01%) /!501 ,& 3!(%41&"&1 '% %&2"&2'#&16

G&%84#& !5" '/'"&(&%% !* #$4% 1&9(4#4!(H% 4+8&"*&3#4!(%) *"!+ (!/) #$'# 4% #$& !(& /&

/400 5%& 4( #$& "&%# !* #$& %5";&-6

 !" #$% &%'(%')*+,% -(.-%(*+%& ./ %01.'%0.2& 32(+&4

1+5*+.0& &*(25*2(% /.(6)*+.0 +0 *$% *$%.(%*+5)7

7+*%()*2(%

I$& 9"%# '"#430& #$'# 8"!;41&1 ' 3!(14#4!( #! &(%5"& #$& /&'0#$D%#"'#493'#4!() &:8"&%%&1

4( #&"+% !* #$& 3!(%&35#4;&(&%% !* #$& %&# !* $!5%&$!01% /$&( !"1&"&1 ,- #$&4" /&'0#$) !*

'(- %#',0& A5"4%143#4!(% %#"53#5"& 4% *"!+ C0043.%!(<JK?6 I$4% 3!(14#4!( 4% #$& %4(20& 3"!%%D

4(2 !* $!5%&$!01% 4(14L&"&(3& 35";&% 4( #$& M#':D"'#&D'+!5(# !* 85,043 2!!1M %8'3&6 N(&
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293 !#%% " <30 6&13. 2 - '3.20-% 6 130.83.2  ! 2-;&.6 &./&1&/#-%%@ 3-'9 9 #539 %/A -./

293 3;20383%@ 58-%%  .3 ' .5&/303/ 9303  ! 2-;&.6 -%%  ! 2938 -2 293 5-83 0-23A 29303 &5 -

%-063 5"3'20#8  ! " 55&$&%&2&35 29-2 /353013A "309-"5A - '% 530 -.-%@5&5*

J3. 23 $@ Φ(τ,̟, ωi, γ, c) = U(τ̟+γ, (1−τ−c)ωi) 293 #2&%&2@ 03'3&13/ $@ - 9 #539 %/

<&29 <3-%29 ωi %&1&.6 &. - >#0&5/&'2& . <&29 % '-% 2-; 0-23 τ A -66036-23 <3-%29 ̟ -./ '3.20-%

6 130.83.2 60-.2 γ <93. 293 '3.20-% 6 130.83.2 9 #539 %/ <3-%29 2-; 0-23 &5 c ("0 1&/3/

 ! ' #053 29-2 29353 "-0-832305 5-2&5!@ ' ./&2& .5 ()*+, -./ ()*4,,* C93 !#.'2& . Φ 5 /3?

K.3/ 9-5 53130-% "0 "302&35 29-2 <3 03' 0/ &. 293 ! %% <&.6 %388- (<9 53 520-&692! 0<-0/

"0  ! &5  8&223/,*

 !""# $%$%&% #$% U &$ ' !%("(%)  !*+%(,* (* U '*- "$% (τ,̟, ωi, γ, c) ∈ R5
&$ .!+/ %/'%

(*$0!'"(%($. 12345 '*- 12365 /,"- .%7(+%")3 8/$* Φ (. ' %9(+$ -(:$7$*%('&"$  !*+%(,* , (%. ;<$

'7=!>$*%.? (. .%7(+%") (*+7$'.(*= '*- +,*+'<$ 9(%/ 7$.@$+% %, ωi? ̟ '*- γ 1%'A(*= τ '*- c

'. =(<$*5 '*- (. .%7(+%") +,*+'<$ '*- .(*="$ @$'A$-

 

9(%/ 7$.@$+% %, τ 1%'A(*= ωi? ̟? γ '*-

c '. =(<$*53

H.3 &8" 02-.2 "0 "302@  ! Φ &5 &25 520&'2 5&.6%3 "3-G3/.355* L2 &8"%&35 29-2 - 9 #53?

 

 !"#$%&'# f : A → R (A ⊂ R) &( (%)&$%*+ (&#,*- .-/0-1 &!2 !') /** a, b /#1 c ∈ A ("$3 %3/%

a < b < c2 f(c) > f(b) ⇒ f(b) > f(a) /#1 f(a) > f(b) ⇒ f(b) > f(c)4



 !  !"#$%&' (

 !"# $%& $'("& ωi )(*%+, ( *'+&-(" &(. -(&' !) c  (/ ( 0+%10' )(2!-%&' "!*(" &(. -(&' !)

τ∗(̟,ωi, γ, c) %+ (+3 40-%/#%*&%!+ $%& &(. 5(/' ̟ (+# *'+&-(" ,!2'-+6'+& ,-(+& γ &! $ %* 

%& 6(3 5'"!+,7 8 %/ 0+%10' )(2!-%&' "!*(" &(. -(&' %/ & ' /!"0&%!+ !) & ' 9-!,-(6:

max
τ

Φ(τ,̟, ωi, γ, c) /054'*& &! ;<7=> (+# ;<7?> ;<7@>

(+# %/A )!- & %/ -'(/!+A ( *!+&%+0!0/ )0+*&%!+ !) %&/ )!0- (-,06'+&/7

B/ %+ C=?DA & ' 5' (2%!- !) & %/ )(2!-%&' "!*(" &(. -(&' )0+*&%!+ %/ (+ %69!-&(+& %+,-'#%E

'+& !) & ' (+("3/%/7 8 %/ 5' (2%!- %/ 2'-3 *"!/'"3 -'"(&'# &! & (& !) & ' F(-/ (""%(+ #'6(+#

)0+*&%!+/A (/ '/&(5"%/ '# %+ & ' )!""!$%+, "'66( $ !/' 9-!!)A /%6%"(- &! & (& !) "'66( <

%+ C=?DA %/ !6%&&'#7

 !""# $%$%$%  !" (̟,ωi, γ, c) ∈ R2
++ × R× [0, 1]# $%!& '() *++ U ,& U -

1
ω [Z

M ( 1ω ,
1
ωi
, 1− c+ γ

ω )− γ] ,. "%! .(+/",(& (' 01#23#

G'66( <7<7< /&(&'/ & (&A %+ ( 40-%/#%*&%!+ $%& (,,-',(&' $'("& ̟ (+# *'+&-(" ,!2E

'-+6'+& &-(+/)'- γA & ' )(2!-%&' &(. -(&' !) (  !0/' !"# $%& ( ;+'& !) *'+&-(" ,!2'-+6'+&

&(.> $'("& ωi(1 − c) *(+ 5' 2%'$'# (/ & ' !45!&6,"/)! & (& & '  !0/' !"# $!0"# "%H'

&! #'2!&' &! "!*(" 905"%* ,!!# %+ '.*'// !) & ' *'+&-(" ,!2'-+6'+& ,-(+& %) & ' 9-%*'/ !)

905"%* (+# & ' 9-%2(&' ,!!#/ $'-'

1
ω (+#

1
ωi
A (+# %) & %/  !0/' !"#  (# (+ %+*!6' !) 1−c+ γ

ω 7

I' (-' %+&'-'/&'# %+ & ' 9!//%5"' /',-',(&%2' 9-!9'-&%'/ !) & ' "%H'"3 !0&*!6' !) ( )-''

* !%*' !) "!*(&%!+ 53  !0/' !"#/ %+ & ' 9-'/'+*' !) ( *'+&-(" ,!2'-+6'+&7 8 %/ "%H'"3 !0&E

*!6' 60/& 5' ."*7+! %+ & ' 0/0(" /'+/' !) 5'%+, %660+' &! %+#%2%#0(" #'2%(&%!+/ )-!6 & '

9(-& !) ("" (,'+&/ ; !0/' !"#/A "!*(" ,!2'-+6'+&/ (+# *'+&-(" ,!2'-+6'+&>7 J-!2%#%+, (

9-'*%/' #'K+%&%!+ !) /&(5%"%&3 -'10%-'/ !+' &! /9'*%)3 K-/& & ' !54'*&%2' 90-/0'# 53 '(* 

*(&',!-3 !) (,'+&/7

8(/.!%(+6.L !54'*&%2'/ (-' *"'(-7 M(*  !0/' !"# /''H/ )!- & ' 40-%/#%*&%!+ & (& !N'-/

& ' ;0&%"%&3> 5'/& 9(*H(,' !) &(. 50-#'+ (+# ;"!*("> 905"%* ,!!# 9-!2%/%!+7

O+ /! )(- (/ & ' +(9*+ :(;!)&<!&". (-' *!+*'-+'#A $' (#!9& & ' 2%'$ & (& '(* 40-%/#%*E

&%!+L/ * !%*' !) "!*(" &(. -(&' %/ 6%+%6(""3 #'6!*-(&%* %+ & ' /'+/' & (& %& %/ & ' )(2!-%&' &(.

-(&' !) /!6'  !0/' !"# $ !/' 9-')'-'+*' (-' +!& &!! #%/&(+& )-!6 & !/' !) & ' 40-%/#%*&%!+L/

6'65'-/7 8 ' 9(-&%*0"(- -0"' 0/'# )!- * !!/%+, & %/ P#%*&(&!-P %/ %+*!+/'10'+&%(" )!- & '



 ! ! "#$ %&'$(  !

 !"#$%" &' %()" *+*! , -. /+.0 /&1!$" &' !.1&2!.&#" 3# )"1)4%)&. '& /+%)&. 5)%( *#6$)4

2&&1 * &7)")&. 5(! ! 7&%).2 )" +""#/!18 "#4( +" 9:;<8 %(! 3# )"1)4%)&. %+=  +%! 5&#$1 6! %(!

&.! %(+% &44#*)!" %(!  !"#$% &'(#)#'% ). %(! 3# )"1)4%)&.>" 1)"% )6#%)&. &' '+7& )%! %+=!",

?()$! %(! +.+$0")" &' %()" *+*! +**$)!" %& %()" *+ %)4#$+ *&")%)&.+$  #$! &' "!$!4%)&. &'

%(! 1)4%+%& 8 %(!0 + ! 7+$)1 '& &%(!  #$!" +" 5!$$, @& /+$$08 2)7!. +. !4&.&/0 (ω,U,L)8

+.1 + 3# )"1)4%)&. "% #4%# ! J = (L, t, g, c) 5)%( + 4!.% +$ 2&7! ./!.% '& %()" !4&.&/08 5!

$!% ml
J 6! %(! A1)4%+%& A ). l '& %(+% 3# )"1)4%)&. "% #4%# !, B(! &.$0 +""#/*%)&. /+1!

&. %()" 1)4%+%& )" %(+% ()" C(! D '+7& )%! %+=  +%! 6! 4&.%+).!1 6!%5!!. %(! #%* + +.1

%(! (+&,! + &' %(! '+7& )%! %+=  +%!" &' %(! 3# )"1)4%)&.>" /!/6! ", @& /+$$08 '& %(!

3# )"1)4%)&. "% #4%# ! 5)%( + 4!.% +$ 2&7! ./!.% (L, t, g, c)8 5! 1!E.!8 '& !7! 0 $&4+%)&.

l ∈ L %(! ).E/#/ +.1 "#* !/#/ '+7& )%! %+=  +%!" tl∗ +.1 t∗l  !"*!4%)7!$0 60F

tl∗ = inf
i∈L−1

l

argmax
τ

Φ(τ,̟l, ωi, gl, c) "#63!4% %& CG,;D +.1 CG,HD +.1

t∗l = sup
i∈L−1

l

argmax
τ

Φ(τ,̟l, ωi, gl, c) "#63!4% %&CG,;D +.1 CG,HD

I" '& %(! -!%),$. /'0!,% !%)8 5! +1&*% %(! 1!.2$,#() 7)!5 *&).% %(+% )% 4&/*+ !" +$J

%! .+%)7! *+4K+2!" &' !L#+$)M+%)&. 2 +.%" +.1 (&#"!(&$1 5!+$%( %+=  +%! &. %(! 6+")" &' %(!

CN!6!"2#! /!+"# +6$!D 1)"% )6#%)&." &' #%)$)%0 $!7!$" %(+% %(!0 2!.! +%!, ?! 7)!5 +.0 "#4(

1)"% )6#%)&. &' #%)$)%0 $!7!$" +" %(! 2 +*( &' + CN!6!"2#! /!+"# +6$!D 6&#.1!1 '#.4%)&.

u : [0, 1] → R %(+% /+*" (&#"!(&$1 i ∈ [0, 1] ).%& #%)$)%0 $!7!$ ui, ?(!. 4&.7!.)!.%8 5!

+$%! .+%)7!$0 1!.&%! 60 < ui >i∈[0,1] "#4( + '#.4%)&., B(! 2 +*( &' %(!"! '#.4%)&." + !

4&/*+ !1 60 + "&4)+$ & 1! ).2

 R 5)%( %(! #"#+$ ).%! * !%+%)&. %(+% u R u
′
/!+." A1)"J

% )6#%)&. &' #%)$)%)!" u )" "&4)+$$0 5!+K$0 6!%%! %(+. 1)"% )6#%)&. u
′
A, ?! "(+$$8 "&/!5(+%

/& ! "*!4)E4+$$08 +""#/! %(+% %(! 4!.% +$ 2&7! ./!.% #"!" + O!.! +$)M!1 P%)$)%+ )+. COPD

& 1! ).2, B(! ! + ! /+.0 3#"%)E4+%)&." %(+% 4&#$1 6! 2)7!. %& %()" 4(&)4! C"!! !,2, 9QR< 4(,

;8 %(!& !/ ;,SD ). + 4$+"")4+$ "&4)+$ 4(&)4! "!%%).2 5)%( + E.)%! .#/6! &' (&#"!(&$1", T#%

"&4)+$ 4(&)4! %(!& 0 )" .&% 7! 0 1!7!$&*!1 '& *&*#$+%)&." 5)%( + 4&.%).##/ &' ).1)7)1#+$"

C"!! (&5!7! 9QS<8 9Q:<8 9UQ< +.1 9UR<D +.1 5! + ! .&% +5+ ! &' +=)&/+%)4  !"#$%" %(+% 5&#$1

3#"%)'0 + 2!.! +$)M!1 #%)$)%+ )+. &63!4%)7! ). "#4( + "!%%).2, ?! ")/*$0 &6"! 7! %(+% %(!

OP '+/)$0 !.4&/*+""!" /+.0 5!$'+ )"% 4 )%! )+ #"!1 ). %(! $)%! +%# !, B(! O!.! +$)M!1

P%)$)%+ )+. & 1! ).2 RGU
)" 1!E.!1 60F

u RU
u
′ ⇐⇒[0,1] Ψ(ui)dλ ≥[0,1] Ψ(u′i)dλ
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   !"#$%&' (

 !"#" Ψ : R → R $% & '()*+$,) +!&+ "-&.(&+"% $)/$-$/(&. (+$.$+0 '()*+$,)% '#,1 & %,*$&. -$" 2

3,$)+4 5!" 6&#"+, 3#$)*$3." #"7($#"% Ψ +, 8" $)*#"&%$)9  !$." (+$.$+02$)"7(&.$+0 &-"#%$,)

*,)%$/"#&+$,)% %(99"%+ +!&+ Ψ 8" *,)*&-"4 :" &%%(1" +!#,(9!,(+ +!&+ Ψ $% /$;"#")+$&8."4

<  "..2=), ) ">&13." ,' %(*! & 9")"#&.$?"/ (+$.$+&#$&) *#$+"#$,) $% +!" 9.,8&. %011"+#$*

1"&) ,' ,#/"# r @',# %,1" #"&. )(18"# r ≤ 1A $)  !$*! Ψ $% /"B)"/ 80C

Ψ(u) = ur $' r ∈]0, 1]
= lnu $' r = 0

= −ur $' r < 0

5!$% '&1$.0 *,)+&$)% +!" %+&)/&#/ (+$.$+&#$&) *#$+"#$,) @',# r = 1A &)/ &33#,&*!"% +!"

 !" #$ *#$+"#$,) @&% r &33#,&*!"% −∞A4

:" &#" ), "7($33"/ +, /"B)" ',#1&..0  !&+ $% 1"&)+ ',# D(#$%/$*+$,) %+#(*+(#"  $+!

& *")+#&. 9,-"#)1")+ +, 8" %+&8."4

E$-") &) "*,),10 (ω,U,L)F  " %&0 +!&+ +!" D(#$%/$*+$,) %+#(*+(#" J = (L, t, g, c)  $+!

& *")+#&. 9,-"#)1")+ ")/, "/  $+! & %,*$&. ,#/"#$)9 R $% %+&8." $'

GA H,# "-"#0 lF l′ ∈ L &)/ &.. i ∈ L−1
l F Φ(tl, ̟l, ωi, gl, c) ≥ Φ(tl′ , ̟l′ , ωi, gl′ , c).

IA H,# &.. l ∈ LF tl = τ∗(̟l, ωml
J
, gl, c)

JA < U(tLi
̟Li

+ gLi
, (1− tLi

− c)ωi) >i∈[0,1] R < U(tLi
̟Li

+ g′Li
, (1− tLi

− c′)ωi) >i∈[0,1]
',# &.. g′ ∈ Rl

&)/ c′ ∈ R %&+$%'0$)9 @I4JA2@I4KA4

5!$% /"B)$+$,) ,' %+&8$.$+0 #$/"% ,' *,(#%" ,) +!" &%%(13+$,) +!&+ !,(%"!,./% &%  "..

&% .,*&. &)/ *")+#&. 9,-"#)1")+% +&=" +!"$# /"*$%$,) %$1(.+&)",(%.0F *,)%$/"#$)9 &% 9$-")

+!" 8"!&-$,# ,' ,+!"#%4 5!$% &%%(13+$,) 9")"#&.$?"% )&+(#&..0 +!" %$1(.+&)",(% :"%+!,;

'#&1" ,#=4 L"+ $+ 1&0 8" -$" "/ &% #"%+#$*+$)9 ()/(.0 +!" *")+#&. 9,-"#)1")+M% 3, "# ,'

%!&3$)9 +!" 3#,*"%% ,' D(#$%/$*+$,) ',#1&+$,)4 <) &.+"#)&+$-" *,(./ !&-" 8"") +, &%%(1" &

%&'()%!*+ %"++$)9 $)  !$*! +!" *")+#&. 9,-"#)1")+  ,(./ 3.&0 ,+-'.+ !,(%"!,./% &)/ .,*&.

9,-"#)1")+% &)/  ,(./ *!,,%" $+% #"/$%+#$8(+$-" 9#&)+% &)/ !,(%"!,./% +&> 80 &)+$*$3&+2

$)9 +!" $13&*+ ,' $+% *!,$*" ,) +!" %+&8." D(#$%/$*+$,) %+#(*+(#" +!&+  ,(./ "1"#9" $) +!"

%"*,)/ %+&9"4 :!$." +!$% &.+"#)&+$-"  ,(./ *"#+&$).0 8"  ,#+! ">3.,#$)9 $) /"+&$.F  " !&-"

*!,%") +, ."&-" $+ &%$/" $) +!$% 3&3"# +!&+ #"3#"%")+%F +, +!" 8"%+ ,' ,(# =), ."/9"F +!" B#%+

&++"13+ +, $)+#,/(*" &  ".'&#$%+ *")+#&. 9,-"#)1")+ $) 5$"8,(+2.$=" 1,/".% ,' D(#$%/$*+$,)

',#1&+$,)4
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 ! ! "#$ %&'$(  !

 !"# $" % &$!'()#*+$,! !-("( . $"/(+/!0 1!+$-%#!  (1!+$"2 $00)!03 4!# )0  !"#$(" #56!! (7

#5! #5%# -( ! #( ()6  $"13

8$60#9 -5((0$"2 % 0!# (7 !:)%+$;%#$(" 26%"#0 %"1 <!%+#5 #%= 6%#! '!7(6! ,"(<$"2 #5!

>)6$01$-#$(" 0#6)-#)6! #5%# ?6!/%$+ 6%$0!0 #5! ?6('+! (7 #5! @"%"-$%+ /$%'$+$#. (7 #5! !:)%+*

$;%#$("0 26%"#03 A5%# $7 #5! -!"#6%+ 2(/!6" !"# -5((0!09 $" #5! @60# 0#%2!9 %" !:)%+$;%#$("

0-5! ! <5$-5 $ ?(0!0 % #%= ')61!" #( % >)6$01$-#$(" <5$-59 $" #5! 0!-("1 0#%2!9 <$++ '!

! ?#. B C!-("19 %"1  (6! $ ?(6#%"#+.9 %0 $++)0#6%#!1 $" #5! !=% ?+!0 '!+(<9 #5!6!  %. '!

 %". 0#%'+! >)6$01$-#$(" 0#6)-#)6!0 #5%# -(66!0?("1 #( % 2$/!" -!"#6%+ 2(/!6" !"# !:)%+*

$;%#$(" %"1 #%=%#$(" 0-5! !3 D7 #5$0 $0 #5! -%0!9 5(< $0 #5! -!"#6%+ 2(/!6" !"# 2($"2 #(

?6!1$-# <5$-5 (7 #5! 0#%'+! >)6$01$-#$(" 0#6)-#)6!0 <$++ ! !62! B &5$619 !/!6.#5$"2 !+0!

'!$"2 #5! 0% !9 #5! -!"#6%+ 2(/!6" !"#9 %# +!%0# $7 $# )0!0 % E%6!#( $"-+)0$/! 0(-$%+ ('*

>!-#$/!9  !" 5%/! % #!"1!"-. #( 7%/()6 #5! F#6$/$%+F 26%"1 >)6$01$-#$(" 0#6)-#)6! $" <5$-5

%++ 5()0!5(+10 %6! ?)# $" #5! 0% ! >)6$01$-#$(" %"1 <5!6!9 #5!6!7(6!9 #5!6! $0 "( 6(+! 7(6

% -!"#6%+ 2(/!6" !"#3 &5! 6!%0(" 7(6 #5$0 #!"1!"-. $0 #5%#9 #5! +(-%+ ?)'+$- 2((1 '!$"2

"("*6$/%+9 ?6(1)-$"2 %". :)%"#$#. (7 $# $" % +%62!6 >)6$01$-#$(" #!"1 #( '! ?6!7!6%'+! 76( 

% 0(-$%+ <!+7%6! /$!< ?($"# '!-%)0! $#0 -(0# -%" '! 05%6!1 '. % +%62!6 ") '!6 (7 #%= ?%.!603

 

D" (61!6 #( $1!"#$7. #5! -("1$#$(" (" 5()0!5(+10 ?6!7!6!"-!0 #5%# $0 "!-!00%6. %"1 0)7*

@-$!"# 7(6 #5! <!%+#5*0!26!2%#$(" (7 %". 0#%'+! >)6$01$-#$(" 0#6)-#)6!9 ("! "!!10 @60# #(

1!@"! <5%# $0  !%"# '. % <!%+#5*0!26!2%#$("3 A! #%,! #5! 1!@"$#$(" #( '! #5%# )0!1 $"

GHIJ K0!! %+0( GLHJ %"1 GIMJN3

O >)6$01$-#$(" 0#6)-#)6! <$#5 % -!"#6%+ 2(/!6" !"# J = (L, t, g, c) 7(6 #5! !-("( .

(ω,U,L) $0 <!%+#5*0!26!2%#!1 $79 7(6 !/!6. +(-%#$("0 l9 l′ ∈ L 7(6 <5$-5 λ(L−1
l ) 6= 0 %"1

λ(L−1
l ) 6= 0 %"1 !/!6. 5()0!5(+10 h, i %"1 k ∈ [0, 1] 0)-5 #5%# ωh < ωi < ωk9 h, k ∈ L−1

l

%"1 i ∈ L−1
l′ $ ?+. #5%# tl = tl′ =

gl′−gl
̟l−̟′l

3

D" <(6109 % >)6$01$-#$(" 0#6)-#)6! $0 <!%+#5*0#6%#$@!1 $79 <5!"!/!6 % >)6$01$-#$(" j -("*

#%$"0 #<( 5()0!5(+10 h %"1 k <$#5 1$P!6!"# +!/!+0 (7 <!%+#59 $# %+0( -("#%$"0 %++ 5()0!5(+10

<5(0! <!%+#5 +!/!+0 %6! 0#6$-#+. '!#<!!" #5%# (7 h %"1 k K$7 #5!6! !=$0# 0)-5 5()0!5(+10

 !"#$ !% $!&'$ ()*+,"+&-+!. %!* '-+!./ 0#- 1#&234'5,  !"#$6 -2'- 2', '. 7+."+8+,+4$#9 $'."  '*:#-6

+, ;)+-# "+<#*#.- %*! !)*,/ =2# &#.-*'$ >!8#*. #.- +. ?@AB "!#, .!-  #*#$3 *#"+,-*+4)-# C#'$-2 '."

$!&'$ D)4$+& >!!", '&&*!,, ()*+,"+&-+!. 4)- '$,! D*!8+"#, &#.-*'$ D)4$+& >!!"/ E!*#!8#* +-  ':#, +-,

&2!+&# -2*!)>2 7,! # %!* !%9  '(!*+-3 8!-+.>/

 

=2+, +, -*)# '- $#',- +% -2# &#.-*'$ >!8#*. #.- 2', %)$$ +.%!* '-+!. !.2!),#2!$",5 C#'$-2,/ F##

?GGB %!* '. '.'$3,+, !% -2# 7"+H&)$-9 D*!4$# !% -2# !D-+ '$ &2!+&# !% ' ()*+,"+&-+!. ,-*)&-)*# C2#.

-2# &#.-*'$ >!8#*. #.- +, + D#*%#&-$3 +.%!* #" '4!)- 2!),#2!$",5C#'$-2/



 !  !"#$%&' (

 ! " #$%&'  $( )! )* + &% , * " ,*-), *. %& . #%&. /+%( )* )% 0&"-#%& *.&1 0&/ ,2 * % 3&

4, ,5,#//' 6#$)%+)"*) , *.-*  7&$% *.& %-3& *-8 $-*& -,+ *.& %-3& -3 #,*  ! 9#0/)" 2  +

-% j:

;&! $& &%*-0/)%.),2( ), *.& ,&8* %&"*) ,( *.-* *.& ),*$ +#"*) ,  ! - <= "&,*$-/ 2 >&$,5

3&,* + &% , * -7&"* *.& %&2$&2-*)>& 9$ 9&$*)&%  ! %*-0/& 6#$)%+)"*) , %*$#"*#$&%( )* )% 9$ 05

-0/1 ? $*. +)%"#%%),2 - 0)* . ? *.& ),*$ +#"*) ,  ! - <= "&,*$-/ 2 >&$,3&,* , ,&*.&/&%%

3 +)@&% %)2,)@"-,*/1 *.& %&*  ! %*-0/& 6#$)%+)"*) , %*$#"*#$&%:

A, 3-,1 &" , 3)&%( *.& ),*$ +#"*) ,  ! - "&,*$-/ <= 2 >&$,3&,* ?)// *&,+ * %.-$9/1

$&+#"& *.)% %&*: B.)% "-, 0& 9$ 0-0/1 0&%* %&&, 01 " ,%)+&$),2 - "&,*$-/ 2 >&$,3&,* *.-*

9#$%#&% -  !" #$ %&'()*#+(: C.)/& %#". -,  06&"*)>& + &% , * 5 %*$)"*/1 %9&-D),2 5 0&/ ,2

* *.& "/-%%  ! <= "$)*&$)-( )* "-, 0& -99$ 8)3-*&+ ?)*. -,1 +&2$&&  ! 9$&")%) , 01 % 3&

3&30&$  ! *.)% "/-%% 4! $ ),%*-,"& - %133&*$)" 3&-,  !  $+&$ r *.-* #%&% - %#E")&,*/1

,&2-*)>& >-/#&  ! r': B.& ! $3-/ +&@,)*) ,  ! *.& 3-83),  $+&$),2( +&, *&+ Rmin
( +&@,&+

 >&$ -,1 *? 0 #,+&+ F&0&%2#& 3&-%#$-0/& !#,"*) ,% u -,+ u
′
( )%

u Rmin
u
′ ⇐⇒ inf

i∈[0,1]
ui ≥ inf

i∈[0,1]
u
′
i

A! *.& "&,*$-/ 2 >&$,3&,* #%&% %#". - 3-83),  06&"*)>&( *.&, *.& %&*  ! %*-0/& 6#$)%+)"*) ,

%*$#"*#$&% *.-* "-, &3&$2& ?)*. %#". - 2 >&$,3&,* )% $-*.&$ /)3)*&+: G $( -% &%*-0/)%.&+

), *.& ! // ?),2 9$ 9 %)*) ,( *.&  ,/1 %*-0/& 6#$)%+)"*) , %*$#"*#$& *.-* "-, 0&  0%&$>&+

?)*. %#". - "&,*$-/ 2 >&$,3&,* -$& *. %& ?.&$& *.& 6#$)%+)"*) ,%H 9  $&%* . #%&. /+% .->&

*.& %-3& ?&-/*. ), -// 6#$)%+)"*) ,%: B.& *$)>)-/ I2$-,+ 6#$)%+)"*) ,I %*$#"*#$& ), ?.)". -//

. #%&. /+% -$& ), *.& %-3& 6#$)%+)"*) , )%(  ! " #$%&( - 9-$*)"#/-$ &8-39/&  ! %#". 6#$)%+)"5

*) , %*$#"*#$&%:

 !"#"$%&%"' () , '-.#/0#)*#%$ /*.-)*-.( (L, g, c, t) 1#*2 !  !" #$ )($*.!3 4%+(.$ ($* #/

/*!&3( !/ 5(. 0(6$#*#%$ 787 %$39 #: :%. !33 l !$0 l′; inf
i∈L−1

l

ωi = inf
h∈L−1

l′

ωh8

 !""#$

<9 )%$*.!5%/#*#%$; !//- ( *2!* (L, g, c, t) #/ ! /*!&3( '-.#/0#)*#%$ /*.-)*-.( 1#*2 ! 1(3:!.#/*

)($*.!3 4%+(.$ ($* #$ 12#)2 *2(.( !.( 3%)!*#%$/ l !$0 l′ ∈ L :%. 12#)2 L−1
l 6= ∅ !$0 L−1

l′ 6=
∅ /-)2 *2!* inf

i∈L−1
l

ωi 6= inf
h∈L−1

l′

ωh8 =( 1#/2 *% /2%1 *2!* *2( 1(3:!.#/* )($*.!3 4%+(.$ ($* )!$

$%* &(  !" #$8 =#*2%-* 3%// %: 4($(.!3#*9; !//- ( *2!* *2( /(* L−1
l )%$*!#$/ ! 2%-/(2%30



 ! ! "#$ %&'$(  !

 !" #$ %!&  "'$% "( #) %!&  !"*& +"+,*-%#"). /&0-,$& %!#$ !",$&!"*1 2,$% 3&*")4 %" %!& $&%

"5 +""'&$% !",$&!"*1$ #) L−1
l 6 ")& !-$7

Φ(tl, ̟l, inf
i∈L−1

l

ωi, gl, c) ≤ Φ(tk, ̟k, ωh, gk, c)  !"#$

5"' -** k ∈ L -)1 h ∈ L−1
k . /8 0*-,$& 9:; "5 1&<)#%#") "5 $%-3#*#%86 ")& !-$ -*$"7

Φ(tl, ̟l, inf
i∈L−1

l

ωi, gl, c) ≥ Φ(tl′ , ̟l′ , inf
i∈L−1

l

ωi, gl′ , c)  !"%$

-)17

Φ(tl′ , ̟l′ , inf
h∈L−1

l′

ωh, gl′ , c) ≥ Φ(tl, ̟l, inf
h∈L−1

l′

ωh, gl, c)  !"&$

=#%!&' 9#; inf
h∈L−1

l′

ωh < inf
i∈L−1

l

ωi "'7

9##; inf
h∈L−1

l′

ωh > inf
i∈N−−1

l

ωi. >&% -$$,2#)4 9#;  ",*1 #2+*86 ,$#)4 9?.@; -)1 %!& 5-0% %!-% Φ #$

#)0'&-$#)4  #%! '&$+&0% %" +'#A-%&  &-*%!6 %!-%7

Φ(tl, ̟l, inf
i∈L−1

l

ωi, gl, c) > Φ(tl′ , ̟l′ , inf
h∈N−1

l′

ωh, gl′ , c)

#) 0")%'-1#0%#")  #%! 9?.B;. C&)0& 9#; 0-) )"% !"*1. D5 9##; !"*1$6 %!&) ")& !-$6 3&0-,$& "5

9?.E; -)1 %!& 2")"%")#0#%8 "5 Φ  #%! '&$+&0% %" +'#A-%&  &-*%!6 %!-%7

Φ(tl′ , ̟l′ , inf
h∈L−1

l′

ωh, gl′ , c) > Φ(tl, ̟l, inf
i∈L−1

l

ωi, gl, c)

$" %!-% %!& !",$&!"*1  !"$& #)0"2& #$ 9-'3#%'-'#*8 0*"$& %"; inf
i∈L−1

l

ωi #$ $%'#0%*8  "'$& "(

%!-) %!& +""'&$% !",$&!"*1 #) F,'#$1#0%#") l′. D) %!-% 0-$&6 *&% W 3& 1&<)&1 387

W = {l′′ ∈ L : Φ(tl′′ , ̟l′′ , inf
i∈L−1

l′′

ωi, gl′′ , c) = Φ(tl, ̟l, inf
i∈LZ

l

ωi, gl, c)}. G!& $&% W #$ 0*&-'*8

)")H&2+%8 $#)0& l ∈ W . I")$#1&' %!&) %-J#)4 - -8 5'"2 F,'#$1#0%#") l′ $"2& -2",)% "5

4'-)% ∆ -)1 1#A#1#)4 #% ,+ &K,-**8 -2")4 -** F,'#$1#0%#")$ #) W $" -$ %" J&&+ 0")$%-)% %!&

0&)%'-* 4"A&')2&)% 3,14&% 0")$%'-#)%. L"' - $,#%-3*8 $2-** ∆6 %!#$ 0!-)4& #) %!& 0&)%'-*

4"A&')2&)% %'-)$5&' +"*#08 #)0'&-$&$ %!&  &**H3&#)4 "5 -** !",$&!"*1$ #) %!& F,'#$1#0%#")$

0")%-#)&1 #) W 9#)0*,1#)4 %!&  "'$% "(;  !#*& J&&+#)4 %!&  &**H3&#)4 "5 %!&  "'$% "(

!",$&!"*1 #) F,'#$1#0%#") l′ -3"A&. G!#$ $!" $ %!-% %!& "'#4#)-* &K,-*#M-%#") 4'-)% A&0%"' g

 -$ )"% 2-N#2#M#)4 - 2-N2#) "'1&'#)4  !-%&A&' %!& A-*,& "5 c 2#4!% !-A& 3&&).

