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Summary

This thesis is devoted to asymptotical results for ARX models in adaptive

tracking. It is divided into four parts.

The first part is a short introduction on ARMAX models together with

a state of the art on the main results in the literature on adaptive tracking.

The second part deals with a new concept of strong controllability for
ARX models in adaptive tracking. This new notion allows us to extend
the previous convergence results. We prove the almost sure convergence for
both least squares and weighted least squares algorithms. We also establish a

central limit theorem and a law of iterated logarithm for these two algorithms.

The third part is dedicated to ARX models that are not strongly control-
lable. Thanks to a persistently excited adaptive tracking control, we show

that it is possible to get rid of the strong controllability assumption.

The fourth part deals with the asymptotic behaviour of the Durbin-
Watson statistic for ARX models in adaptive tracking via a martingale ap-

proach.



Résumé

Cette these est consacrée aux résultats asymptotiques pour les modeles

ARX en poursuite adaptative. Elle est constituée de quatre parties.

La premiere partie est une breve introduction sur les modeles ARMAX
et un état de l'art des principaux résultats de la littérature en poursuite

adaptative.

La seconde partie porte sur I'introduction d’un nouveau concept de con-
trollabilité forte pour les modeles ARX en poursuite adaptative. Il permet de
généraliser les résultats antrieurs. On montre la convergence presque stre des
algorithmes des moindres carrés ordinaires et pondérés. On établit également
le théoreme de la limite centrale ainsi que la loi du logarithme itéré pour ces

deux algorithmes.

La troisiéme partie est dédiée aux modeles ARX qui ne sont pas fortement
controllables. On montre que, via un controle de poursuite excité, il est
possible de s’affranchir de I’hypothse de forte controllabilité.

La quatrieme partie est consacrée au comportement asymptotique de la
statistique de Durbin-Watson pour les modeles ARX en poursuite adaptative

via des arguments martingales.
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Chapter 1

Introduction

The multidimensional Auto Regressive models with eXogenous input (ARX)
are a versatile and useful tool in many areas of applied mathematics, such
as Video Segmentation [59], Financial Mathematics [29],[38], [44], [64], Pop-
ulation Dynamics [48], Robotics [15], Medical Physics [39], Electronics [19],
Mechatronics [35], Combustion Engines [53], Internet [56] and Neurosciences
[5], [49]. On the other hand, adaptive tracking plays a crucial role in a wide
range of application areas such as robotics [43] and Aeronautics [65]. Due to
the amplitude of application areas of the ARX models it is important for us
to investigate these models in order to obtain certain useful results around

the tracking trajectories and the estimation of parameters.

In this introductory chapter, the ARX models with unknown parameter
are presented together with three estimation algorithms and the notion of
control in adaptive tracking. At the end of this Chapter there is included a
brief review of the most significant previous papers, in our opinion, with a

discussion of the main results of this Thesis.
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1.1 The ARX models

Of course we could start this Thesis with a definition or with some compli-
cated discussion of an application problem. However we prefer to open it
with a "trivial” example in order to introduce the ARX models which are

the main topic of this work. Let’s consider a boxer who is going to fight in

90 days from today. In addition, the fighter has to increase his weight from
Super welterweight (69.9 kg) to Middleweight (72.6 kg). To this end, the
trainer will measure his weight every day during the following three months
and he will take some decisions to approximate the boxer’s weight as closely
as possible to the picture shown in Figure 1.1. Once the trainer has done the
measurement, he can modify the rhythm of the training sessions and reduce
or increase the calories that the trainee eats. It’s plausible to think that
there exist some dependence in the weight measured on day "n”, let’s say
X, and the weight of the last ”p” days before (X,,—1, Xp—2, -+, Xs—p). In
addition, the decisions of the trainer related to how hard the training sessions
are and the regulation of the food have some impact on the weight of each
following day; i.e., once the trainer knows the weight X, of the fighter he
takes some decisions that will have some effect, let’s say U, , on the weight
of the next day: X,,.1. Moreover, we can say that the weight on day "n” not
only depends on the decisions taken the day before, but it depends on the
decisions of the last 7¢” days (U, Up—1,...,Un_q+1). However, large values
of 7p” and ”¢” may not be a good idea, because the decisions taken on the
first two days of training may not have an important effect on the weight of
day 30. Then, we can use, for example p = 3, ¢ = 2 (just for an illustration)
and the following form for indicating the relationship between the decisions

of the past two days and the weight of the last three days:

Xpy1 = a1 Xy + a2 Xy 1 + a3 Xy + agU, + asUp—1 + €nq1. (1.1.1)

The term ¢, is added because of the errors committed in the measurement.

Of course this is not the only way of writing the expression we are aware of,
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Figure 1.1: The desired boxer’s weight per day

but this is the most related one with the main topic of this Thesis. It is
interesting for us to know the values of aq, as, as,ay and as (at least an ap-
proximation) and we would like to obtain some expression for writing U,, in

order to make X, has the same shape as in Figure 1.1.

The models with a form similar to the one given in equation (1.1.1) are
known as ARX models, and as we said before, this kind of models are the

main subject of this Thesis.

Before describing in a formal way what an ARX model is, let us introduce
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the linear regression models in order to define the ARX models as a particular
case of them.

In all the rest of this Thesis, we shall assume that we work in a probability
space (2, A, P) with a filtration F = (F,,)

the events occurring up to time n.

n>0> Where F;, is the o—algebra of

Definition 1.1.1 : A linear regression model with parameter 6 is given by
X, =00, | +eén (1.1.2)

where ¢ = (¢n)n20 is a sequence of random vectors of dimension & which is
adapted to F which means that for alln > 0 ¢,, is F,, measurable in addition,
¢, is observable at time n, ¢ is a 6 x d unknown matriz and € = (g,),,5 18

a d—dimensional driven noise adapted to F.

We can make several choices on the matrix ¢ and the sequence ¢; among

those which are interesting for the purpose of this Thesis we have:

1. AR models. If we choose
0" = (Ay,...,A,) and (1.1.3)

¢Z—1 = (Xn—la 'HaXn—p) ) (114)

where A, ..., A, are square matrices of order d and for all n > 0, ¢, is a
vector of size § = pd, model (1.1.2) with (1.1.3) and (1.1.4) is called an
Autoregressive Model of order p and is denoted by the symbol AR4(p). In

addition the corresponding linear regressive model in its extended form is
Xn = Aan_l + AQXn_2 +-- 4+ Aan_p + €n. (115)

The AR4(p) models may be associated with the matrix valued polynomial,
defined for z € C by

Alz) = 1g— Az — Agz® — - — AP (1.1.6)
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Then, for all n > 0
AR)X, = ¢, (1.1.7)
where R stands for the shift back operator defined, for any sequence V =

(Vn)n20 by
R(V,) = Vo1, (1.1.8)

2. ARMA models. If we choose

0! = (Ay, -+ A, Ch,---,C,)  and (1.1.9)

Gy = (X0 e0)) = (X Xapoznsss2ne), (1110)
where Ay, ..., A,, C1, ..., C, are square matrices of order d and for all n > 0, ¢,
is a vector of size 6 = (p+7)d, model (1.1.2) with (1.1.9) and (1.1.10) is called
an Autoregressive Moving Average Model of order (p,r) and is denoted by
the symbol ARM A4(p,r). In addition, the corresponding linear regression

model in its extended form is
Xp=A4X 0+ +A4X, , +Cien1+ -+ Crepr +€p. (1.1.11)

As in the case of the AR;(p) models, we can associate a couple of matrix

valued polynomials with the ARM A4(p, ) models:

A(Z) = [d — Alz - AQZQ — Apzp7 (1112>
Cz) = Ipj+Ciz+ Co2 4+ +Co2.

Then for allm >0
A(R)X,, = C(R)ey,. (1.1.13)

3. ARX models. Sometimes the regression vector ¢, depends on a
so-called exogenous sequence U = (U, ), which may be chosen at any time
as a function of the previous observations; this may be a deterministic or a
random sequence, defined beforehand before any observations. It is often a
control, chosen in order to adjust the system as best as possible, for example

in the tracking problem, around the position of a given trajectory. Then if

0" = (Ay,-- Ay, By,-++,B,) and (1.1.14)
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G = (XU = (Kot X Ut Uny), (1115)

n—1 —

where Ay, ..., Ay, By, .., B, are square matrices of order d and for all n > 0,
¢, is a vector of size § = d(p + ¢), model (1.1.2) with (1.1.14) and (1.1.15)
is called an Autoregressive with Exogenous Input Model of order (p, q) and
is denoted by the symbol ARX,(p, q). Exactly as in the case of AR4(p) and
ARM A4(p, r) models, we have the extended expression:

X, =AXo 0+ +AX, +BUp 1+ +BU,—y+e, (1.1.16)
and a couple of matrix valued polynomials related with these models

A(z) = Ip— Ajz— Ag2® — - — AP (1.1.17)
B(z) = By+ Boz+ B32® + -+ + B,2*

which lead us to the equation
A(R)X,, = B(R)U,_1 + ¢,. (1.1.18)
4. ARMAX models. Finally, if

Gt = (Al,...,Ap7Bl,...,Bq,Cl,...,CT) and
o = (X@_)l @ 0 )

n—17“n—1

then the corresponding model is called an Autoregressive with Exogenous In-
put and Moving Average model or ARM AX4(p, q,7) for short. The extended
form for the ARM AX4(p,q,r) is too long, that is why we only present the
matrix valued polynomials associated with these models and the correspond-

ing equations:

A(z) = Ip— Az — Apz® — - — AP (1.1.19)
B(z) = By+ Byz+ B32® + - + B,2*
C(z) = Ij+Ciz+Co2%+ -+ +C,2"

(1.1.20)



1.1. THE ARX MODELS 7

which implies the compact equation
A(R)X, = B(R)U,_1 + C(R)e,. (1.1.21)

We can see that an ARMAXy(p,q,r) model with » = 0 is essentially
an ARXy(p,q) model. We also observe that an ARX,(p,q) with ¢ = 0 is
a simple AR4(p) model. Finally, an ARM AXy(p,q,r) model with ¢ = 0 is
an ARM A4(p,r) model. The main purpose of this Thesis deals with the
ARX,(p, q) models but in our approach we assume that the leading matrix
By, commonly called the high frequency gain is known and equal to the
identity matrix I of order d, but we want to keep the notation ARX,(p, q)

for these models which can be rewritten as

X, =0¢,_ 1 +U, 1 +e, (1.1.22)
where
0' = (A1, As, .., Ay, By, .., B,) and (1.1.23)
t
Py = (bep_)l,U,E‘iZ) . (1.1.24)

We can obtain the corresponding matrix polynomials associated with this
new form of the ARX4(p, ¢) models:

A(z) = Ip— Az — Ag2® — - — A2 (1.1.25)
B(z) = Ij+ Biz+ By2® + -+ -+ B,2"

In all the rest of this Thesis, we will only refer to this kind of ARX(p, q)
models with unknown parameter 6 given by (1.1.23), with the additional
objective of forcing the process X = (X,,),>0 to be as close as possible in
every step to a given reference trajectory = (x,)n>0, which is assumed to be
predictable (x,, is F,_1 measurable), via the effect offered by the exogenous
variables U = (U, )n>0. Given that the matrices Ay, .., A,, By, .., B, are not
known, we need to estimate them at the same time as the exogenous variables
control the dynamic of the process X = (X,,)n>0-
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In addition, we shall make use of the causality assumption also known
as the minimum phase condition on the matrix polynomial B(z) [20]. More

precisely, we assume that for all z € C, with |z] <1

det(B(z)) # 0. (A1)

In other words, the polynomial det(B(z)) only has zeros with modulus
bigger than one. Consequently, if » > 1 is strictly less than the smallest
modulus of the zeros of det(B(z)), then B(z) is invertible in the ball with
center zero and radius r and B~!(z) is a holomorphic function [20]. For all
z € C such that |z| < r, we shall denote

B7'(z2) =) D
k=0

the matrix valued polynomial such that B~!(z)B(z) = I;. We clearly have

Dy = 1. In addition, the expressions of the matrices Dy, Ds, ... are given by

k—1

D, = =) DB, k<gq (1.1.26)
§=0
q

Dy = =) DijB;, k>q (1.1.27)
j=1

In a similar way, we define a matrix sequence which will be useful for the
development of the next two Chapters. For all z € C such that |z| < r, we
shall denote

P(z) = B7'(2)(A(2) — 1) = ¥ _ B2". (1.1.28)

We can find expressions for all matrices P, as functions of the matrices A;
and B; with¢=1,2,--- ,pand j =1,2,--- , ¢, but such expressions may be

simplified if we write matrices P} as functions of the matrices A; and D :
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k—1

P, = =Y DjAr;, k<p (1.1.29)
7=0
p

P. = =) DijA; k>p. (1.1.30)
j=1

1.2 The Noise

In the following two Chapters, we will assume that the driven noise ¢ =
(€n),>o that is present in equation (1.1.22) satisfies for all n > 0 E[e,41|F,] =
0 and Ele, 116, 1| F,] = I' a.s. where I' is a positive definite deterministic

covariance matrix.

We also assume that the driven noise ¢ satisfies the strong law of large

numbers; i.e. if
1 n
r,=- t 2.
n= > el (1.2.1)
k=1
then I'), converges a.s. to I'. That is the case if, for example:

1. (g,) 1is a white noise; i.e. a sequence of independent and identically
distributed random variables.

2. (&,) has a finite conditional moment of order greater than 2.

1.3 Estimation Algorithms

In order to solve the problem of the estimation of the parameters given by
(1.1.23) we will consider the Weighted Least Squares algorithm introduced
by Bercu and Duflo [8], [13] (from now on WLS for short) of which the

Least Squares (LS) algorithm is a particular case. This is the reason why we
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will only develop the most general case. For this purpose we define, for an
ARX,(p,q) model, the following two sequences, for n > 0,

n

Sn(a) = Zak¢k¢2+lg and (1.3.1)

k=0

o= o lladP (13.2)
k=0

where ¢,, is given by (1.1.24) and the identity matrix I; with § = d(p + q)
is added in order to avoid useless invertibility assumption. The sequence
a = (an),; is called the weighted sequence and this sequence usually has

the form, for n >0
1

g(Insy,)

where ¢ is an increasing function from R to itself such that

ap =

> 1
/1 mdt<+oo (1.3.3)

and g(Int) = O(t). In this work, we are concerned with the weighted sequence
of Bercu and Duflo given by g(t) = ¢! with v > 0, [8] [13]. Consequently

1 14
fin = <1n sn> ‘

The LS algorithm is obtained if we choose the weighted sequence to be con-

we have

stant and equal to one i.e.

a, = 1.

One natural method consists in finding a § x d matrix in every step, let us
say 0,, for n > 0, that minimizes the weighted mean square distance between

X and its prediction up to time n :

A

n
0, = mineargZak,l ||X/1c — U1 — 9t¢k_1||2.
k=1
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It is not hard to see that
0, =S (a) iaquﬁk_l (X — Up_r)" (1.3.4)
k=1
Furthermore, we have

n+1

Sn(a)fp1 = Zak—1¢5k_1 (X — Upa)'
p

= Zakqfﬁk—l (X% — qu)t + an¢,, (Xpt1 — Un>t
k=1

= (Su(a) — @, 8h) O + andy (X1 — Uy)'

which implies that

A N ~t t
Ot = 0, + an ST (a)d,, <Xn+1 — U, - Gngbn) .
Then, we are in position to give the following definitions:

Definition 1.3.1 : The Bercu and Duflo WLS algorithm is given by the

Tecursion:

~

~ ~ t
s = b+ 005, (@), (X = U = 8,0, (1.3.5)

where the initial value 0, may be arbitrarily chosen.

With the choice a,, = 1, for all n > 0, we are in presence of the LS

algorithm.

Definition 1.3.2 : The LS algorithm is defined recursively by:

. . 1 St t
9n+1 = en + Sg ¢n (Xn+1 - UTL - anbn)
with Sy = 321 ety + Is.
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In addition, there exists another estimator for # which is well suited for
tracking problems given by the Gradient algorithm. In order to obtain it, in
the recursive definition of the least squares algorithm, we replace the matrix

S, by its trace s,:

Definition 1.3.3 : A stochastic Gradient algorithm in its recursive form is
gwen for allmn >0 by
. . At t
i1 =B+ 5,20, (X1 = Un = 0,0,)
In this Thesis we will focus on the Least Squares and the Weighted Least

Squares algorithms but we will not develop any analysis for the Gradient

algorithm since it is not in general consistent [20)].

1.4 Tracking Control

In the ARXy(p, q) framework previously described with anteriority, the ex-
ogenous sequence U = (U,),>o is the responsable of the regulation of the
process X = (X,)n>0 by forcing X, to track step by step the predictable
reference trajectory x = (x,),-,. The following lines show in an intuitive
way the reason why we prefer to use the Astrém and Wittenmark adaptive

control. From equation (1.1.22) it follows that:

Xn_|_1 — Tpt+1 = 9t¢n + Un — Tp+1 + En+1- (141)

If in fact for every n > 0 we have that X,,,; is very close to x,+; and we rule

out the noise ¢,,,1, then

0q ~ 0, + U, — 241 (1.4.2)

where 04 stands for the zero vector of dimension d. Ideally it should be

possible to choose U,, such that

Uy = Tpy1 — 0'0,,. (1.4.3)
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However the parameter 6 is not known, so the estimator 0., given by the
LS or the WLS algorithm is used instead of € itself. The adaptive tracking
control proposed by Astrom and Wittenmark [4] is given, for all n > 0, by

~t
Uy = Tnsr — 0. ,. (1.4.4)
By substituting (1.4.4) in (1.1.22), we obtain the closed-loop system
Xn+1 — Tpt1 = Ty + Ena1 (145)

with the prediction error 7, = (6 — 6,,)"¢,,.

1.5 Reference Trajectory

The reference trajectory x = (x,),>0 shall satisfy the following properties:

n

) 1
nEIEoo - ;xkaj}i =V as. (1.5.1)

where V is a positive definite symmetric matrix. In addition, for all 7 > 1,

1
n—l>r—l{1c>o n ; Thtih v s ( )
lim lix et =0 as (1.5.3)

If for example, the reference trajectory is such that

Z | 2y, ||*= o(n) a.s. (1.5.4)

we have that V = V,; = 0. However, it could be also interesting to investigate

the case in which V; = 0 with V positive.
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1.6 Review

The following lines show a brief description of some aspects of previous papers
concerning the ARX models in different frameworks around the estimation

and the adaptive control. In a chronological order, we have:

1. Bercu [6] in the ARMAX framework proved the strong consistency
of the extended least squares estimator for a recursive AML scheme under
the hypothesis of passivity; in addition, he worked on the prediction errors

related to such a model.

2. Chen and Guo [31] worked on the stability and optimality of the

Astrom and Wittenmark self-tuning regulator.

3. Bercu and Duflo [13] defined a weighted least squares algorithm that
improves the least squares estimator, in the sense that the prediction errors

have more interesting asymptotic properties.

4. Bercu [8] worked on ARMAX models, showing that the weighted least
squares algorithm has the same advantages of both extended least squares
and stochastic gradient algorithms, if suitable weightings are chosen. Con-
cerning adaptive tracking problems, the strong consistency of the estimator

and control optimality are both ensured.

5. Duflo [20] developed, among many other important topics, a very large
set of tools around ARMAX models including the gradient algorithm and the
weighted least squares algorithm, the adaptive tracking problem, the theory

of martingales and vector martingales, etc.

6. Bercu [7] proved a central limit theorem and a law of iterated loga-
rithm for both least squares and weighted least squares algorithms, together
with the optimality of the tracking for AR models. In the ARMA framework,
he obtained for the extended and weighted least squares algorithms the op-

timality of the tracking. In addition, for the same algorithms, he obtained
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via a persistently excited adaptive tracking control a central limit theorem
and a law of iterated logarithm.

We also present the description of some papers concerning to the Durbin
Watson statistic which will be the main topic of the last Chapter of this
work:

1. J. Durbin and G.S. Watson [22] [23] introduce their statistic for de-
tecting first order serial correlations in classical linear regression models and
tabulated bounds for its distribution, in addition they obtained critical values

and described their use in practice.

2. Nerlove [51] and Sapir [54] exposed the bias of the Durbin Watson

statistic in autoregressive schemes.

3. J. Durbin [21] obtained a procedure for testing the serial independence
of the disturbances in a regression models where some of the regressors are
lagged dependent variables.

4. Srivastava [57] established the asymptotic distribution of the Durbin
Watson statistic without any condition on the design matrix in classical re-
gression models.

5. Phillips and Loretan [52] via a von Neumann ratio approach proved
the limit distribution of the Durbin Watson statistic under infinite variance
erTors.

