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Numerical Investigation on Drag Reduction and
Two-Dimensional Turbulence in Diluted Polymer Solutions
Abstract: Polymer plays an important role on the drag reduction and modification of
the structure of flow. In this thesis, Oldroyd B model is employed to study the effect
of viscoelasticity for polymer solutions diluted by two-dimensional direct numerical
simulation. The obstacles are taken into account by penalization method. The artificial
boundary condition is imposed without any reflection on the channel outlet. Flow past
a cylinder is investigated in detailed by present numerical methods. The numerical
codes are valid for predicting the drag force and capturing the important character of
viscoelastic flow by comparing with experimental and other numerical results. The drag
map of the cylinder is obtained at a wide range of Reynolds number and Weissenberg
number space. The detailed characteristics of viscoelastic flow are reported in the
thesis. The effects of polymer on two-dimensional turbulent flow are also discussed by

grid turbulent flow.

Keywords: Numerical simulation, drag reduction, two dimensional turbulent flow,

Oldroyd-B, polymer solutions, flow past a cylinder, grid turbulent flow, penalization

method, artificial boundary condition, multigrid method.

Analyse par simulation numérique de la réduction de la
trainée et des caractéristiques d’écoulements bidimensionnels
par ’ajout de polymeres en solution
Résumé: Les polymeres jouent un role important sur la réduction de la trainée et la
modification de la structure des écoulements. Nous avons utilisé le modele Oldroyd-
B pour étudier l'effet de la viscoélasticit de solutions de polymeres dilués sur des
écoulements en deux dimensions autour d’obstacles dans un canal. Les obstacles sont
pris en compte pa la méthode de pénalisation volumique et des condition aux lim-
ites artificielles sans réflexion sont imposées a la sortie du canal. La discrétisation est
effectuée par des schémas performants en différences finies et la résolution par une
méthode multigrille. Les simulations numériques sont effectuées pour une large gamme
de nombres de Reynolds et de nombres de Weissenberg. Les caractéristiques détaillées
des écoulements viscoélastiques sont analysées et comparées entre elles et celles de
I’écoulement du fluide sans polymere. En particulier les jeux de parametres conduisant
a une augmentation ou a une baisse de la tranée. Enfin les effets du polymre sur des

écoulements turbulents sont aussi analysés.

Mots clefs: Simulation numérique, la réduction de la trainée, écoulements bidimen-

sionnels, Oldroyd-B model, polymeres, méthode de pénalisation, condition a la limite

artificielle, méthode multigrille.
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Chapter 1

Introduction

Drag reduction and flow structure modification by polymer additives has received con-
siderable attention since Toms’s discovery in 1949 [142]. It has been known that the
addition of a small amount of polymer into a turbulent Newtonian solvent (parts per
million by weight) can reduce skin friction drag by up to 80%. This technology has
been used to increase flow rate at the same pumping cost for oil pipelines. Polymer also
has another important application in reducing the drag of ship and submarine hulls to
achieve a higher speed and reduced energy cost. For the first kind of application, the
polymer solution is surrounded by solid boundaries. Quite a number of experimental
works were implemented to compare the difference of turbulent channel flow between
Newtonian and diluted polymers in solution. For the second kind of application, in-
homogeneous polymer solution flows outside of the boundary; it was investigated as
skin friction reduction in external turbulent boundary with slot-injected polymer by
Fontaine [54].

However, for the applied consideration, pressure difference drag plays an important
part of the whole drag, i.e. an optimal scheme for skin friction reduction of turbulent
boundary layer may be valueless for the reason of increasing of pressure difference.
Hence, it is reasonable to classify the problem as drag reduction for flow past a bluff
body question, which is also widely investigated for Newtonian fluid but received less

attention to polymeric solution.

A polymeric molecule consists in a long chain composed by the repetition of a large
number of monomers. For a typical drag reduction polymeric molecule, the number
of monomers is as much as 10°. The variety of available molecular structures makes
polymers have a broad range of mechanical characteristic, especially for the elastic
behavior. Upon addition of small amounts of polymer to a Newtonian fluid the resulting

solution becomes viscoelastic. The stress is proportional to the deformation rate under
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the effect of viscosity and is proportional to the deformation itself under the effect of
elasticity. A viscoelastic solution can be thought of as a mixture of both characteristics.
The viscoelastic fluid has therefore a different behavior from the Newtonian fluid. As an
example, the Newtonian fluid is pushed away from the rotating rod by the centrifugal
force, on the other hand the viscoelastic fluid move toward the rod and climb up the
rod, which is well known as Weissenberg effect. The viscoelasticity of polymer solutions
can dramatically modify the flow behavior such as changing the stability of laminar
motion or transition to turbulence, modifying the structure of vortices or vortex street

and can influence the transport of mass, momentum and scalar.

Due to the important applications of drag reduction, and due to the large number
of strange flow behaviors and the complex mechanism relating to turbulence, a large
number of studies have been devoted to the understanding of the behavior of viscoelas-
tic fluids. One can know the abundant history before 1995 on this topic by a huge
bibliography [104]. In the past, a lot of theoretical models have been put forward in
order to understand the mechanism and the effect of polymeric solution. However,
it is still far to say we understand viscoelastic flow well, so that some important hy-
drodynamic behavior of polymer solutions was discovered only recently even at small
Reynolds number [62, 63, 55|, and the drag modification mechanism in turbulent flows

is still ill-understood.

It is believed that recent advances in direct numerical simulation (DNS), which avoids
the confusion induced by the use of turbulent models, have enabled the study of non-
Newtonian effects on turbulent drag reduction to achieve a complete understanding
of this physical phenomenon. Considering three-dimensional DNS is still too numer-
ically expensive to get sufficient solution in multi-dimensional parameter space, two-

dimensional DNS facilitates the implementation of this technology.

Among the vast literature on drag reduction, wall bounded flows have received much
more attention than other flows, mainly due to its practical significance and early
experimental and theoretic works. However, we believe that studying viscoelastic flows
past circular cylinders will evoke the second application for drag reduction by polymers

directly, and may give useful insights to understand the drag reduction mechanism.

Many studies have been reported on the flow past a circular cylinder for Newtonian
fluids and on channel flow for Non-Newtonian fluids. On the other hand, relatively few
studies have been conducted on the flow past a circular cylinder for non-Newtonian
fluids. Especially there is no numerical research on the flow about a circular cylinder at
high Reynolds number to the author’s knowledge. One of the reasons is that DNS is still
computationally expensive for three-dimensional turbulence, the computational cost of

DNS for external flow is much more than the DNS on internal flow such as channel flow



at the same Reynolds number for geometry reasons, and the introduction of many new
unknowns in viscoelastic models makes the three-dimensional DNS unfeasible. On the
other hand, the results of simulations by turbulent closure models are not convincing
for viscoelastic flows past a bluff body. However, inspired by the latest investigations
on two-dimensional turbulence of polymer solutions [2, 82], an investigation of two-
dimensional viscoelastic flows using DNS may shed light on the viscoelastic flow around
a bluff body. It is worth emphasizing that the existing mechanism of drag reduction

does not exclude two-dimensional turbulence.

The experiments of the polymer solutions flow past a cylinder at high Reynold number
are very few, and they have not given a clear conclusion on the drag behavior because
the polymer solutions they used are either severe shear thinning or degrade under shear
[37, 124]. Until now, there are both drag reduction and drag enhancement reports for
the non-Newtonian fluid flow past a circular cylinder at low Reynold number [109, 155,
55], and there is not a conclusive review on these disagreement. This is the part of
motivation for this dissertation, which will investigate the flow behavior at a broad
range of both Reynolds number and Weissenberg number by DNS to understand the
effect of viscoelasticity on the flow and get the drag reduction map. Specially, the
flows past an array of circular cylinders will generate isotropic turbulence, which is the
footstone of some drag reduction theory [139, 135] but experiment and DNS of such
flows are few [4]. Hence, the isotropic two-dimensional turbulence of dilute polymer
solution is also the scope of this dissertation. In this dissertation, comparisons of
two-dimensional Newtonian flow and non-Newtonian flow will be made with recent

two-dimensional soap film experiment [80, 2, 82].

The dissertation is organized as follows: chapter 2 is a review of background knowledge
and relevant literature. In chapter 3, a detailed numerical implementation method was
given for both Newtonian and Oldroyd-B constitutive equations based non-Newtonian
fluid, whereafter the numerical validation will be presented at the end of the chapter. In
chapter 4, we first show the effects of concentration by polymer, then we perform DNS
for flow past a circular cylinder in a wide range of Reynolds number and Weissenberg
number parameter space. In chapter 5, effects on grid turbulence are investigated.

Conclusions and future perspectives are given in chapter 6.
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Chapter 2

Background knowledge and

literature review

The investigation of turbulence-polymer interactions involved in polymer drag reduc-
tion includes two independent disciplines: fluid dynamics and polymer science. Each of
them is an active research field involving a large research community, and has impor-
tant applications itself. A complete review on these is difficult due to the overwhelming
amount of past research. This chapter only presents a brief introduction to turbulence
theory, the relevant literature on polymeric turbulent flow drag reduction and an im-

portant topic: flow past a bluff body.

2.1 Newtonian turbulence

Turbulence is difficult to define precisely even though a lot of scientists had tried to
define it. It is identified by its characteristic: highly random unsteady with chaotic
variations of pressure and velocity in space and in time, its effective diffusivity on mass,
heat and momentum, and its dissipation. The Reynolds number suggests the tendency

of flow transit from laminar to turbulent flow, it is defined as:

_pUL UL
e=—=—-.
I v

R (2.1)
Where p is the density,  is the viscosity and v = p/p is the kinematic viscosity. U and
L are respectively the characteristic velocity and length scales. The governing equa-
tions for an incompressible Newtonian fluid are continuity and the Navier-Stokes(N-S)
equation

V-u=0 (2.2)
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%?EZ—?—FU'VUZ—%VP—FVVZU—Ff (2.3)
where u(x,t) is the velocity vector, p(x,t) is the local pressure and f represents the
external forces per unit mass. u - Vu is called inertial or non-linear term, which
is responsible for the transfer of kinetic energy in the turbulent cascade, ¥V?u is the
dissipative viscous term. In fact, the Reynolds number gives the relative weight between
the inertial term and the viscous term. When it is small, the viscous term is the

dominant that gives a laminar flow.

The N-S equations can be solved only for laminar flow with simple initial and boundary
conditions. For high Reynolds number flow or complex initial and boundary conditions,
the solution can only be obtained through numerical simulation. Moreover, a typical
feature of turbulence is chaos, i.e. the N-S equations are sensitive to the initial condi-
tion, which drastically reduces the interest of the exact solutions. Hence, turbulence
theory aims at the prediction of the statistical properties of the flow but not to find its

analytic solution.

2.1.1 Energy balance and transfer
Energy balance

In absence of external forcing for N-S equation, one multiplies by u; and uses continuity

equation to obtain:

Ouju; — Oujuu, u; Op :
= VR 924
20t 20z, p Ox; A (24)

Assuming periodic boundary condition on a cubic volume V of size L

u(x +nL,y+mL,z+qL) =u(z,y,z) Vr,y,z€ R VYn,m,q€Z (2.5)
or vanishing boundary condition on the volume V'
u [oy= 0. (2.6)

Then the mean kinetic energy of the fluid is

1 2 o 1 2
F=g /V udr = (3 Jul) 2.7)

where angular brackets are used to denote averages over the volume V. In equation
(2.4), the integral of second and third term vanishes considering continuity condition.

For the last term considering

(u- Vi) = —((V x u)?) if V-u=0. (2.8)

6
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Then the energy balance reads

dE
= = —vul?). (29)
Where we have introduced the vorticity of the fluid w = V x u. Defining the mean

enstrophy as

1
7 = (§|w|2> (2.10)
the energy balance reads:
& v7 (2.11)
— = -2vZ. .
dt

Which shows that in absence of external forcing and for v = 0, the kinetic energy is
conserved. However, at the high Reynolds number corresponding to v — 0, the energy

dissipation rate does not vanish, but approximately reaches a constant value [126] :
€= ——. (2.12)

Where € is the energy dissipation, this is known as dissipative anomaly and implies in
the limit ¥ = 0 that the enstrophy must grow in order to compensate the decreasing
viscosity, which was known as inviscid enstrophy catastrophe. For Euler equation (when
v = 0 in N-S equation), one can not assume the velocity and pressure fields are smooth
sufficiently to get the relation above, hence the conclusion about the kinetic energy is

conservation may break down [56].

Energy Transfer

It is well known that the non-linear term in N-S equation plays a fundamental role
in turbulence; however, as shown above by the energy balance, this term does not
play any effective role. Its importance in turbulence is to take in charge the energy
transfer among the various scales of motion which is the origin of the turbulent cascade.
Following the idea of Obukhov [106], if one considers the velocity u(x) as a L-periodic

function, it can be decomposed as Fourier series

ux) = > ke T = ug(x) + up(x), kez? (2.13)

Where low-pass filtered velocity uj(x) identified as eddies of scale larger than [ (=
K~1and high-pass filtered velocity uz(x) corresponding to eddies of scale less than I
are defined as follow

ug(x) = Y ket >, kez? (2.14)

|k|<K
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up(x) = Y ak)e ™ ke Zb. (2.15)
|k|>K
After using the low-pass filtering operator to N-S equations, a scale-by-scale energy
budget equation can be obtained as follow [56]

0E(K) +1g(K) = Dr(K) + Fr(K) (2.16)

where

1
E(K) = F{[ukl”) (2.17)
is the cumulative energy between wave number 0 and K, 1z (K) is the energy flux due
to the nonlinear terms through wave number K, Dg(K') denotes the energy dissipation,
and Fg(K) represents the cumulative energy injection by the force. Then energy

spectrum is defined by

d€ (k)
E(k)=——+=.
(k) = —

The equation (2.16) can be interpreted as the rate of change of energy scales smaller

(2.18)

than | = K~! equal to the energy injected at such scale by the force minus the energy
dissipation at this scale minus the flux of energy to smaller scales by non linear inter-
actions. For some special flow, energy injection and dissipation happen at a fixed given
scale.

2.1.2 Kolmogorov’s hypotheses and theory
Kolmogorov’s hypotheses

Richardson proposed the conceptual picture of turbulent cascade by using a simple
dimensional analysis of N-S equations. It shows that the large scale of turbulence is
broken down into smaller and smaller scales until the smallest scale. At the smallest
scale, viscosity becomes effective and will dissipate the kinetic energy into heat energy.
This idea was made into a quantitative theory by Kolmogorov (K41 theory). Before
the formation of the theory, three hypotheses were postulated by him as follow:

e The local isotropy hypothesis: At sufficiently high Reynolds number, the
small scale turbulent motions, i.e., scales much smaller than the integral length

(L), are statistically isotropic.

e The first similarity hypothesis: In every turbulent flow at sufficiently high
Reynolds number, the statistics of the small scale motions have a universal form

that is uniquely determined by the viscosity v and dissipation rate .

8
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e The second similarity hypothesis: In every turbulent flow at sufficiently high
Reynolds number, the statistics of the motions at scales that are much smaller
than the integral scale and much larger than the smallest scale have a universal
form that is uniquely determined by the dissipation rate € and the characteristic

length of the scale of interest.
From the viewpoint above, one can identify three different ranges in turbulence:

e Injective range: Injective range corresponds to the large scales, which are sus-

tained by the energy injecting of external force.

e Inertial range: Large scale eddies in injective range are deformed and stretched
by the fluid dynamics, until they become smaller and smaller scale eddies keep-
ing their whole energy. These small scale eddies become smaller and smaller
scale eddies taking their whole energy. The process is repeated in such a way
that energy is transfered to smaller and smaller structures. These small scale
and smaller scale eddies correspond to the inertial range, the whole energy is

transfered among these scales without loss.

e Dissipative range: this range corresponds to the smallest structures of the flow,

the energy is dissipated by viscosity, the cascade is stopped.

One can utilize dimensional analysis to estimate the time required for transferring en-
ergy from an eddy with size [ to a smaller eddies as 7, ~ [/u;, where u; denotes the root
mean square (RMS) velocity fluctuation on the scale [. The same scale eddy dissipating
its energy requires much more time as 7 ~ [?/v. The ratio of dissipating time to
transferring time corresponds to the Reynolds number for the eddy. For statistically

steady state turbulence, energy flux in inertial range [ should keep a constant e.

E(l 3
=ty ~ 20w (2.19)
T )
Then the velocity and characteristic times can scale as:
w ~ 313 (2.20)
7~ e B3, (2.21)
Setting 7, = 7%, one gets the Kolmogorov scale n to distinguish the inertial and
dissipative range, the dissipative velocity, and dissipative characteristic time.
N~ e VA3 (2.22)
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ug ~ (ev)* (2.23)
T~ (v)e)'/? (2.24)

Structure function

From the similarity hypothesis, the N-S equations in the inviscid limit have scale in-
variance:
t,r,ue A7 A, Au AeR,,heR (2.25)

for a statistical turbulent velocity field. In inertial range, the velocity fluctuations on

scale [ are supposed to be self-similar
Su(Al) ~ AN'6u(l) (2.26)
where
u(l) = (u(x+1) —u(x)) - /1. (2.27)

This shows the probability distribution of velocity increment is rescaled according to
the scaling exponent h. Hence, in the limit of infinite Reynolds number, n-th order

structure functions are expected to display a power law behavior
Sy(1) = {(w)P) ~ 1. (2.28)
In 1941, Kolmogorov derived an exact relation for the third order longitudinal structure

function. This relation is the famous four-fifths law.

e Four-fifths law: In the limit of infinite Reynolds number the third order (lon-
gitudinal) structure function of homogeneous isotropic turbulence, evaluated for
increments | small compared to the integral scale, is given in terms of the mean

energy dissipation per unit mass € by
4
Ss(l) = ((0wy)?) = —gel. (2.29)

This law fixes the value of exponent h = 1/3, and gives an exact constant of structure.
In association with scaling hypothesis for the structure function, Kolmogorov scaling

law reads

S, (1) = Cet31P/3, (2.30)

Especially, second order structure function with the same dimension to energy. One

can get the energy spectrum relation
E(k) ~ /33 (2.31)

10



2.1. Newtonian turbulence

by a simple dimensional analysis from two-thirds law. k~°/3 energy spectrum has been
observed in many different physical experiments. For low order structure functions,
experimental results are in agreement with this law. With increasing p, experimental
results show that the scaling exponents are systematically smaller than p/3 [67]. The
phenomenon is thought to be associated to intermittency of turbulence, which is an
important topic in modern turbulence research and many studies have been devoted
to this subject [56].

Furthermore, ergodic hypothesis and Taylor frozen turbulence hypothesis are usually
used to interpret observations and will be used in this thesis. Under the hypothesis of
ergodicity, ensemble averaging is replaced by time or space averaging. For flows with
mean velocity U, when its fluctuation velocity ©' = u—U is relatively small with respect
to the mean flow, the fluctuating velocity field for a short time delay 7 is frozen and
simply advected by the mean velocity U. Hence, velocity in time series at one fix point
can transfer to velocity structure in space by Taylor’s frozen turbulence assumption
using the formula:

w, (z,t 4+ 7) = u,(x — U/T,1). (2.32)

2.1.3 Two-dimensional turbulence

For the intermediate scale flows in the atmosphere and in the ocean, the thickness of
fluid and the fluctuations are small compared to other directions that the flow can be
described as two-dimensional. Also in plasma physics, turbulent motions in the plane
perpendicular to magnetic are violently confined and again can be analyzed in two

dimensions.

Following the pioneering theoretical work by Kraichnan, Batchelor and Leith (KBL)[84,
81, 9, 87, 88|, two-dimensional turbulence is far from a simplification of three-dimensional
turbulence, but includes many particular phenomena which are validated by experi-

ments using two-dimensional soap films and electromagnetically driven thin layers [79].

Conservation in two-dimensional turbulence
By taking the curl of the N-S equation, one gets an equation for the vorticity as follows:
—=-—+u-Vo=(v-Vut+vViw+g (2.33)

where g is the curl of the forcing, it vanishes for a constant force. In two-dimensional
flows, vorticity is always perpendicular to velocity plane so that vortex stretching term

(w - V)u disappears. This is the ultimate reason resulting in the difference between

11
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two and three dimensional turbulence. In the limit Re — oo, to keep energy bal-
ance, enstrophy increases infinitely by vortex stretching. However, in two dimension
situation, stretching of vortex is impossible, vorticity is conserved along the fluid par-
ticle trajectories in the limit Re — oo. In fact, enstrophy is a conserved quantity
in two-dimensional turbulence similarly to energy in three-dimensional turbulence. In
the absence of external forcing f = 0, there is an additional balance equation for the

enstrophy in two-dimensional turbulence:

dz 1
€= — = —2uP P= <§|V x w|?). (2.34)

The quantity P is called the palinstrophy, €5 denotes enstrophy dissipation as its three
dimensional counterpart: energy dissipation e. Therefore, in the limit » — 0, at vari-
ance with three dimensional turbulent flows, the viscous dissipation of energy vanishes

in the two dimensional case.

In the same way as the decomposition of the velocity by Obukhov, the vorticity can
be split into high-pass filtered vorticity and low-pass filtered vorticity. Likewise, one
gets a scale-by-scale enstrophy budget equation by using vorticity splitting to equation
2.33:

O Z(K)+1Iz(K)=Dz(K)+ Fz(K) (2.35)

where
1

"2

is the cumulative enstrophy between wave number 0 and K, Iz (K) is the enstrophy

Z(K) = S {Jwgl*) (2.36)

flux due to the nonlinear terms through wave number K, Dz (K) denotes the enstrophy
dissipation, and Fz(K) represents the cumulative enstrophy injection by the force.

Then enstrophy spectrum is defined by

Z(k) = == (2.37)

In Fourier space, the energy and enstrophy spectra having the relation:
Z(k) ~ K*E(k). (2.38)
Tung and Gkioulekas [146] wrote this relation in a general form using the same notation
Z(k) = A(k)E(k). (2.39)

And the fluxes have also a similar relation

Olly(k) _
ot

(2.40)
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In fully developed turbulence, there are two kinds of inviscid invariants, the energy and
the enstrophy. Moreover, the vanishing of the energy dissipation in the limit Re — oo
makes it is impossible to have a constant flux cascade of energy toward small scales, thus
the turbulent cascade picture is modified. Kraichnan showed that there are two kinds
of cascades in two dimensional turbulence: direct enstrophy cascade where enstrophy is
mainly transfered toward small scales until dissipated by viscosity; and inverse energy

cascade where energy is transported to large scale.