'() *+,-*,*.+ /)(*+0 ,(*1 2)1-3, *1 1*453)" 6 4784*+ 9.:)2+4)+, ;7+,1 ,. ,27+1<)2



 !  !"#$%&' (

 !"#$ %! %&# '()*+,*-%*!" %&.% -!"%.*"+ !"# !/ %&# 0!)+% !1 &!(+#&!2,+ 30&*-&  (+% -2#.)2$

4# %&# 5!!)#+% *" *%+ '()*+,*-%*!"67 8$ +%.4*2*%$9 ."$ +(-& 0!)+% !1 &!(+#&!2, 5)#/#)+ +%.$:

*"; *" *%+ '()*+,*-%*!" %&."  !<*"; #2+#0&#)# 0&*2# %&# &!(+#&!2,+ *" !%&#) '()*+,*-%*!"+ :

*"-2(,*"; %&# 5!!)#+% *" %&# : .2+! 5)#/#) +%.$*"; 0&#)# %&#$ .)# %&."  !<*"; %! %&# '(:

)*+,*-%*!" -!"%.*"*"; %&# 0!)+% !1 &!(+#&!2,+7 =>-#5% *" %&# -.+# 0&#" %&# 0#.2%& !/ %&#+#

5!!)#+% &!(+#&!2,+ *" .22 '()*+,*-%*!"+ &.55#"+ %! 4# %&# +. #9 %&#+# %0! -!",*%*!"+ /!)

+%.4*2*%$ * 52$ %&.% 0!)+%:!1 &!(+#&!2,+ .)# +%)*-%2$ 0!)+# !1 %&." .% 2#.+% !"# &!(+#&!2,

0&*-& *+ %&# 5!!)#+% *" *%+ '()*+,*-%*!"7 8(% */ %&*+ *+ %&# -.+#9 %&#" %&# %)."+/#)+ ;*<#"

4$ %&# -#"%).2 ;!<#)" #"% %! '()*+,*-%*!"+ .)# "!% !5%* .2 /)! .  .> *" 5!*"% !/ <*#07

?!%*-# %&.% %&# )#.+!"*"; &!2,+ *))#+5#-%*<# !/ %&# *"-! # %.> ).%# -&!+#" 4$ %&# -#"%).2

;!<#)" #"%7

@()*+,*-%*!" +%)(-%()#+ *" 0&*-& .22 "!":# 5%$ '()*+,*-%*!"+ -!"%.*" +! # !/ %&# 5!!):

#+% &!(+#&!2,+ *" %&# 5!5(2.%*!" .)#9 ., *%%#,2$9 ).%&#) +5#-*.27 A!) #>. 52#9 */ .22 +%.42#

'()*+,*-%*!" +%)(-%()#+ .)# +%).%*B#, : *" %&# +#"+# !/ ,#B"*%*!" C7C .4!<#: %&#" %&#  !"#

+%.42# '()*+,*-%*!" +%)(-%()# 0*%& .  .> *" -#"%).2 ;!<#)" #"% *+ %&# %)*<*.2 D;).",D !"#

*" 0&*-& #<#)$4!,$ 4(% . +#% !/  #.+()# E#)! 2*<#+ *" !"# 52.-#7 8$ -!"%).+%9 .+ *22(+%).%#,

*" %&# /!22!0*"; F(.+*:2*"#.) #>. 52#9 %&# .4+#"-# !/ . -#"%).2 ;!<#)" #"% *+ -!  !"2$

-! 5.%*42# 0*%& $%&%'(" +%.42# '()*+,*-%*!" +%)(-%()#+7

G!"+*,#) %&# F(.+*:2*"#.) #-!"! $ (ω,U,L) ,#B"#, 4$H

ωi = 1 */ i ∈ [0, 4/7[

= 2 */ i ∈ [4/7, 6/7]

= 10 */ i ∈]6/7, 1]

U(Z, x) = ln 7Z + x9 3C7IJ6

.", L ={1, 2, 3}7 K(55!+# %&#)# *+ "! -#"%).2 ;!<#)" #"%7 8#-.(+# %&# 5)#/#)#"-#+ )#5)#:
+#"%#, 4$ U +.%*+/$ 0&.% 0*22 4# -.22#, 4#2!0 %&# LKG -!",*%*!" 3+## .2+! MNOP69 0# Q"!0

%&.% .22 +%.42# '()*+,*-%*!" +%)(-%()#+ 0*22 4# +#;)#;.%#, .+ 5#) ,#B"*%*!" C7C7 R5 %! *))#2:

#<."% 5#) (%.%*!"+ !/ 2!-.%*!"+9 %&#)# .)# %&#)#/!)# !"2$ /!() +(-& +#;)#;.%#, '()*+,*-%*!"

+%)(-%()#H

I6 S&# 5#)/#-%2$ +#;)#;.%#, +%)(-%()# *" 0&*-& #.-& !/ %&# %&)## *"%#)<.2+ [0, 4/7[9 [4/7, 6/7]

.", ]6/7, 1] /!) . '()*+,*-%*!"9

C6 %&# D5!!): *>#,D +%)(-%()# *" 0&*-& %&# %0! 5!!) &!(+#&!2,+ -.%#;!)*#+ 4#2!";*"; %!



 ! ! "#$ %&'$(  !

 !" #$ "%&'( [0, 6/7[ )*%+ ' ,-%#./#0 #*$ '$/  !" %#0! !*-."!*(/. #$  !" #$ "%&'( ]6/7, 1] )*%+

'$* !"%1

23  !" .*+"4!' *55*.# " 6%#0!7+#8"/6 . %-0 -%" 4!"%"  !"  4* 6%#0!6 0' "9*%#". *) !*-."7

!*(/. #$ [4/7, 1] )*%+ ' ,-%#./#0 #*$ '$/ 4!"%"  !" 5**% !*-."!*(/. #$ [0, 4/7[ )*%+ '$* !"%

'$/

:3  !" 69%'$/ ,-%#./#0 #*$6 . %-0 -%" #$ 4!#0!  !" '(( !*-."!*(/. )*%+ ' -$#;-" ,-%#./#0 #*$<

=..-+" )*%  !" .'>" *)  !#. "8'+5("  !' +',*%# ? &* #$9 #$ "'0! ,-%#./#0 #*$ .*  !'  !"

/#0 ' *% #$ "'0! ,-%#./#0 #*$ #.  !" !*-."!*(/ 4!*." )'&*%# "  '8 %' " #.  !" +"/#'$ *)  !"

)'&*%# "  '8 %' ". *)  !" ,-%#./#0 #*$@. +"+A"%.< B*(&#$9 5%*9%'+ CD<E3 )*% γ = c = 0

C$* 0"$ %'( 9*&"%$+"$ 3 '$/ )*% U /"F$"/ A? CD<GH31 *$" *A '#$. "'.#(?  !'  !#. )'&*%# "

 '8 %' " #. 1/ωi< I!#. "$'A(". *$"  * 0*$0(-/"  !'  !" 5"%)"0 (? ."9%"9' "/ ,-%#./#0 #*$

. %-0 -%" G3 #. . 'A(" #$  !#. "8'+5("< J$/""/ #) *$" /"$* ". A? G1 D1 '$/ 2  !" ,-%#.7

/#0 #*$. #$ 4!#0! !*-."!*(/. #$  !" #$ "%&'(. [0, 4/7[1 [4/7, 6/7] '$/ ]6/7, 1] %".5"0 #&"(?

(#&"1 *$" *A '#$. )%*+ 0('-." CD3 *)  !" /"F$# #*$ *) . 'A#(# ?  !' t1 = 11 t2 = 1/2

'$/ t3 = 1/10. I!#. ("'/.  * ' 5%*&#.#*$ *) 5-A(#0 9**/ *) Z1 = t1[0,4/7]ωidλ = 4/7 1

Z2 = t2[4/7,6/7]ωidλ = 2/7 '$/ Z3 = t3[0,4/7]ωidλ = 1/7< K" %"+'%>  !'  !#. . %-0 -%" .' 7

#.F". 0('-." CG3 *)  !" /"F$# #*$ *) . 'A#(# ?< J$/""/ )*% '$? !*-."!*(/ i ∈ [0, 4/7[1 *$" !'.

U(Z1, 0) = ln 4 > U(Z2, (1−t2)) = ln 2+1/2 '$/ U(Z1, 0) = ln 4 > U(Z3, (1−t3)) = 9/10<

B#+#('%(? ' !*-."!*(/ A"(*$9#$9  * [4/7, 6/7] '$/ (#&#$9 #$ ,-%#./#0 #*$ D !'. ' - #(# ? *)

U(Z2, 2(1 − t2)) = ln 2 + 1 ' # . 5('0" *) %".#/"$0" 4!#(" # 4*-(/ *A '#$ ' - #(# ? *)

U(Z1, 0) = ln 4 #) # 4"%"  * +*&"  * ,-%#./#0 #*$ G '$/ ' - #(# ? *) U(Z3, 2(1−t3)) = 9/5 #) # 

4"%"  * +*&"  *  !" %#0! ,-%#./#0 #*$ 2< L#$'((?1  !" - #(# ? *) U(Z3, (1−t3)10) = 9 '0!#"&"/

A? '$? %#0! !*-."!*(/ #$ ,-%#./#0 #*$ 2 #. ('%9"%  !'$  !" - #(# ? *) U(Z2, (1−t2)10) = ln 2+5

# 4*-(/ 9" #) # 4"%"  * +*&"  * ,-%#./#0 #*$ D1 '$/  !" - #(# ? *) U(Z1, 0) = ln 4 # 

4*-(/ 9" #) # 4"%"  * +*&"  * ,-%#./#0 #*$ G< I!" 65**%7+#8"/6 . %-0 -%" #. '(.* . '7

A(" #$  !#. "0*$*+?< J$/""/1 #$  !#. . %-0 -%"1  !" C+"/#'$3  '8 %' " ' ,-%#./#0 #*$ G

C#$!'A# "/ A? !*-."!*(/. #$ [0, 6/7]3 #. t1 = 1 4!#("  !"  '8 %' "  !' 4#(( 5%"&'#( ' 

 !" C%#0!3 ,-%#./#0 #*$ D #$!'A# "/ A? !*-."!*(/. #$ [6/7, 1] #. t2 = 1/10< K" !'&" !"%"

Z1 = t1[[0,4/7]ωi +[4/7,6/7] ωi]dλ = 8/7< M("'%(?N

U(Z1, 0) = ln 8 > U(Z2, 2(1− t2)) = 9/5

.*  !' $* !*-."!*(/ #$ [4/7, 6/7] 4'$ .  * +*&"  * ,-%#./#0 #*$ D< B#+#('%(?N

U(Z1, 0) = ln 8 > U(Z2, 1− t2) = 9/10



 !  !"#$%&' (

 ! "#$" %! #!& '#!() *% [0, 4/7[ +$%" "! ,!-' "! .&/* )*0"*!%1 2$ "(34

U(Z2, (1− t2)10) = 9 > U(Z1, 0) = ln 8

 ! "#$" "#' /*0# 5/'6'/  "$3*%7 *% .&/* )*0"*!% 81 9" 0$% :' 0#'0;') #!+'-'/ "#$" "#' </*0#=

,*>')< .&/* )*0"*!%  "/&0"&/' * %!"  "$:(' %! ,$""'/ #!+ "#' (!0$( "$> /$"' *% "#' </*0#=

,*>')< .&/* )*0"*!% *  '" ?5/!-*)') !6 0!&/ ' "#$" "#* "$> /$"' (*' *% "#' *%"'/-$( [1/10, 1/2]

$ *"  #!&() *6 "#'  "/&0"&/'  $"* 63 0($& ' 8@ !6 "#' )'A%*"*!% !6  "$:*(*"31 B6 0!&/ ' "#'

7/$%) .&/* )*0"*!%  "/&0"&/' *  "$:(' ?:'0$& ' %! #!& '#!() +*"# 5/'6'/'%0' $ *% "#* 

'>$,5(' +!&() 0#!! ' "! ,!-' "! $ )' '/" .&/* )*0"*!% +*"# C'/! 5&:(*0 7!!) 5/!-* *!%1

D'%0'E "#'/' $/' "#/''  "$:(' .&/* )*0"*!%  "/&0"&/' *% "#* '>$,5(' +*"#!&" $ 0'%"/$(

7!-'/%,'%"1 F#$%; "! 5/!5! *"*!% GE +' ;%!+ "#$" !%(3 "#' 7/$%) .&/* )*0"*!%  "/&0"&/'

0$% :'  "$:(' +*"# $ ,$>,*% 0'%"/$( 7!-'/%,'%"1

H#*(' "#* '>$,5(' $%) 5/!5! *"*!% G :!"#  &77' " "#$" "#' *%"/!)&0"*!% !6 $ IJ 0'%=

"/$( 7!-'/%,'%" *% $ H' "#!K ,!)'( "'%) "! /')&0' "#' %&,:'/ !6  "$:(' .&/* )*0"*!%

 "/&0"&/' E *" * %!" )*L0&(" "! "#*%; !6 '0!%!,*' +#'/' "#' !55! *"' * "/&'1 9%)'')E *%

"#' 6!((!+*%7 '>$,5('E +' #$-' $% '0!%!,3 +#'/' "#' *%"/!)&0"*!% !6 $ &"*(*"$/*$% 0'%"/$(

7!-'/%,'%" *%0/'$ ' "#' %&,:'/ !6  "$:(' .&/* )*0"*!% 1

M!% *)'/ "#' M!::=N!&7($ '0!%!,3 (ω,U,L) )'A%') :34

ωi = 1 *6 i ∈ [0, 1/4[

= 3 *6 i ∈ [1/4, 1]

U(Z, x) = lnZ + lnxE ?81GG@

$%) L ={1, 2}1 D'%0' +' 0!% *)'/ #'/' $ -'/3  *,5(' '0!%!,3 +*"# !%(3 "+! 5!  *:(' 5($0'

!6 /' *)'%0' $%) "+! "35' !6 #!& '#!() 4 5!!/ !%' ?*% 5/!5!/"*!% GOP@ $%) /*0# !%' ?*%

5/!5!/"*!% QOPE $),*""')(3 %!" $ -'/3 /'$(* "*0 )* "/*:&"*!%@1 R!(-*%7 5/!7/$, ?81S@ 6!/ U

)'A%') :3 ?81GG@E !%' !:"$*% 4

1

̟
[ZM (

1

̟
,
1

ωi
, 1− c+

γ

̟
)− γ] =

1− c

2
− γ

2̟
?81G8@

R&55! ' A/ " "#'/' * %! 0'%"/$( 7!-'/%,'%"  ! "#$" c = γ = 01 F#'%E $%3 #!& '#!() #$ 

$ 6$-!/*"' "$> /$"' !6 1/2 %! ,$""'/ +#'/' *" (*-' 1 9% "#* ?-'/3  *,5('@ +!/() +*"#!&"

7!-'/%,'%"E "#' 7/$%) .&/* )*0"*!% *  "$:('1 T&" "#' ? '7/'7$"')@ .&/* )*0"*!%  "/&0"&/'

+#'/' 5!!/ #!& '#!() (*-' *% !%' .&/* )*0"*!% $%) /*0# !%' (*-' *% $%!"#'/ * %!"  "$:('1



 ! ! "#$ %&'$(  !

 !"##"$ %&!'# ()# (*+ ,-.&%"&'(&+! %(.-'(-.# /-%( +0#. ()# %1/# (12 .1(# +3 456 3+. 7#&!8

%(179# 1% :#. '91-%# ;6< +3 ()# "#=!&(&+! +3 %(17&9&(>$ 1!> :++. )+-%#)+9" *&99 )1?# &!'#!(&?#

(+ 9#1?# &(% ,-.&%"&'(&+! 1!" (+ /+?# (+ ()# .&') +!# *)#.#$ 3+. 1 %1/# (12 :1>/#!($ &( *&99

8#( 1 91.8#. :-79&' 8++" :.+?&%&+!@ A+*#?#.$ ()# %#8.#81(#" %(.-'(-.# /1> 7#'+/# %(179#

&3 +!# &!(.+"-'#% 1 BC '#!(.19 8+?#.!/#!(@  !"##"$ '+!%&"#. %:#'&='199> 1 -(&9&(1.&1!

8+?#.!/#!( 1!" ()# ,-.&%"&'(&+! %(.-'(-.# (L, t, g, c) "#=!#" 7>D

L(i) = 1 &3 i ∈ [0, 1/4[ 1!"

= 2 &3 i ∈ [1/4, 1]

t1 = 5/4

t2 = 25/12

γ1 = 0

γ2 = −15/4

c = −3/2

E)&% ,-.&%"&'(&+! %(.-'(-.#$ &! *)&') ()# '#!(.19 8+?#.!/#!( %-7%&"#% #?#.>7+">F% &!'+/#

1( 1 .1(# +3 GHI 1!" =!1!'#% ()&% %-7%&"> 7> '+99#'(&!8 1 8.1!( +3 4G5J 3.+/ ()# .&')

,-.&%"&'(&+!$ %1(&%=#% '9#1.9> '+!"&(&+!% ;6@K<L;6@G<@ M+(&'# 19%+ ()1( ()1( #1') ti %1(&%=#%

'+!"&(&+! ;6@46< 3+. &(% gi ;3+. i = 1, 2) 1!" ()1(D

Φ(t1, ̟1, ωi, g1, c) = Φ(
5

4
,
1

4
, 1, 0,−3/2)

= ln
5

16
+ ln

5

4
= 2 ln

5

4
− ln 4

= Φ(
25

12
,
3

4
, 1,

−15

4
,−3/2)

= Φ(t2, ̟2, ωi, g2, c)



 !  !"#$%&' (

 !"#

Φ(t2, ̟2, ωi, g2, c) = Φ(
25

12
,
3

4
, 3,

−15

4
,−3

2
)

= ln
15

16
+ ln

5

4
= ln

3

4
+ 2 ln

5

4

= Φ(
5

4
,
1

4
, 3, 0,−3/2)

= Φ(t1, ̟1, ωi, g1, c)$

%&!'& &(&)* +,-.&+,/" 0)&1&). 23& 4/*5 6, /7(& 7! 76. 8-)7."7'67,! 6+&! 6, 9,(&$ :& ;! //*

7!(76& 6+& )& "&) 6, (&)71* 6+ 6 g1# g2  !" c . 67.1* 6+& <.6 ,)"&) ',!"767,!. 1,) 6+& 1,//,3=

7!> 0),>) 9 .,/(&" ?* 6+& '&!6) / >,(&)!9&!6 2 16&) .-?.676-67!> 6+& ?-">&6 ',!.6) 7!6

c[0,1]ωi =
5c
2 = g1 + g2 7!6, 6+& ,?8&'67(&5@$

max
g1,g2

1

4
[ln(

5

16
+ g1) + ln(1− 2(g1 + g2)

5
− 5

4
)] +

3

4
[ln(

75

48
+ g2) + ln((1− 2(g1 + g2)

5
− 25

12
)3)]

A7(&! 6+& .6)7'6 ',!' (76* ,1 6+& ,?8&'67(& 1-!'67,!# 6+7. 7. .-B'7&!6 6, ',!'/-"& 6+ 6 6+7.

8-)7."7'67,! .6)-'6-)& 376+  '&!6) / >,(&)!9&!6 7. .6 ?/&$

C+&.& 63, &D 90/&. 9 4& '/& ) 6+ 6 6+& 7!6),"-'67,! ,1  AE '&!6) / >,(&)!9&!6 9 *

 F&'6 .-?.6 !67 //* 6+& .&6 ,1 .6 ?/& 8-)7."7'67,! .6)-'6-)&.$ C+7. .&6 9 * ?& .+)-!4#  . 7!

6+& ;).6 &D 90/&# ,) &!/ )>&"#  . 7! 6+& .&',!"$

:& !,3 .+,3 6+ 6# 71 +,-.&+,/". 0)&1&)&!'&.  )&  ""767(&/* .&0 ) ?/&# 6+& &F&'6 ,1 6+ 6

6+& '&!6) / >,(&)!9&!6 ' ! + (& ,! 6+& &!",>&!,-. 1,)9 67,! ,1 8-)7."7'67,! 0),'&..#  .

790,)6 !6  . 76 9 * ?&# ",&. !,6  F&'6 6+& .&>)&> 67(& 0),0&)67&. ,1 6+& 0),'&..$

 !" #$%&'(%

G. 7! HIJK# 6+& 9,!,6,!7'76* ,1 τ∗ 376+ )&.0&'6 6, +,-.&+,/"L. 3& /6+ 2>7(&! 8-)7."7'67,!L.

3& /6+  !" '&!6) / >,(&)!9&!6 >) !65 7.  4&* &/&9&!6 1,) >- ) !6&&7!> 6+& 3& /6+ .&>)&=

> 67,! ,1 .6 ?/& 8-)7."7'67,! .6)-'6-)&.$ M* /&99 N# 6+7. 9,!,6,!7'76* ,1 6+& +,-.&+,/"L.

1 (,)76& 6 D ) 6& 376+ )&.0&'6 6, 0)7( 6& 3& /6+ 7. &O-7( /&!6 6, )&O-7)7!> 6+& 0-?/7' >,,"

6, ?&#  6  !* 0)7'& ,1 0-?/7' >,,"# &76+&)  /3 *.  >),..  !"#$%"%&' 6, 271 ZM
7. 9,!,6,!7=

' //* (% )%*+,&- 376+ )&.0&'6 6, px5 ,)  /3 *.  >),.. +./+','.'% 1,) 271 ZM
7. 9,!,6,!7' //*

,& )%*+,&- 376+ )&.0&'6 6, px5 6+& 0)7( 6& >,,"$ :& .6 6& 1,)9 //* 6+7. .6 6& ,1  F 7).#



 !"! #$%&'(%  !

 !"#$% &' ()*+, -.&'/ 01$ !$/-23!&04 5"'%&0&"' 6 3. 7"22"8.9

 !""# $%&%'%  !" #$#"% U ∈ U & '(# )*+,'-!+ τ∗ '(.' /!0$#/ 12345 -/ 6!+!'!+-, 7-'(

"#/8#,' '! ωi )!" .+% 9-$#+ :*"-/;-,'-!+ 7#.0'( 0#$#0 ̟ .+; 8#" ,.8-'. 7#.0'( -) .+; !+0% -)

'(# 8*<0-, 9!!; -/ .07.%/ #-'(#" . 9"!// ,!680#6#+' '!& !" . 9"!// /*</'-'*'# )!"& '(# 8"-$.'#

9!!;3

:$ !$7$! 0" 01&.  !" $!04 355"!%&'/ 0" 81&51 01$ .-;.0&0-03;&2&04< 5"= 2$=$'03!&04

!$230&"'.1& ;$08$$' 01$  -;2&5 3'%  !&#30$ /""% &. &'%$ $'%$'0 7!"= 322  "..&;2$  !&5$. 3.

0" 01$ ()*++ ,-.+/0/-/#.010/23 4*"51!"!6/#)0/2 7(,48 9*6:0/0*69 >201"-/1 '"0

-'!$3."'3;2$, 01$ ?@A 5"'%&0&"' &. '"'$01$2$.. 3 .&/'&B53'0 !$.0!&50&"' 0130, 3. %&.5-..$%

&' ()*+, 53' ;$ #&"230$% $#$' ;4 3%%&0&#$24 .$ 3!3;2$  !$7$!$'5$.9

>' &'7"!=30&"' -.$% &' ()*+ 0" .1"8 0130 01$ ?@A 5"'%&0&"' &. '$5$..3!4 3'% .-7C

B5&$'0 7"! /-3!3'0$$&'/ 01$ .$/!$/30&"' "7 3'4 .03;2$ D-!&.%&50&"' .0!-50-!$ &. 01$ .0!-5C

0-!$ "7 1"-.$1"2%.E &'%&F$!$'5$ 5-!#$. &' 01$ 03GCD-!&.%&50&"'E. 8$3201 . 35$9 :1&2$ 01&.

&'7"!=30&"' &. 32." -.$7-2 &' 01$  !$.$'0 5"'0$G0, 8$ '$$% 0" 355"-'0 7"! 01$ 7350 0130

01$ !$2$#3'0 . 35$ "7 2"530&"' 513!350$!&.0&5. &. '"8 '("##, !301$! 013' '7!, %&=$'.&"'32

3'% =-.0 &'52-%$ 5$'0!32 /"#$!'=$'0 /!3'0 3. 8$22 3. 2"532 03G !30$ 3'% D-!&.%&50&"'E.

3//!$/30$ 8$32019 @ $5&B53224, 01$ &'%&F$!$'5$ .-!735$ "7 3 1"-.$1"2% 8&01 H'$0 "7 5$'C

0!32 /"#$!'=$'0I 8$3201 (1 − c)ωi  3..&'/ 01!"-/1 ."=$  "&'0 (τ , ω, γ) ∈ R3
.-51 0130

Φ(τ , ω, ωi, γ, c) = Φ &. 01$ /!3 1 "7 01$ &= 2&5&0 7-'50&"' fΦ : [−γ
ω , 1] × R × R+ −→ R+

%$B'$% ;4 Φ(τ, fΦ(τ, γ, c;ωi), ωi, γ, c) ≡ Φ9 J1$ 3..-= 0&"' &= ".$% "' U /-3!3'0$$. 0130

01$ 7-'50&"' fΦ $G&.0. 3'% &. %$!&#3;2$ $#$!481$!$9 K0.  3!0&32 %$!&#30&#$ fΦτ (τ , γ, c;ωi) 8&01

!$. $50 0" τ $#32-30$% 30 (τ , γ, c, ωi) &. /&#$' ;4L

fΦτ (τ , γ, c;ωi) =
1

τ
[

ωi

MRS(τ̟ + γ, (1− c− τ)ωi)
−̟] HM96NI

81$!$̟ = fΦ(τ , γ, c;ωi)9 O&/-!$ 6 ;$2"8 &22-.0!30$. 01$ .13 $ "7 01$.$ &'%&F$!$'5$ 5-!#$. &'

01$ (τ,̟)  23'$ 7"! /&#$' #32-$. "7 γ 3'% c9 @ $5&B53224, &'%&F$!$'5$ 5-!#$. "7 3 1"-.$1"2%

8&01  !&#30$ 8$3201 (1 − c)ωi 3!$ U C.13 $% 3'% !$351 3 =&'&=-= 30 01&. 1"-.$1"2%E.

=".0  !$7$!!$% 03G !30$ 7"! 01$ 5"!!$. "'%&'/ D-!&.%&50&"' 8$3201 2$#$29 K0 53' ;$ .$$'

&'%$$% 0130, 30 01$ =&'&=-= "7 3' &'%&F$!$'5$ 5-!#$, 01$ 0$!= 8&01&' 01$ ;!35P$0 "7

HM96NI &. Q$!" 013'P. 0" 01$ B!.0 "!%$! 5"'%&0&"'. "7 HM9RII9 >. &' ()*+, 3'% %$. &0$ 8130

B/-!$ 6 .-//$.0., &'%&F$!$'5$ 5-!#$. '$$% +!' ;$ /2";3224 5"'#$G9 J1$ "'24  !" $!04 0130

&'%&F$!$'5$ 5-!#$.  "..$.. &. 0130 "7 ;$&'/ S.&'/2$C01!"-/1T H="'"0"'&53224 %$5!$3.&'/ 30
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 !" #"$ %$  !" &'('&)& *(+ &%(% %(',*##- '(,."*/'(0 *  !" .'0! 12

3(*#%0%)/#-4 %(" ,*( 56 #%,*#  *6 .* " * τ *(+ "6*&'("  !" 7.%7". - %$  !" +".'8* '8"

%$ fΦ 9' ! ."/7",  %  !" ,"( .*# 0%8".(&"( :/ 0.*( 2 ;!'/ 7*. '*# +".'8* '8" fΦγ (τ , γ, c;ωi, )

9' ! ."/7",  % γ "8*#)* "+ * (τ , γ, c, ωi) '/ 0'8"( <-=

fΦγ (τ , γ, c;ωi) =
−1

τ

>"(,"4 9!"( #%%?"+ '(  !" (γ, ω) /7*,"4 '(+'@"."(," /).$*,"/ *." / .*'0! #'(" 9' ! ("0* '8"

/#%7" A'$ * #"*/ τ '/ 7%/' '8"12 ;!"." '/  !"."$%." * ,%(/ *( &*.0'(*#  .*+" %@ <" 9""(

 *6 <*/" *(+ ,"( .*# 0%8".(&"( 0.*( */ "(8'/*0"+ <- * &%<'#" !%)/"!%#+2 ;!'/ '/ %$

,%)./" (% /).7.'/'(0 /'(," <% ! ,"( .*# 0%8".(&"( 0.*( *(+ #%,*#  *6 <*/" *." 7".$", #-

/)</ ' ) *<#" 9*-/ %$ 0"  '(0 7)<#', "67"(+' )." '( * 0'8"( B).'/+', '%(2 ;!" .* " * 9!',!

 !" !%)/"!%#+ '/ 9'##'(0  % /*,.'5," #%,*#  *6 <*/" '( %.+".  % 0" &%." ,"( .*# 0%8".(C

&"(  .*(/$". +"7"(+/ %<8'%)/#- )7%(  !" #%,*#  *6 .* "  !* ,%(8". /  *6 <*/" '( % 7)<#',

/7"(+'(02 D'0)." E /!%9/ *  -7',*# '(+'@"."(," /).$*," '(  !"  *6 .* "4  *6 <*/" *(+ ,"( .*#

0%8".(&"( /7*," '( 9!',! #%,* '%( ,!%'," <- !%)/"!%#+/ '/ &*+"2

F" 5./ "/ *<#'/!4 '(  !" $%##%9'(0 #"&&*4  !*  !" %.+".'(0 %$  !"  !"#$ %$  !"/"

'(+'@"."(," ,).8"/ * "8".- 7%'( '(  !"  *6C B).'/+', '%(/ 9"*# ! /7*," A$%. * 0'8"( #"8"#

%$ ,"( .*# 0%8".(&"( 0.*( 1 ,%'(,'+"/ 9' !  !" %.+".'(0 %$  !" !%)/"!%#+/: 9"*# ! 9!"(

7."$"."(,"/ $%.  !" 7)<#', *(+  !" 7.'8* " 0%%+ /* '/$-  !" GHI ,%(+' '%(2 ;!" 7.%%$ %$

 !'/ #"&&*4 9!',! &'&',/ 8".- ,#%/"#-  !* %$ #"&&* J '( KLJM4 '/ %&'  "+2



 !"! #$%&'(%   

 !""# $%&%$%  !!"#$ %&'% &("!$&()*! +,$-$,$./$! ',$ ,$+,$!$.%$* 01 ' "%2)2%1 -"./%2(.

2. U 3 4&$.5 ZM
2! $6$,17&$,$ ' 8,(!! !"0!%2%"%$ 9,$!+3 /(#+)$#$.%: %( %&$ +,26'%$ 8((*

2- '.* (.)1 2- (.$ &'!5 '% '.1 (τ ,̟, γ, c) ∈ R4
!'%2!-12.8 γ + τ̟ ≥ 0 '.* 1 − τ − c ≥ 05

f
Φj
τ (τ , γ;ωh) ≤ 9,$!+3 ≥: fΦk

τ (τ , γ, ωk) -(, $6$,1 h5 k !"/& %&'% ωh < ωk 7&$,$5 -(, $6$,1

i5 Φi = Φ(τ ,̟, γ, c;ωi)3

 ! "#$%! &!'#%()* +)%( #,--$ ($.( +)$+ +), /01 23!4%+%3! %( ,56%7$#,!+ +3 +), 8,56%8,9

-,!+ +)$+* :38 $!. 2,!+8$# '37,8!-,!+ '8$!+* +), (#3", 3: +), %!4%;,8,!2, (68:$2,( %! +),

#32$# +$< 8$+, $!4 =68%(4%2+%3! >,$#+) ("$2, ?, #(.(%(.2/ >%+) 8,(",2+ +3 "8%7$+, >,$#+)

$+ $!. "3%!+ 3: +)$+ ("$2,@  ! "83"3(%+%3! A ?,#3>* >, ()$## ()3> +)$+ +)%( -3!3+3!%2%+.

3: +), (#3",( %! +), +>394%-,!(%3!$# ("$2, 3: +$< 8$+, $!4 $''8,'$+, >,$#+) :38 $ '%7,!

'37,8!-,!+ '8$!+ )3#4( +86, $( >,## %! +), +)8,, 4%-,!(%3!$# ("$2, 3: '37,8!-,!+ '8$!+(*

#32$# +$< $!4 =68%(4%2+%3!B( >,$#+)@

C, !3> ,(+$?#%() +)$+* %: "8,:,8,!2,( $8, $44%+%7,#. (,"$8$?#,* $!4 %: +), 6+%#%+. :6!29

+%3! $''8,'$+,4 ?. +), ',!,8$#%D,496+%#%+$8%$! 2,!+8$# '37,8!-,!+ %( +), $44%+%7,#. (,"$8$9

?#, !6-,8%2$# 8,"8,(,!+$+%3! 3: +)3(, "8,:,8,!2,(* +),! +), /01 23!4%+%3! %( .$/$!!',1 :38

+), >,$#+) (,'8,'$+%3! 3: $!. (+$?#, =68%(4%2+%3! (+862+68, :38 +), +>3 4,E!%+%3! 3: (+$?%#%+.@

'()*)+,-,). $%  !!"#$ %&'% &("!$&()*! +,$-$,$./$! ',$ ,$+,$!$.%$* 01 ' "%2)2%1 -"./%2(.

0$)(.82.8 %( UA
3 4&$.5 ' !%'0)$ ;",2!*2/%2(. !%,"/%",$ 72%& ' 8$.$,')2<$*="%2)2%',2'. /$.%,')

8(6$,.#$.% %&'% "!$! '. '**2%26$)1 !$+','0)$ ."#$,2/') ,$+,$!$.%'%2(. (- %&$!$ +,$-$,$./$!