In this Thesis we will extend the results obtained by Bercu [7] for the
multidimensional AR4(p) models in adaptive tracking. In the second Chapter
of this work, a concept of Strong Controllability is introduced together with
its relationship with the usual notion of controllability. This concept will
allow us to prove the invertibility of a suitable limit matrix via the analysis of
the Schur complement of one of its blocks. Such property is needed in order to
obtain the almost sure convergence of the least squares and the weighted least
squares algorithms, the optimality of the tracking (in some sense, which will

be explained later) as a consequence of the use of the Astréom and Wittenmark
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adaptive tracking control. Finally it will be proved that both least squares
algorithms share the same central limit theorem (CLT) and the same law of
iterated logarithm (LIL).

In the third Chapter, via a persistent excitation in the adaptive tracking
control of Astrom and Wittenmark, we will get rid of the Strong Control-
lability assumption on the ARX,(p, q¢) models and we will establish similar
results to those obtained in the second Chapter; i.e., we will prove for any
ARX4(p,q) model (not necessarily Strongly Controllable) the almost sure
convergence of both LS and WLS algorithms, the residual optimality of the
tracking and the shared CLT and LIL for both estimation algorithms.

In the final Chapter we introduce the Durbin Watson statistic and a
series of numerical experiments that suggest some asymptotical results for the
AR;(p) and ARX(p, q) models when a serial correlated noise is considered.



Chapter 2

Strongly Controllable ARX
Models

In this Chapter we introduce our concept of Strong Controllability for the
ARX,(p, q) models. This concept will allow us to prove asymptotical results
for both WLS and LS algorithms when the reference trajectory satisfies

Yz llP=o(n)  as. (2.0.1)

It is possible to mention that these asymptotical results are associated to
the analysis of the Schur complement of a suit able limiting matrix related
with the sequence (S,,),>0 and (S, (a)),>0. The Strong Controllability allows
us to extend the previous converge results in the literature. Finally, via some
numerical experiments, we show that this concept can not be avoided in

ARX,(p,q) adaptive tracking.

2.1 Strong Controllability

In this section, we will introduce the concept of Strong Controllability for

models ARX,(p, q) which offers sufficient conditions to prove the asymptot-

17
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ical results of the following section. In order to introduce our concept of

Strong Controllability, we must define the square matrix of order d x ¢ given,

if p>q, by
Pp Pp+1 T Pp+q—2 Pp+q—1
Pp—l Pp Pp+1 T Pp+q—2
11 =
Pp*tﬂr? U prl Pp Pp+1
Pp—q+1 Pp—q+2 T Pp—l Pp
and, if p < ¢, by
Py Bpor -0 oo PBpygo Ppiga
. P P o - Py P,
0O P P -~ Py P,
0o ... 0 P e P,

where the matrices Py, Ps,...are given in the relation (1.1.29) and (1.1.30).

Now, we are in position to define the concept that will lead us to be able to

prove the asymptotical results we are concerned with for the LS and WLS

algorithms, when the reference trajectory satisfies condition (2.0.1).

Definition 2.1.1 : An ARX,(p,q) model is said to be strongly controllable

if the corresponding matriz valued polynomial B(z) is causal and

det(IT) # 0. (A.2)
Remark 1 The concept of strong controllability is not really restrictive. For
example, if p = q =1, assumption (As) reduces to det(A;) # 0; if p =2 and
qg=1, todet(Ay — B1A;) #0; if p=1 and ¢ = 2, to det(A;) # 0; while if
p=q=2,to

A Ay — B1A
det 1 2~ Budy 40
Ay — BiA,  —BiAy + (B? — By) A,
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Remark 2 One can observe that our Strong Controllability notion is closely
related to the usual concept of controllability or, in other words, to the co-
primness of the matriz polynomials A — I, and B. As a matter of fact, the
resultant of the polynomials A — I; and B is given by

—A, —Ay —A, 0 0
0 —A, —Ay —A, 0 0
Res(A—I, B) 0 0 —A, —A,, —A; 0
es(A—14,B) =
; B, By By I 0
0 B, B, B I 0
0 0 B, By B I

This determinant involves q rows with the matrices Ay, ..., A, and p rows
with the matrices By, ..., B,. It is not hard to see that ([28],[30]) Res(A-
I;, B) = det(SY LV) where SY LV is the Sylvester matriz

I, B B B, 0 0
0 I, B B - By 0 0

0 -+ -+ 0 I B B B

SYLV = oot ’
~Ar —A ~4, 0 0

0 —Ay —Ay - -4, 0 0

0 0 0 —A —A ~A,

For all z € C such that |z| <, let us define an analogue polynomial to P(z):

G(2) = (A(z) — I)B™'(2) = > _ Gy2",

k=1
where the matrices Gy are similar to the matrices P, and may be explicitly
calculated as functions of the matrices which form the parameter 6 via the
following recurrent form:
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k—1

Gr = =) A D;, k<p (2.1.1)
j=0
p

Gv = =Y AiDry, k>p (2.1.2)
j=1

with matrices Dy, k > 0 given by (1.1.26) and (1.1.27).

Let U be the symmetric square matriz of order §:

Is Dy -+ Dpiygo Dyprga

0 Iy Dy - Dygos
U — iy e

0 0 14 D,

0 0 1y

Moreover, let 11 be the square matriz of order dq given, if p > q, by

Gy Gy o Gprgz Gpiga
Gp1 Gy Gy T Gpig—2
H pu— DY .. .« .. .« e .« ..
Gp—q+2 U Gp—l Gp Gp+1
Gp—q+1 Gp—q+2 T Gp—l Gp
and, if p < q, by
Gp Gp+1 oot Gp+q72 Gp+q*1
- Gy Gy - o Gy G,
0 G Gy - Ggo Gys
0 .- 0 e Q,

In addition, denote by E the rectangular matriz of dimension dq X dp given,
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ifp>q, by
0 G Gy - - Gpo Gy,
0 0 Gy - - Gpg Gy
0 -+ 0 Gy Gy - Gpygn
0 0 G Gp—q
and, if p < q, by
Gl Gp—2 Gp—l
0 0 Gi - Gpo
E= 0 0 G4
0 0 0 0
o o -- 0 0
We can easily see that the product
Iy, O
SYLVU = ( v ) (2.1.3)
E 11

where O stands for the rectangular zero matriz of dimension dq X dp. As
det(V) = 1, we deduce from (2.1.3) that

Res(A — 14, B) = det(SYLV) = det(SY LV V) = det(1I).

Moreover, one can observe that the matrix 11 is different from 11, except in

the particular case of dimension d = 1. Consequently, if d =1,
det(Il) # 0 <= A — I; and B are coprime (2.1.4)

which corresponds to the usual notion of controllability. Otherwise, if d > 2,
it is easy to provide a counterezample for which the equivalence (2.1.4) fails.

For example, one can take d = 2, and p = q = 1 with
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The corresponding ARX5(1,1) model is not Strongly Controllable according
to Definition 2.1.1, but the matriz polynomials A — Iy and B are clearly

coprime.

To be able to develop the asymptotical analysis for the LS and WLS al-
gorithms, we need a Lemma concerning to the invertibility of the suitable

L K
A:(K o ) (2.1.5)

where for all 1 <17 < ¢, H; is the square matrix of order d:

matrix of order ¢:

H; =) PBIP,,,. (2.1.6)
k=i

In addition, let H be the symmetric square matrix of order dg:

H Hy --- H,y H,
HY Hy, Hy, --- Hy,
H=1| .. . . . .. , (2.1.7)
H,, - Hy H H
H; Héq .-~ H} H,

Forall1 <i <plet K; = PI'. Meanwhile K denotes the rectangular matrix

of dimension dq x dp given, if p > q, by

0 Kl KQ Kp—2 Kp—l

0 0 K Ky s Ky

00 0 Kpq Ky
K= > j (2.1.8)

0 Ki Ko - Kpgn

0 -~ 0 0 K - Ky,
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and, if p < ¢, by

=)
=
Z

o
o
=
’ @N *@N *GN
I»
@N *BN @N
|

K=\ ... ... ... .. 0 K, ) (2.1.9)

Finally, let L be the block matrix of order dp:

L= -~ -~ - | (2.1.10)

The relevance of the matrix A and of the following Lemma which is the
keystone of the asymptotic results of the next section will be more evident
during the proofs of the Main Results section of this Chapter.

Lemma 2.1.2 Let S be the Schur complement of L in A:
S=H-KL'K" (2.1.11)

If (A1) and (As) hold and the reference trajectory satisfies (2.0.1), then S
and A are invertible and

L'+ L'K'ST'KL™' —L'K'S™!
A= ( * ) : (2.1.12)

—STIKL! St
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Proof. Let X be the infinite-dimensional diagonal square matrix:

r o
0O I 0
Y= o I 0

Moreover, denote by T the infinite-dimensional rectangular matrix with dq

rows and an infinite number of columns given, if p > ¢, by

Pp Pp+1 T Pk Pk+1
P P, - P_, P
T — . .
Pogv2 Ppgts -+ Prgr2 Prgss
Pogr1 Ppgr2 - Pogr1 Prgi2
and, if p < ¢, by
Py Py oo o Py 2
- PP P, - - Py Pipis
O P P - By Py
0 v ..o 0 P, P,

We can find that, for 7,7 =1,2,...¢q, and j > 1,

H = [hy]
with .
hij= Y PIPL,, (2.1.13)
k=j—i+1

and hj; = hi;. In a similar way, we have that

KLith = [rij]
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with

p—1i
t
7"7;3' = E PkFPkijJri
k=j—i+1

and 7j; = rj;. Thus we have from (2.1.13) and (2.1.14) that
S = [sy]

where

sy = ), RIPL.

k=p—i+1
and s;; = sj;. We can also find that
TETt = [Uij]

with
Vi = Z PP,
k=p—i+1
and vj; = vj;. Finally we have, from (2.1.15) and (2.1.16) that
S =TT

It clearly follows from this suitable decomposition that

ker(S) = ker(T").

25

(2.1.14)

(2.1.15)

(2.1.16)

(2.1.17)

(2.1.18)

As a matter of fact, assume that v € R% belongs to ker(7%). Then, Tv =
0, Sv = 0 which leads to ker(7%) C ker(S). On the other hand, assume
that v € R% belongs to ker(S). Since Sv = 0, we clearly have v'Sv = 0,
v'TYT' = 0. However, the matrix I' is positive definite. Consequently,
T'v = 0 and ker(S) C ker(T"), which implies (2.1.18). Moreover, it follows

from the well-known rank theorem that

dg = dim(ker(S)) + rank(S).

(2.1.19)



26 CHAPTER 2. STRONGLY CONTROLLABLE ARX MODELS

As soon as ker(S) = {0}, dim(ker(S)) = 0 and we obtain from (2.1.19) that
S is of full rank dq which means that S is invertible. Furthermore, the left
hand side square matrix of order dg of the infinite-dimensional matrix 7' is
precisely II. Consequently, if 11 is invertible, II is of full rank dg, ker(Il) =
ker(IT') = {0} and the left null space of T reduces to the null vector of R%.
Hence, if IT is invertible, we deduce from (2.1.18) and (2.1.19) that S is also

invertible. Finally, as
det(A) = det(L) det(S) = det(I")? det(.5), (2.1.20)

we obtain from (2.1.20) that A is invertible and formula (2.1.12) follows from
[36] page 18, which completes the proof ®

2.2 Main Results

In this section, we will establish the extensions of some of the results on the
ARy(p) models that appear in [7], in particular those which concern to the
almost sure convergence of the LS and WLS algorithms, the optimality of the
tracking, the CLT and the LIL for the estimators of the unknown parameter
6.

We open this section with the definition of an optimal tracking, which

provides a performance criteria for the adaptive control:

Definition 2.2.1 Let (C,,),>0 be the average cost matriz sequence defined by

n

1

Co =~ D Xk — ) (X, — 2" (2.2.1)

The tracking is said to be optimal if C,, converges almost sure to I' given in

section 1.2.

Our first result shows the connexion between the block matrix A given
by (2.1.5) and the models ARX,(p, q).
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Theorem 2.2.1 Assume that the matriz polynomial B(z) associated with the
ARX4(p,q) model is causal and that (£,)n>0 has finite conditional moment
of order a > 2. Then, for the LS algorithm, we have

lim S _ A as (2.2.2)

n—oo N

where the limiting matriz A is given by (2.1.5).

Proof. We shall make use of the same approach as Bercu [7] or Guo and
Chen [31]. First of all, we recall that for all n > 0,

Xn+1 — XTpy1 = Ty + Ena1 (223)

and
n
2
sn=Y_ [l
k=0

It follows from (2.2.3) and the strong law of large numbers for martingales
(see e.g. Corollary 1.3.25 part 2 of [20]) that

1 n
lim inf — g | X5 P> tr(T + V)  as.
n—oo M
k=1

As T'+ V is invertible and s, > Y7 , || Xk [|* we have that n = O(s,,) a.s.,
which implies that

Sp — 00 a.s. (2.2.4)

Moreover, by Theorem 1 of [6] or Lemma 1 of [31], we have

n

> (1= fo) | 7 |’= O(log s,)  as. (2.2.5)

k=1

where f, = ¢.S,1¢,. Hence, as ¢ has finite conditional moment of order
a > 2, we can show by the minimum phase assumption (A;) on the matrix
polynomial B together with (2.2.5) [31] that || ¢, [|?= O(s?) a.s. for all
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207" < B < 1. In addition, let g, = ¢S, ¢, and 6, = tr(S; ', — S;1). It
follows from Proposition 4.2.12 of [20] that

Moreover, as

D G =) (S =8, < te(ls) =56,
n=1 n=1

the sequence (d,,) goes to zero a.s. Consequently, as
14 g, <2406, || D, |

we find that

n

Dol melP=D =+ g [,

k=1
which leads to

Sl 2250 = f) e 24+ 500 = fdde | @ 2 7 | (2:26)
k=1 k=1 k=1
Hence, we deduce from (2.2.5) and (2.2.6) that
D I P=o(silogs,)  aus. (2.2.7)
k=1
Therefore, we obtain from (2.0.1), (2.2.3) and (2.2.7) that

D Xga [°=o0(slog s,) + O(n)  as. (2.2.8)

k=1

Furthermore, we infer from assumption (A;) that
U, =B Y R)A(R) X, ;1 — B (R)epi1, (2.2.9)

so we have from (2.2.9) that

STHUNP<2Y |BHR)AR) X || + 23 | B (R)ens|” . (22.10)
k=1 k=1 k=1
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Relation (2.2.8) together with Cauchy-Schwarz inequality and (2.2.10)
imply
Z | Up [I?= o(s%log s,) + O(n)  a.s. (2.2.11)
k=1
It remains to put together the two contributions (2.2.8) and (2.2.11) and
remember the convergence (2.2.4) to deduce that s, = o(s,) + O(n) a.s.
leading to s, = O(n). Hence, it follows from this fact, (2.2.7) and (2.2.4)
that

S lm IP=o0(n) as. (2.2.12)

Since the reference trajectory is predictable and the law of large numbers
(1.2.1) and relation (2.2.12) hold, using the Cauchy-Schwarz inequality, we

obtain

>l miehiy [P=0(n) as. (2.2.13)
k=1
Z | Texhq [P=0o(n) as. (2.2.14)
k=1
D lakehy [P=0(n)  as. (2.2.15)
k=1

It follows from these expressions, the strong law of large numbers for ¢ and

convergence (2.0.1) that

o1
lim —
n—oo M,

Y X X[ =T as.
k=1

Observe that

1< I ifm=j
— ng_mgz,j — { eI s (2.2.16)
n = 0 ifm=#j

which follows for m = j from (1.2.1). On the other hand, if m # j (2.2.16)

results from the strong law of large numbers for martingales [20]. We also
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have that, for all 1 <7 <p— 1 that
Xlei—i = (2 + Tp—1 + €k) (Tp—i + Th—iz1 + Ek—i)t .

Consequently, we obtain from the previous calculations that for all 1 <
1<p—1

1 n
lim — E X X[ ;=0 as. (2.2.17)
n—oo 1, 1
which implies that
1 n
lim — E XP(XD)Y =L as. (2.2.18)
n—oo M,
k=1

where L is given by (2.1.10).
Furthermore, it follows from (2.2.3) and assumption (A;) that, for all
n >0,

U, = B YRAR) X411 — BYR)epi1,
= B YR)A(R)(mp + Tns1) + BTHR)(A(R) — I1)ent1,
- Vn + Yn+1 + Wn+17

where

B (R)
Yn+1 = Bil(R)A(R)SCTH_l,
Wn+1 = B

Thus, we have

Ui i1 = Vi WY VW + Wen Vi
+ Wi Yy o + Wit Wi oo + Yo Vi + Y Yo
+ Vi Wi
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for all 1 < i < q. Consequently, as W,, = P(R)e,, we deduce from the
Cauchy-Schwarz inequality together with (1.5.1), (1.5.3), (2.2.12), the strong
law of large numbers for the driven noise and from the fact that x; is Fj_;

measurable that
1 & .
—E ViVieign — 0 as.
n
k=1

1 n
n

k=1

1 n
n
k=1

1 n
E W, t

ﬁ k"'lvk—i-‘rl — 0 a.s.
k=1

1 n
¢
EE Wity o — 0 a.s.
k=1

1 n
¢
ﬁg YiriViiin — 0 as.
k=1

1 n
E V[rt
k=1

1 n
t
EE Yk+1Yk7i+2 — 0 a.s.
k=1

If we recall (2.2.16), then we have that

' 1 n [ee]
lim =% Wi Wi =Y RIPl,. (2.2.19)
noeen k=1 k=1
thus we have obtained
1
lim —~ S UUk iy =H;  as. (2.2.20)



32 CHAPTER 2. STRONGLY CONTROLLABLE ARX MODELS
which ensures that
1 n
lim — E UNUN'=H as. (2.2.21)
n—oo N,
k=1

where H is given by (2.1.7). Via similar arguments together with (2.2.3),
(1.5.1), (1.5.2), (1.5.3) and (2.2.16), we also find for all 0 < m < p — 2 and
2 <[ < g that

o1
lim —
n—oo M

n

t
E U Xj_y = Kinp1 - ass.
k=1

and

Then we have

o1
lim —
n—oo N

S OXNUL) =K' as. (2.2.22)
k=1

where K is given by (2.1.8) or (2.1.9).
Therefore, it follows from (2.2.18), (2.2.21) and (2.2.22) that

lim On =A as. (2.2.23)

n—oo M

where the limiting matrix A is given by (2.1.5). H

The following Theorem concerns to the almost sure properties of the LS
algorithm, the efficiency of the Astrom and Wittenmark adaptive tracking
control and the LS algorithm itself.

Theorem 2.2.2 Assume that the ARXy(p,q) model is strongly controllable
and that (£,)n>0 has finite conditional moment of order o > 2. In addi-
tion, if the reference trajectory x = (xy)n>0 satisfies (2.0.1), then for the LS

algorithm, we have

lim Sn =N as. (2.2.24)

n—oo N
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where the limiting matriz A is given by (2.1.5).

In addition the tracking is optimal

| Ch—T, |= 0 (107%”) a.s. (2.2.25)

We can be more precise in (2.2.25) by

n

Z(Xk — X — 6k)(Xk — X — 8k)t =or a.s. (2226)

k=1

) 1
lim
n—00 log n

Finally, §n converges almost surely to 6

16, -6 |2=0 (log”) a.s. (2.2.27)
n

Proof. Convergence (2.2.24) follows directly from Theorem 2.2.1. Here-
after, we recall that the ARX4(p,q) model is strongly controllable. Thanks
to Lemma 2.1.2, the matrix A is invertible and A~!, given by (2.1.12), may be
explicitly calculated. This is the key point for the proof. On the one hand, it
follows from (2.2.24) and because A is positive definite that n = O (i (Sn)),

| &, ||>= o(n) a.s. which implies that f, tends to zero a.s. since

fn - ¢£LS'I;1¢TL S Hébn|’2)\max (Sle)

I, 1”
/\min (Sn)

Hence, by (2.2.5), we find that
> I |P=Ologn)  as. (2.2.28)
k=1

On the other hand, we obviously have from (2.2.3)

1 n
| C, =T, ||=0O <ﬁ ; | 7hs |\2> a.s. (2.2.29)
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Consequently, we immediately obtain the tracking optimality (2.2.25) from
(2.2.28) and (2.2.29). Furthermore, by a well-known result of Lai and Wei

[45] on the LS estimator, we also have

(2.2.30)

2 1 )\mazSn
| Gpsr — 0 2= 0 (Og—) a.s.

Hence (2.2.27) clearly follows from (2.2.23) and (2.2.30). Moreover, we also
infer from Lemma 1 of Wei [61] together with (2.2.23) that

(Opsr — 05, (041 — 0) = o(logn)  aus. (2.2.31)

However, it follows from Theorem 4.3.16 part 4 of [20] that

M Togd, <(§n+1 ~ O SuBr =0+ 301 - fkmz) =T as
(2.2.32)
where d,, = det(S,,). In addition, we deduce from (2.2.24) that
. dp
lim — =detA as. (2.2.33)

Finally, (2.2.31) together with (2.2.32) and (2.2.33) imply (2.2.26), which
achieves the proof. H

Our second set of Theorems is an analogue to the first one, and it is
related to the almost sure properties of the WLS algorithm of Bercu and
Duflo.