Direct enstrophy cascade

Kraichnan and Batchelor proposed that enstrophy cascade toward small scales until
dissipation occurs by viscosity like energy cascade in three-dimensional case. In the
cascade range, the smallest scale is associated with viscosity v and enstrophy dissipa-
tion €. From a dimensional argument, one gets the smallest scale in two-dimensional
turbulence

Ly~ e /52, (2.41)

This shows that the number of degrees of freedom in two dimensional turbulence is much
less than in the three-dimensional case. One benefits the reduction of the computational
cost both in the reducing of dimension and decreasing of the degree of freedom at one
dimension. One can also get the characteristic velocity w; and time 7 at scale [ by
dimensional argument as follow:
w ~ 6;/3l (2.42)
T ~ 62_1/3. (2.43)
Noticing the life of eddies is independent of the scale [, the smaller scales can not empty
out space for the large eddies breaking up in time. Therefore, Kraichnan showed that
this may result in nonlocality of cascade which was interpreted by Tabling [141] that
large scales are directly coupled to the small scales. In enstrophy cascade, the energy
and enstrophy spectra read:
Ek) =C' &Pk (2.44)
Z(k) = C' &k (2.45)
where C" is the Kraichnan Batchelor constant. However in the limit Re — oo, the

integral of enstrophy suffers from “infrared divergences”as the injection wave-number

tends to zero. A subsequently correction was given by Kraichnan as
E(k) = C'& k™3 (Ln(k/k)) Y/ (2.46)

where kg is the injection wave-number. This correction successfully avoids the di-

vergence on the enstrophy transfer rate. However, in the limit Re — oo, corrected
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enstrophy is still divergent at k& — oco. In fact, enstrophy is always divergent unless the
exponent is smaller than -3, and this can result in conflict in dimensional argument.
A variety of energy spectrum slopes, from -3 to -6, were observed in direct numerical
simulation (DNS) and experiments [127, 2, 79]. In enstrophy range, its structure func-
tion supposes to depend on [ and €, from dimensional argument, Sy(l) ~ eg/ 2. A
logarithmic correction factor following the energy spectrum correction by Kraichnan is
permissive under the frame of dimensional analysis. In fact, vorticity and e, exclude di-
mension in length, vorticity structure function defined by W, (1) = ((w(x+1) — w(x))?)
is used to expect having a zero exponent for distance of two points [. For the following

structure function:

W,(1) = I (2.47)

Eyink [50] showed that the scaling exponents ¢, are not larger than zero for p >
3. Falkovich and Lebedev showed W,(I) have logarithmic behavior, and there isn’t

intermittency in the enstrophy range[51].

Inverse energy cascade

The inverse energy cascade in two-dimensional turbulence transfers energy from the
injection scale towards large scales with a constant flux of energy, ie. IIl) = —e.
Characteristic times, velocities and energy spectrum have the same form as in three

dimensions as follow:

T~ e VBRI > 1 (2.48)
w ~ B3> 1, (2.49)
E(k) = CEPEE b < ki (2.50)

Evidence of the inverse energy cascade and the scaling of the energy spectrum comes
from numerical simulations [57, 127]. However, the slight deviation from Kolmogorov
scaling was payed attention to recently. Intermittency effect in the inverse energy

cascade is taken for the reason of the deviations [15, 113].

In two-dimensional turbulence, it is possible to repeat the derivation of the Kol-
mogorov’s four-fifths law. Then one gets the three-half law for the third order structure

function in the limit Re — oo as follow:
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2.2. Polymer-turbulence interaction

2.2 Polymer-turbulence interaction

2.2.1 Polymer solutions

As a result of the thermal agitation, a polymer molecule is assumed to be a spherical
coil in a homogeneous flow. The radius of gyration of polymeric molecule, which is the

statistically average size, is related to the number of monomers N as:
Ry = N3/%q (2.52)

where a denotes the length of the single monomer according to Flory [53]. Typical val-
ues of Ry are of order 0.1um, which is generally smaller than Kolmogorov dissipation
scale in turbulence. On the contrary, the molecule is stretched into an elongated shape
in an inhomogeneous flow, which can be characterized by its end-to-end distance R.
An elongated molecule at the same time has the trend to relax to its equilibrium con-
figuration as a result of Brownian effect. After the shear is excluded, the characteristic
time for an elongated molecule recovering its equilibrium configuration is called the
relaxation time, which is an important index for viscoelastic solutions. According to

Zimm [166], a convenient measure of the relaxation time for the linear chain is given
by:

RS

=10

kgT

where p is the solvent viscosity, kg is the Boltzmann constant, T is the solution tem-

(2.53)

perature. The ratio of the relaxation time of the polymer 7 to the characteristic time
of flow L/u is an important index to describe the viscoelasticity of the flow, known as
Weissenberg number that reads:

Wi=ru/L (2.54)

There is an elastic component which is proportional to the polymer deformation tensor
for a viscoelastic solution. The elastic stresses can be dominated by the elongation of
polymer molecule. The polymer elongation can also be limited by their reaction on
the flow; polymers can reduce the stretching rates in flow. This results in a dynamical
equilibrium state characterized by a constant average elongation, which is decided by

the flow structure, the polymer concentration and the molecular character .

The molecular viscosity of the fluid is the result of chaotic movements and collisions
among the fluid molecule. There is a significant increase of the molecular viscosity
when a small amount long-chained polymer was put into the solution. In contrast to
Newtonian fluids, the viscosity of polymer solution may or may not vary with shear rate,

but most polymer solutions are inherently shear thinning (i.e., the viscosity decreases
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with the shear rate). This is because the alignment of a segment of a chain with the
flow produces no drag and therefore no contribution to the shear stress. The stretching
and alignment increases with shear rate so that a polymer solution is more or less
shear thinning [73] . However, when a polymer solution is so dilute, the variation of
the viscosity with the shear rate can be ignored. In this thesis, only a Boger fluid which

is a liquid that is elastic and has a constant viscosity is modeled.

2.2.2 Oldroyd-B model

In order to model the effect of a polymer on Newtonian fluid, it is necessary to set
up a model which can express the interaction between the polymer and the flow. The
Oldroyd-B model is a well-known linear viscoelastic model for diluted polymer solutions
based on the dumbbell model. The dumbbell model is one of the simplest models to

describe the behavior of a molecule of polymer [108].

Taking two spherical beads and connecting them together with a linear spring, the
spring is intended to represent the entropic tendency of the polymer coil to end up in
a random relaxed state. If the coil is stretched out, it will tend to recoil. Except the
spring force acting on each bead, there are also Brownian motion and a drag force if

the bead is moving relative to the fluid around it.

Let us assume that the bead with radius a is instantaneously at a position x, and
suppose the other bead is instantaneously at the position x + r. Because the bead is
very small, it has no inertia, and Newton’s second law becomes a force balance: total
force on bead is zero. The spring force pulling it towards the other bead is Ar, A is a
spring constant. Because it comes from thermal forces, its size is A = ?’L’:—QT If the bead
at x is moving with the velocity U , And the fluid around it has velocity u(x), the
drag force on the bead will be 6mua[U — u(x)] in Stokes regime. So the force balance

on the bead reads:

3kT
gt 6mpa[U —u(x)] = 0. (2.55)

Then the velocity of the bead is:

U

= r + u(x). 2.56
™ (2.56)
In the same way, the other bead is positioned at x + r and the spring force on it is the

same. So the velocity is :

ET

Uy, = —
2 21 pa’

r+u(x+r). (2.57)
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In the absence of Brownian motion, these two velocities show how the bead positions

evolve: p T d(x + 1) T
X X+
— = = . 2.58
dt 27rua3r +u(x) dt 27ma3x Fulx+r) (2:58)
Finally we subtract the two to get the evolution of x:
d kT

Since r is microscopically small relative to the scale over which u changes, we can use

a Taylor series for u(x +r)

dx kT
The constant 2kT'/mua® is called 1/7 ; it represents the inverse relaxation time of the

dumbbell following distortion caused by the flow:

dr 1

Polymer extra stress

Now suppose there is a suspension containing many of these dumbbells. We look at
the tiny surface element with area S and unit normal n. The force associated with
a single dumbbell that crosses the surface is Ar; the stress also depends on how many
dumbbells will cross the surface. Clearly a long dumbbell is more likely to cross the
surface than a short one; and a dumbbell which is lined up with n is more likely to
cross the surface than one which is perpendicular to it. If there are m dumbbells per
unit volume, then we expect the number crossing the surface element to be mr-ndS ,

then the extra stress exerted by the dumbbells is
Op-nd6S = Ar - (mr - nd.S) (2.62)
SO
Op = MAIT. (2.63)
Adding Brownian motion

The way a dumbbell will evolve has been worked out when its motion is deterministic,
and so the stress it will cause, but to complete the model, one need to add Brownian
motion of the two beads. After adding a standard 3D Brownian motion to the evolution
of the vector r dr = (—2r +r - Vu(x))dt + 77/2dB,.
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The coefficient 7-/2 has been chosen for two reasons: it has the correct dimension; but
also because this leads to a dumbbell with no flow having a natural length of 1. Because
one eventually wants to work out the extra stresses, one defines the conformation tensor.

Considering the definition, it is a symmetric tensor as follows:
o(r,t) = E[r(x, t)r(x,t)]. (2.64)
as we take a time-step dt, the position x of dumbbell will move to
X + dx = x + u(x)dt. (2.65)
Then after one time-step we have

o(x+u(x)dt,t+dt) = E[(r+dr)(r+dr)]
= E[rr + rdr + drr + drdr] (2.66)
= Elrr] + E[rdr| + E[drr| 4+ E[drdr].

Looking at these four terms separately we have the following equations:
Elrr] = o(x,t)
1
E[rdr] = E[r((—=—r +1-Vu(x))dt+ 7 %dB,)]
T
= Elr(—=—r+r- Vu(x))dt)]
1 2T
= —2—adt + 0o - Vudt
-
1
Eldrr] = E[((—=r+ 1 Vu(x))dt + 77 /2dB))r]
T
= ]E[(—Zr +r - Vu(x)dt)r]|

1
= ——oadt+ (Vu)' - odt

2T
1 1
Eldrdr] = E[((—=—r+1r-Vu(x))dt+ T_l/det)((—2—I' +r-Vu(x))dt + 771%dB,)]
T T
— E[(r 2dB,)(r 2dB,)]
= 7 11dt.
(2.67)
we also need to look at the left-hand side term
o(x+u(x)dt,t+dt) = o(x+u(x)dt,t+dt)—o(x,t+dt)+ao(x,t+dt)
= (udt-V)o+o(x,t+dt) —o(x,t) +o(x,t) (2.68)
= (udt-V)o+ %dt +0o(x,t).
Putting these all together gives the Oldroyd-B model as follow:
Jo T 1
E+(u~V)a—a~Vu—(Vu) «az—;(a—]). (2.69)
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and the polymer extra stress is expressed by:

Op = MAO = & (2.70)
T

mAT

where € = is the zero-shear contribution of polymers to the total polymer solution
viscosity 7. For an incompressible fluid (V - u = 0) with constant density p, the

momentum conservation law with polymer reads:

1
%_l;+u.vu:—;Vp—l—(l—e)vv2u+%v-0+f (2.71)

where v denotes the kinematic viscosity of the polymer solution.

2.2.3 The way to discover the drag reduction mechanism
Experimental studies

Experiment was the most important source of information to investigate the drag re-
duction. After the pioneering experimental works of Toms [142], Virk [151, 153] was
the first to perform a comprehensive and exhaustive experimental investigation and
to review the phenomenon in pipe flows. He compiled many available experimental
data on pipe flows with smooth surfaces by that time and made several important
observations. He identified three regimes for the behavior of pipe flow with polymer
additives. The first one occurs in the laminar regime, there is no drag reduction and
the velocity profiles obey Poiseuille flow. The second one was called the polymeric
regime. In this regime, the flow is turbulent and drag reduction can be observed. The
onset of drag reduction seems to occur at a universal characteristic wall shear stress,
the polymer properties such as the polymer molecular weight and concentration affect
the amount of drag reduction. The last one is maximum drag reduction (MDR). He
was the first to demonstrate the existence of a maximum drag reduction asymptote
which was found to be independent of the polymer parameters. The mean velocity
profile of a drag reduction pipe flow in the boundary layer can be also summarized by
three zones: the viscous sublayer, an elastic sublayer characteristic of drag reduction
and a log layer which is similar to that of Newtonian turbulence but shifted upwards.
Moreover, Virk [152] also indicated that the roughness of the pipe decreases the drag
reduction. Before the discussion of the drag reduction mechanism, Lumley [97] made a
review on the relation between polymer solutions and drag reduction from the foregone
experimental works. From his observations, the linear structure molecules rather than

molecules with many branches are effective on drag reduction; the number of monomer
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units in the main chain rather than molecular weight, is the important factor; the effec-
tiveness of drag reduction is monotone in flexibility of polymer molecules; the increase

of main-chain length decreases the relative concentration requirement.

Recognizing the importance of turbulent boundary layer for drag reduction, some stud-
ies have focused on studying the effect of polymer additives on the near wall turbulent
structure. Achia and Thompson [1] found that polymers suppress the formation of
streaks and the eruption of bursts in the turbulent pipe flows. Luchik and Tiederman
[94] used Laser Doppler Velocimetry (LDV) to measure the velocity components in a
drag reduced channel flow. They observed a dampening of the velocity fluctuations
normal to the wall in the buffer region, an increase in the streak spacing and a de-
creased frequency between bursts. Harder and Tiederman [66] observed a reduction
of the Reynolds stress but the presence of the added polymer stress could only be ac-
counted for at high concentrations of the polymer additive. However, Warholic et al.
[158, 159] later observed that there is reduced Reynolds stress and a non-zero polymer

stress over the whole cross section of the channel.

In order to consider the practical application involving external flow, many studies
are taken up with external turbulent boundary layer by injection of polymer solution.
Fontaine et al. [54] used LDV and laser induced fluorescence to study the velocity field
in a turbulent boundary layer. An immediate deceleration of the flow near the wall
was observed after the injection. They also observed the suppression of the wall-normal
velocity fluctuations and of the Reynolds stress by the action of polymer. With the
increase of the streamwise distance from the injection slot, the inhomogeneous polymer
solution behaves like bulk polymer solutions. Petrie and Fontaine [117] compared the
effects of drag reduction by a polymer solution to slot injected polymer solutions in a
boundary layer. The homogeneous solutions change the entire boundary layer, while
the effects of the injected solutions are restricted to the near wall region. However,
the modifications of the near wall region and the amount of drag reduction by the
homogeneous solutions are equivalent to slot injected polymer solutions. Petrie et al.
[116] studied the effect of surface roughness on drag reduction between homogeneous
solutions and injected solutions. They observed that higher concentrations are required
as roughness increases in homogeneous polymer flows. However, the drag reductions
obtained on rough surfaces are larger than the smooth one in the case of slot injections.
White et al. [163] used particle imaging velocimetry (PIV) to investigate a turbulent
boundary layer with slot injected polymer solutions. They observed significant modifi-
cations of the near wall turbulent structure with a coarsening of the low speed streaks
and suppression on the intensity of the near wall vertical structures. Soomandepalli et

al. [134] indicated that the polymers tend to accumulate around the low speed streaks
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in the near wall region.

Other examples of important experimental work on turbulent friction drag reduction
by additives can be found in Virk et al. [154], Ptasinski et al. [120], Hou et al. [68]
and Paschkewitz et al. [114] Experimental works on flow past a bluff body in polymer
solution are addressed in the next section.

Analytical and computational studies

Lumley [97], who is among the first to shed some light on the mechanism for polymer
drag reduction, concluded that the stretching of polymers begins at a threshold charac-
teristic time scale instead of a length scale. The polymer molecules are stretched by the
flow when the relaxation time of polymer is larger than the characteristic time of tur-
bulence. He described that an increase of the effective viscosity, which comes from the
stretching of the polymer molecules in the inertial layer of the boundary layer, induces
the drag reduction mechanism. He showed that the enhanced viscosity outside the
viscous sublayer would increase the thickness of the buffer layer on turbulent boundary
layer, and would result in the increase of flow rate for a given pressure drop. He also
showed that the drag reduction saturated at high concentrations and is proportional
to the concentration for lower concentrations. Lumley theory is qualitatively plausible
to explain the change of turbulent boundary layers by polymers near the wall. For
the effect of polymer on turbulence outside the boundary layer, this theory does not

provide all the necessary clues.

In contrast with lumley’s viscous model, Tabor and De Gennes [139] proposed an
elastic energy model to emphasize the link between turbulence and polymers. They
argued that the polymers in turbulent flows exhibit elastic properties even at very low
concentrations. Hence, they can store up some of the cascading energy of turbulence
and this energy is not dissipated by viscosity thus giving rise to an effective drag
reduction. This theory also predicts the existence of a critical concentration below
which drag reduction can not be observed. The original De Gennes theory deals with
isotropic turbulence, it was extended to pipe flows to deal with the onset of drag
reduction and the maximum drag reduction asymptote by Sreenivasan and White [135].
Considering that the elastic energy of a polymer is related to the number of monomers
per unit mass, the molecular weight of the polymer and the number of monomers in
the chain is not important in this theoretical framework. Furthermore, this theory says
that the polymers only need to be stretched partially to affect the flow, which is a much

less stringent requirement than Lumley’s theory.

There are many other theories showing a plausible mechanism for the drag reduction.
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Based on the velocity profile of the turbulent boundary layer in experiments, Virk [153]
proposed an elastic sublayer model. Ryskin [123] introduced the so-called yo-yo model
which shows that the elongation of a polymer chain in an extensional flow does follow
the elongation of the fluid element if the strain rate exceeds a critical value. However,
the polymer chain does not deform affinely with the fluid but unravels, whereby the
central portion of the chain is straightened out first and then remains taut and grows in
length at the expense of the two coiled portions at the ends. The taut central portion
of the polymer chain produces large additional stresses by a dissipative mechanism. By
analyzing vorticity disturbances in axisymmetric elongational flow, Rabin and Zielinska
[121] showed that the enhancement of large scale vorticity is a consequence of elastic
energy storage by the polymer molecules, thus inhibiting the energy cascade toward the
dissipative scales. By simplifying the FENE-P model (Finitely Extensible Nonlinear
Elastic model which the closure was proposed by Peterlin), Benzi et al. [11] proposed
a shell model which can interpret maximum drag reduction (MDR) mechanism well.
L'vov et al. [95] proposed an elucidation on the mechanism of drag reduction by
polymers in turbulent wall-bounded flows arguing that polymer stretching results in

the suppression of momentum flux to the wall.

Numerical simulations have become increasingly important due to recent advances in
polymer models, computational ability and numerical methods, and the more com-
prehensive information they supplied relative to experiments. Recently the FENE-P
model was widely used in polymeric DNS to study turbulence drag reduction of poly-
mer solutions [48, 49, 42, 47, 90, 162]. Sureshkumar and Beris [129] were the first to
attempt the DNS of a turbulent channel flow with polymer drag reduction at high
Reynolds numbers using Oldroyd-B model. They put forward an artificial stress diffu-
sion method to improve the stability at high Weissenberg number, which was widely
popular in recent DNS. Ptasinski et al [120] were the first to achieve the high drag
reduction regime where a change in the slope of the log-law in the mean velocity profile
is observed. Baron and Sibilla [8] demonstrated that a finite difference method can
reproduce all the main features of polymer drag reduced flows. They suggested that
elongated polymers inhibit turbulence regeneration by opposing pressure redistribution
from streamwise to cross-flow velocity fluctuations [125]. Stone et al. [136] investigated
a polymer solution in plane Couette flow containing exact coherent states (ECS) in or-
der to avoid the complications due to the randomness of turbulence. The ECS has the
ability to capture the main structure of the buffer layer. They believed that this kind

of simpler flow can reproduce the main structures of polymer drag reduction [137].

De Angelis et al. [3, 4] investigated the different modes of energy transfer in their

spectral simulations. They found that the special profile of the most energetic modes
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is hardly changed between viscoelastic and Newtonian flows. They indicated that the
drag reduction is seen in the energy containing modes rather than dissipative modes.
L'vov et al. [95] discovered high quality hydroelastic wave. This is the result of energy
transfer between turbulent energy and polymer potential energy. The interaction be-
tween polymers and turbulence was investigated by numerical experiments of Dubief
et al. [46]. They found that the polymers reduce drag by damping near wall vortices
and sustain turbulence by injecting energy into the streamwise velocity component in

the very near wall region [47].

On the other hand, Reynolds averaged Navier-Stokes (RANS) approaches which are
more computationally efficient than DNS are attempted. Considering many new non-
linear terms in the case of viscoelatic flows, it is more difficult to fabricate new closure
models than traditional Newtonian flows. Leighton et al. [86] proposed a RANS model
by expressing the unclosed mean stretching term as a combination of all available ten-
sors and assuming a Perterlin-type closure for the mean restoring term. Although the
model predicts the mean velocity profiles well, several parameters need to be calibrated,
and the model can not reproduce accurately the anisotropy of the turbulent normal
stresses in the near wall region. The performance of this model compared with channel
flow DNS is not satisfactory. Cruz and Pinho [39, 40] proposed a new k — ¢ model
for viscoelastic flows. However, the model showed large over-prediction of the drag re-
duction for pipe flows compared with DNS results. L'vov et al. [96] proposed another
closure in the limit of small polymer stretching using the Hookean force-extension law.
It is not completely satisfactory either by comparison with channel flow DNS. These
considerations suggest that it is far to say the understanding of viscoelastic flow is ad-

equate so that it is still very difficult to build a practical viscoelastic turbulent model.

2.3 Flow past a circular cylinder

2.3.1 Newtonian flow

External flows past obstacles, such as a circular cylinder, have been studied extensively
because of their many practical applications. For example, tubes in tubular and in pin-
type heat exchangers which are used extensively in the cooling of electronic-components
and in food and polymer processing applications. On the other hand, the flow over a
circular cylinder includes abundant flow phenomena such as: boundary layer flow sep-
aration, wake flow, vortex shedding, vortex-induced oscillations, aerodynamic loading,
momentum balance, and the lift and drag forces, shear layer, boundary transition and

so on. Hence, to study the flow around a circular cylinder is fundamental to a com-
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prehensive understanding of other complex flows over bluff body or rod bundles. The
flow over a circular cylinder has been used both as a benchmark and as a legitimate

research case.