'! "%2)2%1 -"./%2(. 2! !$8,$8'%$* (.)1 2- %&$ +,$-$,$./$! !'%2!>$! %&$ ?@A /(.*2%2(.3
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 !""#$

 !!"#$ %&'% %&$ ()* +,-./%/,- /! 0/,1'%$.2 3&$- %&$4$ '4$ 54/0'%$ 6,,. 54/+$! p0x7 p
1
x '-.

p2x !'%/!89/-6 0 < p0x < p1x < p2x '-. 5":1/+ 6,,. 54/+$ pZ > 0 !"+& %&'%;

ZM (pZ , p
0
x, 1) = ZM (pZ , p

2
x, 1)

> ZM (pZ , p
1
x, 1) ,4

< ZM (pZ , p
1
x, 1)

<"4 ,:=$+%/0$ /! %, !&,> %&$ $?/!%$-+$ ,8 '- $+,-,#9 >&$4$ ' -,-@!$64$6'%$. !%':1$ ="4/!@

./+%/,- !%4"+%"4$ +'- :$ +,-!%4"+%$.2 A$ 54,0/.$ %&$ +,-!%4"+%/,- :9 '!!"#/-6 %&$ B4!% ,8

%&$!$ %>, /-$C"'1/%/$!7 %&$ '46"#$-% :$/-6 !9##$%4/+ 8,4 %&$ !$+,-.2 *,-!/.$4 '- $+,-,#9

>&$4$ ' #'!! µ0 ,8 &,"!$&,1.! &'0$ >$'1%& 1/p0x7 ' #'!! µ1 ,8 &,"!$&,1.! &'0$ >$'1%& 1/p1x

'-. ' #'!! µ2 ,8 &,"!$&,1.! &'0$ >$'1%& 1/p2x '-. 1$% L = {1, 2}2 D- ,4.$4 %, +,-!%4"+% '
!%':1$ ="4/!./+%/,- !%4"+%"4$ %&'% /! -,% !$64$6'%$.7 >$ '4$ 6,/-6 %, 1,+'%$ &,"!$&,1.! >/%&

>$'1%& 1/p0x '-. 1/p2x /- 1,+'%/,- E '-. &,"!$&,1.! >/%& >$'1%& 1/p1x /- 1,+'%/,- F2 G,4 %&/!

5"45,!$ >$ '4$ 6,/-6 %, +&,,!$ 5,!/%/0$ -"#:$4! ,8 &,"!$&,1.! µ07 µ1 '-. µ2 !, %&'%;

µ0
p0x

+
µ2
p2x

=
µ1
p1x

=
1

pZ
 !"#$%

3&$4$ /! +1$'419 -, ./H+"1%97 6/0$- '-9 p0x7 p
1
x7 p

2
x '-. pZ !'%/!89/-6 %&$ 54,5$4%/$! ':,0$7 ,8

B-./-6 5,!/%/0$ -"#:$4! µi I8,4 i = 0, 1, 2J !'%/!89/-6 IF2EKJ2 A/%&,"% ' +$-%4'1 6,0$4-#$-%7

!"+& ' ="4/!./+%/,- !%4"+%"4$7 %&'% /! +1$'419 -,-@!$64$6'%$.7 >,"1. :$ !%':1$ :$+'"!$ %&$

%>, ="4/!./+%/,-! +4$'%$. >,"1. &'0$ %&$ !'#$ %'? :'!$

1
pZ
'-. $'+& &,"!$&,1. >,"1. 6$%

/%! 8'0,4/%$ 1,+'1 %'? 6/0$- %&/! %'? :'!$ /- /%! ="4/!./+%/,- ,8 4$!/.$-+$2 A/%& ' +$-%4'1

6,0$4-#$-% &,>$0$47 %&/! ="4/!./+%/,- !%4"+%"4$ +'- :$ !%':1$ ,-19 /8 %&$ +$-%4'1 6,0$4-#$-%

B-.! ,5%/#'17 6/0$- %&$ %>, ="4/!./+%/,-! '-. 1,+'1 %'? 4'%$!7 %, 5$48,4# -, $C"'1/L'%/,-

64'-%! '-. %, 4'/!$ -, %'?$!2 M$-+$7 >$ #"!% 54,0$ %&'% 5,!/%/0$ -"#:$4! µ07 µ1 '-. µ2

+'- :$ 8,"-. /- !"+& ' >'9 %&'% ' 6$-$4'1/L$.@"%/1/%'4/'- +$-%4'1 6,0$4-#$-% %&'% "!$! %&$

'../%/0$19 !$5'4':1$ -"#$4/+'1 4$54$!$-%'%/,- ,8 &,"!$&,1.!N 54$8$4$-+$! 54,0/.$. :9 IF2EJ

>,"1. B-. /% ,5%/#'1 %, 6/0$ -, $C"'1/L'%/,- 64'-%! %, ="4/!./+%/,-! '-. %, +,11$+% -, %'?$!



 !"! #$%&'(%  ! 

 !  "#!$%&' (# )$!& *"+,# &- & *+!.&.,# /$)0#"! µ01 µ1  /2 µ2 !$3- &- &4

(0, 0) ∈ arg max
(γ,c)∈R×[0,1]

µ0Ψ(f(ZM (pZ , p
0
x, 1) + γ) + h(xM (pZ , p

0
x, 1)−

c

p0x
))

+µ1Ψ(f(ZM (pZ , p
1
x, 1) +

2c

pZ
− γ) + h(xM (pZ , p

1
x, 1)−

c

p1x
))

+µ2Ψ(f(ZM (pZ , p
2
x, 1) + γ) + h(xM (pZ , p

2
x, 1)−

c

p2x
))  !"#$%

3 / 0# 5+$/2' 6./3# &-# +07#3&.,# 5$/3&.+/ +5 &-# *"+8" ) 9:';<= .! 3+/3 ,#1  /> 3+)0.?

/ &.+/ +5 , %$#! +5 7$".!2.3&.+/ ;@! 8" /& γ∗  /2 A# %&- & B c∗ &- & ! &.!5> &-# C"!& +"2#"

3+/2.&.+/! +5 &-.! *"+8" ) .!  !+%$&.+/ &+ .&' D!./8 &-# 9 !!$)#2= 5 3& &- & ZM (pZ , p
2
x, 1) =

ZM (pZ , p
0
x, 1)1 &-# ;!& +"2#" 3+/2.&.+/! +5 9:';<= 5+" γ∗ = 0  /2 c∗ = 0 A".&#4

(µ0Ψ
0′ + µ2Ψ

2′)
∂f(ZM (pZ , p

2
x, 1))

∂Z
= µ1Ψ

1′∂f(Z
M (pZ , p

1
x, 1))

∂Z
 !"#&%

 /24

µ0
p0x

Ψ0′∂h(x
M (pZ , p

0
x, 1))

∂x
+
µ1
p1x

Ψ1′∂h(x
M (pZ , p

1
x, 1))

∂x
+
µ2
p2x

Ψ2′∂h(x
M (pZ , p

2
x, 1))

∂x

=
2µ1
pZ

Ψ1′∂f(Z
M (pZ , p

1
x, 1))

∂Z
 !"#'%

A-#"#1 5+" k = 01 11 21 Ψk′ > 0 2#/+&#! &-# 2#"., &.,# +5 Ψ #, %$ &#2  & f(ZM (pZ , p
k
x, 1))+

h(xM (pZ , p
k
x, 1))' (# /+&.3# &- &1 &- /E! &+ &-# 2#3"# !./8 )+/+&+/.3.&> +5 &-# ./2."#3& $&.%?

.&> 5$/3&.+/ A.&- "#!*#3& &+ *".3#! f(ZM (pZ , p
2
x, 1)+h(xM (pZ , p

2
x, 1)) < f(ZM (pZ , p

1
x, 1)+

h(xM (pZ , p
1
x, 1)) < f(ZM (pZ , p

0
x, 1) + h(xM (pZ , p

0
x, 1)). 6./3# Ψ .! 3+/3 ,#1 +/# - ! &-#"#?

5+"#4

Ψ2′ > Ψ1′ > Ψ0′ > 0  !"#(%

F> 2#C/.&.+/ +5 &-# G "!- %%. / 2#) /2!1 3+/2.&.+/ 9:';H= A".&#! 9&- /E! &+  22.&.,# !#*?

 " 0.%.&>=4

µ0
pZ

Ψ0′∂f(Z
M (pZ , p

0
x, 1))

∂Z
+
µ1
pZ

Ψ1′∂f(Z
M (pZ , p

1
x, 1))

∂Z
+
µ2
pZ

Ψ2′∂f(Z
M (pZ , p

2
x, 1))

∂Z

=
2µ1
pZ

Ψ1′∂f(Z
M (pZ , p

1
x, 1))

∂Z



 !"  !"#$%&' (

 ! "#$%&' ZM (pZ , p
2
x, 1) = ZM (pZ , p

0
x, 1)()

(µ0Ψ
0′ + µ2Ψ

2′)
∂f(ZM (pZ , p

2
x, 1))

∂Z
= µ1Ψ

1′∂f(Z
M (pZ , p

1
x, 1))

∂Z

*+$&+ $# % ,+$%- '.#' ,+/% & %0$,$ % "1234(2 5'%&'6 ,+'  %.7  ,+'! & %0$,$ % ,+/, ,+'

%89:'!# µ06 µ1 /%0 µ2 98#, #/,$#;7 :'#$0' "123<( $# & %0$,$ % "1234(2 =$%&' p0x6 p
1
x6 p

2
x

/%0 pZ /!' -$>'% ? #$,$>' %89:'!#6 *' +/>' ,+/, µ1 = p1x/pZ > 02 5'%&'6 $%  !0'! ; ! ,+'

?! ? #'0 @8!$#0$&,$ % #,!8&,8!' , :' #,/:.' *$,+ / -'%'!/.$A'0 8,$.$,/!$/% - >'!%9'%, *+ 

&+  #'# " ?,$9/..7( % , , $%,'!>'%'6 *'  %.7 %''0 , B%0 ? #$,$>' %89:'!# µ0 /%0 µ2 #8&+

,+/, 'C8/.$,$'#)

µ2 =
p2x
pZ

− p2x
p0x
µ0  !"#$%

/%0)

µ2 =
p1xΨ

1′∂f(ZM (pZ , p
1
x, 1))/∂Z

pZΨ2′∂f(ZM (pZ , p2x, 1))/∂Z
− Ψ0′

Ψ2′µ0

+ .02 D! 9 ,+' B!#,  !0'! & %0$,$ % ,+/, 0'B%'# E/!#+/..$/% 0'9/%0#6 *' &/% *!$,' ,+'

./,'! 'C8/.$,7 "8#$%- /00$,$>' #'?/!/:$.$,7( /#) )

µ2 =
p2xΨ

1′∂h(xM (pZ , p
1
x, 1))/∂x

pZΨ2′∂h(xM (pZ , p2x, 1))/∂x
− Ψ0′

Ψ2′µ0  !"!#$

 !"#$ %&$ '($)$($"#$* ($'($*$"%$+ ,- %&$ .%!/!%- )."#%!0" 1($ 1++!%!2$/- *$'1(1,/$3 "0 400+ #1"

,$ !")$(!0( 1"+3 1* 1 ($*./%3 %&$ '(!21%$ 400+ !* "0% 1 5!6$" 400+7 8$"#$ xM !* +$#($1*!"4

9!%& ($*'$#% %0 !%* 09" '(!#$ *0 %&1%3 *!"#$ p1x < p2x3 x
M (pZ , p

1
x, 1) > xM (pZ , p

2
x, 1) 1"+3 *!"#$

h !* #0"#12$3 ∂h(xM (pZ , p
1
x, 1))/∂x < ∂h(xM (pZ , p

2
x, 1))/∂x7  !"#$ ,- :;7<=>3 Ψ1′ < Ψ2′

3

9$ #0"#/.+$ %&1% %&$ !"%$(#$'% 0) %&$ /!"$1( $?.1%!0" :;7;@> !* *A1//$( %&1" %&1% 0) $?.1%!0"

:;7<B>7 C0($02$(3 %&$ 1,*#!**1 1% %&$ 0(!4!" 0) %&$ /!"$1( $?.1%!0" :;7<B> !* p0x/pZ 9&!/$

%&$ 1,*#!**1 1% %&$ 0(!4!" 0) $?.1%!0" :;7;@>3 +$"0%$+ µ0(2) !*D

µ0(2) =
Ψ1′p2x∂h(x

M (pZ , p
1
x, 1))/∂x

Ψ0′pZ∂h(xM (pZ , p2x, 1))/∂x

=
Ψ1′p1x∂f(Z

M (pZ , p
1
x, 1))/∂Z

Ψ0′pZ∂f(ZM (pZ , p2x, 1))/∂Z
:,- *$'1(1,!/!%- 1"+ +$E"!%!0" 0) C1(*&1//!1" +$A1"+*>

=
Ψ1′p1x∂f(Z

M (pZ , p
1
x, 1))/∂Z

Ψ0′pZ∂f(ZM (pZ , p0x, 1))/∂Z
:*!"#$ ZM (pZ , p

0
x, 1) = ZM (pZ , p

2
x, 1)>

=
Ψ1′p0x∂h(x

M (pZ , p
1
x, 1))/∂x

Ψ0′pZ∂h(xM (pZ , p0x, 1))/∂x
:,- *$'1(1,!/!%- 1"+ +$E"!%!0" 0) C1(*&1//!1" +$A1"+*>

F093 141!"3 *!"#$ %&$ '(!21%$ 400+ !* "0% !")$(!0( :1"+ %&$($)0($ "0% 5!6$"> 9$ 0,%1!"3



 !"! #$%&'(%  !"

 !"#$ %&#%'(")* &+ h '#, "#-. '/")* 0123456 )7') µ0(2) > p0x/pZ > 02 8-#%- )7- '9!%"!!' ')

)7- &:"$"# &+ )7- /"#-': -. ')"&# 0121;5 "! /':$-: )7'# )7') &+ -. ')"&# 0123<5 !& )7') )7- )=&

!):'"$7) /"#-! :->:-!-#)-, 9* )7&!- )=& -. ')"&#! ':- ? !) '! "# @$ :- A5 '#, %:&!! "# )7-

!):"%)/* >&!")"(- &:)7'#)2 B7"! !7&=! )7- -C"!)-#%- &+ >&!")"(- # D9-:! µ0 '#, µ2 !')"!+*"#$

-. ')"&#! 0123<5 '#, 0121;5 '#, )7"! %&D>/-)-! )7- >:&&+2

 !" #$%"&"'(" )"*+""' *!" ,&--. -. *!$/ ,&-,-/$*$-' 0'# *!" (-&&"/,-'#$'1 -'" $' 2345

$/ +-&*! 6"'*$-'$'17  !" &"0/-' .-& *!" #$%"&"'(" $/ *!" 0##$*$-'08 (-'/*&0$'* $6,-/"#

)9 *!" -,*$608$*9 -. *!" ("'*&08 1-:"&'6"'* ;'-'< $'*"&:"'*$-' $' *!" (-'/*&=(*$-' -. *!"

/*0)8" )=* '-'>/"1&"10*"# ?=&$/#$(*$-' /*&=(*=&" .-& 0'9 :$-80*$-' -. *!" @AB (-'#$*$-'7

 !$/ (-'/*&0$'* -):$-=/89 $'(&"0/"/ *!" #$C(=8*9 -. *!" (-'/*&=(*$-' -. *!" "(-'-69 1$:$'1

&$/" *- /=(! 0 /*0)8" '-'>/"1&"10*"# ?=&$/#$(*$-' /*&=(*=&"7  !" 0##$*$:" /",0&0)$8$*9 (-'>

#$*$-' ,809/ 0 D"9 &-8" $' *!$/ (-'/*&=(*$-' 0'# +" #- '-* D'-+ +!"*!"& +" (-=8# -)*0$'

*!" (-'/*&=(*$-' +$*!-=* /=(! 0' 0//=6,*$-'7 E" "6,!0/$F"G !-+":"&G *!0* ,&-,-/$*$-'

H ,&-:"/ $' .0(* /-6"*!$'1 /8$1!*89 /*&-'1"& *!0' +!0* $/ &"I=$&"#7 J'#""#G +!0* $/ "/>

*0)8$/!"# $' ,&-,-/$*$-' H $/ *!0*G .-& 0'9 :$-80*$-' -. *!" @AB (-'#$*$-' -)*0$'"# +$*!

0##$*$:"89 /",0&0)8" ,&"."&"'("/G -'" (0' K'# 0 '-'>/"1&"10*"# /*0)8" ?=&$/#$(*$-' /*&=(*=&"

$' +!$(! 0 1"'"&08$F"# =*$8$*0&$0' 1-:"&'6"'* K'#/ $* -,*$608 *- ,"&.-&6 F"&- "I=08$F0*$-'

;0'# 0((-&#$'189 *- 8":9 '- +"08*! *0L"/<7  !" ,-//$)$8$*9 -. ,&-:$'1G 8"// #"60'#$'189G

*!0* 0'9 :$-80*$-' -. *!" @AB (-'#$*$-' (0' 1$:" &$/" *- 0 '-'>/"1&"10*"# /*0)8" ?=&$/#$(>

*$-' /*&=(*=&" $' +!$(! *!" =*$8$*0&$0' ("'*&08 1-:"&'6"'* ,"&.-&6/ '-'>F"&- "I=08$F0*$-'

+$*!-=* 0//=6$'1 0##$*$:" /",0&0)$8$*9 -. !-=/"!-8#/M =*$8$*9 .='(*$-' &"60$'/ 0' -,"'G $.

'-* #$C(=8*G I="/*$-'7

E" '-*$(" 08/- *!0* *!" 0//=6,*$-' *!0* *!"&" $/ 0 (-'*$'==6 -. !-=/"!-8#/ ,809/ 0 &-8"



 !"  !"#$%&' (

 ! "# $ %&''() *%+, -,.//01 "#+ %&''( +$".2/ $#+$1 ('& .!0 3 '/." '! '( "#+ 4*5 ,'!6 " '!1

"#+ +7 $"+!,+ '( %'$ " 3+  !"# !892+&$ '( #'8$+#'/6$ "#." ,.! 2+ %8"  ! . !'!:$+;&+;."+6

28" 0+" $".2/+ <8& $6 ," '! $"&8,"8&+) =+"1 >+ .&+ !'" ,.%.2/+ '( %&'3 !;1 ('& .!0 3 '/." '!

'( "#+ 4*5 ,'!6 " '!1 "#+ +7 $"+!,+ '( $%&!'! !892+&$ '( #'8$+#'/6$ "#." ,.! 2+ %8"  ! .

$".2/+ 28" !'!:$+;&+;."+6 <8& $6 ," '! $"&8,"8&+)

?+ !'> +$".2/ $#1 > "#'8" .!0 (8&"#+& ,'!6 " '! '! #'8$+#'/6@$ %&+(+&+!,+$1 "#+ ,'!:

3+&$+ %&'%'$ " '! "#." "#+ 4*5 ,'!6 " '!  $ $8A, +!" ('& "#+ >+./"# $+;&+;." '! '( .!0

$".2/+ <8& $6 ," '! $"&8,"8&+) B' .66 " 3+ $+%.&.2 / "0  $ !++6+6 ('& "# $ %&'%'$ " '!)

 !"#"$%&%"' () ())*+! &,"& ,-*)!,-#.)/ 0 !1! !%2!) )"&$)13 &,! 456 2-%.$&$-% "%. " !

 !0 !)!%&!. 73 " *&$#$&3 1*%2&$-% $% U 8 9,!%: "%3 )&"7#! ;* $).$2&$-% )& *2&* ! <$&, " 4=

2!%& "# '->! %+!%& ") 0! !$&,! .!?%$&$-% @8@ $) <!"#&, )!' !'"&!.8

 !""#$

A! )B!&2, &,! " '*+!%& 1- &,! 2")! <,! ! &,! #-2"# 0*7#$2 '--. $) !>! 3<,! ! " ' -))

2-+0#!+!%& &- &,! 0 $>"&! '--.8 ())*+! &,! !1- ! &,"& ZM
$) .!2 !")$%' <$&,  !)0!2& &- px

"%.: 73 2-%& ".$2&$-%: #!& (L, g, c, t) 7! " ;* $).$2&$-% )& *2&* ! &,"& $) %-& <!"#&,C)& "&$?!.8

D!%2!: &,! ! " ! #-2"&$-%) l "%. l′ ∈ L E<$&, l 6= l′F: "%. ,-*)!,-#.) h: i "%. k ∈ [0, 1] <$&,

h < i < k 1- <,$2, -%! ,") h "%. k ∈ L−1
l : i ∈ L−1

l′′ <$&, λ(L−1
l ) > 0 "%.: λ(L−1

l′′ ) > 0 "%.

!$&,! tl 6= tl′ - tl̟l + gl 6= tl′̟l′ + gl′ 8 G& $) 2#!" &,"& $1 -%#3 -%! -1 &,! &<- $%!H*"#$&$!)

tl 6= tl′ "%. tl̟l + gl 6= tl′̟l + gl′ ,-#.): &,!% &,! ;* $).$2&$-% )& *2&* ! 2"% %-& 7! )&"7#!

7!2"*)! &,! ! <-*#. 7! *%"%$+$&3 -1 &,! $%,"7$&"%&) -1 -%! -1 &,! ;* $).$2&$-%) l "%. l′ &-

'- &- &,! ;* $).$2&$-% <$&, &,! #-< &"I  "&! E$1 tl 6= tl′ "%. tl̟l + gl = tl′ωl′ + gl′F - &- &,!

;* $).$2&$-% <$&, &,! #" '!)& 0*7#$2 '--. 0 ->$)$-% E$1 tl = tl′ "%. tl̟l + gl 6= tl′ωl + gl′F8

D!%2! -%! 2"% "))*+! &,"& 7-&, tl 6= tl′ "%. tl̟l + gl 6= tl′̟l + gl′ ,-#.8 J!?%! %-< ̟ 73K

tl̟ + gl′ = tl̟l + gl

⇔
̟ = ̟l +

gl − gl′

tl



 !"! #$%&'(%  !"

 !"#$!% &'" (#)*

U(tl̟ + gl′ , (1− c− tl)ωm) = Φ(tl, ̟, ωm, gl′)

= U(tl̟1 + gl, (1− c− tl)ωm)

= Φ(tl, ̟l, ωm, gl, c)  !"!#$

+&$ ","$% (&-)"(&!. m/ 0&$ 1(2) '&'3)1$#124". 5-$2).2612&' )1$-61-$" 1& 7" )1#7!"8 &'" 9-)1

(#,"*

Φ(tl, ̟l, ωh, gl, c) ≥ Φ(tl′ , ̟l′ , ωh, gl′ , c)

Φ(tl, ̟l, ωi, gl, c) ≤ Φ(tl′ , ̟l′ , ωi, gl′ , c)

#'.

Φ(tl, ̟l, ωk, gl, c) ≥ Φ(tl′ , ωl′ , ωk, gl′ , c)

&$8 -)2': ;</<=>*

Φ(tl, ̟, ωh, gl′ , c) ≥ Φ(tl′ , ̟l′ , ωh, gl′ , c)  !"!!$

Φ(tl, ̟, ωi, gl′ , c) ≤ Φ(tl′ , ωl′ , ωi, gl′ , c)  !"!%$

#'.

Φ(tl, ̟, ωk, gl′ , c) ≥ Φ(tl′ , ωl′ , ωk, gl′ , c)  !"!&$

?% !"99# </@/<8 1(" )!&A") &+ 2'.2B"$"'6" 6-$,") 2' 1(" )A#6" &+ #!! 6&972'#12&') &+ !&6#!

1#C $#1" #'. 5-$2).2612&' #::$":#1" D"#!1( #$" &$."$". 7% 2'.2,2.-#! D"#!1( +&$ #'% !","!

&+ 6"'1$#! :&,"$'9"'1 :$#'1 #'.8 1("$"+&$"8 +&$ 1(" !","! gl′ / E"'6" 2'.2B"$"'6" 6-$,") &+

(&-)"(&!.) h8 i #'. k #1 (tl, ̟) 9-)1 7" #) 1("% #$" ."A261". 2' 4:-$" F/  !"#$!% +$&9 1(2)

4:-$"8 -'!")) 2'.2B"$"'6" 6-$,") &+ (&-)"(&!.) k #'. i &$ h #'. i 6$&)) 2' 1(" GD$&':G

&$."$ #1 # A&2'1 )-6( #) (τ,̟′′)8 1(" )"1 &+ 6&972'#12&') &+ !&6#! 1#C $#1") #'. 5-$2).2612&'

#::$":#1" D"#!1( 1(#1 i 6&')2."$) #) D"#H!% D&$)" ;:2,"' 6"'1$#! :&,"$'9"'1 :$#'1 gl′> 1(#'

(tl, ̟) 2) 6&'1#2'". 2' 1(" )"1 &+ )-6( 6&972'#12&') 1(#1 "21("$ (&-)"(&!. h &$ (&-)"(&!. k

6&')2."$) #) )1$261!% D&$)" 1(#' (tl, ̟)/ E"'6"8 -'!")) 2'.2B"$"'6" 6-$,") &+ 1D& (&-)"(&!.)

6$&)) 2' 1(" D$&': &$."$ #1 (τ,̟′′)8 2'"I-#!212") ;</<<>3;</<F> 6#' '&1 )29-!1#'"&-)!% (&!.

+&$ .2)12'61 6&972'#12&') (tl, ̟) #'. (tl′ , ̟l′) &+ !&6#! 1#C $#1") #'. 5-$2).2612&' 1#C $#1")/



 !"  !"#$%&' (

 !"# $%&'( )!*) +,-(## )!( ./0 1&,2")"&, "# '"&-*)(23 )!( 4+%"#2"1)"&, #)%+1)+%( 1*, ,&) 5(

#)*5-(6

 !" #$%&'()*$%

 !" #$%& '(&')*+%(& (, -!%+ .$."/ %+ -!$- -!" 0"),$/%+- 1 %& ,$'- 2"&"/$)%3"41*-%)%-$/%$& 1

%&-"/5"&-%(& (, $ '"&-/$) 2(5"/&#"&- 4("+ &(- $)-"/ -!" +"2/"2$-%5" ./(."/-%"+ (, "&4(2"1

&(*+ 6*/%+4%'-%(& ,(/#$-%(&7 $- )"$+- 0!"& -!%+ 6*/%+4%'-%(& ,(/#$-%(& %+ #(4"))"4 0%-!%& $

,/$#"0(/8 7 -* 9"+-!(:; <."'%='$))>7 -!" ?<@ '(&4%-%(& -!$- %- %+ &"'"++$/> $&4 +*A'%"&-

-( %#.(+" (& !(*+"!()4 ./","/"&'"+ ,(/ 2*$/$&-""%&2 -!" 0"$)-! +"2/"2$-%(& (, $&> +-$B)"

6*/%+4%'-%(& %+ &(- $:"'-"4 B> -!" ./"+"&'" (, $ '"&-/$) 2(5"/&#"&- $+ #(4"))"4 %& -!%+

.$."/;  !%+ (, '(*/+" 4("+ &(- #"$& -!$- '"&-/$) 2(5"/&#"&- %&-"/5"&-%(& 4("+ &(- $:"'-

6*/%+4%'-%(& ,(/#$-%(&; C+ "D$#.)"+ E $&4 F 4%+'*++"4 %& +"'-%(& F /"5"$)7 -!" /"4%+-/%B*-%5"

B"!$5%(/ (, -!" ?G '"&-/$) 2(5"/&#"&- $:"'-+ H*%-" +!$/.)> -!" +"- (, +-$B)" 6*/%+4%'-%(&

+-/*'-*/"+; I"- -!" 6*/%+4%'-%(&+ +-/*'-*/"+ -!$- /"#$%& +-$B)" *&4"/ $ 2"&"/$)%3"4 *-%)%-$/1

%$& '"&-/$) 2(5"/&#"&- $/" +"2/"2$-"4 *&4"/ "D$'-)> -!" +$#" '(&4%-%(&+ (& !(*+"!()4J+

./","/"&'"+ -!$& 0(*)4 B" -!" '$+" 0%-!(*- $ '"&-/$) 2(5"/&#"&-;

9!%)" 0" B")%"5" -!$- -!" #"++$2" $''(/4%&2 -( 0!%'! '"&-/$) 2(5"/&#"&- %&-"/5"&-%(&

4("+ &(- #(4%,> -!" +"2/"2$-%5" ,(/'"+ *&4"/)>%&2  %"B(*-1)%8" ./('"++"+ (, 6*/%+4%'-%(&

,(/#$-%(& %+ (, +(#" %&-"/"+-7 %- %+ 0(/-! /"'$))%&2 -!" )%#%-$-%(&+ (, -!" $&$)>+%+ (& 0!%'!

%- +-$&4+; K(/ (&" -!%&27 -!" /"+*)- %+ (B-$%&"47 $- )"$+- ,(/ %-+ &"'"++%-> .$/-7 *&4"/ -!"

$++*#.-%(& -!$- ./","/"&'"+ $/" $44%-%5")> +".$/$B)"; L- 0(*)4 B" &%'" %, -!%+ $++*#.-%(&

'(*)4 B" /")$D"4; C&(-!"/ )%#%-$-%(& (, -!" $&$)>+%+ )%"+7 ."/!$.+7 %& -!" +%#*)-$&"(*+



 !"! #$%&'()*$%  !"

 !""#$% #$ &'#(' "'! )!(# #*$ +, '*- !'*.) / (!$"01. 1$) .*(1. %*2!0$3!$" 10! (*$ #)!0!)4

5 "'#0) .#3#"1"#*$ *6 "'! 1$1., # # "'! 01"'!0 .#3#"!) 7*&!0 %#2!$ "* "'! (!$"01. %*2!0$3!$"

#$ *-0 3*)!. "* 0!)# "0#+-"! 70#21"! &!1."'4 89"!$)#$% "'! 1$1., # *6 "'# 717!0 *2!0 "'! !

.#3#"1"#*$ / 1 &!.. 1 31$, *"'!0 /  !!3 "* - 1 &*0"', *+:!("#2! 6*0 6-"-0! 0! !10('4



 !"  !"#$%&' (



 !"#$%& '

 !" #"$%"$&'()" *%+*"%'("# +, "-.+$"-+/#

0/%(#.(1'(+-# ,+%2&'(+- 3('! & 4&-. 2&%5"'

 

 !"# $%$&' &(%)"*&# +!& #&,'&,%+"-& $'.$&'+"&# ./  "&0.1+23"4& &*5.,&*.1# $'.6&##&# ./

71'"#5"6+".* /.')%+".* "* $'&#&*6& ./ % 6.)$&+"+"-& 3%*5 )%'4&+8 9* +!& ).5&3 6.*#"5&'&5:

% 6.*+"*11) ./ !.1#&!.35# ;"+! 5"<&'&*+ ;&%3+! 3&-&3# %*5 +!& #%)& $'&/&'&*6&# /.' 3.6%3

$103"6 ,..5#: $'"-%+& #$&*5"*, %*5 !.1#"*, 6!..#& % 3.6%+".* /'.) % =*"+& #&+8 >%6! 3.6%2

+".* !%# %* "*"+"%3 &*5.;)&*+ ./ !.1#"*, +!%+ "# $'"6&5 6.)$&+"-&3? %*5 +!%+ 0&3.*,# +.

%0#&*+&& 3%*53.'5#8 >%6! 71'"#5"6+".* "# %3#. &*5.;&5 ;"+! % #$&6"=6 +&6!*.3.,? /.' $'.2

516"*, $103"6 ,..5#8 @.1#&!.35#A $'&/&'&*6&# %'& %##1)&5 +. 0& !.).+!&+"6%33? #&$%'%03&

0&+;&&* 3.6%3 $103"6 ,..5# .* +!& .*& !%*5 %*5 $'"-%+& #$&*5"*, %*5 !.1#"*, .* +!& .+!&'8

B103"6 ,..5# $'.-"#".* "# =*%*6&5 0? % ,"-&*: 01+ 1*#$&6"=&5: )"(+1'& ./ C3"*&%'D ;&%3+!

%*5 !.1#"*, +%(&#8 E& #!.; +!%+ #+%03& 71'"#5"6+".* #+'16+1'&# %'& %3;%?# #&,'&,%+&5 0?

;&%3+! .*3? "/ !.1#&!.35# -"&; %*? $103"6 ,..5 6.*5"+".*%33? .* +!& F1%*+"+"&# ./ +!& .+!&'

$103"6 ,..5# %# &"+!&' %3;%?# % ,'.## #10#+"+1+&: .' &"+!&' %3;%?# % ,'.## 6.)$3&)&*+: +.

$'"-%+& #$&*5"*,8 E& %3#. #!.; +!%+: "/ +!&'& %'& ).'& +!%* .*& $103"6 ,..5: +!"# 6.*5"2

+".* "# *.+ #1G6"&*+ /.' #&,'&,%+".* 1*3&## !.1#&!.35# $'&/&'&*6&# %'& %55"+"-&3? #&$%'%03&8

H"*6& +!"# 6.*5"+".* "# *&6&##%'? %*5 #1G6"&*+ /.' +!& #&,'&,%+".* ./ #+%03& 71'"#5"6+".*

#+'16+1'&# ;"+!.1+ 3%*5 )%'4&+ %*5 ;"+! .*3? .*& $103"6 ,..5: .1' '&#13+# #1,,&#+# +!%+

"*+'.516"*, % 3%*5 )%'4&+ 5.&# *.+ %<&6+ +!& #&,'&,%+"-& $'.$&'+"&# ./ &*5.,&*.1# 71'"#2

5"6+".* /.')%+".* 01+ +!%+ "*6'&%#"*, +!& *1)0&' ./ $103"6 ,..5# )"+",%+&# #&,'&,%+".*8

 

 !"# $!%& '( (')"'*# % +,"- %( "$.' *" ! /"$,.%# 0(%)'.

 !"