Theorem 2.2.3 Assume that the matriz polynomial B(z) associated with
the ARX4(p,q) model is causal and that either (,)n,>0 is a white noise or
(en)n>0 has a finite conditional moment of order o > 2. Then, for the LS
algorithm, we have

lim (log n)HVSn—M) =A as (2.2.34)

n—oo n

where the limiting matriz A is given by (2.1.5).
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Proof. By Theorem 1 of [8], we have
D an(1= fula)) | m [IP< 400 as. (2.2.35)

where f,(a) = a,¢"S; (a)¢,. Then, as a;! = (log(s,))'*” with v > 0, we
clearly obtain a,' = O(s,) a.s. and a,' — oo a.s. As in the proof of

Theorem 2.2.2, we get
(1 - fn(a’))<1 + gn(a)) =1

with g,(a) = a,¢! S, (a)¢,. However, as g,(a) < %, we find that
then find that

L e
an + Aminsnfl(a) S an(l - fn(d)),

which clearly implies

-1
lol®
Z( i | Il too s

Furthermore, as

—1 |¢n||2 .
R W O(s,) as
we get that
ngl | mn ||°< +00  as. (2.2.36)
n=1

Hence, it follows from (2.2.36) together with Kronecker’s lemma given e.g.
by Lemma 1.3.14 of [20] that

Z | 7 [|1°= o(sn) aus. (2.2.37)
k=1
Therefore, we obtain from (1.5.1), (2.2.3) and (2.2.37) that

D Xg 7= o0(s0) + O(n)  as. (2.2.38)

k=1
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In addition, we deduce from assumption (A;) as it was done in the proof of
Theorem 2.2.2 that

Y U |P=o0(s0) + O(n)  aus. (2.2.39)

k=1
Consequently, we immediately infer from (2.2.38) and (2.2.39) that s, =
o(sy) + O(n), so s, = O(n) a.s. Hence, (2.2.37) implies that

Nk [P=o(n) as. (2.2.40)

Proceeding exactly as in the proof of the previous theorem, we find from
(2.2.40) that

lim & =A as.
n—oo N
We can also see that
Sp(a) = an1 S +k§1:kk+R ( )

with by = k (ay — ag1) and R = Sp(a) — a1.5), since

n

= S
Apt15n + Zbkf +R = Z lar, — ak1] Sk + R

k=1

In addition
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By the Toeplitz’s lemma, we obtain that

n -1 n
(Z bk> Zbk% — A as.,
k=1 k=1
thus .
(na,) ™" Z bk& —0 as. (2.2.42)

Then (2.2.41) and (2.2.42) imply that

lim (log n)l““’s"—w) =A

n— o0 n

a.s. (2.2.43)
|

Theorem 2.2.4 Assume that the ARX4(p, q) model is strongly controllable.
In addition, suppose that either (€,,)n>0 i a white noise or (€,)n>0 has finite
conditional moment of order o > 2. In addition, we suppose that the refer-
ence trajectory v = (T,)n>0 satisfies (2.0.1). Then, for the WLS algorithm,
we have that

lim (logn) a.s. (2.2.44)

n—oo

1+ Sn(a) — A
n

where the limiting matriz A is given by (2.1.5). In addition, the tracking is

optimal

1+~
| Co =Ty ||= 0 (%) a.s. (2.2.45)

Finally, /H\n converges almost surely to 0:

~ L+
18, —0|P=0 (M> 0s. (2.2.46)
n

Proof. Convergence (2.2.44) follows directly from Theorem 2.2.3 with A
given by (2.1.5). We have from (2.2.44) that a,S, < S,(a) so na, =
O (Amin (Sn(a))), thus we can obtain that f,(a) tends to zero a.s. Conse-
quently, we find from (2.2.35) and Kronecker’s Lemma that

D e 1P= o((log 5,)'™)  aus. (2.2.47)
k=1
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Then, (2.2.45) clearly follows from (2.2.29) and (2.2.47). Finally, by Theorem
1 of [§]

-~ 1

Hence, we obtain (2.2.46) from (2.2.44) and (2.2.48), which completes the
proof . M

Now, we are concerned about proving a CLT and a LIL for the LS and
the WLS algorithms in the adaptive tracking ARX,(p, q) framework. These

results are a generalisation of those established in [7] and [32].

In order to prove these results, we need the following lemmas on regressive
sequences given in [7]. Let € = (e,),~, be a d—dimensional noise, adapted to
F, which satisfies Ele, 416l | F] = I“, where T' is a deterministic covariance
matrix. Let ¢ = (¢,), >, be a o-dimensional sequence of random vectors,
adapted to F. Set, for n_z 0,

M, = My + Z Pr—1k» Sn(p) = Z%s@i + 5.
k=1 k=0

Lemma 2.2.2 : Let (¢,),~, be a deterministic real sequence increasing to

infinity. Assume that, for all € > 0,

cngn_l P L
—_

n

e Y B IAM® Lyanizeen| Fier] B O (2.2.49)
k=1

where AM, = My, — My_,. Then c;an tends a.s. toward 0 and
1
Ven

In addition, if L is positive definite, we have the CLT

M, L N(0,L®T).

VS, My L N (0,L7'@T).
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Remark 3 : Assume that € has a finite conditional moment of order greater
2. Then Lindeberg’s condition (2.2.49) is satisfied if ||, |* = o(cy) a.s.

Lemma 2.2.3 : Let (c,) n>0 be a deterministic real sequence increasing to
infinity. Assume that the noise € has finite conditional moment o > 2. Also

assume that

cglsn_l — L a.s

E (H%H)

with 2 < 3 < a. Then for any vector u € R and v € R® such that v'Lv > 0,

we have

1 1/2 1 1/2
limsup | ——— v"Myu = —liminf|—""— vt Mu
n—oo \ 2¢, loglog c, n—oo \ 2¢,loglogc,

= (UtLU)1/2 (u'Tw) s, (2.2.50)
In addition, if L is positive definite, we have the LIL

1/2 1/2
c c
li —_— St Myu = —liminf | ——— LS M,
lflsiip <210glogcn) Y on-1 Mt fries (ZIOglogcn) Y on-1 M

= (vtL’lU)l/2 (u’Tu)l/2 a.s. (2.2.51)

Now we are in position to prove that the LS and the WLS algorithms
share the same CLT and the same LIL.

Theorem 2.2.5 Assume that the ARXy(p,q) model is strongly controllable

and that (€,)n>0 has finite conditional moment of order a > 2. In addition,
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suppose that (,)n,>0 satisfies (2.0.1) and has the same reqularity in norm as
(en)n>0 which means that for all 2 < f < «,

d ol ’=0m) as. (2.2.52)

Then, the LS and WLS algorithms share the same central limit theorem
Vi, —0)EN(0,A"' @ T) (2.2.53)

where the inverse matriz A=' is given by (2.1.12) and the symbol @ stands
for the matriz Kronecker product. In addition, for any vectors u € R? and

v € R?, they also share the same law of iterated logarithm

n 12 n 1/2
limsup ( ———— | (0, —0)u = —liminf | —--——] (6, —0)u
n—oo \ 2loglogn n—oo \ 2loglogn
= (vt/\_lv)l/Q (utfu)l/Q a.s.
In particular,
Amin n 5 Amazl
e ) < i — ) |6, -0 |P< | 5. (2.2.54
(/\maxf) - lflsolip (210glogn> | I"< <)\mmF) as. )

where A\pin ' and Aol are the minimum and maximum eigenvalues of T'.

Proof. First of all, it follows from (1.1.22) and (1.3.4) that, for all n > 1,

~

0, —0 =S (a)M,(a) (2.2.55)
where .
My(a) =0 — 0+ ar16 1} (2.2.56)
k=1

On the one hand, for the LS algorithm, we deduce (2.2.53) from convergence
(2.2.24) and decomposition (2.2.55) by choosing ¢, = ¢, and ¢, = n in
Lemma 2.2.2.Next, we make use of the LIL given by Lemma 2.2.3. Since
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¢ has a finite conditional moment of order v > 2, we obtain from Chow’s
Lemma, given e.g. by Corollary 2.8.5 of [58], that, for all 2 < § < «,

d e IP=0m) as. (2.2.57)

Consequently, as the reference trajectory (z,) satisfies (2.2.52), we deduce
from (2.2.3) together with (2.2.24) and (2.2.57) that

I Xk |P=0(m) as. (2.2.58)

Furthermore, it follows from (2.2.9) and (2.2.58) that

DU P=0m) as. (2.2.59)

Hence, we clearly obtain from (2.2.58) and (2.2.59) that

S 16 7= 0Mm) s, (2.2.60)

Therefore, as § > 2, (2.2.60) immediately implies that

5 (L) e s

Finally, we find (2.2.54) via Lemma 2.2.3 and (2.2.24) and equation (2.2.55).0On
the other hand, for the WLS algorithm, we take ¢, = a,¢, and ¢, =
n (logn) *"*7). Setting
a) = Gdh+ 8= aidp+ 9
k=0 k=0

we can see that

10 EY + R

Qn(a) = any1Sn(a) + Z bk



42 CHAPTER 2. STRONGLY CONTROLLABLE ARX MODELS

where by, = M@=+ anq R — So(a) — a1Sp. In addition,

(log k) 1+~
S Y o~ et
(logn)***  (logn)'™
and thus
2
(1+7),

which implies

ibkﬁoo and Zbkzo(nai).
k=1

By Toeplitz’s lemma, we have

n -1 n
(Z bk) > kakT@UOg )= A as,
k=1 k=1
SO

Zb S’“ 10 kYT S0 as. (2.2.61)

Then, from (2.2.41) and (2.2.42) we get that

lim (log n)2+27Qn—W) =A as. (2.2.62)
n

n—oo

which lead us to obtain (2.2.53), using (2.2.44) and Lemma 2.2.2. If € has

finite conditional moment of order a > 2, we find from Chow’s Lemma [58]
that, for all 2 < § < «a,

n

 (aw e )! =0(n)  as. (2.2.63)

k=1

From (2.2.52) we have that

n

S (a2 1) = On)  as.

k=1
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and (2.2.47) implies

n

(ap || 7 )P = O(n) as.

k=1
Then we get
(ar || 6 1) = O(n) as.
k=1
and, finally,
(¢ \1)"
———F— ] =0(n) as.
("

Now, we make use of Lemma 2.2.3 to obtain (2.2.54) H

2.3 Numerical Experiments

The goal of this section is to realize some numerical experiments for illus-
trating via some pictures the asymptotical results of this Chapter. For the
sake of simplicity, in the first and second example, the reference trajectory
(Zn)n>0 is chosen to be identically zero; ie, (2.0.1) is satisfied. In all the
experiments the driven noise (,),>0 is white Gaussian N (0, 7). First, we
will consider one Strongly Controllable model in dimension d = 2. Next, we
will consider one non Strongly Controllable ARX5(1,1) model in order to
show that the Strongly Controllability assumption can not be avoided if we
use the control defined in (1.4.4). All the simulations will be based on 400
realizations of a sample size 10000.
Example 1. First, consider the ARX5(1,1) model

Xn+1 = AXn + Un + BUn—l + Ent1

with
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Almost sure convergence for LS estimations of A22 Almost sure convergence for LS estimations of 822
25 1
] ]

] N

0.6 b

04f : .

0 | | | | 0.8 | | | |
0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000

Figure 2.1: Almost sure convergence for LS algorithm, Example 1
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Figure 2.2: CLT for LS algorithm, Example 1
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We can see that this ARX5(1,1) model is Strongly Controllable since
det(A) =1 > 0 and the polynomial B(z) = I, + Bz is causal. We have for
all k> 1 that P, = — (B)" ' A. Moreover,

H = in1A2Bk1
k=1

= A2 B* =A%, BY) .
k=0

H_<64/7 0 )
0 4/15

Therefore the limiting matrix A is

consequently

10 0 0
01 0 0
A=
00 64/7 0
00 0 4/15

One can observe that det(A) # 0 and then A~! exists, and we can talk about
the CLT for each coordinate of ,,. Figure 2.1 shows the almost sure conver-
gence for LS estimator, for every coordinate which is not zero in matrices A

and B. While in Figure 2.2 we can observe that the non zero coordinates of
Zn = VNAY2 (éN - 9) (2.3.1)
have a AV/(0,1) distribution, as we expected.

Example 2. In order to show that the strong controllability assumption
can not be avoided if we use the adaptive tracking control (1.4.4), let us

consider almost the same ARX5(1,1) model as in example 1 with

A:20 andelz))O.
00 4\ 0 -1
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z/ikslmost sure‘, conver?ence for‘ LS estir‘nations of A A1Imost sur? conver?ence for LS estir?ations of B
2 Pm«\wc:\:: ffffffffffff — 08f : 1
1.5¢ . 0.6} §
1F R 0.4 b
0.5 B 0.2F i
0 === o b
-0.51 R —0.2;77777777777777777777777

B 0 20‘00 40‘00 60‘00 80‘00 10000 _0'40 20‘00 40‘00 60‘00 80‘00 10000

Figure 2.3: Almost sure convergence for LS algorithm of a non Strongly

Controllable models,Example 2
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CLT for A11 CLT for A22
0.5 T T T 07
0.45f 1
1 0.6}
0.4} ] _
035} . 0.5F
0.3} AH
0.4} A
| /H
0.25} -
| M\ 0.3}
0.2+ - 7 L
0.15F | T 0.2} Y M
01} 71 ~
01} i
0.05} H / . %{ i
0 0

Figure 2.4: CLT for LS algorithm, Example 2
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We have changed the second diagonal term of the matrix A. We have
that det(A) = 0, thus this ARX5(1, 1) model is not strongly controllable. In

addition we find that
- 64/7 0 '
0 0

and
70 0 O
A:l 07 0 0
71 0 0 64 0
00 0 O

We can observe that this matrix is not invertible, so we can not expect
that the strong law of large numbers is satisfied for every entry of 6,. In
fact, Figure 2.3 shows that only the matrix A and the first diagonal term of
matrix B are properly estimated and we can see in Figure 2.4 that CLT only

holds for non zero diagonal coordinates of matrix A.



Chapter 3

Non Strong Controllable
Models

We are facing now with the problem in which an ARX,(p,q) model is not
necessarily a strongly controllable one. The complication in this case if we
consider a reference trajectory which satisfies (2.0.1) and the control given
by (1.4.4) is that even we can have convergences (2.2.24) (LS) or (2.2.44)
(WLS), we cannot say that the limit matrix A is positive definite. In this
Chapter, we use the Astrom and Wittenmark adaptive tracking control with
a persistent excitation in the multidimensional ARX,(p, ¢) framework to be
able to avoid the Strongly Controllable condition and obtain similar results
for the LS and WLS algorithms of those achieved in the Chapter 2.

3.1 Persistently Excited Tracking

The concept of persistent excitation is well-known in the control commu-
nity. Since the pioneers works of Anderson [3] and Moore [50], this concept
was successfully used in a large variety of fields of application going from
economics [2], [18], to adaptive or learning control [17], [46], [47], [26], or

mechanical engineering and robotics [25] [37] and [1].

20
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To this end, we use the persistently excited adaptive tracking control given,
for all n > 0, by

At
Up=xp11— 0,0, +&,1 (3.1.1)

where the reference trajectory x still satisfies (2.0.1) and & = (£,),,5, is an
exogenous noise of dimension d, adapted to F, with mean 0 and E)ositive
definite covariance matrix A. In addition, we assume that ¢ is independent
of €, of z, and of the initial state of the system. We observe that this control is
nothing more than the adaptive tracking control of Astrom and Wittenmark

plus the exogenous noise €. Substituting (3.1.1) in (1.1.22) we obtain
Xnp1 = Tng1 = Ty + Eng1 + £n+1 (3'1'2>

In this new case, the tracking is said to be residually optimal if C), given by
(2.2.1) converges a.s. to I'+ A. If the noise ¢ satisfies the strong law of large
numbers and
1 n
A, = Ez(gk +&)(er+ &)1 (3.1.3)

k=1
then using Theorem 4.3.16 of [20], we find that

lim A, =T'+A as. (3.1.4)

n—oo

Exactly as in Chapter 2, in order to develop an analogue asymptotical anal-
ysis we need to define a suitable matrix A“*¢; and we need to prove the
corresponding Lemma about its invertibility. In an informal way, we need to
incorporate to the block matrix A given by (2.1.5) the effect offered by the
exogenous noise. Thus, for all 1 < i < g, denote by Hf** the square matrix
of order d . o
He =S RIPL 0+ Y QA .
k=i k=i—1

where for all k& > 0, Qrx = Dy + P, are given in the recursions (1.1.26),
(1.1.27), (1.1.29) and (1.1.30). In addition, let H** be the symmetric square



52 CHAPTER 3. NON STRONG CONTROLLABLE MODELS

matrix of order dg

Hlezc HQemc qufcl
(ngc)t foc Hzea:c
Here — .
(Hs)" (Hg™)'  Hiee

(Hye) (Hs)!

For all 1 <7 <p, let Ki* =

P + Q;A with K¢

exc
Hq

exc
Hg™q

(3.1.5)

exc
H2

(ngc)t Hle:pc

A, and denote by K¢

the rectangular matrix of dimension dg x dp given, if p > ¢, by

KSIC K16$C K2€£EC
0 KSCCC Kfil?c
KG.CEC —
0 KSLEC Kfﬁ?c K2€IC
0 K8$C Kfmc
and, if p < ¢, by
O KSZ‘C Kfl’c

K¢ = 0 0 K

ExC
Kpr5

exc
Ke

ExXC
Kp*

EeExXC
Kp™5

wac
0

0

Finally, let L be the block diagonal matrix of order dp

'+A

0
L(il‘c —

0 0
'+A 0
0 I'+A
0 0

0
0

0

ExXC
K™
exc
Kp™5

exc
Kp—q—i—l

exc
Kp—q

(3.1.6)

'+A
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and denote as in Chapter 2, by A" the symmetric square matrix of order

6 =d(p+aq)
exc exc\t
e ( e (Ke) ) BL7)
K exc Hexe

The corresponding lemma about the invertibility of A“*¢ avoids the Strongly
Controllable condition, as we can see next.

Lemma 3.1.1 Let S be the Schur complement of L¢*¢ in A*€
S = Heve _ Kexc(Lexc)—l(Kea:c)t' (318)
If (Ay) holds, then S and A®*¢ are invertible and

_Sfl Kexc(Lexc)fl Sfl
(3.1.9)

(Ae:cc)—l _ ( (Le:r:c)— + (Lexc)— (Kexc>t5— Kea:c(Leacc)— _(Le:cc)— (Keacc>t51—

The proofs of all the results of this Chapter conserve the spirit and techniques
of the ones exposed in the Chapter 2.

Proof. Let M and M’ be the infinite-dimensional diagonal square matrices

0
o I' 0
M=|... 0o 1T o - |,
A 0
0 A 0
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Moreover, denote by T and U respectively the infinite-dimensional rectangu-

lar matrices with dg rows and an infinite number of columns given, if p > ¢,

by

P, Py Py Prq
P, P, P, P,
T = e
Pp—q+2 Pp—q+3 Pk—q+2 Pk—q+3
Pogr1 Ppgio Pi-gr1 Peogyo
Qp Qp—H Qk Qk;-H
Qp—l Qp Qk—l Qk
U = A .
Qp—q+2 Qp—q+3 Qk—q+2 Qk—q+3
Qp—gr1 Qp—gi2 Qk—g+1 Qr—q+2
while, if p < ¢, by
By, Ppn Py Py
T — Pl P2 Pk:—p—l—l Pk—p+2
0 P B Pep  Prpi1
0 0 P, P,
Qp Qerl Qk QkJrl
Q1 Q2 Qr—pt1 Qr—pt2
U= Qo 1 Q- Qk’—p Qk—p+1
0 QO Ql Qkfpfl Qkfp
0 0 Qo O3

In addition, let V be, if p > ¢, the matrix with dq rows and dp columns
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given, by
Dy D Dy -+ -+ D, D,
0 Do Dy -+ - D,3 D,
V=
Dy Dy Dy -+ Dpgn
0 - -+ Dy Dy - Dy_y

while, if p < ¢, the upper triangular square matrix of order dp given, by

Dy Dy -+ D,y D,
s_| 0 DoDio Dy
0 -~ 0 0 Dy

Finally, let N be the block diagonal matrix of order dp given by
N =diag (%, -+ ,X%).
where ¥ = A — A(T'+ A)7'A is a positive definite matrix.
First, if p > ¢, we can deduce from (3.1.8) after some straightforward, al-
though rather lengthy, linear algebra calculations that
S=TMT'+UM'U"+VNV". (3.1.10)

We now focus our attention into the last term in (3.1.10). We can clearly
see that VNV is positive definite since N is positive definite. Thus S is

invertible.

Now, if p < ¢, we can see from (3.1.8) that

S=TMT'+UM'U"+ R (3.1.11)

t
o VNVY Z
zt W

where
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with Z equal to the zeros matrix of order dp x d(q — p), and W is the block
diagonal matrix of order d(q — p)

W =diag (A, -+ ,A). (3.1.12)

Then, if we look at the fact that VNV? and W are positive definite, we can

see that R is also positive definite and thus S is invertible.