The flow past a circular cylinder is only related to the Reynolds number. When Re < 1,
the inertial force takes the secondary role in flow, the flow is dominated by viscous
force, the upstream and downstream streamlines keep symmetry, the drag coefficient
is approximately inversely proportional to Re, the flow is known as Stokes flow. The
symmetry between upstream and downstream streamlines is lost upon the increase of
Re up to about 4, and the fluid particles first flow along the surface of cylinder and
separate from the solid surface at the side culmination (90 degrees). The separated
fluid elements form a pair of stationary symmetric vortices known as attached vortices.
The pair of attached vortices is elongated with the increase of Reynolds number until
the shedding happens at Re > 49. The downstream side of the cylinder is no longer
steady. At both sides of the downstream of the cylinder, there is vortex shedding
periodically to form a regular arrangement of the vortex array, which is called Karman
vortex street. When the Reynolds number reaches 300, the vortex street loses its
regularity and periodicity gradually, but the separation point (about 82 degrees) before
the cylinder remains laminar boundary layer near the wall, the wake is still a laminar
wake until a transition happens in the wake. When Re = 200000 ~ 500000, the laminar
boundary layer may be transformed at any time to a turbulent boundary layer, the drag
coefficient decreases dramatically as a result of the separation point moving to the rear
of the cylinder. After this, the separation point moves back to the front of the cylinder,
which corresponds to the increase of the drag coefficient, along with the increase of the
Reynolds number. It is believed that the drag coefficient is independent of Reynolds
number at Re > 3 x 10°.

For more detailed reviews and important works please refer to Williamson [161], Kar-
niadakis and Triantafyllou [76], Unal et al. [148, 149], Hammache and Gharib [65] and
Prasad and Williamson [119].

2.3.2 Non-Newtonian flow

A majority of studies on the flow past a cylinder focus on creeping flow at low Reynolds
number. The two most important topics on the flow are the modification of velocity
field by elasticity and drag reduction. The first theoretical analysis of viscoelastic flow
past a cylinder was carried out by Ultmann and Denn [147], they linearized the mo-
mentum equation by Oseen approximation and limited the upper convected Maxwell

(UCM) model at small deformation rates to a linear constitutive equation. They showed
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that the drag coefficient decreases and streamline shifts upstream for polymer solution
compared with a Newtonian fluid due to elastic effects. Their approach has been crit-
icized since near the stagnation point of the cylinder surface small deformation rate
precondition is extremely severe even at low Reynolds number, furthermore their ap-
proximation is not uniformly valid in the domain for any non-zero Weissenberg number,

which results in an unrealistic boundary condition [102, 164].

Mena and co-workers have performed several investigations on creeping viscoelastic
flow past spheres and cylinders. Mena and Caswell [102] executed a strict asymptotic
expansion in the limit of Reynolds and Weissenberg number small enough for Oldryod-
B constitutive model. In direct contrast to the result of Ultmann, they found that
elasticity shifts the streamlines downstream and decreases the drag for flow past a
cylinder. Their analysis results were confirmed partly by experiments of flows over
cylinders and spheres, for which the drag reduction was observed to be quadratic in
Wi at low Weissenberg number [18] and a downstream shift of the streamlines was
observed at Wi < 1 [98].

The elastic instability is now becoming a more and more important topic for the flow
of polymer solution [62, 63]. The coupling of a perturbation for radial extensional
flow to the base-state stress gradients leading to a perturbation in the non-Newtonian
hoop stress is thought as the mechanism of instability of viscoelastic flow with curved
streamline [85]. McKinley et al. [101] demonstrated that the instability is generated in
the wake near the rear of stagnation point then convected downstream. They found that
the steady planar stagnation flow in the downstream wake becomes a three-dimensional
cellular structure when the Weissenberg number exceeds a critical value. Shiang et
al. [133] performing experiments for viscoelastic flow past a confined cylinder showed
similar behavior in which the viscoelastic flow bifurcates from steady two-dimensional
flow to steady three-dimensional flow for values of Weissenberg number greater than a
critical value. In two-dimensional numerical simulations, a periodical bubble at the rear
of the cylinder was found, this also induces a periodical drag force for the viscoelastic
creeping flow past a cylinder in these simulation results [109]. On the flow instability
side, Cadot and Kumar [29] suggested that viscoelasticity delayed the development of
two-dimensional instability by injecting polymer solutions into a cylinder wake. Sahin
and Owens [130] also indicated the critical Reynolds number for the onset of vortex
shedding in the viscoelastic fluid is higher than in the Newtonian case by DNS and linear
stability analysis. This conclusion was observed in the succedent experiment works of
Pipe and Monkewtiz [118]. They found the critical Reynolds number increased for
the low concentrations of PEO solutions. Their LDA measurements have shown that

the lateral velocity fluctuations on the wake centreline are similar to the Newtonian

25



Chapter 2. Background knowledge and literature review

case at low concentrations although a reduction in strength is noted at their highest
concentration. They suggest that the interaction of normal stress differences and a
shear rate dependent elongational viscosity on the development of the instability. We
have not found the work on the elastic instability and flow instability at higher Reynolds

number.

The flow past a confined cylinder has no geometrical singularities and includes both
elongational and shear deformation. Thus it is suitable to serve as a benchmark both for
numerical and experimental investigation on effects of viscoelasticity. A confined cylin-
der in channel flow with blockage ratio 0.5 had served as benchmark since the proposal
by Brown and McKinley [19] and a large number of numerical and experimental works
are related to this configuration [6, 33, 31, 45, 52, 69, 71, 70, 93, 101, 103, 111, 109, 138|.
The drag behavior can refer to the table 2.1. Their results show consistently drag first
slightly decreases then increases with Wi, just like drag behavior on flow past a sphere
[73] . On the other hand, the experiment has not validated the same drag behavior for
this configuration, they found drag enhancement for the polymer solutions. It should
be noticed that the blockage ratio 0.5 is too large to separate the influence of the con-
straining wall and the extensional flow near the stagnation point, and may cause severe

three-dimensional effects as suggested by the experimental results [155].

Author method model drag behavior
Baaijens et al. (1997) DG Giesekus/PTT Reduction

Liu et al. (1998) FEA Giesekus/FENE-P/FENE-CR Reduction

Dou et al. (1999) FVM Oldroyd-B Reduction

Fan et al. (1999) FEA Oldroyd-B Reduction
Owens et al. (2002) SEM Oldroyd-B Reduction
Verhelst et al. (2004) Experiment — Enhancement
Oliveira (2005) FVM FENE-P Reduction
Hulsen et al. (2005) FEA Oldroyd-B Reduction when Wi<2.0

FVM, finite volume method; FEM, finite element method; SEM, spectral element method;

DG, Discontinuous Galerkin.

Table 2.1: Literature review on drag behavior for the viscoelastic fluid past a cylinder
with B = 0.5 at Stokes regime.

Numerical simulations of unbounded creeping flow of the viscoelastic flow past cylinders
and spheres using a suspension of dumbbells model with finite extensibility were per-
formed by Chilcott and Rallison [33]. The drag coefficient variation with Weissenberg
number for the flow past a sphere first dips slightly, and then rises for all model param-

eter. For the flow past a cylinder, the drag increases with Weissenberg number, a first
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2.3. Flow past a circular cylinder

decreasing process which exists for the flow about a sphere has not been found. This
may be due to the blockage ratio [69]. In their numerical investigation, there is no drag
reduction at small blockage ratio () when # < 0.1, however the trend is completely
reversed for flow with stronger blockage. Recent experiment using polyethylene oxide
(PEO) with molecular weight 4 million to study the flow around an optical fiber cylin-
der in the Stokes regime was performed by Francois et al. [55]. The drag enhancement
above a critical Weissenberg number for different polymer concentration solutions was
observed. There is no drag reduction in their subsequent pipe flow experiment where
the drag was measured for a specially designed pipe with large roughness by small
cylinders on the surface of the wall. Their experimental investigations shed some light
on the drag reduction obtained with polymer solutions in rough pipes reported in early

experiment [152].

James and Acosta [74] measured the heat transfer and drag for the flow of diluted
polymer solutions past cylinder at Re < 50. The concentration increase results in the
reduction of heat transfer and enhancement of drag force at a fixed Reynolds number.
They suggested the importance of Re/Wi as an index to describe the effect on elasticity.
They also used a dye-injection to visualize the flow fluid which showed an increase of

effective wake size, and streamline asymmetry for the increasing polymer concentration.

Kato and Mizuno [77] measured the drag force in the Re range of 1 to 5 x 10* for the
flow over a cylinder with and without polymer. They found the drag forces in the Re
range of 1 to 100 are barely affected by the elastic effect. Important drag reduction was
found in the Re range of 103 to 5 x 10* for the polymer solution, and the drag reduction
is less affected by the Reynolds number in the range of Re > 8 x 10%. They also found
drag reduction can be reduced at high Weissenberg number for high Reynolds number
flow. From the measurement of pressure distribution around a cylinder, they found
the polymer solution rises the back pressure and delays the separation for the high

Reynolds number flow. It was thought the direct reason of drag reduction.

In the numerical simulations of viscoelastic flows by Oliveira [110], the drag reduction
was found in the Re range of 50 to 150 for the FENE-CR fluid. He also pointed out the
vortex shedding frequency is attenuated by elasticity, and the formation length of wake
is increased by the polymer. These conclusions can also be found in the experimental
works of Cadot and coworkers [30, 29]. Moreover, his simulation results show that the
rms lateral velocity are suppressed by the polymer, which is in agreement with the

two-dimensional soap film experiment results.

Even though the drag reduction is listed as one of the most important topic in non-
Newtonian fluid dynamics [41], we found it is still difficult to clarify the drag behavior

for the flow past a cylinder from the literature review above. These results are somewhat
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Chapter 2. Background knowledge and literature review

Author Method Re range drag
James et al. (1970) Experiment 1~50 Enhancement
Kato et al. (1983) Experiment 1000~-50000 Reduction
Chilcott et al. (1988) FD <1 Enhancement
Huang et al. (1995) FEM 0.1~10 Enhancement
Oliveira (2001) FVM 50~150 Reduction
Cressman et al. (2001) Experiment 0O(100) —
Francois et al. (2008) Experiment << 50 Enhancement

Table 2.2: Literature review on drag behavior for the viscoelastic fluid past a cylinder.

contradictory. We will return to this topic by DNS in chapter 4 after introducing our

numerical method in chapter 3.
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Chapter 3

Numerical methods and Validation

3.1 Governing equations

3.1.1 Dimensionless governing equations

The governing equations of an unsteady incompressible flow for a Newtonian fluid with-
out body force are the evolution Navier-Stokes equations written in primitive variables
as:

V-u=0

1 3.1
8tu—|—u-Vu:—;Vp—|—VV2u (3.1)

where u(x,t) = (u(x,t),v(x,t)) is the velocity vector, p(x,t) is the local pressure, p is
the density of the fluid, v denotes the kinematic viscosity of the fluid and x = (z,y)

represents the space vector in Cartesian coordinates.

The governing equations of an unsteady incompressible flow for Oldroyd-B model with-

out body force are rewritten in primitive variables as:

V-u=0
1 9 ev
(9tu—|—u~Vu:—;Vp+(1—e)VV u+7V~a (3.2)
1
oo+ (u-Vio—o-Vu— (Vu)! -o0=—=(6 —I)
T

where o is a symmetrical conformation tensor that gives three additional unknowns in
two dimensions o,,, 04y, 0yy, € is the zero-shear contribution of polymers to the total
polymer solution viscosity and 7 denotes the relaxation time of the polymer solution.
Setting € = 0 restore the Navier-Stokes equations for a Newtonian fluid; therefore we

will only pay attention to the equations of the Oldroyd-B fluids.

29



Chapter 3. Numerical methods and Validation

Figure 3.1: Sketch of the computational domain

In this thesis, we are interested in computing the flow behind obstacles in a channel
(figure 3.1). Let Q be a connected bounded domain in R? in the first quadrant of the
Cartesian coordinates. The fluid flows in the domain from inlet boundary I';, then
flows past the bluff body €2, in the channel delimited by the wall boundaries I',,; and
finally goes out through the outlet boundary T',.

Considering non-dimensional equations is convenient for comparison analysis, so we
study non-dimensionalization equations of the above governing equations. If the space
vector x is undimensioned by the channel height H, the velocity vector u is non-
dimensionalized by the mean velocity of inlet boundary U and the pressure p is non-
dimensionalized by %pU 2 we can get the following non-dimensional governing equa-

tions:

V-u=0
1 ¢
Gu+(u-Viju=-Vp+ -[(1 - e)Au+ -V - 0] (3.3)

(9t0+(u~V)0+0V_Z,I:(Vu)~a+a~(Vu)T

where p, u and x are, respectively, the non-dimensional pressure, velocity vector and

space vector; Re = % , Wi = % are the Reynolds number and the Weissenberg

number for the reference velocity U and reference scale H.

3.1.2 Artificial stress diffusion term

Performing a direct numerical simulation of turbulence coupled to the Oldroyd-B model

is a real challenge due to the loss of the numerical stability. Sureshkumar and Beris
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3.1. Governing equations

[129] overcame these instabilities by introducing a stress diffusion term. This is the
method used in our simulation. Adding this stress diffusion term, the new governing

equations read:

V.ou=0

1 €
Jdu+ (u-V)u :;Y];—i- E[(l —€)Au+ mv-o] (3.4)
0o+ (u-V)o+ ———=(Vu)-o+o0-(Vu) + kAo

W1

where k is a coefficient to choose. Sureshkumar and Beris had investigated the effect of
the addition of this term on the stability and accuracy systematically. If the magnitude
of this term is reasonably small, convergence is established as 0h ~ 0t — 0, where 0h
is a characteristic mesh size and §t is the time step. They proposed the reasonable
small value of x should be the same order as 6h?/§t. In this thesis x is no more than
1073 to restrict the artificial term as small as possible. For the Newtonian fluid, this
terms is absent, we will see their results is consistent with the viscoelastic fluid at small
Weissenberg number. It suggests that the small artificial term doesn’t affect the flow

behavior.

3.1.3 Penalization Method

Instead of solving the governing equations in the fluid domain ¢, the penalization
method is used to compute the incompressible Navier-Stokes equations around obstacles
on the whole domain €2. In this method, a penalization term is added on the velocity
defined on the volume of the solid body considered as a porous body. This corresponds
to a Brinkman type model with variable permeability where the fluid domain has a
very large permeability and the porous medium has a very low permeability. Angot
et al. [5] have performed numerical tests to confirm the efficiency and accuracy of the
method for the Newtonian fluid. In this thesis, we will use this method to describe the
solid obstacles €2 in the channel domain Q. For the L? penalization, the first idea to

force the velocity to be small in £, is to solve:

V'UKZO

1 1 €
8tuK + (LIK . V>UK + ?1523:1[11( —l—VpK + g[(l — G)AUK + mv . O'K]
0‘ J—

K +—1QS(0'K—0'S):(VUK)'O'K—FO'K'(VUK)T—FK,AO'K

6taK+(uK-V)aK+ Wi I
(3.5)
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Chapter 3. Numerical methods and Validation

in the whole domain €2, where K is the non-dimensional permeability coefficient used

in the penalization term. We denote 1, the characteristic function:

{ lo.(z) =1 if z € Q,

lo,(z)=0 if z€Qy (3.6)

Let’s set uy = u+ Ku, px = p+ Kp and o = 0 + Ko to derive formally the
equations satisfied by u, p, ¢ and 1, p, . Then we get from the momentum equation

and constitutive equation by identifying the terms of same order:

lo,u=0 (3.7)
~ 1 €

ou+ (u-Vju+1lga=-Vp+ E[(l —e)Au+ mv - 0] (3.8)

- - - ~ 1 N € -
dua+ (a-Viu+ (u-Vya=-Vp+ ﬁ[(l —e)An + mv -0 (3.9)

and

1lg. (6 —05) =0 (3.10)
00 + (u-V) = (Vu)-o+o-(Vu)! +rAc (3.11)

Wi
8t&+(ﬁ-V)a+(u~V)&+% = (Va)-0+(Vu)-6+o- (V)" +6-(Vu)' +rAG (3.12)
Thus by (3.7) and (3.10), u and 6 — 0 vanish in €. Consequently the final governing
equations of Oldroyd-B fluid read:
V.ou=0 in 0,T[x$

du+ (u- V)u—l——:—Vp—I—— 1—eAu—1——V o] in 0,T[x$

a o 0= % Wi
s T .
7 T Vu) -0 +0-(Vu)' +rAc in ]0,T[xQ

(3.13)
where o is the value of conformation tensor in the solid. The parameter K is set to

10'¢ in the fluid zone Q; to recover the genuine equations and to 1077 in the solid zone
to enforce u to vanish and o to be equal to o, the numerical validation shows this
parameter value are reasonable to get the genuine solutions of NS equations [5]. It
is also possible to remove the penalization term of the tensor, however our numerical

experiments show it is numerically unstable.

For the value of g, there are two kinds of considerations. The first one considers there
is no polymer in the solid, so o is set to zero in the obstacles. The second way is to
solve the governing equation with the zero velocity conditions in the solid zone and
on the solid boundary and then o4 can be approximated by the unit tensor (as shown
in subsection 3.2.3). However the simulation results show these two values of o give
about the same results both for the force and for the flow fields as shown in table 3.1.

In the present thesis, we have adopted the first way to study the effect of polymer.
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3.1. Governing equations

Re Wi Cd, Cdy I E lla LE 12 la [RA
1.0 1.0 27.81 27.82 4.765 4.765 68.54 68.54
1000 1.0 2.497 2.497 5.094 5.004 525.7 525.8
5000 1.0 2.361 2.329 5.031 5.026 685.4 680.6
2000 2.0 1.778 1.784 4.850 4.856 455.4 458.5
1000 6.0 4.018 4.028 4.622 4.622 433.6 434.5
1.0 10.0 44.75 44.78 4.697 4.697 71.54 71.55

Table 3.1: Drag coefficient, energy and enstrophy for several cases with two kinds of
0, wherein the subscript a denotes the result setting o, = 0 and b denotes the result

setting o, = 1.

3.1.4 Final equations and Drag coefficient

The final equations can be described as follow:

V.u= in 10, T[x$)
Ju u 1 € ,
—g (u«V)u—l—E—J—V];—l— —e[(l—e)Au—l—mV-a] in 0,T[xQ
- . - _ — . . T )
5 (u-V)o + % T W (Vu)-0+0-(Vu) +rAc in 0,T[xQ
u(x,0) =u(x), o(x,0)=o0(x) in €
u(.,t) =0 and wall boundary conditions for on 10,T[xT,
U(., t) = uinlet<t)7 0-('7 t) = Uinlet(t) on ]0, TF[XPZ
| and an artificial condition on 0,T[xT,
(3.14)

The force acting on the obstacles are composed by the pressure difference, viscous
surface friction and elastic force of the polymer molecules, which is absent for the
Newtonian fluids. The traditional method to calculate the drag force by integrating

the traction of these three components along the surface is given by:

2(1 —¢€) Ou €03z 1—¢€ Ou Ov €0y
F={ (- gu - gu o YV .dS (3.1
’ /S< Pt Re 8x+Re~Wi)nx a5+ Re <8y+8x)+Re~Wi)ny 45 (3.15)

where n, and n, are, respectively, projections on = or y axis of the unit normal vector
of the solid surface; ¥, denotes the surface of obstacle and dS is the differential scale

of the solid surface.

In the same way, the lift force of the obstacle is calculated as follows:

_ 2(1 —€)0v €oyy 1—€, 0v Ou €0y
Fy—/s( P+ oo 8y+Re-Wi)ny dS+( e (3x+8y>+Re-Wi)nw dS (3.16)
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Chapter 3. Numerical methods and Validation

Here, the penalization method used in this thesis allows us to compute the drag and
lift forces by integrating the penalization term inside the solid body. Indeed using the

Green’s theorem, the force acting on the obstacles read
1 €
//s< Vpt o[- Au+ SV - o))dedy (3.17)

Instead the force on the right hand side of momentum equation in 3.14 by the left hand

side, we have

// —+ u- V)U+K)dxdy (3.18)

Because the unsteady term and convection term are small inside the obstacles, the drag

and lift forces can be approximated by

R ] ey (3.19)

/ 2 dwdy (3.20)

It should be noted that the equations and the unknowns used above have been non-
demensionalized, therefore the drag and lift force above have no dimensions. They are
transformed to compare to other results in the literature. As an illustration, figure 3.2
is the evolutional drag of a cylinder, it shows that the drags obtained by these two

methods are very close.

6 T

— drag by surface integral E
..... drag by penalization method

time

Figure 3.2: Comparison of the drag coefficient given by two different methods: direct

surface integral method and penalization method
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3.2. Initial datum and boundary conditions

3.2 Initial datum and boundary conditions

3.2.1 Initial datum

It is necessary to supply an initial condition for starting the calculation even though
the results of interest are those that reached a statistical equilibrium. A typical initial

datum used in our code is given as follows:

(

u(x,0) =6(1—y)y in Qf
u(x,0) =0 in
v(x,0) =0 in €
0.2(x,0) =1 in (3.21)
022(%x,0) =0 mn Q
O4y(%,0) =0 i Q
Oyy(x,0) =1 in
[ Oyy(x,0) =0 in Qg

Because we are not interested in the results before having reached a statistical equilib-
rium, we use coarser grids consuming less cpu time to get an approximate result, then

this result is employed to serve as initial datum on the fine grid.

3.2.2 Inlet boundary condition

On the inlet boundary, a two-dimensional planar Poiseuille flow is used for the inlet
velocity u. For a steady Poiseuille flow, the Navier-Stokes equations can be simplified.

Namely we have the mass conservation:

ou Ov
—+—=0 3.22
ox + oy (3:22)
and the two momentum equations:

(@4_ %4_ @)—__
Por Tz Ty’ T Tor T ar | oy

ov dv v, Op Oy 0Ty
p(0t+u8m+vay)_ 8y+ pe + 9 (3.24)

where the stress is defined by

(3.23)

=2n— 2
Toz = 205 (3.25)
ou  Ov
Toy = n(ﬁ—y + G_x) (3.26)
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Tyy = Qna—y (3.27)
The no-slip boundary condition on the solid walls reads
u=v=0 on Iy (3.28)

The Poiseuille flow is steady in the x-direction. So we can write:

0
U= U(:U): v=0,Tp = Tyy = 0, Tey = n_u (329)
Ay
So the two momentum equations become:

Op 0Ty

= 3.30

Ox dy (3.30)

Op  OTyy

o= 3.31

oy ox ( )

As 7., depends on y, the pressure p can only depend on z. From the equation 3.30

,0p/0z can only depend on y, so it must be a constant A, then we get:

p=po— Az (3.32)
op _ d*U(y)
—A =t = 3.33
oc = ap (3.33)
From the no-slip boundary condition on the wall, we get the solution

A, AH? y y?
=——(y" — = = - = .34
U(y) 277(y y) 2 (7~ 72 (3.34)

It is a parabolic velocity profile with the maximum speed u,, at the centreline y = H/2.