  !  !"#$%&' (

 !" #$%&'()*%+'$

 ! "# $"%&'( )&'"&*&% !+,! &-%./&-.0# 12.3&##&# .4 502"#%"3!".- 4.26,!".-7 ,! '&,#! $+&-

%2"*&- )( 1&24&3!'( 6.)"'& +.0#&+.'%# $+. 6,8& , 9:;< !2,%&=.> )&!$&&- '.3,' !,?&# ,-%

'.3,' 10)'"3 12.*"#".-7 ,2&  !"#$ %&'()* ,-%  !*&!*+'(,!@ A+,! "# !. #,(7 #03+ 12.3&##&# '&,%

!. !+& 4.26,!".- .4 +.6./&-.0# 502"#%"3!".-# "-+,)"!&% )( +.0#&+.'%# $"!+ B#"6"',2B 3+,2=

,3!&2"#!"3#@ 9CD< "-*&#!"/,!&# !+& *,'"%"!( .4 !+"# )&'"&4 "- !+& 3.-!&?! .4 , 3',##"3,' 6.%&'

.4 &-%./&-.0# 502"#%"3!".- 4.26,!".- %0& !. 9:C<@  - !+"# 6.%&'7 +.0#&+.'%# $"!+ %">&2=

&-! $&,'!+ ,-% !+& #,6& 12&4&2&-3& 4.2 '.3,' 10)'"3 #1&-%"-/ ,-% 12"*,!& #1&-%"-/ 3+..#&

!. '.3,!& "- , E-"!& #&! .4 1.##")'& 1',3&# .4 2&#"%&-3&@ F.0#&+.'%# $+. 3+..#& !+& #,6&

1',3& 4.26 , 502"#%"3!".- !+,! %&6.32,!"3,''( %&3"%&# .4 '.3,' !,?&# G1,"% )( +.0#&+.'%# .-

!+&"2 12"*,!& $&,'!+H ,-% '.3,' 10)'"3 #1&-%"-/@ A+& ,-,'(#"# 4.30#&# .-  '+-"! 502"#%"3!".-

#!203!02&#@ A+&#& ,2& 1,2!"!".-# .4 !+& #&! .4 +.0#&+.'%# !+,! "# "660-& !. "-%"*"%0,'

%&*",!".-#7 0-%&2 !+& ,##061!".- !+,! ,- "-%"*"%0,' 6.*& +,# -. &>&3! .- 502"#%"3!".-#I

$&,'!+7 !,? 2,!&# ,-% 10)'"3 #1&-%"-/@ 9CD< "%&-!"4( , 3.-%"!".- .- +.0#&+.'%#I 12&4&2&-3&

= !+& JKL 3.-%"!".- = !+,! "# -&3&##,2( ,-% #0M3"&-! !. &-#02& !+& $&,'!+=#&/2&/,!".- .4

,-( #03+ #!,)'& 502"#%"3!".- #!203!02&@ N# "- 9:C<7 !+& %&E-"!".- .4 B#&/2&/,!".-B 0#&% )(

9CD< "# !+,! 0-%&2'("-/ !+& -.!".- .4 .%) !./'(,!)!  G#&& ,'#. 9DO<H@  ! %&E-&# ,# B$&,'!+=

#&/2&/,!&%B ,-( 502"#%"3!".- #!203!02& "- $+"3+ !+& 2"3+&#! +.0#&+.'% .4 , 502"#%"3!".- "#7

$&,8'(7 1..2&2 !+,- !+& 1..2&#! +.0#&+.'% .4 ,-( .!+&2 502"#%"3!".- $"!+ , #!2"3!'( ',2/&2 0!&

.+0('+ $&,'!+@ A+& JKL 3.-%"!".- 2&P0"2&# +.0#&+.'%# !. 3.-#"%&2 '.3,' 10)'"3 #1&-%"-/ !.

)& &"!+&2 ,'$,(# , /2.## 3.61'&6&-!7 .2 ,'$,(# , /2.## #0)#!"!0!&7 !. !+& 12"*,!& /..%@  -

9:<7 !+& -&3&##"!( ,-% #0M3"&-3( .4 !+& JKL 3.-%"!".- 4.2 #&/2&/,!".- "# ,'#. &#!,)'"#+&% 4.2

, /&-&2,'"Q&% *&2#".- .4 !+& 6.%&' !+,! ,''.$# 4.2 !+& 12&#&-3& .4 , /&-&2,'"Q&%=0!"'"!,2",-

2&%"#!2")0!"*& 3&-!2,' /.*&2-6&-!7 0-%&2 !+& ,%%"!".-,' ,##061!".- !+,! +.0#&+.'%# 12&4&2=

&-3&# ,2& ,%%"!"*&'( #&1,2,)'&@ R+"'& !+& JKL 3.-%"!".- "# #!2"-/&-!7 ,-% 6,( )& *".',!&%

&*&- )( ,%%"!"*&'( #&1,2,)'& 12&4&2&-3&#7 "! "# 3&2!,"-'( -.! ,- .0!',-%"#+ 3.-%"!".-@ S.2

!+"# 2&,#.-7 9CD< ,-% 9:< 2&#0'!# 6,( )& #&&- ,# 12.*"%"-/ #011.2! !. !+& $"%&#12&,% "-!0"!".-

!+,! &-%./&-.0# 12.3&##&# .4 502"#%"3!".- 4.26,!".- 1 "+ A"&).0! ,2& "-+&2&-!'( #&/2&/,!"*&@

T&! !+&#& 2&#0'!# ,2& .)!,"-&% "- , 6.%&' $"!+ .-'( .-& 10)'"3 /..% ,-% $"!+.0! ,

%$&''"-/ 6,28&! ,-% $+&2&7 ,# , 2&#0'!7 +.0#&+.'%# 3,- 2&#"%& 4.2 42&& "- !+& 502"#%"3!".-

!+,! .>&2# !+&"2 4,*.2"!& 10)'"3 /..% ,-% !,? 1,38,/&@ A+"# 3.-!2,#!# #.6&$+,! $"!+ +.'/+"

12.3&##&# .4 502"#%"3!".- 4.26,!".- "- $+"3+ +.0#&+.'%# 60#! 3.-#06& +.0#"-/ "- .2%&2 !.

+,*& ,33&## !. !+& 10)'"3 /..% ,-% !,? 1,38,/& ,*,"',)'& ,! , 1,2!"30',2 502"#%"3!".-@ U.&#

!+& 2&P0"2&6&-! 4.2 +.0#&+.'%# !. 3.-#06& +.0#"-/ "- .2%&2 !. )&-&E! 42.6 '.3,' !,? ,-%



 !"! #$%&'()*%+'$    

 !"#$% &''(  )%*)&+ ),+%- -.+ /+&0+&)-$1+  0' +0-$+/ '2 +3('&+3'!/  0'%+//+/ '2 4!0$/($%-$'3

2'05)-$'36 7'0+ / +%$8%)##9: ;.)- )0+ -.+ %'3($-$'3/ < $2 )39 < -.)- .'!/+.'#(/  0+2+0+3%+/

5!/- /)-$/29 $3 '0(+0 2'0 )39 /-)"#+ 4!0$/($%-$'3 /-0!%-!0+ -' "+ /+&0+&)-$1+ ;.+3 .'!/$3&

%'3/!5 -$'3 $/ 0+=!$0+( 2'0 #$1$3& $3 ) 4!0$/($%-$'3 6 >.$/ $/ -.+ 5)$3 =!+/-$'3 +?)5$3+(

$3 -.$/  ) +0@ A+)#$/5 $/ '3#9 '3+ 0+)/'3 2'0 )((0+//$3& -.)- =!+/-$'3@ B3'-.+0 5'-$1)-$'3

2'0 $(+3-$29$3& -.+ %'3($-$'3/ '3 .'!/+.'#(/  0+2+0+3%+/ -.)- )0+ 3+%+//)09 )3( /!C%$+3-

2'0 -.+ /+&0+&)-$'3 '2 /-)"#+ 4!0$/($%-$'3 /-0!%-!0+ $3  0+/+3%+ '2 .'!/$3& 5)0*+-/ $/ -.)-

-.'/+ 5)0*+-/  0'1$(+ )3 +)/9 ;)9 '2 -+/-$3& -.+ %'3($-$'3/ -.0'!&. .+('3$% 5+-.'(/ D/++

+@&@ EFGH '0 EIHJ@

B((0+//$3& -.$/ =!+/-$'3 0+=!$0+/ '2 %'!0/+ ) 5'(+# '2 4!0$/($%-$'3 2'05)-$'3 (0$1+3 "9

.'!/+.'#(K/ ' -$5$L$3& (+%$/$'3/ ;$-. 0+/ +%- -' #'%)#  !"#$% &''( )3( -)?+/ !3(+0  +02+%-

5'"$#$-9 -.)- $3%'0 '0)-+/ .'!/$3& %'3/!5 -$'3@ B- #+)/- -.0++ )  0')%.+/ -' -.$/ 5'(+#<

$3& .)1+ "++3  0' '/+( $3 -.+ #$-+0)-!0+@

>.+ 80/-: +? #'0+( 3'-)"#9 "9 EFIH: EMNH : EMIH: )//!5+/ -.)- .'!/$3&: ';3+( "9 )"/+3<

-++ #)3(#'0(/: $/ )  +02+%-#9 ($1$/$"#+ &''( )1)$#)"#+ $3 D '//$"#9J ($,+0+3- =!)3-$-$+/ $3 )

83$-+ 3!5"+0 '2 #'%)-$'3/@ O'!/+.'#(/ .)1+  0+2+0+3%+ 2'0 .'!/$3&: #'%)#  !"#$% / +3(<

$3& )3( 3'3<.'!/$3&  0$1)-+ / +3($3& )3( 5!/- %'3/!5+ )  '/$-$1+ )5'!3- '2 .'!/$3& )-

5'/- '3+  #)%+@ P!0%.)/+ '2 .'!/$3& $/ 5)(+ '3 %'5 +-$-$1+ 5)0*+-/ -.)- +=!)#$L+ #'%)#

/!  #9 '2 .'!/$3& ;$-. #'%)# (+5)3(@ O'!/+.'#(/ ;.' %.''/+ -' %'3/!5+ .'!/$3& )- -.+

/)5+ #'%)-$'3 2'05 ) 4!0$/($%-$'3 )3( %.''/+ "9 5)4'0$-9 1'-$3& )  !" #!$% $&' 0)-+ ;.$%.:

;.+3 )  #$+( -' -.+ D"+2'0+ -)?J 5)0*+- 1)#!+ '2 #'%)# #)3(: 83)3%+/ #'%)#  !"#$% / +3($3&@

B3 $5 '0-)3- $//!+ ($/%!//+( $3 -.$/ #$-+0)-!0+ $/ -.+ ($C%!#-9 '2 +/-)"#$/.$3& #'()$#*+#

'2 /-)"#+ 4!0$/($%-$'3 /-0!%-!0+/@ EMNH )3( EMIH .)1+  0'1$(+( %'3($-$'3/ '3 .'!/+.'#(/K

 0+2+0+3%+/ -.)- )0+ /!C%$+3- 2'0 -.+ +?$/-+3%+ '2 /-)"#+ 4!0$/($%-$'3 /-0!%-!0+/@ B/ /.';3

"9 -.+/+ )!-.'0/: -.+ %'3($-$'3/ )#/' &!)0)3-++ -.)- -.+ /-)"#+ 4!0$/($%-$'3 /-0!%-!0+/ ;$##

"+ Q/+&0+&)-+(Q $3 -.+ /)5+ D%'3/+%!-$1+J /+3/+ -.)3 )"'1+@ 7'(+#/ -.)- /)-$/29 -.+/+

)//!5 -$'3/ .)1+ "++3 -.+ '"4+%- '2 $3-+3/$1+ +5 $0$%)# 0+/+)0%. $3 -.+ #)/- -+3 9+)0/ '0

/' D/++ +@&@ EMFH: ENRH: EMSH )3( EMGHJ@

B3'-.+0 )  0')%.: +? #'0+( "9 ETGH: ENSH )3( EGNH )5'3& '-.+0/: %'3/$(+0/ ) /$5$#)0

/+--$3& -.)3 -.+  0+1$'!/ /-0+)5 "!- ;$-. -.+ $5 '0-)3- ($,+0+3%+ -.)- #'%)#  !"#$% &''(

 0'1$/$'3 $/ )//!5+( -' "+ 83)3%+( "9 ;+)#-. -)?)-$'3@ >' -.)- +?-+3-: -.$/ /+--$3& $/

%#'/+0 $3 / $0$- -' -.)- '2 U+/-.', -' ;.$%. $- $/ +)/9 -' %'5 )0+@ B3'-.+0 )(1)3-)&+



  !  !"#$%&' (

 ! "#$% %&""$'( $% "#)" $" &)%&% * '%$+&,)-./ "#& 0, -.&1  ! &2$%"&'*&  ! %")-.& 34,$%+$*"$ '

%",4*"4,&% 5%&& ! , $'%")'*& 6789 ! , ) :4$"& (&'&,). &2$%"&'*& "#& ,&1;< =' "#&  "#&, #)'+>

)%%41$'( "#& ?')'*$'(  ! . *). 04-.$* %0&'+$'( -/ @&)."# ")2)"$ ' $% *.&),./ )"  ++ @$"#

@#)" $%  -%&,A&+ $' 1 %" $'%"$"4"$ '). %&""$'(% "#)" @& ),& )@),&> )% 0, 0&,"/ ")2 $% -/ !),

"#& 1 %" @$+&./ 4%& ?')'*$'( +&A$*& ! , . *). 04-.$* %0&'+$'(<

B#& "#$,+ )00, )*# #)% -&&' 0, 0 %&+ -/ 6CD9> )'+ -4$.+%  ' "#& 5.),(&./ 4'04-.$%#&+;

@ ,E  ! 6FG9> 6HD9 )'+ 6HI9< J" +$K&,% !, 1 "#& "@ 0,&A$ 4%  '&% $' "#)" $" )%%41&% "#)"

# 4%$'( $% )' $'+$A$%$-.& (  + "#)" $% )A)$.)-.& $' A),$ 4% "/0&% $' "#& A),$ 4% 34,$%+$*L

"$ '%< J' %4*# ) %&""$'(> 6CD9 0, A&% "#& &2$%"&'*&  ! %")-.& 34,$%+$*"$ ' %",4*"4,& 4'+&,

- "# @&)."# )'+ +@&..$'( ")2)"$ '< M& ).% 0, A$+&% * '+$"$ '% "#)" ),& %4N*$&'" ! , "#&

%&(,&()"$ '  ! %")-.& 34,$%+$*"$ ' %",4*"4,&%<

J' "#$% 0)0&,> @& %"$*E " "#& 0&,!&*"./ +$A$%$-.& .)'+ 5 , # 4%$'(; !,)1&@ ,E -4" @& * 'L

%$+&, ) ?')'*$'( %*#&1&  ! . *). 04-.$* (  + 0, A$%$ ' "#)" * 1-$'&% @&)."# )'+ +@&..$'(

")2)"$ '< O ,& A&,> @& ).. @ ! , "#& 0 %%$-$.$"/ "#)" 34,$%+$*"$ '% 0, +4*& %&A&,). 04-.$*

(  +% ,)"#&, "#)' ) %$'(.&  '&< P&"> @& )+ 0" ) 1 ,& (&'&,). A$&@ "#)' "#&  '& "/0$*)../

")E&' $' "#& .$"&,)"4,& @$"# ,&%0&*" " "#& 1&*#)'$%1 4%&+ -/ . *). 34,$%+$*"$ '% " %&.&*"

04-.$* (  + 0, A$%$ '% )'+ ")2&%< J'+&&+> &2*&0" ! , "#& .$'&),$"/  ! "#& ")2)"$ ' 5 ' - "#

# 4%$'( )'+ @&)."#; )'+ "#& -).)'*$'(  ! "#& . *). ( A&,'1&'" -4+(&"> @& + ' " 1)E&

)'/ )%%410"$ '  ' "#& 0, *&%% -/ @#$*# ")2&% )'+ . *). 04-.$* (  + ),& *# %&'< Q/ * 'L

",)%"> 14*#  ! "#& .$"&,)"4,& )%%41& "#)" . *). ")2&% ),& *# %&' -/ % 1& A "$'( 1&*#)'$%1

5&<(< ")2 ,)"&% ),& "#& !)A ,$"&  '&%  ! "#& 1&+$)' $'+$A$+4).;< J" $% )*"4)../ "#$% A "$'(

)%%410"$ ' @#$*#> " (&"#&, @$"# * 10&"$"$A& 0,$*$'(  ! .)'+%> *,&)"& 0, -.&1%  ! &2$%"&'*&

 ! %")-.& 34,$%+$*"$ ' %",4*"4,&%< Q/ )-%",)*"$'( !, 1 "#& 0),"$*4.), 1&*#)'$%1 4%&+ -/ 34L

,$%+$*"$ '% " +&*$+& 40 ' . *). 04-.$* (  + 0, A$%$ ' )'+ ")2&%>  4, )')./%$% "#4% &%*)0&%

!, 1 "#& +$N*4."$&% ,)$%&+ -/ 0 %%$-.& $'&2$%"&'*&  ! %")-.& 34,$%+$*"$ ' %",4*"4,&%<

R#$.& "#& )-%",)*"$ ' !, 1 "#& 0),"$*4.), $'",)L34,$%+$*"$ ' * ..&*"$A& *# $*& ( &% " L

@),+ ) (&'&,).$S)"$ '  ! "#& )00, )*# !)A 4,&+ $' "#& .$"&,)"4,&> @& * '+4*" "#& )')./%$% -/

1)E$'( "#& 5%$('$?*)'"./; %$10.$!/$'( )%%410"$ ' "#)" # 4%&# .+% 0,&!&,&'*&% ),&  !"!#

$ %$&'()* +%,(-(.)% $' "#& %&'%&  ! 6II9 5H<8<F; -&"@&&' . *). 04-.$* (  +%  ' "#&  '& #)'+

)'+ 0,$A)"& %0&'+$'( 5 ' # 4%$'( )'+ 0,$A)"& * '%410"$ ';  ' "#&  "#&,< B#$% )%%410L

"$ ' $% )+1$""&+./ ,&%",$*"$A&< P&"> $" $% ' " (, %%./ $'* '%$%"&'" @$"# "#& )A)$.)-.& &10$,$*).

&A$+&'*& 5%&& ! , $'%")'*& 6IG9; "#)" $'+$*)"&% "#)" "#& -4+(&" %#),& +&A "&+ " # 4%$'(



 !"! #$% &'(%)   !

 ! "#$%"&%'() !*%'(# '+*, %-"+!! (+-%* +.! /0,+ 1 2#"  . (+-%( 34'( - 5++1 3"+6 ! +.7 %.1

%-"+!! ,+4!#,+(1! /0,+ 1 2#"  . *,# " 0#%(*,78

9. *, ! :"%$#0+"&; 0# !,+0 *,%* *,# 3"+3#.! *) +: !*%'(# <4" !1 -* +. !*"4-*4"#! *+ (#%1

*+ !#5"#5%* +.  ! .+* %2#-*#1 ') *,#  .*"+14-* +. +: *,# ,+4! .5 $%"&#*8 =+" 0# !,+0 *,%*

% !4 *%'(# 5#.#"%( >%* +. +: *,# ?@A -+.1 * +. "#$% .! .#-#!!%") %.1 !4B- #.* :+" %.)

!*%'(# <4" !1 -* +. *+ '# !#5"#5%*#1  : *,#"#  ! +.() +.# 34'( - 5++18 C, (# 0#  .*#"3"#*

*, ! "#!4(* %!  .1 -%* 6# +: % !+$#0,%* "+'4!* -+..#-* +. '#*0##. *,# ?@A -+.1 * +. %.1

*,# !#5"#5%* 6# 3"+3#"* #! +: #.1+5#.+4! <4" !1 -* +. :+"$%* +.; 0# #$3,%! ># *,%* *,#

%!!4$3* +. +: !#3%"%'(# ,+$+*,#* - *)  ! -"4- %( :+" *,# "#!4(*8 D+"#+6#"; +4" %.%()! ! %(!+

!455#!*! *,%* *,# ?@A -+.1 * +. $%) .+* '# !4B- #.* :+" !#5"#5%* +.  : 3"#:#"#.-#! %"#

.+* %11 * 6#() !#3%"%'(# %.1 *,#"# %"# $+"# *,%. +.# 34'( - 5++1!8 E, ! !455#!*!; !+$#F

0,%*  .*4 * 6#(); *,%*  .-"#%! .5 *,# .4$'#" +: 34'( - 5++1! ') 0, -, <4" !1 -* +.! -%. '#

1 !* .54 !,#1 $%) $ * 5%*# *,# !#5"#5%* 6# :#%*4"# +: #.1+5#.+4! <4" !1 -* +. :+"$%* +.8

E,# 3(%. +: *,# "#!* +: *, ! 3%3#"  ! %! :+((+0!8 9. *,# .#G* !#-* +.; 0#  .*"+14-# *,#

$% . .+*%* +. %.1 -+.-#3*!8 @#-* +. H 3"+6 1# *,# "#!4(*! :+" ,+4! .5 *%G%* +. 0, (# !#-F

* +. I !,+0 ,+0 *,# "#!4(*! #G*#.1 *+ *,# -%!# 0 *, % 0#(:%" !* -#.*"%( 5+6#".$#.*8 @#-* +.

J 3"+6 1#! !+$# -+.-(4! +.8

 !" #$% &'(%)

K!  . *,# ( *#"%*4"#; 0# -+.! 1#" #-+.+$ #! 0 *, % -+.* .44$ +: ,+4!#,+(1! "#3"#!#.*#1

') *,# [0, 1]  .*#"6%(; %.1 0# 1#.+*# ') λ *,# L#'#!54# $#%!4"# 1#M.#1 +6#" %(( /L#'#!54#

$#%!4"%'(#7 !4'!#*! +: [0, 1]8 =+" %.) L#'#!54# $#%!4"%'(# !4'!#* S +: [0, 1]; 0#  .*#"3"#*

λ(S) %! N*,# :"%-* +. +: ,+4!#,+(1!O  . *,# !#* S8 K. #-+.+$)  ! $%1# +: *,# *,"## :+((+0F

 .5  .5"#1 #.*!8

 !"#$; *,#"#  ! % %&'($) *!#$"!+,$!-. $+1#(#1 %! % L#'#!54# $#%!4"%'(#;  .-"#%! .5 %.1

'+4.1#1 :"+$ %'+6# :4.-* +. ω : [0, 1] → R++ *,%* %!!+- %*#! *+ #6#") ,+4!#,+(1 i ∈ [0, 1]

 *! !*" -*() 3+! * 6# 3" 6%*# 0#%(*, ωi8 L $ * .5 %**#.* +. *+  .-"#%! .5 :4.-* +.!  ! % -+.F

6#.* +. %--+"1 .5 *+ 0, -, ,+4!#,+(1! %"# +"1#"#1 ') *,# " 0#%(*, /i ≤ i′ =⇒ ωi ≤ ωi′78

E,# #&/-.*  .5"#1 #.*  . *,# 1#!-" 3* +. +: %. #-+.+$)  ! % !3#- M-%* +. +: *,# ,+4!#F



  !  !"#$%&' (

 !"#$% &'()('(*+($, -./(* -! 0( - ( $.1( )!' .""  !2$( !"#$3 4 ($( &'()('(*+($ .'( #(5*(#

!6(' k "!+." &20"7+ 8!!#$ 9Z = (Z1, ..., Zk):, &'76.-( $&(*#7*8 9x: .*#  !2$7*8 9h: .*# .'(

'(&'($(*-(# 0; . -<7+( #7=('(*-7.0"(, $-'7+-"; 7*+'(.$7*8 .*# $-'7+-"; >2.$7?+!*+.6(

 

2-7"7-;

)2*+-7!* U : Rk+2
+ → R3 @( $!1(-71($ )!+2$ .--(*-7!* !* $!1( &.'-7+2".' &20"7+ 8!!#

j3 A* $2+ !++.$7!*$, <( 1.; 5*# +!*6(*7(*- -! <'7-( . &.'-7+2".' 02*#"( Z !) &20"7+

8!!#$ .$ Z = (Zj ;Z−j) < ('( - ( 02*#"( Z−j !) - ( k − 1 !- (' &20"7+ 8!!#$ 7$ #(5*(#

0; Z−jh = Zh 7) h < j .*# Z−jh = Zh+1 7) h > 13 B"" &'()('(*+($ - .- .'( +!*$7#('(#

7* - 7$ &.&(' .'( ."$! .$$21(# -! $.-7$); - ( )!""!<7*8  !"#$% &'( )*+,&'&*+ <7- '($&(+- -!

- ( &20"7+ 8!!#$3

9C(82".'7-;: D) k ≥ 2, - (*, )!' .*; 02*#"( (x, h) ∈ R2
+ !) &'76.-( 8!!#$ .*# .*; -<!

02*#"($ Z .*# Z′ ∈ Rk
+ !) &20"7+ 8!!#$, - ('( (E7$-$ . &20"7+ 8!!# j ∈ {1, ..., k} )!' < 7+ 

. >2.*-7-; >2.*-7-; Zj ∈ R+ +.* 0( )!2*# )!' < 7+ U(Zj ;Z−j , x, h) = U(Z′, x, h)3

4 7$ <(./ '(82".'7-; +!*#7-7!*, - .- .&&"7($ !*"; 7) - ('( .'( 1!'( - .* !*( &20"7+

8!!#, '2"($ !2- - ( &!$$707"7-; )!' 7*#7=('(*+( $2').+($ 7* - ( &20"7+ 8!!#$ $&.+( 9+!*#7?

-7!*." !* .*; 02*#"( !) &'76.-( 8!!#$: -!  .6( F6('-7+." !'  !'7G!*-."F .$;1&-!-($ 7* - (

7*-('7!' !) Rk
+3 D) 7*#7=('(*+( $2').+($ 7* - ( &20"7+ 8!!#$ $&.+(  .6( 6('-7+." !'  !'7G!*-."

.$;1&-!-($, - (* - ($( .$;1&-!-($ 12$- 0( - ( .E($ !) - ( &".*(3 H!' 7*$-.*+(, &'()('(*+(

- .- <!2"# 8(*('.-( 7*#7=('(*+( +2'6($ 7* R2
+ .$ 7* 582'( I 0("!<, .'( '2"(# !2- 0; - 7$

+!*#7-7!*.

 

 !"#$%&'# f : A → R ()*+,+ A &- -'.+ $'#/+0 -"1-+% '! Rl
2 &- -%,&$%34 5"6-&7$'#$6/+ &!8

!', +/+,4 a, b8 x ∈ A8 )&%* a 6= b 6#9 +/+,4 α ∈]0, 1[8 f(a) ≥ f(x) 6#9 f(b) ≥ f(x) &.:34
f(αa+ (1− α)b) > f(x);



 !"! #$% &'(%)   !

 ! "#$%&'$#( )*'+#, -# ).!' )!!/"# %0)% %0# 0'/!#0'.(! 12#3#2#$4#! )2#  !"!# $#%&'(()

*$+','-($, &$ %0# !#$!# '3 5667 89:;:<= *#%-##$ %0# k 1/*.&4 >''(! '$ %0# '$# 0)$( )$( %0#

%-' 12&+)%# >''(! '$ %0# '%0#2: ?0&! )!!/"1%&'$ )"'/$%! %' !)@ %0)%, 3'2 ).. Z ∈ Rk
+ )$(

(x, h) ∈ R2
+ , U 4)$ *# -2&%%#$ )!A

U(Z, x, h) = G(Z,Φ(x, h)) 89:6=

3'2 !'"# %-&4# 4'$%&$/'/!.@ (&B#2#$%&)*.# &$42#)!&$> )$( !%2&4%.@ C/)!&D4'$4)+# 3/$4%&'$

G : Rk+1
+ → R )$( !'"# %-&4# 4'$%&$/'/!.@ (&B#2#$%&)*.#, &$42#)!&$> )$( 0'"'>#$'/! '3

(#>2## 6 3/$4%&'$ Φ : R2
+ → R+: E'2 12'+&$> %0# !/F4&#$4@ '3 %0# GHI 4'$(&%&'$ -0#$ %0#

$/"*#2 '3 1/*.&4 >''(! &! .)2>#2 %0)$ 6, -# !0).. )!!/"# %0)% 0'/!#0'.(! 12#3#2#$4# )2#

$'% '$.@ 0'"'%0#%&4)..@ !#1)2)*.# */% )2# ).!' '..%#%/$() *$+','-($ !' %0)% %0# 3/$4%&'$ G

'3 #J12#!!&'$ 89:6= 4)$ *# -2&%%#$, 3'2 )$@ Z ∈ Rk
+ )$( φ ∈ R+, )! G(Z, φ) = g(Z) + Γ(φ)

3'2 !'"# &$42#)!&$> )$( !%2&4%.@ C/)!&D4'$4)+# 3/$4%&'$ g : Rk
+ → R+: )$( !'"# 4'$%&$/'/!

)$( &$42#)!&$> 3/$4%&'$ R+ → R:

K# (#$'%# *@ ZM
j (pZ ; px, ph, R), x

M (pZ ; px, ph, R) )$( h
M (pZ , px, ph, R) %0# 0'/!#D

0'.(L! M)2!0)..&)$ (#")$(! 3'2 1/*.&4 >''( j 83'2 j = 1, ..., k=, 12&+)%# 4'$!/"1%&'$ )$(

0'/!&$> 82#!1#4%&+#.@= -0#$ %0# 12&4#! '3 .'4). 1/*.&4 >''(! )2# pZ = (pZ1 , ..., p
Z
k ), %0#

12&4#! '3 12&+)%# !1#$(&$> )$( 0'/!&$> )2# px )$( ph )$( -0#$ &%! &$4'"# &! R: ?0#!#

M)2!0)..&)$ (#")$( 3/$4%&'$! )2# %0# D /$&C/# /$(#2 '/2 )!!/"1%&'$! D !'./%&'$ '3 %0#

12'>2)"A

max
Z,x,h

U(Z, x, h) !/*N#4% %' pZ .Z+ pxx+ phh ≤ R 89:<=

)$( )2# (&B#2#$%&)*.# 3/$4%&'$! '3 %0#&2 )2>/"#$%! 8#J4#1%, 1'!!&*.@, )% %0# *'/$()2@ '3

R
k+2
+ =:

K# #"10)!&O# %0)% -# +&#- M)2!0)..&)$ (#")$( 3/$4%&'$! )! ) (/). -)@ '3 2#12#!#$%D

&$> 0'/!#0'.(! 12#3#2#$4# 3'2 %0# k + 2 >''(! 2)%0#2 %0)$ )! ) *#0)+&'2). (#!42&1%&'$ '3

0'/!#0'.(! *#0)+&'2:  3%#2 ).. 2#). 0'/!#0'.(! 2)2#.@ 1/240)!# .'4). 1/*.&4 >''(! '$ 4'"D

1#%&%&+# ")2P#%!: E'2 )$@ >&+#$ +#4%'2 Z ∈ Rk
+ '3 1/*.&4 >''(!, -# (#$'%# *@ V Z

%0#

4'$(&%&'$). 8/1'$ Z= &$(&2#4% /%&.&%@ 3/$4%&'$ (#Q$#(, 3'2 )$@ (px, ph, y) ∈ R3
+, *@A

V Z(px, ph, y) = max
x,h

U(Z, x, h) !/*N#4% %' pxx+ phh ≤ y 89:9=

?0&! 4'$(&%&'$). &$(&2#4% /%&.&%@ 3/$4%&'$ 1.)@! )$ &"1'2%)$% 2'.# &$ %0# )$).@!&!: R% (#D



  !  !"#$%&' (

 !"#$% #&'%%' ()% *+,#*+- .(#-#(/ +!)#%0%' $/ + )1. %)1-' %&'12%' 2#() + 3&%( 14 (+,5

2%+-() y/px 3. #&6 7"#0+(% 611' +  !"#$%&$'5 2)%& -#0#&6 #& + 8."# '#!(#1& 19%"#&6 :.+&;

(#(#% Z 14 ()% -1!+- 7.$-#! 611' +&' 3&%( 14 (+,5 '2%--#&6 7"#!% ph/px< =% '%&1(% $/

hZM +&' xZM ()% !1&'#(#1&+- 3.71& Z 5 >+" )+--#+& '%*+&' 14 ()% (21 7"#0+(% 611' 

()+(  1-0% 7"16"+* ?<?< @&'%" 1." +  .*7(#1& A ()% % !1&'#(#1&+- >+" )+--#+& '%*+&' 

+"% !1&(#&.1. 4.&!(#1& 14 ()%#" ()"%% +"6.*%&( ()+(  +(# 4/ +-- ()% . .+- 7"17%"(#% 14

>+" )+--#+& '%*+&' <

=% +- 1 &1(% ()+(A ()+&B (1 )1*1()%(#!  %7+"+$#-#(/A #( # 71  #$-% (1 '% !"#$% 7"16"+*

3?<C5 $/ *%+& 14 + ()*+,('- .!/0'(& 0 7"1!%'."% 3 %% %<6< DEEFA !)< G5<

H)% 1$,(  (%7 14 ()% 7"1!%'."% # '% !"#$%' $/ ()% 7"16"+*I

max
(Z;φ)∈Rk+1

+

G(Z, φ)  < (< pZ .Z+ E(px, ph)φ ≤ R. 3?<J5

2)%"% ()% 4.&!(#1& E : R2
+ # '%K&%' $/ ()% '.+- 7"16"+*I

E(px, ph)φ = E(px, ph, φ) = min
x,h

pxx+ phh  < (< Φ(x, h) ≥ φ 3?<G5

L # 2%--;B&12& #&'%%' ()% %,7%&'#(."% 4.&!(#1& +  1!#+(%' (1 + )1*16%&%1. .(#-#(/

4.&!(#1& # -#&%+" #& .(#-#(/< L # +- 1 2%--;B&12& 4"1*  (+&'+"' *#!"1%!1&1*#! ()%1"/

()+( E # !1&(#&.1. A )1*16%&%1. 14 '%6"%% EA #&!"%+ #&6 +&' !1&!+0%< M%&!%A #& ()# K" (

 (%7A ()% )1. %)1-' # '%7#!(%' + +--1!+(#&6 #( 2%+-() R $%(2%%& ()% -1!+- 7.$-#! 611' 

Z +&' ()% N.(#-#(/ 14 7"#0+(%  7%&'#&6N 3*%+ ."%' $/ φ = Φ(x, h)5A (+B#&6 + 6#0%& ()%

7.$-#! 7"#!% 0%!(1" pZ +&' ()% N+66"%6+(%N 7"#!% pX = E(px, ph) > 0 14 3()% .(#-#(/ 145

7"#0+(%  7%&'#&6< =% &1(#!% ()+( ()% 4.&!(#1& E # +- 1 #&01-0%' #& ()% '%K&#(#1& 14 ()%

!1&'#(#1&+- #&'#"%!( .(#-#(/ 4.&!(#1& V Z
'%K&%' #& 7"16"+* 3?<?5< O&'%%'A #( # #**%'#+(%

(1 0%"#4/ ()+( V Z
2"#(% I

V Z(px, ph, R) = G(Z,
R

E(px, ph)
) 3?<P5

Q%&1(% &12 $/ Z∗(pZ , E(px, ph), R) +&' φ∗(pZ , E(px, ph), R) ()% 3.&#:.% .&'%" 1." + ;

 .*7(#1& 5  1-.(#1& (1 7"16"+* 3?<J5< Q%&1(% +- 1 $/ e(pZ , px, ph,, R) ()% 17(#*+- %,7%&;

'#(."% 1& ()% N.(#-#(/ 14 7"#0+(%  7%&'#&6N ()+( "% .-( 4"1* ()%  1-.(#1& 14 7"16"+* 3 ?<J5



 !"! #$% &'(%)   !