Finally, as
det(A) = det(L) det(S) = det(I" + A)? det(.5), (3.1.13)

we obtain from (3.1.13) that A is invertible and formula (3.1.9) follows from
[36] page 18, which completes the proof of Lemma 3.1.1 ®

3.2 Main Results

The first Theorem of this Chapter, which is an analogue to Theorem 2.2.2
concerns the almost sure properties of the LS algorithm when the persistently
excited Astrom and Wittenmark adaptive tracking control is used. However,
as it was mentioned before, the spirit of the proof of Theorem 2.2.2 is present,

this is why we will not display all the details.

Theorem 3.2.1 Assume that the ARXy(p,q) model satisfies (A1) and that
(en) has finite conditional moment of order o > 2. Then, for the LS algo-

rithm, we have

lim S = A" as. (3.2.1)

n—oo N

where the limiting matriz A°*¢ is given by (3.1.7). In addition, the tracking

15 residually optimal

1
1= A, |=0 ( Oi”) a.s. (3.2.2)
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Finally, §n converges almost surely to 6

. 1
16, —0]2=0 ( Oi”) a.s. (3.2.3)

Proof. Once again, we shall make use of the same approach as Bercu [14]
or Guo and Chen [31]. First of all, we recall that for all n > 0,

Xn+1 — Tpt1 = Tp + Epg1 + £n+1' (324)

It follows from (3.2.4) and the strong law of large numbers for martingales
given in Corollary 1.3.25 of [20] that

1 n
lim inf — g | X5 P> tr(T +A)  as.
n—oo M
k=1

As T and A are positive definite, it clearly implies that n = O(s,,) a.s.

Moreover, by Theorem 1 of [7] or Lemma 1 of [31], we have

n

> (1= fi) | 7 [P= O(logs,)  aus. (3.2.5)
k=1
where f, = ® S1®,. Hence, if (¢,) has finite conditional moment of order
a>2, we can show via the minimum phase assumption on the matrix polyno-
mial B together with (3.2.5) that || ®, [|?= O(s”) a.s. for all 2a7! < § < 1.
In addition, let g, = ®!S ' ®, and 6, = tr(S; !, — S;1). It follows from

n~n—1

Proposition 4.2.12 of [20] that

(1= fu)(L+gn) =1

Moreover, as
oo

D G =) (S =8 < te(ls) =96,
n=1 n=1

the sequence (d,,) goes to zero a.s. Consequently, as
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we find that

n

Dol melP=D (= S+ ) [ 7,

k=1
which leads to

DolmlP<2) (= fi) I P+ (1 — fu)di | @ [Pl 7 |7+ (3:2.6)
k=1 k=1 k=1
Hence, we deduce from (3.2.5) together with (3.2.6) that
D I P=o(silogs,)  aus. (3.2.7)
k=1
Therefore, we obtain from (2.0.1), (3.2.4) and (3.2.7) that

Dl Xiwr [IP= o(s)log s,) + O(n)  aus. (3.2.8)

k=1

Furthermore, as B is minimum phase, we find from relation (1.1.18) that
U, =B (R)A(R) X1 — B (R)ep1 (3.2.9)

which implies by (3.2.8) that

> Uk |P=o(silogs,) + O(n)  as. (3.2.10)
k=1

It remains to put together the two contributions (3.2.8) and (3.2.10) to deduce
that s, = o(s,) + O(n) a.s. so that s, = O(n) a.s. Hence, it follows from
(3.2.7) with 8 < 1 that

Sl P=o(n) as. (3.2.11)
k=1

Consequently, we obtain from (2.0.1), (3.2.4), (3.2.11) and the strong law of

large numbers for martingales [20] that
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and, forall 1 <:<p—1,

ZXkX,i_i =o(n) as.

k=0
which implies that

1
lim —
n—oo N,

S OXPXD) =L as. (3.2.12)
k=1

where L is given by (3.1.6). Furthermore, it follows from (1.1.18), (3.2.4)
and (3.2.9) that for alln >0

U, = B Y RAR) X1 — B Y(R)eny1,
= Vn + Wn—I—I + Zn—f—h
where
Vi, = B HR)A(R)(Ty + Tnt1),
Wn+1 = P(R)€n+17
Zn+1 = B_l(R)A(R)ng»l
Consequently, we deduce from the Cauchy-Schwarz inequality together with

(2.0.1), (3.2.11), and the strong law of large numbers for martingales [20]
that for all 1 <i <gq

1 n
which ensures that
1 n
lim — E UNUDH = H*™  as. (3.2.13)
n—oo n
k=1

where H is given by (3.1.5). Via the same lines, we also find that

n—oo M,

1 n
lim — > XU )" = (K“)"  as. (3.2.14)
k=1



60 CHAPTER 3. NON STRONG CONTROLLABLE MODELS

Therefore, it follows from the conjunction of (3.2.12), (3.2.13) and (3.2.14)
that
s Sn exc

lim — = A a.s. (3.2.15)

n—oo M
where the limiting matrix A% is given by (3.1.7). Thanks to Lemma 3.1.1,
the matrix A°* is invertible. On the one hand, it follows from (3.2.15) that
n = OMnin(Sn)), || @, ||*= o(n) a.s. which implies that f,, tends to zero a.s.

Hence, by (3.2.5), we find that
Z | 7 ||’= O(logn) as. (3.2.16)
k=1

On the other hand, we obviously have from (3.2.4)

1 n
| Cp =%, ||= 0O <ﬁ ; | 7hs H2> a.s. (3.2.17)

Consequently, we immediately obtain the tracking residual optimality (3.2.2)
from (3.2.16) and (3.2.17). Furthermore, by a well-known result of Lai and

Wei [45] on the LS estimator, we also have

IOg /\maassn )
e a.s.

| Bss — 0 H2:0( g e

(3.2.18)

Hence (3.2.3) clearly follows from (3.2.15) and (3.2.18), which completes the
proof of Theorem 3.2.1. W

The second Theorem of this Chapter offers similar results of those shown
in Theorem 2.2.4 and it is related to the almost sure properties of the WLS
algorithm of Bercu and Duflo, when the persistently excited adaptive tracking

control expressed in (3.1.1) is employed.

Theorem 3.2.2 Assume that the ARXy(p, q) model satisfies (Ay1). In addi-
tion, suppose that either (g,) is a white noise or (€,) has a finite conditional

moment of order o > 2. Then, for the WLS algorithm, we have

lim (logn

>1+an7@ = A" a.s. (3.2.19)
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where the limiting matriz A°*¢ is given by (3.1.7). In addition, the tracking

15 residually optimal

14+
| C — Ay ||= 0 (M) a.s. (3.2.20)

n

Finally, §n converges almost surely to 6
~ 1 I+
16, —0>=0 <M> a.s. (3.2.21)
n
Proof. By Theorem 1 of [7], we have

D a1 = fula) || [IP< 400 as. (3.2.22)

where the coefficient f,(a) = a,®% S, (a)®,. Then, as the weighted sequence

1 N1+
= ()
log s,

with v > 0, we clearly have a,' = O(s,) a.s. Hence, it follows from (3.2.22)

(ay) is given by

together with Kronecker’s lemma given e.g. by Lemma 1.3.14 of [20] that

Y ol [P=o(sn)  as. (3.2.23)
k=1

Therefore, we obtain from (2.0.1), (3.2.4), (3.2.23) and the strong law of large

numbers for martingales given in Theorem 4.3.16 of [20] that

D Xgr 7= 0(s2) + O(n)  as. (3.2.24)

k=1

In addition, we also deduce from the minimum phase assumption on the

matrix polynomial B that

Y Uk |P=o0(sq) + O(n) aus. (3.2.25)

k=1
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Consequently, we immediately infer from (3.2.24) and (3.2.25) that s, =
o(s,) + O(n) so s, = O(n) a.s. Hence, (3.2.23) implies that

> lm|P=o0(n) as. (3.2.26)
k=1

Via analogues arguments of those presented in the proof of Theorem 2.2.4

we have that

S,
lim —= = A®¢  as.
n—oo N,

Via an Abel transform, it ensures that

lim (log n)lﬂsn—m) = A" as. (3.2.27)
n—00 n
We obviously have from (3.2.27) that f,(a) tends to zero a.s. Consequently,

we obtain from (3.2.22) and Kronecker’s Lemma that

D e IP=o((log s,)' ™) aus. (3.2.28)
k=1

Then, (3.2.20) clearly follows from (3.2.17) and (3.2.28). Finally, by Theorem
1 of [7]

~ 1
|| 0n+1 —0 HQZ O <)\—S'(a,)> a.s. (3229)

Hence, we obtain (3.2.21) from (3.2.27) and (3.2.29), which completes the
proof of Theorem 3.2.2 W

Next we prove a CLT and a LIL similar to the ones exposed in Theorem
2.2.5.

Theorem 3.2.3 Assume that the ARXy(p,q) model satisfies (A1) and that
e and & have both a finite conditional moment of order a > 2. In addition,
suppose that (x,) satisfies (2.0.1) and has the same regularity in norm as
(€n) which means that for all 2 < § < «

ST lla 7= 0(n)  as. (3.2.30)
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Then, the LS and WLS algorithms share the same central limit theorem
VB, — 0)EN(0, (A% @ T) (3.2.31)

where the inverse matriz (A““¢)~1 is given by (3.1.9). In addition, for any

vectors u € R and v € R, they also share the same law of iterated logarithm

. n 2 o n 2
hgis;}p <m) (0, —0u = —hgg}lf (m) v (0, — O)u
= (vt(Aexc)_lv) e (utlﬂu)l/2 a.s.
(3.2.32)

In particular,
Amin n ) AvnaaT
(Amax/\m> =P (210glogn) 16 =0 1< (AmmAm) "
(3.2.33)

Proof. First of all, it follows from (1.1.22) and (1.3.1) that for all n > 1

0, —0 =S (a)M,(a) (3.2.34)
where .
My(a) =0 — 0+ ar_1®p_ 1€} (3.2.35)
k=1

We now make use of the CLT for multivariate martingales given by Lemma
2.2.2. On the one hand, for the LS algorithm, we clearly deduce (3.2.31)
from convergence (3.2.1) and decomposition (3.2.34). On the other hand,
for the WLS algorithm, we also infer (3.2.31) from convergence (3.2.19) and
(3.2.34). Next, we make use of the LIL for multivariate martingales given by
Lemma 2.2.3. For the LS algorithm, since € has a finite conditional moment
of order a > 2, we obtain from Chow’s Lemma given e.g. by Corollary 2.8.5
of [58] that for all 2 < f < «

Y e I’=0m) as. (3.2.36)
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The exogenous noise (€,,) shares the same regularity in norm than (e,,) which
means that for all 2 < § < «

DI 1P=0m)  as. (3.2.37)

Consequently, as the reference trajectory (x,) satisfies (3.2.30), we deduce
from (3.2.4) together with (3.2.16), (3.2.36) and (3.2.37) that for some 2 <
0 <«

Z | X5 [|’=0(n) as. (3.2.38)
k=1

Furthermore, it follows from (2.2.10) and (3.2.38) that
Y NUP=0(m) as. (3.2.39)
k=1

Hence, we clearly obtain from (3.2.38) and (3.2.39) that
STk |I°=0n)  as. (3.2.40)
k=1

Therefore, as § > 2, (3.2.40) immediately implies that

i (H P ”)ﬁ < 400 a.s.
n=1 \/ﬁ

Finally, Lemma 2.2.3 together with convergence (3.2.1) and (3.2.34) lead
to (3.2.32). The proof for the WLS algorithm of Bercu and Duflo follows
essentially the same arguments than the proof for the LS algorithm and the
proof for the WLS of Theorem 2.2.5 B

3.3 Note on the Reference Trajectory

In the last section of this Chapter, we obtained asymptotical results for

non necessarily Strongly Controllable ARX;(p, ¢) models tracking a reference
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trajectory which satisfies condition (2.0.1) using a persistent excitation in the
adaptive tracking control of Astrom and Wittenmark. However it is possible
to avoid both the Strongly Controllable assumption and the excitation in the
control, when the reference trajectory satisfies the properties expressed by
(1.5.1), (1.5.2) and (1.5.3).

To be able to develop the asymptotical analysis for the LS and WLS algo-

rithms, we need to investigate the suitable matrix of order d:

A= ( LK ) (3.3.1)
K H

where for all 1 <1 < ¢, H; is the square matrix of order d:

00 i—1 oo
Hyi = Y PIPL 0+ Y. QVig Q)
k=i k=0 1=0
oo k—i+1 o0 oo
+ Z Z QkV}iH_i_le—i—Z Z QrViti—k—1Q).
k=i =0 k=i l=k—i+2

In addition, let H be the symmetric square matrix of order dg:

H, Hy --- H,, H,
H} Hy Hy --- Hy;,
H = ) (3.3.2)
H;_l -+ HY H; Hy
H; Hé—l H; H,

We also have Ko =V + 22 Q, V), and for all 1 <i < p, let

K, =PI + Z QrVik + Z QeVi_;-
k=0

k=i+1

Moreover, we have for all 1 <7 <g¢g—1,

ji =+ Z QrViik.
k=0
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meanwhile K denotes the rectangular matrix of dimension dq x dp given, if

p=>4q,by
KO K1 KQ Kp—2 Kp—l
S Ko Ky - - K,3 K,
Jg Jl Ko Kp—4 Kp—3
K =
Jo—2 -+ Ko Ki Ky Kp g1
Joo1 - L1 Ky Ky K, ,
and, if p < ¢, by
K() Kl K2 Kp—Q Kp—l
S Ko Ky -+ - K,3 K,
Jg Jl Ko Kp—4 Kp—3
K= Ji Ko
Ji
Jq—2 Jq—p—l
Jq—l Jq—p
Finally, let L be the block matrix of order dp:
r+v Vi Vp-1
Vi T+V VvV, Vp—2
L= : - T . :
V;_Q ce th r+v Vi1
VZ—1 e e Vi T+V

We present the following convergence

(3.3.3)

(3.3.4)

(3.3.5)



3.3. NOTE ON THE REFERENCE TRAJECTORY 67

Theorem 3.3.1 Assume that the matriz polynomial B(z) associated with the
ARX4(p,q) model is causal and that (£,)n>0 has finite conditional moment
of order a > 2. Then, for the LS algorithm, we have

lim S _ A as (3.3.6)

n—oo N

where the limiting matriz A is given by (3.3.1).

Proof. We shall make use of the same approach as Bercu [7] or Guo and
Chen [31]. First of all, we recall that for all n > 0,

Xn+1 — XTpy1 = Ty + Ena1 (337)

and
n
2
sn=Y_ [l
k=0

It follows from (3.3.7) and from with the strong law of large numbers for

martingales (see e.g. Corollary 1.3.25 part 2 of [20]) that

1 n
lim inf — g | X5 P> tr(T + V)  as.
n—oo M
k=1

As T'+ V is invertible and s, > Y7 , || Xk [|* we have that n = O(s,,) a.s.,
which implies that

Sp — 00 a.s. (3.3.8)

Moreover, by Theorem 1 of [6] or Lemma 1 of [31], we have

n

> (1= fo) | 7 |’= O(log s,)  as. (3.3.9)

k=1

where f, = ¢.S,1¢,. Hence, as ¢ has finite conditional moment of order
a > 2, we can show by the minimum phase assumption (A;) on the matrix
polynomial B together with (3.3.9) [31] that || ¢, [>= O(s?) a.s. for all
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207" < B < 1. In addition, let g, = ¢S, ¢, and 6, = tr(S; ', — S;1). It
follows from Proposition 4.2.12 of [20] that

Moreover, as

D G =) (S =8, < te(ls) =56,
n=1 n=1

the sequence (d,,) goes to zero a.s. Consequently, as
14 g, <2406, || D, |

we find that

n

Dol melP=D =+ g [,

k=1
which leads to

Sl 7€ 2300~ )l 24 300~ £ | @ 2] 7 7 (33.20)
k=1 k=1 k=1
Hence, we deduce from (3.3.9) and (3.3.10) that
D I P=o(silogs,)  aus. (3.3.11)
k=1
Therefore, we obtain from (1.5.1), (3.3.7) and (3.3.11) that
Z | Xps1 |I*= 0(sPlog s,) +O(n) as. (3.3.12)

k=1

Furthermore, we infer from assumption (A;) that
U, =B Y (R)A(R)X,41 — B~ (R)eps1, (3.3.13)

so we have from (3.3.13) that

STHUNP< 2D |BHR)AR) X || + 23 | B (R)ens|”. (3.3.14)
k=1 k=1 k=1
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Relation (3.3.12) together with Cauchy-Schwarz inequality and (3.3.14) imply

> I Uk [IP=o(si log s,) + O(n)  aus. (3.3.15)
k=1
It remains to put together the two contributions (3.3.12) and (3.3.15) and
remember the convergence (3.3.8) to deduce that s, = o(s,) + O(n) a.s.
leading to s, = O(n). Hence, it follows from this fact, (3.3.11) and (3.3.8)
that

S i m|P=o0(n) as. (3.3.16)

Since the reference trajectory is predictable and the law of large numbers
(1.2.1) and relation (3.3.16) hold, using the Cauchy-Schwarz inequality, we

obtain

> ey [P=0(n)  as. (3.3.17)
k=1
>l mihyy IP=o(n)  as. (3.3.18)
k=1
Z | zreliy [|P=o(n) as. (3.3.19)
k=1

It follows from these expressions, the strong law of large numbers for ¢ and

convergence (2.0.1) that

1 n
lim — E X3 Xi=T+V as.
Observe that
1 L ifm=j
e I EmEI s (3.3.20)
n = 0 ifm=#j

which follows for m = j from (1.2.1). On the other hand, if m # j (3.3.20)

results from the strong law of large numbers for martingales [20]. We also
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have that, for all 1 <7 <p— 1 that

Xlef;—i = (2 + Tp1 + €k) (Tp—i + Th—iz1 + Ek—z’)t .

Consequently, we obtain from the previous calculations that

1
lim — E Xi X, =V, as. (3.3.21)
n—oo M
k=1
which implies that
1 n
lim — E XP(XPY =L as. (3.3.22)
n—oo N
k=1

where L is given by (3.3.5).
Furthermore, it follows from(1.1.18), (3.3.7) and assumption (A;) that, for
alln >0,

R)A(R)X,11 — B~ (R)ens1,
R)A(R)(my + #nr1) + B~ (R)(A(R) — La)en,

I
—
~—~

where

Thus, we have
UkUli—zurl = Vkvkt—z'H + V}Gth—H—Q + VkWé—Hz + Wir1 Vi
+ WiV + Wi Wi + Y Vi + Y Yy
+ Yk+1WI§—i+2

for all 1 < i < ¢q. Consequently, as W,, = P(R)e,, we deduce from the
Cauchy-Schwarz inequality together with (1.5.1), (1.5.3), (2.2.12), the strong
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law of large numbers for the driven noise and from the fact that xy is Fj_1

measurable that

1 n
n
k=1
1« ,
— ZVka—Hz — 0 a.s.
"=
1« .
— Z ViYy i — 0 as.
"=
1« .
- Z Wk+1Vk—i+1 — 0 a.sS.
"=
1« .
- Z WYy _ipo — 0 a.s.
k=1

1 n
t
ﬁg YiriViiin — 0 as.
k=1

n
1
t
;E Yk+1Wk7i+2 — 0 a.s.
k=1

If we recall (3.3.20), then we have already proved that

lim — > Wi Wi, =Y PIPL,. (3.3.23)
k=1

n—oo M P
=1

In addition,one can observe that

k k—it1 ¢
VY i = [Z Qﬂkz—jﬂ] [Z Qj$k—i—j+2] : (3.3.24)
=0

=0
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After some calculation, we rewrite

k—i+1 k

t _ t t
VinYe i = Z Z ijk—j+lxk—j+r+1ijr7i+1

r=0 j=itr—1

k k
T Z Z Qj—rxk—j+T+1x§€fj+lQ;fi+l
r=1 j=r
i—1 k—i+1
— t t
= Z Z erk—r+1$kﬂ;j+2Qj
r=0 j=0
k—1 k—i+1
+ Z Z erk—r+1'rzfi,j+2@;
r=t j=r—i+2
k r—i+1

t t
+ Z Z erk—r—i-lxkﬂ'ﬁurz@j

r=i j=0

which leads us to conclude that

i—1 oo

[P DOLINCENED ) S RNt
k=1

which ensures

r=0 j=0

co r—i+l1 oo

T Z Z Qrvi—&-l—i—jQ; +Z Z Qrviﬂ-,r,lQ;

r=i j=0 r=i j=r—i+2

We have obtained that
o1
lim ~ Y UUL i =H;  as. (3.3.25)
that

1 n
lim — UNUN'=H as. 3.3.26
nggonz r(Uy) a.8 ( )

k=1

where H is given by (3.3.2). Via similar arguments together with (3.3.7),
(1.5.1), (1.5.2), (1.5.3) and (3.3.20), we also find for all =1 <m < p—2 and

2 <[ < qthat
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and

k=1
Then we have
1 n
lim — > XP(UL)' =K' as. (3.3.27)
n—oo N,
k=1

where K is given by (3.3.3) or (3.3.4).
Therefore, it follows from (3.3.22), (3.3.26) and (3.3.27) that

lim Sn =A as. (3.3.28)

n—oo M

where the limiting matrix A is given by (3.3.1). H

If the reference trajectory is such that V is positive definite and for ¢ > 1
V,; = 0, then we have the following simplifications for the matrix A given by
(3.3.1) which in this case is denoted by A,

H, = ZPkFP]§71+1 + Z kaQZf’iJrl
k=t

k=i—1
KO - V
K, = PT+Q,V
J =0

where for all k£ > 0, Qr = Dy + P, in addition 1 <i<¢q, 1 <j<g—1and
1 <r < p. Finally, the block matrix L is the block diagonal matrix of order
pd:

r+v 0 0
0 r+v o 0
L= : . : . :
0 0 I'+V 0

0 0 r+v
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We observe that such matrix A, is similar to the matrix A®*¢, we just need
to replace A by V, then we can prove similar results for both LS and WLS

algorithms than the ones exposed in Section 3.2.