Using the flow rate ¢ , we have:

H
/ udy = q (3.35)
0

and we get:
12nq
A= 7 (3.36)
So the velocity profile can be written as:
_6g.y ¥
u = H<H H2> (3.37)

That is the Poiseuille flow we consider for our dilute polymers in solution on the
entrance section. Considering ¢ = 1 and H = 1 after the non-dimensionalization, the

velocity boundary condition at the inlet reads
u(0,y,t) = 6y(1 —y);  v(0,y,£) =0, onl;x(0,T) (3.38)
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3.2. Initial datum and boundary conditions

Writting the governing equations of Oldroyd-B model in two dimensions:

( %4_@:0
oxr 0Oy

Re[2 4 (u- 2t +v- 844+ )4 2 — (1—e)(54 + 54) — ;5 (%= 4+ 252) = 0

Re[%ﬂu-%+v-§—;+a—§]+——(1—e><8xz+§Z) vée(a””+a"w>=0

Ore — 1+ Wi(%%= +u- 2522 4. 9 4 22 — 25, B0 — 95, B — (% 4 D032)) = O

gy + Wi( 22 oy %on gy a”WJr"“’ O3t — ayygg—m@;‘;zwa"”)):o

\ yy—l—i—WZ(aU” - aayy +o- 60yy+0yy 20yy§” QJIng—,%(a;Zgy%—aU”)):O
(3.39)

and considering the last term is small and was added to ensure the numerical stability,
we drop it and remove the terms to zero on the inlet section to get the following

equations for the tensor:

Opze — 1+ Wi(— QUIMZ) =0 on I'; x (0,7T)
Oy + Wi(— Uyya 4) =0 onT; x (0,T) (3.40)
gy —1=0 onI'; x (0,T)

Thus we can write the boundary condition for the tensor:

=1+ 2Wz(a$ya ) onD;x(0,T)
Opy = Wzg—z on T'; x (0,T) (3.41)
Oyy =1 on I'; x (0,7T)

Putting the above results into the full constitutive equations, including the numerical

stability term which we ignore above, we can get the boundary condition:

2 10z Ju
Ops = 1+ 2Wioxy@ + Wi - na(l*yzyay) on Ty x (0,T)
2 7/37’“
Opy = V[/z(ayy8 )+ Wi %yﬁy) on T; x (0,7) (3.42)
Oyy =1 on I'; x (0,T)

Using the velocity profile on the inlet boundary, we can rewrite the boundary condition

for both u and o as:

[ wu(.,t) =6(1—1y)y on T;x]0,T]

v(,t)=0 on T;x]0,T]
Ope(, 1) = 1+ T2Wi%(1 — 2y)* + 288kWi on T;x]0, T (3.43)

Oyl 1) = 6Wi(l — 2y) on I';x]0,T]

[ oyy(t) =1 on I;x]0,T]
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3.2.3 Wall boundary condition

The no-slip wall boundary condition is used setting u = 0 on the wall. If we put
this condition into the constitutive equations, we can get as for the inlet boundary

condition, the condition for the tensor at the wall:

o2 10y 24
=1+ 2Wioy, 5 Ou | Wy - W on Ty,
Zau
Oy = Wz(ayya )+ Wi (;‘;2@) on T, (3.44)
y = 1 on I'y

However, in contrast with the inlet boundary, the term du/dy is not known at the wall.
The elastic stress on the wall can be expressed in terms of the velocity gradient at last
time step through solving the momentum and the constitutive equations of Oldroyd-
B fluid. For an evolution simulation in time, the boundary condition at ¢ = ndt is
updated by the flow field of t = (n —1)dt. So the mathematical description for the wall

boundary condition is given by:

u(.,t) =0 on Tyx]0,T
v(.,t) =0 on Tyx]0,T]
io‘,cya—u
Opz(.,n0t) = [1 4+ 2mey ou 4 Ti/j - W] lizn—1)st on  T'yx]0,T]
(Wlau)
Ty (- ,ndt) = [Wz(ayyd )+ Wi 5 ] e=(n—1)st on T'yx]0,T
[ oy 1) = on T'yx]0,T

3.2.4 OQOutlet condition

In many numerical simulation of the flow past a cylinder in a confined channel, a
very long channel extending 30 times its height is used to be sure a Poiseuille flow is
recovered at the end of the channel. Then the outlet boundary condition can be the
same as at the inlet section [45]. To reduce the computational resources, an efficient

artificial non-reflecting boundary condition is used at the exit section.

The aim of this section is to derive a properly artificial non-reflecting boundary condi-
tion on the outlet boundary. For the full governing equations as in Bruneau and Fabrie
21]:

Vou=0 in ]0,7[xQ
ou u 1 € )
g0 . g 90-1_ . . T :
5 +(u-V)o + %W (Vu)-0+0-(Vu)' + kAo in ]0,T[xQ

(3.45)
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3.2. Initial datum and boundary conditions

Denoting(ug, po,09) the solution of the steady linear problem, we present natural
boundary conditions using a weak formulation in velocity-pressure-tensor involving
the stress tensor d(u,p,0) = #[(1 — €)(Vu+ Vu®) + ¢5=1] — pI that is 6(u, p,0) =
%(Vu + vu’)/2 + é"w;f — pI by setting w =u —ug,q = p — po, X = 0 — 09, the
momentum and constitutive equations above can be transfered to:

(

o 1 ((w+ ) - V) (W + 1) + ) 4 divs(w, ¢,x) = 0 in 10, T[x

Oix + (W + 1) - V(go +x) — V(W +1g)(00 + Xx)—

(00 + X)(V(w +up))” + 02X 4 L((g) +x) — I) — kdivA(og+x) =0 in ]0,T[xQ

\

We get the weak formulation of the momentum equation using a test function ¢ as

follows:

/Qé?tw-gbdaﬂr/g((wjtuo)-V)w-¢dx+/((w+uo)-V)uo-gbd:z:—

Q

W + Uy

/ divd(w,q,x) - ¢pdx + / odr =0
Q o K

Then by the Green and Stokes formulas:
1
/ Ow - pdx + 5/(((W +uy) - V)w-op—((wW+ug)-V)p-w)dr+
Q Q

%/FO(W +ug) - nw - ¢dy + /Q((W + ) - V)ug - pdx — /Qdivd(w,q,x) : Voda+

/W+UO'¢CZ$— 6(W, ¢, x) - gdy =0
o K To

Setting the negative part of the first boundary term and the second boundary term in

the equation above to zero, we can get the boundary condition as follows:
1 _
O(w.q,x) -n 4 S ((W+up) -m)"w =0 (3.46)

and using the expression of u we get:

1
0(u,p,0) - n+ S(u-n)” (4= pep) = 5, p",077) - m (3.47)
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It can be written as follow:

2(1—¢) u e(opa—1) 1—¢(du v €0y ref
( Re Oz + Re.W+i p Re (ay + am) + Re-W+i 1 u—1u
1 .
— smin(0,u)
ou ov €0xy 2(1—¢) 311 eloyy—1) _ _ f
(8y+8 )+Re-Wi Re + Re. Wi p) 0 v v
20— guref | e(ons! =1 _  ref auref ovred cohy
(G5 T “row p O+ %)t 1
8u'ref goref eang 2(1—€) gyref e-(o;f/—l) _ref 0
Re ( + oz ) + Re-Wi Re oy + Re Wi p )
so we get the following equation:
2(1—=¢€) du e(ows—1) re
(T + TR P u—ut
1 .
— smin(0,u)
6u”3f ovref 50;35/ _ ref
Re ( + ox ) + Re-W+i v v
(3.48)

(2(176)8u’"ef s S
Re oz Re. W7 p

Bumf ovref EU;Zf
Re ( + ox ) + Re-Wi

then we have

ref 210 —€)Ou € (04 — 1)

p=r Re %—i_ Re-We

min(0, u) repy 2(1—¢€) ouel e (o0l — 1)
2 (= ™) Re ox * Re - W1
and
1—¢€,0u Ov € Ouy min(0, u) ref
e(8y 8x>+ Wi 2 AU
1—e ouret  ovrel €0 Zf

+ + -
Re ( dy ox Re - Wi
If we take the solution near the outlet boundary as reference flow, so at the boundary

of outlet, we have the following equations embedded in our code:

2(1 . 6) . (u(i+2,j)d—mu(i+1,j) . u(i—i—l,jc'l)z—u(i,j))

Re

pi+1,5) = p(i,j) +

_'_E(O-x:v@ +R};.])V[;Zo'xx('l,j)) B min(O, Ugl + 1,j)> (u(z + 1,]) _ ’u,(l,]))
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3.2. Initial datum and boundary conditions

and

Wi+ 1) = vid) | wli+10) —ui+ 1,5 =1) e (omyli+ 1,5 +1) = 0+ 1)
dx dy Wi-(1—¢€)

_ Resxmin(0, WHLDRELIZY) 4 g g 4o(i — 1, 5)

B 2(1 —¢) 2

U(i,j) _U(i — 17j) + u(%]) —U(i,j - 1)

+ dx dy

In the same way , we get formally the weak formulation for the tensor:

/Qc?tx-gzﬁdx%—/g((WwLuo)-V)x-¢dm+/((w+uo)-V)ao~¢dx

Q

—/Q((X‘FO'())'V(W—’—H()))'(ZdeIJ—/

Q

—/mdiv-Vx-¢da:+/X+ao-¢dx
Q K

Q

(V(w +10)" - (x + 00) - dd + /Q %(x D) bda

Then by Green and Stokes formulas:

[ oo+ 5 [ ((w+0) - -0 (3 + ) - V)0 - o

+% /Fo((w +ug) - nx - pdy + %/ﬂ[((w + o) - V)oo - ¢ — ((W+u) - V)¢ agde

+%/Fo((W~|—uo)-nao-qﬁdv—/g((x+go).V(W+uo))_gbdz

—/Q(V(W—l—uo)T-(x—l—ao))«gbdw%—/ﬂﬁ(x—[)-gbda:+/ﬂf<;Vx:V(bda;

—/ Vx-ngzﬁd’y+/X+ao-¢dx:O
I'o o K

If we do the same work as with the momentum equation, we can get a similar results

as follows:

%[(w +u) -n] x + %[(w +uy) n og+Kk-Vx-n=0 (3.49)

So we can get the following boundary condition:
1
KOZO + §(u ‘N) (0 — Oref) = KOnOres (3.50)
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Chapter 3. Numerical methods and Validation

Hence the artificial outlet boundary condition in our code can be written as:

6(u,p,0) - n+i(u-n)"(u—u) =45 p o) -n on I,x]0,T]
KOno + 2(u-n)~ (0 — 0") = KO0 on T,x]0,T]
The final problem can be written as follow:
(V.u=0 in 0, T[xQ
8—u—|—(u V)u+£——V —[(1 - )Au+iV o) in 10, T[x
BRI SR D
E—F(u V)a—l—E—l—W:(Vu)'a—i—cr(Vu)T—l—ﬁ;Aa in ]0,T[x$
u(.,t) =6(1—1y)y on I';x]0,T
v(,t) =0 on T';x]0,T
Ope(, 1) = 1+ T2Wi%(1 — 2y)? + 288k W43 on T;x]0,T|
Ouy(., 1) = 6Wi(1 — 2y) on T;x]0,T|
) oy, 1) =1 on T;x]0,T]
u(.,t) =0 on Tyx]0,T]
v(,t) =0 on Tyx]0,T|
0?2 iomya—u
Opz(.,n0t) = [1 4+ QWiUmy ou 4 Wi . d(l*ygay)] li=m-nse on  T'ywx]0,T]
Wi 8u

Oy (s 3t) = (Wi 22) + Wi - n 58] |y on Tyux|0,T]
oy t) =1 on T',x]0,T]
5(u,p,0)-n+i(u-n)"(u—u)=6u p o) -n  on T,x]0,T]
KOwo + 3(u-n)" (0 —0"F) = KOo™! on T,x]0,T]
and an initial field o €

3.3 Discretization

For the problem of the previous section, the approximation is performed by means
of finite differences for the velocity, pressure and for the elastic stress tensor. In this

method, the spatial domain is discretized with an uniform Cartesian mesh and the time

interval is split into uniform time steps dt.

3.3.1 Time discretization

A second-order Gear scheme is used to discretize the unsteady term in our code. The
use of a second-order scheme is crucial as the first-order Euler scheme for instance does

not describe properly the evolution of the solution unless a very low CFL number is
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3.3. Discretization

used. The first-order scheme can be used for the first time steps to get very fast a
coarse initial field. The linear terms are treated implicitly, while on the contrary the
convection terms are treated explicitly. We denote u™ for instance the approximation
of u at time ¢, = ndt, ot is the time step. The semi-discretized second-order Gear

scheme governing equations read:

V-u"=0

3u”  (1—¢) u”

O VT YAy n _

I

4ut —u"? 2( n—1 V) n—1 + ( n—2 V) n—2 + € (ZV o.nfl \V4 O.an)

- - u . u u . u —_— . —_— .

20t ReW:

36" o"—1 o" 4ot — gn2

- . _ kAot =_—_— - _9 n—1 n—1 n—2 n—2

557 + i + o~ rAo 557 (u V)e" " + (u V)e"“+
\ Zvunfla,nfl + 20.n71<vuT)n71 o Vun720n72 - 0,n72(vuT)n72

(3.52)

3.3.2 Space discretization

The system of equations is discretized in space by finite differences on an uniform
staggered grid G}, the mesh size of which is h = dx = dy, where dz and dy are the step
discretizations in each direction. The discrete values of the pressure p and the diagonal
elements of the conformation tensor o,,, o,, are located at the center of each cell, the
discrete values of the other element o,, are located at the corner of the cell and those

of the velocity field are located at the middle of the sides as shown on figure 3.3.

Our governing equations are composed of the first derivative term 0¢/0z and the
second derivative term 9%¢/0x? of a generic variable ¢. The Taylor series expansion
is a useful approach to approximate the derivatives. The first derivative term, the
pressure gradient term dp/Jx as an example, is approximated by the central difference
scheme (CDS) at the point (i — 3, 7) by

(22

Pi+1,; — Pij
- N 3.53
e (3.53)

1, ~
Z_Ev.j 5x

In the same way, the second derivative term for instance ‘3273 is approximated by the

central difference scheme (CDS) at the point (i — 1, j) by

&*u Ui 22U UL

(Gp)ta ™ E (3.54)
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o v
X o}
yi'%vj’f% L)+ Xyi+£j+1
® 9 2
u|_, j. [ ] ® ui+fj
pl'jo-xxi,j WI] 2
o [ @ g
Xy_ 1. 1 V 1 ny
=->1-3 'vJ*E i+1j—1

Figure 3.3: A staggered cell

It is noted that the discretization of this term at the boundary yields modified formulas
due to the use of staggered grids. For example, on the bottom wall we have

U

11—

AT LSS ke Pl S T
Oy? (0y)?

to better take into account the no-slip boundary condition. The convection terms are

w(oo

(3.55)

approximated by a third-order Murman-Like scheme. For instance —ud,u — vO,u is

approximated at point (7 — %, j) by

Uij Djju Doy Doy ju | Uimgj Do ju

if Uiq.5 >0
3 oz 6 ox 6 ox R
Uiy Dicagu S Aigt | Uiy D U <0
3 0x 6 Jx 6 ox I
B T e L e T i s R L
3 oy 6 oy 6 oy 2773
B e R T e e E i e L AT R 2SN
+ ifv,_1,,1<0
3 Y 6 oy 6 oy T2ITs

_ 1 1 . .
where u; ; = §<uz‘+§,j —l—ui,%J) and v;_1 ;1 = E(Ui,jJr% —H}FLJ-JF%) are obtained by linear

interpolation, A; ju = (ui%’j - ui_%J) and A; 1510 = (ui—%,j-H - “z‘—%,j>‘

The corresponding term for the vertical component of the velocity v is discretized in
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3.3. Discretization

the same way. The construction of this scheme refers to [27] where a comparison of
various third order schemes is presented. The detail discretizations of the governing
equations are written as follow:

The mass conservation equation at the pressure point (i, j) is discretized by:

n n

n
u. 1 - u U. . 1 U. . 1
i __tnpd | Wb Wi (3.56)
ox oy
The first component of momentum equation is approximated at point (i — -,] ) by:
3u™ u” —2u™ +u” u™ —2u™ Ny u™
-5 (1—e)( itg =% =3 + i— %t i—%,j+ 1—5,]’—1)4_2%,] —Pi1 + Yicl
26t Re 6x? &y? K
201 un 2 n—1 _ n-1 ol —on1
i—Lj 1 1 9 s — O Ty, 1. 17 %y, 1, 1
20 T2 n— n— ij  CTTi-1,j 2772 27979\
ot 24t 2-ct +ct + 2Wz Re( ox + oy )
9 2 0'"_2 70,11—2
€ (U;L”z',j Orzi_1, + Miyatd myi—%’j_%)
Wi-Re ox oy

(3.57)
Where ct denotes the convection term. At any time step, we can approximate it at

point (i — 1, 7) by:

Uiy Aiyju SU;—1,5 Aifl,ju U2, Az‘,zyju ) )
il =3 %0 T 76w 6 o when ;>0

Ui—1,5 Aiflyju 5ui,j Ai,ju o Ui41,5 A¢+1,ju o
L i i 6 ox when u;; <0

v.,o1 . 1 .,1u 5v. 1. 1A, 1. 1u v. 1. 3A. 1. 3u

P9ty 750+ 5 i9J75 75473 _ _tT9dT3 tT3d7)
+ 3 Sy + 6 Sy 6 Sy when Ui_%vj_% >0
+vi—%,]’—% B 1,1 I 50 1 i1 By 11 _ Vi-lg+3 B 143t when v <0

3 Sy 6 Sy 6 Sy i*%7j+%
(3.58)

In the same way, the second component of momentum equation at (i,;j — %) can be

approximated by:

3v™ o™ —20™ +o™ o™ —20™ +om o™

i-3d (176)< its.i-%  hj—%  i-1,j—4 + Gty -4 i,j—%) + A e + bimy
26t Re 6x2 Sy? Sy K

— — -1 n—1
2yt v" 2 n—1 n—1 on —on

e 2. ot 1 2 19 ("yyi,j_f’yyi,j—1 + Yirl -1 yif%,jf%>

ot 2515 Wz Re oy ox

n—1 n—1
n—1 _ _n—1 Tgy . . —Ogxy. .
e (Uyyi,j Tyyi i1 4 Yird-4 "i-15-1 )
Wi-Re oy ox
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we can approximate ct at point (i,j — %) by:

w, 1. 1A 1., 10 5u. 1. 1 A, 1. 1v w., 3. 1A 3. 10
s Y il B R L R A R S A S )
Ctivj—% - 3 oz + 6 ox 6 oz when ui—%,j—% >0
I T T B T B T ST e B s B h
T3 o T 6 o6 0w when U151 <0
Vig AV i1 Bigo1v Vigo2 Agj-ov .
+5 % T 5 6 3y when v; j_1 >0
Vie1,5 Bi—1,50 | 505 Aijv Vit Aigr,j0 »
+%s 5 + 5 ; = when v; ; <0
(3.60)
_ 1 _1 ~
Where v;; = 3(v; ;41 + ;1) and w1 ;1 = 5(uj1; + v ;) are obtained by

linear interpolation, A;jv =v; ;1 —v;; 1 and Aj 1, 10 =0, ;1 — V5 1.

As seen in figure 3.3, we put the conformation tensor components o,, and o,, at the
center of the cell, and o0,, at the corner of the cell, then we can discretize the first

component of tensor at point (i, j) as:

n n n _ n n n _ n n n—1
3050, 4+ 1 (6" —1)+ Taay; H(%zm,j 2050, 190, 1, + Tz@s 541 2"Wi,j+”mi,j71) _ 2oaa
26t Wi\~ xz; K dx2 oy?
—1 —1 n—1 n—1 n—1 n—1
o2 u" Ty —u Ty wy 1 . 1 TOxy. g . 1 VtOzy. 4 . 1 tO0xy 4 .
e Qttnfl + ttn72 + 4(0.7171 ( it+5,J Z*gu) + it5,0+5 it5,0—5 i—5,0—% i—5.J-73 |
20t TX; 5 ox 4
(W' AT )=y 4T ) uT —u
i+5,J+1  i—5,541 it5,j—1 i—5,j-1 ) o 2(O_n_2( i+5,] l—g,J)_'_
40y TT; 5 ox
n—2 n—2 n—2 n—2 n—2 n—2 n—2 n—2
zy. ) Tzy. .1 TOxy q TOzy . (u ) U, ) —(u ) U )
Z+%,J+% z+%,37% zf%uf% 17%,17% . l+%u+1 z7%71+1 Pr%’]*l 17%,171 )
4 46y

(3.61)
where tt denotes the transport term. Similarly, the transport term of the tensor w -

0yp0zz + U - 0,04, can be approximated at point (4, j) by:

Uil Divl, e T U1 Ry Tue Y43y Ai+%,j0”+ when u >0
3 ox 6 ox 6 ox i—%:j
Uing g Rind 0 i BUind Bird % Yindy Az‘+%,j"”+ when <0
3 ox 6 ox 6 ox i+%7j
v, 1 A . 10z2 5v. . . 10z¢ v.. 3 A . 30z (362)
Jts T hits T e Y Y I R b} + when v . 1 >0
3 oy 6 oy 6 oy L) 3
Uwfg Ai,]*lom + 5vl,J+% Ai,ﬁr%am Ui,ﬁr% Ava%U” h <0
3 5y 6 5y 6 5y WNREN Uy 54 1
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3.3. Discretization

where AH%JUM = (Ozip1,; = Owa;,;) and AMJF%UM = (Ossjp1 = Oaaiy):

The second component of the tensor at point (i — %, ] — %) is approximated as:

n n n _ 9N n
30'00yi_ B Oay. 1 . 1 Uzyi_g Nt 2‘7'36141._1 ._1+Uzyi+1 o
2973 4 L sn + 2973 —KJ( 2973 2973 2073 4
25t We "y, _1 ._1 K dx2
T J— 9
on —20™ +om 2 n—1 o_n72
Ty, 1. 3 Ty, 1. 170wy, 1 T2y, 1 . 1 Ty, 1. 1
5.7 79 251779 PR ) — 2773 27735 Qttn_l +ttn_2—|—
52 5t 21
-1 n—1
n—1 n—1 n—1 n—1 [ —v
1 . .
Uzz’t‘,j+Uzzi71,j+0Izi,j71+azzi71,j71 Y ) 2—1,]—5_"_
ox
—1 n—1
n—1 n—1 n—1 n—1 " —v
1 1
Tyyi ;T oyvi—1 Vi1 Ty 5 e DA
2 oy
-2 n—2
n—2 n—2 n—2 n—2 o™ —v
.1 . .1
Uzzi,j+Uzzi—1,j+azzi,j71+Uzzi71,j71 D ) i—1j—5 .
4 ox
-2 n—2
n—2 n—2 n—2 n—2 v —v
Uyyi,j+o’yy¢71,j+ayyi,j71+0yy¢71,j71 . i—%,j i—%,j—l
4 oy

Similarly, the transport terms of tensor u - 0,04, + v - 9,04, can be approximated at

point (i — 3,7 — 3) by:

Ui Dig-g oo + BUiyj-g Bic1-30m Uiia;od Aiﬂ,r%g”’jL when v - 1>0
3 ox 6 ox 6 ox i—1,j—3
Uioyj-) Dim1y- T n Buij—g Bij=3%ey Yo Ai+1,jf%a‘”y+ when u. - 1 <0
3 ox 6 ox 6 ox tj—3
S e L N P e o e L R W e o i SO SO
3 oy 6 oy 6 Sy i—5,j—1
Yielj-1 Aif%,jflo-my 1 5“17%4 Ai—%,jgzy Vi Ai*%,jﬂLley when v. 1 <0
3 Sy 6 oy 6 oy 1=35,)
(3.64)
Where u, ;_1 = R EATD A RN R and v, .1 = Cimttd Ui g e
are obtained by linear interpolation, A, ; 104, = Oay, s,y = Ty 1, 1 A 100y =
o —0 )
Wichary T Miga-d
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For the last component, we also can approximate the equation at point (4, 7) by:

n n _ n n n _ n n n—1
3%y 4+ L ( — 1)+ Twvij _ H(JWHLJ‘ 27yyi, st Tyvio1, 4 Tvvign QUyyi,jJ”’y%,jfl) _ 20w
25t yyz,g K dx? Sy? ot
—1 n—1 n—1 n—1 —1 n—1
n—2 U'n — T O +og +oz
_ Oyyi; o1 4 4n—2 +4< ( i+ i,j—%) 4 Yir 5 +3 Yirdi-3% y 141 Vi-bi-§
25t yy »J 6y 4
n—1 n—1 n—1 n—1 n—2 n—2
v —(v v —
( i+1,5+ 3 z‘+1,j—%) ( i—1j+3 i—l,j—%)) B 2(0,77,—2( ity -3 )+
40z YYi,j oy
n—2 n—2 n—2 n—2 n—2 n—2 n—2
+o +o v —(v
Vit yaty  Yivda-} 7. 33ty ey )" i—l’j_%))
4 40x

(3.65)
Similarly, the transport terms of tensor w - d,0,, + v - 9,0,, can be approximated at

point (i, 7) by:

ui+%y Az+ %Yy 5u —%,j AI 1 0yy _ ui+% .Ai+3 Oyy when u -0
3 5x 6 ox 6 ox i—%:j
u, 140, 1 oy Su. 1 Yy u., 3 . A 3 oyy
i—%5,] »J +3, i+5,] iy, i+5,
3 —+ — = G —+ whenu,1; <0
3.66
Vig+d Dig+dTw 4 i Bij=gw V-3 Rii-3c Yo whenv.. 1> 0 ( )
3 oy 6 oy 6 oy LJ—%
Vi = ij— 57V + 5vm+% A, i+ 7 _ Yii+3 Ai’H?ayy when v <0
3 oy 6 oy 6 oy i,j+%

where Az—l— 1 iOyy = (Uyyzﬂj Uyyi,j) and A, J+i0yy = (Uyyz,ﬁl - Uyyi,j)-

3.4 Multigrid solver

The discretization of the coupled velocity-pressure-tensor system of equations yields to
solve a discrete linear system L, V)" = B};”_l where L, represents the discrete operator,
B! is the discrete equivalent of the right hand side of (3.52) and V;* = (u?, pZH/ 2 o)
is the approximate solution to compute. We have used a time splitting to first solve
the coupling pressure and velocity equations then the constitutive equations. We solve
this discrete linear system by the FAS (Full Approximation Scheme) multigrid solver
on a sequence of grids from the fine grid chosen for the approximation G, to a coarsest

grid Gy as coarse as 16 x 4 cells. The multigrid algorithm uses a V-cycle procedure
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3.4. Multigrid solver

illustrated below for the computation of the fine grid solution V;* =V on grid G,,.

[ For k=1 to number_of V-cycles do
‘/pk — Sygul)(Lp, Vpk_l, B;z—l)
Correction on coarse grids
( For q=p-1,1,-1 do
vE_ 1k
Vy=RPE
BY = RiTH(BE | - Ly Vi) + LV,
‘/:]k - Sq ! (Lq,vq,B[{;)
Updating of the fine grids
( For q=2,p do
~ ~ —k
‘/:]k — ‘/;{9 _)|_ Pg_lA(V:]kil — qul)
\ qu = Sq ’ (Lfb quu B(];)
Convergence test

if ||By~t — LpyVF|| < € stop iterations

\

In this algorithm Sé”) denotes the smoother used on grid G, to compute an approximate
solution of the linear system doing v iterations. The restriction Rg“ and prolongation
ngl operators describe the linear interpolation operators from fine-to-coarse and from

coarse-to-fine grids respectively.

For the Newtonian fluid, the constitutive equations of the tensor is absent. The smooth-
ing operator S performs v, or v, iterations of a Gauss-Seidel cell-by-cell procedure that

leads to solve a 5 x 5 linear system corresponding to the 5 unknowns of a cell.

a 0 0 0 1/0x U1 (Ch iz
0 a 0 0 —1/6x u?_i,_%,j (C;:_l)i-i-%,j
0 0 a 0 1/0y G = (Ch Vi1
0 0 0 o —1/5y s (@7 P
—1/6x 1/6x —1/0y 1/dy 0 P 0

%(% + %) and the other quantities of the linear operator

are relaxed in the second member. So (C’Z’l)if%’j represents the sum of these relaxed

In this system a = é +

terms and (B} 1), _ 1 We solve this 5 x 5 coupled system directly by Cramer method.

It is noted that the fifth equation ensures the free divergence constraint in each cell.
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For the viscoelastic fluids, we still solve this 5 x 5 coupled system directly by Cramer
method to get the velocity and the pressure firstly. Then we solve the conformation

tensor components one by one directly by the linear equations of LV} = Bg_l.

3.5 Numerical validation

3.5.1 Comparison for confined cylinder in a channel

The flow past a cylinder is becoming more and more frequent to study computational
rheology and used as a numerical benchmark problem since the proposal by Brown and
McKinley [19]. Numerous works on this problem have emerged [6, 33, 31, 45, 52, 69, 71,
70, 93, 101, 103, 111, 109, 138] using different viscoelastic models and computational
methods. The main interest is the drag coefficient with the different Weissenberg
number under creeping flow condition (Re = 0). In this benchmark flow, the viscosity
ratio of the polymer € is 0.41, the blockage ratio, i.e. the ratio of the cylinder diameter
to the channel width, is B = D/H = 0.5.

Most of the authors adopt a very long channel, for instance L/D are set to 15 [71],
18 [31], 40 [109],14 [45] respectively. Here, we use a shorter channel with L/D = 8.
The lengths upstream and downstream of the cylinder are chosen to be 2D and 6D,
this is the trial purpose for our artificial boundary condition. For the steady creeping
flow, the advective inertial forces are small compared to viscous forces. Hence Stokes
equations, which ignore the inertial forces term of the Navier-Stokes equations, are
widely adopted in the references [31, 71, 111]. However, the high Reynolds number
(Re) flows are our interest. Therefore we use the complete momentum equation to
simulate the benchmark question at Re = 0.5 even though a lot of cpu resources are
wasted and the convective term may lead to some numerical instabilities. The Reynolds

number and Weissenberg number for this flow are defined respectively by

Re = Q, (3.67)
n
TU
Wi=— 3.68
=7 (3.68)

where U is the average velocity, D and R are the diameter and the radius of the
cylinder, n and 7 denote the kinematic shear viscosity and relaxation time of the

polymer solution.
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3.5. Numerical validation

Author Methods hp N, Kd
Huang et al. [70] FVM 0.069 10.063
FVM 0.035 10.318
FVM 0.021 10.431
FVM 0.00873 10.454
FVM 0.00714 10.455
Dou et al. [45] FVM 0.157 40 10.670
FVM 0.105 60 10.570
FVM 0.074 84 10.530
FVM 0.040 156 10.490
Oliveira et al. [109] FVM 0.0314 230 10.539
FVM 0.0207 304 10.783
FVM 0.0157 475 10.783
Sun et al. [138] FEM 0.056 10.532
Mitsoulis [103] FEM 62 10.538
FEM 98 10.529
Fan et al. [52] FEM 10.533
Liu et al. [93] FEM 0.0136 10.532
Caola et al. [31] FEM 0.002 10.528
Owens et al. [111] SEM 10.532
Hulsen et al. [71] FEM 0.0148 10.533
Present simulations FDM 0.03125 10.213
FDM 0.02 10.354
FDM 0.01 10.429
FDM 0.008 10.462
FDM 0.0078125 10.529

FVM, finite volume method; FEM, finite element method; SEM, spectral element method;
FDM, finite difference method; hp, minimum cell spacing (normalized by R); N, , boundary

nodes on the cylinder.

Table 3.2: Drag coefficient Kd for the Newtonian fluid with B = 0.5 at Stokes regime.
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Because the inertial force is very small for the Stokes flow, the drag coefficient at this

section is defined as
Fx

~ 2mUD

where Fx is the drag force acting on the cylinder. It is used as an index to judge

(3.69)

whether we have obtained a steady state flow.

Wi This work Ref. [31] Ref. [71] Ref. [45]1 Ref. [45]2 Ref. [52] Ref. [111]

0.1 0.98459 0.98493 0.98410 0.98416 0.98489
0.2 0.95734 0.95670 0.95773 0.95900 0.95663
0.3 0.93272 0.93076 0.93433 0.93706 0.93072
0.4 0.91474 0.91114 0.91812 0.92224 0.91108
0.5 0.90376 0.89711 0.89784 0.91057 0.91477 0.89778 0.89778
0.6 0.89967 0.88995 0.90952 0.91407 0.88985 0.88983
0.7 0.90209 0.88654 0.91499 0.91896 0.88637 0.88617
0.8 0.90322 0.88678 0.92631 0.92991 0.88667 0.88576
0.9 0.91130 0.88991 0.94230 0.94438 0.89000 0.88777
1.0 0.92001 0.88971 0.89531 0.96263 0.89521 0.89175

Ref. [45]1 and 2 represent the drag data obtained with the DEVSS-w formulation and DAVSS-

w formulation respectively.

Table 3.3: Drag coefficient variation for the Oldroyd-B fluid with B = 0.5 at Stokes
regime (normalized by the drag of the Newtonian fluid).

The drag coefficients of the cylinder for the Newtonian fluid are listed in Table 3.2 in
order to compare with that of the literature. At a similar level of discretization, the
FDM results seem to be below the FVM results but are consistent with the results of
FEM. Let us point out that with the FDM the geometry of the cylinder is different from
the other methods. Indeed, with a penalization method the cylinder is approximated
by a cloud of points without a representation of its boundary. On the other way
the cylinder is polygonal approximation for the other methods, which give a different

cylinder geometry. Nevertheless, the results are in good agreement with the literature.

The computed drag coefficients for the Oldroyd-B fluid have been made dimensionless
as for the Newtonian fluid and compared with published data in Table 3.3. All the
data in the table give a similar trend: with the increase of the Weissenberg number,
the drag coefficients first decrease and then rebound. The drag coefficients are similar
for small Weissenberg number, but some discrepancies appear for higher ones. The

maximum drag reduction for this kind of flow happens at W¢ = 0.6 or Wi = 0.7 with
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about 10% drag reduction. There is no available experimental data for comparison in

two-dimensions, this will be an important topic of the next chapter.

3.5.2 Comparison with three-dimensional experimental results

Verhelst and Nieuwstadt [155] have performed experimental measurements of velocity
and drag for the flow past a circular cylinder in a rectangular channel with a width
of 20mm and a height of 160mm. They mounted a cylinder with a diameter of 10mm
in the symmetry plane of this channel. This configuration gives an aspect ratio (AR),
the ratio of the channel height to the width, AR = 8 and a blockage ratio B = 0.5.
The section planes in the spanwise give the similar configuration of the benchmark
problem. They have measured the velocity profiles of the stokes flow on the symmetry
section plane in height. Concretely, five different locations in the streamwise X are
(X —X.)/R=-21,-3,—1.5,1.5 and 3, where X, is the position of the cylinder center

in the streamwise coordinate and R is the radius of the cylinder.

Figure 3.4: Comparison of predicted velocity profiles for Newtonian fluid flow with
measurements by Verhelst and Nieuwstadt [155]; the numerical results have the curve

superposition at +£1.5 and £3.

Figure 3.4 shows the comparison of the velocity profiles between the two dimensional

simulation and the three dimensional experiment for the Newtonian glucose/water

93



Chapter 3. Numerical methods and Validation

solution at (X — X.)/R = —21, —3, —1.5 (upstream of the cylinder) and (X — X.)/R =
1.5, 3 (downstream of the cylinder). For the creeping flow, the fore-aft symmetry is well
captured by both the experimental and numerical results (coincidence for (X —X.)/R =
+1.5,£3). The velocity profile at the inlet part (X — X.)/R = —21 are completely
consistent for the numerical and experimental results, but the profiles near the cylinder
are different. The numerical results are always larger than the experimental results. It
means that the three-dimensional effects make the fluids near the cylinder flow from
the symmetric plane to both the lateral walls. Let’s point out the secondary flow
caused by the viscosity of the fluid and the wall boundary is strong and can not be
ignored even though there isn’t three-dimensional effect of turbulence for the creeping
flow. The stagnation pressure at the symmetric plane has the largest value, larger
than the value near the spanwise walls. The pressure difference make the fluids flow
toward the spanwise walls. Because the three dimensional effects, the drag reports in
the experiment is much different with the two dimensional data, so we will not compare

them here.

Figure 3.5 shows the comparison of predicted velocity profiles for Oldroyd-B fluid at
Wi = 1.813 with experimental measurements by Verhelst and Nieuwstadt [155] for a
polyacrylamide solution at a flow rate of 0.0521/s. The secondary flow effects still make
the numerical velocity larger than the experimental results especially for the upstream
flow. The fore-aft symmetry present in the Newtonian flow is lost for the polymer
solutions and Oldroyd-B fluid in our simulation. The downstream velocity profile
is modified dramatically. There are a local velocity maximum on the centreline at
(X — X.)/R = 1.5 and a local velocity minimum on the centreline at (X — X.)/R =3
for the velocity profiles behind the cylinder. The qualitative modifications induced
by elasticity are well represented by the predictions of the present two-dimensional
simulations, even though we have not accounted for the slight shear thinning in the

experiments.

o4



3.5. Numerical validation

Figure 3.5: Comparison of predicted velocity profiles for two-dimensional numerical
simulation of Oldroyd-B fluid at Wi = 1.813 with three-dimensional experimental
measurements by Verhelst and Nieuwstadt [155] for a polyacrylamide solution at a flow
rate of 0.0521/s.(the solid lines show the numerical results upstream of the cylinder,

the dashed lines represent the downstream results)
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Chapter 4

Flows past a circular cylinder

In this chapter we now study a standard problem to understand flows of complex fluids
and notably those giving rise to drag reduction for the flow around a cylinder in two
dimensions [101]. Let us recall that such a situation is widely studied, experimentally,
for low Reynolds numbers where important drag enhancement has been observed and
documented for different fluids [32, 55, 155]. Simulations have also addressed the is-
sue and observations of such enhancement [93, 138]. A complication with some of the
experiments is the presence of shear thinning effects which may influence the drag.
Experiments with Boger fluids [73, 55] minimize such effects. For high Reynolds num-
bers, few simulations have been carried out and there is no report on the drag behavior
affected by fluid elasticity neither experimentally nor numerically. An important ques-
tion is how does the drag on a cylinder vary in the parameter space described by the
two dimensionless numbers namely the Weissenberg number and the Reynolds number.
We here study the simple case of the flow around a cylinder of a viscoelastic fluid in
a two dimensional setting using direct numerical simulations to cover a wide range in
both the Reynolds number Re and the Weissenberg number Wi which measures the
ability of the fluid to change properties with respect to external solicitations. This
is the most comprehensive study up to date to the author’s knowledge. We measure
the drag on the cylinder and show that this simple flow situation presents a nontriv-
ial transition from drag enhancement to drag reduction. A full phase diagram in the
parameter space Re — Wi extending for 5 decades in Reynolds number is presented
showing the extent of the different regimes. Attention is then brought to the stresses,

the pressure, the elongation, and the shear distributions in the flow domain.
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Chapter 4. Flows past a circular cylinder

4.1 The effects of polymer viscosity

The character of the diluted polymer solution can be described by its concentration and
the characteristic of the polymer molecules. In our governing equations, the polymer
solutions are featured by the polymer viscosity ratio and the characteristic relax time.
Even though they have not the same conception, the concentration of the polymer
solution can effect both the viscosity and the relaxation time, the characteristics of
polymer molecules affect both too; but the two parameter spaces give the main features
of the polymer solutions. Hence the drag force map of the cylinder should be plotted
in the three dimensional parameter spaces: the Reynolds number Re, the Weissenberg

number Wi and the polymer viscosity ratio e.

It is difficult to study drag force of viscoelastic fluids in this three dimensions parameter
space by direct numerical simulations which need a lot of computational time. However
we have not found any report about the effect of these parameters. In this section we
study the effect of the polymer viscosity ratio on the drag force of the cylinder by the
selected parameter positions. Taking four values of € for diluted polymer solutions, we
will discover their performances for two Reynolds numbers Re = 0.1, 2000 with differ-
ent Weissenberg numbers and at a given Weissenberg number Wi = 2.0 with different
Reynolds numbers. As before, the definition of Reynolds number and Weissenberg
number are given by Re = UD/n and Wi = 7U/ R respectively, where U is the average
velocity in the channel, D and R are the diameter and radius of the cylinder, n and 7
are the viscosity and the relax time of the polymer solutions. For the drag coefficient
Cd, we use an usual definition: Cd = F,/0.5pU?D, where F, is the drag force and p is
the density of the polymer solution.

The only difference of the computational geometry to that of the previous chapter is
the blockage ratio, we adopt B = 0.1 in this chapter. Huang and Feng [69] had reported
the effects of the blockage ratio on the drag force. In their numerical investigations,
there isn’t drag reduction at a small blockage ratio B < 0.1, however the trend is
completely reversed for flow with stronger blockages. Hence we hope to separate the
effect on drag of the channel wall by using a smaller blockage ratio B = 0.1. The
simulations are performed on a 2048 x 512 Cartesian mesh by a multigrid method in

our finite difference code.

Figure 4.1 shows the drag coefficient of the cylinder for four different values of € versus
the Weissenberg number at Re = 0.1 and Re = 2000. For Re = 0.1, the variation
of the drag force is very small for low Weissenberg numbers, and the drag force has
a minimum value at Wi = 1.0 by a careful observation. The drag enhances above

Wi = 2.0. The drag are divergent at the large Weissenberg numbers for different
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Figure 4.1: The effects of polymer viscosity ratio on drag coefficient of the cylinder
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Figure 4.2: The effects of polymer viscosity ratios on the drag coefficient of the cylinder
at Wi =2.0

polymer viscosity ratios. The higher is the value of €, the more the drag deviates from
Newtonian fluid (Wi = 0 in the figure). For Re = 2000, the drag coefficient decreases
as the Weissenberg number increases. The different values of ¢ don’t have a strong
impact on the drag coefficient. Taking one with another, the drag coefficient behavior
versus the Weissenberg number for both Reynolds numbers is not modified by the

polymer viscosity ratio.

Figure 4.2 displays a qualitative difference of the effect of the polymer viscosity ratio
at Wi = 2.0 with different Reynolds numbers. The case € = 0 represents the Newto-
nian fluid. The drag force of these polymer viscosity ratios is consistent for the small
Reynolds numbers, but a large difference occurs at the large Reynolds number between
Newtonian fluid and non-Newtonian fluid. The important difference happens only be-
tween € = 0 and ¢ = 0.01, the drag difference is negligible for other different polymer

viscosity ratios.

In order to describe the effect of € on the change of drag, let’s define a correlative
coefficient C, by

o - dCd(e1) — dCd(e2) &1
< dCd(GQ) €9

(4.1)
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Figure 4.3: The drag correlative coefficient of the polymer viscosity at Re = 0.1

where the function dCd(e€) reads
dCd(e) = Cd(e) — Cd(e = 0) (4.2)

and represents the variation of the drag coefficient compare to that of the Newtonian
fluid. The value of C. reveals the effect of € on the modification of the drag coefficient
by the polymer. If the drag modification is linear with respect to e, it gives C. = 1,
on the other hand C. = 0 suggests that the modification of the drag coefficient is

independent on the polymer viscosity ratio.

Figure 4.3 shows the evolution of C, at Re = 0.1 for different Weissenberg numbers.
Contrarily to the drag coefficient (figure 4.1), C, is convergent to a small amount at
high Weissenberg numbers. It means that the effects of € on the drag force are less
important at high Weissenberg number. Let us point out that we have deleted the data
at Wi = 2.0, because there is a little drag increment at this position, which makes the
denominator of C, close to zero and causes a singularity. For the small Weissenberg
numbers, the values of C, are ranked by the ratio of polymer viscosity (€;/€3), C.
increases as €1 /€y increases; while for high Weissenberg numbers, the values of C, are
ranked by the product of polymer viscosity (e; * €2), C. decreases as €1 * €5 increases.
It suggests that the increase of the polymer viscosity has the ability to change the
flow and the drag for small Weissenberg numbers, but its effects are weak for high

Weissenberg numbers.
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Figure 4.4: The drag correlative coefficient of the polymer viscosity at Wi = 2.0

In the same way, figure 4.4 shows the evolution of the correlative coefficient at Wi = 2.0
to different Reynolds numbers. We can see the effect of € on the drag can be ignored at
high Reynolds numbers. Let’s point out the surprising value of C is at Re = 40 for the
high value of €, this is because the shedding in the wake is inhibited. But for ¢ = 0.01,
the shedding is also inhibited for higher Weissenberg numbers as we will present in the
next section. It suggests that the polymer viscosity ratio may play the similar role as

Weissenberg number at low Reynolds number.

As a summary, the polymer viscosity ratio plays a significant role on the drag force at
both low Reynolds numbers and low Weissenberg numbers, but its effect is negligible for
high Reynolds number flows. In the Reynolds number parameter space, it only changes
a small amount of the drag force at low Reynolds numbers, but does not change the
general trend. At low Reynolds numbers, it plays a similar role as the Weissenberg

number, but its effects is lower than the increase of the Weissenberg number.