 !" #$ # %& "'(!'" )*+

e(pZ , px, ph,, R) = E(px, ph)φ
∗(pZ , E(px, ph), R) ,-./0

1$'  !"#$% &#'2 34 #$' 2536'"75' 63!&%&#& %! &389%!: #$' 253:5 ; +

max
x,h

Φ(x, h) &. #. pxx+ phh ≤ e(pZ , px, ph,, R)) ,-.<0

='!3#' )* x∗(px, ph, e(pZ , px, ph,, R))  !" h∗(px, ph, e(pZ , px, ph,, R)) #$' &387#%3! 34 253>

:5 ; ,-.<0. 1$ !?& #3 #$' $3;3#$'#%6%#* 34 #$' ,&'2 5 )8' 453; #$' 27)8%6 :33"&0 25'4'5>

'!6'& 435 25%9 #' :33"& 5'25'&'!#'" )* #$' 47!6#%3! Φ@ A' ?!3A 453; &# !" 5" ;%653'63>

!3;%6 #$'35* #$ # #$' 47!6#%3!& x∗  !" h∗ &3 "'(!'" 6 ! )' A5%##'!  &+

x∗(px, ph, y) = ̥
x(px, ph)y

 !"

h∗(px, ph, y) = ̥
h(px, ph)y

A$'5'@ #$ !?& #3 B3*C& %"'!#%#*@ ̥x
 !" ̥h

6 ! )' A5%##'!  &

̥
h(px, ph) =

∂E(px, ph)/∂ph

E(px, ph)
,-.D0

 !" +

̥
x(px, ph) =

∂E(px, ph)/∂px

E(px, ph)
,-.EF0

G35'39'5@ 3!' $ &

hZM (px, ph, y) = h∗(px, ph, y)

 !"

xZM (px, ph, y) = h∗(px, ph, y)

435  !* )7!"8' Z 34 836 8 27)8%6 :33"& ,G 5&$ 88% ! "'; !"& 34 $37&%!:  !" 25%9 #' &2'!">

%!:  5' %!"'2'!"'!# 453; 27)8%6 :33" 2539%&%3!0. H&  5'&78# 34 #$'35'; I.< %! JEEK@ %#

43883A& #$ #+

ZM (pZ , px, ph, R) = Z∗(pZ ;E(px, ph), R) ,-.EE0

xM (pZ , px, ph, R) = ̥
x(px, ph)e(p

Z , px, ph,, R) ,-.EL0

hM (pZ , px, ph, R) = ̥
h(px, ph)e(p

Z , px, ph,, R) ,-.E-0



  !  !"#$%&' (

 !"#" $"#%&'# ()&& *" %#"+ &,'"$ -./ 0" 1.,&&2 .-')3" '!,' '!)# +"#3$)4')-. -5 '!" !-%#"!-&+6#

4$"5"$".3" )# 7,&)+ 5-$ ,.2 .%8*"$ -5 4%*&)3 9--+# (!,'#-"7"$/ :# )' '%$.# -%'; , &,$9" 4,$'

-5 '!" ,.,&2#)# +",&# ()'!  !"#$%$!"&' (&)*+&''$&" #,-&"# 5%.3')-.# (!)3! ,$" +".-'"+; 5-$

,.2 4%*&)3 9--+ j = 1, ..., k; ,.+ ,.2 9)7". #4"3)13,')-. Z−j = (Z1, ..., Zj−1, Zj+1, ..., Zk) ∈
R
k−1
+ -5 '!" <%,.')')"# -5 '!" k−1 -'!"$ 4%*&)3 9--+#; *2 ZM

j (Z−j ; p
Z
j ; px, ph, R); x

M (pZj ; px, ph, R)

,.+ hM (Z−j ; p
Z
j ; px, ph, R)/  !"#" 3-.+)')-.,& +"8,.+# ,$" +"1."+ '- *" '!" =%.)<%"> #-?

&%')-. -5 4$-9$,8 =@/A> 5-$ '!" 3-.+)')-.,& %')&)'2 5%.3')-. UZ−j : R3
+ → R +"1."+; 5-$ ,.2

(Zj ;h, x) ∈ R3
+; *2:

UZ−j (Zj , x, h) = U(Z1, .., Zj−1, Zj , .Zj−1, ..., Zk, x, h) =@/BC>

D' 3,. *" 3!"3E"+ '!,' '!" ,5-$"8".')-."+ 4$-4"$')"# -5 U ; ).3&%+).9 !-8-'!"')3 #"4,$,?

*)&)'2; ,$" ,&#- 4-##"##"+ *2 UZ−j
5-$ ,.2 Z−j ∈ R

k−1
+ / 0" ,33-$+).9&2 +".-'" *2 GZ−j

'!"

=3-.+)')-.,&> #4"3)13,')-. -5 '!" 5%.3')-. G -5 "F4$"##)-. =@/B> ,*-7" (!". U )# $"4&,3"+

*2 UZ−j
/

 !" '&*% %.! "&"8".'# -5 -%$ +"#3$)4')-. -5 ,. "3-.-82 ,$" ,  !--!" /"$%, #"' L -5

l &-3,')-.# ,7,)&,*&" '- !-%#"!-&+# '-9"'!"$ ()'! , #4"3)13,')-.; 5-$ ",3! &-3,')-. l ∈ L

; -5 '!" ,8-%.' -5 &,.+ Ll ∈ R++ "F-9".-%#&2 ,##)9."+ '- l; ,.+; 5-$ ",3! 4%*&)3 9--+

j = 1, ..., k; -5 , 3-#' 5%.3')-. C l
j : R+ → R+ -5 4$-+%3).9 4%*&)3 9--+ j ,' l / 0" ,#?

#%8" '!,' '!"#" 3-#' 5%.3')-.# #,')#52 C l
j(0) = 0 ,.+ ,$" ).3$",#).9 ,' "7"$2 &-3,')-. l

,.+ 5-$ "7"$2 4%*&)3 9--+ j/ :&&-().9 '!" 3-#' -5 4$-+%3).9 , 9)7". 4%*&)3 9--+ '- +)G"$

,3$-## &-3,')-.# #""8# .,'%$,& '- %# =)' )# 8-$" 3-#'&2 '- 4$-7)+" , 9)7". ,33"## '- , #,.+

*",3! ). H,$)# '!,. ). I),8)>/ 0" ,##%8" '!$-%9!-%' '!,' '!" ".+-(8".'# -5 &,.+ *"?

&-.9 '- ,*#".'"" &,.+&-$+# '!,' 4&,2 .- $-&" ). '!" "3-.-82/ 0" +".-'" *2 D '!" +-8,).

-5 ,&& "3-.-8)"# (ω,U,L, {Ll, C l
1, ..., C

l
k}l∈L) '!,' #,')#52 '!"#" ,##%84')-.# ,.+ *2 DA

'!"

#%*#"' -5 D '!,' 8,+" -5 "3-.-8)"# (!"$" !-%#"!-&+# !,7" ,++)')7"&2 #"4,$,*&" 4$"5"$".3"#/

:  !"#$%#&'#() $'"!&'!"* 5-$ '!" "3-.-82 (ω,U,L, {Ll, C l
1, ..., C

l
k}l∈L) )# , &)#' (j, {pl, tlh, tlw,Zl}l∈L)

(!"$" J

• j : [0, 1] →l∈L {l} × R++ )# , K"*"#9%" 8",#%$,*&" 5%.3')-. '!,' ,##)9.# '- ",3!

!-%#"!-&+ i ). [0, 1] , %.)<%" 3-8*).,')-. j(i) = (li, h
l
i) -5 , 4&,3" -5 $"#)+".3" ,.+

, !-%#).9 3-.#%84')-. ,' '!,' 4&,3" -5 $"#)+".3" ,.+; 5-$ "7"$2 l ∈ LJ

• pl ∈ R++ )# '!" =*"5-$" ',F> !-%#).9 4$)3" ,' &-3,')-. l/



 !"! #$% &'(%)   !

• tlh ∈ R++  ! "#$ #%&! '( ")* +)"$ ,+$-) . '( )" .%/)" %' l

• tlw ∈ [0, 1]  ! "#$ 0$)."# ")* +)"$ ,+$-) . '( )" .%/)" %' l

• Zl ∈ Rk
+  ! "#$ 1&'2.$ %3 .%/). ,&1. / (%%2! )-) .)1.$ )" .%/)" %' l4

5%+ )'6 !&/# 7&+ !2 /" %' !"+&/"&+$8 )'2 3%+ )'6 l ∈ L8 0$ 2$'%"$ 16 jl = {i ∈ [0, 1] :

j(i) = (l, a) 3%+ !%9$ a > 0}4 :$'/$ jl  ! "#$ ;<$1$!(&$ 9$)!&+)1.$= !$" %3 ).. #%&!$#%.2!

0#% #)-$ /#%!$' "% .%/)"$ )" l  ' "#$ /%'! 2$+$2 7&+ !2 /" %' !"+&/"&+$4 >#$ ,%!! 1 . "6

"#)" λ(jl) = 0 ;l  ! ) ?2$!$+"? 7&+ !2 /" %'=  ! %3 /%&+!$ '%" +&.$2 %&"4 @$ +$!"+ /" )""$'" %'

"#+%&(#%&" "%  !"#$%&! 7&+ !2 /" %' !"+&/"&+$! "#)" !)" !36 "#$ )22 " %'). /%'2 " %'! "#)"A

∫

jl

hlii dλ ≤ Ll
)'2 ;B4CD=

tlhp
l

∫

jl

hlii dλ+ tlw

∫

jl

ωidλ ≥ k
h=1C

l
h(Z

l
h) ;B4CE=

)" $-$+6 .%/)" %' l4 >#)"  ! "% !)68 3$)! 1.$ 7&+ !2 /" %' !"+&/"&+$! )+$ !&/# "#)"8 )" )'6

.%/)" %'8 )((+$()"$ #%&! '( /%'!&9," %' 2%$! '%" $*/$$2 "#$ "%"). )9%&'" %3 .)'2 "#)"

 ! )-) .)1.$ "#$+$ ;B4CD=8 )'2 "#)" ")* +$-$'&$! +) !$2 )+$ !&F/ $'" "% /%-$+ "#$ /%!" %3

,+%- 2 '( "#$ )-) .)1.$ 1&'2.$ %3 ,&1. / (%%2! ;B4CE=4 G%" /$ "#)" "#$ .)"$+  '$H&). "68

"%($"#$+ 0 "# "#$ )!!&9," %' "#)" "#$ /%!" 3&'/" %'! )+$  '/+$)! '( )'2 !)" !36 C l
j(0) = 08

 9,. $! "#)" "#$ %'.6 ,&1. / (%%2 ,)/I)($ Z l
"#)" /)' 1$ %1!$+-$2  ' ) ?2$!$+"? 7&+ !2 /" %'

 ! Z l = 0l4

J -$' )' $/%'%96 (ω,U,L, {Ll, C l
1, ..., C

l
k}l∈L) )'2 ) 7&+ !2 /" %' !"+&/"&+$ (j, {pl, tlh, tlw,Zl}l∈L)

3%+ "# ! $/%'%968 0$ 2$'%"$ 16 H l =
∫

jl
hlidλ )'2 ̟l =

∫

jl
ωidλ "#$ )((+$()"$ /%'!&9," %'

%3 .)'2 )'2 0$)."# ;+$!,$/" -$.6= )" .%/)" %' l4

@$ +$9)+I "#)" %&+ 2$K' " %' %3 7&+ !2 /" %' !"+&/"&+$!  ! H& "$ ($'$+). )'2 /%-$+!

!$-$+). 9%2$.! %3 $'2%($'%&! 7&+ !2 /" %' 3%+9)" %' 0 "# ) #%&! '( 9)+I$" $*)9 '$2  '
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(!0'/;*"Q' 2"!1"+; 7A#KP8# R!5G '&0(* + %92* 1 ,!/'*,!)3 (!0'/;*' ̥h(p1x, ph)(e
Z−j(qZj , p

1
x, ph,, 1)

/0&%' ! ,!/'&01 7*@/+%&!0 7A#BB8 2/"(,+'*3 +% 2"&(* phG '/(, + ,!/'*,!)3 ,+'

ω1(1− t1w)− ph̥
h(p1x, ph)[e

Z−j(qZj , p
1
x, ph,, 1)]

+6+&)+-)*  !" 2"&6+%* '2*03&01# N*% 5* E0!5 %,+%

ωt(1− t1w)− ph̥
h(ptx, ph)(e

Z−j(qZj , p
1
x, ph,, 1)

= φZ−j∗(qZj , Ẽ(p1x, ph), 1)− ph̥
h(p1x, ph)(e

Z−j(qZj , p
1
x, ph,, 1)

= ptx̥
x(p1x, ph)(e

Z−j(qZj , p
1
x, ph,, 1)

F&0(* (̥h(p1x, ph)(e
Z−j(qZj , p

1
x, ph,, 1),̥

x(p1x, ph)(e
Z−j(qZj , p

1
x, ph,, 1)) '!)6*' 2"!1"+; 7A#C8G

+ %92* 1 = ,!/'*,!)3 (+0 0!% 403 + -/03)* ! 2"&6+%* '2*03&01 x +03 ,!/'&01 h '+%&' 9&01



 !"  !"#$%&' (

phh+ x ≤ φZ−j∗(qZj , E(p1x, ph), 1)) = ωt(1− t1w)  !" #$ $ %#& '( )%*+*%%*,  -.

(̥h(p1x, ph)(e
Z−j(qZj , p

1
x, ph,, 1), p

1
x̥

x(p1x, ph)[e
Z−j(qZj , p

1
x, ph,, 1)]

/*0&* "  ()* 1 !-2$*!-', !"$ 0- #0&*0 #3*  - &!"04* # $ )%#3" * &-0$25) #-0 )"  *%0 6# !#0

# $ 72%#$,#& #-08 9 !"$ "'$- 0- #0&*0 #3*  - 5-3*  - '-&" #-0 :8 90,**,; #+ # 6*%*  - 5-3*

 !*%*; # 6-2', -< "#0  !* <20,'*.

Z2 = (Z
Z−j∗
j (qZj ; Ẽ(p0x, ph), 1)), Z−j) = (Z

Z−j∗
j (qZj ; Ẽ(p2x, ph), 1)), Z−j)

+-% 6!#&! # 6-2', )"( t2wω1 "5-20 -+  "= "0, 6-2', !"3* ω1(1− t2w) 20# $ -+ 025>%"#%*

 - $)*0, -0 )%#3" * 5"  *%$8 ?<$*%3* 0-6  !" ;  !"0@$  - AB8:CD "0, AB8BED.

[t1w + (1− t1w)]ω1 = C(Z
Z−j∗
j (qZj ; Ẽ(p1x, ph), 1))/µ1 + φZ−j∗(qZj , Ẽ(p1x, ph), 1)

= [t2w + (1− t2w)]ω1

= C(Z
Z−j∗
j (qZj ; Ẽ(p2x, ph), 1))/µ1 + (1− t2w)]ω1

F*G0* 0-6  !* +20& #-0 G̃Z−j
.R2

+ → R+8 <(.

G̃Z−j (c, φ) = GZ−j (C−1(c), φ)

6!*%* C−1
#$  !* #03*%$* &-$ +20& #-08 H!#$ +20& #-0 #$ 6*''I,*G0*, #+ C #$ $ %#& '( #0&%*"$I

#048 J#0&* (C(Z
Z−j∗
j (qZj ; Ẽ(p1x, ph), 1)), φ

Z−j∗(qZj , Ẽ(p1x, ph), 1)) $-'3*$  !* )%-4%"5.

max
(Z;φ)∈Rk+1

+

GZ−j (Zj , φ) s.t. Zj/µ1 + φ ≤ ω1.

# +-''-6$ +%-5 " $ "0,"%, %*3*"'*, )%*+*%*0&* "%425*0  !" 

G̃Z−j (C(Z
Z−j∗
j (qZj ; Ẽ(p1x, ph), 1)), φ

Z−j∗(qZj , Ẽ(p1x, ph), 1))

≥ G̃Z−j (Z
Z−j∗
j (qZj ; Ẽ(p2x, ph), 1))/µ1 + (1− t2w)]ω1.

/*0&*  ()* 1 !-2$*!-', )%*+*% $ "(#04 #0 1  !"0 5-3#04  - 28

K* 0-6  2%0  -  !* L2*$ #-0 -+  !*  !"#$%&#' -+  !* MJN &-0,# #-0 +-% $*4%*4" #-08

O$ #0 PQRS -% PTQS; ,-#04  !#$ "0"'($#$ %*L2#%*$ $-5* @0-6'*,4* -+  !* !-2$*!-',$ )%*+*%*0&*$

,*G0*, #0  !* $)"&* -+ "'' )"%"5* *%$  !" "U*& # $ &!-#&* -+ )'"&* -+ %*$#,*0&*; )%*+*%I

*0&*$  !" "%* ,*$&%#<*,; "$ 5*0 #-0*, *"%'#*%; <(  !* &-0,# #-0"' #0,#%*& 2 #'# ( +20& #-0



 !"! #$% &'(%)  !"

 !"#! $# %&'&(' )# !* +,-,.+!.$/ 0!12*23$4$.56 7! 8#,7 9*,- %&':( .+2. 7! /2# 7*$.! .+$0

/,# $.$,#24 $# $*!/. ;.$4$.5 9;#/.$,# V Z
20<

V Z(1, qh, ωi(1− tω)) = G(Z,
ωi(1− tω)

Ê(qh)
)

7+!*! Ê(qh) = E(1, qh)' =;11,0! #,7 .+2. 7! 9,/;0 ,# 0,-! 1;34$/ >,, j 2# .+2. 7! "?

.+! @;2#.$.$!0 Z
−j ∈ R

k−1
+ ,9 .+! ,.+!* k−1 1;34$/ >,, 0' A! /2# .+!# *!1*!0!#. 2 .51$/24

$# $B!*!#/! /;*C! ,9 2 +,;0!+,4 ,9 7!24.+ ωi $# .+! 012/! [0, 1]×R+ ,9 244 /,-3$#2.$,#0 ,9

7!24.+ .2? *2.! 2# 1;34$/ >,, j 35 -!2#0 ,9 .+! $-14$/$. 9;#/.$,# zI : [0, 1] → R  !"#! 

35

GZ−j(zI(t, ωi),
ωi(1− t)

Ê(qh)
) ≡ a %&'&D(

9,* 0,-! a' =$#/! GZ−j
$0 2 .7$/!  $B!*!#.$234! /,#/2C! 2# 0.*$/.45 $#/*!20$#> 9;#/.$,#

,9 $.0 .7, 2*>;-!#.06 $. $0 /4!2* .+2. .+! $-14$/$. 9;#/.$,# zI $0 7!44E !"#! 2# .7$/!

 $B!*!#.$234!' F$B!*!#.$2.$#> %&'&D( 7$.+ *!01!/. ., t 5$!4 0<

∂zI(t, ωi)/∂t ≡
ωi

Ê(qh)
G

Z−j
Zj

G
Z−j

φ

%&'&G(

H9 7! #,7  $B!*!#.$2.! %&'&G( 7$.+ *!01!/. ., ωi6 7! ,3.2$#<

∂2zI(t, ωi)

∂t∂ωi
≡

G
Z−j
Zj

G
Z−j

φ

− (1−t)ωi

Ê(qh)[G
Z−j

φ
]2
(G

Z−j

φ G
Z−j

Zjφ
−G

Z−j

Zj
G

Z−j

φφ )

Ê(qh)[
G

Z−j
Zj

G
Z−j

φ

]2

%&'&&(

I,.$/! 240, .+2. .+! J2*+244$2#  !-2# 9,* 1;34$/ >,, j /,# $.$,#24 ;1,# .+! @;2#.$.$!0

Z
−j
,9 .+! ,.+!* k − 1 1;34$/ >,, 0 /2# 3!  !"#! ., 3! .+! 0,4;.$,# ,9 .+! 9,44,7$#>

1*,>*2-<

max
Zj

GZ−j(Zj ,
ωi − pZZ

Ê(qh)
) %&'&K(

.+2. $0 /+2*2/.!*$L! %;# !* ,;* /,# $.$,#0( 35 .+! "*0. ,* !* /,# $.$,#<

G
Z−j

Zj

G
Z−j

φ

≡
pZj

Ê(qh)
%&'&M(
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 ! "# $%&#'#()%*)# %$#()%)+ ,-.-/0 "%)1 '#23#4) )5 Ê(qh) = pX 6 "# 57)*%( ,835( 9*(%38:*;

)%5(20<

∂ZZ−j∗(pZj ; pX , ωi)

∂pX
≡

−G
Z−j

φ

Ê(qh)
[
G

Z−j
Zj

G
Z−j

φ

− ωi−pZZZ−j∗(.)

Ê(qh)[G
Z−j

φ
]2

(G
Z−j

φ G
Z−j

Zjφ
−G

Z−j

Zj
G

Z−j

φφ )]

G
Z−j

ZjZj
− 2pZj

Ê(qh)
G

Z−j

Zjφ
+

(pZj )2

[Ê(qh)]2
G

Z−j

φφ

,-.-=0

 ! )1# >#(#'*:%?#$ @AB 45($%)%5( 15:$26 )1# 2%>( 5! )1# :#!) 1*($ 2%$# 5! %$#()%)+ ,-.-=0 %2

)1# 2*9# !5' *:: C*:8#2 5! (pZj ; pX , ωi) *($ *:: D8*()%)%#2 Z
−j

5! )1# 5)1#' 387:%4 >55$2. E2

)1# $#(59%(*)5' 5! )1# '%>1) 1*($ 2%$# 5! , -.-=0 %2 (#>*)%C# )1*(F2 )5 )1# 2#45($ 5'$#'

45($%)%5( 5! 3'5>'*9 ,-.-G06 )1# 2%>( 5! )1# '%>1) 1*($ 2%>( %2 4593:#)#:+ $#)#'9%(#$ 7+

)1# 2%>( 5!

G
Z−j
Zj

G
Z−j

φ

− ωi−pZZZ−j∗(.)

Ê(qh)[G
Z−j

φ
]2

(G
Z−j

φ G
Z−j

Zjφ
− G

Z−j

Zj
G

Z−j

φφ )] "1%41 982) 7# 45(2)*() 8($#'

)1# @AB 45($%)%5(. H#4*82# )1# 2%>( 5!

G
Z−j
Zj

G
Z−j

φ

− (1−t)ωi

Ê(qh)[G
Z−j

φ
]2
(G

Z−j

φ G
Z−j

Zjφ
−GZ−j

Zj
G

Z−j

φφ ) %2 *:25

"1*) $#)#'9%(#2 )1# 41*(># %( )1# 2:53# 5! %($%&#'#(4# 48'C#2 *2 >%C#( 7+ ,-.-I0 7'58>1)

*758) 7+ * 41*(># %( )1# 1582#15:$ "#*:)16 "# )1#'#!5'# 1*C# )1*) )1# 2:53# 5! )1%2 %93:%4%)

!8(4)%5( #C*:8*)#$ *) *(+ >%C#( (t, z)  ! "#$#%#$ & ' %( )*!+*&% %# ωi, -( ! "#$#%#$ & %.

+)#+*)%./ '( &(  "+0 *! %(1% 1$. %'#  $2 3*)*$&* &4)5*! 6*0#$7 $7 %# (#4!*(#02! ' %( 2 89

8*)*$% '*10%( &1$ &)#!! 1% "#!% #$&*/ ' 00 +01. 1 :*. )#0*  $ %(* +)##8 #8 +)#+#! % #$ ;

6*0#', <%  !  004!%)1%*2  $ =74)* ; 6*0#',

>! $7 %( !  "+#)%1$% ! $70*9&)#!! $7 +)#+*)%./ '* $#' *!%160 !( %(1%/  8 '* )*!%) &% 1%9

%*$% #$ %# *&#$#" *!  $ DA
 $ '( &( (#4!*(#02! (15* 122 % 5*0. !*+1)160* +)*8*)*$&*!/ #)



 !"! #$% &'(%)  !"

 ! "# $%%&'# ()$( ()#*#  % +,-. +,# -+/$- 0&1- / 2++34 ()#, ()# 567 /+,3 ( +,  % %&8/ #,(

!+* ()# "#$-() %#2*#2$( +, +! $,. %($1-# 9&* %3 /( +, %(*&/(&*#:

 !"#"$%&%"' ()  ! "#$%&"#'(% )*&!&*&+,&% %-./%!0 ."& 1&+&*-'/2&( 345 ,#+(/./#+6 ."&+ -+0

%.-7'& 8$*/%(/,./#+ %.*$,.$*& -%%#,/-.&( .# -+ &,#+#90 /+ DA
6 #* .# -+ &,#+#90 /+ D /!

k = 16 /% :&-'.";%&1*&1-.&(<

 !""*)

7+,% 3#* ;*%( $,. #/+,+'. (ω,U,L, {Ll, C l
1, ..., C

l
k}l∈L)  , DA

$,3 $ 9&* %3 /( +, %(*&/(&*#

(j, {pl, tlh, tlw,Zl}l∈L) !+* () % #/+,+'. $,3 3#,+(# 1. ql ()# $!(#*<($= 3"#-- ,2 0* /#  ,

9&* %3 /( +, l 3#;,#3 1. ql = pl(1 + tlh): >*+/##3 1. /+,(*$0+% ( +, $,3 $%%&'# ()$( ()#

9&* %3 /( +, %(*&/(&*#  % ,+( "#$-()<%#2*#2$(#3: ?) % '#$,% ()$( ()#*# $*# )+&%#)+-3% a, b

$,3 c  , [0, 1] #,3+"#3 " () 0* @$(# "#$-() ωa < ωb < ωc4 $,3 A 9&* %3 /( +,% l $,3 l′4 " ()

a, c ∈ jl $,3 b ∈ jl
′
: B ()#* () % 9&* %3 /( +, %(*&/(&*#  % ,+( %($1-#4 $,3 ()# 0*++!  % +@#*4

+*  (  % %($1-#: C!  (  % %($1-# ()$, +,# '&%( )$@# D#=0-+ ( ,2 ()# $33 ( @# %#0$*$1 - (. +!

()# 0*#!#*#,/#%EF

g(Zl) + Γ(Ê(ql)(1− tlω)ωa) ≥ g(Zl′) + Γ(Ê(ql
′
)(1− tl

′

ω)ωa) DG:GHE

g(Zl) + Γ(Ê(ql)(1− tlω)ωb) ≤ g(Zl′) + Γ(Ê(ql
′
)(1− tl

′

ω)ωb) DG:GIE

g(Zl) + Γ(Ê(ql)(1− tlω)ωc) ≥ g(Zl′) + Γ(Ê(ql
′
)(1− tl

′

ω)ωc) DG:GJE

")#*# !+* %+'# /+,( ,&+&% $,3  ,/*#$% ,2 !&,/( +, Γ : R+ → R " () $( -#$%( +,#  ,#K&$-<

 (. 1# ,2 %(* /( D(+ $@+ 3 &, @#*%$-  ,3 L#*#,/#E: 6&00+%# ()$( ql ≥ ql
′

D()# 0*++! 1# ,2

%.''#(* /  ! ql < ql
′
: 6 ,/# 1+() ()# !&,/( +,% Γ $,3 Ê $*# /+,( ,&+&% $,3  ,/*#$% ,24

"# M,+" !*+' ()#  ,(#*'#3 $(# @$-&# ()#+*#' ()$( ()#*# #= %(% %+'# t̄ω ∈ [0; 1] %&/) ()$(

Γ(Ê(ql)(1− tlω)) = Γ(Ê(ql
′
)(1− tω)) C( !+--+"% ()$(F

g(Zl) + Γ(Ê(ql)(1− tlω)ωa) = g(Zl) + Γ(Ê(ql
′
)(1− t̄ω)ωa) DG:NOE

g(Zl) + Γ(Ê(ql)(1− tlω)ωb) = g(Zl) + Γ(Ê(ql
′
)(1− t̄ω)ωb) DG:NPE

g(Zl) + Γ(Ê(ql)(1− tlω)ωc) = g(Zl) + Γ(Ê(ql
′
)(1− t̄ω)ωc) DG:NAE

Q% ,2 ()# *#2&-$* (. /+,3 ( +, +, 0*#!#*#,/#%4 -#( Z̄j 1# ()# $'+&,( +! %+'# 0&1- /



 !"  !"#$%&' (

 !!" j #$%& '&(' g(Zl′
−j , Z̄j) = g(Zl)) *+,%+ !,+ &(#-

g(Zl) + Γ(Ê(ql)(1− tlω)ωa) = g(Zl′

−j , Z̄j) + Γ(Ê(ql
′
)(1− t̄ω)ωa)

g(Zl) + Γ(Ê(ql)(1− tlω)ωb) = g(Zl′

−j , Z̄j) + Γ(Ê(ql
′
)(1− t̄ω)ωb)

g(Zl) + Γ(Ê(ql)(1− tlω)ωc) = g(Zl′

−j , Z̄j) + Γ(Ê(ql
′
)(1− t̄ω)ωc)

(,". (# ( /+#$0'. 1,+2$(01'1+# 34)456734)486 9/1'+-

g(Zl′

−j , Z̄j) + Γ(Ê(ql
′
)(1− t̄ω)ωa) ≥ g(Zl′) + Γ(Ê(ql

′
)(1− tl

′

ω)ωa) 34):46

g(Zl′

−j , Z̄j) + Γ(Ê(ql
′
)(1− t̄ω)ωb) ≤ g(Zl′) + Γ(Ê(ql

′
)(1− tl

′

ω)ωb) 34)::6

g(Zl′

−j , Z̄j) + Γ(Ê(ql
′
)(1− t̄ω)ωc) ≥ g(Zl′) + Γ(Ê(ql

′
)(1− tl

′

ω)ωc) 34):;6

9&1%& <1!0('+# '&+ #1, 0+7%/!##1, 1=>01%('1!, !? '&+  +,+/(01@+" ABC %!,"1'1!, 1, '&+ >0(,+

!? (00 &!$#1, '(D /('+# (," 2$(,'1'E !? >$F01%  !!" j) G+ 0+(<+ '! '&+ /+("+/ '&+ '(#H !?

<+/1?E1, '&(' '&+ #(=+ (/ $=+,' %(, F+ +#'(F01#&+" $,"+/ #+>(/(F101'E !,0E 1? '&+/+ 1# !,0E

!,+ >$F01%  !!")

I""1'1<+ #+>(/(F101'E 3(0!, 91'& /+ $0(/1'E6 >0(E# ( H+E /!0+ 1, '&+ >/!!? 1? '&+ ,$=F+/

!? >$F01%  !!" 1# 0(/ +/ '&(, !,+) G+ ?$/'&+/ +=>&(#1@+ '&1# FE >/!<1"1, (, +D(=>0+ !? (,

+%!,!=E 1, D 3F$' ,!' 1, DA
6 9&+/+ ( #'(F0+ J$/1#"1%'1!, #'/$%'$/+ %(, F+ ,!,7#+ /+ ('+"

+<+, 9&+, '&+ ACB %!,"1'1!, &!0"#) *+,%+. '&+ ACB %!,"1'1!, 1# ,!' #$K%1+,' ?!/ #+ /+7

 ('1!, 1? '&+/+ (/+ #+<+/(0 >$F01%  !!"# (," 1? >/+?+/+,%+# (/+ &!=!'&+'1%(00E #+>(/(F0+ 7

F$' ,!' (""1'1<+0E #!-

B!,#1"+/ (," +%!,!=E (ω,U,L, {Ll}l∈L) 1, D 9&+/+ '&+ &!$#+&!0"# >/+?+/+,%+# (/+

/+>/+#+,'+" FE '&+ $'101'E ?$,%'1!,-

U(Z1, Z2, x, h) = Z1 + Z2 ln(1 + 2(xh)
1
2 )

C$%& (, $'101'E ?$,%'1!, 1# %!,'1,$!$#. 1,%/+(#1, (," #'/1%'0E72$(#1 %!,%(<+ 91'& /+#>+%'

'! (00 1'# (/ $=+,'#) L$/'&+/=!/+. '&+ ?$,%'1!, 1# &!=!'&+'1%(00E #+>(/(F0+ 7 F$' ,!' ("7

"1'1<+0E #+>(/(F0+ 7 F+'9++, '&+ 2 >$F01%  !!"# !, !,+ &(," (," '&+ '9! >/1<('+  !!"#

!, '&+ !'&+/ &(,") B!,#+2$+,'0E.$#1, '&+ '9!7#'+> F$" +'1, >/!%+"$/+. =(D1=1@1, '&+

$'101'E ?$,%'1!, #$FJ+%' '! '&+ F$" +' %!,#'/(1,' 1# +2$1<(0+,' '! #!0<1, '&+ >/! /(=-

max
(Z1;Z2;φ)∈R3

+

Z1 + Z2 ln(1 + φ) #) ') pZ1 Z1 + pZ2 Z2 + pφφ ≤ R 34):M6



 !"! #$% &'(%)  ! 

 !"#" pφ = E(px, ph). $%# &'( &)%*'+ Z̄2 %, -*./01 2%%3 24 +!" )&#5!&//0&' 3")&'3 ,%#

Z1 05 206"' .(7

ZMC
1 (pZ1 , pφ, R) =

R+ pφ

pZ1
− Z̄2 0,

R+ pφ

pZ1
> Z̄2

ZMC
1 (pZ1 , pφ, R) = 0 %+!"# 05"

 !01! 05 &/ &(5 8 "&9/(: 0'1#"&50'2  0+! #"5-"1+ +% pφ; <6"' +!%*2! 0+ 05 30=1*/+ +%

-#%603" &' ">-/010+ 3"?'0+0%' %, +!" )&#5!&//0&' 3")&'3 ,%# -*./01 2%%3 @ 8"A*&/ +% +!"

1%'30+0%'&/ 3")&'3 ,%# +!&+ -*./01 2%%3 +!&'95 +% &330+06" 5"-&#&.0/0+( ."+ ""' +!" + %

-*./01 2%%35:4  " 1&' -#%6" +!&+ 0+ 05 &/ &(5 3"1#"&50'2  0+! #"5-"1+ +% pφ; B'3""34 +!"