Lemma 3.3.1 Let S be the Schur complement of L in A,
S=H- KL (K)". (3.3.29)

If (A1) holds, then S and A, are invertible and

A= ( (D)7 + (L) KSR ()™ —(L) 7 (K)'S ™!
: CSTUK(L) ! o1

) . (3.3.30)

Theorem 3.3.2 Assume that the matriz polynomial associated with the ARX4(p, q)
model satisfies the causality condition (A.1) and that (¢,)n>0 has finite con-
ditional moment of order o« > 2. In addition, if the reference trajectory
x = (xn)n>0 satisfies (1.5.1), (1.5.2) and (1.5.8) with for alli > 1 V; =0
and V a positive definite matrix, then for the LS algorithm, we have

lim O _ A, as. (3.3.31)

n—oo M

where the limiting matriz A, is given in Remark 4. In addition, the tracking

s optimal

1
1C,—T, =0 ( Oin) a.s. (3.3.32)

Finally, En converges almost surely to 6

~ |
16, —0]2=0 ( Oi") a.s. (3.3.33)
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Theorem 3.3.3 Assume that the matriz polynomial B(z) associated with
the ARX 4(p,q) model is causal. In addition, suppose that either (€,)n>0 s @
white noise or (€,)n>0 has a finite conditional moment of order o > 2. Then,

for the, we have

llm (log n)lﬂsn—@ =N\, as. (3.3.34)
In addition, the tmckz’;go;’ optimal "
I C.—Tul=0 (W) a.s. (3.3.35)
Finally, gn converges almost sure to 0
16, —0|>= 0 (M) a.s. (3.3.36)

Theorem 3.3.4 Assume that the matrixz polynomial B(z) associated with the
ARX4(p, q) model is causal and that (,,)n>0 has a finite conditional moment
of order o > 2. In addition, suppose that (x,)n,>0 has the same regularity in

norm as (€,)n>0 which means that for all 2 < f < a,

ST lla I°=0(n)  as. (3.3.37)

Then the LS and WLS algorithms share the same central limit theorem
(6, —)EN(0,A;' @ T) (3.3.38)

In addition, for any vectors u € R and v € R?, they also share the same law

of iterated logarithm

" 12 n 12
1. A t _ _ N 1 . f e t .
lgl—igp (2log logn) VO = O)u pres (210g log n) VO = O)u

= (v'A; ') Y2 (utFu)l/2 a.s.
In particular,

Aminl n . Amazl
min <1 ; en .y 2< mazx 5
()‘maacAz> o lfzn—i:ip (2 log 1Og n) || || - <)\mznA:v) -9

(3.3.39)
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3.4 Numerical Experiments

In this section we present some numerical experiments in order to illustrate
the results obtained in this Chapter corresponding to the LS algorithms using
a persistently excited adaptive tracking control. First we consider a Strongly
Controllable model for showing that we still have the asymptotic properties
obtained in the previous Chapter but with a different associated limit matrix.
Next,we consider a non Strongly Controllable model and we will obtain the
almost sure convergence of the LS algotihm as well as a CLT, in the third
experiment, we chose the reference trajectory to be a random ¢.7.d. sequence,
while in the last one it is chosen constant. All the simulations will be based
on 400 realizations of a sample size 10000. For sake of simplicity we consider
in the first two experiments the reference trajectory to be identically zero

and the driven and exogenous noises as white Gaussians N (0, I5).

Example 1. We consider now the ARX,(1,1) model,

Xn+1 - AXn + Un —|— BUn_l + En-i—l (341)

with

For all k > 1, we have Dy = (—B)* and P, = —(—B)* 1A which clearly
implies that

Qv =—(—B)*'(A+ B).
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Figure 3.1: Almost sure convergence of LS algorithm for a Strongly Control-

lable model
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Figure 3.2: CLT of LS algorithm for a Strongly Controllable model
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Since the matrices A and B are both diagonal, we find that

Here — ip]?_‘_icg;
k=1 k=0

) +Z Bk71A2Bk71 +Z Bk*l(A_'_ B)2Bl€fl7
k=1 k=1

= L+ (A°+(A+B)*))_ B*
k=0

Il
~

= L+ (A2 +(A+B)) (I, - BH ™.
Then, we can obtain that the matrices H®*¢, L¢ K and A®* are respec-

tively given by

96 0 48 0
1] 0 9 0 48
48 [ 48 0 170 0

0 48 0 63

We observe that det(A°"¢) # 0. We show in Figures 3.1 and 3.2 respectively
the almost sure convergence and the CLT of the LS algorithm for the diagonal

Aemc —

coordinates of matrices A and B.
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Figure 3.3: Almost sure convergence of the LS algorithm
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Example 2. We consider now the same ARX5(1, 1) model than in example
2 of Chapter 2
Xny1 = AX,, +Up + BUp—1 + €441 (3.4.2)

A:20 aundB:130
00 4\ 0 =2

since this ARX5(1,1) process is not strongly controllable, we use the persis-

with

tently excited adaptive tracking control given in (3.1.1). In this example, we

have that
1
reae _ L 576 0 .
21 0 28

Therefore, the limiting matrix A®* given by (3.1.7) is

42 0 21 0
A 1 0 42 0 21
211 21 0 576 0

0 21 0 28

We can see that det(A®") # 0. It is interesting to remember that for the same
model with the Astrom and Wittenmark adaptive tracking control without
the persistent exication the matrix A is not invertible. We can see in Figure
3.3 that the parameter 6 is correctly estimated, while in Figures 3.4 and 3.5
we can see that the CLT is satisfied for the estimation of the four diagonal

elements of matrices A and B.

Example 3. In order to illustrate the almost sure convergence (3.3.33) and
the CLT shown in Theorem 3.3.4, consider now, a non Strongly Controllable
ARX5(1,1) model with

A:30 andelSO.
00 4\ 0 -1
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Figure 3.4: CLT of the LS algorithm for matrix A
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Figure 3.6: Almost sure convergence for LS algorithm

the reference trajectory @ = (x,,)n>0 is an i.i.d. sequence with zero mean such
that E[z,12%,, | F,] = I a.s. We can compute the matrix A, noticing that
L:2IQ,K:Kt:]2 and

1 1128 0
H=— . 3.4.3
21 < 0 28 ) ( )

We find that
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42 0 21 0
A — 1 0 42 0 21
21 21 0 1128 0

0 21 0 28

We have also that det(H) = 71.619, det(H — KL7'K"!) = 44.3452 and
det(A,) = 177.3810. Figure 3.6 shows the almost sure convergence of the
LS algorithm, while in Figure 3.7, we observe the CLT for every coordinate
of the LS estimator.

Example 4. Even though we did not prove any asymptotical result when
the reference trajectory is such that V # 0 and V; # 0 but not invertible, we

present the following experiment. Considerer the same ARX5(1,1) model as

in example 3; same matrices A and B, with a constant reference trajectory

0
_ 4
0 0
V=V,= ( ) _ (3.4.5)
0 1
We find that L = ,+V, K = Ko = V— (I + B)"*(A+ B)V. Consequently

10

L:(O 2), (3.4.6)
0 0

K:(O 2). (3.4.7)

We clearly have

In addition
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1( 144 0
H== 3.4.8
7( 0 28) ( )
and
70 0 0
A_1 0 14 0 14
710 0 144 0
0 14 0 28

We have det(H) = 82.2857, det(H — KL7'K") = 41.1429 and det(A) =
82.2857. We have found that a non Strongly Controllable ARX,(p, ¢) model
tracking a non zero constant reference trajectory holds similar asymptotical
results of those proved in this Chapter. As a matter of fact, we observe in
Figures 3.8 and 3.9 respectively the almost sure convergence and the CLT of

the LS algorithm. Those simulation results are of course not surprising since
det(A) > 0.
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Chapter 4

Work in Progress on the
Durbin Watson Statistic

The Durbin-Watson statistic has been used to detect the presence of a first
order autocorrelated noise in linear regression models with the independent
variables regarded as "fixed”, and it was introduced by J. Durbin and G.
S. Watson in their works [22], [23]. Since their pioneer work the procedure
around this statistic has been the main topic of a large variety of theoretical
papers [21], [51], [52], [54], [57], [62]. In addition the Durbin Watson proce-
dure has been employed in application areas such as Electrochemical Science
24], Crystallography [34], Pharmaceutics [60] and Chemometrics [63].

In this Chapter, we focus our attention on the Durbin-Watson statistic, the
LS algorithm and their asymptotic behavior in the AR;(p) adaptive tracking

framework with a noise which may have a first order serial autocorrelation.

4.1 Preliminaries
We will work on the following one dimensional regression models:
Xpy1 =00, + U, +eny1, (4.1.1)

90
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with 6" = (ay,...,a,) and ¢}, = (X,,, -+, Xp_pi1)-

In addition, we suppose that the driven noise (En)nzo satisfies the autoregres-

sive AR;(1) model given, for all n > 0, by
Ent1 = Pen + Vi1, (4.1.2)

where |p| < 1 is the first-order autocorrelation parameter and (V},),>o is
a martingale difference sequence adapted to a filtration [F such that for all
n >0, E[V.2,|F,] = 0% > 0 a.s. Moreover, if

1
k=1

we suppose that (7,,),, converges almost surely to o2.

We are now in positiorz to list some straightforward properties of the driven
noise (&n),0:

1. The initi_al value g = Vj and for all n > 0

en=>_ 0"V (4.1.4)
k=0
2. Foralln >0 and h > 0,
E[sn] = 07
2 1 — 2n+1
Varle,] = E[e?] = o ( p2 )7
1—p
1 — p2n+1
Covlen, ensn] = Elenenin] = ph021_—p2

which leads us to
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Cov(gg, €1, .y En) =

1—p*  p(1—=p*)  p(1=p*) - p(1-p?)
2 p(1—p?) 1—p! p(1—p*) - p"lp(1—p?)
7 pP(L—p?)  p(1—p") L—p® - p"2(1 =90
pPrL=p?) pr Tt =pt) PP =% e 1= P

3. We can easily prove the following convergences:
1 n
— E e, — 0 a.s.
n
k=1

1 n
—E g2 — o*(1—p)"" as.
n

k=1

4. For all n > 0 we also have

Eleni1|Fn] = pen  as.
Ele2 4| F] = plel+o0° as.

Remark 4 One can observe in the ARy(p) case that, if p = 0, then we
obtain ezxactly the same model studied in [1]] in dimension d = 1. Moreover
in the ARX1(p,q) framework, if p = 0, then we are in the cases considered
in the previous Chapters.

The Durbin-Watson procedure is based on the LS or WLS residuals which
are defined next:

Definition 4.1.1 Suppose that we estimate the parameter of a linear model
of the form given in equation (4.1.1) by the LS or the WLS algorithm, then
the residuals of such algorithm are defined for alln > 1 by

R ~t
En = Xn — Un—l — 9n¢n71. (415)
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We can define now the Durbin-Watson statistic in order to detect the first

order serial correlated noise:

Definition 4.1.2 Assume that we estimate the parameter of a linear model
of the form given in equation (4.1.1) by the LS or the WLS algorithm, then
the Durbin-Watson statistic is defined by

n ~ ~ 2
D, = Zk=lz(i’“ 5?_1) (4.1.6)
k=1

where €y = 0 and 4,. .. &, are given in Definition 4.1.1.

In addition, in the classical regression framework, the correlation parameter
p if often estimated by [62]

D1 EkEr
p, = S=Esl 2 (4.1.7)
k=1%k

We can obtain the following relation between the Durbin-Watson statistic

and the estimator of the correlation parameter at step n > 1:

D,=2(1-p,)+9d, (4.1.8)
where .
o= = (4.1.9)
k=1%k

This expression shows a duality between D,, and p,,; as a matter of fact, small
values of p, lead us to obtain values for D,, close to two, while an estimation

of p not so close to zero indicates that D, is far from two.

If in fact we have p = 0 and we work with an AR;(p) or an ARX;(p, q)

models then is not hard to see that:

0, — 0 as. (4.1.10)
D, —2 as. (4.1.11)
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The Durbin-Watson statistic has been successfully used for contrasting the
hypothesis
Hy:p=0 wvs Hy:p#Q0; (4.1.12)

when the regression variables can be treated as constants [21], [22], [23] .
It has been shown that exact critical values for this test can not be ob-
tained since its distribution depends on the regression variables [55]. How-
ever, Durbin and Watson [23] found bounds Dy and Dy to those critical
values, such bounds have been tabulated independently of the regression
variables [23]. In this case the test says that if the observed statistic D,, is
less than Dj or bigger than 4 — D we reject Hy, if D, lies between Dy
and 4 — Dy we conclude H; and the test is inconclusive otherwise. In ad-
dition, notice that D,, = 0 when &, = €,_; for all k > 0 and D,, = 4 when
€, = —€p_1 for all & > 0, while a value of D,, close to 2 indicates a low or

zero valued p.

It has also been argued that the Durbin-Watson statistic is biased toward
2 when lagged dependent variables are included in the model and a least
squares estimation is employed [21], [51], [54], making the Durbin-Watson
test inappropriate for the AR;(p) scenario. However, it is interesting for us
to investigate such convergences and the asymptotic properties of the LS
algorithm keeping in mind the words of Johnston [40] ”...if we combine the
two complications of lagged variables and autocorrelated residuals, things
get really bad” .

4.2 The DW Statistic in the AR;(p) Frame-

work

In this section, we present a series of numerical results which will lead us to
formulate some conjectures about the asymptotical properties of the Durbin-

Watson statistic and the LS algorithm in the AR;(p) adaptive framework.
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a 2 p a, P D, S./n
2.5 0.5 -0.7 1.802 -0.006 2.01 0.3393
2.5 1 -0.7 1.8002 -0.008 2.015 1.29
2.5 3 -0.7 1.804 -0.015 2.03 12.8653
0.5 1 -0.7 -0.202 -0.0035 2.006 1.323
1 1 -0.7 0.3018 -0.0036 2.007 1.342
1 1 0.3 1.2989 -0.0004 2.0071 1.0082
1 1 0.8 1.799 -0.0025 1.9998 1.6938
1 1 -0.1 0.9019 0.0021 1.996 1.0001
-1.5 1 -0.1 -1.5999 0.0017 1.9965 1.0001
0.3 1 -0.4 -0.0982 -0.0018 2.0015 1.0263

Chart 1: Average of 20 repetitions of sample size 10000, AR;(1).

We consider first some numerical experiments for the AR;(1) case:

Xn+1 = aXn + Un + €n+1, and

Ent1 = p€n+Vn—|—lu

where (V,,), 5, is an i.i.d. N (0, 0?) sequence and for the sake of simplicity the
reference trz;jectory is chosen identically zero. In Chart 1 we present twelve
sets of parameters for the model presented above, for every one of them we
present the average of 20 repetitions of a sample of size 10 000 for the LS
estimation for the parameter a, the statistics p,,, D, and the value of the
matrix S, /n.

We observe from Chart 1 that the value of @, is not affected by o2, in particu-
lar, we observe this from the first three rows. In addition, we may conjecture

from the fourth column that

lim a, =a+p as. (4.2.1)

n—oo

From the first three rows we conjecture that the LS estimation, p,, and D,
do not depend on the value of 02, only the matrix S,,/n depends on its value.

We already expected this situation since Bercu [7] and ourselves in Chapter
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a, a, a, o2 p da, a, a, A, D, S./n

1 1.6 -2.5 0.25 -0.8 | 0.1963 | 2.2195 | -2.9419 | -0.0765 | 2.1125 | 0.4185
1 1.6 -2.5 1 -0.8 | 0.1984 | 2.2305 |-2.9793 | -0.0453 | 2.0905 | 1.1816
1 1.6 -2.5 3 -0.8 | 0.1989 | 2.3337 | -2.9839 |-0.0348 | 2.0695 | 3.6001
1 1.6 -2.5 0.5 -0.8 | 0.1977 | 2.2288 | -2.9764 | -0.0414 | 2.0825 | 0.6055
2 1.6 -2.5 1 -0.8 1.1951 | 2.2320 | -2.9818 | -0.0483 | 2.0964 | 1.1954

1.5 1.6 -2.5 1 -0.8 0.7 2.2236 | -2.9700 | -0.0515 | 2.1028 | 1.2001
1 -1.1 -2.5 1 -0.8 0.205 |-0.4888 | -2.9566 |-0.0708 | 2.1414 | 1.2111
1 -0.5 -2.5 1 -0.8 | 0.1979 | 0.1236 |-2.9707 | -0.0510 | 2.1019 | 1.1885
1 1.6 -1.5 1 -0.8 | 0.2003 | 2.2294 |-1.9800 | -0.0455| 2.0908 | 1.1988
1 1.6 1 1 -0.8 | 0.1946 | 2.2401 | 0.5115 |-0.0254 | 2.0505 | 1.2000
1 1.6 -2.5 1 0.8 1.8034 | 2.2239 | -2.0366 | 0.0623 | 1.8851 | 1.2117
1 1.6 -2.5 1 0.5 1.4918 | 1.8315 |-2.4013| 0.0234 | 1.9529 | 1.0124
1 1.6 -2.5 1 0.2 1.1992 | 1.6365 | -2.4960| 0.0090 | 1.9819 | 1.0024

Chart 2: Average of 20 repetitions of sample size 10000, AR,(3).

2 obtained, when p = 0, that in this case S,,/n converges almost surely to
a2

In addition, we can glimpse that the Durbin-Watson statistic converges al-
most surely to 2 and p,, converges almost surely to zero.

We put now our attention on the AR;(3) model:

Xnt1 = a Xy +aXy 1 +a3X 2+ U, +ep41, and
Entl1 — pPEn + Vn+17

where once again (V,,), -, is an 1.i.d. N(0,0?) sequence and the reference tra-
jectory is chosen identi(;ally zero. In Chart 2 we present fifteen combinations
of the parameters of the previous model, for every one of them we provide
the average of 20 repetitions of a sample of size 10 000 for the LS estimation

for the parameter 6, the statistics p,,, D,, and the value of the matrix S,,/n.

As it was done with Chart 1 we can make some conjectures about Chart

2. It can be seen from rows 1 — 4 that only the value of S,/n is affected
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significantly by changes in the value of 2. We also observe that the LS
estimations for a; have a similar behavior than the ones for a in Chart 1,
more precisely the LS estimations for a; seems to be very close to a; + p, less
obvious is the behavior of the LS estimations for as and ag, but it can be
seen that they are very close to as + p* and a3 + p? respectively, as a matter
of fact if we consider the parameters of the sixth rows of Chart 2; a1 = 2,
as = 1.6, a3 = —2.5, 0> = 1 and p = —0.8, then we have from the same row
of the same Chart that

d — (a1 +p) = —0.0049,
dy — (a1 + p*) = —0.008,
a3 — (ar +p*) = 0.0302.

Finally, we conjecture that the Durbin-Watson statistic may be asymptoti-

cally biased toward two and thus p, is biased toward zero.

In order to attack the general AR;(p) tracking problem, we need to recall
some notation from [7] and Chapter 1. Consider the AR;(p) model obtained
from relations (1.1.2), (1.1.3), (1.1.4) and (1.1.5), where the noise (£,)n>0
satisfies (4.1.2) and U, is the adaptive tracking control given for all n > 0 in
relation (1.4.4), and the reference trajectory satisfies the convergence (2.0.1).