4.2 The drag behavior with polymer

4.2.1 Drag enhancement and drag reduction

Our main result about drag is illustrated in figure 4.5 which shows a phase diagram

of the different regimes observed in the parameter space Re — W+i. This graph shows
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that three regions can be identified for the behavior of the drag versus the Reynolds
number for varying values of the Weissenberg number. For Re < 40, two regimes are
observed: either the fluid is acting as its Newtonian counterpart for values of Wi below
a threshold Wiy or the fluid shows enhanced drag on the cylinder. For Re > 40, three
different regions are observed: below a first threshold value which we call Wiy, the fluid
behaves as a Newtonian fluid. Between Wi; and a second threshold value Wiy, drag
reduction is obtained. This drag reduction goes through a maximum at the center
of this region. Above Wiy, only drag enhancement is observed. This enhancement
increases as the Weissenberg number increases. This diagram which spans roughly
5 decades in Reynolds number summarizes our findings and shows that both drag
enhancement and drag reduction can be obtained but only for specific parts of the
parameter space. To our knowledge, no such insight into both drag reduction and drag
enhancement has been brought forth before and our results show that both phenomena
can be related in a full parameter space representation. Both drag reduction and
drag enhancement are present in our simulations but in different regions of the phase
diagram. The phase diagram of this behavior is an important result which though
has been shown before for particular values of the Reynolds number has not been put
forth in such a systematic manner. In addition to these considerations, the maximum
drag reduction turns out to be near 50% and is practically independent of the Reynolds
number in the asymptotic large Reynolds number limit. It should be noted here that the
transition from drag enhancement to both drag reduction and drag enhancement occurs
at a value of the Reynolds number close to Re = 40, which coincides with the transition
to the vortex shedding regime for the wake behind the cylinder pointing to a strong
dependence on the structure of the flow and the presence of vortices. Other interesting
features emerge such as the suppression of the vortex shedding for Weissenberg numbers

in the drag enhancement regime.

Figure 4.8 displays the main flow features observed in this study: The vorticity contour
plots are shown for a Reynolds number of 1000 and different Weissenberg numbers.
Perhaps the most striking observation is the disappearance of vortex shedding behind
the cylinder for high Weissenberg numbers. Another interesting feature is the increase
in the length of the wake in the drag reduction regime pushing away the pressure
well. These two aspects of the flow structure can be further appreciated through the
power spectrum of transverse velocity variations downstream of the cylinder. We also
noted that for the drag reduction regime, the amplitude of the higher harmonics seems
to increase with respect to the Newtonian case indicating a large deformation of the
wake. Experiments using soap films have discussed such an effect as the shedding

length increases upon addition of polymer [38]. Here, the shedding length becomes
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large enough that no shedding is observed in the channel length used. When this
occurs, the drag starts to increase considerably.

(b) Wi2 (c) Wic6

Figure 4.8: Vorticity snapshot at Re = 1000

Figure 4.6 and figure 4.7 display a quantitative measurement of the effect of the vis-
coelasticity. Here we plot the drag on the cylinder (normalized by the Newtonian drag)
for different Reynolds numbers and varying Weissenberg numbers. Two different be-
haviors are observed as shown in figure 4.6. Below a Reynolds number of 40, the drag is
similar to that of the Newtonian fluid for small Weissenberg numbers. However, above
a threshold value which we denote Wis, the drag increases versus the Weissenberg
number. This regime therefore shows the well known drag enhancement observed in
three dimensional experiments using spheres or cylinders in low Reynolds number flows
[32, 55, 155]. This effect is therefore well captured by the simulations presented here
for the model we have used. The drag is enhanced by a factor which can be as large
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as 250%. The value of Wi,y, however, is rather close to 1.5 than the traditional value
of 1/2 or 1 usually found in experiments. When the Reynolds number is above 40,
a different behavior emerges: drag reduction (reaching 50%) is observed above a first
threshold value of the Weissenberg number which we note as W4, before the appear-
ance of drag enhancement above a second threshold value which (as for the low Re)
we denote by Wiy. This behavior is now shown in figure 4.7 for several Reynolds
numbers versus the reduced Weissenberg number: Wi/Wiy. This figure clearly shows
the difference between the low Reynolds numbers for which only drag enhancement is
observed above a value of the reduced Weissenberg number of 1 and the high Reynolds
numbers for which drag reduction is observed in an interval of reduced Weissenberg
numbers below 1 and whose extent increases as the Reynolds number increases then
saturates for even higher Re as shown in figure 4.5. The values of the increase in drag
do not collapse perfectly for values of the reduced Wi/Wiy above 1. Below a value of
1, the low Reynolds numbers show a plateau at a relative drag of 1 showing Newtonian
behavior while for high values of the Reynolds number (Re > 40) drag reduction is
obtained. The reduction in drag increases as the Reynolds number increases and seems
to reach a saturation value for Re near 2000. The drag reduction window (values of W4
for which drag reduction occurs) varies with Re as figure 4.5 shows. Figure 4.9 shows
the maximum drag reduction versus the Reynolds number and as remarked above, this
drag reduction sets in only near Re = 40 and increases for values of Re between 40 and
1000 from nearly 0 to 50 percent. This reduction then goes through a mild maximum
at Re = 2000 before stabilizing on a plateau at about 48%.

To further examine the behavior of viscoelastic flow around the cylinder, we plot in
figure 4.10, figure 4.11 and figure 4.12, the elongation rate, the longitudinal elastic
stress, as well as the pressure variation along the center line of the channel. These
quantities change qualitatively as either transition is crossed. We illustrate this be-
havior using Re = 10 and Re = 100. For Re = 10 and for W7 smaller than Wis,
the elongation rate is close to the Newtonian case. As W7 increases, the elongation
rate becomes less negative (contraction) upstream while on the downstream side the
location of maximum elongation (which is at about one cylinder diameter downstream)
migrates towards the cylinder. As W+ increases above Wis, the maximum elongation
increases and its location migrates towards the cylinder wall. By contrast, for Wi
below Wiy, the elongation rate near the cylinder wall is negative so as the transition
from Newtonian drag to enhanced drag is crossed, the elongation near the cylinder wall
changes sign. For Re = 100, for which three regimes are observed, as Wiy is crossed (to
the drag reduction zone), the maximum elongation actually decreases and its location

migrates away from the cylinder wall. It is only after crossing Wiy towards the drag
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Figure 4.11: The longitudinal elastic stress along the center line of the channel for two
different Re and different Wi

enhancement regime that the maximum elongation starts to increase and its location
moves towards the cylinder wall. The signature of either transition is therefore visi-
ble in the elongation rate and its variation along the center line. On the other hand,
the maximum of the stress, which occurs near the cylinder wall in the downstream
region, increases as the Weissenberg number increases for Re = 10. At the crossing
of the transition to drag enhancement, the maximum stress location migrates towards
the cylinder wall. That the maximum stress location is at the cylinder wall is true
also for Re = 100 in the drag enhancement regime. Both the elongation rate and the
normal stress are maximal near the cylinder wall for the drag enhancement regime.
Experiments in microchannels for small Reynolds numbers in the drag enhancement
regime have observed large elongations of the polymers in the vicinity of the cylinder
wall on the downstream side [55]. Our simulations seem to capture this essential fea-
ture of the experiments despite the fact that our simulations are two dimensional while
the experiments are in three dimensions. In the drag reduction regime however, the
location of maximum stress and maximum elongation is rather farther away from the
cylinder (1 to 2 cylinder diameters). Another feature associated with the transition
from drag enhancement to drag reduction versus the Weissenberg number can also be
appreciated through the variation of the pressure along a cut in the flow direction and
in the center line of the channel. The most prominent feature here is the pressure on
the downstream side of the cylinder. Note that the pressure first increases with respect
to the Newtonian case as the Weissenberg number increases, (this is the drag reduction
regime) before decreasing to much lower values (with a sharp peak) for Weissenberg
numbers greater than Wi, indicating a strong increase in the drag on the cylinder. The

decrease in pressure is localized near the cylinder wall and its importance increases as
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the Weissenberg number increases.

4.2.2 The evolution of the drag and lift coefficient with poly-

mer

In the previous section, we have presented the mean drag behavior for the polymer
solution. When the wake is unsteady, the lift force is also important for the immersed
body. The lift and drag forces are unsteady and vibrational. The vibration of the

forces is important and interesting for many engineering problem.

Figure 4.13 shows the phase portrait of the drag and lift forces. For the two-dimensional
flow, the vortex shedding is regular when the Reynolds number is less than 1000, the
drag and lift force show a periodic vibration in the phase portrait. From these figures,
the amplitudes of both drag and lift forces are increased as the Reynolds number
increases for the Newtonian fluid (Wi=0). The amplitude of the lift force is larger than
the amplitude of the drag force, a low drag force is corresponding to a low lift force.
For the polymer solutions, the force phase portrait is similar to the one obtained with
the Newtonian fluid when the Weissenberg number is smaller than Wiy, then both the
absolute value of the drag and the amplitude of the drag or lift forces reduce quickly
when the Weissenberg number is larger than Wi;. In fact, the phase portrait of the

drag and lift forces degenerates to a point before the Weissenberg number exceeds Wi,.

Figure 4.14 shows the phase portrait of the drag and lift forces at Re = 2000. From
this figure, we can observe that even though the force is still periodic in time, the lift
force is not symmetric any more. A double bifurcation for the force also suggests the

bifurcation for the wake flow, which is thought as an important step for the transition
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Figure 4.14: Phase portrait of the drag and lift force at Re = 2000

to a turbulent flow. For the polymer solutions, the forces show a better symmetry in
the plane but the distribution is a mess. It suggests that the action of the polymer is
not only make the chaotic flow to return to the laminar flow or a more regular flow but

introduces a particular mode.

When the Reynolds number increases, the flow becomes turbulent, the drag and lift
forces are too chaotic to be plotted. Figure 4.15 shows the evolution of the drag
coefficient with time. The lift coefficient has a similar evolution. We can observe that
the drag is very chaotic, the amplitude of the drag fluctuations is very large for the
Newtonian fluid and for Wi = 0.2. As the Weissenberg number increases, the amplitude
of the drag fluctuations decreases (Wi = 0.5), even if it doesn’t change the mean drag
force. Whereafter, both the mean value and the fluctuations decrease at Wi = 1.0, the
drag keeps a constant value with time for higher Weissenberg numbers. This suggests
several steps for the drag behavior for the viscoelastic turbulent flow. The flow is
not affected by elasticity at very small Weissenberg numbers. After the Weissenberg
number exceeds this threshold Wiy but not reaches Wiy, the drag fluctuations reduce
and the mean drag doesn’t change. Then as the Weissenberg number increases beyond
Wiy, both the mean drag and the fluctuations reduce until the drag keeps a constant

value with time.

Figure 4.16 shows the root mean square lift force reduction due to the polymer ad-
ditive. When the Reynolds number is greater than 200, the root mean square lift
force (Cl,s) becomes negligible as soon as the Weissenberg number is greater than
0.25Wisy. Especially, for the Reynolds numbers 40 or 100, the Cl,.,s first reduces and
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gets a minimum value nearby Wis, then it increases with the Weissenberg number. We
have performed a very long time simulation, but the lift force keeps a constant value
with time at high Weissenberg numbers. It means the flow field is steady but looses
up-down symmetry. We have no explanation for but this kind of unsymmetrical results

was already observed in former experimental and numerical works [74, 33].
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Figure 4.16: Root mean square lift force reduction by the polymer additive

4.3 The flow modification by polymer

As we have seen in previous section, the drag behavior shows the hand-in-hand in-
teraction with the flow behavior. The nontrivial drag reduction happens only for the
shedding wake flow, drag enhancement follows along with the inhibition of the shed-
ding. In this section, we will present the flow behavior in Re — W1 spaces. Let’s review
the flow behavior of cylinder wake in Re space for Newtonian fluid, then separate these
flows into several zones. When the Reynolds number is less than 4, it is stokes flow, the
flow keeps fore-aft symmetry. From Re = 4 and to about Re = 49, there is a pair of
recirculation regions behind the cylinder; the flow keeps up-down symmetry, the length
of the symmetric recirculation regions increases as the Reynolds number increases. At
Re above around 49, the onset of the wake instability makes the vortex shedding paral-
lel to the centerline of the flow, the frequency of periodical shedding increases with the
Reynolds number until Re = 190. Whereafter the flows show a chaotic behavior, then
generate the turbulent wake at higher Reynolds numbers. More details can be found
in [161]. Let us note that the flow onsets shedding since Re = 40 in our simulation,
the primary reason is that we used Poiseuille flow at the inlet, and so the velocity at

the centerline is much larger than the mean velocity of the channel.
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Chapter 4. Flows past a circular cylinder

4.3.1 Stokes flow

Figure 4.17 displays the vorticity fields at Re = 1. At Weissenberg numbers below 6, the
vorticity field is very similar to that of Newtonian fluid, hence we haven’t shown them.
Because Re = 1 is close to the threshold of the Stokes flow, the fore-aft symmetry
is about to completely break. The vorticity field for Newtonian fluid shows some
symmetric behavior of the Stokes flow. However, as the Weissenberg number increases,
we can see the small levels of vorticity behind the cylinder are stretched. The stretching
is stronger for the higher Weissenberg numbers. From this figure, we know the polymer
will affect the flow behind the cylinder, the fore-aft symmetry of Stokes flow can be
broken by the viscoelasticity. Figure 4.18 shows the streamlines for Newtonian flow

and a high Weissenberg flow. It is hard to discern the difference between them.

Figure 4.19 gives the streamwise velocity profiles at five different positions. The po-
sition is given by the abscissa of the no-slip wall boundary condition, that is x =
0,1,2,3 and 4. The streamwise velocity at x = 0 is the Poiseuille flow, which gives
a parabola profile (inlet boundary condition). The maximum velocity locates at the
centerline, which is 1.5 times the mean velocity. The center of the cylinder is located at
x = 1. At this place, the streamwise velocity separate to two approximative parabolas,
the maximum of the velocity is closer to the cylinder than to the wall of the channel; it
is slightly greater than the maximum velocity at the inlet boundary. It is still very hard
to discern the difference of the velocity profiles for the Newtonian and viscoelastic flow.
Downstream of the cylinder, we observe the obvious streamwise velocity difference be-
yond Wi = 6.0, the velocity at high Weissenberg number is smaller than the velocity
of the Newtonian fluid or with small Weissenberg numbers at the center part. Espe-
cially there is a local minimum on the centerline for the velocity profiles at Wi = 10.0.
It is similar to the velocity profile for the validation at the previous chapter, but the
position of the minimum is 20R behind the cylinder, that is much farther behind the
cylinder than that shown in the previous chapter. As the position increases to x = 3.0,
the streamwise velocity difference for Newtonian fluid and viscoelastic fluid reduces.
At last part of the channel, the fluid with different viscoelasticity keep the consistent
streamwise velocity profile which is recovered to the Poiseuille profile by the effect of

the viscosity.

In order to observe the continuing trend near the cylinder, we have plotted the pressure
and the streamwise velocity profiles on the centerline in figure 4.20. The abscissa is
dimensionless by the radius of the cylinder, hence -1 in abscissa represents the stagnant
point upstream the cylinder, 0 in abscissa represents the center of the cylinder and 1
the rear of the cylinder. The pressure increases at the upstream of the cylinder with

the Weissenberg number, while the base pressure (at the rear of the cylinder) is entirely
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Figure 4.17: Vorticity fields at Re = 1
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(a) Wi=0

(b) Wi=8

Figure 4.18: Streamlines at Re = 1
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4.3. The flow modification by polymer

opposite. For the high Weissenberg number flow, the enhanced stagnant pressure and
the reduced base pressure enhance the drag of the cylinder. But for the low Weissenberg
number, we haven’t found the difference for the pressure and the velocity with the
Newtonian fluid, of course there isn’t non-trivial drag modification compared with the
Newtonian fluid. Downstream of the cylinder, the base pressure recovers in a short
distance, then reaches a local maximum; at the last part the pressure decreases slowly
by the reason of pressure lost of the channel. At the outlet, the pressure will recover to
zero which is set the reference pressure in our computational code. In the subfigure of
streamwise velocity profile on the centerline, it is hard to find any difference upstream
of the cylinder. But downstream of the cylinder, the velocity profiles are different
beyond Wi = 6.0. Comparing with the Newtonian fluid, the fluid with higher elasticity
accelerates quickly and results in a higher elongation rate near the rear of the cylinder.
Whereafter their speedups are much smaller than the Newtonian fluid so that they

need a longer distance to recover the bulk velocity.
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Figure 4.20: Pressure and streamwise velocity profiles on the centerline y = 0.5 at

Re=1

From figure 4.20, the streamwise velocity recover quickly than the Newtonian fluid at
the rear of the cylinder. But the pressure also increases in this region, it means the
pressure gradient doesn’t help the speedup of the fluid but decelerates the fluid. From
the profile of the velocity, it is impossible to have much higher viscous force for the high
Weissenberg number flow than that of the Newtonian fluid flow. Therefore we plotted
the figure 4.21 to find the driving force for the local fluid speedup. From the subfigure

on 0.,, we can find the driving force, the o,, get the maximum near the rear of the
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Figure 4.21: The extra-stress profiles on the centerline y = 0.5 at Re =1

cylinder, and this value is extraordinary high but the increase process is very short,
these will produce a very strong driving force to increase the pressure and accelerate the
local fluid. After the peak, o,, decreases while the distance to the cylinder increases,
it will make a deceleration for the local fluid, which can explain the speedup of the
streamwise velocity is much lower than for the Newtonian fluid, this part the main
force comes from the viscous forces and is almost the same for both Newtonian fluids
and viscoelastic fluids. As the polymer is diluted, the elastic force can not dominate
the flow, but the extra-stress increases exponentially at the rear part of the cylinder as
Weissenberg number increases. This shows that the elastic force can dominate locally
the flow. Contrarily to ., that has a maximum at the elongational flow at the rear of
the cylinder, o,, has a maximum at the contractive flow in front of the cylinder. It will
affect transverse velocity, as a secondary effect of the streamwise acceleration at high
Weissenberg numbers; there is a local peak at the rear of the cylinder which is quite

different from the profile at low Weissenberg numbers.

4.3.2 Laminar flow with steady wake

As the Reynolds number increases, the wake includes a steady recirculation region of
two symmetrically placed vortices on each side of the wake as shown in figure 4.22. The
length of the recirculation bubbles grows as the Reynolds number increases. However,
it is difficult to define the variation of the bubble shape with Reynolds number as Re
becomes large. From figure 4.22; the vortices at the end of the wake are stretched
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4.3. The flow modification by polymer

comparing with the Stokes flow. For the viscoelastic fluid, the lengths of the vortices
are shorter than for the Newtonian fluid. We have plotted the streamlines in figure
4.23. It is clear that two recirculation bubbles at the rear of the cylinder disappear
at Wi = 6.0 for the viscoelastic fluid. In fact, they disappear beyond Wi = 4.0, and
the scale and the shape of the bubbles are the same with the Newtonian fluid when
the Weissenberg number is less than 3.0. The transition of the bubbles locates in the

Weissenberg zone between 3.0 and 4.0.

(c) Wi=6

Figure 4.22: Vorticity fields at Re = 10

In figure 4.24, we plot the streamwise velocity profiles at the same five positions. The
differences between the Newtonian fluid and the viscoelastic fluids are clear. At z = 1.0,
the velocity profiles are very different from the Stokes flow, the maximum velocity is
much near the cylinder. From the zoom of the velocity profile shown in figure 4.25, the
profile for the Newtonian fluid is the same than those at W = 2.0. For higher Weis-
senberg numbers the velocity decreases as the Weissenberg number increases. Down-
stream of the cylinder at z = 2, the streamwise velocity has a local minimum near
the centerline of the channel for every profile. As the Weissenberg number increases,
the local minimum velocity decreases. The difference of velocity profiles also reduces
during this process. Farther downstream of the cylinder at = 3.0 and x = 4.0, the
flow are on the way to recover the Poiseuille flow, and their difference also reduces

during this process.
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Figure 4.23: Streamlines at Re = 10
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Figure 4.24: Streamwise velocity profiles at Re = 10 for different positions.
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Figure 4.25: Zoom of streamwise velocity profile above the cylinder at Re = 10
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Figure 4.26: Pressure and streamwise velocity profiles on the centerline y = 0.5 at

Re =10
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Figure 4.27: Pressure and streamwise velocity profiles on the centerline y = 0.5 at

Re =20

In figures 4.26 and 4.27 we plot the pressure and the streamwise velocity profiles along
the channel centerline for Re = 10 and Re = 20 respectively. The pressure profiles
are very close to those observed for Stokes flow. The superposition of the pressure and
the velocity profiles suggests the flow with small Weissenberg number doesn’t depart
from Newtonian behavior. There is a negative part of the streamwise velocity for small
Weissenberg numbers at the rear of the cylinder which is not observed with Stokes flow.
It gives the length of the recirculation bubble; which increases as the Reynolds number
increases. It disappears rapidly when the Weissenberg number increases. There is a
local speedup at the rear of the cylinder for the flow with high Weissenberg numbers.
It even may result in a local maximum velocity at the velocity recovery zone. The
velocities for high Weissenberg numbers recover slower than in the Newtonian fluid
flow. The velocity of the Newtonian fluid flow decreases more rapidly than the flow

with high Weissenberg number.

Figure 4.28 shows the extra polymer stress profiles on the centerline at Re = 10, 0,
also exhibits a strong local stress to increase the pressure upstream and downstream
of the cylinder. Because the inertial force increases with the Reynolds number, the
contractive rate increases upstream of the cylinder, the maximum value of oy, is larger

than the maximum of o,,;.
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Figure 4.28: The extra polymer stress profiles on the centerline y = 0.5 at Re = 10

4.3.3 Laminar flow with unsteady wake

As the Reynolds number increases further, the recirculation region develops instabili-
ties, the flow becomes unsteady as shown in figures 4.29 and 4.30, the vortices begin
to oscillate, but the flow is still laminar. The onset of time-periodic flow indicates a
supercritical Hopf bifurcation. As the Reynolds number increases further, vortices are
shed alternately from the separated streamline above and below the cylinder, the well
known Karman vortex street forms. As the Reynolds number is larger than about 190,
the two-dimensional flow becomes more chaotic. In this section, we discuss the flow
with Reynolds number less than 190, the wake oscillations are purely periodic in this

regime.

From figure 4.29, we can observe the shedding of the vortices for the Newtonian fluid,
as well as the inhibition of the vortex shedding for the high Weissenberg number flow.
The vorticity field at high Weissenberg number looks like the vorticity field at small
Reynolds number flow with high elasticity. The same conclusion can be found from
the streamline snapshots shown in figure 4.31. The Strouhal number is an important
dimensionless number to describe the oscillating mechanism of the unsteady time-
periodic flow. The Strouhal number is given by St = fD/U, where f is the frequency
of vortex shedding, D is the diameter of the cylinder and U is the mean velocity at the
inlet boundary. We find St = 0.2 for the Newtonian flow at Re = 40. In the literature
the Strouhal number for the flow past a cylinder is about 0.13 when there is an uniform

inlet velocity. Let’s note that the cylinder is at the center of the channel, where the
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Chapter 4. Flows past a circular cylinder

velocity is 1.5 times the mean velocity for the Poiseuille flow. If we use this velocity in
the definition of the Strouhal number, we get St = 0.133 at Re = 40.