C&#5!&//0&' 3")&'3 ,%# -*./01 2%%3 @ 1%'30+0%'&/ *-%' -*./01 2%%3 D 05 +!" 5%/*+0%' %,

+!" ,%//% 0'2 -#%2#&)

max
Z2

Z2 ln(
pΦ +R− pZ2 Z2

pΦ
) 8E;FG:

&'3 05 1!&#&1+"#0H"3 +!"#",%#" .( +!" D5+ %#3"# 1%'30+0%'7

ln(
pΦ +R− pZ2 Z

M
2 (Z2; .)

pΦ
)− pZ2 Z

M
2 (Z2; .)

pΦ +R− pZ2 Z
M
2 (Z2; .)

≡ 0

I0J"#"'+0&+0'2 +!05 03"'+0+(  0+! #"5-"1+ +% pΦ &'3 #"&##&'20'2 (0"/357

∂ZM
2 (Z2; .)

∂pφ
=

pΦ
pΦ+R−pZ2 ZM

2 (Z2;.)
[
R−pZ2 ZM

2 (Z2;.)

p2Φ
] +

pZ2 ZM
2 (Z2;.)

(pΦ+R−pZ2 ZM
2 (Z2;.))2

]

−pZ2
pΦ+R−pZ2 ZM

2 (Z2;.)
[2 + 1

(pΦ+R−pZ2 ZM
2 (Z2;.)

]
≤ 0 8E;FK:

L"'1"4 +!" C&#5!&//0&' 3")&'3 ,%# -*./01 2%%3 @ 1%'30+0%'&/ %' -*./01 2%%3 D 05 3"1#"&5M

0'2  0+! #"5-"1+ +% +!" -#01" %, +!" -#06&+" 2%%3 5% +!&+ +!" 2"'"#&/0H"3 NOP 1%'30+0%'

!%/35 Q"+ *5 1%'5+#*1+ & 5+&./" .*+ ("+ '%'M5"2#"2&+"3 R*#05301+0%'; $%# +!05 5&9"4 1%'503"#

& R*#05301+0%' 5+#*1+*#"  0+! R*#05301+0%'5 j1 &'3 j2  !"#" Z1
1 = 1/1004 Z1

2 = 24 p1 = 14

t1h = 0 &'3 t1ω = 7/104 &'3 j24 .( Z2
1 = 04 Z2

2 = 14 p2 = 14 t2h = 04 &'3 t2ω = 1/10004

&'3 E +(-"5 %, !%*5"!%/35 a, b, c  0+! ωa = 0, 14 ωb = 1 &'3 ωc = 10; S55*)" &/5% +!&+

C1
1 = C1

2 = C2
1 = C2

2 = C  0+! C(x) = x; L%*5"!%/35 %, +(-"5 a &'3 c  0// -#","# +% /06" 0'

R*#05301+0%' 1  !0/" !%*5"!%/35 %, +(-" b  0// ." ."++"#M%J 0' R*#05301+0%' 2; B'3""34 +!"0#

*+0/0+(  %*/3 ." 8&--#%>0)&+"/( :7

T;TDD 0' j1 &'3 T;TTD 0' j2 ,%# !%*5"!%/35 %, +(-" a4

T4UEU 0' j1 &'3 T;VWE 0' j2 ,%# !%*5"!%/35 %, +(-" b4

@4GKE 0'j1 &'3 @4EWG 0' j2 ,%# !%*5"!%/35 %, +(-" c;



 !"  !"#$%&' (

 !"#" $% &'($&)%*+ ,& -$./)*0+ $, 1,-$,2 *3,- ",-&45",0% 3,- 53%% µa6 µb 3,- µc &7

0!"%" !&)%"!&*-% %)/! 0!30 7µc = 1/100 + 2 3,- µb

1000 = 1 3,- %)/! 0!30 0!30 0!" -"53,-

&7 *3,- '+ "3/! &7 0!"%" !&)%"!&*-% "8)3*% 0!" 3(3$*3'*" 35&),0 &7 *3,- 30 0!"%" *3,- 9#$/"%:

 ! "#$%&'()#$

 !" 53$, *"%%&, &7 0!$% 939"# !&*-% $, &," %",0",/": ;7 3 /&,0$,))5 &7 !&)%"!&*-% 4$0!

-$<"#$,2 4"3*0! ')0 4$0! 0!" %35" #"2)*3# 3,- !&5&0!"0$/3**+ 3--$0$("*+ %"93#3'*" 9#"7"#=

",/"% 7&# *&/3* 9)'*$/ 2&&-%6 9#$(30" %9",-$,2 3,- !&)%$,2 3#" 7#"" 0& /!&&%" 0!"$# 73(&#$0"

/&5'$,30$&, &7 -4"**$,2 03> #30"%6 4"3*0! 03> #30"% 3,- *&/3* 9)'*$/ 2&&- 9#&($%$&,6 0!",

3,+ %03'*" ?)#$%-$/0$&, %0#)/0)#" 0!30 #"%)*0% 7#&5 %)/! 3 7#"" /!&$/" 4$** $,(&*(" 9"#7"/0

4"3*0! %0#30$1/30$&, &7 0!&%" !&)%"!&*-% $7 3,- &,*+ $7 0!" !&)%"!&*-% 9#"7"#",/"% %30$%1"%

3 2","#3*$@30$&, &7 0!" ABC /&,-$0$&, &7 DEFG: H"06 3% $**)%0#30"- '+ 0!" ">359*"6 0!" 2",=

"#3*$@30$&, &7 0!" ABC /&,-$0$&, $% ,&0 %)./$",0 0& ",%)#" 0!" %"2#"230$&, &7 3,+ %03'*"

?)#$%-$/0$&, %0#)/0)#" $7 0!"#" $% 5&#" 0!3, &," 9)'*$/ 2&&- $7 9#"7"#",/"% 3#" !&5&0!"0=

$/3**+ %"93#3'*"6 ')0 ,&0 3--$0$("*+ %&: I!$*" 4" '"*$"(" 0!$% 53$, *"%%&, 0& '" &7 %&5"

$,0"#"%06 $0 $% /*"3# 0!30 5&#" 4&#J ,""-% 0& '" -&," 0& ),-"#%03,- 0!" ">0",0 0& 4!$/!

0!$% ABC /&,-$0$&, $% ,"/"%%3#+ &# %)./$",0 7&# %"2#"230$&, $, 0!" /3%" 4!"#" !&)%"!&*-%

9#"7"#",/"% 3#" ,&0 !&5&0!"0$/3**+ %"93#3'*": ;0 4&)*- 3*%& '" $59&#03,0 0& 0"%0 4!"0!"#

0!" ABC /&,-$0$&, $% 3/0)3**+ ("#$1"- '+ !&)%"!&*-% 4!& 9&9)*30" 0!" ?)#$%-$/0$&,% &7 0!"

#"3* 4&#*-:  !" 73/0 0!30 4" !3(" 9#&($-"- %)/! /&,-$0$&, $, 3 5&-"* 4$0! /&59"0$0$("

*3,- 53#J"0 &9",% )9 0!" 43+ 7&# "59$#$/3* 0"%0$,2 )%$,2 0!" !&)%$,2 53#J"0: I" 9*3, 0&

9#&($-" 0!"%" "59$#$/3* 0"%0% $, &)# 7)0)#" 4&#J:



 !"#$%& '

 !" "#"$% &' ()*++&,"-( ./0 $&/1"(%*&/ &/

%!" ("1-"1.%*," )-&)"-%*"( &' "/0&1"/&2(

32-*(0*$%*&/ (%-2$%2-" '&-4.%*&/

 

 !"# $%$&' %(%)*+&# ,!& &-&., /0 #$"))/1&'# %(2 ./(3&#,"/( /0 )/.%) $45)". #&'1".&# /( ,!&

#&3'&3%,"1& $'/$&',"&# /0 &(2/3&(/4# 0/'6%,"/( /0 74'"#2".,"/(#8 9/4#&!/)2# .!//#"(3 ,/

)"1& %, ,!& #%6& $)%.& 0/'6 % 74'"#2".,"/( :!/#& %"6 "# ,/ $'/24.& ./(3&#,&2 )/.%) $45)".

#&'1".&#; ,!%, .%( .'&%,& $/#","1& #$"))/1&'# ,/ /,!&' 74'"#2".,"/(#8 <( &1&'* 74'"#2".,"/(;

,!& $'/24.,"/( /0 ,!& )/.%) $45)". #&'1".&# "# =(%(.&2 ,!'/43! % )/.%) ,%> 5%#&2 /( !/4#&?

!/)2#@ :&%),!8 A/.%) :&%),! ,%> '%,&# %'& 2&6/.'%,".%))* 2&,&'6"(&2 "( %)) 74'"#2".,"/(#8

9/4#&!/)2# %)#/ ./(#46& !/4#"(3 "( ,!&"' 74'"#2".,"/(8 B(* !/4#&!/)2 "# 0'&& ,/ )&%1& ",#

74'"#2".,"/( 0/' %(/,!&' /(& ,!%, :/4)2 "(.'&%#& ",# 4,")",*8 B (&.&##%'* %(2 #4C."&(, ./(?

2","/( ,/ !%1& &1&'* #,%5)& 74'"#2".,"/(# #,'4.,4'& #&3'&3%,&2 5* :&%),!; 0/' % )%'3& .)%##

/0 ./(3&#,"/( 6&%#4'&# %(2 %(* #$"))/1&'# ./&C."&(,# #,'4.,4'&; "# "2&(,"=&2D ,!& $45)".

#&'1".&# 64#, 5& &",!&' % 3'/## #45#,",4,& /' % 3'/## ./6$)&6&(, ,/ ,!& $'"1%,& 3//2 %(2

,!& !/4#"(38

 !" #$%&'()*%+'$

<( 6/#, ./4(,'"&#; )/.%) $45)". #$&(2"(3 %../4(,# 0/' % )%'3& #!%'& /0 ,!& $45)". #$&(2"(3

E%)6/#, FGH "( ,!& IJBK; %(2 ,!"# #!%'& !%# 5&&( "(.'&%#"(3 #"(.& ,!& &(2 /0 ,!& J&./(2

L/')2 L%'8 B# % ./(#&M4&(.& /0 ,!& 3'/:"(3 '/)& $)%*&2 5* )/.%) 74'"#2".,"/(#; %(/,!&'

$!&(/6&(/( %$$&%'&2D 74'"#2".,"/(# 5&)/(3"(3 ,/ ,!& #%6& 4'5%( %'&% #&&6 ,/ 5& 6/'&

 

 !"# $!%&'() )(*"(+# % , -./001 +2)3"45 &%&() 4678() 9:;;<=>

 !!



 !"  !"#$%&' (

 !"#$#%&!'&# !% &#$() *+ &,#!$ !%,'-!&'%&). /#'0&, 1)## +*$ !%)&'%2# 345678 9 :*))!-0# #;:0'<

%'&!*% !) :$*=! # -> ?!#-*@&.) ABC4 '$&!20# 3DE68 922*$ !%F &* ,!) !%&@!&!*%)G !% !=! @'0)

2,**)# &,#!$ :0'2# *+ $#)! #%2# '22*$ !%F &* ' &$' #<*" -#&/##% 0*2'0 &'; $'&#) '% '(*@%&)

*+ :@-0!2 )#$=!2#) :$*=! # G /,!2, 0#' ) #=#$> H@$!) !2&!*% &* -# ,*(*F#%#*@)8 ?,# +*$('<

&!*% *+ H@$!) !2&!*%) )&$@2&@$# !) #% *F#%*@)G  @# &* &,# +$## (*-!0!&> *+ ,*@)#,*0 )G &,'&

2'% I=*&# /!&, &,#!$ +##&IG &,'& !) &* )'> 0#'=# &,#!$ H@$!) !2&!*% &* '%*&,#$ *%#G !+ &,#>

'$# @%)'&!)J# /!&, &,#!$ H@$!) !2&!*%.) &'; $'&# '% '(*@%& *+ :@-0!2 )#$=!2#)8 9% !(<

:*$&'%& 0!&#$'&@$#  #'0!%F /!&, &,# #% *F#%*@) H@$!) !2&!*%) +*$('&!*%  !" ?!#-*@& #;!)&)8

9 /! #0> ):$#' -#0!#+ !) &,# )#0+<)*$&!%F (#2,'%!)( *+ &,# #% *F#%*@) +*$('&!*% :$*2#))K

'F#%&) /!00 0!=# !% ,*(*F#%#*@) H@$!) !2&!*%)8 ?,!) ,*(*F#%#!&> 2'% -# #;:$#))# !% &#$()

*+ /#'0&,G :$#+#$#%2#) *% :@-0!2 )#$=!2#)G *% ,*@)!%FG *% #2*%*(!2 '2&!=!&>888

L#)&,*" 3DM6 /') '(*%F &,# J$)& #2*%*(!)&) &* :$*=! # ' +*$('0 (* #0 -')# *%

?!#-*@&.) !%&@!&!*%)8 N% &,!) (* #0G ,*@)#,*0 ) 2'% #%H*> E F** )G ' 0*2'0 :@-0!2 F** G J<

%'%2# &,$*@F, ' 0*2'0 &'; *% /#'0&,G /,!2, !) ' :@$# 20@- F** 1*%0> ,*@)#,*0 ) 0!=!%F !%

&,# H@$!) !2&!*% &,'& :$* @2# !& 2'% #%H*> &,# 0*2'0 :@-0!2 F** G &,'&  *#) %*& )@"#$ +$*(

2*%F#)&!*% #"#2&7G '% ' 2*(:*)!&# :$!='&# F** G /,*)# '(*@%& !) #O@'0 &* &,# '+&#$<&';

/#'0&,8 P# +*@% ' 2*% !&!*% &,'& #%)@$#) &,# #;!)&#%2# *+ '% #O@!0!-$!@(8 ?,!) 2*% !<

&!*% !) +*$ &,# )0*:#) *+ !% !=! @'0). !% !"#$#%2# 2@$=#) !% &,# &'; $'&#<'(*@%& *+ :@-0!2

F** ):'2# &* -# *$ #$# -> &,#!$ :$!='&# /#'0&,8 N+ &,!) 2*% !&!*% !) $#):#2&# G %*& *%0>

'% #O@!0!-$!@( /!00 #;!)&G -@&G '& #O@!0!-$!@(G &,# H@$!) !2&!*%) )&$@2&@$# /!00 -# )#F$#F'&# 8

Q$'=#0 '% ?,*$*% 3MC6 ! #%&!J# ' %#2#))'$> '% )@R2!#%& 2*% !&!*% &,'& #%)@$#)

&,# )#F$#F'&!*%G /!&,!% L#)&,*".) (#'%!%FG *+ #=#$> )&'-0# H@$!) !2&!*%) )&$@2&@$#K &,#

:@-0!2 F** (@)& -#G +*$ '00 0#=#0 *+ :$!2#) '% /#'0&,G #!&,#$ '0/'>) ' 2*(:0#(#%& *$

'0/'>) ' )@-)&!&@&# &* &,# :$!='&# F** 8 ?,!) 2*% !&!*% !) 2'00# &,# Q$*)) S@-)&!&@&'-!0<

!&>TU*(:0#(#%&'$!&> 1QSU7 2*% !&!*%8 ?,!) 2*% !&!*% !) #O@!='0#%& &* ,'=# &,# :$#+#$$# 

&'; $'&# -#!%F ' (*%*&*%*@) +@%2&!*% *+ &,# :$!='&# /#'0&,G +*$ '%> 0#=#0 *+ :$!2#) '% 

/#'0&,8 V!)/')G Q$'=#0 '% W  *@ 3D6 !%&#F$'&# ' /#0+'$!)& 2#%&$'0 F*=#$%(#%& &* &,#

(* #0G /,*)# :@$:*)# !) &* (';!(!X# ' F#%#$'0!X# @&!0!&'$!'% )*2!'0 /#0+'$# +@%2&!*% ->

!(:0#(#%&!%F '% #O@'0!X'&!*% :'>(#%& :*0!2>8 YO@'0!X'&!*% :'>(#%& 2'% -# #!&,#$ =#$&!2'0

1&,# F*=#$%(#%& &';#) ,*@)#,*0 ) '% $# !)&$!-@&#) &,# $#=#%@#) &* H@$!) !2&!*%)7G ,*$!X*%<

&'0 1&,# F*=#$%(#%& $# !)&$!-@&#) 0*2'0 &'; $#=#%@#) -#&/##% &,# H@$!) !2&!*%)7G *$ (!;# 8

?,#> +*@% &,'& &,# QSU 2*% !&!*% $#('!%) %#2#))'$> '% )@R2!#%&8



 !"! #$%&'()*%+'$  !"

 !""#$"!% &'() *!+*+,"- . /+-"0 +1 0+2.0 *3$042 %++-, 5467 ,*400+8"!, ./+#% 93!4,:

-4264+#,; $36 -4- #+6 2+#,4-"! 67" *+,,4$4046< 1+! 7+3,"7+0-, 6+ 0".8" 67"4! 93!4,-4264+# 1+!

.#+67"! 67.6 +="! . $"66"! >6.? !.6" : ./+3#6 +1 *3$042 %++-> *.2@.%"A B" *!+8"- 67"

"?4,6"#2" +1 .# "C3404$!43/ 3#-"! 67" -:/.9+!46< 8+64#% !30"A

D"27<$. &EF) -"8"0+*"- . /+-"0 5467 ,*400+8"!, .#- 7+3,4#%; $36 2+#6!.!< 6+ G+,":

H2@"!/.# &EI); 7+3,4#% 4, /+-"00"- ., . -4,2!""6 %++-; 57427 -4="! +# 6<*"; .#- 7+3,"7+0-,

+5# 67"4! 7+3,"; ,+ 5".067 4, #+6 "?+%"#+3, .#</+!"; ,4#2" 7+3,4#% *!42" /.< 8.!<A J# 74,

/+-"0; ,*400+8"!, $"65""# 93!4,-4264+#, 5"!" .00+5"-; $"2.3," 7+3,"7+0-,K 364046< -"*"#-,

#+6 +#0< +# 67" ./+3#6, +1 0+2.0 *3$042 %++- *!+84-"- $< 46, 93!4,-4264+# .#- +1 67" #.64+#.0

*3$042 %++-; $36 .0,+ +# 67" ./+3#6, +1 *3$042 %++- *!+84-"- $< .00 +67"! 93!4,-4264+#,A

H16"! 7.84#% "#,3!"- 67" "?4,6"#2" +1 .# "C3404$!43/ 3#-"! 2"!6.4# 2+#-464+#,; 7" 4-"#64L"-

,3M24"#6 2+#-464+#, 1+! . ,6.$0" 93!4,-4264+#, ,6!3263!" 6+ $" ,"%!"%.6"-A N#1+!63#.6"0<;

+#" +1 67"," ,3M24"#6 2+#-464+#, 5., 67" .$,"#2" +1 ,*400+8"!, $"65""# 93!4,-4264+#,; 57427

4, . *!"66< ,6!+#% .,,3/*64+#; 67.6 /4%76 #+6 $" #"2",,.!<A

O7" "="26 +1 ,*400+8"!, +# 67" *!+84,4+# +1 *3$042 %++-, .#- +# 67" "C3404$!43/ 7.8"

$""# .#.0<P"- $< Q0+27 .#- R"#%4#+$3P &ST) .#- &SU)A B+5"8"!; 67" .367+!, -+ #+6 "?./:

4#" 67" 2+#,"C3"#2", 4# 6"!/, +1 ,"%!"%.64+# 67" "?4,6"#2" +1 ,*400+8"!, /.< %"#"!.6"A

O74, *.*"! %"#"!.04P",  !.8"0 V O7+!+#K, /+-"0 $< .,,3/4#% 67.6 0+2.0 *3$042 %++-,

/.< ,3="! 1!+/ 2+#%",64+# .#- 2!".6" ,*400+8"!,A B+3,"7+0-, 27++," . 0+2.64+#; ".27 ,"6

+1 7+3,"7+0-, 0484#% 4# 67" ,./" *0.2" 1+!/, . 93!4,-4264+#A J# ".27 93!4,-4264+#; .$,"#6""

0.#-0+!-, 3," 67" 0.#- .8.40.$0" 4# 67" 93!4,-4264+# 6+ *!+-32" 7+3,4#%A B+3,4#% *!42" 4,

2+/*"64648"; ,+; .6 67" "C3404$!43/; 67" 7+3,4#% ,3**0< 4, "C3.0 6+ 67" 7+3,4#% -"/.#- 1+!

67.6 *!42"A O7"# "8"!< 93!4,-4264+# -"/+2!.642.00< -"6"!/4#", 46, 6.? !.6" W57427 4, .**04"-

6+ 7+3,"7+0-,K 5".067X; .#- 67" !"8"#3", %"#"!.6"- $< 674, 6.? .!" 1300< 3,"- 6+ L#.#2"-

0+2.0 *3$042 ,"!842",; 67.6 /.< ,3="! +1 2+#%",64+#A

Y3!67"!/+!"; 7+3,"7+0-, /.< $"#"L6 1!+/ +67"! 93!4,-4264+#,K 0+2.0 *3$042 ,"!842",A

O74, .,,3/*64+# -4="!, 1!+/ 67" /.4# *.!6 +1 67" 046"!.63!" +# 0+2.0 *3$042 %++-,A B+5:

"8"!; 2+#,4-"!4#% 67.6 ,/.00 6+5#, $"0+#%4#% 6+ . /"6!+*+046.# .!". $"#"L6 1!+/ 67" *3$042

,"!842", *!+84-"- $< 67" /.4# 246< 4, #+6 +360.#-4,7A

B+3,"7+0-, .!" .,,3/"- 6+ $" 1!""0< /+$40"; ,+; +#2" .00 93!4,-4264+#, 7.8" -"6"!/4#"-



 !"  !"#$%&' (

 !"#$  %& $% "' !()*"!(+,* -%. +"%/"  !"#$ 0)$#*,#- #(. 1($ %.( !"$ (."  !% 2()+, #.-$"%*"

 !"#$ ) #+# 34 56)#+#7$#)8 #* $"%-!", 2!". .( !()*"!(+, !%* #.-". #/"  ( +"%/" ).#+% "$%++3

# * 0)$#*,#- #(. ($  ( 8(,#13 # * -(.*)89 #(. 7).,+"'  !" !()*#.: 9$#-" -+"%$*  !" 8%$;" #.

"/"$3 0)$#*,#- #(. %.,  !" +(-%+  %& $% "* %$" ,"8(-$% #-4 <" %**)8"  !% 9$"1"$".-"* %$"

!(8( !" #-%++3 *"9%$%7+" 7" 2"". +(-%+ 9)7+#- *"$/#-"* (. (." !%., %., 9$#/% " *9".,#.:

%., !()*#.: (.  !" ( !"$ !%., 2# !#.  !" 8"%.#.: (1 =+%-;($73 %., %+##>??@4 A!#* %**)89B

 #(.'  !():! $"* $#- #/"' *""8*  ( 7" $"+"/%. 2# ! $"*9"-  ( $"-". ,% % >?C@4

A!#* 9%9"$ %#8* % "&%8#.#.:  !" *":$":% #/" 9$(9"$ #"* (1  !" ".,(:".()* 0)$#*,#- #(.

* $)- )$" 1($8% #(. #. *)-! % 1$%8"2($;4 A!" %$ #-+" #* ($:%.#D", %* 1(++(2*4 A!" ."& 

*"- #(. #. $(,)-"*  !" 1($8%+ 8(,"+4 E"- #(. F 9$(/#,"* %. "&%89+" (1 !(2 -(.:"* #(.

%., *9#++(/"$* -%. 8(,#13 % 0)$#*,#- #(.* * $)- )$"4 E"- #(. G * % "* %., 9$(/"*  !" $"*)+ *4

H#.%++3' *"- #(. I -(.-+),"*4

 !" #$% &'()*+ )',%+

<" -(.*#,"$ % 8(,"+  !" J$%/"+ K A!($(.' #89$(/", 73  !" 9$"*".-" (1 % -(89" # #/"

+%., 8%$;" ' %., 73  !" "&#* ".-" (1 *9#++(/"$* %., -(.:"* #(. "L"- *4 A!"$" #* % -(. #.B

))8 (1 !()*"!(+,* (.  !" #. "$/%+ [0;A] 2# ! M"7"*:)" 8"%*)$" λ' 2!"$"' 1($ %.3 *)7*" 

I ⊂ [0;A]'  !" 8%** (1 !()*"!(+, #. I #* :#/". 73 λ(I)4 N()*"!(+,*O 2"%+ ! ,#* $#7) #(.

#* 8(,"++", %* % M"7"*:)" 8"%*)$%7+" 1).- #(. ω : [0;A] → R∗
+ B !()*"!(+, i #* ".,(2",

2# ! % 2"%+ ! ωi ∈ R∗
+ B 2# ! ω 7"#.: %. #.-$"%*#.: %., 7().,", 1$(8 %7(/" 1).- #(.4

N()*"!(+,* !%/" #,". #-%+ 9$"1"$".-"*' $"9$"*". ", 73 %  2#-" ,#L"$". #%7+"' #.-$"%*#.:

%., -(.-%/" ) #+# 3 1).- #(.

U : R3
++ −→ R+

(Z, h, x) 7−→ U(Z, h, x)

2!"$"

?4 Z #*  !" %/%#+%7+" %8(). (1 9)7+#- *"$/#-"* !()*"!(+,* -%. ".0(3'

P4 h #*  !"#$ %8(). (1 !()*#.:'

F4 x #*  !" %8(). (1  !" !()*"!(+,*O "&9".,# )$"* 1($ ( !"$  !#.:*  !%. !()*#.:4



 !"! #$% &'()*+ )',%+  !"

 ! "##$%! &'"& ($)*+, #!-.+,!# "-! " /0/12+3!/ 40056

7'! $&+*+&8 9$/,&+0/ +# "##$%!5 &0 )! '0%0&'!&+,"**8 #!("-")*! +/ &'! #!/#! 09 :;;<

)!&=!!/ &'! "."+*")*! ($)*+, #!-.+,!# 0/ 0/! '"/5> "/5 &'! '0$#+/4 "/5 0&'!- !?(!/5+&$-!#

0/ &'! 0&'!- '"/56 7'+# (-0(!-&8 +%(*+!# &'"& &'! #'"-! 09 &'!+- "9&!- &"? =!"*&' '0$#!'0*5#

=+** #(!/5 0/ '0$#+/4 "/5 0/ 0&'!- !?(!/5+&$-! 50!# /0& 5!(!/5 0/ &'!+- "9&!- &"? =!"*&'>

/0- 0/ &'! "%0$/& 09 &'! "."+*")*! "%0$/& 09 ($)*+, #!-.+,!#6 @0/#!A$!/&*8> &'! +/5+-!,&

$&+*+&8 9$/,&+0/> ,0/5+&+0/"* &0 &'! "%0$/& 09 ($)*+, #!-.+,!#> +# 4+.!/ )8

V C : R+ −→ R+

ψ(ph, px)(ωi − pZZ̄) 7−→ V C(Z̄;ψ(ph, px)(ωi − pZZ̄))

='!-!

V C(Z̄;ψ(ph, px)(ωi − pZZ̄) = max
h,x

U(Z̄, h, x)

#6&6 phh+ pxx ≤ ωi − pZZ̄

"/5

ψ : R2
+ −→ R+

(ph, px) 7−→ ψ(ph, px)
)!+/4 " 5+3!-!/&+")*!> +/,-!"#+/4 "/5 A$"#+1,0/.!?

 

9$/,&+0/6

 ! 5!/0&! U "# &'! #!& 09 "** 9$/,&+0/# #"&+#98+/4 &'! (-0(!-&+!# 5!B/!5 ")0.!6

C",' '0$#!'0*5 '"# &0 ,'00#! " (*",! 09 -!#+5!/,! "%0/4 "** &'! ,0/,!+.")*! *0,"&+0/6

L ⊂ N +# &'! B/+&! #!& 09 *0,"&+0/#6

C.!-8 *0,"&+0/ l '"# "/ "%0$/& Hl ∈ R∗
+ 09 '0$#+/4> )!*0/4+/4 &0 ")#!/&!! *"/5*0-5#

&'"& -!/& +& "& &'! $/+& (-+,! pl6 D+/,! '0$#+/4 +# ,0#&*8> "/5 &'"& '0$#!'0*5# 0/*8 !/E08 &'!

'0$#+/4 &'"& +# *0,"&!5 +/ &'!+- 0=/ *0,"&+0/> &'!/> 0).+0$#*8> /0 '0$#!'0*5 =+** ,0/#$%!

'0$#+/4 +/ %0-! &'"/ 0/! *0,"&+0/6

 ! 50 /0& -$*! 0$& &'! (0##+)+*+&8 90- #0%! *0,"&+0/# &0 )! !%(&86 F9 " *0,"&+0/ +#

!%(&8> &'!/ =! "##$%! &'"& pl = 0 "/5 &'"& /0 &"? =+** )! ,0**!,&!56 G0$#!'0*5# *+.+/4

"& &'! #"%! *0,"&+0/ 90-% " E$-+#5+,&+0/6  ! 5!/0&! J ⊆ L &'! #!& 09 E$-+#5+,&+0/#> =+&'

card(J) =M 6

 ! 5!/0&! µi "# &'! %!"#$-! 09 '0$#!'0*5# =+&' (-+."&! =!"*&' ωi6

D+/,! *0,"* ($)*+, #!-.+,!# ,-!"&! #(+**0.!-# +/ 0&'!- E$-+#5+,&+0/#> &'! &0&"* "%0$/&

 

 !"#$%&'# f &( )"*(&+$'#,-. &! ∀x, y ∈ R+ /&%0 f(x) ≥ f(y) *#1 ∀λ ∈ [0; 1], f(λx+(1−λ)y) ≤
f(x)



 !"  !"#$%&' (

 ! "#$%&' ()*+&')( , - #()- %. &/ 0#*&(.&'1& / j ',/ )/0 2 3Zj4 .)")/.( / 1  /%2  / 1-)

,+,&%,$%) ,5 #/1  ! "#$%&' ()*+&')( "* .#'). $2 0#*&(.&'1& / j6 $#1 ,%(  / 1-) ,5 #/1  !

"#$%&' ()*+&')( "* .#'). $2 1-)  1-)* 0#*&(.&'1& /(7 8-&( ,5 #/1 &( 9&+)/ $2

Zj = π(ζj , Sj)

:&1- ;

• π : R2
+ → R+ $)&/9 , / /<.)'*),(&/9 3(1*&'1%2 &/'*),(&/9 :&1- *)(")'1 1 ζj46 1:&')

.&=)*)/1&,$%)6 ' /',+) !#/'1& / (#'- 1-,16 ∀S ∈ R+, π(0, S) = 06

• ζj &( 1-) ,+,&%,$%) ,5 #/1  ! "#$%&' ()*+&')( "* .#'). $2 0#*&(.&'1& / j6

• Sj &( 1-) ,5 #/1  ! ("&%% +)*( !* 5  1-)* 0#*&(.&'1& /( &/ 0#*&(.&'1& / j6 9&+)/ $2

Sj =
∑

k∈J−{j}
βjkζk

:-)*) βjk ∈ R+ *)"*)()/1( 1-) ("&%% +)*( ' )>'&)/1  ! 0#*&(.&'1& / k?( % ',% "#$%&'

()*+&')( &/ 0#*&(.&'1& / j7

@)1 #( .)/ 1) B ,( 1-) (A#,*) 5,1*&B  !  *.)* M 6 1-,1 *)"*)()/1( 1-) ("&%% +)*( ' )!<

C'&)/1(6 :&1- ∀(j, j′) ∈ J2, βjj′ ∈ [0; 1] ,/. βjj = 17 D ,((#5"1& / /)).( 1 $) 5,.)  /

B7 E1 ',/ $) )B 9)/ #(%2 .)1)*5&/).

 

6  * .)")/.( " (&1&+)%2  * /)9,1&+)%2  / 1-) ,5 #/1

 ! "#$%&' ()*+&')( "* +&.). $2 1-) 0#*&(.&'1& /( 1-,1 9)/)*,1) ,/.F * *)')&+) 1-)57 8-)

5,1*&B B &( / 1 /)')((,*&%2 (255)1*&'7 G) .)/ 1) B ,( 1-) ()1  ! ,%% (A#,*) 5,1*&B  !

 *.)* M (#'- 1-,16 ∀(j, j′) ∈ J2, βjj′ ∈ [0; 1] ,/. βjj = 1

8-) ,5 #/1  ! ,+,&%,$%) % ',% "#$%&' ()*+&')(  !"#$%&# $2 0#*&(.&'1& / j &( 9&+)/ $2

ζj =
tj̟j

Cj

:&1- ;

• tj $)&/9 1-) % ',% 1,B *,1)6

 

 !" #$%&'$()* %+#,,!-)"% (!).(#)$&% ('$ ")+")%)$& &/) 0#%&'$() 1)&2))$ &2! 34"#%0#(&#!$% 5&/)

(,!%)" 34"#%0#(&#!$ j #% &! 34"#%0#(&#!$ j′* &/) (,!%)" &! 1 2#,, 1) βjj′6* !" 1) '7)(&)0 18 +!,#&#(',
'9")):)$&% (!$(,40)0 1)&2))$ 34"#%0#(&#!$%;;;



 !"! #$% &'()*+ )',%+  !"

• ̟j  !"#$ %&! '$$(!$'%!) *!'+%& "# j,

• Cj = C({µk}k∈J , {βkj}k∈J) "- %&! ./#$!-%"/# 01#.%"/#, *"%& C : R2M
+ → [1; +∞[,

./#%"#1/1- '#) #/#2)!.(!'-"#$ 3*"%& (!-4!.% %/ !5!(6 '($17!#%89

:--17"#$ %&'% %&! "#%!#-"%6 /0 %&! ./#$!-%"/# 0'.!)  6 ;1("-)".%"/# j<- 41 +". -!(5".!-

.'1-!)  6 %&! 7'-- /0 &/1-!&/+)- "# ;1("-)".%"/# j′ )!4!#)- /# %&! -4"++/5!(- ./!=."!#%

j<- 41 +". -!(5".!- .(!'%!- "# j′ "- >1"%! (!'-/#' +!, -"#.! 41 +". -!(5".!- *"++ -1?!( 7/(!