In addition, let us define the following parameter

0" =0+ p (4.2.2)

where 0 = (a1, ,a,) and ut = (p,p% ..., p")". Next let us define the

sequence (7,,),>0 in the following way

m:(m—QYQ. (4.2.3)
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Remark 5 From relations (1.1.2), (1.1.3), (1.1.4), (1.1.5), (1.4.4), (4.1.2)
and (4.2.3) we obtain

Xop1 = 0'¢, +Un+ena

Xoyr = 00, + xnp — 9Ant¢n tént1

Xpp1 = 0'¢, 4+ 2n1 — 9Ant¢n + pen + Vot

Xust = 06, +Tuss = 0n 6,4 p [Xo = 06,1 = Una] + Vi

Xop1 = 0'¢, + Tnp1 — 9Ant¢n +p [Xn —0'¢, | —x, + 5;_1525”_1} + Vo

Xn+1 = (0 - é;)t ¢n + P {Xn - (0 - /én—l)t ¢n1:| + [xnﬁ-l - pxn] + Vn—i—l

Xot1 = [mn = pmpc1] + pXo + [Tnsr — pan] + p' by — 10y + Vi
Xn+1 = [7Tn - pﬂ-n—l] + ['rn—l-l - pxn] + /0p+1Xn—p + Vn+1
XnJrl = Yn+2n+ pp+1anp + Vn+17

where y, = m, — pTp_1 and 2, = Tpi1 — PTy.

In order to obtain results about the almost sure convergence of S, /n, QAn, D,
and p,, and following the same approach developed in Chapters 2 and 3 we

need to prove beforehand that:

Y i =0(ogs,) as. (El) (4.2.4)
k=1
where .
sn=Y_llexl*- (4.2.5)
k=1

However the techniques followed by Duflo [20], Guo and Chen [31] and Bercu
(6] respectively for proving (E.1) are supported by the fact that (e,),,
satisfies the properties establish in Section 1.2. It is particularly importaﬁt
the one that assures that if p = 0 and (), is a sequence adapted to the
filtration F then )

M, = apgpa, (4.2.6)
k=0
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is a martingale. When p # 0 we can not say that M, is a martingale since

in this case

n
M, = E QRER41
k=0
n+1 n

= Zaka+1+ij Z @kkajJrla
k=0

j=1  k=j—1

and we observe that the first sum of this new expression of M, is in fact a
martingale but we can not say too much about the remaining sums.
In the following result we present the almost surely convergence of the matrix

sequence (S, /n) and the LS algorithm.

Theorem 4.2.1 Consider the AR, (p) adaptive tracking framework. Assume
that (e,),,>o satisfies the relation given by (4.1.2) and that (V,,),~, has a finite
conditional moment of order o« > 2. In addition, suppose that the reference
trajectory (zn),>, satisfies the condition given by (2.0.1). Then, for the LS

algorithm, we have

.Sy o?

In addition the LS algorithm converges almost surely to 6

~

0, — 0" a.s. (4.2.8)
Proof. Recalling that for all n > 0

Xn+1 — Tpt1 = Tp — ut¢n + En+1- (429)

It follows from conjecture (E.1) that

n

Zﬂ'z = O(logs,) a.s. (4.2.10)
k=1

Hence, we deduce from (4.2.9) that



100CHAPTER 4. WORK IN PROGRESS ON THE DURBIN WATSON STATISTIC

ZX,?H = O(logs,) + O(n) as. (4.2.11)

k=1
Finally, we obtain that s, = o(s,)+ O(n), so s,, = O(n). Then from (4.2.10)

we have that

Zﬁi =o(n) as. (4.2.12)
k=1
Assuming that
1 n
— X? 2.
- > X; (4.2.13)
k=1

converges almost surely, from Remark 5 we have that

XTQL = yi*l + 272171 + p2p+2X72zfp71 + Vn2 +
2 [yn—l + Zn—l] [pp+1Xn—p—1 + Vn:| +
2p2p+2Xn—p—1Vn

Then since (V},);5, holds the strong law of large numbers, from (2.0.1) and
4.2.12) it follows that

L=p")> X2 =) VZ+on)+20" > XipVie (4.2.14)
k=1 k=1

k=p+1

We observe that the last sum in (4.2.14) is a martingale such that

20" > XppaVi=o(n) as. (4.2.15)
k=p+1
Then we have obtained that
1— p2p+2 n
lim —— 2 — 52 2.
Jim —> ZXk o®  as., (4.2.16)
k=1
which leads us to
2

ol o
7}1—{2105;)(’“ = T e a.s. (4.2.17)
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In addition, from Remark 5 we have that

ZXka 1= Z [Yk—1 + 2—1] Xpo1 + ppﬂ ZXk—p—le—l + ZXk—IVk
k=1 k=1

k=1

ZXka 2 = Z o1+ 2] Xeo + 7Y Xppa Xaca + ) XiaVi
k=1 k=1

k=1

n

Z X Xp—pt1 = Z (i1 + 2k-1]) Xpepi1 + o717 Z Xi—p-1Xk—pt1 + Z Xi—pt1 Vi,
k=1 k=1 k=1 =1

observing that forall 1 <i—1<p
Y XiVi=o(n) as. (4.2.18)
we find from (2.0.1) and (4.2.12) that

Z XX = prt Z Xp—p-1Xp—1 + o(n)
k=1

k=1

ZXka—2 = pp+1ZXk—p—1Xk—2+0(n)
k=1

k=1

Z X Xpp1 = p Z Xi—p-1Xp—pt1 +o0(n).
=1 =1

If weset foralll1 <i<p-—1

= lim — Z X Xhs (4.2.19)

n—oo 1

then we obtain the homogeneous system

L —p"t, =0 (4.2.20)

Il — P, 1 =0 (4.2.21)
: (4.2.22)

L1 — P =0, (4.2.23)
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which is solved only if forall 1 <i:<p—1

1 n
[, = lim — E X Xi_i =0 as. (4.2.24)
n—oo 1
k=1

Hence, we have found from (4.2.17) and (4.2.24) the convergence (4.2.7).

In order to prove the almost sure convergence of the LS algorithm, we recall
that for allm >0

=51 Z b1 (Xp —Up_1), (4.2.25)

then .
Sn-1bn = 6y (Xx — Up_1) . (4.2.26)

k=1

We can observe that we need to investigate the asymptotic behavior of

1 n
= Xp-iUp-r. (4.2.27)
n

From (1.4.4) we have for all 1 <14 < p that

~t
Xk—iUk—l = Xk—i |:ZE]<; - ek_1¢k71 (4228)
Xk—iUk—l = Xk_il’k + Xk—ﬂrk—l — Xk—i (9*)t ¢k—1' (4.2.29)

from (2.0.1), (4.2.12), (4.2.17) and (4.2.24), we find for all 1 < i < p that

1 —(a; + p')o?
Finally, from (4.2.7) and (4.2.30) we obtain the convergence (4.2.8) R
Next, we show the bias of both p,, and D,,.

Theorem 4.2.2 Consider the AR1(p) adaptive tracking framework. Assume
that (en),>o satisfies the relation given by (4.1.2) and that (Vy,),,5, has a finite
conditional moment of order o > 2. In addition, suppose that the reference
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trajectory (z,,),,5, satisfies the condition given by (2.0.1). Then, we have the

following almost sure convergences

0, —0 as.,and D, —2 a.s. (4.2.31)
i.e., p, and D, are biased toward 0 and 2 respectively.
Proof. From (4.1.5) we have that:

S =Xy~ Uy — 0.6, (4.2.32)
= X, —an— 0.0, — 1, (4.2.33)

where 6, = (6,, — 6). We can see then that
v 2 -
& = Xptah+m+ (0;¢n71> —2X, (92@171) + 22,01
= 22X = 2K+ 2 (801 ) Tt + 200 (046,1)

and from (2.0.1), (4.2.7) and (4.2.12) we find that

2

I~ o
k=1

In a similar way we find from (2.0.1), (4.2.7), (4.2.12) and (4.2.24) that
- €rer—1 — 0 a.s. (4.2.35)

Hence, convergences (4.2.34) and (4.2.35) imply that
o, — 0 as. (4.2.36)
In addition, from relation (4.1.8) we have already proved that

D, —2 as. (4.2.37)
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In order to deal with a CLT for the LS algorithm, we notice as in Theorem
2.2.5 that

En -0 = S Z¢k—15k — K
k=1

=S4 Z POr_1Ek—1 + Sy My, — 1

k=1
where

M, =Y ¢, V. (4.2.38)

k=1
We observe that (M,),>o is a vector martingale, from Lemma 2.2.2 and

convergence (4.2.7) we have that
VS M, 5 N(0, (1 — pt2)1). (4.2.39)
However, we can not make a similar conclusion for
n n
AT Z po_1Ek1 = VnS, Z POr1 Xk-1
k=1 k=1
— VnS Y Z POp_1(Th—2 + xp—1)
k=1
since it is necessary to prove if the sequences
! i Or_1X, (4.2.40)
— k-1 k-1 2.
Vi

% S (T + 1) (4.2.41)
k=1

converge almost surely or not.
We know that if actually p = 0 then [7]
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0 Z, Z, Z, viz,] vz, vz,

0 -0.0322 0.06 -0.0124 0.9655 0.9575 1.0414
-0.05 -0.0164 0.016 -0.082 0.9046 0.9919 0.9991
-0.1 0.049 -0.07 0.013 1.0825 0.9979 1.0362
0.2 -0.1906 -0.1684 -0.1679 0.9963 1.0951 1.1759
0.5 -0.2336 -0.6997 -0.9860 1.2191 2.2467 2.3680
0.8 0.5723 -0.3325 -2.6568 1.2672 3.3323 8.6544

Chart 3: Summary of the LS-CLT experiment, AR(3).

Jn @n - 9*) £ N(0,0°1) (4.2.42)

i.e., we only conserve the martingale given by (4.2.38).
In order to glimpse the behavior of a CLT for the LS algorithm via numerical

experiments we consider the AR;(3) model, given for all n > 0 by

Xpp1 = a1 Xy + a0 X1 + a3X, 2+ U, +€ep41, and

En+1 = p5n+vn+1-

where a; = 1, as = 1.6, a3 = —0.5 and (V},),~, is an iid. N(0,3.24)
sequence, in addition for the sake of simplicity we consider the reference
trajectory to be identically zero. This experiment is based in 400 samples
of size N=10000. In order to simplify the presentation of the results of
the experiment, let us define Z;, Z, and Z3 as the first, second and third
coordinate of

Jn (En - 9*) (4.2.43)

respectively, and denote by Z; and V[Z;] for i = 1,2,3 their means and
variances. In Chart 3 we present five no zero choices for the autocorrelation
parameter and we can compare the mean and variance of Z;, Zs and Z3 for
each case with the reference case offered by p = 0. We observe that the

results of the experiment for small values of p are closer to the ones for p =0
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0.8

0.6 |
041 -
1 1 L n

0.4

0.3 N

0.2 ]

0.4

0.3 N

0.2 N

Figure 4.1: CLT for p = 0.8
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Figure 4.2: CLT for p =04

while bigger values for the autocorrelation parameter have significantly more
distant results from the ones of the reference case. Furthermore in Figures
4.1, 4.2 and 4.3 we display histograms for illustrating the CLT for the choices
p =038 p=04and p = —0.1. From the discussion presented above and
Figures 4.1, 4.2 and 4.3 we may conjecture in the one hand that smaller
values in modulus for the autocorrelation parameter leads to the distribution
of (4.2.43) to be closer to a NV (0, I3), while values for p closer to one present
a normal distribution which does not seems to be N (0, I3).

At this point, we may ask to ourselves about the possibility of having a CLT
for the Durbin-Watson statistic and the estimator of the autocorrelation

parameter given for all n > 0 by (4.1.7), due to the relation between this



108CHAPTER 4. WORK IN PROGRESS ON THE DURBIN WATSON STATISTIC

statistics we only work on the limit distribution of p,. For this, we notice
that

k=1

n
A~ ~t
Ek€k—1 = E X <7Tk72 - 9;%1(2%_2 - xkq)
k=1
n

(]

(WIH — Tk — 92%_1) <Xk—1 — 2y — Oy Py 7Tk:72>

k=1
[n/2] [n/2] [n/2]
+ Y (P M+ > (P NG+ Y (0P,
=0 =0 =0
[n/2]

Y
=0

where for all [ =1,2,--- ,[n/2], and
M, = iXk_l(pH)_le_l(pH) (4.2.44)
k=1
Ny = i Xi—p(+1)—1=1Ve—i(p+1)-1 (4.2.45)
k=1
M = zn: Xk 1(p+1)—1Wk—i(p+1) (4.2.46)
k=1
Py = z": Kb p(i41)=1—1Wk—1(p+1)—1 (4.2.47)
k=1

and for all £ > 0 wy = yg + 2, with y, and z; given in Remark 4. We find
that for all [ = 1,2,---,[n/2] both M;,, and N, are martingales, then from

Lemma 2.2.2 and convergence (4.2.7) we have that

% (0" My, & N (o, ot (p+)* (1 - p2”+2)‘1) (4.2.48)
and
% (" N, SN (o, ot (pP+2) (1 p2p+2)‘1) . (4.2.49)
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Figure 4.3: CLT for p = —0.1
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which imply

21
WD M £ 3 (0.7 =) a2s0)
k=1

and

12041
%ng; LN (0, (P2 (1 - p2p+2)) (4.2.51)
all this lead us to think that the limit distribution of v/np,, is normal, however
we have similar problems to the ones had for the LS algorithm as we can see
in (4.2.44). For trying to see the behavior of the Durbin-Watson statistic via

a numerical experiment, we set

Zy = /np, (4.2.52)
Zs = /n(Dy —2) (4.2.53)

and consider the AR;(3) process given for all n > 0 by

X1 =Xy +a X1 + a3 Xyo+ Uy +epga,

Ent+1 = p5n+vn+1

where a; = 1, a; = 1.6, a3 = —0.5 and (V},),~, is an i.i.d. N(0,3.24) sequence
and the reference trajectory is identically zero. In Chart 4, we observe that
small values of p have closer results to the ones obtained when p = 0 than
the corresponding models for p = 0.8 and p = 0.5. In addition we observe
in Figures 4.4, 4.5 and 4.6 that the distribution of Z; and Z; is normal, but

both mean and variance depends on p in a direct way.
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o 2 Z. iz, iz
0 0.1071 -0.2262 1.0294 4.1214
-0.05 -0.1069 0.2005 0.9416 3.7635
-0.1 -0.199 0.3843 1.0597 42379
0.2 0.4303 -0.8744 1.0646 4.2557
0.5 1.4540 -2.9194 2.403 9.6127
0.8 -6.4644 3.2264 9.0894 36.3521
Chart 4: Summary of the DW-CLT experiment, AR;(3).
0.4
0.3 b
0.2 |
0.1 B
O 1 11
-8 -6 6 8
0.7
0.6 B
05 ThH il
041 |1 |
0.3 B
0.2 b
0.1 B
0
-4 -3 -2 -1 0 3 4

Figure 4.4: CLT for p = —0.1



112CHAPTER 4. WORK IN PROGRESS ON THE DURBIN WATSON STATISTIC
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Figure 4.5: CLT for p =04
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Figure 4.6: CLT for p = 0.8
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Conclusions

In Chapter 2 via our new concept of strong controllability, we have extended
the analysis of the almost sure convergence for both LS and WLS algorithms
in the multidimensional ARX framework. It enables us to provide a positive
answer to a conjecture in [5] by establishing a CLT and a LIL for these two

stochastic algorithms.

In Chapter 3 via the use of a persistently excited adaptive tracking control,
we have shown that it was possible to get ride of the strong controllability
assumption proposed in Chapter 2. We have established the almost sure
convergence for the LS and WLS estimators in the multidimensional ARX
framework. In addition, we have shown the residual optimality of the adap-
tive tracking. Moreover, both LS and the WLS estimators share the same
CLT and LIL.

In Chapter 4 via numerical experiments we conjecture about the asymp-
totic properties of the LS algorithm and the Durbin-Watson statistic in the
ARy (p) adaptive tracking framework, in addition under additional conditions
some of such conjectures were proved. The problematic introduced by the
autocorrelated noise in order to obtain a CLT for the LS algorithm and the

Durbin-Watson statistic is also explained.
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Further Work

It would be a great challenge for the control community to carry out similar
analysis to the exposed in Chapters 2 and 3 for ARX,(p,q) models with
unknown high frequency gain and to extend it to ARM AXy(p, q,r) models.

It also would be interesting to extend the Section 3.3 in order to obtain the
invertibility of the matrix A, and obtain analogue results of the exposed

in Chapters 2 and 3 for reference trajectories which no necessarily satisfy
(2.0.1).

Finally it is necessary to prove condition (F.1) for proving in a full way
Theorems 4.2.1 and 4.2.2 and produce the background needed for solving

the complications carried by the autocorrelated noise.
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Matlab Codes

Program 1. Example 1 of Chapter 2.

Kook ok ok ok ok ok ok ok ok ok ok ok skook ok ok ok ok sk ok sk ok ok skook skok sk ok sk sk sk skook sk skok sk ok skokok ok skok skok skokskokok

* ARX

*d=2, p=1, q=1

*Xpr1 = AX, + U, + BU,_1 + epspt1

Sk kKRR K SR KRR SRR KSR KSR KR SRR K Sk KK SRR SRR Kk KRR SR Kok K
clear all

NR=400; * The number of repetitions

N=10000; * The sample size

d=2; * The dimension we are working on

Sk sk KRR SRR K SR KRR SRR K SR KSR KSR R K Sk KK SRR SRR KR SRR SR Kok K
* The parameters of the model

A=[20;0 1/2J;

A1=A(1,1);A2=A(2,2);

B=[3/4 0;0 -1/4];

B1=B(1,1);B2=B(2,2);

THETA = [A B]’;

SIGMA=1;

delta=d+d;

L=[eye(d) zeros(d);zeros(d) A*A*inv(eye(d)-B*B)];

K=inv(L);

St ok ok R K SRR S R R K SR K Sk R kR R R R K o
* The reference trajectory

x=[0;0];

Sk Kk Kok kSRR Sk KRR SRR KR Rk KSR K SRk Kk KRR KSR Kk kSRR o
* We reserve some space for the CLT of the LS algorithm
21=[]; Z2=[}; Z3=[]; Z4=[];

ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok sk ok sk ok sk ok sk ok ok ok ok ok ok sk ok ok sk ok ok kR sk sk ok sk ok ok sk ok o kok ok ok

* Start of the program
sk sk sk sk sk skttt kot kot kot okt tokokok sotokk ok k k ko

Matlab Codes

Implementation of the Least Squares algorithm and the Astrom and Wittenmark tracking

Construction of THETAN and SN

skt sk sk sk st ok sk ok sk ok sk sk sk sk ok sk sk sk sk sk sk sk sk sk skosk sk ok sk sk sk ok skok skt sk stk ok skok skok sk okok ok skok sk
for j=1:NR,

* The initial values of XN, UN, PHIN and SN in every repetition
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XN = ones(d,1);

UN = zeros(d,1); UNM = zeros(d,1);

PHIN = [XN’ UNM’)’;

SPHIN = PHIN*PHIN +eye(delta);

RPHIN = inv(SPHIN);

SN = SPHIN;

* The initial values of THETAN

THETAN = [zeros(d) zeros(d)]’;

AN = zeros(d);

BN = zeros(d);

* We reserve some space for the LLN for LS algorithm
ANT=[}; BNT=;

for i=1:N

sk st sk sk s sk sk sk sk sk sk sk sk sk sk ok sk sk sk sk sk sk sk sk sk sk sk s ok sk sk sk ok sk sk sk sk ok sk skok ok sk ok sk
* Computation of XN at step i

EPSN =SIGMA*randn(d,1) ;

XN = THETA*PHIN + UN + EPSN;
e S T T T LT

* The LS algorithm at step i

THETAN = THETAN + RPHIN*PHIN*(XN - UN - THETAN'*PHIN)’;
AN = THETAN(1:d,:)’;

BN = THETAN(d+1:2%d,:)’;

ANT = [ANT AN];

BNT = [BNT BNJ;

Skoskeosk sk sk sk skoske sk skoske sk skook sk sk skoske sk skoskeosk skoskosk sk skoske sk skoskosk skokosk sk skok sk skoskosk skokosk skokoskoskoskokosk skokok sk
* The adaptive tracking control and regression vector
PHIN = [XN’ UN'’;

UN=x-THETAN’*PHIN;
D L T
* Computation of the matrix SN at step i

SN = SN + PHIN*PHIN’;

RPHIN = RPHIN - (1/(1+PHIN’*RPHIN*PHIN))*RPHIN*PHIN*PHIN*RPHIN;

end;

* Central Limit Theorem for LS algorithm

Z1=[Z1 sqrt(N)*(AN(1,1)-A1) /sqrt(K(1,1))];

=[22 sqrt(N)*(AN(2,2)-A2) /sqrt(K(2,2))];
7.3=[73 sqrt(N)*(BN(1,1)-B1)/sqrt(K(3,3))];
Z4=[74 sqrt(N)*(BN(2,2)-B2)/sqrt(K(4,4))];

117
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end

* Graphic illustrations
skttt ks kb kot kot ko ko
ANT1=ANT(1:1,1:d:d*N);
ANT2=ANT(2:2,2:d:d*N);
BNT1=BNT(1:1,1:d:d*N);
BNT2=BNT(2:2,2:d:d*N)

* LLN for LS algorithm

clf; tp=[1:NJ;

figure(1)

subplot(2,1,1);
plot(tp,ANT1(tp), b’ ,tp,Al*ones(N,1), r-");
title(’Almost Sure convergence for A’);
hold on
plot(tp,ANT2(tp),’b’,tp,A2%ones(N,1),’r-");
subplot(2,1,2);
plot(tp,BNT1(tp),’b’,tp,B1*ones(N,1),’r—");
hold on
plot(tp,BNT2(tp),’b’,tp,B2*ones(N,1),r—");
title("Almost Sure convergence for B’);

* CLT for LS algorithm

NC=sqrt(N);

figure(2)

subplot(2,2,1);
[EZ1,CZ1]=histo(Z1,NC,0,1); hold on;
plot(CZ1,dnorm(CZ1),’r-’); hold off;
title("CLT for Af;);

subplot(2,2,2); [EZ2,CZ2]=histo(Z2,NC,0,1); hold on;
plot(CZ2,dnorm(CZ2),’r-’); hold off;
titleCCLT for Ab,);

subplot(2,2,3);
[EZ3,CZ3]=histo(Z3,NC,0,1); hold on;
plot(CZ3,dnorm(CZ3),’r-’); hold off;
title("CLT for BY;);

subplot(2,2,4);
[EZ4,CZ4]=histo(Z4,NC,0,1); hold on;
plot(CZ4,dnorm(CZ4),’r-’); hold off;
title("CLT for BY,);

b

Matlab Codes
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Program 2. Example 2 of Chapter 2.