Figure 4.29: Vorticity snapshots at Re = 40

Figures 4.30 and 4.32 show the snapshots of the vorticity fields and of the streamlines
at Re = 100. There is vortex shedding when the Weissenberg number is less than
5.0, but not any more at higher Weissenberg numbers. The snapshots of the vorticity
fields show that the distance between vortices increases at Wi = 5.0 compared to the
distance for the Newtonian fluid. This suggests a vortex spends longer sweeping time
to a point for the elastic fluid than for the Newtonian fluid. Hence the Strouhal number
decreases as the Weissenberg number increases. In the same way, one can point out
the Strouhal number at Re = 100 is higher than that at Re = 40 for the Newtonian
fluid. The Strouhal number is equal to 0.27 for the Newtonian fluid and 0.25 when
Wi = 5.0. Furthermore, there is a slight difference of the streamline snapshots fields
between Wi = 5.0 and Wi = 0.

Figure 4.33 shows the streamwise velocity profiles both at Re = 40 and at Re = 100.
The streamwise velocity can be divided into three regimes according to the Weissenberg
number. At low Weissenberg numbers when Wi < Wiy, the velocity profiles are
consistent with that of the Newtonian fluid; there is a similar streamwise velocity profile
when Wi > Wiy, It corresponds to the same three regimes observed for the drag. In
the wake of the cylinder, the streamwise velocity profiles at Re = 40 is very similar
to that at Re = 10, near the cylinder there is a local minimum on the centerline but
Poiseuille profile is recovered far away from the cylinder. Because the vortex shedding
is helpful for the momentum redistribution, the velocity recovery length is shorter than
that at Re = 10. The velocity profile at Re = 100 for the Newtonian fluid flow or for

small Weissenberg number flows is different to that at small Reynolds numbers, there
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(b) Wi=5

(c) Wi=6

Figure 4.30: Vorticity snapshots at Re = 100

(a) Wi=0

(b) Wi=6

Figure 4.31: Streamline snapshots at Re = 40
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Figure 4.32: Streamline snapshots at Re = 100
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is a local maximum velocity on the centerline due to vortex shedding. The velocity
profiles at high Weissenberg number are alike both at Re = 40 and at Re = 100, the
time-averaged streamwise velocity show a minimum value on the centerline. It seems
that the fluid at high Weissenberg numbers has memory; it looks like the fluid can

memorize the velocity profile upstream.

Figure 4.33: Mean streamwise velocity profiles for different positions.

Figure 4.34 shows the time-averaged pressure and streamwise velocity profiles on the
centerline at both Re = 40 and Re = 100. When the Reynolds number is 40, the
profiles look like that at small Reynolds number flows. Even though the wake becomes
unsteady from Re = 40, there exists a recirculation bubble for the mean flow. The
recirculation bubble has a maximum length near Re = 40 for the Newtonian fluid. At
Re = 100 the flow at different Weissenberg numbers reduces upstream of the cylinder
both the pressure and the velocity profiles. Downstream of the cylinder, the base
pressure increases obviously at Wi = 4.0 compared to the Newtonian base pressure, and
the length of the mean recirculation bubble increases. The profiles at high Weissenberg
number show the elongation of the recirculation bubble for the mean flow. In the drag
enhancement regime, the base pressure decreases and the mean recirculation bubble

disappears.

We have plotted the polymer stress tensor profiles on the centerline in figure 4.35, the
peak of o, at the rear of the cylinder changes position by the effect of the mean length
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Figure 4.34: Mean pressure and streamwise velocity profiles on the centerline y = 0.5
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Figure 4.35: The mean extra-stress profiles on the centerline y = 0.5
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of the recirculation bubble. The maximum of o, in front of the cylinder is larger than
the maximum of o,, at Re = 40, just like for Re = 10. But as the Reynolds number
increases, the situation reverses, the enhancement of the vortex shedding at the wake
affects the contraction upstream of the cylinder. Downstream of the cylinder, the peak

in o,, shifts backwards for the drag reduction Weissenberg numbers.

4.3.4 Transitional flow

For Reynolds numbers beyond about Re = 190, the flow downstream of the cylinder
transits from two-dimensional to three-dimensional by the vortex dislocations, where-
after the increase of the disorder in the fine scales make the wake flow turbulent. How-
ever, here we are interested in the two-dimensional flow which restricts the transition
to the three dimensional flow. The flow in two dimensions also shows its particularity
at Re = 200. As we reported, the drag reduction shows there is a maximum in Wiy
at this Reynolds number. Figure 4.36 shows vorticity snapshots, they contain several
different shedding modes at different Weissenberg numbers. Near the cylinder, the
wake width decreases as the Weissenberg number increases. Further downstream the
transverse distance of the vortex core increases, but the streamwise distance of vortex
core does not distribute at the same distance around W+ = 5. The vortex shedding is
inhibited at Wi = 12. In figure 4.37, we again plot vorticity snapshots at Re = 1000.
The length of the vortex shedding increases as the Weissenberg number increases below
Wiy, When the Weissenberg number increases, the shedding may lose symmetry which
is difficult to explain. In figure 4.38, we can see the streamlines are modified by the
elasticity of the fluid, the streamline patterns far away the cylinder are rigid zigzag
comparing to the Newtonian fluid. Near the cylinder, the recirculation zone is more
complex. When the Weissenberg number exceeds Wis, there are a pair of dead vortices
behind the cylinder, and the flow reattaches behind the cylinder. They show that the
polymer inhibits the shedding.

Figures 4.39 and 4.40 show the mean streamwise velocity profiles at both Re = 200 and
Re = 1000 and a zoom of the mean velocity profiles in order to observe the shear layer
near the cylinder. As the Reynolds number increases, the ratio of the inertial forces in
the flow increases, and the shear rate near the cylinder increases. The lower shear rate
corresponds to the drag reduction elastic fluid and the upper shear rate corresponds
to the fluid with Weissenberg number smaller than W+, or larger than Wiy. We can
see that as the Reynolds number increases, the difference between the Newtonian fluid

and the viscoelastic fluid is magnified.

Figure 4.41 shows the mean pressure and the streamwise velocity profiles on the center-
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4.3. The flow modification by polymer

(c) Wi=5h

- (d) Wi=6

(e) Wi=10

(f) Wi=12

Figure 4.36: Vorticity snapshots at Re = 200
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(d) Wi=6

Figure 4.37: Vorticity snapshots at Re = 1000
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(a) Wi=0

(b) Wi=2

(d) Wi=8

Figure 4.38: Streamline snapshots at Re = 1000
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3
u(y)+x

(b) Re = 1000

Figure 4.39: Mean streamwise velocity profiles for different positions.
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Figure 4.40: The zoom of mean streamwise velocity profile above the cylinder
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Figure 4.41: Mean pressure and streamwise velocity profiles on the centerline y = 0.5
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Chapter 4. Flows past a circular cylinder

line. As we discussed above, the base pressure of the cylinder increases for the elastic
fluid with the Weissenberg number between Wi, and Wis. When the Weissenberg
number is greater than Wis, the base pressure drops dramatically. The mean stream-
wise velocity presents two similar behaviors. The drag reduction corresponds to the
elongation of the recirculation while the drag enhancement corresponds to a contraction

due to the elastic forces.
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Figure 4.42: The mean conformation tensor profiles on the centerline y = 0.5

In figure 4.42, we see that the maximum of the mean conformation tensor profiles
on the centerline increases as the Reynolds number grows. The peak of o,, shifts

downstream when the drag reduces, but move towards the rear of the cylinder when
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4.3. The flow modification by polymer

the drag enhances.

4.3.5 Turbulent flow

As the Reynolds number grows in Newtonian fluid, the inertial force increases, causing
shear rate enhancements in the shear layer downstream of the wake. Then Kelvin-
Helmholtz instability induces the vortices spread into the whole channel as shown in
figure 4.43. When the Weissenberg number increases to Wi = 2.0, the wake becomes
regular, the vortices don’t spread everywhere even if the vortices have strong interac-
tions. When the Weissenberg number increases again the vortex shedding is inhibited.
At Wi =5, the Kelvin-Helmholtz instability induces small vortices at the high shear

rate regions.

In Figure 4.44 are plotted the streamline snapshots at different Weissenberg numbers.
The streamlines near the centerline become rigid when the Weissenberg number is less
than Wi, as we noticed before and the attached vortex elongates at the rear of the
cylinder. Beyond Wis, the streamlines are much alike the streamlines at Re = 1000,

except there are some oscillations in the wake.

Figure 4.45 shows the mean streamwise velocity profiles at both Re = 5000 and Re =
3000. The shear rate is very high near the cylinder. The zoom in figure 4.46 shows
that under Wis, the shear rate reduces; and over Wiy, the shear rate increases. Once
again when the Weissenberg number exceeds Wis, there is a local low velocity zone
in the middle of the channel. The shear rate is very strong between the central low

velocity zone and the outer of the free shear layer.

We also have plotted the mean pressure, the streamwise velocity and the conformation
tensor profiles in figures 4.47 and 4.48. The base pressure increases at the drag reduction
Weissenberg numbers, it drops dramatically at the rear surface of the cylinder when
the Weissenberg number exceeds Wiy, but it recovers and forms a peak in a very
short distance by the effect of 0,,. The mean streamwise velocity also recovers in very
short distance and forms a peak at high Weissenberg numbers. At the drag reduction
Weissenberg numbers, the mean recirculation zone elongates as the profile becomes
negative. The maximum the oy, is also located at the rear of the cylinder, and has two

peaks downstream of the cylinder at high Weissenberg numbers.

Figure 4.49 shows the probability density function of du/dx in the square window
located from 2.5 to 3 in the streamwise position and from 0.25 to 0.75 in the trans-
verse position. The range of the elongation rate shortens as the Weissenberg number

mcreases.
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— (e) Wi=h

Figure 4.43: Vorticity snapshots at Re = 5000
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(c) Wi=3.5

(d) Wi=6

Figure 4.44: Streamline snapshots at Re = 5000
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g
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(a) Re = 3000
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(b) Re = 5000

Figure 4.45: Mean streamwise velocity profiles for different positions.
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Figure 4.46: The zoom of mean streamwise velocity profile above the cylinder
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Figure 4.49: Probability density function of the elongation rate in the square window

4.4 High Weissenberg number instability

4.4.1 Stokes flow instability

As the Weissenberg number increases, the elasticity of the fluid increases. It may result
in a pure elastic instability or even elastic turbulence at vanishingly small Reynolds
number [62, 63]. The wake instability in viscoelastic flow past confined circular cylin-
ders were reported by experimental observation [101] and finite volume simulation [109]
at small Reynolds number. Oliveira and Miranda simulated the flow past a cylinder
placed symmetrically in a channel, with a blockage ratio of 0.5, with FENE-CR consti-
tutive model. They observed the flow transited from steady to unsteady at a critical
Weissenberg number 1.3 when the solvent to the polymer solution viscosity ratio is
0.59. In our results, we found the similar unsteady drag from Wi = 10.0 in diluted
polymer solution at Re = 0.1 with a blockage ratio 0.1 (see figure 4.50). The amplitude
of the drag is very low at Wi = 10, but quite important at Wi = 24. As we see in the
figure, the amplitude of the drag is about six percents of the mean drag at Wi = 24.

Furthermore, the frequency of the drag oscillation also increases from figure 4.51.

Figure 4.51 shows the discrete Fourier transform of the drag and of the velocity at
monitor point (1.3, 0.4). Both the drag and the streamwise velocity have the same
frequency, it means the unsteady flow doesn’t behave as for high Reynolds number,
where the frequency of the drag is twice that of the velocity. As the Weissenberg

number increases, the frequency increases quickly. Unfortunately, due to numerical
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Figure 4.50: The evolution of the drag coefficient on the cylinder

instability, it is not possible to get result at higher Weissenberg numbers.
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Figure 4.51: The discrete Fourier transform (DFT) of the drag and of the streamwise
velocity at monitor point (1.3, 0.4)

Figure 4.52 shows the streamwise velocity and the streamline isovalues around the
cylinder at Wi = 24. The coordinates are normalized by the radius of the cylinder.
There is no symmetry any more, neither up-down nor fore-aft. At the rear of the

cylinder, the regular Stokes flow is broken by the effect of the elasticity.

The flow is time-periodic in the wake. We have plotted the phase portrait at several

monitoring points shown in figure 4.53. Three cylinder diameters downstream, both the
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Figure 4.52: The streamwise velocity and the streamline isovalues near the cylinder at

Wi =24; Re=0.1

streamwise velocity and the transverse velocity oscillate with a significant amplitude
that increases as the Weissenberg number grows. The flow shows unsteadiness far away

downstream the cylinder.
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Figure 4.53: The phase portrait at the monitor points
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4.4.2 The up-down symmetry broken by polymer

As we have shown in figures 4.16, 4.24 and 4.52 the up-down symmetry of the flow
is broken by the polymer elasticity when the Weissenberg number is high despite the
fact that the problem is geometrically up-down symmetric. This phenomenon never
happens for the Newtonian fluid. So this behavior is not due to the computational
process. A notable character of the fluid is to never lack small disturbance at any
time and any place. The fluid molecules keep random motion and show a well-known
Brownian motion at tiny scale. The fluid can keep the balance of forces after it loses
the up-down symmetry. Even though it is impossible for the newtonian fluid, but the
viscoelastic fluid includes a new elastic force which may change the balance pattern of
the force act on the fluid.

Figure 4.54 shows the transverse velocity on the centerline. The mean transverse
velocity is zero for the newtonian fluid or for the viscoelastic fluid at small Weissenberg
number. Beyond Wi = 2.0, the transverse velocity increases near the cylinder as
the Weissenberg number increases. Furthermore, the asymmetric transverse velocity
grows as the Reynolds number increases for low Reynolds number flows. In the same
way, the conformation tensor component o,, on the centerline is not symmetric when
the Weissenberg number is high, as shown in figure 4.55. The asymmetric part mainly
appears in front and at the rear of the cylinder. The variation of o,, along the centerline
produces an elastic force, which makes the transverse velocity at the centerline. In fact
the value of o, is strongly coupled to the other components o,, and oy, they have a
maximum value on both side of the cylinder as we have reported, hence after a small
disturbance, the shear may not zero, it is easy to produce a proper o,, value, which
can effect the balance and symmetry. Let’s point out the up-down symmetry is known
to break at Reynolds number from 10 to 40 from early experimental works [74], even
though it was not reported in this paper. We can observe the up-down asymmetric
streamlines on their flow visualization as the polymer concentration grows. This also

indicates the up-down symmetry could be broken by the high elasticity of the polymer.

4.4.3 The instability at high Reynolds numbers

At high Reynolds numbers, several investigations show that the polymer suppresses
the vortices at different scales [100, 105, 82, 75], but very few give comment on the
flow instability. As we have seen in figure 4.43, the Kelvin’s ‘cat’s-eye’ pattern of the
vorticity appears in the free shear layer at Re = 5000 as the Weissenberg number
increases. When the Weissenberg number is higher than Wi,, the shedding is inhibited

and there isn’t instability visible in the wake. The Kelvin-Helmholtz instability occurs
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Figure 4.55: The conformation tensor component o,, on the centerline
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at other Reynolds number when the Weissenberg number is high. As an example the
flow at Re = 3000 and Wi = 6.0 is plotted in figure 4.56. Figure 4.57 shows the
evolution of the velocity at the monitor point (2.3, 0.4). Both streamwise velocity and
transverse velocity oscillate at the same frequency about 3.8, the transverse velocity

having larger oscillating amplitude than the streamwise velocity.

Figure 4.56: An instantaneous vorticity field snapshot at Re = 3000 and Wi = 6.0
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Figure 4.57: The evolution of the velocity at the monitor point (2.3, 0.4) at Re = 3000
and Wi = 6.0

The Kelvin-Helmholtz instability can occur when a velocity shear is present within a
unique fluid, or when there is sufficient velocity difference across the interface between
two fluids. One example is wind blowing over a water surface, where the wind causes
the relative motion between the stratified layers (i.e., water and air). The instability
will manifest itself in the form of waves being generated on the water surface. In
a homogeneous fluid, the instability can come from the high shear rate in the fluid.
In the wake at high Weissenberg number, du/dy is the prominent contribution to
the vorticity as shown in figure 4.58. The maximum shear rate in the wake at high
Weissenberg number is 10 times bigger than in Newtonian fluid. However, the shear
rate hasn’t increased as the Weissenberg number grows beyond Wis, as shown in figure

4.45. Hence, the shear rate is not the only reason to induce instability in the viscoelastic
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wake flow. Indeed the shear rate at Wi = 4 is even larger than that at W¢ = 5 when the
Reynolds number is 5000, but we haven’t observed the instability at Wi = 4, as shown
in figure 4.43. The variation of the conformation tensor, especially o,, making the fluids
to swirl, may induce the instability. As we see in figure 4.59, the mean o,, at y = 0.6
when Re = 3000, increases as the Weissenberg number grows beyond Wis. If the shear
rate is not the direct reason of the instability, one may expect a similar instability
happens at lower Reynolds number and higher Weissenberg number. However, it is
difficult to simulate viscoelastic flows at very high Weissenberg numbers. Thanks to
the two-dimensional soap film experiments [80], we observe a similar instability at
Re =700 and Wi = 30, as shown in figure 4.60.

Figure 4.58: The mean du/dy field at Re = 3000 and Wi = 6.0

5
10°F T T

10* =

=S
&
o
Ll

Ll

|

10 4

Ll

o
101

Figure 4.59: The mean conformation tensor component o, at y = 0.6 and Re = 3000
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Figure 4.60: Flow visualization of a two dimensional soap film flow over a cylinder at
Re =700 and W1 = 30
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Chapter 5

Two dimensional grid turbulence

As we have reported in previous chapters, a small amount of polymer added in solutions
has an important effect on the flow behavior and in particular on the drag coefficient
of the cylinder. For other flow situations like pipe flow or channel flow, the poly-
mer also plays an important role on the turbulent flow structure and on the pressure
losses. Understanding the polymer-turbulence interaction is thought to be the route
to understand the drag reduction mechanism. Many research articles have appeared
on the interaction between turbulence and additives [100, 75, 82, 105, 135, 136]. One
of the most important topics is how the polymer affects both the near-wall turbulent

boundary layer and the homogeneous turbulent flow far away from the wall region.

In this chapter, our goal is to examine the effect of the polymer on two-dimensional
grid turbulence in a channel. Numerous experimental studies on three dimensional grid
turbulence with polymer additives have been reported [100, 44]. McComb et al. [100]
found that the polymer additive reduced both the turbulent intensity and the rate of
decay behind the grid; the polymer attenuates the dissipation-range spectra after a
threshold concentration. However the threshold concentration hasn’t been found in
the experimental works by Doorn et al. [44], they found that the turbulent structure
in polymer solutions becomes more anisotropic than that in Newtonian fluids. Two
dimensional soap film grid turbulence shows the important suppression of large scale
fluctuations [2, 82]. Following on the soap film experiment, our numerical experiment

setups are shown in figure 5.1.

Let Q denote a rectangular bounded domain in two dimensions. The union of all the
solid cylinders are represented by €25 and €2y = Q\€; is the incompressible fluid domain.
The boundary of €2 is defined by 0Q; = 0Q,UT";UT',, UL, the boundaries are equally
set with the flow past a cylinder in previous chapters. The two dimensional channel

is represented by the computational domain = (0,4) x (0,1). To generate grid

111



Chapter 5. Two dimensional grid turbulence

turbulence an array of circular cylinders with the same diameter 0.05 is set at x = 0.9
equidistantly. The number of cylinders is 5, 8 and 10 in order to produce different
blockage ratios, and are referred to as case A, case B, case C and case C’ respectively.
Two horizontal arrays of additional cylinders are added in order to increase the number
of the vortices in case C’. The injection scale k;,; is given by the diameter of the
cylinders and corresponds to k;,; = 20 in order to capture the inverse energy cascade.
In all the simulations, the evolution in time of the velocity u = (u,v), of the vorticity
w and of the pressure p is recorded at six monitoring points, which are located on the
row y = 0.4 and between 1.3 and 3.8 equidistantly as shown by stars in the case C of
figure 5.1.

X X
. Ty : Iy
T Q Qy r, I - Qg Qy T,
Ly N : L'y .
(a) Case A * (b) Case B *
X X
Fw E ......... Fw
¥ Qg Qf r, I 10 Qf r,
* * U * % * .
r, X P r,
(c) Case C * (d) Case C’ *

Figure 5.1: Numerical experiment setups

5.1 The flow fields and the modification by polymer

Vorticity snapshots in the wake of the cylinders for the case C of figure 5.1 at Re = 5000
are plotted in figure 5.2. When the Weissenberg number is zero, the fluid is Newtonian,
a great number of vortices are created behind the cylinders, and these vortices interact
with others in the decaying channel (the definition of the Weissenberg number is given
in the previous chapters, the radius of the cylinders is used as the reference length).
The size of the vortices increases in the channel, it indicates the merging of the vortices
that is very different to the three-dimensional phenomenon. As we have pointed out,
there are two ranges in the two dimensional turbulence, the inverse energy cascade and
the direct enstrophy cascade. The vortical structures play an important role for the
inverse energy cascade; the merging of vortices in the figure suggests the inverse energy

transfer from the injection scale to larger scales. The filamentary structures can be
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5.1. The flow fields and the modification by polymer

associated to the forward enstrophy transfer. As the Weissenberg number increases,
we do not observe the growth of the vortical structures as obviously as in the Newtonian
flow. It may suggest the suppression of the inverse energy cascade by polymer which
was reported in two-dimensional soap film experiments [2, 82]. As the Weissenberg
number grows, we can observe that the vortices are suppressed in the close wake. As
the distance to the cylinders increases, the vortices begin to interact with others. If we
look at the figures at high Weissenberg numbers carefully, the instability of the shear
layer is caused by the jets emanating from the region between the cylinders but not by
the cylinder wakes. This is the reason why we adopted the cases A and B for which
the effect of the strong jets is reduced.

The turbulent boundary layer is crucial for understanding drag reduction. However
the two-dimensional turbulent boundary layer has not received much attention until
a recent and important finding [64, 145]. One of the most important reason, is that
most turbulent flows in laboratory or in nature are three-dimensional. However, the

two-dimensional boundary layer may shed some light on the drag reduction mechanism.