0(/7 '# "74/(%'#% 7'-- /0 &/1-!&/+)- "# ' ;1("-)".%"/# %&'% (!.!"5!- ' +/% /0 -4"++/5!(-

0(/7 %&!-! 41 +". -!(5".!- %&'# 0(/7 ' "74/(%'#% 7'-- /0 &/1-!&/+)- %&'% (!.!"5!- +"%%+!

-4"++/5!(-9 @/(!/5!(, "% "- '--17!) %&'% "0 ;1("-)".%"/# j<- 41 +". -!(5".!- .(!'%! #/ -4"++/5!(-

"# ;1("-)".%"/# j′ 3"9!9 βj′j = 08, %&!# %&! ./#$!-%"/# 01#.%"/# "- ./#-%'#% *"%& (!-4!.% %/

µj′ 9 A/(7'++6,

βj′j = 0 ⇒ ∂C({µk}k∈J , {βkj}k∈J)
∂µj′

= 0

B/*!5!(, /#! ./1+) -4!."06 %&! ./#$!-%"/# 7!'-1(! "# -1.& ' *'6 %&'% %&!(! */1+)  ! #/

(!+'%"/#  !%*!!# ./#$!-%"/# '#) %&! -4"++/5!(- ./!=."!#%-9 C&! 4(!-!#% )!D#"%"/# /0 %&!

./#$!-%"/# 7!'-1(! )/!- #/% !E.+1)! -1.& '# '--174%"/#9 C&! /#+6 4(/4!(%"!- '--17!)

/# %&! ./#$!-%"/# 01#.%"/# '(! %&'%F

G9 ∀(j, k) ∈ J2, ∀{µl}l∈J ∈ RM , ∀{βlj}l∈J ∈ [0; 1]M F

lim
µk→+∞

∂Cj({µl}l∈J , {βlj}l∈J)
∂µk

= 0

H9 ∀(j, k, k′) ∈ J3, ∀{µl}l∈J ∈ RM , ∀{βlj}l∈J ∈ [0; 1]M F

∂2Cj({µl}l∈J , {βlj}l∈J)
∂µk∂µk′

≤ 0

C&! D(-% 4(/4!(%6 "- .!(%'"#+6 (!-%(".%"5!,  1% #/% 1#(!'-/#' +! %&/1$&, "% (!>1"(!- %&'%

%&! 7'($"#'+ ./#$!-%"/# "# /#! ;1("-)".%"/# $!#!('%!)  6 ' "#D#"%!-"7'+ "#.(!'-! /0 %&! 7'--

/0 &/1-!&/+), "# %&"- 5!(6 ;1("-)".%"/# /( '#/%&!( /#!, %!#)- %/  ! #1++ *&!# %&! 7'-- /0

&/1-!&/+)- "- "#D#"%!9 B/7/$!#!/1- 01#.%"/#- /0 )!$(!! +!-- %&'# 1, 0/( "#-%'#.!, (!-4!.%

%&"- 4(/4!(%69

C&! -!./#) 4(/4!(%6 "- 7/(! #'%1('+ -"#.!, %/ ' .!(%'"# !E%!#%, %&! 7'--!- /0 &/1-!2

&/+)- "# )"?!(!#% ;1("-)".%"/#- '(! -1 -%"%1%' +! ./#.!(#"#$ %&! ./#$!-%"/# %&!6 4(/5")! "#



 !"  !"#$%&' (

 !" #$%&'(&)*& !+

," ("! *" Γ -' *." '"*  / -00 ) !1"'*& ! /$!)*& ! '-*&'/2&!1 *." 3% 3"%*&"' ("4!"( -5 6"+

7 ") ! 82 &' ) 83 '"(  / 9 "0"8"!*':

• 7 ;"-0*. (&'*%&5$*& ! ω

• <%"/"%"!)"' %"3%"'"!*"( 52 *." $*&0&*2 /$!)*& ! U ∈ U

• 7 ) !1"'*& ! 8"-'$%" C ∈ Γ

• 7 '3&00 6"%' ) "=)&"!* 8-*%&> B ∈ B

• 7 '"*  / 0 )-*& ! L ∈ N

," ("! *" ∆ -' *." '"*  / -00 ) !)"&6-50" ") ! 8&"'+

? % '&830&)&*2@ ;" ("! *" Fj =
̟j

Cj
-' #$%&'(&)*& ! jA' 4')-0 3 *"!*&-0@ *.-* &' * '-2 *."

8->&8-0 -6-&0-50" -8 $!*  / 3$50&) '"%6&)"' #$%&'(&)*& ! j )-! 3% ($)" B&/ tj = 1C+

D." ("8-!(' / % . $'&!1 -!( 3%&6-*" ) !'$83*& !  / - . $'". 0( i ("3"!(  ! .&' -/*"%E

*-> ;"-0*. (1 − tj)ωi -!(  ! *." . $'&!1 3%&)" &! #$%&'(&)*& ! j@ pj + F! "6"%2 #$%&'(&)*& !@

px &' ! %8-0&G"( * 1+ ," ("4!"( hM (pj , (1− tj)ωi) -!( x
M (pj , (1− tj)ωi) -' %"'3")*&6"02

*." H-%'.-00&-! ("8-!( / % . $'&!1 -!( / % 3%&6-*" ) !'$83*& !

 

 / - . $'". 0( i &! -

#$%&'(&)*& ! j@ "+1+

(hM (pj , (1− tj)ωi), x
M (pj , (1− tj)ωi) ∈ argmax

h,x
U(Z, h, x)

'$5#")* * 

pjh+ x = (1− tj)ωi

D." 0 )-0 *-> %-*" &' ("*"%8&!"( -)) %(&!1 * - ("8 )%-*&) %$0"+ I"!)"@ "6"%2 . $'". 0(

.-' * ("*"%8&!" &*' /-6 %&*" *-> %-*"@ ("! *"( t∗ : R4
+ → [0; 1]@ ;.&). &' - /$!)*& !  /:

• *." 4')-0 3 *"!*&-0 F @

• *." '3&00 6"%' /% 8  *."% #$%&'(&)*& !'A 3$50&) '"%6&)"' S B*-J"! -' 1&6"!C@

 

 !"#$ %&# &'('%&#%)* +#,-$-.)/)%0 -++1(,%)'!2 %&'+# 3-$+&-//)-! "#(-!"+ "' !'% "#,#!" '!

%&# -('1!% '4 ,1./)* +#$5)*#+2 %&-% )+ %&# $#-+'! 6&0 Z )+ 6)%&"$-6! 4$'( %&# -$71(#!%+ '4 %&#

3-$+&-//)-! "#(-!"+8



 !"! #$% &'()*+ )',%+  ! 

•  !" !#$%&'( )*&+" p,

•  !" )*&-. " /".0 ! ωi1

2#*3.004,

t∗(F, S, p, ωi) ∈ argmax
t
U(π(tF, S), hM (p, (1− t)ωi), (1− t)ωi − phM (p, (1− t)ωi))

 !""# $%&%'%  !" #$$ %&'$'&( )%*+&'!*, -.$!*/'*/ &! U0 ∀(F, S, p, ωi) ∈ R4
+ #*1 )!" #$$

)%*+&'!*, π : R2
+ → R+ ,#&',)('*/ &2. #-!3. 4"!4."&'.,0 4".).".*+., #". ,'*/$.54.#6.1 7'&2

".,4.+& &! t0 ,! t∗(F, S, p, ωi) .8',&, 9

()**+%

5!" )*##6 #6  !&% 0"33. +.' 7" ".%&04 #7 .&'"8 74 %!#/&'(  !.  !" $ &0& 4 6$'+ &#' &%

+#'+.-" /& ! *"%)"+  # t, %#  !"*" "9&% % .' $'&:$"

t∗ ∈ arg max
t∈[0;1]

U(π(tF, S), hM (p, (1− t)ωi), (1− t)ωi − phM (p, (1− t)ωi))

;" $% 8"'# "

gij :

& <

Thefirstderivativeofthisfunctionwithrespectto is :
∂gij(t)

∂t = UZFπ
′(tF, S)− ωi[

∂hM (p,R)
∂R Uh − ∂xM (p,R)

∂R Ux]So, onehas &% +#'+.-" /& ! *"%)"+  # ,  !"  "*3 &% '"(. &-"1 5!" *"% #6  !&% "9)*"%%&#' +.' 7" #7 .&'"8 74 )*"=3$0 &)04&'( .'8 )#% =3$0 &)04&'(  !" $ &0& 4 6$'+ &#'>% ?"%%&.' 3. *&9 74  !" -"+ #* 1 @&'+" &% +#'+.-", & % ?"%%&.' 3. *&9 &% '"(. &-"=%"3&=8"A'& ", %#  !" /!#0" "9)*"%%&#' &% '"(. &-", /!&+! 3".'%  !.  !" $ &0& 4 6$'+ &#' &% +#'+.-" /& ! *"%)"+  #  !"  .9 *. "1 B#'%":$"' 04,  !"*" "9&% % .' $'&:$" 1

;" $% 8"A'"

t∗j = min
i∈Ij

t∗(Fj , Sj , pj , (1− tj)ωi)

.'8

t̄∗j = max
i∈Ij

t∗(Fj , Sj , pj , (1− tj)ωi)

.% *"%)"+ &-"04  !" 0#/"% .'8  !" !&(!"%  .9 *. " )*"6"**"8 74 . !#$%"!#08 0&-&'( &'

<$*&%8&+ &#' j1

C <$*&%8&+ &#'% % *$+ $*" &% . -"+ #* Ω = (J, {Ij}j∈J ; ({tj}j∈J); ({pj}j∈J), ({Sj}j∈J)1

C <$*&%8&+ &#'% % *$+ $*" Ω = (J, ({Ij}j∈J); ({tj}j∈J); ({pj}j∈J), ({Sj}j∈J) &% ,-#./! &'

 !" "+#'#34 (ω,U,C,B,L) &6 .'8 #'04 &6

D1 ∀j, j′ ∈ J, ∀i ∈ Ij , U(Zj , hij , (1 − tj)ωi − pjhij) ≥ V (Zj′ , ψ(pj′)(1 − tj′)ωi), /& ! hij

7"&'(  !" .3#$' #6 !#$%&'( &' j +#'%$3"8 74 !#$%"!#08 i,



 !"  !"#$%&' (

 ! ∀j ∈ J,
∫
Ij

hM (pj , (1− tj)ωi)dλ = Hj

"! ∀j ∈ J, tj ∈ [t∗j ; t̄
∗
j ]

#$ %&'()* + ,-'.)(./0.&$) )0'-/0-'1 .) )0+231 .4 +$( &$35 .4 6

7! 8& 9&-)19&3( /+$ .$/'1+)1 .0) -0.3.05 25 :&(.45.$; .0) /&$)-:<0.&$ 2-$(31 &' 25

31+=.$; .0) ,-'.)(./0.&$*

 ! >91 9&-).$; <'./1) +'1 /&:<10.0.=1 .$ 1=1'5 ,-'.)(./0.&$ ?)-<<35 1@-+3) (1:+$(A*

"! >91 0+B '+01 .) (1:&/'+0./+335 /9&)1$ .$ 1=1'5 ,-'.)(./0.&$!

C10 -) $&% 1B<'1)) 4&':+335 091 (1D$.0.&$ &4 091 )1;'1;+0.&$* %9./9 .) 091 )+:1 (1D$.E

0.&$ +) .$ FGHI!

J ,-'.)(./0.&$) )0'-/0-'1 Ω = (J, ({Ij}j∈J); ({tj}j∈J); ({pj}j∈J), ({Sj}j∈J) .$ 091 1/&$E

&:5 (ω,U,C,B,L) .)  !"#!"$%!& .4 +$( &$35 .4 ∀ωh, ωi, ωk ∈ R+ )-/9 09+0 ωh < ωi < ωk*

(h, k) ∈ Ij +$( i ∈ Ij′ ⇒ Zj = Zj′ +$( ∀ω ∈ R+, V
C(Zj , pj , (1− tj)ω) = V C(Zj′ , pj′ , (1−

tj′)ω)

#$ %&'()* + ,-'.)(./0.&$) )0'-/0-'1 .) %1+309E)1;'1;+01( .4* 1B/1<0 4&' ;'&-<) &4 ,-'.)E

(./0.&$) &K1'.$; 091 )+:1 +:&-$0 &4 <-23./ )1'=./1) +$( .$ %9./9 1=1'5 9&-)19&3( %&-3(

9+=1 091 )+:1 -0.3.05* 091 <&&'1)0 9&-)19&3( &4 + ,-'.)(./0.&$ %.09 + 9.;9 <1' /+<.0+ %1+309

.) ?%1+L35A './91' 09+$ 091 './91)0 9&-)19&3( .$ + ,-'.)(./0.&$ %.09 + 3&%1' <1' /+<.0+ %1+309!

C10 -) (1D$1 Jj = {k ∈ J : Zk = Zj +$( ψ(pk)(1 − tk) = ψ(pj)(1 − tj)}! #$ %&'()*

Jj .) 091 )10 &4 +33 ,-'.)(./0.&$) &K1'.$; 091 )+:1 +:&-$0 &4 +=+.3+231 <-23./ )1'=./1) +) j*

+$( )-/9 09+0 9&-)19&3() 9+=1 091 )+:1 <-'/9+).$; <&%1' %.09.$ 091 :1+$.$; &4 M./L)

 

!

N2=.&-)35* 4&' +33 j ∈ J * 9&-)19&3() +'1 .$(.K1'1$0 210%11$ +33 ,-'.)(./0.&$) 213&$;.$; 0& Jj !

O&':+335* + ,-'.)(./0.&$) )0'-/0-'1 .) )1;'1;+01( .4 +$( &$35 .4* %91$* 4&' +33 j ∈ J * 091

.$01'=+3

⋃
k∈Jj

Ik .) + /&$$1/01( )-2)10 &4 I!

 !" #$%&'()*

>9.) )1/0.&$ <'1)1$0)  1B+:<31) &4 1/&$&:.1)* %91'1 /&$;1)0.&$ +$( )<.33&=1') +'1 .$0'&E

(-/1( .$ 0-'$* )& +) 0& 1B+:.$1 091.' .:<+/0 &$ 091 ,-'.)(./0.&$) )0'-/0-'1 +0 091 1@-.3.2E

 

 !"#$%&' %( )&*#"' +,- ."+/$0 (p1, ...pK , R) +,- (p′1, .., p
′

K , R
′) )&%!*-" $0" '+1" )2&#0+'*,3

)%."& .*$0*, $0" 1"+,*,3 %( 4*#5' *( +,- %,/6 *( V (p1, ...pK , R) = V (p′1, .., p
′

K , R
′)



 !"! #$%&'()*  !"

 !"#$ %& '() * +' ),-#./)0 (1"+)(1/2+3 . )4) )&5)+ - ) (1#1'()'!5-//6 +).- -7/) 7)'8))&

'() /15-/ ."7/!5 +) 9!5)+ 1& 1&) (-&20 -&2 '() . !9-') +.)&2!&:+ 1& '() 1'() (-&20 7"'

9!1/-') '() ;<= 51&2!'!1& >-&2 +1 '() #1&1'1&!5!'6 14 '() . )4)  )2 '-,  -') 4"&5'!1& 8!'(

 )+.)5' '1 '() . !9-') 8)-/'(?$

%& '() +)51&2 1&)0 1& '() 51&' - 60 '() ;<= 51&2!'!1& -&2 '() #1&1'1&!5!'6 14 '()

. )4)  )2 '-,  -') 4"&5'!1& (1/20 7"' &1' '() (1#1'()'!5-/ +).- -7!/!'6$ @18)9) 0 8) 51&A

+' "5' - +'-7/) -&2 6)' &1&A+): ):-')2 B" !+2!5'!1&+ +' "5'" )0 8(!5( +(18 '(-' &)!'() '()

;=< 51&2!'!1& &1 '() #1&1'1&!5!'6 14 '() . )4)  )2 '-,  -') 4"&5'!1& - ) +"C5!)&' '1

)&+" ) '() +): ):-'!1& 14 -&6 +'-7/) B" !+2!5'!1&+ +' "5'" ) !4 . )4) )&5)+ - ) &1' (1#1A
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U(Z, h, x) =
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ln(Z) + 8

√
hx− 4hx !4

√
hx ≤ 7

4

ln(Z) + (1− 14
4(ln(1.75)−1))

√
hx+ 49
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√
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V C(Z; p, (1− t)ωi)
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


ln(Z) + 4(1−t)ωi√
p − (1−t)2ω2
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p  !

(1−t)ωi

p ≤ 7
4

ln(Z) + (0, 5− 7
4(ln(1.75)−1))

(1−t)ωi√
p + 49

16(ln(1,75)−1) ln(
(1−t)ωi)

p ) "#$%&' (%

)"*( +%& ,* %-"*"./ ' #$ 0 12& (+ -# "*( j1 ,*+ j2 ,*+ 3 #/4%( "! $"2(%$"5+( a, b, c

' #$ 4& 6,#% '%,5#$ ωa = 2−
√
27 ωb = 1.5 ,*+ ωc = 3 ,*+ '$"(% .,((%( ,&% µa = 11.9

2−
√
2
7

µb = 8 ,*+ µc =
1
30 8 9"& ( .45 - #/7 5%# 2( ,((2.% #$,# #$% #,: &,#%  ( +%#%&. *%+ #$&"2;$

#$% .,1"& #/ 6"# *; &25%7 ,*+ #$,# #$% $"2( *; (2445/  ( 4%&!%-#5/ %5,(# - ' #$ &%(4%-# #"

 #( 4& -%7 #$,# ' 55 <% -"*( +%&%+ ,( =:%+ #" 1  * <"#$ 12& (+ -# "*(8

9"& ,55 ωi ≤ 3+
√
7

2 7 #$% 4&%!%&&%+ #,: &,#% !2*-# "*  ( ; 6%* </

t∗(F, S, ωi) =
ωi − 2 +

√
(ωi − 2)2 + 2

2ωi

>%#%&. * *; #$% 4&%!%&&%+ #,: &,#% !2*-# "* "! ,* $"2(%$"5+( %*+"'%+ ' #$ , 4& 6,#% '%,5#$
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3+
√
7

2 ' 55 *"# <% &%?2 &%+7 ( *-% $"2(%$"5+( "! #/4% c ' 55 *%6%& <% .,1"& #,&/

 * #$% & 12& (+ -# "*7 (" #$% & 4&%!%&&%+ #,: &,#% ' 55 *%6%& <% ,445 %+8 @*% -,* "<(%&6% #$,#
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,."2*# "! 42<5 - (%&6 -%(  * , 12& (+ -# "* j  ( ( .45/ #$% #,: &%6%*2%C Zj = tj̟j 8 D244"(%

#$,# $"2(%$"5+( "! #/4% a ,*+ c 5 6%  * j17 '$ 5% $"2(%$"5+( "! #/4% b 5 6%  * j28 B$%*7  *

<"#$ 12& (+ -# "*(7 #$% ,;;&%;,#% '%,5#$ ' 55 <% %?2,5 #" 127 #$% #,: &,#%  * j17 +%*"#%+

t17 ' 55 <% %?2,5 #"

1
2 7 '$ 5% t2 = 1

3 8 D *-%7 ,# =&(#7  #  ( ,((2.%+ #$,# C1 = C2 = 1 ,*+

S1 = S2 = 07 "*% $,( Z1 = 6 ,*+ Z2 = 48 D2-$ , 12& (+ -# "*( (#&2-#2&%  ( (#,<5%7 ( *-%

#$% =(-,5 4"#%*# ,5  ( #$% (,.%  * <"#$ 12& (+ -# "*(7 $"2(%$"5+( "! #/4% a ,*+ b $,6% #$% &

!,6"& #% #,: &,#%  * #$% & &%(4%-# 6% 12& (+ -# "*7 ,*+ $"2(%$"5+( "! #/4% c ,&% <%##%&E"F  *

j17  * '$ -$ #$%/ %*1"/ ,* 2# 5 #/ 5%6%5 %?2,5 #" ln(6) + 15
4 ≈ 5.547 ,;, *(# ln(4) + 4 ≈ 5.51
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√
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√
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√
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√
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30
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Z2 =
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√
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√
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√
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∑
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∑
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+ −→ R+

(Z, x, h) 7−→ ln(Z) + ln(1 + x) + ln(h)
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R

3px
− 2

3

hm(pZ , px, ph, R) =
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A.$ 7% # &$!+"- (0 -. ! ,%,$&  ! -.$ &(<+!-#$!! (0 -.$ H*4 ;(#/ - (# -( -.$ $6 !-$#;$ (0

!, ""(2$&! %#/ ;(#8$!- (# $E$;- (# -.$ "(;%" ,+<" ; !$&2 ;$! -( .%2$ %"" !-%<"$ 9+& !/ ;- (#!

!-&+;-+&$! !$8&$8%-$/) I!  # H&%2$" %#/ A.(&(# >JKKL?' -. ! ;(#/ - (#  ! $5+ 2%"$#- -( -.$

7(#(-(# ; -1 (0 -.$ ,&$0$&&$/ -%6 &%-$ 0+#;- (# 3 -. &$!,$;- -( -.$ ,& 2%-$ 3$%"-.' 0(& %#1

8 2$# %7(+#- (0 -.$ (-.$& %&8+7$#-!) A( ,&(2$ -. ! $5+ 2%"$#;$' "$- +! M&!- $!-%<" !. -.$

0(""(3 #8 "$77%)



 !"  !"#$%&' (

 !" #$ %!&'!

π−1 : R+ −→ R+

Z 7−→ π−1(Z; S̄)
($ ")! (*+#'" +, (-(./(0/! 1#0/.2 $!3-.2!$

13+%#2!% .' ( 4#3.$%.2".+' '!!%!% "+ )(-! ( "+"(/ (-(./(0/! (*+#'" +, 1#0/.2 $!3-.2!$ Z .,

")! (*+#'" +, $1.//+-!3$ .$ S̄5 6+3*(//78 π(π−1(Z; S̄), S̄) = Z

9.'2! ∀S̄ ∈ R+, π(ζ, S̄) .$ 2+'".'#+#$ ('% $"3.2"/7 .'23!($.': ;.") 3!$1!2" "+ ζ8 π
−1(Z;S)

(/;(7$ !<.$"$5

 !""# $%$%&% ∀U ∈ U ∀(F, S, p, ωi) ∈ R4
+ !"# $%#&#%%#' !() %(!# &*+,!-.+ -/ ( 0.+.!.+-,

&*+,!-.+ .& !"# 1(%/"(22-(+ '#0(+' &.% !"# $*32-, 4..'5

t∗(F, S, p, ωi) ≡
1

F
π−1[ZM (

1

Fπζ(t∗(F, S, p, ωi)F, S)
,
p

ωi
,
1

ωi
, 1);S] =>5?@

'())*%

A" ")! +1".*#*8 ")! B(3:.'(/ C("! +, 9#0$"."#".+' =BC9@ .$ !D#(/ "+ ")! 13.2! 3(".+5

E)!'F

UZ(Z, h, x)

Ux(Z, h, x)
=
pZ
px

=>5G@

E)! 6HI +, ")! #"./."7 *(<.*.J(".+' 13+:3(* ;.") 3!$1!2" "+ t .*1/.!$ ")("F

UZ(π(t
∗F, S), hM (p, (1− t∗)ωi), (1− t∗)ωi − phM (p, (1− t∗)ωi))

Ux(π(t∗F, S), hM (p, (1− t∗)ωi), (1− t∗)ωi − phM (p, (1− t∗)ωi))
=

ωi

Fπζ(t∗(F, S, p, ωi)F, S)
=>5K@

0!2(#$!8 #$.': ")! !'-!/+1 ")!+3!*8 ;! L'+; ")(" pUx = Uh5 E)!'8 #$.': =>5G@ ('% =>5K@8

;! L'+; ")("F

π(t∗(F, S, p, ωi)F, S) ≡ ZM (
ωi

Fπζ(t∗(F, S, p, ωi)F, S)
, p, 1, ωi) =>5>@

9.'2! B(3$)(//.(' %!*('%$ (3! )+*+:!'!+#$ +, %!:3!! 08 ;! 2(' %.-.%! (// ")! (3:#*!'"$

+, ")! B(3$)(//.(' %!*('% ,+3 ")! 1#0/.2 $!3-.2!$ 07 ωi5

π(t∗(F, S, p, ωi)F, S) ≡ ZM (
1

Fπζ(t∗(F, S, p, ωi)F, S)
,
p

ωi
,
1

ωi
, 1) =>5M@

E)!'8 #$.': ")! %!&'.".+' +, π−1(Z;S)8 ;! L'+; ")("F

t∗(F, S, p, ωi)F, S) ≡ π−1(ZM (
1

Fπζ(t∗(F, S, p, ωi)F, S)
,
p

ωi
,
1

ωi
, 1);S) =>5N@



 ! ! "#$%&'$  ! 

 !"# $%&&' #('(%# (!'( (!% )'*+,"(% ('- ,'(% )./0("+/ "# %1."*'$%/( (+ '/ "/0,%'#"/2

)./0("+/ +) (!% 3',#!'$$"'/ 4%&'/4 )+, 5.6$"0 #%,*"0%#7  !"# $%&&' "# .#%4 (+ 5,+*% (!'(

(!% )'*+,"(% ('- ,'(% )./0("+/ "# &+/+(+/"0 8"(! ,%#5%0( (+ (!% 5,"*'(% 8%'$(! ") '/4 +/$9

") (!% 5.6$"0 #%,*"0%# ',% %"(!%, '$8'9# ' #.6#("(.(% +, '$8'9# ' 0+&5$%&%/( (+ (!% !+.#"/2

'/4 (!% '*'"$'6$% 8%'$(!7  !"# 0+/4"("+/ "# 0'$$%4 (!% :,+## ;.6#("(.('6"$"(9 <+&5$%&%/=

(',"(9 >:;<? 0+/4"("+/7

@%A/"("+/#+$.("+/ B) (!% :<; 0+/4"("+/ !+$4#C (!%/C +/% !'# %"(!%,

ZM (pZ , px, ph, R)

px
≤

0∀(pZ , px, ph, R) >") Z "# ' 2,+## 0+&5$%&%/( (+ x? +,
ZM (pZ , px, ph, R)

px
≥ 0∀(pZ , px, ph, R)

>") Z "# ' 2,+## #.6#("(.(% (+ x?

D%&',E#+$.("+/ F+, '$$ .("$"(9 )./0("+/ (!'( ',% !+&+(!%("0'$$9 #%5','6$% 6%(8%%/ (!%

5.6$"0 #%,*"0%# +/ +/% !'/4 '/4 (!% !+.#"/2 '/4 5,"*'(% 0+/#.&5("+/ +/ (!% +(!%,C (!%

5.6$"0 #%,*"0%# "# ' 0+&5$%&%/( >,%#57 ' #.6#("(.(%? (+ (!% 5,"*'(% 0+/#.&5("+/ ") '/4 +/$9

") "( "# '$#+ ' 0+&5$%&%/( >,%#57 ' #.6#("(.(%? (+ (!% !+.#"/27

 !""# $%$%&%  ! "#$%&' ()*+&')( ,*) , -.-/0&1)- 2..34 56)-4 !.* ,%% #5&%&57 !#-'5&.-(

$)%.-2&-2 5. U ,-3 ,%% "*.3#'5&.- !#-'5&.- π 56,5 ,*) &-'*),(&-2 ,-3 '.-',+) 8&56 *)(")'5

5. ζ4 56) !,+.*&5) 5,9 *,5) !#-'5&.- &( ,%8,7( :.-.5.-&' 8&56 *)(")'5 5. "*&+,5) 8),%56 &!

,-3 .-%7 &! 56) "#$%&' ()*+&')( ,*) , 2*.(( (#$(5&5#5) .* , 2*.(( '.:"%):)-5 5. 56) ; .56)*

2..3(<

'())*%

 + 5,+*% (!"# $%&&'C 8% 8"$$ #!+8 (!'( (!% 4%,"*'("*% +) (!% 5,%)%,,%4 ('- ,'(% )./0("+/ 8"(!

,%#5%0( (+ (!% 5,"*'(% 8%'$(! 0'/ 6% %-5,%##%4 '# ' /%2'("*% )./0("+/ +) (!% 4%,"*'("*% +) (!%

3',#!'$$"'/ 4%&'/4 )+, (!% 5.6$"0 #%,*"0%# 8"(! ,%#5%0( (+ (!% !+.#"/2 5,"0%7 <+/#%1.%/($9C

(!% 5,%)%,,%4 ('- ,'(% )./0("+/ 8"$$ 6% &+/+(+/"0 8"(! ,%#5%0( (+ (!% 5,"*'(% 8%'$(! ") '/4

+/$9 ") (!% 3',#!'$$"'/ 4%&'/4 )+, 5.6$"0 #%,*"0%# ',% &+/+(+/"0 8"(! ,%#5%0( (+ (!%

!+.#"/2 5,"0% >+, (!% 0+&5+#"(% 5,"*'(% 2++4 5,"0%?7

G9 4%,"*"/2 >H7I? 8"(! ,%#5%0( (+ (!% 5,"*'(% 8%'$(!C +/% 2%(# J

∂t∗(F, S, p, ωi)

∂ωi

=

−1

πζ(ζ, S)
[
πζζ(ζ, S)

Fπ2ζ (ζ, S)

∂ZM ( 1
Fπζ(ζ,S)

, p
ωi
, 1
ωi
, 1)

∂pZ

∂t∗(F, S, p, ωi)

∂ωi
+
p+ k

ω2
i

∂ZM ( 1
Fπζ(ζ,S)

, p
ωi
, 1
ωi
, 1)

∂ph
]



 !"  !"#$%&' (

 !"#

∂ZM ( 1
Fπζ(ζ,S)

, p
ωi
, 1
ωi
, 1)

∂px
= k

∂ZM ( 1
Fπζ(ζ,S)

, p
ωi
, 1
ωi
, 1)

∂ph

 !"# k > 0$ "#%& '&% #() *

(1+
πζζ(ζ, S)

Fπ2ζ (ζ, S)

∂ZM ( 1
Fπζ(ζ,S)

, p
ωi
, 1
ωi
, 1)

∂pZ
)
∂t∗(F, S, p, ωi)

∂ωi
=

−(p+ k)

ω2
i

∂ZM ( 1
Fπζ(ζ,S)

, p
ωi
, 1
ωi
, 1)

∂ph

+!&,% "#% -./0!, )%12!,%) !) ()).3%4 "' /% ( &'&56!7%& 8''4$ (&4 )!&,% π(ζ, S) !) ,'&,(2%

 !"# 1%)-%," "' ζ$ "#%& (1 +
πζζ(ζ,S)

Fπ2
ζ
(ζ,S)

∂ZM ( 1
Fπζ(ζ,S)

, p
ωi

, 1
ωi

,1)

∂pZ
) > 0$ )'

sign(
∂t∗(F, S, p, ωi)

∂ωi
) = −sign(

∂ZM ( 1
Fπζ(ζ,S)

, p
ωi
, 1
ωi
, 1)

∂ph
)

9#% 6+: ,'&4!"!'& !) 1%)"1!,"!2% %&'.8# "' /% 4!),.))%4$ /." &%2%1"#%0%)) !" !) &'"

'."0(&4!)#; <'1 !&)"(&,%$ ).--')% "#(" "#% '&0= ,'3-%"%&,% "#% ,%&"1(0 8'2%1&3%&" #()

"1(&)>%11%4 "' "#% )".4!%4 ?.1!)4!,"!'&) 0%2%0 !) )',!(0 (!4; 9#%&$ '&% 3(= ()).3% "#("

"#% -./0!, )%12!,%)  !00 /% ( )./)"!"."% "' "#% " ' '"#%1 8''4); @& "#% ,'&"1(1=$ !> "#%

?.1!)4!,"!'& !) ,'3-%"%&" '&0= !& ,.0".1(0 (,"!2!"!%)$ "#%& "#% -./0!, )%12!,%)  !00 -1'/(/0=

/% ( ,'3-0%3%&"; +.--')% &' "#(" "#% ?.1!)4!,"!'& !) !& ,#(18% '> -1!3(1= ),#''0); A&

"#!) ,()%$ "#% 1%0("!'& /%" %%& "#% -./0!, )%12!,%) (&4 "#% '"#%1 8''4) !) &'" "1!2!(0$ (&4

3(= 2(1=  !"# 1%)-%," "' "#% ?.1!)4!,"!'&B) -(1(3%"%1) (&4 "#% -1!2("%  %(0"#;

9' -1'2% "#% ).C,!%&,= '> "#% 6+: ,'&4!"!'&$ "#% &'"!'& '> !&4!7%1%&,% ,.12% #() "'

/% !&"1'4.,%4;

∀(t, ū, p, S, ωi) ∈ [0; 1]× R4
+$ 0%" .) 4%D&% F

ū(ū, t, p, S, ωi)*

U(π(tF ū(ū, p, t, S, ωi), S), h
M (p, (1− t)ωi), x

M (p, (1− t)ωi)) ≡ ū

() "#% !&4!7%1%&,% ,.12% '> ( #'.)%#'04  !"# -1!2("%  %(0"# ωi$ "#(" !) "' )(= "#% (3'.&"

'> D),(0 -'"%&"!(0 "#% #'.)%#'04 &%%4) "' 1%(,# ."!0!"= ū !& ( ?.1!)4!,"!'&  !"# #'.)!&8 -1!,%

p$ "(E 1("% t (&4 )-!00'2%1) S;

9#% ()).3-"!'&) !3-')%4 '& "#% ."!0!"= >.&,"!'& (&4 '& π(.) %&).1% "#% %E!)"%&,% (&4

"#% 4%1!2(/!0!"= '> F u
;9#% )0'-% '> "#% !&4!7%1%&,% ,.12% !& "#% -0(&% F"$<G !) 8!2%& /=

F ū
t (ū, t, p, S), ωi) =

1

t
[

ωi

πζ(tF, S)MRSū(π(tF̄ , S), (1− t)ωi)
− F̄ ] FH;IG



 ! ! "#$%&'$  !"

 !" #"$% &"''() %!(% *+&& ," -."/ %0 1203" %!" .-45+"#56 07 %!" 89: 50#/+%+0# %0

!(3" "3"26 .%(,&" ;-2+./+5%+0#. .%2-5%-2" ."<2"<(%"/) .%(%". %!(% %!" 89: 50#/+%+0# +'1&+".