Kook ok ok ok ok ok ok ok ok ok >k ok okook ok ok sk ok ok ok ok skook skook sk ok sk sk sk sk ok skok skok skok sk ok sk skok ok skok skok skokokkok

* ARX

*d=2, p=1, q=1

* X1 = AX, + U, + BUp,—1 + epspi1

Skoskosk sk skosk sk skoske sk skoskosk skookosk sk skosk sk skoskeosk skoskosk sk sk sk sk skosk sk skokosk skoskosk sk skoskeskoskokosk skokok skoskok skoskok
clear all

NR=400; * The number of repetitions

N=10000; * The sample size

d=2; * The dimension we are working on

>k koo ok ok ok ok ok sk sk skook sk ok skokosk sk ok skok sk sk ok kok skook skokok sk ok kokook sk okokok skoskokokoskoskokokokoskokokokok sk

* The parameters of the model

A=[2 0;0 0];

Al=A(1,1):A2=A(2,2);

B=[3/4 0;0 -1/4];

B1=B(1,1);B2=B(2,2);

THETA = [A B]’;

SIGMA=1;

delta=d+d;

L=[eye(d) zeros(d);zeros(d) A*A*inv(eye(d)-B*B)];
K=inv(L);

K3k >k sk ok ok ok Sk ok sk ok >k sk skok sk sk ok skook sk sk skok sk ok ok osk sk skosk skosk skok sk okoskokosk skoskoskok skokoskokoskokskokskokskkok

* The reference trajectory

x=[0;0];

>k 3k ok sk sk sk Sk ok sk sk ok Sk sk sk sk sk sk ko kK R K R R R R R sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk skoskoskok kR kR R R R R R
* We reserve some space for the CLT of the LS algorithm
21=[]; 22=[1]; Z3=[]; Z4=[];

Kok >k ok ok ok ok ok ok ok ok ok ok skok ok ok ok ok ok ok ok skook skok ok ok ok skook koo skok sk ok sk sk ok skook skok skok sk ok sk kosk skok skok skok ok

* Start of the program

st ok Sk K SR K A SR R R R K SRR R SRR R

Implementation of the Least Squares algorithm and the Astrém and Wittenmark tracking
Construction of THETAN and SN

B T L L L L

for j=1:NR,

* The initial values of XN, UN, PHIN and SN in every repetition

XN = ones(d,1);

UN = zeros(d,1); UNM = zeros(d,1);
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PHIN = [XN’ UNMJ’;

SPHIN = PHIN*PHIN +eye(delta);

RPHIN = inv(SPHIN);

SN = SPHIN;

* The initial values of THETAN

THETAN = [zeros(d) zeros(d)]’;

AN = zeros(d);

BN = zeros(d);

* We reserve some space for the LLN for LS algorithm
ANT=[]; BNT=[];

for i=1:N

ekttt otok kol sk sk kot kol sk sk kot sk ok sk sk stk sk sk ok ok
* Computation of XN at step i

EPSN =SIGMA*randn(d,1) ;

XN = THETA*PHIN + UN + EPSN;

ek kot ks kR ook sk ks sk koo ks ok ko

* The LS algorithm at step i

THETAN = THETAN + RPHIN*PHIN*(XN - UN - THETAN*PHIN)’;
AN = THETAN(1:d,:)’;

BN = THETAN(d+1:2*d,:)’;

ANT = [ANT ANJ;

BNT = [BNT BNJ;

Kook >k ok ok ok ok ok ok sk ok sk sk skook sk ok ok ok ok sk sk skosk skok sk ok sk sk sk sk sk skok skok skok sk sk skokosk skok skokoskok skokskokokkok

* The adaptive tracking control and regression vector

PHIN = [XN’ UN’]’;

UN=x-THETAN’*PHIN;

Sk KRk KRR SRR SR KSR SRk KR KRR SRR K SRk KK Sk KSRk K Sk Kk kSRR o

* Computation of the matrix SN at step i

SN = SN + PHIN*PHIN’;

RPHIN = RPHIN - (1/(1+PHIN’*RPHIN*PHIN))*RPHIN*PHIN*PHIN’*RPHIN;
end;

* Central Limit Theorem for LS algorithm
Z1=[Z1 sqrt(N)*(AN(1,1)-A1) /sqrt(K(1,1)
72=[72 sqrt(N)*(AN(2,2)-A2) /sqrt(K(2,2)
Z3=[Z3 sqrt(N)*(BN(1,1)-B1)/sqrt(K(3,3)
Z4=[74 sqrt(N)*(BN(2,2)-B2) /sqrt(K(4,4)
end

I;
I;
-B J;
B ]

)

* Graphic illustrations
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S ook ook
ANTI1=ANT(1:1,1:d:d*N);
ANT2=ANT(2:2,2:d:d*N);
BNT1=BNT(1:1,1:d:d*N);
BNT2=BNT(2:2,2:d:d*N)
* LLN for LS algorithm
clf; tp=[1:NJ;

figure(1)

subplot(2,1,1);

)

plot(tp,ANT1(tp),’ b’ ,tp,Al*ones(N,1),’r-");

title(’Almost Sure convergence for A’);
hold on

plot(tp,ANT2(tp),’ b’ ,tp,A2%ones(N,1),’r-");

subplot(2,1,2);

plot(tp,BNT1(tp),’b’,tp,Bl*ones(N,1),’r-");

hold on

plot(tp,BNT2(tp),’b’,tp,B2*ones(N,1),’r-");

title(’Almost Sure convergence for B’);
* CLT for LS algorithm

NC=sqrt(N);

figure(2)

subplot(2,2,1);
[EZ1,CZ1]=histo(Z1,NC,0,1); hold on;
plot(CZ1,dnorm(CZ1),’r-’); hold off;
title("CLT for Af;);

subplot(2,2,2); [EZ2,CZ2])=histo(Z2,NC,0,1); hold on;

plot(CZ2,dnorm(CZ2),’r-’); hold off;
titleCCLT for Ab,);

subplot(2,2,3);
[EZ3,CZ3]=histo(Z3,NC,0,1); hold on;
plot(CZ3,dnorm(CZ3),’r-’); hold off;
title("CLT for B,);

subplot(2,2,4);
[EZ4,CZ4])=histo(Z4,NC,0,1); hold on;
plot(CZ4,dnorm(CZ4),’r-’); hold off;
title("CLT for B,);

Program 3. Example 1 of Chapter 3.
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Kook ok ok okook ok ok ok ok ok sk sk sk ok skok skok sk sk sk sk ok skok skok ok skok skokoskokok kok skokskok

*

* ARX

*d=2 p=1q=1

* Xn+1 = AXn +U, +BU,_1+ €PSn+1
*

*

Kook >k ok ook ok ok sk ok ok ok ok ok ok ok ok sk sk ok sk sk ok skok ok skok skok skokosk kok kok skok skok

NR=400; * The number of repetitions

N=10000; * The sample size

d=2; * The dimension we are working on

kst sk sk sk st ok sk ok sk ok sk sk sk ok skok sk sk sk sk sk ok sk sk sk sk sk sk ok ok skok skokok sk ok skok sk

* The parameters of the model

A=[10;0 1/2];

A1=A(1,1);A2=A(2,2);

B=[1/20 0;0 -1/12]; B1=B(1,1);B2=B(2,2);

THETA = [A BJ;

SIGMA=1;

SIGMA1=1;

delta=d+d;

L=[2*eye(d) eye(d);eye(d) A*A*inv(eye(d)-B*B)];

K=inv(L);

Sk sk KRk KRR SRR Sk KKk KR SRR KR kKSR K SRk Kk KRRk Sk Kk K SRRk o
* The reference trajectory

x=[0;0];

Sk sk ok Rk KSR K Sk Kk K SRR KR Kk K SRR K Sk Kk KRk SRRk KRR
* We reserve some space for the CLT of the LS algorithm
21=[]; 22=[]; Z3=[]; Z4=[];

K3k >k sk ok ok ok sk ok sk ok sk sk sk ok sk ok ok skosk skosk sk sk ok sk ok sk skosk skosk skok sk ok skokoskoskoskoskok skokoskokoskokoskokskoskokskok sk

* Start of the program

ok sk ok Rk KSR KR Rk KRR KR KRR SR Kk K
Implementation of the Least

Squares algorithm and

the Astrom and Wittenmark tracking

Construction of THETAN and SN

KKk sk okokook sk ok skokook sk ok ok ok sk ok skok sk sk sk okok sk sk kokok skokokokskkok

for j=1:NR,

Matlab Codes
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* The initial values of XN, UN, PHIN and SN in every repetition
XN = ones(d,1);

UN = zeros(d,1); UNM = zeros(d,1);

PHIN = [XN’ UNM’)’;

SPHIN = PHIN*PHIN +eye(delta);

RPHIN = inv(SPHIN);

SN = SPHIN;

* The initial values of THETAN
THETAN = [zeros(d) zeros(d)]’;
AN = zeros(d);
BN = zeros(d);

* We reserve some space for the LLN for LS algorithm
ANT=[}; BNT=};

for i=1:N

>k sk sk sk sk sk sk sk sk sk sk sk sk skosk sk skoskeskoskeskoskosk sk sk skosk sk sk sk skosk sk skoskosk sk skoskoskoskoskoskoskoskoskoskokok
* Computation of XN at step i

EPSN =SIGMA*randn(d,1) ;

XN = THETA*PHIN + UN + EPSN;

K3k ok sk ook ok ok ok sk ok sk sk skok sk ok skosk sk skoskoskosk skokoskokoskokoskokskokskokskokokokokskokoskksk >k The LS algorithm at Step i

THETAN = THETAN + RPHIN*PHIN*(XN - UN - THETAN*PHIN)’;
AN = THETAN(1:d,:)’;

BN = THETAN(d+1:2*d,:)’;

ANT = [ANT AN];

BNT = [BNT BNJ;

SRR KK KRR KSR SRR KRR KSRk SR KRR KSR R SRk KR KRRk SR K Sk KK sk ko ok

* The adaptive tracking control and regression vector

PHINM=PHIN;

PHIN = [XN’ UN"]’;

UN=x-THETAN*PHIN+SIGMA1*randn(d,1);

skt sk sk sk sk ok sk sk sk sk sk sk sk s ok sk ok sk sk sk sk sk sk sk sk sk sk sk sk ok sk sk sk sk sk sk sk stk skok sk ok sk sk sk ok skok sk ok sk kok

* Computation of the matrix SN at step i

SN = SN + PHIN*PHIN’;

RPHIN = RPHIN - (1/(1+PHIN’*RPHIN*PHIN))*RPHIN*PHIN*PHIN"*RPHIN;
end; * Central Limit Theorem for LS algorithm

Z1=[Z1 sqrt(N)*(AN(1,1)-A1)/sqrt(K(1,1))];
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72=[72 sqrt(N)*(AN(2,2)-A2) /sqrt(K(2,2))];
Z3=[7Z3 sqrt(N)*(BN(1,1)-B1)/sqrt(K(3,3))];
Z4=[74 sqrt(N)*(BN(2,2)-B2) /sqrt(K(4,4))];
end

* Graphic illustrations

ek kot k kot ook ok sk okt ok ok ok
ANT1=ANT(1:1,1:d:d*N);
ANT2=ANT(2:2,2:d:d*N);
BNT1=BNT(1:1,1:d:d*N);
BNT2=BNT(2:2,2:d:d*N)

* LLN for LS algorithm

clf; tp=[1:NJ;

figure(1)

subplot(2,1,1);
plot(tp,ANT1(tp),’ b’ ,tp,Al*ones(N,1),’r-");
title(’Almost Sure convergence for A’);
hold on
plot(tp,ANT2(tp), b’ ,tp,A2%ones(N,1),r-");
subplot(2,1,2);
plot(tp,BNT1(tp),’b’,tp,B1*ones(N,1),’r-");
hold on
plot(tp,BNT2(tp),’b’,tp,B2*ones(N,1),’r-");
title(’Almost Sure convergence for B’);

* CLT for LS algorithm

NC=sqrt(N);

figure(3)

subplot(2,2,1);
[EZ1,CZ1]=histo(Z1,NC,0,1); hold on;
plot(CZ1,dnorm(CZ1),’r-’); hold off;
titleCCLT for A%,);

subplot(2,2,2);
[EZ2,C7Z2]=histo(Z2,NC,0,1); hold on;
plot(CZ2,dnorm(CZ2),’r-’); hold off;
title("CLT for A%,);

subplot(2,2,3);
[EZ3,CZ3]=histo(Z3,NC,0,1); hold on;
plot(CZ3,dnorm(CZ3),’r-’); hold off;
title("CLT for BY;);

)

Matlab Codes



Matlab Codes

subplot(2,2,4);
[EZ4,CZ4]=histo(Z4,NC,0,1); hold on;
plot(CZ4,dnorm(CZ4),’r-’); hold off;
title("CLT for B,);

Program 4. Example 2 of Chapter 3.
L L e T T T T

*

* ARX
*d=2 p=1 q=1

* Xn-i—l = AXn +Un+ BUp—1+ €PSn+1
*

*

K3k ok ok ok ok ok ok ok sk ok sk sk sk ok ok ok sk ok sk sk sk skosk skoskoskokoskok sk ok skokoskokoskoskokkokskok

NR=400; * The number of repetitions
N=10000; * The sample size

d=2; * The dimension we are working on
oKk KRR kK SRR Sk KK SRR SRR K Sk KRR Sk Kk K sk KSRk K

The parameters of the model

A=[2 0;0 0];

A1=A(1,1);A2=A(2,2);

B=[3/4 0;0 -1/2];

B1=B(1,1);B2=B(2,2);

THETA = [A B];

SIGMA=1;

SIGMA1=1;

delta=d+d;

L=[2*eye(d) eye(d);eye(d) eye(d)+(A*A+(A+B)*(A+B))*inv(eye(d)-B*B)];
K=inv(L);

Kook >k ok ok ok ok ok ok ok ok ok ok skok ok ok ok ok ok ok ok skook skok sk ok sk sk sk skook skok skok skok sk ok ok skok ok skok sk ok skokok kok >k

The reference trajectory x=[0;0];
>k 3k ok sk sk sk sk sk sk sk sk sk sk sk sk sk koo sk K R R R R R R R sk sk sk sk sk sk sk sk sk sk sk sk sk sk skokoskok skok kR kR Rk kR
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* We reserve some space for the CLT of the LS algorithm Z1=[|; Z2=[ |; Z3=[ ]; Z4=[ ];

K3k >k sk oKk SR Sk ok sk ok >k sk sk ok sk sk sk sk ok skosk skok sk sk sk skosk skok skosk skok sk osk sk skosk skoskoskok skokoskokoskoskosk skok skokokok sk

* Start of the program
>k koot sk skoskoskosk sk sk skoskoskoskoskokoskoskosk skokosk sk sk skokoskoskoskoskokoskoskoskokosk skok

Implementation of the Least

Squares algorithm and
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the Astréom and Wittenmark tracking

Construction of THETAN and SN

ok ok Rk KSR KSR KRR SRR KRR KSR Kk K

for j=1:NR,

* The initial values of XN, UN, PHIN and SN in every repetition
XN = ones(d,1);

UN = zeros(d,1); UNM = zeros(d,1);

PHIN = [XN’ UNM]’;

SPHIN = PHIN*PHIN +eye(delta);

RPHIN = inv(SPHIN);

SN = SPHIN;

* The initial values of THETAN

THETAN = [zeros(d) zeros(d)]’;

AN = zeros(d);

BN = zeros(d);

* We reserve some space for the LLN for LS algorithm

ANT=); BNT=[j

for i=1:N

sk ok s K SRR o SR s K SR R SR kR K o

* Computation of XN at step i

EPSN =SIGMA*randn(d,1) ;

XN = THETA*PHIN + UN + EPSN;

D T T T T

* The LS algorithm at step i

THETAN = THETAN + RPHIN*PHIN*(XN - UN - THETAN*PHIN)’;
AN = THETAN(1:d,:)’;

BN = THETAN(d+1:2*d,:)’;

ANT = [ANT ANJ;

BNT = [BNT BNJ;

Sk Rk ok kSRR Sk Kk KRR KR Kk KSR K SRk Kk KRR KR Kk KRR
* The adaptive tracking control and regression vector
PHINM=PHIN;

PHIN = [XN’ UN"]’;

UN=x-THETAN*PHIN+SIGMA 1*randn(d,1);

Sk sk kR kKSR K SR Kk KKk KR Kk KSR K Sk Kk Rk kSR Kk KRR
* Computation of the matrix SN at step i

SN = SN + PHIN*PHIN’; RPHIN = RPHIN - (1/(1+PHIN’*RPHIN*PHIN) )*RPHIN*PHIN*PHIN*RPHIN
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end;
* Central Limit Theorem for LS algorithm

Z1=[Z1 sqrt(N)*(AN(L,1)-A1) fsqrt (K(1,1))];

—[22 sqrt(N)*(AN(2,2)-A2) /sqrt (K(2,2));
73=[Z3 sqrt(N)*(BN(1,1)-B1)/sqrt(K(3,3))];
Z4=[7Z4 sqrt(N)*(BN(2,2)-B2) /sqrt(K(4,4))];

end

* Graphic illustrations
s sk sk sk sk sk ok sk sk ok sk sk sk sk ok sk sk ok ok sk sk ok sk sk sk ok sk sk ok

ANT1=ANT(1:1,1:d:d*N); ANT2=ANT(2:2,2:d:d*N);
BNT1=BNT(1:1,1:d:d*N); BNT2=BNT(2:2,2:d:d*N);

* LLN for LS algorithm

clf; tp=[1:NJ;

figure(1)

subplot(2,1,1);
plot(tp,ANT1(tp),’ b’ ,tp,Al*ones(N,1),’r-");
title(’Almost Sure convergence for A’);
hold on
plot(tp,ANT2(tp), b’ ,tp,A2*ones(N,1),r-");
subplot(2,1,2);
plot(tp,BNT1(tp),’b’,tp,Bl*ones(N,1),’r-");
hold on
plot(tp,BNT2(tp),”b’,tp,B2*ones(N,1),’r—);
title("Almost Sure convergence for B’);

* CLT for LS algorithm

NC=sqrt(N);

figure(3)

subplot(2,2,1);
[EZ1,CZ1]=histo(Z1,NC,0,1); hold on;
plot(CZ1,dnorm(CZ1),’r-’); hold off;
title("CLT for Af;);

subplot(2,2,2);
[EZ2,CZ2]=histo(Z2,NC,0,1); hold on;
plot(CZ2,dnorm(CZ2),’r-’); hold off;
titleCCLT for Ab,);

subplot(2,2,3);
[EZ3,CZ3]=histo(Z3,NC,0,1); hold on;
plot(CZ3,dnorm(CZ3),’r-’); hold off;
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title("CLT for BY;);

subplot(2,2,4);
[EZ4,CZ4]=histo(Z4,NC,0,1); hold on;
plot(CZ4,dnorm(CZ4),’r-); hold off;
title"CLT for Bj,);

Program 5. Example 3 of Chapter 3.
ot ok oo K SR R Sk o K K S R

*

* ARX

*d=2 p=1 q=1

* Xn+1 = AXn +U, +BU,_1 + €PSn+1
*

*

>kkook sk ok okook sk sk skokook sk ok kok ok sk ok skok sk sk kokok sk sk kokok skokokokosk sk kokok skokok

NR=400; * The number of repetitions

N=10000; * The sample size

d=2; * The dimension we are working on

B T S S T T T

The parameters of the model

A=[3 050 0];

Al1=A(1,1);A2=A(2,2);

B=[3/4 0;0 -1/4];

B1=B(1,1);B2=B(2,2);

THETA = [A B]’;

SIGMA=1;

SIGMA1=1;

delta=d+d;