In three-dimensional turbulence, the boundary layer can be divided into the inner layer
and the outer layer. In addition the inner layer can be divided into the linear layer,
the transitional layer and the logarithmic layer. In the linear layer, the viscosity of the
fluid plays an important role, the local frictional Reynolds number is less than 10. The
frictional Reynolds number (y™) is defined by:

+_ Uy
v

(5.1)

where y represents the distance to the wall, v denotes the kinematic viscosity of the
fluid, u, is the frictional velocity which can be expressed by \/U , where 7, is the
shear stress on the wall and p the density of the fluid. Hence the frictional Reynolds
number reflects the effect of the viscosity with the variation of y. Prandtl thought that

the mean velocity profile in the turbulent boundary inner layer can be expressed by

ut = ¢ (y") (5.2)

where the dimensionless velocity u™ is linked to the local mean velocity by u™ = u/u,.
Equation (5.2) yields
du  u? do,
dy vyt
When the frictional Reynolds number y* grows, the velocity gradient du/dy should be

(5.3)

independent of v. So the right-hand side of equation 5.3 should exclude v. Thus we

have
do _ G

W= o (5.4)
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(e) Wi=4

Figure 5.2: Vorticity snapshots for case C at Re = 5000
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Consequently there is the following integral velocity:

either ut = Ciln y* + Cy or ut = Cllogiy y™ + Cy (5.5)

The three dimensional experimental results have given C} = 2.5 or ] = 5.75 and
Cy = 5.5. It is clear that experimental scatter should allow some variations in the
values of C; and (s, for example Hinze prefer to take C; = 2.44 and Cy = 4.9 that

represent a good average of the various investigations.

To our knowledge, few people report the values of C'; and Cs in two dimensions, neither
numerical simulations nor two-dimensional experiments except a recent theoretical pre-
diction [156]. In figure 5.3, we plot the mean velocity distributions in two dimensional
turbulent boundary layer for the Newtonian fluid at Re = 5000. Even though the
upstream cylinders distributions are different for the three cases, the turbulent bound-
ary layer keeps a similar character. Although different from the three dimensional
turbulent boundary layer, there are probably two distinct logarithmic layers in two
dimensions. From the figure, we can observe the velocity profiles are far from the three
dimensional logarithmic layer which is also plotted in the figure. Both logarithmic lay-
ers in two dimensions have larger constants. The constant C is about 3.65. However
at Re = 500, we get C'} = 2.75 as shown in figure 5.4. This suggests that the constant
may not be universal, which is in agreement with the theory prediction [156]. Further-
more the size of the linear layer and of the logarithmic layers are shorter than that in
three dimensions as the constants are larger. It is not easy to determine whether two
logarithmic layers exist in two-dimensional turbulent boundary layer(there is a second
short logarithmic layer in figure 5.3). In three dimensions, few relation about energy
cascade in boundary layer was reported, however let’s remind the logarithmic layer
velocity expression also can be derived through the balance between turbulent energy
production from the mean flow and turbulent energy dissipation. Recently, the differ-
ence of the friction drag between the two-dimensional flow in a soap film experiment
and the three-dimensional turbulent flow was found [145]. They suggest that there may
be a link between the macro friction drag and the turbulent energy spectrum. In two
dimensions, the injection turbulent production may balance with the sum of the tur-
bulent dissipation and the inverse energy transfer. Because two dimensional turbulent
boundary is still a new problem in fluid mechanics, few literatures can be found, some

consideration should wait for the further studies by experiment and simulation.

In three dimensions, the turbulent boundary layer is dramatically modified by adding

a small amount of polymer. Virk [152] found the friction in polymer-solution pipe flow
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Figure 5.3: Mean velocity distributions in two dimensional Newtonian turbulent bound-
ary layer at Re = 5000

can be rationalized by assuming the following expressions for the velocity profile:

ut = yt if 0 <yt <11.6
ut = 117yt — 17 if 11.6 < y* < 11.6 + 6+ (5.6)
ut = 25lnyT+9.2in (11.6 +6F) — 17 if 11.6 + 07 <yt < Re,/2

where 0 denotes an elastic transitional layer and y* = Re, /2 represents the centerline
of the pipe flow. Thus the velocity profile at logarithmic layer adds an extra elastic layer
from the Newtonian fluid, that induces drag reduction. The maximum drag reduction
limit has the velocity profile ut = 11.7lny™ — 17. Figure 5.4 shows the mean velocity
distribution for the viscoelastic fluids in the two dimensional turbulent boundary layer.
As the Weissenberg number increases, the velocity increases at the same dimensionless
position (y™) until a critical Weissenberg number. This suggests that the friction
drag reduces as the Weissenberg number increases and reach a maximum at a critical
Weissenberg number. There is no so-called ‘elastic layer’ which is reported in three
dimensional numerical simulations and experiments. The way the drag reduction occurs
is also different in three dimensions. There is a parallel upward shift for the logarithmic
velocity layer to increase the velocity in three dimensions, but here the length of the
logarithmic layer is reduced and ‘second logarithmic layer’ shifts toward the left in two

dimensions as shown in the figure.
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Figure 5.4: Mean boundary layer dimensionless velocity for viscoelastic fluids in two

dimensions

5.2 The effects of the polymer to turbulent struc-

tures and the spectra

We plot the energy spectra at the last monitoring point for the Newtonian fluid in
Figure 5.5. The spectra of the two velocity components and the energy are shown in the
figure, which shows the flow far away from the cylinder is almost isotropic. The spectra
were computed from the time series under the Taylor frozen turbulence hypothesis,
which has been proven reasonable in the soap film experiments [79]. The time series
signal are separated into many parts. Each part is multiplied by a Hanning function in
order to remove the discontinuous effects on the boundary of the signal, then they are
transferred to Fourier space. The spectra shown in the figure are averaged by many
parts of the spectra (see [24]). In the figure, the spectra of both longitudinal velocity
and transverse velocity are consistent at the small scales (or high wave numbers), larger
than the injective wave number around 20, it suggests the small scales are isotropic at
this position. But at low frequencies the spectrum of the longitudinal velocity is larger
than that of the transverse velocity as already shown in the soap film experiments [2].
The reason is that the channel walls restrict the development of the large scales in the
transverse direction. On both sides of the injection scale, the spectra have different
slopes which correspond to the inverse energy cascade range at large scales and to the
direct enstrophy cascade at small scales [9, 81, 84]. The theory also expects the inverse
energy cascade range has a slope of —5/3 while the direct enstrophy cascade range
has a slope of —3. Our simulation have an approximative slope of —5/3 at the large

scales which suggests the vortices merge to larger ones as observed in the vorticity fields
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shown in figure 5.2. In the enstrophy cascade range, we have a slope of -2.7 instead of
-3 predicted by the theory. On the one hand the decaying flow used in the simulation
makes it different, and on the other hand wide deviations of -3 are reported in other

numerical and experimental works [141].
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Figure 5.5: The energy spectra of the case C at Re = 5000 for the Newtonian fluid at
the monitoring point (3.8,0.4)

In this part, we firstly focus on the grid turbulence with 5 cylinders, i.e. case A in our
setup (figure 5.6). It has a small blockage ratio (B=0.25), which is the widely used

setup in the soap film experiments.

Figure 5.7 shows the turbulent energy power spectra for case A. They are obtained
in the same way from time series at the downstream monitoring point that we will
use till the end of the chapter. As can be seen on the two subfigures, the energy
spectrum is suppressed selectively as the Weissenberg number increases. When the
Weissenberg number is small, the energy spectrum is almost the same at small scales
but is significantly attenuated at large scales by the polymer. This is very similar to the
soap film experimental observation [2, 82]. On the other hand, the whole energy power
spectrum is suppressed at high Weissenberg number. The same conclusion can be
made from the enstrophy spectra shown in figure 5.8. The almost horizontal enstrophy
spectra in the first decade decrease significantly when the Weissenberg number grows.

The decrease at the small scales is less pronounced.

The application of wavelets to fluid dynamics can decompose the vorticity field of the
turbulent flow into coherent and incoherent parts by the orthogonal character of the
wavelet. The vortices and the vorticity filaments can be separated as the coherent
and incoherent parts by the strongest and the weakest wavelet coefficients [21]. We

hence may use the wavelet packets to analyse the turbulent flow in the last part of
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Figure 5.6: Vorticity snapshots for case A at Re = 5000
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Figure 5.7: The turbulent energy power spectra for case A at Re = 5000
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Figure 5.8: The enstrophy power spectra for case A at Re = 5000

the channel, i.e. the window with > 3.0. The detailed method concerning the
wavelet packets can be found in [24]. Let’s look at the vorticity filament subfields
thanks to the wavelet packets filtering in figure 5.9, these filaments were proved to
play an important role in the creation of the direct enstrophy cascade. From these
photos, one can see the vorticity filaments are suppressed as the Weissenberg number
increases. These filaments may also appear inside of the vortices. Even though the
turbulent energy is small for these filament, but they own a significant part of and so
play a significant role for the enstrophy transfer [25]. The ratio Z(k)/E(k) in the same
window is plotted in figure 5.10. In the Fourier space this ratio should approximately be
equal to (2mk)?. This relation is well satisfied and is not affected by the polymer. From
the energy spectra and the enstrophy spectra shown in figures 5.7 and 5.8, we might
think that the polymer suppresses more enstrophy than energy at the large scales, but

the suppression is pretty much the same at all scales.

Let us now focus on the moments of longitudinal velocity and vorticity differences
across a scale r. They are defined by ou™(r) =< [u(ro + ) — u(r)]* > and dw™(r) =<
[w(ro+7r)—w(r)]™ >, with r the longitudinal increment and the angle brackets indicate
an ensemble or time average. These differences are calculated from the time series
by using the frozen turbulence assumption. For three dimensional turbulence, the

velocity differences have the exponent n/3 increase with the increment r from the
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Figure 5.9: Wavelet packets filtering of a snapshot filaments subfield at the end of the
channel for the case A at Re = 5000, ten levels from -20 to 20.
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Figure 5.10: Z(k)/E(k) in the given window
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early turbulence theory, but in fact the exponent deviates obviously from n/3 for n
larger than 4 due to intermittency. This was observed in experiments and simulations
which are in agreement with the original doubt of Landau [56]. When the large scale
vortices break up into smaller eddies, the small eddies have the shorter time period
in three dimensions, hence the smaller eddies dissipate in the anisotropic small space.
However the smaller eddies have the same time period than their mother vortices in
the enstrophy cascade; they are supposed to dissipate in the full space and to be less
intermittent. In two dimensional turbulence, the n-th velocity difference is expected
to vary with the increment r as a power law with exponent equal to n at small scales
and n/3 at large scales. We have plotted the second moment longitudinal velocity
and vorticity differences for case A in figure 5.11. The second moment of longitudinal
velocity differences (S3(r)) increases versus r with an exponent 2 at small scales, and it
has a plateau at large scales. As the Weissenberg number increases, only the large scales
are suppressed. For high Weissenberg flow (Wi=2.5), the whole scale are suppressed,
these features are in excellent agreement with several experimental observations [2, 82,
75]. The second moment vorticity difference (W;) increases versus r with an exponent
2 at small scales, and there is no an exponential relation with r at larger scales. They

are also suppressed as the Weissenberg number increases.

Figure 5.12 shows the probability density function of the elongation rate in the window
defined by x between 3.0 to 3.5, and y between 0.25 and 0.75. The long time statistical
results give a very symmetric curve. We also see the elongation rate fluctuations are

restricted as the Weissenberg number increases.

The case A has five cylinders in the channel, the wakes behind the cylinders do not
interact very strongly as we have seen in figure 5.6. More cylinders may produce more
vortex filaments, the enstrophy injection increasing almost linearly with the number of
cylinders, the energy injection may comparatively smaller. So it is also interesting to
observe the polymer effect on the grid turbulence with more cylinders. In this part, we

focus on the grid turbulence with 10 cylinders, i.e. case C in our setup.

The energy spectra for the viscoelastic fluids are plotted in figure 5.13. As the Weis-
senberg number grows, the spectra decrease. When the Weissenberg number is less
than 2, the small scales decrease more than the large scales range. This is opposite to
the observations in the soap film experiments. The difference of the spectra between
the Weissenberg number 2 and 3 is small, this is due to the suppression of the large
scale fluctuations. We also show the enstrophy spectra in figure 5.14. The spectrum
flattens at low frequencies, above the injection wave number, the amplitude of the
spectra decrease as the frequency grows. This decrease is steeper at high frequencies

like for the energy spectrum. In the same way, the enstrophy spectra decrease as the
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Figure 5.11: The second moment longitudinal velocity and vorticity differences for case
A at Re = 5000
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Figure 5.12: The probability density function of the elongation rate in case A at Re =
5000

Weissenberg number grows. The main decrease from Wi = 3 to Wi = 4 happens in

the small scale range.
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Figure 5.13: The energy spectra of the streamwise velocity of case C at Re = 5000 for

Newtonian and viscoelastic flows

Figure 5.15 shows the filaments subfield for the case C at Re = 5000. They have
the same level as the filament subfields for the case A. It seems the magnitude of
the filaments is more than that of case A for the Newtonian fluid. However, as the
Weissenberg number increases to 1.5, the filaments are more affected by the polymer
compared to the case A. As we have mentioned, the filaments play an important role

in the direct enstrophy cascade subrange, so the small scales should be more affected
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Figure 5.14: The enstrophy spectra of case C at Re = 5000 for the Newtonian and
viscoelastic flows

by the polymer comparing to case A.

Figure 5.15: Vorticity filaments subfields at the end of the channel for the case C at
Re = 5000 obtained by wavelet packets filtering

Figure 5.16 shows the energy spectra obtained in the given two-dimensional window by
two-dimensional Fourier transform. They are different to the energy spectra obtained
by time series and show a steeper enstrophy cascade range. As the Weissenberg number
increases, the spectra decrease especially at large scales. The enstrophy cascade range is
almost the same for the high Weissenberg numbers. We also plot the second moment of
longitudinal velocity and vorticity differences with r in the streamwise direction in figure
5.17. As we know the second moment velocity differences has a direct relationship with
the energy spectrum in isotropic turbulence. So this corresponds to the suppression
by the polymer at large scales. From the figure, all the scales are suppressed at small

Weissenberg numbers, which is different to case A. When the Weissenberg number is
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Figure 5.16: The energy spectra in the window by the wavelet packets

higher than 1.5, the structure function decreases slightly at the small scales and has
a plateau at the large scales. This indicates that the large scales fluctuations only
are suppressed instead of the whole scales, and the inverse energy transfer in two-
dimensional turbulence is inhibited by the polymer. The second moment of vorticity
differences (W5) show a similar behavior by the polymer additive, it has an approximate
exponent 2 at the small scale, and there is no exponent power law relation at large scales

r. It is less affected by the increase of the Weissenberg number above Wi = 1.5.
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Figure 5.17: The second moment of longitudinal velocity and vorticity differences with

r in the streamwise direction for the case C at Re = 5000

Figure 5.18 shows the probability density functions of the elongation rate; it has a
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narrower distribution as the Weissenberg number increases. The figure indicates the

turbulent fluctuation is suppressed as the Weissenberg number increases.
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Figure 5.18: The probability density functions of the elongation rate for the case C at
Re = 5000
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Figure 5.19: The probability density functions for case A

Besides these features, we have examined the pdfs of du?(r) and du(r)dw?(r). Since in
2D, the average of these two quantities is proportional to r and to the energy transfer
rate and the enstrophy transfer rate respectively, an examination of the pdfs of these
quantities amounts to an examination of the fluctuations of the transfer rates. It
turns out that these fluctuations are much less important for the non Newtonian case.

The addition of polymer reduces these fluctuations as has been found in experiments.
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One can argue that a reduction of such fluctuations is a sign that elongation rates in
turbulence are reduced upon the addition of polymers. In fact, and as figure 5.19 and
5.20 show, both pdfs show a large reduction of large fluctuations. The pdfs of du/dx
(or elongation rate) confirms directly that large elongations are suppressed upon the

addition of polymer as found experimentally.
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Figure 5.20: The probability density functions for case C

Note that the regions of positive elongation are strongly correlated to regions of large
normal stresses. Elongation and high stresses therefore coexist at the same locations
pointing out that the large positive elongation rates are at the heart of the interaction
between the complex fluid and the turbulent flow. Since the large elongations are
reduced one may conclude that the large increase in stresses is at the origin of this
decrease. In fact, a close examination of the correlation between elongation and normal
stresses is shown in figure 5.21. Here, from a time trace of both signals at a chosen
location, it turns out that a large positive peak is obtained for the cross correlation
function. It shows that the fluids elongate before the polymer stress increases as the
maximum is located in the negative part. Therefore the polymer increases its potential

energy by absorbing the turbulent kinematic energy and hence reduces the elongation
of the fluid.

From the above observations on both cases A and C, the polymer inhibits both the
turbulent energy flux and enstrophy flux in two-dimensional turbulence. The turbulent
energy power spectra and the enstrophy spectra are attenuated to some extent for
the different cases. The turbulent fluctuations decrease as the Weissenberg number
increases, it induces the decrease of the turbulent intensity shown in figure 5.22, where
u’ is the velocity fluctuations. For small Weissenberg numbers, the case C has more
cylinders which induces the high turbulent fluctuations. Beyond Wi = 1.5, the two

cases are very similar.
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Figure 5.21: The cross correlation of the elongation rate and the polymer extra normal
stress at Wi = 1.5

In the case A, the polymer suppresses the larger scale fluctuations in agreement with the
two-dimensional experimental observation; while in case C, the polymer first reduces
the turbulent intensity, then suppresses the large scale fluctuations more than the small
scales. When the Weissenberg number is high enough, the whole scales are suppressed

for all kinds of geometry configurations.

In figure 5.23, we plot the turbulent energy power spectra at four different Weissenberg
numbers. For the Newtonian fluid, the turbulent energy power spectrum is very disperse
at the small scales. Its exponent in the enstrophy cascade subrange varies between -2.7
and -4 for the different Reynolds numbers. More cylinders will inject more enstrophy,
but not so much energy. This yields the different exponents in the enstrophy cascade
subrange. But with polymer, these different flows have about the same spectra for
different Weissenberg numbers. This process can explain why the behavior is different
between cases A and C. That is: if the enstrophy is strong in the flow, the polymer
suppresses fluctuations in the direct enstrophy cascade range, contrarily the polymer

suppresses the larger scale fluctuations.
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Figure 5.22: The root mean square of the fluctuating velocity
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Figure 5.23: The turbulent energy power spectra at the same Weissenberg number for

different flow setups and Reynolds numbers
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Chapter 6

Conclusions and future works

6.1 Conclusions

In this dissertation, we use direct numerical simulations with the Oldroyd-B model to
investigate the impact on the flow of the viscoelasticity of diluted polymers in solution.
An artificial boundary condition for the viscoelastic fluid has been derived and embed-
ded into our finite difference code. A penalization method is used to take into account
the obstacles. The numerical validation shows our tool is accurate and can capture the

important flow characteristics.

With the flow over a circular cylinder, we study the effect of polymer viscosity ratio
on the drag reduction in the Reynolds number (Re) and Weissenberg number (W)
parameter space. The results show that the polymer viscosity ratio has a linear effect
on the drag behavior when the Weissenberg number is small at low Reynolds number
flows, the effect being reduced as the Weissenberg number increases. Then, as the
Reynolds number grows, its effect on the drag reduces, and is almost negligible when

the Reynolds number exceeds 200.

Our numerical simulations in two dimensions show that the drag on a cylinder can be
enhanced for low Reynolds numbers but can be reduced for higher ones. This behavior
is captured in a phase diagram in Reynolds number-Weissenberg number space showing
a transition from two to three regimes. The drag enhancement regime at large Reynolds
numbers is accompanied by a total suppression of the vortex shedding instability as
well as by large elongation rates and a large dip in pressure at the rear of the cylinder.
Besides the important effect on the mean drag forces, the simulations show the polymer

also suppresses the time oscillations in the drag and lift forces.

Our numerical simulations show the polymer modifies the wake flow of the cylinder in
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different ways in the Re — W1 space. In stokes regime, the flow becomes unsteady at
very high Weissenberg numbers. When the Reynolds number is less than 100, the up-
down symmetry is broken for the steady flow or the mean unsteady flow with shedding
at high Weissenberg numbers. The cylinder drag is enhanced at these Weissenberg
numbers. For flows with vortex shedding, the cylinder drag depends on the Weissenberg
number. The mean wake length and the shedding period increase when the Weissenberg
number is not too high and yields drag reduction. When the Weissenberg number
is high enough, the shedding is inhibited and the drag is enhanced; the shear layer
induces Kelvin Helmholtz instabilities at high Weissenberg numbers and high Reynolds

numbers, this phenomenon is also observed in two dimensional experiments.

In the two-dimensional grid turbulent flow simulations, we found the turbulent bound-
ary layer profile in two dimensions is different to that in three dimensions. The log-
arithmic law of the wall in the two-dimensional Newtonian turbulent boundary layer
shows the ability to reduce the drag forces as the Weissenberg number increases. The
two dimensional boundary layer drag reduction occurs in different ways in contrast to

that in three dimensions.

Numerical results show the polymer affects two-dimensional turbulence to a large ex-
tent. By using different numerical set-ups using a various number of cylinders, we
found the polymer suppresses the velocity fluctuations of both small and large scales
at high Weissenberg number. At small Weissenberg number, numerical simulations
show the polymer suppresses the energy power spectrum selectively. When the enstro-
phy injection is comparatively larger, the polymer mainly suppresses the small scales
fluctuations, in contrast the large scales are mainly suppressed as the enstrophy injec-

tion is less.

6.2 Future works

In this work, we mainly focused on the difference between the Oldroyd-B constitutive
fluid and Newtonian fluid for the two-dimensional flows. The Oldroyd-B model is
a linear and physical sensitive model, which can capture the flow behaviors of the
polymer solutions qualitatively. However, the real polymer solutions have many kinds
of diversity. Some more complex non-linear models with more parameter spaces are
designed to describe the polymer solutions, such as FENE models, PTT models and
Giesekus model [13]. Hence it is worth to discover the effects of different viscoelastic

model in order to fit in with real polymer solutions.

Besides the different viscoelastic models, the polymer solution may suffer from some
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more complex physical phenomena in the flow or complex situations in real engineering
questions, such as the degradation [124] or the scission [150] of the polymer molecules
in high shear stress flows and inhomogeneous polymer solutions [42] around the body.
These problems need to be investigated to establish a new model to observe their effects

on drag and flow behavior.

Considering the three-dimensional character of the high Reynolds number flows in na-
ture, it would be interesting to compare the drag behavior of the cylinder between
three dimensions and two dimensions for high Reynolds number flows. Before perform-
ing three-dimensional simulations, it is necessary to develop a more efficient parallel
computing code. Then we could also simulate viscoelastic two-dimensional grid turbu-
lence at higher Reynolds number or higher resolution.

For industrial purposes, the flows often accompany other physical phenomena, such
as heat transfer, cavitation, fluid acoustics, structure mechanics, etc. One should
understand on the one side the flow behavior with polymers and on the other hand
the other physical behavior with polymer, even the coupled problem. As an example,
putting some polymers in the pipe flow of district heating systems may reduce the drag
or the pump cost, but the polymer may change the heat transfer at the same time.
Hence it may be necessary to embed other scalar equations to explore the multi-physical

field effects of the polymer.
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