%!" 02/"2+#< 07 %!" +#/+="2"#5" 5-23". .&01". *+%! 2".1"5% %0 *"(&%!>

 !""# $%$%&%  !" #$% &"'('"'$)'* +',!$-.$- /! U #$0 #$% &"!01)/.!$ (1$)/.!$ /2#/ .*

.$)"'#*.$- #$0 )!$)#3' 4./2 "'*&')/ /! '#)2 #"-15'$/6 !$' 2#*

∂F ū(ū,t,p,S,ωi)
∂t ≤ 7"'*&8 ≥

)∂F
ū(ū,t,p,S,ωk)

∂t ∀(t, p, S) ∈ [0; 1] × R2
+, ωi < ωk #$0 ∀U ∈ U .( /2' &1+,.) *'"3.)'* .* # -"!**

*1+*/./1/' (!" 7"'*&8 # -"!** )!5&,'5'$/ /!9 /2' /4! !/2'" -!!0*

 

8

'())*%

 !+. &"''( .%(%". %!(% +7 %!" 89: 50#/+%+0# !0&/.) %!"#) 702 (#6 <+3"# !0-.+#< 12+5") (#6

<+3"# ('0-#% 07 .1+&&03"2. (#/ (#6 %($ 2(%") %!" .&01" 07 %!" +#/+="2"#5" 5-23". +# %!"

(t, F ) .1(5" +. '0#0%0#+5 *+%! 2".1"5% %0 %!" 12+3(%" *"(&%!> ?" 1203" %!+. &"''( ,6

-.+#< %!" /"@#+%+0# 07 F ū(ū, t, p, S, ωi) +#%20/-5"/ (,03">  !" 12007 +. 1203+/"/ 702 %!"

<20.. 50'1&"'"#%(26 5(.") %!" <20.. .-,.%+%-%(,+&+%6 5(." ,"+#< .6''"%2+5> A..-'" %!(%

%!" 1-,&+5 ."23+5". +. ( <20.. 50'1&"'"#% %0 %!" %*0 0%!"2 <00/.>  !"#) ,6 /"@#+%+0#)

∂ZM (pZ ,ph,px,ωi

∂ph
< 0 (#/ ∂ZM (pZ ,ph,px,ωi

∂px
< 0> B"% (t, F, S, p) ∈ [0; 1] × R4

+ ," ( 5"2%(+#

50',+#(%+0# 07 %($ 2(%") @.5(& 10%"#%+(&) .1+&&03"2. (#/ !0-.+#< 12+5" (#/ (a, b) ∈ R2
+ %*0

('0-#% 07 12+3(%" *"(&%! Ca < bD> B"% -. /"@#" F(a) (#/ ω(a) .-5! %!(%

ZM (
1

πζ(tF, S)F (a)
,
p

ω(a)
,

1

ω(a)
, 1) = π(tF, S)

(#/

phM (
1

πζ(tF, S)F (a)
,
p

ω(a)
,

1

ω(a)
, 1) +mM (

1

πζ(tF, S)F (a)
,
p

ω(a)
,

1

ω(a)
, 1) = (1− t)a

E"#5") %!" F(2<+#(& G(%" 07 9-,.%+%-%+0# ,"%*""# %!" 1-,&+5 ."23+5". 0# 0#" !(#/) (#/

%!" !0-.+#< (#/ %!" 0%!"2 "$1"#/+%-2" 0# %!" 0%!"2 !(#/) *!+5! +. ( 7-#5%+0#MRSu(Z, h+

m) +. "H-(&) (% %!" 01%+'-') %0 %!" 12+5" 2(%+0) (#/) ,6 /"@#+%+0#) %!" 5!0."# ,-#/&"

2".1"5%. %!" ,-/<"% 50#.%2(+#% I

MRSu(π(tF, S), (1− t)a) =
ω(a)

πζ(tF, S)F (a)
CJ>KD

π(tF, S)

πζ(tF, S)F (a)
+

(1− t)a

ω(a)
= 1 CJ>LD

 

 !"#$%%&' "() *+,)+-./ *0 "() -.,-1)+).!) !#+2) 3%*4)3 5-"( +)34)!" "* "() 4+-2$") 5)$%"( -3

)6#-2$%)." "* "() 789 !*.,-"-*.' :#" "() -;4%-!$"-*. -3 3#<!-)." "* 4+*2) *#+ "()*+);= >*5)2)+'

-" 3(*53 "($" "() 789 !*.,-"-*. -;4%-)3 "() !*.,-"-*. -,)."-?), :& @)3"(*1 "* ).3#+) "() )A-3").!)

*0 $. )6#-%-:+-#;' 5(). (*#3)(*%,3 ($2) -,)."-!$% 4+)0)+).!)3=



 !"  !"#$%&' (

 !"#$%$%& '()*+ ,%- '().+ /$01-2 3

1− t

πζ(tF, S)F (a) + π(tF, S)
=
MRSu(π(tF, S), (1− t)a)

a

405 62 %!7 -08%0 ω(b) 269: 5:,5 p
ω(b) ,%-

1
ω(b) ,;0 ;02<095$=01/ 5:0 :$&:025 :!62$%&

<;$90 ,%- ,=,$1,#10 "!%0/ <;$90 5:,5 7!61- ,11!7 , :!620:!1- 7$5: <;$=,50 70,15: 1 5!

,>!;- 5:0 #6%-10 '%!5 %09022,;$1/ 5:0 !<5$",1 !%0+ (π(tF, S), h, x)? 7$5: ph+x
ω(b) = (1 − t)b?

$@ 5:0 <6#1$9 20;=$902 <;$90 $2 25$11

1
πζ(tF,S)F (a) ) A$=0% 5:0 #6-&05 9!%25;,$%5? !%0 :,2 3

ω(b) =
πζ(tF, S)F (a)(1− t)b

πζ(tF, S)F (a)− π(tF, S)
> ω(a) '()BC+

D$%90 5:0 <6#1$9 20;=$902 $2 , 9!"<10"0%5? 5:0% !%0 "625 :,=0 3

ZM (
1

πζ(tF, S)F (a)
,
p

ω(a)
,

1

ω(a)
, 1) ≤ ZM (

1

πζ(tF, S)F (a)
,
p

ω(b)
,

1

ω(b)
, 1)

E!;0!=0;? 5:0 21!<0 !@ 5:0 $%-$>0;0%90 96;=0 "625 #0? $% ,#2!1650 =,160? "!;0 5:,% 5:0

<;$90 ;,5$!

ω(k)
πζ(tF,S)F (a) 3

MRSū(π(tF, S), (1− t)b) ≥ ω(k)

πζ(tF, S)F (a)

7:$9: $2 0F6$=,10%5 5!

MRSū(π(tF, S), (1− t)b)

b
≥ (1− t)

πζ(tF, S)F (a)− π(tF, S)

G2$%& '()BC+? !%0 !#5,$%23

MRSū(π(tF, S), (1− t)b)

b
≥ MRSū(π(tF, S), (1− t)a)

a

⇔

b

MRSū(π(tF, S), (1− t)b)
≤ a

MRSū(π(tF, S), (1− t)a)

G2$%& 5:0 -08%$5$!% !@ F ū
t &$=0% #/ '()H+? 5:0 $"<1$9,5$!% $2 025,#1$2:0-)



 ! ! "#$%&'$  !!

 !"# $%&&' "# (')*"+,$')$- "&(.)*'/* *. ().0% *!% #,1+"%/+- .2 *!"# ')*"+$%3# &'"/

)%#,$*4 5!"+! "# *!% 2.$$.5"/6 *!%.)%&7

 !"#$"% &'  !" #$% &!''()*+ +,!$!-% (ω,U,C,B,L) ∈ ∆. +/+"% '0#)*+ 12"('3(,0(!$'

'0"2,02"+ 4(** )+ '+5"+5#0+3 (6 #$3 !$*% (6 U (' '2,7 07#0 07+ 89: ,!$3(0(!$ (' '#0(';+3<

8%* ,# 9%6"/ *!% ()..2 .2 *!"# *!%.)%& 9- *!% #,1+"%/+- .2 *!% +./:"*"./7

($#)#*+,+#- .'  !" #** +,!$!-(+' (ω,U,C,B,L) ∈ ∆.  ! 07+ 89: ,!$3(0(!$ 7!*3'. 07+$

+/+"% '0#)*+ 12"('3(,0(!$' '0"2,02"+ (' '+5"+5#0+3<

($##/'

 . ().0% *!"# ().(.#"*"./4 5% ,#% *!% $%&&' ; *. :%&./#*)'*% *!'* "2 ' /./<#%6)%6'*%:

=,)"#:"+*"./# #*),+*,)% ')"#% '* *!% %>,"$"9)",&4 *!%/ *!% ?@A +./:"*"./ "# /.* )%#(%+*%:7

 !"# ()..2 /%%:# /. '##,&(*"./ ./ !.5 *!% #("$$.0%)# +.%1+"%/*# ')% :%*%)&"/%:7 @,((.#%

*!'* *!%)% %B"#* C =,)"#:"+*"./# j1 '/: j2 5"*! )%#(%+*"0% (')'&%*%)# (F1, S1, t1, p1) '/:

(F2, S2, t2, p2) '/: D !.,#%!.$:# 5"*! ()"0'*% 5%'$*! a, b, c4 a < b < c4 #,+! *!'* E

V C(π(t1F1), S1), ψ(p1)(1− t1)a) > V C(π(t2F2, S2), ψ(p2)(1− t2)a)

V C(π(t1F1), S1), ψ(p1)(1− t1)b) < V C(π(t2F2, S2), ψ(p2)(1− t2)b)

V C(π(t1F1), S1), ψ(p1)(1− t1)c) > V C(π(t2F2, S2), ψ(p2)(1− t2)c)

@,((.#%4 5"*! /. $.## .2 6%/%)'$"*-4 *!'* p1 > p27

A./#":%) *!% !-(.*!%*"+'$ =,)"#:"+*"./ j0 5"*! (')'&%*%)# (F0, S2, t0, p2) 5"*! t0 = 1− (1−
t1)

φ(p1)
φ(p2)

'/: F0 = π−1(π(t1F1,S1);S2)
t0

F%/+%4 %0%)- !.,#%!.$: "# "/:"G%)%/* 9%*5%%/ j1 '/:

j04 9%+',#% "/ 9.*! =,)"#:"+*"./#4 *!% '&.,/* .2 '0'"$'9$% (,9$"+ #%)0"+%# "# *!% #'&% '/:

*!%") (,)+!'#"/6 (.5%) "# *!% #'&%7  !%/4

V C(π(t0F0), S2), ψ(p2)(1− t0)a) > V C(Z2, ψ(p2)(1− t2)a)

V C(π(t0F0), S2), ψ(p2)(1− t0)b) < V C(Z2, ψ(p2)(1− t2)b)

V C(π(t0F0), S2), ψ(p2)(1− t0)c) > V C(Z2, ψ(p2)(1− t2)c)

5!"+!4 '++.):"/6 *. *!% $%&&' ;4 "# "&(.##"9$% "2 *!% ?@A +./:"*"./ !.$:#7

H.5 *!'* *!% #,1+"%/+- .2 *!% ?A@ +./:"*"./ *. !'0% '$$ #*'9$% =,)"#:"+*"./# #*),+*,)%

#%6)%6'*%: !'# 9%%/ ().0%:4 *!% 2.$$.5"/6 ().(.#"*"./ #*'*%# *!'* "* "# '$#. /%+%##')-4 9-

#!.5"/6 *!'* '/- 0".$'*"./ .2 *!% ?A@ +./:"*"./ '$$.5# *. +./#*),+* ' /./<#%6)%6'*%: 9,*



 !"  !"#$%&' (

 !" #"$%&! '()*#+*,"*-.# #")(,"()!/

 !"#"$%&%"' ()  !" #$$ %&!'!()%* +%$!',)', -! ∆. %/%"0 *-#+$% 12")*3)&-)!'* *-"2&-2"% 4)$$

+% *%,"%,#-%3  !"# $% -5% 678 &!'3)-)!' 5!$3*9

 !""*)

01! 2)--3 -3 "1*# 2)-2-#*"*-. ,-.#*#"# *. ,-.#")(,"*.4 $ #"$%&! $.+  !" .-.5#!4)!4$"!+ '(5

)*#+*,"*-.# #")(,"()!/ 6! $)! 3)!! "- +!"!)7*.! "1! .(7%!) -3 '()*#+*,"*-.#8 "1!*) $9$*&$%&!

$7-(." -3 1-(#*.48 "1! 7$## -3 !$,1 " 2! -3 1-(#!1-&+# *. !9!) '()*#+*,"*-.8 $.+ "1!

#2*&&-9!)# ,-!:,*!."# 7$")*;8 *. -)+!) "- 4!.!)$"! "1! 1-(#*.4 2)*,!8 "1! <#,$& 2-"!."*$&

$.+ "1! $7-(." -3 #2*&&-9!)# 3-) =1*,1 "1! 9*-&$"*-. -3 "1! >?@ ,-.+*"*-. $)*#!/

@-.#*+!) $. ("*&*" 3(.,"*-. 9*-&$"*.4 "1! >@? ,-.+*"*-. 3-) #-7! (F̄ , S̄, p̄) ∈ R3
+ $.+

#-7! .-.5+!4!.!)$"!+ *."!)9$& W ⊂ R+/ A#*.4 &!77$ B8 "1! 7-.-"-.*,*" -3 "1! 3$9-)*"!

"$; )$"! 3(.,"*-. *# C.-=. "- %! !D(*9$&!." "- "1! >?@ ,-.+*"*-.8 #- =! C.-= 3-) #()!

"1$" "1!)! !;*#" (a, b, c) ∈ W 3
8 =*"1 a < b < c8 #(,1 "1$" t∗(F̄ , S̄, p̄, a) = t∗(F̄ , S̄, p̄, c) >

t∗(F̄ , S̄, p̄, b) E"1! 2)--3 *# "1! #$7! *3 "1! 3$9-)*"! "$; )$"! *# *.,)!$#*.4 $.+ "1!. +!,)!$#*.4

=*"1 )!#2!," "- "1! 2)*9$"! =!$&"1F/ 01!. -.! ,$. $&=$ # ,-.#")(," $ #"$%&! $.+ .-.5

#!4)!4$"!+ '()*#+*,"*-.# #")(,"()!/ G!" (# ,)!$"! H #(%#!"# -3 '()*#+*,"*-.#8 %-"1 '()*#+*,"*-.#

1$9*.4 $ <#,$& 2-"!."*$& F̄ 8 $ 1-(#*.4 2)*,! p $.+ )!,!*9*.4 $. $7-(." -3 #2*&&-9!)# S̄I

• '()*#+*,"*-.# %!&-.4*.4 "- J1 $)! ,-72-#!+ -3 ,!)"$*. 7!$#()!# µa $.+ µc -3 1-(#!5

1-&+# !.+-=!+ =*"1 2)*9$"! =!$&"1 a $.+ c8 $.+ $22& $ "$; )$"! t1 = t∗(F̄ , S̄, p̄, a) =

t∗(F̄ , S̄, p̄, c)

• '()*#+*,"*-.# %!&-.4*.4 "- J2 $)! ,-72-#!+ -3 $ ,!)"$*. 7!$#()! µb -3 1-(#!1-&+#

!.+-=!+ =*"1 2)*9$"! =!$&"1 b8 $.+ $22& $ "$; )$"! t2 = t∗(F̄ , S̄, p̄, b)/

?(,1 $ '()*#+*,"*-.# #")(,"()! *# ,&!$)& .-.5#!4)!4$"!+8 %!,$(#! "1! H +*J!)!." " 2!# -3

'()*#+*,"*-. 2)-9*+! +*J!)!." $7-(."# -3 2(%&*, #!)9*,!#/ K-)!-9!)8 .- 1-(#!1-&+ 1$# *.5

,!."*9! "- &!$9! *"# '()*#+*,"*-.8 #*.,! *"# 3$9-)*"! "$; )$"! *# $22&*!+8 $.+ -"1!) 2$)$7!"!)#

$)! "1! #$7! *. $&& "1! -"1!) '()*#+*,"*-.#/ G!" (# .-= 2)-9! "1$" "1!)! $&=$ # !;*#" 2-#*"*9!

7!$#()!# µa, µb, µc8 *."!4!)# M1 $.+ M2 -3 '()*#+*,"*-.# -3 )!#2!,"*9!& " 2! L $.+ " 2! H8

$ 7$")*; -3 #2*&&-9!)# ,-!:,*!."# $.+ $9$*&$%&! $7-(." -3 1-(#*.4 H1 $.+ H2 #(,1 "1$"8

*. !$,1 '()*#+*,"*-. I

• ?2*&&-9!)# $)! !D($& "- S̄8

• M*#,$& 2-"!."*$& *# !D($& "- F̄ 8

• N-(#*.4 2)*,! p̄ *# ,-72!"*"*9!/



 ! ! "#$%&'$  !"

 ! "!#$! %!&'!()*+!,- ζ1 = t1F̄ .$" ζ2 = t2F̄ .& )/! .012$) 13 '24,*( &!%+*(!& '%1"2(!"

4- 52%*&"*()*1$& 13 )-'! 6 .$" 13 )-'! 78 91% &*0',*(*)-: 52%*&"*()*1$& *$ J1 ;*,, $1) (%!.)!

.$- &'*,,1+!%& 31% 52%*&"*()*1$& 4!,1$<*$< )1 J2: .$" +*(!=+!%&.8 >*$(! )/! 32$()*1$ S(.) *&

$1$=412$"!" 3%10 .41+!: ;! ?$1; )/.)

∀S ∈ R+, ∀(β̃, ζ̃) ∈ R
∗2
+ , ∃M ∈ N : (M − 1)β̃ζ̃ < S ≤Mβ̃ζ̃

@$ ;1%"&: 31% .$- &)%*(),- '1&*)*+! .012$) 13 '%1"2(!" '24,*( &!%+*(!& .$" &'*,,1+!%&

(1!A(*!$): 4- "2',*(.)*$< . 52%*&"*()*1$ . (!%).*$ $204!% 13 )*0!&: .$- .012$) 13 &'*,,1+!%&

(.$ 4! 412$"!" 3%10 4!,1; .$" 3%10 .41+!: !+!$ *3 &'*,,1+!%& (1!A(*!$)& "!'!$" 1$ )/!

.012$) 13 '24,*( &!%+*(!& '%1"2(!" 4- )/! 52%*&"*()*1$ (.$ <!$!%.)! 1% %!(!*+! &'*,,1+!%&8

>*$(! S = 0 ;/!$ )/! &'*,,1+!%& (1!A(*!$) .%! $2,,: 1$! (.$ "!"2(!: 2&*$< )/! B/!1%!0 13

@$)!%0!"*.)! C.,2!: )/.) ∃β∗ ∈ [0; β̄] :Mβ∗ζ̃ = S

D& . (1$&!E2!$(!: ;! (.$ .,;.-& #$" (M1, β1) .$" (M2, β2) &2(/ )/.)

M1β1ζ1 =M2β2ζ2 = S̄

F1;: ,!) 2& '%1+! )/.) ;! (.$ .,;.-& #$" . '1&*)*+! 0!.&2%!& µa, µb, µc &2(/ )/.): *$

!.(/ 52%*&"*()*1$: )/! #&(., '1)!$)*., *& F̄ 8 G!) 2& (1$&*"!% . 52%*&"*()*1$ j 4!,1$<*$< )1

J28 B/*& 52%*&"*()*1$ *& 1$,- (10'1&!" 13 /12&!/1,"& !$"1;!" ;*)/ . '%*+.)! ;!.,)/ b8

>*$(! .,, 52%*&"*()*1$& *$ J2 /.+! )/! &.0! 0!.&2%! 13 /12&!/1,"& .$" )/! &.0! &'*,,1+!%&

(1!A(*!$)&: )/! (1$<!&)*1$ 32$()*1$ (.$ 4! %!=;%*))!$ .& . 32$()*1$ 13 )/! 0!.&2%! 13

/12&!/1,"&: )/! &'*,,1+!%& (1!A(*!$) .$" )/! $204!% 13 52%*&"*()*1$& *$ J28 G!) 2& "!#$!

CJ2(β2, µb,M2) = C({µb}j∈J2 , {β2}l∈J2)8 H!$(!: )/! #&(., '1)!$)*., 13 )/*& 52%*&"*()*1$ j
*& Fj =

µbb
C(β2,µb,M2)

8

I&*$< )/! '%1'!%)*!& .&&20!" 1$ )/! (1$<!&)*1$ 32$()*1$: ;! (.$ '%1+! )/.)

lim
µb→+∞

µbb

C(β2, µb,M2)
→ +∞

@$"!!": &*$(!

∀(j, k, k′) ∈ J3, ∀{µl}l∈J ∈ R
M , ∀{βlj}l∈J ∈ [0; 1]M

1$! /.&

∂2Cj({µl}l∈J , {βlj}k∈J)
∂µk∂µk′

≤ 0



 !"  !"#$%&' (

 !"# ∀(j, k, k′) ∈ J3, ∀(µk, µk′) ∈ R2
++$ %#& ∀µ′k′ > µ̄k′ $ '#" !%(

0 <
∂Cj(µ1, ..., µk, ..., µ

′
k′ , ..., µM2 , {βlj}l∈J)

∂µk
≤ ∂Cj(µ1, ..., µk, ..., µ̄k′ , ..., µM2 , {βlj}l∈J)

∂µk

)( % *'#("+,"#*"$

0 < lim
µ′
k′
→+∞

∂Cj(µ1, ..., µk, ..., µ
′
k′ , ..., µM2 , {βlj}l∈J)

∂µk
≤ ∂Cj(µ1, ..., µk, ..., µ̄k′ , ..., µM2), {βlj}l∈J

∂µk

-. &"/#010'#$ '#" !%( lim
µk→+∞

∂Cj(µ1,...,µk,...,µ̄k′ ,...,µM2
,{βlj}l∈J )

∂µk
= 02  !"#$ ,(0#3 1!" 4"5(0'#

'6 1!" 7+,""8" 1!"'5"9

 

:5'40&"& 0# ;%1',("<=>?@

!

$ '#" *%# &"&,*" 1!%1

lim
µk→+∞

lim
µ′
k′
→+∞

∂Cj(µ1, ..., µk, ..., µ
′
k′ , ..., µM2 , {βlj}l∈J)

∂µk
= 0

 !0( :5''6 *%# A" 5"B01"5%1"& 1' (!'C 1!%1$ ∀(j, k) ∈ J2, ∀{µl}l∈J ∈ RM
++, ∀{βlj}l∈J ∈ RM

++$

lim
µ1→+∞

lim
µ2→+∞

... lim
µM→+∞

∂C({µl}l∈J , {βlj}l∈J)
∂µk

= 0

7'$ ∀βb ∈ [0; 1] %#& ∀M2 ∈ N$ '#" !%(

lim
µb→+∞

∂CJ2(µb, β2,M2)

∂µb
= 0

D(0#3 EF!':01%GF( 5,G"

"#

=HI@$ '#" *%# (!'C 1!%1J

lim
µb→+∞

µbb

CJ2(µb, β2,M2)
= lim

µb→+∞
b

∂CJ2 (µb,β2,M2)
∂µb

= +∞

;'5"'4"5$ 06 1!" 9%(( '6 !',("!'G&( 0# % K,50(&0*10'# 0( #,GG$ 1!"# (' 0( 01( /(*%G :'B

1"#10%G2 L"#*"$ A. 1!" M#1"59"&0%1" N%G,"  !"'5"9$ C" <#'C 1!%1 1!"5" "O0(1( µ∗b (,*!

1!%1

µ∗
b
b

C(β2,µ∗
b
,M2)

= F 2  !" (%9" 5"%('#0#3 *%# A" %::G0"& 6'5 K,50(&0*10'#( 0# J1$ 1%<0#3 %

*'#(1%#1 9%(( '6 !',("!'G&( C01! :504%1" C"%G1! a '4"5 9%(( '6 !',("!'G&( C01! :504%1"

C"%G1! c 5%10'2 P" #'C *!''(" 1!" %4%0G%AG" %9',#1 '6 !',(0#3 H1 %#& H2 5"(:"*104"G. 0#

 

 !" #$%""&" '!"()"* +,-.( /,--"0 '!" #,1023/! )%-"4 .','". '!,' 35 ∀x ∈ E, u(x) ≤ f(x) ≤ v(x)
'!"16 ∀x̄ ∈ E .%/! '!,' lim

x→x̄
u(x) = l ,10 lim

x→x̄
v(x) = l6 (1" !,. lim

x→x̄
f(x) = l7

!

899:6 ;!,<7 :6 #"/'3(1 =6 '!" >,* #,1023/!  !"()"*

"#

?@>(<3',-@. )%-" .','". '!,' lim
x→x̄

u(x)
v(x) = lim

x→x̄

u′(x)
v′(x) 35 u ,10 v ,)" 03A")"1'3,B-"7



 !"! #$%&'()*$%  !"

 !"#$%#&'#()$ #) J1 *)% J2 $!&+ '+*' '+, +(!$#)- ."#&, p̄ #$ &(/.,'#'#0,1 #2,2

H1 = µah
M (p̄, (1− t1)a) + µch

M (p̄, (1− t1)c)

H2 = µbh
M (p̄, (1− t2)b)

3+,)1 4(" *)5 0#(6*'#() (4 '+, /()('()#&#'5 (4 '+, .",4,"",% '*7 "*', 4!)&'#() 8#'+ ",$.,&'

'( '+, ."#0*', 8,*6'+1 (), &*) *68*5$ &()$'"!&' * $'*96, *)% 5,' )():$,-",-*',%  !"#$%#&'#()$

$'"!&'!",2

 !" #$%&'()*$%

3+, &()&6!$#() (4 '+#$ .*.," #$ '+*' ),#'+," '+, &()-,$'#() )(" '+, ,7#$',)&, (4 $.#66(0,"$

*&"($$  !"#$%#&'#()$ /(%#45 '+, ),&,$$#'5 (" '+, $!;&#,)&5 (4 '+, <=> &()%#'#() '( ,)$!",

'+, $,-",-*'#() (4 ,0,"5 $'*96,  !"#$%#&'#()$ $'"!&'!", #) * /(%,6  ! ?,$'+(@2

A(8,0,"1 '+#$ ",$!6' %(,$ )(' #/.65 '+*' #)'"(%!&#)- &()-,$'#() *)% $.#66(0,"$ #)'( *

/(%,6  ! ?,$'+(@ 8(!6% +*0, )( #/.*&' () '+, $'*9#6#'5 (" () '+, $,-",-*'#0, ."(.,":

'#,$ (4 ,)%(-,)(!$  !"#$%#&'#()$ $'"!&'!",$ 4("/*'#()1 *$ '+, ,7*/.6, ."(0#%,% #) $,&'#() B

."(0,% #'2

3+, .",$,)&, (4 &()-,$'#() ,@,&'$ (90#(!$65 /#'#-*',$ '+, ,7#$',)&, (4 *) ,C!#6#9"#!/2

>()$,C!,)'651 $'"()-," &()%#'#()$ /!$' 9, 4(!)% #) ("%," '( ,)$!", '+*' * $'*96,  !"#$%#&:

'#()$ $'"!&'!", 8#66 *"#$,2

3+#$ &()%#'#() #$ "(9!$' '( $,0,"*6 -,),"*6#D*'#()$ (4 '+, /(%,62 =,*"&+#)- 4(" * -,):

,"*6#D*'#() '+*' 8(!6% /*E, '+, &()%#'#() ,#'+," '(( 8,*E (" '(( $'"()- '( +*0, *66 $'*96,

 !"#$%#&'#()$ $'"!&'!",$ 8(!6% 9, * #)',",$'#)- (9 ,&'#0, 4(" 4!"'+," ",$,*"&+,$2



 !"  !"#$%&' (



 !"#$%&'!" ()")*+$,

 !"#$%& %&' %"#&()*+,+#' %& -, '".(".,#*/+ 0,( -, (*12&''& &+#(& -&' 1/))$+&' %!$+& )3)&

4/+& $(5,*+& &'# $+ &+6&$ *)0/(#,+# &+ #&()& %& 0/-*#*7$&' 0$5-*7$&'8 9+ &:&#; -, '".(".,<

#*/+ 0,( -, (*12&''& 0("'&+#& %&' ,=,+#,.&'; #&-' 7$& -, 0/''*5*-*#" (&+%$& 0-$' ,*'"& %!/0"(&(

$+& 0/-*#*7$& %& (&%*'#(*5$#*/+ &+#(& -&' 6$(*%*1#*/+'; &# -!,)"-*/(,#*/+ %$ -*&+ '/1*,- &+#(&

)"+,.&' '*)*-,*(&'; &# %&' *+1/+="+*&+#'; 1/))& -!,11(/*''&)&+# %& -, 1(*)*+,-*#" ,$> ,-&+<

#/$(' %& 6$(*%*1#*/+' %$(&)&+# #/$12"&' 0,( -, 0,$=(&#" &>#(3)&; /$ -!,5'&+1& %& )*>*#"

'/1*,-&8 ?!*- &'# =(,* 7$& -&' (&12&(12&' 0/(#,+# '$( -, +,#$(& 0/'*#*=& /$ +".,#*=& %& -!*)<

0,1# %& -, '".(".,#*/+ '$( -& 5*&+<3#(& '/1*,- '/+# (,(&'; *- +!&+ (&'#& 0,' )/*+' +"1&'',*(&

%& '!*+#"(&''&( ,$> 1,$'&' %& -, '".(".,#*/+; ,@+ %& 0/$=/*( '/*# -, A,=/(*'&( '/*# -!&)0312&(8

B& 1/+'#,# 1/+%$*# C '!*+#"(&''&( C -, A/(),#*/+ %& 6$(*%*1#*/+ &+ 0(&)*&( -*&$8 ?$*=,+#

-&' *+#$*#*/+' %& D*&5/$#; -&' )"+,.&' 12/*'*''&+# -&$( 6$(*%*1#*/+ &+ A/+1#*/+ %!$+ 1/)0(/<

)*' &+#(& -& #,$> %& #,>& C ,17$*##&( &# -, 7$,+#*#" %& 5*&+ 0$5-*1 %*'0/+*5-&8  , A/(),#*/+

%& 6$(*%*1#*/+' &'# %/+1 &+%/.E+&; 0$*'7$& -&' )"+,.&' 0&$=&+# 7$*##&( ',+' 1/F# -&$( 6$<

(*%*1#*/+ 0/$( $+& ,$#(& 7$* ,00-*7$& $+ #,$> %& #,>& &# 0(/0/'& $+& 7$,+#*#" %& 5*&+

0$5-*1 %*'0/+*5-& 0-$' ,=,+#,.&$>8 D/$6/$(' '&-/+ -&' *+#$*#*/+' %& D*&5/$#; 1& 0(/1&''$'

%& A/(),#*/+ &+%/.E+& %& 6$(*%*1#*/+' 1/+%$*# -&' )"+,.&' C '& ("0,(#*( %,+' %&' 6$(*%*1<

#*/+' 2/)/.E+&'8

 &' *+#$*#*/+' %& D*&5/$#; +/+ A/(),-*'"&'; '& 5,'&+# '$( %&' 2G0/#2E'&' A/(#&' H ,5'&+1&

 ! 



 !"  !"#$%&'!" ()")*+$,

 ! "#$%  ! &#'()(%*+ ,'-!."!  ! &,/"0*  1 )#2!&!.%+ 1.("(%*+ .#.3/(4,)(%* !% !5")1-(4(%* 6,/3

7,(%!-  1 '(!. 61')(" )#",)  ,.- "0,81! 91/( ("%(#.+ ,'-!."!  ! 2#14!/.!&!.% "!.%/,):::

;<*%1 !  !- 6/#6/(*%*- -*2/*2,%(4!-  ! ), 7#/&,%(#. !. #2=.!  ! 91/( ("%(#.- -#1)=4!

81,%/! 6/(."(6,)!- 81!-%(#.- %/,(%*!-  ,.- )!-  (>*/!.%- "0,6(%/!  ! "!%%! %0=-! ?

• @#&&!.% ), )(%%*/,%1/! *"#.#&(81! ,3%3!))! &# *)(-*! ), 7#/&,%(#. !. #2=.!  ! 91/(3

 ("%(#.-+ 81!))!A-B  *C.(%(#.A-B  ! ), -*2/*2,%(#. 6/#6#-!3%3!))!+ !% 81!)- )!- /*-1)%,%-

%0*#/(81!- !% !&6(/(81!- !. &,%(=/!  <!5(-%!."!  <1. *81()('/! !%  ! -#. ",/,"%=/!

-*2/*2* .#1- ,66#/%!3%3!))! D

• ;<!5(-%!."!  <1.! 6#)(%(81!  ! 6*/*81,%(#. C-",)! &(-! !. E14/! 6,/ 1. 2#14!/.!3

&!.% "!.%/,) 6#1/-1(4,.% 1. #'9!"%(7 '(!.3F%/(-%! !-%3!))!  ! .,%1/! G &# (C!/ )!-

6/#6/(*%*- -*2/*2,%(4!-  ! ), 7#/&,%(#. !. #2=.!-  ! 91/( ("%(#.- D

• @#&&!.% )<(.%/# 1"%(#.  <1. &,/"0* "#&6*%(%(7  1 )#2!&!.%+ ,(.-( 81! )<!5(-%!."!  !

6)1-(!1/- '(!.- 61')("- )#",15+ &# (C!.%3!))!- )!- -%/1"%1/!-  ! 91/( ("%(#.- -%,')!- D

• H &!%%/! 81! )! '(!. 61')(" )#",)  <1.! 91/( ("%(#. !-% -1-"!6%(')!  ! 2*.*/!/  !- /!3

%#&'*!- *"#.#&(81!-  ,.- )!- ,1%/!- 91/( ("%(#.- !%  ! -#1>/(/  <!>!%-  ! "#.2!-%(#.

,3%3() 1. (&6,"% -1/ )<*81()('/! !% ), -*2/*2,%(#.  !- -%/1"%1/!-  ! 91/( ("%(#.- D

;! 6/!&(!/ "0,6(%/!  ! "!% #14/,2! ,66#/%! 1. ,6!/IJ1  ! ), )(%%*/,%1/! %0*#/(81! !%

!&6(/(81! -1/ ), 7#/&,%(#. !. #2=.!  ! 91/( ("%(#.-: K#1- "#&&!.L#.- G 6,/%(/  !- (.%1(3

%(#.-  ! M(!'#1% ? )!- &*.,2!- /*4=)!.% )!1/- 6/*7*/!."!- 6#1/ )! '(!. 61')(" !. "0#(-(--,.%
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