L=[2*eye(d) eye(d);eye(d) eye(d)+(A*A+(A+B)*(A+B))*inv(eye(d)-B*B)];
K=inv(L);

Sk sk kR Rk kSRR SR Kk KRk KR Kk kSRR Sk R Kk kKSR Kk KRR o
* We reserve some space for the CLT of the LS algorithm
21=[]; Z2=[]; Z3=[|; Z4=[];

K3k >k sk ok ok ok ok ok sk ok sk sk skok sk ok ok sk sk skosk skosk sk ok sk ok sk skosk skosk skok sk ok skokoskoskoskoskosk skokoskokoskokoskokskoskoskkok sk

* Start of the program
kst ok kR Rk kR R Rk R R Rk

Implementation of the Least

Squares algorithm and
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the Astrom and Wittenmark tracking

Construction of THETAN and SN

ok sk kR KRk R SRR K SRR KR KRR KSR KRR SRRk K

for j=1:NR,

* The initial values of XN, UN, PHIN and SN in every repetition
XN = ones(d,1);

UN = zeros(d,1); UNM = zeros(d,1);

PHIN = [XN’ UNMJ’;

SPHIN = PHIN*PHIN +eye(delta);

RPHIN = inv(SPHIN);

SN = SPHIN;

* The initial values of THETAN

THETAN = [zeros(d) zeros(d)]’;

AN = zeros(d);

BN = zeros(d);

* We reserve some space for the LLN for LS algorithm

ANT=}; BNT=[}

for i=1:N
g S LT LT

* Computation of XN at step i

EPSN =SIGMA*randn(d,1) ;

XN = THETA*PHIN + UN + EPSN;

B R T T T

* The LS algorithm at step i

THETAN = THETAN + RPHIN*PHIN*(XN - UN - THETAN*PHIN)’;
AN = THETAN(1:d,:)’;

BN = THETAN(d+1:2*d,:)’;

ANT = [ANT AN];

BNT = [BNT BN];

Sk R Kk KRR SR KR Rk KSR KR KSR KSRk KR KR KSR KR Kk oo
* The adaptive tracking control and regression vector
PHINM=PHIN;

PHIN = [XN’ UN’})%;
UN=SIGMA1*randn(d,1)-THETAN *PHIN;

ko kR Kk KRR SRk KR Rk kSR KR Kk KSRk KR KRk SR KR Kk o o
* Computation of the matrix SN at step i

SN = SN + PHIN*PHIN’;
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RPHIN = RPHIN - (1/(1+PHIN*RPHIN*PHIN))*RPHIN*PHIN*PHIN*RPHIN;
end;

* Central Limit Theorem for LS algorithm

=[72 sqrt(N)*(AN(2, ) A2)/Sqrt(K( )
Z3=[Z3 sqrt(N)*(BN(1,1)-B1)/sqrt(K(3,3))];
Z4=[74 sqrt(N)*(BN(2,2)-B2) /sqrt(K(4,4))];

end

9 9

* Graphic illustrations
ek kot Rk kR Rk kR kK ok

ANT1=ANT(1:1,1:d:d*N);
ANT2=ANT(2:2,2:d:d*N);
BNT1=BNT(1:1,1:d:d*N);
BNT2=BNT(2:2,2:d:d*N);

* LLN for LS algorithm

clf; tp=[1:NJ];

figure(1)

subplot(2,1,1);
plot(tp,ANT1(tp), b’ ,tp,A1*ones(N,1),1-);
title("Almost Sure convergence for A’);
hold on
plot(tp,ANT2(tp),’ b’ ,tp,A2*ones(N,1),’r-");
subplot(2,1,2);
plot(tp,BNT1(tp),”b’,tp,B1*ones(N,1), r—");
hold on
plot(tp,BNT2(tp),’b’,tp,B2*ones(N,1),’r-");
title(’Almost Sure convergence for B’);

* CLT for LS algorithm

NC=sqrt(N);

figure(3)

subplot(2,2,1);
[EZ1,CZ1]=histo(Z1,NC,0,1); hold on;
plot(CZ1,dnorm(CZ1),’r-’); hold off;
title("CLT for Af;);

subplot(2,2,2);
[EZ2,CZ2]=histo(Z2,NC,0,1); hold on;
plot(CZ2,dnorm(CZ2),’r-"); hold off;
title("CLT for Aj,);
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subplot(2,2,3);
[EZ3,CZ3]=histo(Z3,NC,0,1); hold on;
plot(CZ3,dnorm(CZ3),’r-’); hold off;
title("CLT for BY,);

subplot(2,2,4);
[EZ4,CZ4]=histo(Z4,NC,0,1); hold on;
plot(CZ4,dnorm(CZ4),’r-’); hold off;
title(CLT for Bhy);

Program 6. Example 4 of Chapter 3.
okt kR KRRk Rk kR KRR kR kR R

*

* ARX
*d=2 p=1 q=1

* Xn+1 = AXn +Un+ BUp—1 + €PSn+1
*

*

Kook ok ok ook ok ok ok ok ok ok ok skook ook sk ok ok sk sk skook skok skok skok skok ok kok kok skok skokskok

NR=400; * The number of repetitions

N=10000; * The sample size
d=2; * The dimension we are working on

kKoo ok ok okok ok sk ok skok sk sk skokosk sk ok skokosk skok kokok skok kokook sk kokok skoskokokoskoskokokok sk

The parameters of the model
A=[3 0;0 0];
A1=A(1,1);A2=A(2,2);

B=[3/4 0,0 -1/4];
B1=B(1,1);B2=B(2,2);

THETA = [A B]’;

SIGMA=1;

SIGMA1=1;

delta=d+d;

* The reference trajectory x=[0;1]; nabla=x*x’
L1=A*A*inv(eye(2)-B*B);
L2=eye(2)-(A+B)*inv(eye(2)+B);

L3=(A+B)*(A+B)*inv(eye(2)+B)*(inv(eye(2)+B)-inv(eye(2)-B*B));

L4=(A+B)*(A+B)*inv(eye(2)+B)*inv(eye(2)-B*B);
L5=-(A+B)*inv(eye(2)+B);

131



132 Matlab Codes

L=[[1 0;0 1]4+nabla nabla-inv(eye(2)+B)*(A+B)*nabla;nabla-inv(eye(2)+B)*(A+B)*nabla’
Ll+4nabla*(L2+L3+L4+L5)];

K=inv(L);

Skook sk sk sk sk skosk sk skoskosk sk sk sk sk skoske sk skoskosk sk skosk sk skoske sk skosk sk sk okosk sk skoske sk skokok skoskok skoskoskoskoskok sk skokok

* We reserve some space for the CLT of the LS algorithm

21=[]; 22=[1]; Z3=[]; Z4=[];

koo >k ok ok ok ok ok ok ok ok ok ok skook skok ok ok ok sk sk skook skok ok ok sk sk sk sk ok skok skok sk ok sk sk sk okok ok skok skok sk kok kok skok ok

* Start of the program

Sk KRR KRR SRR SR KK SRR SRk K kKRR SR K ok K
Implementation of the Least

Squares algorithm and

the Astrom and Wittenmark tracking

Construction of THETAN and SN

ekt Rk Rk R R kKRR

for j=1:NR,

* The initial values of XN, UN, PHIN and SN in every repetition
XN = ones(d,1);

UN = zeros(d,1); UNM = zeros(d,1);

PHIN = [XN’ UNM)’;

SPHIN = PHIN*PHIN +eye(delta);

RPHIN = inv(SPHIN);

SN = SPHIN;

* The initial values of THETAN

THETAN = [zeros(d) zeros(d)]’;

AN = zeros(d);

BN = zeros(d);

* We reserve some space for the LLN for LS algorithm
ANT=[}; BNT=};

for i=1:N

kot Rk kKRR R R KRRk R KRRk o
* Computation of XN at step i

EPSN =SIGMA*randn(d,1) ;

XN = THETA*PHIN + UN + EPSN;

SR ARk KRRk KKK

* The LS algorithm at step i

THETAN = THETAN + RPHIN*PHIN*(XN - UN - THETAN'*PHIN)’;
AN = THETAN(1:d,:)’;
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BN = THETAN(d+1:2*d,:)’;
ANT = [ANT AN];

BNT = [BNT BNJ;

Skoskeosk sk sk sk skoske sk skoskeosk sk ok sk sk skoske sk skoskeosk skoskosk sk sk sk sk skoskosk skokosk sk skosk sk skokosk skokosk skokoskoskoskokosk skokok sk

* The adaptive tracking control and regression vector

PHINM=PHIN;

PHIN = [XN’ UNJ’;

UN=x-THETAN*PHIN;

sk st sk sk s ok sk sk sk sk ok sk sk sk sk ok sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk ok sk sk sk ok sk skosk ok sk ok

* Computation of the matrix SN at step i

SN = SN + PHIN*PHIN’;

RPHIN = RPHIN - (1/(1+PHIN’*RPHIN*PHIN))*RPHIN*PHIN*PHIN*RPHIN;
end;

* Central Limit Theorem for LS algorithm
Z1=[Z1 sqrt(N)*(AN(1,1)-A1) /sqrt(K(1,1)
72=[72 sqrt(N)*(AN(2,2)-A2) /sqrt(K(2,2)
Z3=[Z3 sqrt(N)*(BN(1,1)-B1)/sqrt(K(3,3)
Z4=[Z4 sqrt(N)*(BN(2,2)-B2)/sqrt(K(4,4)

end

) .
) .
=[ ) ;
=[ ) ;

)

* Graphic illustrations
kot kR ko Rk kK ko

ANTI1=ANT(1:1,1:d:d*N);
ANT2=ANT(2:2,2:d:d*N);
BNT1=BNT(1:1,1:d:d*N);
BNT2=BNT(2:2,2:d:d*N)
* LLN for LS algorithm
clf; tp=[1:NJ;

figure(1)

subplot(2,1,1);
plot(tp,ANT1(tp),’b’,tp,Al*ones(N,1),’1-");
title("Almost Sure convergence for A’);
hold on
plot(tp,ANT2(tp), b’ ,tp,A2%*ones(N,1),r-");
subplot(2,1,2);
plot(tp,BNT1(tp),’b’,tp,Bl*ones(N,1),’r-");
hold on
plot(tp,BNT2(tp),’b’tp,B2*ones(N,1),’r-");

title(’Almost Sure convergence for B’);

)
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* CLT for LS algorithm

NC=sqrt(N);

figure(3)

subplot(2,2,1);
[EZ1,CZ1]=histo(Z1,NC,0,1); hold on;
plot(CZ1,dnorm(CZ1),’r-’); hold off;
titleCCLT for A%,);

subplot(2,2,2);
[EZ2,CZ2]=histo(Z2,NC,0,1); hold on;
plot(CZ2,dnorm(CZ2),’r-’); hold off;
title("CLT for Aj,);

subplot(2,2,3);
[EZ3,CZ3]=histo(Z3,NC,0,1); hold on;
plot(CZ3,dnorm(CZ3),’r-’); hold off;
titleCCLT for B},);

subplot(2,2,4);
[EZ4,CZ4])=histo(Z4,NC,0,1); hold on;
plot(CZ4,dnorm(CZ4),’r-"); hold off;
title"CLT for Bj,);

Program 7. First example. Chapter 4.
ok sk kR Kok kR K ok Kk kR ok Kk Kok kR K o

DURBIN WATSON

p=1q=1

Sk KRR KSR SRR SR KK SRR SRR K SR KK SRR SR K o

N = 10000; * The sample size

NR =400; * The number of repetitions

Sk sk KRR SRR SR KRR SRR K Sk KK kK SRR K Sk KK SRR SRk KR KRR SR Kok K
* The parameters of the model

THETA = 1; RHO =0.8;

THETASTAR = (THETA + RHO);

RHOSTAR = 0; DSTAR = 2;

SIGMA=1;

* We reserve some space for the CLT of the LS algorithm
Z1=[]; DD=[ ]; RHOCLT=] |;

Kook >k sk ok ok ok ok ok sk ok sk sk skook sk ok ok sk sk sk sk sk sk sk sk ok sk skosk sk sk skok skok sk ok sk skoskoskosk skokoskokoskokoskokskokokoskok sk

* Start of the program
Sk skttt koo sk sk otk sk sk sk kot koo ok

Matlab Codes
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Implementation of the Least
Squares algorithm and

the Astréom and Wittenmark tracking

Construction of THETAN, SN, RHON and DN

for j=1:NR

* The initial values of XN, UN, PHIN and SN in every repetition

XN = 1; SN = XN*XN;

UN = 0;

EPSN =SIGMA *randn;

THETAN = 0; RHON = 0; DN = 0;

EPSHATN = randn; QN = EPSHATN*EPSHATN;

THETANT = []; RHONT = [ ]; DNT = [ |;

for i=1:N

EPSN = RHO*EPSN +SIGMA*randn; XNM = XN; XN = THETA*XNM + UN +
EPSN; X=[X XNJ;

stk sk kR Kok K SRR SR KR KRR K SR KR RSk KK SRR KR kKSR KR KR KRR K

* The LS algorithm at step i

THETANM = THETAN;

THETAN = THETANM + XNM*(XN - UN - THETANM*XNM)/SN;
RHONM = RHON;

EPSHATNM = EPSHATN;

EPSHATN = XN - UN - THETAN*XNM;

stk kR KKk R SRR Sk Kk KRR K SR K R K SRR SRR R KRk SR KR KRRk K

* The adaptive tracking control *

UN = - THETAN*XN;

stk sk ok ok Kok ko kK Sk Kk Rk K SR KR Kk K SRk KR Kk kK SR KR Kk KRk K

* Computation of the matrix SN, QN and the DW statistic at step i
SN = SN + XN*XN;

QN = QN + EPSHATN*EPSHATN;

RHON = RHONM + EPSHATN*(EPSHATNM - RHONM*EPSHATN)/QN;
DN = DN + ( (EPSHATN - EPSHATNM)? — (EPSHATN?)«+ DN)/QN;
B T R T T T T T T LAt T,

* Stockage

THETANT = [THETANT THETAN];

RHONT = [RHONT RHON];

DNT = [DNT DNJ;

end
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* Central Limit Theorem

71=[71 sqrt(N)*(THETAN-THETASTAR));
DD=[DD sqrt(N)*(DN-2)/2];

RHOCLT=[RHOCLT sqrt(N)*RHON];

end

* Graphic illustrations

skttt ok sk btttk ok sk kb otttk sk sk kot stktlsk sk ok ko ok
clf; tp=[1:N];

figure(1)

subplot(3,1,1)

plot(tp, THETANT(tp),’b’,tp, THETASTAR *ones(N,1),’r—);
subplot(3,1,2)
plot(tp,RHONT (tp),’b’,tp, RHOSTAR *ones(N,1),’r—);
subplot(3,1,3)
plot(tp,DNT(tp),’b’,tp,DSTAR*ones(N,1),’r-");
NC=sqrt(N);

figure(3)

[EZ1,CZ1]=histo(Z1,NC,0,1);hold on
plot(CZ1,dnorm(CZ1),’1-);

figure(4)

subplot(2,1,1);

[EZ4,CZ4]=histo(DD,NC,0,1);hold on
plot(CZ4,dnorm(CZ4),’r-");

subplot(2,1,2);
[EZ5,CZ5]=histo(RHOCLT,NC,0,1);hold on
plot(CZ5,dnorm(CZ5),’1-");

Program 8. Examples 2, 3 and of Chapter 4.
stk sk stk ok sk kR ok sk kR sk sk K sk sk kR sk sk ko ok ok

*

* DURBIN WATSON

*p=3 q=1

ek skttt kot okl sk sk ok ok ok ok
N = 10000; * The sample size

NR =400; * The number of repetitions

3Kk >k sk okook ok ok ok sk ok sk sk skosk skok sk ok sk skosk sk sk skok skok skok sk sk sk skosk skoskoskok sk ok skok sk skoskoskoskoskok ko skok sk

* The parameters of the model
A=1.0;

Matlab Codes
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B=1.6;

C=-0.5;

THETA = [A;B;C]; RHO =0;

THETASTAR = THETA + [RHO;RHO?; RHO3;
SIGMA=sqrt(3.24);

RHOSTAR = 0; DSTAR = 2;

p=3;

* We reserve some space for the CLT of the LS algorithm
Z1=[]; Z2=[]; Z3=[];

DD=[ ]; RHOCLT=] |;

Kook >k ok ok ok ok ok ok ok ok ok ok skok ok ok sk ok ok ok ok skok sk ok sk ok ok skook koo skok sk ok sk ok ok skook skok skok sk ok ok kosk skok skok skok ok

* Start of the program

ko sk R Kk KRR KSR KR KRR K SR KR KRRk K
Implementation of the Least

Squares algorithm and

the Astréom and Wittenmark tracking
Construction of THETAN, SN , RHON and DN
for j=1:NR

* The initial values

XN = 1; XNM=1; XNM1=1;

UN = 0;

EPSN =SIGMA *randn;

THETAN = [0 0 0)’; RHON = 0; DN = 0;
EPSHATN = randn;

QN = EPSHATN*EPSHATN;

PHIN=[XN XNM XNM1]’;
SN=PHIN*PHIN +eye(3);

SPHIN = PHIN*PHIN +-eye(3);

RPHIN = inv(SPHIN);

THETANT = [ |; RHONT = [ ]; DNT = [ |;
for i=1:N

EPSN = RHO*EPSN +SIGMA*randn;
XNM1=XNM;

XNM = XN;

XN = THETA*PHIN + UN + EPSN;
PHINM=PHIN;

PHINM1=PHINM;
PHIN=[XN;XNM;XNM1]J;
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koo >k ok koK ok ok ok ok ok ok ok okook skok ok ok ok sk sk skook skok ok ok sk sk sk sk sk skok skok skok sk skosk skok ok skok skokoskokok kok skok sk

* The LS algorithm at step i

THETANM = THETAN;

THETAN = THETANM + RPHIN*PHINM*XN;

ek sk otk ok sk kb Rk sk ok kR ks ok kR sk ks kR ok

* Computation of the matrix SN, QN and the DW statistic at step i
RHONM = RHON;

EPSHATNM = EPSHATN;

EPSHATN=XN*(1-PHINM *inv(SN)*PHINM);

QNM=QN;

QN = QN + EPSHATN*EPSHATN;

SN = SN + PHIN*PHIN’; RHON = RHONM + EPSHATN*(EPSHATNM - RHONM*EPSHATN)/QN;
DN = DN + ( (EPSHATN - EPSHATNM)? — (EPSHATN?) « DN)/QN;
RPHIN = RPHIN - (1/(1+PHIN’*RPHIN*PHIN))*RPHIN*PHIN*PHIN*RPHIN;
ek kot ook sk kR kR Kk kK sk kR ok

* The adaptive tracking control

UN = - THETAN*PHIN;

skttt sokskok sk skttt kol kot stttk ks sk sk kot ok koo

* Stockage

THETANT = [THETANT THETAN];

RHONT = [RHONT RHON];

DNT = [DNT DNJ;

end

* Central Limit Theorem

Z1=[Z1 sqt(N)*(THETAN(1,1)-THETASTAR(1,1))];

72=[72 sqt(N)*(THETAN(2,1)-THETASTAR(2,1))];

73=(23 sqrt(N)*(THETAN(3,1)-THETASTAR(3,1))];

DD=[DD sqrt(N)*(DN-2)];

RHOCLT=[RHOCLT sqrt(N)*RHON];

end

* Graphic illustrations

ek skttt k skttt sk ok stk ook sk sk stk sl ks ok sk ok o ok
clf; tp=[1:NJ;

figure(1)

subplot(3,1,1)

plot(tp, THETANT(1,tp),’b’,tp, THETASTAR(1)*ones(N,1),r—);
subplot(3,1,2)

plot(tp, THETANT(2,tp),’b’,tp, THETASTAR(2)*ones(N,1),’r-");
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subplot(3,1,3)

plot(tp, THETANT(3,tp), b’,tp, THETASTAR(3)*ones(N,1),’r—);

figure(2)

subplot(2,1,1)
plot(tp,RHONT (tp),’b’,tp, RHOSTAR*ones(N,1),r—");
subplot(2,1,2)
plot(tp,DNT(tp),’b’,tp,DSTAR*ones(N,1),’r-);
NC=sqrt(N);

figure(3)

subplot(3,1,1);
[EZ1,CZ1]=histo(Z1,NC,0,1);hold on
plot(CZ1,dnorm(CZ1),’r-");

subplot(3,1,2);
[EZ2,CZ2]=histo(Z2,NC,0,1);hold on
plot(CZ2,dnorm(CZ2),’r-");

subplot(3,1,3);
[EZ3,CZ3]=histo(Z3,NC,0,1);hold on
plot(CZ3,dnorm(CZ3),’r-");

figure(4)

subplot(2,1,1);
[EZ4,CZ4])=histo(DD,NC,0,1);hold on
plot(CZ4,dnorm(CZ4),’r-");

subplot(2,1,2);
[EZ5,CZ5])=histo(RHOCLT,NC,0,1);hold on
plot(CZ5,dnorm(CZ5),’r-");
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